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Abstract. We construct a representation of each finitely aligned aperiodic k-
graph A on the Hilbert space H* with basis indexed by aperiodic boundary paths in
A. We show that the canonical expectation on B(H?) restricts to an expectation of
the image of this representation onto the subalgebra spanned by the final projections
of the generating partial isometries. We then show that every quotient of the Toeplitz
algebra of the k-graph admits an expectation compatible with this one. Using this,
we prove that the image of our representation, which is canonically isomorphic to the
Cuntz—Krieger algebra, is co-universal for Toeplitz—Cuntz—Krieger families consisting
of non-zero partial isometries.

1991 Mathematics Subject Classifications. Primary 46L.05.

1. Introduction. A directed graph is a quadruple (E°, E', r, 5) where E° and E'
are countable sets, whose elements are thought of as vertices and edges respectively,
and r and s are maps from E! to E° which indicate the directions of the edges: we
think of each e € E! as an arrow pointing from s(e) to r(e). Associated to each graph
there are a number of C*-algebras, the two most prominent being the Toeplitz algebra
T C*(E) and the Cuntz—Krieger algebra C*(E). These are far-reaching generalizations
of the Toeplitz—Cuntz algebras 7 O, and the Cuntz algebras O, [3], and have been
much studied in recent years. One way to think of 7 C*(E) and C*(E) is as follows:
T C*(E) i1s the image of the natural analogue of a left-regular representation of a graph
on the Hilbert space £>(E*) with basis indexed by paths in the graph, and C*(E) is the
quotient of 7 C*(E) by its intersection with IC(¢2(E*)) [6].

However, this spatial viewpoint is not the traditional one. In the seminal papers
[11, 12] Kumjian, Pask, Raeburn and Renault considered graphs E in which r—'(v) is
both finite and non-empty for every v € E?. They defined C*(E) as a groupoid C*-
algebra, and then showed how C*(E) could be described as the C*-algebra which is
universal for a system of generators and relations which have come to be known as a
Cuntz—Krieger family: a collection {p, : v € E°} of mutually orthogonal projections,
and a family {s,:e € E'} of partial isometries, such that! $tSe = psep and p, =
> rey=v SeS; foreach v € E" and e € E'. The Toeplitz algebra is universal for elements

I These relations look a little different from those of [11, 12]: the roles of r and s are reversed. See [14] for an
explanation.
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{qv :v € E%and{z, : e € E'}, such that 37, = gy and g, > Y, t25. Itis standard
that both algebras are spanned by elements of the form ¢, 5 where u, v are directed
paths in E with the same source, and ¢, = 1,1, .. . t,, 1S the product of the generators
associated to the edges occurring in the path w. This universal groupoid C*-algebra
has now become standard [1, 7, 14].

Two key theorems about graph C*-algebras are the uniqueness theorems. The
first of these is an Huef and Raeburn’s gauge-invariant uniqueness theorem. By virtue
of its universal property, C*(E) carries an action y of T, called the gauge action,
satisfying y.(s.) = zs, for all e € E'. The gauge-invariant uniqueness theorem says that
any two Cuntz—Krieger families consisting of non-zero partial isometries and carrying
T-actions compatible with the gauge action generate isomorphic C*-algebras. The
second uniqueness theorem, the one in which we are interested in the present paper, is
called the Cuntz—Krieger uniqueness theorem. It says that if E satisfies an appropriate
aperiodicity hypothesis, then any two Cuntz—Krieger families consisting of non-zero
partial isometries generate isomorphic C*-algebras.

In recent years, a number of generalizations of graph algebras have arisen, one of
which is k-graphs and their C*-algebras, first introduced by Kumjian and Pask [10]. A
k-graph is a k-dimensional analogue of a directed graph, and the k-graph C*-algebra is
the universal C*-algebra generated by a family of generators and relations analogous
to the Cuntz—Krieger relations for directed graphs. However, the complexity of these
relations for the finitely aligned k-graphs of [16] makes them cumbersome to verify
in examples. In particular, while the relations which determine the Toeplitz algebra
remain fairly natural—they are those which arise in the left-regular representation—
the relation characterizing the quotient map from the Toeplitz algebra to the Cuntz—
Krieger algebra is more complicated.

