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BOUNDARY (C2?® ESTIMATES FOR MONGE-AMPERE TYPE EQUATIONS

YONG HUANG, FEIDA JIANG, AND JIAKUN LIU

ABSTRACT. In this paper, we obtain global second derivative estimates for solutions of the Dirichlet
problem of certain Monge-Ampére type equations under some structural conditions, while the inhomo-
geneous term is only assumed to be Holder continuous and bounded away from zero and infinity. These
estimates correspond to those for the standard Monge-Ampere equation obtained by Trudinger and
Wang in Ann. of Math. 167 (2008), 993-1028 and by Savin in J. Amer. Math. Soc. 26 (2013), 63-99,
and have natural applications in optimal transportation and prescribed Jacobian equations.

1. INTRODUCTION

The Dirichlet problem of the Monge-Ampére type equations under consideration has the following
general form

(1.1) det[D?*u — A(-,Du)] = f inQ,
u = ug on 0f),

where €2 is a bounded domain in R”, f is a positive function in 2, A = A(-, Du) is an n x n symmetric
matrix and ug is a function on 9€). These equations arise in many applications, notably in optimal
transportation [34], conformal geometry [26], reflector and refractor problems [9, 0, 5, B5], and have
attracted significant interest in recent years [3, 29].

In a special case when the matrix A vanishes, one has the standard Monge-Ampére equation. The
global C*% estimates in the case when 99, ug and f are sufficiently smooth and the existence of
classical solutions of the Dirichlet problem

{detD2u =f in,

1.2
(12) u=1ug on 0f),

was obtained by Caffarelli, Nirenberg and Spruck [4] and Krylov [16]. When the inhomogeneous term
f is assumed to be positive and only Holder continuous in €2, that is f € C%(Q) for some « € (0,1), the
global C%® estimates were obtained by Trudinger and Wang in [28] for ug, 9Q € C3. More recently,
Savin [24] obtained a sharp pointwise C>® estimates at boundary under appropriate local conditions
on the inhomogeneous term and boundary data. However, the analysis in both [28] and [?4] is highly
intricate and quite complicated. In this paper, by assuming a structural condition on the matrix A,
which is analogous to the Ma-Trudinger-Wang condition in the optimal transportation problem, we
have some new observations, which lead to a different and simpler proof for the boundary C*¢ estimates
of the solution u of (IT).

In optimal transportation, the potential function u satisfies the Monge-Ampere type equation (IZ),
where the matrix A is determined by a given cost function c. Here, similarly we assume that the matrix
A in (I) is given by

(1.3) A(x, Du) = D2c(z,Tx), z€Q,
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for a smooth function ¢(z,y) : R™ x R” — R and an associated mapping 7" determined by
(1.4) T(z) = D; 'e(x, Du(x),

which is analogous to the optimal mapping in optimal transportation under some appropriate conditions
[72, 83, 34]. Throughout this paper, we assume the following hypotheses:

(H1) For any z,p € R™, there is a unique y € R" such that Dyc(x,y) = p; and for any y,q € R”,
there is a unique € R" such that Dyc(z,y) = q.

(H2) For all (z,p) € Q x R™ and two vectors £, n € R" satisfying £ L 7,
(1.5) D2, Aij(z,p)&&mem > col*[nl?

for some constant ¢y > 0. This assumption is called (H2w) if ¢ = 0.

These conditions (H1)—(H2) essentially follow from those for the cost function in optimal transporta-
tion [22]. The condition (H1) guarantees the mapping 7" in (I4) is well defined, and the condition
(H2) is necessary for the regularity as shown in the Heinz-Lewy counterexample [25] and the example
in optimal transportation [21]. In the above, the assumption that the function c is defined in the whole
space R™ x R™ is only for simplicity. In many cases it is sufficient to assume that c is defined in a proper
subset U C R™ x R" where (H1)—(H2) hold, see [20, B1] for instance. Additionally, if det D, c(2,y) # 0
at (z,y) € Q x R with y = D lc(x,p) by virtue of (H1), the inequality (ICH) can be written in terms
of the function ¢ by

(E*) Z (Cp,qcij,pcq,rs - Cij,rs)cr’kc&lgié-jnkm > CO‘§|2‘7]|27
1,7,k,l,p,q,r,s

where ¢; j = %gyj and (c"7) is the inverse matrix of (¢; j). We remark that our method and the result
in this paper also extend to the more general Monge-Ampere equations (II) as long as the matrix A
satisfies the condition (H2). The reason here to consider the equation with an optimal transportation
structure is that we can directly use some established results from previous papers such as [[I'7, 27].
In the general case, the matrix A is determined by a generating function as in [27], which plays the
role of the function ¢, however, we need to establish the associated preliminary results which are quite
formalistic and involved. These results and extensions to more general equations will be deferred to a
different paper.

The Dirichlet problem (IZ) including (I=2) is the mostly studied boundary value problem for Monge-
Ampere type equations due to not only the theoretical importance but also its broad applications [24].
For example, in the landmark paper [22] of Ma, Trudinger and Wang on the optimal transportation
problem, a key ingredient of obtaining the interior C® regularity of potential function is the classical
solvability of Dirichlet problems () in sufficiently small balls. Moreover, to obtain the interior
regularity of the reflection surface in the far-field reflector problem studied by Wang [35] and the near-
field reflector problem both in the case of a point light source by Karakhanyan and Wang [[5] and in
the case of a parallel light source by Karakhanyan [I4], the existence of smooth solutions of Dirichlet
problem (D) in a small ball also plays a crucial role. Recently, the global regularity and the classical
solvability for the Dirichlet problem (I) over general domains has been obtained by the second author
with Trudinger and Yang [I2] by assuming the existence of a subsolution and adopting the approach
from [, B] of Guan and Guan-Spruck.

The purpose of this paper is to obtain the global C?® estimate for solutions of (Ill) under the
minimal hypotheses of the inhomogeneous term f, in other words, to extend the results of Trudinger
and Wang in [28] and of Savin in [?4] to more general Monge-Ampere type equations in (I0). Our
main result is the following, while relevant terminologies will be postponed in Section 2 below.

Theorem 1.1. Let Q) be a uniformly c-convexr domain in R"™ with boundary 02 € C3. Assume that

ug € C3(09), f € CQ) for some a € (0,1) and satisfies 0 < X < f < A for some positive constants
2



X and A. Assume that the matriz A given by (IZ3) satisfies the conditions (H1)-(H2). Let u be an
elliptic solution of the Dirichlet problem (). Then we have the a priori estimate

(1.6) [ull c2.0@) < C
where C' is a constant depending on n, «,c, f,ug and 052.

