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Abstract

Wireless communication systems have experienced phenomenal growth over the

last three decades. Tremendous research efforts have been devoted, and many im-

portant developments have been made. Future wireless communication systems

aim at providing reliable data transmission even under high mobility scenarios.

One of the challenging issues is the large Doppler spread, which is caused by the

high mobility of a wireless terminal and may lead to severe communication per-

formance loss. Doppler spread is a measure of spectral broadening of the rate of

change in a mobile fading channel which is proportional to the mobile speed. As

Doppler spread is a significant parameter of the mobile channel, it is important to

a number of wireless mobile applications which require the knowledge of the fad-

ing rate of channel variations or the mobile speed. Therefore, the large Doppler

spread in high mobility wireless communication systems cannot be negligible

anymore and an accurate estimate of Doppler spread is imperative to develop

future mobile communication systems for high speed vehicles. The objective of

this thesis is to design effective algorithms for Doppler spread estimation in high

mobility wireless communication scenarios.

Many approaches have been proposed for Doppler spread estimation. The op-
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Abstract

timal Doppler spread estimation is based on the maximum likelihood principle,

which usually involves exorbitant complexity. Other Doppler spread estimation

approaches, such as the level crossing rate based approach and the covariance

based approach, are with low complexity, but they need a large number of obser-

vations and their performance degradation exists in either low Doppler spread

range or high Doppler spread range.

As the knowledge of Doppler spread can be used to characterise the time

variation of fading channels, it can be employed to enhance channel estimation

performance. Many Doppler spread estimation approaches are based on the

channel estimates, while the channel coefficients are assumed to be known at

the receiver. The mutual dependence of channel estimation and Doppler spread

estimation motivates joint Doppler spread and channel estimation in order to

achieve better performance.

We propose a new joint Doppler spread and channel estimation approach for

Rayleigh fading channels through an iterative process between a Doppler spread

estimator and a channel estimator. The proposed Doppler spread estimator is

based on the autocorrelation function (ACF) of the estimated channel coefficients,

where we devise an ACF lag selection mechanism to maximise the performance

of Doppler spread estimation. We use a Forney-style factor graph to represent the

fading channel with a first order autoregressive (AR(1)) model and implement

a Gaussian message passing (GMP) based channel estimator for Doppler spread

estimation, where the AR(1) model coefficients are optimised. Compared to

existing joint Doppler spread and channel estimation approaches, the proposed

approach achieves similar or better performance with lower complexity.
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Abstract

We also propose an expectation-maximization (EM) based time-varying chan-

nel estimation approach. It has been shown that the EM algorithm may be viewed

as message passing in factor graphs, and for a linear Gaussian system with un-

known parameters, the EM algorithm may be implemented by the GMP tech-

niques. With a Forney-style factor graph representation of the fading channel

approximated by an AR(1) model, we devise a low-complexity EM-GMP based

approach to joint estimate the channel coefficients and the AR(1) model coeffi-

cients, where the Doppler spread can be extracted from the estimated AR(1) model

coefficients. The proposed EM-GMP based approach has similar complexity per

iteration as the conventional EM based approach, but it significantly outperforms

the conventional EM based approach in terms of convergence rate, especially in

low Doppler spread range.
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Chapter 1
Introduction

1.1 Background

Over the past three decades, wireless communication systems have experienced

a tremendous development promoted by the rapid advance of technologies and

science. With the evolution of wireless communications, wireless communication

systems have been penetrating into people’s daily lives. Meanwhile, the number

of subscribers in mobile communication systems has seen an extraordinary growth

and mobile services have been expanded to a variety of services such as voice call,

text and picture messaging, video conference, Internet access, etc.

The intention of future mobile communication systems is to provide reliable

communications even under high mobility environments. A relevant practical

application is the global demand for wireless communications in high speed

railways, where the speed can reach up to 380 km/h for commercial use [1].

Compared to the general scenarios in mobile communication systems, one of

the challenging issues in high mobility wireless communication systems is the

large Doppler spread. For example, assume that the carrier frequency is fc = 1.8

GHz and the velocity of a mobile user is v = 300 km/h. Thus, the maximum

1



1.1. Background

Doppler frequency is fd = 500 Hz. Due to multipath propagation and Doppler

spread, transmitted signals under high mobility scenarios will experience fading

and distortion, which may lead to high bit error rate and may be a concern for the

reliability and effectiveness of mobile communication systems.

The motion of a mobile terminal causes a frequency shift in each multipath

component of the transmitted signal, which is referred as Doppler shift. Doppler

spread is the spectral broadening caused by the time rate of the change of the

wireless channel [2]. As the fading rate of the wireless channel depends on

Doppler spread, the knowledge of Doppler spread can be used to compensate

and improve communication performance. Since the transmitted signal under

high mobility environments will inevitably experience serious deterioration and

cause communication performance loss at the receiver side, it is imperative to

design efficient algorithms for estimating Doppler spread in order to compensate

communication performance.

As Doppler spread is proportional to the velocity of the mobile terminal and

it is a significant parameter of the wireless channel, a large number of mobile

communication applications can benefit from the accurate estimate of Doppler

spread. Adaptive transmission techniques can utilise Doppler spread to reduce

complexity or improve performance at the receiver [3]. Some channel estimation

techniques can take advantage of the mobile speed to optimise the channel tracker

step size [4]. Variable coding, interleaving length adjustment and updating power

control algorithm can also benefit from Doppler spread in order to control the

transmitter or receiver adaptively for different mobile speeds and reduce reception

delay [5, 6]. The knowledge of user’s speed can be used in hierarchical cellular

2



1.2. Research Motivations and Objectives

systems for dynamic channel allocation systems [7]. Furthermore, Doppler spread

can be used for reducing unnecessary handoffs [8, 9].

1.2 Research Motivations and Objectives

Since the knowledge of Doppler spread is beneficial to these wireless communi-

cation applications, an accurate estimate of Doppler spread is indispensable for

mobile communication systems. A number of approaches have been developed

for Doppler spread estimation. The maximum likelihood (ML) based approach

achieves optimal performance, but the complexity is quite high, which can be

a concern for practical implementation. The level crossing rate (LCR) based

approaches exploit the relationship between the fading rate and the maximum

Doppler frequency, which have low complexity, but they need a large number of

received samples to guarantee the observation of sufficient level crossings. The

covariance based approaches extract the Doppler spread from the autocorrelation

function of the wireless channel at different time lags or from the autocovari-

ance of the received signal. The covariance based approaches are more efficient

than the LCR based approaches, but the performance degrades when the number

of the received samples is relatively small. As the Doppler spread information

can be used to characterise the time variation of the fading channels, it can be

employed to improve channel estimation performance. Many existing Doppler

spread estimation approaches are based on the estimates of channel coefficients

and they assume that channel estimates are available at the receiver. Only a

few researches concern joint Doppler spread and channel estimation. In [10], an

expectation-maximization (EM) based approach was proposed by using a Taylor

3



1.3. Research Contributions

series expansion based channel model. However, the complexity of this approach

can be a concern. Alternatively, based on an autoregressive (AR) model for the

fading channel, an EM based joint channel and AR model coefficients estimation

scheme was proposed in [11], where the Doppler spread can be extracted from

the estimated AR coefficients. The complexity per iteration of this approach is

much lower than that in [10], but the convergence speed may be a concern.

The issues of high complexity and biased estimates in low or high Doppler

frequency range exist in some Doppler spread estimation approaches. The objec-

tive of this thesis is to design an efficient Doppler spread estimation algorithm

with low complexity and good performance over a wide range of maximum

Doppler frequency. Due to the mutual dependence of Doppler spread estimation

and channel estimation, we aim to jointly estimate Doppler spread and channel

coefficients to achieve better performance.

1.3 Research Contributions

The contributions of this thesis are summarised as follows:

In Chapter 3, we proposed a new approach to joint Doppler spread and channel

estimation for Rayleigh fading channels through an iterative process between a

Doppler spread estimator and a channel estimator. Based on the channel autocor-

relation function (ACF), we devise a Doppler spread estimator with an ACF lag

selection mechanism which is vital to maximise the Doppler spread performance.

Based on a Forney-style factor graph (FFG) representation of the fading channel

described by a first order AR (AR(1)) model, we propose a Gaussian message

passing (GMP) based channel estimator with optimized AR(1) model coefficients

4



1.4. Thesis Organisation

using the Doppler spread estimate. Compared to the existing joint Doppler spread

and channel estimation approaches, the proposed approach achieves similar or

better performance with lower complexity.

In Chapter 4, we proposed a low-complexity EM based time-varying channel

estimation approach using GMP. By characterising the fading channel with an

AR(1) model and representing the fading channel with an FFG, we devise an EM-

GMP based approach to jointly estimate the channel coefficients and AR(1) model

coefficients. The Doppler spread can be extracted from the estimated AR(1) model

coefficients. Compared to the conventional EM algorithm, the proposed EM

approach has similar complexity per iteration, but it has a much faster convergence

rate.

1.4 Thesis Organisation

The thesis is organised as follows

• Chapter 1 gives an introduction to the thesis background, shows the objec-

tives and highlights the research contributions.

• Chapter 2 first discusses the properties of fading channels, where multipath

propagation, Doppler spread, fading channel classification and Clarke fad-

ing channel model are presented. Then, it gives a review of existing Doppler

spread estimation approaches including ML method, convariance methods,

and joint Doppler spread and channel estimation methods. Analyses of

theses methods in terms of performance and complexity are provided.

• Chapter 3 first introduces factor graphs and GMP techniques, and then

5
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proposes a new joint Doppler spread and channel estimation approach,

where the Doppler spread estimator is based on the ACF of channel estimates

with an ACF lag selection mechanism to maximise the Doppler spread

performance, and the channel estimator is based on GMP techniques with

the optimisation of AR(1) model coefficients using the estimated Doppler

spread.

• Chapter 4 first introduces the EM algorithm as message passing, and then

with the FFG representation of the fading channel described by an AR(1)

model, proposes an EM based joint channel and AR model coefficients

estimation approach using GMP techniques.

• Chapter 5 concludes this research and addresses the possible directions for

future work.

1.5 Publications

1. Zichen Wang, Yuxi Ruan, Qinghua Guo, Sheng Tong, Jun Tong and Jiang-

tao Xi, “Low-complexity iterative Doppler spread and channel estimation

over Rayleigh fading channels,” Submitted to 2015 IEEE/CIC International

Conference on Communications in China Signal Processing for Communications

Symposium.

2. Zichen Wang, Qinghua Guo, et al, “Low-complexity joint channel and

Doppler spread estimation over time-varying frequency selective fading

channels,” in preparation.
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Chapter 2
Literature Review

2.1 Introduction

In this Chapter, we aim to present a comprehensive review of fading channel

properties and existing Doppler spread estimation approaches. Doppler spread

is inherent to mobile communication systems as it is caused by the relative motion

between transmitters and receivers [12]. The environment of mobile communi-

cation systems is described by a multipath time-varying fading channel, and it

is well known that the knowledge of Doppler spread provides the fading rate of

the mobile channel as well as the velocity of the mobile user. Doppler spread

information can be utilised for improving performance or reducing complexity in

adaptive transmission techniques, channel estimation to optimise channel tracker

step size, adjusting interleaving length in order to reduce reception delay, power

control, variable coding, reducing unnecessary handoffs and channel allocation

in cellular systems [3–6, 8, 13]. With the wide applications, an accurate estimate of

the Doppler spread is indispensable to mobile communication systems in order

to guarantee effectiveness and efficiency.

The rest of this Chapter is organised as follows. Firstly, we give an intro-

7



2.2. Radio Wave Propagation

duction of radio wave propagation. Then, we discuss the large-scale effects and

small-scale effects which include multipath and Doppler spread. Next, we discuss

fading channel classification and introduce Rayleigh fading Distribution as well

as the well known Clarke model. After that, we review some Doppler spread esti-

mation approaches. In addition, the linear minimum mean square error (LMMSE)

method for channel estimation is included. Last, we conclude this Chapter and

come up with an idea of joint Doppler spread and channel estimation to achieve

better performance.

2.2 Radio Wave Propagation

In wireless communication systems, a wireless channel refers to a logical connec-

tion over a multiplexed medium such as a radio wave, which is used as a physical

medium to transmit signals from a transmitter to a receiver in space. Different

from wired channels, e.g., open wires which are stationary and predictable, wire-

less channels are extremely random and present severe impairments for wireless

communications systems. These impairments include distortions, noises, inter-

ferences and other impediments which are time-varying and unpredictable as a

result of terminal movement [14]. The received signal suffers from path loss and

fading during propagation processes. In general, mobile radio propagation has

large-scale effects and small-scale effects on the received signal. The large-scale

propagation effects refer to variations in the received power due to path loss and

shadowing, which are over relatively long distances and vary slowly with time.

