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Abstract Abstract 
In this research we analyze the steady-state operation of a continuous flow bioreactor, with or without 
recycle, and an idealized or nonidealized continuous flow membrane reactor. The model extends to 
include a fixed bed reactor where a fraction of the biomass is detached by the flow. The reaction is 
assumed to be governed by Tessier growth kinetics. We show that a flow reactor with idealized recycle 
has the same performance as an idealized membrane reactor and that the performance of a nonidealized 
membrane reactor is identical to that of an appropriately defined continuous flow bioreactor with 
nonidealized recycle. The performance of all three reactor types can therefore be obtained by analyzing a 
flow reactor with recycle. The steady states of the recycle model are found and their stability determined 
as a function of the residence time. The performance of the reactor at large residence times is obtained. 
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é�êyëzÝ�á�ßXé-ë�àbî�ënÝ*ßzàKá�âhàKã�ßXã�ä�ìèý�ä¤á�âèé�é�êyî1é�êyëXÝ*á�ßzéyø(ù�êOä�ä�âhê�é 
�âhàVê*á�âhÝyä�æ!ê�é�ê6ûôßXãVàbî1á�ßnç\ê*á�á�êyé
î·êOä�Ý�é�âhç\ê�á�öVê�çbêyö�ëtï�âèßzãVé-ßXû4á�öVê
ä�ý·ä¤á�ê�ñ á�öbë�àK��ßXàVß·îE
�âhàVê*á�âhÝyä�øÃù(öVêOälê1ë�ãVá�öVßzé�ä7ã�älêOî�ë�ç�ëXä�âhÝ�é�êOëXÝ*á�ßXé�ñ#ß�îVê�ì(æ5âFá�öVßXãVá#é�êyÝ�ý·Ý*ìhêXÿ , . ^ ëXà�î 05.A3
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ñ#âhÝ�é�ß�ßzé�ðKë�àVâÉälñ:äyÿ�132 .�3%âhà�ê
�Kã�ëGá�âèßzà�ò � õ*ønù(öVê�ý�ûôßzãVà�î
á�öVê:àVßXí]æ(ëXä�öVßXãVá6älá�êOëXî·ýKíªä¤á�ëGá�ê:ä�ßXìhã·á�âhßXàbä
ûôßXé6á�ö�ê�Ý�ëzälêOä�æ5ö�ê�à�á�ö�ê�é�ê�âÉä+4tâÉä6àVß�ñ:ë�âhàzá�ê�à�ëXà�Ý*ê#é�ê
�KãVâhé�êyñ#ê�àKáyÿ6587 .@3�âèà
ê��Kã�ëGá�âèßzà�ò ^ õ�ø�ù(ö�ê�ý:ûôßzãVà�î%çbê�álá�êyé�ë�ðzé�êyê�ñ#ê�àKá(çbê�á¤æ
êyê�à%á�öVêyßXé�ý�ë�àbî�ê�þ�ú\ê�é�âhñ�êyàKá�ë�ìmé�êyä�ãVìèá�ä!ûôßzé
á�öVê�ñ#ß·î·ê�ì,âhà�Ý�ìèã�îVâèàVð:ë
ñ:ëXâèàKá�êyà�ë�àbÝ*ê6é�ê��KãVâèé�ê�ñ#êyàzáOø