The solution u in Theorem I is interpreted in the viscosity sense, see Definition E23. However, by
the uniqueness it is sufficient to assume that u is a smooth solution. The proof of Theorem I relies
on a local analysis of the geometry of sub-level sets of u near the boundary 9f2. In fact, we obtain a
more precise estimate (see Remark B72) that

(1.7) |D?u(z) — D?u(y)| < C [d+ /Od w(r) +d/dl wg)} :

r

where z,y € Q, d = |z — y|, w(r) = wp(r) + wy,(r) is the total oscillation of f and u (defined in (ET2)
and (B13)), and the constant C' > 0 depends only on n, ¢, A, A, supg |u|, and the modulus of continuity
of 99 and ug up to their third derivatives. The estimate (ICH) is then a consequence of (7).

We remark that the condition (H2), namely inequality (IC3), is not satisfied by the standard Monge-
Ampere equation in (I2). However, we have some new observations of the property of this structural
condition, and by making use of them in this paper, we provide a different and simpler proof than
those in [P, PR]. It would be interesting to have an estimate like (IT6) under the degenerate condition
(H2w), which will be studied in our subsequent work. Besides the Dirichlet boundary condition (I2),
another interesting boundary condition for the standard Monge-Ampere equation is the prescription
of the gradient image Q* = Du(2) which is equivalent to an oblique boundary condition for elliptic
solutions. In this case the global regularity for smooth uniformly convex domain {2 and target Q* was
obtained by Caffarelli [2], Delanoé [5] and Urbas [32]. For the general Monge-Ampere equation (),
the corresponding boundary condition is the prescription of the target image Q* = T'(Q2) with T in
(T4) which is the natural boundary condition in the optimal transportation problem. The global C?
regularity was obtained by Trudinger and Wang [31] under the degenerate condition (H2w). It would
also be interesting to ask for a sharp boundary estimate like (IT8) under the minimal hypotheses of the
inhomogeneous term f and boundary data.

The organisation of this paper is as follows: In Section 2, we introduce some terminologies and pre-
liminary results that will be used in subsequent context. In Section 3, we study the geometric properties
of the boundary sub-level sets by a delicate local analysis, where we only assume the inhomogeneous
term is positive and bounded. In Section 4, we establish a Pogorelov estimate on the boundary and
use a perturbation argument to obtain the estimate (IZ2), and then prove the main theorem.

2. PRELIMINARIES

In this section, we first introduce some notations and terminologies adopting from optimal trans-
portation in §2.1. Then we introduce two types of transformation in §2.2 and §2.3 respectively, namely
the boundary transformation flattening the boundary of domain €2 and the coordinate transformation
convexifying the sub-level sets of u, which are useful tools in our subsequent analysis. In addition, we
believe that these transformations will also be valuable in investigating the boundary regularities for
solutions of general Monge-Ampere equations (ID) with other boundary conditions, for example the
above mentioned Q* = T'(Q2), which includes the nature boundary condition in optimal transportation,
geometric optics and more general prescribed Jacobian equations.
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2.1. Some terminologies. The following notions of c-support, c-convexity and c-normal mapping can
be found in [22] for more details.

Definition 2.1. Let u be a semi-convex function in Q, namely u+ C|z|? is convex for a large positive

constant C. A c-support of u at xg € § is a function of the form

¢(x) = c(,y0) + ao,

where ag is a constant and yg € R™ such that

u(zo) = ¢(xo),
u(x) > o(x), forallxz e Q.

If for any point xg € €2, there exists a c-support of u, then we say u is c-convex. If the graph of every
c-support of u contacts the graph of u at one point only, we say u is strictly c-convex.

Definition 2.2. Let u be a c-convex function. The c-normal mapping of u is a set-valued mapping N
given by

NE(xg) ={y € R" 1 u(z) > c(z,y) — c(wo,y) + u(zg) Vr € Q}, w0 € Q.
For xg € 09, denote N5(z9) = {y € R" : y = limg_,o0 yx }, where yi € N(xp) and {x} is a sequence
of interior points of Q0 such that x, — xo. For any subset E C Q, denote NJ(E) = J,cp N ().

Note that if u € C1(2), by the condition (H1) and () for each xg € Q, N¢(z¢) = T(wo) is a
singleton, where 7' is given in (I4). By the c-normal mapping we introduce a measure p,, in {2 such
that for any Borel set E C (),

(2.1) ul(E) = /N et

It was proved in [22, Section 3] that u, is a Radon measure if u is a potential function in optimal
transportation, where the initial and target measures can be regarded as fdxr and dy, respectively.
In that case, the potential u satisfies equation (W) with an inhomogeneous term |detc; ;| f. In this
paper, we regard the inhomogeneous term as a single function f, and it is more convenient to define
the generalised solution in the viscosity sense.

Definition 2.3. A c-convex function u is called a viscosity subsolution of (), if for any c-convex

function o € C?(Q) such that u — ¢ has a strict local mazimum at some point xq € €, then there holds

det [D*p(x) — A(xo, Dip(20))] > f (o).

Similarly, a c-convex function w is called a viscosity supersolution of (IZ0), if for any c-convex function

@ € C%(Q) such that u — ¢ has a strict local minimum at some point xq € €0, then there holds

det[D*p(x0) — A(zo, Dg(w0))] < f (o).

Finally, a c-convex function u is a viscosity solution of () if it is both a viscosity subsolution and
a wviscosity supersolution of (). Furthermore, we say w is a viscosity solution of () with the

associated Dirichlet boundary condition if u € C°(Q) and u = ug on 0.
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It has been shown in [IR] that, even under the degenerate condition (H2w), the viscosity solution
is equivalent to the generalised solution of (IT) in the sense of Aleksandrov, which is defined by a
measure preserving condition in terms of (E), see [22]. We remark that when a solution u is c-convex,
the matrix Mu := {D?*u — A(-, Du)} is nonnegative definite and u is also called an elliptic solution of
().

Definition 2.4. A set of points ¢ C R™ is a c-segment with respect to a point yo € R™ if Dyc(¢,yo) is
a line segment in R™; and a set U C R™ is (uniformly) c-convex with respect to another set V-.C R™ if

the image Dyc(U,y) is (uniformly) convex for ally € V.

