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AN EQUIVARIANT BRAUER SEMIGROUP
AND THE SYMMETRIC IMPRIMITIVITY THEOREM

ASTRID AN HUEF, IAIN RAEBURN, AND DANA P. WILLIAMS

ABSTRACT. Suppose that (X, Q) is a second countable locally compact trans-
formation group. We let S¢(X) denote the set of Morita equivalence classes
of separable dynamical systems (A,G,a) where A is a Co(X)-algebra and
« is compatible with the given G-action on X. We prove that Sg(X) is a
commutative semigroup with identity with respect to the binary operation
[A,G,a]|B,G, B8] = [A®x B,G,a®x 3] for an appropriately defined balanced
tensor product on Co(X)-algebras. If G and H act freely and properly on the
left and right of a space X, then we prove that Sg(X/H) and Sy (G\X) are
isomorphic as semigroups. If the isomorphism maps the class of (A4, G, a) to
the class of (B, H, 8), then A x4 G is Morita equivalent to B xg H.

1. INTRODUCTION

Mackey’s imprimitivity theorem identifies the unitary representations U of a
locally compact group G which have been induced from a closed subgroup H.
In Rieffel’s formulation, it says that U is induced precisely when it is part of a
covariant representation (m,U) of the dynamical system (Co(G/H),G); he proved
the theorem by showing that the crossed product Co(G/H) X G is Morita equivalent
to the group C*-algebra C*(H) (and invented the C*-algebraic theory of Morita
equivalence while he was at it). The symmetric imprimitivity theorem of Green
and Rieffel involves commuting free and proper actions of two groups, G and H, on
a space X, and asserts that Co(G\X) x H is Morita equivalent to Co(X/H) x G
(see [26]); one recovers Mackey’s theorem by taking H C G and X = G.

In recent years we have studied dynamical systems involving continuous-trace
C*-algebras (A, G, a) by viewing them as elements of an equivariant Brauer group
Brg(X) associated to the induced action of a group G on the spectrum X of the
algebra A [6], [18]. Inspired by the symmetric imprimitivity theorem, it was shown
in [16] that if H and G act freely and properly on X as above, then there is a group
isomorphism A of Bry (G\X) onto Brg(X/H) such that B xg G is Morita equiv-
alent to A x, H whenever (B, G, () is a representative for A(4, H,a). Green and
Rieffel’s symmetric imprimitivity theorem is recovered by taking A = Cy(G\X);
in general, this Morita equivalence can be obtained by applying the noncommuta-
tive symmetric imprimitivity theorem of [21] to systems involving continuous-trace
algebras.

Our present goal is to find a version of the isomorphism of [16] which incorpo-
rates as much algebraic structure as possible and yet gives the full strength of the
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symmetric imprimitivity theorem as discussed in [21]. We shall do this by intro-
ducing an equivariant Brauer semigroup Sg(X): the objects in Sg(X) are again
represented by systems (A4, G, a), but now we insist only that A is a Cp(X)-algebra
in the sense of [14], [2], [17], and that the action « is compatible with a given action
of G on X and Cy(X). This incorporates many more systems: the algebras A need
not be type I or even nuclear, and their spectrums could be much bigger than X.
(For example, any algebra of the form Cy(X, D) could arise.)

We begin by introducing our Brauer semigroup Sg(X). As in [6], the product
is based on a balanced tensor product of the underlying algebras. Here, however,
we want to allow non-nuclear algebras, and this leads to technical difficulties: to
get an associative multiplication we have to use the maximal tensor product rather
than the spatial one. The objects in S¢(X) will be Morita equivalence classes of
systems, and checking that these equivalences are compatible with our balanced
tensor products requires some technical innovations.

Our basic isomorphism is proved in section 3. Specifically, we prove that if G
and H are second countable locally compact groups acting freely and properly on
the left and right, respectively, of a second countable locally compact space X in
such a way that (s-z)-h = s-(x-h), then there is a semigroup isomorphism
6 of Sq(X/H) onto Sy (G\X). We give an explicit description of # in terms of
Rieffel’s generalized fixed-point algebras AY for proper actions v : G — Aut A.
Every class in S¢(X/H) has a representative of the form (A”, G, &), where a and
B are commuting proper actions of G and H, respectively, on a Cy(X)-algebra A
which are compatible with the given actions on X. Since A? is a subalgebra of the
multiplier algebra M (A), & is just the natural lift of o to M (A). The isomorphism
0 maps the class of (A”?,G, @) to the class of (A%, H, 3). Furthermore, A® x5 H and
AP x4 G are Morita equivalent. The Morita equivalence can be proved two ways;
since (A, G x H, o x ) defines a class in Sgx i (X) and the actions of G and H are
free and proper, the equivalence follows from Kasparov’s [14, Theorem 3.15] or from
the second author’s [21, Theorem 1.1]. Carefully untangling Kasparov’s argument
leads to a tensor product imprimitivity bimodule, and also to an interesting result
concerning regular representations of the crossed products A* xz H arising in our
theorem. (Recall that regular representations are faithful exactly when the reduced
crossed product A® x5 . H equals the universal crossed product A% x5 H.)

We present our result on regular representations in section 4. Given that the
action of G on X is free and proper, a : G — Aut A must be proper and saturated
in Rieffel’s sense and hence Ay := C.(X)- A can be completed to an A x, , G- A*-
imprimitivity bimodule Y* by [27, Theorem 1.5]. An important special case occurs
when A = Cp(X, D) and o = 7 ® 7y for a C*-dynamical system v: G — Aut D. It
is proved in [23, Theorem 2.1] that C.(X, D) can be completed to a Co(X, D) X4
G- Indg(A, a)-imprimitivity bimodule X. We prove that Y¢ is a quotient of X,
and use this to prove that regular representations of A x, G are faithful; thus,
A Xor G = A X, G. Furthermore, Y* admits an H-action u such that (Y%, u)
implements an equivalence between (A x, G, H,3 x ¢) and (A%, H, ). Using [7],
[5], we can form an A x,xp5 (G x H)— A% x5 H-imprimitivity bimodule Y< %, H
based on C.(H,Y®). The set-up is symmetric in H and G, and the tensor product
bimodule

(11) W := (Y’B Xy G)~®A>4QXB(G><H) (Ya Ao H)
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is an AP x4 G— A x 5 H-imprimitivity bimodule. Using the symmetry in (1.1)
and a result of Combes, we can prove that regular representations of A? x4 G are
faithful if and only if regular representations of A% x5 H are. This generalizes a
result of Quigg and Spielberg [20, Theorem 4.2].

Although the approach leading to (1.1) was used in proving our generalization
of Quigg-Spielberg, it is often convenient in applications (cf. [9]) to have a more
concrete realization of the imprimitivity bimodule. By appealing to [21], we can
obtain an A” x4 G— A® % 5 H-imprimitivity bimodule Z which is a quotient of the
module constructed in [21, Theorem 1.1] based on C.(X, A). It is natural to ask if
the two modules are the same, and it turns out that they are isomorphic. We give
a proof in the case A = Cy(X, D) at the end of section 4.

Since Brg(X) is easily identified with a subgroup of the group Sg(X)~! of
invertible elements in S¢(X), our definitions and results concerning S (X) extend
those for the equivariant Brauer group Brg(X). However, Brg(X) is actually
equal to S¢(X)~!, and we prove this in an appendix; the result and its proof are
essentially due to Green [12], but were never published.

2. PRELIMINARIES

2.1. Cy(X)-algebras. If X is a locally compact (Hausdorff) space, then a Cy(X)-
algebra is a C*-algebra A together with a homomorphism ¢4 : Co(X) — ZM(A)
which is nondegenerate in the sense that

1A(Co(X)) - A:=span{ta(p)-a: ¢ € Cy(X)and a € A}

is dense in A. There is already considerable literature on Cy(X)-algebras; in par-
ticular, [3] and [17] give nice overall treatments. We recount some of the basic
properties here for convenience.

The Dauns-Hofmann Theorem identifies the center ZM(A) of the multiplier
algebra with C?(Prim A). It is not hard to see that if (A,14) is a Cp(X)-algebra,
then there is a continuous map o4 : Prim(A) — X such that ¢t4(¢) and p 0o o4 are
equal in ZM(A). Conversely, if 04 : Prim(A) — X is continuous, then

ta(pla:=(pooas)-a foral e Cy(X)andaec A

clearly defines a homomorphism ¢4 : Co(X) — ZM(A), and it is not hard to
see that ¢4 is nondegenerate. When convenient, we can view o4 as a continuous
function on A. We usually suppress the homomorphism ¢4, and write ¢ - a in
place of t4(¢)a and a - ¢ in place of ata(p). Thus a Co(X)-algebra A is a central
Co(X)-bimodule.® Conversely, if A is a nondegenerate central Cp(X)-bimodule,
then va(p)a := ¢ -a makes A into a Cy(X)-algebra provided (¢-a)* = @-a* for all
a € A and ¢ € Cy(X).

We will write Cp (X) for the ideal of functions in Cy(X) which vanish at . If
A is a Cy(X)-algebra, then let I, be the closed ideal Cy ,(X) - A of A. Notice that
if z ¢ o4 (Prim(A)), then I, = A; otherwise,

Ix:ﬂ{P:aA(P)::/v}.

A Cy(X)-algebra can profitably be viewed as the upper-semicontinuous sections of
a bundle over X (cf., [10], [11], [15]). Specifically, the quotient A/I, will be called
the fibre over x, and will be denoted by A(x). The image of a € A in A(x) will

1If X is a B-bimodule, we call X a central B-bimodule when b-2 = z-b for all z € X and b € B.
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be denoted by a(x). Some of the basic properties of the “section” z — a(z) are
summarized in the next lemma.

Lemma 2.1 ([3], [17]). Suppose that A is a Co(X)-algebra.

(a) For all a € A, the map z — |la(z)| is upper semicontinuous. That is, {x €
X : |la(x)|| > €} is closed for all € > 0.

(b) The map z — |la(z)| is continuous for all a € A if and only if o4 is open
from Prim(A) to X.

(c) For alla € A, |lal| = sup{ [|la(z)|| : z € X }.

(d) If p € Co(X) and a € A, then (¢ - a)(z) = ¢(z)a(x).

