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Abstract. lllative combinatory logic consists of the theory of combinators or
lambda calculus extended by extra constants (and corresponding axioms and
rules) intended to capture inference. The paper considers 4 systems of illative
combinatory logic that are sound for first-order propositional and predicate cal-
culus. The interpretation from ordinary logic into the illative systems can be done
in two ways: following the propositions-as-types paradigm, in which derivations
become combinators, or in a more direct way, in which derivations are not trans-
lated. Both translations are closely related in a canonical way. In a preceding
paper, Barendregt, Bunder and Dekkers, 1993, we proved completeness of the
two direct translations. In the present paper we prove completeness of the two
indirect translations by showing that the corresponding illative systems are con-
servative over the two systems for the direct translations. In another version, DBB
(1997), we shall give a more direct completeness proof. These papers fulfill the
program of Church and Curry to base logic on a consistent systemtefms

or combinators. Hitherto this program had failed because systems of ICL were
either too weak (to provide a sound interpretation) or too strong (sometimes even
inconsistent).

1. Introduction

The theory of combinators and the lambda calculus are theories that succesfully
analyze the notion of effective computability. However, the original founders
of these subjects, Curry and Church, also had as aim to provide a basis for



logic (and thereby mathematics). Unfortunately, it was shown by Kleene and
Rosser that their systems were inconsistent. Curry and his school then started
a program of defining several systems of illative combinatory logic (ICL) of
varying strength. The goal was to find stronger and stronger systems which were
consistent and weaker and weaker systems which were inconsistent but strong
enough to interpret logic, hoping to end up with a consistent system in which
logic could be interpreted.

Following this methodology, Bunder introduced restrictions on the rules of
the illative constants so that first-order propositional and predicate calculus could
be interpreted in the resulting systems. In all his systems the usual derivation of
Curry’s paradox is blocked, but the consistency of the systems remains an open
guestion.

In BBD (1993) (Barendregt, Bunder and Dekkers, 1993) we introduced 4 sys-
tems of illative combinatory logic. We derived roughly the following soundness
result

AbLA = [A] Fc[A]

where L represents propositional or predicate logic anpldne of two possible
translations of each system into an ICL system C. Of the interpretations one is
the propositions-as-types interpretation due to Curry, Howard and de Bruijn, the
other is a more direct interpretation.

We derived completeness results for the direct translations of propositional
and predicate calculus into 2 of the 4 systems of ICL. These, again roughly, took
the following form

[A] Fc [A] = AL A.

In the present paper we shall prove that also the two indirect translations are
complete.
These completeness results imply the consistency of the ICL’s involved.

2. Summary of results in preceding and present paper

This paper is a continuation of a preceding paper, BBD (1993), by the same
authors. We will refer to that paper most of the time simply as B; so for example
Proposition B2.11 means Proposition 2.11 in BBD (1993). As the present paper is
a continuation of that paper, we will not repeat all the definitions and results here
but will give only a very short summary. For an introduction into ICL-systems,
motivations, examples, propositions with proofs, and references we refer to BBD
(1993).

We had as aim in the preceding paper to prove

(i) Atpropy < V closedr[[A]}, IHA, ¢) Frp [¢]F];

(i) Abprepe © V closedr[I,[A], (4, ¢) Fr= []F];

(III) A I_pRop(p & Y closedr IM [[A] r27 FrZ(A7 (p) }—,7|: [(p]?M ];

(iv) Abprepe & V closedraM[I'Z,[A]Z, (4, ¢) Fre [g]ZM].



The proofs of soundness={ )were easy. (cf. Propositions B2.11 and B2.14).
In Propositions B3.14 and B3.11 we proved completeness for the 2 direct trans-
lations [ I : PROP— .ZP and [ I : PRED — .7Z, ((i)< and (i))<), by
specialising tor =1 i.e.

[AI1, M4, ) Fop leli = Albpropy  in B3.14
LA DA, ) bz el = Aberepy  in B3.1L.

