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ABSTRACT 
Vertical drains increase the rate of soil consolidation by providing a short horizontal 

drainage path for pore water flow, and are used worldwide in many soft soil 

improvement projects.  This thesis develops three new contributions to the solution 

of consolidation problems: (i) a more realistic representation of the smear zone 

where soil properties vary gradually with radial distance from the vertical drain; (ii) a 

nonlinear radial consolidation model incorporating void ratio dependant soil 

properties and non-Darcian flow; and (iii) a solution to multi-layered consolidation 

problems with vertical and horizontal drainage using the spectral method.  Each 

model is verified against existing analytical solutions and laboratory experiments 

conducted at the University of Wollongong, NSW Australia.  The nonlinear radial 

consolidation model and the spectral method are verified against two trial 

embankments involving surcharge and vacuum loading at the Second Bangkok 

International Airport, Thailand.  The versatility of the spectral method model is 

further demonstrated by analysing ground subsidence associated with ground water 

pumping in the Saga Plain, Japan. 

 

New expressions for the smear zone µ parameter, based on a linear and parabolic 

variation of soil properties in the radial direction, give a more realistic representation 

of the extent of smear and suggest that smear zones may overlap.  Overlapping linear 

smear zones provide some explanation for the phenomena of a minimum drain 

spacing, below which no increase in the rate of consolidation is achieved.  It appears 

this minimum influence radius is 0.6 times the size of the linear smear zone.  The 

new smear zone parameters may be used with consolidation models (ii) and (iii), as 

mentioned above. 
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The analytical solution to nonlinear radial consolidation is valid for both Darcian and 

non-Darcian flow and can capture the behaviour of both overconsolidated and 

normally consolidated soils.  For nonlinear material properties, consolidation may be 

faster or slower when compared to the cases with constant material properties.  The 

difference depends on the compressibility/permeability ratios (Cc/Ck and Cr/Ck), the 

preconsolidation pressure and the stress increase.  If Cc/Ck < 1 or Cr/Ck < 1 then the 

coefficient of consolidation increases as excess pore pressures dissipate and 

consolidation is faster. 

 

The multi-layered consolidation model includes both vertical and radial drainage 

where permeability, compressibility and vertical drain parameters vary linearly with 

depth.  The ability to include surcharge and vacuum loads that vary with depth and 

time allows for a large variety of consolidation problems to be analysed.  The 

powerful model can also predict consolidation behaviour before and after vertical 

drains are installed and has potential for nonlinear consolidation analysis. 
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1 INTRODUCTION 

1.1 General 
Throughout the world, due to rapid development and urbinisation, infrastructure 

projects are increasingly located on marginal soils.  Untreated soils in their virgin 

state may be unsuitable for short or long term construction activities and so must be 

improved before use.  In particular, many coastal areas contain thick layers of 

compressible clay originally deposited by sedimentation from rivers, lakes and seas.  

These soft soils have low bearing capacity and exhibit excessive settlements in 

response to loading.  One of the most successful and widely used techniques to 

improve soft soils is preloading with vertical drains to consolidate the soil and hasten 

strength gain.  This thesis mainly builds on the knowledge of consolidation by 

vertical drains developed in the past fifty years. 

 

This chapter explains the concept of consolidation and how preloading with vertical 

drains can hasten the drainage process.  The development of vertical drain theories is 

discussed and the chapter concludes with an outline of aims and content of this 

thesis. 

 

1.2 Consolidation 
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Figure 1.1 Soil phase diagram 
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Soil may be of two or three phase composition (see Figure 1.1).  The voids between 

the soil solids are filled with water, air or a combination of both.  Consolidation 

involves the reduction of voids under load.  It occurs in three stages (see Figure 1.3).  

Immediate settlement occurs immediately after the application of load and occurs 

with zero volume change, i.e. shape change only.  In saturated soil (i.e. no air) the 

increase in pressure arising from the load is immediately taken by the water which is 

incompressible.  Such excess pore-water pressure gradually dissipates as water seeps 

out of the soil and the pressure is transferred to the soil skeleton.  This is known as 

primary consolidation (see Figure 1.2).  Primary consolidation may take years 

depending on the permeability of the soil.  When all excess pore-water pressure has 

dissipated the soil continues to consolidate indefinitely as the soil skeleton rearranges 

under the load.  This secondary settlement occurs at a much slower rate then primary 

consolidation. 
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Figure 1.2 Primary consolidation 
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Figure 1.3 Typical oedometer settlement 

 

Settlement of soils can cause serious problems for structures like embankments 

founded on them.  If structures settle uniformly little damage is experienced except 

perhaps to services feeding it.  However, settlement is rarely uniform.  Varied 

loading and the heterogeneous nature of soil lead to differential settlement.  This 

produces added loads that often create cracking in the structure.  It may be difficult 

to build such structures in the first place if soils have insufficient strength to 

withstand the applied loads.  Shear strength in soil is broadly dependant on soil 

density.  The densification of soil due to consolidation thus results in significant 

strength gain, allowing larger loads to be placed on the soil. 

 

1.2.1 Consolidation with Vertical Drains 
Preconsolidation is a technique used to minimise the effect of settlements on 

structures and improve the strength of the soil.  Basically a load is applied to the site, 

usually in the form of an embankment, where a structure is to be built.  This 

embankment causes the foundation soil to consolidate.  Once the required primary 

consolidation is achieved the preconsolidation load is removed and the structure 

built.  Thus after construction the soil foundation is subject to the slow gradual 
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process of secondary compression.  Differential settlements are reduced so the 

structure is less likely to crack or deform. 
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Figure 1.4 Settlement damage 

 

The speed with which preloading achieves the required consolidation is hastened by 

increasing the magnitude of the preload.  The magnitude of preload is limited by soil 

failure criteria.  Thus preloading surcharges are increased in stages as the shear 

strength of soil improves and is able to resist increased loads without failure.  To 

speed the consolidation process so preloads can be built up more quickly (or not built 

up as high in the first place), one must speed the egress of water from the soil body.  

This can be achieved by installation of vertical drains that shorten the drainage path 

for water to escape under the excess pore-water pressure (see Figure 1.5).  In 

particular they provide a radial drainage path in addition to vertical drainage paths.  

Clays often have greater permeability in the horizontal direction than in the vertical 

direction.  Usually water only flows in the vertical direction due to the large extent of 

the clay body.  Vertical drains allow the increased horizontal permeability to be 

exploited. 
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Figure 1.5 Drainage with and without drains 

 

1.3 Historical Development of Theory 
Vertical drains improve the shear strength of clays and reduce post construction 

settlements to tolerable levels (Johnson, 1970).  While secondary settlement cannot 

be eliminated it is hoped that with vertical drains 100% of primary consolidation can 

be achieved quickly compared with non-modified ground.  Consolidation times, 

though reduced from many years, still take months meaning adequate planning is 

essential to allow for these periods.  Structures with high concentrated loads cannot 

be used with vertical drains as the uniform surcharge loading prior to construction 

does not replicate these loads. 
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Figure 1.6 Settlements with and without drains 
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There are two classes of vertical drains: displacement and non-displacement.  The 

non-displacement drains involve removal of in situ soil and backfilling with more 

permeable material, usually sand.  Holes may be formed by driving, jetting, or 

auguring with typical diameters of 200 to 450 mm (Hausmann, 1990).  Displacement 

type drains are prefabricated and are forced into the soil with a hollow mandrel (see 

Figures 1.7 and 1.8).  The mandrel is then removed leaving the drain in place.  

Prefabricated vertical drains (PVD) consist of a core surrounded by a filter sleeve 

(see Figure 1.9).  Dimensions of some PVD appear in Table 1.1. 
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Figure 1.7 PVD installation a) crane mounted installation rig, b) drain delivery arrangement, c) cross 

section of mandrel and drain (after Koerner, 1987) 
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Figure 1.8 Examples of mandrel shapes  (Saye, 2001) 

 

 

Figure 1.9 Typical core shapes of strip drains (adapted from Hausmann, 1990) 
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Table 1.1 Details of some selected PVD (Hausmann, 1990) 

 
 

Barron (1948) was the first to undertake axisymmetric analysis of vertical sand 

drains.  At the same time Kjellman (1948) was using cardboard wick drains (core 

surrounded by cardboard) instead of sand.  This was the first of many prefabricated 

vertical drains (PVD) to be developed.  Barron (1948) considered a single drainage 

cell assuming: saturated soil; uniform loads result in vertical compressive strain; the 

influence zone (area of soil that drains to a single drain) is circular; the permeability 

of the drain is infinite; and Darcy’s law is valid.  Barron developed rigorous solutions 

for the free strain case (no arching of soil) and approximate solutions for the equal 

strain case (horizontal sections remain horizontal throughout consolidation process).  

The difference between free and equal strain cases was found to be negligible so the 

equal strain case was used.  Barron (1948) also included the effects of smear (for 

equal strain) and well resistance (for equal and free strain).  Solutions involved 

Bessel functions and were time consuming to perform.  As a result the effects of 

smear and well resistance were often ignored to simplify calculations (Hansbo, 

1981).  Others (Fellenius, 1981) believed inaccuracies in field measurement negated 

any benefit gained from including smear and well resistance in the analysis. 
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Vertical drain solutions were further developed by questioning Barron’s assumptions 

for the following cases: rigorous solution including vertical and horizontal drainage 

for equal strain with well resistance (Yoshikuni and Nakanodo, 1974); as just 

mentioned including smear effects (Onoue et al., 1988a); Approximate solution 

assuming non-Darcian flow (Hansbo, 1997).  Approximate solutions, (Zeng and Xie, 

1989; Hansbo, 1981), have proved more popular due to less computational effort.  In 

particular Hansbo’s approximate solution including smear and well resistance is 

widely used.  The method compares well to more rigorous solutions (Chai et al., 

1995).  Another reason approximate solutions were preferred was because even 

rigorous solutions to the unit cell problem were insufficient in completely predicting 

the behaviour of multiple drains. 

 

Only under the centerline of embankments were unit cell solutions accurate in 

predicting results (Indraratna and Redana, 2000).  Lateral deformations especially, 

were impossible to predict with unit cell theories.  The finite element method (FEM) 

was used to consider multiple drain problems.  Much of FEM work (Zeng et al., 

1987, Hird et al., 1992) has centered on attempting to match axisymmetric properties 

to a two dimensional plane strain model that is faster to solve than a full three 

dimensional model.  Paralleling the rigorous unit cell solutions, refinement of FEM 

methods were made by including well resistance and smear effects (Indraratna and 

Redana, 1997).  FEM also allowed the use of critical state soil mechanics (Britto and 

Gunn, 1987) and other constitutive models that predict some aspects of clay 

behaviour with greater accuracy than simple soil models. 
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1.4 Vacuum Loading and Electro-osmosis 
There are occasions when the use of surcharge loading alone is too slow or 

inappropriate for the site.  Specified construction times may be very short, the 

required load would result in an embankment of unsafe height, space for 

embankment construction may be limited or there is no access to suitable fill 

material.  In such cases in is necessary to use more refined techniques instead of, or 

in combination with surcharge loading.   

 

Electro-osmosis is one way to hasten water flow in soil (Lefebvre and Burnotte, 

2002; Mohamedelhassan and Shang, 2002; Shang, 1998; Su and Wang, 2003; Esrig, 

1968; Karunaratne et al., 2004).  Electrically conductive drains can be used to apply 

an electric potential to the soil.  In fine-grained soils surface forces on particles 

dominate.  Clay particles usually have a negative surface charge due to a double 

layer of adsorbed water.  When electrical potential is applied (between vertical 

drains) cations move to the more negatively charged potential bringing their 

associated water with them (see Figure 1.10).  Particles also ‘drag’ water with them.  

The electro-osmotic flow, as it is called, is larger than flow of hydration water alone, 

with electro-osmotic conductivity 200 to 1000 times greater than hydraulic 

conductivity (Abeiera et al., 1999).  The ‘pulling’ action occurring when electro-

conductive vertical drains are used can result in 2 to 3 times faster settlement than 

non-conductive drains that ‘push’ water out with a surcharge load. 
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Figure 1.10 Flow of water by electro-osmosis (Abeiera et al., 1999) 

 

More common than exploiting electro-osmosis is applying a vacuum to the soil 

surface and vertical drain tops.  An external negative load is applied to the soil 

surface in the form of vacuum through a sealed membrane system (Choa, 1989).  

Higher effective stress is achieved by rapidly decreasing the pore water pressure, 

while the total stress remains unchanged.  When vacuum preloading is affected via 

PVD, the surrounding soil tends to move radially inward (Chai et al., 2005), while 

the conventional surcharge loading causes outward lateral flow.  The result is a 

reduction of the outward lateral displacements, thereby reducing the risk of damage 

to adjacent structures, piles etc.  In the case of vacuum application, it is important to 

ensure that the site to be treated is totally sealed and isolated from any surrounding 

permeable soils to avoid air leakage that adversely affects the vacuum efficiency. 

 

Vacuum loading or use of conductive drains can be used alone or in combination 

with surcharge loading.  As both methods require electricity provision, costs may be 

inhibitive for large treatment areas.  There may however be little alternative to using 

these advanced methods if specified construction times are very short. 
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1.5 Objectives and Scope of Present Study 
The main objective of this study was to develop useful analytical tools for the 

analysis of soil consolidation problems involving vertical drains.  Existing analytical 

solutions are often simplistic, involving numerous assumptions about the soil 

behaviour.  In order to consider spatial and temporal variation of soil properties 

recourse is usually made to numerical methods.  There is thus a knowledge gap 

between the simple methods and markedly more complicated numerical methods.  

This knowledge gap is filled somewhat by the three models presented in this thesis.  

The motivation for the three models is given below: 

 

1. The smear effect is a significant factor in the retardation of consolidation by 

vertical drains.  Traditionally modeled with a small zone of reduced 

permeability close to the drain, a greater understanding of smear effects is 

gained by considering more realistic representations of a smear zone with 

spatially varied properties.  The larger smear zone sizes predicted with linear 

and parabolic variations in permeability (developed in this thesis) suggest the 

possibility of overlapping smear zones.  Overlapping smear zones, not 

considered in existing theory, may give some insight into the phenomena that 

continually reducing drain spacing does not lead to reduced consolidation 

times. 

2. Where existing analytical solution to radial drainage problems consider only 

average soil properties, the nonlinear radial consolidation model presented in 

this thesis explicitly captures the variation of permeability and 

compressibility described by semi-log void ratio relationships.  Analytical 
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solutions to nonlinear problems are rare and can be used for verification of 

numerical models as well as more accurate prediction of consolidation 

behaviour. 

3. The complexity involved with existing analytical solutions to multi-layered 

soil consolidation problems often precludes their use.  Thus, use of analytical 

solutions is effectively limited to simple one or two layer problems with 

instantaneous loading.  To more easily analyse realistic soil deposits 

exhibiting stratification, an analytical model is developed based on the 

spectral method, which produces a single expression describing the pore 

pressure profile across all layers.  The solution is calculated with common 

matrix operations.  Unlike existing solutions the model does not become 

unwieldy when the number of layers increases.  With vacuum and surcharge 

loading that vary with depth and time, and dummy layers to apply pore 

pressure boundary conditions, the spectral method model provides a general 

tool for analyzing a wide variety of consolidation problems with flexibility 

usually associated with numerical methods. 

 

The new analytical consolidation models are verified against existing analytical 

solutions, laboratory experiments, and case histories. 

 

1.6  Organisation of Dissertation 
Following this introductory chapter, Chapter 2 presents a comprehensive survey of 

the literature associated with vertical drains.  Factors that affect the efficacy of 

consolidation by vertical drains, such as well resistance and smear effect, along with 
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the drain properties themselves are described in detail.  Focus is directed towards 

existing analytical solutions to vertical drain consolidation problems. 

 

Chapter 3 provides the main section of this thesis, presenting the new analytical soil 

consolidation models.  A more realistic representation of smearing, where properties 

within the smear zone vary with radial distance from the drain, is presented.   “µ” 

parameters for use in Hansbo’s (1981) radial consolidation equations are derived for 

linear and parabolic variations in permeability.  The possibility of overlapping smear 

zones is investigated with the new representations.  Material nonlinearity is 

considered in a new equal strain radial consolidation model that explicitly captures 

the effect of: non-Darcian flow; semi-log void ratio-stress relationship; and semi-log 

void ratio-permeability relationship.  The model can be used for overconsolidated or 

normally consolidated soil.  Finally a powerful multi-layered consolidation model 

incorporating vertical and horizontal drainage is presented.  Using the spectral 

method to solve the governing equation, a single expression calculated with common 

matrix operations describes the pore pressure distribution across all layers.  

Surcharge and vacuum loading that vary with both depth and time can be analysed.  

The model is verified against a number of existing specific analytical solutions and 

used to investigate some deviations from Terzaghi one-dimensional consolidation 

theory. 

 

Chapter 4 uses the analytical methods developed in Chapter 3 to analyse large-scale 

laboratory consolidation experiments conducted at the University of Wollongong.  

Three laboratory experiments are studied: a smear zone with parabolic variation of 
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permeability; combined vacuum and surcharge loading; and consolidation 

considering soil compressibility and permeability indices. 

 

Chapter 5 presents two case histories with which the new consolidation models are 

used to analyse.  Two trial embankments for the second Bangkok International 

Airport including vacuum and surcharge loading are described.  The measured values 

of pore pressure and settlement below the embankment centerlines are compared 

with values predicted by the spectral method model and the nonlinear radial 

consolidation model.  The versatility of the spectral method model is then shown by 

accurately predicting the subsidence associated with groundwater pumping in the 

Saga Plain, Japan. 

 

Chapter 6 draws conclusions from the current research and provides 

recommendations for future work.  Following Chapter 6 are the reference list and 

two appendices. 
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2 LITERATURE REVIEW 

2.1 General 
This Chapter extends the introductory material of Chapter 1 by presenting a 

comprehensive survey of the literature associated with vertical drains.  Factors that 

effect consolidation by vertical drains, such as well resistance and smear effect, 

along with the drain properties themselves are described in detail.  Focus is directed 

towards existing analytical solutions to vertical drain consolidation problems. 

 

2.2 Installation and Monitoring of Vertical Drains 
A typical instrumented vertical drain scheme is shown in Figure 2.1.  The site is first 

prepared by removing vegetation and surface debris, and grading the ground if 

necessary.  This initial step is sometimes problematic especially with very soft soils 

as construction equipment can get bogged or cause severe rutting at the site.  It is 

beneficial to minimize the disturbance to any weathered surface crust which may 

provide at least some strength to the soil and help prevent lateral spreading under 

embankment loading.  Vertical drains are usually installed from a sand blanket.  The 

sand blanket provides a sound working platform and allows water egress from the 

drains.  The drainage function of the sand blanket may be facilitated by horizontal 

drains on the surface. 
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Figure 2.1 Basic instrumentation of embankment 

 

Horizontal surface drains in both transverse and longitudinal directions are used 

extensively in vacuum preloading projects.  They provide hydraulic connectivity to 

the vacuum pump.  Figure 2.2 shows the pertinent features of a vacuum preloading 

scheme.  To ensure only the area of interest is subjected to vacuum, the embankment 

is surrounded by a trench excavated approximately 0.5 m below groundwater level 

and filled with an impervious slurry (Bentonite).  An impermeable geomembrane is 

placed across the entire preload area and sealed along the peripheral trench.  The 

trenches are backfilled with water to improve the seal between the membrane and the 

Bentonite slurry.  It is vital to maintain the geomembrane seal as any breaches will 

reduce the efficiency of the applied vacuum. 
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Figure 2.2 Schematic diagram of embankment subjected to vacuum loading 

 

Field instrumentation for monitoring and evaluating the performance of the 

embankment is essential to prevent sudden failures, to record changes in the rate of 

settlement and to verify the design parameters.  Several types of geotechnical 

instrumentation such as settlement gauges, piezometers and inclinometers are 

required to install at the construction site.  Performance evaluation is important to 

improve settlement predictions and to provide sound guidelines for future design.  

For significant projects, well instrumented trial embankments may be constructed to 

gain a better understanding of the field conditions. 

 

2.3 Vertical Drain Properties 

2.3.1 Equivalent Drain Diameter for Band Shaped Drain 
Most analytical solutions to vertical drain problems assume that pore water flows 

into a drain with circular cross-section.  An example of an analytical solution that 

does not assume a circular drain is that of Wang and Jiao (2004) who model a 

polygonal influence area draining to a similarly shaped polygon of smaller size.  If 
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band shaped drains are to be analysed with such solutions then the rectangular cross 

section needs to be converted to an equivalent circular one.  The following 

conversion relationships have been proposed for a rectangular drain with width a  

and thickness b : 

 ( )
π
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+= 2  (Hansbo, 1981) (2.1) 
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Equation (2.1) and Equation (2.3) are based, respectively, on perimeter and area 

equivalence.  Long and Corvo (1994) use an electrical analogy to determine an 

equivalent diameter.  A rectangular ‘drain’ is painted on electrically conducting 

paper with silver paint.  The resulting flownet is found with an analog field plotter.  

The size of equivalent circular drain cross section that best matches the flownet is 

described by Equation (2.4).  Pradhan et al. (1993) produce Equation (2.5) by 

considering the mean square distance, s , of the flownet draining a circular area to a 

rectangular drain.  Equation (2.2) was developed to account for the throttle that 

occurs close to the drain. 
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As to which of the above equations is the best there is no definitive answer.  Based 

on finite element studies Rixner et al. (1986) recommends Equation (2.2).  Long and 

Corvo believe Equation (2.2) is better than Equation (2.1), but Equation (2.4) is 

better still.  It should be noted that there is minimal difference in the consolidation 

rates calculated using any of the equations (Indraratna and Redana, 2000; Welker et 

al., 2000).   

 

2.3.2 Filter and Apparent Opening Size (AOS) 
The drain material (sand drain) and the filter jacket of PVD have to perform two 

basic but contrasting requirements: retaining the soil particles and at the same time 

allowing the passage of pore water.  The general guideline for the drain permeability 

is given by: 

 soilfilter 2kk >  (2.6) 

Effective filtration can minimise soil particle movement through the filter.  A 

commonly employed filtration requirement is: 

 
O
D

95

85
3≤  (2.7) 

where, apparent opening size (AOS) 95O  indicates the approximate largest particle 

that would effectively pass through the filter.  Sieving is done using glass beads of 

successively larger diameter until 5% passes through the filter; this size in 

millimeters defines the AOS, 95O  based on ASTM D 4751 (ASTM, 1993).  This 

apparent opening size is usually taken to be less than 90 µm based on Equation (2.7).  

85D  indicates the diameter of clay particles corresponding to 85% passing.  The 

retention ability of the filter is described by: 
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24≤  (2.8) 

Filter material may become clogged if the soil particles become trapped within the 

filter fabric.  Clogging is prevented by ensuring that (Christopher and Holtz, 1985): 

 
O
D

95

15
3≥  (2.9) 

 

2.3.3 Discharge Capacity 
Discharge capacity is an important parameter that controls the performance of 

prefabricated vertical drains.  Only PVD with sufficient discharge capacity can 

function properly.  There are two major uncertainties related to the discharge 

capacity of a vertical drain:  the first is the determination of the required discharge 

capacity to be used in design (Holtz et al., 1991); the second is the measurement of 

drain discharge capacity in the laboratory and field.  To measure discharge capacity 

it is necessary to simulate field conditions as closely as possible.  According to Holtz 

et al. (1991), the discharge capacity depends primarily on the following factors: 

(i)  The area of the drain core available for flow (free volume); 

(ii)  The effect of lateral earth pressure (Figure 2.4); 

(iii) Possible folding, bending, and crimping of the drain (Figure 2.3, 

Table 2.1); and 

(iv)  Infiltration of fine soil particles through the filter. 
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Figure 2.3 Possible deformation modes of PVD as a result of ground settlement (adapted from 

Bergado et al., 1996) 

In design when specifying the discharge capacity wq , Bergado et al. (1996) suggests 

that: 

 ( ) ( )requiredspecified wfctcw qFFFq =  (2.10) 

where, 

  2=cF  is the reduction factor due to 20% bend and one clamp (Table 2.1) 

 25.1=tF  is the reduction factor due to lateral pressure 

 5.3=fcF  is the reduction factor due to filtration and clogging. 

Thus, 

 ( ) ( )requiredwspecifiedw qq 75.8=  (2.11) 
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( )requiredwq  can be calculated from: 

 ( )
h

h
requiredw T

clUq
4

10 πρ∞=  (2.12) 

where, ∞ρ  = final settlement, 10U  = 10% degree of consolidation, l  = depth of 

vertical drain, hc  = horizontal coefficient of consolidation and hT  = time factor for 

horizontal consolidation.  The dependence of discharge capacity on lateral confining 

pressure for various drain types is shown in Figure 2.4 and Table 2.2. 

 

 

Figure 2.4 Typical values of vertical discharge capacity (after Rixner et al., 1986) 
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Table 2.1 Percentage reduction in discharge capacity for deformed PVD (Bergado et al., 1996) 

 

 

Holtz et al. (1988) suggested that as long as the working discharge capacity of PVD 

exceeds 150 m3/year after installation, the effect on consolidation of well resistance 

should not be significant.  Indraratna and Redana (2000) stated that long term well 

resistance will be significant for PVD with wq  less than 40-60 m3/year.  However, 

discharge capacity can fall below this desired minimum value due to the reasons 

mentioned earlier.  For certain types of PVD, affected by significant vertical 

compression and high lateral pressure, wq  values may be reduced to 25-100 m3/year 

(Holtz et al., 1991).  Clearly, the ‘clogged’ drains are associated with wq  values 

approaching zero.   



LITERATURE REVIEW 26 

 

 

Table 2.2 Short-term discharge capacity, in m3/year, of eight band drains measured in laboratory 

(Hansbo, 1981) 

 

Kremer et al. (1982) stated that the minimum vertical discharge capacity must be 

160 m3/year, under a hydraulic gradient of 0.625 applied across a 40 cm drain length, 

subjected to a 100 kPa confining pressure.  Based on laboratory data and their 

experience Jamiolkowski et al. (1983) concluded that for an acceptable quality of 

drain wq  should be at least 10-15 m3/year at a lateral stress range of 300-500 kPa, for 

drains that may be 20 m long.  Hansbo (1987a) specified that wq  becomes a critical 

property for long drains if its capacity is less than 50-100 m3/year.  Holtz et al. 