2.2. Balanced tensor products. We will write &(X) for the collection of all
separable Cy(X)-algebras. We want to define a Cp(X)-balanced tensor product on
&(X) with the objective of defining, up to isomorphism, an associative operation on
&(X) for which Cy(X) is an identity. Since &(X) can contain non-nuclear algebras,
an approach based on identifying Prim(A ® B) with Prim(A) x Prim(B), such as
employed in [23, §1], is inadequate. However, Blanchard’s maximal Cy (X )-balanced
tensor product is sufficient for our purposes [3], [2]. (Blanchard considered only the
case in which X is compact. However, his results extend easily to the general case.
Additional details may be found in [11, §2].)

Definition 2.2 ([11, Definition 2.3]). Let A and B be two Cy(X)-algebras and let
I be the closed ideal of A ®,.x B generated by

{a-¢p®@b—a®p-b:ac A be B, pcCy(X)}
Then A ®x B := (A ®uax B)/I, equipped with the Cy(X)-action given on the
images a ® x b of elementary tensors a ® b by
p-(a®xb)=p-a@xb=a®x ¢-b,
is called the maximal Cy(X)-balanced tensor product of A and B.

Remark 2.3. It is possible to form other balanced tensor products, but our choice
of the maximal tensor product is not a random one. For example, it is observed
in [2] that Blanchard’s minimal tensor product ®7g( x)» Which is defined using the
spatial tensor product, need not be associative. Such pathologies vanish when one
of the factors is nuclear, and Definition 2.2 gives the same balanced tensor product
used in [23] when at least one of the algebras is nuclear.

The universal property of the maximal tensor product implies that every rep-
resentation of A ® x B is of the form 74 ® wg, where 74 and 7p are commuting
representations of A and B, respectively, such that a|c,(x) = Tnloyx) (cf., [11,
Remark 2.5(a)]). If A is both a Co(X)- and a Co(Y)-algebra, and C is a Cy(Y)-
algebra, then A ®y C is a Cy(X)-algebra in such a way that

v (a®yc)=(p-a)Qyc for p € Co(X).
If m4 and 7 is a pair of commuting representations such that
Talco(v) = Tclco(v)s

then the corresponding representation m4 ®y m¢ of A ®y C' satisfies

(ma ®y mc) o x) = Taloo(x)-
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Lemma 2.4. Suppose that X andY are second countable locally compact Hausdorff
spaces, and that p : X — Y is a continuous surjection. Let C € &(Y), and
A,B € 6(X). Viewing, as necessary, elements in G(X) as elements of G(Y) via
composition with p, there is an isomorphism ¥ of (AQ x B)®y C onto (AQy C)®x B
such that

¥U((a®x b) @y ¢) = (a®y c) ®x b.

Similarly, there are isomorphisms ¥y : AQx B — B®x A and ¥y : (A®x B) ®y
C — A®x (B®y C) such that ¥1(a ®x b) = b®x a and ¥3((a ®x b) ®y c) =
aQx (b@y C).

Proof. The idea is to show that the natural isomorphism of (4 ®max B) @max C
onto (A @umax C) @max B (e.g., [25, Corollary B.29]) matches up the kernels of the
quotient maps g1 onto (A®x B) ®y C and ¢2 onto (A ®y C) ®x B. The kernel of
the quotient map (A ®x B) ®@max C — (A®x B) ®y C'is

ﬂ{ ker(ma ®x mB) ® ¢ (ma ®x wB) 0 p* = Tcloy(v) }

So ker q1, which is the inverse image of this ideal in (A @max B) @max C, is

ﬂ{kel‘(ﬂ‘A ®7TB) ®7Tc . WAICO(X) = 7TB|CO(X) and WAICO(X) Op* = 7TC|CO(Y) }

On the other hand, the kernel of the map (A ®y C) @max B — (AQy C) ®x B is

ﬂ{ ker(ﬂA Ry 7Tc) QR T Qv WC‘CO(X) = 7rB|Co(X) }

= ﬂ{ker(wA KRy Wc) Q7R : 7TA|C'O(X) = WB‘CO(X) }
Thus

ker go = ﬂ{ker(wA ®7Tc) RmpE :
Talcyx) 00" = Toloy(y) and malo,(x) = TBley(x) }

and the assertions about ¥ follow. The arguments for W1 and ¥, are similar. [J

Corollary 2.5. The mazimal Co(X)-balanced tensor product is associative on
&(X).

2.3. Induced algebras. Suppose that X is a free and proper left G-space and
that (A4,G,a) is a dynamical system. Then Indg (A4,a) is the C*-subalgebra of
C*(X, A) consisting of those functions f such that

(a) f(s-z) =as(f(x)), and (b) = |f(z)] defines an element of Co(G\X).
When X is a right G-space, condition (a) is replaced by
(@) fz-s) =o' (f(x)).
An important example occurs when G is a closed subgroup of a locally compact
group H. If H is viewed as a right G-space, then IndZ (A, a) was studied at length

in [22]. Furthermore, if v = 7 ® « is the diagonal action of G on Cy(X, A), given
by

(21) 'Ys(f)(w) =Ozs(f(8_1 'T))a

then Indy(A,«) is the algebra denoted by GC(X,A)Y in [23, §2] and by
Ind(4; X, G, @) or Ind(e) in [21].
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2.4. Proper actions on C*-algebras. It is well-known that proper group actions
on spaces — and therefore on abelian C*-algebras — play a central role in the
theory of crossed products. It is natural to try to extend the notion of proper
actions to nonabelian C*-algebras. Although it is not yet clear what the best
definition of such an action should be, the notion developed by Rieffel in [27] is
sufficient for our purposes.? Let (4, G, «) be a dynamical system, and suppose that
Ap is a dense a-invariant x-subalgebra of A. A multiplier T € M(A) belongs to
M(Ap) if T maps Ap into itself. Since each o, extends to an automorphism @, of
M(A), we can consider the %-subalgebra M (Ap)® of a-invariant elements in M (A).

Definition 2.6 ([27, Definition 1.2]). A dynamical system (A,G,a) is called
proper if there is a dense a-invariant *-subalgebra Ay of A such that
(a) for all a,b € Ap, the functions s Sa, b)(s) = Ac(s)”2aa,(b*) and
s+ aas(b*) are in L'(G, A).
(b) For each a,b € Ay, there is a (uniquely determined) element (a , b) in
M (Ap)“ such that for all ¢ € Ay

/cas(a*b) ds =cla, b) -
Viewing E( ,-) as taking values in A X, , G, Rieffel showed that

Ey := span{ E(a ,by ta,be Ag}

was an ideal in A %, , G. The action « is called saturated if the closure E of Ej is
all of A %, G. The closure in M(A) of

Dy := span{ (a, b)D ta,be Ap}

is defined to be the generalized fized-point algebra of a, and is denoted A“.
Of course, Ay is an Ey— Dy-bimodule; the actions are given by

<a,b)c=/aas(b*c)ds and c(a,b) z/cas(a*b)ds
v G v Ja

for a,b,c € Ay.

Theorem 2.7 ([27, Theorem 1.5]). Suppose that (A,G,a) is a proper dynamical
system. Then the completion Y of Ay is an E - A%-imprimitivity bimodule. In
particular, if o is also saturated, then A Xq . G is Morita equivalent to A*.

Suppose that X is a left G-space. We will write 7¢ : G — Aut Co(X) for the
associated automorphism group: 78(f)(z) = f(s~'-x). If X is a right H-space,
then 77 (f)(z) := f(z-h). (When there is no possibility of confusion, we will write
7 in place of 7¢ or 711.)

Example 2.8 ([27, Example 2.6]). Suppose X is a free and proper left G-space,
and a : G — Aut D is any C*-dynamical system. Then the diagonal action 7 ® «
is a proper and saturated action of G on A = Cy(X, D). Rieffel’s generalized fixed
point algebra Co(X, D)™®* is Ind (D, ).

2Rieffel has recently introduced a more general notion of properness for actions of locally
compact groups on C*-algebras [28]. However, the earlier version suffices for our purposes here,
and the newer notion is not (yet) associated with a general Morita equivalence result.
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2.5. The Brauer Semigroup. Let (G, X) be a second countable locally compact
transformation group. We consider the class G (X) of pairs (A, ) where A is a
Co(X)-algebra and o : G — Aut A is a strongly continuous action which preserves
the given G-action on X in that

(2.2) as(p-a) =715(p) as(a) forall p € Cy(X), s € G, and a € A.

Alternatively, we can replace (2.2) with 0 4(s-7) = s-04(n) for all m € A. Elements
of 6¢(X) were called G-Cy(X)-algebras in [14].

Example 2.9 (Example 2.8 continued). The action ¢- f =(p®1) f makes Cy(X, D)
a Co(X)-algebra, and (Co(X,D),7 ® a) € &g (X).

Recall that two systems (A, G, a) and (B, G, 3) are Morita equivalent if there is
an A— B-imprimitivity bimodule X and a strongly continuous action u of G on X
by linear maps such that for all z,y € X and s € G,

A<us(x) s us(y)> = Q5 (A<x y y))» and <us(x) ) us(y)>B = ﬁs((-’f ) y)B)-
Suppose that (A4, «) and (B, ) are elements in G(X) which are Morita equivalent
via (X,u). The actions of A and B extend to the respective multiplier algebras.
Hence X becomes a Cp(X)—Co(X)-bimodule. If hy : Prim B — Prim A is the
Rieffel homeomorphism induced by X, and if we use the Dauns-Hofmann Theorem
to identify ¢a(f) with f oo and ¢5(f) with foop, then it is not hard to see that

(fooa)-z=xz-(foopohx)

(cf., [25, Proposition 5.7(a)]). It follows that we have ta(f) - @ = z - 15(f) for all
x € Xand f € Cy(X) exactly when the diagram

(2.3) Prim B ~—> Prim A

AN A

commutes. With these considerations in mind, we make the following definition.

Definition 2.10. Two elements (A, a) and (B, 8) in G5 (X) are Morita equivalent
over X if they are Morita equivalent via (X, u) and if

talf)-z=a-p(f) forall feCy(X)and zeX.

