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Completeness of the propositions-as-types interpretation of intuitionistic logic
into illative combinatory logic

Abstract

lllative combinatory logic consists of the theory of combinators or lambda calculus extended by extra
constants (and corresponding axioms and rules) intended to capture inference. In a preceding paper, [2],
we considered 4 systems of illative combinatory logic that are sound for first order intuitionistic
prepositional and predicate logic. The interpretation from ordinary logic into the illative systems can be
done in two ways: following the propositions-as-types paradigm, in which derivations become
combinators, or in a more direct way, in which derivations are not translated. Both translations are closely
related in a canonical way. In the cited paper we proved completeness of the two direct translations. In
the present paper we prove that also the two indirect translations are complete. These proofs are direct
whereas in another version, [3], we proved completeness by showing that the two corresponding illative
systems are conservative over the two systems for the direct translations. Moreover we shall prove that
one of the systems is also complete for predicate calculus with higher type functions.
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COMPLETENESS OF THE PROPOSITIONS-AS-TYPES
INTERPRETATION OF INTUITIONISTIC LOGIC
INTO ILLATIVE COMBINATORY LOGIC

WIL DEKKERS, MARTIN BUNDER, AND HENK BARENDREGT

Abstract. Illative combinatory logic consists of the theory of combinators or lambda calculus extended
by extra constants (and corresponding axioms and rules) intended to capture inference. In a preceding
paper, [2], we considered 4 systems of illative combinatory logic that are sound for first order intuitionistic
propositional and predicate logic. The interpretation from ordinary logic into the illative systems can be
donein two ways: following the propositions-as-types paradigm, in which derivations become combinators,
or in a more direct way, in which derivations are not translated. Both translations are closely related in a
canonical way. In the cited paper we proved completeness of the two direct translations. In the present
paper we prove that also the two indirect translations are complete. These proofs are direct whereas in
another version, [3], we proved completeness by showing that the two corresponding illative systems are
conservative over the two systems for the direct translations. Moreover we shall prove that one of the
systems is also complete for predicate calculus with higher type functions.

§1. Introduction. In [2] we introduced 4 systems of illative combinatory logic
(ICL). We derived roughly the following soundness result

At 4 = [Alkc 4],

where L represents propositional or predicate logic and [—] one of two possible
translations of each system into an ICL system C. Of the interpretations one is the
propositions-as-types interpretation due to Curry, Howard and de Bruijn, the other
is a more direct interpretation.

We derived completeness results for the direct translations of propositional and
predicate calculus into 2 of the 4 systems of ICL. These, again roughly, took the
following form

[AlFc 4] = Alp A.

In the present paper we shall prove that also the two indirect translations are
complete. These completeness results imply the consistency of the ICL’s involved.
Moreover we shall prove that one of the systems is also complete for predicate
calculus with higher type functions.

§2. Some definitions of preceding paper. This paper is a continuation of a preced-
ing paper, [2], by the same authors. We will refer to that paper most of the time as B;
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870 WIL DEKKERS, MARTIN BUNDER, AND HENK BARENDREGT

so for example Definition B2.1 means Definition 2.1 in [2]. In this section we repeat
some definitions of [2] that are needed in the present paper. For an introduction
into ICL-systems, motivations, examples, propositions with proofs, and references
we refer to [2].

DerINITION 2.1 (Definition B2.1; the logic system PROP). PROP is the D frag-
ment of intuitionistic propositional logic determined as follows.

(i) The set of formulas of PROP, notation Fprop, is defined by the following
abstract syntax
Fprop = V | Fprop D Fprop-
Here V is a set of propositional variables.

(i1) Let T’ C Fprop and ¢€Fprop. Then ' Fprop ¢ is defined by the following
system of natural deduction.

PROP

pel' = TI'F g
'CFeDowy, T = TFy;
ey = T'FeDy.

DEerINITION 2.2 (Definition B2.2; the logic system PRED). PRED is the {D,V}
fragment of first order many-sorted intuitionistic predicate calculus of a given sig-
nature s.

Below as an example, we will treat a version of PRED with s the signature of the
structure

(A1, Ay, f,g,P,a)
with
A;,Ay; nonempty sets;
f:A; — A; aunary function;
g:A; - A, — A; abinary function;
P C A; aunary relation,
acA; aconstant.
(All results also hold for arbitrary signatures.)
(i) The set of terms of PRED, notation Tpgrgp, is defined by the following
abstract syntax.
Tprep = Ta, | Tay;
Ta, = VA1 |a|fTa, | gTa,Ta,;
Ta, = VA2,

2

Il

(ii) The set of formulas of PRED, notation Fprep, is defined by the following
abstract syntax.

Fprep = PTa, | Forep D Ferep | YV Fprep.

(ii) T FprED ¢ is axiomatised by the following system of natural deduction.
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PRED
pel' = TI'F;
'FeDwy, T = TFuy;
Dy = T'FeDy;
D FVxAip, teTa, = IFp[xd =1
Tk, x%¢FVIT) = TFVx%p.

The systems PROP and PRED are being interpreted in ICL’s by two kinds of
embeddings. The first kind is ‘direct’ and the second kind is according to the
‘propositions-as-types’ and ‘proofs-as-terms’ paradigm. As there are two logical
systems, PROP and PRED, there are four systems of ICL. These systems are called
JP, #=, FF, and .7 G respectively. Their use for the two kinds of interpretation
is as follows. Let [ ]! be the direct, and [ ]? the propositions-as-types transla-
tion. Then the following table shows the systems of ICL that are used for the two
translations of PROP and PRED.

|t ||
PROP P JF
PRED SFE= G

For example
[ ]*: PRED — .#G.

Now we will describe the four systems of ICL.

DEerINITION 2.3 (Definition B2.3; the four systems of ICL). Let T = A(E, L), be
the set of type-free lambda terms extended by the extra constants = and L.

(i) Define the following terms in T.

P = ixy.Z(Kx)(Ky),
F = Axyz.Ex(yoz),
G = Axyz.Ex(Syz),
H = LoK,

where K = Apg.p, MoN = Ax.M(Nx) and S = Apgr.pr(gr).
Write X D Y for PXY.