The small-scale propagation effects refer to rapid fluctuations of the received sig-

nal power due to multipath and Doppler spread, which are over relatively short

8



2.2. Radio Wave Propagation

Figure 2.1: Path loss, shadowing and multipath versus distance.

distances. Fig. 2.1 shows the ratio of the received-to-transmit power versus log

distances for the combined effects of path loss, shadowing and multipath [14].

2.2.1 Large-scale Effects

Large-scale propagation effects are used to describe variations in the received

signal power due to complex terrains in suburbs as well as the density and height

of buildings in urban areas. Large-scale effects can be characterised by path loss

and shadowing. Path loss is due to power dissipation of the transmitted signal

reflected by objects over long distances. Shadowing is caused by large objects,

such as mountains and buildings, which attenuates the signal power through

reflection, diffraction and scattering [14]. Large-scale effects are significant for

predicting the coverage and availability of services [15].

2.2.2 Small-scale Effects

Small-scale effects are used to characterize the rapid fluctuations of the ampli-

tudes, phases and delays of a transmitted signal over a short period of time or a

9



2.2. Radio Wave Propagation

short distance [2]. Two significant effects of small-scale fading are time dispersion

caused by multipath propagation and frequency dispersion caused by Doppler

spread [15].

2.2.2.1 Multipath

The propagation path of a transmitted signal between a transmitter and a receiver

can vary from a direct line (known as the line-of-sight (LOS)) to one that is

refracted by large objects such as buildings and mountains [2], as shown in Fig.

2.2. Generally, there are more than one propagation paths from the transmitter to

the receiver due to the terrain and surrounding objects of the receiver. As a result

of reflection, diffraction and scattering, multiple versions of the transmitted signal

arrive at the receiver with different delays. These radio waves, called multipath

waves, sum together to produce a composite received signal. The signal received

by the mobile terminal may consist of a large number of plane waves which have

randomly distributed amplitudes, phases and angles of arrival. These received

signals with different delays sum in a constructive or destructive fashion and

cause the composite received signal to fade, distortion or both. [2]. Due to the

constructive and destructive effects of multiple received signals combining at the

receiver, a mobile terminal with high velocity can suffer several fades in a short

time.

Wireless channels introduce delay spread into the received signal, which

means the received signal has a longer duration than that of the transmitted

signal as a result of different delays of multipath propagation [15]. To be spe-

cific, it is a measure of the time difference between the first significant received

10



2.2. Radio Wave Propagation

Figure 2.2: Multipath signal propagation.

multipath component (usually the LOS component) and the last received multi-

path component. The multipath delay spread causes frequency selective fading

and inter-symbol interference (ISI). The frequency selective fading means that the

channel impulse response has a multipath delay spread and the channel does not

affect all frequency components of the signal equally [15]. ISI is referred to as

the interference between consecutive symbols, which means that the energy can

spread from one symbol to the following symbol and certain frequency compo-

nents in the received signal spectrum have greater gains than others. Frequency

selective fading and ISI lead to signal distortions and performance degradations

in wireless communication systems.

The time dispersive nature of the channel can be described by the delay spread

and coherence bandwidth. The delay spread is usually quantified by root mean

square (RMS) delay spread στ. It is a natural phenomenon caused by reflections

and scatterings in wireless channels. The inverse of the RMS delay spread is

called coherence bandwidth Bc which is a statistical measure of the frequency

range over which a channel affects the signal spectrum in the same way causing

a approximately constant attenuation and linear change in phase [2].
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2.2. Radio Wave Propagation

2.2.2.2 Doppler Spread

The motion of a mobile terminal leads to a variation in the received signal. Due

to the motion, each multipath component experiences a frequency shift, called

Doppler shift. The rate of variation of the received signal depends on the velocity

of the mobile terminal. Let us assume that a mobile user is moving at a constant

velocity v from point X to point Y. Meanwhile it receives signals from a base

station S, as shown in Fig. 2.3. The phase change in the received signal is given

by

∆φ =
2πv∆t

λ
cosθ (2.1)

where ∆t is the time required for the user to travel from X to Y, λ = c/ fc is the

radio wave length, c is the speed of light, fc is the carrier frequency and θ is the

angle of arrival. It is assumed that θ remains the same at X and Y as the base

station is far away. The Doppler shift can be represented as

f =
1

2π
· ∆φ
∆t
=

v fc

c
cosθ. (2.2)

The maximum Doppler frequency can be expressed as

fd =
v fc

c
. (2.3)

Since the mobile velocity is related to the maximum Doppler frequency, we can

obtain the mobile velocity through estimating the maximum Doppler frequency

of the fading channel.

Due to the multipath propagation, each multipath wave arrives at the receiver

from different directions causing Doppler spread of the received signal, which

has a broadening effect on the signal bandwidth. The mobile channel introduces
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2.3. Fading Channel Classification

Figure 2.3: Illustration of Doppler shift.

Doppler spread into the received signal, which means that the received signal

has a larger bandwidth than that of the transmitted signal as a result of different

Doppler shifts experienced by the multipath components. The Doppler spread

BD is a measure of the spectral broadening caused by the time rate of the change

of the mobile radio channel [2].

Doppler spread and coherence time are used to characterise the time-varying

nature of the mobile channel. The time domain equivalence of Doppler spread

is called coherence time TC which is inversely proportional to Doppler spread.

The coherence time is a statistical measure of the time duration over which the

channel impulse response is invariant [2].

2.3 Fading Channel Classification

Different transmitted signals will undergo different types of fading, which de-

pends on the relationship between the nature of the transmitted signal and the

mobile radio channel. The fading channels can be classified into two categories in

terms of time dispersion (caused by multipath) and frequency dispersion (caused

13



2.3. Fading Channel Classification

by Doppler spread). The time dispersion and frequency dispersion mechanisms

in a mobile radio channel lead to four possible distinct effects, which are depend-

ing on the feature of the mobile channel, the transmitted signal and the velocity.

The multipath delay spread leads to time dispersion and frequency selective fad-

ing, while Doppler spread leads to frequency dispersion and time selective fading

[2].

2.3.1 Flat and Frequency Selective Fading

The time dispersion causes the transmitted signal to experience either flat or

frequency selective fading [2, 15]. Flat fading occurs when the channel coherence

bandwidth BC is much greater than the transmitted signal bandwidth BS. In the

time domain, this means that the channel RMS delay spread στ is much smaller

than the signal symbol period TS.

BC ≫ BS (2.4)

στ ≪ TS. (2.5)

In flat fading, the amplitude of the received signal varies in gain, but all fre-

quency components of the signal experience the same magnitude of fading and

the spectrum of the transmitted signal is not distorted.

Frequency selective fading occurs when the channel coherence bandwidth BC

is smaller than the transmitted signal bandwidth BS. In the time domain, this

means that the channel RMS delay spread στ is larger than the signal symbol

period TS.

BC < BS (2.6)

στ > TS. (2.7)
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Viewed in the frequency domain, different components of the signal may be

affected differently by the channel and the spectrum of the transmitted signal will

be distorted at the receiver.

2.3.2 Slow and Fast Fading

A channel can be classified either as a slow fading channel or a fast fading channel

depending on how rapidly the transmitted signal changes compared to the rate

of change of the channel. In a slow fading channel, the rate of change of the

channel is much slower than that of the transmitted signal, which means that

the channel coherence time TC is much larger than the symbol period TS. In the

frequency domain, the Doppler spread BD is much less than the transmitted signal

bandwidth.

TC ≫ TS (2.8)

BD ≪ BS. (2.9)

In a slow fading channel, the effects of Doppler spread may be negligible.

The fast fading channel causes frequency dispersion due to the Doppler spread,

which leads to signal distortion. In a fast fading channel, the channel impulse

response changes significantly when the mobile terminal moves fast. The chan-

nel coherence time is smaller than the symbol period of the transmitted signal.

In frequency domain, the Doppler spread is larger than the bandwidth of the

transmitted signal.

TC < TS (2.10)

BD > BS. (2.11)
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2.4. Rayleigh Fading Distribution

2.4 Rayleigh Fading Distribution

Rayleigh fading model is a statistical model for characterising the propagation ef-

fect of a radio signal. According to the central limit theorem, the complex received

envelope can be treated as a wide-sense stationary (WSS) complex Gaussian pro-

cess since the composite received signal consists of a large number of multipath

components. The received complex envelope can be expressed as,

Z(t) = ZI(t) + jZQ(t) (2.12)

where ZI(t) and ZQ(t) are independent and identically distributed (i.i.d.) Gaussian

random variables with zero-mean and variance σ2. Under these conditions, the

amplitude of the received complex envelope can be represented as

R(t) =

√

ZI(t)
2
+ ZQ(t)2. (2.13)

The amplitude of the received complex envelope has a Rayleigh distribution

[2, 8, 15]

PR(x) =
x

σ2
e−

x2

2σ2 . (2.14)

The Rayleigh fading model is commonly used in urban areas, where many objects

reflect and scatter the signal before it arrives at the receiver. There is no LOS

component between the transmitter and the receiver. If there is a LOS component

arriving at the receiver in the environment, ZI(t) and ZQ(t) are Gaussian random

process with means mI(t) and mQ(t) respectively. We assume ZI(t) and ZQ(t) are

i.i.d. with the same variance σ2, and the received complex envelope has a Rician

distribution

PR(x) =
x

σ2
e−

x2+S2

2σ2 I0(
Sx

σ2
) (2.15)
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Figure 2.4: Simulated Rayleigh fading envelope with fd = 30Hz.

where S2 = m2
I (t) + m2

Q
(t) and I0 is the zeroth order modified Bessel function of

the first kind. In a Rician fading channel, the LOS component is stronger than

the other multipath components arriving at the receiver with different phases and

delays.

Rayleigh fading is a small-scale propagation effect, which will be superim-

posed with path loss and shadowing as the signal travels. How rapidly the

channel varies depending on the speed of the relative motion between the trans-

mitter and the receiver, and the relative motion causes Doppler shift on each

multipath component. Fig. 2.4 and Fig. 2.5 show the signal envelope variation of

a simulated Rayleigh fading channel [16] with Doppler spreads of 30 Hz and 100

Hz respectively, which correspond to 18 km/h and 60 km/h at carrier frequency

fc = 1.8 GHz. It can be seen that a mobile terminal moving at a high speed can

suffer from several fades in a small period of time.
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Figure 2.5: Simulated Rayleigh fading envelope with fd = 100Hz.

2.5 Clarke Rayleigh Fading Model

In the last several decades, the well-known mathematical reference model pro-

posed by Clarke [17] and its simplified simulation model proposed by Jakes [12]

have been widely used for Rayleigh fading channels. Clarke’s model is based on

scattering where the statistical properties of the received signal are deduced from

scattering [17]. It is assumed that, in the absence of the LOS path, the received

signal is comprised of N plane waves from all directions with arbitrary phases,

arbitrary angles of arrival and equal average amplitudes. In addition, the distance

between a base station and a mobile terminal is sufficiently large, so that the radio

propagation environment can be modeled as two-dimensions.