In this event, we call X an A—x B-imprimitivity bimodule.

Remark 2.11. We shall write Bt(X) for the elements A in &(X) with o4 a home-
omorphism and A continuous trace (so that we can identify X, A, and Prim A). If
A and B belong to Bt(X) and if X is an A-x B-imprimitivity bimodule, then it
follows from (2.3) that hx = id. In particular, the notions of Morita equivalence

over X and an A-x B-imprimitivity bimodule defined above coincide on Bt(X)
with those defined, for example, in [25, Definition 5.6], [24, §2] and [6, §1].

Lemma 2.12. Morita equivalence over X is an equivalence relation on 6g(X).
Proof. The proof follows the same lines as in [6, §3]. O

Definition 2.13. We let S¢(X) denote the set & (X)/~ of Morita equivalence
classes over X. We call S¢(X) the equivariant Brauer semigroup. The class of
(A,a) in Sg(X) is denoted by [A, ).
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Now suppose that (A,«a) and (B, ) belong to 8¢ (X). Then s — a; ® f; is a
strongly continuous automorphism group of A ®max B, and for all a € A, b € B,
and ¢ € Co(X),

(2.4) s ®Ps(p-a®b-a®p-b)=T7(p) a®b—a®Ts(p) b

It follows that each ay ® (s preserves the balancing ideal, and defines an automor-
phism a; ®x Bs of A ®x (. It is not hard to check that s — as ®x [ is strongly
continuous and equivariant; that is, (A ®x B,a ®x ) € Ga(X).

Suppose that X is an A— C-imprimitivity bimodule and that Y is a B— D-im-
primitivity bimodule. Then the algebraic tensor product X ® Y has a completion
X ®max Y which is an A ®pax B — C Qmax D-imprimitivity bimodule in the expected
way. Although a sketch of this is given in [4, Proposition 2.9], we provide a proof
for convenience.

Lemma 2.14. Suppose that A, B, C, and D are C*-algebras, that X is an A -C-
imprimitivity bimodule, and that Y is a B - D-imprimitivity bimodule. Then Z :=
XOY is an A® B -~ C ® D-bimodule, and there are unique A® B- and C ® D-valued
pre-inner products on Z such that

s\ EEYZBW) = (2, 2)@ [y, w),
(r®y,z0w) <x,z>0®(y,w>D‘

Il

C®max D

With these inner products, Z becomes an A © B —C ® D-pre-imprimitivity bimod-
ule with respect to the maximal tensor product norms on A® B and C ® D. The
completion X Quax Y 18 an A Qmax B —C Qmax D-imprimitivity bimodule.

Proof. Exactly as in the proof of [25, Proposition 3.36], Z is easily seen to satisfy
properties (a), (b), and (d) for a pre-imprimitivity bimodule as laid out in [25,
Definition 3.9]. The issue is to show that the inner products are bounded; that is,
we need to show that

(2.5) (voa,v- a})c
(2.6)

2
< epsla,a)_, and

Jle s am) <llulde,.n, (e @),

A AOB

foralla € XOY, u € C®D, and v € A® B. (We have decorated the inner
products with the algebraic tensor products to emphasize that we are working on
the incomplete bimodule X®Y.)

Let X ®max Y be the completion of X ® Y as a right Hilbert C' ®p,,x D-module
(see [25, Lemma 2.16]). Let ¢ : X®Y — X ®max Y be the natural map. We
claim that there is a homomorphism ®4 of M(A) into £(X ®max Y) such that
Pa(m)(q(z®y)) = q(m -z ®y). Since P4(m*) will act as an adjoint for ®4(m),
it will suffice to see that ®4(m) is bounded on X @Y with respect t0 || - [|x@umarY-
Since M(A) is spanned by its unitary elements, we can assume that m is unitary.
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Ifa=>", z ®y;, then
1@ 4(m)q(@)[|kg,0ey = [{@a(m)a(a) , Ra(m)a(e))_ |

coD

= HZ(W‘%‘ s mexs) @ (Y ’yj>DH

4,j=1

= Hi (i, z5) ® (yi s y5),

i,7=1
= [|a() K@y
this proves the claim.
Thus we obtain commuting homomorphisms ®4 : A — L(X Qupax Y) and ®p :
B — L(X ®max Y) such that ®4(a)g(z ®y) = q(a-z ®y) and Pp(b)g(r @ y) =
q(x ®b-y). The universal property of the maximal tensor product guarantees that
there is a homomorphism ® 4 ®max Pr of A @pax B into L(X Qmax Y). But
= (q(v-a), q(v-a))

CQmax D

= <<q)A O max (I)B(V)q(a) ’ q)A Qmax qDB(V)q(a)>>C®maxD
< @4 Bmax 5[ (a(@) a(@),,
(5 P CREeY)

This establishes (2.5), and (2.6) is proved similarly; there is a homomorphism
Vo @max Up of C Quax D into the adjointable operators on the completion of
X®Y as a left Hilbert A ®max B-module. (Once we establish both (2.5) and (2.6),
so that we know Z is a pre-imprimitivity bimodule, then it follows that the two
completions of X ® Y are the same.) O

(v-o,va),

cop’

The following lemma is a straightforward generalization of [6, Lemmas 2.1 and
3.2].

Lemma 2.15. Suppose that A, B,C,D € 6(X), that X is an A -C-imprimitiv-
ity bimodule over X, and that Y is a B — D-imprimitivity bimodule over X. Then
the Rieffel correspondence [25, Proposition 3.24] between ideals in C Quax D and
A ®@max B induced by X @max Y maps the balancing ideal Jx of C Quax D to the
balancing ideal Ixx in A Rmax B. In particular, the quotient X®@x Y of X @max Y 18
an A ®x B -C ®x D-imprimitivity bimodule over X.

Thus} Zf (A> Oé) ~ (037) and (B>ﬁ) ~ (D,(S) in 6(X)’ then (A®X B,Ot@x B) ~
(C®x D,y®x9).

Proposition 2.16. The binary operation
[4,a][B, 8] = [A®x B,a®x [

is well-defined on Sq(X), and with respect to this operation, Sq(X) s a commuta-
tive semigroup with identity equal to the class of (Co(X),T).

Proof. The operation is well-defined in view of Lemma 2.15. It is associative and
commutative by Lemma 2.4 since the isomorphisms there are easily seen to be
equivariant. The map ¢ ® a +— ¢ - a extends to a well-defined Co(X )-isomorphism
of Cy(X) ®x A onto A, and the final assertion follows from this. O
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3. THE MAIN THEOREM

Theorem 3.1. Suppose that G and H are second countable locally compact groups
acting freely and properly on the left and right, respectively, of a second countable
locally compact space X n such a way that (s-xz)-h =s-(x-h). Then there is a
semagroup isomorphism

(3.1) 0:Sc(X/H) — Sp(G\X)

such that if [B, 8] = 0([A, a]), then Ax,G is Morita equivalent to Bxg H. Indeed,
every class in Sg(X/H) has the form [AP, a] for some (A,ax B) € Gaxn(X), and
then we have

0([A”,a]) = [A*, 3]
so0 that AP x4 G is Morita equivalent to A% x5 H.

Remark 3.2. In the next section, we will give another proof of the Morita equiv-
alence of A% x4 G and A x 5 H which implies both are Morita equivalent to
A Xoxp (Gx H).

Lemma 3.3. Suppose that A is a Co(X)-algebra. Then the map o @a+— ¢ - a ex-
tends to a homomorphism ® of Co(X, A) onto A which satisfies ®(f)(z) = f(z)(z)
forall z € X and f € Cy(X,A). The homomorphism ® intertwines the action
- f=(pe®1)f of Co(X) on Co(X, A) with the given action on A.

Proof. The map (g, a) — ¢ - a is bilinear, and hence induces a linear map ® on the
algebraic tensor product Cy(X)® A, which is easily seen to be a *-homomorphism.
Let m be a faithful representation of A. Because the range of ¢ : Cp(X) — M(A)
lies in ZM (A), the representations m and 7 o . have commuting ranges, and hence
induce a representation (7 0 t) Quax ™ Of Co(X) Qmax A. Since 7 is faithful, it is

isometric, and we have
o5z oe)] - Lo el <[ (32 o)l

=[S 7o stpam@]| = |7 o ) @ w( i @0

= i%@ai Z

thus @ is norm-decreasing and extends to a homomorphism on all of Co(X) ®yax A-
We obtain the required map ® by identifying Cp(X) ®max A with Co(X, A) (cf.,
e.g., [25, Propositions B.43 and B.16]).

For an elementary tensor f := ¢ ®a, the formula ®(f)(z) = f(z)(x) follows from
the identity (¢ - a)(z) = p(z)a(z) (Lemma 2.1 (d)), and this extends to general
f € Cy(X,A) by linearity and continuity. The final remark is trivially true for
f € Co(X)® A, and also extends to f € Cy(X, A) by linearity and continuity. [

|

?
max

Proposition 3.4. Suppose G acts freely and properly on X and (A, o) € Ga(X).
Then (A, a) is proper with respect to the subalgebra

Ag:=span{p-a:peCu(X) andac A}.
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We have to verify the hypotheses (a) and (b) of Definition 2.6. For each pair of
generators ¢ - a and 1 - b, we have

(‘P ’ a)as(¢ : b)* = (‘PTS(Q;)) : (aas(b)*)‘

The function s + 7,(?)) vanishes unless supp @ N s - (suppe) # @, and hence
has compact support because G acts properly on X. Thus both functions s —
(¢ -a)as(yp-b)* and E(go a1 -b) lie in L1(G, A), and (a) is satisfied.

To verify (b), we need a lemma.

Lemma 3.5. For each f € C.(X, A), the function
W@ = [ ra(pEds= [ a(fs ) ds

G G

belongs to Indyy (A, a) € C*(X,A) C M (Co(X,A)). The multiplier ®(u(f)) be-
longs to M (Ao)®, depends only on the image ®(f) of f in A, and satisfies

(3.2) c@(u(f))z/c;cas(QJ(f)) ds force Ag.

(In particular, the integrand on the right-hand side is a continuous function of
compact support from X to A, so the integral converges to an element of A.)

