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Abstract

We study constructions for amicable Hadamard matrices. The family for
orders 2!, ¢ a positive integer is explicitly exhibited. We also show that there
are amicable Hadamard matrices of order (2! —1)" +1 for any odd integer r > 1.
Now we have orders 15" +1, 63"+ 1, 255" +1, 511" 41, ... > 1 an odd integer,
for the first time.
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1 Introduction

The papers by Tarokh, Jafarkhani and Calderbank [22], and Belevitch [2, 3], showing
possible connections between amicable Hadamard matrices and communications has
motivated their further study. A delightful introduction to this topic has been written
by Adams [1].

An Hadamard matriz, H, of order n is a square +1 matrix whose rows (and
columns) are pairwise orthogonal, that is HH? = nlI,. Hadamard matrices of order
n are conjectured to exist for all orders n = 0(mod 4). A weighing matrix, W =
W (n, k), of order n and weight k has elements 0, + 1 and satisfies WW7T = kI,,. If
an Hadamard matrix M, can be written in the form M = I + S where ST = -8,
then M is said to be a skew-Hadamard matriz. Skew Hadamard matrices are also
conjectured to exist for all orders n = 0(mod 4).

If M =1+ S is a skew Hadamard matrix, of order n, N = N7, is an Hadamard
matrix also of order n and MNT = NM7T, then M and N will be said to be amicable
Hadamard matrices. If MNT = —NM7T, then M and N will be said to be special
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or anti-amicable Hadamard matrices [25, p296]. Seberry and Yamada [20, p535] give
amicable and skew Hadamard matrices which were known in 1992. Since then new
skew-Hadamard matrices have been found for a few orders by extensive computer
searches [4, 5, 6, 7].

However, compared with the knowledge regarding the existence of Hadamard ma-
trices very little is known regarding the existence of amicable and skew-Hadamard
matrices.

2 Some Basic Results

Most of the results of this section are not new but we group them together here for
future reference. We refer the interested reader to Geramita and Seberry [10] for
information about orthogonal designs and amicable orthogonal designs.

Definition 1 [Amicable Matrices] Two square matrices of order n, A and B, are
said to be amicable if ABT = BAT.

Notation 1 [Back Diagonal Matrix| We use

00 - 01
00 - 10
R=|: :
0 1 00
|10 -+ 0 0]

for the back-diagonal matriz of order n and and also for type 2 back-diagonal matrix.

Remark 1 Let A and B be circulant matrices of order n. Then C' = BR is symmetric
and ACT = CAT so A and C are amicable. If A and B are type 1 matrices (see [25]),
and C = BR where R is the type 2 back diagonal matrix then A and C will be
amicable (see [10, 4.13] for the definition of type 2).

Proposition 1 The following are equivalent for orders n = 0(mod 4):
1. aW(n,n—1);
2. a skew-Hadamard matriz of order n;
3. an OD(n;1,n—1).

Proposition 2 The following are equivalent for orders n = 0(mod 4):
1. amicable Hadamard matrices of order n; and
2. AOD(n:1,n—1;n).

Proof. See [10, Lemma 5.43] for the proof.
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3 Amicable Cores

To make our next result clear we first define what we mean by different types of cores.

Definition 2 [Amicable Hadamard Cores | Let A = [ + S and B be amicable
Hadamard matrices of order n which can be written in the form

A= 1 e ]

_—eT I+W
and _
-1 e
B = el R—i—V]’

where e is a 1 x n — 1 vector of all +1s. Let R be the back-diagonal matrix, W and
V have row sum +1 and

V=V, VW' =WV, and RW" = WR. (1)

Then I + W and R+ V will be said to be amicable cores of amicable Hadamard
matrices. We call W and V' amicable Hadamard cores when the properties of Equation
1 are satisfied. We call W the skew-symmetric core and V' the symmetric (partner)
core.

Now C =1+ W or C = R+ V are said to be amicable cores of the Hadamard
matrix, and

CC" =nly_y — Jyy, CI=JC =J.

Example 1 Amicable Hadamard Matrices and Their Cores
The following two Hadamard matrices are amicable Hadamard matrices.

1 1 1 1 -1 1 1 1
1 1 1 -1 1 -1 1 1
A=1_41 4 ¢ (| ad B=1 o 1 |
1 1 -1 1 1 1 -1 1

1 1 -1 -1 1 1
I+W=] -1 1 1 and R+V = 1 1 —1
1 —1 1 1 —1 1

as amicable cores of the amicable Hadamard matrices. Note they satisfy all the
properties of Equation 1.