Consider the transmission of the band-pass signal in [8]

x(t) =ℜ
[

x̃(t)e j2π fct
]

(2.16)
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2.5. Clarke Rayleigh Fading Model

where x̃(t) is the complex envelope of the transmitted signal, fc is the carrier

frequency, andℜ [·] denotes the real part of [·]. Now consider the mobile terminal

in Fig. 2.3. The received noiseless band-pass waveform is [8]

r(t) =ℜ














N
∑

n=1

Cne j2π[( fc+ fd cosθn)(t−τn)]x̃ (t − τn)















(2.17)

where N is the number of different scattering paths, fd is the maximum Doppler

frequency, Cn, θn and τn are the amplitude, the incoming angle of arrival and the

time delay, respectively. The received complex envelope band-pass signal can be

represented as [8]

r̃(t) =

N
∑

n=1

Cne− jφn(t)x̃(t − τn), (2.18)

where φn(t) = 2π
[

( fc + fd cosθn)τn − fd cosθnt
]

is the phase associated with the

nth path. The complex channel response is given by

h(t) =

N
∑

n=1

Cne− jφn(t). (2.19)

In a flat fading channel, by assuming x̃ = 1, the received band-pass signal can be

represented as [8]

r(t) = hI(t) cos 2π fct − hQ(t) sin 2π fct (2.20)

where

hI(t) =

N
∑

n=1

Cn cosφn(t) (2.21)

hQ(t) =

N
∑

n=1

Cn sinφn(t) (2.22)

are the inphase and quadrature part of the received band-pass signal. According

to the central limit theorem, hI(t) and hQ(t) can be treated as Gaussian random

processes as the number of multipath components N is sufficiently large. Under
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2.5. Clarke Rayleigh Fading Model

the assumption that the band-pass process is WSS, the autocorrelation of r(t) is

given by
Rrr(τ) = E [r(t)r(t + τ)]

= RhIhI
(τ) cos 2π fcτ − RhQhI

(τ) sin 2π fcτ

(2.23)

where RhIhI
(τ) = RhQhQ

(τ) and RhIhQ
(τ) = RhQhI

(−τ). It is assumed that φn(t) is

uniformly distributed over [−π, π]. It may be assumed that φn(t) is independent,

since delay τn and the maximum Doppler frequency fd are independent [8]. Based

on these properties, R1I1I
(τ) can be obtained as

RhIhI
(τ) =

σ2
h

2
Eθ
[

cos(2π fdτ cosθ)
]

(2.24)

where θ = (θ1, θ2, . . . , θN) is the nth multipath angle of arrival, and σ2
h

is the total

received envelope power. Note that the power in the band-pass waveform r(t) is

σ2
h
/2. The crosscorrelation RhIhQ

(τ) is

RhIhQ
(τ) =

σ2
h

2
Eθ
[

sin(2π fdτ cosθ)
]

. (2.25)

In order to evaluate the expectations in (2.24) and (2.25), the distribution of the

incident power on the receiver antenna p(θ) and the receiver antenna gain G(θ) as a

function of the angel of arrival are required [8]. We have p(θ) = 1/(2π), θ ∈ [−π, π]

and G(θ) = 1, since we assume that the plane waves arrive at the mobile receiver

from all directions with equal probability and 2-D isotropic scattering. Thus, the

autocorrelation of RhIhI
(τ) is given by [8]

RhIhI
(τ) =

σ2
h

2

∫ π

−π
cos(2π fdτ cosθ)p(θ)G(θ)dθ

=
σ2

h

2
J0(2π fdτ)

(2.26)

where J0(·) is the zeroth order Bessel function of the first kind. The crosscorrelation
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of RhIhQ
(τ) becomes

RhIhQ
(τ) =

σ2
h

2

∫ π

−π
sin(2π fdτ cosθ)p(θ)G(θ)dθ

= 0.

(2.27)

The autocorrelation of h(t) = hI(t) + jhQ(t) is given by

Rhh(τ) = E [h(t)h∗(t + τ)]

= σ2
hJ0(2π fdτ).

(2.28)

The power density spectrum of h(t) is the Fourier transform of the autocorrelation

of Rhh(τ), which can be shown as

S( f ) = F [Rhh(τ)]

=



















σ2
h

π fd

√

1−( f− fd)
2
,
∣

∣

∣ f
∣

∣

∣ ≤ fd

0, otherwise.

(2.29)

The normalized autocorrelation function of a flat Rayleigh fading channel with

fd = 200Hz and the Doppler spectrum are shown in Fig. 2.6 and Fig. 2.7,

respectively.

2.6 Review of Doppler Spread Estimation Approaches

Doppler spread estimation has been extensively studied and a number of meth-

ods have been proposed over the past several decades. Generally, Doppler spread

estimates are usually obtained from the channel coefficients or received signals.

There are four categories of Doppler spread estimation schemes in the literatures:

level-crossing rate (LCR) based methods [8, 18–22], power spectrum density (PSD)

based methods [23–26], covariance based methods [4–6, 9, 13, 27–38] and maxi-

mum likelihood (ML) based methods [3, 39–44].

LCR refers to how often an envelope crosses a specified level and is defined

as the rate of the envelope crossing the specified level with positive (or negative)
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Figure 2.6: Normalized autocorrelation function of a flat Rayleigh fading channel
with fd = 200Hz.
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Figure 2.7: Doppler spectrum with fd = 200Hz.
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slope. The LCR based estimators depend on the number of the envelope level

crossings which is proportional to the maximum Doppler frequency. Theses

approaches exploit the relationship between the fading rate and the Doppler

spread, which have low complexity, but a large number of received samples are

needed to guarantee the observation of sufficient level crossings for low Doppler

frequencies.

Based on some assumptions, the PSD based approaches extract the Doppler

spread by using some particular features from the Doppler spectrum. The per-

formance of the PSD based estimators degrades drastically when the number

of the received samples is relatively small. The PSD schemes suffer from chan-

nel estimation error since the spectrum is the Fourier transform of the channel

autocorrelation function.

The covariance based approaches exploit the Doppler spread from the channel

autocorrelation function (ACF) at different time lags or from the auto-covariance

of the received signal, which are generally more efficient than the LCR based

methods [6, 32, 36, 44], but the performance degrades when the number of the

received signal is relatively small, especially in low Doppler spread range.

The ML based approaches which utilise the channel coefficients directly, are

known to be more accurate than the other approaches, but the complexity cost is

much higher than other methods, which can be a concern for practical implemen-

tation.

Most of these approaches [3, 5, 13, 24, 29, 30, 32, 33, 36, 42, 44] assume that

the channel estimates are available before estimating Doppler spread. As the

Doppler spread information can be used to characterise the time variation of the
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fading channel, it can be employed to improve the channel estimation perfor-

mance. On the other hand, some channel estimation techniques simply assume

that the Doppler information is known at the receiver [45–48]. The mutual de-

pendence of Doppler spread estimation and channel estimation motivated joint

Doppler spread and channel estimation to achieve better performance. Only a

few researches investigated joint Doppler spread and channel estimation [10, 11].

As in [3, 10, 13, 33, 49], we discuss the reviewed approaches with flat Rayleigh

fading channels. The received baseband signal at time instance k can be expressed

as

rk = hkxk + nk, k = 0, 1, · · · ,K − 1 (2.30)

where hk is complex Gaussian distributed channel coefficient with channel power

σ2
h
, xk is the transmitted symbol and nk is a complex additive white Gaussian noise

(AWGN) with zero mean and variance σ2
n.

2.6.1 Covariance Based Doppler Spread Estimation

In this subsection, we review two covariance based estimators, the sample covari-

ance (SC) based approach [13] and the zero crossing point (ZCP) based approach

[30], respectively. The SC approach is based on the second spectral moment of

the in-phase or quadrature-phase (I/Q) components. The ZCP approach is based

on finding the ZCP of the channel ACF.

2.6.1.1 Sample Correlation Approach

Based on the sample correlations of the I/Q components and by assuming the

channel coefficients are available, a novel Doppler spread estimator was proposed

in [13]. This approach exploits the relationship between the Doppler spread
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2.6. Review of Doppler Spread Estimation Approaches

Table 2.1: Steps for the SC Based Doppler Spread Estimation Approach

1. Find the correlation estimates
{

R̂h(lTs)
}L

l=0
by sample averaging.

2. Find âk = arg minak

∑L
l=0

∣

∣

∣R̂h(lTs) −
∑2

k=0,2 akl
k
∣

∣

∣

2
, k = 0, 2.

3. Obtain R̂(n)

h
(0) = n!ân/T

n
s , n = 0, 2.

4. Substitute R̂(n)

h
(0), n = 0, 2, in (2.31).

and the second spectral moment for Doppler spread estimation. The maximum

Doppler frequency can be expressed as [13]

fd =

√

−2R
′′
h
(0)

Rh(0)
/(2πTs) (2.31)

where Rh(τ) = σ2
h
J0(2π fdτ), R

′′
h
(0) is the curvature of Rh(τ) at zero and Ts is the

sampling time. In order to estimate Rh(0) and R
′′
h
(0), a scheme by fitting a parabola

of the Taylor’s series to the L points of sample correlations
{

R̂h(lTs)
}L

l=0
is proposed.

It also assumes that the sampling time Ts is sufficiently small to insure LTs ≪ 1,

which is satisfied for the channel estimators of narrow band time division multiple

access systems. The steps for the SC based Doppler spread estimation approach

is summarised in Table 2.1.

The SC method has a low computational cost due to the use of a second

order polynomial, but the performance degrades in high Doppler frequency range

[49]. Higher order polynomial can enhance the estimation performance, but the

complexity also increases. The value of L is important, as it refers to how many

times the algorithm needs to calculate the sample correlations and it is related to

the accuracy of fitting the sample correlations, where a larger L can achieve better

performance at the cost of higher complexity.
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2.6.1.2 Zero Crossing Point Approach

The ZCP method aims to detect the first zero point of the channel ACF, where

the channel coefficients are assumed to be available by some channel estimation

techniques. Since the normalised channel ACF Rh(lTs) = J0(2π fdlTs), the first zero

crossing point can be given by

Rh(lTs) = J0(2π fdlTs) = 0 (2.32)

where l is the time lag. We can rewrite (2.32) and the time lag l is given by

l =
J−1
0 (0)

2π fdTs
≈ 2.4048

2π fdTs
. (2.33)

The task is to select l. After the lag l corresponding to the ZCP is determined, the

maximum Doppler frequency can be estimated by

fd =
2.4048

2πlTs
. (2.34)

Linear or cubic spline interpolation technique can be used to find the time lag,

where cubic spline interpolation is more accurate than linear interpolation, but the

complexity of cubic spline interpolation is higher than that of linear interpolation.

The steps for ZCP based Doppler spread estimation approach is summarised in

Table 2.2.

The first zero point may not be detected in low Doppler frequency range due

to a small number of received samples. Hence, the ZCP based Doppler spread

estimator requires a large number of received samples to guarantee a possible

ZCP. As fd is inversely proportional to l, it needs many calculations of the channel

ACF to obtain the first zero point. Therefore, the computational cost is relatively

high. In [30], by determining the sign of the channel autocorrelation function, a
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Table 2.2: Steps for the ZCP Based Doppler Spread Estimation Approach

1. Calculate the channel ACFs where the value of the time lag de-
pends on the length of transmitted symbol.

2. Find the first minimum positive value and the first maximum
negative value from the calculated ACF.

3. Exploit the interpolation technique between the two selected
points to find the time lag l which corresponds to the fist zero
point.

4. Estimate the maximum Doppler frequency by substituting the
time lag l into (2.34).

hybrid Doppler spread estimator which separates the Doppler spread into slow

mode and fast mode was proposed. If the minimum value of Rh(lTs) is greater

than zero, the Doppler spread is in slow mode, otherwise it is in fast mode.

The SC approach is used for the slow mode and the ZCP approach is used for

the fast mode. It is noted that in order to achieve better performance, a fourth

order polynomial fit to
{

R̂h(lTs)
}L

l=0
is employed in [30] instead of the second order

polynomial in [13]. The complexity of the approach in [30] is higher than that of

the SC approach in [13].

2.6.2 Maximum Likelihood Based Doppler Spread Estimation

The ML based Doppler spread estimation is known as the optimal approach by

taking advantage of the correlation property of channel coefficients. Assume that

a vector form estimate of channel coefficients ĥ is available by any channel esti-

mation algorithm. The probability density function (PDF) of ĥ can be represented

as

p(ĥ; fd) =
1

πK det (Cĥĥ( fd))
e(−ĥHC−1

ĥĥ
( fd)ĥ) (2.35)
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where Cĥĥ( fd) is the covariance matrix of the estimated channel coefficients, and

it can be expressed as

Cĥĥ( fd) = Chh( fd) + σ2
nI (2.36)

where Chh( fd) is the covariance matrix of the true channel coefficients, σ2
n is the

noise variance and I is a K × K identity matrix. The log-likelihood function (LLF)

for a maximum Doppler frequency is given by [3]

L(ĥ; fd) = log
[

det (Cĥĥ( fd))
]

+ ĥHC−1

ĥĥ
( fd)ĥ (2.37)

To minimise the LLF by searching the unknown maximum Doppler frequency, it

requires the inverse operation of a K × K size covariance matrix Cĥĥ( fd) and the

computation of its determinant. The computational complexity isO(K3) which can

be a concern for practical implementation. In [3], based on matching the channel

ACF, a suboptimal estimator which does not require the matrix inversion and

signal-to-noise ratio (SNR), is proposed at the cost of performance degradation,

where the computational complexity is O(K2).