Proof. That u(f) € Indy (A4, a) is proved for elementary tensors f = ¢ ® a in [25,

Lemma 6.17], and the proof carries over almost verbatim. Since every multiplier

m of A satisfies (p-a)m = ¢ - (am) and m- (¢ -a) = ¢ - (ma) for p € C.(X) and

a € A, we trivially have ®(u(f)) € M(Ap). We shall next verify (3.2).
Ifc=¢- b€ Ap, then

(@ 0)®(u(f)) =@ b)®(u(f)) = 2 ((¢ @ b)u(f)).

Now,

(oo D)@ = (e@) [ ar(7ls - 0)ds = [ plalpon(f(s -a)) ds.

G

Because G acts properly on X, s — (o ® b)(7s ® a,(f)) is a continuous function
of compact support with values in Cy(X, A), and hence the integral |, clp®b)Ts ®
as(f) ds converges in Cy(X, A) in such a way that

([ enmsa(ds)e@ = [ @ba(fa)ds = (¢ o ulf)e)
G G
From the continuity of ® we deduce that

s @((QD ®b)Ts ® as(f)) = (p-b)as (CI)(f))

is a continuous function of compact support, and

(¢ - 0)®(u(f)) = 2((p @ b)u(f))
= /G‘ﬁ((go ®b)Ts ® as(f)) ds

~ [ e vau(@() a5
G

as claimed.
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The formula (3.2) immediately implies that ®(x(f)) depends only on ®(f). To
see that @ (u(f)) € M(Ap)®, we use that this integral formula converges in norm
in A:

car(®(p(f))) = oy (©)@(p(1)))
= oy (/G a; (e)as (2())) ds)

:/cats(@(f)) ds

T

which is just c® (u( f )) by left-invariance of Haar measure. |

Proof of Proposition 3.4. Given ¢ -a and 9 - b in Ay, we define f € C.(X, A) by
f(x) = p(z)p(z)a*b and we take for (p-a , ¢ -b) the multiplier ®(u(f)) of Ag
described in Lemma 3.5. Since ®(f) = (¢ - a)*(¢ - b), equation (3.2) implies that
®(u(f)) has the property required in part (b) of Definition 2.6. Thus, (4,a) is
proper. J

With the definition of the inner product (- , ~)D fresh in our minds, we make
some observations about the corresponding generalized fixed-point algebra A®. By
definition, this is the C*-subalgebra

A% =span{(p-a,y-b) ¢, €Ce(X)andabe A}

of M(A)*. The functions u(f) for f := gy ®a*b used to define (¢-a , 1[)-b>D span a
Co(G\X)-submodule M of Ind (A, a), which has the property that, for each a € A
and z € X, there exists g € M satisfying g(x) = a [25, Corollary 6.18]. A partition
of unity argument on G\ X shows that M must therefore be dense in Ind (A, a).
Thus the continuity of ® implies that it maps IndG (A, «) into A”. Further, since
the i 1mage of M is by definition dense in A® and since ® has closed range, ® maps
Ind (4, @) onto A®. Thus:

Proposition 3.6. Suppose G acts freely and properly on X and (A, a) € Sg(X).
Then the map ® of Lemma 3.8 induces a homomorphism ® of Indg(A, «) onto A%.

Corollary 3.7. Suppose G, H, and X are as in Theorem 3.1, and (A,a x B) €
Saxu(X). Then (A%, B) € Gx(G\X) and ® : Indi (A, o) — A is Co(G\X)-
linear.

Proof. One can easily check that ¢ - (z , y)D ={p -z, y)D when ¢ € Co(G\X),
so A% is a Cp(G\X)-submodule of M(A). The action of Cy(G\X) on Indy (A, @)
is nondegenerate, and & is easily seen to be Co(G\X)-linear, so the action on
A® = &(Ind{ (4, @)) is nondegenerate too. For ¢ ® a € C.(X, A) we have

3 (1 @ Bulp ® a)) = 7 (¢) - Bula) = Buly - a) = Bu(B(p ® a)),

so ® intertwines the diagonal action of 7# ® 8 on Ind (A, @) with the action of 3 on
A%. (We should write 7 ® (3, but this notation is awkward and we hope it will be
clear from context that the action has been lifted to the multiplier algebra.) Since
H acts properly, 75 ® 4 is strongly continuous on Ind (A4, @) (see Lemma 5.1). This
implies both that 3 is strictly continuous on A* and that B;(¢-m) = 7 () - B; (m)
for p € Cp(G\X) and m € A*.
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In [14], Kasparov uses a slightly different definition of a generalized fixed point
algebra for a proper action; namely,

(3.3) {meMA)*:p-me Aforall p € Co(X) and |le;m — m|| — 0
as e; runs through an approximate identity for Co(G\X) }.

Corollary 3.8 ([14, p. 164]). Suppose that G acts freely and properly on X and
that A € &(X). Then Rieffel’s generalized fized point algebra A% is given by (3.3).

Proof. If m € A%, then m = ®(f) for some f € Ind (4, a) (Proposition 3.6). If
» € Co(X), then ¢ - f € Cp(X, A), and hence
p-m=p- 8(f) =3¢ f) € B(Co(X,4)) = A.

The assumption on approximate identities follows since A% is a Cy(G\X)-algebra.
Conversely, suppose that m € M(A)* satisfies ¢ - m € A for all ¢ € Cy(X) and
lle;m — m|| — 0. We may suppose that

ei(z) = /;(pi(s‘l -z)ds

for some ¢; € C.(X). Thus,

m~ e;m = (/chi(s_l .x)ds) -m.

As in the proof of Lemma 3.5, if we take f = ¢; ® m, then u(f) = e; ® m makes
sense as a bounded continuous function of X into M (A) which is constant on G-
orbits. This defines a multiplier of Co(X, A), so we can define ®(u(f)). As in the
proof of the lemma, if c = -b € C.(X) - A = Ag, then because ¢; - m € A, the
function s — cas(p; - m) is continuous, has compact support, and satisfies

c®(u(f)) = /cas(goi -m) ds.
Now we also have
(¥ -b)(e; - m) = (ve;) - (bm) = ®(Ye; @ bm) = ®(1Y @ b)P(e; ® m)
= ®(4 ® b)®(u(f)),

SO

(¥-b)(e;-m) = / (¥ - b)as(w; - m)ds.

x

We can factor ¢; = (0 in C.(X), and then

-0 = [ @b @m) ds = [ by (B0 0-m) ds
Now (3.2) implies that

(¥ b)(ei - m) = (¥ D)@(u(h)),
where h(z) := {(x)(0-m) is in C.(X, A). This is true for all - b € C.(X)-A = Ao,

so it implies €; - m = ®(u(b)) € @(Indg(A,a)) = A®. Since A% is closed and
m ~ m - e;, we deduce that m € A%. |
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Proposition 3.9. Let G, H and X be as in Theorem 3.1. Suppose that (A,ax ) €
Goxu(X) and that p : X — G\X is the orbit map. Then 79 x 77 ® 3 respects the
balancing ideal and defines an action 7% x 7 ®c\x B of G x H on p*(A®). The
pull-back system (p*(A*),7% x 77 @ x B) is covariantly isomorphic to (A,a x B).

Proof. We start by showing that A and p*(A®) are isomorphic. Let Ja be the
balancing ideal for p*(A%). That is,

P (A%) = Co(X) ®cy e\ x) A% i= Cp(X) @ A%/ Ja.

As in Lemma 3.3, the maps p @ m — ¢-m and p® f — ¢ - f extend to homomor-
phisms T' : p*(A4%) — A and M : Cy(X) ® IndZ (4, a) — Co(X, A), respectively.
(Note that ¢ - m € A by Corollary 3.8.) It is not difficult to see that M is surjec-
tive. The surjectivity of I" is a consequence of the commutativity of the following
diagram:

Co(X) ® Ind¥ (4, a) —L Co(X, A)

id ®<T>l l@

Co(X)@As——L 4 4

To see that A and p*(A®) are isomorphic, it suffices to see that ker(T') = Ja.
Let ¢° : A — A(x) be the quotient map. Note that every irreducible represen-
tation m of A “lives” on the fibre A(c4(r)); that is, @ = & 0 ¢°4(™) for some
7 € A(oa(m)) ", Since every irreducible representation of Indy (A, a) is of the form
M@ where M@™(F) := n(F(z)) and 7 € A ([25, Proposition 6.16]) and since
A = ®(Ind{ (4, @)), every irreducible representation R of A* must be (equivalent
to one) such that M®™) = Ro & for (z,m) € X x A. Since M©®™ (ker ®) = {0},
we must have x = o4(m). It follows that every irreducible representation of A“
is of the form 7|4 for some 7 € A. If m € A®, then Corollary 3.8 implies that
the multiplier m(x) of A(z) defined by m actually belongs to A(z). It follows that
7(m) = #(m(oa(r))).® Since §-7|aa = 7|aa, we have 7(F(y)) = 7(F(oa(m)))
for any F € Co(X, A%) provided p(y) = p(oa(w)). Thus [23, Lemma 1.1] implies
that the norm of F' € Cy(X, A¥) in the quotient p*(A*) = Cp(X, A%)/JA is

[E+ Jall = sup 17 (F (oa(m))]l = sup |17 (ea(m)) (eal@)l-

On the other hand, since I'(F')(z) = F(z)(x),

()] = sup [|l7(D(F))[| = sup [|7[T(F) (04 ()]l = sup [|7[F (oa(m)) (4 ()]l
TEA TEA TEA

Therefore the kernel of I is equal to Ja, and p*(A®) and A are isomorphic.
Since & x 71 ® (3, certainly annihilates ¢ -9 @ m — @ ® ¥ - m for all ¢ €
Co(G\X), p € Co(X), and m € A®, it remains only to check that the isomorphism

is equivariant. Since (A4, ) € Gg(X), 7¢(p)as(m) = as(p - m) for all p € Co(X)

3This analysis also allows us to identify (A%)" with G\ A. Note that [7]|aa] = [f|aa] in (A%)"
if and only if M(24(7)>™) and M(ea(m):1) are equivalent. Thus [25, Proposition 6.16] implies that
the latter occurs exactly when [n] = [s- 7] in A.
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and m € M(A). Thus if m € A%, then
T(r x 1) ® Bu(m)) = 7€ x 71 () - B x @s(m) = B x as(p - m)
=, X B (T(p ® m)).
The result follows. |

Proposition 3.10. Let G, H, and X be as in Theorem 8.1, and let p : X — G\X
be the orbit map. Suppose that (B,w) € Sy (G\X). Then

(A,a x 08) := (p*(B),TG x H R\ x w)
is in Saxu(X) and (A, B) is covariantly isomorphic to (B,w).

