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Bounds for the Best Constant
4 . In an
Improved Hardy-Sobolev Inequality

N. Chaudhuri

Abstract. In this note we show that the best constant € in the improved Hardy-
Sobolev inequality of Adimurthi, Chaudhuri and Ramaswamy [l for 2<p < nis
bounded by P—_-f—("—'ﬂ)p << tl-( - z

Keywords: Hardy-Sobolev inequality, best constan! in inequalily

AMS subject classification: 35I°15, 35J20

1. Introduction

Let Q2 be 2 bounded domainin R™ (n > 2) with 0 € . Adimurthi, Chaudhuri
and Ramaswamy in [1] have obtained the following improved Hardy-Sobolev
nequality. Let 1 < p < n and let R > er supg |z|. Then there exists a
tonstant C' > @ such that

_[H|Vu|pd$2 (n—;j)Pj‘} }:}:d +C’/ |Ul “)—zd:t: (1.1)

holds for all u € W, ?(2). In his book on Sobolev Spaces [14: Section 2.1.6]
Maz’ja discovered that the classical multi-dimensional Hardy-type inequalities
with sharp constant can be improved by adding different additional positive in-
tegrals. However, the above incquality have applications in proving existence,
Lon-existence and regularity of solutions for differential equations involving
the potential ﬁ (see |1, 3,10 - 12, 15]). Adimurthi and Esteban [2] extended
the above inequality for W17 functions and found interesting applications to

the Schrédinger operator. However, finding the best constant in inequality
(L1} remains open. In this article we find interesting bounds for the best
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constant C(n,p, R, §1), defined in (1.4J) below. In [1: Theorem 1.2] it has been
shown that for 0 < g < (132)? the eigenvalue problem

. - jujp—? .
—(div(|Vu|""?Vu) + ~——jul"?u) =) —————u inQ
( , : i’ ) |zl? (log )’ 1.2)
u=0 on 90

admits a positive weak solution u € W, ?(£2) corresponding to the eigenvalue
A= AL > 0. Moreover, A, = C(n,p,R,Q) as p — ("—;2)’. Thus the bounds
on the best constant in inequality (1.1) gives bounds on the limiting behaviour
of the ﬁrst‘; eigenvalue for the eigenvalue problem (1.2).

In [1], the following n-dimensional version of the Hardy-Sobolev inequality
also has been established. For any bounded domain 2 C R* (n > 2) with

0¢ Q i
/ Vulndz > (222)" / :ZI] (1o0g l'—R—I)_"dz (13)

holds for every u € Wy (). Adimurthi and Sandeep {3] proved that the best
constant herein is mdeed (252)". For some interesting improvements of the
classical Hardy-Sobolev inequality and their applications see [5 - 9, 13].

Before stating our theorem we define the best constant C(n,p,R,) in
inequality (1.1) by

C(n:p) Rsﬂ) = inf Qn,R(u) (14)
0£uEW, P(22)

where
fn |Vu|Pdr — (’—‘-;'—E)P fn : —dr

u(z)|? -2
Jo G (log (B) *dz

1t is also known {see [1]) that the best constant in C(n, p, R, Q) is not achieved.

Qa,r(u} =

2. Result

In this article we prove the following

Theorem. The constant C(n,p, R, Q) defined by (1.4) is independent of
the domain § and the choice of the constant R > e} supg Jzl. For2<p<n,

Fp::_l_(n—p 2 --p)»-2
P P - '

It appears to the author that, for the case 2 < p < n, the constant C(n,p)
herein is indeed E;',—l- (-'lgl)p_z
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Proof of the theorem. We prove the independence and the bounds for
the best constant through the following steps.