Katsura’s recent work on C*-algebras associated to Hilbert modules [8, 9] suggests
a more elegant approach, which we call a co-universal property. The idea is that rather
than specifying the Cuntz—Krieger algebra as the universal object for a complicated set
of relations (which include the Toeplitz ones), we aim to specify it as the co-universal
object for non-zero generators satisfying the Toeplitz relations. Specifically, given a
k-graph satisfying the hypotheses of the Cuntz—Krieger uniqueness theorem, we aim
to show that there exists a C*-algebra generated by a Toeplitz—Cuntz—Krieger family
consisting of non-zero partial isometries, which is the smallest such algebra in the sense
that it occurs as a quotient of any other C*-algebra generated by a Toeplitz—Cuntz—
Krieger family consisting of non-zero partial isometries.

In this paper we construct such a co-universal algebra for every aperiodic finitely
aligned k-graph; the Cuntz—Krieger uniqueness theorem is then a corollary. Our basic
technique is fairly versatile and we believe that it is interesting in its own right. We
construct a spatial representation = of C*(A) on a Hilbert space H?* for which the
canonical expectation from B(H?P) onto its diagonal subalgebra implements a map
@, on w(C*(A)), which sends each 7(s,sy) to 8, ,7(s,sy). It follows that @, is a
faithful conditional expectation. We then use algebraic arguments to show that given
any Toeplitz—Cuntz—Krieger family {z, : A € A} for A, there is an expectation &, on
C*({tx : » € A})whichsatisfies @(7,,1}) = 8,,.,7,.1},. From this, we deduce that the image
of the Toeplitz algebra under 7 is co-universal as described above.

2. Preliminaries. Let N ={0,1,...} denote the monoid of natural numbers
under addition, and regard N* an additive semi-group with identity 0. We write
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ei,...,ec for the generators of NK, and n; for the ith coordinate of n € N*. For
m, n € N¥, we say that m < nif m; < n, for each i. We write m Vv n for the coordinatewise
maximum of m and n.

A k-graph (A, d) consists of a countable small category A together with a degree
functord : A — N¥satisfying the factorization property : forevery A € A andm, n € N¥
with d(1) = m + n, there are unique elements u, v € A suchthat A = pvand d(u) = m,
d(v) = n. Elements A € A are called paths. For n € NK, we write A” := d~'(n). The
factorization property allows us to identify Obj(A) with A. So we may regard the
codomain and domain maps in A as functions r, s : A — A%, Forv e A%, vA = {1 ¢
A:r(A)=v}and Av={Ar € A :s(A) =v}.

NOTATION 1. For A € A and m <n < d()), by the factorization property we can
express A uniquely as & = AAyr3 with d(A) = m, d(Ay) = n—mand d(A3) = d(L) — n.
We denote Ay by A(m, n), so .y = A0, m) and A3 = M(n, d(X)).

A graph morphism between two k-graphs (A, dy) and (T, dr) is a functor x : A —
" such that dr(x(A)) = dp(1) for all » € A.
Let k € N and let m € (N U {o0})*. Then (2., d) is the k-graph with

Obj(Qem) = {p e NF 2 p < m},
Mor(Q2%.m) := {(p, q) € Obj(,m) x Obj(Qk.m) : p < g},
p.q) :=p, s(p.q):=q dp,q) :=q—p.

If x:Q,, — A is a graph morphism and n € N* with n < m, then there is a
graph morphism o”(x) : Qkn—n — A determined by o"(x)(p, q) := x(n + p,n+ q).
Also, if x: Qk,, — A is a graph morphism and A € Ar(x), then there is a unique
graph morphism Ax : Q mra) — A such that (Ax)(0, d()) = A and 0@ ()x) = x. If
X Qp.m — A is a graph morphism, we define d(x) = m.

Let (A, d) be a k-graph. For i, v € A, we say that A is a minimal common extension
of wand v if d(A) =d(n) v d(v) and A = upu' = vV’ for some w', v’ € A. We write
MCE(u, v) for the set of all minimal common extensions of « and v. More generally,
for a finite subset F of A, let

MCE(F) :={A € A : d(A) =/, p d(a) and 1(0, d()) = « for all « € F},

and let VF := ;. MCE(G).

We say that A is finitely aligned if MCE(A, p) is finite (possibly empty) for all
A i€ A Fixve A’and E C vA. We say that E is exhaustive if for each 1 € vA there
exists A € E such that MCE(u, 1) # @. If |E| < oo, we say that E is finite exhaustive.
Define FE(A) to be the set of finite exhaustive sets of A and for each v € A, define
vFE(A) to be the set of finite exhaustive sets whose elements all have range v.

