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CLASSIFICATION THEOREMS FOR THE C*-ALGEBRAS
OF GRAPHS WITH SINKS

IAIN RAEBURN, MARK TOMFORDE AND DANA P. WILLIAMS

We consider graphs E which have been obtained by adding one or more sinks to a fixed
directed graph G. We classify the C*-algebra of E up to a very strong equivalence
relation, which insists, loosely speaking, that C*(G) is kept fixed. The main invariants
are vectors Wg : G® - N which describe how the sinks are attached to G; more
precisely, the invariants are the classes of the Wg in the cokernel of the map A — I,
where A is the adjacency matrix of the graph G.

The Cuntz-Krieger algebras O, are generated by families of partial isometries satis-
fying relations determined by a finite matrix A with entries in {0, 1} and no zero rows [2].
One can view O4 as the C*-algebra of the finite directed graph E with vertex adjacency
matrix A [12]; note that E has no sinks because A has no zero rows. In recent years
there has been a flurry of interest in analogues of these algebras for infinite graphs and
matrices (see [5] and [3], for example).

It was shown in [10] that the graph algebras of [5] and the Exel-Laca algebras of
[3] can be realised as direct limits of C*-algebras of finite graphs with sinks. Since sinks
were specifically excluded in the original papers, it is now of some interest to investigate
the effect of sinks on the structure of the graph algebra and its K-theory. The results
of [1] and [10] show that this effect can be substantial, depending on how the sink is
attached to the rest of the graph. Here we shall prove some classification theorems for
graphs with sinks which describe the effect of adding sinks to a given graph.

Suppose E is a row-finite graph with one sink v. The set {v} is hereditary, and
therefore gives rise to an ideal I(v) in the C*-algebra C*(E) of E. According to general
theory, the quotient C*(E)/I(v) can be identified with the graph algebra C*(G) of the
graph G obtained, loosely speaking, by deleting v and all edges which head only into
v (see [1, Theorem 4.1]). We consider primarily graphs F with one sink for which this
quotient is a fixed row-finite graph G; we call such graphs 1-sink extensions of G (see
Definition 1.1). The results in {10] suggest that the appropriate invariant should be the
Wojciech vector of the extension, which is the element Wg of [];0Z whose wth entry is
the number of paths in E! \ G! from w to the sink.

Received 17th February, 2004
This research was supported by the Australian Research Council.

Copyright Clearance Centre, Inc. Serial-fee code: 0004-9727/04 $A2.00+40.00.

143



144 I. Raeburn, M. Tomforde and D.P. Williams [2]

We now state our main theorem as it applies to the finite graphs which give simple
Cuntz-Krieger algebras. We denote by Ag the vertex matrix of a graph G, in which
Ag(wy,ws) is the number of edges in G from w, to w,. For any row-finite graph G, A¢g
is a well-defined map on the direct product [[0Z and A% is well-defined on @0 Z

THEOREM Suppose that E; and E, are 1-sink extensions of a finite transitive graph
G.

1. IfWg, —Wg, € im(Ag —I), then there exist a 1-sink extension F of G and
embeddings ¢; : C*(F) — C*(E;) onto full corners of C*(E;) such that the
following diagram commutes

C*(F) *——C(E)
C*(G).
2. If there exist F and ¢; as above, and if ker(A%, —1I) = {0}, then Wg, —~ W,

€ im(Ag — I).

While the invariants we are dealing with are K-theoretic in nature, and the proof
of part (2) uses K-theory, we give constructive proofs of part (1) and of the other main
theorems. Thus we can actually find the graph F. For example, if G is given by

W1 —->»—Wy—>»—W3

and E; and E, are the 1-sink extensions

AN AN
NN

then we can take for F' the graph

)

The concrete nature of these constructions is very helpful when we want to apply them to
graphs with more than one sink, as we do in Section 4. It also means that our classification
is quite different in nature from the K-theoretic classifications of the algebras of finite
graphs without sinks [11, 4]. It would be an interesting and possibly very hard problem



(3] C*-algebras of graphs with sinks 145

to combine our theorems with those of [11, 4] to say something about 1-sink extensions
of different graphs.

We begin in Section 1 by establishing conventions and notation. We give careful
definitions of 1-sink and n-sink extensions, and describe the basic constructions which
we use throughout. In Section 2, we consider a class of extensions which we call essen-
tial; these are the 1-sink extensions E for which the ideal I(v) is an essential ideal in
C*(E). For essential 1-sink extensions of row-finite graphs we have a very satisfactory
classification (Theorem 2.3), which includes part (1) of the above theorem. We show by
example that we cannot completely discard the essentiality, but in Section 3 we extend
the analysis to cover non-essential extensions F; and E, for which the primitive ideal
spaces Prim C*(E,) and Prim C*(E,) are appropriately homeomorphic. This extra gen-
erality is crucial in Section 4, where we use our earlier results to prove a classification
theorem for extensions with n sinks (Theorem 4.1). In our last section, we investigate
the necessity of our hypothesis on the Wojciech vectors. In particular, part (2) of the
above theorem follows from Corollary 5.4. '

1. SINK EXTENSIONS AND THE BASIC CONSTRUCTIONS

A directed graph G = (G% G!,r,s) consists of a countable set G° of vertices, a
countable set G! of edges, and maps r, s : G! — G° which identify the range and source
of an edge. A vertex v € G is a sink if s7}(v) = 0, or a source if r~1(v) = @; G is
row-finite if each vertex emits at most finitely many edges. All graphs in this paper are
row-finite and directed, and unless we say otherwise, G will stand for a generic row-finite
graph. In general, our notation should be consistent with that of [1] and [5).

