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ABSTRACT 
 

Surface roughness affects surface quality and wear and fatigue of metal forming 

products. The objective of this study is to improve our understanding of the evolution 

of surface asperity (surface roughness) during cold uniaxial planar compression of 

aluminium samples. Experimental research and simulation analysis were applied to 

study the evolution of surface asperity during compression. 

 

Uniaxial planar compression experiments of FCC (Face Centred Cubic) aluminium 

alloy have been carried out using the designed compressing equipment on an 

INSTRON 8033 Material Testing Machine to examine the characteristics of surface 

asperity during compression. These characteristics have been investigated by 

instruments such as an Atomic Force Microscope (AFM), a 3D profile meter, a 

Vickers hardness tester, and surface profile meter. The Field Emission Guns-

Scanning Electron Microscope (FEG-SEM) with Electron Backscattered Diffraction 

(EBSD) technique was also used to analyse the surface microstructures of cold, 

uniaxial planar compressed samples.  

 

The results obtained from these experiments show that compressing parameters such 

as the reduction (strain), strain rate (deformation velocity), friction (lubrication), and 

wavelength (a technical term of surface roughness, refers to the length of surface 

roughness wave because the surface roughness curve is the filtered wave, which has 

the features of wave) have significant effects on the evolution of surface asperity 

(surface roughness). In uniaxial planar compression, surface asperity evolves in three 

stages: when reduction is less than 10 %, plastic deformation takes place in an 

aggregate of elastic deformation. Elastic deformation plays an important role in the 

evolution of surface asperity. When reduction exceeds 10 % the influence of plastic 

deformation on surface asperity becomes obvious, while the influence of elastic 

deformation is insignificant. When reduction exceeds 40 %, and continues to 

increase, there is no significant decrease in surface roughness (Ra). The influence of 
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lubrication on the evolution of surface asperity is also very complicated. For example, 

when reduction is small (10 %), the layer of lubrication has no obvious influence on 

surface roughness of the sample. However, when reduction is in a certain range (in 

this study, it is from 10 to 40 %), lubrication can significantly limit the flattening of 

surface asperity. When reduction exceeds 40 %, the lubrication is squeezed out and 

has no obvious effect on the evolution of surface asperity. In cold uniaxial planar 

compression (CUPC), the relationship between surface roughness Ra

 

 and strain is 

non-linear, which is different from the tensile experiment. The influence of strain 

rate on surface asperity flattening can be divided into the elastic and plastic 

deformation stages. During elastic deformation, strain rate has no significant 

influence on the evolution of surface asperity, but during plastic deformation, an 

increasing strain rate can lead to a larger surface roughness. At a lower strain, an 

increasing strain rate can result in a higher hardness, while at a larger strain (60 %) 

this tendency is reversed, an increasing strain rate leads to a lower hardness. Under 

the same reduction, an increasing strain rate can lead to a higher flow stress. 

Surface roughness shows an obvious sensitivity to the orientation of grains near the 

surface. In this study the oriented {111} grains are the main source of localised 

strain. With an increase in reduction, the grain size tends to decrease and the cubic 

texture {001}<100> is weak, while the brass orientation {110}<112> becomes 

stronger. At the same time the Schmid factor (also called “orientation hardness”) of 

the surface area will shift from “hard” (about 0.3) to “soft” (about 0.5). When 

reduction exceeds 40 %, the in-grain shear band appears in some grains which are 4-

5 grains away from the edge and localised strain starts in this area. When reduction 

exceeds 60 %, most grains have plastic slips, and a few transgranular shear bands 

that resulted from the deformation twins of brass orientation were observed in the 

surface area. Under the same reduction, the surface roughness of the sample with a 

large grain size tended to decrease very slowly, but after compression, the sample 

with the largest grain size had the maximum surface roughness. The surface 

roughness Ra

 

 is a power exponent function of grain size. Influences of recovery and 

recrystallisation are not significant in the CUPC process of aluminium. 

 The initial data of the sample surface roughness, friction, and microstructures 
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(textures and grain orientations) have been applied in the 2D and 3D crystal finite 

element models. The simulated results obtained from the experimental results 

confirmed the influence of deformation parameters (reduction, lubrication, strain 

rate, and wavelength), and microstructures (textures and grain orientations) on the 

evolution of surface asperity in uniaxial planar compression.  

 

It is recommended that BCC (Body Centered Cubic) metal and Hexagonal close-

packed (hcp) metals such as magnesium (Mg) are used to analyse the evolution of 

surface asperity in uniaxial compression with different deformation parameters, 

friction state, and microstructures. The initial surface roughness of compression tool 

should also be discussed, although there are some difficulties with simulation, and 

various lubricants should be used to study how they affect the evolution of surface 

asperity. 3D EBSD mapping by the FIB (Focus Ion Beam) technique is also 

recommended as a good method to show the practical development of surface 

microstructure in three dimensions. High temperature deformation processes are also 

needed to analyse the influence of temperature and oxidation on the evolution of 

surface asperity, with the revised crystal plasticity constitutive model. The effect of 

the workpiece size is discussed.  
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CHAPTER 1 
 

INTRODUCTION  

 

The high surface quality of metal products is a key issue for manufacturing 

industries. As an important parameter of surface quality, the surface roughness of 

cold metal manufactured products is an interesting topic in metal manufacturing. The 

typical surface roughness of metal products is shown in Figure 1.1, and it includes 

the following parameters: roughness height, roughness width, waviness height, and 

lay (direction of the finished pattern). The practical surface roughness may be 

different from the schematic diagram. 

 

 

Figure 1.1 Schematic diagram of surface characteristics [1] 
 

1.1 Surface roughness  

 

1.1.1 Definition  

 

Surface roughness, often shortened to roughness, is a measure of the texture of a 

surface. It is quantified by the vertical deviations of the real surface from its ideal 
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form. If these deviations are large, the surface is rough; if they are small the surface 

is smooth. Roughness is typically considered to be the high frequency, short 

wavelength component of a measured surface [1]. 

 

Roughness plays an important role in determining how a real object will interact with 

its environment. Rough surfaces usually wear more quickly and have higher 

coefficients of friction than smooth surfaces. Roughness is often a good predictor of 

the performance of a mechanical component, since irregularities in the surface may 

form nucleation sites for cracks or corrosion. 

 

Although roughness is usually undesirable, it is difficult and expensive to control 

during manufacturing. Decreasing the roughness of a surface will usually increase 

manufacturing costs exponentially, which often results in a trade off between the cost 

of manufacturing a component and its actual application.  

 

A roughness value can either be calculated on a profile or on a surface. The profile 

roughness parameter (Ra, Rq …) are more common. The area roughness parameters 

(Sa, Sq

 

...) give more significant values [1]. 

1.1.2 Types of surface roughness  

 

1.1.2.1 Profile roughness parameters 

 

Each of the roughness parameters is calculated using a formula to describe the 

surface. There are many different roughness parameters in use but Ra Arithmetic 

average

 (

 surface roughness) is by far the most common. Other common parameters 

include Rz (Average distance between the highest peak and lowest valley in each 

sampling length), Rq oot mean squared(R  roughness), and Rsk (skewness roughness). 

Some parameters are only used in certain industries or within certain countries. For 

example the Rk

 

 family of parameters is used mainly for the linings of cylinder bores, 

while the important parameters are primarily used within France. 

http://en.wikipedia.org/wiki/Arithmetic_average�
http://en.wikipedia.org/wiki/Arithmetic_average�
http://en.wikipedia.org/wiki/Root_mean_square�
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Since these parameters reduce all of the information in a profile to a single number, 

great care must be taken in applying and interpreting them. Small changes in how the 

raw profile data is filtered, how the mean line is calculated, and the physics of the 

measurement, can significantly affect the calculated parameters. 

 

By convention every 2D roughness parameter is a capital R followed by additional 

characters in the subscript. The subscript identifies the formula that is used and the R 

means that the formula is applied to a 2D roughness profile. Different capital letters 

imply that the formulas are applied to different profiles. For example, Ra is the 

arithmetic average of the roughness profile, Pa is the arithmetic average of the 

unfiltered raw profile, and Sa

 

 is the arithmetic average of 3D roughness. 

Each of the formulas listed in Tables 1 and 2 assumes that the roughness profile has 

been filtered from the raw profile data, and the mean line has been calculated. The 

roughness profile contains n ordered, equally spaced points along the trace, and yi

 

 is 

the vertical distance from the mean line to the ith data point. Height is assumed to be 

positive in the up direction, away from the bulk material. 

1.1.2.2 Amplitude parameters 

 
Amplitude parameters characterise surface roughness based on the vertical deviations 

of the roughness profile from the mean line. Many of them are closely related to the 

parameters found in statistics for characterising samples of population. For example, 

Ra is the arithmetic average of the absolute values and Rt

 

 is the range of the collected 

roughness data points.  

The average roughness Ra is expressed in units of height. In the English system, Ra

 

 

is typically expressed in “millionths” of an inch, and is also referred to as "micro-

inches" or sometimes just as “micro”. 

The amplitude parameters are by far the most common surface roughness parameters 

found in the United States on mechanical engineering drawings and in the technical 

literature. Part of the reason for their popularity is that they are straightforward to 

calculate using a computer. 
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Table 1.1 Amplitude parameters 

Parameter Description Formula 

Ra [2], Raa, R
Arithmetic average

yni 
 of 

absolute values  [2] 

Rq, RRMS [2]  Root mean squared 
 [2] 

R Maximum valley depth v Rv = Mini(yi) 

R Maximum peak height p Rp = Maxi(yi) 

R
Maximum Height of the 

Profile 
t Rt = Rp − Rv 

R Skewnesssk  
 

R Kurtosisku  
 

RzDIN, R

Average distance between 

the highest peak and 

lowest valley in each 

sampling length, ASME 

Y14.36M-1996 Surface 

Texture Symbols 

tm 

,  

where s is the number of 

sampling lengths, and Rti 

is Rt for the ith sampling 

length. 

R

Japanese Industrial 

Standard for R

zJIS 
z, based on 

the five highest peaks and 

lowest valleys over the 

entire sampling length 

, 

where Rpi, Rvi are the ith 

highest peak, and lowest 

valley respectively. 

 

 

http://en.wikipedia.org/wiki/Surface_roughness#cite_note-degarmo223-0#cite_note-degarmo223-0�
http://en.wikipedia.org/wiki/Arithmetic_average�
http://en.wikipedia.org/wiki/Absolute_value�
http://en.wikipedia.org/wiki/Surface_roughness#cite_note-degarmo223-0#cite_note-degarmo223-0�
http://en.wikipedia.org/wiki/Surface_roughness#cite_note-degarmo223-0#cite_note-degarmo223-0�
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1.1.2.3 Slope, spacing, and counting parameters 

 

Slope parameters describe the characteristics of the slope of the surface roughness 

profile. Spacing and counting parameters describe how often the profile crosses 

certain thresholds. These parameters are often used to describe repetitive roughness 

profiles, such as those produced by turning on a lathe [3]. 

 

Table 1.2 Amplitude parameters 

Parameter Description Formula 

R

The RMS slope of the 

profile within the 

sampling length 
dq ∑∆=

=

N

i
idq N

R
1

21
 

R

The average absolute 

slope of the profile 

within the sampling 

length 

da ∑ ∆=
=

N

i
ida N

R
1

1  

Δi 

Delta i is calculated 

according to ASME 

B46.1 

1123 45459(
60

1
−+++ −+−=∆ iiiii yyyy

dx
)9 32 −− −+ ii yy  

 

In this study, only the arithmetic average of absolute values Ra oot mean 

squared

 and r

 Rq

 

 are analysed. 

1.2 Significance of this research 

 

In plastically deformed polycrystalline metals, surface roughening is a commonly 

observed phenomenon. It originates not only from the metal forming process, but 

also plays an important role in properties such as abrasion, fatigue, magneto-electric 

property and forming property. As surface roughening is undesirable in practice, and 

seemingly unavoidable, many researchers and manufacturers seek to understand the 

factors affecting surface roughening in the metal manufacturing process. In general, 

there are two reasons why surface roughening appears, one is the internal factor, and 

http://en.wikipedia.org/wiki/Turning�
http://en.wikipedia.org/wiki/Lathe�
http://en.wikipedia.org/wiki/Arithmetic_average�
http://en.wikipedia.org/wiki/Absolute_value�
http://en.wikipedia.org/wiki/Root_mean_square�
http://en.wikipedia.org/wiki/Root_mean_square�
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the other is the external factor. The internal factor includes the original surface 

roughness of the product, grain size, crystal structure and orientation, and the 

distribution of texture. The external factor refers to the loading path, the stress-strain 

state (deformation mode) and the surface of the tool [4], so surface roughness after 

deformation is the superposition of surface roughness resulting from two causes. 

This is why researchers and manufacturers try to find the relationship between these 

factors and surface roughness. Most research has focused on reducing surface 

roughening during deformation by decreasing the original surface roughness and 

maintaining a uniform heat treatment (uniform grain size). Therefore, there is a 

strong motivation to understand the mechanisms of surface roughening and the 

relationship between the two factors and surface roughness in metal manufacturing.  

 

In practical metal forming processes, there are two types of surface roughness 

evolving, free surface evolution and constrained surface evolution. During plastic 

deformation, unconstrained metal surfaces tend to become rougher. There are many 

literatures about the evolution of unconstrained surfaces. Osakada and Oyane [5] 

found that surface roughness increases with strain, and it is greater for coarser grain 

materials and for metals with a small number of slip systems. Therefore, CPH (close-

packed hexagonal) metals roughen the most, FCC (face-centred cubic) material less, 

and BCC (body-centred cubic) materials the least. Tokizawa and Yosikawa [6] 

further included the influence of two material phases on the roughening process. 

Chen et al. [7] found that grain rotation is the most important factor that determines 

surface roughening. Becker [8] established a model to address the influence of 

inhomogeneities in the deformation by suggesting that unconstrained deformation at 

the surface causes the grains to become displaced in the direction normal to the 

surface, and thereby increase the overall surface area. Stoudt and Ricker [9] carried 

out a tensile experiment with AA5052 alloy and demonstrated that the roughening 

rate (dRa/dεpl

 

) depends on the grain size, and pointed out that the surface roughening 

of a polycrystalline material is a high complex process that results from multiple 

deformation mechanisms. The evolution of unconstrained metal surfaces is a 

function of strain, grain size, and loading mode. The friction state and tool have no 

effect on the evolution of unconstrained metal surfaces. 
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On the other hand, industrial forming processes are characterised by large area 

contact between the workpiece and the tool, such as rolling, extrusion and 

compression. In this case, the surface evolution is called ‘‘contact based’’. Under 

pure contact loading conditions a reduction in surface roughness will take place. This 

is also called the “surface asperity flattening process”. Wilson et al. [10, 11] have 

investigated the effect of bulk plasticity on asperity flattening when the lay of the 

roughness is parallel to the bulk strain direction (longitudinal roughness). They found 

that the rate of asperity flattening with bulk strain was related to the spacing and 

pressure of asperities. Makinouchi et al. [12] used elastic-plastic finite element 

solutions for the case of transverse roughness. Wilson and Sheu [10] also found out 

that a large increase in the contact areas with bulk strain required a reduction in the 

load needed for bulk yielding. Sutcliffe [13] tested and developed Wilson and Sheu’s 

theories and pointed out that the high pressure between contact asperities and 

deformation of bulk material affects asperity deformation. Dieter [14] found that the 

inhomogeneous deformation mechanisms that generate surface roughening also 

initiate localised strains which induce necking, tearing, or wrinkling in the 

component during the metal forming process. Wilson [15] also points out that 

inhomogeneous deformation can accelerate die wear by increasing the friction and 

abrasion between the metal sheet and the faces of the die. Groche [16, 17] analysed 

the surface evolution caused by contact loading in a 2D-plane strain finite element 

(FEA) model, and established a correlation between the surface topology, grain size, 

and surface evolution. 

 

Today, however, only a little knowledge is gained on the influence of the 

polycrystalline structure of a workpiece on contact based surface evolution (surface 

asperity flattening process). Owing to the influences of tool and reduction, friction 

between the workpiece and the tool is a complicated process. The coefficient of 

friction is not a constant, and it will vary according to the contact between the 

workpiece and the tool. This is a challenge for any researcher. Rate-dependent 

crystal plasticity constitutive theory depicts the quasi-static motion of metal 

manufacturing. In practice, deformation during the metal forming process is mostly 

dynamic so when the experiment was designed, some assumptions had to be given to 

reduce the calculation error. Currently, EBSD (Electron Back-Scattering Diffraction) 
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maps measured by FEG-SEM (Field Emission Gun Scanning Electron Microscope) 

are normally two dimensional. In a 2D model it is very convenient to use the 

experimental orientations in the crystal plasticity finite element model (CPFEM). 

However, in a 3D simulation, when the 2D EBSD experimental results are put into 

the model, some assumptions regarding the uniform distribution of grain orientation 

must be made for the simulation. 

 

This study will focus on the evolution of constrained metal surface (surface asperity 

flattening). As a common deformation mode, uniaxial planar compression has been 

selected as the main deformation mode. To understand the relationship between 

surface roughness and technical parameters (reduction, friction, grain size, texture, 

grain orientation, original surface roughness and tool), a subroutine of rate-dependent 

crystal plasticity constitutive model has been generated and then used in the surface 

asperity flattening model to simulate the constrained surface evolution in the uniaxial 

planar compression. The methods of research can be classified as experimental and 

Finite Element Method (FEM) modelling, where a constitutive model has been used 

in the FEM simulation. Due to the complexity of the process, many assumptions for 

constitutive equations have been made to obtain the solutions.  

 

1.3 Research objectives 

 

As mentioned above, there have been difficulties with studies concerning surface 

roughness (surface asperity flattening), with the most problematic ones being in the 

area of constraint deformation (influence of a tool). The objective of this research is 

to understand the mechanism of surface roughness in the constraint deformation, and 

then study the relationship between the surface roughness and technical parameters 

such as reduction, friction, grain size, texture (grain orientation), and strain rate. On 

the basis of results, the parameters will be optimised to improve the surface quality 

of products during cold rolling (uniaxial planar compression is similar to cold 

rolling). On the other hand, suggestions will be brought forward to help in designing 

the parameters of the cold rolling process. This overall objective will be realised by 

pursuing the following objectives: 
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(1) To determine how the deformation parameters (reduction etc.) affect surface 

roughness;  

(2) To determine how friction affects surface roughness;  

(3) To determine how the grain size of the sample affects the development of surface 

roughness; 

(4) To determine how the texture (grain orientation) affects the evolution of surface 

roughness; 

(5) To develop computational models for surface asperity flattening by crystal 

plasticity finite element models (CPFEM) (2D and 3D); 

(6) To simulate the influence of parameters (reduction, friction, texture, grain size, 

strain rate) on surface roughness during surface asperity flattening by the CPFEM 

model. 

(7) To investigate the mechanism of surface asperity flattening, and 

(8) To analyse the mechanics of surface asperity flattening during cold strip rolling. 

 

1.4 Research methodology 

 

The research methods used in this investigation can be described as experimental and 

numerical modelling where mathematical modelling is an extremely important tool. 

Owing to the complexity of this process, many mathematical models were needed to 

simplify the simulation process before solutions could be obtained. With the aid of a 

digital computer and finite element software (ABAQUS), and rate-dependent crystal 

plasticity constitutive theory, a complicated simulation of the surface asperity 

flattening process that considers many factors can be carried out efficiently.  

 

Research of surface roughness faces three challenges, the relationship between the 

internal factors (strain localised surface texture) and surface roughness, the influence 

of external factors (reduction, friction and tool), and a suitable roughness model that 

considers all the internal and external factors. The mechanical parameters are 

important since they are related to the deformation parameters, microstructures, and 

strains (plastic slips), and therefore during cold compressing, they must be 

investigated simultaneously. In this study, the deformation parameters, 

microstructures, and textures have been analysed, as shown in Figure 1.2. There are 
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two factors in the cold uniaxial planar compressing process which contribute to the 

development of surface roughness: the first are external factors such as reduction, 

friction, tool, and original surface roughness, and the second are internal factors that 

include texture, grain size, grain orientation, microstructure, and hardness. It is 

therefore important to develop a predictive rule for the development of surface 

roughness of aluminium during cold uniaxial planar compression (cold rolling). 

  

 
 

Figure 1.2 Experimental research schedule 
 
In order to develop a predictive model for the development of surface roughness, 

experiment and crystal plasticity finite element modelling both are used in this study. 

On the basis of experiments, the relationship between surface roughness (surface 

asperity flattening), deformation parameters and surface texture are generalised. By 

using the code from a rated-dependent constitutive model in the commercial finite 

element software ABAQUS, 2D and 3D models have been established on the basis 

of the experimental conditions. After the simulation and experiments, the 

experimental results have been compared with the simulation results, which will 

verify and validate the proposed model. 

  
1.5 Outline of the thesis 

 
This thesis consists of eight chapters and a bibliography of cited references. The 

contents of each chapter are as listed below. In this chapter, a background of the 

surface quality of cold metal manufacturing products and a definition of surface 

roughness are introduced, and the significance of this study is discussed. The 

objectives of this thesis are given and the research methodology is also proposed. 

Texture (grain orientation) 

Original surface 
state 

Surface asperity flattening 
(surface roughness) 

Deformation 
parameters 

Friction state Grain size 
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Chapter two reviews previous research that is relevant to the current study. It 

includes common surface defects and reasons. Previous experimental research has 

focussed on the following factors which contribute to surface roughening, such as 

deformation parameters (reduction, strain, etc.), grain orientation (texture), grain size, 

microstructure (different metals), and the original state of the surface. Computer 

simulation research of surface roughness is also introduced in this chapter. It includes 

the upper bound method, artificial neural network method and self-affine method. 

 

Chapter three introduces the generation and development of crystal plasticity theory. 

Two main crystal plasticity theories (rate-independent crystal plasticity constitutive 

theory and rate-dependent crystal plasticity constitutive theory) are also given in this 

chapter. The application and methodology of rate-dependent crystal plasticity 

constitutive theory are also investigated in this study. Some details of this study are 

included in this chapter, such as the simplification of rate-dependent crystal plasticity 

constitutive theory, the numerical integration of rate dependent crystal plasticity 

theory (Updated Lagrange Formulation, Total Lagrange Formulation), the 

calculation of grain orientation, and the generation and application of UMAT of rate-

dependent crystal constitutive in software ABAQUS.  

 

Chapter four introduces the specimen material, experiments, and equipment used in 

this study. The experiments include uniaxial planar compression, an annealing 

experiment, hardness testing, surface roughness measuring (two and three 

dimensions), and a friction and EBSD experiment. The experimental equipment 

includes the compressing device which has been designed and manufactured, an 

INSTRON material testing machine, a two dimensional profile meter, AFM (Atomic 

Force microscope), a three dimensional profile meter, a Vickers hardness tester, a 

cutting machine, a polishing and grinding machine, an annealing furnace, and an 

FEG-SEM. In this chapter, some software is used to analyse the experimental results, 

for example, Channel 5 software which is from the HKL Company, and pole figure 

drawing software (PFplot).  
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Chapter five shows the research results of two dimensional crystal plasticity finite 

element modelling of FCC (aluminium). The surface asperity flattening process has 

been analysed by the experiment and simulation. The experimental and simulation 

results showed a good agreement. Some factors (gauged reduction, friction state, 

wave length, grain size and orientation) which affected the surface asperity flattening 

process have been analysed. Relationships between the surface asperity flattening 

(surface roughness) and the parameters have been established. A fully finite element 

polycrystal model has been used and discussed in this study. 

 

Chapter six introduces the 3D crystal plasticity finite element model which was 

established on the basis of experimental results. 3D sample surface topology 

measured with the 3D profile meter was recalculated in the MATLAB and then 

imported into the 3D crystal plasticity finite element model. The experimental grain 

orientations have also been used in the 3D model with the assumptions of a 

uniformly distributed grain orientation. The experimental and simulation results are 

in good agreement. During the surface asperity flattening process, localised surface 

strain has been analysed by the experimental and simulation results. The influence of 

the strain rate on the surface asperity flattening has also been analysed. In the surface 

asperity flattening process, the surface feature (surface roughness) shows an obvious 

sensitivity to its orientation. In this study, orientation [111] is the sensitive 

orientation. The influence of texture on surface roughness is also given.  

 

Chapter seven explains the surface asperity flattening behaviour in uniaxial planar 

compression on the basis of microtexture evolution. The dependency of the surface 

asperity feature on the surface (ND) microtexture development is given. 

Contributions of dislocation accumulation and mobility to the surface asperity are 

investigated. Recovery and recrystallisation under deformation are taken into account. 

Influences of in-grain and transgranular shear bands are also analysed. 

 

Chapter eight gives the conclusions and recommendations for future work. This 

chapter includes conclusions, and the effects of lubrication, reduction, grain size, 

grain orientation, texture, and strain rate that are recommended for future work. A 

crystal plasticity analysis of surface asperity flattening of BCC (steel) in the cold 
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rolling process is also recommended for future study and experimental investigation. 

High temperature deformation and 3D EBSD mapping with FIB (Focus Ion Beam) 

technique are also recommended for future work. 
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CHAPTER 2 

 

LITERATURE REVIEW AND SCOPE OF WORK 

 

In this chapter, a detailed analysis of selected aspects of the extensive literatures 

concerned with surface roughening in metal manufacturing will be presented to 

assess the mechanisms involved and important factors which contribute to this 

process. This chapter begins with the mechanics of surface roughening in metal 

forming which uses the upper bound method with two models (a velocity field with 

shear discontinuities and a field with no discontinuities). The second part introduces 

the friction in metal forming, especially its effect on the coefficient of friction in the 

real contact area (surface roughness), using models of sliding friction and sticking 

friction. The third part gives a detailed introduction to the surface defects that are 

developed in metal forming, including intrinsic surface defects and grain-scale 

surface defects. The fourth part focuses on the research about surface roughening 

such as experimental research and simulation. The last part concludes the literature 

review and research scope in the present study. 

 

2.1 Surface roughening in metal forming 
 
In plastically deformed polycrystalline metals, surface roughening is a commonly 

observed phenomenon. Surface roughening can be divided into two fundamental 

types, surface roughening of a free surface and surface roughening of the contact (or 

lubricated) surface.  
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2.1.1 Roughening of a free surface 
 
When deformation parts of the surface of a workpiece deform without making 

contact with a tool or die, the free surface roughens in a mode that is qualitatively 

and quantitatively similar to that observed on the lubricated surface of a deforming 

specimen is, therefore, of basic interest. Roughening depends on the mode of 

deformation (Figure 2.1) [18-20]: 
 

 
 

Figure 2.1 Change in roughness of surfaces with deformation [21] 

 
(1) On a workpiece subjected to tension (stretching), initially smooth surfaces (those 

with Ra=0.1 µm, for example) become rougher, but an initially rough surface (e.g., 

Ra

 

=0.6 µm) becomes somewhat smoother because the surface features are stretched 

out [22].  

(2) In upsetting a cylinder, the free surface roughens irrespective of its initial 

roughness because the surface features are pushed closer together and become deeper 

[20]. 
 
(3) In some processes a combination of extension and compression may occur. For 

instance, during sheet bending the outer surface stretches while the inner surface is 
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compressed.  
 
2.1.2 Roughening of a constrained surface  

 
In practise, metal forming is a very complicated process since most deformed 

surfaces are the constrained surfaces which are affected by factors such as the initial 

roughness of the workpiece or die, the state of lubrication, and so on. The 

development of workpiece roughness is influenced by a combination of initial 

roughness, die roughness, and lubrication. This relationship, and the lubrication 

mechanism, is shown in Figure 2.2. 
  

 
 

Figure 2.2 Effects of workpiece and die surface roughness on developing roughness 

with various lubrication mechanisms [22] 
 
With full fluid or solid film lubrication the final finish on a workpiece depends on its 

roughness and the lubricant used. In a mixed film regime some of the surface 

features of the die are reproduced on the workpiece, but hydrostatic pockets scattered 

on the surface make the product rougher than the die. If, however, the valleys in the 

die become filled with wear products the surface of the workpiece becomes smoother. 

In a boundary lubricated regime, the surface finish of the die is faithfully reproduced 

on normal contact and reproduced but modified by sliding during sliding contact. 
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When the film of lubrication breaks down, the resulting asperity contact, deformation, 

and smearing, leads to greater roughness, particularly when the surface of the die is 

rough. 

  

2.2 Mechanics of surface roughening in metal forming 
 
Wilson [11] analysed the mechanics of surface roughening in metal forming. He used 

some ideas of the mechanics in the upper bound method while considering the 

interaction between grains with different shear strengths or hardness. He developed 

two models: one used a velocity field with shear discontinuities, and the other used a 

field with no discontinuities. 
 
The geometry for the upper bound model is shown in Figure 2.3. Plane strain 

conditions are assumed with no deformation normal to the plane of the figure. The 

control volume has a width lm and a depth bm. The planes Am-Am
’ and Bm-Bm

’

 

 are 

planes of symmetry which remain plane while the surface is being stretched.  

 
 

Figure 2.3 Geometry for the upper bound model [11] 
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The control volume is divided into three regions; regions Am and Bm each have a 

width lm /2 and extend to an arbitrary “disturbance” depth dm (less than) from the 

surface. The strains which cause roughening are restricted to Am and Bm. Below this, 

in the region Cm, the strain system reverts to uniform plane strain stretching with a 

strain rate. The material in region Am, and that part of Cm that is below the region Am, 

is assumed to have a shear strength km, while that in region Bm, and that part of Cm 

below region Bm, is assumed to have a shear strength Hkm. The parameter Hm

 

 is 

called the hardness ratio and is a measure of the inhomogeneity in the material. 

The upper bound method uses a kinematically admissible velocity field which must 

satisfy local incompressibility. Since there is no strain in the z direction, this 

condition may be written as: 

0=
∂

∂
+

∂
∂

y
v

x
v yx                            (2.1)  

where vx and vx

v

 are the velocity components in the x and y directions respectively. 

To avoid discontinuities, the field in A and B must also satisfy 

x 

mx lv
⋅

= ε

= 0 along x = 0                            (2.2)  

 at x = lm

and 

                            (2.3) 

xv x

⋅
= ε  at y = 0                            (2.4) 

For convenience, it will also be assumed that  

vy 

A convenient form for the horizontal velocity component which satisfies Equations 

(2.2)-(2.4) is 

= 0 along y = 0                            (2.5)   
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xyxlcxv mx )( −+=
⋅
ε                          (2.6) 

This is differentiated and substituted into Equation (2.1) and the result is then 

integrated, subject to Equation (2.5), to obtain the compatible vertical component 

yylxcv mmy

⋅
+−= ε2)2/(                       (2.7) 

Figure 2.4 shows the distributions of the x and y velocity components. These are 

determined from Equations (2.5) and (2.6) in regions A and B. Uniform strain is 

assumed in region C. 

 
 

Figure 2.4 Assumed velocity field [11] 

 
The various strain rate components in A and B may be obtained by differentiation as 

yxcx )21( −+=
⋅⋅

εε                        (2.8) 

yxcx )21( −−−=
⋅⋅

εε                        (2.9) 

and 
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2/)]([ 2 xlxycxy −+=
⋅

ε                       (2.10) 

Note that the strain rates depart from the uniform state by an amount that is 

determined by the arbitrary parameter c. 

It is convenient to continue the analysis using non-dimensional variables *
mX , *

mY , 

*
mB , *

mC  and *
mD  defined by  

mm lxX /* = , mm lyY /* = , mmm lbB /* = , 
⋅

= ε/2*
mmm lcC , mmm ldD /* =      (2.11) 

*
mX  and *

mY  are non-dimensional coordinates, *
mC  is a non-dimensionalised 

roughening parameter that characterises surface roughening and *
mD is the 

non-dimensional roughening depth. The strain rates may be non-dimensionalised by 

dividing by
⋅

ε , so that 

⋅⋅

= εε /*
xxE                               (2.12)  

Using these non-dimensional variables, Equations (2.8) - (2.10) become  

**** )21(1 mmmx YXCE −+=                        (2.13) 

**** )21(1 mmmy YXCE −−−=                       (2.14) 

2/)]1([ **2***
mmmmxy XXYCE −+=                    (2.15)  

The non-dimensional power P*

mmmmm lbkPP
.

