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ABSTRACT   

Phase shifting profilometry (PSP) technique is widely used as a 3-D shape measurement technique due to its robustness 
and accuracy.  However, PSP requires multiple fringe pattern images to be projected onto an object and a reference plane 
to calculate the phase value, and also the object must maintain motionless when the measurement is taken.  If the object 
moves during the measurement, significant errors will be introduced when calculating the phase value.  This paper 
analyses the relationship between the object movement and the phase value, and proposes a method for compensating the 
errors caused by two-dimensional movement of object.  This method can eliminate the errors caused by two-dimensional 
movement of object and reconstruct the object shape successfully.  The effectiveness of the proposed method is verified 
by simulations.  

Keywords: PSP, compensation, movement error, motion 

 

1. INTRODUCTION  
In recent years, fringe pattern profilometry (FPP) has been one of the most popular non-contact methods for 3-D shape 
measurement.  In FPP, the fringe analysis method includes Fourier transform profilometry (FTP)[1], phase shifting 
profilometry (PSP)[2], modulation measurement profilometry(MMP)[3] and etc.  FTP and PSP are two most typical 
algorithms among them.  FTP requires only one or two fringe pattern images to calculate the phase value[4], hence it is 
suitable for dynamic object measurement.  However, FTP is sensitive to ambient light and reflectivity variations, so the 
accuracy will be easily affected.  In contrast, PSP requires multiple fringe pattern images (normally at least three)[5], but 
has the following advantages[6]: (1) has a pixel-level measurement resolution due to point-by-point measurement; (2) less 
sensitive to surface reflectivity variations, can be used for complex surface object measurement; (3) less sensitive to 
ambient light.  The proposed method in this paper is based on conventional PSP method.   

PSP is a method that based on calculating the triangle function relationship among a sequence of phase shift fringe 
pattern images.  According to the phase shift times N, PSP can be classified as N-step PSP (N≥3), such as three-step PSP 
or four-step PSP, the phase shift is 2 / Nπ  for each step.  The more steps are used, the less sensitive to the device 
nonlinear distortion[7].  For high-speed and accurate measurement of complex geometric shapes, three-step PSP is the 
first choice[5]. 

However, there are still some problems to be addressed in PSP.  PSP uses the intensity values of the phase shift fringe 
patterns to calculate the phase value, and the intensity values should have the same phase shift of 2 / Nπ  for the same 
point on the object.  It is always assumed that the object is motionless when the fringe patterns are being projected and 
captured.  However, this assumption is impractical.  Errors will be introduced if the object moves when the measurement 
is performing[5].  In practice, it is hard to guarantee the object is motionless even the period between the projection and 
the capture of fringe patterns is very short.  Therefore, it is important to analyse and compensate the errors caused by 
object movement to achieve high accuracy.  
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There are some existing works on this field of research.  Xianyu Su et al. used FTP to measure dynamic object[4].  They 
proposed an algorithm which defines the phase difference between two deformed fringe patterns, and only requires less 
than two fringe pattern images to calculate phase values, however it suffers from the noise caused by ambient light and 
reflectivity variation. 

In 2007,  Zhang and Yau proposed a modified two-plus-one phase shift algorithm to reduce the errors due to motion[5], 
which is based on the method proposed by Angel and Wizinowich.  Zhang and Yau used two fringe pattern images that 
have 90o phase shift and a uniform flat image as the third image to calculate the phase value.  Because the phase 
information is contained in all N fringe pattern images in N-step PSP, and only in two fringe pattern images in two-plus-
one method, the errors due to motion are less.  However, errors still can be introduced when the object moves in the 
period of the two fringe pattern images projecting. 

Wang and Zhang et al. combined the conventional PSP with the gray code to solve errors caused by rapidly moving 
object[8].  They can measure multiple rapidly moving objects simultaneously but still cannot reduce the inherent phase 
error caused by movement.   