If G is a row-finite graph, a Cuntz-Krieger G-family in a C*-algebra consists of
mutually orthogonal projections {p, : v € G°} and partial isometries {s. : e € G'} which
satisfy the Cuntz-Krieger relations

5,5¢ = Pr(e) for e € G! and p, = Z Ses; whenever v € G° is not a sink.
{e:s(e)=v}

We denote by C*(G) = C*(se,py) the C*-algebra of the graph G, which is generated by
a universal Cuntz—Krieger G-family {s.,p,} (see [5, Theorem 1.2}).

DEFINITION 1.1: An n-sink extension of G is a row-finite graph E which contains
G as a subgraph and satisfies:
(1) H:= E°\ G is finite, contains no sources, and contains exactly n sinks.
(2)
(3) Ifee E*\ G, thenr(e) € H.
(4)

There are no loops in E whose vertices lie in H.

If w is a sink in G, then w is a sink in E.
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When we say (E,v;) is an n-sink extension of G, we mean that v,,...v, are the n sinks
outside G°. We consistently write H for E°\ G° and S for the set of sinks {v;,...,v,}
lying in H.

If w € H, then there are at most finitely many paths from w to a given sink v;. If
there is one sink v; and exactly one path from every w € H to v;, we call (E,v;) a I1-sink
tree extension of G. Equivalently, (H,s™!(H)) is a tree.

If we start with a graph E with n sinks, these ideas should apply as follows. Let
H be the saturation of the set S of sinks in the sense of (1], and take G := E\ H
:= (E°\ H,E"\ r"}(H)). Then E satisfies all the above properties with respect to G
except possibly (1); if, however, E is finite and has no sources, this is automatic too. So
the situation of Definition 1.1 is quite general. Property (4) ensures that the saturation of
S does not extend into G; it also implies that an m-sink extension of an n-sink extension
of G is an (m + n)-sink extension of G, which is important for an induction argument in
Section 4.

LEMMA 1.2. Let (E,v) be an n-sink extension of G. Then H := E°\ G is a
saturated hereditary subset of E°. Indeed, H is the saturation S of S := {vy,...,v,}.

PRrOOF: Property (3) of Definition 1.1 implies that H is hereditary, and property
(4) that H is saturated. Because S is the smallest saturated set containing S, it now
suffices to prove that H C S. Suppose that w ¢ S. Then either there is a path v from
w to a sink r(y) ¢ S, or there is an infinite path which begins at w. In the first case, w
cannot be in H because r(v) ¢ H and H is hereditary. In the second case, w cannot be
in H because otherwise we would have an infinite path going round the finite set H, and
there would have to be a loop in H. Either way, therefore, w ¢ H, and we have proved
HcCS. 0

COROLLARY 1.3. Suppose that (E,v;) is an n-sink extension of G, and I(S)
is the ideal in C*(E) = C*(s.,p») generated by the projections p,, associated to the
sinks v; € S. Then there is a surjection mg of C*(E) onto C*(G) = C*(ts, qw) such that
nE(se) = te for e € G and wg(py) = gu for ve G, and ker ng = I(S).

PROOF: From Lemma 1.2 and [1, Lemma 4.3], we see that I(S) = I(H), and the
result follows from [1, Theorem 4.1). 0

DEFINITION 1.4: An n-sink extension (E, v;) of G is simple if E°O\G® = {v;,...,v,}.

We want to associate to each n-sink extension (E, v;) a simple extension by collapsing
paths which end at one of the v;. For the precise definition, we need some notation. An
edge e with r(e) € H and s(e) € G is called a boundary edge; the sources of these edges
are called boundary vertices. We write Bf, and BY for the sets of boundary edges and
vertices. If w € G° and 1 < ¢ € n, we denote by Z(w,v;) the set of paths a from w to
v; which leave G immediately in the sense that r{a,) € H. The Wojciech vector of the
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sink v; is the element Wg,,,) of [T5e N given by
Wigw)(w) = #Z(w,v;) for w € G%

notice that W(g,,)(w) = 0 unless w is a boundary vertex. If E has just one sink, we
denote its only Wojciech vector by Wg.
The simplification of (E,v;) is the graph SE with (SE)? := G°U {vy,...,v,},

(SE)! :=G'U {™) : w € By and a € Z(w, ;) for some i},

sler = sg,  s(e™N =w, r|g=rg and (™) =r(a)

The simplification of (E, v;) is a simple n-sink extension of G with the same Wojciech
vectors as E. We now describe how the graph algebras are related:

PROPOSITION 1.5. Let (E,v;) be an n-sink extension of G, and let {s.,py},
{ts,qw} denote the canonical Cuntz-Krieger families in C*(SFE) and C*(E). Then there is
an embedding ¢5F of C*(SE) onto the full corner in C*(E) determined by the projection

i gv; + Y {quw : w € G°}, which satisfies $°Z(p,) = g, for all v € G°U{v;}, and for which
i=1

we have a commutative diagram involving the maps ng of Corollary 1.3:

¢SE
C*(SE) C*(E).
k‘ %
C*(G)
ProoOF: The elements
te ifee Gt

P,:=¢, and S, := {

te ife=ewe)

form a Cuntz-Krieger (SE)-family in C*(E), so there is a homomorphism ¢°F := 75 p :
C*(SE) — C*(E) with ¢5E(p,) = P, and ¢°E(s,) = S.. We trivially have ¢5E(p,) = ¢,
forve G°US.

To see that ¢ is injective, we use the universal property of C*(E) to build an
action 8 : T — Aut C*(E) such that

2t if s(f) € G

B:(qw) = q» and ﬁz(t/) = .
t;  otherwise,

note that ¢5F converts the gauge action on C*(SE) to 8, and apply the gauge-invariant
uniqueness theorem [1, Theorem 2.1].
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It follows from [1, Lemma 1.1] that 3"g, + 3> {qw : w € G°} converges strictly to a
projection ¢ € M(C*(E)) such that =1

. taty ifs{a) eGUS
Tlaty = ,
0 otherwise.