�69ßXàVñ#ê��yâ;:ä�â 
 F�G H I � �F^�� ä�öVßGæ!êyî�á�öbëGá�ëÂî·ßXã�çVìèê�ä�ãVç�älá�é�ëGá�ê�ñ�ß·î·êyì6æ5âFá�övç\ß�á�öxù�êOä�ä�âèêyé�ëXà�î ��ßKälêyé�ðzé�ßGæ(á�ö 
KâhàVê�á�âÉÝ�ä
é�ê�ú�é�êOälêyàzá�êyî�á�öVê�ê�þ·úbêyé�âhñ#ê�àKá�ëXì�îVëGá�ë�ûôßXé#á�öVê�ðXé�ßGæ(á�ö�ß�û�<>=&I ?)/ I@/3A)=	"B"%/ I ?�H�G HC(+*,$)=	"�ÿ�ë�á�öVê�é�ñ#ßXúVö�âèìhâhÝ�ä�ãVìèûôãVé�í]é�ê�ñ#ßGï�âèà�ð
ëXé�Ý�ö�êyë�çbëXÝ�á�ê�é�âèã�ñ æ5âFá�öÃúbßKä�ä�âèç�ìèênãbälê:âhà�á�öVê�ñ�âÉÝ*é�ßXç�âhëXì@î·êyä�ãVìèûôãVé�â �OëGá�âhßXà�ßXû(Ý�ßzë�ì]ÿ�é�êyëzälßzà�ë�ç�ìèý�æ!ê�ìhì]ø�ù(öVênù"êyä�ä�âèêyé7ë�à�î
��ßzä�ê�é/ðXé�ßGæ(á�öL
�âèàVê�á�âÉÝ�ä/é�ê�úVé�êyä�ê�àKá�êyî$ðzé�ßGæ(á�ö�ßzà�D�í²ðXìhã�Ý*ßKälê6ò�Ýyë�é�çbßzàbõ/ë�à�î�ë�ñ#ñ#ßXà�âèãVñ8älã�ìFû�ë�á�ê�òôàVâèá�é�ßXðzê�àbõ"é�êyä�úbêOÝ�á�âèïzê�ìhýXø

��Ý�P-êyàVé�ý
ëXà�î J�ê�é 
Xê�é � ^ ^ � älöVßGæ!êyî
á�ö�ëGá"á�öVê!ù�êOä�ä�âhê�é�ðzé�ßGæ(á�ö6ñ�ß·î·êyì�æ!ëzäQá�öVê!ñ#ßzälá"ä�ãVâFá�ë�çVìhê�á�ß�Ý�ö�ëXé�ëzÝ�á�ê�é�â �yê.çVâèßKëXÝ*á�âhïKâèá¤ý
âhà�á�é�êyë�á�ñ#ê�àKá-æ!ê*á�ìÉë�àbîVä�ø
ù(öVê�ñ:ë�âhà�ßzç&"¤êyÝ*á�âhïXê�ßXû"á�öVâhä-æ
ßzéR
næ(ëXä!á�ßnÝ�ö�ë�é�ëXÝ*á�êyé�â ��ê6ë�à�î1Ýyë�ìhâèçVé�ëGá�ê6ê�à��yýKñ#ê$ëzÝ�á�âhï�âFá¤ý�ë�à�î
é�êyëzÝ�á�âèßzà 
�âèà�ê*á�âÉÝ�ä-ã�älâhàVð:ëXÝ*á�âhïGëGá�êOî1älìhã�î·ðzê�á�ß#ñ�ßzàVâèá�ßXé(á�öVê�ú\ê�é�ûôßXé�ñ#ëXà�Ý*ê6ßXû�á�é�êyë�á�ñ#ê�àKá-æ!ê*á�ìhëXà�îVäyø

E ê�à�ëXâFá�âhä F�G H I � ��:�� âhà�ïXêyälá�âhðzë�á�êOî�á�ö�êL
�âhàVê*á�âhÝyä6ß�û
á�öVê:çVâhßXìhßXðzâhÝyë�ì"á�é�êyë�á�ñ#ê�àKá�ß�û!ìèßzð�ýKë�é�î�é�ãVà·í²ß��/ø�ù(öVê:ç�âèßzñ#ëzä�ä
ã�ä�êyî
âhà1á�ö�ê7ä¤á�ã�î·ý�æ!ëzä5ßXçVá�ë�âhàVêOî�ûôé�ßXñ0á�ö�ê$é�êOÝ*ý·Ý*ìhê�ìhâèàVê7ß�û�ë�ûôãVìhìFíªä�Ýyë�ìhê$ëXÝ*á�âhïtë�á�êOî�älìhã�î·ðzê6á�é�êyëGá�ñ#ê�àKá�ä�ý�älá�êyñ1ø ! ß�ß·î1�Vá�ä-á�ß
ê�þ·úbêyé�âhñ#ê�àKá�ëXì,îVëGá�ë�æ!ê�é�ê6ßXç·á�ë�âhàVêyî%ã�ä�âèà�ð�ç\ß�á�ö�á�öVê ��ßzàVß·î1ë�à�î�á�öVê$ù"êyä�ä�âèêyé5ðXé�ßGæ(á�ö�é�ëGá�ê6ìhëtæ-äyø