This paper analyses the relationship between object movement and its corresponding change of phase value.  Normally 
two-dimensional movement can be divided into horizontal movement and vertical movement, hence the relationship 
between phase value and horizontal movement or vertical movement will be analysed firstly.  Based on the relationship, 
we propose a compensation method to address the errors caused by two-dimensional movement of object.  The 
compensation method can eliminate the errors caused by any two-dimensional movement, the shape of the object can be 
successfully reconstructed, and the high accuracy measurement for moving object can be achieved. 

This paper is organized as follows.  Section 2 describes the principle of PSP and the compensation method.  In section 3, 
simulations are given to verify the proposed method.  Section 4 concludes this paper.   

 

2. PRINCIPLE 
In PSP, a series of phase shifted sinusoidal fringe patterns are projected to the object and the reference plane by the 
projector and then captured by camera.  Calculating the triangulation function on the intensity values of fringe patterns, 
we can obtain the phase values for each pixel[9].  The obtained phase values are limited from π−  to π , so, they are 
called wrapped phase and 2π  discontinuities can be observed.  A phase unwrapping algorithm is used to remove the 
discontinuities and retrieve continuous phase values which called unwrapped phase[10].  At last, the 3-D information can 
be calculated by the unwrapped phase difference between object and reference plane.   

2.1 N-step PSP algorithm  

The fringe patterns of N-step PSP algorithm can be expressed as 

                            2 ( 1)( , ) ( , ) ( , ) cos[ ( , ) ]n
nI x y I x y r x y x y
N

πφ −′= + +          1, 2,...,n N=                             (1) 

Where n is the index of step number; ( , )nI x y  is the intensity value of n-th fringe pattern image; ( , )I x y′  represents 

the average intensity; ( , )r x y  is the intensity modulation; ( , )x yφ  is the wrapped phase value needs to be solved.  It is 
obvious that the intensity values between different steps have the same phase shift 2 / Nπ . 

A general formula for calculating the wrapped phase is[2]  

1( , ) tan A

B

Ix y
I

φ −=                                                                    (2)                      

Where AI  and BI  is 
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From equation 2, 3 and 4 we can know that the wrapped phase is calculated from the intensity values of different fringe 
pattern images.  The wrapped phase ( , )x yφ  is ranging from π−  to π , after unwrapping, the unwrapped phase 

( , )x yΦ  can be expressed by 

            ( , ) 2 ( , ) ( , )x y k x y x yπ φΦ = +                                                               (5) 

The unwrapping algorithm[10] is aimed to find integer number ( , )k x y , which means the period order of the fringes.  At 
last, by using the unwrapped phase difference between the object and the reference plane, the height information of the 
object can be calculated using equation 6   

0

0 0

( , )( , ) ( , ) ( , ) ( , )
( , ) 2

d
d o r

d

l x yh x y x y x y x y
x y f dπ
Φ= Φ = Φ − Φ

Φ −
          (6) 

( , )o x yΦ  and ( , )r x yΦ  is the unwrapped phase of the object and the reference plane respectively, ( , )d x yΦ  is the 

difference of them.  0l  is the distance between camera and reference plane, 0d  is the distance between camera and 

projector, 0f  is the spatial frequency of the fringe pattern. 
 
2.2 Principle of compensation method for two-dimensional movement 

Equation 2 only can be used when the object is motionless during the measurement.  Errors will be introduced if the 
object moves during the measurement.  In order to address this problem, the relationship between two-dimensional 
movement and phase value needs to be analysed firstly.    

 
Figure 1. Horizontal fringe pattern. 

Figure1 shows the fringes we are projecting which are in the horizontal direction.  In the following of this paper, we 
define the object has horizontal movement when the object moves along with x and has vertical movement when the 
object moves along with y, and ( , )o

nI x y  denotes the intensity value of n-th fringe pattern image of object, ( , )r
nI x y  

denotes the intensity value of n-th fringe pattern image of reference plane, other parameters are distinguished in the same 
way.  The unit for movement distance is pixel and for any display contains xΔ  or yΔ  means the situation that the 
object already has movement.  Assume four-step PSP algorithm is used.  The object moves in horizontal direction and 
vertical direction between the first step and second step will be discussed below. 
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2.2.1 Object moves in horizontal direction 