Suppose U is c-convex (or uniformly c-convex) with respect to yp, and 0 € OU. In a local coor-
dinates, U is given by z, = p(z’) with Dp(0) = 0 such that e, is the inner normal at 0, where

/

x' = (x1, -+ ,xn—1). Denote 7 the inner normal of Dyc(U,yo) at Dyc(0,%0). Then D,c(U, yo) is convex
(or uniformly convex) if and only if
Cija Vi + Cngipi; > 0 (or > Ko > 0).
Namely,
(2.2) CijunC™ + priz; >0 (or > kg > 0),

where ¢ is the inverse matrix of ¢; ;. The formula (22) is the analytic expression of the c-convexity of
domains [30, §2.3]. By virtue of (222), one can see that for any given smooth function ¢, a sufficiently
small ball is uniformly c-convex, which was the case considered in [22]. However, for general domain 2
in this paper, we need a further convexity assumption. In the following context, we say 2 is (uniformly)
c-convex if € is (uniformly) c-convex with respect to R™.

Similarly we can define the dual notions c¢*-segment, c¢*-convexity of domains by exchanging x and
y. We refer the reader to [22, B0] for more detailed introduction of the above notions, but note that in
this paper we consider c-convex functions rather than c-concave ones therein.

Let u € C*(Q) be a c-convex function, we define the sub-level set S of u as follows.

Definition 2.5. Given h > 0 and x¢ € Q, let ¢ = ¢(-,y0) + ag be the c-support of u at xo, where the

constant ag = u(xg) — c(xo, yo) and yo = NE(xg), we call
Sg,u(xg) ={z € Q:u(x) < o)+ h}

the sub-level set of u at xg with height h. For simplicity, we denote it by S,? when xg is @ minimum
point of u.
2.2. Boundary transformation. Let Q be a C3 domain. At each point zg € 9S, there exists a small
ball B = B(z¢) and a one-to-one mapping ® from B onto D C R"™ such that

(i) ®(BNQ) CRY;  (id) ®(BNIQ) C ORY; (i) @ € C3(B), @ € C3(D),

where R = {x € R" : &, > 0}, and OR"} = {z € R" : z,, = 0}. We shall say that the diffeomorphism
O straightens the boundary 0 near xg.

Assume that e, is the unit inner normal of 90 at 0 € 99, and locally 99 is given by z, = p(z’)

with @’ = (21, -+ ,2p—1), where ¢ is a smooth function satisfying ¢(0) = 0, Dp(0) = 0. One can see
that the diffeomorphism ® can be given by
(2.3) (2, xn) = (2, 20 — p(2)),

which straightens the boundary 9€) near 0. In particular, we have

P(Sp NoN) C IRY,
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for h > 0 sufficiently small such that 52 NnQ C B.

Under the transform (23), let £ = ®(z) and
uw(T) = u(x),
(2.4) ) ~( ) = u(x)
(2,y) = c(z,y).

We investigate how will this boundary transformation affect: (i) the Monge-Ampere equation (IT);
(ii) the conditions (H1)—(H2) satisfied by the function ¢; and (iii) the c-convex properties.
Claim i: Equation () is invariant under (22).

By calculations, we have the Jacobian matrix

1 _ | {m—)x@n-1) O
(2.5) D® _[ o Ll

and furthermore

(2.6) 82(1)1;1 :{ Onkpij if 1,5 <n;

Ox;0x; 0 otherwise.

By differentiating @(%) = u(®~1(%)), we can obtain
(2.7) Dii = Du- D&,
and for any i, =1,---,n

2 1\t . 2 1 0*o; !

(2.8) DY = [(D® )" D*u- D] +zk: (%iaijku,
where (D®~1)! is the transpose of D&,

Similarly, for the function &(Z,y) = ¢(®~1(Z), y) we have

Dyé = Dyc-Dd 1,

(2.9) D2, ¢ = [(D®Y  Dic D&~ Z 82(1)_

N wle - x 8CCZ

forany i, =1,--- ,n
Therefore, we obtain that
D}i— D3, ¢= [(D® 1) (D*u— Djc)- ch—l]ij
2®; !
(D Dy, c).
+ Z 8%3:17] Kt = D)
From (I4), the last term in (2I0) vanishes, and from (23) the determinant det (D®~!)! = det DO~ =
1. Hence, there holds

(2.11) det [Dji— D3, = f inSp,

(2.10)

with f() = f(x), where S = ®(SY). By (I3), this implies that the form of equation (II) remains
invariant.

Remark 2.1. This invariant may seem surprising at first sight. Because for the standard Monge-
Ampere equation

(2.12) det D?u = f,
6



under the nonlinear transform z — ®(z) in (E33), it will become
Ol
al‘ial‘j

(2.13) det |((D®!)"- D?u-DO™!) + > Dyu| = f.
k

However, in the case like optimal transportation the associated function ¢(z,y) = x - y for (212) will
also be changed according to the transform (24), namely ¢ — ¢,

6(1‘,y) = (I)_l(x) 'Y,
which is not linear in general. This implies that (2713) is actually an optimal transportation equation
associated with the new cost ¢(z,y). Indeed, by (279)—(E10) the second term in the matrix of (2ZI3)
will be eliminated from the change of the function ¢. Therefore, as an optimal transportation equation
(E12) remains invariant associating with the new cost function é.

Claim ii: the new function &(%,y) = c¢(®~1(%),y) satisfies the conditions (H1)-(H2).
For simplicity, we represent the Jacobian matrix (Z3) by {g;;}, i.e.

o *o; !
Gij = ) Gijk = )
6.%'j ’ 89@89@;6
for all 4,5,k = 1,---,n, and {g"/} = {g;;} ' is the inverse matrix. By differentiations, we have the
following
Ci = CaYayis Ci = ¢y
Cij = CapYa,igp,j + Caaiij;
67'7.] - camjga)i? 527‘7 = ci7agj?a’

Cijk = CapkYa,i9B,j T CakJaijs
Cijk = Ca,jk9ais
Cijkl = CaBkl90,i98,j t Cakifaij,

where the indices o, 8 sum from 1 over n. Since the boundary function ¢ € C?2, the function ¢ is
sufficiently smooth in the above calculations. Since ® is a C® diffeomorphism and det {9i,j} = 1, the
condition (H1) holds. It suffices to verify (IH), the condition (H2).
By the above relations,