To further reduce the complexity, based on a N-th order Taylor series expansion

of the actual channel ACF, an approximate ML Doppler spread estimator was

proposed in [42] for low to medium user velocity with a relatively small number

of observations. Although the complexity reduces from O(K3) to O(N3) (N ≪ K),

it still has to calculate some multiplications of predefined matrices, where the

complexity remains high. In addition, the approximate ML estimator in [42]

suffers from numerical instabilities of searching the optimal Doppler frequency

due to the inverse operation of the approximate covariance matrix. In addition,

the performance of approximate ML Doppler spread estimator degrades in high

28



2.6. Review of Doppler Spread Estimation Approaches

Doppler spread range.

2.6.3 Joint Doppler Spread and channel Estimation

2.6.3.1 EM Based Approach with Taylor Series Expansion Channel Model

Recently, a joint Doppler spread and channel estimation approach was proposed

for flat Rayleigh fading channels [10]. By using a Taylor series expansion to

approximate the fading channel, it employs the expectation-maximization (EM)

algorithm to attain the ML joint Doppler spread and channel estimates iteratively.

The continuous-time channel response can be represented as [10]

h(t) =

M
∑

m=1

αme j(2π fdt cosθm+φm) (2.38)

where M is the number of scattering path, αm, θm and φm is the amplitude, the

angle of income wave and the initial phase of the m-th path, respectively. By

using a P-th order Taylor series expansion at t = 0 to approximate h(t), the fading

channel can be represented as [10]

h(t) ≈
P
∑

p=0

(2π fdt)p
jp

p!

M
∑

m=1

αme jφm(cosθm)p. (2.39)

Based on (2.39), the discrete-time channel vector can be expressed as [10]

h = [h0, h1, · · · , hK−1]T

= [v0,v1, · · · ,vP] · diag(
[

f 0
d , f 1

d , · · · , f P
d

]T
) · [η0, η1, · · · , ηP

]T

= VD fη

(2.40)

where V is a Vandermonde matrix with column vectors

vp = [(2πTs · 0)p, (2πTs · 1)p, · · · , (2πTs(K − 1))p]T for 0 ≤ p ≤ P, D f is a diagonal ma-

trix andη is corresponding to channel coefficients withηp =
jp

p!

∑M
m=1 αme jφm(cosθm)p.
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For large M, η is a complex circular symmetric Gaussian random vector and

the PDF is given by [10]

p(η) =
1

πP+1 det(Rη)
e−η

HR−1
η η (2.41)

where Rη is the covariance matrix of η. Assuming isotropic scattering, equally

amplitudes for each path and uniformly distributed for the incoming angles, the

covariance matrix can be expressed as

[

Rη
]

p,l
=















(−1)l jp+l

p!l!

σ2
h

2p+l

( p+l

(p+l)/2

)

, if p + l is even

0, if p + l is odd
(2.42)

Based on fd and η, the PDF of the observation r is given by [10]

p(r| fd,η) =
1

(πσ2
n)K

e(− 1

σ2
n

|r −VD fη|2). (2.43)

Searching for the optimal fd and η to maximise (2.43) is not feasible due to de-

manding complexity. The authors employ the EM algorithm to jointly estimate

Doppler spread and channel coefficients, where fd is the unknown parameter and

η is the missing data.

• E-Step: at the i-th iteration, the E-step takes the expectation over the condi-

tional PDF of the missing data η, p(η|r, f̂ (i−1)

d
). The expected LLF is [10]

Q( fd| f̂ (i−1)

d
) =

∫

log(p(r,η| fd))p(η|r, f̂ (i−1)

d
)dη (2.44)

where

p(η|r, f̂ (i−1)

d
) =

c1

πP+1 det(σ2
n(G(i))−1)

e

{

− 1

σ2
n

(η − η̂(i))H(G(i))−1(η − η̂(i))

}

(2.45)

with

G(i) = D
(i−1)

f
VTVD

(i−1)

f
+ σ2

nR−1
η . (2.46)
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2.6. Review of Doppler Spread Estimation Approaches

Note that c1 is a constant. Thus,

η̂(i) = (G(i))−1D
(i−1)

f
VTr (2.47)

is used as the estimate of channel coefficients in vector form. Then, the LLF

in (2.44) can be rewritten as [10]

Q( fd| f̂ (i−1)

d
) =

c2

σ2
n

(

2ℜ{rHVD f η̂
(i)}

− Tr{D f V
TVD f [σ

2
n(G(i))−1 + η̂(i)(η̂(i))H]}

)

+ c3

(2.48)

where c2 and c3 are constants.

• M-step: Find the optimal f̂ (i)

d
that maximises the LLF in (2.48)

f̂ (i)

d
= arg max

fd

Q( fd| f̂ (i−1)

d
). (2.49)

After the EM scheme converges in the i∗-th iteration, the joint Doppler spread and

channel estimates are given by [10]

f̂d = f̂ (i∗)
d
, (2.50a)

ĥ = VD
(i∗)
f
η̂(i∗). (2.50b)

Taking the complexity and performance into consideration, the authors choose

the SC based Doppler spread estimation approach in [13] as the initial value for

the Doppler spread, where the convergence rate relies on the initialised Doppler

spread. The computational complexity of the EM approach in [10] is quite high,

since it needs several heavy multiplication operations and the inverse operation

of matrices G and Rη in each iteration. In the simulation, the authors set the

order P = 10 for the Taylor series expansion based channel model. Simulation

results show that the EM approach in [10] has a good performance of channel
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2.6. Review of Doppler Spread Estimation Approaches

estimation from low to medium Doppler spread, but the performance degrades

in high Doppler spread. Compared to the ML based Doppler spread estimator

[3], it yields biased estimates of Doppler spread in low user velocity.

2.6.3.2 EM Based Approach with AR Channel Model

Based on an autoregressive (AR) model for the fading channel, an EM based joint

channel and AR model coefficient estimation scheme was proposed in [11], where

the Doppler spread can be extracted from the estimated AR model coefficient.

Note that a more complex issue is investigated in [11], i.e., both frequency selective

channels and carrier frequency offset are considered.

The time-varying Rayleigh fading channel is approximately described by the

following first order AR model

hk = ahk−1 + wk. (2.51)

where a is a constant, and wk is a complex Gaussian noise with zero mean and

variance 1. The unknown parameter is given as Θ = {θ1, θ2}, where θ1 = {σ2
n} and

θ2 = {a, 1}. The ML estimation for Θ is expressed as

Θ̂ = arg max
Θ

∫

p(r,h|x,Θ)dh (2.52)

where r,h and x are size K × 1 vectors form of the received signal, channel co-

efficients and transmitted signal, respectively. The conditional PDF p(r,h|x,Θ) is

given as [11]
p(r,h|x,Θ) =p(r|x,h, θ1)p(h|θ2)

∼

1

(σ2
n)K

e















− 1

σ2
n

K
∑

k=1

|rk − hkxk|2














· 1

1K
e















−1

1

K
∑

k=1

|hk − ahk−1|2














.

(2.53)
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2.6. Review of Doppler Spread Estimation Approaches

The ML estimation for unknown parameters leads to demanding complexity

cost. The authors pursue the EM approach to derive an iterative pilot-aided

ML estimator for the Rayleigh fading model and the AR model coefficient. The

missing data is the channel coefficients in vector form h. The objective function

of the EM approach at the i-th iteration is given by [11]

Q(Θ|Θ̂(i−1)) = E
[

log p(r|x,h, θ1)|r, x, Θ̂(i−1)
]

+ E
[

log p(h|θ2)|r, x, Θ̂(i−1)
]

, (2.54)

where

E
[

log p(r|x,h, θ1)|r, x, Θ̂(i−1)
]

= − K log σ2
n −

1

σ2
n

×
K
∑

k=1

(

|rk|2 − 2ℜ{r∗kxkE
[

hk|r, x, Θ̂(i−1)
]

}

+ xkE
[

hkh
∗
k|r, x, Θ̂(i−1)

]

x∗k
)

,

(2.55)

and

E
[

log p(h|θ2)|r, x, Θ̂(i−1)
]

= − K log 1 − 1

1

×
K
∑

k=1

(

E
[

|hk|2|r, x, Θ̂(i−1)
]

− 2ℜ{aE
[

hk−1h∗k|r, x, Θ̂(i−1)
]

}

+ a2E
[

hk−1h∗k−1|r, x, Θ̂(i−1)
] )

.

(2.56)

The EM algorithm is summarised as follows

• E-step: For k = 0, 1, · · · ,K calculate

E
[

hk|r, x, Θ̂(i−1)
]

= ĥ(i)

k|K (2.57a)

E
[

hkh
∗
k|r, x, Θ̂(i−1)

]

= ĥ(i)

k|Kĥ(i)∗

k|K + P(i)

k|K = Φ
(i)

k
(2.57b)

E
[

hk−1h∗k|r, x, Θ̂(i−1)
]

= ĥ(i)

k−1|Kĥ(i)∗

k|K + P(i)

k−1,k|K = Ψ
(i)

k
(2.57c)

where the channel estimate ĥ(i)

k
and the variances P(i)

k|K and P(i)

k−1,k|K can be

obtained using the Kalman smoothing equations in [50].
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2.7. LMMSE Channel Estimation

• M-step: By maximising the objective function, the unknown parameters are

given by [11]

σ̂2
n

(i)
=

1

K

K
∑

k=1

(

|rk|2 − 2ℜ{r∗kxkĥ
(i)

k|K} + xkΦ
(i)

k
x∗k
)

(2.58a)

â(i) =

∑K
k=1Ψ

(i)

k
∑K

k=1Φ
(i)

k−1

(2.58b)

1̂
(i) =

1

K

K
∑

k=1

(

Φ
(i)

k
− â(i)Ψ

(i)

k

)

. (2.58c)

The initialised value of the AR model coefficients can be obtained by using the

received signal. After the EM algorithm converges, the Doppler spread can be

extracted from the estimated AR(1) model coefficient, which can be given as [11]

f̂d = arccos
(1 + â2 − 1

ξ
(1 − â)2

2â

)

/(2πTs) (2.59)

where ξ is an attenuation of the AR spectrum at the estimated frequency with

respect to zero frequency, e.g., ξ = 0.5 corresponds to the −3 dB bandwidth [11].

The complexity of the EM approach in [11] and the the EM approach in [10] is

O(17K) andO((P+1)2K) per iteration, respectively. The complexity per iteration of

the EM approach in [11] is much lower than that in [10]. The performance of the

Doppler spread estimation of the EM approach in [11] degrades in low Doppler

frequency range.

2.7 LMMSE Channel Estimation

In this section, we give a brief introduction to the application of linear minimum

mean square error (LMMSE) approach for channel estimation. The LMMSE chan-

nel estimator will not be optimal unless the Doppler spread is known (where
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2.7. LMMSE Channel Estimation

we use the LMMSE channel estimator as a benchmark for channel performance

comparison).

Since the model (2.30) is Bayesian linear model, the LMMSE channel estimator

can achieve optimal performance under the condition of known Doppler spread.

The model (2.30) can be expressed as a matrix form

r = Xh + n (2.60)

where r is a K×1 vector of the received signal, X is a K×K size matrix of transmitted

signal, h is a K×1 complex Gaussian vector of channel coefficients with zero mean

and covariance matrix Chh, and n is a K×1 complex AWGN vector with zero mean

and covariance matrix Cn. The noise vector n is uncorrelated with h. The channel

covariance matrix Chh can be represented as

Chh =





























Rh(0) Rh(Ts) · · · Rh((K − 1)Ts)
Rh(Ts) Rh(0) · · · Rh((K − 2)Ts)
...

...
. . .