DEFINITION 2.1. We say that a k-graph is aperiodic if, for all u, v € A with s(n) =
s(v), there exists T € s(u)A such that MCE(ut, vt) = @.

REMARK 2.2. There have been many versions of “aperiodicity” proposed for k-
graphs. For an account of the relationship between them, see [13, 17]. The version
presented here first appeared in [13].

LEMMA 2.3 ([13], Lemma 4.4). Let (A,d) be an aperiodic finitely aligned k-
graph, and fix v € A° and a finite subset H of Av. Then there exists T € vA such
that MCE(ut, vt) = @ for all distinct u,v € H.
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DEFINITION 2.4. Let (A, d) be a finitely aligned k-graph. A k-graph morphism
X1 Qm — A is called a boundary path if for all n € N* with n < d(x) and for all
E € x(n)FE(A), there exists m < d(x) — n such that x(n, n + m) € E. We write dA for
the set of all boundary paths, and for v € A, write v(dA) for {x € dA : r(x) = v}.
Define the set of aperiodic boundary paths 3 A by

AP ;= {x € 0A : m# n = 0" (x) # o"(x) for all m, n < d(x)}.

LEMMA 2.5. Let (A, d) be a finitely aligned k-graph and let x € 9 A™.
(1) If m e NK and m < d(x), then o"(x) € dA?.
(2) If » € Ar(x), then Ax € dA™.

Proof. Lemma 2.4 of [13] implies that each of o”"(x) and Ax belong to dA. So we
just have to check that they are aperiodic.

For (1), observe that p, ¢ < d(c¢"(x)) and o”(x) = o%(x) implies that p + m, ¢ +
m < d(x) and o?1"(x) = o 1"(x).

For (2), suppose that p, ¢ < d(Ax) and o?(Ax) = 09(Ax). For i < k,

d(A); + d(x); — pi = d(o” (Ax)); = d(o¥(Ax)); = d(A); + d(x); — q;.

Hence, whenever p; # ¢;, we have d(x); = oco. Letp' :=p—pAgand ¢ :=qg—p A gq.
Since each p; = p; — min{p;, g;}, whenever p; is non-zero, we have p; # ¢; and hence
d(x); = oo. Similarly, ¢; # 0 implies d(x); = co. Now let m :=p' + ((p A q) vV d(}))
and let n:=¢ + ((p A q¢) v d())). Then p, ¢, d(1) < m, n. We claim that m, n < d(Ax).
Indeed, since p, ¢, d(A) < d(Ax), we certainly have (p A q) V d(A) < d(Ax), and then
since p; # 0 = d(x); = oo, it follows that m < d(1x) also, and similarly for n. We
now calculate

"N (x) = 0o™(Ax) = " P (aP(AX)).

A similar calculation gives ¢”~?®(x) = 6" 9(c%(1x)). Since o”(Ax) = 09(Ax) by
assumption and since

m—p=m—-p —@PAqg)=((prgvdr)—prg=n—q¢—-pnrg =n—q,

it follows that ¢”"~?®)(x) = ¢"~9W)(x). Since x € A, it follows that m — d(A) = n —
d(}), and hence

O=m-n=p' —q¢=p—q.

That is, p, g < d(Ax) and o?(Ax) = 09(Ax) imply that p = ¢, so Ax is aperiodic as
required. O

DEFINITION 2.6. Let (A, d) be a finitely aligned k-graph. A Toeplitz—Cuntz—Krieger
A-family is a collection {z;, : A € A} of partial isometries in a C*-algebra satisfying

(TCK1) {1, : v € A% is a collection of mutually orthogonal projections;

(TCK2) t,t, = t,, whenever s(A) = r(u); and

(TCK3) £5ty = 3 1y rpeMCEGuy) lalp for all p, v e A.
A Cuntz—Kriger A-family is a Toeplitz—-Cuntz—Krieger A-family {z, : A € A}, which
satisfies

(CK) [Lep(ty — t:15) = 0 for all v € A® and E C vFE(A).
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Asin [4], given a finitely aligned k-graph A there is a C*-algebra 7 C*(A) called the
Toeplitz algebra of A generated by a Toeplitz—Cuntz—Krieger A-family {s, : A € A},
which is universal in the sense that given any other Topelitz—Cuntz-Krieger A-family
{t,, : » € A}ina C*-algebra B, there exists a unique homomorphism r; : 7C*(A) — B
such that 7,(s;) = t, for every A € A.