(1991) reported that the wq  of PVD could vary from 100-800 m3/year.  For certain 

types of PVD affected by significant vertical compression and high lateral pressure, 

wq  values may be reduced to 25-100 m3/year (Holtz et al., 1991).  The current 

recommended values for discharge capacity are given in Table 2.3. 
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Table 2.3 Current recommended values for specification of discharge capacity (Suthananthan, 2005a) 

 

2.3.4 Smear Zone 
When vertical drains are installed in soft ground the soil surrounding the drain is 

disturbed as mandrels or augers/drills are inserted and withdrawn.  The effects 

associated with this installation disturbance are termed smear effects, and are 

detrimental to radial consolidation.  Compared to the undisturbed soil, permeability 

in the smear zone is reduced and compressibility is increased.  Two processes are 

responsible for smear, remolding of the soil immediately adjacent to the drain, and 

consolidation of soil further away from the drain caused by dissipation of excess pore 

pressures created by cavity expansion when the mandrel is pushed into the soil 

(Sharma and Xiao, 2000).   The extent of smearing depends on the mandrel size and 

soil type (Eriksson et al., 2000; Lo, 1998; Rowe, 1968).  Highly sensitivity clays with 

prominent macro fabric generally exhibit the greatest smear effects.  For clays with 

thin sand layers the smear effect is expected to be high as low permeable clay is 

smeared across high permeability sand (Hird and Moseley, 2000).  Based on 

laboratory studies Hird and Sangtian (2002) report that the effect of smear on such 
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soils is only severe when 100claysand >kk .  The shape of the smear zone is 

approximately elliptical around rectangular PVD (Indraratna and Redana, 1998a, 

Welker et al., 2000), and circular around sand drains. 

 

A number of researchers have noted that the disturbance in the smear zone increases 

towards the drain (Chai and Miura, 1999; Hawlader et al., 2002; Sharma and Xiao, 

2000; Hird and Moseley, 2000; Indraratna and Redana, 1998a; Madhav et al., 1993; 

Bergado et al., 1991).  Laboratory studies on circular sand drains and rectangular 

PVD exhibit a parabolic decrease in horizontal permeability towards the drain as 

shown in Figures 2.5-2.7.  The permeability close to the drain can be reduced by one 

order of magnitude (Bo et al., 2003) and is often assumed to be the same as the 

vertical permeability (Hansbo, 1981; Indraratna and Redana, 1998a).   The vertical 

permeability remains relatively unchanged.  The ratio of horizontal to vertical 

permeability ( vh kk ) approaches unity at the drain soil interface (Indraratna and 

Redana, 1998a).  For various undisturbed soils vh kk  varies between 1.36-2 

(Tavenas et al., 1983; Shogaki et. al., 1995; Bergado et. al., 1991).  Whereas in the 

smeared zone reduced values of 0.9-1.3 occur (Indraratna and Redana ,1998b). 
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Figure 2.5 Variation of horizontal permeability around circular sand drain (original data from 

Onoue et al., 1991) 
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Figure 2.6 Variation of horizontal permeability around a) PVD band drain and b) circular sand drain  

(original data from Indraratna and Redana, 1998a) 
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Figure 2.7 Variation of horizontal permeability around PVD band drain (original data from Indraratna 

and Sathananthan, 2005a) 

 

Despite the observed variations in smear zone permeability the most common 

method of including smear effects in vertical drain analysis is to model smear as a 

zone of constant reduced permeability (Hansbo, 1981).  This leads to ambiguity 

when considering the “size” of the smear zone.  The outer radius of smear zone is 

typically designated sr .  But sr  can be defined as the point where the horizontal 

permeability begins to fall below the undisturbed permeability, or, the point at which 

a smear zone of constant reduced permeability exhibits equivalent effects to those 

associated with the actual permeability distribution.   Values of sr  based on the later 

definition are smaller than those based on gradual variation of permeability, 

indicating that the permeability close to the drain has a greater effect on radial 

consolidation than permeability further from the drain (Chai and Miura, 1999; 

Hawlader et al., 2002; Sharma and Xiao, 2000; Hird and Moseley, 2000; Bergado et 



LITERATURE REVIEW 32 

 

al., 1991).  Proposed smear zone parameters for a constant permeability smear zone 

are given in Table 2.4. 

 

Table 2.4 Proposed smear zone parameters (after Xiao, 2001) 

 

 

While a small zone of low permeability close to the drain will greatly effect radial 

consolidation rates (as all expelled water must pass through this zone), a small zone 

of increased compressibility, owing to its small volume, will not effect consolidation 

to a large extent.  Perhaps this is why the soil compressibility in the smear zone is 

usually ignored.  However, field trials of vertical drains at different spacing indicate 

that for smaller drain spacing, total settlement is higher and values of horizontal 

consolidation coefficient (back calculated ignoring smear zone compressibility 
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effects) are lower than for widely spaced drains (Saye, 2001; Arulrajah et al., 2004; 

Bergado et al., 2002).  Both findings are consistent with smeared soil of increased 

compressibility making up a greater percentage of soil as drain spacing is decreased. 

 

Also ignored in conventional analysis of smear is the possible variation of smear 

zone parameters with depth.  Sathananthan (2005a) uses cavity expansion theory to 

predict excess pore pressures generated when a circular mandrel is inserted into the 

soft ground (using modified Cam-clay soil model).  Sathananthan (2005a) proposes 

that the extent of smearing be the region in which the generated pore pressure is 

greater than the initial overburden stress (total stress).  As the overburden stress and 

soil properties vary with depth so too would the smear zone parameters. 

 

2.3.5 Important Parameters 
There are many parameters that affect both the efficiency and the prediction accuracy 

of vertical drains.  Though refinements are continually being made it is the gross 

properties of the system that are most influential.  Even before analysis is performed 

an extensive knowledge of the preconsolidation history of the soil with depth should 

be known.  Vertical drains are not effective unless the preconsolidation pressure is 

exceeded (Hansbo, 1981; Johnson, 1970; Indraratna et al., 1999).  The drain spacing 

is very important.  For doubling the well influence diameter it takes 6 times as long 

to reach 90% consolidation, while reducing the drain well diameter by a factor of 20 

results in 4 times as long to reach 90% consolidation (Richart, 1957).  Thus drain 

efficiency is influenced more by spacing than well diameter.  Consolidation times 

can be reduced and smear and well resistance effects can be negated by decreasing 

the spacing between drains.  The most important material parameter is the coefficient 
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of consolidation hc  (Zhou et al., 1999; Hong and Shang, 1998; Hansbo, 1987a).  

Accurate determination of hc  is often difficult.  A probabilistic approach can be 

taken to account for possible variation in input parameters when calculating the 

degree of consolidation (Zhou et al., 1999; Hong and Shang, 1998).  During the 

design process a sensitivity analysis should be conducted (Lau and Cowland, 2000). 

 

Ideal drains are those not inhibited by well resistance or smear.  Solutions modeled 

on such drains show the fastest dissipation of excess pore-water pressure.  Ideal 

drains may be realistic for long term behaviour greater than 400 days (Indraratna et 

al., 1992), however, short-term settlements and pore pressure predictions are 

governed by drain efficiency.  Ideal drains overpredict short-term settlement and 

pore pressure dissipation (Indraratna and Redana, 1998a).  Inclusion of smear and 

well resistance improves prediction but still slightly over predicts settlement 

(Indraratna et al., 1999).  When water is retarded from exiting the soil the increased 

duration of higher pore pressure allows greater mobilisation of shear strains.  This 

leads to greater lateral deformation than if water escape was uninhibited.  Thus ideal 

drains under predict lateral deformation (Indraratna and Redana, 2000).  Lateral 

deformation can only be considered in multi-drain analysis. 

 

2.4 Influence Zone of Drains 
Vertical drains are commonly installed in square or triangular patterns (Figure 2.8). 

The area covered by pore water flowing to a single drain is known as the influence 

zone.  To convert the square or hexagonal influence zones to equivalent circular 

zones for use in analytical solutions, a circle of equal area is calculated.  The 
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corresponding influence radius, er , for triangular and square spacing arrangements 

depends on the drain spacing, pS  by: 

 pe Sr 564.0=  (Square Pattern) (2.13) 

 pe Sr 525.0=  (Triangular Pattern) (2.14) 
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Figure 2.8 Vertical drain installation patterns 

 

A square pattern of drains may be easier to lay out and control during installation in 

the field, however, a triangular pattern is usually preferred since it provides a more 

uniform consolidation between drains than the square pattern. 

 

2.5 Fundamentals of Soil Consolidation 

2.5.1 Soil Settlement 
Conventionally, the deformation of embankments and the subsoil has four 

components (Athanasiu et al., 1999): immediate or distortion settlement ( iρ ), 

consolidation or primary settlement ( cρ ), secondary compression ( sρ ), and 
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settlement caused by lateral displacement ( lρ ). The total settlement ( tρ ) of a loaded 

soil is defined as: 

 lscit ρρρρρ +++=  (2.15) 

 

Immediate settlement takes place immediately after the application of load and is 

occurs with zero volume change, i.e. shape change only.  Primary compression is 

associated with pore water flow in the soil.  When soil is loaded the incompressible 

pore water filling the voids initially takes the load.  As the pore water gradually seeps 

out of the voids under a hydraulic gradient, pore water pressure dissipates, the load is 

transferred to the soil particles, and the void volume is reduced.  The expulsion of 

water by dissipation of excess pore water pressure is called consolidation.  Primary 

compression, the largest part of soft soil settlement, is the compression caused by 

consolidation.  The secondary consolidation is due to effect of time-dependent stress-

strain behaviour or soil structure viscosity.  Two different approaches are commonly 

used.  The first approach assumes that the secondary consolidation occurs after the 

end of primary consolidation (Mesri and Choi, 1985). For the other approach the 

creep behaviour is assumed during the entire primary consolidation process 

(Bjerrum, 1967; Tatsuoka et al., 2002).  Lateral displacements are caused by the 

tendency of embankment loading to squeeze soil outwards.  This creates a non-

uniform settlement profile as shown in Figure 2.9.  The settlement caused by lateral 

displacements will only be significant for large strains.  The volume of settlements 

will equal the volume of lateral displacements.  Lateral displacements are difficult to 

predict. 
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Figure 2.9 Patterns of soft soil settlement under embankments (after Zhang, 1999) 

 

2.5.2 Consolidation Settlement 
For soft soils of low permeability immediate settlement is negligible and 

consolidation settlement dominates.  If the lateral deformations are negligible, then 

only Terzaghi type one-dimensional consolidation is expected. The process of 

consolidation is normally illustrated by Figure 2.10. 
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Figure 2.10 One-dimensional compression and void ratio-permeability relationship 

 

To estimate consolidation settlement, the first step is to check whether the soil is 

normally consolidated or overconsolidated. The clay is called normally consolidated 

when the magnitude of preconsolidation pressure, pσ′ , determined from a laboratory 

test is equal to the present in-situ overburden pressure, 0σ ′ . When the 

preconsolidation pressure is larger than the present in-situ overburden pressure the 

clay is considered to be overconsolidated.  If the initial and final effective stresses 

( 0σ ′  and σσ ∆+′0 ) fall in the recompression zone then final settlements are 

calculated with: 

 







′

∆+
+

=
00

1log
1 σ

σρ
e

HCr  (2.16) 

where, H  = depth of soil, 0e  = initial void ratio.  If the initial and final effective 

stresses fall in the compression zone then the final settlement is given by: 

 

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
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If the initial effective stress is less than the preconsolidation pressure, pσ′ , and the 

final effective stress is greater than the preconsolidation pressure then the final 

settlement is:  

 ( ) ( ) 

















′

∆++−
+

=
00

1loglog
1 σ

σρ ccr COCRCC
e

H  (2.16c) 

where, OCR  is the overconsolidation ratio defined by: 

 
0σ

σ
′
′

= pOCR  (2.17) 

 

2.5.3 Soil Permeability Characteristics 
Permeability has a significant influence on the consolidation behaviour of soil. 

Figure 2.10, above, shows a semi-log relationship between permeability and void 

ratio.  This is generally valid in the range of volumetric strains encountered in 

engineering practice.  The relationship between coefficient of soil permeability and 

void ratio can be expressed by: 

 ( )00 log kkCee k+=  (2.18) 

where, kC  = permeability change index, 0k  = initial permeability.  Equation (2.18) is 

independent of the soil stress history (i.e., valid for over consolidated or normally 

consolidated clay) (Nagaraj et al., 1994).  Tavenas et al. (1983) gave the following 

empirical relationship between permeability change index and initial void ratio: 

 05.0 eCk =  (2.19) 

 



LITERATURE REVIEW 40 

 

2.5.4 Increase in Shear Strength 
For fine-grained soils when assessing the increase in shear strength due to 

consolidation, Mesri’s (1975) empirical relation can be used: 

 σ ′= 22.0uS  (2.20) 

where, ( )pressuredation preconsoli stress;  verticaleffectivemin=σ   

 

For overconsolidated soil the shear strength is approximated by (Bergado et 

al.,  2002):  

 m

v

u

v

u OCRSS

normal0idatedoverconsol0








′

=







′ σσ

 (2.21) 

For Bangkok clays Bergado et al. (2002) found 0vuS σ ′  = 0.22 and m  = 0.8.  The 

normalization of undrained shear strength to vertical effective stress is known as the 

SHANSEP method (Ladd, 1991). 

 

2.6 Vertical Consolidation Theory 

2.6.1 Terzaghi’s One-dimensional Theory 
Terzaghi’s theory of one-dimensional consolidation is widely used in engineering 

practice to predict compression rates and excess pore water dissipation in low 

permeability soils.  The assumptions of the Terzaghi (1943) theory are: 

a) Soils are homogeneous and fully saturated. Compressibility of soil and pore 

water is negligible; 

b) Pore water flow is solely in the vertical direction; 

c) The effect of geometry changes caused by soil compression is insignificant 

(i.e. small strain theory). The self-weight of soils is neglected. 

d) Pore water flow is governed by Darcy’s law; 
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e) There is a linear relationship between void ratio and effective stress that is 

independent of time and stress history; 

f) The coefficient of soil permeability is assumed to be constant during the 

consolidation process; and 

g) There is no creep occurring during soil settlements. 

 

The governing equation based on the above assumptions is: 

 
t
uc

z
u

v ∂
∂=

∂
∂

2

2
 (2.22) 

Equation (2.22) is a second order linear partial differential equation analogous to the 

heat equation.  Solving Equation (2.22) for uniform instantaneous loading, Terzaghi 

gives the average degree of degree of consolidation ( zU ) as a function the 

dimensionless time factor vT : 

 ( )∑
∞

=

−−=
1

2
2 exp21

m
vz TM

M
U  (2.23a) 

where 

 ( ) 212 −= mM π , ...3,2,1=m  (2.23b) 

 2H
tcT v

v =  (2.23c) 

H  is the length of drainage path.  Non-uniform pore pressure distributions can be 

used in the solution of Equation (2.22) (Singh, 2005).  Figure 2.11 shows the 

consolidation curves for initial pore pressure distributions that vary in a linear 

fashion across the soil layer. 
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Figure 2.11 Consolidation curves for vertical drainage 

 

Since Terzaghi’s solution, developments in vertical consolidation have arisen by 

relaxing some of the assumptions in Terzaghi’s theory.  Morris (2005) developed 

analytical solutions to one-dimensional consolidation assuming finite strain.  Fox and 

Berles (1997) use finite difference techniques with a piecewise linear formulation for 

large strain consolidation.  Fox and Berles (1997) give correction factors for 

Terzaghi  1-D consolidation to account for change in drainage layer thickness.  For a 

final strain ( 0H∞ρ ) of 0.4, the decrease in time to reach a certain degree of 

consolidation is 30%.  Fox and Qui (2004) use the finite difference method to include 

compressibile pore fluid.  Xie and Leo (2004) consider one-dimensional large strain 

consolidation with variable compressibility and permeability.  Small strain settlement 

prediction is larger than large strain prediction.  Small strain pore pressure and 

settlement evolution is slower than large strain evolution.  Yang et al. (2002) 

simulate the consolidation of lumpy dredged material by modeling inter-lump voids 

and intra-lump voids.  Zhu and Yin (2005a) study the pore pressure dissipation after 

dredged material has ceased to be deposited.  Zhu and Yin (1998) consider 

consolidation of soil under depth dependant ramp load.  Vaziri and Christian (1994) 

allow for slightly unsaturated ground conditions. 
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2.7 Radial Consolidation Theory 

2.7.1 Equal Strain Hypothesis 
The first conventional procedure for predicting radial consolidation was introduced 

by Barron (1948).  This approach was based on the consolidation theory of Terzaghi 

(1925).  Barron (1948) developed the exact (rigorous) solution of vertical drain based 

on ‘free strain hypothesis’ and an approximate solution based on ‘equal strain 

hypothesis’.  For equal strain conditions horizontal sections remain horizontal 

throughout consolidation process. The difference between free and equal strain cases 

was found to be negligible so equal strain case was used.  Barron also included the 

effects of smear (for equal strain) and well resistance (for equal and free strain).  

Solutions involved Bessel functions and were time consuming to perform.  As a 

result the effects of smear and well resistance were often ignored to simplify 

calculations (Hansbo, 1981).  Han and Ye (2002) produced equal strain solutions for 

radial drainage to a stone column which explicitly incorporated the stiffness of the 

stone column. 

 

 

Figure 2.12 Schematic of soil cylinder with vertical drain (after Hansbo,1979) 
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Figure 2.12 shows the schematic illustration of a soil cylinder with a central vertical 

drain, where, wr  = drain radius, sr  = smear zone radius, er  = soil cylinder radius and 

l  = the length of the drain installed into the soft ground.  The coefficient of 

permeability in the vertical and horizontal directions are vk  and hk .  sk  is the 

coefficient of permeability in the smear zone. By considering the flow into and out of 

an infinitesimal cylindrical element the governing equation for consolidation by 

radial drainage (Barron, 1948) is given by: 

 
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where, t  is the time elapsed after the load is applied, u is the excess pore water 

pressure at radius r and at depth z.  Under equal strain conditions the left hand side of 

Equation (2.24) becomes dependant on the average excess pore pressure, u . Hence: 

 









+=

r
u

rr
uc

t
u

h ∂
∂

∂
∂

∂
∂ 1

2

2
 (2.25) 

Hansbo (1981) uses a different approach where by the volume of water flowing 

through the inner wall of an annulus of soil is assumed equal to the volume change in 

the annulus.  Solution of the two equal strain equations by Barron (1948) and Hansbo 

(1981) result in similar expressions for pore water pressure.  Hansbo’s (1981) 

solution is: 

 

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where, 
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In the above equations we rrn =  is the drain spacing ratio and ws rrs =  is the smear 

zone size ratio.  When ignoring well resistance, the term with wq  in Equation (2.28) 

is omitted.  For an ideal drain with no smear or well resistance: 

 ( ) 75.0ln −= nµ  (2.28b) 

Consolidation curves for an ideal drain are illustrated in Figure 2.13.   
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Figure 2.13 Radial consolidation curves for an ideal drain 

 

2.7.2 λ method (Hansbo, 1979, 1997,  2001) 
Hansbo (1979, 1997, 2001) developed alternate radial consolidation equations based 

on a non-Darcian flow law.  The deviation from Darcy’s law is supported by the full-

scale field test at Ska-Edeby, Sweden.  Below a critical hydraulic gradient pore water 

flow is non-Darcian exhibiting a power law flow relation.  Hansbo (1979) proposes 

the following flow relationships: 
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where, 
1

0
−

=
n
niil   is the critical hydraulic gradient, and ( )kink n−−= 11~ .  The average 

pore water pressure for radial drainage incorporating the above non-Darcian flow 

relations are given by (Hansbo, 2001): 
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 (2.30d) 

If 0001.1=n  is substituted into Equation (2.30) the resulting value of average pore 

pressure is the same as for the Darcian equations presented above. 
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2.7.3 Determination of Radial Coefficient of Consolidation 

2.7.3.1 Log U vs t approach 
Aboshi and Monden (1963) presented a curve fitting method using ( )Uln  and linear 

t .  This method is developed by taking the natural ‘log’ on both sides of Barron or 

Hansbo’s solution (Equation 2.26) and rearranging, to give the following expression: 

 ( ) 24
81ln

e

h

r
tcU −=−  (2.31) 

It follows from Equation (2.31) that the coefficient of radial consolidation hc  can be 

determined from the slope of the ( )U−1ln  vs hT  plot as shown in (Figure 2.14).  The 

average degree of consolidated can be determined by settlement data or pore pressure 

data. 

 

 

 

Figure 2.14 Aboshi and Monden (1963) method for determining hc  

 

2.7.3.2 Plotting Settlement Data (Asaoka, 1978) 
Asaoka (1978) developed a method where a series of settlement measurements 

( mm ρρρ ,,..., 11 − ) observed at constant time intervals are plotted as shown in 
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Figure 2.15. The coefficient of radial drainage in this method is derived using Barron 

(1948) or Hansbo’s (1981) solution, which is given by: 

 ( )
t

rc e
h ∆

−= βµ ln
8

2
  (2.32) 

where, β  is the slope of the line formed by the observed displacement data, and t∆  

is the time interval between observations.  The ultimate settlement can be found from 

incomplete settlement data by extrapolating the straight line Asoaka plot to the 45° 

line.  Matyas and Rothenburg (1996) and Cao et al. (2001) observed that Asaoka 

plots exhibit two straight lines.  Ultimate settlements determined from the first line 

(U  = 25-45%) are under predicted by up to 30%.  The second line (U >45%) gives 

correct values.  Larger time intervals give better predicted values. 

 

 

 

Figure 2.15 Asaoka (1978) method for determining hc  

 

2.7.4 Curve Fitting Method (Robinson and Allam, 1998) 
Laboratory time-compression data can be divided into three parts: 

1. Initial compression ( iρ ) 
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2. Primary consolidation ( ∞ρ ) 

3. Secondary compression 

Ignoring the later Robinson and Allam (1998) show that displacement δ  for vertical 

consolidation is given by: 
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The three unknowns ( vi c,, ∞ρρ ) can be solved with data from three time-

compression readings.  More accurate values will be obtained with more points using 

regression analysis.  Similarly the three unknowns for radial consolidation 

( hi c,, ∞ρρ ) can be solved for three or more time-compression points according to 

Robinson and Allam (1998): 

 i
e

h

r
tc ρ
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ρρ +


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
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
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8exp1  (2.34) 

 

2.8 Combined Vertical and Radial Consolidation Theory 

2.8.1 Single Layer Consolidation 
In vertical drain consolidation problems the radial component of flow is often much 

larger than the vertical component.  As such consolidation due to vertical flow in the 

soil is ignored in many cases, especially for long drains.  When vertical drainage 

does becomes significant it must be included in any analysis.  Yoshikuni and 

Nakanodo (1974) presented an early solution to free strain consolidation by vertical 

and radial drainage.  Their solution includes well resistance.  Zhu and Yin (2001) 

have produced design charts on the same problem under ramp loading ignoring well 

resistance.   Both solutions are lengthy, involving double summation series solutions.  
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Using separation of variables, radial drainage is solved with Bessel functions while 

the vertical drainage is solved with Fourier sine series.  The coupled problem is 

significantly simplified if the flow in the vertical direction is assumed to occur due to 

the average hydraulic gradient across a radial cross section.  This approach was taken 

by Tang and Onitsuka (2000) who produced a solution with a single Fourier series. 

Leo (2004) determined that a closed form solution could be found to the equal strain 

problem.  Leo’s (2004) solution under instantaneous or ramp loading used modified 

Bessel functions.  The advantage of a closed form solution (like Terzaghi’s one-

dimensional equation) is that each term in the series summation is a simple 

expression rather than the zeros of a transcendental equation, as is the case for 

Yoshikuni and Nakanodo (1974) and Zhu and Yin (2001). 

 

The solutions mentioned above can be difficult to implement so attempts have been 

made to consider combined vertical and radial drainage in an approximate manner.  

The simplest and oldest method is that of Carillo (1942) where the total degree of 

consolidation is related to the separately considered radial and vertical degrees of 

consolidation by the following expression:  

 ( ) ( )( )rv UUU −−=− 111  (2.35) 

The above relationship is valid for homogeneous soil conditions; for ramped loading 

Tang and Onitsuka (2000) and Zhu and Yin (2001) showed than Carillo’s solution 

was not strictly applicable but the discrepancy was small. 

 

Chai et al. (2001) proposed a simplified method for approximating the effect of 

vertical drains.  Vertical drains increase the mass permeability in the vertical 
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direction.  An equivalent vertical permeability ( veK ) was derived based on equal 

average degree of consolidation: 

 v
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The approximate degree of consolidation is then given by 

 ( ) vz TU 54.3exp1 −−=  (2.37) 

where 
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ed  is the equivalent influence zone diameter; wd  is the equivalent drain diameter; sd  

is the smeared zone diameter; sk  and hk  are the smeared and undisturbed horizontal 

permeability;  l  is the length of one-way drainage; wq  is the discharge capacity.  

When calculating the equivalent vertical permeability in each layer of a multi-layered 

analysis l  is taken as the total length of one-way drainage not the height of each 

layer. 

 

2.8.2 Multi-layered Consolidation 
Soil is rarely homogeneous and so to successfully predict consolidation behaviour of 

real soil, heterogeneity must be modeled.  By introducing multiple soil layers the 

analytical solution to consolidation problems is much more complicated compared to 

the relatively straight forward solutions mentioned above for single soil layers.  

Because analytical solutions are tedious to implement, recourse is often made to 

numerical methods such as the finite difference method (Fox et al., 2003; Nash and 

Rhyde, 2001; Onoue, 1988b) and finite element method (Li and Rowe, 2001; Zhu 
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and Yin, 2000; Indraratna and Redana, 2000, Duncan, 1999; Britto and Gunn, 1987).  

