University of Wollongong
Research Online

Faculty of Engineering and Information Faculty of Engineering and Information
Sciences - Papers: Part A Sciences
1-1-2015

A note on the boundary behavior for a modified Green function in the upper-
half space

Y Zhang
Henan Institute of Education

Valery Piskarev
University of Wollongong

Follow this and additional works at: https://ro.uow.edu.au/eispapers

0 Part of the Engineering Commons, and the Science and Technology Studies Commons

Research Online is the open access institutional repository for the University of Wollongong. For further information
contact the UOW Library: research-pubs@uow.edu.au


https://ro.uow.edu.au/
https://ro.uow.edu.au/eispapers
https://ro.uow.edu.au/eispapers
https://ro.uow.edu.au/eis
https://ro.uow.edu.au/eis
https://ro.uow.edu.au/eispapers?utm_source=ro.uow.edu.au%2Feispapers%2F4563&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/217?utm_source=ro.uow.edu.au%2Feispapers%2F4563&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/435?utm_source=ro.uow.edu.au%2Feispapers%2F4563&utm_medium=PDF&utm_campaign=PDFCoverPages

A note on the boundary behavior for a modified Green function in the upper-half
space

Abstract

Motivated by (Xu et al. in Bound. Value Probl. 2013:262, 2013) and (Yang and Ren in Proc. Indian Acad.
Sci. Math. Sci. 124(2):175-178, 2014), in this paper we aim to construct a modified Green function in the
upper-half space of the n-dimensional Euclidean space, which generalizes the boundary property of
general Green potential.

Keywords
function, green, modified, behavior, space, half, boundary, upper, note

Disciplines
Engineering | Science and Technology Studies

Publication Details

Zhang, Y. & Piskareyv, V. (2015). A note on the boundary behavior for a modified Green function in the
upper-half space. Boundary Value Problems, 114 1-7.

This journal article is available at Research Online: https://ro.uow.edu.au/eispapers/4563


https://ro.uow.edu.au/eispapers/4563

Zhang and Piskarev Boundary Value Problems (2015) 2015:114 0 BOU nda ry Value PrOblemS

DOI 10.1186/513661-015-0363-z

a SpringerOpen Journal

RESEARCH Open Access

CrossMark

A note on the boundary behavior for a
modified Green function in the upper-half

space

Yulian Zhang' and Valery Piskarev?"

“Correspondence:
v.piskarev@outlook.com

’Faculty of Science and Technology,
University of Wollongong,
Wollongong, NSW 2522, Australia
Full list of author information is
available at the end of the article

@ Springer

Abstract

Motivated by (Xu et al. in Bound. Value Probl. 2013:262, 2013) and (Yang and Ren in
Proc. Indian Acad. Sci. Math. Sci. 124(2):175-178, 2014), in this paper we aim to
construct a modified Green function in the upper-half space of the n-dimensional
Euclidean space, which generalizes the boundary property of general Green potential.

Keywords: modified Green function; capacity; upper-half space

1 Introduction and main results
Let R” (n > 2) denote the n-dimensional Euclidean space. The upper half-space H is the
set H = {x = (x1,%,...,%,) € R” :x,, > 0}, whose boundary and closure are 3 and H re-
spectively.

For x € R” and r > 0, let B(x, r) denote the open ball with center at x and radius r.

Set

() —loglx| ifa=n=2,
x) =
“ x| " if0<a<n.

Let G, be the Green function of order « for H, that is,
Go(%,y) =Ey(x—y) —Eu(x—%"), xy€eHx#y,0<a=<n,

where * denotes reflection in the boundary plane dH just as y* = (y1,%2,..., —Vu)-

In case o = n = 2, we consider the modified kernel function, which is defined by

E,(x-y) if [yl <1,

En,m(x_ ): " m=1, 5k .
’ [En(x—y)+m(logy—zkll(ky—k)) if [yl > 1.

In case 0 < « < n, we define

Ea(x_y) 1f|)’|<1»

n—a

Eot,m(x_y)z m— k 5= .
Eq(x =) =30 pian G (o) if =1,
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where m is a non-negative integer, C{'(¢) (w = “5*) is the ultraspherical (or Gegenbauer)
polynomial (see [1]). The expression arises from the generating function for Gegenbauer
polynomials

(1-2tr+77) = Crey, 1.1)
k=0

where [7] <1, |£] <1 and @ > 0. The coefficient C{’(¢) is called the ultraspherical (or
Gegenbauer) polynomial of degree k associated with w, the function C{(¢) is a polyno-
mial of degree k in .