Thus ¢C*(E)q is spanned by the elements t,t3 with s(a) = s(8) € G°U S, and by
applying the Cuntz-Krieger relations we may assume r(a) = r(8) € G® U S also, so that
the range of ¢ is the corner gC*(E)q. To see that this corner is full, suppose I is an ideal
containing ¢qC*(E)q. Then [1, Lemma 4.2] implies that K := {v : g, € I} is a saturated
hereditary subset of E?; since K certainly contains G°U S, we deduce that K = E°. But
then I = C*(E) by (1, Theorem 4.1]. Finally, to see that the diagram commutes, we just
need to check that gz and 7g o ¢5Z agree on generators. 0
It is convenient to have a name for the situation described in this proposition:

DEFINITION 1.6: Suppose (E,v;) and (F,w;) are n-sink extensions of G. We
say that C*(F) is C*(G)-embeddable in C*(E) if there is an isomorphism ¢ of C*(F)
= C*(s¢,py) onto a full corner in C*(E) = C*(ty, q,) such that ¢(p,,) = g, for all 7 and
ngo¢ =7 : C*(F) = C*(G). If ¢ is an isomorphism onto C*(E), we say that C*(F)
is C*(G)-isomorphic to C*(E).

Notice that if C*(F) is C*(G)-embeddablein C*(E), then C*(F) is Morita equivalent
to C*(FE) in a way which respects the common quotient C*(G).

We now describe the basic construction by which we manipulate the Wojciech vectors
of graphs.

DEFINITION 1.7: Let (E,v;) be an n-sink extension of G, and let e be a boundary
edge such that s(e) is not a source of G. The outsplitting of E by e is the graph E(e)
defined by

E(e)’:== E°U{v'}; E(e)':= (E'\{e})U{}u{f': f € E' and r(f) = s(e)}
(r,9)|lengey := (TE,88);  7(€) :=7E8(e), 8(¢) :=2'; r(f) =7, s(f') :=se(f).
In general, we call E(e) a boundary outsplitting of E.
The following example might help fix the ideas:
g

E: hC éw E(e): Wl

el
vV——y’

If (E,v;) is an n-sink extension of G, then every boundary outsplitting (E(e), v;) is
also an n-sink extension of G; if (E, vp) is a 1~sink tree extension, so is (E(e), vp). We need



i7] C*-algebras of graphs with sinks 149

to assume that s(e) is not a source of G to ensure that E(e) is an n-sink extension, and
we make this assumption implicitly whenever we talk about boundary outsplittings. As
the name suggests, boundary outsplittings are special cases of the outsplittings discussed
in [7, Section 2.4].

PROPOSITION 1.8. Suppose (E(e),v;) is a boundary outsplitting of an n-sink
extension (E,v;) of G. Then C*(E(e)) is C*(G)-isomorphic to C*(E). If E is a l-sink
tree extension, then the Wojciech vector of E(e) is given in terms of the vertex matrix
Ag of G b_y

(1.1) Wee) = Wi + (Ag — I) bs(e)-

PROOF: Let C*(E) = C*(th,qw)- Then

(

Qv if v # s(e) and v # '
Py = { ¢t ifv=1
(Gs(e) — tets ifv = s(e)
(te ifg=¢
S, = 4 tg(gse) — tetz) if g # € and r(g) = s(e)
titets if g = f' for some f € E' with r(f) = s(e)
tg otherwise

\

is a Cuntz-Krieger E(e)-family which generates C*(E). The universal property of
C*(E(e)) = C*(sq,py) gives a homomorphism ¢ = mgp : C*(E(e)) — C*(E) such
that ¢(sy) = Sy and @(p,) = P,, which is an isomorphism by the gauge-invariant unique-
ness theorem {1, Theorem 2.1]. It is easy to check on generators that ¢ is a C*(G)-
isomorphism.

When H is a tree with one sink vy, there is precisely one path -y in E from r(e) to v,
and hence all the new paths from a vertex v to v, have the form f'y. Thus if v # s(e),

Wi (v) = Wg(v) + #{f' € E(e)' : s(f') =v and f' ¢ E'}
=Wg(v) + #{f € G°: s(f) = v and r(f) = s(e) }
= Wg(v) + Ag(v, s(e)).

On the other hand, if v = s(e), then

We) (s(e)) = We(s(e)) + #{f € E(e)' : s(f') = s(e) and f' ¢ E'} — 1
=We(s(e)) +#{f € G :s(f) =s(e) =r(f)} -1
= Wg(v) + Ag(s(e), s(e)) — 1.

Together these calculations give (1.1). 0
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Suppose that &« = ajaz - - o, is a path in G and there is a boundary edge e with
s(e) = r(a). Then E(e) will have a boundary edge a;, at r(an—1), and therefore we can
outsplit again to get E(e)(c),). This graph has a boundary edge o)_, at r{a,—2), and
we can outsplit again. Continuing this process gives an extension E(e, @) in which s(c)
is a boundary vertex. We shall refer to this process as performing outsplittings along the
path a. From Proposition 1.8 we can calculate the Wojciech vector of E(e, a):

COROLLARY 1.9. Suppose E is a 1-sink tree extension of G and « is a path in
G for which r(«) is a boundary vertex. Then for any boundary edge e with s(e) = r(a),

we have
Jel

WE(e,a) =Wg+ E(AG - 1)51‘(0.')'

i=1

2. A CLASSIFICATION FOR ESSENTIAL 1-SINK EXTENSIONS

We now ask to what extent the Wojciech vector determines a 1-sink extension.
Suppose that F; and E; are 1-sink extensions of G. Our main results say, loosely speaking,
that if the Wojciech vectors Wy, determine the same class in coker(Ag — I), then there
will be a simple extension F such that C*(F) is C*(G)-embeddable in both C*(E;) and
C*(E,). However, we shall need some hypotheses on the way the sinks are attached to G;
the hypotheses in this section are satisfied if, for example, G is one of the finite transitive
graphs for which C*(G) is a simple Cuntz-Krieger algebra. We begin by describing the
class of extensions which we consider in this section.

