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ABSTRACT 

HgTe/CdTe quantum wells (QWs) are the first known topological insulator 

material, which requires strong intrinsic spin orbit coupling (SOC). In HgTe/CdTe 

QW, a phase transition happens when the thickness of the HgTe “well” exceeds the 

critical value (6.3 nm), which results in band inversion. The band inverted 

HgTe/CdTe QWs form topological edge states that support currents with opposite 

spins transporting in opposite directions, while the bulk state remains insulating. On 

the edge, the gap closed with linear energy dispersion at the low energy regime, 

creating a pair of Dirac cones. Such edge states have attracted great attention and 

have been extensively studied. However, the bulk insulating state should not be 

forgotten, especially, when the Fermi energy is out of the bulk gap.  

We first study the dielectric function of n-type HgTe/CdTe QWs. We present 

the dielectric response contributed from intraband and interband excitations, 

respectively. The thermal effects have significant effect on the intraband contributed 

polarization function, of which the peaks shift toward high frequency with increasing 

temperature. The plasmons in the two-dimensional (2D) electron gas (2DEG) in the 

HgTe “well” decays rapidly.  

We then investigated the energy loss rate (ELR) of a charged particle in an n-

type HgTe/CdTe QW.  It is found that the ELR characteristics due to the intraband 

excitation have linear energy dependence while those due to interband excitation 

depends on the energy exponentially. An interesting quantitative result is that for a 

large range of the incident energy, the mean inelastic scattering rate is around a few 

terahertzs. 
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We also studied the frequency-dependent current response of the bulk state of 

topological insulator HgTe/CdTe QW. Our formalism is based on the quantum 

transport equation, considering the second order electron-impurity scattering under a 

weak external field. The optical conductivity is attributed to the intra-band process 

under a weak excitation. We found out that the conductivity decreases with 

temperature at low temperature and increases with temperature at high temperature. 

The transport scattering rate has an opposite frequency dependence in the low 

temperature regime and in the high temperature regime. The different frequency 

dependence is due to the interplay of (i) impurity scattering probability of a single 

electron decreases frequency at any temperature and (ii) number of electrons 

satisfying scattering condition at high temperature increases with the frequency. 

We reveal that the n-type HgTe/CdTe quantum well have a strong nonlinear 

optical property in the three-photon mixing. While the gapless surface state in TI can 

exhibit strong nonlinear effect due to the linear energy dispersion, the nonparabolic 

energy dispersion of the bulk state is responsible for the photo mixing effect reported 

here.  To produce response at terahertz frequency regime from femtosecond 

electrical field, the mixing efficiency is around 10-4 comparable to that of nonlinear 

semiconductor crystals. The optimal temperature for this nonlinear effect is around 

50-100K. The results suggest a potential application of TI in terahertz photonics. 

We present strong nonlinear optical responses in terahertz regime in the bulk 

state of an n-type HgTe/CdTe QW. The third-order nonlinear optical conductance 

can be observed under a moderate electric field. There are sign changes of third 

order conductance happen in the low chemical potential µ for two types of band 

structures at low energy regime. The thermal influences on nonlinear optical 
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responses of HgTe/CdTe QWs are also studied, especially when µ lies between 6 

meV and 10 meV. The sign changes are observed when temperature increases up to 

300 K. These results suggest that HgTe/CdTe QWs are promising candidates for 

nonlinear photonics and optoelectronics devices applications. 

We finally investigated the nonlinear response of 2D surface states of a 3D 

strong topological insulator (e.g. Bi2Se3). We report that for such surface states on 

Bi2Se3, there exist strong nonlinear optical responses in terahertz regime. The third-

order nonlinear optical conductance can be observed under a moderate electric field. 

The thermal influence on nonlinear optical responses of the surface states of Bi2Se3 

are also studied in different temperature and frequency ranges. The results suggest 

that the 3D TIs such as Bi2Se3 are promising candidates for nonlinear photonics and 

optoelectronics devices. 
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INTRODUCTION 

Topological insulator (TI) is a new state of material that in the bulk is an 

insulator with large band gap, but the edge (of two-dimensional, 2D TI) or surface 

(of three-dimensional, 3D TI) forms gapless metallic states.1, 2 These gapless surface 

states are benefit from the strong intrinsic spin-orbit coupling (SOC) of the material, 

and are topologically protected by time-reversal symmetry (TRS). In the presence of 

TRS, the Kramers theorem requires that these gapless states are at least doubly 

degeneracy, which constructs a pair of Dirac cones.2 There are also a new set of 

topological invariants, Z2 topological invariants, counting the number of these 

“cones” on the edge or surface.3-6 Z2 topological invariants are developed to 

characterize the topological non-trivial surface states. Simply put, the surface of a TI 

contains odd number pairs of Dirac cones.7, 8  Moreover, electrons on the TI surface 

are spin-momentum locking, which means the electrons with opposite spins transport 

in the two opposite directions.9, 10 As a result, the spin currents are observable on the 

surface, and due to the TRS, these spin currents are robust against any non-magnetic 

impurities. However, the net charge transport is zero, since two charge currents in 

opposite direction cancel each other. So far, TI materials have become a hot topic in 

condense matter physics and material engineering.2, 11, 12 The topological edge or 

surface states exhibit many peculiar properties such as: quantum spin Hall effect (in 

2D TIs),9, 10, 13, 14 disspationless transport,9, 15 inverse spin Hall effect,16 giant 

magneto-optical effect,17 room temperature giant magnetoresistance,18 ambipolar 

electric field effect,19 observation of Dirac plasmon,20 Josephson super current,21 

Majorana Fermion,22 helical Dirac fermions,23, 24 etc. Therefore, TIs have potential 
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application in quantum computing, optoelectics, magnetoelectrics, spintronics, and 

so on.  

 HgTe/CdTe quantum wells (QWs) are confirmed 2D TI materials, on which the 

quantum spin Hall effect has been observed when the thickness of the HgTe layer is 

larger than the critical value of dc = 6.3 nm. It has long been known that HgTe has an 

inverted band structure with a negative gap of -1.3 eV due to the strong SOC, and 

CdTe has a positive gap of 1.6 eV. In the thin HgTe/CdTe QWs, the states in the 

HgTe “well” has a “normal” band structure, where E1 acts as the lowest conduction 

band and H1 constructs the highest valence band, owing to the confinement of the 

CdTe barrier layers. As the thickness of the HgTe layer increases, the SOC is getting 

significance and finally dominates the confinement effects, and the band inversion 

between E1 and H1 occurs. Therefore, there is a phase transition in the critical well 

thickness (dc = 6.3 nm), where the QWs change from a semiconductor into a 

semimetal.  Keep increasing the well thickness, a gap will be open again in the bulk 

HgTe/CdTe QWs, but on the edge, the gapless states are reserved thinks to the 

protection of TRS, giving rise to TIs.  

Our interest will be focusing on 2D HgTe/CdTe QW TIs, on which the edge 

state is 1D. It has been reported that the carrier density of a HgTe/CdTe QW can be 

reduced to the magnitude of ~1011 cm-2 in a highly pure sample13, 14. Even in such a 

low carrier density system, we noticed that in the case of d = 7.0 nm, where d is the 

thickness of the well layer, the Fermi energy, EF = 0.012 eV, still lies in the 

conduction band. The edge response could be overwhelmed by the bulk state in the 

electron transport measurements, as it is estimated that only approximately one in 

108 electrons resides near the edge rather than the bulk25. Thus, it is of equal 
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importance to investigate the transport properties of the bulk in order to interpret the 

HgTe/CdTe QW TI overall. In addition, HgTe/CdTe QWs are also found to be 

interesting in the studies such as large Rashba spin-obit splitting,26 quantum Andreev 

effect27, weak anti-localization effect28, infrared to far infrared optoelectrics,29, 30 and 

so on.  

In my thesis, the contents will be organized as follow. Chapter 1 presents the 

literature review. In Chapter 2, we study the fundamental dielectric properties of 

HgTe/GdTe QWs; in Chapters 3 and 4, we investigate the dynamic conductivity 

considering the impurity scattering and the energy loss rate of a charged particle in 

HgTe/GdTe QWs, respectively, including the screening effects. Chapter 5 sets up a 

model for four-wave mixing in THz generation based on HgTe/GdTe QWs. In 

Chapters 6 and 7, we calculate the nonlinear effects of HgTe/GdTe QWs and the 2D 

surface of Bi2Se3, respectively. 
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CHAPTER 1 LITERATURE REVIEW 

1.1 Historical review on topological insulators (TIs) 

Topological insulators (TIs) were discovered in the course of exploring the 

quantum spin Hall effect (QSHE).1, 2, 12  

In 1879, Edwin Hall31 discovered in an experiment that a voltage difference was 

generated transverse to the electric current (say, in the x-y plane) when a magnetic 

field was applied perpendicular to the sample (in the z direction). This voltage 

difference is the Hall voltage, name after Edwin Hall, and the effect is called the Hall 

effect. About a century later, in 1980, Klaus von Klitzing et al.32 set up a transport 

experiment at low temperature with a strong magnetic field. They observed two 

significant phenomena: there was electric current transport along the edge of the 

sample, and the Hall conductance was quantized taking only integer numbers of the 

unit value e2/h, which was independent of material details.33, 34 This effect is known 

as the quantum Hall (QH) effect or integer quantum Hall (IQH) effect. Before long, 

Laughlin35, Stormer and Tsui36 discovered the fractional quantum Hall effect using 

particular magnetic fields and extremely low temperatures in low carrier density 

semiconductors. It is notable that magnetic field plays an important role in these Hall 

effects.  

The theoretical study of the spin-Hall effect (SHE) dates back to 1974 to work 

conducted by the Russian physicists Dyakonov and Perel,37 who considered the 

extrinsic effect arising from interaction of the spin-orbit coupling (SOC) with 

impurities, although such an extrinsic SHE was later proved to be less important, as 

it might be cancelled by the vertex correction.38, 39 Thus, more attention is being paid 

to the intrinsic SHE which is fundamentally derived from the SOC of the host band 
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structure.40 In 2003, Murakami et al.41 claimed that the dissipationless quantum spin 

current could be induced by an electric field at room temperature in doped 

semiconductors such as Si, Ge, and GaAs. Later on, they predicted42 a type of “spin-

Hall insulator (SHI)”, in which this SHE could appear even without any magnetic 

field, although the authors also pointed out in the prediction that the spin-Hall 

conductance in such a SHI is not quantized.42 The first experimental observation of 

the SHE was reported independently by Kato et al43 and by Wunderlich et al.44 in 

2004. Kato et al.43 used a Kerr rotation microscopy system to study GaAs and 

strained InGaAs in the absence of any magnetic field. Two opposite spin currents 

transported along the edge of the sample were fitted well with the theoretical 

predictions. For the strained sample, they ascribed the SHE to be extrinsic.  

Wunderlich et al.44 considered a 2D hole system with strong SOC that splits heavy-

hole states in the plane of the 2D layer. The two opposite spin signals were detected 

for the two edges. The authors suggested that the SHE observed should be intrinsic, 

which was in good agreement with other theoretical proposals.40, 42, 45  

Many efforts were made to establish models for the quantum spin-Hall effect 

(QSHE), in which the spin degeneracy is necessarily lifted intrinsically.9, 10, 46, 47 In 

2005, one profound model was proposed by Kane and Mele6, 9. They introduced an 

SOC term to create gaps with opposite spin around the K′ and K point in graphene 

and showed how gapless states survive at the edge with respect to the time reversal 

symmetry (TRS) at the low temperature limit.6, 9  The SOC effect in graphene, 

however, is so weak that it opens a gap merely on the order of 10-3 meV.48-50 In 2006, 

Bernevig, Hughes and Zhang predicted10 that mercury telluride–cadmium telluride 

(HgTe/CdTe) QWs have potential for observation of the quantum spin Hall effect 
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(QSHE), as a HgTe/GdTe QW could experience a phase transition by tuning the 

thickness of the HgTe layer. This idea was experimentally confirmed by Krönig et 

al.,13 and the quantized Hall conductance was 2e2/h, convincingly matching the 

prediction.  

Meanwhile, an important theoretical breakthrough for 3D TIs was made by three 

independent groups3, 4, 51, 52, in which they developed a new set of topological 

invariants to distinct trivial and non-trivial insulators.  A category of weak 3D TIs, 

such as bismuth, can be viewed as a stack of 2D TI layers, so that the overall effect 

of one–dimensional (1D) edges leads to a 2D topological surface.2, 3 Such 2D surface 

states are easily destroyed by impurities, however.2 On the other hand, there is a 

category of strong 3D TIs, which are based on the heavy element solid compounds 

that feautre strong SOC. In the theoretical prediction, they could be Bi2Te3, Bi2Sb3, 

Bi2Se3, Sb2Te3, α-Sn, strained HgTe, etc.51, 53 The first 3D TI was experimentally 

identified on Bi0.9Sb0.1 using angle-resolved photoemission spectroscopy (ARPES) 

performed by Hasan’s group at Princeton University54. Subsequent research efforts, 

both experimental and theoretical, have been carried out by many groups by using 

ARPES, scanning tunnelling microscopy or spectroscopy (STM or STS), and other 

techniques.7, 19, 20, 23-25, 55-68 

 

1.2 Theory on topological nature 

The core properties of the TIs can be summarized as strong intrinsic SOC,10, 53, 54 

Z2 topological invariants,3-6, 51, 52, 69 and dissipationless transport protected by time-

reversal symmetry (TRS).10, 41, 70 
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under the SOC effect.26, 73-76 As shown in Figure 1-1, one important quantity is the 

energy gap between Γ6 and Γ8 (ܧ୻ల −  ୻ఴ), which is +1.6 eV for bulk CdTe and -0.3ܧ

eV for bulk HgTe.72 The negative gap suggests that the HgTe has the inverted band 

structure, corresponding to the large intrinsic SOC in the heavy element Hg.72   

As for the HgTe/CdTe QWs, it is well known that the SOC effect is a function 

of the thickness of the HgTe layer. When the HgTe layer is sandwiched by two CdTe 

barrier layers, the electrons are confined in the 2D HgTe “well”. This 2D electron 

gas (2DEG) system has the peculiar behaviour of band inversion with respect to the 

confinement effect of the CdTe layers and the SOC intensity, and therefore is 

susceptible to the well thickness. For example14, 26, 72-76, in thin QWs, the 

confinement effect from the barrier layers takes over the SOC of HgTe, and the 

conduction bands are constructed with a set of QW states derived from the Γ6 band 

(denoted as En). The valence bands originating from the Γ8 band are divided into two 

different sets (Hn and Ln) of QW states corresponding to the degeneracy between the 

heavy hole and light hole bands. The subscript n refers to the number of nodes of 

well states in the z direction. When the thickness of the well increases to a critical 

point (dc) where the SOC dominates the confinement effect, there is a band inversion 

between H1 and E1, which is schematically described in Figure 1-2.10 Consequently, 

the energy gap of the HgTe/GdTe QW is tuneable by varying the thickness of the 

HgTe “well”. The computed critical thickness resulting in band inversion in 

HgTe/GdTe QWs is about 6.3 nm.10, 14 During the process of increasing the HgTe 

thickness, the SOC in the HgTe/CdTe QW system is enhanced, and the band 

inversion occurs. The inverted band structure probably opens a gap in the bulk, but 
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(ܓ)߳  = ܥ − ௫ଶ݇)ܦ + ݇௬ଶ)  

 ݀௫(ܓ) =   ௫݇ܣ

 ݀௬(ܓ)   ௬݇ܣ–=

 ݀௭(ܓ) =   (ܓ)ܯ

(ܓ)ܯ  = ܯ − ௫ଶ݇)ܤ + ݇௬ଶ)  

where I2×2 is the 2 × 2  identity matrix, σa is the Pauli spin matrix. A, B, C, D, and M 

are parameters determined by the material geometry. The parameter C is usually 

neglected, because it is just a constant that shifts the total energy, and can always be 

renormalized to zero without changing any details of the wave function.14 The 

Hamiltonian in Eq. (1-1) is a block diagonal, where the lower block h*(-k) is the time 

reversal of the upper block.10, 79 As a result, the two blocks can be solved separately. 

We can first solve the eigenvalue for the upper block. Let: 

 Ψ↑(ܓ) = ቀ߮ଵ߮ଶቁ ݁௜ܚ∙ܓ,  (1-2)

and the solution for the lower block: 

(ܓ)↓ߖ  = Θ(3-1) ,(ܓ)↑ߖ

where Θ = -iσyK is the time reversal operator where K is the complex conjugation. 

The eigenstates of the upper block fulfil the Schrödinger equation, the energy 

dispersion for the bulk states are: 

(݇)௦ߝ  = ଶ݇ܦ− + ܯ)ඥݏ − ଶ)ଶ݇ܤ + ଶ݇ଶ. (1-4)ܣ

Here ݏ = ±1 represents the conduction and valence bands. To investigate the helical 

edge states in the QSH system, the HgTe/CdTe QW is treated in a finite size, e.g. an 
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infinite strip in the x direction and a finite length in the y direction.14, 79 Thus, ky is 

not a good quantum number anymore, and is replaced by	−߲݅௬ following the Peierls 

substitution. The G(k) term is also neglected since it doesn’t affect the wave function. 

Then, we have: 

ܯൣ  − ൫݇௫ଶܤ + ߲௬ଶ൯൧߮ଵ + ൫݇௫ܣ + ߲݅௬൯߮ଶ = ௦(݇)߮ଵ; (1-5)ߝ

൫݇௫ܣ  − ߲௬൯߮ଵ − ܯൣ − ൫݇௫ଶܤ + ߲௬ଶ൯൧߮ଶ = ௦(݇)߮ଶ; (1-6)ߝ

The gapless edge states exist with E = 0. Using the wave function ansatz	߮ =݁ఒ௬	at	݇௫ = 0, Eq. (1-5) and (1-6) become: 

ܯ)   − (ଶߣܤ ߮ଵ + ଶ߮ߣܣ݅ = 0; (1-7)

ଵ߮ߣܣ݅  + ܯ) − ଶ)߮ଶߣܤ = 0; (1-8)

λ is solved: 

ଵ,ଶߣ  = ܤ12 ቀܣ ± ඥܣଶ − ቁ. (1-9)ܤܯ4

Accordingly, the edge states survive only when λ is real and M/B > 0. From Eqs. 