Proof. We can identify A(z) with B(p(z)). If b € B, then the image of 1 ® b
defines a multiplier 1 ®\x b in M(A) such that (1 ®c\x b)a(z) := b(p(z))a(z).
The map b +— 1 ®g\ x b is an isomorphism of B into M(A), and we will show
that the image coincides with A%, where « is the action on A = p*(B) induced by
79®1. Let q : Cy(X, B) — A be the quotient map. Then if ¢y € C.(X) and b € B,
q(¢¥ ®@ b)(z) = Y(x)b(p(x)). Thus if ¢ € Co(X), then ¢ ® q( ® b) € Cu(X, A).
Notice that

as(q(¥ @ b)) () = q(r:(¥) ®b) (z) = (s~ - 2)b(p(x))
=q(@b) (s - a).

Lemma 6.17 of [25] implies that [, ¢(s™! - 2)7C (q(¥ ® b)) ds defines an element
Fe Indé (A, a); furthermore,

(3.4) F(z)(y) = /G (s 2)g(Y ®b)(s™' - y)ds
N /c p(s™ - 2)(s™ - y)b(p(y)) ds
_ /C(p(s—l .g;)g[)(s_l -y)ds - b(p(y))

Thus ®(F) = (- (1 ®¢\x b), where ( is the function in C.(G\X) given by

C(p(x)) = /th(s_l cx)Y(sTt - x) ds.

It follows from [25, Corollary 6.18] and a partition of unity argument on G\ X
that functions of the form

/Gas(f(s‘l -x))ds for f € Co(X,A)

span a dense subspace of Indg (A, ). Tt is clear that we may restrict f to lie in a
subspace of C.(X, A) which is dense in the inductive limit topology. In particular,
functions of the form (3.4) span a dense subset of Indyy (A, ). Thus the range, A%,
of ® restricted to Ind (4, @) coincides with the image of B as required.

It is clear that 7¢ x 7 @ w preserves the balancing ideal and defines an element
(p*(B),TG x 7H ®a\x w) in Ggyxp(X). Thus it will now suffice to see that
coincides with the action on the image of B in M(A) induced by w. However, § is
induced by 77 ®w, and since 7 @wy, (1 ®b) = 1 @ wy,(b), the assertion is clear. [
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In the proof of Theorem 3.1, it will be convenient to describe equivalence in
S¢(X) via linking algebras [25, Theorem 3.19]. The result we need is a version of
the corollary in [5, §4] modified to accommodate the Cy (X )-action. If (A, a) ~x v
(B, ) in 64(X), then A and B are (isomorphic to) complementary full corners in
the C*-subalgebra of £L(X & B) given by

a
L.~{<b(y) b) .aeA,beB,xeX,andyEX},
where X is the B—x A-imprimitivity bimodule dual to X and b : X — X is the
identity map (e.g., [25, pp. 49-50]). Then L is a Cp(X )-algebra:

o Gin )= 515)

and there is a dynamical system v : G — Aut L such that

a z\ _ [ os(a)  us(x)
b (b(y) b> - (b(us(y)) ﬁs(b)) '
Since us(a - x) = as(a)us(x) [25, Remark 7.3], it is not hard to check that (L,~) €

S¢(X). The C*-algebra L is called the linking algebra, and (L,v) the linking
system corresponding to (A, &) ~x.) (B, ).

Lemma 3.11 ({5, §4]). Suppose that (A,a) and (B, ) belong to Gg(X). Then
(4,a) ~ (B, B) in 6¢(X) if and only if there is a (L,7y) € 65(X) such that A and
B are complementary full corners in L and |4 = o while v|p = (.

Proof. The “only if” direction was outlined above. If r and s are full projections
in L such that r +s =17, A = rLr and B = sLs, then X = rLs is an A—x B-
imprimitivity bimodule, and u = v|,1s implements an equivalence between (A, a)
and (B, ). Additional details can be found in {5, §4]. O

Proof of Theorem 8.1. We will produce an isomorphism 0 : Sgx g (X) — Sy (G\X)
such that 0[4,a x 8] = [A%,5]. Then, with the exception of the statements
about Morita equivalence, the result will follow by symmetry. In order that 6
be well-defined, we have to show (A,a x 8) ~ (B,y X 8) in Ggxy(X) implies
that (4%,8) ~ (B",9) in 65(G\X). Let (L,I x A) be the linking system for
‘the given equivalence, and 7 = () € M(L) the projection associated to the
corner A. If ®% : Cy(X,L) — L is as in Lemma 3.3, and # € C°(X, L) is the
constant function z + 7, then ®*(7f) = r®L(f) and ®L(fF) = &(f)r for all
f € C%X,L). In fact, if f € Ind3(L,T), then both 7f and f7 also belong
to Indgy (L,T). Since LT = @é(lndg(L,F)), it follows that rL' and LI'r are
contained in L''; thus r € M(L'). Furthermore, rLI'r = @é(flndé(L,I‘)f) =
P (Inds (4, @) = A%, Since Indy (L, T)#Indg (L, T) is dense in IndX(L,T), we
also have L'rLI" = ®% (Indj (L, T)7Inds (L, T)) dense in L'. That is, A% = rLIr
is a full corner, and BY = sLls is a complementary full corner, where s = (3 9,).
Since Alse = [ and Algy = §, we have (4%, 3) ~ (B7,d) in Gx(G\X) by
Lemma 3.11, and 0 is well-defined.

Next we want to define A : Sg(G\X) — Soxu(X) by A[B,w] := p*B,7¢ x
i ®a\x w], and we need to see that this map is well-defined. Suppose that

This content downloaded from 130.130.37.84 on Thu, 21 Aug 2014 02:23:45 UTC
All use subject to JSTOR Terms and Conditions



http://www.jstor.org/page/info/about/policies/terms.jsp

THE BRAUER SEMIGROUP 4775

(B,w) ~(C,¢) in Gy (G\X), and let (L1, T) be the corresponding linking system.
Let
(Aya x B) = (p*L1,7% x 77 @\ x T) € Gaxn(X)

be as in Proposition 3.10. As above, it is not hard to verify that p*B and p*C are
complementary full corners in p* L1 and that 7¢ x TH®G\X Y p = 7Gx TH®G\Xw,
while 7¢ x 7H Qax Tlproc = ¢ x ®a\x ¢- Thus A is well defined.

Proposition 3.9 and Proposition 3.10 imply that A = #~'. Since the inverse of
a homomorphism is a homomorphism, it will suffice to see that A is a homomor-
phism. To do this, we proceed as on page 813 of [16]. We use Lemma 2.4 and the

observation that the isomorphisms there are easily seen to be equivariant to justify
the manipulations with tensor products:

AB @\ x C,w ®c\x ¢) = (p"(B®c\x C), 7% x 77 @\ x (w ®c\x €))
= (Co(X) ®c\x B&c\x C, 77 x 77 ®c\x w ®c\ x ¢)
(Co(X) ®x Co(X) @\ x B ®c\x C,
79 x 7 ®@x 79 x TH @\ x w ®c\ x €)
([Co(X) @\ x Bl ®x [Co(X) @ x C,

¢ X TH ®G\X C])7

I

11

[T x 1 Rc\x W] ®x [T

which is a representative for A\[B,w] A[C, (].
Let ®¢ be the restriction of ® to Indy (A, a). It follows from Lemma 3.3 that

ker®g = { f € Ind¥(4,a) : f(z)(z) =0 for all z € X }.

Recall that the Cy(X)-algebra structure on A gives a continuous map o4 : Prim 4 —
X characterized by

oa(P) =z <= I, CP,
so that I, =({ P :0a(P) =z }. Thus
ker & = { f € Ind3 (A, ) : f(z) € P whenever o4(P) =z}

is the ideal I(04) considered in [21, §2]. Because ®¢ is surjective (Proposition 3.6)
and intertwines the diagonal action 777 ® 3 with /3, we deduce that

(IndZ (A, ) /I(04)) ¥rugp H= A x5 H
([13, Proposition 12]). In exactly the same way,
(Indj; (A, B)/1(04)) Xroa G = AP x4 G,
and hence [21, Corollary 2.1] says that A%z H is Morita equivalent to APxs G. O

The Morita equivalence in the main theorem of [21] can be recovered from The-
orem 3.1.

Corollary 3.12 (|21, Theorem 1.1]). Suppose that X, G and H are as in Theo-
rem 3.1. Also, suppose that o and 8 are commuting actions of G on a C*-algebra
D. As in Examples 2.8 and 2.9, (CO(X, D), 7 ®ax 1 ®ﬂ) € Goxu(X). Thus

md¥(D,a) X,ngg H and Indj(D,f) X egs G

are Morita equivalent.
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Corollary 3.13. Let X be a free and proper G-space. Suppose that (A,a) €
G¢(X), and that A has continuous trace. Then A x4 G has continuous trace.

Proof. Since Indy(A,a) is a Co(G\X)-algebra, we can form the pull-back
p* (Indé{(A,a)) via the orbit map p : Cp(X) — Co(G\X). I A has continuous-
trace, then Cp(X, A) certainly does and it is proved in [23, Proposition 3.7] that
p* (Indg (A,q)) is isomorphic to Co(X, A). Therefore Indy (A, @) has continuous
trace by [22, Lemma 1.2]. Since A% is the image of Indx (A, a) under ®, A* has
continuous trace. Since A X, G is Morita equivalent to A* by Theorem 3.1 (with
H = {e}), the result follows from [29, Theorem 2.15]. O

Remark 3.14. Corollary 3.13 is a mild generalization of [22, Theorem 1.1(3)], where
it is proved that A x, G has continuous trace if A has continuous trace and the
action of G on A is free and proper.