( , )A x y ( , )A x x y′ + Δ( , )A x y

 
Figure 2.  Object moves in horizontal direction 

In figure 2, f1 and f2 is the first and second step respectively, ( , )A x y  is one point on the object with the coordinate 
( , )x y .  If the object moves in horizontal direction which is shown in f2, the point ( , )A x y  becomes to 

( , )A x x y′ + Δ .  Because horizontal fringe patterns are projected, the intensity values on ( , )A x y  and ( , )A x x y′ + Δ  
will satisfy 

2 2( , ) ( , )o oI x y I x x y= + Δ                                                                   (8) 

Once the corresponding relationship of points on object between different steps are determined, 2 ( , )oI x x y+ Δ  can be 
used to calculate the phase value by equation 2.   

2.2.2  Object moves in vertical direction 

    

( , )A x y

( , )A x y y′ + Δ

( , )A x y

 
Figure 3.  Object moves in vertical direction 

Similarly, in figure 3, if the object moves in vertical direction, the point ( , )A x y becomes to ( , )A x y y′ + Δ  in f2.  If 
the movement distance does not equal to integer multiples of the fringe pattern period, the intensity values at 

( , )A x y and ( , )A x y y′ + Δ  do not equal to each other. 

2 2( , ) ( , )o oI x y I x y y≠ + Δ                                                                   (9) 

Even the corresponding points on the object and movement distance between different steps are known, equation 2 and 
the intensity value 2 ( , )oI x y y+ Δ  cannot be used to calculate the phase value, because the intensity value and phase 

value of the object are changed by the movement and without phase shift of 2 / Nπ .  In f2, because the phase shift from 
f1 to f2 is / 2π , if the object did not move, the phase value in ( , )A x y should be 1 ( , ) / 2o x y πΦ + .  Because it is the 

same point moves from ( , )A x y to ( , )A x y y′ + Δ , the height is same, according equation 6, the unwrapped phase 
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difference will satisfy 

2 2 1 2

2 1 2 2

( , ) ( , ) [ ( , ) ] ( , )
2

( , ) ( , ) ( , ) ( , )
2

o r o r

o o r r

x y y x y y x y x y

x y y x y x y y x y

π

π

Φ + Δ − Φ + Δ = Φ + − Φ

⇒ Φ + Δ = Φ + Φ + Δ − Φ +
                  (10) 

Using equation 5, equation 10 can be expressed as 

2 1 2 2( , ) ( , ) ( , ) ( , ) 2
2

o o r r
sumx y y x y x y y x y kπφ φ φ φ π+ Δ = + + Δ − + +    (11) 

Where  

2 1 2 2( , ) ( , ) ( , ) ( , )o o r r
sumk k x y y k x y k x y y k x y= − + Δ + + + Δ −                                          (12) 

Equation 11 is the relationship between phase value and movement.  The phase value on the object after movement can 
be expressed by the phase value before movement of the object and the phase values on the reference plane.  

Applying equation 11 into all the steps of fringe pattern image, equation 1 for four-step PSP will become to equation 13.   

1 1

2 1 1 1

3 2 1 2

4 3 1

( , ) ( , ) ( , ) cos[ ( , )]

( , ) ( , ) ( , ) cos[ ( , ) ( , ) ( , ) ]
2

( , ) ( , ) ( , ) cos[ ( , ) ( , ) ( , ) ]

( , ) ( , ) ( , ) cos[ ( , )

o o

o o r r

o o r r

o o

I x y I x y r x y x y

I x y y I x y r x y x y x y y x y

I x y y I x y r x y x y x y y x y

I x y y I x y r x y x y

φ
πφ φ φ

φ φ φ π

φ

′= +

′+ Δ = + + + Δ − +

′+ Δ = + + + Δ − +

′+ Δ = + 3
3( , ) ( , ) ]
2

r rx y y x y πφ φ

⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪ + + Δ − +
⎩

               (13) 

For the same point on the object, the average intensity ( , )I x y′  and the intensity modulation ( , )r x y  are the same 

among different fringe pattern images.  1yΔ , 2yΔ  and 3yΔ  are the movement distance for the second, third and fourth 

step respectively, and are assumed known.  ( , )r x yφ  can be calculated by fringe pattern images on the reference plane.  