Recall that if v, w are vertices in G, then v > w means there is a finite path v with
s(y) = v and 7(y) = w. For K,L C G°% K > L means that for each v € K there exists
w € L such that v > w. If v is a loop, we write v > L when {r ¥ } > L.

DEFINITION 2.1: A 1-sink extension (E,vy) of a graph G is an essential extension
if GO 2 Vo

We can see immediately that simplifications of essential extensions are essential, and
consideration of a few cases shows that boundary outsplittings of essential extensions are
essential. To see why we chose the name, recall that an ideal I in a C*-algebra 4 is
essential if 7N J # 0 for all nonzero ideals J in A, or equivalently, if al = 0 implies a = 0.
Then we have:

LEMMA 2.2. Let (E,v) be a 1-sink extension of G. Then (E,v) is an essential
extension of G if and only if the ideal I(vy) generated by p,, is an essential ideal in

C*(E)=C (Se,Pu)~
PROOF: Suppose that there exists w € G® such that w % vo. Then since

I(vo) = Span{sasﬂ a,f € E* and r(a) =r(f) = Uo}

(see [1, Lemma 4.3]), we have p,J{vg) = 0, and I(vp) is not essential.
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Conversely, suppose that G® > vy. To show that I(vp) is an essential ideal it suffices
to prove that if # : C*(E) — B(H) is a representation with kerm N I(vp)} = {0}, then
m is faithful. So suppose kerw N I(vp) = {0}. In particular, we have n(p,,) # 0. For
every v € GO there is a path o in E such that s(a) = v and r(a) = vy. Then 7(s}sq4)
= m(py,) # 0, and hence w(p,) 2> 7(sas;) # 0. Since every loop in a 1-sink extension E
must lie entirely in G, every loop in G has an exit in E; thus we can apply [1, Theorem
3.1] to deduce that 7 is faithful, as required. 1]

We can now state our classification theorem for essential extensions.

THEOREM 2.3. Let G be a row-finite graph with no sources, and suppose that
(Ey,v,) and (E,,vq) are essential 1-sink extensions of G with finitely many boundary
vertices. If there exists n € @0 Z such that the Wojciech vectors satisfy Wg, — WEg,
= (Ag — I)n, then there is a simple 1-sink extension F of G such that C*(F) is C*(G)-
embeddable in both C*(E,) and C*(E,).

We begin by observing that, since a full corner in a full corner of a C*-algebra A is a
full corner in A, the composition of two C*(G)-embeddings is another C*(G)-embedding.
Thus it suffices by Proposition 1.5 to prove the theorem for the simplifications SE, and
SE,. However, since we are going to perform boundary outsplittings and these do not
preserve simplicity, we assume merely that F; and E, are 1-sink tree extensions. The
following lemma is the key to many of our constructions:

LEMMA 2.4. Let(Ey,v,) and (E», vp) be 1-sink tree extensions of G with finitely
many boundary vertices, and suppose that By, > B}, > B}, . Ify isaloop in G such that
v 2 By, then for any a € Z there are 1-sink tree extensions E| and E}, which are formed
by performing a finite number of boundary outsplittings to E, and E,, respectively, and
for which

Il
WE; — WE-; =Wg, — Wg, + a( Z(AG - 1)5,-(7].)) .

j=1

PRrOOF: Since the statement is symmetric in E; and E,, it suffices to prove this
for a > 0. Choose a path o in G such that s(a) = r(y) and r{e) € B},. Since BY,
is finite, going along paths from r(a) to B}, and then to and fro between B}, and By
must eventually give either (a) a loop p which visits both B} and BY,, and a path 8
with 5(8) = r(a) and r(B) = s(u) € Bg,, or (b) a vertex v € B}, N BY, and a path
with s(8) = r(a) and r(8) = v.

We deal with case (a) first. Since there are boundary edges e, € BE, and e; € B};2
with s(e;) on u, we can perform outsplittings along u to get new tree extensions F;(e;, u'),
where ' is the loop p relabelled so that it ends at s(e;). Because p! and p? have the
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same vertices as 4 in a different order, Corollary 1.9 gives

ful
W eow) = W +_(Ac = 1)bruy),
j=1
so we have W, (¢, u1) — Wgy(es,u2) = WE, — WE,. Since 7(f5) = s(u), and in forming
both E;(e;, ') we have performed an outsplitting at s(x), s(8js) is a boundary vertex
in both E;(e;, p'); say fi € B, has s(f;) = s(Big). Write 8 = B'Bjg, ¥° for the path
obtained by going a times around 7, and define

E; = El(ely #1)(f1,’)’aaﬂ') and E; = E2(62,“2)(f21aﬁ,)-

We now compute the Wojciech vectors using Corollary 1.9: for example,

18-1 | 51
We, = Wg (eyut) + (Ag — ( Z (5,(51) + 2(5,-(01) + Z adr(v;) )

The formula for Wg; is the same except for the last term, so

hl
Wy = Wey = Wei(e ) = Wyteaut) + ) a(AG = 1)érry)
. 7=1
b
= WE‘x - WEz + ZG(AG - 1)6"(7:‘)’
i=1
as required.
In case (b), we can dispense with the first step in the preceding argument: we choose
boundary edges f; € B, with s(f;) = v, and then