...
Rh((K − 1)Ts) Rh((K − 2)Ts) · · · Rh(0)





























(2.61)

where Rh(kTs) = J0(2π fdkTs). The noise covariance matrix Cn = σ
2
nI, where I is

a K × K identity matrix. According to [51], the LMMSE estimator of channel

coefficients h can be expressed as

ĥLMMSE = ChhXT(XChhXT + Cn)−1r. (2.62)

Although the LMMSE channel estimator can achieve optimal performance with

known Doppler spread, it requires the matrix inverse operation which causes

a high demand of computational complexity and can be a concern for practical

applications.
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2.8 Conclusion

In this Chapter, we presented a literature review of the fading channel properties

and some existing Doppler spread estimation approaches. The significance of es-

timating Doppler spread as well as the mutual dependence of the fading channel

and Doppler spread are also discussed in this Chapter. The issues of high com-

plexity cost and performance degradation in low or high Doppler spread range

in the existing approaches need to be solved. In this thesis, we aim to devise a

low-complexity joint Doppler spread and channel estimation approach with good

performance over a wide range of the maximum Doppler frequency.
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Chapter 3
Iterative Doppler Spread
and Channel Estimation

3.1 Introduction

The knowledge of Doppler spread can be used to characterise the time variation of

the fading channels [3, 13, 33, 49], and it can be employed to improve the channel

estimation performance. In the literature, some channel estimation approaches

simply assume that the Doppler spread is known at the receiver [45–48]. On

the other hand, some Doppler spread estimation approaches assume that the

channel estimates are available [3, 5, 13, 24, 29, 30, 32, 33, 36, 42, 44]. The mutual

dependence of Doppler spread estimation and channel estimation motivated joint

Doppler spread and channel estimation to achieve better performance. To this

end, an expectation-maximization (EM) based approach [10] was proposed by

using a Taylor series expansion based channel model. However, the complexity

of this approach can be a concern. Alternatively, based on an autoregressive (AR)

model for the time-varying fading channel, an EM based joint channel and AR

model coefficient estimation approach was proposed in [11], where the Doppler
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3.1. Introduction

spread can be extracted from the estimated AR model coefficient.

In this Chapter, we propose a new joint Doppler spread and channel estima-

tion approach for Rayleigh fading channels through an iterative process between

a Doppler spread estimator and a channel estimator. We devise an autocorrela-

tion function (ACF) lag selection mechanism for our ACF based Doppler spread

estimator, and the ACF lag selection mechanism is crucial to maximise the perfor-

mance of Doppler spread estimation. The low-complexity channel estimator is

implemented using Gaussian message passing (GMP) techniques with a Forney-

style factor graph (FFG) representation of time-varying channel characterised by

a first order autoregressive (AR(1)) model. In addition, the Doppler spread esti-

mate is used to optimise the AR(1) channel model coefficients to further enhance

the performance of channel estimation. Compared to the EM approach in [10],

the proposed approach delivers similar or better performance with significantly

lower complexity. Compared to the EM approach in [11], the proposed approach

has similar complexity per iteration, but the convergence of the proposed ap-

proach is much faster than that in [11], and the performance of the proposed

approach is better than that of [11].

The rest of this Chapter is organised as follows. We first give an brief introduc-

tion to factor graphs and GMP techniques. Next, we use an FFG to represent the

fading channel which is described by an AR(1) model, and implement the GMP

techniques for the proposed iterative Doppler spread and channel estimation ap-

proach. After that, we compare the proposed approach with other approaches in

terms of computational complexity. Finally, we give a conclusion of this Chapter.
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3.2. Introduction of Factor Graph and Gaussian Message Passing

3.2 Introduction of Factor Graph and Gaussian Mes-

sage Passing

In this section, we first briefly introduce the factor graphs and the sum-product

algorithm running on the factor graphs to find the marginalisation of a variable

in a global function. Then, we focus on a special case of graphs where all the

involved variables are Gaussian distributed. After that, we introduce the GMP

technique and its updating rules in the basic FFGs.

3.2.1 An Introduction to Factor Graph and the Sum-Product Al-

gorithm

In recent years, factor graphs are growing more useful for the design of algorithms

to model-based detection and estimation problems involving many variables [52].

The applications of factor graphs to represent complicated global functions of

many variables and the marginalization of these functions by means of the sum-

product algorithm have attracted much attention.

In this thesis, we use FFGs where edges represent variables and boxes represent

factors. In general, an FFG is composed of nodes (denoted by boxes), edges and

half edges (connected only to one node). The factors are sometimes called local

functions (e.g.,
{

fi

}

in (3.1)) and their product is called global function (e.g., f in

(3.1)). For example, a function f (x1, x2, x3, x4, x5) can be factored as

f (x1, x2, x3, x4, x5) = f1(x1) f2(x1, x2, x3) f3(x3) f4(x2, x4, x5), (3.1)

which is represented by the FFG shown in Fig. 3.1.

The FFG is defined by the following rules [52]:

• There is a unique node for each factor;
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1f 2f

3f

4f
1x 2x

3x

4x

5x

Figure 3.1: Forney-style factor graph representation of (3.1).

• There is a unique edge or half edge for each variable;

• Each node representing a factor 1 is connected with the edge (or/and half

edge) representing some variables {xi} if and only if 1 is a function of {xi}.

The above rules mean that no variable appears in more than two factors. In

fact, it can be guaranteed by introducing the equality constraint function shown

below

f=(x1, x2, x3) = δ(x1 − x2)δ(x1 − x3), (3.2)

where δ(·) is the Dirac delta function in the case of continuous variables and

Kronecker delta function in the case of discrete variables. The FFG of the equality

node is shown in Fig. 3.2. Equality nodes can allow more than two factors to

share the same variable.

40



3.2. Introduction of Factor Graph and Gaussian Message Passing

=1x 2x

3x

Figure 3.2: An equality constraint node.

A main application of factor graphs is for stochastic models. The following

is an example. Let x be a random variable. y1 and y2 are two independent

observations of x interrupted by noise. The joint probability distribution of these

variables is [52]

p(x, y1, y2) = p(x)p(y1|x)p(y2|x), (3.3)

which is represented by the FFG shown in Fig. 3.3. Actually, Fig. 3.3 shows

an extended model with auxiliary variables x′ and x′′ where the joint probability

density can be expressed as

p(x, x′, x′′, y1, y2) = p(x)p(y1|x)p(y2|x) f=(x, x′, x′′). (3.4)

=
x¢ x¢¢

x

( )p x

( )1p y x¢ ( )2p y x¢¢
1y 2y

Figure 3.3: The FFG representation of (3.3) and (3.4).
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The FFG has the following advantages [53]:

• It is suited for hierarchical modeling;

• It is compatible with standard block diagrams;

• It has the simplest formulation of the summary-product message update

rule.

In the following sections, we discuss how the sum-product algorithm runs in

the factor graph to obtain the marginalisation of a variable in the global function.

For some given global function f (x1, · · · , xK), assume that we wish to compute the

marginalisation of one variable xk

f̄k(xk) =
∑

x1,··· ,xK
except xk

f (x1, · · · , xK). (3.5)

If f (x1, · · · , xK) has a cycle-free factor graph, the marginalization (??) can be ex-

actely computed by using the sum-product algorithm that splits a “big” marginal-

ization into a sequence of “small” marginalisations [52]. We consider the following

example. Assume that the global function f (x1, · · · , x7) can be factored as

f (x1, · · · , x7) = f1(x1) f2(x1, x2, x3) f3(x3) f4(x2, x4, x5) f5(x5) f6(x4, x6, x7) f7(x7), (3.6)

and its factor graph is shown in Fig. 3.4, where arrows are used to indicate the

directions of the messages. Suppose that we wish to compute the marginalization

of x2,

f̄2(x2) =
∑

x1,··· ,x7
except x2

f (x1, · · · , x7). (3.7)
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Figure 3.4: Illustration of message passing in the factor graph of (3.6).

We can easily verify that

f̄2(x2) = µC(x2)µD(x2), (3.8)

where

µC(x2) =
∑

x1,x3

f2(x1, x2, x3)µA(x1)µB(x3), (3.9)

µD(x2) =
∑

x4,x5

f4(x2, x4, x5)µE(x5)µF(x4), (3.10)

with

µA(x1) = f1(x1), (3.11)

µB(x3) = f3(x3), (3.12)

µE(x5) = f5(x5), (3.13)

µF(x4) =
∑

x6,x7

f6(x4, x6, x7)µG(x7), (3.14)

and

µG(x7) = f7(x7). (3.15)

We can see that µC and µD are the summaries of the dashed box in Fig. ??, and µF

is the marginalisation of x4 in the local function f6 and f7. It can be found that all
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the messages and summaries in (3.9)-(3.15) are formed according to the following

sum-product rule.

Sum-Product Rule: The message out of some node (factor) fl along some edge

xk is formed as the product of fl and all incoming messages along all edges except

xk, summed over all involved variables except xk [52]. From this example, it can

be seen that the marginal f̄k(xk) may be obtained simultaneously by combining

the two messages in both directions for every edge in the factor graph.

Since the sum-product rule is a “local” computation, it can also be applied

to factor graphs with cycles. The sum-product algorithm becomes an iterative

algorithm where messages are recomputed according to some schedule until

some stopping criterion is satisfied [52].

3.2.2 Gaussian Message Passing

The GMP technique provides a factor graph based signal processing approach

for linear systems. An FFG of a linear system can be constructed using the basic

building blocks: equality constraints, adders and multipliers. The sum-product

message computation rules for such nodes preserve Gaussianity: if the incom-

ing messages are members of the exponential family, then so are the outgoing

messages. Hence, the messages passed in a linear model are all Gaussian. Since

Gaussian distributions can be described either by mean vector m and the covari-

ance matrix V (or by the weight matrix W , V−1 and the transformed mean Wm),

the message computation in factor graphs can be expressed in the form of up-

dating of these quantities. The GMP updating rules were first proposed in [54].

However, the direct application of these rules may incur high complexity due to
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the involved matrix inversions. The enhanced GMP updating rules were devel-

oped and presented in [52] based on which we can develop more computationally

efficient algorithms. In this thesis, we only select some related building blocks

and their computation rules. Through local computations based on the GMP

updating rules, the global information (means and variances) of the variables can

be obtained. For notation convenience, we use the same convention in [52]. Let

x be a variable, represented by a directed edge, i.e., an edge with an arrow, in

an FFG. We use −→mx and
−→
Vx to denote the mean vector and covariance matrix of

the message that flows in the direction of the edge, while←−mx and
←−
Vx are for the

message in the opposite direction. If the factor graph has no cycles, the marginal

global function is the Gaussian with mean mx and covariance matrix Vx = W−1
x

given by [52]

Wx =
−→
Wx +

←−
Wx (3.16)

and

Wxmx =
−→
Wx
−→mx +

←−
Wx
←−mx. (3.17)

Sometimes we will use the auxiliary quantity

W̃x = (
−→
Vx +

←−
Vx)−1 (3.18)

which is dual to Vx = (
−→
Wx +

←−
Wx)−1. Some relations among these quantities are

given as

W̃x =
−→
WxVx

←−
Wx =

−→
Wx −

−→
WxVx

←−
Wx, (3.19)

Vx =
−→
VxW̃x

←−
Vx =

−→
Vx −

−→
VxW̃x

←−
Vx, (3.20)

mx = Vx
−→
Wx
−→mx +Vx

←−
Wx
←−mx =

−→mx −
−→
VxW̃x

−→mx +Vx
←−
Wx
←−mx. (3.21)

The basic building blocks and their computation rules are listed in Table 3.1.
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Table 3.1: GMP Computation Rules for Basic Building Blocks

Blocks Rules

=
x z

y

−→
Wz =

−→
Wx +

−→
Wy (3.22a)

←−
Wx =

←−
Wz +

−→
Wy (3.22b)

−→
Wz
−→mz =

−→
Wx
−→mx +

−→
Wy
−→my (3.22c)

←−
Wx
←−mx =

←−
Wz
←−mz +

−→
Wy
−→my (3.22d)

mx = my = mz (3.22e)

Vx = Vy = Vz (3.22f)

+
x z

y

−→
Vz =

−→
Vx +

−→
Vy (3.23a)

←−
Vx =

←−
Vz +

−→
Vy (3.23b)

−→mz =
−→mx +

−→my (3.23c)
←−mx =

←−mz − −→my (3.23d)

mx +my −mz = 0 (3.23e)

A
x y

−→
Vy = A

−→
VxAH (3.24a)

−→my = A−→mx (3.24b)

Vy = AVxAH (3.24c)

my = Amx (3.24d)
←−
Wx = AH←−WyA (3.24e)
←−
Wx
←−mx = AH←−Wy

←−my (3.24f)

W̃x = AHW̃yA (3.24g)

W̃xmx = AHW̃ymy (3.24h)

3.3 Iterative Doppler Spread and Channel Estimation

Approach

3.3.1 System Model

As in [3, 10, 13, 33, 49], we consider flat Rayleigh fading channels. Here, we

mention that, if we adopt the tap-by-tap channel estimation strategy in [45], the

proposed approach can be readily extended to the case of frequency selective
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3.3. Iterative Doppler Spread and Channel Estimation Approach

channels. The received baseband signal at time instant k can be represented as

rk = hkxk + nk, k = 0, 1, · · · ,K − 1 (3.25)

where the channel coefficient hk is complex Gaussian distributed, xk is the trans-

mitted symbol and nk is a zero-mean complex additive white Gaussian noise

(AWGN) with variance σ2
n. The Rayleigh fading channels are assumed to follow

the Jakes model [12], and the normalised channel ACF can be expressed as

Rh(lTs) = J0(2π fdlTs) (3.26)

where l ∈ {0, 1, 2 · · · }, Ts is the sampling period, lTs is the ACF lag, fd is the

maximum Doppler frequency and J0(·) is the zeroth order Bessel function of the

first kind.