* / ε=

 is defined by 

                           (2.16) 
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where mP  is the power dissipated per unit depth by plastic deformation in the 

control volume. *
mP  can be obtained from the non-dimensional strain rates by 

integration as 

∫ ∫∫ ∫ −−
+=

*

****

1

2/1

**2** 2/1

0

***2** 22 m

mm

m

mmm

m D

BD mmij

D

BD mmmijm dXdYEHdXdYEP     (2.17) 

According to the upper bound method, the values of *
mC  and *

mD  are those which 

minimise *
mP . *

mB  must be larger than *
mD . Thus *

mC  and *
mD  can be obtained as 

a function of *
mH . Figure 2.5 shows the non-dimensional roughening parameter *

mC  

and disturbance depth *
mD  as functions of the hardness ratio *

mH . Both *
mC  and 

*
mD  increase monotonically with *

mH . The variations of *
mC  and *

mD  with *
mH  

can be approximated by  

4*3*2*** 149.0372.1776.4533.7981.3 mmmmm HHHHC −+−+−=       (2.18) 

and 

** 15.085.0 mm HD +=                           (2.19) 

 

Figure 2.5 Results of upper bound analysis [11] 
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It is assumed that the roughening is small compared with the length lm, so the 

geometry does not change much. Since the variation in velocity is linear, so is the 

variation in surface height, and a saw toothed profile result. The arithmetic mean 

roughness value Ra

εmmma lHHR )059.0352.0276.0( 2** −+−=

, which will be used for comparison purposes, may be calculated 

as [11]  

                (2.20) 

 
2.3 Friction of metal forming 
 
Friction is the force resisting the relative motion of solid surfaces, fluid layers, and/or 

material elements sliding against each other. There are several types of friction: dry 

friction, fluid friction, lubrication friction, skin friction, internal friction, and other 

types of friction [23]. In this chapter the two most common types are introduced in 

the work.  

 

2.3.1 Coefficient of friction 

 

In metalworking there are two common types of friction between the die (or tool) 

and the workpiece. One is sliding friction and the other is the sticking friction [24], 

as shown in Figure 2.6.  

 

http://en.wikipedia.org/wiki/Force�
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Figure 2.6 Shear stress (a) and maximum coefficient of friction (b) in sliding at 

various interface pressures [24] 

 

2.3.1.1 Sliding friction 
 
Sliding friction can be defined as 

n

i

n

n

pP
F τ

µ ==                               (2.21) 

where nF  is the force required to move the body, nP  is the normal force, iτ  
is 

the average frictional shear stress, and np  is the normal pressure. Both iτ and np  

are obtained by dividing the forces by the apparent area of contact Aa

µ

 between the 

two bodies (Figure 2.6a). This definition embodies Amonton’s two basic laws of 

friction: the frictional force is proportional to the normal force, and it is independent 

of the size of the apparent contact area. For the constant , the interface shear stress 

iτ  must increase at the same rate as the interface pressure np . It is usual to call 

Coulomb’s friction when this condition is satisfied (broken line in Figure 2.6a).  
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2.3.1.2 Sticking friction 
 

When iτ  reaches the value of kf

fni kp >= µτ

, the material has a further option, instead of sliding 

against the surface of the die, less energy is required for the material to shear inside 

the body of the workpiece, while the surface remains immobile (Figure 2.6b). This is 

described as sticking friction, although no actual sticking to the surface of the die 

needs to take place. From Equation (2.21), the condition of sticking is  

                              (2.22) 

Since kf = 0.577σf (σf is the uniaxial flow stress of the material) according to von 

Mises stress, it is sometimes called that µmax

np

= 0.577, but this is only true when the 

full surface conformity reaches at = σf

 

. 

2.3.2 Interface shear factor 
 

Owing to the difficulties with µ, Equation (2.22) can be described by 

fii km=τ                                (2.23)  

where im  is the interface frictional shear factor, which has a value im = 0 for a 

frictional interface and im = 1 for sticking friction. This has a mathematical 

convenience because iτ  is now defined with the aid of kf, the value of which is 

known from the outset. Furthermore, the practice of regarding kf

 

 as a known and well 

defined property is oversimplified; as pointed out by Shaw [25], severe working 

associated with interface sliding substantially changes the properties of the near 

surface layer, making calculations of m on the basis of bulk properties unreliable. 
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2.3.3 Definition of the coefficient of friction by the real contact area 
 
2.3.3.1 Surface contact 
 
In reality, there are two kinds of surface asperity interactions (as shown in Figure 

2.7): asperity may also be encountered during sliding and then plastic deformation of 

the softer (workpiece) asperity will occur (Figure 2.7a) [26]. A large asperity on the 

surface of the die (this would develop when cold welding leads to pickup) plows 

through the workpiece (Figure 2.7b) and contributes to the frictional force [27]. 
 

 

 

Figure 2.7 Asperity encounters [26, 27] 

 
(a) Coefficient of slide friction 
 
During metal forming the most important thing is where sliding is superimposed onto 

normal contact [28-34]. The contact between the die and rough workpiece with 

plastic deformation of the asperities is shown in Figure 2.8. Assuming that the 

surface of the workpiece consists of identical wedge shaped asperities which are 

deformed by contact with the surface of a flat tool, based on the slip line field, 

Wanheim and Bay [28] showed that the real contact area (expressed as a fraction of 

the apparent contact area c=Ar/Aa) depends on both the pressure at the interface and 

shear strength in the real contact zone mc

fci ckm=τ

. The average frictional stress over the 

entire apparent area of contact is  

                             (2.24) 
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Figure 2.8 Contact between die and rough workpiece with plastic deformation of 

asperities: (a) with load Pn; (b) with load Pn and shear strength k; (c) with a 

contaminant layer of shear strength τc 

 

[28] 

So the sliding coefficient of friction can be expressed as 

n

fc

n

i

p
ckm

p
==

τ
µ                            (2.25)  

where there is a solid film of lubricant, the interface looks similar to that in dry 

friction except that a film of contaminant is now intentionally introduced. It may act 

simply as a separating or parting agent, preventing metal-to-metal contact, or it may 

also possess low shear strength. Sliding is assumed to take place by shear at a 

stress sτ . If there is a full conformity between the surfaces of the die and workpiece 

(Figure 2.9), the interface can be described by the coefficient of friction [35, 36]: 

n

s

p
τ

µ =                               (2.26)  

 

 
 

Figure 2.9 Solid lubricated interface [35, 36] 
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(b) Coefficient of sticking friction 
 
In practical plastic deformation, the surfaces of many dies (before deformation, it is 

assumed to be flat) are intentionally or through wear, roughened to a point where 

they can no longer be considered flat. Then asperities of the harder die material 

encounter and plastically deform the asperities of the workpiece, giving a rise to 

friction, penetration of the surface contact film, and possibly adhesion and wear. 

Experimentally it is often found that friction increases with the surface roughness 

[37], at least under conditions of low adhesion. The probability is very slim indeed 

that any surface contact film would survive intact to the severe contacts that exist in 

metalworking. Thus, the surface film is damaged at least in some places (Figure 

2.10), and then a higher shear strength (or mc value) applies locally over a fraction of 

Aa. If the workpiece tends to adhere to the die, the local shear stress at this “strong 

junction” reaches kf iτ. The average shear stress  taken over the whole contact area 

is then 

fcfcfi kcmakcmak )( +=+=τ                        (2.27) 

where 2)/( fkKa =  for a three dimensional junction and is taken to be around 9 

from experimental evidence. Previous research [38] found it ranges from 4 for brass 

to 20 for mild steel. 
 

 
 

Figure 2.10 Fully conforming dry interface, with metallic contact (a) and 

contaminant films (c) [38] 
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2.3.4 Variable friction 
 
Because interface pressures, sliding velocities, temperatures, and other conditions 

affecting the behaviour of lubricant tend to vary within the contact zone of the 

die/workpiece, it is to be expected that µ, mi (mc

iτ

) and c should also vary. An exact 

description of the interface can then be made only with the local value of  

although, for convenience the average µ, mi (mc

 

) and c are most often assumed in 

calculations. This is permissible for force calculations, but can lead to errors when 

calculating the distribution of strain (localised variations of deformation within the 

body) [39]. 

2.4 Surface defects during metal forming 
 

Two kinds of surface defects occur during metal forming [4]: one is intrinsic defects 

and the other is grain-scale defects.  

 

2.4.1 Intrinsic surface defects during plastic straining 
 
Plastic straining of polycrystalline metals is accompanied by the gradual 

development of microstructural surface defects. It is useful in this context to 

differentiate between intrinsic and extrinsic defects since with intrinsic ones we 

denote all changes to the surface that occur in the form of net residual 

inhomogeneous surface displacement fields result from microstructure dynamics 

during plastic straining. It is typical of such surface defects that they occur likewise 

in the bulk material. In other words any microstructure phenomenon which gives a 

rise to a heterogeneous displacement inside the bulk material upon plastic straining 

can find its equivalent in a surface defect (e.g. glide steps, shear bands, hard and soft 

grains). With extrinsic surface defects we denote all changes to the surface that occur 

through mechanical contact (forming tools, friction, non-homogeneity of forces and 

material flows) or by corrosion. These latter effects are not necessarily connected to 



CHAPTER 2 LITERATURE REVIEW AND SCOPE OF WORK 

 

 29 

characteristic microstructure mechanisms which appear likewise in the bulk material.  
 

Intrinsic surface defects occur at different spatial scales and can have different 

origins, similar to the corresponding hierarchy of heterogeneous displacement fields 

caused by lattice defects in the bulk material during plastic straining. Figure 2.11 and 

Table 2.1 show some examples of surface displacements in hierarchical order, 

including surface defects generated by elastic distortions, (a) point defects, (b) 

atomic slip steps caused by single dislocations leaving the bulk, (c) larger 

crystallographic slip steps created by sets of collectively gliding dislocations on 

parallel or identical glide planes, (d) surface twins or athermal stress-induced 

transformation phenomena such as martensite, (e) non-crystallographic glide traces 

caused by dislocation bands which contain localised and collective slip activity on 

parallel and non-parallel glide systems, (f) surface cracks, (g) orange peel 

phenomena where crystals at the surface undergo individual out-of-plane 

displacements, (h) individual surface deformation by hard and soft phases (e.g. hard 

precipitates in a soft matrix), (i) as well as ridging and roping phenomena 

characterised by the collective deformation of larger sets of similarly oriented grains 

typically resulting in a banded surface topology. Orange peel and ridging phenomena 

will be addressed in detail. Depending on the material and boundary conditions, 

various types of surface defects can occur at the same time during plastic straining, 

but elasticity is involved in all cases. From a microstructural standpoint it makes 

sense to sort the different mechanisms and effects listed above, into three basic 

groups of intrinsic surface defects according to whether they are predominantly 

governed by point effects, dislocations, or interfaces, similar to plastically strained 

bulk material. 
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Figure 2.11 Some examples of surface defects in hierarchical spatial order (also see 

Table 2.1). (a) Elastic distortion; (b) point defects; (c) atomic surface steps caused by 

single dislocations; (d) larger crystallographic slip steps created by sets of 

collectively gliding dislocations on parallel or identical glide planes; (e) surface 

twins or athermal stress induced transformation phenomena such as martensite; (f) 

non-crystallographic glide traces caused by dislocation bands which contain localised 

and collective slip activity on parallel and non-parallel glide systems; (g) surface 

cracks; (h) orange peel phenomena where crystals at the surface undergo individual 

out-of-plane displacements; (i) individual surface deformation by hard and soft phases 

(e.g. hard precipitates in a soft matrix); (j) ridging and roping phenomena, which are 

characterised by the collective deformation of larger sets of grains typically resulting 

in a banded surface topology [4]. 
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Table 2.1 Hierarchy of surface defects generated during elastic-plastic deformation 
[4] 

Surface phenomenon Underlying mechanisms 

Elastic distortions Local stress state and Hooke’s law  

Point defects Diffusion, mechanics 

Creep pores and hills Diffusion, mechanics, creep 

Atomic slip steps Dislocation penetrating the surface 

Larger crystallographic 

slip steps 

Dislocation bands consisting of sets of collectively 

gliding dislocations on parallel or identical glide 

planes 

Surface twins Stress-induced orientation dependent twin formation 

Athermal transformation 

phenomena 

Stress-induced orientation dependent phase 

transformations (e.g. martensite) 

Non-crystallographic 

glide traces 

Dislocation bands which contain localized and 

collectively slip activity on parallel and non-parallel 

glide systems; often related to macroscopic strains 

Cracks Fracture mechanics 

Orange peel Different crystals produce individual out-of-plane 

grain-scale surface displacements due to their different 

orientation factors and resulting shape changes 

Surface co-deformation of 

hard and soft phases 

Hard and soft matter assembled in one microstructure 

Ridging and roping Collective deformation of larger sets of grains 

typically resulting in a banded surface topology 

 

2.4.2 Grain-scale surface defects during plastic straining 
 

Grain-scale roughening in homophase alloys can be grouped into orange peel and 

banding phenomena. The former is characterised by out-of-plane displacement fields 
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(negative or positive), which roughly map the grain shape of the material. The latter 

is commonly referred to as ridging or roping phenomena. They occur in the form of 

banded surface undulations which typically extend along the rolling direction of the 

material, and have a transverse extension above the grain size (Figure 2.12). 

 

 
 

Figure 2.12 Grain-scale roughening in homophase alloys occurs in the form of 

orange peel and banding phenomena [4] 
 

Typical macro surface roughening phenomena are shown in Figure 2.13, and can be 

divided into three types. The first is riding which often occurs along the transverse 

direction during tensile deformation in the rolling direction. The second is ribbing 

which occurs along the direction of thickness. The top and bottom are symmetric 

along the thickness plane. It can appear during the tensile deformation of aluminium 

(AA3002) along the transverse direction [40]. The third one is grooving or 

directional roughening. Baczynski et al. [41] observed this kind of surface 

roughening during the tensile deformation of 6111 Al plate. They found that both 
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ridges and valleys on the upper and lower surfaces are irregularly distributed in the 

rolling direction (RD) and that ribbed profiles and corrugations are rare. 
 

 
 

Figure 2.13 Three types of grain scale surface roughening phenomena [40, 41] 

 

2.5 Experimental research on surface roughness 
 
There are lots of studies on surface roughness in grain scale. Most of them focused 

on the relationships between the surface roughness and grain structure, plastic strain, 

grain size, and grain texture. 
 
2.5.1 Effect of crystal structure on surface roughness 
 
Osakada and Oyane [19] did a compression with the following metal (HCP Zn and 

Mg, FCC Cu and Al-5%Mg, 70-30 brass and 18-8 stainless steel) and BCC 

(Fe-0.03%C and 13Cr stainless steel). They compared the surface roughness from the 

roughness-strain curve and found a descending arrangement as follows  
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BCCFCCHCP RRR >>                              (2.28) 

They reported that the difference of the movable slip systems in the different crystal 

structures is the cause of this trend. In general, there are three movable slip systems 

in HCP, 12 movable slip systems in FCC, and 48 movable slip systems in BCC. With 

the less movable slip systems, the volume deformation constraints cannot be met, 

and then the interactions between the deformation grains easily lead to severe surface 

roughening.  
 
There are some literatures about influence of phase on surface roughness. C. Messner 

et al. [42] studied the Forged duplex steels and found that the surface roughness 

amplitude highly depends on the characteristic length scale of the microstructure: the 

larger the mean intercept phase domain size the higher is the amplitude of the surface 

profile. J. Grum and Kisin [43] found the direct relationship between the size of the 

soft phase and the roughness of the surface formed after fine turning of 

aluminium-silicon alloys. Morosov et al. [44] investigated the magnetic structure 

inhomogeneites induced by an external magnetic field near a rough surface of a 

collinear uniaxial antiferromagnet. They found the relationship between magnetic 

structure inhomogeneites and rough surface. Raabe et al. [4] also pointed out that 

inhomogeneity of surface deformation by hard and soft phases can generate the 

surface defect to change the surface roughness of sample 
 
2.5.2 Effect of plastic strain on surface roughness 
 
It has been demonstrated from the research that surface roughness is linearly 

dependent on the plastic strain [41, 45, 46]. The equation is as follows:  

0RKR l +⋅= ε                               (2.29) 

where Kl is the linear slope (surface roughness rate) and R0 is the original surface 

roughness. It is an empirical equation of the relationship between the surface 
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roughness and plastic strainε . 
 
Kawai et al. [47] and Dai et al. [48] obtained the relationship between the strains and 

the different wavelengths of surface cambers. Kawai et al. calculated the dominant 

wave length obtained from the power spectrum of surface cambers in an equiaxial 

stretching experiment of 1050 aluminium plate. The results show there is a linear 

increment relationship between the dominant wavelength and the strain. On the other 

hand, Dai et al. [48] obtained different results. In a stretching experiment with 

2024-T3 aluminium plate, they determined the dominant wavelength component 

with two dimensional self correlation functions. At the same time a functional image 

of the dominant wavelength and true strain were drawn up: when the strain is less 

than 4 %, the dominant wavelength decreases rapidly, but when the strain is between 

4-8 %, the dominant wavelength tends to saturation and the saturating wavelength is 

nearly twice the size of an average grain. They considered that grain rotation was the 

main reason for changes in the wavelength of the main surface roughness. With a 

small strain, the sample altered from an original mirror face to a rough surface, but 

when the strain exceeded 18 %, the change of dominant wavelength was only based 

on the mesoscopic surface camber. So the trend has changed. 
 
Thomson and Nayak [49] pointed out that there was no good correlation between the 

surface roughness of deformed steel plate and the equivalent strain since the surface 

roughness alternation on rolling and transverse directions relates to a change in 

directions of the anisotropic parameters. By tracing the surface topography of 

stretched samples with the multi-stress and original polished states, they studied the 

forming mechanism of surface roughness in the free surface of a metal plate, and 

pointed out that the surface camber increases with an increase in the plastic strain. 
 
Mahmudi and Mehdizadeh [50] have done a uniaxial and equiaxial direction 

stretching experiment with 70-30 brass plate and studied its surface roughness. The 

results show that there is a good relationship between the grain size and surface 
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roughness. They found that the increment of surface roughness is a direct ratio to the 

strain and grain size of the plate. Mahmudi and Mehdizadeh also reported that the 

transverse surface roughness is more obvious than the longitudinal surface roughness, 

mainly because of inhomogeneity in the grain structure, and the material. 
 
2.5.3 Relationship between texture and surface roughness 
 
Previous researchers studied the relationship between the surface roughness and 

grain texture. Wilson et al. [51, 52] did the research on copper plate with a strong 

cubic texture. The result shows that surface roughening decreases with an increase of 

specific textures, mainly because the intergranular incompatibility of deformation 

was small. However, under a finite strain the cubic orientation is instable. Meanwhile, 

a copper plate with a strong cubic texture can generate a much larger local strain than 

a plate without the texture under less strain.  

 

Baczynski [41] analysed the waving phenomenon in an auto metal alloy. The EBSD 

result shows that the distribution of the grains with Gauss orientation plays a main 

role in the waving phenomenon. Huh and Engler [53] investigated the intermediate 

annealing effect of a Cr 17 % ferritic stainless steel sheet on the texture and ridging. 

They found that if the gradient of texture in the thickness of the plate, and the 

recrystallisation texture are weak, ridging cannot be formed easily.  
 
Engler et al. [54] analysed the relationship between ridging and texture in an 

Al-Mg-Si (6xxx) plate used for automobile body panels. They reported that the 

density of cubic orientation has a strong correlation to the height of the ridging. 

Raabe et al. [4] did research on the grain-scale micromechanics of polycrystal 

surfaces of Al-Mg-Si (alloy AA6022) plate to analyse the relationship between the 

polycrystal microstrain and surface roughness, and established a relationship 

between the microstrain and banded microtexture components (Cube, Goss, {111} 

[uvw]). Ji and Was [55] found that when Nb films were deposited onto Si substrates 
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using ion beam assisted deposition (IBAD), both the surface roughness and texture 

increased linearly with film thickness, up to a critical value. A linear relationship was 

obtained between the surface roughness and alignment of the grain orientation 

(Figure 2.14). 
 
2.5.4. Relationship between grain size and surface roughness 
 
Grain size is one of the main factors which lead to surface roughness. It has been 

shown from experimental results that the larger the grain, the rougher the surface. 

From the research results, Osakada and Oyane [19] pointed out that the surface 

roughness Ra

εα ⋅⋅= dcR *

 is proportional to the applied strain ε and the averaged grain size d and 

is expressed as follows. 

                               (2.30) 

 
 

Figure 2.14 Relationship between the degree of grain alignment and surface 

roughness before bridge over with the least squares linear fit [19] 
 
Stoudt and Ricker [56] confirmed the equation by their experimental results. They 

carried out a uniaxial tension with three different grain size samples of aluminium 

alloy AA 5052 (Figure 2.15). The different size grains were developed by three 

separate heat treatments [57]: the first was 96 hours at 540 °C (referred to as the HT 
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condition), the second was 2 hours at 350 °C (referred to as the O condition), and the 

third was H32, or the as-received condition. The H3x condition refers to a stabilised 

condition produced through a low temperature thermal treatment designed to retain a 

small amount of residual strain in order to stabilise the mechanical properties and 

ductility [58, 59]. The H32 condition contains the lowest amount of residual strain 

and a fine grain structure. They found the roughening rate (dRα/dεpl

 

) depended on 

the grain size in this alloy. With the grain sizes (average grain size) included in their 

experiment, the relationship between the roughening rate and grain size also appears 

to be linear (Figure 2.16). 

 
 

Figure 2.15 Optical micrographs depicting the relationship between the surface 

roughness induced by deformation, grain size, and plastic strain in AA5052. The 

inset image in B is a higher magnified view of the surface morphology. Note that the 

Ra

 
 values for B and C are the same, yet the morphologies differ dramatically [56] 
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In order to obtain a more accurate correlation between the surface roughness and 

averaged grain size, Wang et al. [60] proposed a revised equation for the surface 

roughness Rα3

εε ⋅=⋅⋅= *' adCR n
a

. They expressed the relationship between the surface roughness and 

average grain boundary with a power exponent function. It is shown as 

                           (2.31)  

)/(3
' n

a dRC ⋅= ε                              (2.32) 

where 'C  is a parameter depending on the deformation path and the kind of metal, 

*a  is the rate of increase of surface roughness, and n is an exponent indicating the 

effect of grain size. 
 

 

Figure 2.16 The roughening rate behaviour of AA5052 shown as a function of grain 

size and orientation with respect to rolling direction. A regression analysis performed 

on the arithmetic mean roughness (Ra) values is the basis of the data shown in this 

figure [58, 59]. 
 
They carried out uniaxial tensile tests on specimens of pure annealed aluminium 
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sheet with various averaged grain sizes. They found that the surface roughness 

increases as plastic strain is applied, and the increase is high in the specimen with a 

large grain size, and their results showed a good agreement with those of Osakada 

and Oyane [19]. 

 

Figure 2.17 Relationship between factor α* εα /3
*

aR= ( ) and grain size [57] 

On a consideration of the influence of initial surface roughness R0 

0
' RdaR +⋅⋅= ε

on the surface 

roughness, the equation of surface roughness can be defined [19, 48] as   

                           (2.33) 

where 'a  is a constant and d  is the average grain size. Oskada et al. [19] 

calculated the α  from the stretch and compression experiments of Al-5% Mg alloy 

with different size grains: 'a =0.35. Dai et al. [48] not only observed a linear 

relationship between R and d, they also obtained a linear relationship between the 

dominant wavelength λ and d. The larger the grain, the more important its influence 

on surface roughness. If the thickness of a plate is only two or three grain sizes thick, 

the grain deformation will determine its volumetric deformation. 
 
2.5.5 Effect of R0

 
 on the roughening rate 

Chen et al. [61] carried out a stretch forming of aluminium alloy sheet. They defined 

the relationship between the surface roughness R and strain cε  along the tensile 
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direction as: 

0RR =                        sc αε <  

               )(0 sclKRR αε −+=             sc αε ≥           (2.34) 

 

where αs

 
 is the strain after which the roughness rises linearly.  

They carried out tensile testing of steel S with different initial roughness to examine 

the effect of initial roughness on the rate of roughening. The results show that a 

change in R0 does not affect the value of the maximum roughness increment ∆R* of 

the material at the onset of strain instability but does influence K and α (Figure 2.18). 

When the initial roughness is changed from 0 to 5 µm, αs

 

 varies from 0 to 0.1 and K 

from 12.7 to 15.2 µm. For general commercial deep drawing cold rolled steel, the 

original surface roughness is usually from 3 to 5 µm, so that the variations in K and 

α are not great, amounting to 1 µm and 0.05 respectively. 

 

 

Figure 2.18 Effect of initial surface roughness R0 

 

on roughening rate K of steel S 
[61] 
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2.5.6 Effect of tool roughness 
 
During metal forming, the roughness of the tool affects the roughness of the 

workpiece. Contact between the tool and the workpiece is either direct or indirect. 

During direct contact, no lubricant is used when metal forming so the tool makes 

direct contact with the workpiece. Here the surface finish of the workpiece mainly 

depends on the surface of the tool. In most current metal forming processes, 

lubricants are used to decrease friction and improve the surface finish. In this 

situation the tool does not make direct contact with the workpiece. Indeed the layer 

of lubrication is a most important aspect in the surface development of the workpiece. 

As mentioned in Section 2.1.2, it is a very complicated process. There are lots of 

literatures that describe this process [62-66]. Normally, a combination of the tool, 

lubricant and the workpiece itself contributes to the surface finish.  
 

2.5.7 Other research on surface roughness 
 

A mis-phasing optical interference method was used to measure the three 

dimensional surface roughness. In the 1990s, auto-orientation imaging was 

developed, which allowed the relationship between the orientation of the surface 

grains and surface roughness to be studied further. Lee et al. [67] studied the 

development of orange peel of an auto 6022-T4 aluminium plate using an inference 

microscope and EBSD (Electron Back Scatter Diffraction). However, there was no 

report on the relationship between the development of orange peel and orientation of 

the surface grains. Wittridge and Knutsen [68] studied the development of 

grain-scale surface roughness during uniaxial stretching deformation.  
 
2.6 Computer simulation of surface roughness 
 

2.6.1 Upper bound method 
 
With the development of computer simulation techniques, many researchers have 
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done numerical simulations of surface roughness. Wilson and Sheu [69, 70] used the 

upper bound technique to simulate the development of surface asperities during the 

metal forming process. They generated a new concept of “effective hardness” which 

concerns the flattening of surface asperities during plastic volumetric deformation. 

They also gave a correlation between the volumetric strain rate and the contact area. 

Sheu et al [69] incorporated the modified surface roughness into the empirical model 

of surface roughness flattening, and thought that an increase in the slope rate and 

decrease in the strain growth rate of the contact surface were the main reasons for 

surface roughening. 
 
2.6.2 Crystal plasticity finite element method 
 
Becker [8] used the Crystal Plasticity Finite Element Method (CPFEM) to simulate 

the effects of strain localisation on surface roughening during sheet forming. This 

first used a concrete method to describe the generation of grain-scale surface 

roughness induced by inhomogeneity in the material. They selected 6111-T4 

aluminium plate and measured 77 different grain orientations as the input elements to 

simulate strain location during metal forming. It is shown that the strain only occurs 

within a surface area of 2-3 grains in length, whereas valleys form in the free area 

affected by the strain location band. Peaks will be formed at an area of low strain 

which intersects the surface of two strain location bands, as shown in Figure 2.19. 

Becker’s results emphasised that the incompatible deformation of adjacent grains in 

or near the surface area is the main cause of surface roughening. Surface roughness 

can be decreased by generating a strong, stable texture.  
 
Beaudoin et al. [71] also did a simulation of surface roughness. They input the 

surface grain orientations of 6111-T4 aluminium plate as hexagonal meshes and 

simulated the surface roughening process of biaxial tension and planar strain tension, 

and found that the interaction between the surface cubic grains and adjacent grains is 

the main reason for irregular deformation. They also did a hydraulic bulging 
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experiment of metal materials with and without textures and discovered that there 

was no ride generated in the metal without textures. Recently, some researchers 

simulated surface roughening by CPFEM [72, 73].  
 

 
 
Figure 2.19 Peak and valley of the tensile deformation area based on the Becker 

plane strain deformation [8] 

 

Shin et al. [72] studied how the texture affected ridging while 430 and 409L stainless 

steels were under tension. All the samples used are from the column grain and 

equiaxed grain areas of stainless steels. The X-Ray diffraction and EBSD (Electron 

Back Scatter Diffraction) were used to test the texture of the specimens and then this 

data was input into the CPFEM model. The results show that the ridging under 

tension was very severe in the stainless steel with column grains and the surface of 

the 409L stainless was very poor. The results of this simulation shows that the 

ridging was generated by a low plastic strain rate of the {001}<110> grain cluster 

and different shear deformation of the {111}<110> or {112}<110> clusters, as 

shown in Figures 2.20 and 2.21. It can be seen from Figure 2.20 that the grains are 

randomly distributed so that the specimen can have a matrix texture (MT) without 

any riding, and the strain has been distributed in a regular pattern after 20 % tensile 

strain. Figure 2.21 shows the initial mesh of the specimen with colonies in different 

orientations and strain distributions after a tensile strain of 0.2. This result indicates 

that the CPFEDM simulated the ridging quite well. The low plastic-strain ratio of 

{001}<110> colonies and different shear deformation of the {111}<110> or 



CHAPTER 2 LITERATURE REVIEW AND SCOPE OF WORK 

 

 45 

{112}<110> gives rise to ridging. The height of the ridging simulated here is lower 

than the other simulated results.  

 

  
       

(a)                                   (b) 

 

(c) 

 
 (d) 

Figure 2.20 Calculated shape and distributed strain of a textured specimen after 

20 % of tensile strain. (Left upper, (a) original mesh, left lower, (b) deformed mesh 
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(two times), right upper, (c) distribution of tensile strain, right lower, (d) distribution 

of shear strain) [72] 

 

 
(a) 

 
(b) 

 

(c) 

 
(d) 

Figure 2.21 Calculated shape and distribution of strain of the textured specimen 
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includes different grain colonies after 20 % of tensile strain(left upper, (a) original 

mesh, left lower, (b) deformed mesh (two times), right upper, (c) distribution of 

tensile strain, right lower, (d) distribution of shear strain) [72] 

 
Wu and Lloyd [74] simulated development of the surface asperity of an AA6111 

aluminium plate during the tensile process. They incorporated the EBSD 

experimental data directly into the finite element models. The constitutive equations 

at each integrated point were described by single crystal plasticity theory. They 

analysed the effect of some parameters on surface roughening, such as the specimen 

size, sensitivity of the strain rate, workhardening, loading path, step size of EBSD, 

the distribution of space orientation and intergranular deforming inhomogeneity, and 

obtained from those results that the surface roughening was controlled by the space 

distribution of grain orientation along the thickness direction. The effect of the space 

distribution of orientation on surface roughening is shown in Figure 2.22 

(Experimental and 5 cases results). It can be seen that in the first two cases, the 

surface layers and central layers have the same volume, i.e., 2Ns=2Nc=34. The 

predicted Rb in both cases is found to be significantly lower than the one based on 

the measured EBSD. Since the number of grains in the central and surface layers is 

exactly the same, it appears that the interior grains contribute more to surface 

roughening than the grains on or near the free surface. These results, together with 

those for Cases 3 and 4 with 2Ns=10 (2Nc 

 

= 58), strongly suggest that the surface 

roughening could be very significantly underestimated if the interior grains are only 

considered as a supporting layer for the surface grains. If all the grain orientations are 

randomly assigned into the finite element mesh (Case 5), the calculated surface 

roughening tendency is reduced significantly.  
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Figure 2.22 Orientation influence of the surface roughening [74] 

 
2.6.3 Neural network method 

 

Oktem et al. [75] coupled a genetic algorithm with a neural network when end milling 

mold parts to find the optimum cutting parameters leading to minimum surface 

roughness without any constraints. A good agreement was observed between the 

predicted values and experimental measurements. 

 

Zain et al. [76] presented an ANN (Artificial Neural Network) model for predicting 

the surface roughness in the machining process by considering the Artificial Neural 

Network (ANN) as the essential technique for measuring surface roughness. 