(i1) Define the following four systems of illative combinatory logic #P, #Z, #F
and .#G. T is the set of terms of all 4 systems. A basis I' is a set of terms. All four
systems have as rules the following:

All systems

Xel' = TFhX;
THX,X =5 Y = THY.
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872 WIL DEKKERS, MARTIN BUNDER, AND HENK BARENDREGT

The four systems have the following specific rules:
JP
P r-rxoY% I'stx = TkY;
P; LXFY, TFHY = TFHXDY;
Py LXFHY, TFHY = THFH(XDY).

SE

E. TFEXY THXV = TFYV;

= I, Xxt Yx, THLY, x¢FV(I,X,7Y) = TFEXY;

4 [,XxFH(Yx), THLYX, x¢FV(I,X,Y) = TFHEXY).
SF

Fe TFEXYZ T+XV = TFY(ZV)

F. I, Xx+ Y(Zx), T+LYX, x¢FV(T,X,Y,Z) = TFrFXYZ;

FL  T,XxFLY THLX, x¢FV(T,X,Y) = TFL(FXY).
FG

Ge TFGXYZ TFXV = TFYV(ZV)

G T,XxF Yx(Zx), T+LX, x¢FV(I,X,Y,Z) = [k GXYZ;
G.  T,XxFL(Yx), THLX, x¢FV(T,X,Y) = TFL(GXY).

DEFINITION 2.4 (Definition B2.8; interpretation of PROP). Letr be aclosed term
in A(E,L). Two maps (fori = 1,2)

[-]; : Fprop — A(E, L)
and two maps
I : Fprop — illative contexts

are defined by the following table. (Note that these illative contexts are effectively
grammatical conditions on the variables (propositional, individual) that appear in
a proposition.)

¢ [e]} L} (p) []? I (p)
p rp H(rp) rp L(rp)
w O x| Wl oIkl | Thw), THx) || FwlZx)? | TE(w), T2 (%)

REMARK 2.5. The r in the above can be replaced by | (i.e., omitted). In other
versions of this paper however we specialised to r = K. (cf., Remark 7.1.) Moreover
in Proposition B2.15 we used it to derive a relation between the two interpretations.
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DEFINITION 2.6 (Definition B2.12; interpretation of PRED).

(i) AS(E,L) is A(E, L) extended by the extra constants A1, Ao, P, f, g, a asso-
ciated with the signature s of the manysorted structure of our example. Because
we are going to interprete many sorted predicate logic with sorts Aq, Ao, it is use-
ful to have among the free variables of the A-calculus infinite sets 77, 75, with
7; = {xi,yi,zi ... }. x,y, z denote arbitrary variables.

(ii) Let r be a closed term in A*(Z,L). Two maps (for i = 1,2)

[<] : Fprep — A*(5, L)
and a map
I' : Fprep — illative contexts
are defined by the following tables:

t [¢]) I'(z)
xBx; Ajx;
a a 0

fs | fIsh; I'(s)
gst | glsl,[7]) | T(s),T(2)

@ ], []? T'(p)
P: r(P[t]}) r(P[t]?) I(z)
youx | w2k FlylF(x]? T(y),T(x)
VxAiy || BA;(Axi.[w]}) | GAi(Axi.[w]?) | T(w) — {4ix;}
(iii)
I}, = (LA1,LAs,FA1 4, f,FA1(FA24:)g, FA1H(roP), A1a),
T2 = (LA1,LA2,FA14; f,FA1(FA241)g, FA;L(roP), A1a)
and

I‘f.’j = I‘i‘s U {A42x2} where x2€77 is some variable.

The definitions I'.; and I':f of course refer to our example of a many-sorted
predicate calculus with signature s.

§3. Summary of results in preceding and present paper. We had as aim in the
preceding paper to prove

(1) A bprop ¢ & Vclosed r[...1, [A]l Frp [p]l];

(11) A |_PRED p <= V closed r[. el [A]rl |_JE [(p]rll,
(111) A Fprop p <= V closed FHM[. L2, [A],Q F R [(p]?M],
(iv) Abprep ¢ & Vclosed rAM|.. .2, [A]2 Frg [p]2M];

where .. .; stands for T',(A, ¢) in the cases of PROP and for I';F,I'(A, ¢) in the
cases of PRED.

The proofs of soundness (=) were easy. (cf,, Propositions B2.11 and B2.14). In
Propositions B3.14 and B3.11 we proved completeness for the 2 direct translations
[ ]! :PROP — #Pand| ]! : PRED — #Z, ((i)< and (ii)<), by specialising

This content downloaded from 130.130.37.85 on Mon, 27 Jan 2014 22:43:05 PM
All use subject to JSTOR Terms and Conditions


http://www.jstor.org/page/info/about/policies/terms.jsp

874 WIL DEKKERS, MARTIN BUNDER, AND HENK BARENDREGT

to » = I. In the present paper we prove completeness for the 2 indirect translations
[ ]2:PROP — #Fand [ ]? : PRED — .#G, ((iii)<= and (iv)<), also by
specialising to » = I. In Section 7 we point out that completeness for all 4 cases can
be proved also by specialising to » = K.

The completeness proof for the direct translation [ ]! : PRED — #Z ((ii)<)
was given in the following way. We had to show

Lot [A]LT(A, @) Frz @) = Alprep @

(cf., page B781.) Write IV = T'L+, [A]}, (A, ). First we defined in B3.2 a set @ in
order to analyze the terms M such that IV -,z M. We defined @ = {M | 3N&@ |
N =45, M } and it was clear that IV C @. We showed in Proposition B3.10 that @ is
an invariant (modulo Sy-equality) for derivations in #= :

'y M\ C O = MEG.
Using this result we then proved in Proposition B3.11
I'Frz [p]' = Atprep ¢

The completeness proof for [ |' : PROP — #P ((i)<=) was done in a similar
but easier way.

In the present paper we will prove completeness of [ ]? : PROP — #F and
[ ]2 : PRED — #G ((iii)< and (iv)<).

We start with the most difficult case, the proof of completeness of [ ] : PRED —
# G. We define in Definition 4.2 a set @; and we will show in Proposition 4.10 that
O is an invariant (modulo fy-equality) for derivations in #G :

Thye MT CO; = Mcas.

The invariant @; is more complicated than @ of B3.2 and we cannot use it to prove
completeness directly in a way similar to the proof of completeness for .# = relative
to PRED by means of @ in B3.11. In fact we shall use @; in order to show in
Lemma 4.18 that in a proof of T' g M, where I' C &g, all cut formulas can be
eliminated. Then we define in Definition 4.21 a second invariant @;. This @; plays
a role similar to that of @ in B3.2. Using this invariant we prove in 4.22-4.25 the
completeness in a way similar to the proof of completeness of [ ]! : PRED — .=
in B3.2-B3.11.