PROPOSITION 2.7. Let (A, d) be an aperiodic finitely aligned k-graph. Let {&, : x €
d A} be the canonical basis for H*® = £>(d A®). For A € A, define

Ex I S(A) = 1(x),

S =
Ao 0 otherwise.

@.1)

Then, {Sj:p 1A € A} is a Cuntz—Krieger A-family on H*. Furthermore, every SiP s
non-zero.

Proof. First, we show that S;” # 0 for all » € A. Fix A € A. Since A is aperiodic,
[13, Proposition 3.6] implies that there exists x € d A* with r(x) = s(1). Then Ax € dA®
by Lemma 2.5. So S;7&, = &, # 0, which implies S;° # 0.

Lemma 4.6 of [18] applied with £ = FE(A) implies that there is a Cuntz—Krieger
A-family on £2(dA) satisfying (2.1). Lemma 2.5 shows that £>(dA?) is an invariant
subspace for the corresponding representation and the result follows. ]

DEeFINITION 2.8. Let (A, d) be an aperiodic finitely aligned k-graph. We define
Ciin(A) to be the C*-subalgebra of B(H®) generated by {S;¥ : A € A}.

The notation C*. (A) will be justified in Theorem 3.11.

min

3. The Co-universal algebras.

DEFINITION 3.1. Let (A, d) be a finitely aligned k-graph. A boolean representation
of Aina C*-algebra Bisamapq : A — ¢, form A to Bsuch that each ¢, is a projection,
and

qudy = Z qy- (3.1

y €eMCE(u,v)

REMARK 3.2.
(i) When MCE(u, v) = 9, (3.1) is intended to mean that g, g, = 0.
(i1) Since MCE(u, v) = MCE(v, ) for all u, v, (3.1) implies that the projections
in a boolean representation of A pairwise commute.
LEMMA 3.3. [15, Proposition 8.6] Let (A, d) be a finitely aligned k-graph, let q be
a boolean representation of A, and F be a finite subset of A such that A € F implies
s(A) € F. For € VF, define

=g [ @) (32)
raeVF\{r}

Then, the Q¥ are mutually orthogonal projections and for each u € V'F,

=y, O (3.3)

np' eVFE
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REMARK 3.4. Observe that ' = s(u) indexes a term in the sum (3.3), so the sum
includes the term Q)/*.

Proof of Lemma 3.3 The argument which establishes the displayed equation
on [15, p.421] immediately below equation (8.5) uses only the relation 7,711, =
Z,\eMCE( v 1113 for representations of product systems of graphs. So, after identifying
finitely aligned product systems of graphs over N with finitely aligned k-graphs as in
[5, Example 1.4], an identical arguments works here. ]

REMARK 3.5.If F C A isfinite and closed under minimal common extensions, then
VF = F.Hence, {QF : 1 € F}are mutually orthogonal projections and ¢, = ZW 5;%
foru € F.

LEMMA 3.6. Let (A, d) be a finitely aligned k-graph and let {t, : A € A} be a
Toplitz—Cuntz—Krieger A-family. Let g, = tyt) fora € A. Thenq : o +— qq is a boolean
representation of A. If {t, : & € A} satisfies (CK), then for a finite exhaustive set
F C s(a)A,

l_[ (o — Gaa) = 0.
{a}

aa’'eF\{a

Proof. Multiplying (TCK3) on the left by 7, and on the right by £ shows
that ¢, is a boolean representation of A. Fix A € A and let F be a finite
exhaustive set such that F € s(A)A. Then [, ,cpm (@ — @) = [Lijper oy (685 —
t)\ut;“) = ZK(HAMEF\{A}([‘Y(K) - tu[,t))ti =0 by (CK) 1

LEMMA 3.7. Let (A, d) be a finitely aligned k-graph and let q : A — q; a boolean
representation of A with each q; # 0. Let F be a finite subset of A which is closed under
minimal common extensions. If « € F and {o/ € A\ A : aa’ € F} is not exhaustive,
then the projection QF of (3.2) is non-zero.

Proof. Suppose that {o’ € A\ A’ : aa’ € F} is not exhaustive. Then there exist
7 € s(e)A such that MCE(«e/, ) = @ whenever ao’ € F \ {a}. Since MCE(a/, 7) = ¢
implies that MCE(aa’, at) = ¢, it follows that qoa'dar = D, cMcE@e.ar) 4y = 0 for all

OlOl/ € F\ {Ot} SO, ngm: = qa l_[aa’e[-“\{a}(qa - qaa’)qar = qm: 75 O |:|

For the following proposition, we need some notation. Let A be a finitely aligned
k-graph. For each A € A, define P}’ := S;P(S;")* where {S;” : 1 € A} is the Cuntz-
Krieger A-family of Proposition 2.7.