1 := Ev(fi,7%af) and Ej := Ey(fa, aB)

have the required properties. 0

PRrROOF OF THEOREM 2.3: As we indicated earlier, it suffices to prove the theorem
when E; and E, are tree extensions. It also suffices to prove that we can perform boundary
outsplittings on E; and E; to achieve extensions F; and F, with the same Wojciech vector;
Propositions 1.5 and 1.8 then imgly that we can take for F' the common simplification

of Fy and F5. We can write n = ) axd,, for some finite set {wy,ws,...,wn} C G We
k=1
shall prove by induction on m that we can perform the required outsplittings. If m =0,

then Wg, = Wg,, and there is nothing to prove So we suppose that we can perform

m+1
the outsplittings whenever n has the form E axby,, and that n = ) axd,,. Let D be
k=1 k=1

the subgraph of G with vertices D° := {w;,ws,..., W41} and edges D' := {e € G! :
s(e),r(e) € D°}. Since D is a finite graph it contains either a sink or a loop.
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If D contains a sink, then by relabelling we can assume the sink is w,,4;. Since
Ag(Wmir,w;) = 0 for all j, we have

We, (Wmnt1) = W, (Wmt1) — @me1-

Thus either E; or E, has at least |an,+1| boundary edges leaving w,,,1: we may as well
assume that a,,4; > 0, so that Wg,(wm41) 2 @ms1. We can then perform ay,,; boundary
outsplittings on F5 at wmy41 to get a new extension Ej). From Proposition 1.8, we have
Wey = Wg, + am+1(Ag — I)by,,,,, and therefore

WE‘ = WE; + (AG - I)(Zakéwk).
k=1

Since Fj is formed by performing boundary outsplittings to the essential tree extension
E,, it is also an essential tree extension, and the inductive hypothesis implies that we
can perform boundary outsplittings on E| and E} to arrive at extensions with the same
Wojciech vector.

If D does not have a sink, it must contain a loop <. If necessary, we can shrink «
so that its vertices are distinct, and by relabelling, we may assume that w,,;; lies on
~. Because the extensions are essential, we have G° > B} and G® > BY,, so we can
apply Lemma 2.4. Thus there are 1-sink tree extensions E] and E} formed by performing
boundary outsplittings to E, and E,, and for which

gl
WE; — WE; =Wg, — Wg, —amq1 Z(AG - 1)5,-(7,-)-
=1

But because Wg, = Wg, + (Ag — I)n this implies that
W, = Wg, + (Ag — 1)(21),-5,”,.),
Jj=1

where b; = a; — am4 if w; lies on v, and b; = a; otherwise. We can now invoke the
inductive hypothesis to see that we can perform boundary outsplittings to E] and E} to
arrive at extensions with the same Wojciech vector.

This completes the proof of the inductive step, and the result follows. 0

REMARK 2.5. The graph F in Theorem 2.3 has actually been constructed in a very
specific way, and it will be important in Section 4 that we can keep track of the procedures
used. We shall say that one simple extension F has been obtained from another E by
a standard construction if it is the simplification of a graph obtained by performing a
sequence of boundary outsplittings to E. The graph F in Theorem 2.3 has been obtained
from both SE, and SE, by a standard construction.
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The next example shows that the hypothesis of essentiality in Theorem 2.3 cannot
be completely dropped.

ExAMPLE 2.6. Consider the following graph G

.0

Wy —»—1W9y

and its extensions F; and E;

W, 0

Ei: V—eWj—>—1Wy E,;: W] = W~V

Q

Note that Fj is essential but £} is not. On one hand, we have Ag = (2 1) ,Wg, = (1) )

0 2 0
and Wg, = <(1)), SO

weeman(3)-( ) (2)-won )

On the other hand, we claim that C*(E,) is not Morita equivalent to C*(E,), so that
they cannot have a common full corner. To see this, recall from (1, Theorem 4.4] that the
ideals in C*(E;) are in one-to-one correspondence with the saturated hereditary subsets
of E?. The saturated hereditary subsets of E{ are {v;}, {v1, w2}, {v1, w;, ws} and {ws},
and those of EJ are {vs}, {vz, w2} and {vz, w;,wy}. Thus C*(E}) has more ideals than
C*(E;). But if they were Morita equivalent, the Rieffel correspondence would set up a
bijection between their ideal spaces.

This example shows that the way the sinks v; are attached to G can affect how
the ideal I(wp) lies in the ideal space of C*(E). In the next section, we give a simple
condition on the way v; are attached which ensures that the primitive ideal spaces of
C*(E;) are homeomorphic, and show that under this condition there is a good analogue
of Theorem 2.3. However, there is one situation in which essentiality is not needed: when
C*(G) is an AF-algebra.

COROLLARY 2.7. Let G be a graph with no sources for which C*(G) is an AF-
algebra, and let (Ey,v,) and (E3,vz) be 1-sink extensions of G. If there exists n € @qo Z
such that Wg, = Wg, + (Ag — I)n, then then there is a simple 1-sink extension F of G
such that C*(F) is C*(G)-embeddable in both C*(E;) and C*{E,).

ProoF: We first recall from [5, Theorem 2.4] that C*(G) is AF if and only if G
has no loops. Now we proceed as in the proof of Theorem 2.3. Everything goes the same
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until we come to consider the finite subgraph D associated to the support of the vector
n.. Since there are no loops in G, D must have a sink, and the argument in the second
paragraph of the proof of Theorem 2.3 suffices; this does not use essentiality. 0

3. A CLASSIFICATION FOR NON-ESSENTIAL 1-SINK EXTENSIONS

Recall from [1, Section 6] that a mazimal tail in a graph E is a nonempty subset of
E° which is cofinal under >, is backwards hereditary (v > w and w € v imply v € 7),
and contains no sinks (for each w € v, there exists e € E' with s(e) = w and r(e) € 7).

DEFINITION 3.1: Let (E,v) be a 1-sink extension of G. The closure of the sink
vg i the set
Tp := U{7 : v is a maximal tail in G and ¥ > vy}.