In the present paper we prove completeness for the 2 indirect translatiéns [ ]
PROP— .7F and [ F: PRED— .7 G, ((iii)« and (iv)<=), by specialising to
r=K.ie.
[AIR. T%(A, ) Fre [W]kM = Aprope
IR AR T(A, ) Foc [PiM = A bprep .
The completeness proof for the direct translatiort [ PRED— .7 Z ((ii)<)
was given in the preceding paper in the following way. We had to show

I'7= ¢l = Atprepe,

where I’ = ng, [A]L, (A, ¢). First we defined in B3.2 a set in order to

analyze the term#/ such that/” ;= M. We defined” = {M | INe |
N =5, M} and it was clear thal” C . We showed in Proposition B3.10 that
7is an invariant (modul@n-equality) for derivations in7 = :

ThreM.ICO=Mer,
Using this result we then proved in Proposition B3.11
I'Frzleli = Atpreny.

The completeness proof for ' ] PROP— .7 P ((i)<=) was done in a similar
but easier way.

In the present paper we will prove completeness of [ RROP— .7F and
[ 12: PRED— .7G ((iii)<= and (iv)<), by specialising to = K.

Completenes of/F for PROP is relatively easy. We must show

[AIR. TR(A, ) Fre [0]kM = Alprope,
i.e. (by Proposition B2.15K[¢] ! = [¢]Z.,)
(Al THA, @) Fre [l = Atprope.

Let us denote the grammar for the completeness proof Bffor PROP (defined
in B3.12) by % in order to distinguish it fromr” above. We shall prove in
Proposition 3.3

I't7eM, I'Cy = I't7pM.

Then completenes o7 F for PROP for the second interpretation follows directly
from completenes o7 P for PROP for the first interpretation.



Completeness a7 G for PRED is a little bit more complicated. Again by
Proposition B2.15K[¢]} = [ga]ﬁor), we see that we must prove

LA DA, ) F e [9]E = A bprep o

I,s

We define a grammar, denoted 6y to distinguish it fromv”; and we will show
in Proposition 4.11 that’s is closed under derivations i#' G :

I't76M,I'C s = MeCe,

The invariants is more complicated thar?’ of B3.2 and we cannot use it to
prove completeness directly in a way similar to the proof of completeness for
.7 2 relative to PRED by means @f'in B3.11. In fact we shall usé€g in order

to show in Lemma 4.19 that in a proof @ -, M, whereI’ C ¢, all cut
formulas can be eliminated. From this we get in Proposition 4.23 conservativity
of 7G over.7E:

IFcCOMeOT76M = I'kFym M

and then completeness.6fG for PRED is an immediate corollary of this propo-
sition and Proposition B3.11 (completeness®E for PRED).

2.1. RemarklIn the present paper we give the completeness proofg Bffor
PROP and7 G for PRED by specialising t& = K. One may wonder if the
proofs can be given for other, especially forr = 1. This is indeed the case. In
Sect. 5 we will comment on that.

3. Completeness of7F for PROP

We must show forp € Fprop A C Fprop:

V closedr M eA[[A]7, ITH(A, @) Fre []fM] = A Fpropee.
It is sufficient to show
IMEA[[AIR, TE(A, ¢) e []EM] = A Fprope.

We have by Proposition B2.15 the following relation between the two interpre-
tations:

Klel? = [¢]&or-
Hence we must prove
(Al THA, @) Fre [l = Albprope.

We omitl in the notation and we prove

[AY, THA, @) Frr [e]' = Atprope. (%)



() could be proved in exactly the same way as Proposition B3.14 (Completeness
for .7 P relative to PROP), changing only'P in .7 F. The reason for this is the
following. In the proof of Proposition B2.7 we showed tiat P; andPy follow
from Fe, F; andF_ by the substitutions X for X andKY for Y. An inspection
of the proof of completeness for P relative to PROP shows that evexyand
Y occurring in the proof in casd®, P; andPy have the formrKX; andKY; and
therefore also a substitution in the opposite direction is possible.

We will give another proof and show that (*) iscansequencef Proposition
B3.14 by proving in Proposition 3.3 that we have

[A] 17 Fl(A> (10) |_.7F [‘P]l = [A] 17 Fl(A7 90) '_.7P [(p]l

3.1. Definition If .72 is any grammatical class in this paper then
R={X|@AY)YeERAX=5,Y}.
3.2. Definition (Grammar for derivable formulas fo?’F) We copy Definition

B3.12, adding the indeq.

S = | 4D H = E(KA)KA);
Go = HA | A D %o = E(KA)(K%);

Note that A]%, T'XH(A, ¢) C .