Completenes of #F for PROP is easier. There is no need for cut elimination and
we give the proof directly, using an invariant @, similar to & and @;.

In the last part of the paper we shall introduce another logic system: Predicate
Calculus with Higher Type Functions, notation PREDA—. We shall prove in Propo-
sition 6.12 that .#G is also complete for PREDA— under the second translation

[ 12
§4. Completeness of ¥ G for PRED. We will show for ¢ € Fprgp, A C Fprep :
Vclosed raM [ T2F, [A]Z,T(A, ) Frg [9)2M ] = Atbprep ¢
It is sufficient to show

I [A]RT(A, ) Frg [9)iM = Abprep .
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We omit the index | in the notation and we prove
2%, [A2T(A, ) Fra [¢]?M = Abprep ¢

The proof is again in several steps. First we define in Definition 4.2 an invariant
@ (modulo fn-equality) for derivations in .#G. Using this invariant we show in
Lemma4.18 thatina proof of 2+, [A]2, (A, ¢) g N all cuts can be eliminated.
Then we define in Definition 4.21 a second invariant @;, similar to & in B3.2 and
using this invariant we prove in 4.22 - 4.25 the completeness in a way similar to the
proof of completeness of [ |* : PRED — = in B3.2 - B3.11. Instead of - g we
shall mostly write I-.

Now we repeat Definition B3.2 of the invariant & for derivations in = for
the manysorted structure of our example, in order to contrast it with the one for
derivations in .# G of Definition 4.2 and also because we shall refer to it often in the
sequel. Instead of x;,%; and 7; we shall write x4, 74 and 7 4.

DEFINITION 4.1 (Invariant for derivations in £ Z).
T =M T

Th =g a| fTN| gT T,

Tt = gy
P = PITN | 24;,(0xY.P) | E(KP)(KP);
Z = LA, | ;T | BA;(Ax1.2) | E(KP)(KP) | L(KP);
G =Z|P

Now we will define the invariant @ for derivations in .#G. @ is more compli-
cated then the invariant & for #= for several reasons. If T1+ [A]}, T'(A, ) F LY
in system 7= then X = 4; or X = Kp with pe%. Butif I'>* [A]%, T(A, ) F LY
in system .#G then we can have for example X = FA4;45 or even X = FpA,.
Therefore we define an extension Z; of the set of sorts {41, A2} containing these
X’s. We need for each /€ % a set of variables 7(’;, similar to the sets 771 and 7" “>.
If we took a different set of variables for each /€.%;, then the Substitution Lemma
4.6, that is needed in the Proof of Proposition 4.10, would not hold. Therefore we
define for each /€ % the skeleton sk(/), such that sk(p) is the same for all pe%g
and we define 7} = 72 iff sk(l,) = sk(l).

The sets 7, will contain A-abstractions: if/ = F/;/; and 2 €772 then Ax/t .t2 €T,
This may seem a little bit strange, but in fact it is very natural. For example we have
F FA1A4q(AxAt.x41) by rule F;. Hence Ax“1.x41 should be in 7<;FA1A1- Moreover
in the Proof of Lemma 4.9 we really need that Ax".t2€7Fh",

Finally we had Z(K p)(KO)€&@ whereas now we have Ep(Ax?.0)ed, where x?
may occur free in O.

DerINITION 4.2 (Invariant @ for derivations in #G). (i) A*(E, L) is, as in Def-
inition B2.12, A(E, L) extended by the extra constants 41, Az, P, f, g, a associated
with the signature s of the manysorted structure of our example.

(ii) Now we will define simultaneously a set Z of sorts (an extension of the set
{41, A3}), for each [ € Z;; the skeleton sk(/), a set of variables 7 and a set of terms
Tk, sets P, #6,% and G
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Definition of Z¢.

Lo = Ay | Ay | PtY | GL(Ax" L) (thegd, h,LeZs, x"e7l).
Definition of sk(1).

Sk(A,) = A,‘;
sk(Pt'') = Px™  (ie., sk(Pt“") is independent of ¢1);

sk(Gl(Ax" 1)) = G(sk(h))(Ax" .sk(l)).
Definition of 7L.
We assume that for each skeleton sk(/) there is a set of variables

7;"“) = {xsk(l) xik(’), x;k(l)’ B 'ysk(l)’yik(l)’y;k(l)’ !
such that %ék(ll) N Wék(lz) = (if sk(ly) # sk(l2), and for each / € Z; we define
7k = WGS"(’), xl = x%0 5! = xfk(l), pl =y )l = yfk(1)~

Definition of TL.

<7éza|7<l; |<7c?ll(lxll'1)<7él, ifl = Aq;
gh= 7l gSthgh if1 = Ay orl = Pt

Th= 1| 7h | TS Dgh | axt gh il = FA Ay
g | 7L | FSh D gl | gFAedy ir ] — B4, (FAy41),;

gh= wl| g Dgh ik gl if 1 = Gly(Ax".I3),
1¢{FA141,FA1(FA341)}.

Il

N
i

Definition of P, #c,Ec and .

P = PT | GI(Ax . Pg);
Hs = (PrP™ | Blx" #g);
P = L% | 4,78 | 2l(Ax" Z5);

O = #s | %6
(iii) Notation.
Lli,l,l',... denoteelements of Z;;
p,p1, P2, P ,... denote elements of F.

ReMARKS 4.3. (i) If FV(l;) = 0 then Gl;(Ax"1.ly) =5 Flil,. In that case we
will denote G/ (Ax".ly) usually by Fl;/o. In fact we did that already in the above
definition.