The objective of this work is to jointly estimate fd and {hk} using pilot symbols

{xk}. For the sake of simplicity, we assume xk = 1 where k = 0, 1, · · · ,K−1. It should

be noted that pilot symbols can be periodically inserted into data symbols. In this

case, {xk} in model (3.25) is a mix of data and pilot symbols. In this work, we only

consider estimating channel coefficients at pilot positions. Channel coefficients at

data positions can be obtained based on the channel estimates at pilot positions,

e.g., through interpolation, which is out of the scope of this work.

As shown in Fig. 3.5, the proposed approach includes a Doppler spread

estimator and a channel estimator, which work iteratively. The output
{

ĥk

}

of the

channel estimator is used by the Doppler spread estimator to produce an estimate

of the maximum Doppler frequency f̂d. Then f̂d is used by the channel estimator

to obtain refined channel estimates in the next iteration.
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Figure 3.5: Block diagram of the proposed iterative Doppler spread and channel
estimation approach.

3.3.2 ACF Based Doppler Spread Estimation

The Doppler spread estimation is based on the channel ACF, given in (3.26).

However, Rh(lTs) = J0(2π fdlTs) is not a monotonic function of fd. Define J−1
0 (·) as

the inverse function of J0(·) in its first monotonous range. Then the maximum

Doppler frequency can be expressed as

f̂d =
J−1
0 (Rh(lTs))

2πlTs
. (3.27)

The estimate of Rh(lTs) can be obtained based on the channel estimates
{

ĥk

}

which

are available from the channel estimator. Then fd can be estimated using (3.27).

The implementation of the above Doppler spread estimation requires the knowl-

edge of l. It is noted that we need to select a proper value of l to maximise the

Doppler spread estimation performance.

3.3.2.1 ACF Lag Selection Mechanism

The zeroth order Bessel function of the first kind J0(x) is shown in Fig. 3.6. As

J0(x) is a non-linear function, it affects the accuracy of Doppler spread estimation

in two aspects. One aspect is that the zeroth order Bessel function is not a one to

one map function. Given the value of J0(x), it may have several corresponding

variables x. Therefore, we need to make sure that x = 2π fdlTs is in the first
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Figure 3.6: The zeroth order Bessel function of the first kind

monotonous range of J0(x), i.e., 0 ≤ x ≤ 3.8. The other aspect is that the slope

of J0(x) varies with x = 2π fdlTs. It is obvious in Fig. 3.6 that with the same

estimation offset ∆y1 = ∆y2 = ∆y, the variances of the estimated maximum

Doppler frequency are different at various x. To be specific, the slope of ∆y1 is

smaller than that of ∆y2, while the estimation variance ∆x1 is larger than ∆x2,

which leads to a conclusion that in the first monotonous range of J0(x), a small

gradient of J0(2π fdlTs) causes a large estimation error of the maximum Doppler

frequency. In order to maximise the Doppler spread estimation performance, we

choose a value l∗ so that x = 2π fdl∗Ts is closest to the point with the greatest slope

of J0(x). As x ≈ 1.841, J0(x) has the largest slope. Therefore, l can be expressed as

l = round

[

1.841

2π fdTs

]

. (3.28)

The implementation of the above selection method requires the knowledge of
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fd. We can overcome this problem by taking advantage of the iterative process,

i.e., we can use the estimate of fd in the last iteration for selection l in the current

iteration. For the first iteration, we can roughly select a value of l. Because the

range of the maximum Doppler frequency is normally available, i.e., fd ∈ [0,F],

we can simply use F to select the value of l using (3.28).

We note that J0(·) in (3.27) can be implemented by a lookup table for J0(x). As x

belongs to the first monotonous range of J0(x), x = 2π fdlTs ∈ [0, 3.8]. However, due

to our proposed ACF lag selection mechanism, x = 2π fdlTs will likely appear in

the small range around 1.841. To reduce the table size, we use variable granularity.

For example, we can divide the first monotonous range into three intervals, i.e.,

0 ≤ x ≤ 1.6, 1.61 ≤ x ≤ 1.99 and 2.0 ≤ x ≤ 3.8 with granularity 0.1, 0.01 and 0.1

respectively. In total, the lookup table has only 75 entries.

3.3.3 GMP Based Channel Estimation

The Rayleigh fading channel due to Clarke model [17] and its simplified simu-

lation model due to Jakes [12] are the most accepted statistic model to describe

the fading process of the complex baseband channel in wireless communications.

However, this model is not convenient for channel estimation or equalisation.

Conventionally, AR model is used to approximate the fading channel and facili-

tate its manipulation [55]. As in [55–57], we use an AR(1) model to approximately

characterise the time-varying Rayleigh fading channel

hk = αhk−1 + 1wk, k = 1, 2, · · · ,K − 1 (3.29)

where α and 1 are constants, and wk is a zero mean complex white Gaussian noise

with unit variance. Although an higher order of the AR model can achieve a
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Figure 3.7: Factor graph of the Rayleigh fading channel with AR(1) model.

better approximation of the actual fading statistics, it also leads to higher com-

putational complexity. In [49, 55, 57, 58], it draws a conclusion that AR(1) model

approximation is enough to capture most of the dynamics of the actual fading

process.

We employ the GMP technique [52] for channel estimation. The FFG repre-

sentation of (3.25) and (3.29) is shown in Fig. 3.7. The FFG composes of K blocks,

where Block #0 only includes the observation. Note that all variables in the FFG

are scalars and the FFG has a tree structure, so the GMP provides the exact min-

imum mean square error (MMSE) estimate of each hk based on all observations

and the AR(1) model in (3.29) through local computations.

Following the convention in [52], we use a direct edge to denote a variable and

use arrows to denote the directions of message passing. For example, in Fig. 3.7,

we use −→mhk
and
−→
V hk

to denote the mean and variance of the message that flows in

the direction of the edge, while←−mhk
and
←−
V hk

are for the message in the opposite
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direction. The marginal message is denoted by mhk
and Vhk

.
{

mhk
,Vhk

}

are obtained

by combining
{−→mhk
,
−→
V hk

}

and
{←−mhk
,
←−
V hk

}

, which are produced through a forward

recursion and a backward recursion respectively.

• Forward Recursion: Assume that
{−→mhk−1

,
−→
V hk−1

}

are available from the blocks

left to Block #k. In this process, we compute the message
{−→mhk
,
−→
V hk

}

based on

{−→mhk−1
,
−→
V hk−1

}

and
{←−mh

′′
k
,
←−
V h

′′
k

}

. Using (3.23) and (3.24) in Table 3.1,
{−→mh′

k
,
−→
V h′

k

}

can be expressed as

−→mh′
k
= α−→mhk−1

(3.30a)

−→
V h′

k
= α2−→V hk−1

+ 12. (3.30b)

Applying (3.22) in Table 3.1, the message
{−→
V hk
,−→mhk

}

can be calculated as

−→
V hk
=
(−→
V−1

h′
k
+
←−
V−1

h′′
k

)−1

(3.31a)

−→mhk
=
−→
V hk

(

−→mh′
k

−→
V h′

k

+

←−mh′′
k

←−
V h′′

k

)

(3.31b)

where
{←−mh

′′
k
,
←−
V h

′′
k

}

can be obtained using (3.23) and (3.24),

←−mh′′
k
=

←−mrk

xk
= rk (3.32a)

←−
V h′′

k
=

−→
V nk

x2
k

= σ2
n. (3.32b)

According to the GMP updating rules in (3.22), we have −→mh0
= r0 and

−→
V h0
= σ2

n for Block #0.

• Backward Recursion: Assume that
{←−mhk
,
←−
V hk

}

which are available from

the blocks right to Block #k. In this process, we compute the message

{←−mhk−1
,
←−
V hk−1

}

based on
{←−mhk
,
←−
V hk

}

and
{←−mh

′′
k
,
←−
V h

′′
k

}

. Using (3.22),
{←−
V h′

k
,←−mh′

k

}

can
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be calculated as

←−
V h′

k
=
(←−
V−1

hk
+
←−
V−1

h′′
k

)−1

(3.33a)

←−mh′
k
=
←−
V h′

k

(←−mhk

←−
V hk

+

←−mh′′
k

←−
V h′′

k

)

(3.33b)

where
{←−mh′′

k
,
←−
V h′′

k

}

are given by (3.32). Applying (3.23) and (3.24),
{←−
V hk−1

,←−mhk−1

}

can be represented as

←−
V hk−1

=

←−
V h′

k
+ 12

α2
(3.34a)

←−mhk−1
=

←−mh′
k

α
. (3.34b)

According to the GMP updating rules in (3.22), we have ←−mh′
K−1
= rK−1 and

←−
V h′

K−1
= σ2

n for Block #K − 1. Here, we note that the messages
{←−mh′′

k
,
←−
V h′′

k

}

are

based on the observations and do not change during the iteration, i.e., (3.32)

only need to be calculated once.

• Output Messages: After the forward and backward recursions,
{−→mhk
,
−→
V hk

}

and
{←−mhk
,
←−
V hk

}

are available. By combining the forward and backward mes-

sages, the marginal mean scalar mhk
can be represented as

mhk
=

−→mhk

−→
V−1

hk
+
←−mhk

←−
V−1

hk

−→
V−1

hk
+
←−
V−1

hk

(3.35)

which is used as the estimate of hk.

It is noted that the above GMP algorithm assumes that α and 1 are known.

They can be obtained based on the output of the Doppler spread estimator.
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3.3.3.1 The Optimisation of AR(1) Model Coefficient

Conventionally, the values of α and 1 are determined by matching the ACFs of

the AR(1) model and the Jakes model at time lag Ts, yielding [56]

α =
Rh(Ts)

Rh(0)
= J0(2π fdTs) (3.36)

1 =
√

1 − α2. (3.37)

It has been revealed in [55, 57] that α in (3.36) is not optimal for channel estimation

in terms of mean square error (MSE). The work in [55] gave an approximated

closed-form expression for the optimal AR(1) model coefficient to minimise the

MSE of channel estimation

α∗ =

√

√

√

1 − 4 3

√

(π fdTs)4
σ2

n

σ2
h

(3.38)

where σ2
h

is the channel power. By substituting (3.38) into (3.37) we have 1∗. In

this thesis, we use (3.38) to calculate the AR(1) model coefficients based on f̂d from

the Doppler spread estimator.

As the AR(1) model coefficients are unknown in the first iteration, we can

form the initialised channel estimates based on the received samples using (3.32),

which are used as the input to the Doppler spread estimator. We summarise the

proposed iterative Doppler spread and channel estimation approach in Table 3.2.
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Table 3.2: Steps for the Proposed Iterative Doppler Spread and Channel Estimation
Approach

• Initialisation for the first iteration:

1. Form the initialised channel estimates using (3.32).

2. Select the ACF lag based on the maximum Doppler frequency F
using (3.28).

• ACF Based Doppler spread estimation:

1. Estimate fd by (3.27).

2. Update the ACF lag by (3.28) for the next iteration.

3. Calculate the optimised α∗ by (3.38) for GMP based channel esti-
mation.

• GMP Based channel estimation:

1. Forward recursion: calculate
{−→mhk
,
−→
V hk

}

for each block.

2. Backward recursion: calculate
{←−mhk
,
←−
V hk

}

for each block.

3. Output message: calculate mhk
which is used as the channel esti-

mates and the input to the Doppler spread estimator by (3.35).