3.3. Proposition.7 F is conservative oveZ P in the following sense
F'r75eM&IC Gy = I'tF7pM & Meh. ()

Proof. We rewrite the rules for7F in the following way:

Fe I'FEX(YoZ), T'FXV = T'F(YoZ)V;
Fi IXxF(YoZ)x, I'FLX, x¢FV([,X,Y,Z) = I FEX(Y oZ);

FL  IXxFLY, I'FLX, x¢FV(I,X,Y) = TI'F L(FXY).

The proof of (**) is by induction on the proof of -7g M.

CaseFe. I't7g M is I'4F (Y 0 Z)V as consequence of
I't7e EX(Y 0oZ), Itz XV.

By the induction hypothesis one has

T'F7p EX(Y 02), T'FypXV,



EX(Y 0 Z) = E(Kp)(KO), XV =p,
wherepe~g andOe%. By rule P, we havel' \-5p O, whereO = (Y 0 Z)V =
M.
CaseFi. I't7g M is I'+7g EX(Y 0Z) as consequence of
I' b7 LX, I XX Eze (Y o Z)x with xgFV(I, X, Y, Z).
By the IH we have
I't7pLX, X=Kp, I'pkzp (Y oZ)X

and (Yo Z)x = Oe%. Now x¢FV(I',p), so x¢FV(O) by Proposition B3.10,
henceY o Z = KO. Therefore by rule?; we get

I'tzpp>0O
andp D O = E(Kp)(KO) = EX(Y o Z) = M.

CaseF.. I'+7g M is I' -7 L(FXY) as consequence of
I' b7 LX, I XX Fze L(Y) with xgFV(, X, Y).

By the IH one has
I'~7p LXa X = Kpa F7 p F7p L(Y)7 Y = Kpl

Hence by rulePy I' F7p H(p D p1). Now H(p D p1) = L(K(p D p1)) =
L(F(Kp)(Kp1)) = L(FXY). SoI' F7p M. O

4. Completeness of7 G for PRED

We will show fOf(p € IFPRED; A C Fprep:
¥ closedr[ I25,[A12 T4, ¢) 76 [¢1?M someM ] = A Fprep .

It is sufficient to show
IS AR T(A ) Frc [eliM = Alere e,
i.e. (by Proposition B2.15K[¢] ! = [¢]Z.,)
IH AN T(A, ) Fre o]t = A bprep o

Here I'}*, [A]* and [ stand for}s", [A]} and [o]-

The proof is again in several steps. First we define in 4.2naariant g
(modulo Bn-equality) for derivations in7 G. Using this invariant we show in
Lemma 4.19 that in a proof af*, [A]Y, I'(4, ») F7c N all cuts can be elim-

inated. From this we get in Proposition 4.23

Fsl7+7 [A]la F(Aa 50) '_-7G N = Fslﬁ+7 [A]la F(Aa SD) '_.73 N



and then completeness.afG for PRED is an immediate corollary of this propo-
sition and Proposition B3.11. Insteadtof,g we shall mostly write-.

Now first we repeat Definition B3.2, of the invariant for derivations in
.7 2 for the manysorted structure of our example, in order to contrast it with the
one for derivable statements.idG of Definition 4.2 and also because we need
it in the sequel. Instead of, Z and.% we shall writex, Z"A and.7 A

4.1. Definition (Grammar for derivable statements.in=)

T=TM| T
Th=7M | a|tTM| g7 T
T =7

P=P.T M| EA Y. A) | EKAK);
G=LA |ATH |EAMY.9) | EKAKD) | LKA,
O=%| P

Now we will define the invariant’g for derivable statements i@ G. 7 is
more complicated then the grammarfor .7 2 for several reasons:

Write I for I'}* [A]Y, T(A, ). If I’ F LX in system.7E thenX = A
or X = Kp with pe=2 But if IV + LX in system.ZG then we can have for
exampleX = FAA; or evenX = F(Kp)A;. Therefore we define an extension
Y of the set of sortd A, Ay} containing theseX’s. We need for eache Zg
a set of variablesZ;', similar to the sets7” and 7 2. If we took a different
set of variables for eache %, then the substitution lemma 4.5, that is needed
in the proof of Proposition 4.11, would not hold. Therefore we define for each
€% the skeleton skjl such thatsk(Kp) is the same for alpe~g and we
define 75" = 75 iff sk(l1) = sk(ly).