(ii) The grammar in the definition of @ is not context-free and this causes
some inaccuracies in the notation. In the definition of % (and similarly at some
other places) instead of G/ (Ax'.% ) we should write G.Z; (Ax¢. %), but then we
do not know that these two Z;’s represent the same /€ Zs. (We may not have
Gl; (lx’2 .9_‘)0))
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(iii) In the definition of 7. instead of the clause 75" D gl e might expect,
G G G

1 7/
in view of rule G, a clause /™" ") ¢l where I = I'[x" := ¢}}], but that does not

make a difference because we have for / €. Z;
A
g =75,

as follows easily from

x1:=11]

s

in Lemma 4.6.
LemMa 4.4. (i) Z1(Ax!.pt) = GI(Ax'.p)(Ax'.1);
(ii) GI(Ax!.p)t = Bl (Ax!.p(tx")), x'€FV(t);
(iii) Z1(Ax!.pt?) = GI(Ax! .p)tSIx"P) | for (GIGx"p) — JxI ¢p;
(iv) GI(Ax! .p)tS1x"P) = E1(Ax! . ptP), for t? = GIOx"P)xl,
(V) #6 = PsT3° modulo fy-equality.
Proor. (i), (i) immediately from the definition of G;
(iii), (iv) from (i), (ii);
(v) from (iii) and (iv). -
REMARK 4.5. By (v) in the previous lemma we have #; = %37, Gg’ ¢. In B3.2 we

defined @ = & | ¥ whereas now we have @ = #¢ | €. This corresponds with the
fact that now we treat derivations ' - [p]2M instead of T' F [p]*.

LeMMA 4.6. Let W = L6,k Po, #6,%c, or O and let weW', x"e7h,
theTlr, then
wxh = th)ew,
moreover if W = L then
sk(w[x" = t"]) = sk(w),

and hence
b= — g,
PrOOF. By induction on the structure of w. Instead of x' and #"* we shall write
x and ¢.

CASEweZ;.

w = A;. This is trivally ok.

w = Pt{*. This follows from the case w = t{".

w = Gly(Ay™.13). Then w[x := t] = G(la[x := ¢))(Ay2 L[x = 1]) =
= G(lo[x := #]) (A= g [x = 1))
(by the second part of the IH for ;) and this is in Z by
the first part of the IH for /; and /5. The second part of the
IH for /5 and /3 yields sk(w[x := t]) = sk(w).
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Casew = t'eT}.

1
Gl (x4
I=A4,. Noww = x{",aort 1A 1)t§1. All these cases are easy.

I = Ay or Pt{"*. Easy.

1 = Gly(Ay'.I3). Now w = x!, tlc;l“(ix?'l)té“,lyl"‘.tis,f or g. Easy again.
CASEweH;.
w = Pt{"". This follows from the case w = #;'".
w = Gly(Ay™.p). Then w(x := t] = G(lo[x := ¢])(Ay™.p[x :=#]) =
= G(lo[x := 1)) (Ay"=1 p[x = 1)).
CASES WEH g, wEZ ;. Similarly. .

Lemma 4.7. Let cX: ... X, =p, M for some constant ¢ and some M €Os. Then
ne{l,2}and M = cY, ... Y, with Y; =p, X;.

Proor. By Church-Rosser for fy-reduction. -

In the definition of s one of the clauses is 4;7, GA" where one might expect the
more general clause /7. But 4, 77" is sufficient as follows from the next lemma.

LeEmMma 4.8. L
It'edg for each 1€ %5.

Proor. By induction on the structure of /. Itisclearif/ = 41, Ay orPt1. Solet
[ = Gll(ﬂ.xll.lg). Thenlt = Gll(ﬂ.xll.b)tl = :11(5(/1)611.]2)11) = :ll(lxll.lg(t[xll)).

Now ¢ € 7}, = g 5" ("02) and xhe T2, hence t/x"'€ T 2. So by the induction
hypothesis one has Iy (¢'x"1 Ye@. Hence El; (Ax".1y(t! x")) 5. .

LeEMMA 4.9. L S
Vet = VeTL.
ProOF. By induction on the structure of /. It is clear if / = 41, 43 or Pt1. So
let ! = Gl (Ax"1.1y). Then IV = El (Ax"1.I(V x™)). So I,(V x"1)€@5 and hence by
the induction hypothesis we have V' x"t = t2€J2. So V = Ixh.t2eT. -

Now we will prove I' - M, I" C G; = Mebg. The proofis similar to the proof
of Proposition B3.10, but without the induction loading. We used that induction
loading to derive, in subcase Z;(a), that if I' - Z(Kp)(4x.0) then x¢FV(0). But
now we have I' - Z(p)(Ax.0) where x may occur free in O.

PrOPOSITION 4.10. @ is an invariant (modulo Py-equality) for derivations in
JG:

T-MTCO; = Mcds.

Proor. By induction on the derivation of I' - M. We only consider the three
specific rules =, Z; and G, . (The two general rules are easy and G, G; are equivalent
to Ee , El)

CasEZ,. ' M is T'F YV asdirect consequence of I' - ZXY, '+ XV,

By the IH one has EXY€d;, X Ve@’—g.irom EXYed; itfollowsthat X =1 Y =
Ax!.0 where Oc@y. Now XV = IVE@,, hence V = t1€.7GI by Lemma 4.9. So
M = (x'.0)t' = O[x' := t'|€@; by Lemma 4.6.
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CaseZ;. ' M is ' ZEXY as direct consequence of
'LX, T, XxF Yx with x¢FV(I', X, Y).
By the IH one has LXed;, hence X = leZs. Now x is any variable, so we may
assume that x = x'€%77.. Then Ix€&; by Lemma 4.8, hence by the IH we have
Yx€@s. Let Yx = 0€B;. Then M = Zl(1x'.0)eb;.
CaseGL. ' M is I'FL(GXY) as direct consequence of
I'FLX, T, Xx F L(Yx) with x¢FV(T, X, Y).
By the IH one has LX¢ €0;, hence X = leZ;. Again ‘we may assume that
x = x'€7.. Then Ixe@g, hence by the IH we have L(Yx)€@;. So Yx = L€%5.
We get GXY = GI(Ax'.1))eZ. Hence L(GXY)e%; C O. .

The invariant @ is more complicated than @ and we cannot prove completeness
directly using this invariant, as in in B3.11 for .# Z relative to PRED. In fact we will
use @ in order to show in 4.11-4.20 that in each proof I' - »¢ M, where I' C &,
all cut formulas can be eliminated. Then using another invariant &, similar to @
we prove in Proposition 4.25 completeness of .# G for PRED in a way similar to the
proof of completeness of ¥ = for PRED.

Caut elimination. First we define the Z-length Lz(0) for 0c@; (and Lz(/) for
1€ Z¢ ) and state some lemma’s, without the (trivial) proofs.