El-Sonbaty et al. [77] developed ANN models to analyse and predict the relationship 

between the cutting conditions and corresponding fractal parameters of machined 

surfaces in a face milling operation. The predicted profiles were found statistically 

similar to the actual measured profiles of test specimens. 

 

Susic et al. [78] presented a newly developed system for an online estimation of the 

roughness and hardness parameters of surfaces involved in sliding friction. The 
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system’s performance was tested in an online pin-in-disk experiment, and for most of 

these experiments the ability to reliably recognise and place given cases in correct 

classes was greater than 94 %.  
 
Durmus et al. [79] used the neural networks to predict the wear and surface 

roughness of an AA 6351 aluminium alloy. It was observed that the experimental 

results coincided with ANN results. The ANN architecture used was a 4:9:9:2 

multilayer type, as shown in Figure 2.23. The results show that the maximum wear 

strength was found in a specimen aged naturally for a week at room temperature, and 

minimum surface roughness was found in a specimen artificially aged at 180 °C. 

Both the experimental results and ANN results have confirmed it 
 

 
 

Fig. 2.23 The ANN’s architecture [79] 

  
2.7 Problems and findings from the literature review 
  
There are many literatures about surface roughening in metal forming processes. 

Research has been carried out to analyse the friction mechanism of metal forming. 

The influence of factors on surface roughening, such as plastic strain, friction, 

microstructure, texture, grain size, and the initial surface roughness of the workpiece 
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and die, are also mentioned by some researchers in their results. 
 
However, little research has been done on the surface development of constraint 

surfaces (surface asperity flattening process) with CPFEM (crystal plasticity finite 

element method). Most current CPFEM research focuses on the development of free 

surface (surface roughening) by uniaxial and biaxial tensile deformation. Some 

researchers focus on the constraint surface to analyse the relationship between 

friction and surface roughness, but few have used the crystal plasticity constitutive 

theories to explain how parameters influence surface roughness. In particular, there 

are almost no reports that mention the relationship between the orientation of surface 

grains and surface roughness. The texture development of the constraint surface is 

also a very interesting topic. It seems that the influence of friction on the 

development of texture is still not known very well. In metal forming, the strain rate 

contributes significantly to the workpiece workhardening, but there is little research 

on how the strain influences surface roughness.  
 
2.8 Research scope in the present study  
  
In this study the development of surface roughness of the constraint surface will be 

investigated. A physical simulation will be conducted on an INSTRON 

servo-hydraulic testing machine using a channel die specifically designed for this 

study. Because cold uniaxial planar compression is similar to cold rolling, a uniaxial 

planar channel die was designed in this study. The relationship between the surface 

roughness and related parameters such as gauged reduction, friction, texture (grain 

orientation), and grain size and strain rate will be identified, as mentioned above, 

although a CPFEM model will also be established on the basis of the experimental 

results of compression, AFM, and EBSD. The objective of this study is to understand 

the mechanism of surface roughening of the constraint surface in metal forming by 

crystal plasticity theories, and build up the relationship between the deterministic 

parameters and probabilistic parameters, and then suggest corrective changes during 
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cold uniaxial planar compression. This research also seeks to solve the simulation 

problems that resulted from different dimensions of models. The detailed crystal 

plasticity constitutive theories and methodology will be introduced in Chapter 3. 
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CHAPTER 3 
 

THE CONSTITUTIVE THEORY AND 

METHODOLOGY OF CRYSTAL PLASTICITY 

 

3.1 Historical view  

 

3.1.1 Historical view of finite element simulation 

 

The first finite element simulation was performed by Courant in 1943 [80]. It is an 

effective tool to solve the complicated equation of metal forming. The breakthrough 

with this method came with the publication of “The Finite Element Method in 

Structural and Continuum Mechanics” by Zienkiewicz in 1967 [81]. In the 1980s, 

most finite element simulations related to metal and plastic deformation were based 

on the isotropy and a rate independent model of the material. With the appearance of 

new problems in large strain and complicated loading paths the necessity to establish 

more accurate models to express the properties of metal materials became urgent. Of 

these existing models, the internal variable model was the typical model used to 

explain plasticity rheological dynamics by the yielding criterion and the 

workhardening theories. Since the 1990s, finite element simulation has made 

significant progress as the structure of the material has been directly incorporated 

into the finite element model. This structure is the geometric structure observed by 

all kinds of microscopes, for example, polycrystal, grain, dislocation, precipitated 

phase and all kinds of defects [82]. So with the appearance of parallel computation 

and the acquisition of automatic data and visualised facilities, computer finite 

element simulation of the material has been changed from macro modelling to 

multiscale simulation of the materials. This tendency is shown in Figure 3.1.  
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Figure 3.1 Multiscale simulation of material 

 
3.1.2 Historical view of crystal plasticity theories 

 
Researchers have studied the behaviour of crystal plastic deformation from 1930 to 

1960 [83-86]. These early research achievements were related to features such as the 

geometry and crystallography of plastic deformation. Based on the theories of plastic 

deformation and strength, the concept of dislocation has been presented, and from 

which current dislocation theories have developed. On the other hand, these modified 

dislocation theories can promote the development of crystal plasticity theory. In 

essence, compared with the constitutive relationship used several decades ago, the 

present constitutive relationship has improved significantly. The research work of 

crystal plasticity can be dated back to the pioneering work of Sachs [87], Taylor [88], 
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Bishop-Hill [89, 90], Kroner [91], Orowan [92], Schimid [93] and Polanyi [94-96]. 

These forerunners were conscious of the tightly relationship between plastic 

deformation and grain structure. Their work reminded latecomers that research into 

crystal plastic deformation must start with the crystal microstructure, and it should 

not be studied at the macroscopic level. The large strain inherent in the crystal is 

often accompanied by the phenomenon of strain localising and plastic damage where 

the material experiencing this large strain has strongly inhomogeneous stress and 

strain fields. These kinds of problems could not be solved analytically, but could be 

handled by employing the finite element method. The crystal plasticity finite element 

method refers to the method which directly uses the crystal plasticity constitutive 

equation. 

 

The rapid development of computer techniques has provided important conditions 

for the use of the crystal plasticity finite element method. Over the past twenty to 

thirty years, the crystal plasticity finite element method has become a hot topic in the 

research field of mechanics and materials. The fundamentals of the crystal plasticity 

finite element method were first brought forward by Hill and Rice [97]. Their theory 

is based on the Schmid rule of the crystal plastic deformation process. In 1982, 

Pierce et al. [98] established a simulation method and successfully used it to simulate 

the formation of a shear band in soft grain metal. In 1985, Asaro and Needleman [99] 

developed a rate-dependent constitutive equation of crystal plasticity and related 

numerical method, but since then the CPFEM has become more popular in the field 

of materials and mechanics. The general method for using CPFEM is to establish a 

relationship between the micro polycrystal and the material, or its continuous points. 

At first, each grain is expressed by the constitutive equation of single grain 

parameters, but then the whole deformation process is averaged and it is assumed 

that the single grain micro response relates to the polycrystal averaging responses. 

 

3.2 Crystal plasticity theory 
 

3.2.1 Geometrics and kinematics of crystal plasticity deformation 

 
There are mechanisms such as plastic slip and grain deformation during the metal 

forming process, but the grains can slip by becoming dislocated or deformed 
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elastically by grain lattice rotating. The geometrics and kinematics of crystal 

plasticity deformation were developed by Hill and Rice [97], and Pierce et al. [98], 

Asaro, and Needleman [99] have also described this.  

 
During the process of single grain deformation, the gross deformation gradient can 

be expressed as [91, 100-103] 

pFF
X
xF ⋅=

∂
∂

= *                                                          (3.1) 

where F  is the gross deformation gradient, x  is the position of the material point in 

the present configuration, X  is the position of material point in the initial 

configuration, *F  is the gross deformation gradient combined by the elastic 

deformation (lattice distortion) and rigid rotation, and pF  is the displacement 

gradient caused by the slip. The whole deformation process of a single grain can be 

divided into two processes: first, the un-deformed lattices move with a gradient of 
pF , and then the material and lattice deform and result in the gross deforming 

gradient *F , after the elastic deformation is unloaded, the pF  is the residual 

deformation. The whole process is shown in Figure 3.2. 

 

 
 

Figure 3.2 Kinematics of crystal elastic-plastic deformation generated by slip [91] 
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When the grain deforms and rotates, so the grain lattice vectors do. The )(αs  is the 

slip vector in the α th slip direction. After deformation it can be expressed as  

)()( αα sFs ⋅= ∗∗                                                     (3.2) 

Other vectors in the slip plane have similar transformations. After deformation, the 

un-deformed normal vector )(αm  in the slip plane is as follows: 

1)()( −∗∗ ⋅= Fmm αα                                                  (3.3) 

In the reference configuration )(αs  and )(αm  are the unit vectors in α th slip system. 

In general, )(α∗s  and )(α∗m  are not the unit vectors, but they still have orthogonal 

relationship 0msms =⋅=⋅ ∗∗ )()()()( αααα . The current velocity gradient L can be 

expressed as 

pLLFF
x
X

X
v

x
vL +=⋅=

∂
∂

∂
∂

=
∂
∂

= − *1                                 (3.4) 

111* −∗−∗−∗∗ ⋅⋅⋅+⋅=+ FFFFFFLL ppp                               (3.5) 

where v  is the velocity of the material point, *L  is the elastic part of the deformation 

gradient, and pL  is the plastic part of the deformation gradient.  

 

Plastic deformation of a single crystal can be expressed as 

)()()( αααγ msIF p ⊗+=                                              (3.6) 

Therefore, the polycrystal plastic deformation can be expressed as 

)(
1

)()( α
α

ααγ msF
np ⊗= ∑
=
                                                (3.7) 

∑
=

⊗−=
− n

a
p msIF

1
)()()(

1

α
ααγ                                              (3.8) 

From Equations (3.7) and (3.8), it can be drawn as 

∑
=

− ⊗=⋅
npp msFF

1
)()()(

1

α
αααγ                                          (3.9) 
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So *L  and pL  of Equations (3.4) and (3.5) can be expressed as  

1*** −⋅= FFL                                                         (3.10) 

∑
=

−∗−∗ ⊗=⋅⋅⋅=
nppp msFFFFL

1

*
)(

*
)()(

11

α
αααγ                        (3.11) 

The *L  and pL  can be expressed separately as 

1* −∗∗ ⋅= FFL                                                       (3.11) 

11 −∗−∗ ⋅⋅⋅= FFFFL ppp                                                (3.12) 

where )(αγ  is the shear strain of the α th slip system, )(αγ  is the shear rate of the α th 

slip system. Alternatively, L  can be divided into two parts according to the 

deformation and rotating velocities, and may be written as follows: 

Ω+= DL                                                         (3.13) 

where D , Ω  are the symmetric tensors of deforming velocity and rotating velocity 

respectively. Their components can be described by the velocity v  and coordinate x  

as:  

)//(/ ijjiij xvxv21D ∂∂+∂∂=                                              (3.14) 

)//(/ ijjiij xvxv21 ∂∂−∂∂=Ω                                              (3.15) 

D  and Ω  can be divided into the elastic part ( ∗D , ∗Ω ) and plastic part ( pD , pΩ ): 

pDDD += ∗ ， pΩΩΩ += ∗                                         (3.16) 

From Equations (3.4) and (3.5), it can be obtained as 

11pppp FFFFD −∗−∗ ⋅⋅⋅=+ Ω                                      (3.17) 

Because the plastic deformation is caused by grain slip, Equation (3.17) can be 

changed as  
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∑
=

∗∗=+
npp msD

1

)()()(

α

αααγΩ                                       (3.18) 

Equation (3.18) sums all the activated slip systems, )(αγ  is the slip rate in the α th 

slip system, and )(αγ  can be defined as  

∑
=

=
−

n

1

pp msFF
1

α

αααγ )()()(                                     (3.19) 

For convenience, the tensors αP , αW  of the α th slip system can be defined as 

     ( )TT smms21P )()()()()( / ααααα ∗∗∗∗ +=                              (3.20) 

( )TT smms21W )()()()()( / ααααα ∗∗∗∗ −=                               (3.21) 

Hence, the deformation and rotation tensors of Equation (3.16) can be expressed as  

∑
=

=
n

1

p PD
α

αα γ )()(                                              (3.22) 

∑
=

=
n

1

p W
α

αα γΩ )()(                                               (3.23) 

Equations (3.1) to (3.23) are the basic equations of crystal plasticity kinematics. 

These equations show the relationship between the shear rate and rate of 

macroscopic deformation.  

 

3.2.2 Rate independent crystal plasticity constitutive equation  

 

It is assumed that grain slip has no effect on the elastic property. According to the 

description of Hill and Rice [97], the elastic constitutive equation can be expressed 

as  

∗
∗∇

= DL :τ                                                        (3.24) 

where L is the fourth order tensor of elastic modulus, 
∗∇

τ  the Jumann rate of the 

Kirchhoff stress, the component of L  can be taken as the partial derivative of some 
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free energy. The superscript ∗  is expressed as the partial derivative for the axial 

stress which rotates with the lattice. 
∗∇

τ  can be defined as 

∗∗
∗∇

Ω⋅+⋅Ω−= ττττ                                                 (3.25) 

where τ  is the material rate of the Kirchhoff stress, it can be defined as ρσρ /0 , σ  

is the Cauchy stress, 0ρ  and ρ  are the reference and currently mass densities 

respectively. In order to describe the constitutive equation of the material, the 

Jaumann stress rate can be defined as 

Ω⋅+⋅Ω−=
∇

ττττ                                                 (3.26) 

The difference between Equations (3.25) and (3.26) can be defined as 

∑
=

∇∗∇
=−

n

1

)()(

α

αα γβττ                                              (3.27) 

where 

)()()( ααα ττβ WW ⋅−⋅=                                         (3.28) 

Hence, it can be obtained as 














−−=
∇∗∇∗∇∇
ττττ ∑

=

∗ −=
n

DL
1

)()(:
α

αα γβ  (From Equation (3.24))    (3.29)  

     ∑
=

−−=
n

pDDL
1

)()()(:
α

αα γβ                                                         (3.30) 

Equation (3.22) is employed in Equation (3.30), and then 

[ ]∑
=

∇
+−=

n
PLDL

1

)()()(::
α

ααα γβτ                                         (3.31) 
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where )(αγ  in Equation (3.31) is not determined. It can be described by the stress and 

strain tensors. In order to obtain the value of )(αγ , the resolving shear stress in the 

α th slip system can be expressed as 

τττ αααα :)()()()( Psm =⋅⋅= ∗∗                                      (3.32) 

Equation (3.32) is differentiated, it can be expressed as 

τττ ααα  :: )()()( PP −=                                         (3.33) 

where 

         
( )∗∗∗∗∗ += TT smmsP

2
1 ( )TTTT smsmmsms ∗∗∗∗∗∗∗∗ +++= 

2
1                     (3.34) 

Firstly, ∗s  and ∗m  must be obtained. So Equations (3.2) and (3.3) can be 

differentiated as  

( )∗∗∗∗ = sFs
∗∗= sF  

                                                          sFFF ∗−∗∗= 1   

( ) ∗−∗∗= sFF 1                                                   (3.35) 

( ) ( ) mFmFm
TT 11 −∗

∗
−∗∗ =



=

    (3.36)
 

For 

( ) 01 =
∗−∗∗FF  

011 =+⇒ ∗−∗∗−∗ FFFF   

111 −∗∗−∗−∗ −=⇒ FFFF   

     ( ) 111 ∗−∗∗−∗− −=⇒ FFFF
T   

So 
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                                                        ( ) mFm
T1−∗∗ =   

( )mFFF 11 −∗∗−∗−=     

( ) ∗−∗∗= mFF
T1                                                   (3.37) 

Equations (3.35) and (3.37) can be used in Equation (3.34), and the result is  

( ) ( ) ( ) ( ) 



 +−−= −∗∗∗∗∗∗−∗∗−∗∗∗∗∗∗−∗∗ TTTTTT FFsmsmFFFFmsmsFFP 1111

2
1   

        ( ) ( )[ ] ( ) ( ) 



 +−+−= −∗∗∗∗−∗∗∗∗∗∗−∗∗∗∗−∗∗ TTTTT FFsmFFsmsmFFmsFF 1111

2
1

2
1   

                     ( ) ( )[ ]TTTTTT LsmLmssmLmsL ∗∗∗∗∗∗∗∗∗∗∗∗ +−+−=
2
1   

                     ( )( ) ( )( )[ ]TTTTTT smmsLLsmmsLL ∗∗∗∗∗∗∗∗∗∗∗∗ −+++−=
4
1                 

                         ( )( ) ( )( )[ ]TTTTTT LLsmmsLLsmms ∗∗∗∗∗∗∗∗∗∗∗∗ +−+−+−
4
1  

∗∗∗∗ −Ω−+Ω=⇒ DWPWDPP )()()()()( ααααα                                       

(3.38) 

Equation (3.38) is used in Equation (3.33), so, 

                           τττ ααα  :: )()()( PP +=  

                          ( ) ττΩΩ ααααα :: )()()()()( PDWPWDP +−−+= ∗∗∗∗         (3.39) 

If Equation (3.24) is used in Equation (3.39), it can be written as ( ∗∗−∗∗ Ω+= DFF 1 ) 









+−+−+−= ∗∗

∗∇
∗∗∗∗∗∗ ΩττΩττττΩτΩτ αααααα ::::: )()()()()()( PDWWDPP          

∗∇
∗∗ +−= τττ αα ::: )()( PDWWD  

( CABCBACAB TT ::: == , τ  is symmetric tensor) 
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∗∇

∗∗ +−= τττ ααα ::: )()()( PWDWD  

                                             ∗∗ += DLPD ::: )(αβ                     

    ( ) ∗+= DLP ::)( βα                                                        (3.40) 

 TsDDm ∗∗∗
∗∇

∗ ⋅












⋅+⋅−⋅= τττ                                       (3.41) 

According to the theory of dislocation, dislocation is determined by the value of the 

shearing stress where, after )(ατ  equals the critical value 0τ , dislocation in the α th 

slip system is activated and the slip direction of dislocation is up to the direction of 

0τ . 

 

After the grain yields, the resolving shearing stress increases as the grains harden. 

The increment of stress is determined by the increment of the slipping strain and the 

coefficient of hardening. It can be expressed as  

∑
=

n
h

1

)(

β

β
αβ γ                               (3.42) 

where αβh  expresses the effect of slip in the β th slip system on the resolved shear 

stress in the α th slip system. So in the activated slip system it can be obtained as 

∑
=

=
n

1
h

β

β
αβ

α γτ )()(                                                        (3.43) 

It can also be obtained from Equation (3.40) 

( ) ∗+= DLP ::)()( βτ αα  

   ( )( )pDDLP −+= βα :)(                                      (3.44) 

If Equation (3.41) is used in Equation (3.43), it can be obtained as 
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( ) ( )∑ +−+=
β

ββαβααα γββτ )()()()()()()( :::::  PPLPDLP                       (3.45) 

For the mobile slip system, if this equation is used in the previous equation, the result 

is as 

( ) ∑
=

=+
n

1
NDLP

β

β
αβ

αα γβ )()()( ::                                     (3.46) 

The matrix αβN  in the previous equation can be expressed as 

)()()( ::: ββα
αβαβ β PPLPhN ++=                                      (3.47) 

From Equation (3.47), if the matrix αβN  is reversible, the slip strain rate )(βγ  can be 

obtained. If the hardening coefficients are mutually independent, this condition can 

always be met. Therefore, the slip rate can be obtained from Equation (3.46) as  

 ( ) ( ) DLPN 1 :: )()()( ββ
αβ

α βγ += −                                        (3.48) 

If Equation (3.48) is used in Equation (3.33), the constitutive equation of material 

can be obtained as 

DC :=
∇

τ                                                        (3.49) 

where C is the rigid matrix, it can be written as 

( )( ) ( )∑∑ ++−= −

α β

ββ
αβ

αα ββ )()()()( :: LPNLPLC 1                     (3.50) 

 

3.2.3 Rate dependent crystal plasticity constitutive equation 

 

The obvious defect in the rate independent crystal plasticity constitutive equation is 

that it cannot make the shear rate unique and its hardening coefficient is too 

complicated. In order to overcome these defects, Pierce [104] and Asaro et al. [105] 

developed a rate dependent crystal plasticity constitutive theory. 
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This theory considers that deformation has no effect on the elastic property of grain, 

and therefore the Jaumann rate of the Kirchhoff stress based on the intermediate state 

can be expressed as 

∗
∗∇

= DL :τ                   (3.51) 

It can be obtained from a similar deduction in Section 3.2.2 

∑−=
∇

α

αα γτ )()(: RDL                                        (3.52) 

where )(αR  is 

)()()( : ααα β+= PLR                                         (3.53) 

A feature of this rate dependent constitutive equation is that the shearing rate is 

determined by the current state and stress since it is independent of the stress rate and 

deformation path. This is the fundamental difference between the rate independent 

constitutive equation and rate dependent constitutive equation. There is an 

exponential function relationship between the slip rate and resolving shear stress 

which is shown in the following equation  

( ) 1/1

)(

)(

)(

)(
)()(

−
























=

m

gg
a

α

α

α

α
αα ττγ                                             (3.54) 

where m is the stress sensitive parameter of the slip system. If the slip rate is always 

a , the resolving shearing stress )(ατ  equals )(αg . In fact, equation )()( αατ g=  can be 

taken as a reference state and a  is the slip rate in the reference state. )(αg  represents 

the ability of the grain to harden. However, a practical expression of )(αg  is probably 

complicated, so in order to simplify the simulation, a simplified function of )(αg  is 

used where it is only a function of the gross slip deformation. 

( )γαα )()( gg =                                                        (3.55) 

where γ  is the gross slip deformation 
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∑=
α

αγγ )(                                                         (3.56) 

The hardening feature of the material can be embodied by the function )(αg , when 

0=γ , the initial value of )(αg  is 0τ . The variation of )(αg  can be expressed as  

∑=
β

β
αβ

α γ )()(  hg                                                   (3.57) 

where αβh  is the function of γ . 

 
In the rate dependent constitutive equation, there is no obvious yield point in the 

metal, but if the resolving stress in the slip system is not zero, plastic shearing 

continues. However, because the stress sensitive parameter m is small ( 020m .< ), the 

shear rate is minimal when the resolving shear stress is less than 0τ . Therefore, the 

0τ  can be taken as the yield resolving shear stress.  

 

The hardening modulus matrix αβh  includes not only the effect of self hardening 

(hardening caused by slip in the self-slip system), but also the effect of latent 

hardening (hardening caused by slip of the else slip systems). It can be expressed as 

αβαβ δhq1qhh )( −+=                                          (3.58) 

where q  is the ratio of self hardening and latent hardening. In general 4.11 << q , 

but in order to make the αβh  symmetric, it can also be expressed as  

( ))()()()( ::)( αββα
αβαβ ββδ PP

2
1hq1qhh −+−+=                     (3.59) 

The hardening of the slip system can be fitted by the hyperbolic curve. It is shown in 

the following equation  

( ) 








−
=

0s

02
0

h
hhh

ττ
γ

γ sec                                             (3.60) 
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3.3 Development of polycrystal constitutive theories 

 

In polycrystal constitutive theory, plastic behaviour is taken as an average response 

of all the single grains. Several types of polycrystal models have been used in the 

simulation of polycrystal plastic behaviour. 

 

The earliest polycrystal model had been brought forward by Sachs [87] in 1928, and 

it described the simplest grain deformation. It assumed that each grain in the 

polycrystal has the same stress state as the whole polycrystal aggregate. This 

assumption only meets the stress balance of boundaries of the grains, but could not 

maintain the intergranular strain compatibility. Moreover this model assumed that 

during deformation each grain is taken as a single grain without any constraints, and 

therefore plastic deformation of the grains can be generated by a single slip system. 

In practical polycrystal aggregates, the stress state of each grain is not the uniaxial 

stress state and their deformation is not the same. Furthermore, the surrounding 

grains can influence deformation by the constraint of the grain boundaries. For the 

above reasons, the original Sachs model can only describe the plastic behaviour of 

single grain, could not deal with polycrystal deformation [106]. But after making 

modification, Sachs model can successfully depict polycrystal deformation.  

 

In 1938, Taylor [88] developed the Taylor full constraint model based on the 

assumption of homogeneous strain in polycrystals. Taylor assumed each grain in the 

aggregate experiences the same stain as the polycrystal xzy εεε 2/1−== , and 

ignored the elastic strain. This assumption can only meet the compatibility of the 

grain boundary, but ignores the stress equilibrium. Under this condition, the five slip 

systems of the grain will be activated, this is the Taylor rule. If the volume of 

specimen is assumed as a constant under the condition of plastic strain, then there are 

five independent strain tensors in the specimen need to be activated and produce any 

change in shape. Taylor set up a multiple slip model with the assumption of the same 

slip systems, and considered that every combination of the five cubic <110> {111} 

slip systems can lead to deformation. The slippage ∑ idγ  needed by the strain 
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increment xdε  was calculated, and the external stress can be obtained by the 

following equation.  

τε
γτσ Md

d
x

i
x =







=                                                  (3.61) 

where τ  is the shear stress, M is the Taylor factor of grain orientation. 

 

Bishop and Hill [107] expanded the Taylor theory with a multiple strain condition. 

Taylor defined the slip system with minimum shear stress, but Bishop and Hill 

determined the slip systems by the principle of maximum work. The two methods are 

theoretically equivalent. Lin [108] modified the Taylor model by the addition of 

elasticity. It was considered that the grain deformation (elastic deformation and 

plastic deformation) equals the applied deformation (elastic deformation and plastic 

deformation) of polycrystal aggregate. For large strains the TBH (Taylor-Bishop-Hill) 

model has strict conditions and could not predict the situation without an equiaxed 

grain. The relaxed Taylor model [109] solved the former problems because it 

allowed for the difference between the transgranular strain and an average of the 

large strain. In the relaxed Taylor model the applied shear rate should not be met as it 

released the constraint conditions. According to this assumption, intergranular local 

incompatibility is permitted. The key point of the relaxed Taylor models is that the 

strain compatibility can improve the stress homogeneity. 

 

In the 1960s, a new, internally consistent polycrystal model had been developed that 

meets the need of the stress equilibrium and strain compatibility [91, 110]. It can deal 

with the problems of internal stress while polycrystals are being deformed. This 

internally consistent model explains the interaction between the grain and the 

external environment by taking the grain as an elasto-plastic ball or an ellipsoid 

inclusion embedded in an infinitely homogeneous medium. The Eshelby method is 

applied to solve this kind of problem and obtain the relationship between the stress 

and strain of polycrystal aggregate in the grain scale. The final aim of this model is to 

establish how the polycrystals respond by linking the intergranular stress and strain 

with the stress and strain in a homogeneous medium. Many kinds of internally 

consistent models have been set up by including the features and properties of 
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different microstructures in the constitutive rules. The first internally consistent 

model has been developed by Kroner [91]. He assumed that the base is an isotropic 

elastic infinite medium. The following internally consistent models were all based on 

this model and modified the description of the mechanical properties of the base. Hill 

[111] put an elastic base in his model. Berveiller and Zaoui [112] simplified the Hill 

model by the assumption of isotropic plasticity and the introduction of a new scalar 

plastic function. Iwakuma and Nemat-Nasser [113] generalised the application of 

Hill’s model in finite deformation by an explanation of grain deformation and 

revolution. When the grain shape turns from an initial ball into a prolate and oblate 

ball, a modified Eshelby tensor will be used in the grain deformation.  

 

3.4 Application of crystal plasticity finite element simulation 

 

The CPFEM has already been applied to simulate polycrystal deformation. It 

includes bulk and sheet forming. There are at present, two applications of CPFEM: 

one is to predict how the microstructure will develop and the other is the prediction 

of properties. Some simulations only focus on one case, while others focus on the 

development of microstructure and prediction of properties. 

 

3.4.1 Texture simulation  

 

Texture is the main reason for material anisotropy. CPFEM has already successfully 

simulated texture and its development. Asaro and Needman [99] first used a rate 

dependent elasto-plastic polycrystal model to predict deformed texture under 

different stress-strain paths in single phase FCC metal. The rate dependent model 

successfully solved the problem that the movable slip system in the rate independent 

model is not unique. In rate dependent theories, because the slip rates of all slip 

systems are the same, the rotation and textures of the lattice are all the same. 

 

Mathur et al. [114] simulated the development of rolling texture, and compared it to 

the measured texture data and modelling texture [115]. In their simulation, the 

relaxed polycrystal model has been applied to explain the development of grain 

shape and texture induced by the deformation. It is shown in Figure 3.3.  
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Figure 3.3 The development of {111} pole figures of aluminium surface and centre 

during the first pass of the rolling process [114] 

 
In 1992 Kalidindi et al. [116, 117] developed a fully implicit procedure of time 

integration and used it to simulate the texture development of FCC metal. The results 

showed that this model has the ability to make good predictions. Sarma and Dawson 

[118] developed a polycrystal model which included interaction of the adjacent 

grains and used it to simulate the development of texture. They compared their 

modelling results with the results obtained from the Taylor model and finite element 

model. When the results were compared, the polycrystal model concluded that 

interaction between the adjacent grains can improve the prediction of the strength 

and position of the special texture, as shown in Figure 3.4. The experimental data 

showed a peak near the {112} <111> copper orientation, seen as regions of high 

intensity along the y-axis, on the circumference and near the centre of the pole figure. 

The prediction by the Taylor model showed a shift in this component towards the 

{4411}<11118> Dillamore orientation or Taylor orientation. This component has 

shifted inwards from the circumference and outwards from the centre along the y-

axis. Both the finite element simulation and neighbourhood compliance model 

predicted that this component would be close to the copper orientation. Another 
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deficiency of the Taylor model is its failure to predict the {110}<211> brass 

orientation, which appears at the extreme left and right positions along the x-axis, 

and rotated away from the y-axis along the circumference at the top and bottom. The 

neighbourhood compliance model predicts a strong brass orientation, even more than 

the finite element simulation. 

 

 
 

Figure 3.4 Homolographic projection of <111> pole figure during the planar 

compression [118] 

 

Some researchers have already tried to use the ODF (Orientation Distributing 

Function) to describe the distribution of three dimensional oriental grains [119-122]. 

In 1996, Kumar and Dawson [119, 120] first applied the oriental space to finite 

element simulation of texture development. In 2000, Kumar and Dawson [120] used 

the new tool of texture analysis to simulate the deforming texture of FCC in 

Rodriguez Space. Bachu and Kalidindi [123] studied the accuracy of the finite 

element method application in FCC texture development. They analysed the oriental 

densities of α  and β  textures using modelling from the Taylor and finite element 

models. Their results showed that the simulation results from the finite element 

model are much close to the experimental results than the Taylor model, as shown in 

Figure 3.5. 
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In 2000, Choi et al. [124] studied the oriental stabilisation and texture development 

during the deep drawing process of FCC metal. Delannay et al. [125] predicted the 

texture of cold rolling aluminium plate under medium deformation. Recently, Rabbe 

and Roters [126] discussed the drawing method of a texture map in finite element 

simulation. They also considered the Gauss global texture is more suitable in the 

FEM simulation. 

 

 
(a) α  texture                                        (b) β  texture 

 

Figure 3.5 Comparison of the modelling textures ( α  and β  textures) with the 

experimental results [123] 

 

3.4.2 Other applications of CPFEM 

 

The CPFEM not only successfully simulated the texture development, but has also 

been widely applied in simulating the responses of material properties, yielding 

surface [127-129], earring [130-134], forming limit diagram [88, 135-139], surface 

roughness [8, 71-74], residual stress [140], necking [141, 142], and fatigue wear 

[143-153] etc.  
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Figure 3.6 (a) Finite element prediction of polycrystal yield surface of three textures, 
(b) Finite element prediction of polycrystal yield surface normal line of three textures 

[128] 

 

Beaudoin et al. [127] obtained the yield surface by weighing the orientation of the 

aggregate. Kalidindi and Schoenfeld [128] calculated the yield surface of FCC metal 

by the number uniform predictions of texture, as shown in Figure 3.6. Kowalczyk 

and Gambin [129] set up a plastic anisotropic model based on the yield surface 

related to the textures. It was a combination of the phenomenological and physical 

models. Based on the Schmid rule, the unique strain velocity direction can be 

determined. This model is more effective than the other physical models. 