The setsZ;' will contain A—abstractions: if = Fl;l, andt2. 75" then
Mtz 7! This may seem a little bit strange, but in fact it is very nat-
ural. For example we have FA;A;(\x".xA) by rule F;. Hence Ax/.x"
should be in.7z™*. Moreover in the proof of Lemma 4.9 we really need
that Ax'.t2e. 7572,

Finally &%, % and &g are very similar to? ¢ and @, except that besides
E(Kp)(KO)e%s we now also haveE(Kp)(AxKP.0)e%s, wherexKP may occur
free inO.

4.2. Definition (Invariant % for derivable statements i G) (i) A3(E,L) is,
as in Definition B2.12A(E, L) extended by the extra constantg A, P,f,g,a
associated with the signature s of the manysorted structure of our example.

(i) Now we will define simultaneously sefg and % of sorts (extensions
of the sef{ A1, Ao}), for each kg the skeleton sk(l), a set of variablég' and
a set of terms%' , setsg, g and .



Definition of g and “%¢.
G =M | A | Gl(xLa) (1€ %6 X' €74, aek);
Lo = U UKA.
Definition of sKl).
sk(A) = A;
sk(Kp) = K(Px™) (i.e. sk(Kp) is independent op);
sk(GI (A\x".q)) = G(sk(1))(\x' .sk(q)).

Definition of ZZ'.
We assume that for each skeletsk{l) there is a different set of variables

%sk(l) - {Xsk(l), Xlsk(l)7 XZSk(l), o 7ysk(l)’ yfk(l), y2sk(l)7 N }
and for eacH € % we define
%I - u/ésk(l)7 Xl - XSk(I),XiI - XiSk(l)7 yI - ySk('),yi' - yisk(l).

Definition of 7.

T =a| 78 | 75 7, if | = A
T= 78| Mg, if 1 = Ay,

T =1 | 78 | g TG | g, il = FAAG
T =g | 78 | BTG | aALZgRM i | = FALFAAL);

lg/gl - %I |Q3/EG|1(/\)(|1,|)QO/E|1 | )\XIZ..%b, if | = Glz()\xlz.lg),
| Z{FA1AL, FAL(FAAL) };
.;°/E| = A5(E, L), if | =Kp.

Definition of ¢, % and .

S =P | BEIOX . A);
Yo = L% | ATGN | EIOX . Zo);
6= | .

(iii) Notation.

d,01,%,9’,... denote elements afi;
I,13,15,17,... denote elements d¥g;
P, P1, P2, P, ... denote elements o#.

4.3. Remarks(i) '}, [A]L (A, ) C OC Cs.

(i) If FV(q) = 0 then GI(\x'.q) =5 Flg. In that case we will denote
Gl (\x'.q) usually byFlq. In fact we did that already in the above definition.

(iii) The grammar in the definition is not context-free and this causes some
inaccuracies in the notation. In the definition®§ (and similarly at some other
places) instead oEl (\x'.#2) we should writeE % (\x“7e.2&), but then we



do not know that these tw&’s's represent theame k£ %g. (We may not have
Eli(\x'2.28).)

(iv) In the definition of.7 instead of the clausez®**".7Z" one might
expect, in view of ruleGe a clausetf'l(”‘ll"/)t'z1 wherel = I[x" := t}}], but that
does not make a difference because we haveéddrg

-//El [x't:=t'h] _ 7

G
as follows easily from
%| x'1:=t] _ 7
in Lemma 4.5.
4.4. Lemma.ly, be %s = Gli(\x".ly)e %.
Proof. It is clear if l,e%. Now letl, = Kp. Then
Gli(Ax"1.1p) = Az.El1(S(A\x"1.Kp)z) = Az.El;(\x'1.p) = K(ElL(A\x".p))eKZg. O
4.5. Lemma. Let 7" = (&, %6, 7,76, %, OF (6 and let we 7/, x1
eZgh the. 75", then
wlx"t :=the,
moreover if7Z" = % then
sk(w[x" := t"]) = sk(w)
and hence
%w[xll:Ztll] - ¢Gw

Proof. By induction on the structure af. Instead ofx'* andt'* we shall write
X andt.

Casewes.
w=Ay. This is trivially ok.
w = Gla(\y'2.q). Thenw[x :=t] = G(l[x = t))(\y'2.q[x :=1t]) =
= G(lalx =ty .qlx = 1))
(by the second part of the IH fdg) and this is inC by
the first part of the IH fol, andqg. The second part of the
IH for |, andq yields sk(w[x :=t]) = sk(w).

Casewe %g.
This follows directly from the caseses, we .