Numerical methods have the advantage of being able to model multiple drains and 

stress/time dependant soil properties.  The analytical solutions that have been 

developed for multi-layered soil consolidation consider flow in a cylindrical cell.  

The solutions are quite lengthy but generally involve the following steps: 

1. Derive the continuity equation for each soil layer by considering the flow into 

and out of an infinitesimal soil element.  If well resistance is ignored then the 

continuity equation in each layer is often: 
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2. Using the separation of variables technique, determine the general solution to 

each of the separated differential equations and the relationship between the 

separation constants.  The general solution for the radial component often 

utilizes Bessel functions ( 0J , 0Y  etc.) while the vertical component uses 

trigonometric (sin, cos) and sometimes hyperbolic (sinh, cosh) functions. 

3. The general solution to the partial differential equation in each layer usually 

has two unknown constant coefficients which must be determined.  Boundary 

conditions such as equality of pore pressure at layer interfaces, equivalence of 

volume flow into and out of layer interfaces, and zero pore pressure at a fully 

drained boundary provide the constraints to solve for the unknowns.  By 

substituting the general solution into each of the boundary condition 

expressions, a series of equations relating the unknown coefficients and 

separation constants is revealed.  This set of equations is conveniently 

represented in matrix notation: 

 0=Ax  (2.40) 
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where, A  is a matrix dependant on the separation constant, and x  is the 

vector of unknown coefficients.  For non-trivial solutions of Equation (2.40) 

the determinant of A  must be equal to zero.  By varying the separation 

constant an infinite number of values (eigenvalues) are found which yield a 

zero determinant for matrix A .  Substituting each of the eigenvalues into 

Equation (2.40) a series of unknown coefficients that match each eigenvalue 

can be determined.  By assuming the value of one of the coefficients all other 

coefficients are determined in relation to the single assumed coefficient. 

4. Using the initial condition (often a constant pore pressure value at time zero) 

the value of the assumed coefficient can be found by Fourier series analysis 

and treatment of the appropriate othogonality relationships.  

 

The above steps have been followed by various authors in order to study multi-

layered consolidation problems.  A number of solutions exist for two layer systems.  

Zhu and Yin (2005b) presented design charts for vertical drainage with two layers.  

Xie et al. (1999) solved the same problem with partially drained boundaries, while 

Xie et al. (2002) incorporated small strain theory and nonlinear soil properties where 

the decrease in permeability is proportional to the decrease in compressibility. 

Double layered ground with radial and vertical drainage is studied by Tang and 

Onitsuka (2001), Wang and Jiao (2004), and Tang (2004).  The two layer solutions 

can be used to study partially penetrating vertical drains.  For more than two layers 

Schiffman and Stein (1970) presented equations for vertical drainage, and Horne 

(1964) presented equations including radial drainage.  More recent work has 

developed newer techniques for modeling stratified soil.  Chen et al. (2005) 

introduced the differential quadrature method to analyse one-dimensional 
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consolidation of multiple soil layers.  The differential quadrature method 

approximates the derivates in the continuity equation yielding a series of matrix 

equations to be solved.  Nogami and Li (2002, 2003) use the matrix transfer method 

in considering radial/horizontal and vertical flow in layered soil with thin sand 

layers, greatly simplifying the determination of eigenvalues in the vertical direction.  

 

It may not always be convenient to use the complicated analytical solutions or 

numerical methods.  In such cases the degree of consolidation in multi-layered soils 

can still be approximated.  Onoue (1988b) suggested that the multi-layered pore 

pressure distribution can be approximated by adding the relevant parts of each pore 

pressure distribution calculated by assuming homogeneous soil conditions with soil 

properties from each layer over the entire depth of the multiple layers (see 

Figure 2.16). The degree of consolidation in each layer found and combined to give 

the layer-thickness-weighted mean.  The largest error in this method occurs when the 

layers are of equal height and there is a large degree of heterogeneity.  When 

121 >hh cc  consolidation is overestimated.  Consolidation is underestimated for 

121 <hh cc .  If 1010
1

21 << hh cc  then the approximate method is accurate to 

within 4%. 
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Figure 2.16 Approximate pore pressure distribution for multi-layered soil (after Onoue, 1988b) 

 

2.9 Application of Vacuum Preloading (Indraratna et al. 2005b) 
Indraratna et al. (2005b) presented radial consolidation equations for combined 

surcharge and vacuum loading (Figure 2.17).  The vacuum pressure is assumed to 

vary in a linear fashion from a value of 0p  at the soil surface to 01pk  at the bottom 

of the drain.  The resulting excess pore pressure is described by: 

 ( ) ( )
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Figure 2.17 Linear variation of vacuum pressure with depth 
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2.10 Summary 
Vertical drains have been widely used to accelerate primary consolidation of soft 

soils.  However, it is difficult to predict the settlements and pore pressures accurately 

due to the difficulty in estimating the correct values of soil parameters.  Particularly 

important is determination of the coefficient of consolidation, which is central to 

vertical and radial consolidation problems.  Complicating the determination of hc  is 

the smear zone around vertical drains.  Drain installation will result in reduced 

permeability and increased compressibility adjacent to the drain.  The next Chapter 

provides a more realistic representation of the smear zone compared with the 

traditional smear zone, which is modeled with reduced permeability, constant with 

radial distance. The resistance to flow within the drain itself is also an important 

parameter, but less so with modern prefabricated vertical drains exhibiting high 

discharge capacity. 

 

Once appropriate soil parameters have been determined they can be used in the 

numerous analytical solutions available for consolidation problems.  Analytical 

solutions tend to fall into two categories:  simple solutions to single soil layers, and 

complicated solutions for two or more soil layers.  When the analytical solutions are 

inadequate recourse is made to numerical methods such as finite difference of finite 

element techniques.  Powerful analytical solutions are developed in the next Chapter 

to study vertical drain consolidation.  One model considers the change of soil 

properties with effective stress.  Another model, based on the spectral method 

solution to partial differential equations, provides the ability to analyse multi-layered 

consolidation problems with vacuum and surcharge loading.  Both models developed 
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in the next Chapter are significant contributions to the vertical drain literature 

described in this Chapter. 
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3 THEORETICAL CONSIDERATIONS 

3.1 General 
This Chapter presents the theoretical basis for three novel contributions to the 

simulation of soil consolidation problems: (i) treatment of spatially non-constant soil 

properties in the smear zone of vertical drain problems (radial drainage only); (ii) 

incorporation of void ratio dependant soil properties and non-Darcian flow in vertical 

drain problems (radial drainage only); and (iii) the consolidation of multi-layered soil 

with surcharge and vacuum loading (vertical and radial drainage).  Analytical 

solutions to each consolidation problem are presented based on a unit-cell, equal 

strain approach to radial drainage. 

 

The variation of smear zone properties is considered in Section 3.2 where the smear 

zone µ  parameter is determined for a linear and parabolic variation of soil 

properties.  The gradual reduction in permeability towards the drain is a more 

accurate representation of the smear zone than the traditional constant permeability 

smear zone (Chai and Miura, 1999; Hawlader et al., 2002; Sharma and Xiao, 2000; 

Hird and Moseley, 2000; Indraratna and Redana, 1998a; Madhav et al., 1993; 

Bergado et al., 1991).  By considering the increased extent of smearing with the 

linear and parabolic variations (compared to the empirically determined constant 

permeability smear zone size), the possibility of overlapping smear zones becomes 

apparent.  Overlapping smear zones (investigated with the linear smear zone model) 

provide some explanation for the apparent lower bound drain spacing, described by 

Saye (2001), below which no increase in rate of consolidation occurs.   
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The various µ  parameters developed in Section 3.2 may be used in the new 

consolidation model (presented in Section 3.3) if Darcian flow is assumed.  This 

model investigates three aspects of nonlinearity: non-Darcian flow, a log-linear void 

ratio-stress relationship, and a log-linear void ratio-permeability relationship.  An 

analytical solution, in the form of an infinite series, is found, which explicitly 

describes the dissipation of excess pore water pore pressure for normally and 

overconsolidated soils under instantaneous loading.  By using an approximate 

method to allow for non-constant loading, purely radial drainage problems in which 

permeability and compressibility changes are important can be analysed. 

 

For problems where the time dependant nature of the soil properties is not important 

but the spatial variation of properties is, a second new consolidation model 

(presented in Section 3.4) for multi-layered soil including vertical and radial drainage 

can be used.  Again the new µ  parameters developed in Section 3.2 can be used as 

the model is based on equal strain conditions and Darcian flow.  Where the model 

differs to other analytical methods is in distinctly different and novel use of linearly 

distributed material properties with depth.  This allows an arbitrary distribution of 

properties (constant with time) to be investigated.  By incorporating surcharge and 

vacuum loading that vary with both depth and time, a wide range of consolidation 

problems can be analysed.   

 

The two new consolidation models provide an intermediate step between the simplest 

analytical models (such as Terzaghi, 1948; Hansbo, 1981) and time consuming 

numerical methods.  Together with the more realistic representation of smear effects, 
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the models described in this Chapter give valuable insight into soil mechanics 

phenomena. 

   

3.2 Determination of µ Parameter Based on Smear Zone Characteristics 
and the Associated Soil Properties 

3.2.1 General Approach to Equal Strain Radial Consolidation with 
Darcian Flow 

Vertical drains, installed in a square or triangular pattern, are usually modeled 

analytically by considering an equivalent axisymmetric system.  Pore water flows 

from a soil cylinder to a single central vertical drain with simplified boundary 

conditions.  Figure 3.1 shows a unit cell with an external radius er , drain radius wr , 

and an initial drainage path length l .   

 

rw 

re 
l 

z 

dQ1 

r 

dQ2 

0=∂∂ zw

0=w

dz 

 

Figure 3.1 Axisymmetric unit cell 

 

Outlined below are the steps involved in calculating the rate of consolidation for 

radial drainage under equal strain conditions.  Of greatest significance is the 

calculation of the µ  parameter which describes the effect of smear zone and drain 
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spacing properties.  In subsequent sections, the general approach is applied to 

specific soil property and geometry configurations. 

 

STEP 1: Assign soil and geometry parameters. 

The soil is subdivided into radial segments and each segment is assigned values of 

horizontal permeability, hk , and volume compressibility vm .  The permeability and 

compressibility need not be constant in each segment though this is traditionally the 

case.   

 

STEP 2: Determine the radial pore pressure gradient in each soil segment. 

The velocity of water flow at radius r  (Darcy’s law), is given by: 

 ( )
r
urk

w

h
r ∂

∂=
γ

υ  (3.1) 

The rate of fluid flow through the internal face of the hollow cylindrical slice with 

internal radius r  and thickness dz  is then determined by: 
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r
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w

h
∂
∂

γ
π2  (3.2) 

The rate of volume change in the hollow cylindrical slice with internal radius r , 

outer radius er , and thickness dz  is: 

 ( ) dz
t

rre ∂
∂− επ 22  (3.3) 

For continuity, the volume changes in Equations (3.2) and (3.3) can be equated and 

rearranged to give the pore pressure gradient in the radial direction as: 
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STEP 3: Determine the pore water pressure in the drain. 

The pore water pressure in the drain at depth z  is designated ( )zw .  For vertical flow 

in the drain, the change in flow from the entrance to the exit face of the slice with 

thickness dz  (Figure 3.1) is given by: 

 ( ) dzdt
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zwkrdQ
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where, wk  = drain permeability. 

The radial flow into the slice is determined from: 

 ( ) dzdt
t

rrdQ we ∂
∂−= επ 22

2  (3.6) 

Assuming no sudden drop in pore pressure at the drain-soil boundary (that is, wu =  

at wrr = ), then for continuity, 

 21 dQdQ =  (3.7) 

Substituting Equations (3.5) and (3.6) into Equation (3.7) and rearranging gives: 
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where, wq  is the discharge capacity of the drain given by: 

 2
www rkq π=  (3.9) 

Integrating Equation (3.8) in the z  direction with the boundary conditions ( ) 00 =w  

and ( ) 02 =lw , reveals the pore water pressure in the drain: 
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STEP 4: Determine the pore water pressure in each soil segment. 

Equation (3.4) can be integrated in the radial direction with the boundary condition 

wu =  at wrr = , to give the pore pressure at radius r: 

 ( )rf
t

u
∂
∂= ε  (3.11) 

where, ( )rf  is the function of r  resulting from the integration.  If there are multiple 

soil segments, then the additional boundary condition of equal pore pressure at the 

segment interfaces is used to determine the pore pressure in each segment. 

 

STEP 5: Determine the µ  parameter. 

The average pore water pressure, u ,  and the pore pressure distribution with radius 

are related by the algebraic expression: 
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Performing the integrations in Equation (3.12) the resulting expression for u  can 

usually be rearranged in the following form: 
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where, hk  is a convenient reference value of horizontal permeability (usually that of 

the undisturbed soil), and wµ  is the contribution of well resistance given by: 
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If well resistance is not included ( ∞→wq ) then wµ  is omitted.  To give an 

approximate indication as to how the entire soil layer is affected by well resistance 

Equation (3.14a) can be averaged over length l  to give: 

 
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The µ  parameter lies at the heart of the equal strain approach.  µ  is a non-

dimensional parameter depending only on the geometry and material property ratios 

of the soil/drain system.  Various expressions for µ  are obtained in later sections.  

 

STEP 6: Incorporate the constitutive relationship 

The constitutive equation relating strain changes to stress changes is that of 

Terzaghi’s equation for one-dimensional compression: 
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where, t∂∂ε  = volumetric strain rate, σ ′  = average effective stress and 

σ  = average total stress.  For the equal strain condition  σ ′  and u  are assumed 

independent of radius.  vam  is the average value of vm  determined from the 

following algebraic relationship: 
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Substituting Equation (3.15) into Equation (3.13) gives a first order differential 

equation: 
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where, 
vmµ  is a the ratio of vam  to a reference value of volume compressibility, vm ,  

given by: 
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If the soil has constant compressibility then 
vmµ  is unity.  The horizontal coefficient 

of consolidation, hc , is now defined relative to the reference values of permeability 

and volume compressibility: 
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=  (3.17c) 

STEP 7: Determine the average pore water pressure. 

Note: For brevity, in this step the expression ( )wmv
µµµ +  from Equation (3.17a) has 

been replaced by *µ  (i.e. wµ  and 
vmµ  have been ignored).  

 

The solution of Equation (3.17a) depends on the loading conditions.    When a load is 

applied instantaneously 0=∂∂ tσ  and Equation (3.17a) reduces to a first order 

separable differential equation: 
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The solution of Equation (3.18) when an instantaneous excess pore pressure of 0u  is 

generated at 0=t  gives: 

 
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where, the time factor hT  is found from the expression: 

 24 e

h
h r

tcT =  (3.20) 

The average degree of consolidation hU  is defined as: 

 
0

1
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Substituting Equation (3.19) into Equation (3.21) gives the degree of consolidation 

for constant loading: 
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Figure 3.2 Ramp loading 

If the total stress is ramped from zero at 0=t  to u∆  at ctt = , as in Figure 3.2, then 

Equation (3.17a) in the ramped zone reduces to: 

 
h

e

ch

e
c

r
t
uu

c
r

t
u

22

*22 µµ ∆=+
∂
∂  (3.23) 

Solution of Equation (3.23), a first order linear differential equation, gives the 

average pore pressure during the ramped load: 
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When the load becomes constant, the average pore pressure is given by: 
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The corresponding expressions for average degree of consolidation are: 
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The two chief challenges in using the above consolidation equations is the accurate 

determination of the coefficient of consolidation hc  and the drain/soil parameter µ .  

The calculation of µ  parameter has traditionally been performed assuming a single 

smear zone of reduced permeability (constant permeability throughout the smear 

zone). The µ  parameter for such a smear zone configuration obtained by Hansbo 

(1981) is described in Appendix A.  Hansbo’s µ  along with that for an ideal drain 

(no smear effect) are found to be special cases of a smear zone with multiple soil 

segments which is also presented in Appendix A.  This multi-segment approach can 

be used to approximate arbitrary distributions of properties in the smear zone.  Other 

expressions for µ  can be found by considering smear zone properties that vary in a 

specific way (in this case higher order polynomials). 

3.2.2 Smear Zone with Linear Variation of Permeability 
Hansbo’s (1981) constant permeability smear zone describes permeability with a 

zero order polynomial.  The next simplest expression for a smear zone is thus a linear 
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polynomial.  The results from following the above steps (section 3.2.1) for such a 

distribution are described below.  The same formulations will be used to consider 

overlapping smear zones in section 3.2.6. 

 

STEP 1: 

Consider radial consolidation of a soil with an undisturbed zone and a smear zone 

with a linear distribution of permeability as in Figure 3.3. 
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kh 
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k 

 

Figure 3.3 Linear distribution of permeability in the smear zone 

The linear permeability distribution in the smear zone (Figure 3.3) is determined by 

two conditions: 

 ( ) 0krk ws =  (3.26a) 

and, ( ) hss krk =  (3.26b) 

The linear curve that satisfies the above conditions is: 

 
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where, 
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It is necessary to consider the special case of κ=s  where Equation (3.27) reduces 

to: 

 ( )
w

s r
rkrk 0=  (3.31) 

It is assumed that the volume compressibility also varies linearly in the smear zone.  

Thus the volume compressibility in the smear zone, vsm , is given by: 
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STEP 2: 

The pore water pressure gradient in smear and undisturbed zones are, respectively: 
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For the case when κ=s , the pore pressure gradient in the smear zone is: 
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STEP 3: 

The pore water pressure in the drain is the same as in Equation (3.10). 

 

STEP 4: 

The pore water pressure in smear and undisturbed zones are, respectively: 
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For the case when κ=s , the pore pressure in the smear and undisturbed zones are, 

respectively: 
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STEP 5: 

The µ  parameter from Equation (3.17) is given by: 
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Ignoring insignificant terms Equation (3.35a) reduces to: 
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For the case when κ=s  the µ  parameter is: 
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Ignoring insignificant terms Equation (3.35c) reduces to: 
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If the limit of Equation (3.35) is taken as κ  approaches unity or s  approaches unity, 

then the µ  parameter for the ideal case of no smear is obtained. 

 

STEP 6: 

The 
vmµ  parameter from Equation (3.17) is given by: 
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3.2.3 Smear Zone with Parabolic Variation of Permeability 
Following the linear polynomial description of smear zone properties in the previous 

section, increasing the polynomial order leads to a parabolic variation of smear zone 

properties. The results from following the steps from section 3.2.1, for such a 
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distribution are described below. A parabola is the highest order polynomial 

considered here to describe the variation of smear zone properties; other distributions 

can be approximated with the multi-segment approach described in Appendix A.   

 

STEP 1: 

Consider radial consolidation of a soil with an undisturbed zone and a smear zone 

with a parabolic distribution of permeability as in Figure 3.4. 
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Figure 3.4 Parabolic distribution of permeability in the smear zone 

The parabolic permeability distribution in the smear zone (Figure 3.4) is determined 

by three conditions: 

 ( ) 0krk ws =  (3.37) 

 ( ) hss krk =  (3.37b) 

 ( ) 0=∂∂ rrk ss  (3.37c) 

The parabolic curve that satisfies the above conditions is: 

 ( ) ( )( )( )wws rrCBArrCBAkrk −++−−= 10 κ  (3.38a) 

where, 

 0kkh=κ  (3.38b) 

 ( )1−= κκA  (3.38c) 
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 ( )1−= ssB  (3.38d) 

 ( )11 −= sC . (3.38e) 

 

STEP 2: 

The pore water pressure gradient in the smear and undisturbed zones are, 

respectively: 
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STEP 3: 

The pore water pressure in the drain is the same as in Equation (3.10). 

 

STEP 4: 

The pore water pressure in smear and undisturbed zones are, respectively: 
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STEP 5: 

The µ  parameter from Equation (3.17) is given by: 

 

( ) ( ) ( )

( )
( )

( )
( )





































 +










 +−
+

+







 −










 −−
−

+

+−
−

+









−+−

−
=

A
A

nC
BA

BA
A

A
A

nC
BA

BA
A

nC
sAs

BA
B

n
s

n
sn

n
n

1ln1
2

1ln1
2

2
51ln

4
1

4
3ln

1
2

22

2

2

22

2

4322

2

2

2

2

2

2

2
µ  (3.41a) 

Ignoring insignificant terms, Equation (3.41) reduces to: 
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If the limit of Equation (3.35) is taken as κ  approaches unity or s  approaches unity, 

then the µ  parameter for the ideal case of no smear is obtained. 

 

STEP 6: 

The compressibility parameter 
vmµ  in Equation (3.17) is given by: 
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3.2.4 Size of Constant, Parabolic, and Linear Smear Zones Producing 
Equivalent Rate of Consolidation 

Laboratory evidence indicates that soil properties in the smear zone vary with 

distance from the drain (Chai and Miura, 1999; Hawlader et al., 2002; Sharma and 
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Xiao, 2000; Hird and Moseley, 2000; Indraratna and Redana, 1998a; Madhav et al., 

1993; Bergado et al., 1991), and so the linear and parabolic distributions of smear 

zone properties presented above should give a better description as to the true nature 

of the smear effect.  However, given the difficulty of explicitly measuring the smear 

zone properties in the field, the constant permeability smear zone of Hansbo (1981) 

has been used to back calculate the size of the smear zone.  Thus, while assuming a 

constant permeability smear zone of appropriate size may give the correct rate of 

consolidation (i.e. numerical value of µ ) the actual size of the smear zone described 

will be incorrect.  An indication as to the true extent of smearing can be assessed by 

determining the equivalent size of smear zone required to produce the same µ  value 

using smear zones with constant, linear and parabolic permeability distributions, 

Equations (3.35), and (3.41).  The relative smear zone sizes producing equivalent 

consolidation to those with constant permeability are presented in Figure 3.5.  

Figure 3.6 shows the actual distributions of permeability producing equivalent rates 

of consolidation for different values of dundisturbekkh .  The three distributions 

originating from the same value of dundisturbekkh  on the y-axis will give identical 

rates of consolidation. The equivalent smear zone size does not vary greatly for 

we rr  values greater than 20, so only those for we rr  = 40 are plotted.   

 

Figure 3.5 shows that to produce equivalent consolidation, the parabolic and linear 

smear zones can be as much as 7 times larger than the constant permeability smear 

zones.  This emphasizes the relative importance of permeability close to the drain.  

The large equivalent smear zone sizes imply the possibility of overlapping smear 

zones.  Drain spacing ratios of we rr  less than 4 are unlikely so assumed constant 
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permeability smear zones would never interact.  Drain spacing ratios of we rr  = 20 

are feasible where parabolic and linear smear zones might overlap.  Overlapping 

smear zones are investigated in Section 3.2.6 below.  

1
2
3
4
5
6
7
8

s e
qu

iv
al

en
t/s

co
ns

ta
nt

1 1.5 2 2.5 3 3.5 4
sconstant

 
Parabolic
Linear

κ = 1.5 2 3 4
Permeability
distribution

 

Figure 3.5 Extent of smear zones producing equivalent rate of consolidation (re/rw = 40) 
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Figure 3.6 Shape of smear zones producing equivalent rate of consolidation (re/rw = 40) with reference 

to a constant permeability smear zone size of rs/rw = a) 2, b) 3, c) 4.   

 

3.2.5 Relative Importance of Compressibility Variations in the Smear 
Zone 

Smear zones are most often described with reference to permeability changes alone, 

neglecting the effects of compressibility changes.  However, smear zone 

compressibility is important in the light of field trials of vertical drains at different 

spacing. For smaller drain spacing, the total settlement is higher and values of 

horizontal consolidation coefficient (back calculated ignoring smear zone 

compressibility effects) are lower than for widely spaced drains (Saye, 2001; 

Arulrajah et al., 2004; Bergado et al., 2002). Both findings are consistent with 

increased compressibility in the smear zone.  The effect of smear zone 

compressibility can be assessed by considering mvµ  in Equations (3.36), and (3.42).  

Figure 3.7 shows 
vmµ  values for smear zones with constant, linear and parabolic 

compressibility.  Values of 
vmµ  around 1.2 are feasible for all compressibility 

distributions, possibly indicating a 20% increase in ultimate settlement.  A 
vmµ  

value of 1.2 would also result in a possible 20% decrease in back calculated hc , if 

smear zone compressibility was ignored in the calculations.  Figure 3.7 deals only 
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with discrete smear zones; overlapping smear zones are considered in the next 

section. 
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Figure 3.7 Effect of smear zone compressibility for smear zone with a) constant, b) linear, and c) 

parabolic compressibility  

 

3.2.6 Overlapping Smear Zones 
As the costs of PVD and their installation falls, there is a tendency towards ever 

decreasing drain spacing it an attempt to hasten consolidation (Chu et al., 2004).  

However, from field experience on multiple Highway projects, Saye (2001) notes 

that a lower bound drain spacing exists, below which no discernable increase in 
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consolidation rate occurs.  Saye (2001) proposes an empirical relationship between 

effective consolidation coefficient ( hec ) and a modified drain spacing parameter for 

small drain spacing ratios.  This empirical relation is given by: 

 ( )n
c

c

v

he ′= 44.0exp066.0
lab

 (3.43) 

where, vclab  is the laboratory determined value of vertical consolidation coefficient, 

and n′  is the ratio of influence radius er  to equivalent mandrel radius mr  (based on 

the mandrel perimeter).  While Equation (3.43) may provide appropriate properties 

with which to calculate radial consolidation rates at small drain spacing, the possible 

mechanisms responsible for a lower bound spacing value are better described with 

reference to overlapping smear zones as shown in Figure 3.8. 

     

 

0 rw nrw srw

rwsX =  rw(2n-s) 
2nrw 

k0

kX

kh

Interaction 
Zone

 

Figure 3.8 Schematic of overlapping smear zones 

Owing to the common assumption of a small constant reduced permeability smear 

zone, such smear zones would rarely interact.  More realistic representations of 
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smear zone permeability such as a linear or parabolic representation suggest larger 

smear zones which might interact.  The novel treatment of linearly varying properties 

in the smear zone, presented in Section 3.2.2, provides a simple means to assess the 

effect of overlapping smear zones.  With reference to Figure 3.8, two smear zones 

will interact when the spacing parameter n  is less than the smear zone size 

parameter s .  As an idealization, it is assumed the interaction exhibits radial 

symmetry.  It is assumed that in the ‘interaction zone’ the permeability is constant at 

a value of Xk , which is the value of permeability where the smear zones begin to 

overlap, Xs . The problem is now a modified version of the original linearly varying 

permeability equations.  The modified permeability ratio, 0kkXX =κ , can be found 

by equating the A  parameters of the original and modified smear zones as calculated 

in Equation (3.27) (because the permeability gradients for both smear zones are the 

same). This leads to: 

 ( )1
1
11 −

−
−+= XX s

s
κκ  (3.44) 

In the same manner, the new compressibility ratio 
0vvXX mm=η  is determined.  