D�ã�élá	F�G H I � �3F
� âèà�ïXêOä¤á�âèðKëGá�êyî7á�öVê-ðzé�ßGæ(á�ö�ßXûHG F;I G;/ GJ&	(+*0KMLC*N"%$'/-I�&�/O(RH �QP íSR�ÿzë6ñ:ë�àVðKë�àVêOälê�í�ë�à�î�âhé�ßzà·í²ßtþ�âÉî·â ��âhàVð�älö�êyëGá�öVêyî
çbëXÝ�á�ê�é�âhë�ÿ(âèàvë�Ý�öVê�ñ#ßzälá�ë�ánãVà�î·êyé%Ý�ßXà�î·âèá�âhßXàbänâhàÊæ5öVâÉÝ�ö?úKý�é�ãVïGëGá�ê�ë�à�î ßtþ·ý�ðXêyà æ
êyé�ê�é�ëGá�ê�ìèâhñ#âFá�âèàVð�älã�ç�ä¤á�é�ë�á�êOä�øÞÜ
îVßXãVçVìhê�ä�ãVç�älá�é�ëGá�ê�ñ�ß·î·êyì-ûôßzéná�ö�ê�älú\êyÝ�â �\Ý�ðXé�ßGæ(á�ö é�ëGá�ê�ãbälâhàVð ��ßzàVß·î ðXé�ßGæ(á�ö6
�âèàVê�á�âÉÝ�änûôßXé�ú�ý�é�ãVïGëGá�ê�ëXà�î?ù"êyä�älâhê�é
ðzé�ßGæ(á�öT
�âhàVê*á�âhÝyä5ûôßzé-ßtþ·ýKðzê�à1älö�ßGæ
êOîná�öVê$ç\êyälá�Ý*ßzé�é�ê�ìÉëGá�âèßzà�æ5âèá�ö�ê*þ·ú\ê�é�âèñ#êyàzá�ë�ì�î�ëGá�ë�ø � à � � R � D�ãVé�áLF�G%H I/âhà�ïXêyälá�âhðzë�á�êOî
á�öVê7ðzé�ßGæ(á�ö�ß�ûTGQFSI GS/�GU&Q(+*0KVLC*N")$-/-I�&�/C(RH �QP íSRnâèà�ç�âèßU��ìèñ:ä�ãVà�î·êyé
Ý�ßXà�îVâFá�âèßzà�ä�âhà�æ5öVâÉÝ�ö�î·âÉä�älßzìèïzêyî1ßtþ·ý�ðXê�à�æ(ëXä-á�öVê�é�ë�á�ê
ìhâhñ�âèá�âhàVð�ä�ãVç�älá�é�ëGá�êzø � á.æ(ëXä"ûôßXãVàbî$á�ö�ëGá ��ßzàVß·î�
�âhàVê*á�âhÝyä6��álá�êOî�á�öVê(ê*þ·ú\ê�é�âèñ#êyàzá�ë�ì·îVë�á�ë
ñ:ë�é�ðXâhà�ë�ìhìèý6ç\ê*á�á�ê�é/á�ö�ë�à#ù"êyä�älâhê�é