The following theorem is quoted from Geramita and Seberry [10, Theorem 5.52]

Theorem 1 Letp = 3(mod 4) be a prime power. Then there exist amicable Hadamard
matrices of order p + 1.



Example 2 [Amicable Paley Cores|First we note that Paley cores apply to prime
power orders only.

To illustrate we use Paley’s original construction [19, 25] to form a skew-symmetric
matrix, (), with zero diagonal and other entries £1 satisfying QJ = 0, QQ* = pI — J,
QT = —Q. This matrix Q is called the Paley core.

We now Write W for () to be consistent with the remainder of this paper. Let R
be the back-diagonal matrix of order p, when p is prime, and the type 2 (see [25] for
definitions) equivalent when p is a prime power. Write V' = QR. Then W and V are
amicable Hadamard cores. We also (loosely) call them amicable Paley cores. From
Remark 1 V' is symmetric.

Writing W and V for the amicable Paley cores we see that we can write the
amicable Hadamard matrices as

[ 1 e
My = | €T I+W]
and i
-1 e
N1 = | €T R+V]'
where e is a 1 x p vector of all +1s. O

I+ W and R+ V are amicable Hadamard cores of amicable Hadamard matrices.
W and V are amicable Hadamard cores.

4 Construction for Amicable Hadamard Matrices
of order 2!

Seberry and Yamada [20, p535] give amicable Hadamard matrices which were known
in 1992.

Unfortunately the very first family of amicable Hadamard designs (and indeed
amicable orthogonal designs) which were foreshadowed in Geramita, Pullman and
Seberry Wallis [9], has never been explicitly cited. We give a more general theorem
which has this family as a corollary.

Theorem 2 [Multiplication Theorem for Amicable Hadamard Matrices]
If there are amicable Hadamard matrices of order my and ng there are amicable
Hadamard matrices of order nin,.

Proof. See [10, Theorem 5.77].

Corollary 1 Let t be a positive integer. Then there exist AOD(2%1,28 — 1;2%) or
amicable Hadamard matrices for every 2.



Proof. We write this proof in some detail to ensure we have the symmetric and
skew-symmetric cores for Theorem 3. We note the amicable Hadamard matrices of

order 2:
11 1 1
M2:|:_1 1:| and N2—|:1 _1:|

Applying Theorem 2 once gives us the 4 x 4 matrices

1 1 1 1 1 1 1 1
1 1 1 -1 1 -1 1 -1
My=| o 4 ¢ | ad M=, 1 4 4
-1 1 -1 1 1 -1 -1 1

Here all the properties of Equations 1 hold except RJ = —J.

We note that M, is Hadamard of skew-type, a skew Hadamard matrix and Ny is
symmetric. This example is not yet in the form we need for Theorem 3 but multiplying
column 1 and then rows 2 to 4 of Ny, to give Nj, which does not alter the symmetry
of amicable Hadamard property of M, and N gives the desired form.

Then iterative use of Theorem 2 gives Hadamard matrices of order ¢ = 2! where
My is skew-type and Nyt = (n;;) is symmetric and the elements

(2,2, (3,28 =1), ---,(2%,2)

of Ny are all —1. This is R for Ny:. That is, using induction, we can write the
amicable Hadamard matrices Myt = I + S and Nyt as

[ 1 e
Mo =| 1+W]

and

;| -1 e
71" R+V |
where e is a 1 x 28 — 1 vector of all +1s and W and V are amicable Hadamard cores.

R is the back diagonal matrix of order 2¢ — 1.
We note My and Nj, satisfy all the properties of Equations 1. O

5 Construction of Amicable Hadamard Matrices
using Cores

In early papers Belevitch [2, 3] and Goldberg [14] showed that the core of a skew-
Hadamard matrix, of order n+1, could be used to generate a core of a skew-Hadamard
matrix of order n® + 1. Seberry Wallis [24] realized that this construction could be
extended to orders n®+1 and n” + 1. These were further generalized by Turyn [23] to
orders n” + 1, where r > 0 is an odd integer. We now give the results in considerable
detail to try to make the constructions as clear as possible.



Theorem 3 [Belevitch - Goldberg Theorem] Suppose W is a skew-symmetric
core of size n = 3(mod 4) then

IXIXWAWXIXJ+IxWxIT+WxWxW
is a core of order n®.