(1-7) and (1-8), the wave function of the upper block has the form: Ψ↑(݇௫, (ݕ = ቂ(ܽ݁ఒభ௬	 + ܾ݁ఒమ௬ ) ቀ1݅ቁ + (ܿ݁ିఒభ௬ + ݀݁ିఒమ௬ ) ቀ 1−݅ቁቃ	݁௜௞ೣ∙௫. (1-10)

The coefficient a, b, c, d can be determined from the boundary conditions. The wave 

function for the lower block has the form: Ψ↑(݇௫, (ݕ = ቂ(ܽ݁ఒభ௬	 + ܾ݁ఒమ௬ ) ቀ1݅ቁ − (ܿ݁ିఒభ௬ + ݀݁ିఒమ௬ ) ቀ−݅1ቁቃ	݁௜௞ೣ∙௫. (1-11)

Using Eq. (1-10), and (1-11) as the basis, the effective edge model can be 

obtained: 

௜௝௘ௗܪ  = ൻΨ௜หℋหΨ௝ൿ, (1-12)

where the effective Hamiltonian to the first order in kx for the helical edge states is: 
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highlighted in the red frames in Figure 1-3(a) and (c). The interaction between 

quintuple layers is much weaker than the atom-atom interaction in each quintuple 

layer. The weak interaction between quintuple layers is ascribed to the van der Waals 

force.  

An effective Hamiltonian for the 3D TIs was proposed by Zhang et al53, who 

considered the four bases: |ܲ1௭ା, ↑ۧ , 	|ܲ2௭ି , ↑ۧ  , 	|ܲ1௭ା, ↓ۧ  and |ܲ2௭ି , ↓ۧ , and three 

symmetries: TRS, inversion symmetry and three-fold rotation symmetry. The 4×4 

effective Hamiltonian up to the order of ܱ(ܓଶ): 
ℋ = ସ×ସܫ(ܓ)߳ + ൮(ܓ)ܯ ଵ݇௭ܣଵ݇௭ܣ (ܓ)ܯ− 0 ଶ݇ିܣଶ݇ିܣ 00 ଶ݇ାܣଶ݇ାܣ 0 (ܓ)ܯ ଵ݇௭ܣ−ଵ݇௭ܣ− ൲(ܓ)ܯ− + (1-15) (ଶܓ)ܱ

where: 

 ݇± = ݇௫ ± ݅݇௬  

(ܓ)ܯ  = ܯ − ଵ݇௭ଶܤ − ଶ݇ଶୄܤ   

(ܓ)߳  = ܥ + ଵ݇௭ଶܦ + ଶ݇ଶୄܦ   

The effective surface Hamiltonian is the projection of Eq. (1-15) onto the 

surface states: 

(݇)௦௨௥௙ܪ  = ൬ 0 ଶ݇ାܣଶ݇ିܣ 0 ൰ (1-16)

 This is very similar to the Hamiltionian of graphene except that here the spin 

representation is describing the real spin. The Fermi velocity of the surface states 

is	ݒி = ஺మℏ = 6.2 × 10ହ	݉/ݏ. 
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of value v = 0 or v = 1 correspond, respectively, to an ordinary insulator or a 

topological insulator, where topological states are protected by time reversal 

symmetry (TRS) from any non-magnetic impurities.6 In 3D TIs, there are four Z2 

invariants, v0;(v1, v2, v3). These four Z2 invariants describe 16 phases that not only 

distinguish the trivial and non-trivial surfaces states, but also divide the TIs into two 

categories regarding to the value of v0: the strong topological insulator (STI) with v0 

= 1, and the weak topological insulator (WTI) with v0 = 0.3-5, 51, 52 A WTI can be 

understood as a stack of layers of 2D TIs, whose surface consists of even numbers of 

Dirac cones that only survive in the absence of disorder.51 A STI, however, possesses 

an odd number of Dirac cones, where the electrons are spin-momentum locking and 

immune to any time reversal invariant (TRI) impurity.51 

There are several mathematical formalisms to establish the Z2 classification. 

TRS is the core factor resulting in Z2 topological invariants. The TRS operator is an 

antiunitary operator:  

 Θ = ݁௜గௌ೤/ℏ(17-1) ܭ

Where Sy is the spin operator, and K is the complex conjugation. When the TRS 

operator acts on a Bloch Hamiltonian, a constraint will be imposed that guarantees 

that the Z2 invariant Hamiltonian will be smoothly deformed without closing a gap. 

 Θ(ܓ)ܪΘିଵ = (18-1) (ܓ−)ܪ

For electrons with half spin,  

 Θଶ = −1 (1-19)

This property immediately corresponds to the Kramers theorem that the 

eigenstates in the TRS system are at least doubly degenerate. Thus the edge states at 
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the Brillouin zone boundary ݇௫ = or ݇௫ ܽ/ߨ = 0 form a Kramers pairs that cannot 

be lifted by any TRS perturbation. 

In the KM model,6 the matrix of overlaps 	ൻݑ௜(ܓ)หΘหݑ௝(ܓ)ൿ  needs to be 

considered to identify the 2D Z2 invariant.ݑ௜,௝(ܓ)  is the Bloch wave function 

corresponding to the Bloch Hamiltonian(ܓ)ܪ. Under the TRI, the determinant of the 

overlap matrix is the related to its Pfaffian P(k): 

(ܓ)ܲ  = ݂ܲൣൻݑ௜(ܓ)หΘหݑ௝(ܓ)ൿ൧ (1-20)

Finding the Z2 invariants is now become the problem of finding the zeros of 

P(k). Without the constraint of any spatial symmetry, the Z2 index can be determined 

by the following integral: 

ܫ  = ݅ߨ12 ර ܓ݀ ∙ ܓ∇ log[ܲ(ܓ) + ஼[ߜ݅  (1-21)

where C is the path enclosing half the Brillouin zone. This integral evaluate the 

winding of the phase of P(k) around path C. It is important to point out that the Z2 

invariants are robust against any TRI perturbation. For example, in the presence of Sz 

symmetry, the opposite spins propagate in opposite directions, and each spin has 

independent Chern integers n↑, n↓. TRS requires	݊↑ + ݊↓ = 0, and the difference ݊↑ − ݊↓ defines the quantized spin Hall conductivity. Z2 invariants in the graphene 

system can be extended to other many-body system and 3D TI systems.11 

 

1.2.3 Dissipationless transport on the edge or surface of TIs  

The Kramers degeneracy at the Dirac cone of the surface is protected by the 

TRS, which means that elastic backscattering from any TRI impurities is forbidden. 

Since charge current is odd under TRS, when the opposite spin currents flow in two 



 

Chpater 1. Literature review 

 

16 

 

opposite directions, the net charge current is zero. The electric field and the spin 

current are TRI, however, so the transport of two opposite spin-currents on the edge 

or surface is dissipationless as long as there is no spin dependent perturbation. 

 

Figure 1-5. (a) Model to describe the mechanism of light interference on a lens 

with an anti-reflective coating. (b) Two backscattering paths of the electrons rotating 

around an impurity related to time reversal will always interfere destructively.1, 86  

 

To better understand the dissipationless transport, Zhang et al1, 86 proposed a 

model that analogous to the mechanism for the reflection of a lens with an anti-

reflection coating, as depicted in Figure 1-5. Consider that in a lens with an anti-

reflection coating, the reflected light from the top and bottom can interfere 

destructively, resulting in high transmission. Similarly, electrons can rotate around 

impurities by an angle π in the clockwise direction or -π in the counter-clockwise 

direction. Hence, the phase difference between the two paths is 2π. It is well known 
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that the wave function of a spin-1/2 particle will pick up a negative sign by a full 2π 

rotation. Therefore, two backscattering paths always interfere destructively due to 

the time reversal. It is worth mentioning, however, that if the impurity is a magnetic 

particle, TRS can be broken; the robustness of the topological surface states will not 

be preserved. 

 

1.3 Experimental realization 

The TI has become a hot topic that draws much attention from the fundamental 

research to the potential applications in quantum computing and spintronic devices. 

The experimental realization is a big challenge, however. First of all, to obtain TIs, 

the materials should be of high quality, e.g. low bulk carrier density so that the Fermi 

energy lies in the bulk gap.13, 23 Second, 1D edge states on 2D TIs have so far not 

been directly confirmed, unlike those in 3D TIs, which were observed using angle 

resolved photo-emission spectroscopy (ARPES) and scanning tunnelling microscopy 

(STM). In the 3D TIs, the transport measurements are always accompanied by the 

bulk response.   

 

1.3.1 Experimental realization of 2-dimentional TIs 

Molenkamp’s group, in the University of Würzburg, has been working on 

HgTe/CdTe QWs since 2001. They fabricated high quality HgTe/CdTe QWs with 

high electron mobility and low bulk carrier density using the molecular beam epitaxy 

(MBE) technique.75, 87-91 The HgTe/CdTe QW has the structure sketched in Figure 

1-6(a)14, where the doping layers can effectively separate the 2DEG in the well from 
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the ionized donors in the undoped spacer layer, and therefore significantly increase 

the electron mobility. At zero gate voltage, the carrier density in n-type HgTe/CdTe 

QWs is between 1.3×1011 and 1.5×1011 cm-2. Applying a gate voltage between top 

layer and well layer can modulate the carrier density of the well. The Hall bar 

structure of the HgTe well for measurement is shown in Figure 1-6(b). Such 

measurements demonstrated that, in the absence of a magnetic field, quantum Hall 

edge channels could be observed in the inverted-band samples, transporting two 

opposite spin current in opposite directions, which did not suffer energy-dissipation. 

The measurement of Figure 1-6(c) is based on a sample with a Hall bar that is about 

20.0 μm × 13.3 μm. The well thickness varies from 4.5 nm to 12 nm, which crosses 

the critical value (dc = 6.3 nm) of the phase transition. The measured plateau of 

residual conductance for the sample 8.0 nm thick was very close to the predicted 

value of 2e2/h, where e is the electron charge, and h is Plank’s constant.  

They also performed non-local measurements that could distinguish the ballistic 

and edge channel transport of HgTe/CdTe QW TIs in a more convincing way.92, 93 

The samples were designed with H-shaped structures on HgTe/CdTe QWs using 

electron beam lithography. The authors argued that the spin current transport along 

the helical edge channels encountered the quantized nonlocal resistance of	ℎ/4݁ଶ, so 

the helical edge states can be understood as two copies of chiral edge states protected 

by the time reversal symmetry and are immune to the backscattering. In another 

work94, they also declared that their HgTe/CdTe QWs established that topological 

edge states consist of a single, spin-degenerate Dirac valley. In contrast to graphene, 

which contains two valleys and two Dirac cones, the “half-graphene” features in the 
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Figure 1-8. Surface band structures of Bi2Se3 thin films with different 

thicknesses from ARPES.59 

 

Following the theoretical predictions,51, 53, 95 massive experimental observations 

were reported based on APRES on TI materials surch as Bi2Te3 and Bi2Se3, Sb2Te3, 

strained HgTe, etc.7, 8, 23, 24, 59, 61-63, 96 Figure 1-7(c-f) shows the observation of a 

single Dirac cone on the surface of Bi2Se3 and Bi2Te3 TIs, respectively, which 

proves the existence of the topological non-trivial surface states in the theoretical 

predictions.7, 53, 62 Doping-dependent band structures near the Dirac points were also 

studied by ARPES.23, 62 By monintoring the band evolution, they were  able to locate 

the Fermi energy, EF, on surface or edge Dirac points within the bulk gap for the 

observation of topological surface states. For example, Chen et al.62 reported the 

experimental realization of Bi2Te3 with Sn doping. The band structure evolution with 

doping concentration suggested that the bulk states disappear completely at the 

Fermi surface with Sn doping of 0.67%, and the shapes change from a hexagram to a 

hexagon. Another interesting study by Zhang et al.59 investigated the surface states 

evolution of Bi2Se3 with varying numbers of layers. A series of ARPES band maps 

are shown in Figure 1-8, where the overlapping of wave functions from the two 
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in the low energy regime. Both theoretical models and experimental optical 

measurements have been reported on reflection103-108, transmission104, 109, Kerr101, 105, 

110, 111 and Faraday rotations17, 109-111, second-harmonic generation66, 102, etc., 

covering the electromagnetic spectrum from the visible102, to the infrared103, 104, 106, 

109, 112 and terahertz regime64, 105, 113. One obstacle to the optical measurements is the 

problem of how to identify the surface states from the bulk, as the electromagnetic 

field can interact with the whole sample, including both the surface and the bulk. 

Some groups have proposed delicate schemes for surface states characterization.17, 20, 

66, 102, 114 

B. V. Aguilar et al101 devised an interesting measurement scheme using time-

domain terahertz spectroscopy (TDTS) on Bi2Se3 thin film. TDTS is a time resolved 

setup that can record a set of responses following the light trace. Figure 1-12(a) 

shows the mechanism of the measurement, the sapphire substrate acts as an optical 

resonator. As a terahertz pulse travels through the Bi2Se3 thin film, each reflection by 

the film surface and substrate results in a Faraday rotation and a Kerr rotation, 

respectively. The rotation angles of the Kerr and Faraday rotation can be resolved in 

the time domain by using three polarizers as light polarization filters. By analysing 

the distinct rotation angles, one expects to obtain the optical response from the 

surface states. Another idea proposed by Hsieh et al102 is based on the second 

harmonic generation (SHG) model, which is expressed as: 

௜ܲ(2߱) = ߯௜௝௞(ଶ)ܧ௝(߱)ܧ௞(߱) + ߯௜௝௞௟(ଷ)  ௟(߱), which is only non-zero on theܧ(߱)௞ܧ௝(0)ߝ

surface. The measurement scheme is displayed in Figure 1-12(b), where the s and p 

polarized photons are collected separately. This method allows selective probing of 

the in-plane and out-of-plane polarization responses of surface states. 
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are not suitable for bulk crystals and nano-crystals, which have large remnant 

electron density that cannot be removed completely.60  

Another efficient way to tune the Fermi level into the bulk gap is by doping. 

Successful examples have been reported on Ca, Sb, and Mg doped Bi2Se3 and Sn 

doped Bi2Se3.
23, 60, 115, 122 Hong et al115 reported transport measurements of ultra-low 

carrier concentration Bi2Se3 nano-ribbons with varying Sb doping concentration. In 

high magnetic field, the Shubnikov-de Haas (SdH) oscillations (in Figure 1-13(a) 

from the bulk) fade with increasing Sb concentration, and vanish at high doping level, 

suggesting the suppression of bulk carrier density. The Fermi energy level of the 

Bi2Se3 nano-ribbons varied up and down between the valence and conduction bands, 

as shown in Figure 1-13(b). 

Although various theoretical transport models have been established to 

investigate the surface transport response,123-131 the transport measurements still 

remain challenge in the real experiments. One obstacle is the response of the surface 

states could be always accompanied by that of the bulk in the transport 

measurements.18, 119, 120, 132, 133 Thus, the surface transport properties remain elusive if 

there is no way to distinguish the response from the bulk and surface states. Some 

outstanding improvements have been made, however, to prove that the surface states 

may exist, based on phenomena such as weak antilocalization133-135, the ambipolar 

gating effect19, 121, 136, observation of surface channels137, 138, metallic resistance-

temperature profiles60, ballistic Josephson supercurrents21, the Hall anomaly of 

surface states139, etc.  
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1.4 Outlook 

In recent years, there have been a myriad of research reports on TIs, especially 

the 3D TIs. 2D metallic surface of the 3D TIs share most of the common properties 

of graphene, yet they are different from graphene at least in the following aspects: i) 

the Hamiltonian of a TI surface state represents the real spin; ii) only odd numbered 

pairs of Dirac cones exist.53, 140-142 Comparing to the single layer graphene, the 2D 

surface is easier to fabricate and more stable for application, since it based on the 

bulk material of itself. The modern techniques, in particular the molecular beam 

epitaxy (MBE), offer the opportunity to produce high quality materials with 

ultrahigh mobility, low carrier density, and thickness controlled.  

The Bi-based compounds, e. g. Ca-doped Bi2Se single crystal,143 with bulk 

insulating gap of 0.3 eV, are suitable for the transport measurement at ~100 K, 

where the electrical resistance saturates, and the bulk currents dominate the surface 

currents.2 Therefore, in the future, new TI materials with larger bulk gap (more than 

0.6 eV) are desired for the room temperature measurement and applications.12  

On the other hand, to distinguish the surface signal from the bulk remain great 

challenge for more detailed study of the surface states transport. There have been 

some successful examples that proved the existence of the surface states, such as the 

case using TTDS to investigate the Kerr and Faraday rotation101 and the quantum 

Shubnikov-de Haas oscillation139. Nevertheless, future techniques on manipulating 

or extract the surface spin currents are required for spintronics applications.  

Another direction is the study of the hybrid structures based on TIs. 

Heterostructures such as TI-superconductor, TI-Ferromagnet and superconductor-
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magnet-TI are of interesting, as they have been proposed for realizing Majorana 

fermions, whose antiparticles are their own.22, 144-147  

With the development of materials fabrication in the atomic level, 

simultaneously equipped with probing techniques ranging from optical to tunnelling 

spectroscopy, the subject of TIs is developing in a fascinating pace. Like the birth of 

graphene, TI has attracted more and more attention. For example, in the field of 

quantum computer, TI is expected for a new revolution of extending Moore’s law. 