To motivate this definition, we notice first that the extension is essential if and only
if g = G°. More generally (although it is not logically necessary for our results), we
explain how this notion of closure is related to the closure of sets in Prim C*(E), as
described in [1, Section 6]. For each sink v, let A\, := {w € E® : w > v}, and let

Ag := {maximal tails in E} U {A, : v is a sink in E}.

The set Ag has a topology in which the closure of a subset Sis {A: A > U, s x}, and it
is proved in [1, Corollary 6.5] that when E satisfies Condition (K) of [6], A — I(E®\ })
is a homeomorphism of Ag onto Prim C*(E). If (E,v,) is a 1-sink extension of G, then
the only loops in E are those in G, so F satisfies Condition (K) whenever G does. A
subset of G® is a maximal tail in E if and only if it is a maximal tail in G, and because
every sink in G is a sink in E, we deduce that Ag = Ag U {)\y, }.

LEMMA 3.2. Suppose G satisfies Condition (K), and (Ey,v1), (Ep,v;) are l-sink
extensions of G. Then 77 = T, if and only if there is a homeomorphism h of Prim C*(E),)
onto Prim C*(E,) such that

(3.1) R(I(E}\ X)) = I(E§ \ A) for A € Ag, and h(I(E?\ \,,)) = I(E9\ ),,).

PROOF: For any 1-sink extension (F, vp), the map J — 7w5'(J) is a homeomorphism
of Prim C*(G) onto the closed subset {J € PrimC*(E) : J D I(vg)}. If A € Ag C Ag,
then 75" (I(G®\ X)) = I(E®\ )), and hence h is always a homeomorphism of the closed
set {I(EY\ A): A € Ag} in Prim C*(E;) onto the corresponding subset of Prim C*(E3).
So the only issue is whether the closures of the sets I(E? \ A,,) and I(ES \ A,,) match
up. But

IEI\ N = {I(E2\ N : A2 A} = {I(E2\ ) : A 2w},

Since other sets ), associated to sinks are never 2> v;, the ideals on the right-hand side
are those associated to the maximal tails lying in 7, and the result follows. 1]
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We now return to the problem of proving analogues of Theorem 2.3 for non-essential
extensions. Notice that the closure is a subset of G° rather than E®: we have defined it
this way because we want to compare the closures in different extensions.

PROPOSITION 3.3. Suppose that (E;,v,) and (E,,v,) are 1-sink extensions of
G with finitely many boundary vertices, and suppose that 7] = 7; = C, say. If Wg,—Wg,
has the form (Ag — I)n for some n € . Z, then there is a simple 1-sink extension F of
G such that C*(F) is C*(G)-embeddable in both C*(E) and C*(E,).

We aim to follow the proof of Theorem 2.3, so we need to check that the operations
used there will not affect the hypotheses in Proposition 3.3. It is obvious that the closure
is unaffected by simplifications. It is true but not so obvious that it is unaffected by
boundary outsplittings:

LEMMA 3.4. Suppose (E,v) is a l-sink extension of a graph G, and e is a
boundary edge in E. Then the closures of vy in E and FE(e) are the same.

PROOF: Suppose v is a maximal tail such that v 2> v in E(e) and z € y; we want
to prove z > B, We know 2 > w for some w € By, If w € By, there is no problem.
If w ¢ BY, then w = s(f) for some f € G* with r(f) = s(e), so z > w > s(e) € BY.

Now suppose v 2> vg in F and z € v; we want to prove that z > B%(e). We know that
there is a path a with s(a) = z and r(a) € BY. If r(a) # s(e), we have 2z > r(a) € Bl
If r(a) = s(e) and |a] > 1, we have z > 7(qjo-1) € B%(e). The one remaining possibility
is that z = s(e) and there is no path of length at least 1 from s(e) to s(e). Because v is
a tail, there exists f € G! such that s(f) = s(e) and 7(f) € 7. Now we use v > v, to
get a path 8 with s(8) = r(f) and r(8) € BY\ {s(e)}, and we are back in the first case
with a = f3. 0

PROOF OF PROPOSITION 3.3: Since the closures 77 and 7; are unaffected by sim-
plification and boundary outsplitting, we can run the argument of Theorem 2.3. In doing

m
so, we never have to leave the common closure C: by hypothesis, n = )~ axd,, for some

wy, € C, so all the vertices on the subgraph D used in the inductive stgﬁllie in C. When
D has a sink, the argument goes over verbatim. When D has a loop =, all the vertices
on v lie in C, and the hypothesis 77 = C = 7; implies that v > By, > By, > BY, , so we
can still apply Lemma 2.4. The rest of the argument carries over.

The catch in Proposition 3.3 is that the vector n is required to have support in
the common closure C. For our applications to n-sink extensions in the next section,
this is just what we need. However, if we are only interested in 1-sink extensions, this
requirement might seem a little unnatural. So it is interesting that we can often remove
it:

LEMMA 3.5. Suppose that (E,,v,) and (E2,v,) are 1-sink extensions of G, and
suppose that 77 = 7; = C, say. Suppose that 1 is not an eigenvalue of the (G°\ C)
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x (G°\C) corner of Ag. Then if Wg, — W, has the form (Ag — I)n for somen € @y Z,
we have n € @, Z.

PRrOOF: Since the maximal tails comprising C are backwards hereditary, there are
no paths from G°\ C to C. Thus A; decomposes with respect to the decomposition
G® = (G°\C)UC as Ag = (&), and Ag — I = (Bz' ,°,). Writing n as (%) and
noting that Wg, — Wg, has support in C shows that (B—I)k = 0, which by the hypothesis
on Ag implies k = 0. But this says exactly what we want. 0

4. A CLASSIFICATION FOR n-SINK EXTENSIONS

We say that an n-sink extension is essential if G® > v; for 1 < i < n.