DEFINITION 4.11 (E—length Lg).
Ls((Pr))eP™) = Lz (L) = Lz (4;1%) =0,
Le(2l(Ax".0)) =1+ Lg(1) + L=(0),
L=(4;) = Le(Pt*) =0, Lz(Gh(Ax".ly)) =1+ Lz(h) + Lz(l).

LeEMMA 4.12. (1) X, YeZs U, X—»ﬁ” Y = LE(X) =LE(Y)
(i) X, YeL6Ub, X =4, Y = Lz(X) = Lz(Y).

DEFINITION 4.13. Let M €0, M =g, O. Then Lz(M) = L=(0).
LemMA 4.14. Lz(It') = L=(1).
LEMMA 4.15. X€ZL6 UG, t'€T) = Lz(X[x' :=1{]) = L=(X).
LeEMMA 4.16.
EXY€Os, XVEls; = L=(XV) < L=(EXY) & L=(YV) < L=(EXY).
PROOF. ZXY = El(ix'.0) and V€. Now use Lemma’s 4.14 and 4.15. .

DErINITION 4.17. A cut elimination is a proof reduction of the following form

Xx
B,
LX  Yx XV
=XY_ XV

YV YV
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ZXY is called the cut formula.

LEMMA 4.18. In a proof of T Fysa M (or T k4= M), where I' C @, all cut
Sformulas can be eliminated by the above proof reduction.

Proor. By induction on the maximal =-length of cut formulas in the proof of
I' F ¢ M. Consider a cut in the proof with a cut formula ZXY of maximal =-
length. Eliminate this cut. Now new cut formulas may have been introduced at XV
and YV, however by Lemma 4.16 these have shorter =Z-length. In the same way all
other cut formulas of maximal =Z-length can be eliminated and so by the induction
hypothesis all cut formulas can be eliminated. -

REMARK 4.19. The above can easily be generalised to allow fy-equality steps
(Eqg-steps) as follows.

Xx
LX Yx

XV

Eq_—_§X \l_V/x] D2 /
=Xy XV YV
YV Eq ¥y

REMARK 4.20. Similarly we can define cut elimination for ¥ P as a proof reduc-
tion of the following form.

X
D/ [D./
HX Yy b/ ___ . x

XoY X @

Y Y

This is in fact a special case of Definition 4.17. (Substitute KX for X and KY for

Y in Definition 4.17.) Also in a proof of ' -,p M where I' C & all cut formulas
can be eliminated.

Now we define similar to the set @ in B3.2 a set @; such that N C @, for terms N
of interest occurring in a cut free proof of I'2*, [A]2, T(A, ) Frc [¢]*M.

DEerINITION 4.21. Definition of &.

L =A41]42| Py
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Definition of sk(1) and 7.
sk(A4;) = A;;
sk(Pt'') = Px™  (ie., sk(Pt') is independent of #);
sk(Gloy(Ax".p1)) = G(sk(ly))(Ax"2.sk(p1)).

M

7! = {xh,xb,.), xl = x,.sk(l), xPt £ xP? if sk(p1) # sk(pa);

Definition of 7.
gl =y a| fT | g7 ifl = Ay;
gl =7t if 1 = Ay;
gl = 7l | g D gh it 1 = Pri;

Tl = 7l | g Dgh | axk g i1 = Gl(ax".py)).
Definition of Py, #,,%) and O.
P = PTM | Gl(Ax! ),
#, = (Pr)™ | 2102,
@ = L& | 4,97 | Blx.2);
G =%,
REMARKS 4.22. (i) Similar to Lemma 4.4(v) we now have #; = 2#,9,7".
(ii) If I = 4; in GI(Ax'.p;) in the definition of 2|, then x’ may occur free in py;
but if / = p then x'@FV(p;). So GI(Ax'.p1) may be split into GA4;(Ax“.p;) and

Gp(Kp1) and similarly for =/ (Ax'.g) in the definition of ;.
(iii) Note that @, C @5, hence Lemma 4.18 remains valid if @ is replaced by @ .
Lemma’s 4.6-4.9 mutatis mutandis also hold for @;. Moreover lemma’s cor-

responding to Lemma’s B3.7-B3.9 hold. Replace [-]! by [-]? and in the lemma
corresponding to B3.7 take # instead of %;.

Lemma 4.23. Let p,p' € P,. Then pM = p'M' = p=p’.

Proor. Induction on p. -
The following lemma corresponds to Proposition B3.10.

LEMMA 4.24. LetT' C @) andlet T & g N be a cut free proof. Then

(i) If the last applied rule in the proof is not the Es-rule, nor the Gy -rule (modulo
the pn-rule), then Nc0@,. L
(ii) If N = It with 1€ %1, t€T . then Nc&;.
Proor. The proof of (i) and (ii) is by simultaneous induction on I - N. The two
general cases are easy, so we only consider Cases Z;, for (ii), and Z,.

CasEE;. ' NisT'F It = EXY as direct consequence of I' - LX, I, Xx F
Yx.

Now It = Gl (Ax"t.p)t = El; (Ax".p(¢tx"1)) = EXY. The IH for T, /;x" - p(¢xh)
yields p(¢x"') = 0€@y. So ZI (Ax".p(tx")) = EL, (Ax".0)ed;.
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CASEE.. I'F NisT'F YV as direct consequence of ' ZXY, T'+ XV
By the induction hypothesis for '-EXY wehave EXY €@;. SoEXY = 21, (Ax".0).
The IH for T'F [,V yields Iy V €6y, hence V€T, So YV = O[x" := V]e@,. A
PrOPOSITION 4.25 (Completeness of .#G for PRED).
2 [AP,T(A, ) Fra [p°M = Atbprep ¢.

ProoF. The proof resembles very much the proof of Proposition B3.11. Note
that 2+ C 2 and I'(A, ¢) C Z;. Hence it is sufficient to prove

(**) Tg,[AFsa N, Ty CZ, N=[p]?M = Alprep ¢

Write I' = I';,[A]2. Then I' C @;. The proof of (xx) is by induction on the
derivation of I' - N. We may assume that the derivation is cut free because
O, C 0.

Casel. I' = N because NeT'.

N = [p]?M, so N¢%, hence Nc[A]?. We get from Lemma 4.23 that [p]? = [y]?
for some weA. So ¢ = y and hence p€eA. Therefore A Fprpp .