Remark 2 If I + W and R + V are amicable Hadamard cores then the symmetric
companion of the above skew-symmetric core is

RxJIJxV4+VXRXxJ+IJXxVXR+V XV XV

We now use part of Corollary 3.12 of [25] which shows that is W is a skew-
symmetric (symmetric) core of size n = 3(mod 4) then there exists a skew-symmetric
(symmetric) of size n” for all odd r > 1.

Example 3 The skew-symmetric core of order n® from a skew-symmetric core of
order n is the sum of

IxJIJxIxJxW;and I xJxWxW x W,

plus
WxWxWxWxW,

plus their circulants
WxIxJxIxJ, WxIxJxWxW;

JIXW XIxJIxI; WxWxIxJxW;
IXIXWXxIxJ, WxWxWxIxJ;
XTI XIXxWXxIT; JxWxWxW xI.

The symmetric core will have the same form with I replaced by R and W replaced
by V. So it becomes the sum of

RxJXxRxJxV;and RxJxVxVxV;VxVxVxVxV,
plus their circulants
VXRXIXRXJ; VXRXIXVXV;IXVXRXJIXR, VXVXxRxJxV;
RXJIXVXRXJ; VXVXVXRXJ;JXRXxJXxV xR, JxVxVxV xR.

These amicable cores, that is the skew-symmetric and the symmetric cores, are
amicable term by term.
O

We now use this to construct amicable Hadamard matrices of order n” 4+ 1 from
amicable Hadamard matrix cores of order n + 1. This is illustrated by the Belevitch-
Goldberg construction Theorem 3 for n = 3 and by Example 3 for n = 5.

6



Theorem 4 [Construction]| Suppose W is a skew-symmetric core of sizen = 3(mod 4)
and V (VT =V ) is an amicable symmetric core. Let M and N given by

IxIxI---xI+ B,

and
RxRxR---xR+ D,

where each single term is comprised of the sum of the Kronecker product of n terms as
described below. Then M and N are cores of amicable Hadamard matrices of order
n” for any odd r > 0.

Proof. Let I, J, W of order n be as above. The proof consists of taking the sum of the
Kronecker product of all the possible basic terms A of the form I X J x W x ---x W,
IXJIXIXJIXxWx---xW IxJxWxIxJx---xW and so on and all
their circulants. That is, if a new term is introduced to make a larger power, the
newly introduced terms will have I x J or W x W inserted at the beginning of each
term of the smaller order A,_s. Call this matrix B = B,. Then B will satisfy
BBT =n"l,; — J,r, BJ =JB =0.

Because WJ = JW = 0 it becomes easy to see that the terms of BBT are actually
each individual term of A each multiplied by its transpose.

It is a little more difficult to see that B will be a skew-symmetric core, that
is that all the off diagonal elements are ==1. However this can be shown from the
careful placements of the elements and that J and W (and J and V') occur in the
same position in each distinct pair of terms for the higher power construction (note
JW =W J =0) and each pair of terms is disjoint.

Carrying out the same procedure but with A, and B,, with elements I, J and W
replaced by C,. and D, which have elements R, J and V gives the symmetric partner.
O

Corollary 2 Suppose there exist amicable Hadamard matrices of order n with am-
tcable cores of order n — 1. Then there exist amicable Hadamard matrices of order
(n—1)" 41, for all odd r > 1.

From Seberry and Yamada [20, p535], Geramita, Pullman and Seberry Wallis [9]
and this paper, amicable Hadamard matrices exist for the following orders, xy, x3
and x4 are given explicitly here for the first time.

Key Order Method

rg 2 t a non — negative integer. See [10, p224].

z; p+1 p" = 3(mod 4) is a prime power. See [20, p110].

zo  2(qg+1) 2g + 1 is a prime power, ¢ = 1(mod 4) is a prime. See [20, p114].
z3 (4t —1)"+1 when circulant (or type 1) Hadamard cores of order 4¢ — 1 exist.
zy nh n, h, are orders of amicable Hadamard matrices. See [10, p255].

Seberry and Yamada [20, p541-542| give a list of constructions for skew-Hadamard
matrices known in 1992. There are very few further constructions known (see [4, 5,
6, 7]).



Since amicable Hadamard matrices exist for 15+1, 63 +1, 255 +1, 511 +1, .....
we have amicable Hadamard matrices for the new orders 15" + 1, 63" + 1, 255" + 1,
511" + 1, ... » > 1 an odd integer, for the first time.

Further research is needed to extend our knowledge of amicable Hadamard ma-
trices.
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