4. Repeat iterative process between Doppler spread estimator and
channel estimator until convergence.

3.4 Computational Complexity Comparison

The computational costs of the proposed approach and other approaches are

provided in Table 3.3. Only multiplication operations are considered. The LMMSE

channel estimator which requires the knowledge of Doppler spread to form the

channel covariance matrix, has the complexity of O(K3). The sample covariance

(SC) [13], suboptimal ML (SML) [3] and ML [3] approaches only provide Doppler

spread estimates with complexities of O((L + 1)K), O(K2) and O(K3), respectively,

where K is the number of pilots and L is the number of sample correlations used

in [13]. The proposed approach and two EM approaches in [10] and [11], produce

both Doppler spread and channel estimates. The complexity of the proposed
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Table 3.3: Computational Complexity Comparison (K: the number of pilots; P=20;
L=10)

Purpose Approach Complexity
Channel estimation only LMMSE O(K3)

Doppler spread estimation only SC [13] O((L + 1)K)
SML [3] O(K2)
ML [3] O(K3)

Joint channel and Doppler spread estimation Proposed O(20K) per iteration
EM in [11] O(17K) per iteration
EM in [10] O((P + 1)2K) per iteration

approach is significantly lower than the EM in [10], where the approximate order

of the Taylor expansion based channel model P = 10 in [10] (P = 20 is used in the

simulations of this work). The proposed approach has a similar complexity per

iteration as the EM in [11]. However, the convergence of the proposed approach

is much faster than that in [11] as shown in the simulation results.

3.5 Simulation Results

The system settings are as follows. The time-varying Rayleigh fading channel is

generated using the method in [16]. We set the carrier frequency fc = 1.8GHz,

mobile speed v ∈ [30km/h, 300km/h], so the maximum Doppler frequency fd ∈

[50Hz, 500Hz]. The symbol duration is set as 10µs and the number of pilots

symbols K = 100. Between two neighbouring pilot symbols, 9 data symbols are

inserted for transmission. Thus the time interval between two neighbouring pilot

symbols is Ts = 100µs. For comparison, the performance of LMMSE channel

estimation approach, some existing Doppler spread estimation approaches such

as ML [3], SML [3] and SC [13], and two EM based joint Doppler spread and

channel estimation approaches in [10] and [11] are provided. We set L = 10 as
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Figure 3.8: NMSE performance of Doppler spread estimation for K = 100 and
SNR= 10dB.

the number of sample correlations for the SC approach in [13] and P = 20 as

the approximate order of the Taylor expansion based channel model for the EM

approach in [10].

The normalised MSE (NMSE) performance of Doppler spread estimation is

shown in Fig. 3.8. The ML estimator achieves the best performance at the cost of

the highest computational complexity. Here, we mention that the EM approach

in [10] uses the estimated maximum Doppler frequency provided by the SC

approach as the initialised value for the EM algorithm. The performance of the

SC method and the EM in [10] degrades in high Doppler frequency range. The

proposed approach achieves better performance over the SC, SML methods and

the two EM approaches especially in the whole Doppler frequency range.

Fig. 3.9 shows the NMSE performance for Doppler spread estimation with
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Figure 3.9: NMSE performance of Doppler spread estimation versus number of
iterations with fd = 100Hz, K = 100 and SNR= 10dB.

different number of iterations. It can be seen that the proposed approach with

5 iterations outperforms the EM approach in [10] with 5 or even 80 iterations.

The reason of why the performance of the EM approach in [10] becomes worse at

higher Doppler frequency is that there is no performance improvement in higher

Doppler frequency with even more EM iterations. Note that the complexity of

the proposed approach per iteration is much lower than that of the EM approach

in [10]. Therefore, the proposed approach achieves better performance with

considerably lower complexity than the EM approach in [10].

The MSE performance of channel estimation is shown in Fig. 3.10. The

LMMSE channel estimator provides the optimal performance compared to other

estimators, but it assumes that the knowledge of Doppler spread is available and

the computational cost is much higher than other estimators. It is shown that
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Figure 3.10: MSE performance of channel estimation for K = 100 and SNR= 10dB.
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100Hz, K = 100 and SNR=10dB.

the EM approach in [10] gives highly biased channel estimates in high Doppler

frequency range due to the biased Doppler spread estimates. It can be seen

that in low Doppler frequency range, the EM in [10] has better performance

than the proposed approach at the cost of much higher complexity. In medium

to high Doppler frequency range, the proposed approach outperforms the EM

in [10] with much lower complexity. The proposed approach achieves better

performance than the EM in [11]. Fig. 3.11 shows the MSE performance for

channel estimation of the proposed approach and the EM in [11] with different

numbers of iterations. It can be seen that the proposed approach with 5 iterations

achieves better performance compared with the EM in [11] even with 40 iterations.

So the total complexity of the proposed approach is lower than that in [11]. In Fig.

3.12, we again demonstrate the fast convergence speed of the proposed approach.
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3.6 Conclusion

In this Chapter, we proposed a new low-complexity iterative approach to joint

Doppler spread and channel estimation over Rayleigh fading channels. Through

an iterative process between two devised estimators, i.e., an ACF based Doppler

spread estimator with an ACF lag selection mechanism and a GMP based channel

estimator with a FFG representation of an optimised AR(1) channel model, we

achieve similar or better performance with lower complexity compared to existing

joint Doppler spread and channel estimation approaches.
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Chapter 4
EM Based Time-Varying
Channel Estimation

4.1 Introduction

It has been recently shown that the expectation-maximisation (EM) algorithm

may be viewed as message passing in factor graphs [59], where the expectation

step generates the EM messages to be used in the maximisation step. The EM

messages may be obtained through a general local computation rule and the local

expectations involved in the EM messages computation may be calculated by the

sum-product message passing [59]. With the EM message from the expectation

step, the maximisation step may be realised using the max-product message

passing. In particular, for a linear Gaussian system with unknown parameters,

the EM message turns out to be Gaussian and the implementation of EM algorithm

can be achieved using the Gaussian message passing (GMP) technique.

In this Chapter, using a Forney-style factor graph (FFG) representation of

the Rayleigh fading channels characterised by a first order autoregrssive (AR(1))

model with unknown coefficients, an EM based time-varying channel estimation
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approach using GMP techniques is proposed, where the EM based proposed

algorithm can provide the estimates of channel coefficients and AR(1) model

coefficients. Doppler spread can be extracted from the estimated AR(1) model

coefficients [11]. We first briefly introduce the EM algorithm as message passing.

Then, we employ the EM message passing technique for time-varying channel

estimation.

4.2 EM Algorithm Using Message Passing

In this section, we first review the EM algorithm. Then, we introduce the EM

algorithm as message passing. After that, we discuss the EM message passing for

linear Gaussian system and present the computation rules for the EM messages.

4.2.1 Review of EM Algorithm

The EM algorithm is an iterative technique for parameter estimation in a proba-

bilistic model. Use vectors r, x andθ to denote observed data, hidden data and the

unknown parameters to be estimated, respectively, and f (r, x,θ) to denote either

a joint probability density function (PDF) of r and x parameterised by θ or a joint

PDF of r, x and θ, the maximum likelihood estimate of the unknown parameters

θ can be represented as

θ̂ = arg max
θ

∫

x

f (r, x,θ)dx. (4.1)

The maximisation ofθmay be intractable and not feasible for practical implemen-

tation due to high complexity and exhaustive search. The EM algorithm involves

two steps to solve this problem iteratively, and each iteration, e.g., the ith iteration,

the two steps are expressed as follows:
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• E-Step:

Q(θ|θ̂(i−1)
) = E

[

log f (r, x,θ)|r, θ̂(i−1)
]

. (4.2)

• M-Step:

θ̂
(i)
= arg max

θ

Q(θ|θ̂(i−1)
). (4.3)

Since θ is unknown in the first iteration, an initialised value for θ̂
(0)

is needed.

Then, the EM algorithm carries out the E-step and M-step iteratively.

4.2.2 Message Passing EM Algorithm

We consider a nontrivial factorization

f (r, x,θ) = fA(θ) fB(r, x,θ) (4.4)

where r = (r1, · · · , rn), x = (x1, · · · , xn) and θ = (θ1, · · · , θn). Assume that fB

has a nontrivial factor graph, then the EM message eη(θ) splits into messages

eη1(θ1), eη2(θ2), · · · that can be computed “locally” in the factor graph of fB. The

maximum likelihood estimate in (4.1) can be rewritten as

θ̂ = arg max
θ

fA(θ)

∫

x

fB(r, x,θ)dx (4.5)

where fA and fB can be represented by their corresponding factor graphs shown

in Fig. 4.1, where the upper part is the graph corresponding to fA, and the lower

part is the graph corresponding to fB. eηl(θl) is the EM message.

The message passing EM algorithm [59] is as follows:

• Make some initial guess θ̂
(0)
= (θ̂(0)

1
, · · · , θ̂(0)

n ).

• E-Step: With θ̂
(i−1)

plugged into fB, employ the sum-product message pass-

ing in the factor graph of fB to calculate the messages for the local nodes
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Figure 4.1: Application of EM to general state space model.

corresponding to θl. Then, compute the EM message eηl(θ̂
(i−1)
l

) which can be

expressed as [59]

ηl(θ̂
(i−1)

l
) = Eplocal

[

fl(Xl−1,Xl, rl, θ̂
(i−1)

l
)
]

=

∫

xl−1,xl

plocal(xl−1, xl|rl, θ̂
(i−1)

l
) · log fl(xl−1, xl, rl, θ̂

(i−1)

l
)dxl−1dxl

(4.6)

with

plocal(xl−1, xl|rl, θ̂
(i−1)

l
) ∝ fl(xl−1, xl, rl, θ̂

(i−1)

l
) · −→µ Xl−1

(xl−1)←−µ Xl
(xl) (4.7)

where−→µ Xl−1
(xl−1) and←−µ Xl

(xl) denote the forward and backward sum-product

message respectively.

• M-Step: With the EM messages from the E-step, employ the max-product

message passing in the factor graph of fA to obtain the new estimate θ̂
(i)

which can be represented as

θ̂
(i)
= arg max

θ1,··· ,θn

fA(θ1, · · · , θn)eη1(θ̂
(i−1)
1

) · · · eηn(θ̂
(i−1)
n ) (4.8)

• Repeat the E-Step and M-Step until convergence.
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4.2.3 EM for Linear Gaussian Systems

For a linear Gaussian system with unknown parameters, the sum-product mes-

sages of the E-step factor graph are Gaussian and can be computed by the GMP

technique [52] (as introduced in Chapter 3). The unknown parameters and the

missing data in such linear systems give rise to multiplier nodes in the factor

graph of the system. It has been revealed in [59] that, with Gaussian incoming

messages, the EM messages out of such multiplier nodes properly grouped with

“soft” Gaussian factors also belong to Gaussian. With the EM Gaussian messages

from the E-step, the max-product message passing in the M-step factor graph can

also be realised using the GMP technique. The above lead to pure GMP for EM

algorithm.

We summarise the computation rules of GMP backwards through a multiplier

node [59] in Table 4.1 and Table 4.2. It turns out that the EM message eη(θ) is always

Gaussian with mean←−mθ and weighted matrix
←−
Wθ. In Table 4.1, X and θ are real

column vectors, and S = θTX is a scalar. N(m, σ2) denotes a scalar Gaussian factor

with mean m and variance σ2. In Table 4.2, we have a multiplier U = A(θ)X,

where A(θ) is a matrix which depends on θ, grouped with Y = U + Z, where Z

is a zero-mean Gaussian noise with covariance matrix VZ = W−1
Z (or variance σ2

Z

for scalar). The other variables in both Table 4.1 and Table 4.2 are Gaussian with

mean vectors and covariance matrices which can be computed using the GMP

rules in [52]. Table 4.2 only shows the case of scalar θ times vector X, and other

cases are provided in [59].

One of the attractive advantages of the message passing EM algorithm is

that tabulated message passing computation rules provide simplification of the
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Table 4.1: Computation Rules for Gaussian Message Passing Backwards Through
a Multiplier.

X S
´

q ( )
e
h q

( )2N ,S Sm s

The EM message eη(θ) is Gaussian with

←−
Wθ =

VX +mXmT
X

σ2
S

(4.9)

←−
Wθ
←−mθ =

mXmS

σ2
S

(4.10)

where
V−1

X =WX =
−→
WX + θθ

T/σ2
S (4.11)

WXmX =
−→
WX
−→mX + θmS/σ

2
S (4.12)

Table 4.2: Computation Rules for Gaussian Backward EM Message Through
Multiplier Node (scalar θ times vector X).

X

Z

U
´ +

Y

( )Z0,VN

( )qA

q

Scalar θ times column vector X, A(θ) = θ

1/←−σ 2
θ = tr(WZVX) +mT

XWZmX (4.13)

←−mθ/←−σ 2
θ = tr(WZVXYT ) +mT

XWZmY (4.14)

where
VXYT =

−→
V XA(θ̂)TW̃Y

←−
V Y (4.15)
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derivation of message passing algorithms [52, 59].