For the case when 12 >− sn , the two smear zones completely overlap and it is 

assumed the soil properties are constant at values equal to those at the drain/soil 

interface (that is 0k  and 0mv ).  With reference to the undisturbed values of soil 

properties a new modified expression, Xµ , describing the effect of interacting smear 

zones can be defined as: 
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where, µ  and 
vmµ  are calculated respectively from Equations (3.35) and (3.36) with 

the appropriate variables in square brackets. ][nµ  is the µ  parameter for an ideal 

drain (see Appendix A). 

 

Now, by rearranging Equation (3.22), an expression for the time to reach a certain 

degree of consolidation with interacting smear zones can be obtained: 

 [ ]hX
w

h Un
r
tc −= 1ln

84

2

2 µ  (3.46) 

Figure 3.9 shows the time required to reach 90% consolidation, 90t , for various 

interacting smear zone configurations.   
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Figure 3.9 Time required for 90% consolidation for overlapping smear zones with linear variation of 

permeability 

Each graph in Figure 3.9 has the same general shape, exhibiting a local minima for 

high 0kkh  ratios when the influence radius is between 0.55 and 0.6 times the smear 

zone radius.  The local minima does not occur when considering small constant 

permeability smear zones.  By changing the 0vv mm  ratio (compare Figure 3.9a 
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and c) the required consolidation times are increased and the local minima is 

accentuated.  Figure 3.9 suggests that, if not an absolute drain spacing minimum as 

proposed by Saye (2001), there at least exists a range of drain spacing values across 

which the time required to reach a certain degree of consolidation does not change.  

For drain spacing values less than the local minima, the time for consolidation 

reduces rapidly.  This is due to the assumption that once the linear smear zones 

completely overlap there is no further change in the soil properties; that is a threshold 

level of disturbance is reached.  This assumption is questionable as at an increasingly 

closer drain spacing the soil may become further remolded, exhibiting properties 

different to that of the partially remolded smear zone.  As such, the local minima in 

Figure 3.9 may be an absolute minima.  In which case, as an approximation, 

decreasing the equivalent influence radius (by decreasing the drain spacing) beyond a 

value 0.6 times the linear smear zone radius will not result in faster consolidation 

times.  The phenomena of a lower bound drain spacing only becomes apparent when 

the radial variation of smear zone properties are considered.  This illustrates the 

importance, at least conceptually, of considering a large smear zone with gradually 

reducing permeability towards the drain compared with a small constant reduced 

permeability smear zone.   

 

The µ  parameters developed above, including the case of overlapping smear zones, 

can now be included in the following nonlinear radial consolidation model if Darcian 

flow is assumed. 
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3.3 Nonlinear Radial Consolidation 

3.3.1 Previous Attempts at Modeling Void Ratio Dependant Material 
Properties 

This section presents analytical solutions for nonlinear radial consolidation under 

equal strain conditions incorporating smear but ignoring well resistance.  Three 

aspects of nonlinearity are considered: non-Darcian flow, a log-linear void ratio-

stress relationship, and a log-linear void ratio-permeability relationship.  In non-

Darcian flow, the velocity of flow, υ , is related to the hydraulic gradient, i , by the 

following power law: 

 nik~=υ  (3.47) 

where k~  is the coefficient of permeability under non-Darcian conditions, and n  is 

the non-Darcian flow exponent.  Void ratio is related to effective stress and 

permeability by the following relationships: 

 ( )00 log σσ ′′−= cCee  (3.48) 

 ( )00
~~log kkCee k+=  (3.49) 

 

where, e  = void ratio, σ ′  = effective stress, cC  = compressibility index, kC  = 

permeability index and  0e , 0σ ′ , 0
~k  = initial values of parameters. 

 

Review of the literature reveals previous attempts to model the corresponding 

problem with Darcian flow.  The excess pore water pressure, u , under instantaneous 

loading described by Lekha et al. (1998) is 

 ( )
( )

( )
( )




























−








′

∆+
−

−−
′

∆′= −
−

kc
kc

CC
CC

kc

h
CC

Tu 2
2

00
0 2

1 β
σ
σββ

µσ
σσ  (3.50) 

where,  
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 







′

∆+−=
0

1
2
11

σ
σβ  (3.51) 

Equation (3.50) is a linear function of time factor, hT , which as hT  approaches 

infinity leads to infinite negative values of pore water pressure.  The excess pore 

water pressure should decay to zero, thus Equation (3.50) is unsuitable for estimating 

u  at large times.  Also Equation (3.50) is undefined if kc CC  = 2.  Basak and 

Madhav (1978) presented a more useful solution with Equation (3.48) but using a 

linear relationship between permeability and effective stress.  Indraratna et al. 

(2005a) express the excess pore pressure under instantaneous loading as: 

 






−=
µ

08exp h
av

TPu  (3.52a) 

where,  

 




















′

∆++=
− kC

avP
cC1

0
11

2
1

σ
σ  (3.52b) 

Equation (3.52) is very similar to the linear solution given by Hansbo (1981), except 

that the main difference is in the avP  parameter.  avP  represents the average value of 

consolidation coefficient between the beginning and end values.  This averaging of 

consolidation coefficient over the applied stress increment is implied in Hansbo’s 

(1981) solution.  Thus Equation (3.52) simply provides the best choice of 

consolidation coefficient for use with Hansbo’s (1981) equations.  Though Indraratna 

et al. (2005a) recommend using the log-linear void ratio-stress relationship (Equation 

(3.48)) for settlement calculations, the solution expressed by Equation (3.52) does 

not reflect the nonlinear processes involved with pore pressure dissipation. 
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The proposed model presented herein removes these simplifying assumptions. 

Hansbo’s (2001) equal strain solution for radial drainage with non-Darcian flow is 

extended to include the nonlinear material properties expressed in Equations (3.48) 

and (3.49).  A series solution to the resulting nonlinear partial differential equation is 

found, explicitly capturing the variation of permeability and compressibility in the 

consolidation of normally and overconsolidated soil. 

3.3.2 Analytical Solution 
 

rw 

re

D

rs hk~ sk~

 

Figure 3.10 Unit cell 

Vertical drains, installed in a square or triangular pattern, are usually modeled 

analytically by considering an equivalent axisymmetric system.  Pore water flows 

from a soil cylinder to a single central vertical drain with simplified boundary 

conditions.  Figure 3.10 shows a unit cell with an external radius er , drain radius wr ,  
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and a smear zone radius of sr .  For simplicity, the material properties in the smear 

zone are assumed constant.  The soil compressibility in the smear zone is assumed 

equal to that in the undisturbed zone. The velocity of pore water flow in the smear 

and undisturbed zones are respectively given by: 

 
n

w
s r

uk 







∂

′∂=
γ

υ 1~  (3.53a) 

and, 

 
n

w
h r

uk 







∂
∂=

γ
υ 1~  (3.53b) 

where, hk~  = undisturbed horizontal permeability for non-Darcian flow, 

sk~  = horizontal permeability in the smear zone, u  = excess pore water pressure in 

the undisturbed zone, and u′  = excess pore water pressure in the smear zone. 

 

The rate of fluid flow through the internal face of the hollow cylindrical slice with 

internal radius r  is: 

 υπr2  (3.54) 

The rate of volume change in the hollow cylindrical slice with internal radius r , 

outer radius er  is: 

 ( )
t

rre ∂
∂− επ 22  (3.55) 

where t∂∂ε  is the one-dimensional strain rate.  For instantaneous loading the strain 

rate can be expressed as: 

 
t
um

t v ∂
∂−=

∂
∂ε  (3.56) 
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where, u  = average excess pore pressure, and vm  = volume compressibility of the 

soil.  The nonlinearity of vm  and k~  will be treated later.  For continuity, the volume 

changes in Equations (3.54) and (3.55) can be equated; rearranging the resulting 

expression using  Equation (3.53) and (3.56) the pore pressure gradient in the smear 

and undisturbed zones is represented by: 
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where, we rrN = , and a change of variable has been made such that wrry = .  The 

coefficient of consolidation under non-Darcian flow can be written as: 

  
wv

h
h m

kc
γ

~
~ =  (3.58) 

The value of consolidation coefficient at the start of analysis is denoted 0
~

hc . 

 

By using the binomial expansion the terms involving y  on the right hand side of 

Equation (3.57) can be represented by a series: 
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where, { } mx , sometimes called the Pochhammer symbol or rising factorial, is defined 

by: 

 { } ( )( ) ( )1...21 −+++= mxxxxx m ,   { } 10 =x  (3.60) 
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Substituting Equation (3.59) into Equation (3.57) and integrating (with the boundary 

conditions 0=su  at 1=y , and uu ′=  at sy =  where ws rrs = ) yields the 

following pore pressure expressions: 
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 (3.61b) 

where, ( )yg  is a function given by: 
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The average excess pore pressure satisfies the following algebraic expression: 
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or in the transformed coordinate system, 
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Substituting Equation (3.61) into Equation (3.63) and performing the appropriate 

integrations gives the excess pore pressure as: 
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with, 
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The pore pressure at any point in the soil can now be related to the average excess 

pore water pressure by substituting Equation (3.64) into Equation (3.61).  The 

resulting expressions for pore water pressure in the smear and undisturbed zones are: 
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Usually the expressions for excess pore water pressure would involve explicit 

functions of time (Hansbo, 1981; Hansbo, 2001), however, as shown below, the 

solution of Equation (3.64) gives consolidation time as a non-invertible function of 

u .  Thus after choosing a suitable u  value the corresponding time at which this 

average excess pore pressure occurs is determined. 

3.3.3 Approximation for Vacuum Loading 
Vacuum pressure applied along the drain implies a non-zero pore pressure (negative 

for vacuum pressure) at the soil drain boundary.  The above equations can be 
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formulated to include vacuum pressure by changing the boundary condition when 

deriving Equation (3.61).  By designating the pore pressure in the drain ( 1=wrr ), as 

the vacuum pressure w , the expressions for pore pressure in Equation (3.64) and 

(3.66) can be rewritten to include vacuum pressure:   
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Unfortunately, Equation (3.67) does not have an analytical solution. However, a 

vacuum load can be modeled by an equivalent surcharge load.  For example, a 

50 kPa surcharge load and a 20 kPa vacuum load can be simulated by a 70 kPa 

surcharge.  While settlements calculated from the equivalent 70 kPa surcharge may 

be accurate, the pore pressure values will not correspond to those in the ground.  The 

actual average pore pressure, u  is obtained from the expression (Note, for vacuum 

loads 0<w ): 

 wuu c +=  (3.69) 

where, cu   is the excess pore water pressure calculated from the combined surcharge 

load.  By substituting Equation (3.69) into Equation (3.68), the pore pressure at radial 

distance r  is found to have the form: 

  ( ) wrfuu c +=
β

 (3.70) 
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where, ( )rf  is a function of radial distance described in Equation (3.68).  The 

corresponding form for Darcian flow conditions is: 

 ( ) wrfuu c +=
µ

 (3.71) 

where, the Darcian parameters µ  and ( )rf  are described in Section 3.2 and 

Appendix A.  If vacuum loads are not included, 0=w , then uuc = .  The following 

section deals with the analytical solution to Equation (3.64) where vacuum loads are 

not explicitly included.  They can be implicitly included with the above technique. 

 

3.3.4 Normally Consolidated Soil 
In order to solve Equation (3.64), the consolidation coefficient ( 0

~~
hh cc ) must be 

determined.  When considering material nonlinearity, the coefficient of consolidation 

becomes dependant on the effective stress (under equal strain, the effective stress 

does not vary radially).  The effective stress can be written as: 

 σσσσ ∆+∆+′=′ W0  (3.72) 

where, σ∆  = instantaneous change in total stress, and W  is a normalized pore 

pressure given by: 

 
σ∆

= uW  (3.73) 

The consolidation coefficient involves permeability and volume compressibility.  

Volume compressibility is defined by the relationship: 

 
σ ′∂
∂

+
= e

e
mv

01
1  (3.74a) 

Differentiating Equation (3.48) to find σ ′∂∂e  and subsequent substitution into 

Equation (3.74a) yields: 
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The relative change in volume compressibility with effective stress is thus expressed 

by: 

 
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Substituting Equation (3.48) into Equation (3.49) gives the relative change in 

permeability with effective stress given by: 
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Combining Equations (3.58), (3.72), (3.75), and (3.76), the stress dependency of hc~  

is calculated as: 

 
( )kc CC

h

h W
c
c

−









′

∆−
′

∆+=
1

000
1~

~

σ
σ

σ
σ  (3.77) 

Substituting Equation (3.77) into Equation (3.64) gives the differential equation for 

normally consolidated soil: 

 






∂=∂−
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h

h
n c

c
W

WT  (3.78) 

where, T~  is a modified time factor defined by: 
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 (3.79a) 

 2
0

0 4

~

e

h
h r

tcT =  (3.79b) 

Using a power series, expansion of 0
~~

hh cc  about the point 0=W  gives: 
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Substituting Equation (3.80) into Equation (3.78) and integrating with the initial 

condition, 1=W  at 0=t , results in: 
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For each value of normalized excess pore pressure, 10 ≤<W , substituted into 

Equation (3.81) the resulting value of T~  is found.  The time required to reach the 

specified degree of consolidation is then found from Equation (3.79).  Equation 

(3.81) is undefined for integer values of n , however, values very close to integer 

values give the appropriate consolidation times (e.g. use 0001.1=n  not 1=n ). 

 

When 1=kc CC , i.e. hc~  does not change during consolidation, Equation (3.81) is 

numerically equivalent to Hansbo’s (2001) non-Darcian radial consolidation 

equation.  For the case of Darcian flow 1=n , and T~  is given by 

 
µ

08~ h
Darcy

TT =  (3.82) 

The µ  parameter can then be any of those described in Section 3.2 above or 

Appendix A.  When 1=n   and 1=kc CC , Equation (3.81) is numerically equivalent 

to Hansbo’s (1981) radial consolidation equation. If 1<kc CC  then hc  increases 

over time and the consolidation rate is faster.  If 1>kc CC  then hc  decreases over 

time and the consolidation rate is slower.  The degree to which consolidation is 

slowed or hastened is controlled by the normalized factor 0σσ ′∆ .  Taken together 
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kc CC  and 0σσ ′∆  give an indication of the total change in hc~  over the 

consolidation period as per Equation (3.77). In practice, kc CC  ranges between 0.5-

2.0 (Berry and Wilkinson, 1969; Mesri and Rokhsar, 1974 ), with kC  taken from the 

empirical relation 05.0 eCk = .  

 

Figure 3.11 gives consolidation curves based on the ratio between the finial and 

initial consolidation coefficients ( hfc  and 0hc , respectively) for Darcian flow.   

Though the same change in hc  can be obtained with different kc CC  and 0σσ ′∆  

values, the resulting difference in degree of consolidation is minimal. The actual 

values of kc CC  and 0σσ ′∆  used in producing Figure 3.11 are given in Table 3.1.   

Using different parameter values to those in Table 3.1 will result in slightly faster 

consolidation.  Analysis including the nonlinear soil properties is particularly 

relevant for soils where relatively high values of 0σσ ′∆  will lead to large changes in 

hc , and thus potentially large deviations in degree of consolidation compared to 

calculations based on constant soil property.  For 0hhf cc  values close to unity, each 

10% increase in  0hhf cc  decreases the time to reach 90% consolidation by 

approximately 5% (compared to the ideal case of 0hhf cc  = 1).  Each 10% decrease 

in 0hhf cc  increases the time to reach 90% consolidation by approximately 10%. 
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Figure 3.11 Consolidation curves depending on total change in consolidation coefficient 

 

Table 3.1 Parameters used to produce Figure 3.11 

kc CC 0σσ ′∆ 0hhf cc
0.500 5.758 2.600 
0.500 3.840 2.200 
0.500 2.240 1.800 
0.500 0.960 1.400 
1.000 1.000 1.000 
1.115 6.000 0.800 
1.263 6.000 0.600 
1.471 6.000 0.400 

 

3.3.4.1 Concise Notation 
Similar expressions to that on the right hand side of Equation (3.81) are used in 

subsequent sections.  To avoid writing such large expressions a shorthand notation is 

used whereby a function, F , depending on parameters, α , θ  and W , is described 

by: 
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 (3.83) 

 For example, Equation (3.81)  can now be written in the concise notation as: 
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 [ ]1,,~
cCWFT =  (3.84) 

 

3.3.5 Overconsolidated Soil 
 

cC−

( )σ ′log

e

rC−0e

( )0log σ ′ ( )pσ ′log0 
 

Figure 3.12 Void ratio-stress relationship for overconsolidated soil 

The compressibility of soils previously subjected to higher effective stresses 

(overconsolidated) may increase markedly when the preconsolidation pressure, pσ ′ , 

is exceeded.  The void ratio-stress relationship for overconsolidated soil is different 

to that of Equation (3.48).  With reference to Figure 3.12, the compressibility 

relationships in the recompression zone ( pσσ ′≤′ ) and the compression zone 

( pσσ ′>′ ) are described, respectively, by: 

 ( )00 log σσ ′′−= rCee  (3.85a) 

and, ( ) ( )000 loglog σσσσ ′′−′′−= cpr CCee  (3.85b) 

The change in volume compressibility with effective stress, Equation (3.75), is now 

given by: 
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The change in permeability with effective stress, Equation (3.76), becomes: 
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Combining Equations (3.58), (3.72), (3.86), and (3.87), results in the following 

expressions for the stress dependency of hc~  in the recompression and compression 

zones: 
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A similar procedure to that used to derive Equation (3.81) is now followed. The 

power series representation of Equation (3.88a), 0
~~

hh cc , is substituted into 

Equation (3.78) and solved with the initial condition, 0~ =T  1=W , to give: 

 [ ]1,,~
rCWFT =  (3.89a) 

where, 0hT  is calculated using rC . Equation (3.89a) is valid during recompression, 

that is when pWW ≥ , where pW  corresponds to the preconsolidation pressure. pW  is 

calculated from: 
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The time factor required to reach the preconsolidation pressure, pT~ , is determined by 

substituting pW  into Equation (3.89a), hence, 

 [ ]1,,~
rpp CWFT =  (3.91) 

Now the power series representation of Equation (3.88b) is substituted into Equation 

(3.78) and solved with the initial condition, pWW =  at pTT ~~ = .  The resulting 

expression for consolidation in the compression phase is: 
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 (3.89b) 

Equation (3.89b) can be used for normally consolidated soils by putting rC  = cC  and 

pW  = 1.  The 0vm  value in T~  should always be calculated using the recompression 

index, rC . 

 

3.3.6 Settlements 
Primary consolidation settlements, ρ , result from changes in effective stress.  Once 

excess pore water pressures are found (i.e. based on σ∆= uW ) then the settlements 

can be calculated using the following expressions.  If the initial and final effective 

stresses ( 0σ ′  and σσ ∆+′0 ) fall in the recompression zone then settlements are 

calculated with: 

 ( )







−

′
∆+

+
= W

e
HCr 11log

1 00 σ
σρ  (3.92a) 

where H  is the depth of soil.  If the initial and final effective stresses fall in the 

compression zone then settlements are given by: 
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If the initial effective stress is less than the preconsolidation pressure, pσ′ , and the 

final effective stress is greater than the preconsolidation pressure then settlements in 

the recompression zone are the same as in Equation (3.92a); settlements in the 

compression zone are then expressed as:  
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where, OCR  is the overconsolidation ratio defined by: 

 
0σ

σ
′
′

= pOCR  (3.93) 

The total primary settlement, ∞ρ , can be calculated by putting 1=W  in the above 

equations. 

 

3.3.7 Degree of Consolidation 
The degree of consolidation as determined by pore pressure dissipation is simply 

given by: 

 WuUh −=
∆

−= 11
σ

 (3.94) 

The degree of consolidation based on settlement is written as: 

 
∞

=
ρ
ρ

hsU  (3.95) 

The relationship between hsU  and W  depends on the stress history of the soil.  With 

reference to Equation (3.92) hsU , when the stress range is completely in the 

recompression or compression zones, is related to W  by: 
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For other cases if pσσ ′≤′  then: 
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If pσσ ′>′  then: 
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The degree of consolidation based on pore pressure and settlement are different.  For 

Equation (3.96a) hU  lags hsU  depending on 0σσ ′∆  as shown in Figure 3.13.  When 

determining the degree of consolidation for normally consolidated soils by settlement 

data, it is important to note that particularly during the middle stages of 

consolidation, the effective stress in the soil will be less than expected if it is 

assumed hU  is equal to hsU .  For overconsolidated soil a large variety of behaviour 

can occur, as shown in Figure 3.14, depending on the value of rc CC , OCR  and 

0σσ ′∆ .  During the recompression stage, because rC  is low relative to cC , 

dissipation of excess pore pressure is fast while the resulting settlements are small 

compared to the ultimate settlement.  This means during recompression hU  will be 

greater than hsU .  During the compression stage, hsU  may or may not become 
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greater than hU .  The wide variety of relationships between hsU  and hU  for 

overconsolidated soil emphasizes the need for accurate determination of the soil 

stress history and the care needed when specifying construction milestones based on 

degree of consolidation. 
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Figure 3.13 Comparison between degree of consolidation based on settlement and pore pressure for 

normally consolidated soil 
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Figure 3.14 Comparison between degree of consolidation based on settlement and pore pressure for 

overconsolidated soil 

 

3.3.8 Approximation for Arbitrary Loading 
The consolidation behaviour expressed by Equation (3.28) is valid only for 

instantaneous loading.  However, arbitrary loading can be simulated by subdividing a 

continuous loading function into a finite number of instantaneous step loads (see 
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Figure 3.15).  The only restriction is that average excess pore pressure cannot 

become negative ( 0>u ).  For example slightly decreasing loads associated with 

submergence of fill can be modeled but the swelling associated with preload removal 

(caused by dissipation of negative pore pressure) cannot be modeled with the 

consolidation equations presented. 
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Figure 3.15 Schematic of piecewise loading 

For the thm  loading stage, as shown in Figure 3.15, at mT~  the load increases from 

1−∆ mσ  to mσ∆ .  The loading stage ends at 1
~

+mT .  The excess pore water pressure at 

the end of the last increment −
mu  is known (for example in the first loading step 

0=−
mu ).  The pore pressure after the load application, +

mu , is given by: 
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 1−
−+ ∆−∆+= mmmm uu σσ  (3.97) 

The normalized pore pressure at the beginning of the load increment, +
mW  is then 

described by: 
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The initial conditions for solution of Equation (3.78) have now been found: += mWW  

at mTT ~~ = .  There are three cases to consider in the solution of Equation (3.78).  If 

the preconsolidation pressure has been exceeded in previous loading steps, then the 

normalized pore pressure in the thm  loading step is governed by: 
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If the preconsolidation pressure has not been exceeded in previous load steps, then 

the expressions for normalized pore pressure in the recompression and compression 

zones are: 

  [ ]++= mrm WCWFTT ,,~~  (3.99b) 
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The consolidation behaviour can now be described at any point.  The following list 

of steps describes the process of constructing a pore pressure vs. time graph.  The 

process is best automated in a computer program. 

1. Approximate the arbitrary loading by a finite number of instantaneous step 

loads. 

2. Convert the loading times to time factor values, T~  using Equation (3.79). 
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3. Calculate +
mW  using Equations (3.97) and (3.98). 

4. In small increments of W  calculate T~ , with Equation (3.99), until 1
~~

+> mTT . 

5. Calculate −
+1mu .  Either use the last W  value obtained in step 4, or interpolate 

between the last two values of  W  found in step 4. 

6. Repeat steps 3 to 5 for each loading stage. 

7. Convert the time factor values obtained in above steps to time values using 

Equation (3.79). 

 

In the steps just described σ∆  changes and in the thm  loading stage is equal to 

mσ∆ .  For cases where soil properties vary with depth, the soil profile can be divided 

into sub-layers and the above process performed for each sub-layer. 

3.3.9 Illustrative Example 
A pore pressure and settlement analysis has been performed on a soil/drain system 

with properties given in Table 3.2.  The resulting average pore pressure and 

settlement plots are shown in Figure 3.16.   

 

Table 3.2 Parameters for illustrative example 

Parameter Value Parameter Value 
wr  (m) 0.07 0σ ′  (kPa) 10 

er  (m) 1.4 pσ′  (kPa) 10, 20, 30 

sr  (m) 0.07 n  1.001, 1.3 

cC  0.7 wγ  (kN/m3) 10 

rC  0.175 0e  1 

kC  0.875 H  (m) 1 
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Figure 3.16 Nonlinear radial consolidation for non-Darcian flow exponent a) 001.1=n  and b) 

3.1=n  

 

There are a few salient points to note from Figure 3.16.  For the two 

overconsolidated soils ( 30,20=′pσ ), the change from recompression to compression 

can be observed during the first ramp loading stage.  At the preconsolidation 

pressure, the slope of the excess pore pressure plot sharply increases reflecting the 

slower rate of consolidation during compression.  Just prior to the preconsolidation 

pressure being reached, the dissipation of pore pressure in the highly 

overconsolidated soil ( 30=′pσ ) actually exceeds that generated by the load 

application; the pore pressure reduces despite load still being applied.  This occurs 

because 1<kr CC  resulting in an increasingly faster consolidation reaching a 

maximum just prior to the preconsolidation pressure.  The difference between the 

Darcian flow of Figure 3.16a) and the non-Darcian flow of Figure 3.16b) is small for 

the highly overconsolidated soils.  For the normally consolidated soil ( 10=′pσ ), the 

difference is illustrated during the first ramp loading stage.  For non-Darcian flow the 

pore pressure curve is slightly flatter, because, due to the power law flow 



THEORETICAL CONSIDERATIONS 108 

 

relationship, the higher pore pressures result in faster flow.  The settlement plots 

illustrate the importance of minimizing the disturbance caused by vertical drain 

installation.  Drain installation (see smear zone description in Section 3.2) can to 

some extent destroy any existing structure in the soil.  Hence the preconsolidation 

pressure may be lowered which, as shown in Figure 3.16, causes greater settlements 

for the same pressure increase.  This examples shows that with the equations 

presented above, almost any primary consolidation problem involving radial 

drainage can be modeled (provided the effective stress increases with time).  When 

more than one soil layer is present, the analysis can simply be repeated with different 

soil properties.  However, if vertical drainage is important or the excess pore pressure 

at some stage becomes negative then a different method, taking these aspects into 

consideration, should be used.  Such a method, for multi-layered soils is described in 

the Section 3.4 immediately below. 