4. REGULAR REPRESENTATIONS

In this section we want to investigate the question of when the universal norm and
reduced norm coincide on crossed products of the type arising in Theorem 3.1; in
other words, we want to determine circumstances in which regular representations
of the crossed product are faithful. Recall that a regular representation of A X, G
is one induced from a faithful nondegenerate representation mp : A — B(H). All
such representations have the same kernel and provide faithful representations of
the reduced crossed product A X, G [19, Theorem 7.7.4]. The general question of
the faithfulness of regular representations was considered by Quigg and Spielberg
in [20], and systems for which the reduced norm equals the universal norm are
sometimes called QS-regular. We shall see that their [20, Theorem 4.2] can be
derived from our Theorem 3.1.

The one-sided case — where X is a free and proper left G-space, and (4, a) €
S (X) — was treated by Kasparov in [14, Theorem 3.13]. We will use this result
and a theorem of Combes to derive the main result of this section. Theorem 2.7
and Proposition 3.4 imply that Ay = C.(X)- A can be completed to an E g\ x A*-
imprimitivity bimodule Y, where E is a subalgebra of A x,, , G. By definition, this
subalgebra coincides with A %, G when « is saturated.

Proposition 4.1. Suppose that X is a free and proper G-space, and that (A, o) €
Sa(X). Then regular representations of A X, G are faithful, and

AXg G=AXu,G.
Furthermore, « is saturated and Y is an A Xq G ~c\ x AY-imprimitivity bimodule.

The result on regular representations is to be expected since, once we have shown
that o must be saturated, Rieffel’s Theorem 2.7 implies that A x,, G is Morita
equivalent to A%, while Theorem 3.1 implies that A“ is also Morita equivalent to
A x4 G. However a C*-algebra and a proper quotient can be isomorphic (let alone
Morita equivalent), so this observation only serves as motivation.

For our proof of the proposition, we shall realize Rieffel’s module Y as a quotient
X/M, where X is the imprimitivity bimodule described in [23, Theorem 2.2]; we
now recall the formulas making X a Co(X, A) X,9a G Ind& (4, a)-imprimitivity
bimodule.
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Let Xo := C.(X,A). If z,w € Xo, f € Ind3 (4, a), and F € C.(G x X, A), we
can define inner products and actions on Xy by the following:

(4.1) 2(z) / F(s,x)a,(2(s71 - 2)) A(s)? ds,
(4.2) z- f(x): f(@),

(4.3) (20, () = /G as(2(s~1 - z)*w(s™' - @))ds, and
(4.4) (2, w)(s,2) = Als) 2 z(z)as (w(s ™" - 2))".

Co(X,A) 4,90 C
Then [23, Theorem 2.2] implies that Xo can be completed to a Cy(X, A) Xrga
G~ Indy (A, o)-imprimitivity bimodule which we denote by X.
Recall that the Rieffel correspondence establishes a bijection Ind : Z(B) —

Z(A) between the lattices of ideals of two Morita equivalent algebras A and B [25,
Proposition 3.24].

Lemma 4.2. Suppose that G acts freely and properly on X. Let dg = ‘i’hndg(/x,a)-
If Ind : Z(Ind3 (A4, @) — Z(Co(X, A) Xrga G) is the Rieffel correspondence map
for the imprimitivity bimodule X = Xg, then Ind (ker ®¢;) = (ker ) X,gq G.

Proof. To make the notation less cumbersome, let J := ker &g, K := Ind(J), and

C := Cy(X,A) Xrga G. Recall that K is the ideal generated by C(X- J . X) [25
Proposition 3.24]. If z € C.(X, A), then z - f € C.(X, A) for any f € J. Since

ker® = {f € Co(X,A): f(z)(z)=0forallz € X },
it is easy to see that
{ClX, 4) - T, C(X, A)) € CelG ker @),

Thus K C ® %, G.

For the other containment, let o4 : A — X be the continuous map giving
the Cy(X)-algebra structure on A. By [25, Proposition 6.16], every irreducible
representation of Indy (4, a) is of the form M®™ where M®™(F) := n(F(z)).
Then,

(4.5) Jzﬂ{ker(M(z”r)) :m €A, z€X,and oa(m) =z}

If N@™) is the representation of Co(X, A) given by N(®™)(f) := m(f(x)), then [23,
p. 768] implies that the representation of Cp(X, A) X,ge G induced from M @7 via
X is equivalent to Ind?e} N@7) where the latter is the representation on L?(G, Ha)
given by

(4.6) [mdf,y N (f)](€)(s) = / (o (f(tys - 2)))6(t"s) dt.

G
Thus

K= ﬂ{ ker(Ind{,, N©™) :w € A, z € X, and oa(m) = 2. }.

Since (4,a) € 6¢(X), oca(roasl) = s-oa(n); thus it follows from (4.6) that
C.(G,Ia) C K. This completes the proof. O
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Remark 4.3. If uw : Z — W is an isomorphism of right Hilbert B-modules, then
U(T) := uTu~! defines an isomorphism of £(Z) onto £(W). It is not hard to
check that (u(z) , u(y)), = ¥({z, y)B); hence v induces an isomorphism of the
imprimitivity algebras KC(Z) and K(W).

Recall that if X is any Hilbert B-module and if J is an ideal in B, then the

quotient module X/ := X/X-J is a Hilbert B/J-module with respect to the quotient
norm on X’ [25, Proposition 3.25].

Proof of Proposition 4.1. Using (4.3) and Lemma 3.5, we see that
(4.7) P((z, w)lnd)G((A)a)) =(®(2), <I>(w)>D for all z,w € Xo.
It follows that « is saturated. Since the left and right C(G\ X )-actions on Y clearly

coincide, Y is a A Xq,» G—¢\ x A%-imprimitivity bimodule. It remains only to show
that A X, G = A X, G. Using (4.7), it follows that

1e@)lly := (@) , &) || = |1®(( , =) < iz, z)

nda (A,a)
Therefore the map = — ®(z) is norm decreasing (as a map from X to Y), and
extends to a linear map u : X — Y. Since

(u(z) , u(z - b))D = (u(z),u(y)) ,(b) for z,y € Xo and b € Ind3 (4, a),

md¥ (4,a) = ”m”X

we have X - ker ®¢ C keru. (Recall that ®¢ = <I>|Indé<(A’a).) Therefore we get an
induced map @ : X**®¢ — Y. If we identify Ind (A, )/ ker ¢ with A, then
@ is a Hilbert A®-module isomorphism. For convenience, we retain the notation
from the proof of Lemma 4.2: J = ker ®¢, K =Ind J, and C = Cy(X, A) Xrgq G.
Note that X/ := X/X - J is a C/K — Indg (A, a)/J-imprimitivity bimodule [25,
Proposition 3.25]. In view of Remark 4.3 and Lemma 4.2,

(4.8) . fz+ X Ty + X T) e (u(@) , uly))

defines an isomorphism of C/K = Cy(X,A) X,gq G/K onto A x,, G. Since
Co(X, A) X790 G/K = Cy(X, A)/ ker ® X5, G by Lemma 4.2 and [13, Proposition
12}, and since ¥ induces an equivariant isomorphism of Cy(X, A)/ ker & onto A, it
follows that C/K = A x, G. Since this isomorphism is the identity on C.(G, A4),
the universal norm and the reduced norm coincide on C.(G, A). O

Lemma 4.4. Let X, G, and H be as in Theorem 8.1, and let Y be as in Prop-
osition 4.1. Suppose that (A,a x B) € Gaxu(X). Then there is a dynamical
system B x 11 H — Aut(A x, G) such that B x u,(f)(s) = Bu(f(s)) for h € H and
f € C.G, A). Furthermore, (Axo G, Bx1) belongs to Gx(G\X), and is equivalent

o (A%, B) via (Y,u), where up(z) = Bn(x) for h € H and x € Ap.

Proof. The assertions concerning (3 X ¢ are verified by routine computations as are
the formulae

(un(@), un())(s) = Bu( (@, ))(s), and
2(un(@) , un(®)). = Bu(B7 )z, v) ) = 2Bu((z, 1) ),
where x,y, 2z € Ag. Now it follows that u extends to an action of H on Y such that
(AXg G, Bx1) ~yw (A%, B)

as claimed. O
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Suppose that 7y : A — B('H) is a nondegenerate representation. Let \¢ denote
the left-regular representation of G on L?(G). Then the representation IndS (o, 1)

of Ax G induced from 7 is the integrated form of the covariant pair (IndG 0, \®
1) on L?(G,H) = L*(G) ® H given by

(A9 @ 13)s€(r) = €(s7'r) and
(IndG mo(a))é(r) = mo o a; ' (a)é(r).

When 7 is faithful, IndS (g, ¢) is a faithful representation of the reduced crossed
product A X, G called a regular representation [19, Theorem 7.7.4].

Theorem 4.5. Suppose X, G, and H are as in Theorem 3.1, and (A,a x ) €
Gaxu(X). Then regular representations of (A%, B) are faithful if and only if reqular
representations of (A?, &) are faithful.

Proof. Assume that regular representations of A% x5 H are faithful. Let
L:C(GxHA) CAxNgxp (Gx H)— C.(H,C.(G,A)) C(AxaG) xpgw, H

be the natural *-homomorphism. If (m,U x V) is a covariant representation of
(A,G x H), then a straightforward calculation shows that

(4.9) (mxU)xV)oL=mxUxV).

It follows immediately from (4.9) that L is isometric for the universal norm and
extends to an isomorphism of A X4 (G x H) onto (A xa G) Xgx, H.

Let mp : A — B(H) be a faithful representation of A, and let M be the regular
representation Indf><H (mo,¢) of A Xaxp (G x H). Note that M is the integrated
form of (Ind“*# 7y, A6 @ 15). Let A6 @ 15y = U x V, and write, abusing
notation slightly, U = A° @ 12y %) and V = A @ 12(¢3). Then (4.9) implies
that L intertwines M with

(IndGXH o XM (/\G & 1L2(H,H))) ball ()\H ® 1L2(G,H))'

Since Ind“*# 75 1 (AY ® Lr2(s,7)) is equivalent to Ind? (IndG mo ¥ (AY ® 1y)),
and since Proposition 4.1 implies that I := Ind®my x (A% ® 13) is a regular

representation of (A x4 G) Xy, H, Lemma 4.4 and Combes’s corollary in [5, §6]
imply that II is faithful. Therefore, M is faithful (and A x,xs (G x H) is QS-

regular).
Now we can interchange the réles of G and H and reverse the argument above
to prove that regular representations of A? x4 G are faithful. O

Corollary 4.6 ([20, Theorem 4.2]). Suppose that (D,axf) € Saxu(X), and that
G, H, and X are as in Theorem 3.1. Then regular representations of Ind (D, a)
X ugg H are faithful if and only if regular representations of Ind)h(,(D, B) Mrega G
are faithful.