PG5 pCars = g (Cappa,igs,j + CapFaij)CorsTbg

(2.14) = 0ab"CaB pCrsYa,ids,j + OaadabChrsJa,ij
= Pca pCqrsga,ids,j + Carsdaij

= cPcop pCqrsfaigp,j + Cijrs — Caprsfa,igp.js
thus we obtain that

(2.15) Cijors — CCi5pCars = (Caprs — P ICap pCqrs)9a,igp,j-

Let £&,7 € R™ with € L 7. Denote £ = (g},--- ,én) with &, = > i Ga,ii, for 1 < a < n, and
= (i1, ,7n) With f, = > ¢"%, for 1 < a < n. Then it is easy to see that & L 7. From the fact
that det {g; ;} = 1 and the condition (H2) in (I5H), we have

Z (aij,rs - ?’qéij,péq,rs)6T’k687l£i€j77k771
i7j7k7l7p7q77‘7s

(2.16) — Z (Coc,BJ’s _ Cp’qcaﬁ,pcq,rs)Cr’acs’bgagﬁﬁaﬁb
a7ﬁ7a7b7p7q7r75

> colél*ml?,



which means the new function ¢(z,y) still satisfies the condition (H2).
Claim iii: U is c-convex with respect to ¢; ®(U) is (uniformly) ¢-convex with respect to yo if U is
(uniformly) c-convex with respect to .

It is obvious that under the transform (E4), the function @ is c-convex with respect to the new
function ¢, which can be seen from Definition Z70. Alternatively, because the matrix in (210)—(210)
is non-negative definite, one can also infer the c-convexity for elliptic solution @ of (1) from [B0,
Corollary 2.1].

To see the c-convexity of domains is preserved by the transform (24), one can use (Z2). On the
boundary 0®(U), ¢((Z',0),y) = c((z’, p(2")), y), by differentiation at (0,y) we have
5ij7k5k’n = Cij7kck’n +pij >0 (OI‘ o> O),
where 7,7 = 1,--- ,n — 1. This implies that ®(U) is (uniformly) é-convex with respect to yp.
From the above observations, we conclude that locally the transforms (PZ3)—(E4) give us a new
setting of Dirichlet problem, where the function ¢ satisfies the conditions (H1)-(H2), and the function

@ satisfies the equation (ZI) in the domain ®(S))) C R”, which has a flat part of boundary lies on
{z, = 0}.

2.3. Coordinate transformation. In this subsection we introduce a coordinate transformation, which
convexifies the sub-level sets and enables the normalisation process.

Let g = 0 be a fixed point on 952, and yg = T'(x¢) = 0, where T is given in (I4). Make the changes
C(.’E, y) — [C(x7 y) - C(xa 0)] - [C(O7 y) - C(Ou 0)]7

u(z) — [u(z) —u(0)] - [¢(z,0) — ¢(0,0)],

such that the function ¢ satisfies

(2.17)

(2.18) c(x,0) =¢(0,y) =0 Va,y e R",

and the function w satisfies

(2.19) u(0) =0, Du(0) =0, v >0 in Q.
The sub-level set Sg is now given by

(2.20) SY .= 5’2#(0) ={z € Q:u(r) <h}

for a constant A > 0.

Lemma 2.1. Assume that the function c¢ satisfies conditions (H1)-(H2). The boundary of sub-level

set 852 N Q is uniformly c-conver with respect to the origin.

This lemma was contained in [I7] and essentially follows from the monotonicity formula in [21, 30].
As remarked in [I7], it is not necessary to make any smoothness assumption on u. Since the treatment
therein does not depend on the bounds of D?u, one can use the approximation argument as therein.

Since the sub-level set 52 is c-convex with respect to 0, Dyc(S?L, 0) is a convex set. We make the
coordinate transform
(2.21) x — Dyc(z,0)

so that the sub-level set S,% is convex, and from the c-convexity assumption, {2 becomes uniformly
conver simultaneously.

Under the transforms (217) and (22211), equation (IT) will become

(2.22) det [uij — Aij,pkplukul] = f,
8



in S and u = h on the boundary dS) N Q, where Ay, = D2, Ajj satisfies (H2) and is uniformly

bounded. Note that one can directly verify that (2222) is equivalent to (W) by Taylor expansion,
because under the above transforms there holds

(2.23) D,, Aij(-,0) =0, for all i,j, k.
See [I4, §2] for more detailed calculations. Meanwhile, the sub-level set Sg has now the following

geometric property:

Lemma 2.2. By the coordinate transform (P22, the sub-level set SY C R™ in (2220) is convex and

bounded.

3. BOUNDARY ESTIMATE

In this section we investigate the local geometry of the boundary sub-level, which is crucial to the
proof of boundary regularity in the subsequent section. First is a tangential estimate

Lemma 3.1. Let u be a c-convex solution of (I) satisfying (Z19) and u = ug on O with ug €
C3(09Q), where 0 € O is a boundary point. Assume that 0Q € C3 and Q is uniformly c-convex with

respect to 0. Then, there exists a constant p > 0 such that

(3.1) p o <wu(x) < plz* on OQ near 0.

Proof. The proof of (B) is standard, see for example [24, Proposition 3.2] and references therein. We
include it here for completeness. The second inequality is straightforward, thus it suffices to prove
the first inequality. Make the coordinate transform (EZZI) such that 2 becomes uniformly convex at
the origin. Note that we may assume D; ;c(0,0) = d;5, and by Taylor’s expansion for each z in an

e-neighborhood of 0
(3.2) xj = Dy,c(z,0) = x; + cjpi(te,0)zxy,  i,5,k=1,---,n

for some ¢ € (0,1). Hence, the transform (2ZZZ1) does not affect the inequality (B).

Without loss of generality, let e, be the unit inner normal of 9Q at 0 and write 2’ = (21, , Zp—1).

Since 09, uy € C3, we have
uo = Qo(z") + o(|2'|*)
with Qo a cubic polynomial. Note that uy(0) = 0 and ug > 0 on 952, which implies the constant and

linear parts of Qg are zero. Let its quadratic part be

Zuix?, with p; > 0.
i<n

It suffices to show that p; >0 foralli=1,--- ,n—1.

By contradiction, let @1 = 0. For A > 0 small enough, the set 52 N 02 contains

{le1] < r(MAPy 0 ("] < ch'/?}
9



for some ¢ > 0, where 2" = (23, - ,2,-1) and
r(h) = oo as h — 0.