Step 1. We first prove that if B, (i =1, 2) are concentric balls centered
at origin of radii T;, then C(n,p, Ry, By) = C(n,p, Ry, By), where R, = oT;
with a > er. For this take u &€ W2P(B;) and define v(z) = u(¥z) for
iz| < T1. Then

R Jp, |VolPdz — (73R)° [ dz
QB‘l.IRI(U) T Is, i%l;(log E'I%'r-)-zdz
_ Jp, |VulPdz — (*2E) f5, {: " dz
TR
= QB,,R,(u)

and hence C(n, p, Ry, B1) = C(n, p, Rz, Ba).

Step 2. Now we prove that C(n,p, R,) = C(n,p, R,§2*), where }* =
B(0,T) is the ball of radius T = (giaks;)"/", || denoting the n-dimensional
Lebesgue measure. Indeed, for any u € W(}I,P(Q)’ l«|* € Wol’p(n')' where
lu|* is the symmetric decreasing rearrangement of |u|. By standard sym-

L.p
metrization arguments (sce [4]) we conclude that, for any u € Wy P(£2),
Qn.r(t) > Qq+ r(u") and hence

C(n,p, R,Q) 2 C(n,p, R, Q7).

To prove the other inequality, take s > 0 such that B, = B(O,g) < QI‘{ Tg;h)ei’
clearly, C(n,p, R, Q) < C(n,p, R, B,) and hence, by Step 1, C(n,p, R,
Cln.p, R, Q).

2
Now if Q; (i = 1,2) are two bounded domains with R; Zh e? s;g:;;nltm'lls,
by Steps 1 and 2, C(n,p, R1,$1) = C(n, p, Rz, ) and lhflncetz :h;:;)constant
independent of the domain and the choice of R. We shall deno

simply by C n,p).
s, o ound for the best constant C(n,p)

Step 3. Lower Bound: The lower b \
ake of completeness
essentially follows from [1: Proof of Theorem 1.1], but foer ;omeaj bt oo

we include a proof. Since C(n,p) is independent of th AN g
of generality we assume $ to be the unit ball B = B(0,1). >
0<u € C}(B) radially non-increasing we define

vr) = u(r)rl';'r' (r = =I}- @1
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v

Here without loss of gcnera.lit;lr we ns well assume v/(r) < 0 (replacing u by
u+ £( 1 — r) fore >0 sufhc:ently mnall) Now we observe that

/IVu|de n p) BIH(I)IPdJ:

fzi?

n_
] P

- () [T
pv'(r)r

= (5 [ ol - g el s

where wy, is the volume of the (n — 1)-dimensional sphere. Since u is a de-
creasing function, from (2.1) we have v'(r) — (—':pll—"lﬂ < 0. We set z{r) =

—(TP_% so that z(r) > —1. By using the inequality (1+z)® >1+pz+

(p— 1)3:2‘ for all z > —1 and for all p > 2 we obtain
Gup— (2Sry [ 1
/1'3’ i ( p ) p =l
- -2 gl
2un(p - D(22E) [ oo
0
- -1 rl
p)P f vP 1 (r Yo' (r)dr
0
dwn(p—=1)rn—pyp-2 !
B G M MO

I

since v € C3(0,7). By applying the n-dimensional Hardy inequality (1.3)
with n = 2 for the function v%, we obtain

[tz g [ () v
/ uP(r (lg ) =ldr

1 lu(r)l"(logR) da.

4wy B IIIP

n p
= Wn pr"iv(r) — 'R e

= wns(

|z
Hence for all radially non-increasing functions 0 < u € C¥(B) we have
n—pyr [ lu(z)
Tul? —
fwer- (58 [
R

G- 2C e
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'

Now by standard approximation and symmetrization this inequality holds for

-2
alu € W.}’P(B) and hence C(n,p) > ;.;-}1_ (,,_;R)p ‘

Step 3. Upper Bound: Here our idea is to construct a family of func-
tions {u. x}oce<1 in Wy 'P(B), where B = B(0,1) is the unit ball, and then
to estimate Qg g for this family. Similar to the family found in [1}, for any
0<e<1land for 2 < k € N we define

(0 for r < &
log;___l fore* <r<e
uek(r) =Q (k—1)r’7 logt
log L

fore<r<1.