THEOREM 4.1. let (E,v;) and (F,w;) be essential n-sink extensions of G with
finitely many boundary vertices. Suppose that the Wojciech vectors satisfy

(4.1) W(E;u,-) - W(F;wi) € (AG -1 (@GOZ) forl<i<n.

Then there is a simple n-sink extension D of G such that C*(D) is C*(G)-embeddable
in both C*(E) and C*(F).

We shall prove this theorem by induction on n. At a key point we need to convert
(n — 1)-sink extensions to n-sink extensions. If m € [] .0 N and (F,v;) is an (n — 1)-sink
extension, we denote by (F*m,v;) the n-sink extension of G obtained by adding an extra
vertex v, and m(w) edges from each vertex w € G° to v,. Note that E * m has one new
Wojciech vector Wg.m.v,) = m, and the other Wojciech vectors are unchanged. If E is
a simple extension, then so is E * m. Conversely, if (F, w;) is a simple n-sink extension,
then F \ w, := (F°\ {wa}, F*\ r"}(w,)) is a simple (n — 1)-sink extension for which
(F \ wn) * W(Fu,) can be naturally identified with F'.

We need to know how the operation £ — E x m interacts with our other construc-
tions:

LEMMA 4.2. Ife is a boundary edge for E, then e is a boundary edge for E *
m, and the boundary outsplittings satisfy E(e) x m = (E = m)(e). The simplification
construction E — SE satisfies S(E * m) = (SE) *x m.

PROOF: The only edges which are affected in forming E(e) are e and the edges f
with 7(f) = s(e). Since none of the new edges in E * m have range in E, they are not
affected by the outsplitting. Simplifying coll.apses paths which end at one of the sinks v;,
and forming E * m adds only paths of length 1 ending at v,, so there is nothing extra to
collapse in simplifying E * m. O

PrOOF OF THEOREM 4.1: As in the 1-sink case, it suffices by Proposition 1.5
to prove the result when E and F are simple. So we assume this. Our proof is by
induction on n, but we have to be careful to get the right inductive hypothesis. So we
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shall prove that by performing n standard constructions on both E and F, we can arrive
at simple n-sink extensions of G with all their Wojciech vectors equal; these graphs are
then isomorphic, and we can take D to be either of them. Theorem 2.3 says that this is
true for n = 1 (see Remark 2.5).

So we suppose that our inductive hypothesis holds for all simple (n — 1)-sink exten-
sions satisfying the hypotheses of Theorem 4.1. Then E'\v, and F'\ wy, are simple (n—1)-
sink extensions of G with Wojciech vectors Wig\v, ;) = WiEw;) and Wirw, ) = WiFuw)
for i < n— 1. So the Wojciech vectors of E'\ v, and F \ w, satisfy the hypothesis (4.1).
Since G® > v; in E, and we have not deleted any edges except those ending at v, and
wy,, we still have G® > v; in E'\ v, for i < n—1, and similarly G® > w; in F \ w,. By the
inductive hypothesis, therefore, we can perform (n — 1) standard constructions on each
of E and F to arrive at the same simple (n — 1)-sink extension (D, ;) of G.

By Lemma 4.2, D * W(g;y,) and D * W(g,,,) are obtained from E = (E\ v,) * Wg;,)
and F = (F \ w,) * W(p,,) by (n — 1) standard constructions. We now view (D¥, v,)
:= D+ W(p.,) and (DF,w,) := D * W(pu,) as two simple 1-sink extensions of the graph
D. Since the standard constructions have not affected the path structure of G inside D,
and we assumed G° > v, in E, we still have G® > v, in D?, and similarly G° > w, in
D¥ . Because any sink in G has to be a sink in E, the hypothesis G° > v, in E implies
that G has no sinks; thus every vertex in G lies on an infinite path x, and hence in the
maximal tail v := {v : v > z}. Thus G° > v, says precisely that G is the closure of v,
in DE. Of course the same is true of w, in DF. We can therefore apply Proposition 3.3
to deduce that we can by one more standard construction on each of DF and DF reach
the same 1-sink extension (C,u,) of D; since all the boundary vertices of D lie in G,
this standard construction for extensions of D is a also standard for extensions of G, and
hence C can also be obtained by performing n standard constructions to each of E and
F.

This completes the proof of the inductive hypothesis, and hence of the theorem. 0

5. K-THEORY OF 1-SINK EXTENSIONS

PROPOSITION 5.1. Suppose that G is a row-finite graph with no sinks, and
(E,v) is a I-sink extension of G such that Wg L ker(Af — I). If (F,wo) is a I-sink
extension of G and ¢ : C*(F) — C*(E) is a C*(G)-embedding, then there exists k €
HG° Z such that Wg — Wgp = (A(,' - Dk.

For the proof, we need to know the K-theory of the C*-algebras of graphs with sinks,
which was was calculated in [10, Section 3]. We summarise some results from (10] in a
convenient form:

LEMMA 5.2. Suppose G has no sinks and (E,v) is a 1-sink extension of G with
graph algebra C*(E) = C*(s.,py). Let ¥F be the homomorphism of (@0 Z) @ Z into
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Ko(C*(E)) which is determined on the standard basis elements by %*(5,,0) := (p,)
for v € G® and ¥¥(0,1) = [py,). Then % induces an isomorphism of the cokernel of
(A — D) @ W) : Do Z — (Dgo Z) & Z onto Ko(C*(E)).