The unknown parameters are  ( , )I x y′ , ( , )r x y  and 1 ( , )o x yφ , we can obtain 1 ( , )o x yφ  by solving equation 13.   

Until now, the relationship between movement and phase value is built.  From section 2.2.1 and 2.2.2, it is obvious that 
only the vertical movement affects the phase value.  When the object has two-dimensional movement, the correct 
wrapped phase value can be calculated by the intensity value after movement under the condition that the corresponding 
points on object between different steps can be found and the movement distances are known.   

 

3. SIMULATIONS 
In order to verify the performance of the proposed method, some simulations are finished.  We using four-step PSP 
algorithm simulated a hemisphere.  Firstly, the hemisphere is moved in both horizontal direction and vertical direction, 
and then the object is rotated.  We use the proposed compensation method to reconstruct the hemisphere.  The 
simulations are finished under the conditions that the corresponding points on object between different steps can be 
found, the movement distances are already known.  The fringe pattern and reconstruction result of the hemisphere are 
shown in figure 4.   
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                     (a)                                                                      (b) 

      
                                    (c)                                                                      (d) 

Figure 4.   Hemisphere simulation.  (a) Fringe patterns image of hemisphere.  (b) Hemisphere reconstruction by Mesh 
display.  (c) Hemisphere reconstruction surface.  (d) Cross section for (c) when x=300.   

Figure 4(a) is a fringe patterns image of the object, the fringe patterns are distorted by the height of object.  Figure 4(b) 
and (c) are the reconstruction results when the object is motionless.  Figure 4(d) is the cross section when x equals to 
300.   

When the object moves in both horizontal direction and vertical direction, the reconstruction results without 
compensation and with compensation are 

      
(a)       (b) 
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(c)                                         (d) 

Figure 5.  The object has both horizontal movement and vertical movement.  (a) Reconstruction result without 
compensation.  (b)  Cross section for (a) when x=300.   (c) Reconstruction result with compensation.  (d) Cross section for 
(c) when x=300.   

The object moves in the bottom right direction from the second step to the fourth step, the total movement distance is 35 
pixels in horizontal direction and 30 pixels in vertical direction respectively.  There are obvious errors caused by 
movement without compensation in figure 5(a).  In figure 5(b), the red line is the true value when x equals to 300 and the 
blue line is the result without compensation.  After use the compensation method, the object surface can be successfully 
reconstructed in figure 5(c).  The cross sections of true value and measured value are overlapped in figure 5(d).   

      
(a)        (b) 

      
(c)        (d) 

Figure 6.    The object has rotation movement.  (a) Reconstruction result without compensation.  (b)  Cross section for (a) 
when x=300.   (c) Reconstruction result with compensation.  (d) Cross section for (c) when x=300.   
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It is more common that the object has rotation movement in practice.  Figure 6 is the simulation of object has rotation 
movement.  For the specific point on object, the effect of rotation also can be considered as horizontal movement and 
vertical movement. 

The object is rotated counter-clockwise around the up left point in figure 6 (a) from the second step to the fourth step, the 
total rotation angle is 3 degrees.  The range of movement distance in the horizontal direction is from 0 to 10 pixels and 
from 0 to 41 pixels in vertical direction.  Obviously, the reconstruction result with compensation is better than the one 
without compensation.   

 

4. CONCLUSION 
In this paper, a compensation method for errors caused by two-dimensional movement of object in PSP is proposed.  The 
compensation method is based on the analysis of the relationship between object movement and phase value.  Through 
the compensation method, the errors caused by two-dimensional movement can be eliminated under the condition that 
the movement distances for each point on the object are known, the object with two-dimensional movement can be 
successfully reconstructed by PSP.   
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