 

3.4 Multi-layered Consolidation with the Spectral Method 

3.4.1  Analytical Solution 
A novel use of the spectral method to determine excess pore water pressure during 

consolidation of multi-layered soil with time constant material properties is 

presented.  A unit cell with combined vertical and radial consolidation under equal 

strain conditions is considered.  The use of linearly distributed material properties 

with depth allows arbitrary distributions of properties to be modeled.  By 

incorporating surcharge and vacuum loading that vary with both depth and time, a 

wide range of consolidation problems can be analysed.  The spectral method is a 

meshless technique producing a series solution to the consolidation problem based on 
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matrix operations.  Accuracy can be improved by increasing the number of terms 

used in the series solution.   

 

3.4.2 Continuity Equation 
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Figure 3.17 Unit cell 

 

The governing partial differential equation for consolidation with vertical and radial 

drainage, including depth dependant soil properties will now be presented.  

Figure 3.17 shows a unit cell of height H , and external radius er .  The radius of the 

vertical drain and smear zone are wr  and sr , respectively.  Drainage conditions in the 

vertical direction are either, pervious top and pervious bottom (PTPB), or pervious 

top and impervious bottom (PTIB).  The velocity of flow in the radial direction, rυ , 

is described by Darcy’s law: 

 
r
uk

w

h
r ∂

∂−=
γ

υ   (3.100) 
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where, hk  = undisturbed horizontal permeability, wγ  = unit weight of water, u  = 

excess pore water pressure, and r  = radial coordinate.  In the vertical direction, 

following the approach of Tang and Onitsuka (2000) and Wang and Jiao (2004), 

Darcy’s law is modified to include the average excess pore water pressure at a 

particular depth, u .  The velocity of flow in the vertical direction, vυ , is then given 

by: 

 
z
uk

w

v
v ∂

∂−=
γ

υ  (3.101) 

where, vk  is the vertical permeability ( vk  in smear and undisturbed zone assumed 

equal), and z  = vertical coordinate.  Deformation is assumed to take place solely in 

the vertical direction under equal-strain conditions (Barron, 1948; Hansbo, 1981), 

hence: 
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where, t∂∂ε  = vertical strain rate , vm  = coefficient of volume compressibility ( vm  

in smear and undisturbed zone assumed equal), and σ  = average total stress.  

Following Hansbo (1981) approach (modified to include vertical drainage), flow into 

and out of a cylindrical slice with internal radius r , and external radius er  is 

considered.  The resulting expressions for pore water pressure gradient in the 

undisturbed and smear zones are respectively: 
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and,  
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where, su  = excess pore water pressure in the smear zone, sk  = horizontal smear 

zone  permeability, and Z  (equal to Hz ) is a normalized depth parameter.  vk  and 

vm  are convenient reference values for the relevant parameters.  The average excess 

pore pressure in the soil cylinder at depth Z  is found from the following algebraic 

expression: 

 ( ) ∫∫ +=−
e

s

s

w

r

r

r

r

swe drrudrrurru πππ 2222  (3.104) 

Equation (3.103) is integrated in the r  direction (noting vk , vm , and σ  are 

independent of r ) with the boundary conditions ( ) ( )trutru sss ,, =  and ( ) wtru ws =, . 

The term w  is the pore water pressure in the drain which will be negative for 

vacuum loading.  The resulting expressions are combined with Equations (3.102) and 

(3.104) to give the average pore water pressure at normalized depth Z , 
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The µ  parameter can be any of those described in Section 3.2 and Appendix A, or 

plane strain parameters given by Hird et al. (1992), and Indraratna and Redana 

(1997). 

 

The analysis so far has involved operations in the horizontal direction.  To facilitate 

ease of computation in the vertical direction, a lumped parameter, η , linked to the 

contribution of horizontal drainage is introduced, hence, 

 
µ

η 2
e

h

r
k=  (3.106a) 
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The corresponding reference value of η  is η .  To prevent horizontal drainage within 

a particular soil layer η  is set equal to zero.  This is useful for analyzing problems 

with partially penetrating vertical drains. Soil layers below the penetration depth will 

have 0=η  while still allowing vertical drainage.  Other than purely numerical 

methods, existing solutions for partially penetrating drains are only available for two 

layer systems.  The present method can also predict the effect of using both long and 

short drains in unison.  In the lower soil layers where only the longer drains occur, η  

will be less than in the upper layers where both long and short PVD provide 

drainage.  The treatment of η  greatly increases the versatility of the model.  

 

Using the definition of η , Equation (3.105) is now rearranged to give the governing 

differential equation: 
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where, 

 2H
cdT v

v =  (3.108) 

 
vw

h m
dT

γ
η2=  (3.109) 

 
vw

v
v m

kc
γ

=  (3.110) 

Equation (3.107) is a nonhomogeneous partial differential equation with source/sink 

terms.  The source/sink term, ( )tZf , , is a function of depth and time, and arises 

from surcharge and vacuum loading: 
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 ( ) wdT
tm

mtZf h
v

v
η
ησ +

∂
∂=,  (3.111) 

To solve Equation (3.107) Duhamel’s principle (Asmar, 2004) is used: ( )tZf ,  is 

replaced by an impulse load applied at time τ  and depth ζ , and a ‘fundamental 

solution’, ( )τζδ ,,, tZu , is obtained (with the initial condition ( ) 00, =Zu ).  The 

impulse load is then described by: 

 ( ) ( ) ( )τδζδ −−= tZtZf ,  (3.112) 

where, ( )xδ  is the Dirac Delta function which has the following properties: 

 ( ) 00 ≠= xxδ  (3.113a) 

 ( ) 1=∫
∞

∞−

dxxδ  (3.113b) 

 ( ) ( ) ( )agdxaxxg =−∫
∞

∞−

δ  (3.113c) 

 

Once the fundamental solution is known, the complete solution is given by: 

 ( ) ( ) ( )∫∫=
τ

δ τζτζ
0

1

0

,,,,, ddtZftZutZu  (3.114) 

 

The solution of Equation (3.107) by the spectral method (Boyd, 2000) is described 

below. 
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3.4.3 Depth and Time Dependence of Parameters 
The soil properties vm , vk , and η  are assumed to vary with depth (independent of 

time), in a piecewise linear fashion (Figure 3.17).  The variation of any of the three 

soil parameters, α , in the thl  layer, is described by the following: 

 ( )
Z

Z
Z

ZZZ lllll
∆
∆+

∆
−= ++ ααα

α
α 11  (3.115) 

where,   

 ( ) ααα ll Z=  (3.116) 

and ∆  is an operator in the Z direction such that: 

 ll ααα −=∆ +1  (3.117) 

Using a linear variation of material properties is very useful when modeling arbitrary 

property distributions.  For multi-layer consolidation models with constant material 

properties within a soil layer, modeling a sharp change in a particular parameter 

involves subdividing a region into many thin layers.  With a linear variation of 

properties, the approximation of the property distribution can be accomplished with 

far fewer layers. 

 

The surcharge and vacuum loading parameters, σ and w , are assumed to vary with 

both depth and time in a piecewise linear fashion (Figure 3.18).  The explicit 

treatment of linearly varying loads is better than many numerical approaches where 

varying loads are discretised into a number of constant step loads.  The variation of  

σ  and w , in the  thl  layer and thm  loading increment, is described by: 
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ttZZZ
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Figure 3.18 Depth and time dependence of surcharge and vacuum loading 

 

3.4.4 Spectral Method 
A partial differential equation such as Equation (3.107) can be expressed in a 

shorthand form as: 

 ( )( ) ( )tZftZuL ,, =  (3.119) 

where, L  is an operator involving partial derivatives.  The spectral method involves 

expressing ( )tZu ,  as a truncated series of N  terms: 

 ( ) ( ) ( )∑
=

≈
N

j
jj ZtAtZu

1

, φ  (3.120a) 

or in matrix notation, 

 ( ) ΦA≈tZu ,  (3.120b) 

where, 

 [ ]Nφφφ ...21=Φ  (3.121) 
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 [ ]N
T AAA ...21=A  (3.122) 

In the preceding, ( )Zjφ  is a set of linearly independent basis-functions, and ( )tAj  

are unknown coefficients.  The basis functions are generally chosen to satisfy the 

boundary conditions.  In the current analysis, for pervious top and pervious bottom 

(PTPB) ( ) 0,0 =tu  and ( ) 0, =tHu , and for pervious top and impervious bottom 

(PTIB) ( ) 0,0 =tu  and ( ) 0, =∂∂ ztHu .  Suitable basis functions are thus: 

 ( ) ( )ZMZ jj sin=φ  (3.123) 

where, 

 ( )





−= PTIBfor 12
2

PTPBfor 

j

j
M j π

π
 (3.124) 

The error, re , of Equation (3.120) that satisfies Equation (3.119) is 

 ( ) ( )tZfLer ,−≈ ΦA  (3.125) 

The Galerkin procedure requires that the error be orthogonal to each basis function, 

hence: 

 0
1

0

=∫ dZe irφ , for Ni ,...,1=  (3.126a) 

Substituting Equation (3.125) into Equation (3.126a) yields: 

 ( ) ( ) 0,
1

0

1

0

=−∫∫ dZtZfdZL ii φφ ΦA  (3.126b) 

which is a set of coupled ordinary differential equations for jΑ .  Substituting 

Equations (3.107), (3.112), (3.119), and (3.123) into Equation (3.126) and integrating 

gives the matrix equations: 
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 ( ) ( )τδζ −+−=′ tTΦΨAAΓ  (3.127) 

where, 

 AA
t∂

∂=′  (3.128) 

The vm  values of each soil layer contribute to the Γ  matrix when the left hand side 

of Equation (3.107) is integrated over the entire soil depth.  The vk  and η  values of 

each soil layer contribute to the Ψ  matrix when the right hand side of 

Equation (3.107) is integrated.  Expressions for calculating the contribution of a layer 

to the elements of the Γ  and Ψ  matrices are given in below in Section 3.4.5.  When 

step changes in soil properties occur an interface layer is introduced.  The 

contribution of an interface layer to Γ  and Ψ  can be found by taking the limit as 

12 ZZ →  in the equations for a finite layer thickness.  It is this treatment of layer 

interfaces that provides a large advantage over traditional approaches.  In previous 

methods, the addition of a new layer required the inclusion of a new domain in the 

problem space.  For each new domain introduced, additional equations for pore 

pressure, with associated unknown coefficients, are needed.  When many layers are 

analysed, the number of unknown coefficients to solve for can become unwieldy.  In 

the current method, the number of unknown coefficients to solve for, ( )tAj  in 

Equation (3.120a), is fixed at the start of the analysis, regardless of the number of 

layers used. 

 

To solve the nonhomogeneous system in Equation (3.127), the corresponding 

homogenous system is solved first, hence: 

 ΨAΓA 1−−=′  (3.129) 
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It is expected that excess pore water pressure will decay with time and thus solutions 

might have the form of: 

 ( ) ( )tvtA λ−= exp  (3.130) 

 

 Upon substitution of Equation (3.130) into Equation (3.129) an eigen problem is 

revealed: 

 ΨΓ 1−= vvλ  (3.131) 

where, λ  is an eigenvalue value of  matrix ΨΓ 1− , and v  is the associated 

eigenvector.  The nature of the problem suggests N  distinct eigenvectors, and so A  

can be expressed by:  

 ( )cvEA t=  (3.132) 

where,c  is a vector of constant terms, the matrix of eigenvectors, v , is: 
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and, 
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Calculating the eigenvalues and eigenvectors of the matrix ΨΓ 1−  is the most 

difficult part of the analysis.  However, there is a comprehensive literature on eigen 

problems (Hoffman, 1992) and many software programs exist to solve them.  Eigen 

problems can be easily solved with freeware subroutines for MS Excel (Volpi, 2005) 

and Fortran (Anderson et al., 1999).  Proprietary programs such as Mathematica 
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(Wolfram Research, Inc., 2004) and Matlab (The MathWorks Inc., 2003) may be 

used as well.  Eigenvalues are also used when using previous solution methods to 

consolidation problems.  These eigenvalues are typically the roots of a non-standard 

transcendental equation. Determining the equation roots can be more difficult than 

performing the well known operations of matrix eigenvector and eigenvalue 

extraction used in the current method.  Particular advantage is gained when some 

existing methods suggest finding roots by plotting the transcendental equation and 

determining the roots visually (Nogami and Li, 2003).  

 

Using variation of parameters (also called variation of constants), the solution to the 

nonhomogeneous Equation (3.127) can be found using the initial condition ( ) 00 =A : 
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The fundamental solution to Equation (3.107) with impulse loading is now given by: 

 ( ) ( )( ) ( )TttZu ζτδ ΦΓvΦvE 1, −−=  (3.136) 

Equation (3.114) now becomes: 

 ( ) ( )( ) ( )∫∫ 
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∂−= −
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1, ddwdT
tm

mttZu h
v

vTΦΓvΦvE  (3.137) 

After substituting Equation (3.118) into Equation (3.137) and integrating the final 

solution of Equation (3.107) is found to be: 

 ( ) ( )wσΦv +=tZu ,  (3.138) 

The surcharge and vm  values of each layer contribute to the σ  vector.  The vacuum 

and η  values of each layer contribute to the w  vector.  Expressions for calculating 
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the contribution of a layer to the elements of the σ  and w  vectors are given below in 

Section 3.4.5.   

 

Care should be taken when including vacuum loading, because due to the 

formulation, pore pressure will always be zero at 0=Z .  Thus vacuum loading is 

applied only along the drain and not across the soil surface.  The mathematical 

problem arises where, if vertical flow is allowed and vacuum is applied along the 

drain, pore water will flow from the 0=u  boundary condition at  0=Z  into the soil 

(with negative pore pressure) and then into the drain.  This restriction can be 

overcome by using a thin layer with high horizontal permeability at the soil surface.  

The mathematical problem will still exist but the unwanted flow into the soil will 

quickly flow into the drain and not affect the pore pressure at the bottom of the thin 

layer.  The pore pressure at the bottom of the thin layer will approach that of the 

applied vacuum as required. 

 

The average excess pore pressure between depths lZ  and 1+lZ  is given by: 

  
( ) ( )

( )wσvΦ

wσΦv

+=

∆+= ∫
+1l

l

Z

Z

dZZtu
 (3.139) 

where 

 [ ]Nφφφ ...21=Φ  (3.140) 

and, 

 

 ( )1,11 MCS
Z∆

−=φ  (3.141) 
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where, CS  is defined below in Section 3.4.5.  There is considerable advantage in 

having the entire pore pressure distribution across all soil layers defined by one 

equation, Equation (3.139).  All previous methods involve separate equations to 

describe the pore water pressure in each soil layer.  Such equations typically involve 

combinations of sine and cosine terms, and Bessel functions for free strain radial 

drainage conditions (Horne, 1964; Nogami and Li, 2003).  Thus finding average pore 

pressure values by integrating across multiple layers is tedious.  Using the current 

method it is equally straight forward to determine average pore pressure values 

within a soil layer, across some layers, or across all layers. 

 

Equations (3.138) and (3.139) are very concise, showing that soil consolidation can 

be reduced to a series of matrix operations.  

 

3.4.5 Explicit Equations 
In performing the integrations to derive Equation (3.127) many expressions of 

similar form arise.  This is due to repeatedly integrating the product of trigonometric 

and linear polynomial functions.  To present the equations for Γ , Ψ , σ , and w  in a 

concise manner, a shorthand notation is adopted as described below. 

 ( ) ( )
k

llllk ZZSN
β

βαβαβα sinsin],[ 11 −= ++  (3.142) 

 ( ) ( )
k

llllk ZZCS
β

βαβαβα coscos],[ 11 −= ++  (3.143) 

 ij MMM +=+  (3.144) 

 ij MMM −=−  (3.145) 
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The Γ  matrix depends solely on the compressibility of the soil.  It is found by 

consideration of Equation (3.126).  Equations (3.107), (3.119), and (3.123) are 

substituted into Equation (3.126).  Collecting terms involving ( )tA′  gives the element 

of Γ  at row i  and column j .  Thus the l th soil layer’s contribution to ijΓ  is: 

 ∫
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v
ij dZ

m
m φφΓ  (3.146) 

where, vv mm  is the linear polynomial in Equation (3.115).  Equation (3.146) gives 

different expressions for the diagonal ( ji = ) and the off diagonal ( ji ≠ ) elements 

of Γ .  The diagonal elements are calculated with: 
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The off diagonal elements are given by: 
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In interface layers, 1+= ll ZZ , so the limit of Equation (3.147) is taken as ll ZZ →+1 .  

This limit is zero for both diagonal and off diagonal elements. 

 

The same approach used to find Γ  above is also used to determine Ψ .  The Ψ  

matrix depends on the drainage properties of the soil.  The l th soil layer’s 

contribution to ijΨ  is: 
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where, φ′  and φ′′  are the first and second derivatives of φ .  The first integral in 

Equation (3.148) is due to horizontal drainage, the second is due to vertical drainage.  

The contribution of vertical and horizontal drainage to the diagonal elements of Ψ  

are given respectively by: 
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and, ( ) ( ) ( ) jiMSNMCS
Z

ZdT
ll

h
ij =












−





∆
∆−+∆= ++

+ ,,,1
22

12
1 ηηηηΨ  (3.149b) 

The off diagonal terms are: 
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For interface layers there is no contribution from horizontal drainage.  The 

contribution of vertical drainage is the same for diagonal and off diagonal terms, and 

is described as: 

 ( ) ( )11 sincos ZMZMkMdT ijvjvij ∆−=Ψ  (3.150) 

The final element values for Γ  and Ψ  are found by summing the contribution of 

each soil layer. 

 

The loading terms σ , and w  are found by considering Equation (3.137). The 

surcharge loading term is defined by the following integral: 

 ( )( ) ( )∫ ∫ ∂
∂−= −

τ
τζσζτ

0
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0

1 dd
tm
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v

vTΦΓvEσ  (3.151) 
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The vacuum loading term is determined from: 
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Performing the integrations in Equation (3.151) and (3.152) for the m th ramp load 

(described by Equation (3.118)) gives the i th element of σ  and w  as: 
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where l#  is the number of soil layers.  Λ  and Ξ  are further shorthand notation 

defined by: 
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 [ ]ms ttt ,min=  (3.157) 

 [ ]1,min += mf ttt  (3.158) 
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By formulating each ramp loading step with st  and ft  it is not necessary to 

determine which is the current loading step, the formulation will make the 

contribution of loading steps that start after time t  equal to zero. For interface layers 

both σ  and w are equal to zero.  The start and end times of surcharge and vacuum 

loading stages need not be the same.  The final values for σ  and w  are found by 

summing the contribution of each ramp load.  For greatest computational efficiency 

only the Λ  functions, Equation (3.156), need be computed at each time step.  All 

other parameters depend only on material properties and loading magnitudes and can 

thus be initialized at the start of the analysis. 

 

3.5 Verification of Spectral Method Model 
To verify the new model, the equations presented above are compared with various 

analytical solutions taken from the literature. 

3.5.1 Multi-Layered Free Strain With Thin Sand Layers (Nogami and Li, 
2003) 

Nogami and Li (2003) developed a free-strain approach for calculating the excess 

pore pressure distribution for multi-layered soil with both vertical and radial 

drainage.  An example problem is presented with a soil system consisting of two 

identical thin sand layers (height sh ) separating three identical clay layers (height 

ch ).  Soil properties are described by the ratios: vecs krhhk 2
sand  = 5, n  = 20, 

22
evch rchc  = 1.  The average excess pore water pressure calculated with the present 

approach and that of Nogami and Li (2003) is compared in Figure 3.19.  Both 

methods are in close agreement except for slight deviations in the thin sand layers at 

low degree of consolidation.  The close agreement shows that, as for homogenous 
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ground (Hansbo, 1981; Barron, 1948), there is little difference between free-strain 

and equal strain formulations.  The current method does not use cumbersome Bessel 

functions that are associated with free-strain solutions.  Also a wider range of 

problems can be solved with the current method, as the approach of Nogami and Li 

(2003) does not include vacuum loading or depth dependant surcharge loading. 

 

0 0.2 0.4 0.6 0.8 1
u/u0

1

0.8

0.6

0.4

0.2

0

z/
H

 
Present
Nogami and Li (2003)

T = 0.01T = 0.4 T =  
cvt

 h clay
2  = 0.1

 
r 

Z  

clay  

clay  

clay  

 

Figure 3.19 Model verification: multi-layer equal-strain vs free-strain  

 

3.5.2 Double Layered Ground With Vertical and Radial Drainage(Nogami 
and Li, 2003) 

Nogami and Li (2003) present the pore pressure distribution during consolidation of 

a soil system with vertical and radial drainage consisting of two clay layers of equal 

height h .  The material properties of the two clay layers are shown in Table 3.3.  The 

present model requires three layers with the middle one acting as an interface.  

Comparisons of the pore pressure distributions calculated with each method are 

shown in Figure 3.20.  Any small oscillations in the proposed model result from an 

insufficient number of terms in the series solution.  
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Table 3.3 Parameters for double layered ground 

Case n  wrH 12 / hh 12 vv kk 12 vv cc 12 hh cc  

1 10 200 1 2 1 5 

2 10 200 1 2 1 1 

3 10 200 1 2 1 1/5 
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Figure 3.20 Model verification: double layered ground 

 

3.5.3 Linearly Varying Vacuum Loading (Indraratna et al., 2005b) 
Indraratna et al. (2005b) describe an analytical solution for consolidation by purely 

radial drainage with vacuum (negative) pressure varying linearly from 0p  at the top 

of the drain to zero at the bottom of the drain. A surcharge load σ , is also applied.  

The excess pore water pressure, averaged over the whole soil layer, is given by: 

 ( )
σσσ 2

exp
2

1 00 pdTpu
h −−






 +=  (3.159) 
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This is compared with the current model for a surcharge load of one and a vacuum 

pressure at the top of the drain of 0.2, as shown in Figure 3.21.  There is no 

discernable difference in the solutions. 
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Figure 3.21 Model verification: surcharge and vacuum loading 

 

3.5.4 Multiple Ramp Loading (Tang and Onitsuka, 2001) 
Tang and Onitsuka (2001) presented an analytical solution for consolidation by 

vertical and radial drainage (no smear) for single layer consolidation under multiple 

ramp loading.  The average excess pore water is calculated with the soil/drain 

properties: hv cc = , n  = 16.7, erH  = 2. The surcharge load, initially zero, increases 

to σ  = 0.5 at tdTh  = 0.15, and then increases from σ  = 0.5 at tdTh  = 0.3, to σ  = 1 

at tdTh  = 0.45.  Comparisons with the present method are shown in Figure 3.22.  

There is no discernable difference in the solutions. 
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Figure 3.22 Model verification: multiple stage loading 

 

3.5.5 Partially Penetrating Vertical Drains (Runnesson et al., 1985) 
Runesson et al. (1985) performed finite element computations for consolidation with 

partially penetrating vertical drains including vertical and radial drainage.  One 

example presented is for a clay/drain system with the following properties: 

Hh1  = 0.5, n  = 10, veh crcH 22  = 100.  The degree of consolidation calculated at 

various depths is compared to those calculated with the present method 

(Figure 3.23).  The differences in the two solutions are acceptable given the 

approximate nature of the finite element solution. 
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Figure 3.23 Model verification: partially penetrating vertical drains 

 

3.5.6 Vertical Consolidation of Four Layers (Schiffman and Stein, 1970) 
Schiffman and Stein (1970) present an analytical solution for one-dimensional 

consolidation of a layered system.  The method is illustrated with an example 

problem consisting of four layers draining at the top and bottom.  The soil properties 

are given in Table 3.4.  The average excess pore water pressure calculated is 

compared with the present method in Figure 3.24.  The differences in the model are 

very small. 

 

Table 3.4 Soil profile, four layer system 

Depth (m) vk  (m/s) vm  (m2/kN) 

0 to 3.05 2.78 × 10-11 6.41 × 10-5 

3.05 to 9.14 8.26 × 10-11 4.07 × 10-5 

9.14 to 18.29 1.17 × 10-11 2.03 × 10-5 

18.29 to 24.38 2.94 × 10-11 4.07 × 10-5 
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Figure 3.24 Model verification: 4 layer vertical drainage 

 

3.6 Shortcomings of Spectral Analysis 
While the spectral method is very useful for analyzing consolidation problems, care 

must be taken when considering problems where radial drainage dominates.  The 

writer has found that if vertical drainage is ignored ( vdT  = 0) then some methods of 

determining the eigenvalues of the solution fail.  If this should happen then selecting 

a small value of vdT  that does not effect the overall solution should allow the 

eigenvalues to be solved.   