Case2. T'+ N is a direct consequence of I' - N’ and N = N'.
Now N’ = N = [p]?M and by the IH for N’ one has A Fprep ¢.
CASEZ.. ' N is T'F YV asdirect consequence of I' - ZXY, ' XV

I' - N is cut free, hence from Lemma 4.24 we get that =XY €@,. We distinguish 3
subcases.

SUBCASEEc(a). X = 4;, Y = Ax".h. Now h = pt? = [y]*t” for some p €
P,y € Fprep. We have XV = 4;V €6, by Lemma 4.24. Therefore V = t4 =
[ta ]2 Now N — [pPM = ¥V = (xA[y2e7)[ta ]2 = W[t o= [ta, 0" =
[w[xAi = ta,]]?t for some t'. So [p]? = [w[xA = ta,]]?. Hence p = w[xA =
ta,]. EXY = Z4;(Ax% . pt?) = GA;(Ax"i.p)t’ (for some t') = [VxAiy]?t’. So we
have by the IH A Fpgrep VxAil//. Hence A FpreDp l//[fo = tA,-] = .

SUBCASE Zc(b). X = p, Y = AxP.h. Now Y = AxP.pyt?? where x’¢FV(p,).
Then N = [p]>2M = YV = pot’ for some ¢'. So [p]? = pa. Let p = [p1]%. Then
EXY = Gp(Kpy)t" = Fppat” = [p1 D p)?t” for some ¢”. So we have by the IH

A FpreD 1 D .
AlsoT + XV = [p1]?V. So by the IH one has
A FpPRED @1
Therefore it follows by modus ponens that
A FpRED -

SUBCASE E¢(c). EXY = El(Ax’.g.) This case is not applicable because YV #
[p)? M.

CaseE;. T'F N is I'F EXY as direct consequence of
FPFLX, T, XxF Yx withx ¢ FV(I, X, Y).
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EXY = [p]?M. So [¢]> = Gl,(Ax"1.py) for some [} € & and p; € 2, and
EXY = EL(Ax". po(M x")). We consider 2 subcases.

SUBCASE Zj(a). X = 4;. Let po = [y]?. Then ¢ = Vx%y. AsT, Xx4
p2(Mx4) one has A Fprep w by the IH. Now x“ does not occur in T, so

A I_PRED VXAi V.

Suscase Zi(b). X = p1. Let p1 = [p1])%, p2 = [p2]?. Then p = p; D pa. Now
T, [p1])?x F [p2]?(Mx). So one has by the IH A, 1 Fprep 2. Hence

A FpRED 1 D 2.

CaseG.. T'HN is T'FL(GXYZ) as direct consequence of
T'HLX, T,XxF L(Yx)with x¢FV(T, X, Y).

This case is not applicable because L(GXYZ) # [p]>M. -

§5. Completeness of .#F for PROP. We must show for ¢ € Fprop, A C
Fprop :

V closed rAM eA[[A), T2(A, ) Frr [9]2M] = Alprop .
It is sufficient to show
IMeA[AJ, TH(A, ) Frr [p]iM] = Atprop ¢
We omit | in the notation and we prove
[A]Z,FZ(A,cp) Fop [Q0]2M = A Fprop ¢-

The proof is much simpler than the proof of completeness of .#G for PRED,
because there is no need for cut elimination. We define only one invariant @, in 5.1,
similar to @ and @; and using this invariant we prove the completeness in 5.2-5.5.

DEFINITION 5.1 (Invariant for derivations in #F). %% is a set of proposition vari-
ables. For every pe%, there is a different set 77 of variables.
Definition of 7 .
gy = vl | T, T, if pe?s;
gy = 7] | T3P TP | dxr2 TP, if p = Fpaps.
Definition of Py, #s, %> and Os.
.@2 = %2 | F.gbz.g‘jg;

Hy = ’Utv(’UEWQ) | Epl(/lxpl.%g);
fQ = L.g";z |E.@2(Kf2);
@’2 = %2 I?Q

REMARK 5.2. Similarly to Lemma 4.4(v) we have #, = 9,9, * modulo f-
equality. Note that in Ep; (Ax?1.4) in the definition of #, we have & = po1?? where
xPLZFV(pa).

We have lemma’s similar to Lemma’s 4.6-4.9, with similar, but easier, proofs.
(NOW Z 2 = ,9_‘)2.)
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ProposITION 5.3. In #F we have
I'FMT CO, = McO,.
ProOOF. Similar to the proof of B3.10. Instead of Case G| we now have Case
FL. =

LemMA 5.4. (1) &, N #y = 0;

(i) &, N7, = 0;

(111) [—]2 : Fprop — P, is a bijection.

(iv) Let p,p' € Py. Then pM = p'M’ = p=1p'.

PrOOF. By easy inductions. For (ii) we use Church Rosser. -
PROPOSITION 5.5 (Completeness of #F for PROP).

[A2,T*(A, ¢) Frr [9]?M = Atprop .
Proor. Similar to the proof of Proposition 4.25 but easier. The subcases corre-

sponding to subcases Z.(a) and =;(a) do not occur. -

§6. Completeness of .7 G for PREDA— . In this section we will show complete-
ness of #G over predicate logic extended with higher type functions. In this logic
we may quantify over all functions based on A; and A, and also over functions
ranging over functions etc. and we can state e.g.,

VflE((A1—>A2)—>A1)Vf2€(A1—>A2)[P(f1f2)].

DEFINITION 6.1. PREDA—, a preliminary version of Predicate Calculus with
Higher Type Functions, is defined by

(i) Types of PREDA—y
LpreDi—o = A1 | A2 | LPREDI— o —LPREDI -
(ii) Variables of PREDA—
Vl = {x}, xé, e } for lELPREDl—»o'

(iii) Terms of PREDA—

T =a| V| ThITh,  ifl= Ay;

T = V' | Th'Th,  ifl= Ay

T =f£ |V | ThITh,  ifl= Aj—Ay;

T =g| V| ThITh,  ifl= A —(Ay—Ay);

™= V| ThITh if1g{A, Ay, A1 —A L A —(Ar—Ay)}

(iv) Well-formed formulas of PREDA—s

A 1
FpreDi— = PT™! | FpREDI—0 D FPREDI—, | (VX )FPREDI—0-

(v) Postulates of PRED1—
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pell = Tk
I'FeDoy, T = TFuy;
ey = TFeDy;
['FVxly, teT! = TFpx! =1
I'Fy, x!¢FV(T) = T FVxlp.