Casew =t'e.7g'. .
Gli(Ax.A
| =Ar. Noww = x aorto "™ Al All these cases are easy.
| = A,. Easy.

|
| = Gl,(\y'".q). Now w = xbtflg’wf")t;, Ayt f org. Easy again.

| =Kp. Thenw(x :=t]eA =.75".



Casewe“g.
w = P, Thenw[x :=t] = P(t{*[x :=t]).
w = Ely(\y'2.p). Then wlx :=t] = E(lo[x := t)(\y'"2.p[x :=t]) =
= E(lo[x =ty p[x =1]).
Casewe %g. Similarly. O

4.6. Lemma.Let cX ... X, =g, M for some constant ¢ and somedvs. Then
ne{l,2} and M =cY;...Y, with Y; =g, X;.

Proof. By Church-Rosser fofn-reduction. |

4.7. Lemma. Let get peF, MeA3(E,L) and leto substitute variables for
variables. Then qM#Zg,, p°.

Proof. By an easy induction on, using Church-Rosser. |

In the definition of'¢; one of the clauses m%“ where one might expect
the more general clausp’7;*. ButAi.“7GA* is sufficient as follows from the next
lemma.

4.8. Lemma.

gqtic % for each ges.

Proof. By induction on the structure of. It is clear if q = A; or A,
So letq = Gly(Ax'*.qz). Then qt? = Gly(Ax'1.g)td = El(S(AX".gu)t%) =
=1, (. qu (t9x'1)). Nowtd € 7% = 75810 % andxlie 7" hencetix'1e. 5%,
So by the induction hypothesis one hg§tIx'1)e . HenceZly(Ax'.qy (t9%"))
€% O
4.9. Lemma.

Vel = VeTg.

Proof. By induction on the structure df It is clear if| = A;, A, or Kp. So let
| = Gli(\x".q). ThenlV = Zl;(A\x".q(V x1)). Soq(V x'*)es and hence by the
induction hypothesis we hawéx': = t9€.7z% SoV = Mx1.t9e.7'. O

4.10. RemarkClearly (Kpt*P = pc#&, hence combining Lemmas 4.8 and 4.9
we get
Vels & VeTg.

Now we will prove I' - M, I" C /g = Mé&s. The proof is different
from the proof of Proposition B3.10, because we do not have

I'EM, I' C O & ugp,FV(I") = ugs,FV(M).
This is shown by the following example

F(Kp)Awx, p = Ag(xu).



In fact this is the reason that in the grammay we have elemen®&(Kp)(AxXP.0)
instead of the simpler elemer&Kp)(KO).

4.11. Proposition.In .7 G we have
I'FM, I'C s = Mets.

Proof. By induction on the derivation of' - M. We only consider the three
specific rules=e, =i and G.. ( The two general rules are easy aBd, G; are
equivalent to=, =j. )

Case=.. ' M is I' YV as direct consequence df - EXY, '+ XV.

By the IH one has EXYE(’s, XV ECs. From EXYel%s it follows that X =
I,Y = 2x'.O whereOe%s. Now XV = IV €%, henceV =t'c.7Z' by Lemma
49.M = (\x".o)t' =0[x' :=t'les by Lemma 4.5.

Casezj. I'FM is I' H EXY as direct consequence of
I'FLX, I''XxE Yxwith x¢gFV(I, X, Y).

By the IH one hasLXe(%s, henceX = 1€ %g. Now X is any variable, so we
may assume that = x'e€ 7. Thenlxe(’c by Lemma 4.8, hence by the IH we
haveYxe(’s. Let Yx= Oes. ThenM = El(\x'.0)e%.

CaseG,. ' M is I' F L(GXY) as direct consequence of
I'+LX, I',XxF L(Yx) with x¢FV(I, X,Y).

By the IH one has LX&(%, henceX = |€%;. Again we may assume that
x = x'€ZZ. ThenIxec, hence by the IH we have(Yx)es. So Yx =
l;e %s. GXY = GI(M\x' .11))e%s by Lemma 4.4. Henck(GXY)e%s C (. O
The invariant‘’s is more complicated thaf¥’and we cannot prove complete-
ness directly using this grammar, as in in B3.11.$0E relative to PREDIn fact
we will uses in order to show in 4.12-4.21 that in each prdof- g M, where

I' C (g, all cut formulas can be eliminated. From this we get in Proposition
4.23 conservativity of7 G over.7 =

IFCcOMeCOT F76M = I'kFym M

and then completeness.afG for PRED is an immediate corollary of this propo-
sition and Proposition B3.11.