PROPOSITION 3.8. Let (A, d) be a finitely aligned k-graph and let q be a boolean
representation of A such that g, # 0 for each . € A. Then there is a homomorphism 1\, :
span{g, : A € A} — span{P;’ : A € A} satisfying Y,(¢q;) = P forall . € A. Moreover,
Yy is injective if and only if T],,cp(q5 — gan) = 0 for each ) € A and finite exhaustive set
F C s(M)A.

Proof. For the first assertion, fix a finite set /' € A and scalars {a; : A € F}. Since
¢, — P preserves products and adjoints, it suffices to show that

aj
| ar] = [Zoa|
rEF LEF
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For @ € A, define

YF .= pw ]‘[ (PP — PP,

ao’'evVF\{a}

and let QYF be as in (3.2). For each A € VF \ F, define @; := 0. Then Lemma 3.3
implies that

Za)\Pipz Z Cl)\P;pZ Z(Z Cl)\)TO\(/F and

rEF LEVF aeVF AevE

A=A\
VF
E ag, = E ag. = E (E a,\)Qa .
reF reVF aeVF reVF
a=\\

Also, Lemmas 3.6 and 3.7 imply that {« € VF: TYF #£0} C {a € VF: QYF #0}.
Thus,

H E a,\Pip‘ = max‘ E ak‘ < max‘ E a)\‘ = H E akq)\H. (3.4)
VF
reF Tr#0 VF,a=\\ reF

Za
reVF,a=A\" 0" #0 rE

Now suppose that [],.(P;” — P;}) = 0 for each A € A and a finite exhaustive set
F € s(\)A. Then for each finite exhaustive set F, we have {o € F: T #0} = {a € F :
OF # 0}. Thus we have equality at the second step in (3.4), which implies that v, is
isometric. To show the other direction, suppose that v, is injective. Fix A € A and a
finite exhaustive set F  s(1)A. Lemma 3.6 implies that [,_-(P;" — P;},) = 0. Hence,
V([ lcr(@ — @) = [1,er(¥g(@2) — ¥q(g3,)) = 0. Since y, is injective, this forces
HMEF(CIA = ¢u) =0. O

PROPOSITION 3.9. Let (A, d) be an aperiodic finitely aligned k-graph. Let {t, : A € A}
be a Toeplitz—Cuntz—Krieger A-family. For . € A, let g, := t,t;. Then for a finite subset
F of A and collection {a,, , : u, v € F} of scalars,

Sl = | X ot
nerF

W, veF

. 3.9

Moreover, there exists a conditional expectation ®, : C*({t, : » € A}) — span{qg; : A €
A} satisfying ®,(t,t}) = 8,vq,. In particular, if 7w, : TC*(A) — C*({t, : A € A}) and
wsw : TCHA) — C*({S5P : & € A}) are the homomorphisms induced by the universal
property of T C*(A), then

Yyo Pom = Pgap 0 Tgap. (3.6)

Proof. To prove (3.5), fix a finite subset F C A andscalars{a, , : u, v € F}. Assume
without loss of generality that F is closed under minimal common extensions. Define

F'=|J (.28 : A =pp =v6 € MCE(u,v) and pp' =85 € MCE(B, 8)}.

W, veF

Then F’ is finite since F is finite and each MCE(g, §) is finite. Let F = F U F".
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Foreach & € F, let BYF = {3’ € s(\)A \ {s(\)} : A\ € VF}. Foreach A € F, if B}F
is not exhaustive, then there exists «; € s(A)A such that MCE(u, ;) = @ for all u €
Bﬁ. Fix o € s(a1)A such that for any i < k satisfying d(«a); < max,, .7 d(w);, we have
s(@)A% = §. Define o := ajo. Then MCE(u, o*) = ¢ for each u € F by choice of a;
and our choice of « ensures that

(u € VF and MCE(Aa*, ) # ¥) = Ao’ = ' for some p' € A. (3.7

Let G={e € A : ha* = e for some A, u € VF}. By Lemma 2.3, for each v €
5(G) == {s(¢) : € € G}, there exists 7, € vA such that MCE(et,, 7,) = ¢ for all distinct
€,8 € Gv. For A € VF, define t* := 7y4. For A € F, we define

vF Qe 1 BXF is not exhaustive

PR I . (3.8)
N otherwise.