 

Earring is the main problem that occurs during deep drawing. Not only does it 

produce extra waste, it can also lead to anisotropy along the cup wall. Many 

researchers applied CPFEM to study deep drawing and the development of earring. 

Balasubramanian and Anand [130] found that the crystal plasticity theory can be 

used to analyse and optimise deep drawing technology. Zhou et al. [131] simulated 

the effect of texture on the earring of FCC metal. Inal et al. [132] applied a 

polycrystal and phenomenological models to simulate the earring process. The 

results of this modelling were that the ear was formed at the beginning of the deep 

drawing process. The ear is mainly led by the original texture of the metal material. 

The texture development has no influence on the shape of the ear.  
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Figure 3.7 Prediction of FLD of annealing aluminium plate (m=0.005, 0.05) [135] 

 

The forming property is often assessed by the forming limit diagram (FLD). The 

FLD had first been developed by Keeler in 1961, who took the forming limit as a 

function of the deformation path. Asaro and Needleman [99] carried out the first 

research on this. Zhou et al. [135], Wu et al. [136] and Savoie et al. [137] solved the 

influence of assumption of original texture and constitutive theories on the FLD. 

Zhou et al. [135] applied the rate dependent model and M-K method to predict the 

FLD of annealing FCC metal with different original textures, as shown in Figures 3.7 

and 3.8. Recently, Nakamachi et al. [138] and Xie et al. [139] used the CPFEM to 

study the effect of texture on the forming properties of FCC and BCC metals. 

 

 
 
Figure 3.8 Comparison of the experimental FLD and the simulated FLDS [137] 
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During the metal forming process, the development of surface roughness has an 

enormous influence on the friction and surface quality of the product. It also plays an 

important role in material properties such as wear, fatigue, magneto-electric property, 

and forming properties. Many researchers have studied the phenomenon of surface 

roughening for several decades. The CPFEM applied in the research of surface 

roughness started from Becker and Beaudoin et al’s research work [8, 71]. Becker [8] 

studied the effect of local strain on surface roughening during sheet forming.  

 

However, most of the former researchers’ work only focused on surface roughening 

of the free surface, for example the uniaxial and biaxial stretch and compression. 

Few researchers carried out studies of the surfaces with constraints such as the 

contact surface and friction surface. Furthermore, some reports only gave a 

qualitative analysis of the relationship between surface roughening and the other 

parameters. During metal forming the process of constraint deformation is more 

popular. The relationships between surface roughening and other technical 

parameters under that condition need to be studied further. This is the aim of this 

study. 

 
3.5 Simplification of rate dependent crystal plasticity theory  

 
In this study the rate dependent crystal plasticity constitutive equation has been used 

in the finite element model to simulate surface asperity flattening under different 

technical parameters (reduction, friction, annealing heat treatment, strain rate, 

different wave lengths and grain orientations). Crystal plasticity constitutive model is 

the base for crystal plasticity finite element modelling. Different crystal models have 

different applications in finite element modelling. As described in Sections 3.3 and 

3.4, classical crystal constitutive equations are expressed by the objective stress rate 

(Jaumann stress rate) and deformation rate. It is very complicated to use constitutive 

equations in numerical simulations. In order to reduce the calculation time, 

Kalidindi’s crystal plasticity model [116, 117] has been used to simplify the 

simulation of rate dependent crystal plasticity finite element modelling.  
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3.5.1 Decomposition of the crystal plastic deformation gradient 

 

The kinematics of crystal plastic deformation is described in Section 3.2. According 

to the decomposition of the deformation gradient, it is very difficult to obtain a 

rotation matrix of the present configuration. Therefore, a polar decomposition of the 

elastic deformation gradient (right polar decomposition) shall be carried out to solve 

the rotation matrix. A schematic of the polar decomposition of the deformation 

gradient is shown in Figure 3.9. 

 

 
 

Figure 3.9 Schematic of the polar decomposition of the deformation gradient [154] 

After two middle configurations pFC  (pure plastic deformation) and epC
 
(pure 

elastic stretching), the initial configuration will turn to the present configuration C . 

During this process the elastic deformation gradient *F  is polarised and decomposed 

to the right stretching gradient ∗U  and rotation gradient ∗R  which is shown as [155, 

156]  

∗∗∗ = RUF                                                           (3.62) 
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3.5.2 Elastic constitutive equation 

 

The crystal elastic constitutive equation can be expressed as 

)()( : 11 ET L=                 .                                        (3.63) 

where )(1T  is the second KirchhoffPiola −  stress tensor, L  is the fourth order tensor, 
)(1E  is the Green  elastic strain tensor. The )(1T  can be expressed as follows 

( )( )( ) T1 FσFFT
1 −−

= ***)( det                               (3.64) 

where σ  is the Cauchy  stress. 

 

The )(1E  can be expressed as  

( )IFF
2
1E T1 −⋅= **)(                                                  (3.65) 

 
3.5.3 Flow rule of plastic deformation 
 

Flow rule of plastic deformation gradient pF  is shown as  

∑
=

⊗=
−

n

1

pp msFF
1

α
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                                            (3.66) 

where  )(αγ  is the plastic shear rate of theα th slip system. 

 

3.5.4 Equation of kinematics 

 

The relationship between the shear rate )(αγ  and the resolving shear stress )(ατ  of the 

α th slip system can be expressed by a power exponent equation [98, 104, 116, 157-

159]. The power exponent equation is shown as 
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where )(αs  is the slip resistance of the αth slip system.  

)()(
)(

)( ααατ msT 1 ⊗⋅≈                                                  (3.68) 

 
3.5.5 Hardening law 

 

For cubic metal the hardening equation of the slip system can be simplified as [160] 

∑
=

=
n

1
hs

β
βαβα γ )()(                                                       (3.69) 

The hardening matrix of the slip system α  led by the slip system β  is shown as 

[161-163]  
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αβ                                       (3.70) 

where lq  is the latent hardening parameter, αβδ  is the kerKronec  symbol. 0h , a  and 

ss  are the material parameters. 

 

3.5.6 Models of polycrystal homogenisation 
 

(1) Taylor averaging procedure 

 

The essential assumptions in the Taylor type polycrystal model are that all the grains 

have an equal volume and the local deformation gradient in each grain is 

homogeneous and identical to the macroscopic deformation gradient at the 

continuum material point level. The local deformation gradient can be expressed 

[116, 123] as  

FF =                                                              (3.71) 

where F  is the local deformation gradient in each grain, F  is the macroscopic 

deformation gradient at the continuum material point level. 
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The stress response at each macroscopic continuum material point is given by the 

average volume of the multitude of microscopic single crystalline grains comprising 

the material point. Then, with )(kσ  denoting the Cauchy stress in the kth crystal, 

these assumptions lead to: 

∑
=

=
N

1k

kσ
N
1σ )(                                                       (3.72) 

where σ  is the volume averaged stress, and N is the total number of grains 

comprising the material point. The influences of grain shape, size, and distribution 

are not considered in this equation.  

 

(2) Finite element averaging procedure  

 

In this approach the finite element calculations have been used to make a transition 

from the response of a single grain (or a region within a grain) to the response of a 

polycrystalline aggregate. It is assumed that [116, 123, and 160] each element 

represents one grain, and is assigned an orientation as the initial texture. So each 

grain is modelled to allow for non-uniform deformation between and within the 

grains, and both the equilibrium and compatibility are satisfied in the weak finite 

element sense. In this study the number of elements and number of grains in each 

element and the distributions of grain orientations in the mesh are varied. 

 

3.6 Numerical integration of rate dependent crystal plasticity theory 

 

The numerical integration of the crystal elastic-plastic constitutive equation will be 

carried out for the application of crystal plasticity theory in finite element modelling. 

Currently, researchers have already brought forward many methods of explicit and 

implicit integration. The above mentioned methods mainly include the rate 

dependent constitutive equation and rate independent constitutive equation. In this 

study, the Total Lagrangian implicit integration procedure has been used to integrate 

the crystal plasticity constitutive model. 
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3.6.1 Total Lagrangian Formulation 

 

There are two choices to solve the crystal elastic-plastic constitutive equation. One is 

the Total Lagrange Formulation (T.L. Formulation); the other is the updated 

Lagrange Formulation (U.L. Formulation). In the Total Lagrange Formulation all the 

initial variables (t=0) will be taken as the reference configuration, but in the Updated 

Lagrange Formulation, all the variables of time t will be taken as a reference 

configuration. Both the Lagrange Formulations are shown as [164] 

 

 

(a) Updated Lagrange Formulation         (b) Total Lagrange Formulation 
 

Figure 3.10 Numerical integrating procedures of constitutive equations [164] 

 

The advantages of using the Lagrange Formulation in the crystal plasticity model are 

as follows: 1) optional solution can be applied to solve the grain orientation of 

special time step, but not the orientations of each time step. The time for calculation 

will be significantly shortened, 2) application of fully implicit integration is available 

and, 3) interfaces can be supplied for the application of other deformation 

mechanisms (such as twin etc.) in the crystal plasticity model. 

 

3.6.2 Fully implicit integration procedure 

 

In order to reduce the consumption of time, Kalidindi brought forward a fully 

implicit numerical procedure for crystal plasticity constitutive equations. The 

assumptions are as 
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1) Initial configurations ( )(as , )(am ) are given, 2) values of Ft ， pt F  and )(αst  are 

also given, 3) Fτ  of time tt ∆τ +=  can be estimated.  

 

According to the flow rule of Equation (3.66), pF  of time tt ∆+  can be obtained as  
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where )(α
τ γ∆  is as  
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Simultaneously, 
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At the time tt ∆+ , the stress can be obtained as 
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If Equation (3.76) is used in Equation (3.78), it can be obtained as 
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If ( )2

O αγ∆  is omitted then Equation (3.79) can be expressed as 
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1ptTTpt FFFFA −−
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Finally, Equation (3.80) is used in Equation (3.77) as 
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Among the equations, 

( ){ }[ ]IAT −= 2/1:)1( Ltr                                               (3.84) 

( )[ ])()( 2/1: αα BC L=                                                  (3.85) 

where tr)1(T , A , )(αB  and )(αC  can be obtained by the given tensors, and )(αγ∆  is the 

function of unknown tensors )(1Tτ  and )(α
τ s . 

 

Further, fully implicit integration is used in the equation of slip resistance )(αs  as 
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where Equations (3.83) and (3.86) are the non-linear equations of )1(Tτ  and )(α
τ s . 

Equation (3.85) can be solved by two step iterations. In the first step iteration )(α
τ s  

can be estimated and )1(Tτ  will be solved by Equation (3.83). The Newton iterative 

method has been used in the calculation. The equation is shown as 
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where 
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where tensors with subscripts of n and n+1 refer to the estimated tensors after n and 

n+1 step iterations, tensor ks )(α  means the value of )(α
τ s  after k times’ updating. 

 

The increment of iteration can be expressed as  
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)1( sij η∆ <T                                                          (3.90) 

The first step iteration will be finished, otherwise 
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where η  is a constant.  

 
After the convergence of )1(Tτ , the second step iteration of )(α

τ s  will start as 
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The initial values of )1(Tτ  and )(α
τ s  are )1(Tt  and )(αst  at time t, respectively Criteria 

of convergence is as 

{ } 4)1( 10−<TτMax , { } 3
)( 10−<α

τ sMax                                  (3.93)  

)(α
τ γ∆  can be obtained by a combination of Equations (3.67), (3.69) and (3.75). Then 

pFτ  and 
1−pFτ  can be obtained by Equation (3.73). ∗Fτ  can be obtained from 
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Equation (3.1), )1(Eτ  can be obtained by Equation (3.65), and στ  can be updated by 

Equation (3.64). 

 

3.7 Calculation of grain orientation  

 
If the initial grain orientation can be expressed by a matrix g , the grain orientation in 

the specimen coordinate can be expressed as [165-171] 

cg gbb =                                                            (3.94) 

where cb  is the grain orientation in grain coordinates, gb  is the same vector of 

specimen coordinates. At time τ , the vector of the specimen can be expressed as  

cgg gbRbRb ∗∗ ==τ                                                  (3.95) 

Therefore, the grain orientation matrix is gR∗ , by the new grain orientation matrix, 

and three Euler angles can be obtained. 

 

3.8 UMAT of crystal plasticity constitutive model employed in ABAQUS 

 

ABAQUS is software used for engineering modelling which is widely applied as 

advanced general finite element software. It can solve problems, ranging from 

simplified linear analysis to complicated non-linear simulations. ABAQUS provides 

a lot of sub-routines which allow users to define their own models with special 

functions. The user subroutine UMAT is an interface for the FORTRAN 

programming by which a user can define a material model that is different from the 

ABAQUS program library [172, 173]. ABAQUS does not provide a crystal plasticity 

constitutive model, so a crystal plasticity constitutive model can be used by 

programming the ABAQUS/Standard UMAT. 

 

3.8.1 UMAT of ABAQUS 

 

User-defined Material Mechanical Behaviour (UMAT) exchanges the data with 

ABAQUS by an interface with the main ABAQUS solving program. In the input file, 
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properties of materials can be defined in the module of “USER MATERIAL”. Owing 

to data exchange and some shared variables, UMAT has a certain rule that is shown 

as [174, 175]  

 

SUBROUTINE UMAT (STRESS, STATEV, DDSDDE, SSE, SPD, SCD, 

1 RPL, DDSDDT, DRPLDE, DRPLDT, 

2 TRAN, DSTRAN, TIME, DTIME, TEMP, DTEMP, PREDEF, DPRED, 

CMNAME, 

3 NDI, NSHR, NTENS, NSTATV, PROPS, NPROPS, COORDS, DROT, 

PNEWDT, 

4 CELENT, DFGRD0, DFGRD1, NOEL, NPT, LAYER, KSPT, KSTEP, KINC) 

C 

       INCLUDE’ABA_PARAM.INC’ 

C 

       CHARACTER*80 CMNAME 

       DIMENSION STRESS (NTENS), STATEV (NSTATV), 

1 DDSDDE (NTENS, NTENS), DDSDDT (NTENS), DRPLDE (NTENS), 

2 STRAN (NTENS), DSTRAN (NTENS), TIME (2), PREDEF (1), DPRED (1), 

3 PROPS (NPROPS), COORDS (3), DROT (3, 3), DFGRD0 (3, 3), DFGRD1 (3, 3) 

 
user coding to define DDSDDE, STRESS, STATEV, SSE, SPD, SCD 

and, if necessary, RPL, DDSDDT, DRPLDE, DRPLDT, PNEWDT 

 

RETURN 

END 

 

This interface has two functions, one is to make sure the stress state of the material is 

at the current increment, and calculate all kinds of variables of the material state. The 

other is to calculate the Jacobian matrix εσ ∆∂∆∂ / of current material configuration. 

UMAT has no special requirements for the material constitutive model so it is quite 

suitable for theoretical study. The stability and rate of convergence depends on the 

material constitutive model. 
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In the UMAT, there are many matrices such as DDSDDE, DDSDDT, DRPLDE etc. 

which express the stress and strain state, etc. Different tensors have elements with 

different freedoms so when the UMAT code is compiled, the sorts of element should 

be considered. Some explanations of variables are given as  

 

DDSDDE (NTENS, NTENS) is the Jacobian matrix ( εσ ∆∂∆∂ / ) of constitutive 

equations, σ∆  is the stress increment at the current step incremental step, ε∆  is the 

strain increment. DDSDDE (I, J) expresses the variance ratio of the Ith stress 

component interacted by the J th strain component. It is a symmetric matrix.  

 

STRESS (NTENS) is an array of the stress tensors which includes NDI normal stress 

components and NSHR shear stress components. At the beginning of the incremental 

step calculation, the matrix of the stress tensors is transferred to the UMAT by an 

interface between UMAT and the main program. When the calculation of the 

incremental steps has been finished, the matrix of stress tensors will be updated by 

UMAT. In the finite-strain problem of rigid rotation, the stress tensors will be rotated 

before calling the incremental step. In the UMAT, the stress tensors are the Cauchy 

stresses (true stress). 

 

STATEV (NSTATEV) is used to store the array of state variables related to the 

solution. They are also transferred to the UMAT at the beginning of the incremental 

step calculation. The data can be updated in the subroutine USDFLD or UEXPAN, 

and then transferred to UMAT. The dimension of state variables can be defined by 

the “*DEPVAR”. 

 

PROPS (NPROPS) are the array of material constants. NPROPS is the number of 

materials. It is the same as the definition of “CONSTRANTS” in the subroutine 

“*USER MATERIAL”. The data of PROPS (NPROPS) is the same as the data of the 

subroutine “*USER MATERIAL”. At each incremental step, SSE, SPD, SCD can 

separately define the elastic strain energy, the plastic dissipative energy, and the 

creep dissipative energy. 
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PNEWDT is the ratio of the suggested time increment and current time increment. 

The step increment can be controlled by this variable. If the value of PNEWDT is 

less than 1, the current iteration will stop and select a smaller step size for the 

solution. The new step is the value of PNEWDT×DTIME. If the value of PNEWDT 

is larger than 1, the iteration of the current incremental step will converge. The size 

of the next loading step will increase, and the new step size is the value of 

PNEWDT×DTIME. The value of PNEWDT will be the minimal in all the iterations 

of the automatic step mode. If the mode is not activated, there will be no response 

when the value of PNEWDT exceeds 1, and the calculation will stop when the value 

of PNEWDT is less than 1. 

  

STRAN (NTENS) is the array of total strain tensors at the beginning of the iteration 

of the incremental step. The rigid rotation has been taken into consideration. 

 

DSTRAN (NTENS) is the array of strain increments. It only includes the mechanical 

strain increment, but no thermal strain increment. 

 

TIME (2) is the total time when the iteration of incremental step starts. 

 

DTIME is the time increment of incremental step. 

 

NDI is the number of normal stress or strain components.  

 

NSHR is the number of shear stress or shear strain components. 

 

NTENS is the number of the total stress or strain components, NTENS=NDI+NSHR. 

 

NSTATV is the number of variables of material definition. 

 

NPROPS is the number of material constants. 

 

COORDS is the array of current material configuration. 
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DROT (3, 3) is the matrix of rotation increments. 

 

DFGRD0 (3, 3) is the deformation gradient tensor when the iteration of incremental 

step starts. 

 

DFGRD1 (3, 3) is the deformation gradient when the iteration of incremental step 

finishes. 

 

NOEL is the number of elements.  

 

NPT is the number of integration points. 

 

KSTEP is the number of loading steps. 

 

KINC is the number of incremental steps. 

 

3.8.2 Flowchart of the UMAT subroutine employed in ABAQUS 

 

On the basis of a numerical integration algorithm, the crystal plasticity constitutive 

model has been written into UMAT and used in the finite element software 

ABAQUS. The flowchart of the UMAT code used in ABAQUS is shown in Figure 

3.11. 
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Figure 3.11 Flowchart of the UMAT code used in ABAQUS 

 

When the UMAT is first used, the increment step will be initialised and the data of 

grain orientation and slip system will be input. At the starting time t of incremental 

step, the ABAQUS main program will include UMAT with the initial grain 

orientation matrices, time increments, and all the updating variables calculated from 

the last step. Then the variables ατ
ks  and )1(

kTτ  of time τ  will be iterated and 

solved. The values of variables p
kFτ , kσ

τ , ατ γ k∆  and Jacobian matrix kJτ  can be 

obtained by the related equations. If the Jacobian matrix converges, the values of ατ s , 
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)1(Tτ , pFτ , στ , ατ γ∆  and Jτ  will be updated, and then the iteration of the next 

increment will be calculated. If the Jacobian matrix does not converge, the time 

increment will be estimated and iterated. The Newton-Raphson iteration method is 

used in ABAQUS to solve the non-linear finite element equilibrium equation. It is as 

( ) [ ]dVutttdV kTkT ∑ ∫ ∆∆+−∆+=∑ ∫ )()()( σσBPCJBB                 (3.96) 

kkk Cuu +∆=∆ +1                                             (3.97) 

where B is the transfer matrix from the dislocation increment to the strain increment, 

u∆=∆ Bε . The stress increment is a function of the strain increment and also a 

function of the dislocation increment. After the K times’ iterations, the corrected 

displacement is given in the first equation. When the Newton-Raphson iteration 

method is used to solve the finite element equations, the Jacobian matrix 
( )εσ ∆∂∆∂= ∆+∆+ /tttt J  (Matrix DDSDDE) will be updated. If the Jacobian matrix 

cannot be expressed explicitly, the rigid matrix can replace it. In the solving process, 

the time increment and deformation gradient of time t is input into the UMAT by the 

ABAQUS program and the increment of stress tensors will be updated, and the stress 

tensor at time tt ∆+  will be obtained. If the Jacobian matrix can be expressed 

implicitly, the matrix DDSDDE needs to be updated to improve the rate of 

convergence. 

 

3.9 Methodology of crystal plasticity finite element modelling 

 

In this study, the methodology of crystal plasticity finite element modelling (Figure 

3.12) follows the rules as: 

 
Rate-dependent crystal plasticity constitutive models have been written into the 

UMAT and then used in the ABAQUS main program (geometric model). The 

geometric model of this study is established on the basis of experimental conditions 

(reduction, strain rate, friction, original surface roughness and original texture 

information). The modelling results will be compared with the experimental results. 

Furthermore, the relationship between the surface asperity flattening process (surface 
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roughness) and the above mentioned parameters will be investigated. The mechanism 

of surface asperity flattening will be analysed.  

 

 
 
Figure 3.12 Methodology of crystal plasticity finite element modelling 

 

3.10 Summary 

 
In this chapter, the development of crystal plasticity finite element modelling has 

been introduced. The two current popular crystal plasticity theories (rate dependent 

and rate independent theories) and the primary applications of CPFEM have been 

described. In this study, the rate dependent crystal plasticity constitutive model has 

been used in the simulation. Some simplifications of the rate dependent constitutive 

equations have been shown in this chapter. The numerical integration algorithms for 

the simulation have also been detailed. A calculation of the grain orientation matrix 

can be obtained by matrix rotation and tensor calculation. The compiling rule of the 

UMAT in ABAQUS is introduced in detail. The flowchart of UMAT in ABAQUS 

and the methodology for this study are also described. 
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CHAPTER 4 
 

EXPERIMENTAL INSTRUMENTS AND APPLIED 

METHODOLOGY 

 

4.1 Introduction 

 

Purpose designed compressing equipment was used in the INSTRON 8033 material 

testing machine to obtain information on the evolution of surface asperity of 

aluminium samples under cold uniaxial planar compression. Several experimental 

facilities were used to investigate the evolution of surface asperity of these samples. 

An atomic force microscope (AFM) from Digital Instruments was used to trace the 

evolution of 3D surface topology of the samples before and after compression. A 2D 

surface profile meter (Hommel Tester T1000) was used to analyse the surface 

roughness of samples before and after cold planar compression. A 3D profile meter 

was also used to analyse the development of 3D surface topology and surface 

roughness in a relatively large area (Maximal range is 500×500×500 µm3

Cut-Off Machine

). A JOEL 

7100F FEG-SEM was used to obtain information on the surface microstructure and 

texture (grain orientations and slip). An M-400-H1 Vickers Hardness tester was 

applied to investigate the development of the sample’s hardness. All the samples 

were cut by a Precision  Accutom-50 with a certain configuration of 

cutting parameters. Annealing heat treatment was carried out in the vacuum tube 

annealing stove.  

 
4.2 Material 

 
Cubic metal includes FCC and BCC metals. They are all research objects of material 

scholars and researchers. Belong to heat-treatment-strengthened alloy, 6061 Al alloy 

http://www.struers.com/default.asp?top_id=3&main_id=8&sub_id=4&doc_id=180#footnote#footnote�
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has some good properties such as formability, weldability, machining performance 

and corrosion resistance. With the moderate intensity, it can still maintain a better 

operability. Due to its excellent properties, it is widely used in a range of industry, 

for example decoration, packaging, construction, transportation, electronics, aviation, 

aerospace, weapons and other industries. It is also a typically simple FCC metal. 

Therefore, we choose 6061 T5 as the experimental material in this study. Main 

components of 6061 Al alloy are magnesium and silicon, which form phase called 

Mg2Si. Its melting temperature is 660 °C. The typically microstructure of 6061 is 

shown as in Figure 4.1, and all parameters of 6061T5 alloy are shown in Tables 4.1-

4.3. The supplier of Al 6061 plate is the NSW branch of Bohler-Uddeholm. Australia. 

 

 
 
Figure 4.1 microstructure revealed using Weck’s reagent (magnifications: 200) 

[176] 

 

Table 4.1 Chemical compositions of 6061T5 Al plate (wt %) 

Element Cu Mn Mg Zn Cr Ti Si Fe 
Al and 

else 
Contents 0.15-0.4 0.15 0.18-0.12 0.25 0.04-0.35 0.15 0.4-0.8 0.7 ------ 

 
 

Table 4.2 Physical parameters of 6061T5 Al plate 

Melting 

point 
Solution 

temperature 
Recrystal 

temperature 
Burning 

temperature 
Uniform 

temperature 
Hardness 

Contents 582-652 °C 529 °C 582 °C 550 °C 28.00 (HV) 
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Table 4.3 Mechanical parameters of 6061T5 Al plate 

Parameters 
Tensile/Bearing yield 

strength (MPa) 
Poisson 

ratio 
Young’s modulus of 

elasticity (GPa) 
Plastic strain 

% 

Value 276 /386 0.33 68.9  12/17 

 

According to the requirement that the metal compression and EBSD (Electron Back 

Scatter Diffraction) experiments be conducted at room temperature, the specimens 

were manufactured as: 10mm×10mm×6mm. A sketch of the sample is shown in 

Figure 4.2. 

  

 
 

Figure 4.2 The specimen’s dimension 

 

4.3 Compressing equipment 
 

In order to carry out uniaxial planar compression, a set of compressing equipment 

was designed, built and installed into an INSTRON 8033 material testing machine. 

The details are shown in the following. 

  

4.3.1 Material of compressing equipment 

 

The compressing experiments were carried out on the compressing tools. It includes 

the compression mould and tool. The material for the experimental equipment is a 

high tensile steel EN25. Its compositions are shown in Table 4.4. 

 

 

http://www.matweb.com/search/GetUnits.asp?convertfrom=79&value=40�
http://www.matweb.com/search/GetUnits.asp?convertfrom=79&value=10000�
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Table 4.4 Compositions of EN25 (High tensile steel) (wt %) 

Element C Si Mn Cr Mo Ni 

Contents 0.30 0.25 0.60 0.50 0.50 2.50 

 

4.3.2 Compressing equipment 

 

The experimental equipment was manufactured by the workshop. In order to load 

and unload it easily and conveniently, the compression mould consists of two 

separate parts connected with a screw at the centre. The dimensions of the 

compression mould and tool are shown in Figures 4.3-4.7.  

 

a) Compression mould 

 

 
 

Figure 4.3 Left part of the compression mould 
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Figure 4.4 Right part of compression mould 

 
 

Figure 4.5 Combination of compression mould 
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b) Compression tool 

 
Figure 4.6 Compression tool 

 

 
 

Figure 4.7 Photo of the compression mould, tool and sample 

 

4.3.3 Compressing procedure 

 
The compressing experiments were carried out on the INSTRON 8033 Material 

Testing Machine (Figure 4.8). The designed compressing equipment was used in this 

machine. 
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Figure 4.8 INSTRON 8033 Material Testing Machine 

 

In order to comply with the compression process, the strain rate of compression is the 

same as the simulation. In practice the strain rate could not be controlled by the 

machine during the compression, so velocity has been selected to replace the strain 

rate. Therefore, the practical strain rate needs to be transformed to a practical 

compression velocity. It is assumed that the length of sample before compression is 

0L , and after compression its length is L , the increment of deformation is L∆ , the 

practical strain rate is ε , the true strain is ε , the compression time is t∆ , the 

velocity is U . The transfer equations are shown as follows 

LLL ∆+= 0                                                        (4.1) 

0

ln
L
L

=ε                                                              (4.2) 

εε /=∆t                                                              (4.3) 

tLU ∆∆= /                                                            (4.4) 
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It is assumed that the deformation is 0.4 0L . In the experiment the compression strain 

rates are 0.0001 and 0.001 s-1

AP /=σ

. The corresponding velocities are 0.33 and 3.3 mm/s. 

On the other hand, the experimental results obtained are load (kN) and displacement 

(mm), so the true stress and strain can be obtained by the isometric method. The 

equations are shown as  

                                                        (4.5) 

              
H

AH
AAHHA oo

oo =⇒=                                           (4.6)  

From Equations (4.5) and (4.6), it can be obtained as 

               o
ooo

A
H

HP
AH

PH /)1( ∆
−==σ                                     (4.7) 

where P  is the load, kN, σ  the true stress, MPa oA, , A  the cross section area before 

and after compression, 2mm , respectively, oH , H  the height of specimen before 

and after compression respectively, mm . According to the experimental results (load 

P, displacement H∆  and original cross section area oA ), the true stress and strain 

can be obtained by the equations. The experimental schedule is shown in Table 4.5.  

 

Table 4.5 Experimental schedule of compression 

Number 
Original height 

(mm) 

Reduction 

(%) 

Height after 

deformation (mm) 
Lubrication 

Strain rate 

(s-1) 

1 6.3 5 4.9 With/No 0.001/0.01 

2 6.3 10 4.8 With/No 0.001/0.01 

3 6.3 20 4.5 With/No 0.001/0.01 

5 6.3 40 4.25 With/No 0.001/0.01 

5 6.3 60 4 With/No 0.001/0.01 

6 6.3 80 3.75 With/No 0.001/0.01 

 

In the current study, the reduction can make sense to describe the different behavior 

with the same size samples. In other study, the strain has been used as a parameter to 

depict the deformation behavior of samples. 
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4.4 Heat treatment experiment  

 

In order to obtain the ideal uniform grains, a special annealing heat treatment with an 

annealing temperature of 100°C lower than uniform temperature of Al 6061T5 alloy 

is selected. All the samples were heat treated in the vacuum tube annealing stove. 

The heat treatment schedule is shown in Table 4.6  

 

Table 4.6 Annealing schedule 

Sample Temperature (°C) Holding time (hours) 

1 400 2 

2 400 4 

3 450 2 

4 450 4 

5 500 2 

6 500 4 

 

4.5 2D profile meter 

 

The Hommel Tester T1000 is used to measure the surface profile of samples before 

and after compression. The instrument is a modern, easy to handle and portable 

instrument that can characterise the periphery of the compressed sample surface with 

a resolution of 0.01 µm. A number of standard surface roughness parameters (Ra, Rz, 

Rt, Rmax, tpi, tpa

 

) are available for determining the magnitude of surface flaws and 

characterising the surface profile. These can be calculated from the unfiltered 

measured profile, the filtered roughness profile, or the filtered waviness profile, 

depending on the type of parameter measured. This instrument is shown in Figures 

4.9 and 4.10.  
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Figure 4.9 Hommel Tester T1000 surface profile meter 

 

 
 

Figure 4.10 Schematic diagram of Hommel Tester T1000 surface profile meter 

 
The Hommel Tester T1000 can carry out profile measurement from 8.0 to 320 µm. 

Its tip radius is 5 µm at an angle of 90°. In the measurements the engaging force is 

0.8 mN. 6 points were measured on each sample with the tip kept vertical to the 

rolling direction (RD). All the two dimensional measurements are carried out in the 

central areas of the sample top surface. For one point, the measurement result is the 

average of six measured results in this area.    

 
4.6 AFM (Atomic Force Microscope) measurement 

 
A Multi-Mode Scanning Probe Microscope (SPM) from Digital Instrument operating 

in control AFM mode (Nanoscope IIIA AFM) has been employed to obtain 

topographic images for the surfaces of samples. Contact mode AFM operates by 

scanning a tip attached to the end of a cantilever across the sample surface while 
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monitoring the change in the cantilever’s deflection with a split photodiode tip. The 

tip contacts the surface through the absorbed layer of fluid on the surface of the 

sample. Force constants usually range from 0.01 to 1.0 N/m, resulting in forces 

ranging from nN to µN in an ambient atmosphere [177]. 

 

Characteristics of the standard silicon nitride probes are listed in Table 4.7.  