Then we define the modified Green function G, ,,(x,y) by

En,m+1(x _y) _En,erl(x _y*) ifa=n=2,

Gom(%,y) =
) {Eoz,mﬂ(x_y)_Ea,mﬂ(x_y*) if0<a<n,

where x,y € H and x # y. We remark that this modified Green function is also used to give
unique solutions of the Neumann and Dirichlet problem in the upper-half space [2—4].
Write

Ga,m(x: u) = /H Ga,m(x’y) d/'L(y):

where u is a non-negative measure on H. Here note that Gyo(x, ) is nothing but the
general Green potential.
Let k be a non-negative Borel measurable function on R” x R”, and set

Kooi) = [ k) i) and k() = [ kna)diay)
E E
for a non-negative measure p on a Borel set E C R”. We define a capacity Ci by
Ci(E) = supM(R”), ECH,

where the supremum is taken over all non-negative measures p such that S, (the support
of 1) is contained in E and k(y, u) <1 for every y € H.
For 8 <0,8 <0 and 8 < §, we consider the kernel function

kg5, %) = %, 9,2 Gy (, ).

Now we prove the following result. For related results in a smooth cone and tube, we
refer the reader to the papers by Qiao (see [5, 6]) and Liao-Su (see [7]), respectively. The
readers may also find some related interesting results with respect to the Schrédinger op-
erator in the papers by Su (see [8]), by Polidoro and Ragusa (see [9]) and the references
therein.

Theorem Letn+m—a +8+2>0.If uis a non-negative measure on H satisfying

y6+1
/H A+ lyrmes2 du(y) < oo, (1.2)
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then there exists a Borel set E C H with properties:

n—-a—pf+6+1

1 1. n— bl = ;
) x,,—>01,§cr€1H—E 1+ |x|)n+m—o¢+5+2 G“'m(x H') 0

[o¢]
(2) Z 2i(n7a+ﬁ+8)cka,g,5 (Et) <00,

i-1
where E; = {x e E: 27 <x, < 271},

Remark By using Lemma 4 below, condition (2) in Theorem with @ =2, =0, =0
means that E is 2-thin at H in the sense of [10].

2 Some lemmas
Throughout this paper, let M denote various constants independent of the variables in
questions, which may be different from line to line.

XnYn

oy where 0 <

Lemma 1 There exists a positive constant M such that G, (x,y) <M
a<nmx=x1,%,...,%q) and y = (Y, ¥2,...,yu) in H.

This can be proved by a simple calculation.

Lemma 2 Gegenbauer polynomials have the following properties:

(1) 1CP@)] < CPO) = oy It < 1;

2) LCe() = 20C0 N0, k> 1;
B) Yo Crrt =1 -r)2;

n—a+2

4) 1IC2 ) -CF )N <m-a)C ] DIt—t*|, |t <L, [¢*| <1.

Proof (1) and (2) can be derived from [1], p.232. Equality (3) follows from expression (1.1)
by taking ¢ = 1; property (4) is an easy consequence of the mean value theorem, (1) and
also (2). O

Lemma 3 Forx,y € R" (o = n = 2), we have the following properties:
K -1 2K,
M 13305 )%| <2k ‘yx‘klxz‘ ;

xk+m+l
2) I3 /iio y—kl = 2m+1xn|x|m;

k—
(3) |Gum(®9) - Gl )| = MY, it
|x|k’1

(4) 1Gum(,9)| < M Y2, 22—
The following lemma can be proved by using Fuglede (see [11], Théorém 7.8).

Lemma 4 For any Borel set E in H, we have Cy,(E) = C’ka (E), where (A?ka (E) =infA(H), ky =
Ku,0,0, the infimum being taken over all non-negative measures A on H such that k, (A, x) > 1
foreveryx € E.

Following [10], we say that a set E C H is a-thin at the boundary 9H if

oo

> 210G () < oo,

i=1

where E; = {x € E: 2t <x, < 2—i+1}‘
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3 Proof of Theorem
We write

Gt 1) = /G Gal,3) dp(y) + /G Galx,3) dp(y) + / [Gan(®7) = G, 3)] A )

G3

+ /G Gune)du) / Gum(®,3) At ()

Gs

= Uh(x) + Uz (x) + Uz(x) + Us(x) + Us(x),
where

G, = yeH:Ix—yIS%}, Gz={yeHrlyIzL%dx—yl§3|x|},

Gg:{yeH:|y|zl,lx—y|§3|x|}, G4={yeH:|y|zl,lx—y|>3|x|},

Xn
Gs = yeH:|y|<1,|x—y|>E}.

We distinguish the following two cases.
Casel. 0 <a <n.