From Lemma 272, SN} is convex. Let E be the minimum ellipsoid [I3] enclosing Sj N2 and since €2 is
uniformly convex, the z,-diameter of F is larger than &|ry|? > &(r(h)h'/3)?, where 7, is the x1-diameter

of E and ¢ is a positive constant depending on 0f2. Hence
(3.3) 159N Q| > ¢ (r(R)RY3)3h =212 > i3 () h/2.
On the other hand, let v be a solution to det Mv = inf f in 5’2 N, where M is the matrix operator

n (1.1), and v = h on A(SY N Q). If [SY| > Ch™/? for some large C' > 1, we have infv < 0. By the

comparison principle [22], we have infu < infv < 0, which is a contradiction to infu = 0. Hence we

obtain
(3.4) 1S9 N Q| < Ch™/2.
However, this is a contradiction to the inequality (833) as h — 0. ]

The following is an estimate of boundary sub-level sets along the normal x,-direction.

Lemma 3.2. Under the assumptions of Lemma B, let e, be the unit inner normal of 9 at 0 and

locally OSY is represented by x, = p(x') for a function p € C® satisfying p(0) = 0, Dp(0) = 0, where

' = (z1, -+ ,xn_1). For h >0 small, denote

(3.5) dn(h) = sup{z, : == (2/,z,) € Sy NQ},
where S?L 1s the boundary sub-level set. Then we have

(i) C~'h'/2 < d,(h) < CR'2,
(ii) C7Th2 < |SP) < Ch"2,

where C' is a positive constant depending on n,c, ug, f and 0S2.

Proof. Let 2" = k(h)e,, for some x = r(h) > 0, be the intersection point 9SY N {z’ = 0,2, > 0} of IS
with the positive z,-axis. From (83),

(3.6) () < dn(h).

Make the boundary transformation as in §2.2 such that 5’2 N N is flat for h > 0 small enough. From
(B8), u satisfies

(3.7) p e < u(e) = u(@',0) < pla'f?,

in a neighbourhood of 0 on the boundary 92, hence 9(S;NY) is pinched by two cylinders |2/| = pth1/?

and |2’| = ph'/2.
10



Then, we make the coordinate transform (2221) by setting z — & = Dyc(x, 0) such that S) becomes

convex, see Figure 3.1. By (B32), for each x in an e-neighborhood of 0,
dist(z, z) < Ce?,

where C depends on ||c||¢s. This implies that the image & = Dyc(x,0) stays in a neighborhood of x of
radius C|z|?. Therefore, " = ((Z")’, 1) satisfies |(#")| ~ k% and ! ~ k+ O(x?), and for h > 0 small

the boundary d(Sp N 99Q) is contained in

(3.8) A(S) NaQ) c {C1h'? < |2'| < ChHhM2, |zn) < Ch}.
Denote 98}, := 8(52 N Q) = 015, U 325y, where

(3.9) 018, =050 NQ; S, = SYNoN.

Let 7, be the projection over {z,, = 0}, namely m,(z’, z,) = (2/,0). From the c-convexity assumption
on Q and (222Z1), The projection 7, (02S) is convex in R™~1. Let d,(h) be the radius of the minimum
ellipsoid of 7, (025y,) along x,-axis, where « = 1,--- ;n — 1, [[3]. By (BR), we have

(3.10) C™'hY2 < dy(h) < ChM2,

Since D; jc(0,0) = &;;, e, remains the unit inner normal at 0. By (BR) and the convexity of S? N,
we have

(3.11) 1S9 N Q| > 6,117 di(h) > 6,12 dn(h),

where 6, > 0 is a constant depending on n. In fact, (B1) is due to John’s lemma [T3]. Let E be the
minimum ellipsoid of S N, [SY N Q| > &, |E| > 6,111 r;, where r; > d;(h) is the z;-diameter of E,

1=

i=1,---,n. From (83), we obtain the second inequalities in part (i) and in part (ii).

x /N

Ficure 3.1. Convexified sub-level set on boundary
It remains to prove the first inequalities in parts (i) and (ii). In the following we replace u by its
extension outside the domain 2 such that for z € Q°, the complement of €2,

(3.12) u(x) = sup{c(z,y) + u(xo) — c(xo,y) : xo € Q, y e Ng(zo)}
11



where NS is the c-normal mapping of u in Definition B2, and replace the boundary sub-level set at
0 € 092 by

SY={zxeR" : u<h}
Recall that «(0) = 0 and Du(0) = 0, the e-support function ¢(z,0) + u(0) — ¢(0,0) = 0 and thus the
extended u > 0 in a neighbourhood of

By (88), x(h) < ChY?2. From the uniform convexity of dQ and (&), (k) > Ch, for some constant
C > 0 depending on the constant in (B0) and 0f2. Hence, we have

(3.13) dyn(h) > Ch.
Denote
(3.14) dmaz = 112%}%{di(h)}’ and  dpin = 1r§nil%1n{di(h)}.

From the above, we may assume that dpmag ~ h'/2, dpmin = dn(h). Let the sup (BH) attain at the point
pr € 015h, by a rotation of z’-coordinates we may assume that py = (ap,0,---,0,dy), for ap > 0. Let
qn = (qn,1,0,- -+ ,0,qn,) be the point on 852 N 0Q such that g ; > 0. From (BR) and (B10) we know
qn1 =~ ChY? and || < Ch. Let £:= 4,
gn. Denote 0°Sy, := {u = h} N Q€ then by convexity we have

waan (1€, where £, o is the straight line connecting p;, and

(3.15) dist(0,0°Sy) < dist(0, £).

Next we show that a;, < Ch'/2 for a constant C' > 0, which will be needed in the subsequent
normalisation process. Otherwise, if aj, > Kh'/? for a large constant K > C, where C' is the constant
in (BM), then

dist (0, £) < dist(0, £) < dn(h)
Chl/2 = di(h) — ap
where the last inequality is due to d,(h) < ChY/? and aj, > Kh'/?. Hence,

< CK™ 1,

(3.16) dist(0,¢) < CK~'hl/2,

On the other hand, in the two dimensional {z1,z,}-space we observe that since d,(h) < Ch'/? and
ap, > dy(h), the point py, is sliding far along the positive 2; direction, and moreover, since d (h) < Ch'/?
is bounded, as K — oo, the sub-level set Sg is squeezed to almost parallel along zi-axis due to its

convexity. However, let z* € Q¢ N {u = 0} close to the origin such that
dist(z*, 0°Sy) < 2dist(0,0°Sh).

In a neighbourhood Bj(z*) of 2* the contact set {u = 0} contains a segment and z* is an interior point

of the segment, then by [, Theorem 2] we have

0 <u(z) < Cilz—2*|* in Bs(a®),
12



where C, > 0 is a constant. This implies that dist(z*,0%Sy) > C’;l/th/Q, which can be seen as
increasing ¢ such that OBs(z*) touches 0°S, at the first time. Therefore,

(3.17) dist (0, 0°S) > %0;1/%1/2.