By definition, each ¢;'F < Q). So since the Q¥ are mutually orthogonal, the ¢'* are

mutually orthogonal. Hence, for A € F

| > ] 2 [0 (X aututs)er” (3.9)
w,wevF reF wwevF
For A, u, v € F, we claim that
6T = VE i = \{and A = p)/ for some A/ (3.10)
0 otherwise.

To prove (3.10), we consider a number of cases separately.

Case 1: i = v. We first show that (3.10) holds if either A = uA’ or MCE(A, ©) =
If A = i/, then ¢)F < OYF < ¢, < ¢, and hence ¢)F1,r:¢)F = ¢\ Fq,0)F = ,\VF.
And if MCE(u, ) =@, then qﬂq,\ =0; and hence the 1dent1t1es Dot Quaoi o =

Dot @i = 0 and QY7 q, O = 07,4, 07 = 0 give ¢y7q, " =0. So to
complete Case 1, we suppose that A # p) and that MCE(u, A) # @; we must show

that ¢ q,.¢,F = 0. We consider two subcases.
Case la: 1 = v and B)¥ is not exhaustive. Then ¢\ = ¢; 41,2, 50 since ¢ > Go o

VF VF
n QuPy = Gt Qudi o = E Dot oGy Gro Do o+
y EMCE(,2.)

By choice of a*, MCE(\,a*)=¢ for all A e BVF. Hence, MCE(y, ra*) =
MCE@L, Aa*) = @. Thus, g, ¢s,+ = 0, giving ¢’ quqb = 0. This completes Case 1a.

Case 1b: u = v and B} is exhaustive. Then ¢)'F = QYF. Whenever g, 88’ € VF,
we have Qﬂ < qp —qpp and (gg — qps) L qpp . Since A, i € F and F is closed under
minimal common extensions, MCE(A, u) ¢ F C VF. So,

XFQ/L =0 4w 1_[ (9. — @)

raeVF\{A}

= XF Z qrn 1_[ (@ — 9a) =0

AV eMCE(R, p) raeVF\{A}
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This completes Case 1b.
Case 2: u # v. Again we consider two subcases. B
Case 2a: i1 # v and B)T is exhaustive. Then ¢," = Q). We calculate:

BELOLE = Gautulygeds = Y qupluliqus.
ra=uBeMCE(, 1)
At=v8eMCE(A,v)

Applying (TCK3) and the definition of the ¢, to each term in the sum gives

LE L = > aptrg-
ra=pBeMCE(, 1)
At=v3eMCE(A,v)
BB'=85' eMCE(B,5)

Thus,

.0 =g ] @ —auwtutia ] @ —aw)

A eVE\{A) I eVF
= H (g2 — QW)( Z Liap’ Zifs/) l_[ (9. — 1)
A eVE\{A} ra=ppeMCE(L,n) M eVF

At=v8eMCE(A,v)
Bp'=88' cMCE(B,8)

= H (9. — C]W)( Z QAaﬁffxaﬂ/fifa/q,\r(s') 1_[ (@. — D)

AN eVE\{A} ra=upeMCE(A, 1) VeVE
AT=v8eMCE(,v)
BB'=588'eMCE(B,8)

Fix Aa = uB € MCE(%, u), At = v8 € MCE(%, v) and BB’ =388 € MCE(gB, §). If
either d(a) # 0 or d(t) # 0, then

l_[ (. — G )rap iap Uroy Dires' l_[ (. — q2) =0,
A eVF\{A) AV eVF\{r)

because [[,, c,7(qx — G2 )ap < (@ — Gra)qrap = 0 and similarly on the right. So
suppose that d(a) =d(r) =0. Then u = A(0,d(n)) and v = A(0, d(v)). So wu #v
implies d(B8') — d(8') = d(v) — d(n) # 0, whence one of d(8’) and d(§8’) is non-zero.
Since A8’, A8’ € VF by construction, this forces

l_[ (9x = @) Qrap iap Bz Drxs 1_[ (9. — @)
A eVF\(A) AN eVF\{A)

= 1_[ (@ — G trp Gy s l_[ (0. — @) =0,
AV eVF\{1r) A eVF\{A)

as above. This completes Case 2a.
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Case 2b: u # v and BXF is not exhaustive. Then,