 

Table 4.7 Characteristics of the standard silicon nitride scanning tips 

Items Parameter values 

Nominal tip radius of curvature 20-60 nm 

Cantilever lengths 100 & 200 µm 

Cantilever configuration V-shaped 

Sidewall angles 35° 

 

Figure 4.11 shows the design of the scanning tip and its four silicon nitride 

cantilevers. AFM is a probe microscopy of multiple scanning types. The probe has 4 

cantilevers with different geometries attached to each substrate. In the measurement 

of surface profile, the lateral resolution is 1-5 nm, vertical resolution is 0.08 nm.  

 

 
 

Figure 4.11 Diagrammatic sketch of AFM scanning tip and cantilever spring 

 

All the surface roughness data of samples before compression will be used in the 

models. All the surface roughness data of samples after compression will be 

compared with the modelling results of surface roughness. 
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4.7 3D profile meter  

 
3D profile meter was used to analyse the evolution of surface asperity in a relatively 

large area (Figure 4.12). Measuring area of the 3D profile meter is about 

500×500×500 µm3

  

 with the minimal data resolution of 0.5 nm.  

 
 

Figure 4.12 Measuring interface of 3D profile meter 

 
4.8 Hardness tester 

 
The Vickers hardness test was developed in 1921 by Robert L. Smith and George E. 

Sandland at Vickers Ltd as an alternative of the Brinell method to measure the 

hardness of materials [178]. The basic principle, as with all common measures of 

hardness, is to observe the material’s ability to resist plastic deformation from a 

standard source. The unit of hardness given by the test is known as the Vickers 

Pyramid Number (HV) or Diamond Pyramid Hardness (DPH). The hardness number 

is determined by the load over the surface area of the indentation and not the area 

normal to the force, and is therefore not a pressure. The hardness number is not really 

a true property of the material and is an empirical value that should be seen in 

conjunction with the experimental methods and hardness scale used. The HV number 

is then determined by the ratio FHV/AHV HVF where  is the force applied to the 

http://en.wikipedia.org/wiki/Vickers_Ltd�
http://en.wikipedia.org/wiki/Brinell_scale�
http://en.wikipedia.org/wiki/Hardness�
http://en.wikipedia.org/wiki/Vickers_hardness_test#cite_note-0#cite_note-0�
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diamond in kilograms-force, and HVA  is the surface area of the resulting indentation 

in square millimetres. HVA  can be determined by the following formula [179]: 

)2/136sin(2

2


HV

HV
d

A =                                                   (4.8) 

It can be approximated by evaluating the sine term to give, 

8544.1

2
HV

HV
d

A ≈                                                    (4.9) 

where dHV

[180]

 is the average length of the diagonal left by the indenter in millimetres. 

Hence , 

2
8544.1

HV

HV

HV

HV

d
F

A
F

HV ≈=                                            (4.10) 

 

where HVF  is in kgf and dHV HVF is in millimetres. If the load  is in Newtons, the 

above equation can be expressed [181]: 

2
1891.0

HV

HV

HV

HV

d
F

A
F

HV ≈=                                              (4.11) 

where HVF  is in Newtons and dHV

 
 is in millimetres. 

Vickers hardness numbers are reported as: 440HV30, or if the duration of the force 

differs from 10 to 15s, e.g. 440Hv30/20, where: 440 is the hardness number, HV 

gives the hardness scale (Vickers), 30 indicates the load used in kg, and 20 indicates 

the loading time if it differs from 10 to 15s. 

  

The Vickers hardness tester, test scheme, and indentation are shown in Figures 4.13-

4.15 respectively. 

 

http://en.wikipedia.org/wiki/Vickers_hardness_test#cite_note-2#cite_note-2�
http://en.wikipedia.org/wiki/Kilograms-force�
http://en.wikipedia.org/wiki/Vickers_hardness_test#cite_note-3#cite_note-3�
http://en.wikipedia.org/wiki/Newton_(unit)�
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Figure 4.13 Vickers test scheme  

 
 

Figure 4.14 An indentation left in case-hardened steel  

 
 

Figure 4.15 Vickers hardness tester 
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4.9 EBSD experiment 

 
4.9.1 Introduction  

 
The term “electron backscatter diffraction” (EBSD) is now synonymous with both 

the scanning electron microscope (SEM) technique and the accessory system that can 

be attached to an SEM. Accelerated electron in the primary beam of a scanning 

electron microscope (SEM) can be diffracted by atomic layers in crystalline 

materials. These diffracted electrons can be detected when they impinge on a 

phosphor screen and generate visible lines, called Kikuchi bands, or "EBSP's" 

(electron backscatter patterns). These patterns are effectively projections of the 

geometry of the lattice planes in the crystal, and they give direct information about 

the crystalline structure and crystallographic orientation of the grains from which 

they originate. When used in conjunction with a data base that includes 

crystallographic structure information for phases of interest and with software for 

processing the EPSP's and indexing the lines, the data can be used to identify phases 

based on crystal structure and also to perform fabric analyses on polycrystalline 

aggregates. 

 
EBSD provides quantitative microstructural information about the crystallographic 

nature of metals, minerals, semi-conductors, and ceramics-in fact most inorganic 

crystalline materials. It reveals the grain size, grain boundary character, grain 

orientation, texture, and phase identity of the sample under the beam. Centimetre -

sized samples with millimetre-sized grains, to thin metal films with nanograins may 

be analysed. The nominal angular resolution limit is ≈0.5° and the spatial resolution 

is related to the resolution of the SEM, but for modern field emission SEMs (FE-

SEMs), 20 nm grains can be measured with reasonable accuracy [182]. The 

macroscopic sample size depends on the ability of the SEM’s stage and chamber to 

orient a sample at 70° tilt at an appropriate working distance, usually in the range 5 

to 30 mm. 

 
4.9.2 Working principle 

 
EBSD operates by arranging a flat, highly polished (or as-deposited thin film) sample 

at a shallow angle, usually 20°, to the incident electron beam (Figure 4.16) (since the 

http://serc.carleton.edu/research_education/geochemsheets/techniques/SEM.html�
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SEM stage is often used to tilt the plane of the sample to this shallow angle, the value 

of stage tilt is often referred to and is typically 70°). With an accelerating voltage of 

10-30 kV, and incident beam currents of 1–50 nA, electron diffraction occurs from 

the incident beam point on the sample surface. With the beam stationary, an EBSD 

pattern (EBSDP) emanates spherically from this point. 

 

 
(a) 

 
(b) 

Figure 4.16 Schematic arrangement of sample orientation in the SEM [183] 

 
When the primary beam interacts with the crystal lattice (Figure 4.17), low energy 

loss backscattered electrons are channelled and then subjected to path differences 
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that lead to constructive and destructive interferences. If a phosphor screen is placed 

a short distance from the tilted sample, in the path of the diffracted electrons, a 

diffractive pattern can be seen. There is discussion of the electron interactions 

involved, in particular Wells, “Comparison of Different Models for the Generation of 

Electron Backscattering Patterns in the SEM,” gives a good description of the 

competing theories. 

 

 
 

Figure 4.17 Electron interactions with crystalline material [183] 

 
The spatial resolution of the technique is governed by the SEM electron optics as in 

conventional backscattered electron imaging. For high resolution imaging on 

nanograins, high-performance FE-SEMs are required, along with small samples and 

short working distances. The EBSP detector attaches to a free port on the SEM 

chamber. Ideally, the port will be orthogonal to the stage tilt axis so that the sample 

may easily be tilted toward the detector at ≈70°, although other orientations are 

possible. Typically, the port allows the detector to have a nominal working distance 

of ~20 mm, since a highly tilted sample necessitates moderate working distances. For 

small samples, shorter WDs may be attained if the EBSP detector and SEM port 

allows close proximity to the objective lens.  

 
In our study the JEOL 7001F FEG-SEM was used to measure the orientation data of 

samples before and after deformation. All the orientation data before compression 

will be analysed and then employed in the crystal plasticity finite element model. All 

the orientation data after compression will be analysed to compare with the 

modelling results. Software Channel 5 is used to acquire the online texture 
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information, and analyse the offline scanning map. The software interface is shown 

in Figure 4.18. 

 

 
 
Figure 4.18 Interface of software Channel 5 

 
4.10 Sample’s preparation for EBSD experiment 
 

4.10.1 Cutting  
 

After compression, the sample is cut by the Precision Cut-Off Machine Accutom-50 

(Struers Company). The Precision Cut-Off Machine is shown in Figure 4.19. 

 

 
 

Figure 4.19 Precision Cut-Off Machine Accutom-50 

http://www.struers.com/default.asp?top_id=3&main_id=8&sub_id=4&doc_id=180#footnote#footnote�
http://www.struers.com/default.asp?top_id=3&main_id=8&sub_id=4&doc_id=180#footnote#footnote�
http://www.struers.com/default.asp?top_id=3&main_id=8&sub_id=4&doc_id=180#footnote#footnote�
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All samples have been cut according to the following parameters:  

Blade: 459CA 

Preset feed speed: 0.100 mm/s 

Actual feed speed: 0.100 mm/s 

Rotation speed: 3000 rpm 

Cut number: Single 

Cooling system: Recirculation contents 

Contents: 4l 

Cooling unit flow: 800 ml/min 

 
The sample of EBSD experiment is cut to a 2 mm thick slice. The cutting position is 

shown in Figure 4.20. 

 

 
 

Figure 4.20 Schematic of EBSD sample’s cutting 

 

4.10.2 Grinding and polishing 
 

(a) Coarse grinding process 
 

The Al 6061 sample polishing procedure includes two processes. After cutting, the 

sample is first ground by the LECO GP20 Grinder/Polisher with No P800 polishing 

paper (Figure 4.21) to make the surface flat. This is the coarse grinding process.  
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Figure 4.21 LECO GP20 Grinder/Polisher 

 
(b) Fine grinding process 

 
Then the sample will be polished by the Struers DAP-7 Struers DAP-7 Wet Polisher 

(Figure 4.22). This is the fine polishing process. The polisher is shown in Figure 4.22. 

The fine polishing process includes the following steps: (1) 9 µm Largo polishing 

cloth with 9 µm lubricant; (2) 3 µm Mol (MD) polishing cloth with 3 µm lubricant; 

(3) 0.025 µm chemical pan with the OPS liquid. 

 

 
 

Figure 4.22 Struers DAP-7 Wet Polisher 

 
4.10.3 Etching 

 
After fine polishing, all the samples were etched in a solution for about 30 s. The 

etching solution includes 10 % Nitric acid, 1 % Hydrofluoric acid, and 89 % distilled 
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water. The microstructures were observed by the optical microscope. The aim of 

etching is to remove the oxide layer of aluminium and disclose the microstructure of 

the sample. 

 

4.10.4 Electrolytic polishing  

 

Electrolytic polishing is a good method for removing the stressed surface layer of the 

sample which has been affected by the stress of polishing and grinding. The 

electrolytic polishing was carried out in the Struers Lectroopol-5 with the A3 

electrolyte at room temperature (about 18 °C). The schematic figure of electrolytic 

polishing is shown in Figure 2.23. 

 

 
 

Figure 4.23 Relationship between electronic current and time  

 

4. 11 Pole figure plotting 

 

All the results from the simulation will be plotted by the software Pole figure plotting. 

  
4.11.1 Principle of pole figure plotting  

 

The pole figure can be plotted by two kinds of projection: stereoscopic projection, 

equal area projection. They are shown in Figures 4.24 and 4.25. The principle of 

Stereoscopic projection is as follows: 

 

(1) Ortho-normality of crystallographic plane indices  
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In a crystal coordinate system, the crystallographic plane indices will be ortho-

normalised to a new vector )( ''
ioo =  (i=1, 2, 3), for example, ( ) ( ) '1,1,13/1111 o== . 

 

        

(a) Stereoscopic projection                        (b) equal area projection 
 
Figure 4.24 Principles of two kinds of projection  

 
(2) Coordinate transformation 

 
The vector 'o  will be transformed to the specimen coordinate system by applying the 

orientation matrix g , as mentioned in Chapter 3. 

 
'1ogo −=                                                            (4.12) 

(3) Assumption of unit ball 

 

It is assumed that it is a unit ball. Then the vector o can be expressed as  
 

βα cossin1 =o ， βα sinsin2 =o ， αcos3 =o                           (4.13) 

 

The coordinate in the pole figure can be obtained as  

3

1

1 o
oX
+

= ，
3

2

1 o
oY
+

=                                               (4.14) 
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Figure 4.25 Principle of stereoscopic projection 

 
4.11.2 Introduction of the Pole Figure plot (PF plot) 

 

All the information about the texture (grain orientations) will be plotted by the 

software Pole Figure plot. This software has been generated on the basis of Mat lab. 

The interface is shown in Figure 4.26. 

  

 
 

Figure 4.26 Interface of Pole figure plot 

This software can simply generate the pole figure (Figure 4.27) by the grain 

orientation data file. Its procedure can be operated as  

 
(1) Selection of the crystal types: cubic or others 

(2) Input of crystallographic plane indices 

(3) Selection of Pole Figure types 

(4) Input of Euler angle data files 
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(5) Calculation 

(6) Save 

 

                      

(a) Pole Figure of stereoscopic projection    (b) Pole Figure of equal area projection  
 

Figure 4.27 Two kinds of pole figures  

 
This software can only express information of the texture by the format of point 

aggregates. All the pole figures only include the information of grain orientation 

intensity, but not cover any information such as isoline, volume weight and so on. 

Currently, only black-white figure can be drawn from the data, which show the same 

information as the color figure. 

 

4. 12 Experimental methodology  

 
A series of cold uniaxial planar compression tests were carried out under different 

deformation conditions to examine the influences of deformation parameters such as 

reduction, lubrication, strain rate, microstructure and texture on the evolution of 

surface asperity.  

 
i) Before compression all the samples were cut into the sizes required in the 

experimental design; 

ii) All the cutting samples were carried out the annealing heat treatment; 

iii) All the samples were measured by 2D and 3D profile meters (AFM); 

iv) Hardness tests were carried out before compression; 

v) Samples were compressed by the designed channel die used in the 

INSTRON 8033 Material Testing Machine under different deformation 
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conditions: reduction ranges between 0-80 %, lubrication, and different strain 

rates and different annealed states; 

vi) After compression, the evolution of surface asperity of the sample was 

measured by the 2D and 3D profile meters; 

vii) Hardness tests were carried out on the samples after compression; 

viii) After compression, the compressed samples were cut to the suitable size 

for EBSD experiment and then ground, polished, and electrolytically polished 

or etched.  

viiii) EBSD experiments were carried out on the samples before and after 

compression. 

 
4. 13 Experimental results  

 
4.13.1 Microstructures 
 

After annealing, all the samples were electrolytically polished and anodised, and then 

the TD and ND directions were measured. The microstructures were obtained as 

follows. 

 
(a) Microstructures in normal direction of samples  
 
The parameters of annealing heat treatment of the three samples are shown in Table 

4.8.  

 
Table 4.8 Parameters of annealing heat treatment  

Sample Temperature (°C) Time (hour) 

1 400 2 

2 450 2 

3 500 2 

 

The microstructures of Normal Direction with different annealing temperatures are 

shown in Figures 4.28-4.30, here all the three microstructures are homogeneous in a 

normal direction, and after annealing the grains in the three samples are all uniform 

and equiaxed. Table 4.9 shows that all the grain sizes with different annealing 

temperatures are close to 100 µm, and with an increase in annealing temperature, 

grains in a normal direction tend to be slightly finer. The reason for this is that when 
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the temperature reaches 500 °C (the recrystallising temperature of 6061T5 Al is 529 

°C), recrystallisation will take place in some areas of the samples.  

 

 
 

Figure 4.28 Microscope of sample 1 in normal direction (400 °C, 2 h, 100 µm) 

 
 

Figure 4.29 Microstructure of sample 2 in normal direction (450 °C, 2 h, 100 µm) 

 
 

Figure 4.30 Microstructure of sample 3 in normal direction (500 °C, 2 h, 100 µm) 
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Table 4.9 Average grains size in ND direction  

Sample number Sample 1 Sample 2 Sample 3 

Grain size (µm) 100.68 105.48 98.40 

 

(b) Microstructures in transverse direction of samples  

 
The microstructures in a transverse direction with different annealing temperatures 

are shown in Figures.4.31-4.33. In a transverse direction the microstructures are all 

homogeneous, and all grains tend to be uniform and equiaxed. From Table 4.10, it 

can be concluded that with an increase in annealing temperature, the grains in TD 

have the same tendency as those in the normal ND, i.e., the grains tend to be much 

finer.  

 

 
 

Figure 4.31 Microstructure of sample 1 in transverse direction (400 °C, 2 h, 50 µm) 

 
 

Figure 4.32 Microstructure of sample 2 in transverse direction (450 °C, 2 h, 50 µm) 
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Figure 4.33 Microstructure of sample 3 in transverse direction (500 °C, 2 h, 50 µm) 

 

Table 4.10 Average grains size in TD direction 

Sample number Sample 1 Sample 2 Sample 3 

Grain size (µm) 61.88 49.13 40.35 

 

4.13.2 Experimental results of AFM (compression tool) 
 
According to the standard of ISO4287-1997 (Geometrical Product Specifications of 

Surface Texture: Profile Method-Terms, Definitions, and Surface Parameters), 6 

areas with a specified location (it is central area in this study, the measuring range is 

90 µm×90 µm) were measured and averaged for each sample. The parameters of the 

surface of the compression tool obtained from the AFM are shown in Table 4.11.  

 

Table 4.11 Parameters of compression tool surface  

Name Z (nm) 
Rms (Rq

R
) 

(nm) 
a R(nm) max

Srf.area 

(µm) 
 (nm) 

Srf.area diff 

(%) 

Value 125.18 7.524 5.718 125.18 402.84 0.710 
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Figure 4.34 Two dimensional surface roughness of tool measured by AFM 

 
 

Figure 4.35 Three dimensional surface roughness of tool measured by AFM 

 
From Figures 4.34 and 4.35, it can be seen that the surface roughness of the 

compression tool is only 5.718 nm. EN25 is the high tensile steel with (2.5 % nickel- 

chromium-molybdenum) high hardenability, generally supplied hardened and 

tempered in the tensile range of 930-1080 MPa (condition U). The mechanical 
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parameters of EN25 steel are shown in Table 4.12. For 6061T5 Al plate, it is a soft 

aluminium alloy. The parameter of Al is shown in Tables 4.2 and 4.3. 

 

Table 4.12 Mechanical parameters of high tensile steel EN25  

Parameters 
Tensile strength 

(MPa) 

σ

(MPa) 
0.2 Elongation 

(%) 

Hardness 

(HV) 

EN25 930/1080 725 12 269/331 

 

It can be seen that the hardness of steel EN25 is nearly ten times of that of the 

6061T5 Al alloy. So compared to the Al alloy, the EN25 steel compression tool can 

be taken as rigid without any deformation during compression. Practically, the 

compression tool has little deformation in uniaxial compression. However, compared 

to the sample, the deformation of the compression tool is negligible. Therefore, it is 

assumed that the surface of the compression tool keeps intact before and after the 

compression. 

 

4. 14 Summary  

 
In this chapter the instruments and methodologies used for the experiments have 

been introduced. Materials of samples and tool have also been detailed respectively. 

Software used for the analysis of experimental results has also been described. The 

results of these experiments and simulations will be discussed further in the 

following chapters.  
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CHAPTER 5 
 

CRYSTAL PLASTICTY FINITE ELEMENT 

MODELLING OF 2D SURFACE ASPERITY 

FLATTENING 

 

5.1 Introduction 
 

In this chapter, three cases studies are introduced. Firstly, the general material 

parameters of FCC crystal are given, and the 12 typical slip systems of FCC metal 

are also mentioned. Then the evolution of the surface profile is simulated by a 2D 

crystal plasticity finite element model (CPFEM), and the grain orientation is 

mentioned. Thirdly, the influences of the grain size and orientation on the surface 

roughness (surface asperity) are investigated using the 2D crystal plasticity finite 

element method. Finally, effects of friction and wave length on surface asperity 

flattening (surface roughness) are also analysed by applying 2D crystal plasticity 

finite element modelling. The experimental results are also employed in the 2D 

CPFEM model and compared to the simulation results.  

 
5.2 Simulation parameters 
 

5.2.1 Material parameters 
 

In Section 3.5.2, the crystal elastic constitutive equation is indicated in Equation 

(3.63). In the face centred cubic (FCC) crystal, this tensor only includes three non 

zero and unrelated components, as shown in the following equations.  

11C=iiiiL                                                     (5.1) 
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( )jiC ≠= 12iijjL                                                (5.2) 

( )jiC ≠= 44ijjiL                                                (5.3) 

 
where 11C , 12C  and 44C  are the elastic modulus. In the FCC metal (aluminium), 

values of the three parameters can be obtained as [184]: 11C ＝1067500 MPa, 12C ＝

60410 MPa, and 44C ＝28340 MPa. 

 
It is assumed that the hardening states of all the slip systems are homogeneous, q can 

be referred to reference [99], and other parameters are the same as reference [184]. 

All parameters for Equations (3.65) and (3.68) are listed in Table 5.1.  

Table 5.1 Material parameters of aluminium [99, 185]  

Parameter Value Parameter Value 

11C  106750 MPa 0s  12.5 MPa 

22C  60410 MPa 0h  60 MPa 

44C  28340 MPa ss  75 MPa 

0γ  0.001 a  2.25 

m  0.02 lq  
1.0 (coplanar)  

 1.4 (No coplanar) 

 

where 0γ  is the reference shearing rate (s-1 m),  is the power law, 0s  is the initial 

value of the deformation resistance, 0h  is the value of initial hardening rate, ss  is the 

saturation value of the deformation resistance, a  is the exponent in the hardening 

equation, lq  is the latent hardening parameters. 

 

5.2.2 Slip systems 
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In a single FCC aluminium crystal there are 12 slip systems {111}<110>: 4 slip 

planes A, B, C and D, and three slip directions in each slip plane. The slip systems 

are shown in Table 5.2. In the simulation it is assumed that all the slip systems have 

the same shear rate. 
 

Table 5.2 Slip planes and directions of FCC aluminium [164] 

Slip plane Slip direction 

A(1 1 1) [0 1 -1] [1 0 -1] [1 -1 0] 

B(-1 1 1) [1 0 1] [1 1 0] [0 1 -1] 

C(1 -1 1) [1 0 -1] [0 1 1] [1 1 0] 

D(1 1 -1) [1 -1 0] [1 0 1] [0 1 1] 

 

5.3 Simulation of surface asperity flattening in uniaxial planar compression 
 

5.3.1 Undeformed model and mesh 
 

Due to the symmetry, half of the sample is selected as the two dimensional model. 

All the nodes in the left side of the model have no displacement in direction 1, and at 

the bottom of the sample are constrained by the rigid mould, and the tool is rigid 

(Figure 5.1). Three displacements have been applied in the simulation (0.0005, 0.001 

and 0.0015 mm), and a fully finite element polycrystal model has been used in the 

study. There are 259 CPE4R continuum solid elements, each grain (orientation sets) 

is described by several finite elements: grain 1 includes 67 elements, grain 2 includes 

72 elements, grains 3 and 4 both include 45 elements, and grain 5 includes 22 

elements, grain 6 only includes 8 elements.  
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Figure 5.1 Two dimensional undeformed model and mesh 

 
5.3.2 Marked grain and surface roughness 

 
In the simulation, random grain shapes and surface roughness are used in the two 

dimensional model. In total, there are three layers (surface layer, central layer and 

bottom layer) in the two dimensional model: grains 1 and 2 are in the surface layer, 

grains 3 and 4 are in the central layer, and grains 5 and 6 in the bottom layer. The 

surface roughness and grains are shown in Figure 5.2. 

 

 
 

Figure 5.2 Marked grains in undeformed model 
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5.3.3 Deformation contours under different reductions 

 

(a) Deformation contour with a reduction of 10 % 
 

The deformation contour with a reduction of 10 % is shown in Figure 5.3. From 

Figure 5.3 it can be seen that under a reduction of 0.5 mm, the surface profile of the 

sample changed significantly and the mesh deforms obviously. The contour map of 

this deformation also shows that the maximum stress appears at the area of grains 2, 

4 and 5.  

 

 
 

Figure 5.3 Deformation contour with a reduction of 10 % 

 

(b) Deformation contour with a reduction of 20 % 
 

The deformation contour with a reduction of 20 % is shown in Figure 5.4. It can be 

seen that with an increase in reduction, the surface profile of the sample is much 

flatter than that in Figure 5.3 and the mesh becomes more distorted. This deformation 

contour also shows the maximum stress shifts from the original area of grains 2, 4, 

and 5 to the area of grains 1, 3, and 5, and the right edge of grain 2.  
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Figure 5.4 Deformation contour with a reduction of 20 % 

 

(c) Deformation contour with a reduction of 30 % 
 

Compared to Figures 5.3 and 5.4, the model in Figure 5.5 experiences the largest 

deformation, and the mesh becomes increasingly distorted. Meanwhile, it is shown 

from the contour that the maximum stress appears in grains 3 and 5. 

 

 
 

Figure 5.5 Deformation contour with a reduction of 30 % 
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5.3.4 Grain rotation from the simulation results 

 
All the grain rotation angles during compression are shown in Tables 5.3-5.5. Under 

a reduction of 10 %, grains 1 and 4 and 5 rotate with the maximum angles. Because 

this simulation is based on two dimensional models, we only focussed on grain 

rotations in the transverse direction (angle OMEGA) in this study. During 

compression, the variation of surface roughness is mainly led by the three grains 

rotations. Grains in the three layers (surface layer, central layer and bottom layer) all 

contributed to the change of surface roughness of the sample. 

 

Table 5.3 Euler angles for grain rotation under a reduction of 10 % 

 

 

 

 

 

 

 

 

 

Table 5.4 Euler angles for grain rotation under a reduction of 20 % 

 

 

 

 

 

 

 

 

 

 

 

 

Grain number THETA PHI OMEGA 

1 -53.35 120.972 218.3452 

2 -0.8929 128.994 125.3891 

3 -48.6992 111.774 164.0696 

4 105.7984 -109.58 -235.148 

5 436.4864 95.8106 208.9282 

6 270.0523 44.1304 175.7532 

Grain number THETA PHI OMEGA 

1 2.6683 -0.2465 -0.2817 

2 1.7957 0.0921 -1.5013 

3 -2.1521 0.1002 2.1807 

4 1.1332 -0.3341 0.4979 

5 -2.5985 -0.1308 2.3693 

6 0.3471 0.0318 -0.2611 
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Table 5.5 Euler angles for grain rotation under a reduction of 30 % 

 

 

 

 

 

 

 

 

 

It can also be seen from Table 5.3 that the largest rotation takes place in grains 3 and 

5. So rotations in grains 3 and 5 are the main reason for the variation in surface 

roughness. In this stage, only the central and bottom layers give a rise to the change 

of surface roughness. It is very difficult to test these results by practical experiments. 

 

For a reduction of 30 % (Table 5.5), grains 3 and 4 rotated with the largest angle, and 

the variation in surface roughness resulted mainly from the rotation of grains 3 and 4. 

 

In general, at the beginning of compression, variation in surface roughness is led by 

the three layers of grains. With an increase in reduction, the influence of the surface 

grain rotation on surface roughness becomes smaller. When reduction reaches a 

certain value, only grain rotations in the central layer play an important role on 

surface roughness.  

 

5.3.5 Comparison of surface profiles before and after compression 

 

In the simulation, three reductions (10, 20 and 30 %) are employed in the model. The 

surface profiles before and after planar compression are shown in Figures 5.6-5.8. It 

can be seen that with an increase in reduction, the top surface profile tends to be 

smoother and flatter.  

 

 

 

Grain number THETA PHI OMEGA 

1 1.9819 -0.2996 -0.1096 

2 0.5656 -0.061 -0.3358 

3 -2.9933 0.107 2.9892 

4 9.7716 -3.1002 2.2071 

5 -20.7164 -6.4652 1.2813 

6 0.1634 0.014 -0.1017 
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Figure 5.6 Surface roughness after planar compression (10 % reduction) 

 

 
 

Figure 5.7 Surface roughness after planar compression (20 % reduction) 
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Figure 5.8 Surface roughness after planar compression (30 % reduction) 

 

5.3.6 Comparison of surface roughness before and after compression 

 

Two kinds of surface roughness are used in the simulation:  

 

(a) Arithmetic average of absolute values: 

∑
=

=
n

i
ia y

n
R

1

1                                                 (5.4) 

(b) Root mean square value:  

     ∑
=

=
n

i
iq y

n
R

1

21
                                             (5.5)         

where yi is the distance from the average value line, n is the calculation points. The 

simulation results of surface roughness are shown in Figure 5.9. It is shown that there 

is a linear relationship between the surface roughness (Ra and Rq

 

) and reduction. 
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Figure 5.9 Surface roughness under different reductions 

 

5.3.7 Conclusions 

 

(1) With an increase in reduction, sample surface tends to become flattened under the 

uniaxial planar compression; 

(2) In compression, grains with the largest stresses also have the largest rotation of 

Euler angles. 

(3) With an increase in reduction, both the arithmetic average surface roughness Ra 

and root mean square surface roughness Rq

 

 decrease. 

5.4 Influence of grain size on surface asperity flattening 

 

5.4.1 Finite element averaging procedure  

 
In this approach the finite element calculations are used to make a transition from the 

response of a single grain (or a region within a grain) to the response of a 

polycrystalline aggregate. It is assumed that each element represents one crystal, and 

is assigned an orientation as the initial texture [116]. So each grain is modelled to 

allow for non-uniform deformation between the grains and within the grains, and 

both the equilibrium and compatibility are satisfied in the weak finite element sense. 

In this study, we varied the number of elements and grains in each element, and the 
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distribution of grain orientations in the mesh. 

 

5.4.2 Mesh and two dimensional polycrystal models 

 

This study aims to analyse the relationship between reduction, grain size, and surface 

roughness during uniaxial plane strain compression. The sample material is 6061T5 

aluminium alloy. There are three two-dimensional samples with different grain sizes 

(8, 25 and 50 µm). The sizes of the three samples are all 500 µm ×100 µm. Original 

surface roughness of the three samples is 1.35 µm. Reductions range from 5 to 15 %. 

Contact friction between the sample and compression tool is 0.01. A reduction is 

applied on the top of the sample by the elastic-plastic compression tool. Due to 

symmetry, all the nodes on the edge ab, a1b2, and a2b2

 

 (Figures 5.10, 5.11 and 5.12) 

have no displacement in direction 1. A fully finite element polycrystal model has 

been used in this study. The simulation conditions include: a two dimensional model 

with 8 µm grain size with 741 CPE4R reduced integration elements, and one grain 

set with one element (total 741 grains in the model); a two dimensional model with 

25 µm grain size has 320 CPE4R reduced integration elements, one grain set with 4 

elements (total 80 grains in the model); a two dimensional model with 50 µm grain 

size also has 320 CPE4R reduced integration elements, one grain set with 16 

elements (total 20 grains in the model). 

          
 
Figure 5.10 Two dimensional model with 8 µm grain size 

 

    
 
Figure 5.11 Two dimensional model with 25 µm grain size 
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Figure 5.12 Two dimensional model with 50 µm grain size 

 

5.4.3 Texture development during compression 

 

In Figure 5.13, when deformation takes place in FCC metal, 12 slip systems with 

<110> slip directions and {111} slip planes will be activated and put into action 

(Figure 5.12). As usual the {111}<110> slip systems are the slip systems with a low 

slip resistance that the slip can take place easily. Sometimes it can be called “soft 

orientations”. Other slip systems where slip could not take place easily are “hard 

orientations”. In the deformation of different materials, the soft and hard orientations 

are very different. 

 

 
 

Figure 5.13 {111}<110> slip systems of pure FCC aluminium 
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Figure 5.14 Pole figure of sample with 8 µm grain size 

 

It is shown in Figure 5.14 that with an increase in reduction, the development of 

texture shows a certain tendency. At first, when reduction is low (less than 0.05), 

there is no obvious tendency in the pole figure. In this stage the main deformation is 
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elastic and the energy resulting from this plastic deformation could not support many 

slip systems to slip. So only a few slip systems will be activated to slip, and the grain 

rotation and stretch is insignificant. When reduction exceeds a certain value (10 %), 

an obvious tendency appears in the pole figure; all the grains tend to rotate along a 

certain direction and axis. In this stage, with an increase in plastic deformation, the 

elastic deformation will decrease and disappear quickly. The energy of cold 

deformation will activate many slip systems to slip, so many grains will rotate and 

stretch along the “soft orientations” (<110> slip directions and {111} slip planes). 