4.3 EM Based Time-Varying Channel Estimation Us-

ing Gaussian Message Passing

We consider the flat Rayleigh fading channels. The same models of (3.25) and

(3.29) are used to represent the received signal and the AR(1) model, respectively.

With an FFG representation of the fading channel approximated by an AR(1)

model, we exploit the EM GMP algorithm to iteratively estimate channel coeffi-

cients and AR(1) model coefficients, where the channel coefficients {hk} are treated

as hidden variables, and the AR(1) model coefficients α and 1 are treated as un-

known parameters. The FFG of the system model described by (3.25) and (3.29)

is shown in Fig. 4.2, where we partition the overall factor graph into two sub-

graphs: E-step factor graph and M-step factor graph. Note that all the variables

in Fig. 4.2 are scalars. Following the convention in [52] and [59], we use the same

notations stated in Chapter 3 to denote the means and variances of messages with

directions.
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Figure 4.2: The factor graph of the Rayleigh fading channel with AR(1) model for EM algorithm
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Passing

The implementations of the E-step and M-step for the ith iteration of the

proposed EM approach are detailed in the following:

• E-Step Implementation:

In this step, we aim to compute the EM Gaussian messages of the multi-

plier nodes corresponding to AR(1) model coefficients α and 1 respectively.

Firstly, plugged with the messages of
{

α̂(i−1)

k

}

and
{

1̂
(i−1)

k

}

(the estimates of

{α} and
{

1
}

in the (i-1)th EM iteration), we employ the GMP techniques on

the E-step factor graph through a forward and backward recursion to cal-

culate the means and variances of {hk} ,
{

yk

}

,
{

h′
k

}

in both directions, where

k = 1, · · · ,K − 1.

Forward Recursion: In this process, we need to compute
{−→myk
,
−→
V yk

}

,
{−→mh′

k
,
−→
V h′

k

}

and
{−→mhk
,
−→
V hk

}

in the kth building block. Assume that
{−→mhk−1

,
−→
V hk−1

}

are avail-

able from the building blocks left to the kth building block. Using the GMP

updating rules in [52],
{−→myk
,
−→
V yk

}

can be calculated as

−→myk
= α̂(i−1)

k

−→mhk−1
(4.16a)

−→
V yk
= (α̂(i−1)

k
)2−→V hk−1

, (4.16b)

and
{−→mh′

k
,
−→
V h′

k

}

can be computed as

−→mh′
k
=
−→myk

(4.17a)

−→
V h′

k
=
−→
V yk
+ (1̂(i−1)

k
)2. (4.17b)

The message
{−→
V hk
,−→mhk

}

can be computed as

−→
V hk
=
(−→
V−1

h′
k
+
←−
V−1

h′′
k

)−1

(4.18a)

−→mhk
=
−→
V hk

(−→mh′
k

−→
V−1

h′
k
+
←−mh′′

k

←−
V−1

h′′
k

)

(4.18b)
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with

←−
V h′′

k
=

−→
V nk

x2
k

= σ2
n (4.19a)

←−mh′′
k
=

←−mrk

xk
= rk. (4.19b)

According to the GMP rules in [52], we have −→mh0
= r0 and

−→
V h0
= σ2

n for the

first building block.

Backward Recursion: In this process, we need to compute
{←−mh′

k
,
←−
V h′

k

}

and

{←−mhk−1
,
←−
V hk−1

}

in the kth building block. Assume that
{←−mhk
,
←−
V hk

}

are available

from the building blocks right to the kth building block. Using the GMP

updating rules in [52],
{←−
V h′

k
,←−mh′

k

}

can be calculated as

←−
V h′

k
=
(←−
V−1

hk
+
←−
V−1

h′′
k

)−1

(4.20a)

←−mh′
k
=
←−
V h′

k

(←−mhk

←−
V−1

hk
+
←−mh′′

k

←−
V−1

h′′
k

)

, (4.20b)

where
{←−
V h′′

k
,←−mh′′

k

}

are given by (4.19a) and (4.19b). According to the GMP

rules in [52], we have ←−mhk′ = rK−1 and
←−
V hk′ = σ

2
n for the (K − 1)th building

block. The message
{←−mhk−1

,
←−
V hk−1

}

can be computed as

←−mhk−1
=

←−mh′
k

α̂(i−1)

k

(4.21a)

←−
V hk−1

=

←−
V h′

k
+
(

1̂
(i−1)

k

)2

(

α̂(i−1)

k

)2
. (4.21b)

The Marginal Messages: By combining the forward and backward messages,

the marginal messages
{

Vhk
,mhk

}

in the kth building block are given by

Vhk
=
(−→
V−1

hk
+
←−
V−1

hk

)−1

(4.22a)

mhk
= Vhk

(−→mhk

−→
V−1

hk
+
←−mhk

←−
V−1

hk

)

(4.22b)
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where mhk
is used as the estimate of hk.

With the incoming messages
{−→mhk
,
−→
V hk

}

,
{←−mh′

k+1
,
←−
V h′

k+1

}

and
{

α̂(i−1)
}

, we compute

the outgoing EM messages
{←−
Wαk
,
←−
Wαk

←−mαk

}

for {αk} of the multiplier nodes.

According to rules (4.13), (4.14) and (4.15) in Table 4.2, the EM message for

αk can be calculated as

←−
Wαk
= Vhk

+mhk
mhk

(4.23a)

←−
Wαk

←−mαk
= Vhkh′Tk+1

+mhk
mh′

k+1
, (4.23b)

where

Vhkh′Tk+1
= Vhk

α̂(i−1)

k
W̃h′k+1

Vh′Tk+1
(4.24a)

W̃h′k+1
=
(−→
V h′

k+1
+
←−
V h′

k+1

)−1
. (4.24b)

With the incoming messages
{−→myk
,
−→
V yk

}

and
{←−mh′

k
,
←−
V h′

k

}

, we can form scalar

Gaussian factors with mean and variance of
{

mzk
,Vzk

}

connected to the edge

with variable zk to replace the adder nodes in Fig. 4.2. Using rules in Table

3.1,
{

mzk
,Vzk

}

can be computed as

mzk
=
←−mh′

k
− −→myk

(4.25a)

Vzk
=
−→
V yk
+
←−
V h′

k
. (4.25b)

With the incoming messages
{−→mwk

,
−→
V wk

}

,
{

mzk
,Vzk

}

and
{

1̂(i−1)
}

, we compute

the outgoing EM messages
{←−
W1k
,
←−
W1k

←−m1k

}

for
{

1k

}

of the multiplier nodes.

According to rules (4.9)-(4.12) in Table 4.1, the EM messages for 1k can be

calculated as

←−
W1k
= Vwk

+
mwk

mwk

Vzk

(4.26a)

←−
W1k

←−m1k
=

mwk
mzk

Vzk

, (4.26b)
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where

Vwk
=

Vzk

Vzk
+ 1̂2(i−1)

(4.27a)

mwk
=

1̂(i−1)

Vzk
+ 1̂2(i−1)

mzk
. (4.27b)

• M-Step Implementation:

In this step, we aim to obtain the new estimates for {αk} and
{

1k

}

by running

GMP with message computation rules for the equality nodes in the M-step

factor graph in Fig. 4.2. The exact calculation involves forward and back-

ward recursions which incur unnecessary computations of some products.

As the M-step factor graph in Fig. 4.2 only includes equality nodes, the

marginal mean scalar of {αk} and
{

1k

}

can be simplified as

mαk
=

∑K−1
k=1

←−
Wαk

←−mαk

∑K−1
k=1

←−
Wαk

(4.28a)

m1k
=

∑K−1
k=1

←−
W1k

←−m1k

∑K−1
k=1

←−
W1k

. (4.28b)

The new estimates αk = mαk
and 1k = m1k

where k = 1, 2, · · · ,K − 1, will be

employed by the E-step in the next iteration.

In the above approach, it requires an initialisation of α and 1 for the first

iteration, where we use the received signal with (3.36) and (3.37) for initialisation.

The proposed EM GMP approach has similar complexity as the EM approach in

[11] per iteration.

4.4 Simulation Results

The system settings are the same as those in Chapter 3, where pilots symbols are

used for channel estimation. Fig. 4.3 shows the MSE performance of the proposed
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Figure 4.3: MSE performance of channel estimation for K = 100 and SNR= 10dB

EM approach, the EM approach in [11] and the approach in [55]. It can be seen

that the proposed EM approach has the same performance with the EM approach

in [11]. The proposed approach is very close to the performance of the approach

in [55], where the approach in [55] assumes the optimal AR(1) model is known.

Fig. 4.4 and Fig. 4.5 show the convergence rate of the proposed EM approach

and the EM approach in [11] with fd = 50 Hz and fd = 500 Hz respectively. It

can been seen that the proposed EM approach achieves considerable performance

improvement in terms of convergence rate, where the maximum iteration number

of the proposed approach is 8 and the maximum iteration number of the EM

approach in [11] is 40 for fd = 50 Hz. Therefore, the total complexity of the

proposed EM approach is much lower than that of the EM approach in [11].
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4.5. Conclusion

4.5 Conclusion

In this Chapter, we devised a time-varying channel estimation approach using

message passing based EM algorithm. With a FFG representation of the Rayleigh

fading channel approximated by an AR(1) model, we treat the channel coefficients

as hidden data and treat the AR(1) model coefficients as unknown parameters.

By employing the GMP techniques for the EM algorithm, we developed a joint

channel estimation and AR model coefficients estimation approach, where the

proposed approach achieves much faster convergence speed and lower complex-

ity compared with the conventional EM approach. Note that the Doppler spread

can be extracted from the estimated AR(1) model coefficients [11].
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Chapter 5
Conclusions and Future
Work

5.1 Conclusions

The objective of this thesis is to design efficient algorithms for Doppler spread es-

timation in high mobility wireless communication systems. After introducing the

properties of time-varying fading channels and reviewing some existing Doppler

spread estimation approaches, motivated by the advantages of joint Doppler

spread and channel estimation, we proposed two low-complexity algorithms us-

ing Gaussian message passing (GMP) techniques. We summarise this thesis as

follows.

In Chapter 3, we proposed a new low-complexity iterative approach to joint

Doppler spread and channel estimation over Rayleigh fading channels. Through

an iterative process between two devised estimators, i.e., an autocorrelation func-

tion (ACF) based Doppler spread estimator with an ACF lag selection mechanism

and a GMP based channel estimator with a Forney-style factor graph (FFG) rep-

resentation of an optimised AR(1) channel model, we achieve similar or better
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performance with lower complexity compared to existing joint Doppler spread

and channel estimation approaches.

In Chapter 4, using a FFG to represent the Rayleigh fading channels described

by an AR(1) model, we developed the GMP technique for EM algorithm to joint

channel and AR(1) model coefficients estimation, where the Doppler spread can

be extracted from the estimated AR(1) model coefficients. The proposed EM-GMP

approach has the same performance with the conventional EM approach, but the

convergence speed is much faster.

To sum up, in this thesis, we mainly focus on joint Doppler spread and channel

estimation using GMP techniques. Compared to existing approaches, we have

shown the proposed approaches achieves better performance over a wide range

of maximum Doppler frequency with even lower complexity.

5.2 Future Work

In this thesis, we mainly investigate the joint Doppler spread and channel esti-

mation approaches over flat Rayleigh fading channels. In a practical radio wave

propagation environment, such as rural area where the high speed railway sys-

tems are operated, the scattering is often nonisotropic and the receiver may have a

line-of-sight component. Thus, the fading channel is more suitable to be modeled

as a Rician fading channel. It is necessary to investigate Doppler spread esti-

mation for Rician fading channels. This thesis assumes that the Rayleigh fading

channel is due to Jake’s model and the knowledge of channel PSD is the U-shape.

It is interesting to research robust Doppler spread estimation that does not need

the prior knowledge of Doppler spectrum. As the future wireless communication
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systems aims at providing reliable data transmission to support broadband com-

munication even under high mobility environments, frequency selective channels

have to be taken into account for joint channel and Doppler spread estimation.

In addition, the proposed joint channel and Doppler spread estimation approach

may be incorporated into turbo equalisation for joint channel, Doppler spread

and detection. We list the some several possible topics for future work as follows:

• Joint Doppler spread and channel estimation for Rician fading channels,

• Joint Doppler spread and channel estimation for time-varying frequency

selective fading channels,

and

• Joint channel, Doppler spread estimation and data detection.
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