DEFINITION 6.2. The mappings [—]’ and I'in B2.12 from Fprgp into A*(Z, L) and
illative contexts respectively are extended to mappings from Fprep,—, by altering
some clauses and adding some clauses in the following way. .

First we define [A ], = 4; (j = 1,2), [Li—L]; = F[l1];[lz],. We will denote [1];
by /. Then we define

Y = Jatall = [l

Vx'el} = E1(2x"[]}), [Vx'0]} = GI(2x"[¢]?),

D(xY =1Ix!, T(Vx'e) =T(p) —{Ix'}, T(tity) =T(t1) UT(t2),

[h, = (LA, LA, FA1 41 f,FA(FA241)g, FAiH(roP), 4,a),

I2 = (LA1,LA,FA14:f,FA1(FA24:1)g, FA,L(roP), 41a),

L =T, U{ixd |1 £ A1),

[-]',T% and I';* are obtained from [, T and I';{ by everywhere omitting r

i.e., by replacing roP by P.

PROPOSITION 6.3. .7 G is not complete for PREDA—.

PROOF. Let o = Vx 1 7A1yx 21 P(x;x5) D Vxi*! Px,. We will show

*) V closed r3M T2}, T(p) Frc [p]? M,

(**) FPREDI—, ¥-

PROOFOF (*) Let X7 = G(FAlAl)(lxl.GAl(lxz.(roP)(xl)Q))), Y, = GAl().XZ.
(roP)x3), M = Ax*1.x™1] where I = Ax“.x41., We will prove (x) by showing
V closed V[F?”S_F "‘]G FX, YlM]

Note that the rules G, and G; imply the rules F, and F;. Let » be a closed term in
A (2, L). We have by rule F;

LA, - FA,4,1

and from this we get by rule G, (taking X =F 4141, Y =Ax1.GA41(Ax5.(roP)(x1x3)),
Z=x(=xM),V =1

LA1,X1x = Yl(xI)
So we have
(1) LA1,X1x = Yl(Mx)
Moreover rule F, yields

LAl, FA1A1x1, A1XQ - Al(xlxz).
Hence we get by applying rule F, once more
LA1, FAlL(rOP), FAlAlxl, A1XQ F L((roP)(xlxz))
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and by rule G twice
(2) LA;,FA L(roP) - LX;.
From (1) and (2) we get by rule F;

LA{,FAL(roP) - FX; Y1 M.

This proves (*). But ¥prrp;i—, ¢ because PREDA— has no identity function in
TFA1A: 4

By similar examples one shows the need for other combinators or A-terms. In
fact all of these are needed in PREDA—( before completeness can be proved.

DEFINITION 6.4 (Predicate Calculus with Higher Type Functions, PREDA—).
Types and variables are as for PREDA—.

Terms of PREDA—
T' = a|V'|T"~ITh, ifl1=Ay;
™= Vv ThITh, if1 = Ay;
T =f | V' Th=!Th | AxA T4, ifl=A;—Ay;
T =g | VI | Th=ITh | AxArTA2—AL ifl=A;—(Az—A,);
™= V' |Th=ITh | Axle.Tl, if1 =1—l3,

lg{Al —>A1, A1—>(A2—>A1)}

The well-formed formulas of PREDA— are defined as for PREDA—, but with the
altered terms. The postulates of PREDA— are as for PREDA—, plus

'te, o=p, v = T'kwy.

REMARK 6.5. Ordinary predicate logic PRED can be expressed by the pure type
system (PTS), see [1],

K e e n N
&« 0P
R (R, %), (%, %P), (x°,00P)

(5, %5, %), (55, %/, )

The point is that */ is a sort for function spaces like A} —A; or A;—(Ay—Ay),
with A1, Ase**, but not for higher function spaceslike (A;—As)—As. The system
PREDA— has higher function spaces and moreover it allows quantification over
them. PREDA— can be described more simply as the following PTS.

PRED/—
S I L i B N
& «P 0P x5 [O°
R (%P, *P), (%5, %), (%°,00P), (%*, %)

DEFINITION 6.6. We extend the mappings [—]’ and T of Definition 6.2 by
[Axltl2]l = Axh [tl2)], D(Axh.tle) = T(t") — {Lx"}.
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PROPOSITION 6.7 (Soundness of the interpretations for PREDA—). Let AU {¢}
C FpreD:_, then the following hold for all closed r.

(i) A Fprepies @ = THTIALLT(A, @) Frz o))
(i) A FpreDi— 0 = THN,[A]LT(A,0) Fra [p]2M for some M.

ProOF. We shall not give the proof here. It is similar to the proof of Proposition
B2.14 but longer because many more trivial cases have to be considered. .

Now in 6.8-6.12 we shall prove completeness of .¥G for PREDA— under the
indirect translation [—]2. (Completeness of #Z for PREDA— under the direct
translation [—]' also holds, but we shall not give the proof here.)

First we define in Definition 6.8 an invariant @, similar to & in B3.2 and &} in
Definition 4.21. We have @3 C @, hence Lemma 4.18 yields that in a proof of
I' ~yg M where T' C @3 all cut formulas can be eliminated. Then the proof of
completeness of #G for PREDA— is similar to the proof of completeness of .7 G
for PRED in 4.22-4.25.

DEFINITION 6.8 (Invariant @5 for .7 G).
33 = A1 |A2 | Fggffg,;

@’3 = 33 |.@3;

ng = {xi,xé,.,.}, xfl * xfz if Iy # Io;

Ti =al|7i | T3 Ty, if I = Ay
g = 7igihgk, ifl = dy;

T4 = £ 70| T Th | axt g, ifl =FA Ay
Ti = g | 7d | TS Th | ax gF A i ] = FA,(FAy4,);

g = 7| IIMTh | axr g, ifl = Flyls, I¢{FA14,,FA4,(FA24,)}.
Py = PTM | Gg(x1.Ps);

Hs = (PP | Eq(Axt.#5);

g‘g = L@g, |Ai73 i |Eq(/1xq.?3);

@3 = %3 | ?3.

7 = {xD,xl, .Y, xP = x| x P P i sk(py) # sk(pa);

sk(l) = I
sk(Pt?t) = Px™  (ie., sk(Pt41) is independent of t1);
sk(Gq(2x?.p)) = G(sk(q))(Ax?.sk(p));
g =7 | g g if p = Pty
Ty = 7 | gD g | et T i p = G (AxT . py)).