PROOF: We first suppose that (E, vo) is simple. Then (@ g0 Z) ®Z is the group Z¢°
@®Z" considered in [10, Section 3], and it suffices to show that ¥ is the homomorphism
@ considered there. To do this, we need to check that the map S of Ko(C*(E) x, T)
onto Ko(C*(E)) in (10, (3.3)] satisfies S([psx1]) = [py]. The map S is built up from the
homomorphisms induced by the embedding of C*(E) x., T in the dual crossed product
(C*(FE) x4 T) x5 Z, the Takesaki-Takai duality isomorphism (C*(E) x, T) x5 Z = C*(E)
® K(£%(Z)), and the map a — a ® p of C*(E) into C*(E) ® K(¢*(Z)) determined by
a rank-one projection p. The formulas at the start of the proof of [9, Theorem 6] show
that, because p, is fixed under v, the duality isomorphism carries p,x; € C*(E) x, T
C (C*(E) x4 T) x5 Z into p, ® M(x1), where M(x;) is the projection onto the subspace
spanned by the basis element e;. Thus S has the required property, and the result for
simple extensions now follows from [10, Theorem 3.2].

If (E,v) is an arbitrary 1-sink extension, we consider its simplification SE and the
embedding ¢°F of C*(SE) in C*(E) provided by Proposition 1.5, which by 8, Propo-
sition 1.2] induces an isomorphism ¢5€ in K-theory. But now it is easy to check that
#3F 0 pSE = ¢F, and the result follows. 0

We now begin the proof of Proposition 5.1. Since the image of ¢ is a full corner in
C*(E), it induces an isomorphism ¢, of K (C*(F)) onto Ko(C*(E)) (by, for example, (8,
Proposition 1.2]). The properties of the C*(G)-embedding ¢ imply that ¢, ([Pu,]) = [Puo]
and (7g), 0 ¢. = (7F).. We need to know how ¢, interacts with the descriptions of
K-theory provided by Lemma 5.2.

LEMMA 5.3. The induced homomorphism ¢, : Ko(C*(F)) = Ko(C*(E)) sat-
isfies ¢.(¥F(0,1)) = ¥#(0,1), and for each z € @0 Z, there exists £ € Z such that
o, ('l/)F(za 0)) = "/’E(Z’Z)'

PROOF: The first equation is a translation of the condition @, ([pw,]) = [py,). For
the second, let ¥ : @ o Z — Ko(C*(G)) be the homomorphism such that $¢(8,) = [p,],
which induces the usual isomorphism of coker(A% —I) onto Ko(C*(G)). If p: (P Z) &
Z - @0 Z is given by p(z,£) := z, then we have (ng). o Y& = ¢€ o p, and similarly for
F. Thus

(5.1) (mg)s 0 pu 0" = (np). o pF = 9Cop.

Now fix z € @go Z. Since ¢F is surjective, there exists (z,y) € ( @go Z) & Z such that
PE(z,y) = ¢.(¥F(2,0)). From (5.1) we have

¥9(2) = (1g). 0 $, 09" (2,0) = (m5). 0 °(z,y) = ¥°(a),
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and hence there exists v € g0 Z such that z = z + (A4 — I)u. Now because ¥F is
constant on the image of (AL — I) & W, we have
. (¥7(2,0)) = ¥5(z,9) = ¥F(2 + (4G — Nu,y) = ¥®(2,y — Wiu),

and £ := y — Whu will do. 0

PROOF OF PROPOSITION 5.1: By Lemma 5.3, for each v € G® there exists k, € Z
such that ¢.(¥"(8,,0)) = ¥E(8,, ky). We define k = (k,) € [[z0Z. A calculation shows
that for any (y,£) € (Bgo Z) & Z we have

(5:2) ¢ 0 W (¥, €) = Y yu(8s 0 ¥")(64,0) + £(¢. 0 ¥7)(0,1)

= (Z ¥® (yodh, yvk,,)) +85(0,1)
= wE(vy, k'y + ).
Now let 2z € @0 Z. On one hand, we have from (5.2) that
(53) .oyt (((AG — I) @ WE)(2)) = 97((Af — D)z, k(AL — D)z + Whz).

On the other hand, since ¥ o ((A% — I) ® W}) = 0, its composition with ¢, is also 0.
Thus the class (5.3) must vanish in Ko(C*(E)), and there exists £ € @0 Z such that

(5.4) (A% — Dz, k' (AL — 1)z + Wiz) = (AL - Iz, Wiz).
Comparing (5.3) and (5.4) shows that £ — z € ker(A% — I) and
E(AL - DNz + Whz = Wéx = Wiz + Wh(z — 2).

Since we are supposing Wg L ker(A% — I), we deduce that WE(z — z) = 0. We have now
proved that
K(AG — Iz = (WE — Wiz forall z € @Z,

which implies (Ag — I)k = Wg — Wk, as required. 0

COROLLARY 5.4. Suppose that G is a row-finite graph with no sinks and with
the property that ker(A; — I) = {0}. Let (E,v1) and (E,,v;) be 1-sink extensions of G.
If there is a 1-sink extension F' such that C*(F) is C*(G)-embeddable in both C*(E;)
and C*(E), then there exists k € [[ 50 Z such that Wg, — Wg, = (Ag — I)k.

COROLLARY 5.5. Suppose that G is a finite graph with no sinks or sources
whose vertex matrix Ag satisfies ker(AL — I) = 0. Let (Ey,v) and (Es,v) be I-sink
extensions of G such that 1 = v;. Then there is a 1-sink extension F such that C*(F)
is C*(G)-embeddable in both C*(E,) and C*(E,) if and only if there exists k € @0 Z
such that Wg, — Wg, = (Ag — I)k.
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ProoF: The forward direction follows from the previous corollary. For the con-
verse, we seek to apply Proposition 3.3. To see that n has support in the common closure
C := % = 73 recall that Ag decomposes as A¢ = (Z2) with respect to
G® = (G°\ C)UC. Thus 1 is an eigenvalue for the (G°\ C) x (G°\ C) corner B of A¢ if
and only if it is an eigenvalue for Ag, and hence if and only if it is an eigenvalue for AL,
So Lemma 3.5 applies, suppn lies in C, and the result follows from Proposition 3.3. []
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