Remark 4.7. Given commuting free and proper actions of G and H on X, it cer-
tainly may be the case that the action of G x H is neither free nor proper. But if
G x H does act freely and properly, then regular representations of A X,x g (G x H)
are faithful, and the proof of Theorem 4.5 shows that regular representations of
A® x5 H (and AP x5 G) are always faithful.
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The proof of Theorem 4.5 suggests another proof of the Morita equivalence of
A% x5 H and AP x4 G given in Theorem 3.1. First, recall that if two systems
(A, @) and (B, () are Morita equivalent via (X,u), then the corresponding crossed
products are Morita equivalent via an imprimitivity bimodule X x, G which is
the completion of C.(G,X) ([5, §6]), equipped with C.(G, A) and C.(G, B) actions
and inner products defined as follows. For f € C.(G,A), g € C.(G,B), and
&, n € C.(G,X), let

(4.10) /f (€ 1s) dr,

(4.11) £ g(s) = G&(T)-ﬁr(g(r_ls))dn

(4.12) ed€om) = [ (60 Aats s
(4.13) €y (0= [ B (e o), )

Since Lemma 4.4 implies that (Y,u) implements an equivalence between
(AxaG,Bx1) and (A%, B), it follows that (A X, G) X gyx, H (which we identify with
Axoxp(Gx H))is Morita equivalent to A% x5 H via the AxXqxg(Gx H)~ A%xzH-
imprimitivity bimodule Y x,, H. Similarly, A Xoxg (G x H) is Morita equivalent
to AP x4 G via the imprimitivity bimodule Y x, G, where v,(z) = a4(x) for all
x € Ag. Therefore, we obtain an A® xz; G- A% x 5 H-imprimitivity bimodule
(Y 4, GY®c (Y 1y H), where C := A x4xp (G x H) and (Y %, G) is the dual
bimodule.

The bimodule (Y x, G)®c¢ (Y %, H) is isomorphic to the module arising in the
proof of Theorem 3.1 which is the quotient Z<* ®# s of the Ind (A, @) X rgps
H- Indﬁ(A, B) X6 ge G-imprimitivity bimodule Z = C,(X, A) of the symmetric
imprimitivity theorem [21, Theorem 1.1]. We give a proof of this only in the case
A = Cy(X, D) so that Rieffel’s fixed point algebra is Indy (D, @) (see Example 2.8).
Here, Y equals the Cy(X, D) X, cgq G- Ind)G((D7 «)-imprimitivity bimodule X de-
scribed at the beginning of the section by equations (4.1)—(4.4).

Lemma 4.8. Let A = Cy(X, D). Also let Z be as above, and let W = (X x, G)~
Qm(X Xy H), where M = Cy(X,D) X,cgaxrrgg (G x H). The map Q :
b(C(G x X, D)) ® Co(H x X, D) — Co(X, D) defined by

Qb(&) ®n)(2)
// a1 B (E(s, sz AT n(h,s-x-h_l))AH(h)‘%Ag(s)*%dH(h) de(s)
extends to an imprimitivity-bimodule isomorphism  : W — Z.

Proof. Since Q(b(€) ® n) clearly has compact support in z, to see that it belongs
to C.(X, D) it will suffice to see that it is continuous on X. However, Q(b(¢) ® n)

is of the form
] P du ) dets)
GJH

for some F € C.(G x H x X, D), and the continuity follows from the uniform
continuity of F'.
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Now we check that 2 preserves the inner products. For ease of notation, we
write L := Ind (D, ) X,cgq G and R := Ind& (D, a) x,#gs H. The bimodule Z
is built as follows. If Lo := C.(G,Ind} (D, 3)) is viewed as a subalgebra of L and
if Ry := C.(H,Ind3(D,a)) is viewed as a subalgebra of R, then Zy := C.(X, D)
admits Lo and Ry actions and inner products defined as follows. For b € Ly,
f,9 € Zy, and ¢ € Ry,

(4.14) / b(s,x)Ag(s % S(f(s7 ) ds,
(4.15) few) = / B (flehNe(h~t 2 - 1) Ay ()} dh,
(4.16) (f g)(s,x) _%/ Bulf(x - h)as(g(s™ Y.z h)*)] dh,

1

(417 (f,a), (ha) = An(h)~ /G ar(f(E - 2) Bu(g(t™ - b)) dt.

Using (4.16) and viewing Lo C C.(G,Ind} (D, )) C C*(G x X, D),
<Q( &) em), Qb (52)®772)>( ,T)
= Aq(s _%/ ﬁh 51 ®171)(a:-h)as(ﬂ(b(§2)®n2)(s'1 Jih))*] dr(h)

B /H/H/G/H /Gﬁhu)_loérf1 (&(ryr -z hw™ ) (w, 7 -z - hw™))

Bru-10tsp-1 (2 (u, v~ - 2 - hu"Y ) & (v,vs™ -z huh))
’U_lTSAH(’wU)_%Ag(STU)7% dg(r) dg(w) de(v) dg (u) dg (k)

which, after interchanging the order of integration as necessary and performing the

changes of variables, v — v~ rs, u + u~tw, and h — hw, equals

/;{/H/G/;I/G/Bhar—l(gl(r,r-x.h)*nl(wﬂn.x.h))

Brutr—1, (n2(u™ w0 ' a- hu)* (v rs, v e - 2 - hu))

Ac() 2 Ay (wu YA (u)? do(r) dy(w) de (v) de (w) d (h).

We aim to show that this coincides with the internal L-valued tensor product on
b(CC(G x X, D)) © C.(H x X,D) C W. Recall that M := Cy(X, D) X, cgaxrHes
(G x H).

L<<b(§l) ® m, b(£2) & 7)2>>(87x) = L<b(€1) 3 b(&?) : M<7)2 ) 7’]1>>(8,IE)
L(b(gl) ) b(M<7717772> ) 52» (S,I)
= (&, (m,m)- &) (s,2)

B[ 10 o a (@0 utmm) &), ) @ o)

= [ (@0 s - &l ., (0)) dotr

(4_;_3)// O -1 oﬁh[ﬁl(r,r‘x'h)*M@hﬂ?ﬁ‘52(T5,T‘x‘h)]dH(h)dG(T)
GJH

Ind % (D,B)
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which, using (4.10) and then (4.1), and viewing M C C.(G,C.(H,Co(X,D))) C
C.(G x H x X, D), equals

////a’""loﬁh &ulryr-a-h)* (n,me) (v, u,r - - h)

Buoay (& rs, v x hu))]AH(u)2 dyg(uw) da(v) dg(h) da(r)
which, now viewing M C C.(H,C.(G, Co(X,D))) and using (4.12), is

/G/H/G/H/HOZT‘1 oBplé(r,r-a-h)*

Co(X. D)% g <7h ), Ap(u” 1w)7' ®,3u(772(u lw, ))>(’U,T-$-h)

Bu 0 (52( Yrs, o7z hu))]AH(u)% dy(u)dpg(w) dg(v) du(h) da(r).

Using (4.4), the above is seen to coincide with the final formula for L<Q() , Q).
A similar argument applies to the right-hand inner products.
To see that ) is a bimodule map, we proceed using (4.14):

Qf- 0 @n)) (@) =bE- 1) @n)()
//as-lﬁh (€ F(sys @b (s 2 A7)
()72 Am(h) "% da(s) du(h)
///ﬁhl l,a b)) o 1B (€0, @ - (ks b))

)2 A (h) "2 Ag(s ) da(v) da(s) dr (h)

///ﬁhl $,@h 1)) o181 (E(v,vs xR

n(hyvs™t -z h™)) Ag(v —) 2 A (h)™% dg(v) de(s) du (h)
///fsxasv-lahl(av vs~l b (s b))
Ag(vs™) 2 Ay (R) % dg(v) da(s) du(h)
= [ feman@6@ @ )6 m) A6l dats)
= f-20(&) ©n)(=).

‘We omit the calculation showing that {2 respects the right action.

Now Q extends to an isometric bimodule map € : W — Z and Q(W) is a closed
L~ N-subbimodule. Since (W), Q(W)) = L, we must have Q(W) = Z since the
Rieffel correspondence is a bijection. This completes the proof. O

5. THE PROOF OF THE SYMMETRIC IMPRIMITIVITY THEOREM

Our purpose here is to fix a minor gap in the proof of Lemma 1.2 of [21]. The
gap occurs in equation (5): because the functions g; depend on the compact set L,
when we pass to m > my, |Jsupp ¢; will increase and (5) may no longer hold. We
thank Kevin Mansfield for drawing this to our attention.

To avoid this problem, we add to our index set (IV,L,¢,j) a relatively com-
pact open subset U of P such that «#(U) D L, and add to the definition of m =
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(N,L,U,¢,j) > my = (No, Lo, Uy, €0, jo) the requirement that U N 7=1(Ly) C Uy,
where 7 : P — P/H is the orbit map. (So that, loosely speaking, the sets U are
getting thinner in the direction of the H-orbits, and stretching out along P/H.)
Now we can proceed as in [26, p. 307], choosing the compact set C to satisfy C C U
as well as 7(C) D L, and the open covering {U;} to consist of open subsets U; of
U. Then the functions g; will also satisfy suppg; C U.

In choosing my, we take Uy to be a relatively compact open set such that m(Up) D
Ly, and 7o such that

(5.1)  lldb(k,p) — b(k,p)|| < §/8 for j > jo and (k,p) € (Up N7~ (Lo)).

Now if m > myg, and both g;(p) # 0 and b(k,p) # 0, then p belongs to U and
to m1(Ly), so that (k,p) € K x (UNn (L)) C K x (Up N7 (Lg)), and the
estimate (5.1) applies.