REMARKS 6.9. (i) Similar to Lemma 4.4(v) we now have #3 = %9, modulo
pn-equality.
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(ii) If ¢ = I in Gg(Ax?.p1) in the definition of %, then x¢ may occur free in p1;
but if ¢ = p then x?¢FV(p1). So Gg(Ax?.p1) may be split into GI(4x’.p;) and
Gp(Kp1) and similarly for 2¢(Ax7.g) in the definition of Z;.

Lemma’s 4.6—-4.9 mutatis mutandis also hold for @5. (Replace / by q.) Moreover
lemma’s corresponding to Lemma’s B3.7-B3.9 hold. Replace [-]! by [-]? and in
the lemma corresponding to B3.7 take #; instead of ;.

LemMa 6.10. Let p,p' € P5. Then pM = p'M’' = p=1p'.
Proor. Induction on p. -
LEMMA 6.11. LetT C @5 andlet T g N be a cut free proof. Then

(i) If the last applied rule in the proof is not the Z;-rule, nor the G-rule (modulo
the Bn-rule), then N €03. o
(ii) If N = qt with g€@s,t€ T then N€0;.

PrOOF. Similar to the Proof of Lemma 4.24. .
PROPOSITION 6.12 (Completeness of .#G for PREDA— relative to [—]2).
2%, [A]2T(A, ¢) Fra [9)*M = Abprepie .

PrOOF. We have @3 C @, hence by Lemma 4.18 we may assume that the proof
of I2F [A]2, T(A, ¢) Frc [¢])?> M is cut free. Then the proof is similar to the proof
of completeness of .# G for PRED in Proposition 4.25. =

REMARK 6.13 (Higher Order Predicate Calculus). Let us define PREDAw as
PRED/A— but with

LprEDio = A1 | A2 | H | LprED)w —LPREDIw-

Thus PREDAw allows quantification over all functions, but also over all predicates
and propositions. As a PTS the system PREDAw is PREDA— plus (07, «7), ({7,
00”7). Given an extension of I'; to include - LH, we would expect to prove the
completeness of .#G over PREDAw, but we have not yet succeeded. In particular
we have not been able to prove cut elimination for LHET'. ;, so the methods employed
here are not all available.

§7. Conclusions and remarks. In [2] and in this paper we proved soundness and
completeness for the direct and indirect interpretations of propositional and predi-
cate calculus into illative systems:

(1) A Fprop p = V closed r[. T [A],l Fep [(p],l],

(ll) A FprED Y = V closed r[. 1 [A],l ko= [(p],l],
(iii) A Fprop ¢ & Vclosed r3M|.. .2, [A)2 For [@)2M];
(iv) A Fprep ¢ < Vclosed rAM|.. .o, [A)? s [p)?M];

where .. .; stands for I',(A, ¢) in the cases of PROP and for I':F, I'(A, ¢) in the
cases of PRED.

REMARK 7.1. The proof of soundness (=) was always simple. Completeness (<)
was proved each time by specialising to » = . This is a very natural choice, but one
may wonder if the proofs can be given for other r, especially for r = K. Inspecting
the 4 proofs for r = | in this paper and in [2] one can verify that all these proofs
need only minor changes to yield proofs for r = K.
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Let us consider as an example the proof of completeness of .#G for PRED
((iv)<=) taking r = K. Each Pt4: (t+41€g4") in Section 4 must be replaced by
K(Pt41). (And a resulting K(Pt41) M we rewrite Pt4* again.) Let us denote for
the moment the resulting set #; by Psk and the set % of Section 4 for r = | by
'@Gb Then

Pek = KP1.
In Definition 4.2 we define now
TE=AN(E L) ifl = K(Pth).

As a result then 7 = A*(E, L) for each pe%;k. These are nearly all changes that
are needed to get a proof for r = K from the proof for » = I in Section 4.

In another version of this paper, [3], we were not yet able to give completeness
proofs of .#G for PRED and .#F for PROP ((iv)<= and (iii)<=) by specialising to
r = |. We there gave completeness proofs by taking r = K, in a way different from
the method sketched above. Let us consider now the proof of completeness of .7 G
for PRED in [3] taking » = K. From

[elkor = Kl

in Lemma B2.15 we got

() M = o]},

Moreover in [3] we had a conservativity result

() I'Fyag M = T = M for ‘suitable’ I" and M.
Now the completeness proof in [3] was as follows

T2, AR T(A, @) Foc [p)2M = (by*)
TUEAILT(A @) Foe [l = (by *%)

ls
IUE AL T(A ) Frs [l = (by Proposition B3.14)
Atprgp ¢

(To prove this conservativity result we had to show, in a way similar to the proof in
the present paper, that the proof of T' - g M could be made cut free.)
Also completeness of 7 F relative to PROP for [—]% followed from completeness
of 7P relative to PROP for [—]] by a conservativity result for #F relative to .#P.
We also proved elsewhere completeness of .#G relative to PREDA— for[—]%.
Then completeness of #Z relative to PREDA— for[—]} followed because system
# G is stronger then system .#=. That last completeness is not proved in the present

paper.

REMARK 7.2. We defined P, F, G in B2.3 in terms of the constant = and in B2.7
we obtained the following result.
The systems ¥ P, =, #F and .7 G are related as follows
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JF—— G

IP—— 7=
where — denotes nondecreasing strength, i.e., s; — s, means that for all T, X
b, X = ', X.
Moreover we had conservativity results like
I'tyqg M = T'+rz M for ‘suitable’ I" and M

mentioned above. But in the proofs of soundness and completeness in the present
paper we did not use these results. So one may wonder if soundness and complete-
ness remain valid if we define P, F and G to be constants. This is indeed the case
(only the bases I'} ; and I'2, must be rewritten). In the soundness proofs we did not
use the fact that P, F and G were defined in terms of Z. Also completeness remains
valid because the systems with P, F and G constant are less strong than the systems
we considered. For example for system #F then one does not have the relation

F =4, Axyz.Ex(yoz).

ReEMaRK 7.3. In B4.1 we stated that it is possible to work with variants of the
systems P, #=, #F and .#G based on f-conversion only. This still holds. One
may think that in the Proof of Lemma 4.9 (and the proof of Lemma 6.11) the

n-axiom is used. This however is not the case, because by Definition 4.2 not only

[t eTh butalso feTEA4 and similarly gegg P44,
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