From (BT3), (B8H) and (B11), K < 2CC1? and thus we obtain a;, < ChY/2 for some constant C' > 0
independent of h.

Now, let’s make a normalisation transform 7' = T}, by
(3.18) u—u/h, x;— x;/d;i(h)
forall i =1,--- ,n. Equation (IW) will become

d;d; I1d;)?
(3.19) det |Djju — hAij,klddeleUDlu = ( h;) f inU,
where U = T(S) N Q). By (B13), we have
d2
(3.20) pimer < ¢,

min
and thus the coefficients /Nlij’kl = h%Aij,kl are uniformly bounded.
Since aj, < Ch'/?, after the normalisation T, U C {|2’| < max{C/C’,1}} x [0, 1] is convex, where
(' is the constant in (BR), and 7, (U N 9Q) is normalised (contained in a ball By and contains a ball

B, in R"! such that 1/r < C(n)). Recall that {u < 1} is convex. Denote C' = max{C/C’, 1}, we have
~ 1
(3.21) {u<1}n{z, <0} C {x eR": |2/| <2C(|zn| + 5), Ty < O} .

Consider equation (8T9) in the set
Uk ={u<1}n{z, > —-K},

for some large constant K > 0. Set
_9
K

for a small constant § > 0, to be determined.

4
2| + =22 + 116z, + 6,

(3.22) w(z) 5n

By calculation
(3.23) w(0) = 0,
w(x) < §—0K < -6 on{z,=—-K},
w(z) < 1 on {u(z)=1},
by (B=21), provided K > 2. And by differentiation, we have

lw;| < 154, for 1 <i < m;
26
wij = 720,
13



where 0;; is the usual Kronecker delta. From (B7Z0) the coefficients

did;
{hA'Lj,kl dkdl}

are uniformly bounded, here the repeated indices do not indicate summation, which are fixed. It follows

that the matrix
did; 24
Muw := Wij — %l: hAij,led]lwkwl > <K - C(52> I,

where I is the n x n identity matrix. The matrix Mw is positive definite provided é K < 1/2C. Hence
we have det Mw > C’6™ > 0 for some different constant C’.

Let U = {u < w}, then 0 € U’. From (BI3), (3223) and x(h) > Ch, which implies a Lipschitz
bound of u, there exists a positive constant r depending on ¢ such that the ball B,.(0) C U’, which

implies that the Lebesgue measure of U’ is positive. Hence by the comparison principle we have
(3.24) / det Mudx > / det Mwdx > C'§" > 0.
Uk !

On the other hand, since f < A and by (B=21) we have
)2
/ det Mudx < / (Hdnz) f(x)dx
UK UK h
(I1d;)?

hm
From (B24) and (B=ZH), we then obtain the lower boundedness (H}:l,f)z > C} > 0. Therefore, by (81M)

(3.25)
<C

we obtain the first inequality in part (i). The first inequality in part (ii) then follows from (871m). O

4. PROOF OF THEOREM [

In this section we first establish three lemmas analogous to those in the interior case [20], which will
be used to prove Theorem . We start with a Pogorelov type estimate in a half-domain. A similar
estimate for the standard Monge-Ampere equation was obtained in [24, 28].

Lemma 4.1. Let u € C4(Q) be an elliptic solution of
(4.1) detuj; — Ajj(x, Du)l =1 in Q,

where Br(0)* C Q C By,(0)" for some constant r > 0 and B,(0)* = B,(0) N {z, > 0}. Assume that
Q is uniformly c-convez, u = (2’| on 02N {z, =0} and u=1 on QN {x, > 0}. Then we have the

estimate

(4.2) lullcafuctyoy < C,

where the constant C' depends on n,r, ||Alc2 and supq |Dul.

Proof. Applying the Pogorelov estimate [[9] in the set F' := {u < 3/4}, namely, if the maximum of

3 1
7 log (4 - u) + log wi; + iﬁ\DuP + ¥
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occurs in the interior of F', where ¢ is the defining function of €2, 8, k, T are properly-chosen positive
constants, then this value is bounded by a constant depending on n, r, || A||c2 and supp |Dul. It remains

to show that
|D?u| < C on E :={x, =0}N{u < 3/4}.

Since u = 3|2/|* on 02N {z,, = 0}, it suffices to prove that the mixed derivatives |uqy,| are bounded

on F with a« =1,--- ,n — 1. Define a linearised operator

(4.3) L := w"(Dy; — Dy, Aij(z, Du)Dy,),
where (w%) is the inverse of (w;;) = (u;; — A;;). Then

(4.4) Lus =0, and uy, = x4 on {x, = 0}.
Fix zg € E. Define

(4.5) 0(2) 1= Ta — TTn + K — V(U — Lyy),

where /£, is the c-support of u at xg, 7,x,7 > 0, and the defining function ¢ satisfies ¢ = 0 on 92
while ¢ < 0 in €. By the uniformly c-convexity of {2, we have

(4.6) Lo > sow"
for a constant dp > 0, [31]. By computation, we have

L(u—4y,)

w (wij + ¢ij — Dijlay — Dy, AiyDi(u — L))

IN

n+ Cw®,
L(zg —Tx,) < Crw®,

where C' > 0 is a constant depending on n, ¢ and |Du|. By choosing x large enough such that %550 >

C(1+4 7+ ), we have
(4.7) Lv > 0.

It is clear that v < uy on {x,, = 0} and v = u, at zp. On the remaining part of d{u < 3/4}, where

_ 3
U_Z’

we consider two cases: (i), z,, > ¢ for some € > 0. Since Q@ C By, and supg |Du| < C, by
choosing 7 large enough we have v < uy; (i), x, < €. We can restrict xp within {u < 1/2}, then on
the boundary part that {u = 3/4}, u — ¢, > 0o, where oo > 0 is a constant depending on the module
of convexity of u. Choosing « large enough we have v < u, on {u = 1/2} N Q. Similarly, we can obtain

v < ug on {u = 3/4} N Q. Hence,
(4.8) v<u, in{u<1/2}, v(x0) = ua(xo).
This gives a lower bound on uqy, (o). Changing signs of 7, k, v, we can similarly obtain an upper bound.

The Monge-Ampere equation (B) is then uniformly elliptic in {u < 1/2} and by Evans-Krylov
theorem and Schauder estimate [6] we obtain the desired estimate (E72). ]
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Remark 4.1. In fact, the estimate in Lemma F-1 holds in general uniformly c-convex domains. The
proof is essentially the same except that we work with the tangential derivative 6o = O + paOn instead
of On, where x, = p(a') defines the boundary of Q near the origin with p(0) = pa(0) = 0 for all
a=1,---,n—1. Moreover, we can remove the smooth assumption on u by an approximation process

and the results in [I2] so that the estimate (B2) holds for generalised solution of ().