 

Using a series solution can lead to oscillations in the pore pressure profile when 

discontinuities are modeled.  These oscillations are known as Gibbs phenomena 

(Asmar, 2005). Consider a soil drain system with: 1=hdT , 1=vv kk , 1=vv mm , 

1=ηη .  Figure 3.25 shows the pore pressure profile of the soil for consolidation 

times of µhT8  = 0.01, 0.4, and 1.  If vertical drainage is ignored, Figure 3.25(a), 

then for a homogeneous soil subject to radial drainage only (ignoring vacuum 



THEORETICAL CONSIDERATIONS 132 

 

loading) the pore pressure at any time should be constant with depth.  Thus the series 

solution must approximate a straight line.  However, the boundary condition of zero 

pore pressure at zero depth used to solve the governing equation does not fit this 

straight line solution; hence the oscillations in Figure 3.25(a).  Increasing the number 

of terms used in the series solution makes the oscillations smaller but does not 

remove them altogether.  For problems with vertical drainage, the pore pressure 

profile is only a straight line after application of an instantaneous load.  As time 

progresses, the series solution gives a better approximation to the real solution.  In 

Figure 3.25(a), where vertical drainage is neglected, 50 series terms provides an 

adequate accuracy. Compare this with Figure 3.25(d) where, except for the initial 

pore pressure distribution, only 3 series terms are needed to give adequate accuracy.  

The proposed consolidation equations can be used to model radial consolidation 

problems, but the interpretation of results should take into account the above errors. 
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Figure 3.25 Errors associated with series solution 

 

3.7 Vertical Drainage in a Single Layer with Constant vc  (Spectral 
Method) 

By relaxing the assumption of soil homogeneity, the proposed model can be used to 

investigate some deviations from Terzaghi’s one-dimensional consolidation theory.  

Consider a single layer of soil where vk  and vm  vary linearly such that vc  remains 

constant throughout.  This restriction is ensured when vBvTvBvT mmkk = , where 

the subscripts T  and B  indicate the top and bottom of the soil layer respectively.  

The effect of the vBvT kk  ratio on consolidation is assessed by calculating the 
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average degree of consolidation for PTIB and PTPB drainage conditions, under 

uniform and triangular initial pressure distributions.  Consolidation curves are shown 

in Figures 3.26 and 3.27.  The curves for two way drainage (PTPB), regardless of 

initial pressure distribution, are very similar so only the case of uniform initial 

pressure distribution is shown. 
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Figure 3.26 Degree of consolidation for pervious top and impervious bottom 
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Figure 3.27 Degree of consolidation for pervious top and pervious bottom 

 

As vk  and vm  generally decrease with effective stress, it is expected that 

1>vBvT kk  for most soils.  As seen from Figure 3.26 such cases exhibit a faster rate 

of consolidation compared to Terzaghi’s theory ( 1=vBvT kk ). This is consistent 

with higher strains (higher vm ) near the drainage boundary causing faster 

consolidation as described by Duncan (1993).  Figure 3.26(c) shows an initially 

slower consolidation rate eventually ‘overtaking’ the Terzaghi rate.  This somewhat 

surprising result is caused by the inverted triangle pressure distribution: for 

1>vBvT kk  there is initially greater flow downward towards the impermeable 

boundary (see Figure 3.28c).  The rate of consolidation for two way drainage is only 

marginally affected by the vBvT kk  ratio (Figure 3.27).  However, once 2>vBvT kk  

any change in linear distribution of vk  and vm  will give a slight decrease in 

consolidation rate.  Note that due to symmetry the case xkk vBvT =  is the same as 

xkk vBvT 1= . 
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Not only does a linear variation of vk  and vm  affect the average degree of 

consolidation it also affects the shape of the pore pressure distribution during 

consolidation.  For vBvT kk  ratios of 0.1, 1, and 10 the pore pressure isochrones 

corresponding to various degrees of consolidation are plotted in Figures 3.28 and 

3.29. 
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Figure 3.28 Pore pressure isochrones for pervious top and impervious bottom 
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Figure 3.29 Pore pressure isochrones for pervious top and pervious bottom 

 

 

The above findings are significant for thick clays with PTIB drainage conditions.  A 

change in vBvTvBvT mmkk =  may lead to significant changes in the rate of 

consolidation.  However, as 1>vBvT kk  leads ultimately to faster consolidation, and 

is expected in the field, using Terzaghi’s analysis ( 1=vBvT kk ) will simply 

underestimate the rate of consolidation (a generally safe design approach).  The rate 

of consolidation will also be underestimated when determining consolidation times 

by comparing the time factors ( 2HtcT vv = ) of two like soils with different 

drainage lengths (sometimes called the model law of consolidation, (Craig, 1997)).  

Terzaghi’s theory depends only on the time factor.  The above analysis shows 
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consolidation depends also on the parameter vBvTvBvT mmkk = .  Thus, comparing 

time factors, the rate of consolidation for a thin sample such as an oedometer 

specimen, where 1≈vBvT kk , will be different to a thicker specimen such as in the 

field, where 1≠vBvT kk .   

 

For PTPB drainage conditions there is little difference between Terzaghi’s analysis 

and the current analysis where vk  and vm  vary with depth.  The only significant 

finding is the altered pore pressure isochrones.  With a uniform initial pressure 

distribution the point of maximum pore pressure will gradually move from mid-

height towards the boundary where vk  and vm  are highest.  Terzaghi theory predicts 

maximum pore pressure at mid depth.  This is important to note when installing 

piezometers in the field to gauge the progress of consolidation. 

 

3.8 Consolidation Before and After Drain Installation (Spectral Method) 
In many cases vertical drains are installed from a working platform which exerts a 

load on the soil.  Thus there is a period of time before drain installation where 

consolidation occurs due to drainage in the vertical direction.  If the drains are 

installed at time Ωt , then for Ω≤ tt  the pore pressure behaviour can be modeled 

using the above spectral equations by setting hdT  equal to zero.  At Ω= tt  the pore 

pressure distribution in Equation (3.138) can be rewritten as: 

 ( ) Φχ=ΩtZu ,  (3.160) 

where χ  is the vector ( )wσv +  calculated with 0=hdT .  Treating the pore pressure 

distribution in Equation (3.160) as a ramp load applied at Ωt  over an infinitely small 
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time interval, the pore pressure after drain installation can be determined from 

Equation (3.137).  All matrices are recalculated with the appropriate non-zero value 

of  hdT .  The resulting equation for excess pore pressure is given by: 

 ( ) ( )ΩwσΦv ++=tZu ,  (3.161) 

where, 
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and χ#  is the number of series terms used in the previous time increment.  The 

number of series terms used before and after drain installation need not be the same.    

As the loading steps before drain installation are included in the χ  vector, the time 

values used in calculating the vectors σ  and w  are need to be modified. Equations 

(3.157) and (3.158) thus modified are: 

 [ ]],max[,min Ω= tttt ms  (3.163) 

 [ ]],max[,min 1 Ω+= tttt mf  (3.164) 

 

The above process of updating the material properties at a certain time can be used to 

perform a piecewise nonlinear analysis.  By dividing the consolidation process into a 

discrete number of time steps, material properties, though constant during any 

particular time interval, can be varied across the time steps. Particular points in the 

soil system (layer interfaces and some intermediary points) are chosen where the 

material properties at the end of each time increment will be determined.  Between 

these points the material properties vary linearly with depth.  The pore pressure 

distribution is calculated at the end of a time step and the properties at the pertinent 

points are updated.   
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The time stepping process can be applied, not just for material properties, but for soil 

system geometry as well.  At each time step total height and layer depths may be 

updated to allow for large strain effects.  Surcharge loading can be altered to reflect 

submergence of fill.  These modifications increase the computation time of the 

analysis.  Even ignoring geometry updates, a small number of time increments will 

greatly increase the computational cost of analysis as the Γ  and Ψ  matrices, and the 

eigenvalues and eigenvectors must be calculated at each time step.  The time 

consuming piecewise nonlinear approach is briefly investigated in Appendix B.  It 

adds to the wide class of problems that can be studied with the above spectral 

method. 

 

3.9 Summary 
This Chapter has presented three new contributions to the solution of consolidation 

problems.  Section 3.2 developed new expressions for the µ  parameter central to 

equal strain radial consolidation under Darcian flow conditions.  The new 

expressions, based on a linear and parabolic variation of soil properties in the radial 

direction (Equations 3.35 and 3.41), give a more realistic representation of the extent 

of smear.  The equations presented for overlapping linear smear zones (Equation 

3.45) provide some explanation for the phenomena of a minimum drain spacing, 

below which no increase in the rate of consolidation is achieved.  It appears this 

minimum influence radius is 0.6 times the size of the linear smear zone.  The new µ  

parameters may be used in the two new consolidation models presented in Sections 

3.3 and 3.4. 
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Section 3.3 presents analytical solutions to nonlinear radial consolidation problems.  

The equations (Equations 3.84 and 3.89) are valid for both Darcian and non-Darcian 

flow and can capture the behaviour of overconsolidated and normally consolidated 

soils.  For nonlinear material properties, consolidation may be faster or slower when 

compared to the cases with constant material properties.  The difference depends on 

the compressibility/permeability ratios ( kc CC  and kr CC ), the preconsolidation 

pressure ( pσ′ ) and the stress increase ( 0σσ ′∆ ).  If 1<kc CC  or 1<kr CC  then the 

coefficient of consolidation increases as excess pore pressures dissipate and 

consolidation is faster.  If 1>kc CC  or 1>kr CC  then the coefficient of 

consolidation decreases as excess pore pressures dissipate and consolidation becomes 

faster.  For the case where 1=kc CC  the solution is identical to Hansbo (2001).  The 

equations presented give an analytical solution to nonlinear radial consolidation that 

can be used to verify purely numerical methods.  With the approximation for 

arbitrary loading the almost any vertical drain problem where vertical drainage is 

negligible and effective stresses always increase can be analysed. 

 

Section 3.4 developed a novel solution to multi-layered consolidation problems. The 

model includes both vertical and radial drainage where permeability, compressibility 

and vertical drain parameters vary linearly with depth.  The ability to include 

surcharge and vacuum loads that vary with depth and time allows for a large variety 

of consolidation problems to be analysed.  The powerful model can also predict 

consolidation behaviour before and after vertical drains are installed. 
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While this Chapter has verified the new models against existing analytical models, 

the following two Chapters use particular case histories for verification.  Chapter 4 

considers large-scale laboratory consolidation experiments performed at the 

University of Wollongong.  Chapter 5 compares the new models to particular field 

trials found in the literature. 
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4 LABORATORY VERIFICATION 

4.1 General 
This Chapter applies the theoretical developments of the previous Chapter to 

laboratory experiments performed at the University of Wollongong.  Three sets of 

experiments are analysed with the multi-layered spectral method model and the 

nonlinear radial consolidation model: a) consolidation with multi-stage surcharge 

loading; b) normally consolidated soil with surcharge loading and stress dependant 

permeability and compressibility; c) consolidation under combined vacuum and 

surcharge loading.  The first experiment involved extensive determination of smear 

zone permeability, justifying the use of a parabolic distribution of permeability in the 

smear zone. 

 

4.2 Laboratory Testing of Vertical Drain Consolidation 
Laboratory testing with large-scale consolidation apparatus have proved useful in 

analysing the behaviour of vertical drains installed in soft clay.  Equipment generally 

consists of a single drain installed in a cylinder of soil, with the ability to apply a 

surcharge load and monitor settlement and pore pressure values at certain points 

within the cell.   Bergado et al. (1991) used a transparent PVC cylinder (455 mm 

internal diameter, 920 mm height , 10 mm wall thickness).  The cylinder was filled 

with soft remolded Bangkok clay and a PVD (Ali drain - 4 mm × 60 mm) was 

installed using the 6 mm × 80 mm mandrel.  Indraratna and Redana (1995) used a 

large-scale consolidometer (450 mm × 950 mm) to investigate the effect of smear 

due to the installation of prefabricated vertical drains and sand compaction piles.  

The extent of the smear zone, was investigated by determining the coefficient of 

permeability (calculated from conventional oedometer tests on horizontal and 
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vertical specimens) at several locations within the cell.  Sharma and Xiao (2000) also 

conducted a series of large-scale tests to study the behaviour around vertical drains 

installed in soft clay using remolded kaolin clay. 

 

For vacuum application without PVD, a small-scale test was built by 

Mohamedelhassan and Shang (2002).  A 70 mm diameter by 25 mm high soil sample 

was used in the tests to measure the excess pore water pressure, settlement, and 

change in volume.  The results indicate that under one-dimensional conditions, the 

vacuum pressure compared to a surcharge pressure of the same magnitude is almost 

identical.  Small-scale tests were also conducted by Hird and Moseley (2000) and 

Hird and Sangtian (2002) to investigate smearing of finely stratified soils with PVD 

installation.  Alternate clay and sand layers were assembled to a height of 150-

170 mm into a cell 252 mm in diameter.  The novel sample preparation consisted of 

clay layers wire-cut from an extruded clay cylinder, and sand layers of appropriate 

thickness frozen to maintain structural integrity during sample assembly.  Hird and 

Sangtian (2002) reported that the effect of smear on such stratified soils was only 

severe when 100sand >claykk . 

 

Other laboratory studies involving the University of Wollongong consolidometer are 

outlined in the following section. 

 

4.3 The University of Wollongong Large-scale Consolidometer 
The large-scale consolidometer at the University of Wollongong (Figure 4.1) is a 

450 mm diameter,  950 mm high steel cylinder with the ability to monitor the pore 

pressure and settlement response of soils under load.  Since 1995 the consolidometer 
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has been used by University of Wollongong researchers to study various aspects of 

vertical drain consolidation.  Research has been conducted in the following areas: 

•  Redana (1999) conducted consolidation tests on circular sand drains and 

prefabricated vertical drains.  By taking horizontal and vertical cored 

samples, the nature of smearing was investigated by determining the change 

in permeability in the smear zone compared to the undisturbed zone.  The 

smear zone around PVD was found to be elliptical in shape, with horizontal 

permeability decreasing towards the drain, approaching the value of vertical 

permeability at the soil drain interface (Indraratna and Redana, 1995; 

Indraratna and Redana, 1998a; Indraratna and Redana, 1998b). 

•  Bamunawita (2004) assessed the combined effect of vacuum and surcharge 

loading on PVD.  Indraratna at al. (2002) and Indraratna at al. (2004) 

identified a drop in vacuum pressure along the drain and confirmed a plane-

strain permeability matching procedure for modeling vertical drains beneath 

embankments. 

•  Sathananthan (2005a) verified a cavity expansion model for predicting the 

pore water pressure and associated smear generated during mandrel 

installation of PVD (Sathananthan and Indraratna, 2005b).  Also studied was 

the correlation between permeability and moisture content in the smear 

zone. 

•  Rujikiatkamjorn (2006) studies combined surcharge and vacuum loading as 

well as semi-log stress/permeability-void ration relationships for vertical 

drain consolidation (Indraratna et al., 2005a). 
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Figure 4.1 Large-scale consolidometer 

 

 

 

4.3.1 General Testing Procedure 
Figure 4.2 shows a schematic picture of the large-scale consolidometer.  The 

cylindrical cell consists of two stainless steel sections bolted together along the two 

joining flanges.  The internal diameter of the cell is 450 mm and the height is 

950 mm.  Top and bottom drainage can be facilitated by placing a geotextile on the 

cell base and clay surface. If only radial drainage is required the permeable geotextile 

is replaced by an impervious plastic sheet.  The clay is thoroughly mixed with water 

to ensure full saturation and the resulting slurry is placed in the consolidation cell in 
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layers approximately 20 cm thick.  Soil need not fill the entire cell as an internal 

‘riser’ can be used to transfer loads from the loading piston to the shortened sample.  

The ring friction expected with such a large height/diameter ratio (1.5 - 2) is almost 

eliminated by using an ultra-smooth Teflon membrane around the cell boundary 

(friction coefficient less than 0.03).  Surcharge loading with a maximum capacity of 

1200 kN can be applied by an air jack compressor system via a rigid piston of 50 mm 

thickness.  Vacuum loading with a maximum capacity of 100 kPa can be applied 

through the central hole of the rigid piston.  A LVDT (Linear Variable Differential 

Transformer) transducer is placed on top of the piston to monitor surface settlement.   

Pore water pressures are monitored by strain gauge type pore pressure transducers 

installed trough small holes in the steel cell at various positions in the soil.  

Transducers are easily located on the cell periphery or, can be placed within the clay 

by using small diameter stainless steel tubes.  The LVDT and pore pressure 

transducers are connected to a PC based data logger. 
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Figure 4.2 Schematic of large-scale consolidation apparatus 

 

The soil is subjected to an initial preconsolidation pressure (usually pσ ′  = 20 kPa), 

until the settlement rate becomes negligible.  The load is then removed and a single 

vertical drain, with the aid of a guide, is installed using a rectangular steel mandrel.  

Sand compaction piles may be installed with a circular pipe mandrel.  Depending on 

the purpose of the test, vertical and horizontal samples may be cored to investigate 

the effect of drain installation on soil properties.  Once the drain has been installed 

the required loading sequence is applied to the sample. 
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4.3.2 Verification of Smear Zone with Parabolic Variation of Permeability  
The purpose of this test, conducted by Redana (1999), was to determine the 

permeability changes associated with smearing.  Soil properties, testing procedures, 

settlement and pore pressure data for the laboratory test described below are 

described fully in Indraratna and Redana (1998a) and Indraratna and Redana 

(1998b).  The relevant data (summarized below) from this test is reanalysed here 

with a parabolic smear zone.  Predicted and measured settlement data are compared. 

 

The soil consisted of reconstituted alluvial clay from Moruya (40 to 50% clay sized 

particles (<2µm), 40% saturated water content, 70% liquid limit, 30% plastic limit, 

17 kN/m3 saturated unit weight).  The soil was subjected to an initial 

preconsolidation pressure, pσ ′  = 35 kPa. The vertical drain (Flowdrain 

75mm × 4mm) was installed using a rectangular steel mandrel (80mm × 10mm).  

Subsequently the surcharge pressure was increased to 50 kPa, 100 kPa and 200 kPa 

(3 stage loading). 

 

 

In order to measure the disturbance of the soil due to insertion of the mandrel, small 

horizontal and vertical specimens were cored from the tested consolidometer sample. 

These samples were subject to one-dimensional consolidation using conventional 

(50 mm diameter) oedometers.  The variation of permeability with distance from the 

drain, shown in Figures 4.3 and 4.4, fits very well with the parabolic equation 

described in Equation (3.38).  
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Figure 4.3 Horizontal permeability along radial distance from drain in large-scale consolidometer 

(original data from Indraratna and Redana, 1998a) 

 

 

Figure 4.4 Ratio of horizontal to vertical permeability along radial distance from drain in large-scale 

consolidometer (original data from Indraratna and Redana, 1998a) 
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The measured soil properties are as follows: compression index cC  = 0.34, 

recompression index rC  = 0.14, vertical coefficient of consolidation 

vc  = 1.5 × 10-8 m2/s ( vc  in smear and undisturbed zone assumed equal), vertical 

coefficient of permeability vk  = 2.25 × 10-10 m/s, and the horizontal permeability 

distribution is shown in Figure 4.3.  The high cr CC  ratio exceeding 0.4 is due to 

remolding, and a similar value for remolded Winipeg clay was determined by 

Graham and Li (1985).  The equivalent radius of the band drain (after Rixner et al., 

1986) is wr  = ( ) 4475 +  = 20 mm. The fitted parabolic curve in Figure 4.4 is 

described by 0kkh  = 1.6 (at r  = wr , 0k  is assumed  equal to  vk ), we rr  = 11.25, and 

ws rr  = 8.4.  These parameters give hk  = 3.60 × 10-10 m/s, 0k  = 2.25 × 10-10 m/s, 

µ  = 2.25, and  hc  = 2.4 × 10-8 m2/s.  The initial void ratio was taken as 0e  = 0.95. 

 

Measured settlements are compared with the settlements calculated from pore 

pressure predictions based on the two new consolidation models presented in the 

previous chapter:  consolidation using the spectral method, and nonlinear radial 

consolidation.  Owing to the short vertical drainage length, the well resistance can be 

ignored.  For the nonlinear radial consolidation model only Darcian flow was 

considered (i.e. n  = 1.001). This is reasonable considering that the small influence 

radius ( er  = 225 mm) would result in high hydraulic gradients which may exceed the 

critical gradient for power law flow.  As drainage in the vertical direction is allowed, 

the nonlinear model must be modified to account for the resulting vertical 

consolidation.  The vertical degree of consolidation was considered by Terzaghi’s 

one-dimensional equation: 
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where ( ) 212 += mM π , m  = 1,2,…, and 2ltcT vz =  is the vertical time factor.  

Consolidation by vertical and horizontal drainage are combined with Carillo’s (1942) 

relationship: 

 ( ) ( )( )hz UUU −−=− 111  (4.2) 

 The material properties quoted above are average values calculated for use with the 

spectral method, where, in calculating excess pore pressure, soil properties do not 

change.  Thus for the nonlinear model the following soil properties were assumed to 

be:  kC  = 0.45 and 0hc  = 3.36 × 10-8 m/s. 

 

Settlement curves are shown in Figure 4.5.  Both methods of prediction provide a 

good match with measured settlement data, especially during the third loading stage.  

During the first loading stage the spectral method slightly underestimates settlement 

while the nonlinear model slightly overestimates settlement.  This may be due to 

some uncertainty as to the stress state at the start of the test.  Also shown in 

Figure 4.5 are the corresponding settlement plots with constant permeability 

throughout the smear zone, for the ideal drain (no smear: ws rr  = 1) and an assumed 

upper bound for maximum smear ( ws rr  = 6) (see Appendix A for µ  formula).  

0kkh  is the same as for the parabolic case, i.e. 1.6.   
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Figure 4.5 Predicted and measured settlement for large-scale consolidometer 

 

The writers spectral solution with parabolic permeability decay, ws rr  = 8.4, and 

Hansbo (1981) with constant permeability are identical only in the case of Hansbo’s 

ws rr  = 2.62.  This shows that the extent of smearing is much greater than that 

assumed when considering a smear zone with constant reduced permeability smear 

zone.  Figure 4.5 confirms that the effects of smear can be assessed by using existing 

assumptions about the size of a constant permeability smear zone with a radius of 1.6 

to 4 times the equivalent drain or mandrel radius (Hansbo, 1981; Indraratna and 

Redana, 1998a).  However, more meaningful interpretations of the extent of smear 

can be made using the proposed parabolic change of lateral permeability within the 

smear zone, justifiable based on laboratory observations. 
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By using the measured parabolic permeability distribution, which gives good 

agreement with the model analysis as shown in Figure 4.5, the need for assuming a 

constant smear zone radius and the consequent uncertainty in the analysis are 

reduced.  It is acknowledged that µ  is easier to calculate for constant properties, but 

in soils where the rate of consolidation is dependant on the properties of the smear 

zone, the parabolic smear zone model provides enhanced reliability, in spite of the 

more rigorous computational procedure. 

 

4.3.3 Verification of Nonlinear Consolidation Model 
The purpose of this test, conducted by Rujikiatkamjorn (2006), was to verify the 

radial consolidation model of Indraratna et al. (2005a).  The model of  Indraratna et 

al. (2005a) determines the best value of hc  to use in Hansbo’s (1981) consolidation 

equation with reference to cC , kC  and the stress range.  It should be noted that the 

spectral method of Chapter 3 will give the same pore pressure values as Indraratna et 

al. (2005a) theory if the appropriate value of hc  is used.  Detailed testing procedures 

are described in Indraratna and Redana (1998a) and Indraratna and Redana (1998b).   

 

The soil consisted of reconstituted alluvial clay from Moruya (40 to 50% clay sized 

particles (<2µm), 45% saturated water content, 17% plastic limit, 17 kN/m3 saturated 

unit weight).  The soil was similar to that used in Section 4.3.2 with greater emphasis 

placed on accurately determining soil properties, particularly the value of cC  and 

kC .  Figure 4.6 shows the soil test results from which the compressibility and 

permeability parameters were determined.  In two separate tests, the soil was 
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subjected to an initial preconsolidation pressure, pσ ′  = 20 kPa and 50 kPa for five 

days.  The load was removed, a 100 mm × 4 mm band drain centrally installed, and 

the preconsolidation loads reapplied.  Drainage in the vertical direction was 

prevented.  Once settlements became negligible, the load was increased by 30 kPa 

and 50 kPa, respectively (i.e. σ∆  = 30, 50).  Settlements were monitored after this 

point with the soil consolidating in the compression range.  The properties of the 

soil/drain system are given in Table 4.1.  Only for the purpose of analysis, Darcian 

flow was considered (i.e. n  = 1.001).   The degree of consolidation based on 

settlement is calculated and compared with laboratory data, the proposed model, and 

Indraratna et al. (2005a)).  The comparison of the three approaches is shown in 

Figure 4.7. 

 

 

Figure 4.6 Typical ( )σ ′− loge  and ( )hke log−  for Moruya Clay (Rujikiatkamjorn, 2006) 
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Table 4.1 Parameters used in analysis (Indraratna et al., 2005a) 

 

 

Figure 4.7 Comparison between proposed nonlinear model and Indraratna et al. (2005a) 

 

Figure 4.7 shows good agreement between the measured and predicted values of 

degree of consolidation for both the proposed nonlinear equations and Indraratna et 

al. (2005a).  As mentioned above, in this case, the method of Indraratna et al. (2005a) 
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(Equation 3.52) will give the same results as the spectral method (Equation 3.139).  

The proposed equations give a slightly better match in the early stages of 

consolidation; the difference is less for Test 2 than for Test 1.  As the consolidation 

coefficient is increasing during consolidation ( 1<kc CC ), by using an average value 

of hc  as in Indraratna et al. (2005a), settlement would be expected to be over 

predicted in the initial stages of consolidation, which is shown in Figure 4.7.  The 

combination of kc CC  = 0.64 and 0′∆ σσ  =1.5 and 1, produce ratios of final to 

initial consolidation coefficient of 1.39 and 1.28, respectively, for Test 1 and Test 2.  

Chapter 3 showed that for such values of 0hhf cc , the difference between the 

nonlinear equations and Hansbo (1981) equation are small.  This explains the small 

difference between the analysis based on the proposed relationship and that of 

Indraratna et al. (2005a). 

 

4.3.4 Verification of Combined Surcharge and Vacuum Loading 
This purpose of this test, performed by Bamunawita (2004), was to investigate soil 

consolidation under combined vacuum and surcharge loading conditions.  The test 

results are described fully in Indraratna et al. (2004).  The relevant data (summarized 

below) from this test is reanalysed here with the proposed consolidation equations.   