To conclude, the subject of TI has become a “Nobel prize topic”, since it stands for a 

new mile stone in the condense matter physics. 
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CHAPTER 2 DIELECTRIC FUNCTION OF HGTE/CDTE QUANTUM 

WELLS 

When applying an external field to a dielectric medium, there would be an 

induced electric field which drives the hole- carriers along the field and the electrons 

in the opposite direction, namely the self-consistent field. A dielectric function is 

derived to describe how the electric field is induced in this system by an external 

electric field. Thus, the dielectric function is the gate way to the study of electron 

transport properties. By taking the limit of ω → 0, the dielectric function gives the 

static screening function, which describes the electrostatic screening of the electron-

electron, electron-lattice, and electron-impurity interactions. Another important 

result is that when the dielectric function is set to equal to zero, it leads to the 

solution for the plasmon dispersion relation describing the fundamental elementary 

excitation and collective density oscillation modes.  

In this Chapter, we will first derive the dielectric function using the random 

phase approximation (RPA), and then apply it to the HgTe/CdTe QWs system.  

 

2.1 Dielectric function in RPA for an interacting system.148-150 

In the RPA, electrons are assumed to flow in a self-consistent field arising from 

an external field and the internal field that it induces. In a QW system, electrons are 

confined in the 2D “well” with a discrete energy distributions giving rise to a band 

structure. Electrons in a specific energy band (s) are distinguished by their 

momentum vector k and spin degree of freedom (σ), which are denoted by (s, k, σ).  
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An external electric field ࡱ௘௫௧	(ۯ௘௫௧(ܚ, ,(ݐ ௘ܸ௫௧(ܚ, ((ݐ  can be interpreted as 

inserting extra charges into the system. The RPA method assumes that the total 

response of electrons comes from only two charge density contributions: 

,ܚ)ߩ  (ݐ = ,ܚ)௘௫௧ߩ (ݐ + ,ܚ)௜௡ௗߩ (1-2) ,(ݐ

where ,ܚ)௘௫௧ߩ	 (ݐ  is the equilibrium charge density, and ߩ௜௡ௗ(ܚ, (ݐ  is the induced 

charge density due to the presence of the external field. The total electric potential is 

defined by:  

,ܚ)ܸ  (ݐ = ௥ߢ1 ௘ܸ௫௧(ܚ, (2-2) ,(ݐ

with ߳௥ the dielectric constant, and Vext the external potential. If the Coulomb gauge ∇ ∙ ۯ = 0 is chosen, from the Maxwell equation: 

 ∇ଶܸ = (2-3) .ߩߨ4−

A solution to Eq. (2-3) is of the form 

,ܙ)ܸ  (ݐ = |ܙ|ߨ2 ,ܙ)ߩ (4-2) .(ݐ

where ,ܙ)ܸ (ݐ  and ܙ)ߩ, (ݐ  are the Fourier transforms of ܸ(ܚ, (ݐ  and ܚ)ߩ, (ݐ , 

respectively, which are defined by: 

(ܚ)݂   = ܚ·ܙ௜ି݁(ܙ)݂ܙන݀ߨ12 ; (2-5)

(ܙ)݂  = (6-2) ,ܚ·ܙ௜݁(ܚ)݂ܚන݀ߨ12

with Ω the volume of the first Brillouin zone. Eq. (2-2) implies the relation below: 

,ܙ)ߩ  (ݐ = 1߳௥ ,ܙ)௘௫௧ߩ (7-2) .(ݐ

In the absence of an external electric field, the expectation value of the density 

operator ܙ)ߩ,  should vanish everywhere except for the wave vector q = 0. When (ݐ
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an external potential is introduced, however, the average density will have a nonzero 

value due to the screening effect by the induced charges. The average induced charge 

density is proportional to the impurities: 

,ܙ)௜௡ௗߩ〉  〈(ݐ = ,ܙ)ߩ〉݁− (8-2) .〈(ݐ

We should point out that the charge density operator (ܚ)ߩ discussed above is 

directly related to the particle density operator	݊(ܚ) by a factor of unit charge, e. g. –

e in the case of electrons.  

,ܙ)ߩ  (ݐ = ,ܙ)݊݁− (9-2) .(ݐ

The particle density operator	݊(ܚ)	is defined by: 

(ܚ)݊  =෍ܚ)ߜ − ௝)௝ܚ = (10-2) ;(ܚ)߰(ܚ)∗߰

(ܚ)߰  = ෍ ఙ,௦,ܓܚ∙ܓఙ,௦݁௜,ܓܿ(ܚ)ఙ,௦,ܓ߮ . (2-11)

In the second quantization presentation: 

(ܙ)݊  = ෍(߮ܓାܙ,ఙ,௦ற ఙ,௦ற,ܙାܓܿ(ఙ,௦,ܓ߮ ఙ,௦,ܓఙ,௦,ܓܿ . (2-12)

The overlap is preserved since the states are distributed in distinct bands of the 

electronic structure in a solid. The potential energy of an electron in position r with 

potential ܸ(ܚ) is defined by	ܷ(ܚ) =  :in the momentum space ,(ܚ)ܸ݁−

(ܙ)ܷ  = (13-2) .(ܙ)ܸ݁−

Making use of all the equations presented above, the expression for dielectric 

constant comes to: 

,ܙ)௥ߢ1  (ݐ = 1 + ௤ܸ ݊௜௡ௗ(ܙ, ,ܙ)௘ܷ௫௧(ݐ (14-2) .(ݐ
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Here ௤ܸ = ௘మଶ఑ೞ|௤|is the Fourier transform of the Coulomb interaction for a 2D system. 

It is obvious that the inverse dielectric constant 
ଵ఑ೝ  describes the response to an 

external potential. The RPA polarization function is defined in Eq. (2-14) as:  

 ோܲ௉஺(ଵ) ,ܙ) (ݐ = ݊௜௡ௗ(ܙ, ,ܙ)௘ܷ௫௧(ݐ (15-2) .(ݐ

If we replace ௘ܷ௫௧(ܙ, with (ݐ 	 ଵ఑ೝ ,ܙ)ܷ  we will reach an expression for the ,(ݐ

dielectric constant using a self-consistent process: 

,ܙ)௥ߢ  (ݐ = 1 − ௤ܸ ݊௜௡ௗ(ܙ, ,ܙ)ܷ(ݐ (ݐ . (2-16)

௥ߢ   describes the response to the total potential. The polarization function in this 

fashion is defined as: 

 ܲ(ଵ)(ܙ, (ݐ = ݊௜௡ௗ(ܙ, ,ܙ)ܷ(ݐ (ݐ . (2-17)

In order to calculate the dielectric function, we first use the Liouville–von-

Neumann equation to calculate the particle density nind. 

In the Born-Oppenheimer approximation, the Hamiltonian of the system is 

expressed as: 

ܪ  = ଴ܪ +  ,଴ is the time independent unperturbed Hamiltonian with a solvable eigen-energy εkܪ(2-18) .ܷ

which, in the second quantization presentation, is: 

଴ܪ  = ෍ ఙ,௦ற,ܓఙ,௦ܿ,ܓߝ ఙ,௦,ܓఙ,௦,ܓܿ , (2-19)

where ܷ is the sum of the electron potential energy (Eq. (2-13)) over all the electrons, 

which is defined by 
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 ܷ = ,ܙ)෍ܷݒ1 ܙ(ݐ ,ܙ)ߩ (ݐ = − ,ܙ)෍ܸݒ݁ ,ܙ)݊(ݐ ܙ(ݐ . (2-20)

The density operator	ܙ)ߩ,  is a time dependent operator assuming to oscillate (ݐ

at a single frequency, which gives the time derivative a factor	– ݅߱. The equation of 

motion for single electron is:  

 ݅ℏ߲ܙ)ߩ, ݐ߲(ݐ = ,ܪ] ,ܙ)ߩ  ,[(ݐ
 ݅ℏ߲ܙ)ߩ, ݐ߲(ݐ = ,଴ܪ] ,ܙ)ߩ [(ݐ + [ܷ, ,ܙ)ߩ (21-2) .[(ݐ

Insert Eqs. (2-9), (2-19) and (2-20) into Eq. (2-21), and let	ℏ = ,ܙ)݊߱ :1 (ݐ = − ෍ ቂܓߝ,ఙ,௦ܿܓ,ఙ,௦ற ఙ,௦,ܓܿ ቀ߮ܓᇲାܙ,ఙᇲ,௦ᇲற ᇲ,ఙᇲ,௦ᇲቁܓ߮ ఙᇲ,௦ᇲற,ܙᇲାܓܿ ᇲ,ఙ,ఙᇲ,௦,௦ᇲܓ,ܓᇲ,ఙᇲ,௦ᇲቃܓܿ
− ݒ1 ,ܙ)ܷ (ݐ ෍ ,ᇱܙ)݊] ,(ݐ ,ܙ)݊ ᇲ,ఙ,ఙᇲ,௦,௦ᇲܙ,ᇲܓ,ܓ[	(ݐ . 

 After simplification: ෍൫ܓߝ,ఙ,௦−ߝାܙ,ఙ,௦ + ߱൯൫߮ܓାܙ,ఙ,௦ற ఙ,௦ற,ܙାܓఙ,௦൯ܿ,ܓ߮ ఙ,௦,ܓఙ,௦,ܓܿ
= ݒ1 ,ܙ)ܷ (ݐ ෍ หൻ߮ܓାܙ,ఙᇲ,௦ᇲห߮ܓ,ఙ,௦ൿหଶ ቀܿܓାܙାܙᇲ,ఙ,௦ற −ᇲ,ఙ,ఙᇲ,௦,௦ᇲܙ,ܓఙ,௦,ܓܿ ᇲ,ఙᇲ,௦ᇲறܙିܓܿ  .ఙᇲ,௦ᇲቁ,ܙାܓܿ

In the RPA, another assumption is that the total electric potential averages out, 

so that only the term q’ =-q contributes. Thus:  
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෍൫ܓߝ,ఙ,௦−ߝାܙ,ఙ,௦ + ߱൯൫߮ܓାܙ,ఙ,௦ற ఙ,௦ற,ܙାܓఙ,௦൯ܿ,ܓ߮ ఙ,௦,ܓఙ,௦,ܓܿ
≈ ,ܙ)ܷ ݒ(ݐ ෍ ܓ)ఙᇲఙ,௦௦ᇲܨ + ,ܙ (ܓ ቀܿܓ,ఙ,௦ற −ᇲ,ఙ,ఙᇲ,௦,௦ᇲܙ,ܓఙ,௦,ܓܿ ఙᇲ,௦ᇲற,ܙାܓܿ  ,ఙᇲ,௦ᇲቁ,ܙାܓܿ

with ܨఙᇲఙ,௦௦ᇲ(ܓ + ,ܙ  :the overlap factor (ܓ

ܓ)ఙᇲఙ,௦௦ᇲܨ  + ,ܙ (ܓ = หൻ߮ܓାܙ,ఙᇲ,௦ᇲห߮ܓ,ఙ,௦ൿหଶ. (2-22)

Now we arrive at: 

,ܙ)ߩ (ݐ = ,ܙ)ܷ ݒ(ݐ ෍ ఙ,ఙᇲ,௦,௦ᇲ,ܓܓ)ఙᇲఙ,௦௦ᇲܨ
+ ,ܙ (ܓ ቀܿܓ,ఙ,௦ற ఙ,௦,ܓܿ − ఙᇲ,௦ᇲற,ܙାܓܿ ఙᇲ,௦ᇲ,ܙାܓߝ−ఙ,௦,ܓߝఙᇲ,௦ᇲቁ,ܙାܓܿ + ߱ . 

(2-23)

Take the average on each side. Here, we should introduce the third assumption 

of the RPA that the external potential oscillates at a single frequency. Therefore, the 

time-dependent charge density operator and electron potential energy are determined 

by frequency only. The expectation values of 〈ܙ)ߩ, ,ܙ)ܷ〉 and 〈(ݐ ,ܙ)ܷ ௜ఠ௧ andି݁(߱,ܙ)ߩ are replaced by 〈(ݐ ߱)݁ି௜ఠ௧, respectively. The number operator gives rise to the 

Fermi-Dirac distribution function: 

ఙ,௦,ܓ݂  = ఙ,௦ற,ܓܿ ఙ,௦. (2-24),ܓܿ

Thus the final result as a function of momentum q and ω is: 

,ܙ)ߩ  ߱) = ݒ(߱,ܙ)ܷ ෍ ఙ,ఙᇲ,௦,௦ᇲ,ܓܓ)ఙᇲఙ,௦௦ᇲܨ
+ ,ܙ (ܓ ൫ ఙ,௦,ܓ݂ − ఙᇲ,௦ᇲ,ܙାܓߝ−ఙ,௦,ܓߝఙᇲ,௦ᇲ൯,ܙାܓ݂ + ߱. (2-25)

Using Eq. (2-8), and moving the ܷ(ܙ,  :to the left side (ݐ
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 ܲ(ଵ)(ܙ, ߱) = (߱,ܙ)ܷ(߱,ܙ)ߩ
= ݒ1 ෍ ܓ)ఙᇲఙ,௦௦ᇲܨ + ,ܙ (ܓ ൫ ఙ,௦,ܓ݂ − ఙᇲ,௦ᇲ,ܙାܓߝ−ఙ,௦,ܓߝఙᇲ,௦ᇲ൯,ܙାܓ݂ + ఙ,ఙᇲ,௦,௦ᇲ,ܓ߱ , 

(2-26)

which relate to the RPA polarization function: 

 ோܲ௉஺(ଵ) ,ܙ) (ݐ = ܲ(ଵ)(ܙ, 1(ݐ − ௤ܸܲ(ଵ)(ܙ, (27-2) .(ݐ

Thus the dielectric function in the frequency domain is: 

,ݍ)߳  (ݐ = 1 − ௤ܸܲ(ଵ)(ܙ, (28-2) .(ݐ

The effective screening potential is no longer the Coulomb potential as describe 

above and is given by: 

 ௘ܸ௙௙ = ௤ܸ1 − ௤ܸܲ(ଵ)(ܙ, ߱). (2-29)

  

2.2 Dielectric function for HgTe/CdTe quantum wells 

2.2.1 Bernevig-Hughes-Zhang (BHZ) model 

The Hamiltonian of an HgTe/CdTe QW is given by Eq. (1-1), and the bulk state 

energy spectrum is given by Eq. (1-4): 

(ܓ)௦ߝ  = ଶ݇ܦ− + ܯ)ඥݏ − ଶ)ଶ݇ܤ +  ,ଶ݇ଶܣ
with ݏ = ±1 representing the conduction and valence band, respectively. The band 

structure is plotted in Figure 2-1, where the bulk gap is 20 meV as labelled, and the 

Fermi level is shown as lying at 50 meV as an example.   
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ܓ)௦௦ᇲܨ  + ,ܙ (ܓ = ܓ)߮ۦ| +  ଶ|ۧ(ܓ)߮|(ܙ

 = ൣ1 + ܓ)௦ܥ + ൯൧ൣ1ܓఏିܙశܓ௜൫ఏି݁(ܓ)௦ܥ(ܙ + ܓ)௦ܥ + ܓ)௦ଶܥ)൯൧ܓఏିܙశܓ௜൫ఏ݁(ܓ)௦ܥ(ܙ + (ܙ + (ܓ)௦ଶܥ)(1 + 1)  

 = ൣ1 + ܓ)௦ܥ + (ܓ)௦ܥ(ܙ cos൫ܓߠାܓߠ−ܙ൯ + ܓ)௦ଶܥ + ܓ)௦ଶܥ)൧(ܓ)௦ଶܥ(ܙ + (ܙ + (ܓ)௦ଶܥ)(1 + 1) . (2-32)

Let ܓߠାܓ,ܙ = ܙାܓߠ − The cosine term written as cos .ܓߠ  can be evaluated ܓ,ܙାܓߠ

using the cosine rule, which is shown in Figure 2-2, where ܙ,ܓߠ = ܙߠ −  Now the .ܓߠ

cosine term arrives at: 

 cos ܓ,ܙାܓߠ = ݇ + ݍ cos ට݇ଶܙ,ܓߠ + ଶݍ + ݍ2݇ cos ܙ,ܓߠ . (2-33)

In the system of the HgTe/CdTe QW, the polarization functionΠ(ܙ, ݅߱௡)	 is 

written as the integral of the momentum k. 