Lemma 4.2. Let u™, m = 1,2, be two c-convex solutions of (EX) in E, where E = S?,H(O) N Q.
Suppose that ||ul™|ca < Cy. If [u) —uP)| < § in E for some constant § > 0, then we have for
1<k<3,

(4.9) |DF(u) —u@)[ < C§ in E,

where C' is some positive constant and E' = 53/4 L(0)N Q.

Proof. Denote wg.n) = ugn) — Ajj(z, Dul™). We have
0= det wg) — det wg)

'd () @
_/Odtdet [wij —I-t(wl-j — w,; )} dt

= ay5(2)[Dyj(u® —uM) — Ay, Dy (ul® —uD)]

where a;;(z) = fol Ct,ijdt and Cy;j is the cofactor of (My);; = wg-l) + t(wg) — wl(]l)) By assumptions,
||wg-n)||02 < () for a different constant Cp, and the matrices M; = {(M;);;} are C? smooth, positive

definite for all ¢ € [0, 1]. Hence from the equation (E), the operator
L = aij(x)(Dij — Aijpy D)

is linear and uniformly elliptic with C? coefficients. By Schauder estimates for linear elliptic equations
[6], we obtain the estimate (E79). O
Let u € C%(Q) be a solution of (I0). Let x9 = 0 be a given point on 9. By subtracting a c-

support, from Section 2 we may assume that ¢ = 0 is the c-support of u at zg. By making a coordinate
transform (2Z20) we may also assume the sub-level set

(4.10) SV ={reQ: ulx)<h}
is convex. By a translation and rotation of coordinates, we assume that £ = {)_, (zl;# < 1} is the
minimum ellipsoid of 5’2 [T3], where Z is the centroid of F and 11 > -+ > r,,. In the following we say

a convex set has a good shape if its minimum ellipsoid satisfies vy < ¢*r,, for some ¢* under control.
The constant ¢* is called a shape constant [36].

Lemma 4.3. Let u be a C* smooth elliptic solution of (EX) in Q with B,(0)" C Q C By;,.(0)* for
some constant r > 0, u = h on 85’2 N Q2 for a constant h > 0 and v = ¢ on 85’2 N OS2, where ¢ is a
quadratic polynomial that satisfies

(4.11) pHz? < p(z) < plz? on 09.

Suppose that D*u(0) is the unit matriz (or uniformly bounded), then the domain 5’2 is of good shape.
16



Proof. Assume by contradiction that S9 does not have a good shape. Let E' = {3, dz < 1} be
the minimum ellipsoid of 85’0 NoN, a =1,---,n— 1. By (&10), dy ~ h'/?2. Let the superimum
sup{zy, : © = (2/,2,) € 989 L+ attain at the point py, € 85’ N Q, by a rotation of x’-coordinates we
may assume that p, = (a,0,---,0,d,), for a > 0. From the proof of Lemma B3, a5 < Chl/?
for a universal constant C > 0. Make a linear transform T : z; — x; /d; to normalise 5’2 and let
u+ % = u/h. Then the ratio of the largest and least eigenvalues of T is arbitrarily large and equation

(270) transforms to

d;d; _ (I1d;)?
dud, ) DpuD;u I

By Lemma B0, |D?u(0)| is uniformly bounded. Hence, by (B22) C~1I < D?u(0) < CI, where I is the

unit matrix. Hence, D?u(0) = T'D?u(0)T cannot be uniformly bounded, where T" is the transpose of

det |D;ju — hAw Kl

T, and we obtain a contradiction. [l
We are now ready to prove Theorem [T

Proof of Theorem 1. As above we assume ¢ = 0 is the c-support of u at 0, so that u(0) = 0, Du(0) = 0,
and the set 5’2 in (B10) is convex. From Section 3, SY C Bgy1/2(0). Choose hg > 0 sufficiently small
such that 5’20 is compactly contained in B;(0).

Assume that near the origin 02 is represented by x,, = p(2’) with p(0) = 0 and Dp(0) = 0. Make
the boundary transformation as in §2.2 such that dQ C {z, = 0} nearly the origin and 59 C R for
h > 0 small. Denote

1
(4.12) Wy (1) = sup {| ,|2| 0 Z aijrizg| : |x) <ra € 0N},
i,5=1

where a;; = %UO(O). If ug, 02 € C?T<, then
Wy (1) = O(r?).

As in Section 3, let d,(h) be the radius of the minimum ellipsoid of 85’2069, wherea =1,--- ,n—1,
and d,,(h) is defined by (83). From Lemma B2, d;(h) ~ h'/2 for all i = 1,--- ,n. We start with 5’20

and make a normalisation transform 7' = T},, by letting
(4.13) u»—>u/h0, szwz/dz(ho), 1=1,---,n.

Then equation () becomes

N2
did; DyuDju _ (Tld:)

did h™

(4.14) det Diju — hAZ'j kl > fa

where by Lemma B the coeflicients Amkl hAmkl dkd = O(h) and the right hand side f

uniformly bounded. Hence, we may suppose h = 1 and S? is normalised. Additionally, note that the

is

proof of Lemma B™ implies that supyq |Du| < C, the matrix A in (B-I4) satisfies the structure condition
17



A(z,p) > —po(1 + |p|?)I as in [12, (1.6)], therefore we have the global gradient bound supg, | Du| < C
thanks to [I2, (4.5)].

By choosing the original hg sufficiently small, we also have

(4.15) /01 w(r) <,

r

where € > 0 can be as small as we want, and
w(r) == ws(r) + wy, (1),
where wi(r) = sup{|f(z) — f(y)| : |Z — | < r} is the oscillation of the inhomogeneous term.

The proof is based on a perturbation argument as for the interior case in [20]. The argument was
previously used by Jian-Wang [[1] and Wang [37] for the standard Monge-Ampere equation and by

Wang [36] for uniform elliptic and parabolic equations.
We define an approximation sequence as follows. Let {u(k)}, k=0,1,---, be elliptic solutions of
det[uﬁf) — Ajj(, DU = fir, in Sy,
(4.16) uk) = 4_k, on 015k,
uk) = u(()k), on bS5y,

where S, := S'g,k o OS5k = 85’2,,€ . 82, 025y = 65’2,k , 109, fk = infg, f > (0 is a constant, and

n—1
k 1 _
(4.17) u(() ) = E <2aij +wu0(2 k>5m> TiZj.
t,j=1

Note that by (E12), |u(()k) —ug| < 47%.27%> on 9,5;. By slightly reducing the height 47 on 8, Sy, we
may assume u(()k) =47% — ¢, on 015, N Sy, such that the boundary data is continuous, where g, > 0
is a small constant and (k) — 0 as k — oo. The solvability of (B-18) has been obtained in [IZ]. The
modification e does not affect the following perturbation process.