F F
(p)Y l‘ﬂl‘:(}ﬁx qua'ﬁrlqﬂtutiqUQAa"r’\

*
— E Qo onlpt, Qrar e
rattrn=py eMCE( T, 1)
ra* Tt =vseMCE(ha’ T*,v)
J— 2 ¥ y ’ A
= E Dt tin g pin In by Lot vg L i -

rat v n=pny eMCE(ha* T, 1)
ra*tr e =v8eMCE(La? *,v)

By (3.7), if ha* # pe’ or ra* # vd', then ¢)F1,1*¢¥F = 0. So suppose that Aa* =
we’ and e’ = v§’. Then,

t)\akrkr]tﬂtu[)tdhf’f - te’r"ntut#tvtvtlS'TAC - te’r"nta'fﬁf'

By choice of t*, for distinct €’,8 such that Aa* = pue’ =vé’, we have

MCE(e't*, 8't*) = @, which implies that MCE(e't*n, §'t*¢) = @ for any n,¢ € A.
Thus, ’f\akrkn’u’jlka*‘r*{ = t:,ﬂntyfxg =0, forcing quﬁtutj ,\VF = 0. This completes
Case 2b, establishing (3.10).

Now, to establish (3.5), we first show that

(LeVvF : ¢F £0}={reVF : O)F £0). (3.11)

If BZTT is exhaustive, then qﬁkﬁ = XF, which implies that q&kﬁ #0 < QXF #0;
and if BY is not exhaustive, then ¢," = ¢34 = @0 Q) , and since ¢; 400+ # 0 by
hypothesis, it follows that both ¢,* and Q)% are non-zero. This gives (3.11).

Define a,,, := 0 for i, v € VF \ F. Then

H Z A luly H Z vl

n,veF LveVF

VF %\ 4 VF
E b, ( § au,vtutu) A
reF w,vevF

= Zd’/\VF(Z au,vtutt) )\\/F

reF n,veF

= | X (X awntuts)o”

LeF peF
= r{lfax ’ E a,w‘.
¢ #0 nel
r=pu'eF

v

] by (3.9)

‘ by (3.10)
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Moreover,
| S =] 5
HeF uevF
F
= | (X @ty )0S| by 33)
reVF pevF
= max ’ Z a,w)
VF
07" #0 ueVF
r=pp' evF

= max } E a,w‘ since a,, , = 0forpu e VF\ F.
0740 7
! e
A=pu'€F

Hence, (3.11) establishes (3.5).

It follows that the map .5 — 8, ¢, extends to a well-defined linear map @,
from C*({t, : » € A}) to span{g, : A € A}. Since &, is a linear idempotent of norm
one, it is a conditional expectation by [2, Theorem I1.6.10.2]. The final statement
is straightforward to check since the two maps in question agree on spanning
elements. ]

LEMMA 3.10. Let (A, d) be an aperiodic finitely aligned k-graph, and let C; (A) be
as in Definition 2.8. Then the expectation ®gw : C%. (A) — span{P;’ : A € A} obtained
from Proposition 3.9 is faithful on positive elements.

Proof. Let {£, : x € A%} be the canonical orthonormal basis for H* = £2(d A?P),
and foreach x € dA®, let 6; ¢ be the rank-one projection onto C&,. Since the canonical
expectation ®(T)(h) = > ¢, & T6s, ¢ (h) on B(H*) is faithful, it suffices to show that
fora e Ck; (A), we have Osan(a) = Y ppo (@Ex]Ex) Ok &, -

Recall the definition of {Sip : A € A} from Proposition 2.7. It is not hard to
calculate

&, if x =2y for some y,
0 otherwise.

(Sip)*‘i:,\ = {

Fix i, v € A and x € dA®. Then,

1 if x= = vy for some y,
(SRS Exle) = (S ENSIPYE) = = g
0 otherwise.

Suppose that x = uy = vy. Let m = d(u) and n = d(v). Then Lemma 2.5 implies
that 0™(x) = o™(y) = y € A and o"(x) = " (vy) = y. Since x € dA?P, this forces
m = n, i.e. d(n) = d(v). Since x = uy = vy, the factorization property implies u = v.
Hence,

D (PSP EclE) 0z, &, = 8yuuPOkpam(g xeanm) = S P = sm(SIP(SIPY).

XEIA™P
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Since span{S;’ (S\*)* : u, v € A}is dense in C%; (A), we now have

Dgw(a) = Y (a&cl€)0, ¢, foralla € Chy,(A).