 Π(ܙ, ݅߱௡) = limஐ→ஶ 1Ω ෍ ܓ)௦௦ᇲܨ + ,ܙ (ܓ ୱᇲ,ܙାܓ݂ − ୱᇲ,ܙାܓߝୱ,ܓ݂ − ୱ,ܓߝ − ݅߱௡	ܓ,௦,௦ᇲ  

 =෍න ଶ(ߨ2)ܓ݀ ܓ)௦௦ᇲܨ + ,ܙ (ܓ ୱᇲ,ܙାܓ݂ − ୱᇲ,ܙାܓߝୱ,ܓ݂ − ୱ,ܓߝ − ݅߱௡௦,௦ᇲ , (2-34)

or: 

Π(ܙ, ݅߱௡) = −෍න ଶ(ߨ2)ܓ݀ ܓ)௦௦ᇲܨ + ,ܙ ௦,௦ᇲ(ܓ
× ቆ ୱ,ܙାܓߝୱᇲ,ܓ݂ − ୱᇲ,ܓߝ + ݅߱௡ + ୱᇲ,ܙାܓߝୱ,ܓ݂ − ୱ,ܓߝ − ݅߱௡ቇ, 

(2-35)

with the Fermi-Dirac distribution function: 

ୱ,ܓ݂  = 1݁ఉ൫ఌܓ,౩ିఓ൯ + 1, (2-36)

where β=1/kBT, with kB the Boltzmann constant. 
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To evaluate the Eq. (2-34), we apply the analytic continuation step: iωn → ω + 

iδ, which create a retarded function. δ is an infinitesimal. Then, we use the identity: 

(ݔ)1݂  ± ߜ)݅ → 0) = ܲ (ݔ)1݂ ∓ ൯. (2-37)(ݔ)൫݂ߜߨ݅

The imaginary part of the result will be: 

(߱,ܙ)Π݉ܫ  = ෍නߨ ଶ(ߨ2)ܓ݀ ܓ)௦௦ᇲܨ + ,ܙ ×௦,௦ᇲ(ܓ ൫݂ܓାܙ,௦ᇲ − ୱᇲ,ܙାܓߝ൫ߜ௦൯,ܓ݂ − ୱ,ܓߝ − ߱൯. (2-38)

It is very straightforward to do the delta function, and the double integration is 

reduced to a single integration. The identity Π(ݍ,߱) = Π∗(ݍ, −߱)  can be easily 

proved by rearranging the k summation in Eq. (2-34); the real part of	ܲ(ଵ)(q, ߱) is an 

even function of ω, while the imaginary part of Π(ݍ,߱)	is odd function of	Π(ݍ, ߱). 
Thus, the real part can be calculated using Kramers-Kronig relation: 

 ܴ݁Π(ܙ,߱) = ߨ2 ܲන ߱ᇱܲ݉ܫ(ଵ)(ܙ, ߱ᇱ)߱ᇱଶ − ߱ଶ ݀߱ᇱஶ
଴ . (2-39)

P on the right hand side of the equation denotes Cauchy principal value. With 

the delta function, the real part of the polarization function becomes:  

ܴ݁Π(ܙ,߱) =෍න ଶ௦,௦ᇲ(ߨ2)ܓ݀
× ܓ)௦௦ᇲܨ + ,ܙ (ܓ ൫݂ܓାܙ,௦ᇲ − ୱᇲ,ܙାܓߝ௦൯൫,ܓ݂ − ୱᇲ,ܙାܓߝୱ൯൫,ܓߝ − ୱ൯ଶ,ܓߝ − ߱ଶ 	. 

(2-40)

For the long wavelength limit (q → 0), Eq. (2-35) is expanded in terms of q: 

Π(q, ݅߱௡) = −න ଶ(ߨ2)ܓ݀ ା,ܓ݂ ൬ ݍ(݇)ାݒ1 cos ߠ + ݅߱௡ 	
+ (݇)ାݒ1 cosݍ ߠ − ݅߱௡൰ 
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 = ܙ,ܓߠ൫ߜ − ଴ܙ,ܓߠ ൯ฬ߲ܓߝାܙ,ୱᇲ߲ߠ ฬఏܙ,ܓୀఏܙ,ܓబ , (2-46)

where the derivative in the denominator is: 

ߠୱᇲ߲,ܙାܓߝ߲  = ݍ݇ sin ܙ,ܓߠ ቈ2ܦ + ᇱݏ ܯܤ2) − (ଶܣ − ܓ|ଶܤ2 + ܯ]ଶඥ|ܙ − ܓ|ܤ + ଶ]ଶ|ܙ + ܓ|ଶܣ +   ,ଶ቉|ܙ

 sin ܙ,ܓߠ = ට1 − cosଶ   .ܙ,ܓߠ

଴ܙ,ܓߠ  can be obtained by solving the delta function: 

൯ܙ,ܓߠୱᇲ൫,ܙାܓߝ  − ୱ,ܓߝ − ߱ = 0. 
Finally the integral becomes 1D: ݉ܫΠ(ݍ, ߱)
= ෍නߨ14 ݀݇ஶ

଴ ܓ)௦௦ᇲܨ + ,ܙ ௦,௦ᇲ(ܓ
× ൫݂ܓାܙ,௦ᇲ − ݍ௦൯ቤ݇,ܓ݂ sin ܙ,ܓߠ ቈ2ܦ + ᇱݏ ܯܤ2) − (ଶܣ − ܓ|ଶܤ2 + ܯ]ଶඥ|ܙ − ܓ|ܤ + ଶ]ଶ|ܙ + ܓ|ଶܣ + బܙ,ܓୀఏܙ,ܓଶ቉ቤተተఏ|ܙ

. 
(2-47)

The imaginary part of the dielectric function is: 

,ݍ)ߢ  ߱) = − ௤ܸ݉ܫΠ(ݍ, ߱). (2-48)
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The imaginary part of dielectric function as a function of momentum and 

frequency at zero temperature is plotted in Figure 2-3, where (a) is contributed by the 

intraband excitations and (b) by interband. The Fermi energy is set to 50 meV for 

numerical calculation. At zero temperature, the intraband excitations mainly occur in 

the low frequency regime due to the reduced phase space at higher energy levels. On 

the other hand, there are no interband excitations allowed at the regime where the 

frequency is lower than 1.2 μ, as indicated by the red line. Moreover, we can see that 

momentum transfer q is monotonically related to the excitation frequency ω, as 

restricted by the energy conservation law. 

In Figure 2-4, we present the frequency dependent imaginary part of the 

polarization function at temperatures ranging from 0 K to 300 K. The peak positions 

of the polarization function clearly shift to higher frequency with increasing 

temperature, especially at small chemical potentials. At non-zero temperature, 

electrons could be thermally excited to above the Fermi level; the higher the 

temperature that the system reaches, the more electrons hop up to the excited states. 

Therefore, the redistribution of the electronic structure at high temperature takes over 

partially filled states at higher levels, which require stronger energy for excitation. 

For the cases with high chemical potential, e.g., Figure 2-4(c), however, the 

temperature has less thermal effect on the electrons. This is because at the high 

energy level, the density of states decreases significantly, and the redistribution of 

the electronic structure is less affected by the thermal excitation at room temperature.  
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and has a strong screening effect within q < kF. The dynamic screening effect has a 

sign flip with respect to the frequency and decreases with increasing frequency.  

 

2.2.3 Plasmon 

The plasmon mode can be obtained by looking for the poles of the density 

correlation function, or equivalently, by solving for ݍ)ߢ, ߱) = 0 . The plasmon 

dispersion is shown in Figure 2-6, where the yellow area stands for the electron-hole 

continuum or single-particle excitation (SPE). The SPE continuum is defined by the 

nonzero value of the imaginary part of the polarizability, Imݍ)ߢ, ߱) ≠ 0. From the 

SPE map in (q, ω) space in Figure 2-6, we find that in our non-parabolic 2D systems, 

both intraband and interband transitions are possible, but the direct transition (q = 0) 

is forbidden, which is very different from that of 2D graphene and normal 2D system 

with parabolic energy dispersion.151-154 It is known that the plasmon mode is damped 

when lying inside the SPE continuum, because the collective mode decays to 

electron-hole pair. For a normal 2D system with parabolic energy dispersion, the 

plasmon mode survives at long wavelengths, and only enters the SPE continuum at a 

critical wave vector and, therefore, does not exist at very high wave vectors;152 while 

in 2D graphene, the plasmon mode does not enter into the intraband SPE for all wave 

vectors, but decays into the real interband electron-hole pairs in the interband SPE 

regime at higher wave vectors,152 since interband transitions are regarded as the main 

decay channel for plasmon modes155. However, in our 2D system with non-parabolic 

energy dispersion, the collective mode enters both inter- and intraband SPE 

continuum. The phenomenon that all spectral weight of the plasmon mode is 
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CHAPTER 3 ENERGY LOSS RATE OF A CHARGED PARTICLE IN 

HGTE/CDTE QUANTUM WELLS 

Electron energy loss spectroscopy (EELS) has been a very useful probe of 

materials properties. In EELS, the interaction between a charged external particle 

and an electronic system has been employed to reveal electron excitations in 

condensed matter physics and nuclear physics.156-159 The scattering cross section of 

an external particle by an electronic system can be directly related to the density-

density correlation function, the screening properties and the inter-particle coupling. 

In moving through an electronic system, the charged particle experiences both 

momentum and energy loss due to the nature of the inelastic scattering. For n-type 

HgTe/CdTe QWs, 2DEG is confined in the “well” with a gap in the bulk states 

related to the well thickness. The scattering of an external charged particle in the 

system can involve both the gapless edge states as well as the gapped bulk states.   

In this Chapter, we focus on the scattering behaviour accounting for the gapped 

bulk states of HgTe/CdTe QWs, as the scattering on the 1D edge could be neglected 

when the chemical potential lies in the valence band. 
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 ௜ܹ௙ = ℏߨ2 หܪ௜௝ᇱ หଶߩ௙, (3-2)

with 

 หܪ௜௝ᇱ หଶ =  ,ᇱ represents the time independent potential of the 2DEG in the HgTe/CdTe wellܪᇱ|݅ۧ|ଶ. (3-3)ܪ|݂ۦ|

and i and f in subscript denote the initial state and the final state respectively. The 

transition probability describes the transition rate from the f state to the i state in the 

system with constant potential during a period of time. ߩ௙ is the density operator of 

the final states. We assume that each transition happens in the single-state only, and ߩ௙ can be written as a delta function corresponding to the frequency of the incoming 

electron. The delta function explains the energy conservation in each transition. Thus, 

the probability at which the electrons are making transitions is expressed as: 

 ௜ܹ௙ = ℏΩଶߨ2 ෍ หൻ߮ܓᇲ,௦ᇲห ௦,௦ᇲ,ܓ௦ൿห,ܓ୰ห߮∙ܙ௜ି݁(ܙ)ߩܙܸ
ଶ ௦,ܓܧ൫ߜ − ௦ᇲ,ܙାܓܧ

+ ℏ߱ ൯൫ ௦,ܓ݂ −  ௦ᇲ൯,ܙାܓ݂
 = ℏΩଶߨ2 ห หଶܙܸ ෍ หൻ߮ܓାܙ,௦ᇲห(ܙ)ߩห߮ܓ,௦ൿหଶ൫ ௦,ܓ݂ − −௦,௦ᇲ,ܓ௦,ܓܧ൫ߜ௦ᇲ൯,ܙାܓ݂ ௦ᇲ,ܙାܓܧ + ℏ߱ ൯, (3-4)

where Ω is the volume of the Brillouin zone. The difference in the Fermi-Dirac 

function implies the net transition from state k to the state k+q. The imaginary part 

of the inverse dielectric function in the linear screening theory is given by148: 

݉ܫ ൤ ,ܙ)ߢ1 ߱)൨ = Ωߨ ൫1 − ݁ିఉఠ൯෍|(ܙ)ߩ|݉ۦ|݊ۧ|௠,௡
ଶ ௡ܧ)ߜ − ௠ܧ + ℏ߱	). (3-5)

Comparing Eq. (3-4) with Eq. (3-5), the transition probability has the form: 
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(߱,ܙ)ܹ  = 2ℏΩ ௦1ܙܸ − ݁ିఉఠ ݉ܫ ൤ ,ܙ)ߢ1 ߱)൨. (3-6)

 ௦ is the screened Coulomb potential coupling the interaction between the incidentܙܸ

electron and 2D electrons gas in the “well”. ܸܙ௦, for simplicity, has of the form from 

the 2D system160:  

௦ܙܸ  = ݍ1 + ௦. (3-7)ݍ

Here, ݍ௦ is the screening wavenumber,  

௦ݍ  = ௦ߢℏଶߨ2݁∗݉ ቆ1 − ݁ିℏమఉగ௡௠∗ ቇ݉, (3-8)

where m* is the effective mass of the electron, and n is the carrier density of the 

HgTe/CdTe QW, which is self-consistent with chemical potential, and ߢs is the static 

electric constant of the material. In the above expression, we have only included the 

scattering by the particle-hole excitation, assuming that the plasmon of the gapless 

states is heavily damped (see Figure 2-6) and that the inter-band plasmon is at a 

much higher energy. The dynamical polarization function in the random-phase-

approximation is Eq. (2-34). 

In the following, we shall use the static approximation on the real part of the 

dielectric function by taking ω = 0. The upper limit of the q-integration is 2p, which 

is the maximum allowed momentum transfer in a scattering. Thus the integral is 

rewritten as: ݀ݐ݀ܘܧ = 12ℏߨଶ 11 − ݁ିఉఠ න නߠ݀ ݉ܫݍ݀ݍ ൤ ,ܙ)ߢܙܸ ߱)൨ ݍ݌2) cos ߠ − ଶ)ଶ௣ݍ
଴

ଶగ
଴ . (3-9)
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3.2 Results and Discussion 

In Figure 3-2, we plot the momentum dependence of the energy loss rate (ELR) 

of an external electron in the n-type HgTe/CdTe QW. The zero-temperature 

chemical potential is chosen to be 0.05 eV. At low energy, the electron is only being 

scattered by the intraband excitations. In the present system, the band velocity is 

about 7 × 105 m/s and the electron effective mass is about 0.015me. For an incident 

electron with p =1/nm, (we set ћ = 1 hereafter). there is a large mismatch between 

the momentum of the incoming particle and that of the band electron. Therefore the 

incoming electron loses very little energy to the intraband excitation of the QW. 

When this incident energy exceeds the threshold energy, which is the sum of the 

band gap and the chemical potential, Eth = εg + µ (corresponding to p = 2.4/nm), the 

electron can be strongly scattered by the interband excitations. As a result, the ELR 

increases significantly. The ELR by the intraband process and that by the interband 

process both increase with the incoming electron momentum. This is because the 

momentum transfer (or scattering phase space) increases with p. For the intraband 

process, the ELR is roughly quadratic in p. The ELR increases very rapidly with p, 

however, at the onset of the interband process. When the incident energy reaches Eth, 

the ELR resembles an exponential type of p-dependence. This suggests an 

activation-type electronic transition near the Eth. At high momentum, all electronic 

excitations contribute to the energy and momentum exchange with the incoming 

particle and the ELR tends to saturate. This result is very different from non-doping 

cases, where the ELR is dominated by the interband contribution. 161, 162 
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Figure 3-2 Momentum dependent ELR of an incident electron at 0 K and 77 K. 

ћ = 1. 

 

The ELR from the intraband process increases montonically with the 

temperature. As temperature increases, more carriers contribute to the static 

screening. As a result, the coupling between the incident particle and the 

quasiparticle excitations in the QW becomes stronger, and the ELR increases. Figure 

3-3 shows the temperature dependence of the ELR with incident momentum of 

1.0/nm and 10/nm corresponding to the intraband process. At p = 10/nm, the ELR is 

mainly due to the interband process. The interband transition rate decreases with 

increasing temperature due to the reduced phase space at high temperatures. This 

partly cancels the temperature effect of static screening.  As a result, the ELR is 

approximately temperature independent at high temperature and high momentum.   
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Figure 3-3. ELR versus temperature for external electrons with momenta p = 1 

nm-1 and p = 10 nm-1 

 

The mean inelastic scattering rate of the incident particle by the quantum is 

defined as:	1/߬ = ൫݀ݐ݀/ܘܧ൯ି࢖ܧ ଵ. Figure 3-4 shows the mean scattering rate at zero 

temperature. For the intraband process, the scattering rate is nearly constant. There is 

a rapid increase in the rate near Eth. At high momentum, the rate decreases with p. 

The interesting point is that for a large range of p, the scattering rate is between 1 

and 5 terahertz. Therefore it is expected that the ELR can be tuned resonantly by 

weak terahertz radiation. 
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Figure 3-4 Mean inelastic scattering rate as a function of incident momentum at 

0 K and 77 K. 

 

We now briefly discuss another related physical quantity, the diffusion constant, 

defined as Dp ~ (mp)2τp ~ Epτp. Figure 3-5 shows the momentum dependent diffusion 

constant at zero temperature. The diffusion constant increases with the energy in the 

intraband excitation regime. The onset of the interband process leads to a sudden 

drop of Dp and a diffusion peak is observed at Eth. For large momenta, Dp is 

approximately a quadratic function of the incoming momentum. For incoming 

energies immediately above Eth, the diffusion is minimal in a finite range of p. This 

is quite intriguing, as it suggests that the incident electron is nearly localized due to 

the strong scattering by the interband excitations. 
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Figure 3-5. Normalised diffusion constant versus momentum of the incident 

electron at 0 K and 77 K. D0 = Dmax(T=0). 

 

In conclusion, the energy loss rate of an electron in an n-type HgTe/CdTe QW 

has been calculated. We found that, for slow electrons, the ELR is determined by the 

intraband contribution only, while for fast electrons, the ELR is dominated by the 

interband contribution. The mean inelastic scattering rate is in the terahertz 

frequency regime. At different energies, the incident electron can either diffuse 

resonantly, or almost be localized. 
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CHAPTER 4 DYNAMIC CONDUCTIVITY OF AN N-TYPE HGTE/CDTE 

QUANTUM WELL TOPOLOGICAL INSULATOR 

The real part frequency dependent conductivity σ(ω) gives information on the 

absorption spectrum. In this Chapter we will study the frequency dependent 

conductivity of the bulk in the 2D topological insulator system, the HgTe/CdTe QWs. 

We apply a homogeneous, oscillating electric field to our system and use linear-

response theory to calculate the current response of the system to such an external 

field.163 We also find that the effective ion potential is screened by the self-consistent 

field of the electrons, and therefore, we neglect all the terms that is non-linear in the 

screened ion potential (which is to the lowest order of electron-impurity interaction). 

In the numerical results, we will first consider the frequency-dependent electrical 

transport of the bulk state of an n-type HgTe/CdTe QW with different chemical 

potentials. Under small excitation energy, only the intra-band excitation contributes 

to the conductivity, as there is a significant gap lying between the conduction- and 

valence-bands. We will also consider on the temperature effect contributed dielectric 

function. In the high frequency regime, Born approximation is applicable and only 

the lowest order electron-impurity interaction is required. 

 

4.1 Formalism 

4.1.1 Current operator 

We consider an HgTe/CdTe QW lying in the x-y plane, and the thickness along 

the z direction is 7.0 nm. Under a weak time-dependent electric field, ࡱ =
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 the many body Hamiltonian of the system, in second quantized notation, is	૙݁ି௜ఠ௧,ࡱ

written as, 

ܪ  = ଴ܪ + ௘ି௘ܪ + ௘ିூ. (4-1)ܪ

H0 is the non-interacting Hamiltonian of a 2D system coupled to an electric field.  