For k = 0, u(® is uniformly quadratic separated on the boundary 82Sy. By Lemma B0, we have

| u(®) ”04(§0 y < €. By a transform we assume that
3/4,u
(4.18) D% = .
Let M denote the matrix operator on (EI4). Since u© > 4 on 9Sy and det Mu(®) < det Mu in Sy, by
the comparison principle in [22] we have u(®) > u in Sp. On the other hand, (u—1) > (u(®) —1)(14Cuwy)

on 0Sy. By computation we have

1
1—{—00.)0

= (1 + Cuwp)det'/™ [Mu(o) - a%}

det!/™ M [(1 + Cwo)u®| = (1 4 Cwp)det/™ [Diju(o) Ay, (1 + Cuwg) Du'®)

where the matrix
0 ].
a ..

- A O _ A..(. (0)
i 1+CWOAZ](,(1+CWO)DU ) — Ai; (-, Du'™),
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from (2223) and flijykl = O(h), for any € > 0, by choosing h > 0 sufficiently small such that
lal;| < Ch|DulY? <,

we have
det [Mu(o) - a%} > det Mu® det {I — €]D2u(0)|6i]}
> fo(1 - e|D*uY) > (1 - Ce) fo,
where the last estimate is due to that for classical solutions in [IZ]. Hence,
det M [(u<0> — 11+ cwo)} > det M(u—1) in Sp.

By the comparison principle in [22], we obtain

sup |u — u®| < Cuwy.
So

Similarly, we have

sup [u — uM| < Cuwy.
St

Hence, we obtain

sup [u) — w0 < Cuy.

1

Since Sy has a good shape, so does Si, that is S0

L It follows that Hu(l)HC4(§0
’ 3

Lemma B=2, we have

(4.19) |DFu® (2) — DFu™M ()] < Cuwy

for x € S’g,z,u(l), where 1 < k < 3. By Lemma B3, (E19) implies that §2,27u<1> has a good shape. In
return, since |u — u(| < Cw;, we have that Sy has a good shape.

By induction, we assume that Si1 has a good shape with constant ¢* independent of k. We apply
the same argument to (9 (z) := 4Fu®) (2=%z) and 4(V) := 4k4++1)(27F2), which satisfy the equations
(1 T ke ok 7 .4
det[ugj) — Aij(2 kiL‘, 2 kDu(l))] = fk-i-lv m Sk—Ha
ol = 4_l, on 813k+l,

o) = u(()kH), on 623k+1,

where ng =2FSp 1 = {x € R": 2%z € Sy} with [ = 1,2. By the above argument we obtain, similar
to (B19)

(4.20) D760 () — DYV (z)] < Cuwy,

for z € gg—k—Q,u<k+1>’ where v = 1,2, 3. By re-scaling back, we have that
|D?*u®) (2) — D*u* V) (z)| < Cup.

Hence

(4.21) 10?0 (z) — D*u* D (2)| < C) w;



for x € Sg—k—27u(k +1), where C' > 0 is independent of k. Estimates (E21) and (BI8) imply that
D2u(k+1)(0) is close to the unit matrix. Hence by Lemma B=3, Sg—k—Q,u(k+1) has a good shape, and so

does Siya.

Therefore, we have

w(r) < Ce
< Ce

0 1
(4.92) D2 (0) - D2u(0)] < CS wi < C /
i=0 0

Hence |D?u(0)| < C' is uniformly bounded for a different constant C' depending on hg. Therefore we

obtain, by the interior estimate in [20], that supg |D?u(z)| < C. This estimate implies that equation

(D) is uniformly elliptic. Hence the desired global C%¢ estimate () follows from [I, I, 23], see also
a renewed perturbation argument in [36, B7]. O
Remark 4.2. In fact, following the argument in [T, 20, B6] and Wang’s lecture notes [37], we can

obtain a more precise estimate (C4). For completeness, we sketch the proof as follows: For any point

z € Q near the origin,

123) |D?u(z) — D?*u(0)| < |D*u® (2) — D>u®(0)| + | D>u® — D?u(0)| + |D?u(z) — D*u®) (2)]
. =11+ 1+ I3,

where k > 1 such that 474 < u(z) < 4=k=3 We may assume that the point z lies either on the x,

axis or on the boundary 0X), and will estimate I; for eachi=1,2,3.

To estimate I, by (E=20) and recall that w(Ct) < Cw(t),

0 )
(4.24) L<CY w< C/ wir),
i=k o 7

To estimate I3, instead of considering sub-level sets at the origin, we consider those at the point z.

Let u, ; be the solution of

detMu,; = infs_, f, in S.;,
uZ,j e 'LL, on 6Sz7jﬂ9,
uzj = ui™,  on 98.;N00,

(4.25)

where S, j := gg_j L(2) and a;; = %uo(z) in the definition of (BL1). Let
jri=inf{j 89, ,(2) € SY k)

Obviously ji, > k. By (B222), u is uniformly c-convex and we also have ji, < k + 1y for some lo > 0
independent of k. Note that |ug —u, j11,| < Cwy. Applying Lemma -3 to uy and u, j4q, in S’g,k,lo u(z)

we have

(4.26) |D?up(2) — D*us gy, (2)| < Cuy..
20



Similarly to (B224) we have

> 2l w(r
(4.27) D%u(s) — DPuspny(5)| <C S wy < C /0 i).

j=k+l()

Combining the above two inequalities we have the estimate for Is.

To estimate I, denote hj = u; — uj_1. By re-scaling back the estimate (E20) ,

|D?hj(2) — D*hj(0)] < C27w;|z|.

Hence,

I < |D*u* Y (2) — D2u*=2(0)| + | D?hi(2) — D?hy(0)]
k
< [D*u(2) = D*u®(0)| + > [D?hj(2) — D*h;(0)]
j=1

k
< Clz|(14 ) 27w))

j=1

< Cl2|(1 + /1 w(r)

2
E

).

Therefore, we obtain (IZ1). We refer the reader to [36] and [ for more detailed discussions.
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