Furthermore, with an increase in reduction, the cubic texture becomes more and 

more obvious. In Figure 5.14, when reduction is 70 %, the texture is the most 

obvious and strongest. Therefore, in the deformed sample a stabilised cubic texture 

will be formed. The sample will obtain a new balance of grain distribution and 

arrangement. On the other hand, with an increase in reduction, there is no obvious 

tendency in the hard orientations (Pole figure {100}, etc.) 

 

5.4.4 Influence of reduction on surface roughness during compression 

 

With an increase in reduction, the surface roughness tends to decrease with three 

stages in this process (Figure 5.15). The first stage is the “main elastic deformation 

stage” where reduction is less than 5 % and the surface roughness decreases greatly. 

The decreasing rate here is the largest of the three stages. In this stage most of the 

deformation is elastic, with only a little plastic deformation taking place. The second 

stage is “plastic deformation stage” (reduction exceeds 5 %) where the decrease in 

surface roughness is also significant. However, the decreasing rate of surface 

roughness will be lower than that of the first stage. In this stage some slip systems 

will be activated and many grains will be arranged along the “soft orientations” 

(<110> slip directions and {111} slip plane). This stage is a fully “work hardening 

process”. If reduction exceeds 10 %, compression will enter the third stage, the 

“orientation distribution balance stage” where there is an increase of reduction and 

the surface roughness will decrease slowly. Although plastic deformation continues, 

the rearrangement and rotation of the grains will almost finish, and the majority of 

grains and texture fibres will be arranged along a certain direction. A new “balance” 

and stabilised cubic texture is formed. During the first and second stages, it is 
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obvious that the increment of surface roughness in the rolling direction is 

proportional to the applied strain. 

 

 
 

Figure 5.15 Relationship between surface roughness and reduction under different 

grain sizes 

 

5.4.5 Influence of grain size on stress-strain curve during compression 

 
From Figures 5.16 and 5.17, it can be seen consistently that with an increase of grain 

size, all the compression stresses of the samples increase accordingly. In the two 

figures, the compression stress for the samples with a large grain size increases much 

quicker than the sample with small grains, and the saturated values of compression 

stress reach 220 or 260 MPa. Samples with the small grain size have the lowest 

compression stress with the same strain, and it is only about 160 MPa.  
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Figure 5.16 Stress- strain curve of different grain sizes with the strain rate 0.001 s-1 

 
 

Figure 5.17 Stress-strain curve of different grain size with the strain rate 0.01 s

 

-1 

5.4.6 Influence of grain size on surface roughness during compression 
 

(a) Relationship between grain size and surface roughness 

 

It is known from Figure 5.18 that when reduction is 5 %, deformation is in the first, 

“mainly elastic deformation stage”. During this stage, elastic deformation is mainly 

deformation of the sample. Plastic deformation only accounts for a small portion of 
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total deformation, so in this stage the surface roughness is greatly reduced and any 

residual stress can be followed by inhomogeneous deformation where only a few slip 

systems may be activated. The grain size has a significant influence on the change of 

surface roughness. With an increase in grain size, the surface roughness of the 

sample with a larger grain size (50 µm) decreases slower than the one with a smaller 

grain size (8 µm). The reason is that deformation in this stage is mainly elastic, and 

the sample with a large grain size has more elasticity than the one with a small grain 

size under the same reduction of compression. So the sample with a large grain size 

can maintain a relatively larger surface roughness than the sample with small grain 

size during the same compression process. 

 

 
 

Figure 5.18 Relationship between surface roughness and grain size (low reduction) 
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Figure 5.19 Relationship between surface roughness and grain size (larger reduction) 
 
The changes in surface roughness are different in Figures 5.18 and 5.19: with an 

increase in grain size, the surface roughness increases from 0.21 to 0.33 µm, while in 

Figure 5.19 the surface roughness only increases from 0.0025 to 0.0105 µm with an 

increase in grain size. For this reason, Figures 5.18 and 5.19 describe the influences 

of grain size on surface roughness.  

 
When reduction exceeds 10 %, deformation is in the second, “plastic deformation 

stage” (Figure 5.19) where elastic deformation will be completely finished and 

almost all the deformation is plastic deformation. In this stage, the grain size has an 

obvious influence on the surface roughness of the sample, indeed the tendency is 

almost the same as the curve in Figure 5.18. With an increase in grain size, the 

surface roughness of the sample obviously decreases, but with a lower rate than that 

in the first stage (Figure 5.18). The reason for this phenomenon is that in this stage, 

many slip systems will be activated by the deformation work. In FCC metal, a 

majority of grains slip generates along the soft orientation (<110> slip directions and 

{111} slip plane). If the sample has a small grain size, it has more slip systems to 

carry out plastic deformation with a large density of dislocation lines, so plastic 

deformation of the sample with a small grain size can occur much easier than that 

with a large grain size. On the other hand, compared with elastic deformation, plastic 

deformation in this stage can only give less space for any variation in surface 

roughness. This is why the decreasing speed of the surface roughness of the sample 
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is much lower in the second stage than that in the first stage. When reduction exceeds 

15 %, deformation begins the third, “orientation distribution balance stage” where 

grain distribution will reach a new balance by slip, and a new balance will be 

established. In this stage only a few grains can slip along a certain orientation, so the 

influence of the grain size on surface roughness will be slight and the surface 

roughness of the sample will remain in a certain range.  

 
(b) Regression analysis 

 
All the results have been analysed by regression of Origin Pro 8. The result of this 

regression is obtained as  

y1= A1*exp (-x/t1) + y0

where, x is the average grain size, y

                                                  (5.6) 

1 is the average arithmetic surface roughness Ra, 

A1 is a constant, and t1

Table 5.6 Relationship between surface roughnesss and average grain under a 

reduction of 15 % (grain size are 8 µm, 25 µm and 50 µm respectively) 

 is a constant.  

Reduction (%) A t1 y1 0 

5 -0.24205 50.50442 0.41441 

0 0.00225 -47.74407 -0.00114 

15 0.02481 -167.55458 -0.02333 

 

From Equation (5.6), it is obvious that the relationship between the grain size and 

surface roughness is an exponent function. In Section 2.5.4, Wang et al. [60] 

proposed a revised equation for the surface roughness Rα in the tensile test. They 

expressed the relationship between the surface roughness and average grain 

boundary with a power exponent function (Equations (2.29) and (2.30)). Both tensile 

and compression tests show the grain size has a significant influence on the surface 
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roughness. With an increase in grain size, the surface roughness tends to increase 

while the samples have been compressed under the same experimental conditions. It 

can be obtained from Table 5.6, surface roughness Ra 

 

is a power exponent function 

of the grain size.  

5.4.7 Relationship between surface roughness and reduction  

 

It can be known from previous results, when reduction is less than 10 %, the 

relationship between the surface roughness and reduction is linear. When the 

reduction is between 10-40 %, deformation is a combination of elastic and plastic 

deformation. With an increase in reduction, elastic deformation becomes less and 

less, but on the other hand, plastic deformation increases. So in this stage, the 

relationship between the surface roughness and reduction is complicated, and it has 

been studied by Origin and Matlab (Figure 5.20). When reduction exceeds 40 %, the 

influence of the reduction on surface roughness is not obvious.  

 

 
 

Figure 5.20 Relationship between surface roughness and reduction (plastic 

deformation stage) 

 
When the reduction is between 10 % and 40 %, the relationship between the surface 

roughness of the sample and the reduction is obtained as 
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Y = A + B1*X + B2*X2

where Y is the average surface roughness, A is a constant, B

                                              (5.7) 

1 and B2

 

 are the 

coefficients of surface roughness X. 

Table 5.7 Parameters of Equation (5.7) 

Parameter Value Error 

A 0.32955 0.03361 

B -0.01225 1 0.00307 

B 1.6025E-4 2 6.03738E-5 

 

In Section 2.5.2, it has been shown from the research that the surface roughness is 

linearly dependent on the plastic strain of tensile tests [41, 45-46], and it shows an 

empirical equation of the relationship between the surface roughness and plastic 

strainε . 

 

In uniaxial planar compression, the relationship between surface roughness and strain 

is different from that of the tensile test because of the evolution of the deformed 

surface. In the tensile test, the sample surface is an unconstraint surface that can 

develop freely, but in uniaxial planar compression the sample is constrained by the 

compression tool. The evolution of the sample surface will be affected by the surface 

roughness of the tool and the friction between the tool and the sample. This is why 

Equation (5.7) has a second order parameter B2*X2

 

. 

5.4.8 Relationship between reduction and Euler angles  

 

(a) Euler angle 1 

 
From Figure 5.21 it can be seen that when reduction is between 20 % and 30 %, the 

Euler angle 1 has the largest variation. In this stage, many slip systems will be 

activated and plastic deformation will become the main deformation of the sample. 

The relationship between the surface roughness and reduction is non-linear. 
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Figure 5.21 Relationship between Euler angle 1 and reduction 

 
For 50 µm average grain 

Ra=0.017x2

For 20 µm average grain 

+0.63x+4.9                             (5.8) 

Ra=0.0081x2

For 8 µm average grain 

+0.31x-2.7                             (5.9) 

Ra=-0.0075x2

(b)  Euler angle 2 

-0.47x+6.5                          (5.10) 

 

It is shown from Figure 5.22 that when reduction is between 20-30 %, the Euler 

angle 2 has a large variation. But when reduction exceeds 30 %, the Euler angle will 

change greatly. In this stage, elastic deformation will disappear and plastic 
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deformation will play a main role in the deformation and some new slip systems may 

be activated. 

 

 
 

Figure 5.22 Relationship between Euler angle 2 and reduction. 

 

For 50 µm average grain 

Ra=-0.0012x2

For 20 µm average grain 

+0.048x-0.44                             (5.11) 

Ra=0.0077x2

For 8 µm average grain 

+0.031x-0.19                             (5.12) 

Ra=-0.0028x2

 

+0.17x-2                             (5.13)  
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(c) Euler angle 3 
 
The variation of Euler angle 3 in Figure 5.23 shows a similar tendency to the Euler 

angle 2 shown in Figure 5.22. 

 

 
 
Figure 5.23 Relationship between Euler angle 3 and reduction. 

 

For 50 µm average grain 

Ra=-0.028x2

For 20 µm average grain 

+1.1x-8.5                             (5.14) 

Ra=-0.00013925x2

For 8 µm average grain 

+0.01x-0.031                             (5.15) 

Ra=-0.00098x2+0.059x-0.68                             (5.16) 
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It can be obtained from the above three cases (a), (b), and (c) that the relationship bet

ween the surface roughness Ra

 

 and grain orientation (Euler angles) is non-linear. 

5.4.9 Conclusions 

 

This study aimed at understanding the influence of the grain size and reduction on 

surface roughness during uniaxial planar compression. From an analysis of the 

simulation results, the following conclusion can be obtained:  

(1) With an increase in reduction, the texture tends to be stronger and much more 

obvious. In the compression, all the grains of the sample will slip along the certain 

slip directions and slip planes (<110> slip directions and {111} slip planes). Finally, 

the cubic texture will be formed, and the sample will obtain a new balance with 

stabilised microstructures. 

(2) Under a certain reduction, reduction plays an important role on the surface 

roughness. Surface roughness shows a certain relationship with the reduction (strain), 

and with an increase in reduction (strain), the surface roughness decreases 

accordingly. In the tensile test the variation of surface roughness Ra

(3) The grain size also has a significant influence on surface roughness. Under the 

same reduction, the surface roughness of the sample with a large grain size tends to 

decrease slowly, but after compression the sample with the maximal grain size has a 

maximal surface roughness. Both the tensile and compression tests show that the 

relationship between the surface roughness and average grain size is non-linear. The 

surface roughness R

 is proportional 

to the applied strain. However, in a uniaxial compression test the relationship 

between the surface roughness and strain is non-linear according to the influence of 

the compression tool and friction between the sample and the tool. 

a

(4) Grain size also has an obvious influence on the sample stress: with an increase in 

grain size, stress in the sample increases accordingly. 

 is a power exponent function of the grain size. 

(5) In the uniaxial compression test, grain orientation also plays an important role in 

the evolution of surface asperity. The relationship between the surface roughness and 

grain orientations (Euler angles) is non-linear. 
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5.5 Influence of friction and wave length on surface asperity flattening 

 

Surface asperity is an important parameter of surface quality and is also an 

interesting topic in cold metal manufacturing. In general, there are many factors 

which result in variations of surface roughness, such as the original surface 

roughness of the product, grain size, crystal structure, crystal orientation, texture 

distribution, loading path, stress-strain state (deformation mode) and surface of the 

tool, etc [4]. There are some reports in terms of surface asperity flattening. Wilson et 

al. [10, 11] have investigated the effect of bulk plasticity on asperity flattening when 

the lay of the roughness was parallel to the direction of bulk straining (longitudinal 

roughness). They found that the rate of asperity flattening with bulk straining was 

related to the spacing and pressure of asperities. Makinouchi et al. [12] presented 

elastic-plastic finite element solutions for the case of transverse roughness. Wilson 

and Sheu [10] also found that a large increase of contact area with bulk strain and a 

reduction in the load was needed for bulk yielding. Sutcliffe [13] tested and 

developed Wilson and Sheu’s theories and discovered that the high pressure between 

contacting asperities and the deformation of bulk material affects asperity 

deformation. However, there are only a few reports on the interaction between 

surface asperity flattening, reduction, and friction by the crystal plasticity theory. In 

order to figure out the relationship between the sample surface asperity flattening, 

reduction and friction by the crystal plasticity theory, a finite element model has been 

used in the commercial finite element software ABAQUS to simulate the surface 

asperity flattening of Al plate along the rolling direction during uniaxial planar 

compression. A finite element polycrystal model with a sub-grain scale is used in this 

study. 

 
5.5.1 Experimental 
 

(a) Sample preparation 

 

The sample was polished by an auto-polishing machine along the transverse 

direction. All the samples were ground in a transverse direction with the same 

grinding time, pressure, and sand papers (grade P220). A 2D profile meter was used 

to measure the surface roughness of the sample, and before compression, a central 
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line was drawn on the top surface and the surface roughness was measured along this 

line. After compression, the surface roughness was measured along the same line. 

This line can be drawn in any position along a transverse direction, and therefore the 

surface roughness at any position (or line) can be determined. The errors in 

roughness between the different samples were below a certain range (less than 0.05 

µm). After grinding, the roughness of all the samples was about 0.72 µm (Ra). When 

under compression the sample is constrained in a transverse direction, while 

roughness develops along the rolling direction. The compression test has been 

carried out by the INSTRON MTS. The samples are 10×10×6 mm3

 

 in size.  

(b) Sample parameters 

 
After mechanical polishing the heights of the samples were measured with a 

micrometer. All the parameters of samples for the compression are shown in Tables 

5.8 (with lubrication) and 5.9 (without lubrication). 

Table 5.8 Parameters for compression (with lubrication)  

Number 
Cross section 

(mm×mm) 
Height 
(mm) 

Displacement 

rate (mm/min) 
Strain rate 
(s-1

Reduction 
) (%) 

Reduction 

(mm) 
Height 
(mm) 

1 10.04×10.18 6.10 0.36 0.001 5 0.31 5.80 

2 10.04×10.04 6.13 0.35 0.001 10 0.61 5.52 

3 9.99×10.03 6.14 0.33 0.001 20 1.23 4.91 

4 10.11×10.03 6.11 0.31 0.001 30 1.83 4.28 

5 10.48×10.04 6.13 0.29 0.001 40 2.45 3.68 

 

Table 5.9 Parameters for compression (without lubrication) 

Number 
Cross section 

(mm×mm) 
Height 
(mm) 

Displacement 

rate (mm/min) 
Strain rate 
(s-1

Reduction 
) (%) 

Reduction 

(mm) 
Height 
(mm) 

1 9.53×9.60 6.12 0.36 0.001 5 0.31 5.82 

2 9.58×9.40 6.11 0.35 0.001 10 0.61 5.50 

3 9.60×9.54 6.10 0.33 0.001 20 1.22 4.88 

4 9.67×9.41 6.13 0.24 0.001 30 1.84 4.29 

5 9.58×9.50 6.09 0.29 0.001 40 2.44 3.66 
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The strain rate for the compression is 0.001 s-1

HHH ∆+=0

 but controlling the strain rate with the 

INSTRON MTS is difficult so it has been replaced by the displacement rate. The 

relationship between the strain rate and the displacement rate is as 

,
0

ln
H
H

=ε , εε /=∆t , tHU ∆∆= /                                  (5.17) 

where 0H , H , H∆  are the original height, the height after compression and the 

height increment respectively. ε  is the true strain, t∆  is the time of deformation, and 

U  is the displacement rate of the sample under compression. 

 

(c) Development of surface roughness of the sample during uniaxial planar 

compression 

 

It can be obtained from the experimental results (Table 5.10) that with an increase in 

reduction, the surface roughness of both samples (compression with and without 

lubrication) decreases significantly. When reduction is less than 5 %, the two 

samples retain the same surface roughness, but when reduction exceeds 10 % there is 

an obvious difference in the surface roughness. The samples without lubrication 

during the compression have a higher decreasing rate of surface roughness. Finally, 

the samples with lubrication during compression have a comparatively rougher 

surface than those without lubrication. The experimental results show that lubrication 

can constrain the surface asperity flattening process, that is, friction can increase the 

process of surface asperity flattening. 
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Table 5.10 Development of surface roughness under uniaxial planar compression:  

 (a) with lubrication 

Reduction (%) Roughness (with lubrication) 

0 

 

5 

 

10 

 

20 

 

30 

 

40 
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(b) without lubrication 

Reduction (%) Roughness (without lubrication) 

0 

 

5 

 

10 

 

20 

 

30 

 

40 
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5.5.2 Relationship between surface roughness and friction 
 
Firstly, during compression, when reduction is less than 5 %, the surface roughness 

of sample decreased greatly from 0.7 µm to 0.4 µm (Figure 5.24). In this stage the 

rough asperity does not make complete contact with the compression tool, which 

means that at this stage, lubrication has no obvious influence on the surface asperity 

flattening. Secondly, if reduction is between 5-30 %, the surface roughness of the 

sample will continue to decrease, but the decreasing rate of surface roughness is 

much lower than that in the first stage. In this stage, a stable layer of lubrication 

formed will limit the surface asperity flattening process. Therefore, the surface 

roughness of the sample will decrease slowly. In this stage, the lubrication layer 

plays an important role on surface asperity flattening. Thirdly, if the reduction 

exceeds 30 %, the surface roughness of the sample decreases quickly (from about 0.3 

to 0.15 µm), and in this stage, with an increase in reduction, the layer of lubrication 

is destroyed by the large compression, but it will not affect the compression of the 

rough surface. Surface asperity flattening will thus quickly proceed again. Finally, if 

reduction exceeds 40 %, the two samples will keep a certain surface roughness, 

although the sample with lubrication has a much rougher surface than the sample 

without lubrication. The reason is that with lubrication, a layer of lubricant will be 

formed between the tool and the sample so the sample will receive less constraint 

from the tool, and therefore can be deformed easily. Furthermore, the slip system in 

the sample can also be easily activated. When reduction exceeds a certain value 

(about 40 %), the layer of lubrication will be destroyed, and the compression tool 

will make contact with the sample directly. However, because of the layer of 

lubrication, the sample with lubrication has a rougher surface than the one without 

lubrication. 
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(a) 

 

(b) 

 
Figure 5.24 Relationship between the surface roughness and friction: (a) Ra, (b) Rq

 

  

On the other hand, an abnormal phenomenon has been observed from the 

experimental results. When reduction exceeded 60 % in the sample without 

lubrication, there was a slight increase in surface roughness (about 0.03 μm). There 

are three factors which may cause this phenomenon: firstly, a measuring error, 

second, friction and the surface of the tool, and third when reduction reaches 60 %, 

the aluminium sample cannot easily be deformed any more.  
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5.5.3 Crystal plasticity model 

 

The relationship between a single crystal and polycrystal is too complicated to be 

expressed directly, although there are some assumptions given to simplify this 

relationship. The most widely used approach to obtain the response of a polycrystal 

from the response of individual crystals is to use the extended Taylor’s assumption of 

iso-deformation gradient in all the crystals composing the polycrystal. Furthermore, 

if all the grains are assumed to be of the same size, the Cauchy stress in the 

polycrystal can be taken as a simple number average of Cauchy stresses in the 

various crystals [128].  

 

On the basis of finite element theory, the averaging procedure has used the micro-

macro link of the Taylor model to acquire the polycrystal plasticity response [186]. 

In these calculations of finite element averaging procedures, each grain is modelled 

by one or more finite elements to allow for no-uniform deformation between the 

grains and within the grains, and both equilibrium and compatibility are satisfied in 

the weak finite element sense. Following previous research, Kalidindi developed an 

implicit time-integration procedure [160, 117]. In this study, Kalidindi’s implicit 

time-integration procedure [117] is used in the finite element calculation to make a 

transition from the response of a single crystal (or a region within a grain) to the 

response of a polycrystalline aggregate. Simultaneously, a group of relevant 

experiments has been carried out to test the simulation results.  

 

5.5.4 Modelling 

 

This study aimed to analyse the relationship between reduction, friction, and surface 

roughness during uniaxial plane strain compression. The model geometry is two 

dimensional. Although a 2D finite element analysis has the advantage of less 

computational time, the main reason for not using a 3D finite element analysis in this 

study is that during the compression test, the transverse direction is constrained by 

the mould (Figure 5.23), therefore, there is almost no deformation of the sample in 

this direction. On the other hand, the available generalised plane strain elements in 

ABAQUS make it possible to impose a uniform strain on the body in an out-of-plane 
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direction. Furthermore, as mentioned by Becker [8] and Wu [187], the 2D FE model 

still allows us to simulate both uniaxial and biaxial deformation.  

 

For all the simulations, the 1-direction (Figure 5.25) corresponds to the previous 

rolling direction, the 2-direction to the normal sample, and the 3-direction to the 

transverse direction of the samples. The sample material is 6061T5 aluminium alloy. 

The two-dimensional model is 500×500 µm2 in size. The initial length is denoted by 

L0 and the initial height by H0. Original roughness parameters of the samples are Ra 

0.72 µm and Rq 0.98 µm. Longer and shorter wavelengths have been used to form 

the surface roughness. A longer wavelength (Rq 1.06 µm, Ra 0.79 µm) contributes 

about 60 % to the initial surface roughness, and a shorter wavelength (Rq 0.82 µm, 

Ra

∫ =
L

dx
0

0δ

 0.61 µm) only accounts for about 40 % of the initial surface roughness. Becker’s 

method [8] is used to calculate the average roughness obtained from the finite 

element results and the experimental ones. Surface roughness of the model is 

determined by the experimental results. A line is drawn through the surface nodal 

coordinate data, therefore, the distance from this line to the surface nodes is δ [8] and  

                                                          (5.18) 

Although there are not many differences between the surface profiles of the 2D 

model and the sample, they all have the same initial roughness Ra. The surface 

roughness of the model is determined by the surface roughness of the sample. The 

average roughness Ra

dx
L

R
l

a ∫=
0

1 δ

 is determined from 

                                              (5.19) 

Reduction of the sample ranges from 5 to 40 %. The contact coefficient of friction 

between the sample and the rigid compression tool and mould ranges from 0.001 to 

0.35. Reduction was applied onto the top of the sample by the rigid compression tool. 

Due to symmetry, all the nodes on the edge ab (Figure 5.25) have no displacements 

in direction 1. In order to understand the relationship between surface roughness, 

friction, and reduction, by the crystal plasticity theory, a finite element polycrystal 

model has been used in this study. The two dimensional model has 902 CPE4R 



CHAPTER 5 CRYSTAL PLASTICITY FINITE ELEMENT MODELLING OF 2D 
SURFACE ASPERITY FLATTENING  

 156 

reduced integration elements, and one grain set with one element. The rigid tool and 

mould both have 20 discrete rigid elements. Kalidindi’s method [188] has been 

employed to incorporate crystal plasticity into FEM. The constitutive model and 

time-integration procedures are implemented into the implicit finite element code 

ABAQUS by applying the user material subroutine UMAT. The combinations of slip 

systems are taken into account during modelling, including 12 {110}<111>. It is 

assumed that the shearing rate is equal on each slip system. 902 random Euler angle 

triplets are input into ABAQUS as the initial crystallographic condition of the model. 

All the taken parameters are listed in Table 5.1. The components of the elasticity 

tensor are taken as 11C =106750 MPa, 12C =60410 MPa, 44C =28340 MPa [184]. As 

hardening matrix parameters, αβq =1.0 for co-planar systems and αβq =1.4 for non 

co-planar slip systems were used [99]. The other material parameters are according 

to reference [133]. 

 

 
 

Figure 5.25 Two dimensional model and mesh 

 

5.5.5 Relationship between surface roughness, friction, and reduction 

 

It is shown in the modelling results, with an increase in reduction the surface 

roughness of the sample decreases quickly (Figure 5.26). In other words, surface 

asperity flattening takes place quickly, and compression with lubrication has an 

obvious difference from that without lubrication. With an increase in the coefficient 

of friction, the rate of surface asperity flattening of sample increases significantly. 



CHAPTER 5 CRYSTAL PLASTICITY FINITE ELEMENT MODELLING OF 2D 
SURFACE ASPERITY FLATTENING  

 157 

Under the condition of increased friction, the sample will obtain a lower surface 

roughness due to compression. The reason for this phenomenon is that the friction 

between the sample and the compression tool is expressed by the penalty function as 

a constraint to the sample. Therefore, during compression the friction will prevent 

the sample from being deformed and restrain the slip system from activation and 

action. On the other hand, the practical layer of lubricant that lies between the sample 

and the tool acts as a transfer layer to block the surface asperity flattening process. It 

can obviously reduce the surface asperity flattening process. Here in this simulation, 

friction is only set as a coefficient but the sample will definitely come into direct 

contact with the tool. Therefore, it is also directly affected by the tool. Because the 

compression tool in this study is smooth, the surface of the sample will be flattened 

quickly. With an increase in the coefficient of friction, the influence of the tool on 

the sample accelerates the surface asperity flattening process. 

 

 

(a) 
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(b) 
 

Figure 5.26 Relationship between surface roughness, friction, and reduction: (a) Ra, 

(b) R

 

q 

After compression, an area of localised strain appears on the surface of the sample, 

which will also result in a transfer layer on this surface. This transfer layer will play a 

direct role in changing the surface roughness. Other neighbouring layers will affect 

the surface roughness by this transfer layer. From the simulation, we observed the 

obvious change of crystals’ orientations in this layer. This will be further focused on 

in this study.  

 

5.5.6 Comparison of experimental and modelling results 

 

It is shown from Figure 5.27 that the experimental results are close to the simulated 

results. Both results reveal that with an increase in reduction, the surface roughness 

of the sample decreases quickly, and lubrication can delay the process of surface 

asperity flattening. On the other hand, there is a difference between the experimental 

and simulated results. The developing tendency of surface roughness in the two 

results is different: the simulated result has a higher decreasing rate of surface 

roughness than the experimental results. In Figure 5.27(a), when reduction is less 

than 10 %, the two results maintain the same tendency of surface asperity flattening. 
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On the other hand, when reduction exceeds 10 %, the decreasing rate of surface 

roughness from simulation is a slightly more than that from the experiment. In the 

experiment, when reduction exceeds 10 %, the layer of lubrication can play a 

remarkable role in delaying surface asperity flattening.  

 

However, in the simulation, the penalty coefficient of friction is used to replace the 

layer of lubrication. There is an obvious difference between the simulation results 

and experimental ones. This error may result from a computational error and a 

frictional model error. From the calculation, the maximum error between the 

experimental and simulation results is about 0.08 µm. When the maximum error 

appears, the sample roughness is more than 0.25 µm (Figure 5.27(a) and (b)). This 

error is about 25 % of sample roughness. In the finite element simulation this error 

may be acceptable. When reduction is between 10 and 40 %, the lubrication can 

perform properly. The difference between the simulated and experimental results is 

obvious. When reduction exceeds 40 %, the layer of lubrication is damaged and 

cannot continue to constrain the surface asperity flattening. In Figure 5.27(b), if 

reduction exceeds 60 %, the roughness of experimental results increases by about 

0.03 µm. The reasons for this phenomenon are the same as those in Figure 5.24. 

 

 

(a) 
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 (b) 
 
Figure 5.27 Relationship between surface roughness, friction, and reduction: (a) with 

lubrication, (b) without lubrication 

 

5.5.7 Influence of longer wavelength and shorter wavelength on surface roughness 
 

Figure 5.28 shows with an increase in reduction, the influence of the shorter 

wavelength on sample roughness (Ra, Rq) increases during compression, and the 

influence of the longer wavelength on sample roughness (Ra, Rq) decreases. In this 

model the longer wavelength has a larger initial roughness (Ra, Rq), and the shorter 

wavelength has a smaller initial roughness (Ra, Rq

 

). During compression, the 

compression tool will contact the longer wavelength first, and the roughness of the 

longer wavelength will decrease quickly. Furthermore, at the beginning, under very 

small reduction (less than 5 %), the longer wavelength is the main factor which 

affects the sample roughness while the shorter wavelength has no obvious influence 

on sample roughness. With an increase in reduction, the compression tool will 

contact with the shorter wavelength subsequently. The shorter wavelength will thus 

play a primary role on sample roughness while the influence of the longer 

wavelength on the sample can be omitted.  
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Figure 5.28 Influence of longer wavelength and shorter wavelength on sample 

roughness 

 

5.5.8 Texture development  

 

If the coefficient of friction is low (0.001), the development of texture has a certain 

relationship with reduction. At first, when reduction is low (less than 5 %), there is 

no obvious tendency in the pole figure. At this stage the majority of elements occur 

elastic deformation, and the energy resulting from plastic deformation cannot support 

many slip systems to slip. So only few slip systems will be activated and grain 

rotation and stretch are not significant. When reduction exceeds a certain value (10 

%), an obvious tendency appears in the pole figure. All the grains tend to rotate along 

a certain direction and axis. At this stage, with an increase of elements in plastic 

deformation, the elements in elastic deformation decreases quickly. The energy of 

cold deformation will activate many slip systems. So many grains will rotate and 

stretch along the “soft orientations” (<110> slip directions and {111} slip plane). 

Furthermore, with an increase in reduction, the cubic texture becomes more and 

more obvious.  
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Figure 5.29 Development of texture in uniaxial planar compression 

 
In Figure 5.29, when reduction is 40 % the texture is very obvious and stronger. In 

the deformed sample a stabilised cubic texture will be formed. The sample will 

obtain a new balance of grain distribution and arrangement. On the other hand, with 

Reduction 

(%) 

With lubrication Without lubrication  

{100} {101} {111} {100} {101} {111} 

0 

      

5 

      

10 

      

20 

      

30 

      

40 

      

50 

      



CHAPTER 5 CRYSTAL PLASTICITY FINITE ELEMENT MODELLING OF 2D 
SURFACE ASPERITY FLATTENING  

 163 

an increase in reduction, there is no obvious tendency in the hard orientations (Pole 

figure {100}, etc.). However, when the coefficient of friction is large (0.35), there is 

no obvious cubic texture formed. Therefore, friction between the sample and the tool 

has a significant influence on the development of cubic texture. It can hinder the 

form of cubic texture. In the process of grain slip and deformation, the contact 

friction sometimes becomes a barrier to restrain the activation of the <110> {111} 

slip systems. So with an increase in reduction, the shear stress of some slip systems 

cannot reach the saturated stress of the slip system. Furthermore, the slip system 

cannot meet the energy requirement for activating the slip systems. Therefore, the 

cubic texture in the sample without lubrication is not stronger and sharper than the 

one with lubrication. 

 
5.5.9 Conclusions 

 
(1) In uniaxial planar compression, the evolution of surface asperity has three 

obvious stages: when reduction is less than a certain value, the surface roughness 

decreases greatly with a decrease in reduction (reduction less than 10 %). Elastic 

deformation plays an important role in the evolution of surface asperity. When 

reduction exceeds 10 % the decreasing rate of surface roughness is less than that in 

the first stage. The influence of plastic deformation on the surface asperity evolution 

increases while the influence of elastic deformation decreases significantly. When 

reduction is greater than 40 % the surface asperity changes slowly. Plastic 

deformation is the main deformation in this stage, and a certain texture will also be 

formed.  