 

The soil consisted of reconstituted alluvial clay from Moruya (40 to 50% clay sized 

particles (<2µm), 40% saturated water content, 70% liquid limit, 30% plastic limit, 

18.1 kN/m3 saturated unit weight).  Drainage was provided at the top of the soil.  The 

soil was subjected to an initial preconsolidation pressure of pσ ′  = 20 kPa.  The load 

was then removed and a single prefabricated vertical drain (100 mm × 3 mm) was 
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installed using a rectangular steel mandrel.  After drain installation a 100 kPa 

vacuum was applied at the top of the cell and the surcharge pressure was increased in 

two stages to 50 kPa and 100 kPa.  The vacuum pressure was subsequently removed 

and reapplied.  Pore pressure measurements indicated that the vacuum pressure along 

the drain decreases approximately linearly with depth to 70 kPa at the bottom of the 

cell. 

 

The measured soil properties are as follows: compression index cC  = 0.34, 

recompression index rC  = 0.12, vertical coefficient of permeability 

vk  = 1.1 × 10-10 m/s, and undisturbed horizontal permeability hk  = 2.5 × 10-10 m/s.  

The equivalent radius of the band drain (after Rixner et al., 1986) is 

wr  = ( ) 43100 +  = 26mm.  The radius of smear zone was assumed to be four times 

the equivalent drain radius, with a constant horizontal permeability equal to the 

vertical permeability.  Given the above parameters, µ  = 3.06 and the vertical and 

horizontal coefficients of consolidation are taken as vc  = 5.7 × 10-9 m2/s and 

hc  = 13.2 × 10-9 m2/s.  The initial void ratio was taken as 0e  = 0.95. 

 

The spectral consolidation model allows for direct input of vacuum load that varies 

with depth and surface application of vacuum by way of a dummy layer with high 

horizontal permeability (see Chapter 3).  For the nonlinear radial consolidation 

model vacuum loading (assumed constant with depth at 100 kPa) was modeled using 

an equivalent surcharge load.  As in Section 4.3.2 above, drainage in the vertical 

direction was incorporated into the nonlinear radial consolidation model with 
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Carillo’s (1942) relationship.  The assumed initial parameters for nonlinear analysis 

are: kC  = 0.45 and 0hc  = 3.6 × 10-8 m/s. 

 

The calculated and measured settlements are shown in Figure 4.8.  The cause for the 

large instantaneous settlement at the start of the second surcharge loading stage, and 

the otherwise good settlement match, is unknown.  The settlements calculated with 

the spectral method approach show an appropriate response to vacuum removal and 

reloading illustrating the applicability of the proposed consolidations equations in 

modeling such phenomena.  The nonlinear equations adjusted for vacuum loading 

and vertical drainage show significant deviations form the measured settlement when 

the vacuum loading is removed.  This discrepancy arises more from the inclusion of 

vertical drainage than the treatment of vacuum as an equivalent surcharge load.  Care 

should be taken when modeling the change of vacuum loads with the nonlinear 

consolidation equations. 
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Figure 4.8 Settlement of large-scale consolidation cell with vacuum and surcharge loading 
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4.4 Summary 
This Chapter has verified the proposed theoretical models presented in the previous 

Chapter against large-scale laboratory consolidation tests.  The parabolic 

permeability distribution in the smear zone provides a good match with the 

permeability distribution measured in the large-scale consolidometer at the 

University of Wollongong.  The spectral method model and the nonlinear radial 

consolidation model can be used to predict the behaviour of soil under surcharge and 

vacuum loading.  In particular, the spectral method approach provides excellent 

predictions for changing vacuum loads.  This will also be demonstrated in the next 

Chapter, where the new consolidation models will be applied to selected case 

histories in the field. 
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5 CASE HISTORY VERIFICATION 

5.1 General 
This Chapter applies the theoretical developments of Chapter 3 to two field case 

histories.  The first case history is the trial embankments constructed for the Second 

Bangkok International Airport.  Both the spectral method and nonlinear radial 

consolidation models are used compare predicted and measured values of pore 

pressure and settlement.  The second case history illustrates the versatility of the 

spectral method in modeling ground subsidence due to ground water pumping in the 

Saga Plain, Japan. 

5.2 Second Bangkok International Airport (Bergado et al., 1998) 
As part of the Second Bangkok International Airport (30 km east of Bangkok, 

Thailand) a series of test embankments was constructed to assess the behaviour of 

the thick compressible subsoil.  The surface settlement and excess pore water 

pressure at the middle of two embankments, TV1 and TV2, incorporating vacuum 

loading and vertical drains are analysed here.  Both embankments have previously 

been analysed using the finite element method (Bergado et al., 1998; Indraratna et 

al., 2004; Indraratna et al., 2005b). 
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Figure 5.1 Site plan for the test embankments at Second Bangkok International Airport 

(Bamunawita, 2004) 

 

Figure 5.1 shows the site plan for the two embankments.  Figures 5.2 and 5.3 show 

the soil properties obtained from borehole and oedometer tests.  The subsoil can be 

divided into five sub-layers: weathered clay (0-2 m), very soft clay (2-8.5 m), soft 

clay (8.5-10.5 m), medium clay (10.5-13 m), and stiff to hard clay (13-15m).  The 

modified Cam-clay properties of each layer used in previous finite element analyses 

are given in Table 5.1.  Each embankment covers an area of 40 m × 40 m.  For 

embankment TV1, PVD ( wr  = 0.05m, 15 m long at 1 m triangular spacing) were 

installed from a working platform comprising 0.3 m of sand.  Drainage at the surface 

was provided by a hypernet drainage system.  To facilitate vacuum application, a 

geomembrane liner was placed above the drainage layer and sealed with a bentonite 

trench surrounding the embankment.  A 60 kPa vacuum was applied and the 

embankment height was subsequently raised in stages to a height of 2.5 m (the unit 
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weight of surcharge fill was 18 kN/m3).  TV2 was similarly constructed but with a 

0.8 m working platform, 12 m PVD, and a drainage system of geotextiles and 

perforated and corrugated pipes.   

 

 

Figure 5.2 General soil properties for SBIA test embankments (after Sangmala, 1997) 
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Figure 5.3 Compression properties for SBIA test embankments (after Sangmala, 1997) 

 

Table 5.1 Modified Cam-clay parameters for SBIA test embankments (Indraratna et al., 2004) 

 

5.2.1 Spectral Method Parameters 
The spectral method model was developed in Chapter 3 and is used here to analyse 

the two trial embankments.  To model the PVD a smear zone with radius 6 times the 

effective drain radius and a horizontal permeability equal to the undisturbed vertical 
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permeability was assumed.  This results in a µ  value of approximately 3.95 for all 

layers.   For the spectral method approach the properties at the top of the very soft 

clay were used as reference values, with vc  = 0.005 m2/day, hc  = 0.01 m2/day, 

η  = 0.02.  The relevant parameters for the other layers used in the calculation of 

excess pore pressure are then given relative to the reference values in Tables 5.2 and 

5.3.  In calculating the vv kk  parameter the permeability coefficients in each layer 

are taken from Table 5.1.  As the vertical drain configuration and smear zone 

properties are assumed to be identical in each layer the relative value of the vertical 

drain parameter ηη  will depend only on the permeability values, and thus have the 

same value as the vv kk  parameter.  The compressibility parameter vv mm  chosen 

is based on the void ratio change expected from an effective stress increase of 50 kPa 

using the Cam-Clay compressibility properties in Table 5.1).  The initial effective 

stress and overconsolidation ratio required for such a void ratio change calculation 

are interpolated from Figure 5.2 and 5.3 respectively.  In each analysis the soil below 

the PVD was ignored.   

 

To calculate surface settlements, the excess pore pressure at 30 points (see Tables 5.4 

and 5.5) in the soil system was determined using the proposed spectral consolidation 

equations.  The strain at each point was calculated using the excess pore pressure 

values and the compression characteristics given in Tables 5.4 and 5.5.  The resulting 

strain profile was numerically integrated to give settlement values at various depths.  

The applied surcharge load, found from the unit weight of embankment fill, was 

multiplied by a load factor (see Figure 5.4) to account for load variation with depth.  

Piezometer readings indicate that the constant total vacuum pressure applied by the 
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vacuum pump did not fully transfer to the soil, hence the assumed vacuum variation 

over time in Figure 5.5.  Loss of vacuum may be caused by air leaks in the system.  

Also Indraratna et al. (2005b) suggest that vacuum pressure can vary linearly with 

depth within the PVD.  In this analysis vacuum pressure was assumed to vary from 

the value in Figure 5.5 at the soil surface to zero at the bottom of the drain. 

 

Table 5.2 Soil properties for spectral method modeling of TV1 pore pressure  

Depth (m) Normalised
depth (Z) 

vv kk vv mm ηη  

-3.00* 0.00 1.00 0.37 50.00 
0.00* 0.17 1.00 0.37 50.00 
0.00 0.17 2.36 0.37 2.36 
2.00 0.28 2.36 0.41 2.36 
2.00 0.28 1.00 1.00 1.00 
8.50 0.64 1.00 0.49 1.00 
8.50 0.64 0.47 0.34 0.47 
10.50 0.75 0.47 0.59 0.47 
10.50 0.75 0.20 0.35 0.20 
13.00 0.89 0.20 0.25 0.20 
13.00 0.89 0.05 0.08 0.05 
15.00 1.00 0.05 0.09 0.05 

* dummy layer for surface vacuum application 
 

Table 5.3 Soil properties for spectral method modeling of TV2 pore pressure 

Depth (m) Normalised
depth (Z) 

vv kk vv mm ηη  

-3.00* 0.00 1.00 0.37 50.00 
0.00* 0.20 1.00 0.37 50.00 
0.00 0.20 2.36 0.37 2.36 
2.00 0.33 2.36 0.41 2.36 
2.00 0.33 1.00 1.00 1.00 
8.50 0.77 1.00 0.49 1.00 
8.50 0.77 0.47 0.34 0.47 
10.50 0.90 0.47 0.59 0.47 
10.50 0.90 0.20 0.35 0.20 
12.00 1.00 0.20 0.26 0.20 

* dummy layer for surface vacuum application 
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Table 5.4 Soil properties for spectral method modeling of TV1 settlement 

Depth (m) Normalised
depth (Z) 

0σ ′  pσ′  0e  cC  rC  

0.00 0.17 5.00 58.00 1.01 0.69 0.07 
0.54 0.20 5.09 57.36 1.06 0.69 0.07 
1.07 0.23 6.49 47.71 1.78 0.69 0.07 
1.61 0.26 8.18 41.29 2.35 0.69 0.07 
2.14 0.29 11.07 47.71 2.29 1.61 0.18 
2.68 0.32 13.86 50.39 2.29 1.61 0.18 
3.21 0.35 16.43 45.57 2.42 1.61 0.18 
3.75 0.38 19.10 41.50 2.45 1.61 0.18 
4.29 0.40 21.89 38.29 2.37 1.61 0.18 
4.82 0.43 24.61 39.89 2.39 1.61 0.18 
5.36 0.46 27.29 44.71 2.46 1.61 0.18 
5.89 0.49 29.83 43.84 2.58 1.61 0.18 
6.43 0.52 32.32 40.89 2.72 1.61 0.18 
6.96 0.55 34.76 46.77 2.91 1.61 0.18 
7.50 0.58 37.20 54.00 3.11 1.61 0.18 
8.04 0.61 39.64 66.32 2.99 1.61 0.18 
8.57 0.64 42.06 76.79 2.89 1.15 0.12 
9.11 0.67 44.42 75.18 2.92 1.15 0.12 
9.64 0.70 46.81 74.00 2.84 1.15 0.12 
10.18 0.73 49.27 74.00 2.45 1.15 0.12 
10.71 0.76 51.96 75.61 2.19 0.69 0.07 
11.25 0.79 54.99 79.63 2.12 0.69 0.07 
11.79 0.82 57.94 86.21 2.07 0.69 0.07 
12.32 0.85 60.84 95.05 2.03 0.54 0.05 
12.86 0.88 63.69 95.86 2.02 0.30 0.03 
13.39 0.91 66.53 92.64 2.01 0.23 0.02 
13.93 0.94 69.82 92.00 2.01 0.23 0.02 
14.46 0.97 73.22 92.00 2.01 0.23 0.02 
15.00 1.00 73.45 92.00 2.01 0.23 0.02 
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Table 5.5 Soil properties for spectral method modeling of TV2 settlement 

Depth (m) Normalised
depth (Z) 

0σ ′  pσ′  0e  cC  rC  

0.00 0.20 5.00 58.00 1.01 0.69 0.07 
0.43 0.23 5.00 58.00 1.01 0.69 0.07 
0.86 0.26 5.93 51.57 1.49 0.69 0.07 
1.29 0.29 7.04 43.86 2.07 0.69 0.07 
1.71 0.31 8.76 42.57 2.34 0.69 0.07 
2.14 0.34 11.07 47.71 2.29 1.61 0.18 
2.57 0.37 13.34 51.36 2.27 1.61 0.18 
3.00 0.40 15.40 47.50 2.37 1.61 0.18 
3.43 0.43 17.46 43.64 2.47 1.61 0.18 
3.86 0.46 19.66 40.86 2.44 1.61 0.18 
4.29 0.49 21.89 38.29 2.37 1.61 0.18 
4.71 0.51 24.07 38.93 2.37 1.61 0.18 
5.14 0.54 26.21 42.79 2.43 1.61 0.18 
5.57 0.57 28.33 45.61 2.50 1.61 0.18 
6.00 0.60 30.33 43.25 2.61 1.61 0.18 
6.43 0.63 32.32 40.89 2.72 1.61 0.18 
6.86 0.66 34.28 45.32 2.87 1.61 0.18 
7.29 0.69 36.23 51.11 3.03 1.61 0.18 
7.71 0.71 38.18 58.93 3.06 1.61 0.18 
8.14 0.74 40.13 68.79 2.97 1.61 0.18 
8.57 0.77 42.06 76.79 2.89 1.15 0.12 
9.00 0.80 43.95 75.50 2.92 1.15 0.12 
9.43 0.83 45.84 74.21 2.94 1.15 0.12 
9.86 0.86 47.79 74.00 2.68 1.15 0.12 
10.29 0.89 49.76 74.00 2.37 1.15 0.12 
10.71 0.91 51.96 75.61 2.19 0.69 0.07 
11.14 0.94 54.38 78.82 2.14 0.69 0.07 
11.57 0.97 56.79 82.68 2.09 0.69 0.07 
12.00 1.00 59.10 89.75 2.06 0.69 0.07 
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Figure 5.4 Variation of load with depth at embankment centerline 

 

5.2.2 Nonlinear Radial Consolidation Model Parameters 
The approximate method for the nonlinear radial consolidation model under arbitrary 

loading was developed in Chapter 3 and is used here to analyse the two trial 

embankments.  Vertical drainage was ignored due to the dominant nature of the 

radial drainage.  Variations in surcharge and vacuum loading with depth and time are 

identical to the spectral method parameters above; as are the drain properties.  The 

excess pore pressure and settlement in embankment TV1 was calculated for 16 sub-

layers with soil properties described in Table 5.6.  Embankment TV2, with a shorter 

PVD length of 12 m, was modeled by omitting the bottom three sub layers.  Vacuum 

pressure in the drain was simulated by an equivalent surcharge load. 
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Table 5.6 Soil properties for nonlinear radial consolidation modeling of embankment TV1 

Layer Sub layer 
thickness 

(m) 

0hk  (m/s) cC  rC  0σ ′  
(kPa) 

pσ′  
(kPa) 

0e  

1 1 9.03 × 10-9 0.37 0.06 3 58 1.8 
2 1 9.03 × 10-9 0.37 0.06 9 58 1.8 
3 1 3.81 × 10-9 1.6 0.08 14.5 45 2.8 
4 1 3.81 × 10-9 1.6 0.08 19.5 45 2.8 
5 1 3.81 × 10-9 1.6 0.08 24.5 45 2.8 
6 1 3.81 × 10-9 1.6 0.08 29.5 45 2.8 
7 1 3.81 × 10-9 1.6 0.08 34.5 45 2.8 
8 1 3.81 × 10-9 1.6 0.08 39.5 45 2.8 
9 0.5 3.81 × 10-9 1.6 0.08 43.25 45 2.8 
10 1 1.81 × 10-9 1.7 0.05 47 70 2.4 
11 1 1.81 × 10-9 1.7 0.05 52 70 2.4 
12 1 7.68 × 10-10 0.95 0.03 57.5 80 1.8 
13 1 7.68 × 10-10 0.95 0.03 63.5 80 1.8 
14 0.5 7.68 × 10-10 0.95 0.03 68 80 1.8 
15 1 1.80 × 10-10 0.88 0.01 73.5 90 1.2 
16 1 1.80 × 10-10 0.88 0.01 81.5 90 1.2 

 

5.2.3 Comparison of Settlement and Excess Pore Pressure 
The calculated and measured centre-line surface settlements for the two 

embankments, along with the surcharge and assumed vacuum loading stages, are 

shown in Figure 5.5.  Figure 5.6 compares the calculated and measured settlements at 

3, 6, and 9 m depths for embankment TV2.  Both the spectral method and nonlinear 

approaches provide an adequate match for the development of settlements given the 

uncertainty in vacuum application.  The nonlinear radial consolidation model slightly 

overestimates settlements in the early stages of loading.   The increased consolidation 

rate is associated with consolidation in the recompression range which is generally 

much faster due to higher soil stiffness.  The spectral method, with constant soil 

properties, tends to average the effects of recompression and compression, and so 

does not exhibit the fast initial consolidation rate.  The fact that the spectral method, 



CASE HISTORY VERIFICATION 173 

 

with average properties that do not explicitly capture rapid recompression, gives a 

better match with the measured settlement response suggests that the 

preconsolidation pressure in the field may be lower than expected.  This may be 

caused by soil disturbance associated with vertical drain installation.   
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Figure 5.5 Centerline surface settlement plots for SBIA test embankments 
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Figure 5.6 Centerline settlement at various depths for embankment TV2 

 

The absence of recompression behaviour is supported by the pore pressure 

measurements shown in Figures 5.6 and 5.7.  The swift pore pressure dissipation 

expected during the recompression phase, as calculated by the nonlinear approach, is 

not reflected in the measured pore pressure values.  The spectral method gives a 

slightly better pore pressure match during the early stage of consolidation.  A more 

accurate match might be achieved for both settlement and pore pressure prediction if 

the assumed vacuum loading is altered, though it would be difficult to predict the 

loss of vacuum pressure in the field before construction.  At least with the present 

models, the effects of possible loss of vacuum, and its variation with depth, can be 

assessed. 
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Figure 5.7 Excess pore pressure 3 m below centerline of embankment TV1 
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Figure 5.8 Excess pore pressure 3 m below centerline of embankment TV2 
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5.2.4 Comparison With Previous Finite Element Method Studies 
As mentioned above, the finite element method (FEM) has been used previously to 

model the settlement and pore pressure response beneath the Second Bangkok 

International Airport test embankments.  Figure 5.9 compares the centerline 

settlements of Figure 5.6 (embankment TV2) with the finite element results of 

Bergado et al. (1998) and Indraratna et al. (2005b).  The Excess pore pressures from 

Figure 5.8 (embankment TV2) are compared with Indraratna et al. (2005b) in 

Figure 5.10.  The figures are inconclusive as to which modeling method is the best as 

each of the four models (Spectral method, nonlinear radial consolidation, and two 

finite element models) give a fairly good settlement match with measured values.  

Figures 5.9 and 5.10 at least show that the new spectral method and nonlinear radial 

consolidation model are useful in modeling the centerline behaviour beneath an 

embankment.  If accurate prediction is required away from the centerline (e.g. 

modeling slope stability and heave at the embankment toe) or if fully coupled 

analysis with more complex constitutive models need to be performed then multi-

drain analysis with methods such as finite elements must be used. 
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Figure 5.9 Centerline settlement for embankment TV2 including previous finite element models 
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Figure 5.10 Excess pore pressure below TV2 inclduing a prevous finite element model 

 

5.3 Land Subsidence Due to Seasonal Pumping of Groundwater in Saga 
Plain, Japan (Sakai, 2001) 

The Saga Plain on the Japanese island of Kyushu suffers from subsidence due to 

seasonal changes in groundwater level.  Groundwater pumping in summer for 

agriculture, and winter recharge causes changes in effective stress, resulting in 

consolidation.  Sakai (2001) describes the monitoring of land subsidence in the Saga 

Plain.  The area is reclaimed from the Ariake Sea, consisting of 10-30 m of 
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compressible marine clay underlain by a sandy aquifer.  A series of observation wells 

were installed in the Shiroishi district in 1996 to investigate the changes in 

groundwater level and associated subsidence settlements at various depths down to 

90 m (Sakai, 2001).  The changing groundwater level in one of the observation wells 

(27.5 m depth) is converted to excess pore water pressure and used with the proposed 

spectral method consolidation model to match the compression of the overlying 26 m 

of clay.  As subsidence is due only to vertical flow in the clay layers the nonlinear 

radial consolidation model is not applicable. 

 

By using a dummy layer with high horizontal permeability at the bottom of the soil 

system, the changes in excess pore pressure caused by groundwater pumping can be 

simulated with the proposed spectral method consolidation model.  An appropriate 

vacuum load is specified at this dummy layer, while not allowing horizontal drainage 

in the clay layer.  The soil properties in the Shiroishi district are shown in 

Figure 5.11.  For pore pressure calculations, a single layer with uniform properties 

( vc  = 0.067 m2/day) was used to model the 26 m of marine clay.  The groundwater 

level recorded at the 27.5 m deep observation well was converted to excess pore 

pressure values (see Figure 5.12) and applied to the bottom of the clay by way of a 

3 m thick dummy layer.  To establish an initial pore pressure distribution, it was 

assumed that for 4 months prior to the start of observations, the applied modeled 

vacuum was equal to the first measured value of excess pore pressure.  As for the 

Second Bangkok International Airport example, settlements were calculated by 

integrating the strain profile after pore pressure values have been determined.  The 

properties for settlement calculations are given in Table 5.7.  The relative settlement 

between the ground level and the observation well at 27.5 m depth is shown in 
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Figure 5.12.  The discrepancy during the early months of analysis may be due to the 

largely unknown pore pressure distribution in the soil.  Following this initial period, 

the calculated settlements match well with those measured.  This example illustrates 

that consolidation caused by arbitrary changes in excess pore water pressure can be 

modeled with the proposed spectral method consolidation equations. 

 

 

Figure 5.11 Soil properties at Shiroishi  (after Sakai, 2001) 
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Table 5.7 Soil properties for settlement modeling of Shiroishi ground subsidence 

Depth (m) Normalised
depth (Z) 

cC  rC  0e  0σ ′  
(kPa) 

pσ′  
(kPa) 

0.00 0.00 1.60 0.16 4.00 5.00 10.00 
0.92 0.03 1.57 0.16 3.89 8.83 16.33 
1.83 0.06 1.53 0.15 3.77 12.67 22.67 
2.75 0.09 1.50 0.15 3.66 16.50 29.00 
3.67 0.12 1.47 0.15 3.55 20.33 35.33 
4.58 0.15 1.43 0.15 3.43 24.17 41.67 
5.50 0.18 1.40 0.14 3.32 28.00 48.00 
6.42 0.21 1.37 0.14 3.21 31.83 54.33 
7.33 0.24 1.33 0.14 3.09 35.67 60.67 
8.25 0.27 1.30 0.14 2.98 39.50 67.00 
9.17 0.30 1.27 0.13 2.87 43.33 73.33 
10.08 0.33 1.23 0.13 2.75 47.17 79.67 
11.00 0.36 1.20 0.13 2.64 51.00 86.00 
11.92 0.39 1.17 0.13 2.53 54.83 92.33 
12.83 0.42 1.13 0.12 2.41 58.67 98.67 
13.75 0.45 1.10 0.12 2.30 62.50 105.00 
14.67 0.48 1.07 0.12 2.19 66.33 111.33 
15.58 0.51 1.03 0.11 2.07 70.17 117.67 
16.50 0.54 1.00 0.11 1.96 74.00 124.00 
17.42 0.57 0.97 0.11 1.85 77.83 130.33 
18.33 0.60 0.93 0.11 1.73 81.67 136.67 
19.25 0.63 0.90 0.10 1.62 85.50 143.00 
20.17 0.66 0.87 0.10 1.51 89.33 149.33 
21.08 0.69 0.83 0.10 1.39 93.17 155.67 
22.00 0.72 0.80 0.10 1.28 97.00 162.00 
22.92 0.75 0.77 0.09 1.17 100.83 168.33 
23.83 0.78 0.73 0.09 1.05 104.67 174.67 
24.75 0.81 0.70 0.09 0.94 108.50 181.00 
25.67 0.84 0.67 0.09 0.83 112.33 187.33 
26.58 0.87 0.63 0.08 0.71 116.17 193.67 
27.50 0.90 0.60 0.08 0.60 120.00 200.00 
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Figure 5.12 Compression of 26 m of marine clay 

 

5.4 Summary 
This Chapter confirmed that the two new consolidation models developed in 

Chapter 3, (a) spectral method model and (b) nonlinear radial consolidation model, 

can be used to predict settlement and pore pressure behaviour beneath the centre-line 

of an embankment subjected to vacuum loading.  The spectral model conveniently 

describes the entire pore pressure distribution across multiple layers, while for the 

nonlinear radial consolidation model analysis must be completed for a series of sub-

layers.  Two case histories were analysed: trial embankments at the Second Bangkok 

International Airport, and ground subsidence in the Saga Plain, Japanese. 

 

The next and final Chapter summarises the work presented so far in this thesis and 

provides recommendations for future work. 