Cut elimination

First we define th&&—length Lz (O) for Oc’s (andLg(l) for 1€ % ) and
state some lemma’s, without the (trivial) proofs.



4.12. Definition. (E—lengthLz)
L=(Pt) = Lg(U) = Le(At?) =0, L(EBI(\".0)) = 1 +Lg(l) + Lg(0),

L=(A) =0, Le(GI(\X'.9) =1+Lz()+L=(a), L=(Kp) = L=(p).

4.13. Lemma.(i) X,YeZLc U Cg, X =3, Y = Lg(X)=Lg(Y).
(i) X, YeLc U, X=3,Y = Lg(X)=Lg(Y).

4.14. Definition. Let M€, M =g, O. Then Lg(M) = Lg(O).
4.15. Lemma.Lg(It') = Lg(l).
4.16. Lemma.Xe%s U g, t'e G = Le(X[x' :=t']) = Lg(X).

4.17. Lemma.

EXYels, XVels = Lg(XV) < Lg(EXY) & Lz(YV) < Lg(EXY).
Proof. EXY = Zl(\x'.0) andV 676' Now use Lemma’s 4.15 and 4.16.

4.18. Definition. A cut elimination is a proof reduction of the following form

Xx
LX Yx XV
=
Yv YV
EXY is called the cut formula.

4.19. Lemma.ln a proof of ' g M (or I' -,= M ), wherel” C (7, all cut
formulas can be eliminated by the above proof reduction.

Proof. By induction on the maximaE—length of cut formulas in the proof of

I' F76 M. Consider a first cut in the proof with a cut formEXY of maximal
=—length. Eliminate this cut. Now new cut formulas may have been introduced
at XV and YV, however by Lemma 4.17 these have shoBEerlength. In the
same way all other cut formulas of maxin&Hlength can be eliminated and so
by the induction hypothesis all cut formulas can be eliminated. O

4.20. RemarkBecause of Lemma 4.13, the above can easily be generalised to
allow n—equality steps (Eg-steps) as follows.

Xx
XY
LX Yx

XV
EqEXY \[V/x]D2 /
=XY XV YV

YV Ea Ty



4.21. RemarkSimilarly we can define cut elimination fa7 P as a proof reduc-
tion of the following form.

X
HX Y o/ __. x

X>Y X
Y Y

This is in fact a special case of Definition 4.18. ( Substiti¥¢ for X and

KY for Y in Definition 4.18.) Also in a proof of ' -5p M wherel" C s all

cut formulas can be eliminated.

Now we need only one more lemma to derive conservativityZas over
.7 2 in Proposition 4.23.

4.22. Lemma.LetI’ C @and letI’ -5 N be a cut free proof. If the last applied
rule in the proof is not thesj—rule, nor theG_—rule (modulo the3n—rule), then
Nee.

Proof. The proof is by induction od” - N. The two general cases are easy, so
we only consider
Case=Z.. ' N is I' YV as direct consequence df - EXY, '+ XV.

By the induction hypothesis foF - EXY we haveEXY<c”. We distinguish
two subcases

Subcase). EXY = EA (AxA.0) with Oe¢”. The induction hypothesis fof" -
AV yields AV e and hence/ .7 A. SoN =YV = O[xA :=V]e”.

Subcasé). ZXY = E(Kp)(KO) with Oe. Now YV = Oe(”, O

4.23. Proposition..7 G is conservative ove?Z = in the following sense
I'COMeOTF76M = I'tym M.
Proof. By induction on the derivation of" -, M. We may assume that the
proof is cut free. Again we only consider the three specific rdgs=; andG, .
Case=.. I'Fyg M is I'+56 YV as direct consequence of
I't76 EXY, I'byeXV.

EXYe by Lemma 4.22, so by the IH we havet = EXY. Now X = A or
X = Kpy, so alsoXV e (use Lemma 4.22 for the cas¥:= A;)). Again by the
IHwe getl' F;= XV. Sol' F;= YV by rule =.

Casezi. 'y M is I't57g EXY as direct consequence of
'ty LX, XX Fzg Yxwith xgFV(, X, Y).

EXYe'soX = A or X =Kp; andYx = Oc®. SoLXe?, hence we have by



the IHI" = LX. Now I',Xx C @, Yxe, so I',Xx F = Yx by the IH. Hence
',z EXY.