�âhàVê*á�âhÝyä�ø

� êyýXê�àbë�ì F�G H I � < � ûôßXãVàbî6á�ö�ë�á"ë�ù"êyä�ä�âèêyé,ðXé�ßGæ(á�ö6ê*þ·úVé�êyä�ä�âèßzà�ç�ëXä�êyî6ãVú\ßXà$ë�î·ã�ëXìFíªälã�ç�ä¤á�é�ë�á�ê.ñ#ß·î·ê�ì]ÿGî·âÉä�ä�ßXìhïXêOî6ßtþ�ý�ðzê�à�ë�à�î
ðzìèãbÝ*ßzä�êXÿKö�ëzî:ðXß�ß·î:ë�ðzé�êyê�ñ#ê�àKá@æ5âèá�ö%ê*þ·úbêyé�âhñ#ê�àKá�ëXì\Ý�ö�ê�ñ#ßzälá�ë�á
îVëGá�ë7î·êOä�Ý�é�âhçVâhàVð�á�öVê�ðzé�ßGæ(á�ö 
�âèàVê�á�âÉÝ�ä
ß�ûXW#"�F%=�LY/CZ[/C\ H]"
H;F)(+=Y^Y*U\_/O"�H:ò�ë�ñ#âhÝ�é�ßzçVâÉë�ìQá�öbëGá-âÉä(ß�û á�êyà1ã�älêOî�âèà1çVâhß���ìhñ�älá�ã�îVâèêOä-ë�à�î�ûôßXé�ñ�ß·î·êyìèìhâhàVð#çVâèßU��ìhñ0ëXÝyÝ*ãVñ�ãVìÉëGá�âhßXà\õ�ø

! ã�âhä�ëXä�ßXìÉë F�G H I � R � âhà�ïXêOä¤á�âèðKëGá�êOî7à�âFá�é�â��bÝ�ë�á�âhßXà:ç�ý�ëXñ#ñ�ßzàVâÉë6ßtþ�âÉî·â ��âhàVð6çVâhßXñ:ëXä�ä.ãVà�îVê�é@Ý�ßXà�î·âèá�âhßXàbä.ß�ûmâhàVßXé�ðzëXàVâhÝ(Ýyë�é�çbßzà
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ìhâhñ�âèá�ë�á�âhßXà,ø =�þ·ý�ðXê�à�ãVú·á�ë�
zê 
�âhàVê*á�âhÝyä.æ!ê�é�ê(ä�ã�ÝyÝ*êyä�älûôãVìèìhý$ñ#ß·î·ê�ìhìhêyî�ã�ä�âèàVð ��ßzàVß·îmÿzù"êyä�ä�âèêyé/ëXà�î#älâhðXñ#ßzâhîVëXì&
�âèàVê�á�âÉÝ�ä/æ5âèá�ö
á�öVê�ç\êyälá[�Vá-çbêyâèà�ðnälâhðXñ#ßXâÉîVëXìMø

� âèïGë�ú�é�ë�
tëzä�ëXñ F�G�H�I � � 3 � âhà�ïXêyälá�âhðzë�á�êOî$á�öVê 
�âèà�ê*á�âÉÝ�ä@ß�ûQá�ö�ê-ö�ë�ìhß�í]á�ßzìèêyé�ëXàKá4ç�ëzÝ�á�ê�é�âhë W#"�F%=�LY/CZ[/C\ H]"$H�F%(+=Y^C*U\ /]"�HGÿ�âÉälßzìhë�á�êyî
ûôé�ßXñ á�ëXàVàVêyé�ý�ä�ëXìèâhàVênæ(ëXälá�êyæ!ë�á�êyéyÿ4ðXé�ßGæ5âèà�ð�ã�úbßzàÂðXìhã�Ý*ßKälêzø�ù(öVê%ù"êyä�ä�âèêyé$ñ#ß�îVê�ì!æ!ëzä6ûôßXãVàbî�á�ßfðXâhïXê�ë�ç\ê*á�á�êyé>�Vá�á�ß
ê�þ·úbêyé�âhñ#ê�àKá�ëXì,îVëGá�ë7á�ö�ë�à�á�öVê ��ßXà�ß�î%ñ#ß·î·ê�ì]ø

Ü�àVà�ã�ë�é�F�G H I � ^�� úVé�êOälêyàKá�êyî�ë 
�âhàVê*á�âhÝnñ�ß·î·êyì�ûôßzé$á�ö�ênðXé�ßGæ(á�öÃë�àbî�çVâèßKälý�àKá�ö�êyä�âhä�ßXû5ñ�êOî·âhãVñ�í²Ý�ö�ëXâèàÃìhê�à�ð�á�öÃú\ßXìhýKí�ò < í
ö�ý·î·é�ßtþ·ýzë�ì 
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