଴ܪ  = (ۯାܓ)ܪ =෍ܓߝାۯ,௦ܽܓ,௦ற ௦,ܓ௦,ܓܽ . (4-2)

௘ۯ  = ܿ۳݅߱ ݁ି௜ఠ௧. 
Here, ۯ௘ is the vector potential of the external electric field and ۳ is the electric 

field. ܽ௞,௦ϯ  and ܽ௞,௦ are the creation and annihilation operators for an electron with 

momentum k and band s. The energy dispersion ܓߝ,௦ is given by Eq. (1-4). 

He-e is the electron-electron interaction. 

௘ି௘ܪ = 12 ෍ (ܙ)ܸ ቂ߮ܓାܙ,௦ற ௦ᇲற,ܙᇲିܓ௦߮,ܓ߮ ᇲ,௦ᇲቃܓ߮ ௦ற,ܙାܓܽ ௦ᇲற,ܙᇲିܓܽ ௦௦ᇲ,ܙ,ܓ,ᇲܓ௦,ܓᇲ,௦ᇲܽܓܽ . (4-3)

He-I is the electron-random impurities interaction. 

௘ିூܪ  = −ܼන݀ݍ ೔௜܀∙ܙ෍݁ି௜ܙܸ ෍ ቀ߮ܓାܙ,௦ᇲற ௦ቁ,ܓ߮ ௦ᇲற,ܙାܓܽ ௦௦ᇲ,ܓ௦,ܓܽ . (4-4)

ܙܸ = ௘మଶ఑బ఑ೞ|ܙ| is the Fourier transform of the electron-electron Coulomb potential, ߢs is the background static dielectric constant. For CdTe, ߢs =9.4. Ri is the position of 

the ith ion. φ is the wave function of electrons in the HgTe/CdTe QW. The total 

average current density of the system is defined as:  

ܒ  = ܿ 〈 ௘〉. (4-5)ۯ߲ܪ߲

To the lowest order of the electric field (linear response), the current density is 

given as: 
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ఈ,ܓܒ  = ݁෍൫−2ۯ݁ܦ௘ − ܓܦ2 + ௦ற,ܓܽ〉൯ܓ௦,ܓܴ ௦,ܓ〈௦,ܓܽ . (4-6)

where 

௦,ܓܴ  = ଶܣ − ܯܤ2 + ܯ)ඥݏଶ݇ଶܤ2 − ଶ)ଶ݇ܤ + ଶ݇ଶ. (4-7)ܣ

We rewrite the total average current density in two parts: 

 ࢐(߱) = ࢐௡௦(߱) + ࢐௦௖(߱). (4-8)࢐௡௦(߱) is the current with no scattering: 

(߱)௡௦ܒ  = (ܦ2−) ݅݁ଶ߱ ۳෍〈ܽܓ,௦ற 〈௦,ܓܽ = ൬−2݉ܦℏଶ ൰ ݅݊݁ଶ݉߱ܓ,௦ ۳
= ൬−2݉ܦℏଶ ൰ ଴۳. (4-9)ߪ

଴ߪ = ݅݊݁ଶ/݉߱  is the well-known Drude conductivity in the absence of 

electron-impurity scattering. D is just a parameter of the material which is 

independent of the frequency, while  ࢐௦௖(߱) is the current including scattering: 

 ݆௦௖(߱) = ݁෍൫−2ܦ + ௦,ܓܓ௦൯,ܓܴ ௦ற,ܓܽ〉 ௦〉. (4-10),ܓܽ

 

4.1.2 Density matrix F 

Now, let us defined the single-electron density matrix element between states ܓۦ, ܓ| and |ߙ + ,ܙ   :as	ۧ′ߙ

ܓ)ఈᇲఈܨ  + ,ܙ ,ܓ (ݐ = ఈற,ܓܽ〉 ఈᇲ〉, (4-11),ܙାܓܽ

where ±1 =  ߙ corresponds to the valence and conduction band. The equation of 

motion for the single-electron density matrix element is157, 163-165:   
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 ݅ ݐ߲߲ ܓ)ఈᇲఈܨ + ,ܙ ,ܓ (ݐ = 1ℏ ܓ)ఈᇲఈܨ] + ,ܙ ,ܓ ,(ݐ (12-4) .[ܪ

Substitute Eqs. (4-3) and (4-4) into Eq. (4-12), 

݅ ݐ߲߲ ܓ)ఈᇲఈܨ + ,ܙ ,ܓ (ݐ
= ൫ܓߝାܙାۯ,ఈᇲ − ܓ)ఈᇲఈܨఈ൯,ۯାܓߝ + ,ܙ ,ܓ (ݐ
+෍ ܙܸ ൥݊(ܙ′) − ܼ෍݁ି௜ܙᇱ∙܀೔	௜ ൩ܙᇱ× ቂ൫߮ܓାܙ,஑ற ܓ)ఈᇲ஑ܨ஑൯,ܓ߮ + ,ܙ ܓ + (′ܙ
− ቀ߮ܓାܙᇲ,ఈᇲற ఈᇲቁ,ܙᇱିܙାܓ߮ ܓ)ఈᇲఈܨ + ′ܙ − ,ܙ ቃ. (4-13)(ܓ

or simplicity, we set ℏ = 1, put it back to the equation at the end of our calculation. 

We have also neglected the nonlinear terms in the external field. The electron density 

of the system is defined as: 

(ݍ)݊  = ෍ ൥෍߮ܓ,௦ற ܓ)௦ᇲ௦ܨୱᇲ,ܙାܓ߮ + ,ܙ ܓ(ܓ ൩௦,௦ᇲୀ±ଵ . (4-14)

Let p = 0; Thus the expression for ࢐௦௖(߱) is 

݆௦௖(߱) = − ݁߱ ෍ ܙܸ ൥݊(−ܙ) − ܼ෍݁ି௜܀∙ܙ೔௜ ൩ܙ× ෍ ൣ൫ܴܓାܙ,ୱᇲ − +௦,௦ᇲ,ܓܓୱ൯,ܓܴ ൫ܴܓାܙ,ୱᇲ − ൧ܙ൯ܦ2 ௦ற,ܓ߮ൣ ܓ)௦ᇲ௦ܨୱᇲ,ܙାܓ߮ + ,ܙ   				൧(ܓ
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											= −ܼ݁߱෍ ×ܙ೔௜܀∙ܙ෍݁ି௜ܙܸ ෍ ൣ൫ܴܓାܙ,ୱᇲ − +௞,௦,௦ᇲܓୱ൯,ܓܴ ൫ܴܓାܙ,ୱᇲ − ൧ܙ൯ܦ2 ௦ற,ܓ߮ൣ ܓ)௦ᇲ௦ܨୱᇲ,ܙାܓ߮ + ,ܙ ൧. (4-15)(ܓ

In arriving at Eq. (4-15), we have used the following property for an isotropic 

system,   

 ෍ (ܙ−)݊ܙܸ ෍ ୱᇲ,ܙାܓܴൣ ∙ ܓ) + (ܙ − ܙ௦,௦ᇲ,ܓୱ,ܓܴ ∙ ൧ܓ × ௦ற,ܓ߮ ܓ)௦ᇲ௦ܨୱᇲ,ܙାܓ߮ + ,ܙ (ܓ = 0. 
We now present the main results. In the absence of the impurities and the 

applied field, electrons are free and are described by the Fermi-Dirac distribution, ݂ = ଵଵା௘ഁ(ഄܓషഋ) , where ߚ = 1/݇஻ܶ , with kB the Boltzmann constant and µ is the 

chemical potential. The zeroth-order density matrix element is given as: 

ఈᇲఈ(଴)ܨ  ܓ) + ,ܙ ,ܓ (ݐ = ఈᇲఈ. (4-16)ߜ଴,ܓߜܓ݂

In the first order approximation, we assume that the external field is zero and 

determine the change of in the static electron density matrix due to the impurities. 

From Eq. (4-13), we obtain the equation for the first order density matrix self-

consistently: 
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 0 = ൫ܓܧାܙ,ఈᇲ − ఈᇲఈଵܨఈ൯,ܓܧ ܓ) + ,ܙ ,ܓ (ݐ
−෍ ᇲܙܸ ൥݊(ܙᇱ) − ܼ෍݁ି௜ܙᇲ∙܀೔	௜ ൩ܙᇲ× ቂቀ߮ܓାܙ,஑ᇲற ஑ቁ,ܓ߮ ܓ)ఈᇲ஑ܨ + ,′ܙ ܓ + (ܙ
− ቀ߮ܓାܙᇲ,ఈᇲற ఈᇲቁ,ܙᇱିܙାܓ߮ ܓ)ఈᇲఈܨ + ′ܙ − ,ܙ  .ቃ(ܓ

(4-17)

The first order density matrix is: 

ఈᇲఈଵܨ  ܓ) + ,ܙ ,ܓ (ݐ
= −ቀ߮ܓାܙ,஑ᇲற ஑ቁ,ܓ߮ ൫݂ܓାܙ,஑ᇲ − ఈᇲ,ܙାܓܧ஑൯,ܓ݂ − ఈ,ܓܧ ܙܸ ൥݊ଵ(ܙ)
− ܼ෍݁ି௜܀∙ܙ೔௜ ൩. 

(4-18)

Upon using Eq. (4-14), we obtain the electron density corresponding to the 

density matrix F(1): 

 ݊ଵ(ܙ) = −Π(ݍ, 0) ܙܸ ൥݊ଵ(ܙ) − ܼ෍݁ି௜܀∙ܙ೔௜ ൩. (4-19)

and then, 

 ݊ଵ(ܙ) = ܼ ൤1 − ,ݍ)ߢ1 0)൨෍݁ି௜܀∙ܙ೔௜ , (4-20)

where ݍ)ߢ, ߱) is the dielectric function is defined as 

,ݍ)ߢ  ߱) = 1 − ,ݍ)Πܙܸ ߱). (4-21)Π	(ݍ, ߱) is the polarization function: 

 Π	(ݍ, ߱) = න ஑ᇲற,ܙାܓଶ෍ቚ߮(ߨ2)ܓ݀ ஑ቚଶ,ܓ߮ ൫݂ܓାܙ,஑ᇲ − ఈᇲ,ܙାܓߝ஑൯,ܓ݂ − ఈ,ܓߝ − ߱ − ஑ᇲ஑ߜ݅ ߜ) → 0). (4-22)
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Substituting Eq. (4-20) into Eq. (4-18), we find the density matrix element of 

first order to be: 

ఈᇲఈ(ଵ)ܨ  ܓ) + ,ܙ ,ܓ (ݐ
= −ܼ ቀ߮ܓାܙ,஑ᇲற ஑ቁ,ܓ߮ ൫݂ܓାܙ,஑ᇲ − ఈᇲ,ܙାܓߝ஑൯,ܓ݂ − ఈ,ܓߝ ,ݍ)ߢܙܸ 0)෍݁ି௜܀∙ܙ೔	௜ . (4-23)

Next, we consider the time-dependent part of the single-electron density matrix 

element F(2) under the influence of the external field and of the impurities.  

 ݅ ݐ߲߲ ఈᇲఈଶܨ ܓ) + ,ܙ ,ܓ (ݐ = ఈᇲఈଶܨ߱ ܓ) + ,ܙ ,ܓ  (ݐ
 = ൫ܓܧାܙ,ఈᇲ − ఈᇲఈଶܨఈ൯,ܓܧ ܓ) + ,ܙ ,ܓ  (ݐ
 +݁ൣ൫ܴܓାܙ,ఈᇲ − ܓఈ൯,ܓܴ ∙ ௘ۯ + ൫ܴܓାܙ,ఈᇲ − ܙ൯ܦ2 ∙ ఈᇲఈଵܨ௘൧ۯ ܓ) + ,ܙ ,ܓ  (ݐ
 −෍ ᇲܙ[(ᇱܙ)ଶ݊]ᇲܙܸ × ቂቀ߮ܓାܙ,஑ᇲற ஑ቁ,ܓ߮ ఈᇲ஑଴ܨ ܓ) + ,′ܙ ܓ +  (ܙ
 −ቀ߮ܓାܙᇲ,ఈᇲற ఈᇲቁ,ܙᇱିܙାܓ߮ ఈᇲఈ଴ܨ ܓ) + ′ܙ − ,ܙ ቃ. (4-24)(ܓ

Then, ܨఈᇲఈଶ ܓ) + ,ܙ ,ܓ  (ݐ
= ܼ݅݁2߱ ൫ܴܓାܙ,ఈᇲ − ,ݍ)ߢఈ൯,ܓܴ 0) ෍݁ି௜܀∙ܙ೔௜

ܙܸ ቀ߮ܓାܙ,஑ᇲற ஑ቁ,ܓ߮ ൫݂ܓାܙ,஑ᇲ − ఈᇲ,ܙାܓܧ஑൯൫,ܓ݂ − ఈ,ܓܧ − ߱൯൫ܓܧାܙ,ఈᇲ − ఈ൯,ܓܧ ܓ ∙ ۳ 

+ ܼ݅݁2߱ ൫ܴܓାܙ,ఈᇲ − ,ݍ)ߢ൯ܦ2 0) ෍݁ି௜܀∙ܙ೔௜
ܙܸ ቀ߮ܓାܙ,஑ᇲற ஑ቁ,ܓ߮ ൫݂ܓାܙ,஑ᇲ − ఈᇲ,ܙାܓܧ஑൯൫,ܓ݂ − ఈ,ܓܧ − ߱൯ ൫ܓܧାܙ,ఈᇲ − ఈ൯,ܓܧ ܙ ∙ ۳ 

+݊ଶ(ܙ) ܙܸ ቀ߮ܓାܙ,஑ᇲற ஑ቁ,ܓ߮ ൫݂ܓାܙ,஑ᇲ − ఈᇲ,ܙାܓܧ஑൯,ܓ݂ − ఈ,ܓܧ − ߱ . (4-25)

We construct the form of the electron density n2 by multiplying overlap term 

with F(2) and summing over k and α. 
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෍ ௦ற,ܓ߮ ఈᇲఈ,ܓୱᇲ,ܙାܓ߮ ఈᇲఈଶܨ ܓ) + ,ܙ ,ܓ  (ݐ
= ܼ݅݁2߱ ൫ܴܓାܙ,ఈᇲ − ,ݍ)ߢఈ൯,ܓܴ 0) ෍݁ି௜܀∙ܙ೔௜ ෍ ܙܸ ቚ߮ܓାܙ,஑ᇲற ஑ቚଶ,ܓ߮ ൫݂ܓାܙ,஑ᇲ − ܓ஑൯,ܓ݂ ∙ ۳൫ܓܧାܙ,ఈᇲ − ఈ,ܓܧ − ߱൯൫ܓܧାܙ,ఈᇲ − ఈᇲఈ,ܓఈ൯,ܓܧ  

+ ܼ݅݁2߱ ൫ܴܓାܙ,ఈᇲ − ,ݍ)ߢ൯ܦ2 0) ෍݁ି௜܀∙ܙ೔௜ ෍ ܙܸ ቚ߮ܓାܙ,஑ᇲற ஑ቚଶ,ܓ߮ ൫݂ܓାܙ,஑ᇲ − ܙ஑൯,ܓ݂ ∙ ۳൫ܓܧାܙ,ఈᇲ − ఈ,ܓܧ − ߱൯൫ܓܧାܙ,ఈᇲ − ఈᇲఈ,ܓఈ൯,ܓܧ  

+݊ଶ(ܙ) ܙܸ ෍ ቚ߮ܓାܙ,஑ᇲற ஑ቚଶ,ܓ߮ ൫݂ܓାܙ,஑ᇲ − ఈᇲ,ܙାܓܧ஑൯,ܓ݂ − ఈ,ܓܧ − ఈᇲఈ,ܓ߱ . (4-26)

The second order electron density is: 

 ݊ଶ(ܙ) =
௜௓௘ଶఠ ௏ܙ఑(௤,ఠ)఑(௤,଴) ∑ ݁ି௜܀∙ܙ೔ 	×௜ ൝∑ ൫ܴܓାܙ,ఈᇲ − ఈ൯,ܓܴ ൬ఝܓశܙ,ಉᇲ಩ ఝܓ,ಉ൰ቀ௙ܓశܙ,ಉᇲି௙ܓ,ಉቁாܓశܙ,ഀᇲିாܓ,ഀିఠ ܓ ∙ ఈᇲఈ,ܓ۳ −
∑ ൫ܴܓାܙ,ఈᇲ − ఈ൯,ܓܴ ൬ఝܓశܙ,ಉᇲ಩ ఝܓ,ಉ൰ቀ௙ܓశܙ,ಉᇲି௙ܓ,ಉቁாܓశܙ,ഀᇲିாܓ,ഀ ܓ ∙ ఈᇲఈ,ܓ۳ + ∑ ൫ܴܓାܙ,ఈᇲ ఈᇲఈ,ܓ−
൯ܦ2 ൬ఝܓశܙ,ಉᇲ಩ ఝܓ,ಉ൰ቀ௙ܓశܙ,ಉᇲି௙ܓ,ಉቁாܓశܙ,ഀᇲିாܓ,ഀିఠ ܙ ∙ ۳ −
∑ ൫ܴܓାܙ,ఈᇲ − ൯ܦ2 ൬ఝܓశܙ,ಉᇲ಩ ఝܓ,ಉ൰ቀ௙ܓశܙ,ಉᇲି௙ܓ,ಉቁாܓశܙ,ഀᇲିாܓ,ഀ ܙ ∙ ఈᇲఈ,ܓ۳ ൡ.  
  (4-27)