"—

| r_vrzlogc

Clearly, u, s € VV(; *P(B) is continuous and differentiable a.e., and its derivative
is given by

0 for 0 <r <e*
1 [ n—p T & <
5 1- log-—] fore®* <r<e
uy i(r) = (k—lr?}og— p ¢
[1+ _plogl] fore<r<l
rrlog- p r

Since € > 0 is sufficiently small, after a change of variables and the use of

Neumann series we have the estimates

dr
_ Wy n-— plO ____lp
fousre - gty [P es  T

1(pdr

+] ‘1+ pplog ‘-r—]

€ p1
)'n, TN _ P

pt+l
+(1+'(—“—_-'§)_17;g'__f) ]

Mg _pp+1)

= pf log — [(k-l) (n —p)log
p(p+1)( P )’
2k - 1) \(n—p)log;
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1 p(p+1)
+O(W) (n-p)log%
O O G —
P P ((n pylog & ) 105 ) ] (2.2)
g 2 (52 )

co(g=mer) * D)

Then we have

hLﬁfi’idx'( w‘)”[(k—nrf (1os 3z Pgh]e CoN

p =P
d r P+‘
-/:* d‘l" (log Ek—) dr

(p+ 1)(105!, 1) [(k — 1)

’f, 4 (1o ;)wd"]

kton

BCERY
Thus (2.2) - (2.3) yield

n—- fuee k{?
] |Vus k]‘: ( p) [ (z-lkP (24)
n n—p\r? 1y
fasd ( p) (log ) + (log )

T2k —1)
Finally, let us try to find a “good” estimate of the integral
I ‘_/ lut kl
o (oe l) o
(log %) 1 {log 1) ]
___.__u—--—dr.'_] ._..-—-—'—r———df .
= oely =R g B+ e H(1og )"

By change of variable r — log % and denoting a. = log %* be
¢ = log R we get

(2.3)

1
log —.
Ogs

= log ‘5’ aﬂd

Wp be (105 ) dr
((k — Dlog 2)" Je, 2
Wn o (105 _E_'_)p
+ R
(log 1)’ ] a7
=, I:, + I:.

I, =
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For the integrals I} and I? we get the estimations

I;, = N (loglt— - r)pd—r

.2
ae € T

[ (-0)S

Zbls’jb. (1._21.:+(L_.__1)ﬁ>(ji

b, iz /7

12
a,[(l—;‘i-)—25-10g“?‘+o(1)] for p =2
Ll (- () 2(5) o) frr 3
P D R I s
=a! [pi <+ o(1)]

. . 1 2 btain
where o(1) — 0 as € — 0. From these estimations for I and I; we o

Ip 4 Jk,e

b,
e (-3 (i) R
- £

1
Wn -1 1)t.
+(log%"az [p—1+o( )

Hence from (2.4) we obtain

—p\P~ 1\ P!
Qo r(uex) S _2(_’:_%_13(:1 - p)p z(101% g)

" [(r"#%a:{(l"%f)(l-k(p-n%:_)}
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s )] ol

log ;
- s (50
— 1P a a,
x [—-————ﬂ(k( 10;)%):'_}", {(1-5)(+a —p)E)}

+ (101!%)?-1{13.1_ 1 +o(1)}] _ +Ji. [O(é)zl.

Here we note that %E-(log i)p_l — k? as £ — 0 and hence J; [O{2 1

as either € » 0 or k£ — co. Thus

Qa,rucs) — 2(kpk 1)(n_p)p-2

[ e-De

_} 11 (¢ —0)
7" [ sl )

> (pﬂ”?

Since C(n,p) < Qp r(u. 1) for all k > 2 and for any sufficiently small ¢ > 0, by

-2
passing through the limits as £ — 0 and k — oo we get C(n,p) < L{-(—’,Z)p
and hence the theorem is proved il

log ] —90

e
-5
_P--
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