 
(2) The influence of lubrication on the evolution of surface asperity is also very 

complicated. Within a certain reduction range (in this case between 10 and 40 %), 

lubrication can significantly limit surface asperity flattening, but if reduction is less 

than 10 %, lubrication has no obvious influence on the surface roughness of the 

sample. When reduction exceeds 40 %, the layer of lubrication will be damaged 

during uniaxial planar compression. 
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(3) Both the experimental and simulation results show the same tendency: with an 

increase in reduction, the surface roughness of the sample decreases greatly and the 

lubrication can constrain the surface asperity flattening process. 

 
(4) In the simulation, with an increase in reduction, the influence of a longer 

wavelength on the sample roughness decreases quickly, while the effect of the 

shorter wavelength of surface asperity on sample roughness increases significantly. 

 

5.6 New findings 

 
Through the analysis of simulation and experiments, surface roughness in uniaxial 

planar compression was investigated and the following new results were obtained: 

 
(1) In uniaxial planar compression, the rough surface of the sample tends to be 

flattened as reduction increases, and the evolution of surface asperity has 

three obvious stages.  

 
(2) Lubrication can constrain the surface asperity flattening process. However, 

relationship between the lubrication (friction) and surface roughness is very 

complicated. Within a certain range of reduction, lubrication can 

significantly limit surface asperity flattening. However, when reduction 

exceeds 40 %, the layer of lubrication will be damaged during uniaxial 

planar compression.  

 
(3) With an increase in reduction, the certain texture tends to be stronger and 

obvious. All the grains of the sample slip along the certain slip directions 

and slip planes (<110> slip directions and {111} slip planes). Finally, the 

cubic texture is formed and the sample obtains a new balance with a 

stabilised microstructure. Friction can also constrain the forming of cubic 

texture. 

 
(4) Compared to the tensile test, the relationship between surface roughness 

and strain in uniaxial planar compression is different and more complicated 

than the tensile test. In a tensile test the variation of surface roughness Ra is 
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proportional to the applied strain. But in a uniaxial planar compression test, 

the relationship between the surface roughness and strain is non-linear. 

 
 (5) Grain size and grain orientation both have a significant influence on the 

surface asperity flattening. Under the same reduction an increasing grain 

size can constrain surface asperity flattening, and the relationship between 

surface roughness and grain orientation is also non-linear.  

 
(6) Different wavelength components can also affect the surface roughness. 

With an increase in reduction, the influence of longer wavelengths on 

surface roughness of the sample decreases quickly, but the surface 

roughness increases significantly with a shorter wavelength. 
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CHAPTER 6 
 

CRYSTAL PLASTICITY FINITE ELEMENT 

MODELLING OF 3D SURFACE ASPERITY 

FLATTENING IN UNIAXIAL PLANAR 

COMPRESSION  

 

In this chapter two case studies are introduced. Firstly, 3D surface asperity flattening 

in uniaxial planar compression has been investigated by crystal plasticity finite 

element method (CPFEM), and then the influence of the strain rate on 3D surface 

asperity flattening in uniaxial planar compression is discussed.  

 

6.1 3D surface asperity flattening in uniaxial planar compression 

 

6.1.1 Introduction 

 

Surface quality is always a key issue in manufacturing industries. As an important 

parameter, the surface roughness of cold metal manufactured products is an 

interesting topic in the metal forming process. There are many factors related to 

variations in surface roughness such as the original surface roughness, grain size, 

crystal structure and orientation, texture distribution, loading path, stress-strain state 

(deformation mode) and tool surface, etc [2]. During plastic deformation, 

unconstrained metal surfaces tend to become rough. Osakada and Oyane [5] found 

that surface roughening increases with strain and it is greater in coarser grain 

materials or metals with a small number of slip systems. Therefore, CPH (close 

packed hexagonal) metals roughen most, FCC (face centred cubic) material less, and 
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BCC (body centred cubic) materials the least. Tokizawa and Yosikawa [6] further 

discussed the influence of two material phases on the roughening process. Chen et al. 

[7] found that grain rotation is the most important factor. Becker [8] established a 

model to address the influence of inhomogeneities in deformation by suggesting that 

unconstrained deformation at the surface causes grain displacement in a direction 

normal to the surface, and thereby increases the overall surface area. Stoudt and 

Ricker [56] carried out a tensile experiment with AA5052 alloy. They demonstrated 

that the roughening rate (dRa/dεpl

 

) is dependent on the grain size, and pointed out 

that the surface roughening of a polycrystalline material is a highly complex process 

related to multiple deformation mechanisms. 

On the other hand, most metal forming are strain constraint processes such as rolling 

and compression. A surface asperity flattening process exists when the tool contacts 

the workpiece. Wilson et al. [11, 69] have investigated the effect of bulk plasticity on 

asperity flattening when the lay of the roughness is parallel to the direction of bulk 

straining (longitudinal roughness). They found that the rate of asperity flattening 

with bulk straining was related to the spacing and pressure of asperities. Makinouchi 

et al. [12] used elastic-plastic finite element solutions for the case of transverse 

roughness. Wilson and Sheu [69] also found out that a large increase in the contact 

area, with bulk strain and a reduction in the load, are needed for bulk yielding. 

Sutcliffe [13] tested and developed Wilson and Sheu’s theories and pointed out that 

the high pressure between contacting asperities and the deformation body of bulk 

material affects the asperity deformation. Dieter [14] found that the inhomogeneous 

deformation mechanisms that generate surface roughening also initiate localised 

strains which induce necking, tearing, or wrinkling in the component during the 

forming process. Wilson [15] also points out that inhomogeneous deformation can 

accelerate die wear by increasing the friction and abrasion between the metal sheet 

and the die. Groche [16, 17] analysed the surface evolution caused by contact loading 

in a 2D-plane strain finite element (FEA) model and established a correlation 

between the surface topology, grain size, and surface evolution. 

 

However, there are few studies on the interaction between surface asperity flattening, 

and texture and reduction by crystal plasticity theory. In previous work we analysed 
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the relationship between surface asperity flattening, friction [189] and grain size 

[190] by establishing a 2D crystal plasticity finite element model. In order to work 

out the relationship between the surface asperity flattening, reduction, and grain 

orientation of the sample, a 3D surface roughness model has been established to 

analyse the development of surface roughness and grain orientation by using the 

crystal plasticity finite element method. Compared to the 2D surface roughness 

model, the 3D model is able to show the development of surface asperity and texture 

in the third dimension. Because its ductility is highly multiaxial, a thin sheet of 6061 

aluminium alloy has been selected as the experimental material in this study. The 

simulation results show a good agreement with the measured parameters. The 

development of surface asperity shows a certain dependence on the gauged 

reduction. Certain crystallographic orientation ([111]) of near surface grains also 

plays a significant role in the development of surface roughness. 

 

6.1.2 Material and experimental procedure 

 

The material is Al 6061alloy. All the samples were annealed before compression by 

being heated to 450 °C for 2 hours in a furnace and then allowed to cool in the 

furnace. The samples were manufactured by an automatic grinding/polishing 

machine (with ridge and valley) so that after grinding the surface roughness was 

approximately 0.70 µm (Ra

 

). 2D and 3D profile meters were used to measure the 

surface roughness. The measured area is marked to ensure it can be tracked after 

compression. Any errors in surface roughness between the samples are less than 0.05 

µm. When compression takes place, the sample is constrained in the transverse 

direction to ensure the surface roughness develops along the rolling direction. The 

compression equipment comprises a compression mould and tool. To help handle the 

samples, the compression mould also includes two separate parts which are 

assembled by a screw. The samples are approximately 10 mm×10 mm×6 mm, as 

shown in Figure 6.1c. The compression test was carried out by INSTRON 8033 

Material Testing Machine. The compressing equipment is shown in Figure 6.1. The 

contact surface of the compression tool has been polished to a surface roughness of 

approximately 10-20 nm. The parameters are shown in Table 6.1.  
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The strain rate is 0.001 s-1, 

 

but controlling the strain rate on the MTS is difficult so a 

displacement rate is used instead [189]. The relationship between the strain rate and 

displacement rate can be obtained by Equation (5.17) of Section 5.5.1. 

Table 6.1 Compression schedule 

Sample Height 
(mm) 

Reduction 
(%) 

Strain rate 
(s-1

Displacement 

rate (mm/min) ) 
Displacement 

(mm) 
Height after 

deformation (mm) 

1 6.3 10 0.001 -0.359 0.63 5.67 

2 6.3 20 0.001 -0.339 1.26 5.04 

3 6.3 40 0.001 -0.296 2.52 3.78 

4 6.3 60 0.001 -0.248 3.78 2.52 

 

 

            

         (a)                                               (b)                                      (c) 

 
Figure 6.1 Compressing equipment and sample: (a) compression mold, (b) 

compression tool, and (c) sample. Unit: mm 

The microstructure and grain orientation were examined by JOEL 7100F FEG SEM 

(Field Emission Gun Scanning Electron Microscope). The scanning area on the 

sample is at the centre of the TD (Transverse Direction) plane of the sample. The 

microstructures of the annealed sample are shown in Figure 6.2. The hardness is 

measured by an M-400-H1 Hardness Testing Machine. In the hardness test, hardness 

in the ridges and valleys were measured. The valley and ridge were identified by the 

sequence of focus in the experiment. First focus area is the ridge and the following 

area is the valley. 
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Figure 6.2 Microstructure before compression (450 °C, 2 h) 

 

6.1.3 Crystal plasticity finite element model 

 

The relationship between a single crystal and polycrystal is too complicated to be 

directly expressed so some assumptions have been given to simplify the relationship 

between the single crystal and polycrystal. The most widely used approach to obtain 

the response of a polycrystal aggregate from that of an individual crystal (or a region 

within a grain) is to use the extended Taylor’s assumption of iso-deformation 

gradient in all of the crystals composing the polycrystal. Furthermore, if all grains are 

assumed to be the same size, the Cauchy stress in the polycrystal can be taken as a 

simple average number of the Cauchy stresses in the various crystals [99, 190].  

 

In order to understand the relationship between the surface roughness, reduction and 

grain orientation (texture), a 3D crystal plasticity finite element polycrystal model 

has been developed. The 3D model has 840 C3D8R reduced integration elements. 

Some elements on the top surface are small. So to keep the weight function of 

orientation in the modelling, every four neighbouring elements at the top surface 

have one orientation. There are 280 elements in total, with 70 Euler angle triplets. 

The other 560 elements follow the rule of fully finite element model: one element 

with one orientation. A spatial distribution of orientations has been assigned on a 



CHAPTER 6 CRYSTAL PLASTICITY FINITE ELEMENT MODELING OF 3D 
SURFACE ASPERITY FLATTENING IN UNIAXIAL PLANAR COMPRESSION  

 171 

basis of the EBSD experimental results. The rigid tool and mould both have 460 

discrete rigid elements. The same method shown in Section 5.5.3 is used in this study: 

Kalidindi’s method [188] is used to incorporate crystal plasticity into FEM. The 

constitutive model and time integration procedures were implemented into the 

implicit finite element code ABAQUS by using the user material subroutine UMAT. 

The combination of slip systems were taken into account during modelling, including 

12 {110}<111>. It is assumed that the shearing rate is equal on each slip system 

[187]. 630 Euler angle triplets from the experimental results are input into ABAQUS 

as the initial crystallographic condition of the model. All the parameters are taken as 

in Table 5.1. Elasticity tensors are taken as C11=106750 MPa, C22=60410 MPa, 

C44 αβq=28340 MPa [184]. The =1.0 for co-planar systems and αβq =1.4 for non co-

planar slip systems [99, 191]. The other material parameters are set according to 

reference [133, 192]. 

 

 
 

Figure 6.3 3D finite element model and mesh 

 
In the simulation, direction 1 (Figure 6.3) corresponds to the rolling direction, 

direction 2 to the normal, and direction 3 to the transverse direction. The three 

dimensional model is 100 µm×100 µm×100 µm in size. The initial length of the 

surface asperity along the rolling direction is denoted by L0 and the initial height by 

H0. The original average roughness Ra of the samples is 0.72 µm. Becker’s method 
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[8] was used to calculate the average roughness obtained from the simulation and 

experimental results. The surface roughness of the model is determined by the 

experimental results, which is the same as Section 5.54. A line is drawn through the 

surface nodal coordinates. Therefore, the distance from this line to the surface nodes 

is δ [8], and Equation (5.18) is the requirement for the line. Although a few 

differences exist between the 3D surface model and the practical sample profiles, 

they both have the same initial roughness Ra. The average roughness Ra

 

, is 

calculated by Equation (5.19) 

6.1.4 Results and discussion 
 
6.1.4.1 Surface roughness 
 
Due to the consistently contact, it is almost impossible to track the distribution of 

surface roughness during compressing process. Without any lubrication, the 

development of surface roughness shows that the surface asperity becomes flattened 

with an increase in reduction. It can be seen from Figures 6.4 and 6.5 that when 

reduction is less than 10 %, surface roughness decreases from 0.72 to 0.47 µm. The 

relationship between the surface roughness and reduction is linear. At the same time 

the average grain size (in this session, grain size refers to average grain diameter) 

also decreases from 45.7 to 43.5 µm. In this stage, the compression tool mainly 

makes contact with the ridges. Owing to the elasticity of the tool and workpiece, 

elastic deformation of the ridge area contributes significantly to the surface asperity 

flattening process, while the influence of plastic deformation on surface roughness of 

the ridge area is not significant. When reduction is 20 % the flattening rate of surface 

asperity obviously reduces, and the relationship between the surface roughness and 

reduction is nonlinear. The average diameter of the grain decreases from 43.5 to 37.6 

µm, and the influence of plastic deformation on surface asperity flattening increases. 

However, the surface asperity flattening increases quickly when reduction is greater 

than 40 %, and some ridges disappear and some valleys become much shallower. 

The average grain size decreases significantly from 37.6 to 22 µm. Plastic 

deformation of ridge is the main reason for surface asperity flattening in this stage. 

Both results show a good agreement with the results from the previous 2D simulation 

[189, 194]. 
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(a)                                                            (b) 

     

(c)                                                           (d) 
 
Figure 6.4 Surface asperity development under different reductions: (a) 0 %, (b) 10 
%, (c) 20 %, and (d) 40 %  

 

 

 

Figure 6.5 Effects of reduction on surface roughness and grain size  
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The experimental results have also been compared with the simulation results; they 

have a good agreement, and the surface roughness decreases with an increase in 

reduction (Figure 6.6). Moreover, when reduction is less than 10 %, the decrease in 

surface roughness is proportional to the gauged reduction, but when reduction 

exceeds 10 %, the relationship between the surface roughness and gauged reduction 

is non-linear. Surface asperity flattening is obviously influenced by the increasing 

plastic deformation, but when reduction exceeds 40 %, the rate of surface asperity 

flattening decreases. As mentioned above, plastic deformation is the main source of 

deformation in the surface area.  

 

 
 

Figure 6.6 Comparison of simulation and experimental results 

 
6.1.4.2 Analysis of grain size (grain diameter) 

 
All the samples were annealed before being compressed, and therefore the grains are 

equiaxed and the distribution of grain orientation is random. With an increase in 

reduction the grain diameter tends to decrease, but there are two obvious stages in 

this deformation (Figure 6.7). When reduction is less than 10 %, the distribution of 

grain diameter shown in Figure 6.7b is similar to that in Figure 6.7a. In this stage the 

distribution of grain diameter shows certain randomness from the annealing heat 

treatment. When reduction exceeds 20 % (Figure 6.7c), plastic deformation has an 

increasing influence on the microstructure, while the effect of annealing heat 

treatment on the sample becomes weaker. When reduction exceeds 40 %, the 

distribution of grain diameter loses its randomness (it obviously has a preferred 
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orientation). Grain diameter is distributed by a certain rule: majority of grain has a 

smaller grain diameter. A grain diameter of 3.64 µm has the highest relative 

frequency of about 60 %, as shown in Figure 6.7d. The average grain diameter 

decreases significantly from 37.6 to 22 µm. Plastic deformation that resulted from a 

larger gauged reduction has a significant influence on the distribution of grain 

diameter. When reduction is over 60 %, the average grain size of the sample is about 

6.25 µm. The relative frequency of grain diameter of 3.64 µm increases from 60 to 

82 % (Figure 6.7e), and plastic deformation becomes the main source which 

influences the distribution of grain sizes. 
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Figure 6.7 Grain size (diameter) of sample under different reductions: (a) 0 %, (b) 

10 %, (c) 20 %, (d) 40 %, and (e) 60 % 
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6.1.4.3 Analysis of hardness  
 

The hardness of both ridges and valleys increases with reduction (Figure 6.8). When 

reduction is less than 20 %, the increase in Vickers hardness is not remarkable in 

both areas of ridges and valleys. This is because at this stage, work hardening occurs 

but its influence on surface asperity flattening is not very significant. This result is 

consistent with the distribution of grain sizes and Schmid factor. When reduction is 

greater than 20 %, the contribution of plastic deformation to surface asperity 

flattening increases, but when reduction is greater than 40 % the hardness of sample 

increases significantly, as does the work hardening, although the ridge area is harder 

than the valley area under all reductions. During compression the ridge makes 

contact with the tool first, and then the valley. So when the valley area of the 

workpiece makes contacts with the tool, work hardening has already occurred in the 

neighbouring area of the ridge, and therefore deformation in the ridge area needs 

higher stress.  

 

 
 

Figure 6.8 Relationship between hardness and reduction (without lubrication) 

 
6.1.4.4 Influence of the Schmid factor  
 

When a load is applied onto the workpiece (Figure 6.9), the shear stress which acts 

on the slip system along the slip direction can be expressed as [195].  



CHAPTER 6 CRYSTAL PLASTICITY FINITE ELEMENT MODELING OF 3D 
SURFACE ASPERITY FLATTENING IN UNIAXIAL PLANAR COMPRESSION  

 178 

λφσ cos cos
A
Pτnd == y                                        (6.1) 

where P is the load, A is the loaded section, φ  is the angle between the loading axis 

and normal to slip plane, λ  is the angle between the loading axis and slip direction, 

ndτ  is the shear stress of slip system.  

)(αττ =nd                                                      (6.2) 

where )(ατ  represents the critical resolved shear stress. The Schmid factor is defined 

as 

λφ coscos=M                                                (6.3) 

 

 

 

Figure 6.9 Relationship between the stress axis and slip plane and direction [195] 

 
The Schmid factor M is also called the orientation factor or orientation hardness. It 

gives an indication of how easy a slip occurs for a particular slip system. When the 

Schmid factor equals 0.5, slip occurs easily. This orientation is called “soft 

orientation”. If the Schmid factor is 0 the orientation is called “hard orientation”.  
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It is shown that there is a difference in the distribution of Schmid factor in the edge 

area with an increase in reduction (Figure 6.10). In Figure 6.10a most Schmid factors 

of grains range between 0.41 and 0.46, which means that before reduction every 

orientation of FCC metal in the edge area is in the same conditions (annealed 

microstructure). With an increase in reduction some grains obtain higher values of 

Schmid factor, which is close to the “soft orientation area” (The Schmid factor is 

about 0.5). The reason for this is that the slip pushes some grains rotation from “hard 

orientation” to “soft orientation”, and the slip in some grains does not take place. 

When reduction reaches 40 %, dislocation accumulates in grains, and owing to this 

influence, many orientations will shift to “soft orientation” (Figure 6.10d). In some 

darker areas grains have a higher dislocation density in which in-grain shear bands 

appear (Figure 6.11a). A shear band appears in the area which is 4-5 grain sizes away 

from the edge, and strain localisation starts. This result shows a consistency with 

Becker’s results [8]. When reduction is about 60 %, the in-grain shear bands that 

resulted from the slip of grains are very common in the microstructure (Figure 6.11b), 

and most grains are obviously deformed. A few transgranular shear bands appear in 

the area with a high dislocation density but when the transgranular shear band is 

formed, some new grains will generate from the broken grains. In other words, the 

slip overcomes the barrier of grain boundary and crosses the grain boundary in this 

area. Obviously, it is true that the surface asperity and texture will be location 

dependently, which is going into my future research project. 
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Figure 6.10 Distribution of Schmid factor under different reductions: (a) 0 %, (b) 10 

%, (c) 20 %, (d) 40 %, and (e) 60 % 

 

 

(a) 
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(b) 
 
Figure 6.11 Shear bands and deformed grains: (a) 40 % reduction, and (b) 60 % 

reduction 

 

6.1.4.5 Stress-strain analysis 
 

With an increase of true strain, the experimental and simulated stresses show the 

same tendency (Figure 6.12), and there are two obvious stages in the stress-strain 

curves. When reduction is less than 10 %, the relationship between the stress and 

strain is linear but if reduction exceeds 20 %, plastic deformation takes place in the 

sample. In this experiment the strain rate is about 0.001 s-1

 

. The simulation result is 

higher than the experimental result because the model applied in the simulation has 

been modified from Taylor’s model [88], and the minimum energy dissipation is 

used to analyse the deformation [88, 194]. In one grain, only five independent slip 

systems were considered, and there are twelve potential {111}<110> slip systems in 

one grain. The simulation result also shows a good agreement with Kalidindi [117] 

and Pi’s [164] research results. 
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Figure 6.12 Stress-strain analysis of experiment and simulation 

 

6.1.4.6 Analysis of pole figure 
 

Normally, the close packed plane in FCC metal is {111}. In this study the pole figure 

{111} is used for analysis. Before compression the sample has a cubic texture 

{100}<001> (Figure 6.13, reduction 0 %). The predicted result has been compared to 

the experimental result, both of which show the same texture development. In the 

pole figure {111}, with an increased reduction, the brass orientation {110}<112> of 

silk texture becomes obvious while the cubic texture {001}<100> becomes weaker. 

When reduction is about 60 % (true strain is about 0.91), the brass orientation 

{110}<112> of silk texture is very strong in areas a and d of Figure 6.13. Meanwhile, 

a few S orientations {123}<634> appear in areas b and c. The results basically agree 

with the Sarma and Dawson’s results [118], which show a consistent development in 

hardness and grain size. 
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Figure 6.13 Comparison of the experimental pole figures with the simulation results 
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6.1.4.7 Orientation sensitivity of surface feature 
 
Figure 6.14a shows the orientation of grain at the centre of the top surface on Al 

workpiece by the FEG-SEM (Field Emission Gun-Scanning Electron Microscope). 

The workpiece has experienced a uniaxial planar compression of 60 % reduction 

without lubrication. Scale of FEG-SEM figure is 200 µm, and the scan step is 0.5 µm. 

Shear bands that resulted from localised strains are obvious in the grains of [101] and 

[111] orientations. The grains of [101] and [111] orientations have a high intensity at 

the centre of the top surface. Grains with orientation [100] are in an area that is 

several diameters of grains away from the centre of the top surface. Compared to 

those orientated in [100], in the top surface area of the workpiece, grains orientated 

in [111] show a much stronger tendency of evolution. Aicheler et al [196] found that 

regions of [111] orientation have highly developed surface features at the top surface 

of RFF (Radio-Frequency-heating fatigue) FCC copper, while regions of [100] have 

no significantly developed surface features, as shown in Figure 6.14b. Despite the 

different FCC materials and deformation modes (Copper and Aluminium are all FCC 

material but different metals, and the deformation mode of Aicheler et al is different 

from ours), both results show a good agreement. Different orientated grain has 

various evolvements in the plane stress state. The order of this inhomogeneity was 

calculated by Wikstroem et al. [197] and Baker et al [198]. Moenig [199] who also 

confirmed that the ratio between the plane stresses in [111] and [100] is about 2.3 

(σ111/σ100

 

). For aluminium, the stresses in different orientations are also different. 

The practical ratio of stresses in different orientations will be investigated further.  

 
(a) 
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(b) 
 
Figure 6.14 Orientation distribution of SEM picture (a) aluminium SPC, and (b) 

copper RFF [196] 

 

6.1.5 Conclusions 

 

There are three obvious stages in the surface asperity flattening of a rough surface in 

uniaxial planar compression. When reduction is 10 % or less, the elastic deformation 

of asperities on the workpiece plays an important role in the surface asperity 

flattening of the workpiece, while the influence of plastic deformation on the surface 

roughness is insignificant. When reduction is less than 20 %, plastic deformation of 

asperities takes place on an elastic substrate at the centre of the top surface. If 

reduction exceeds 40 %, the in-grain shear band appears in some grains which are 4-

5 grains distance away from the edge, and localised strain starts in this area. When 

reduction exceeds 60 %, most grains have plastic slips. The material in the centre of 

the sample’s top surface is inhomogeneous.  

 

With an increase in reduction, both the grain size and surface roughness decrease 

while the stress increases. The simulation result agrees with the experimental one. 

The simulation results also show that with an increase in reduction, the cubic texture 

{001}<100> is weak, while the brass orientation {110}<112> becomes strong. From 

the experimental results, the surface roughness shows obvious grain orientation 

sensitivity to the orientations of near-surface grains. In this study, the oriented {111} 

grains are the main source of localised strains. 
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6.2 Influence of strain rate on 3D surface asperity flattening in uniaxial planar 

compression 

 

6.2.1 Introduction 

 

In Section 6.1, 3D surface asperity flattening in planar compression has been carried 

out by the CPFEM method, and some related parameters (for example surface 

roughness, hardness, stress, texture etc.) were investigated. In this Section the effect 

of the strain rate on 3D surface asperity flattening has been studied.  

 

In metal forming process, the strain rate is an important parameter. Practically, most 

metal materials are rate dependent, and therefore the strain rate can influence many 

properties of metal forming products such as the strength, stress, facture, 

microstructure, work hardening, plasticity, and so on. There are many reports that 

mentioned the effects of the strain rate. Liu et al. [200] developed a combined finite 

element (FE) simulation and discrete dislocation dynamics (DD) approach to 

investigate the dynamic deformation of single-crystal copper at mesoscale. They 

found that with an increase in the strain rate, the yield stress of single-crystal copper 

increases rapidly, the formed shear band width also increases. Travis et al. [201] 

studied the interactive effects of strain, strain rate, and temperature in the severe 

plastic deformation of copper. They pointed out that nano-twinning was 

demonstrated at strain rates as small as 1000 s-1 at -196 °C, and at strain rates of ≥ 

10000 s-1 even when the deformation temperature was well above room temperature. 

Serebrinsky et al. [202] investigated the effect of the strain rate on the stress 

corrosion crack propagation rate for strain rates covering a range of values from 10-6-

20 s-1. They found that the accelerating effect of the strain rate was always higher for 

intergranular stress corrosion cracking than for transgranular stress corrosion 

cracking. Serebrinsky and Galvele [203] also pointed that increasing the SR (strain 

rate) causes a monotonic increase of the log CPR (crack propagation rate) to take 

place. Wu et al [204] analysed the inverse effect of strain rate on the mechanical 

behaviour and phase transformation of super-austenitic stainless steel, and pointed 

out that the ductility of super-austenitic stainless steel increases significantly with an 
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increase in the strain rate. Papakaliatakis [205] analysed the strain rate on crack 

growth in aluminium alloy 1100-0 and found that compared to plasticity theory, the 

strain rate dependent model would predict a lower load for crack initiation. Urcola 

and Sellars [206] investigated the effect of changing the strain rate on stress-strain 

behaviour during high temperature deformation and found that in both the ferritic 

stainless steel and Al-l % Mg alloy, the flow stress is only dependent on the 

instantaneous strain rate and not on how this strain rate is reached. Vaynman et al 

[207] studied the effect of the strain rate and temperature on the mechanical 

properties and the fracture mode of high strength precipitation hardened ferritic 

steels. They concluded that the effect of the strain rate on the flow stress of a low 

carbon high strength ferritic steel containing nanometer size Cu-Ni-Al precipitates is 

much less than HSLA 65 without these precipitates. Takuda et al [208] investigated 

the effect of the strain rate on the deformation of an Mg-8.5Li-1Zn alloy sheet at 

room temperature and reported that at room temperature, the ductility decreases with 

an increase of strain rate, and the stress is also sensitive to the strain rate. 

Bhattacharyya et al. [209] analysed the effect of the strain rate on the deformed 

texture in OFHC (Oxygen-free high thermal conductivity) copper and found that an 

increase in the strain rate causes an increase in strain hardening which thereby 

influences the texture. Wu and Lin [210] investigated the effect of the strain rate on 

high temperature low-cycle fatigue 17-4 PH stainless steels and pointed out that for 

various heat treated 17-4 PH stainless steels tested at a given temperature, the 

number of cycles to failure consistently decreased with a reduction in strain rate due 

to an enhanced dynamic strain aging effect. Zhang and Shim [211] studied the effect 

of the strain rate on the microstructure of polycrystalline oxygen free high 

conductivity copper that had been severely deformed by liquid nitrogen. They 

pointed out that a difference in the strain rate leads to a change in the density, 

character, and arrangement of dislocations, as well as the size and configuration of 

the dislocated cells/(sub)grains in the deformed sample. They also identified that a 

strain rate of 103 s-1 is the threshold for the formation of local deformation bands 

which characterise the heterogeneity of deformation at high strain rates. 

Kodeeswaran and Gnanamoorthy [212] analysed the effect of the strain rate on the 

formation of a nanocrystalline surface of AISI 304 SS (American Iron and Steel 

Institute 304 stainless steel) as a result of a controlled ball impact process. They 
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pointed out that the surface roughness of these treated samples depends on the strain 

rate exerted and the velocity at which the samples were travelling. Eghbali [213] 

analysed the effect of the strain rate on the microstructural development of 

microalloyed steel using torsion equipment and found that at a lower strain rate, the 

continuous dynamic recrystallised grains enlarge under a high strain rate 

deformation, when the time for grain growth is diminished and the coalescence of 

continuous dynamically recrystallised grains is inhibited. Percy [214] analysed the 

influence of the strain rate on the forming limit diagram of sheet metal in tensile test 

and pointed out that the strain hardening exponent falls as the strain increases. Qin et 

al. [215] analysed the mechanism of the strain rate based on dislocation theory and 

then proposed that the strain rate criteria rather than stress criteria should be satisfied 

when a metal is fully yielded at a given strain rate. 

 

However, there are no reports about the effect of the strain rate on the surface 

asperity flattening (surface roughness change) process. On the basis of our 

experimental results, we investigated the relationship between surface asperity, 

friction [189], and grain size [190] by applying a 2D crystal plasticity finite element 

model. In Section 6.1 we analysed the relationship between surface asperity 

flattening, reduction and texture, and grain orientation with a 3D surface roughness 

model [216]. In this study, on the basis of Section 6.1, the influence of the strain rate 

on the surface asperity flattening process has been analysed. Both the simulation and 

experimental results agreed under the same reduction, the sample deformed with a 

higher strain rate has a much flatter surface (lower surface roughness Ra

 

) than the 

one with a low strain rate. Increasing the strain rate generally increases the rate of 

work hardening at smaller strains, while at larger strains, the work hardening rate 

decreases with an increasing strain rate due to adiabatic heating. The strain rate also 

plays an important role in the development of texture. 

6.2.2 Material and experimental procedure 

 

The material used here was also Al 6061alloy samples annealed before compression 

in a furnace heated to 450 °C for 2 hours, and then cooled in the furnace. The 

samples are ground by automatic grinding/polishing machine (with ridges and 
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valleys). Surface roughness of the samples after grinding was kept at about 0.70 µm 

(Ra

 

). 2D and 3D profile meters were used to measure the surface roughness. The 

same method as Section 6.1.2 was used to trace the samples before and after 

compression. Any errors in surface roughness between different samples were less 

than 0.05 µm. When compression takes place, the sample is constrained in a 

transverse direction and the surface roughness develops along the rolling direction. 

The same compression equipment was used in this study (Figure 6.1) and the 

samples were also about 10 mm×10 mm×6 mm in size, as shown in Figure 6.1c. The 

compression test was carried out by applying the compression tool in the INSTRON 

8033 Material Testing Machine. The contact surface of the compression tool was 

polished to about 10-20 nm. The parameters are shown in Table 6.1.  