The second order density matrix element can be obtained by substituting Eq. (4-

27) in to Eq. (4-25). Next, we proceed to calculate the current in the presence of 

impurities and electric field. 
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௦ற,ܓ߮ ఈᇲఈଶܨୱᇲ,ܙାܓ߮ ܓ) + ,ܙ ,ܓ  (ݐ
= ܼ݅݁2߱ଶ ,ݍ)ߢܙܸ 0)෍݁௜܀∙ܙ೔	௜

× ቐ෍ ൫ܴܓାܙ,ఈᇲ − ఈ൯,ܓܴ ቚ߮ܓାܙ,஑ᇲற ஑ቚଶ,ܓ߮ ൫݂ܓାܙ,஑ᇲ − ఈᇲ,ܙାܓܧ஑൯൫,ܓ݂ − ఈ,ܓܧ − ߱൯ ܓ ∙ ఈᇲఈ,ܓ۳
− ෍ ൫ܴܓାܙ,ఈᇲ − ఈ൯,ܓܴ ቚ߮ܓାܙ,஑ᇲற ஑ቚଶ,ܓ߮ ൫݂ܓାܙ,஑ᇲ − ఈᇲ,ܙାܓܧ஑൯൫,ܓ݂ − ఈ൯,ܓܧ ܓ ∙ ఈᇲఈ,ܓ۳ ቑ 

+ ܼ݅݁2߱ଶ ,ݍ)ߢܙܸ 0)෍݁௜܀∙ܙ೔௜
× ቐ෍ ൫ܴܓାܙ,ఈᇲ − ൯ܦ2 ቚ߮ܓାܙ,஑ᇲற ஑ቚଶ,ܓ߮ ൫݂ܓାܙ,஑ᇲ − ఈᇲ,ܙାܓܧ஑൯൫,ܓ݂ − ఈ,ܓܧ − ߱൯	 ܙ ∙ ఈᇲఈ,ܓ۳
− ෍ ൫ܴܓାܙ,ఈᇲ − ൯ܦ2 ቚ߮ܓାܙ,஑ᇲற ஑ቚଶ,ܓ߮ ൫݂ܓାܙ,஑ᇲ − ఈᇲ,ܙାܓܧ஑൯൫,ܓ݂ − ఈ൯,ܓܧ ܙ ∙ ۳ ఈᇲఈ,ܓ− ቑ 

+ ܼ݅݁2߱ଶ ݊ଶ(ܙ) ܙܸ ෍ ቀ߮ܓାܙ,஑ᇲற ஑ቁ,ܓ߮ ൫݂ܓାܙ,஑ᇲ − ఈᇲ,ܙାܓܧ஑൯,ܓ݂ − ఈ,ܓܧ − ఈᇲఈ,ܓ߱ ۳. (4-28)

By substituting Eq. (4-28) into Eq. (4-15), the scattering current can be solved. 

 

4.1.3 Computing the conductivity 

To numerically evaluate the conductivity, we consider the system to be isotropic 

with j parallel to E. For simplify, we also assume that the external electric field is 

aligned to the x direction. The conductivity is given by, 

ܒ  = (4-29) .۳ߪ

The conductivity contributed by the scattering current is: 
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(߱)௫௦௖ߪ  = ܼ݅݊݁ସ8ߢߨ௦߱ଷ ௤(߱), (4-30)ܫ

(߱)௤ܫ = න݀ݍ ,ݍ)ߢܙܸ 0) 
× ቊ ,ݍ)Πଶܙܸ ,ݍ)ߢ(߱ 0) [Πଶ(ݍ, ߱) − Πଶ(ݍ, 0) + ,ݍ)Πସݍ ߱) − ,ݍ)Πସݍ 0)] 
+ ,ݍ)Πସܙܸ ,ݍ)ߢ(߱ 0) ,ݍ)Πଶݍ] ߱) − ,ݍ)Πଶݍ 0) + ,ݍ)ଶΠସݍ ߱) − ,ݍ)ଶΠସݍ 0)] 
,ݍ)Πଷ]ݍ2+ ߱) − Πଷ(ݍ, 0)] + ,ݍ)ଶ[Πହݍ ߱) − Πହ(ݍ, 0)] +[Πଵ(ݍ, ߱) − Πଵ(ݍ, 0)] + ,ݍ)Πଶ]ݍܦ4 ߱) − Πଶ(ݍ, 0)]. (4-31)

The Π functions are defined as follow: 

 Π௜(ݍ, ߱) = ෍ ܳ௜ ቚ߮ܓାܙ,஑ᇲற ஑ቚଶ,ܓ߮ ൫݂ܓାܙ,஑ᇲ − ఈᇲ,ܙାܓܧ஑൯൫,ܓ݂ − ఈ,ܓܧ − ℏ߱൯ܓ,ఈᇲఈ , (4-32)

where 

 ܳଵ = ൫ܴܓାܙ,ఈᇲ − ఈ൯ଶ݇ଶ, (4-33),ܓܴ

 ܳଶ = ൫ܴܓାܙ,ఈᇲ − ௞௤, (4-34)ߠݏ݋ఈ൯݇ܿ,ܓܴ

 ܳଷ = ൫ܴܓାܙ,ఈᇲ − ௞௤, (4-35)ߠݏ݋ఈᇲ݇ܿ,ܙାܓఈ൯ܴ,ܓܴ

 ܳସ = ൫ܴܓାܙ,ఈᇲ − ൯, (4-36)ܦ2

 ܳହ = ൫ܴܓାܙ,ఈᇲ − ൯ଶ, (4-37)ܦ2

The total conductivity including the second order in electron-impurity scattering 

is written as: 

(߱)௫ߪ  = (߱)௫௡௦ߪ + (߱)௫௦௖ߪ = − ቈ2݉∗ܦ + ܼଶ8ߨ ଶߛ௦ݎ  (4-38)			଴.ߪ	቉(ߛ)௭ܫ
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We used the dimensionless notation z = q/kF, γ = ω/µ. rs = m*e2/(ћ2kF). Taking 

m* = 0.015m, kF, the Fermi wave vector, can be calculated self-consistently from the 

carrier density. 

Although many terms appeared in Eq. (4-31), the real part of the conductivity is 

dominated by the following term: ܼଶ8ߨ ଶߛ௦ݎ නݖଶ݀ݖ ,ݖ)ߢ(ݖ)ܸ 0) ቊ݉ܫΠହ(ݖ, (ߛ + ,ݖ)Πସ(ݖ)ܸ ,ݖ)ߢ(ߛ (ߛ [Πସ(ݖ, ,ݖ)Πସ−(ߛ ቋ. (4-39)[(ߛ

Compared to a free 2DEG where the conductivity is determined by the dielectric 

function, the conductivity in the HgTe/CdTe QW has a more complicated 

dependence on the electronic transitions. An extra term, ൫ܴܓାܙ,ఈᇲ −  ൯, appears inܦ2

the dielectric function and the conductivity. This term arises from the velocity v in 

the valence band below the Fermi level: 

ݒ  = ߲݇ܓߝ߲ = ൫−2ܦ + ఈ൯݇. (4-40),ܓܴ

 

4.2 Results and discussion 

In Figure 4-1, we present the real part of the conductivity at two different 

chemical potential. The minimum conductivity can be found soon after a dramatic 

drop in the low frequency regime, and it then clearly increases with a very broad 

absorption peak. This minimum point distinguishes the intra- and inter-band 

excitation, and the larger the Fermi energy, the higher frequency the minimum 

conductivity lies at, e.g. near ω = 0.1 eV for µ = 50 meV and near ω = 0.01 eV for µ 

= 12 meV. Under a weak excitation, intra-band excitation dominates with a very fast 

decrease to near zero before the inter-band contribution takes over. The interband 
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observations. At fixed temperature, the conductivity decreases rapidly with the 

frequency at low frequency. This is consistent with the inverse power law 

dependence of electron-impurity scattering. The temperature dependence of the 

conductivity is shown in Figure 4-3. At low temperature and for low frequency the 

conductivity decreases with increasing temperature. This is mainly because the 

thermal excitation reduces the allowed phase space for intraband transitions (defined 

by	݂ܓାܙ,ఈᇲ −  ఈ). Thus the electron density correlation function (the Πi functions),ܓ݂

decreases with increasing temperature. Also at low frequency the dielectric function 

is close to its static limit and weakly frequency dependent. As a result, the 

conductivity decreases as the temperature increases. At high temperatures, more 

thermally excited carriers reduce the dynamic screening and the electron-impurity 

scattering is stronger. This leads to the situation where the conductivity increases 

with temperature. The turnaround in the temperature dependence gives rise to a 

conductivity minimum in the low temperature regime. At the frequency of 0.1 ω/µ, 

the minimum is at around 50 K, while for high frequencies, the dynamical screening 

dominates over the whole temperature regime, and conductivity increases 

monotonically with temperature. It is worth pointing out that the temperature 

contribution from the dielectric function has no effect on the inter-band excitation, 

since the gap plus the Fermi energy is much larger than room-temperature thermal 

effect. 
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Figure 4-2. The real part of the conductivity versus frequency at different 

temperatures with µ = 12 meV. (ℏ = 1). 
 

By comparing Eq. (4-38) to the Drude model  ߪ = ௜௡௘మ௠∗(ఠା௜/ఛ)  , the inverse 

scattering time can be identified, 

 ߬ିଵ = ௭(߱) (4-41)ܫIm(ߛܦ∗݉ߨ௦/16ݎܼ)

The frequency dependent inverse scattering time is plotted in Figure 4-4. The 

inverse scattering time depends on the frequency very differently in the low 

temperature regime from in the high temperature regime. When the temperature is 

low, the scattering is mainly due to the electrons near the Fermi surface. Electron-

impurity scattering by these electrons is inversely proportional to the frequency. As 
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the frequency increases, electrons travel a shorter distance between scatterers and 

suffer less scattering. This picture is consistent with the Drude conductivity for 

degenerate electrons. In the high temperature regime, more electrons away from the 

Fermi level can participate in the electron-impurity scattering. These thermally 

excited electrons interact with photons and impurities. As the frequency increases, 

more thermally excited electrons from deep inside the Fermi sphere can 

simultaneously satisfy the energy and momentum conservation required in a 

scattering event. As a result, the scattering rate increases with the frequency. 

 

Figure 4-3. The real part of the conductivity as a function of temperature for 

three frequencies: 1.2 meV, 3.6 meV and 6.0 meV. 
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Figure 4-4. Scattering rate versus frequency at four different temperatures: 0 K, 

4 K, 77 K and 300 K. 

 

In summary, by using the quantum equations of motion for the electron density 

matrix, we have calculated the frequency dependent conductivity of the HgTe/CdTe 

QW in the presence of random impurities. Both the frequency dependence and the 

temperature dependence of the conductivity and the inverse scattering time have 

been presented. The inverse transport scattering time decreases with the frequency in 

the low temperature regime and increases with the frequency in the high temperature 

regime. Our analysis is based on the properties that the single-particle scattering 

probability decreases with the frequency and that the number of electrons satisfying 

the scattering conditions at high temperature increases with the frequency. 
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CHAPTER 5 PHOTON MIXING IN TOPOLOGICAL INSULATOR 

HGTE/CDTE QUANTUM WELLS IN THE TERAHERTZ REGIME 

The nonlinear multiplication (or up-conversion) process is one common way to 

obtain low frequency electromagnetic waves from 0.3 THz to 20 THz.166 One 

important technique is photon mixing, e.g. four wave mixing, which has been 

thoroughly investigated in the past few decades.167-170 Three pulsed fields of either 

the same (degenerate) or different frequencies (non-degenerate) are collinearly 

focused onto a sample and mixed together to induced a fourth coherent wave with 

frequency ωe. Generally, ωe is a linear combination of the other three frequencies 

(ω1, ω2, ω3) in a given time order. 

The nonlinear optical response (NOR) of the surface state of HgTe/CdTe QW is 

similar to that of graphene (except that they have slightly different Fermi 

velocities),171 and hence the topological insulator (TI) surface state is also expected 

to be strongly optically nonlinear. In this Chapter, we demonstrate that the bulk state 

with non-parabolic energy dispersion of an HgTe/CdTe QW can lead to a strong 

photon mixing effect in the terahertz frequency regime under femtosecond 

irradiation. It is shown that at a moderate electrical field of around 104 V/cm, the 

generation efficiency of terahertz current from femtosecond fields in the third order 

is around 10-4. Furthermore, in this class of TI structures, the nonlinear effect 

remains strong for temperatures up to 150 K. Unlike the gapless surface state in a TI, 

the existence of which is critically dependent on the thickness of the sample, the bulk 

state is much more robust. Therefore our result should lead to wider application of 

TIs in electronics and photonics.  
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5.1.1 Current densitiy 

The ith-order current density is given by: 

௫(௡)ܬ  = ݁න݀ݒܓ௫(௡) (௞ߝ)݂ൣ − ݂൫ߝ௞ + ,௣௛൯൧ߝ  (5-1)

where f(ε) is the Fermi-Dirac distribution function, εph is total energy of the incoming 

photons and kB is the Boltzmann constant. The upper integration limit is equal to the 

Fermi energy μ at T = 0 K. At finite temperature, the upper limit is chosen as 2μ. 

We consider an external field in the form of 	۳(ܚ, (ݐ = ∑۳௜exp	[݅൫q௜ ∙ ܚ − ఓ߱ݐ൯], 
where Ei, qi and ωi are the amplitude, wavevector and frequency of the i-th wave of 

the electric field. The velocity of electrons in the bulk states along the direction of 

the electric field is given as	ݒ௫ =  ௞/߲݇௫. Without loss of general properties, weߝ߲

assume that the applied field is along the x-direction. Under the minimum coupling 

scheme,	݇௫	→ ݇௫ − ݁A௫(ܚ, ,ܚ)E௫	where ,(ݐ (ݐ = −߲A௫(ܚ, Hereafter, we define u௫ .ݐ߲/(ݐ = −݁A௫(ܚ,  .(ݐ
 

5.1.2 Third order velocity 

The energy spectrum of the bulk state is: 

௞ܧ  = ܥ − ൫݇௫ଶܦ + ݇௬ଶ൯ ± ଶ൫݇௫ଶܣටݏ + ݇௬ଶ൯ + ܯൣ − ൫݇௫ଶܤ + ݇௬ଶ൯൧ଶ, (5-2)

where ݏ = ±1  indicates the valence and the conduction band respectively. The 

square-root term in Eq. (5-2) rendered the energy spectrum highly non-parabolic. In 

what follows, we shall show that this non-parabolic energy dispersion leads to a 

strong non-linear optical response in the TI bulk state.  
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௫߲݇ܧ߲  = ௫݇)ܦ2− +  (௫ݑ
ଶ(݇௫ܣ+  + (௫ݑ − ௫݇)ܤ2 + ܯൣ(௫ݑ − ൫(݇௫ܤ + ௫)ଶݑ + ݇௬ଶ൯൧ටܣଶ ቀ(݇௫ + (௫ݑ + ݇௬ଶቁ + ܯൣ − ൫(݇௫ܤ + ௫)ଶݑ + ݇௬ଶ൯൧ଶ . (5-3)

To study the nonlinear effect, we expand the group velocity in terms of the 

external electric field. Up to third order of the electric field, it can be shown that the 

velocity components are given as: 

௫(଴)ݒ  = ௫݇ܦ2− + ܴ݇௫√ܨ , (5-4)

௫(ଵ)ݒ  = ௫ݑܦ2− + ܨܴ + ܨଶܤ4) − ܴଶ)݇௫ଶܨ√ܨ ௫, (5-5)ݑ

௫(ଶ)ݒ  = 3ܴ(ܴଶ − ଶ)݇௫ଷܤܨ4 + ଶܨଶܤ4)ܨ3 − ܴଶ)݇௫ଶ2ܨଶ√ܨ ௫ଶ, (5-6)ݑ

௫(ଷ)ݒ  = ௫ଷ. (5-7)ݑ(௫݇)ܩ

Here we have used the shorthand notations: 

 ܴ = ଶܣ − ܤܯ2 +  ,ଶ݇ଶܤ2
ܨ  = ଶ݇ܤ) − ଶ(ܯ + (௫݇)ܩ ,ଶ݇ଶܣ
= ଶܤܨ4) − 5ܴଶ)(ܴଶ − ଶ)݇௫ସܤܨ4 + 3ܴଶ)ܴܨ2 − ௫ଶ݇(ܨଶܤ12 + ܨଶܤ4) − ܴଶ)ܨଶ2ܨଷ√ܨ . 
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Figure 5-2. Temperature dependence of the first order conductivity at chemical 

potentials of 0.04 eV, 0.05 eV, and 0.06 eV. The excitation frequency of the photons 

is ω = 100 THz. 

 

5.1.3 Conductivity 

Due to time reversal symmetry (TRS) in the TI, the second order velocity does 

not contribute to the current density. For ω1 = ω + δ1, ω2 = ω + δ2 and ω3 = 2ω, the 

third order current at ω1 + ω2 - ω3 = δ1 + δ2 = δ is given as 

௫(ଷ)ܬ  = ݅ ݁ସܧଵܧଶܧଷ߱ଵ߱ଶ߱ଷ න නߠ݀ (௞ߝ)݂](௫݇)ܩ݇݀݇ − ௞ߝ)݂ + ଶఓ[(ߜ
଴

ଶగ
଴ . (5-8)
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5.2 Results and discussion 

Figure 5-2 plots the first order conductivity as a function of temperature with 

different chemical potentials. We choose the excitation frequency as 100 THz, and 

all the curves are normalized with respect to zero temperature. It is obvious that the 

linear conductivity decreases at low temperature to a minimum value and then 

increases with higher temperature. The minimum points vary corresponding to the 

level of doping. The thermal effects, however, should be relatively small, as the scale 

of variation is less than 1%, which suggests that the temperature does not contribute 

much to the linear response. 

Figure 5-3 shows the temperature dependence of the third order current J(3)(δ). 