X€IAP

O

THEOREM 3.11. Let (A, d) be an aperiodic finitely aligned k-graph. Then C}, (A) :=
C*(S?P) is co-universal in the sense that given any Toeplitz—Cuntz—Krieger A-family
{t 1 x € A} in which t, is non-zero for each v € A°, there is a homomorphism , :
C*(f) — C,(A) such that Y (t;) = S;° for all ) € A.

The pair (C};,(A), S?P) is unique up to canonical isomorphism: if B is a C*-algebra
generated by Toeplitz—Cuntz—Kriger A-family {t, : . € A} with the same co-universal
property, then there is an isomorphism C%. (A) = B which carries each S;" to t;.

Proof. Let {t, : . € A} be a Toeplitz—Cuntz—Krieger A-family with each ¢, non-
zero. We will show that ker(r,) C ker(mge) in 7 C*(A).

Since each #;1, # 0, Propositions 3.8 and 3.9 imply that there is a homomorphism
¥, from span{s; ¢} : A € A} tospan{P;" : » € A} taking each 7,7} to P;". So, we have

m(a) =0 < 7w,(a*a) =0
= Y, 0 P, 0m(d*a) =
< (Pgw o wew)(a*a) = 0 by (3.6)
= asw(a*a) = 0 by Lemma 3.10
< msw(a) =

Thus, ker(rr,) C ker(msw). Therefore, there exists a well-defined homomorphism v, :
C*(1) = C*(S*) := Ck, (A).

For the final statement of the theorem, we use the same argument as in the proof
of [19, Theorem 3.1]. O

REMARK 3.12. We have denoted both the homomorphism of commutative algebras
arising in Proposition 3.8 and the homomorphism arising in Theorem 3.11 by .
This notation is compatible: Lemma 3.6 shows that each Toeplitz—Cuntz—Krieger A-
family {#, : A € A} determines a boolean representation {g; : A € A} of A, and then
the homomorphism 1, agrees upon restriction to span{s,s; : A € A} with .

THEOREM 3.13. Let (A, d) be an aperiodic finitely aligned k-graph with no sources.

(1) If {t, : & € A} is a Toeplitz—Cuntz—Krieger A-family with each t, non-zero, then
the homomorphism , of Theorem 3.11 is injective if and only if
(@) [Tiep(to — 6215) = 0 whenever v € A® and F C vA is finite exhaustive; and
(b) the expectation @, is faithful.

(2) If ¢ is a homomorphism from C, (A) to a C*-algebra C such that each ¢p(Py)
is non-zero, then ¢ is injective.

Proof. The proof is essentially the same as that of [19, Theorem 3.2]. O

COROLLARY 3.14 (The Cuntz-Krieger uniqueness theorem). Let (A, d) be an
aperiodic finitely aligned k-graph, and let C*(A) be the Cuntz— Krieger algebra of [16].
There is an isomorphism C*(A) = C¥, (A) which carries each s; to S;*. Moreover, every
Toeplitz-Cuntz—Krieger A-family {t; : . € A} in which each t, is non-zero, and which
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satisfies condition (la) of Theorem 3.13 generates an isomorphic copy of C*(A). In
particular, for Toeplitz—Cuntz—Krieger families, Condition (1a) of Theorem 3.13 implies
Condition (1b).

Proof. By [16, Proposition 2.12], C*(A) is generated by a Toeplitz—Cuntz—Krieger
family {s; : A € A} in which each s, is non-zero. Hence, Theorem 3.11 implies that
there is a homomorphism ¥ from C*(A) to Cj, (A) carrying each s; to S;'. The
map &, agrees with that obtained by first averaging over the gauge-action on C*(A)
onto its AF core, and then applying the canonical expectation from the AF algebra
onto its diagonal subalgebra. Since each of these expectations is faithful, so is ®;. We
have [, cp(sy — 5555) = 0 whenever v € A® and F C vAY is finite exhaustive by (CK).
Hence, Theorem 3.13 implies that 7, is an isomorphism.

Now fix a Cuntz—Krieger A-family {z, : A € A}. The universal property of C*(A)
gives a homomorphism p, : C*(A) — C*(¢) satisfying p,(s;) = ;. The co-universal
property of C;..(A) gives a homomorphism v, : C*(¢f) — Cp,,(A) satisfying ¥,(2,) =
SiP. Since ! o, is an inverse for p;, the result follows. O
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