CaseG,. I'+7g M is I't 7 L(GXY) as direct consequence of
I't76 LX, XXz L(YX) with xgFV(T, X, Y).

L(GXY)e® so GXY = Kp, wherep = EA (\x” .pp) or p = E(Kpy)(Kpz) with
p1, P22 SincelLX e, we have by the IH I' - = LX.

We may assuma = x~. Now (YX)(zx) = p,. Also L(YX)es. So Yxe %s. We
can not haveYxe g by Lemma 4.7. S&/x = Kps with pse 2. p2 = (YX)(zX) =
p3. S0 Yx = Kp,. HenceL(Yx) = Hp,e® and the IH yields I, Xx ;= Hp,.
If p=ZAXN.p) then we havel’, Xx F 5= H((AXA .p)xA). So by rule=y
we getl” Fyz HEAOXN .p), i.e. I' oz LGXY). If p = E(Kp)(Kpy)
thenl’, p1 b= Hp, wherex¢FV(I, p1), sox¢FV(py) by Proposition B3.10. So
I, (Kp)x F 7= H((Kp2)x) wherex¢FV(Kpg), and therefore by rulésy we get
I'r 7= HE(Kp1)(Kp2)), i.e. I' -7z L(GXY). u

4.24. Proposition.(Completeness o7’ G for PRED)
I3 AN T(A ) Foc [e] = Albpren .

Proof. This follows directly from the preceding proposition and Proposition
B3.11. O

5. Conclusions and remarks

In BBD (1993) and in this paper we proved soundness and completeness for
the direct and indirect interpretations of propositional and predicate calculus into
illative systems:

() Atpropy & V closedr[[A]}, ITH(A, ¢) F7e [¢]7];
(i) Abprepy < Vclosedr[I7, [A]F, I'(A, ¢) Frz [¢]7];

(i) Atprope ¢ V closedraM[[A]Z TH(A, ) Fre [g]?M];
(iv) Abprepy < V closedr3IM[IZ,[A]Z (A, ¢) Fre [g]M].

The proofs of soundness=¢ ) were simple for all 4 cases. The 2 completeness
proofs for the first interpretation [*where given in BBD (1993) by specialising
to r =1 whereas in the 2 completeness proofs for the second interpretation [ ]
in the present paper we specialisedrte K. One may wonder if these proofs
could also be given by specialising to= I. This is indeed the case as is shown
in DBB (1997).

Let us first compare the proof of completeness6 for PRED in DBB
(1997) with that in the present paper. In DBB (1997) we had to show

ﬂ?é+7 [A]Iza F(A7 SD) |_.7G [SO]|2M = A l_PRED ©.



This proof could not be reduced to a completeness proof for the first interpretation

[ 1. Hence the completeness could not follow from a conservativity result of
.7 G over.7 = like in Proposition 4.23. We defined an invariaf (modulo8n-
equality) for derivations in7 G. This invariant was similar t@’s of the present
paper, but there were essential differences. For example in the present paper we
can havel = K(Pt™) with .75 = AS(E,L), contrasted with = (Pt*) and

T = 74 | 758D 7z in DBB (1997). Using this invariant we showed,

like in Lemma 4.19, that in a proof deg, [A]2, (A, ¢) F7c N all cuts can

be eliminated. Then we defined a second invariansimilar to 2 in B3.2 and

using this invariant we proved directly completenessZ® for PRED

TR AL T(A, ) b [eIPM = Albpren

in a way similar to the proof of completeness of [ :]JPRED— .7 Z in B3.2 -
B3.11. So we didn't have the conservativity result f8G over.7 =

IFCOMeO T F6M = Ity M

of Proposition 4.23.

Also the completeness proof of F for PROP was proved in DBB (1997)
directly i.e. without reducing it to a completeness proof for the first interpretation.
Also in that case we didn’t have the conservativity result.¥0F over.7 P

T M&TCly = I'F7pM & Meh

of Proposition 3.3.

5.1. Remarklin B4.1 we stated that it is possible to work with variants of the
systems7P, 7=, .7F and.7 G based on3-conversion only. This still holds.

It might seem that in the proof of 4.9 we used theaxiom, but that is not
the case, because by Definition 4.2 not oftfyc. 72", but alsof .72 and
similarly ge.7g " (FAA),
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