By assumption (1.2) we can find a sequence {a;} of positive numbers such that lim,_, oa; =
oo and Y 5 a;b; < 00, where

y6+1
b; = / ——du(y).
' {yeH:2=i-1cy, <2-i+2} (1 + |)’|)”+”’"“+5+2
Consider the sets
xn—a—ﬂ+6+l
o - vl Km0 -14(i-1)8
E = {er.Z <x,<2 ’(1+|x|)n+m—a+6+2u1(x)zai 2 }

fori=1,2,....Set

G-= B(x,x—").
2

x€E;

Then G C {y € H: 27! <y, < 272}, Let v be a non-negative measure on H such that
S, C E;, where S, is the support of v. Then we have k, g,5(y,v) <1 for y € H and

xn*a7ﬂ+3+l
o(-i+1)B n
/Hdv <a;2 /};—(1 TR Ui (x) dv(x)

8
<M&l'2(_i+1)ﬁ2(_”1)(”_&%”)/k v y—nd
— i G a,ﬂ,ﬁ(y )(1+ |y|)n+m—a+8+2 M(y)

S+1
< Ma:2itDBo (i) (n-a+s+1) g i+l / Yn du(y)
l {yeH:Z‘i‘1<yy,<2‘i+2} (1 + |)’|)"+”’""‘+5+2

< Mzn—a+;3+5+22—i(n—a+ﬁ+8)avb,
= iti-
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So that

Cy (E) <M2—l (n—o+p+8) a:b;,

«,B,8

which yields
oo
Y ol (E) < oo
i=1

Setting E = | J;-, E;, we see that (2) in Theorem is satisfied and

n—a—-B+5+1
n

1. T ez =0 3.1
xnaol,fcrelH—E 1+ |x|)n+m—a+5+2 1(x) 3.1)

For U, (x), by Lemma 1 we have

In

luz(x)| SMxnfG W du(y)
oa—n-1 n+m—o+8+2 1 yiﬂ
< MXST" x| ——"
- n | | Lz yfl (1+ |y|)n+m—a+6+2 M(y)
L ) y8+1
oO—n— n+m—a+ n
<M i ) 32)
Note that C§(t) = 1. By (3) and (4) in Lemma 2, we take ¢ = \xHy\’ t* = lely | in Lemma 2(4)

and obtain

XnVn 2|y|n+m—a+5+2

u 2 c. d
| 3(x / Zmn a+k (n-a) k- 1 ()| x|yl (1 + [y])rem—e+é2 ()

@3 jo1

i 1 n—a+2 y‘SJfl
< Mx,|x|™ Z Cet / e du(y)

Py 4— Gs (1 + |y|)n+m a+5+2

< Mx,|x|™. (3.3)

Similarly, we have by (3) and (4) in Lemma 2

2|y|n+m—a+5+2

i) = | S B ) dny)
|y|n—a+k k-1 x| 17| (1+|y|)n+m—a+5+2

Ga g1
[ 3+1
1 n-o+2 y
< Mix,|x|™ =Gt O T ————du(y)
n /(;rl k-1 k-1 G (1 + |y|)n+m—a+5+2
< Mx,|x|™. (3.4)

Finally, by Lemma 1, we have

S+1
a—-n-1 yn
|Us(x)| < Mx%™" /Gs Wﬂlﬂ@)' (3.5)
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Combining (3.1), (3.2), (3.3), (3.4) and (3.5), by Lebesgue’s dominated convergence the-
orem, we prove Case 1.

Case2.c=n=2.

In this case, Uj(x), Us(x) and Us(x) can be proved similarly as in Case 1. Here we omit
the details and state the following facts:

xa—ﬂ+1
“ Uy(x) =0, (3.6)

lim ———
xn—>0,xneH-E (1 + || )1+0+2
where E = ;% Eiand 3%, 2i(ﬂ+8)cka,ﬂ,5 (E;) < 00,

S—p+1
n

lim ————
xn—0.xneH (1 + |x|)m+8+2

[Uh(x) + Us(x)] = 0. 3.7)

By Lemma 3(3), we obtain

kx |x|k 1 2| |m+5+2 S+1
| s ()| _/ e 4 I du(y)
Gs3

Py |y|k+1 y(j’+1 (1+ |y|)m+5+2

5+1
<M""|"|mz 4k-1 / 1+ |y|)m+8+2 M(Y)

< Mx,|x|™. (3.8)

By Lemma 3(4), we have

kxnynlxlk 1 2|y|m+5+2 y8+1
u < 4 d
’ 4(x)| / |y|k+1 yfl+1 (1 + |y|)m+8+2 ,bL(y)

4/( m+1

8+1
< Mox,|x[™ Z k- 1/ 1+ |y|)m+8+2 M()’)

k=m+1

< Mx,|x|™. (3.9)

Combining (3.6), (3.7), (3.8) and (3.9), we prove Case 2.

Hence the proof of the theorem is completed.
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