 



CONCLUSIONS AND RECOMMENDATIONS 182 

 

6 CONCLUSIONS AND RECOMMENDATIONS 

6.1 General Summary 
After a comprehensive review of vertical drain literature (Chapters 1 and 2), Chapter 

3 developed three new contributions to the solution of consolidation problems: (i) a 

more realistic representation of the smear zone where soil properties vary gradually 

with radial distance from the vertical drain; (ii) a nonlinear radial consolidation 

model incorporating void ratio dependant soil properties; and (iii) a solution to multi-

layered consolidation problems with vertical and horizontal drainage using the 

spectral method.  Each model is verified against existing analytical solutions 

(Chapter 3) and laboratory experiments conducted at the University of Wollongong 

(Chapter 4).  The nonlinear radial consolidation model and the spectral method are 

verified against two trial embankments involving surcharge and vacuum loading at 

the Second Bangkok International Airport, Thailand (Chapter 5).  The versatility of 

the spectral method model is further demonstrated by analysing ground subsidence 

associated with ground water pumping in the Saga Plain, Japan (Chapter 5).  Specific 

outcomes from the three models are described below. 

 

6.2 Representation of Smear Zone 
1. A number of researchers have noted that the disturbance in the smear zone 

increases towards the drain (Chai and Miura, 1999; Hawlader et al., 2002; 

Sharma and Xiao, 2000; Hird and Moseley, 2000; Indraratna and Redana, 

1998a; Madhav et al., 1993; Bergado et al., 1991). Figure 6.1 below, shows 

the horizontal permeability distribution in a large-scale laboratory test 

varying in a parabolic fashion.  Despite such observations the smear effect is 
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conventionally modeled using a smear zone of small size with reduced 

horizontal permeability, constant with radial distance from the drain. 

 

Figure 6.1 Horizontal permeability along radial distance from drain in large-scale consolidometer 

(original data from Indraratna and Redana, 1998a) 

 

2. A more realistic representation of smear effect is found by modeling the 

gradual decrease in horizontal permeability towards the drain.  Analytical 

expressions of the µ parameter used in Hansbo’s (1981) radial consolidation 

equations are derived for linear and parabolic variations of smear zone 

permeability.  The new µ expressions involve the same number of 

soil/geometry parameters as Hansbo’s (1981) original constant 

permeability µ.  With the ratio of undisturbed permeability to permeability at 

the drain soil interface designated κ , the new µ parameters based on 

permeability are: 
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3. Based on equivalent consolidation rates, linear smear zone radii are 

approximately 2 to 4 times larger than the equivalent constant permeability 

smear zone radii.  Parabolic smear zone radii are 4 to 7 times larger than the 

equivalent constant permeability smear zone radii. 

4. The detrimental effect of increased smear zone compressibility, traditionally 

ignored, on the rate of consolidation may become important when 

considering the larger smear zones associated with a linear and parabolic 

variation of soil properties. 

5. Larger smear zones may overlap.  The µ expressions presented for 

overlapping linear smear zones provide some explanation for the phenomena 

of a minimum drain spacing, below which no increase in the rate of 

consolidation is achieved.  It appears this minimum influence radius is 0.6 

times the size of the linear smear zone.  Figure 6.2 below, gives an example 

of the local minimum drain spacing associated with the theoretical 

consolidation curves for overlapping smear zones. 



CONCLUSIONS AND RECOMMENDATIONS 185 

 

0

400

800

1200

1600

c h
t 90

/r w
2

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
re/rs

kh/k0 = 5
4
3
2

1.5
1

mv/mv0 = 0.25

rs/rw = 10

 

Figure 6.2 Time required for 90% consolidation for overlapping smear zones with linear variation of 

permeability 

 

6.3 Nonlinear Radial Consolidation Model 
1. The pertinent points of the nonlinear radial consolidation model are: 

a. Radial drainage only. 

b. Equal strain, one-dimensional deformation. 

c. Semi-log void ratio-stress relationship. 

d. Semi-log void ratio-permeability relationship. 

e. Non-Darcian flow. 

f. Inclusion of overconsolidated and normally consolidated soil 

behaviour. 

g. A closed form series solution is produced. 

2. For nonlinear material properties, consolidation may be faster or slower when 

compared to the cases with constant material properties.  The difference 

depends on the compressibility/permeability ratios ( kc CC  and kr CC ), the 

preconsolidation pressure ( pσ′ ) and the stress increase ( 0σσ ′∆ ).  If 

1<kc CC  or 1<kr CC  then the coefficient of consolidation increases as 
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excess pore pressures dissipate and consolidation is faster.  If 1>kc CC  or 

1>kr CC  then the coefficient of consolidation decreases as excess pore 

pressures dissipate and consolidation becomes faster.  For the case where 

1=kc CC  the solution is identical to Hansbo (2001).  For normally 

consolidated soils the change in consolidation times depends approximately 

on the ratio of final to initial consolidation coefficient ( 0
~~

hhf cc ) as shown in 

Figure 6.3 below.  For overconsolidated soils an increased number of soil 

parameters leads to a large variety of possible soil behaviour.  The new 

equations can explicitly capture the retarded consolidation rates as the 

preconsolidation pressure is exceeded. 
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Figure 6.3 Consolidation curves depending on total change in consolidation coefficient 

 

3. The introduction of soil nonlinearity produces discrepancies between the 

degree of consolidation based on pore pressure dissipation ( hU ) and 

settlement ( hsU ).  For normally consolidated soils hU  lags hsU  depending 

on the stress ratio 0σσ ′∆ .  For heavily overconsolidated soils hU  will only 
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lag hsU  in the latter stages of consolidation.  Given the large variety of 

behaviour it becomes imperative to know the stress history of the soil. 

4. The equations presented give an analytical solution to nonlinear radial 

consolidation that can be used to verify purely numerical methods. 

5. By including an approximation for arbitrary loading almost any vertical drain 

problem where vertical drainage is negligible and effective stresses always 

increase can be analysed. 

 

6.4 Multi-layered Spectral Method Model 
1. The pertinent points of the multi-layered spectral method model  are: 

a. Equal strain, one-dimensional deformation. 

b. Vertical and radial drainage. 

c. Multiple soil layers where permeability, compressibility, and vertical 

drain parameter vary in a linear fashion within each layer. 

d. Combined vacuum and surcharge loading that vary with both depth 

and time. 

e. Ability to control pore pressure boundary conditions by using dummy 

layers of high permeability to apply specified vacuum loads. 

f. Use of the spectral method to solve the governing equations.  A single 

expression, calculated with common matrix operations, gives the pore 

pressure profile across all soil layers.  Accuracy is improved by 

increasing the number of terms in the series solution. 

g. For the analytical solution soil properties are constant with time. 

h. Ability to use the pore pressure solution at any time as the initial 

condition for a separate analysis.  This technique allows the analysis 
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of consolidation before and after vertical drain installation and 

piecewise constant treatment of time varied soil properties (see 

Appendix B). 

2. The versatility and general nature of the spectral method model is 

demonstrated by accurate simulation of the following existing analytical 

models: 

a. Multi-layered free strain with thin sand layers (Nogami and Li, 2003) 

b. Double layered ground with vertical and radial drainage (Nogami and 

Li, 2003) 

c. Linearly varying vacuum loading (Indraratna et al., 2005b) 

d. Multiple ramp roading (Tang and Onitsuka, 2001) 

e. Partially penetrating vertical drains (Runnesson et al., 1985) 

f. Vertical consolidation of four layers (Schiffman and Stein, 1970) 

3. The use of soil properties that vary in a linear fashion allows for, not only 

existing problems to be analysed but, new behaviour to be analysed.  In this 

way one-dimensional consolidation with constant coefficient of consolidation 

is found to vary with the variation of permeability and compressibility within 

the soil (see Figure 6.4 below).  This is significant for thick soil deposits with 

pervious top impervious bottom drainage conditions.  Ratios of top 

permeability to bottom permeability greater than one, 1>vBvT kk , leads to 

faster consolidation, and is expected in the field, and so using Terzaghi’s 

analysis ( 1=vBvT kk ) will simply underestimate the rate of consolidation (a 

generally safe design approach).  When comparing time factors, the rate of 

consolidation for a thin sample such as an oedometer specimen, where 
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1≈vBvT kk , will be different to a thicker specimen such as in the field, 

where 1≠vBvT kk . 
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Figure 6.4 Consolidation curves for constant cv 

 

6.5 Recommendations for Future Research 
Future work extending the work of this thesis could include the following aspects:  

1. The new smear zone formulations presented in this thesis are based on 

laboratory evidence.  There is little information available as to measured 

smear zones in the field.  Back-calculated values of the coefficient of 

consolidation, hc , based on any of the smear zone formulations may 

successfully model the consolidation behaviour for a particular case, but 

different values of hc  might be obtained for different drain spacings, 

indicating inadequacy in the smear zone formulations.  It would be very 

beneficial to have a total description of smear whereby back-calculated 

values of hc  at different drain spacing values would reveal the same 

undisturbed consolidation coefficient.  The complete smear zone description 

would have to consider the increased ultimate settlements associated with 

close drain spacings. 
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2. It is plausible that the spectral method model presented in this thesis could be 

improved by: 

a. Including well resistance 

b. Including electro-osmosis 

c. Explicitly modeling pore pressure boundary conditions rather than 

using dummy layers of high permeability to apply specified values of 

vacuum. 

3. The nonlinear spectral method presented briefly in Appendix B should be 

further explored to determine the effect on consolidation of soil properties 

changing with time/stress etc. 

4. The spectral method is a powerful method for accurate solution of linear 

partial differential equations and might be used in other areas of geotechnical 

engineering.  Of immediate application is the study of one-dimensional 

diffusion of aqueous solutes in saturated porous media, which is directly 

analogous to the consolidation equations presented in this thesis (Shakelford 

and Lee, 2005). 
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APPENDIX A: µ PARAMETER FOR PIECEWISE CONSTANT 
PROPERTIES 

A.1 Multi-segment Smear Zone  
This Appendix develops the µ  parameter for a smear zone consisting of multiple 

segments each of which has different but constant soil properties.  The resulting 

equation can be used to model smear zones with arbitrary soil property distributions 

in the radial direction.  Hansbo’s (1981) µ  parameters for an ideal drain and a single 

smear zone of constant permeability are found to be special cases of the more general 

multi-segment approach described below. 

 

The steps followed to determine µ  are those in Chapter 3. 

STEP 1: 

Any radial distribution of permeability and volume compressibility can be 

approximated by dividing the soil into m  segments as in Figure A.1.  vm  and hk  are 

constant within each segment.  To enable the use of index notation the inner radius 

wr  and outer radius er  have been replaced with 0r  and mr  respectively. 

 

 

r0 r1 ri-1 ri rm 

khi, mvi 

r 

Material Property 

0 

 

Figure A.1 Discretised radial properties  
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STEP 2: 

The pore pressure gradient in the i th segment is: 
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where, 
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n m=  (A.1c)  

The permeability ratio, iκ , is calculated with respect to a convenient reference value, 

hk  (usually that of the undisturbed soil).  

 

STEP 3: 

The pore water pressure in the drain is the same as those in Chapter 3. 

 

STEP 4: 

Using the boundary conditions ( ) wru =0  and ( ) ( )iiii ruru 1+= , equation (A.1) is 

integrated in the r  direction for each segment to give the pore pressure in the i th 

segment: 
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where, 
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STEP 5: 

By calculating the average pore water pressure the µ  parameter is revealed as: 
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The well resistance parameter wµ  is the same as in Chapter 3. 

 

STEP 6: 

The compressibility parameter 
vmµ  in is given by: 

 ∑
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where,  
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i m
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A.2 Ideal Drain (No Smear) 
STEP 1: 

Hansbo’s (1981) formulation for an ideal drain is a special case of the multiple 

segment solution presented in section A.1.  For an ideal drain 1=m , 11 =κ , 11 =η , 

ns =1  and 10 =s . 
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STEP 2: 

The pore water pressure gradient in the radial direction is: 
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STEP 3: 

The pore water pressure in the drain is the same as in Chapter 3. 

 

STEP 4: 

The pore water pressure in the soil is: 
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STEP 5: 

The µ  parameter is given by: 
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Because 2n  is usually much greater than unity the terms in equation (A.7a) with high 

powers of n  in the denominator are insignificant and can be ignored.  The resulting 

simplified expression for µ  is 

 ( )
4
3ln −= nµ  (A.7b) 

 

STEP 6: 

The 
vmµ  parameter is unity. 
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A.3 Smear Zone with Constant Reduced Permeability 
STEP 1: 

Hansbo’s (1981) formulation for a smear zone with constant reduced permeability 

and an undisturbed zone is a special case of the multiple segment solution presented 

in section A.1.  For a single smear zone 2=m , κκ =′= hh kk1 , 12 =κ , 121 ==ηη , 

10 =s , srrs ws ==1  and nrrs we ==2 .  The formulation given by Hansbo (1981) 

is altered slightly to include the case where the smear zone compressibility is 

different to the undisturbed compressibility ( ηη =′= vv mm1  and 12 =η ). 

 

STEP 2: 

The pore water pressure gradient in smear and undisturbed zones are, respectively, 
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and 
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STEP 3: 

The pore water pressure in the drain is the same as Chapter 3. 

 

STEP 4: 

The pore water pressure in the smear and undisturbed zones are, respectively,: 

 ( )

















 −−

′
+




















−−








∂
∂= 2222

22 1121
2
1ln

2 n
zlz

q
k

nrn
r

r
r

tk
ru

w

h

wwh

mw
s πκεγ  (A.9a) 



APPENDIX A: µ PARAMETER FOR PIECEWISE CONSTANT PROPERTIES 213 

 

and, 
( )

( ) 

























 −−+





















−−+










−−









∂
∂=

2

22

2

2

2

22

2

2

112

1
2
1ln

2
1ln

2

n
zlz

q
k

nn
ss

n
s

rn
r

sr
r

tk
ru

w

h

ww

h

mw

π

κ
εγ  (A.9b) 

 

STEP 5: 

The µ  parameter is given by: 
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Ignoring insignificant terms equation (A.10a) reduces to: 

 s
s
n

s ln
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STEP 6: 

The 
vmµ  parameter from is given by: 

 ( )( )
( )1

1111 2 −
+−








 −+=
n

ss
vm η

ηµ  (A.11) 

 

 



APPENDIX B: Nonlinear Spectral Method 214 

 

APPENDIX B: Nonlinear Spectral Method 

B.1 General 
In Chapter 3, using the spectral method, a technique for determining the pore 

pressure response before and after the installation of vertical drains was developed.  

The material parameters are updated at the time of drain installation to allow 

horizontal drainage.  The process of updating the material properties at a certain time 

can be used to perform a piecewise nonlinear analysis.  By dividing the consolidation 

process into a discrete number of time steps, material properties, though constant 

during any particular time interval, can be varied across the time steps.  This 

Appendix briefly explores some of the possibilities of employing this method.  The 

technique is first verified against the analytical nonlinear radial consolidation model 

presented in Chapter 3.  The vertical consolidation behaviour of normally 

consolidated clay and cyclic loading is then considered. 

 

B.2 Constitutive Model 
While the time stepping process allows for any relationship between soil properties 

and effective stress, the constitutive model chosen here (for ease of implementation) 

is the same as used elsewhere in this thesis; namely the semi-log void ratio stress 

relationships governed by the compression index cC  and recompression index rC .  

The equations for void ratio-stress/permeability given in Chapter 3 are modified to 

include an evolving maximum effective stress ( maxσ ′ ), thus allowing 

unloading/cyclic loading to be analysed.   
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Figure B.1 Void ratio-stress relationship for evolving maximum effective stress 

 

With reference to Figure B.1 the void ratio e   for two cases must be considered.  The 

recompression zone is defined by maxσσ ′<′  where initially pσσ ′=′max .  The 

compression zone occurs when maxσσ ′≥′ .  The void ratio in the recompression and 

compression zones are given respectively by:  

 ( ) ( ) ( )0max0 loglog σσσσ ′′−′′−+= rprc CCCee  (B.12a) 

and,  

 ( ) ( ) ( )00max0 loglog σσσσ ′′−′′−+= crc CCCee  (B.12b) 

Once the maximum effective stress is exceeded maxσ ′  is updated to reflect the new 

maximum stress.  

 

The change in volume compressibility, relative to initial values, before and after 

maxσ ′  is exceeded, is now given respectively by: 

 







′
′

=
0

0
σ
σ

v

v
m
m  (B.13a) 



APPENDIX B: Nonlinear Spectral Method 216 

 

and, 







′
′

=
0

0
σ
σ

c

r

v

v
C
C

m
m  (B.13b) 

The relative change in permeability is given by: 
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The material input parameters for the spectral method as described in Chapter 3 are 

given relative to a convenient reference value.  That is vv kk , vv mm  and ηη .  If 

the initial input parameters are given as  vv kk 0 , vv mm 0  and ηη0  then the input 

parameters can easily be updated during the analysis by multiplying by equation 

(B.13) and (B.14).  Thus the updated input parameters for each time step are given 

by: 
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Settlement calculations can be performed with reference to equation (B.12).  The 

settlement during recompression and compression are given by: 
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e

H  (B.16b) 

It should be noted that in deriving equations (B.13) and (B.16) the specific volume of 

the soil, 01 e+ , was assumed constant.  Thus the above equations are only suitable 

for small strain. 

 

B.3 Initial Effective Stress Distribution  
For consolidation problems where the initial stress and void ratio profiles with depth 

are not known, they must be approximated for input into the model.  For an idealized 

soil the initial void ratio and stress distributions should be consistent with the 

constitutive model described in equation (B.12).  for determining the initial stress 

profile the parameters in equation (B.12) take on new meaning: 0σ ′  = 00σ′  = 

effective stress at the soil surface; pσ′  = p0σ ′  = preconsolidation stress at the surface; 

σ′  = z0σ ′  = effective stress at depth z ;  maxσ ′  = zpσ′  = preconsolidation stress at 

depth z ; 0e  = 00e  = initial void ratio at the surface; e  = ze0  = initial void ratio at 

depth z . Assuming fully saturated soil, the initial effective stress distribution is 

found using the differential form of static effective stress given by: 
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0

1
1

+
−=

∂
′∂  (B.17) 

where, sG  = specific gravity of soil solids.  Knowing the distribution of 

preconsolidation stress with depth, equation (B.12) is substituted into equation 

(B.17).  The resulting equation is numerically integrated to give the initial effective 

stress profile in the overconsolidated zone. The integration is continued in the z  

direction until the soil becomes normally consolidated.  This depth is nz  and the 
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corresponding stress and void ratio at z  = nz  are n0σ ′  and ne0 .  In the normally 

consolidated zone, equation (B.17) can be solved and the effective stress is found to 

satisfy the following relationship: 
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Thus, if the initial void ratio and initial effective stress at the top of the soil layer are 

known, along with the preconsolidation pressure profile, then the initial effective 

stress and void ratio profiles can readily be determined from equations (B.12), (B.17) 

and (B.18). 

 

B.4 Verification 
To verify the nonlinear approach an analysis is performed and compared with the 

analytical solution for nonlinear radial consolidation presented in Chapter 3 (using 

Darcian flow).  An idealized soil is subject to radial drainage only.  The material 

properties are given in Table B.1.  For the purpose of analysis the depth of soil was 

considered to be 41/20 m deep and 20 series terms were used.  The pore pressure and 

settlement of a 1 m segment was determined between the normalized depths of 20/41 

and 40/41.  The fractional depth values were chosen to minimize the errors 

associated with the spectral method (see Chapter 3) when considering radial drainage 

alone.  Figure B.2 shows the pore pressure and settlement plots for the two analysis 

methods.  The difference between the analytical solution and the nonlinear spectral 

method are very small, demonstrating the efficacy of the nonlinear spectral method. 
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Table B.1 Parameters for verification example 

Parameter cC  rC  kC  0σ ′  (kPa) pσ′  (kPa) 0e  H  (m) 
Value 0.7 0.175 0.875 10 10,20,30 1 1 
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Figure B.2 Verification of nonlinear spectral method 

 

B.5 Vertical Consolidation of Normally Consolidated Soil 
With the nonlinear spectral method it is possible to study consolidation that deviates 

from Terzaghi’s one-dimensional assumptions.  Consider a normally consolidated 

clay subject to vertical drainage alone.  Initial stress and void ratio distributions are 

described by Equation (B.18).  Initial permeability distribution is described by 

Equation  (B.14).  Initial virgin compressibility distribution is then given by: 
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0 1

434.0
e

Cm c
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Using the properties given in Table B.2 as a base, a rudimentary parametric study is 

conducted to assess the effect of changing: drainage condition (pervious/impervious 

bottom); kc CC ; soil depth; surface effective stress; void ratio; applied stress.  

Consolidation curves are presented in Figures B.3 to B.5.  Note that the time factor 

vT  is calculated from initial stress at top of soil layer. 

 

Table B.2 Default parameters for normally consolidated vertical consolidation parametric study 

Parameter kC 00σ′  (kPa) 00e wγ  (kN/m3) sG  
Value 0.4 10 2 10 2.73 
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Figure B.3 Effect of varying soil depth 
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Figure B.4 Effect of varying initial surface stress 
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Figure B.5 Effect of varying initial surface void ratio 

Figures B.3 to B.5 show that the most important parameter in producing deviation 

form Terzaghi’s one-dimensional consolidation is the ratio of compression index to 

permeability change index, kc CC .  For 1<kc CC  consolidation is usually faster.  

In Chapter 3, the nonlinear radial consolidation model reduced to Hansbo’s (1981) 

solution when 1=kc CC  (decrease in permeability is the same as decrease in 

compressibility).  In the same manner it may be expected that if 1=kc CC  in the 

current one-dimensional analysis then Terzaghi’s solution would be obtained.  This 

is not the case due to the rapid decrease in permeability close to the drainage 

boundary.  All pore water has to travel through this zone of reduced permeability and 

hence, for 1=kc CC  conditions consolidation may be slower than that predicted by 
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Terzaghi theory.  The effects caused by changes in kc CC  are less pronounced for 

two-way drainage than for one-way drainage. 

 

Other deviations from Terzaghi’s consolidation curves are related to the stress range 

experienced by the soil.  The large changes in permeability and compressibility will 

occur from a low starting value of effective stress.  Thus shallow soil layers with low 

overburden exhibit the greatest differences when compared to Terzaghi 

consolidation.  While the above conclusions provide some guidelines for 

consolidation analysis, given the large number of parameters involved, it would be 

prudent to perform calculations for particular cases encountered in design.  

 

B.6 Cyclic Loading 
A load that varies linearly with depth and cyclically with time can be described by 

the sinusoidal loading function given by: 
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where, lA  = amplitude at depth lZ , ω  = angular frequency and ϕ  = phase.  The 

angular frequency is related to the natural frequency f , and wave period P  by the 

relationship: 

 
P

f ππω 22 ==  (B.21) 

By substituting equation (B.20) into the spectral equations from Chapter 3 the 

average pore pressure under surcharge, vacuum and cyclic loading is given by: 

 ( ) ( )ΘΩwσΦv +++=tZu ,  (B.22) 
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For the m th cyclic load, the i th element of the cyclic loading vector (Θ ) is described 

as:  
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Equation (B.23) is very similar in for to the expressions for σ  and w  given in the 

last chapter.  The Λ  term in equation (B.23) is given by: 
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B.6.1 Illustrative Example 
Using the cyclic loading terms given above a nonlinear analysis may be conducted.  

A normally consolidated soil with properties given in Table B.3 and property 

distributions described in Section B.2 is subjected to cyclic loading. Four cases are 

considered: 

•  With and without ideal vertical drains ( 5.1=er , 30=n , =µ ) under a cyclic 

load constant with depth, with amplitude = 10kPa 002.0 vdTP = , 2πϕ −= , 

plus 10 kPa constant surcharge 

•  With and without drains under constant surcharge of 20 kPa. 

Settlement plots for each case are shown in Figure B.6, illustrating that vertical 

drains accelerate the dissipation of pore water pressure and hence, increase the rate 

of settlement.  The elastic rebound that occurs during each cyclic load shows that the 

nonlinear spectral method proposed here is sensitive enough to study such problems.  

Consideration of cyclic loading is important for applications such as railway tracks 
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constructed over soft ground.  Vertical drains increase dissipation of pore pressure 

thus reducing lateral spreading caused during the undrained loading. 

 

Table B.3 Soil properties for cyclic loading example 

Parameter cC  rC  kC 00σ′  (kPa) 00e wγ  (kN/m3) sG  
Value 0.3 0.05 0.4 30 2 10 2.7 
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Figure B.6 Settlement under cyclic loading 

 

 

 


	University of Wollongong - Research Online
	Cover
	Copyright warning
	Title page
	Abstract
	Acknowledgements
	Published work
	Table of Contents
	List of  Figures
	List of Tables
	List of Symbols
	Chapter 1
	Chapter 2
	Chapter 3
	Chapter 4
	Chapter 5
	Chapter 6
	References
	Appendix A
	Appendix B

	Please see print copy for Figure 1: 
	7: Please see print copy for Figure 1.7
	8: Please see print copy for Figure 1.8
	9: Please see print copy for Figure 1.9
	10: Please see print copy for Figure 1.10

	Please see print copy for Table 1: 
	1: Please see print copy for Table 1.1

	Please see print copy for Figure 2: 
	3: Please see print copy for Figure 2.3
	4: Please see print copy for Figure 2.4
	5: Please see print copy for Figure 2.5
	6: Please see print copy for Figure 2.6
	7: Please see print copy for Figure 2.7
	12: Please see print copy for Figure 2.12
	14: Please see print copy for Figure 2.14
	15: Please see print copy for Figure 2.15
	16: Please see print copy for Figure 2.16

	Please see print copy for Table 2: 
	1: Please see print copy for Table 2.1
	2: Please see print copy for Table 2.2
	3: Please see print copy for Table 2.3
	4: Please see print copy for Table 2.4

	please see print copy for Figure 2: 
	9: Please see print copy for Figure 2.9

	Please see print copy for Figure 4: 
	3: Please see print copy for Figure 4.3
	4: Please see print copy for Figure 4.4
	6: Please see print copy for Figure 4.6
	7: Please see print copy for Figure 4.7

	Please see print copy for Table 4: 
	1: Please see print copy for Table 4.1

	Please see print copy for Figure 5: 
	1: Please see print copy for Figure 5.1
	2: Please see print copy for Figure 5.2
	3: Please see print copy for Figure 5.3

	Please see print copy for Table 5: 
	1: Please see print copy for Table 5.1

	Please seee print copy for Figure 5: 
	11: Please see print copy for Figure 5.11

	Please see print copy for Figure 6: 
	1: Please see print copy for Figure 6.1