The frequencies of the three incident photons are chosen to be ω = 100 THz and δ = 

1 THz. Since the reported carrier density in HgTe/CdTe QWs varies over a wide 

range from 2 - 40 × 1011 cm-2,172 we choose a range of chemical potential, from 0.04 

eV to 0.06 eV, to show the influence of the carrier concentration on the third order 

current. We set the amplitude of the three fields to be the same. There exists an 

optimal temperature around 50 K at which the mixing efficiency is greatest. At low 

temperature, only those carriers in a small region of δ below the Fermi surface 

contribute to J(3)(δ). As the temperature increases, more carriers contribute to J(3)(δ). 

Further increasing the temperature causes more low energy carriers to conduct. Due 

to the unique band structure of the TI, the third order velocity given in Eq. (5-8) is 

positive at high energy and negative at low energy. As a result, at high temperatures, 

J(3)(δ) decreases with temperature.  
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Figure 5-3 Temperature dependence of the third order current at various 

chemical potentials. The electric field is 104 V/cm, and the excitation frequency of 

the photons is ω = 100 THz. 

 

In Figure 5-4, we plot the ratio of the third order current to the linear current as a 

function of the frequency difference δ at zero temperature. In response to the three 

fields, there are three linear currents of equal amplitude oscillating at ω1, ω2 and ω3. 

In calculating J(3)(δ)/J(1), we choose the one oscillating at ω1 as J(1). Under an electric 

field of 104 V/cm, J(3)(δ) has a magnitude of around 10-4 of that of the linear current, 

suggesting that the terahertz generation efficiency of the TI from the femtosecond 

laser is comparable to or slightly better than that from the nonlinear semiconductor 

crystal commonly used in terahertz generation. The nonlinear current increases 

approximately as δ2 at low δ. This can be understood from the phase space analysis. 
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At zero temperature, the available carrier number contributing to the linear current is 

nearly constant since ω is much larger than μ and nearly all electrons in the 

conduction band can conduct. The available carrier number contributing to the 

nonlinear current is directly proportional to δ. The average energy of each photo 

excited carrier in the final state is also δ. As a result the nonlinear current increases 

approximately as δ2. 

 

Figure 5-4. The ratio of the third order nonlinear optical response to the linear 

optical response versus the tuning frequency δ at various chemical potentials at zero 

temperature. The electric field is 104 V/cm, and the frequencies of the photons are ω 

= 100 THz, ω3 = 200 THz. 
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Figure 5-5 The ratio of the third order nonlinear optical response to the linear 

optical response as a function of temperature at various chemical potentials. 
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linear response by comparing to the thermal influence behaviour of linear and 

nonlinear conductivity in Figure 5-2 and Figure 5-3, respectively. It is easy to see 

that the nonlinear response is stronger at low temperature and low doping level. This 

is because, on the one hand, electrons are effectively confined around the Fermi level 

at low temperature, and on the other hand, the lower the doping level is, the more 

empty states remain in the conduction band above the Fermi level, which is of 
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Figure 5-6. Temperature dependence of the critical electric field at various 

chemical potentials for J(3)( δ)/J(1)=10-5, ω = 100 THz, ω3 = 200 THz and δ  = 1THz. 
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energy of the carrier, the nonlinear term is generally stronger for low concentration 

sample at low temperatures and vice versa at high temperatures. This results in a 

crossover of the critical field from low temperature to high temperature.  

5.3 Terahertz generation 

Radiation of terahertz frequency has played a key role in many areas of future 

technology including medical diagnosis, security and materials. Exploring the 

efficient terahertz emitter is still the key challenge. The most common technique for 

producing low-power terahertz radiation is through nonlinear multiplication 

(frequency upconversion) of lower frequency oscillators.173 Since the second-order 

non-linear susceptibility of the medium only occus in asymmetric structure crystals, 

the third-order nonlinear, which can become significant when the pump light is 

intense enough, is much easer to develop.174, 175 Based on the modeling results we 

obtained above (in section 5.2), we consider a partial degenerate four-photon mixing 

process, where we let δ1 = δ2, and the frequency of terahertz emission is determined 

by  δ = 2δ1. This process is also known as third order nonliear three-wave mixing, 

but involves the interaction of four photons.176 As shown in Figure 5-7(c),177 a 

terahertz wave (with frequency denoted as ωTHz) is generated by the interation of two 

degenrated pump waves (with frequency denoted as ωp) and a differnet frequency 

signal wave (with frequency denoted as ωs) in the HgTe/CdTe QW nonlinear 

medium. The signal wave is fixed, while the pump wave is tunable. The wave meter 

is employed to determined the frequency of the photomixer radiation by monitoring 

the frequency difference of the two lasers to an accuracy of δ1. The emitted terahertz 

radition will be collected by the Bolometer. To ensure that the experiments work 

well, two aspects have to be considered carefully: (i) the energy conseravtion law 
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THz. Our results suggest that HgTe/CdTe QWs can be of potential use in device 

applications for nonlinear photon mixing. Since the gapless surface state in the TI is 

critically dependent on the thickness of the sample and the bulk state is much more 

robust, our finding is of particular interest for potential TI application in photonics 

and optics. 
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CHAPTER 6 SEMICLASSICAL STUDY OF NONLINEAR OPTICAL 

RESPONSE DUE TO THE INTRA-BAND TRANSISTIONS  

The optical conductivity of HgTe/CdTe QWs has long been an interesting topic 

since the tuneable band gap can give rise to an optical response in the terahertz-far-

infrared (FIR) regime, which is benefit for optoelectronic devices, especially, THz 

detectors and emitters.179, 180 It has been demonstrated that HgTe/CdTe superlattices 

have significant nonlinear optical properties such as large χ(3), a THz response and a 

high saturation threshold. In this paper, we will study the nonlinear response of 

HgTe/CdTe QWs with two types of band structure without breaking the nontrivial 

topological property.181 

 

6.1 Formalism 

The energy dispersion relation can be obtained: 

௦,ܓߝ  = ܥ − ଶ݇ܦ + ܯ)ඥݏ − ଶ)ଶ݇ܤ + ଶ݇ଶ, (6-1)ܣ

where s = ±1 determines the valence band and conduction band respectively. We will 

consider the bulk state with fixed M defining the gap and thus the inversion of the 

band structure. By varying the other parameters, the direct energy gap at k=0 can be 

transformed to an indirect one. We drop the term C, since it only shifts the over-all 

energy of the band structure without affecting the wave function. The other four 

parameters (A, B, D, and M) are listed in Table 6-1. It has been pointed out that the 

topologically nontrivial insulator cannot be adiabatically tuned to a trivial insulator 

as long as 
ெଶ஻ > 0. Therefore, we fix the values of M and B, changing the values of A 
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the electron distribution function, in the presence of scattering, can be derived from 

the Boltzmann equation: 

ݐ߲݂߲  − ܓ߲݂߲ ∙ ݁۳ = − (݂ − ଴݂)߬ , (6-2)

where τ is the momentum relaxation time of electrons and holes due to impurity and 

phonon scattering. f0 and f are the equilibrium and non-equilibrium Fermi 

distribution functions, respectively. f0 has the form of: 

 ଴݂ = 11 + ݁ఉ(ఌିܓఓ), (6-3)

where µ is the chemical potential, ߚ = ݇஻ܶ with ݇஻ the Boltzmann constant; and εk 

is the energy dispersion relation of HgTe/CdTe QW. 

Defining ܨ௡ = ݂ − ଴݂ and substituting 
డி೙డ௧ =  :௡ into Eq. (6-1), we obtainܨ߱݊݅−

௡ܨ  = ଴1ܧ߬݁ − ݅݊߱߬ ௡ିଵ߲݇௫ܨ߲ , (6-4)

with n≥1, and F0=f0. Therefore, the current density is written as: 

(௡)ܬ  = ଶߨ12 න−݁ݒ௫ܨ௡݀(5-6) .ܓ

௫ݒ = ிݒ cos  ி is about 5.5 × 105 m/s. The conductivityݒ where the Fermi velocity ,ߠ

is defined by: 

(௡)ܬ  = ଴. (6-6)ܧ(௡)ߪ

Substituting Eq. (6-5) into Eq. (6-6), the nth order optical conductivity along the x 

direction is: 

(௡)ߪ  = − ݁ଶ2ߨଶℏ ி߬1ݒ − ݅݊߱߬න cos ߠ නߠ݀ ௡ିଵ߲݇௫ܨ߲ ݇݀݇ஶ
଴

ଶగ
଴ . (6-7)

The HgTe/CdTe QW bulk state with fixed M =  ̵̶ 10 meV has a big energy gap of 

about 20 meV for the one-gap case, and around 10 meV for the double-gap case, 
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both of which are significantly large at low frequency, which allows us to consider 

the intraband excitation only. The second order conductivity is always zero as long 

as the time reversal symmetry is preserved. Using 
డ௙బడ௞ೣ = డ௙బడ௞ cos ߠ − ଵ௞ sin ߠ డ௙బడఏ , 

together with Eq. (6-4) and Eq. (6-7), the conductivity for the first order and third 

order can be written down: 

(ଵ)ߪܴ݁(ଷ)ߪܴ݁  = 3݁ଶ߬ଶܧ଴ଶ4ℏଶ (11߱ଶ߬ଶ − 1)(1 + ߱ଶ߬ଶ)(1 − 11߱ଶ߬ଶ)ଶ + 36(߱ଶ߬ଶ − ߱ସ߬ସ)ଶ
× ׬ ൬1݇ ߲ ଴݂߲݇ − ߲ଶ ଴݂߲݇ଶ − ݇ ߲ଷ ଴݂߲݇ଷ ൰ ݀݇	ஶ଴ ׬ ߲ ଴݂߲݇ ݇݀݇ஶ଴ ; (6-8)

(ଵ)ߪ݉ܫ(ଷ)ߪ݉ܫ  = 9݁ଶ߬ܧ଴ଶ2ℏଶ (1 − ߱ସ߬ସ)(1 − 11߱ଶ߬ଶ)ଶ + 36(߱ଶ߬ଶ − ߱ସ߬ସ)ଶ
× ׬ ൬1݇ ߲ ଴݂߲݇ − ߲ଶ ଴݂߲݇ଶ − ݇ ߲ଷ ଴݂߲݇ଷ ൰ ݀݇	ஶ଴ ׬ ߲ ଴݂߲݇ ݇݀݇ஶ଴ . (6-9)

 

6.2  Results 

Since the band structure is about k symmetry, the integral is taken over all k>0. 

At zero temperature, ߲ ଴݂/߲݇ is simply a delta function −ߜ(݇ − ݇ி). The first order 

and third order conductivity, in Eq. (6-8) and Eq. (6-9) respectively, will be reduced 

to  

(ଵ)ߪܴ݁(ଷ)ߪܴ݁  = 3݁ଶ߬ଶܧ଴ଶ4ℏଶ (11߱ଶ߬ଶ − 1)(1 + ߱ଶ߬ଶ)(1 − 11߱ଶ߬ଶ)ଶ + 36(߱ଶ߬ଶ − ߱ସ߬ସ)ଶ
× ݇)ߜ − ݇ிଵ) − ݇)ߜ − ݇ிଶ)݇ଶߜ(݇ − ݇ி) ; (6-10)
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(ଵ)ߪ݉ܫ(ଷ)ߪ݉ܫ  = 9݁ଶ߬ܧ଴ଶ2ℏଶ (1 − ߱ସ߬ସ)(1 − 11߱ଶ߬ଶ)ଶ + 36(߱ଶ߬ଶ − ߱ସ߬ସ)ଶ
× ݇)ߜ − ݇ிଵ) − ݇)ߜ − ݇ிଶ)݇ଶߜ(݇ − ݇ி) . (6-11)

It is worth mentioning that when Fermi energy falls in between points A and B 

in Figure 6-1(b), the Delta function will have two solutions, kF1 and kF2. We note that 

even at non-zero temperature, the contributions from the high order derivative terms 

in Eq. (6-9) are nearly zero. The dominant term ߲ ଴݂/߲݇ at non-zero temperature is 

found to be: 

 ߲ ଴݂߲݇ = ߚ1 ଴݂( ଴݂ − (12-6) ,(݇)ݒ(1

(݇)ݒ  = ݇ܦ2− + ଶܣ − ܯܤ2 + ଶ݇ଶܣଶ݇ଶඥܤ2 + ܯ) − ଶ)ଶ݇ܤ ݇ 

where	ݒ(݇) is the velocity as a function of the k vector. It is obvious that the 

difference between third order and first order integration is merely the factors of 1/k 

and k.  The scattering time is estimated from ߬ = ఓ∗௠∗௘  = 0.57 ps with the bulk 

mobility µ* ≈ 105 cm2/(V s) and the effective mass at the bottom of the conduction 

sub-band m* ≈ 0.01 me.
182 The electric field is fixed at 5000 V/cm. We plot the ratio 

of the real part of the third order conductivity to the first order conductivity as a 

function of frequency and chemical potential, respectively, at different temperatures. 

 

6.3 Discussion 

Figure 6-2 shows the frequency dependent ratio of the real part third order 

conductivity to the first order conductivity for type I and type II band structures, 

respectively, at four temperatures: 0 K, 4 K, 77 K and 300 K. An electric field of 
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When the band structure is deformed from type I to type II, the valence band is 

changed to a “Mexican hat” shape, and the minimum of the valence band moves to 

Point B. Now, we consider the case in the type II band structure with chemical 

potential lying between the “A” level and “B” level. The ߪ(ଷ)/ߪ(ଵ) for μ = 8 meV is 

plotted in Figure 6-2(c). Since the linear response is always positive, the opposite 

sign of ߪ(ଷ)/ߪ(ଵ)  at low temperatures originates from the third order nonlinear 

response.  This singular response happens only when the chemical potential lies far 

below the “A” level (10 meV) due to the anomalous response of the hole excitation 

close to Point A, where the density of states is much more condensed. When the 

temperature increase to 300 K, the electrons are thermally excited up above the 

Fermi level and redistributed by the Fermi-Dirac distribution function. As a result, 

the  third order nonlinear response behaves in a similar way to the three other cases 

in Figure 6-2(a), (b), (d), for which the µ lies above 10 meV.  

Negative conductance is a reflection of the amplification of the electromagnetic 

field, while positive conductance is related to the absorption. The sign changes of the 

third order nonlinear response suggests that by modifying the band structure or 

gating the chemical potential, the HgTe/CdTe QW can be designed as the gain 

medium of a laser for terahertz radiation. This is possible. It has been experimentally 

demonstrated that both the conduction band and valence band consisting of hole-type 

states can be obtained with well widths larger than 6.3 nm, which forms a 2D 

electron-hole system that no spatial separation is between the 2D electrons and 2D 

holes.183 As a result, the self-consistent oscillations of electron and hole densities 

could occur under an appropriate external electric field, which could lead to terahertz 

emission.184, 185 
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defined the frequency cut-off at the frequency where the relation of ωτ – 1 = 0 in the 

numerator of the imaginary part of third order conductivity, which is different from 

that of the real part (11ωτ – 1 > 0) by comparing Eq. (6-8) and Eq. (6-9). We can 

also see that the structure of the curves, shown in figure 6-3, are pretty similar to that 

of real part conductivity except for the peaks shifting to higher frequency at around 

2.25 THz, which is also independent of temperature and chemical potential. 

Figure 6-4 presents the nonlinear response as a function of chemical potential 

corresponding to the two peak frequencies in Fig. 6-2. For type I in Figure 6-4(a), the 

ratio decreases with increasing chemical potential, which is ascribed to the reduced 

vector phase at higher energy levels, while in the type II band structure, as plotted in 

Figure 6-4(b), the nonlinear response is divided into two regimes regarding the 

position of µ. The ratio obviously increases in the regime where µ lies below Point A, 

after which the ratio turns sharply negative, and then slowly increases with the 

chemical potential. It is clear that at low temperature and small chemical potential, 

the third order conductivity dominates the first order conductivity.   

Finally, we will discuss the thermal effect on the nonlinear response. As we can 

see from Figure 6-2 and Figure 6-4, the thermal effect causes a significant depression 

of the third order conductivity. At low temperature, only a small number of electrons 

are thermally excited in the valence band, and thus, the weak thermal excitation does 

not destroy too many valence band electrons, which is of benefit for the third order 

nonlinear conductivity. At higher temperature, the linear response increases rapidly, 

and other scattering processes, such as electron-phonon scattering, are involved due 

to the strong thermal excitation. Therefore, the ratio ߪ(ଷ)/ߪ(ଵ)  decreases 

dramatically.  
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a negative influence on the third order nonlinear response, especially when µ is 

located below Point A in Figure 6-1,corresponding to an energy level of 10 meV in 

the type II band structure. Our studies suggest a potential application of HgTe/CdTe 

in nonlinear photonics and optoelectronics devices in both light emission and 

amplification.  
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CHAPTER 7 QUANTUM MECHANIC STUDY OF NONLINEAR OPTICAL 

RESPONSE DUE TO INTER-BAND TRANSISTIONS IN THE SURFACE 

STATES 

Without a magnetic field, the surface state of the 3D TIs is gapless. In this case, 

the optical response in the low energy regime can occur without considering the bulk 

effect since the bulk band gap is of the order of 300 meV, or 75 terahertz (THz). 

Therefore, the surface of a 3D TI can be analogized as 2D graphene which has been 

proposed as a promising terahertz emitter and detector. X. Zhang et al.112 reported 

that the low-energy optical absorbance of the topological surface states of Bi2Se3 

film is πα/2, just half the value of single-layer graphene where α is the fine-structure 

constant. 

In this Chapter, we calculate the third order nonlinear optical conductance of 

Bi2Se3 crystals or thin films under a time-dependent electric field. We show that the 

surface states of the TI exhibit a strong nonlinear response involving three photons in 

the low energy regime. This model is also valid for other strong 3D TIs. 