We hope that the rest of the argument in [21] carries over.

Our proof of the strong continuity of the actions & in Theorem 3.1 depends on
the strong continuity of the diagonal action 7¢ ® o on Ind (4, ). This continuity
was used without comment in [21]. We include a proof here for completeness.

Lemma 5.1. Suppose that we have commuting free and proper actions of locally
compact groups G and H on a locally compact space X. Let a and 3 be commuting
actions of G and H on a separable C*-algebra A. Then the diagonal actions 7€ ®a :
G — Aut(Indg (A, B8)) and 7 ®B : H — Aut(Ind (A, a)) are strongly continuous.

Proof. Let v = 7¢ @ a. Suppose that t; — ¢ in G. Since Indj (A, ) is a nondegen-
erate Co(X/H)-module, functions f for which zH — || f(z)|| has compact support
L are dense in Ind} (A, 8), and it is enough to prove that Y, (f) — v (f) for such
f. Let N be a compact neighborhood of ¢, and choose iy such that i > iy implies
that ¢; € N. Then all the functions xH — ||y, (f)(x)]| have support in NL. From
the openness of the orbit map p : X — X/H, we deduce that NL = KH for a
compact set K C X, and then for ¢ > ¢y, we have

e (f) = (Nl = sup 176 () (@) = 7 () (@)]]-

Now fix € > 0, and choose i1 > 4o such that ¢ > 41 implies that
lf@t-2) - ftr-2)| <e/2 forallze K,

and |lat, (a) — ay(a)|| < €/2 for all a in the compact set f(¢7! - K). Then i > 4,
implies that ||y, (f) = %(f)ll <e O

6. GREEN’S THEOREM

Theorem 6.1 (Green). The inclusion of Brg(X) into S¢(X) defines an isomor-
phism of Brg(X) onto the subgroup Sq(X)™1 of invertible elements in Sg(X).

We begin by showing that Brs(X) is saturated with respect to the equivalence
relation in G (X).

Lemma 6.2. Suppose that (A,a) € Brg(X) and that (B,3) € Gq(X). If
(B,B) ~ (A,a), then (B, ) € Brg(X), and |4, o] = [B, ] in Brg(X).
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Proof. Let X be a B— A-imprimitivity bimodule over X. Then B has continuous
trace by [29, Theorem 2.15], and hx is a homeomorphism of A = X onto B =
Prim B:

N hx .
(6.1) A———58
X.
Since both hx and o4 are homeomorphisms, so is 0. Thus, (B, ) € Brg(X) as
claimed. O

In view of Remarks 2.11 and 2.3, the above inclusion gives a well-defined injec-
tive group-homomorphism ® of Brg(X) into Sg(X) ™. To complete the proof of
Theorem 6.1, we only need to see that ® is surjective. To do this, it will suffice
to show that if [A, a] has an inverse in Sg(X), then A has continuous trace and
that o4 is a homeomorphism onto X. Since [A4,a] € Sg(X)™! certainly implies
[A] € S(X) 1, it suffices to show only that if [A] is invertible in S(X), then A is a
continuous-trace C*-algebra and that o4 is a homeomorphism.

By definition, A has continuous trace if and only if the (not necessarily closed)
ideal m(A) of continuous trace elements is dense [8]. Recall that every C*-algebra
has a dense hereditary ideal x(A), which is minimal among all dense ideals [19,
Theorem 5.6.1]. The ideal k(A) is called the Pedersen ideal of A. Tt can be con-
structed as follows. Let C; ((0,00)) be the set of compactly supported nonnegative
functions on (0, c0). Put

ko(A) :={f(a) :a € AT and f € C}((0,00)) }.
Then k(A) is the ideal whose positive elements are exactly
k(A)T:={a€e AT :a <Y | a; with each a; € Ko(A) }.

Observe that A has continuous-trace if and only if K(A) C m(A).

A C*-algebra is called elementary if it is isomorphic to the compact operators
on some Hilbert space. If A is an elementary C*-algebra and if 7 : A — K(H,)
and n: A — K(H,,) are two realizations of A as the algebra of compact operators,
then there is a unitary operator U : H, — H,, such that Un(a) = n(a)U. It follows
that the the usual traces on B(H.)* and B(H,)" satisfy tr(m(a)) = tr(n(a)).
Consequently, there is a canonical trace, tr, on an elementary C*-algebra.

Lemma 6.3. Suppose that A and B are C*-algebras and that A®Q, . B is elemen-
tary. Then A and B are elementary.

We thank Siegfried Echterhoff for suggesting the following argument.

Proof. Since A® .« B is simple, it coincides with the spatial tensor product A®, B,
and it will be more convenient to deal with the latter here. Suppose A is not simple,
and [ is a nonzero proper ideal in A. Then I ®, B is a nonzero ideal in A ®, B.
Let 7 be a nondegenerate representation of A with ker(n) = I. Then if 7 is any
nonzero nondegenerate representation of B, m ® n is a nonzero representation of
A ®, B such that 7 ® n(I ®, B) = {0}. This would imply that A ®, B was not
simple. Thus we can conclude that A, and by symmetry B, are simple.

Let 7 and 7 be irreducible representations of A and B, respectively. Since A and
B are simple, m and 7 are faithful, and 7 ® 7 is a faithful irreducible representation
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of A®, B (cf., e.g., Corollary B.11 and Lemma B.36 of [25]). Thus 7 ® n(4A ®, B)
is isomorphic to K(H, ® H,).

Now suppose there is an a € A such that 7(a) is not a compact operator on
Hr. There there is a sequence { h; } of unit vectors in H, such that {w(a)h;}
has no convergent subsequence. Choose b € B and v € H,, such that n(b)v # 0.
Then {7 ® n(a ® b)(h; ® v) } has no convergent subsequence. This contradicts the
compactness of 7 ®n(a®b). Therefore 7(A) is an irreducible subalgebra of K(H.),
and hence 7(A4) 2 K(H,) by [1, Theorem 1.4.2]. O

Lemma 6.4. Suppose that A and B are C*-algebras, that a € x(A)T, and that
be k(B)". Then a®b € k(A ®y B) for any C*-norm ~. Moreover, the image of
a®bin A®x B belongs to k(A ®x B).

Proof. We can suppose that there are elements a; € k(A)y and b; € ko(B) such
that

n m
GSZ(M and ngbj.
i=1 j=1

Since it is not hard to see that a ®b <37, s a; ® by, it suffices to prove the lemma
in the case a € ro(A) and b € ko(B). Then there are z € A" and y € BT as
well as f,g € CF((0,00)) such that a = f(x) and b = g(y). Let h € C((0,00))
be such that h(z) = 1 for all € supp(f) Usupp(g). Let z = h(z) ® h(y). Note
that @ ® b and z are positive, and that (¢ ® b)z = a ® b. It follows that a ® b
belongs to k(A ®, B). But if 7 : A ®umax B — A ®x B is the quotient map, then
m(a ® b)m(z) = m(a ® b). The last assertion follows from this. O

Lemma 6.5 ([11, Lemma 2.4]). Let A and B be Cy(X)-algebras. Then the map
(a ®x b)(z) — a(z) ® b(x) defines an isomorphism of the fibre A @ x B(x) onto
A(2) ®max B(z) for allz € X.

Lemma 6.6. Suppose that A and B are in 6(X), and that AQx B has continuous
trace with spectrum X . Then A and B both have continuous trace with spectrum X .

Proof. We first show that A is CCR and has Hausdorff spectrum X. By assumption
A®x B has continuous trace and is therefore CCR. Thus (A® x B)(x) is elementary
for all z € X. Consequently Lemmas 6.5 and 6.3 imply that A(z) and B(zx) are
elementary for all z € X. Tt follows that o4 : Prim(A) — X and o : Prim(B) — X
are continuous bijections, and that A and B are CCR. We still need to see that o4
and op are homeomorphisms.

For each a € A, let fy(z) := |a(z)|. Note that f, is upper semicontinuous
by Lemma 2.1(a). Now fix a € A and y € X. Note that if f,(y) = 0, then f,
is actually continuous at y. If f,(y) # 0, then choose b € B such that ||b(y)| #
0. Then since A ®, B has Hausdorff spectrum, f,gs = fofy is continuous and
strictly greater than zero near y. In particular, f, is strictly positive near y and
fo = fafb/fo. Since the product of nonnegative lower semicontinuous functions is
lower semicontinuous, the latter is lower semicontinuous (where it is defined). Tt
follows that f, is continuous at y in general. Thus f, is continuous for all a € A,
and it follows from Lemma 2.1(b) that o4 is open. Thus A is CCR with spectrum
homeomorphic to X via 04. The same holds for B by symmetry.

To show that A has continuous trace, we will show that x(A)T C m(A). Fixa €
k(A)* and y € X. Since B is CCR and x(B)™ is dense in BT, thereisa b € x(B)™"
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such that 0 < tr(b(y)) < oo. Since z + tr(b(x)) is always lower semicontinuous
[19, Proposition 4.4.9], it follows that tr(b(z)) # 0 near y. Lemma 6.4 implies
that a @ b € k(A ®x B)t. Since m(A ®x B) is dense by assumption, a ® b is a
continuous-trace element and

g(z) := tr(a ® b(z))
defines a continuous function on X. Since the natural map from (A ®x B)(z) onto
A(Z) ®max B(x) is an isomorphism (Lemma 6.5),

tr(a®b(x)) = tr(a(z) ® b(x)) = tr(a(x)) tr(b(z)).

Let gq(z) := tr(a(z)). Then g, = g/gs near y. Since g, and g, are lower semi-
continuous and since the product of nonnegative upper semicontinuous functions
is always upper semicontinuous, it follows that g, is continuous at y. This proves
that k(A)* C m(A). Therefore m(A) is dense and A has continuous trace. The
same holds for B by symmetry. O

Proof of Theorem 6.1. 1f [A] has an inverse in S(X), then there is a B € &(X) such
that A ® x B is Morita equivalent to Cy(X) over X. In particular, A ® x B has
continuous trace with spectrum X, and the theorem follows from Lemma 6.6. [
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