 

7.1 Modelling 

In the low energy regime, the effective Hamiltonian of the surface state of a TI 

is given by Ref. [53]:          

௦௨௥௙ܪ  = ଶܣ ൬ 0 ା݌ି݌ 0 ൰, (7-1)

where p±=px±ipy, A2=ћvF. For Bi2Se3, A2 =4.1 eV·Ǻ.10 We make two assumptions 

here. First, the bulk carrier density is low enough to allow only the surface states to 



 

Chapter 7. Nonlinear optical response in topological insulator in terahertz regime 

 

101 

 

be considered. Second, the Bi2Se3 crystals or thin films are thick enough that the 

interactions among electrons from the top and bottom surface can be ignored.  

Under an external electric field E(t) = E0e
iωt, the direction is along the x-axis, Eq (7-1) 

can be written as: 

௦௨௥௙ܪ  = ଶܣ ൬ 0 ି݌ + ା݌ିܣ݁ + ାܣ݁ 0 ൰. (7-2)

Here, ܣ± = ܣ = ா௜ఠ ݁ି௜ఠ௧, and the wave function can be expanded in terms of two 

spinor components, ߙ௡(ܘ) and ߚ௡(ܘ): 
 Ψ(ܘ, ݊) = ෍൤ߙ௡(ܘ)ߚ௡(ܘ)൨ஶ

௡ୀ଴ . (7-3)

With Eq (7-2) and Eq (7-3), we can solve the time-dependent Schrödinger 

equation iћ∂ψ/∂t=Hψ, and obtain two recursion equations for αn(p) and βn(p): 

௡(p)ߙ  = ା݌(ܘ)௡ିଵߙܣ + ݌) − ߱݊)߱݊(ܘ)௡ିଵߚ(߱݊ − (݌2 ; (7-4)

(ܘ)௡ߚ  = ି݌(ܘ)௡ିଵߚܣ + ݌) − ߱݊)߱݊(ܘ)௡ିଵߙ(߱݊ − (݌2 . (7-5)

These two equations recursively couple the n photon processes to the n-1 photon 

processes. The nth order total current can be calculated with the following equation: 

 ۸௟(௡) = ଶߨ14 න݀ܒܘ௟(௡)்ܰ(ߝ). (7-6)

Here: 

(ߝ)்ܰ  = ݊ி(−ߝ) − ݊ி(ߝ) = tanh 2݇஻ܶ, (7-7)ߝ

௟(௡)ܒ  = ݁Ψ∗ݒ௟Ψ/ (7-8)ݒ௟ =   .௟ is the current operator with l= x, y݌߲/ܪ߲



 

Chapter 7. Nonlinear optical response in topological insulator in terahertz regime 

 

102 

 

௫(௡)ܒ  = ݁Ψ∗ ௫݌߲ܪ߲ Ψ, (7-9)

 Ψ∗ ௫݌߲ܪ߲ Ψ
=෍(ߙ௡ᇲ∗ (ܘ) ∗௡ᇲߚ ௡ᇲ((ܘ)

଴ ൬ 0 ି݌ + ା݌ିܣ݁ + ାܣ݁ 0 ൰෍൬ߙ௡(ܘ)ߚ௡(ܘ)൰௡
଴

= ∗௡ᇲߚ]ி෍෍ݒ (ܘ) ∗௡ᇲߙ [(ܘ) ൤ߙ௡(ܘ)ߚ௡(ܘ)൨௡
଴

௡ᇲ
଴

= (ܘ)௡ି௜ߚ(ܘ)∗௜ߙ]ி෍ݒ + ௡[(ܘ)∗௜ߚ(ܘ)௡ି௜ߙ
଴ . 

By simplifying the Hamiltonian, the nth order current can be written as: 

(௡)ܬ = ܴ݁ ଶߨ12 නܰ(ߝ)ߠ݀݌݀݌ ൥෍ߙ௜∗(ܘ)ߚ௡ି௜(ܘ) + ௡(ܘ)∗௜ߚ(ܘ)௡ି௜ߙ
௜ୀ଴ ൩, 

(௡)ܬ = ଶߨ12 නܰ(ߝ)ߠ݀݌݀݌ ܴ݁ ൥෍ߙ௜∗(ܘ)ߚ௡ି௜(ܘ) + ௡(ܘ)∗௜ߚ(ܘ)௡ି௜ߙ
௜ୀ଴ ൩. (7-10)

When the electric field is absent, only n = 0 terms of Eq (7-4) and Eq (7-5) are 

nonzero. We obtain the result that 	ߙ଴(࢖) = 1/√2 and	ߚ଴(࢖) =  by solving ݌2√/ି݌

the Schrodinger equation with the Hamiltonian in Eq. (7-2). With these two initial 

spinor components, we can write down higher orders of αn and βn, which, for n=1, 2, 

and 3, can be expressed as follows: 

ଵߙ  = ߱)߱݌2√ܣ − (݌2 ି݌݌) + ା݌ − ା), (7-11)݌߱

ଵߚ  = ߱)߱݌2√ܣ − (݌2 ାଶ݌) + ଶ݌ − (12-7) ,(݌߱

ଶߙ = ଷ݌ଶ[2ܣ − ଶ݌4߱ + ାଶ݌݌ + ଶି݌݌ + 2߱ଶ݌ାଶ]4√2߱݌ଶ(߱ − ߱)(݌ − (݌2 , (7-13)
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ଶߚ = ଶ݌ା݌ଶ[2ܣ + ଶ݌ି݌ − ݌ି݌2߱ − ݌ା݌4߱ + ାଷ݌ + 2߱ଶ݌ା]4√2߱݌ଶ(߱ − ߱)(݌ − (݌2 , (7-14)

ଷߙ = ߱)ଷ߱݌ଷ12√2ܣ − 3߱)(݌ − ߱)(݌2 − (݌2 ଷ݌ି݌3] + ଷ݌ା݌3 +  ݌ଷି݌

݌ାଷ݌+ − ଶ݌ା݌12߱ − ଶ݌ି݌9߱ + 14߱ଶ݌ା݌ + 8߱ଶ݌ି݌ − 6߱ଷ݌ା − ାଷ], (7-15)݌3߱

ଷߚ = ߱)ଷ߱݌ଷ12√2ܣ − 3߱)(݌ − ߱)(݌2 − (݌2 ସ݌3] − ଷ݌12߱ + 14߱ଶ݌ଷ 

ଶ݌ାଶ݌3+ + ଶ݌ାଶ݌3 + ଶ݌ଶି݌ − 6߱ଷ݌ − ݌ାଶ݌9߱ − ݌ଶି݌3߱ + 8߱ଶ݌ାଶ + ାସ]. (7-16)݌

The first order total current is linear, and can be calculated by putting Eq. (7-11) 

and Eq. (7-12) back into Eq.(7-10).  

ଵܬ  = ଶߨ2݁ නܰ(ߝ)ߙ)ܴ݁ߠ݀݌݀݌଴∗ߚଵ + ଵߙ∗଴ߚ + ଴ߚ∗ଵߙ + (			଴ߙ∗ଵߚ
= ݁ଶ4ܧℏ ܰ ቀ2߱ቁ ݁௜ఠ௧. (7-17)

The result for J(1) is very similar to that for graphene, which implies that the 

surface state of a TI can be treated as 2D graphene, except that there is  only a single 

Dirac cone at the TI surface. It has been learnt that the universal conductance of a TI 

is	ߪ଴ = 2݁ଶ/ℏ. As a result, the first order conductivity can be expressed in the unit 

of σ0, σ1= σ0N(ω/2)/8. The second order current vanishes due to the time-reversal 

symmetry.  

The third order current was calculated by combining Eqs. (7-15) and (7-16) 

ଷܬ = ଶߨ2݁ නܰ(ߝ)ߠ݀݌݀݌
∙ ଷߚ∗଴ߙ)ܴ݁ + ଷߙ∗଴ߚ + ଶߚ∗ଵߙ + ଶߙ∗ଵߚ + ଵߚ∗ଶߙ + ଵߙ∗ଶߚ + +଴ߚ∗ଷߙ  (		଴ߙ∗ଷߚ

(7-18)
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= 2݁ଶℏ ݁ଶݒிଶܧ଴ଷ8ℏଶ߱ସ ൤1348ܰ ቀ2߱ቁ − 23ܰ(߱) + 4548ܰ ൬32߱ ൰൨ ݁ଷ௜ఠ௧
+ 2݁ଶℏ ݁ଶݒிଶܧ଴ଷ8ℏଶ߱ସ 2ܰ(߱)݁௜ఠ௧. 

It is worth pointing out that the third order non-linear process involves two 

different mechanisms171, 186-189: the term e3iωt corresponds to the process of three 

photon absorption, while the term eiωt corresponds to the process of simultaneously 

absorbing two photons and emitting one photon. Since the third order nonlinear 

response is the superposition of two distinct processes, we calculated the third order 

conductivity by taking the root mean square of the two third order processes:  

〈ଷߪ〉  = ଴ߪ ݁ଶݒிଶܧ଴ଷ8ℏଶ߱ସ ඨ12 | ଷܰ(3߱)݁ଷ௜ఠ௧ + ଷܰ(߱)݁௜ఠ௧|ଶ. (7-19)

Here, 

 ଷܰ(3߱) = 1348ܰ ቀ2߱ቁ − 23ܰ(߱) + 4548ܰ ൬32߱ ൰, (7-20)

 ଷܰ(߱) = 2ܰ(߱). 
 

7.2 Results and discussion 

The frequency dependence of the mean nonlinear conductance in the unit of σ0 

is plotted in Figure 1-1. The electric field was fixed at 1000 V/m. The nonlinear 

responses decrease exponentially with increasing frequency. For frequencies higher 

than 2 THz, the nonlinear response becomes weak even at low temperature. The 

frequency of the external excitation field plays a more important role than that of 

temperature since it is inversely biquadratically proportional to the third order total 

current.  
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Figure 7-1. Frequency dependent nonlinear conductance in the unit of σ0 at 0 K, 

77 K, and 300 K.  

 

Figure 7-2 shows a comparison between the first order linear optical 

conductance σ1 and the third order mean nonlinear conductance σ3 in the unit of σ0 

from 0 K to 300 K. The two conductances are normalized by their respective zero 

temperature values under an electric field of 260 V/cm with frequency of 1 THz. 

Both conductances show a steady drop with temperature up to 100 K, and then 

decrease slowly at higher temperature. It is noteworthy that the nonlinear 

conductance σ3 is consistently above the linear conductance σ1 over the whole 

temperature range, which suggests that the strong nonlinear effects are detectable 

even at a relatively weak electric field.  
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Figure 7-2. Temperature dependence of the nonlinear and linear conductance in 

the unit of σ0 at a field of 260 V/cm and a frequency of 1 THz. 

 

We introduce a critical field Ec such that above Ec the nonlinear conductance 

dominates over the linear conductance. The frequency dependency of Ec is shown in 

Figure 7-3(a). A stronger critical field is needed for a nonlinear optical effect at 

higher frequencies. At f = 1 THz, the values of Ec are 260 V/cm at 0 K, 3340 V/cm at 

77 K, and 2500 V/cm at 300 K. These critical field strengths are accessible in a 

laboratory. Even for f = 5 THz at 300 K, the critical field strength 59000 V/cm can 

still be achieved in a laboratory, which is less than the phase transition field of the 

anti-ferroelectric (AFE) – ferroelectric (FE) transition reported in 0.94 

Na0.5Bi0.5TiO3-0.06BaTiO3.
22 In a real experiment, however, such a high electric 
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field may damage the surface states. We suggest that the experiments should be 

carried out in the low frequency regime. 

 

Figure 7-3. (a) Frequency dependence of the critical electric field Ec at various 

temperatures. (b) Temperature dependence of the critical electric field at various 

frequencies. 

 

In Figure 7-3(b), we present the temperature dependence of Ec. The critical 

electric field strength is more affected by temperature at higher frequency than at 

lower frequency. At low temperature of T < 20 K, Ec is approximately constant since 

the weak thermal excitation is insufficient to influence the interband process in the 

THz regime. The low-T Ec-plateau is especially obvious at higher frequency since 

the carriers involved in the interband optical processes are ‘deep’ and are well-
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protected from the thermal effect. At higher temperature, Ec decreases rapidly due to 

the more strongly reduced linear response at increasing temperature (see also Fig. 2). 

For a fixed electrical field strength, there exists a threshold frequency ωc defined 

by σ3/σ1 = 1. The frequency ωc separates two regimes: for ω < ωc the nonlinear 

response dominates while for ω > ωc the linear response dominates. Figure 7-4 

shows the temperature dependence of the threshold frequency. At very low 

temperature, the number of thermally excited electrons in the conduction band is low 

due to the vanishing density of states near the Dirac point and because the weak 

thermal excitation does not destroy too many valence band electrons. As a result, the 

linear and nonlinear responses are well-conserved and the threshold frequency ωc is 

nearly temperature-independent. In the intermediate temperature regime, the thermal 

excitation exceeds the photon energy and the following effects simultaneously occur: 

(i) the conduction band is ‘crowded’ by thermally excited electrons; and (ii) the 

valence band electron population is thermally reduced. The combination of (i) and (ii) 

results in a reduced interband optical response. The three-photon process σ3 involves 

‘deeper’ electrons, however, and is less affected in comparison with the linear 

response. The overall stronger nonlinear response causes ωc to increase with 

increasing temperature. At higher temperature, both linear and nonlinear responses 

are equally affected by the strong thermal excitation, and hence, ωc remains constant.  

Our results suggest that TI surfaces exhibit a rather strong nonlinear optical 

response in the THz frequency regime. It is worth to mention that our model 

consider that the system is in the absent of collisions, which would reduce the 

maximum conductivity at zero frequency due to the finite relaxation of electrons. In 

this case, the conductivity will decrease slowly with increasing frequency, since 
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collisions diminish the amount of kinetic energy of incident electrons by degrading it 

into thermal energy. However, this effect can happen at all frequencies, they 

introduce no striking frequency-dependent structure into the conductivity. Therefore, 

it is valid to neglect the relaxation rate as our aim is to obtain a qualitative 

understanding of the frequency-dependent behavior of conductivity of the metallic 

surface state of TIs.  

 

Figure 7-4. Threshold frequency versus temperature at different electric field 

strengths. 

 

 On the other hand, in real materials however, the free carriers from the bulk can 

absorb photons, causing fundamental optical responses. For Bi2Se3, the bulk carrier 
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fundamental responses will lower the signal-to-noise ratio. Although the absorption 

of photons by free carriers is indirect, it is sensitive to the temperature, which 

produces thermal noise for the nonlinear effect. In a recent work by S. S. Hong et 

al.115, progress has been made to reduce the carrier concentration to around 5×1016 

cm-3 in Bi2Te2Se crystals.  S. Jia et al.24 have achieved a low carrier concentration of 

~ 2×1011 cm-2 in Sb-doped Bi2Se3 nanoribbons. The low carrier concentration can 

effectively reduce the noise. 

In conclusion, we have shown that the nonlinear optical response in gapless 

surface states of a 3D strong TI in the terahertz regime is significant. The band gap 

of the bulk is non-trivially large to a cut-off frequency of 75 THz and 25 THz for the 

linear and nonlinear responses, respectively. Such frequency cut-offs conveniently 

cover the entire useful THz frequency regime. With probable advances to reduce the 

carrier density of the bulk, 3D strong TIs have potential applications in THz 

nonlinear optics and photonics devices.   
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CONCLUSIONS 

In the study of the energy loss rate of an electron in an n-type HgTe/CdTe QW, 

we found that, for slow electrons, the ELR is determined by the intraband 

contribution only, while for fast electrons, the ELR is dominated by the interband 

contribution. The mean inelastic scattering rate is in the terahertz frequency regime. 

At different energies, the incident electron can either diffuse resonantly, or almost be 

localized. 

The dynamical conductivity has been investigated by using the quantum 

equation of motion for electron density matrix. We have calculated the frequency 

dependent conductivity of HgTe/CdTe QW in the presence of random impurity. Both 

the frequency dependence and the temperature dependence of the conductivity and 

the inverse scattering time are presented. The inverse transport scattering time 

decreases with the frequency in the low temperature regime and increases with the 

frequency in the high temperature regime.  Our analysis is based on that the single 

particle scattering probability decreases with the frequency and that the number of 

electrons satisfying scattering condition at high temperature increase with the 

frequency. 

We have shown that bulk states of TI can also exhibit a stong photon mixing 

effect in terahertz rgime under an electric field around 104 V/cm and frequency of 

the order of femtosecond. The conversion efficiency can be increased by a factor of 

4 if the radiation frequencies are reduced to 50, 50 and 100 THz. Our results suggest 

that HgTe/CdTe QWs can be of potential use in device application for nonlinear 

photon mixing. Since the gapless surface state in TI is critically dependent on the 
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thickness of the sample and the bulk state is much more robust. Our finding is of 

particular intereting in potential application of TI in photonics and optics. 

We calculated the ratio of real part third order conductivity over the first order 

conductivity. The third order conductivity dominates at low temperature regime with 

small chemical potential under an appropriate electric field. In both type I and type II 

band structures, thermal perturbation imposes a negative influences on the third 

order nonlinear response, especially when µ locates below “A” point corresponding 

to energy level of 10 meV in the type II band structure. Our studies suggest the 

potential application of HgTe/CdTe in nonlinear photonics and optoelectronics 

devices in both light emission and amplification.  

Finally, we showed that the nonlinear optical response in gapless surface states 

of 3D strong TI in terahertz regime is significant. The band gap of the bulk is non-

trivially large to a cut-off frequency of 75 THz and 25 THz for the linear and 

nonlinear responses, respectively. Such frequency cut-offs conveniently cover the 

entire useful THz frequency regime. With the probable advances to reduce the 

carrier density of the bulk, 3D strong TIs have potential applications in THz 

nonlinear optics and photonics devices.  
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