Table 6.2 Compression schedule for different strain rates 

Sample 
Height 

(mm) 

Reduction 

(%) 

Strain rate 

(s-1

Displacement 

rate 

(mm/min) 
) 

Displacement 

(mm) 

Height after 

deformation 

(mm) 

1 6.3 10 0.001/0.01 -0.359 0.63 5.67 

2 6.3 20 0.001/0.01 -0.339 1.26 5.04 

3 6.3 40 0.001/0.01 -0.296 2.52 3.78 

4 6.3 60 0.001/0.01 -0.248 3.78 2.52 

 

 

Two strain rates have been applied in this study: 0.001 and 0.01 s-1

 

. However, it is 

difficult to control the strain rate on the INSTRON equipment so the displacement 

rate was used instead [189]. The method for controlling the strain rate is the same as 

in Section 6.1.2. The relationship between the strain rate and displacement can be 

obtained from Equation (6.1). 

The hardness was measured with an M-400-H1 Micro-hardness Testing Machine 

using the same method in Section 6.1.1, and during this test, hardness under different 

strain rates was measured. The ridges and valleys on the top surface of the same 

sample were also measured and identified by the sequence of focus in the experiment. 

The first area of focus was the ridge and the second area was the valley.  
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6.2.3 Crystal plasticity finite element model 

 

The same crystal plasticity finite element model has been used to analyse the strain 

rate effect on surface asperity flattening, and the 5 assumptions used for a single 

crystal were still used in this simulation. 

 

6.2.3.1 Slip systems of FCC crystals 
 

The key point with plastic deformation is how to ensure which slip system is 

activated and how many slip systems are deformed. The Taylor model is the main 

answer to this problem. It is assumed that 5 independent slip systems in a grain will 

take the function of slip deformation [88].  

 

We all know that different crystals have different slip systems, but in FCC crystals 

there are 12 {111}<110> slip systems (Figure 6.15).  

 

          
 
Figure 6.15 Slip systems of FCC crystal: slip planes {111}, slip directions <101> 

[88] 

 

On the basis of the Taylor model the imposed strain rate can be obtained from the 

following equation.  
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In Section 3.3, the slip law can be obtained by Equations (3.19) - (3.23). On the basis 

of these equations, the strain rate tensor ε  and rotation tensor ω  can be written as a 

combination of all the slip systems. They are shown as  
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6.2.3.2 Set of five independent slip systems 

 

Following the Taylor assumption, the set of five independent slip systems can be 

determined by the minimum dissipation of energy. It is shown in Equation (6.7). 

∑=
α

ααq γτW                                                       (6.7) 

For non hardening material: 

τα = τs      

The minimum dissipation of energy can be obtained by the following equation. 

                                                       (6.8) 

∑=
α

α
s

q γτW                                                   (6.9) 

6.2.3.3 Slip law 

 

In plastic deformation all the slip systems obey the following equations. Based on 

Equations (6.5) and (6.6), the strain rate tensor and rotation tensor can be expressed 

bellow:  
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The strain rate tensor is 
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The rotation tensor is 
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The power law of strain hardening can be expressed by Equation (3.65). On the basis 

of Equation (3.66), the stress tensor can be expressed as  

( )TT smms )()()()(
)()(

)1(

2
1 αααα

αα
∗∗∗∗ +•=⊗⋅≈ σmsTτ                  (6.12) 

 
6.2.3.4 Strain rate tensor in a uniaxial stress state  

 

In a FCC crystal the uniaxial stress (without friction) is shown in Figure 6.16. 

 

 
 
Figure 6.16 Schematic uniaxial stress in a FCC crystal 

 

a) Applied stress 

 

The applied stress for uniaxial stress is  

 
















0    0    0
0    0    0
0    0   σ

                                                   (6.13) 
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b) Slip systems 

 
In a FCC crystal, there are 12 potential slip systems in total shown in Table 6.3. 

 
Table 6.3 12 potential slip systems of a FCC crystal 

System s m(a) (a) 

1 ]111[
3

1  ]110[
2

1 −
 

2 ]111[
3

1  ]110[
2

1 −
 

3 ]111[
3

1  ]101[
2

1 −
 

4 ]111[
3

1 −
 ]101[

2
1  

5 ]111[
3

1 −
 ]110[

2
1 −

 

6 ]111[
3

1 −
 ]110[

2
1  

7 ]111[
3

1 −−
 ]011[

2
1  

8 ]111[
3

1 −−
 ]101[

2
1  

9 ]111[
3

1 −−
 ]101[

2
1 −

 

10 ]111[
3

1 −−
 ]011[

2
1  

11 ]111[
3

1 −−
 ]110[

2
1 −

 

12 ]111[
3

1 −−
 ]110[

2
1  

 

c) Pα
 

 matrices 

In Section 3.21, Pα matrices can be obtained by Equation (3.20). In a uniaxial strain 

state the Pα matrices are calculated as 
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Table 6.4 Pα

















2    0     1
0   2-  1-
1   1-    0

62
1

 Matrices 

 
















2 -   1-   0
1-   0     1
 0     1    2

62
1  

















0    1    1-
1    2    0 
1 -  0   2-

62
1  

















2    1     0
1    0     1
0    1   2-

62
1  

















2    0    1-
0    2-   1 
1-   1     0

62
1  

















0    1      1
1    2    0 
1    0   2-

62
1  

















2    0    1-
0    2-  1-
1-   1-    0

62
1  

















2   1-    0 
1-  0     1-
0   1-   2-

62
1  

















0    1    1-
1    2-   0
1-   0    2

62
1  

















2 -   0    1-
0     2    1-
1-   1-    0

62
1  

















2    1-   0
1-   0     1
0    1   2-

62
1  

















0    1-   1-
1-   2    0 
1-   0   2-

62
1  

 

d) Stress of different slip systems  
 

In any slip system, if the stress meets Equations (6.8) and (6.12), this slip system will 

be activated. The calculated stress of different slip systems li listed in Table 6.5. 

 

Table 6.5 Calculated stress of different slip systems 

Slip 

system 
1 2 3 4 5 6 

τ 0 
6
σ  

6
σ−  

6
σ−  0 

6
σ−  

 

e) Total strain rate  

 

The total strain rate in a grain can be obtained as  

Slip 

system 
7 8 9 10 11 12 

τ 0 
6
σ−  

6
σ  0 

6
σ−  

6
σ−  
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














=

8-   0     0
0    8-   0
0    0   16

62
γ

ε                                               (6.14)  

6.2.3.5 3D model and mesh 

 

The model and its mesh is the same as in Section 6.1.3.3 (Figure 6.3). The 3D model 

has 840 C3D8R reduced integration elements. Some elements on the top surface are 

small. To maintain the weight of orientation in modelling, every four neighbouring 

elements at the top surface have one orientation. There are 280 elements in total, 

with 70 Euler angle triplets. The other 560 elements follow the rule of a fully finite 

element model: one element with one orientation. The spatial distribution of 

orientations is assigned on the basis of the EBSD experimental results. The rigid tool 

and mould both have 460 discrete rigid elements. Kalidindi’s method [188] was used 

to incorporate crystal plasticity into FEM. The constitutive model and time-

integration procedures were implemented into the implicit finite element code 

ABAQUS using the user material subroutine UMAT. It is considered that during the 

modelling, the combined slip systems include 12 {110}<111> slip systems (slip 

planes and slip directions). The shearing rate on each slip system [186] is assumed to 

be identical. 630 Euler angle triplets from the experimental results were input into 

ABAQUS as the initial crystallographic condition of the 3D model. All the 

parameters of simulation are taken from Table 5.1 as a reference. Elasticity tensors 

were taken as C11=106750 MPa, C22=60410 MPa, C44

αβq

=28340 MPa [184]. The 

=1.0 for co-planar systems and αβq =1.4 for non co-planar slip systems [99, 191]. 

The other material parameters were set according to reference [133,192]. 

 

6.2.4 Results and discussion 

 

6.2.4.1 Surface roughness 

 

From Figures 6.17 and 6.18, it can be seen that with an increase of reduction, the 

surface asperity of the samples tends to be flattened. In the evolution of surface 

asperity, the strain rate plays an important role: under the same reduction, the sample 
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deformed with a higher strain rate has a much flatter surface (with a lower surface 

roughness Ra

ε

) than the sample deformed at a lower strain rate. In other words, with 

an increase in reduction the sample with a higher strain rate has a higher flattened 

rate of surface asperity than the sample with a lower strain rate. Equations (6.5) and 

(6.10) show the relationship between the applied macroscopic strain rate  and the 

shear rate γ  of the slip system. The shear rate γ  is proportional to the applied macro 

strain rate ε . Therefore, increasing the applied macroscopic strain rate ε  will 

increase the shear rate γ  of slip systems in the surface area. Then, under the same 

reduction the sample deformed at a higher strain rate will activate more slip systems 

in the surface area. Furthermore, the sample with the higher strain rate will have 

more surface deformation than the sample with the lower strain rate. So under the 

same reduction, the sample with a higher strain rate will have a much flatter surface 

than the sample with a lower strain rate. When reduction is 40 %, the surface 

roughness Ra

 

 of the sample with a higher strain rate is 0.16 µm, while the sample 

with a lower strain rate is only 0.09 µm. 

 
 

Figure 6.17 Influence of strain rate on surface roughness 
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Reduction (%) Strain rate 0.001 s Strain rate 0.01 s-1 -1 
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Figure 6.18 Evolution of surface asperity under different strain rates 



CHAPTER 6 CRYSTAL PLASTICITY FINITE ELEMENT MODELING OF 3D 
SURFACE ASPERITY FLATTENING IN UNIAXIAL PLANAR COMPRESSION  

 199 

6.2.4.2 Flow stress 
 

Figure 6.19 shows the influence of the strain rate on flow stress; when samples 

experience the same plastic strain, the sample with higher strain rate will have higher 

flow stress. When the strain exceeds a certain value (in this study about 0.4), the 

influence of the strain rate on flow stress is more significant. This result agrees with 

that of Qin et al. [215]. They used the stress dependence of dislocation velocity 

equation to analyse the relationship between the stress and strain rate. The equation 

is shown as  

 

 
(a) 

 

(b) 
 
Figure 6.19 Influence of the strain rate on flow stress  
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qm
qTAv =

−
                                                        (6.15) 

 where qA  and qm  are the material constant, 
−
v  is the dislocation velocity, and T is 

the stress. In our study, the power law of strain hardening has been applied, as 

mentioned in Equation (3.65), and it includes information on resistance to slip shear 

and saturated deformation. It is much accurate than Equation (6.15).  

 
With an increase in the strain rate, the shear rate of the slip system will also increase, 

and in some areas the dislocation density will increase. Therefore, the flow stress 

increases with an increase in the strain rate.  

 
6.2.4.3 Hardness 
 
a) Difference between valley and ridge  

 
Figure 6.20 shows the evolution of the ridge and valley areas of the sample in the 

surface asperity flattening process respectively. Figures 6.20a and b both show the 

same tendency as in Section 6.1.4.3; with an increase of reduction, the sample 

becomes harder as well. Under the same reduction, the ridge area is more likely to be 

harder than that of the valley. During deformation the compression tool makes 

contact with the ridge first, and then the valley, when the compression tool makes 

contact with the ridge, deformation has already occurred in this area.  

 

 
(a) 
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(b) 

 
Figure 6.20 Difference in hardness between the ridge and valley areas 

 

b) Influence of the strain rate  
 
Figure 6.21 shows the influence of the strain rate on the hardness of the sample, it 

can be seen that the influence is non-linear. There are different stages in the 

evolution of hardness because when the reduction is lower (in this study less than 

60 %), increasing the strain rate generally increases the hardness (work hardening 

rate). At a larger reduction (in this study it exceeds 60 %), the hardness of the sample 

with a higher strain rate is lower than the sample with a lower strain rate. Increasing 

the strain rate decreases the hardness under the same reduction. This result agrees 

with the results of Link et al. [217]. When reduction is low, increasing the strain rate 

can increase the shearing rate of slip systems, and also increase the density of 

dislocation. When reduction exceeds a certain value, the dislocation motion will 

overcome the barrier of grain boundary. In some areas, the density of dislocation 

decreases. 
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(a) 

 

(b) 
 
Figure 6.21 Influence of the strain rate on hardness 

 

6.2.4.4 Comparison of simulation and experimental results 

 

(a) Effect of the strain rate on flow stress 

 

Figure 6.22 shows the experimental and simulation results considering the effect of 

strain rate on stress. Both the experimental and simulation results agree that at room 

temperature the strain rate plays an important role in the stress in uniaxial planar 
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compression. At a smaller strain (0.3 in the experiment and 0.2 in the simulation), the 

influence of the strain rate on stress is not significant. In this stage, any elastic 

deformation in the surface area is perhaps the main source of deformation. For elastic 

deformation, the relationship between the stress and the strain is linear because the 

stress depends only on the elastic modulus, so increasing the strain rate has no 

significant influence on stress. At a larger strain, stress increases by the rise of strain 

rate. In the larger strain case, the main deformation is plastic deformation. It can be 

obtained from Equations (6.5) and (6.10) that the shear rate strain rate γ  is 

proportional to the applied macro strain ε . With an increase of the shear rate γ , 

more slip systems will be activated and the density of dislocation will also increase. 

As a result of strengthening dislocation, the stress increases. 

 
Due to an assumption by the model, a simplification of the calculation and the 

difference between the experimental and simulation conditions, there is a difference 

between the simulated and experimental results. Generally, the calculated stress is 

lower than the experimental one. When the strain is about 1.0 and the strain rate is 

0.01 s-1, the experimental stress is about 230 MPa, while the calculated stress is only 

200 MPa. In the experiment, when the strain is about 1.0, the stress with a strain rate 

of 0.001 s-1 is much lower than with a strain rate of 0.01 s-1

 

. On the other hand, the 

influence of the varied strain rate is not significant.  

 

(a) 
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(b) 
 

Figure 6.22 Strain rate effect on stress: (a) experimental, and (b) simulation 

 

(b) Effect of strain on surface roughness (Ra

 

) 

In Figure 6.23 the experimental and simulation results both show the same tendency; 

increasing the strain rate can lead to a decrease in surface roughness under the same 

reduction. When reduction is less than 10 %, the effect of the strain rate on surface 

roughness is insignificant. At this stage elastic deformation plays an important role in 

the surface asperity flattening process. Because the strain rate has no obvious effect 

on elastic deformation, increasing the strain rate shows no significant influence on 

surface roughness. When the gauged reduction exceeds 10 % the effect of plastic 

deformation on surface area increases. Assumed slip is the only deformation mode, 

so increasing the strain rate can lead to an increase in slip by increasing the slip shear 

rate. This will increase the surface deformation even under the same reduction state. 

Therefore, the surface roughness will decrease greatly according to an increase in the 

strain rate.  
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(a) 

 

(b) 
 

Figure 6.23 Effect of the strain rate on surface roughness Ra

 

: (a) experimental, and 

(b) simulation 

(c) Effect of the strain rate on texture  

 
Figure 6.24 shows the influence of the strain rate on the pole figures of the sample 

under 60 % reduction. Compared to pole figures with a strain rate of 0.001 s-1, pole 

figures with strain rate of 0.01 s-1 have no obvious difference. In this study, every 

experiment has been carried out at room temperature, and the two applied strain rates 

are quite small. Deformation under the two strain rates belongs to the quasi-static 
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deformation, and compared to the other dynamic deformation, the difference 

between the two applied strain rates are small. The above two reasons may contribute 

to the results shown in Figure 6.24. The results agreed with those of Bhattacharyya et 

al. [209]. 

 
Pole figure type Strain rate 0.001 s Strain rate 0.01 s-1 -1 

100 

  

101 

  

111 

  
 

Figure 6.24 Effect of the strain rate on texture (reduction 60 % without lubrication) 

 

6.2.5 Conclusions 
 
The influence of the strain rate on surface asperity flattening has been divided into 

two stages: in elastic deformation, due to the linear relationship between the stress 

and the strain, the influence of the strain rate on surface asperity flattening is 

insignificant. In plastic deformation the role of the strain rate on surface asperity 

flattening is shown in Figure 6.25. 
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During plastic deformation, with an increase of strain rate, the shear rate of the slip 

systems in the surface area will also increase. This will lead to more slip systems 

being activated and an increase in dislocation density of the surface areas, and the 

work hardening increases as well. Flow stress in the surface areas will increase 

following the rise of strain rate. The above phenomenon means that under the same 

reduction, the rate of surface deformation increases with a rise of strain rate. So at 

larger strain rates surface asperity flattening will be accelerated. In other words, the 

surface roughness decreases greatly.  

 

 
 
Figure 6.25 Influence of the strain rate on surface asperity flattening (in plastic 

deformation) 

 

In plastic deformation the influence of the strain rate on parameters can be obtained 

as 

 

(1) The strain rate plays a significant role in surface asperity flattening by 

changing the slip shear rate. In uniaxial planar compression, the relationship 

between the macroscopic strain rate and the shear rate is linear.  

(2) Under the same reduction, the surface roughness with a higher strain rate 

(0.01 s-1) has a larger flattening rate (lower roughness Ra) than a surface 

with a lower strain rate (0.001 s-1

(3) The influence of the strain rate on flow stress can be divided into two stages: 

in elastic deformation stage where the strain rate has no obvious influence 

). 

Strain rate ε  

 

Macro deformation 

 

Flow stress 

Shear rate γ  Slip and Dislocation  Surface deformation 

Working hardening Surface asperity flattening 

Surface roughness Ra 
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on the flow stress, while in the plastic deformation stage the flow stress 

increases according to a rise in the strain rate. 

(4) At a lower strain the Vickers hardness of both ridge and valley increases 

with an increase in the strain rate, but at a larger strain (60 % in this study), 

the Vickers hardness decreases with an increase of strain rate, and the ridges 

are normally harder than the valleys.  

(5) The simulated results agreed with those from the experimental ones, such 

that an increase in the strain rate leads to a decrease in surface roughness 

while the flow stress increases, even under the same deformation condition.  

(6) There is still a difference between the simulated and experimental results 

where under the same deformation conditions, the simulated stress is much 

lower than the experimental one. At a larger strain, the influence of the 

strain rate on stress is not significant as the experimental one. 

(7) In this study, the strain rate does not show an obvious influence on the 

development of texture.  

 
6.3 New findings 

 
(1) When the reduction is about 40 %, an in-grain shear band appears in 

some grains which are 4-5 grains distance away from the edge, and 

localised strain commences in this area. When reduction exceeds 60 % 

most grains have plastic slips. With an increase in reduction, both the 

grain size and surface roughness decrease while the flow stress increases. 

(2) With an increase in reduction, the hardness of ridges and valleys 

increases. Normally, the ridge area is much harder than the valley area. 

With an increase in reduction the Schimid factor (orientation hardness) of 

the slip system in the surface area will shift from “hard” to “soft”. 

 (3) In uniaxial planar compression, the mechanism of the macroscopic strain 

rate on surface asperity flattening has been built up by establishing a 

linear relationship between the macroscopic strain rate and the slip shear 

rate (especially for plastic deformation). The influence of the strain rate 

on surface asperity flattening is divided into two stages: elastic 

deformation and plastic deformation. In the elastic stage, the strain rate 

has no significant influence on surface asperity flattening. However, in 
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plastic deformation, the strain rate plays a significant role in surface 

asperity flattening, and the strain rate does not show an obvious influence 

on the development of texture.  

(4) Under the same experimental conditions (temperature, reduction, and 

friction), the surface with a higher strain rate has a lower surface 

roughness value of Ra

 

 than the one with a lower strain rate. Flow stress in 

the plastic deformation stage increases due to a rise in the strain rate. At a 

lower strain, the hardness of ridges and valleys both increase with an 

increase in the strain rate, while at a larger strain the tendency is reversed: 

an increasing strain rate can lead to a decrease in hardness. 
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CHAPTER 7 

 

MICROTEXTURE BASED ANALYSIS OF THE 

SURFACE ASPERITY FLATTENING OF ANNEALED 

ALUMINIUM ALLOY IN UNIAXIAL PLANAR 

COMPRESSION 

 

7.1 Introduction 

 

During metal forming processes, surface roughness has a significant influence on 

products quality. The final surface quality of metal products depends on the 

development of surface topology. Numerous research papers show that surface 

evolution is a function of plastic strain, and grain size and orientation [4, 8, 46, 218, 

219]. In practical metal forming processes, the development of surface topology 

includes two types of surfaces: an unconstraint surface and a constraint surface. 

During plastic deformation, unconstrained metal surface tends to become rougher. 

Osakada and Oyane [5] found that surface roughening increases with strain, and it is 

greater for coarser grain materials and for metals with a small number of slip 

systems. Therefore, CPH (close-packed hexagonal) metals roughen the most, FCC 

(face-centred cubic) material less, and BCC (body-centred cubic) materials the least. 

Tokizawa and Yosikawa [6] further discussed the influence of two material phases 

on the roughening process. Chen et al. [7] found that grain rotation is the most 

important factor determining surface roughening. Becker [8] established a model to 

address the influence of inhomogeneities on deformation by suggesting that 

unconstrained deformation at the surface causes grains to displace in a direction 

normal to the surface, which increases the overall surface area. Stoudt and Ricker 

http://en.wikipedia.org/wiki/Aluminum_alloy�
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[56] carried out a tensile experiment with AA5052 alloy and showed that the 

roughening rate (dRa/dεpl

 

) is dependent on grain size, and pointed out that the 

surface roughening of a polycrystalline material is a highly complex process 

resulting from multiple deformation mechanisms. On the other hand, most metal 

forming processes are strain constraint processes such as rolling and compression. In 

these processes, when the tool makes contact with the workpiece, it is practically a 

process of surface asperity flattening. Wilson et al. [11, 69,] investigated the effect of 

bulk plasticity on asperity flattening when the lay of the roughness is parallel to the 

bulk straining direction (longitudinal roughness). They found that the rate of asperity 

flattening with bulk straining was related to the spacing and pressure of asperities. 

Makinouchi et al. [12] used elastic-plastic finite element solutions for the case of 

transverse roughness. Wilson and Sheu [69] also found a large increase in the contact 

area with bulk strain and a reduction in the load needed for bulk yielding. Sutcliffe 

[13] tested and developed Wilson and Sheu’s theories and pointed out that the high 

pressure between contacting asperities and deformation of bulk material affects 

asperity deformation. Dieter [14] found that inhomogeneous deformation 

mechanisms that generate surface roughening also initiate localised strains that 

induce necking, tearing, or wrinkling in the component during the forming process. 

Wilson [15] also points out that inhomogeneous deformation can accelerate die wear 

by increasing the friction and abrasion between the metal sheet and die faces. Groche 

et al. [16, 17] analysed the surface evolution caused by contact loading in a 2D-plane 

strain finite element (FEA) model and established a correlation between the surface 

topology, grain size, and surface evolution. 

However, there are few reports of the interaction between surface asperity flattening 

(roughness), texture, and grain orientation. In the previous work we analysed the 

relationship between surface asperity flattening, friction [189] and grain size [190] 

by 2D and 3D crystal plasticity finite element simulation [216]. In order to figure out 

the relationship between surface asperity flattening, texture and grain orientation of 

the sample, uniaxial planar compression has been carried out with a INSTRON 8033 

Material Testing Machine with different deformation conditions (reduction) and 

friction conditions (with and without lubricant). Because aluminium has a high 
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multiaxial ductility, a light aluminium 6061 alloy was selected as the experimental 

material in the study. After compression, surfaces of the samples were measured by 

AFM and the microstructure along the transverse direction was measured by FEG-

SEM 7100F. The experimental results show that the surface asperity of the 

workpiece tends to decrease and strain hardening increases with an increase in the 

gauged reduction. Lubrication can constrain the surface asperity flattening process. It 

was also obtained from an analysis of the microstructure that certain crystallographic 

orientation ([111]) of near surface grains plays a significant role in the development 

of surface roughness. In-grain slip plays a main role in the development of surface 

microstructure. A few transgranular slips occurred under a gauged reduction of 60 %.  

 

7.2 Experimental 
 

7.2.1. Equipment and sample preparations 

 

Samples of 6061 aluminium (10 mm×10 mm×6.3 mm, as shown in Figure 4.7) were 

fully annealed (450 °C for 2 hours) and then, all the samples were constrained in a 

transverse direction in a channel die. To reduce the influence of tool surface and 

shape, the compression tool was smoothly polished (average arithmetic roughness Ra 

is about 10-20 nm) and flat. The rough surface was generated according to the same 

method in Chapter 6. Before compression, all the samples were ground and polished 

to about 0.7 µm by an automatic grinding and polishing machine. Before 

compression, the measured area was marked to ensure it could be tracked after 

compression. The surface roughness errors for different samples were less than 0.05 

µm. The compression schedule is shown in Table 7.1. The deformation ranges are 

from 0 to 60 %. The compression equipment of channel die includes a compression 

mould and tool (Figures 4.7). The compression test was carried out by INSTRON 

8033 MTS. Strain rate is about 0.001 s-1

 

. Lubrication applied in this study is molly 

bond, a solid lubricant which is a black cream-like lubricant. 
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Table 7.1 Parameters for compression 
 

Samples 
Height 

(mm) 

Reduction 

(%) 

Strain rate 

(s-1

Displacement 

rate 

(mm/min) 
) 

Displacement 

(mm) 

Height after 

compression 

(mm) 

1 6.3 10 0.001 -0.359 0.63 5.67 

2 6.3 20 0.001 -0.339 1.26 5.04 

3 6.3 40 0.001 -0.296 2.52 3.78 

4 6.3 60 0.001 -0.248 3.78 2.52 

 

7.2.2. Testing of AFM (Atomic Force Microscope) and Vickers hardness 

 
a) AFM test (Atomic Force Microscope) 

 
3D surface topology was measured by a Dimension 3100 Scanning Probe 

Microscope (SPM). Surface asperity maps were scanned by contact mode with the 

following parameter setting: scan size of 60.00 µm, scan rate of 1.00 HZ, Data type 

of height, data scale of 5.716 µm and resolution of 512. 

 
b) Vickers hardness test  
 

The Vickers hardness of samples under different reductions has been carried out by 

the LECO M-400-H1 Microhardness Tester. The hardness tester is shown in Figures 

4.13 and 4.15. The hardness can be calculated by Equation (4.10) [179].  

 

7.2.3. Testing of EBSD 
 

Atomic Force Microscope (AFM) and Electron Back-Scattering Diffraction (EBSD) 

are applied to analyse the relationship between the surface asperity feature and 

surface texture. The measuring map of cold-planar compressed sample was analysed 

by the method shown in Ref [220]. Low-angle grain boundary (LAGB) is defined as 

2°≤θ<15° where θ is the angle of grain orientation spread. High-angle grain 

boundary (HAGB) is defined as 15°≤θ≤62.8°. The threshold of subgrain is 2°. 

Before and after compression, the surface morphology and roughness of the sample 
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were measured in the same area by AFM. The measuring map has a range of 60 µm 

×60 µm and data resolution of 512. EBSD was conducted at the mid-section of the 

normal direction (ND)-rolling direction (RD) samples (as shown in Figure 7.1), step 

sizes of 0.5 and 0.25 µm were used for the different reduction samples. The EBSD 

acquisition of mapping is detailed in Ref. [220].  

 

 

Figure 7.1 Schematic of EBSD sample 
 
 
7.3 Results and discussion 
 

7.3.1 Analysis of surface roughness and hardness 
 

A blue line was drawn through the surface nodal coordinates (Figure 7.2) [177] and 

assumed to be the smooth surface after compression, therefore, the average 

roughness Ra, is determined from Equations (5.18) and (5.19). The development of 

surface morphology under different reductions is shown in Figure 7.3. There is an 

obvious tendency that, with an increase of gauged reduction, the surface asperity 

(surface roughness) tends to be flattened. Deformation of surface asperity flattening 

includes deformation of the contact zone of surface asperity and the no contact area 

of the sample. At first, when an external load is applied onto the surface, deformation 

(including elastic deformation and relatively low plastic deformation) occurs at the 

contact zone of surface asperity. When deformation takes place, the contact zone of 

surface asperity decreases from a previous d+δ to δ. At the same time, deformation 
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will occur at the non contact area of the sample. If the reduction is small (20 %), 

deformation of the surface asperity contact zone is shown in Figure 7.3. Under the 

same reduction there was no significant increase of average Vickers hardness, but 

after annealing heat treatment, the average Vickers hardness was about 30 HV. 

Under a reduction of 20 %, the average Vickers hardness was about 34 HV (Figure 

7.4). Strain hardening is not obvious, and the deformation mainly concentrates on the 

contact area of surface asperity (ridge and valley areas) [189]. With an increase in 

reduction (30 and 40 %), surface asperity flattening will become obvious, as shown 

in Figure 7.3, and fundamentally, the tool will flatten the surface, although friction 

between the tool and the sample. Surface slip leads to surface scratches in the area 

where the contact stress is large and metal flow in different areas is very different. 

The strain hardening is also significant. As shown in Figure 7.4, the average Vickers 

hardness increases from 34 to 45 HV (reduction 40 %) and 57 HV (reduction 60 %). 

Lubrication can constrain the surface asperity flattening [189], as shown in Figure 

7.3. Under the same reduction, the sample compressed with lubrication (molly bond) 

was rougher than the sample compressed without lubrication.  

 

 

 

Figure 7.2 Schematic of surface asperity deformation [177] 
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Reduction Without lubrication With lubrication 

Original 
surface 

 

10 % 

  

20 % 

  

30 % 

  

40 % 

  

Figure 7.3 Development of surface asperity under different reductions, with and 

without lubrication 
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Figure 7.4 Hardness development and influence of lubrication on roughness 

 
7.3.2. Analysis of microstructure 

 
Figure 7.5(a) and (b) depict the inverse pole figure (IPF) and colour mapping of 

microstructures measured by EBSD of FEG-SEM (scale 200 µm). After annealing 

heat treatment, the microstructures of samples are the equiaxed grains with a grain 

size of about 26 µm (Figure 7.5(a)). Most grains orientate in the orientation of [001], 

which is shown in red, while other grains orientate in the orientation of [101] as 

shown in green. The lamellar grain shapes which are thinner due to an extra 

reduction (60 %) having a grain size smaller than 3.6 µm (Figure 7.5(b) and (c)). The 

density of deep blue area increases significantly, in which grain has [111] 

orientation. These areas also have a high intensity of dislocation. In-grain shear 

bands are present and typically inclined at 15-35° to the RD [220]. As a result of 

higher total dislocation densities, the cold-uniaxial-planar-compressed sample 

contained a higher area fraction of in-grain shear bands. On the other hand, a few 

transgranular shear bands also appear in area A, as shown in Figure 7.5(b), which is 

about 4-5 grains distance away from the ND (Normal Direction) surface. Dislocation 

in this area was the most intense, which prompted an increase of internal energy of 

accumulated dislocation, and can thus overcome the obstacle of a grain boundary. 

Therefore, dislocation can spread across the grain boundaries. The original grains are 

broken into new grains. Practically, some HAGBs form in area B (Figure 7.5(c)). 
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This confirms the result that the shear banding is preceded by the formation of 

obstacles to the homogeneous dislocation glide in the grain [221]. Under a reduction 

of 60 %, the surface roughness of the sample decreased from an original 930 to 192 

nm, and hardness increased from 30 to 57 HV. Furthermore, localised surface strains 

commenced at this hardening area. This observation confirms the prediction of Hill 

[222] and Asaro [223] that the shear banding develops according to instability in the 

macroscopic constitutive description of the inelastic deformation of hardening 

material. By using a different experimental method, Aicheler et al. [196] also found 

that on the top surface of RFF (Radio-Frequency-heating Fatigue) FCC (face-centred 

cubic) copper, regions of [111] orientation have highly developed surface features), 

while regions of [100] do not have significantly developed surface features. Figure 

7.5(c) shows a few twinned areas (60°<111> Σ3 twin) of the same sample under a 

reduction of 60 %. Area B is an obvious twinned area. Area B (Figure 7.5(c)) and 

Area A (Figure 7.5(b)) are almost similar. Therefore, the twinned area is not from 

annealed heat treatment (annealed twins), but generated from compression 

deformation (deformation twins). However, as the deformation twins have a small 

volume fraction, they will not have a volume effect on texture evolution [224]. The 

influence of deformation twins on the development of surface asperity is also not 

significant. On the other hand, the hardening resulting from the transgranular shear 

banding of deformation twins is also not very large. It only increased from 30 HV (0 

%) to 57 HV (60 %). 

 

 

(a) 
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(b) 

      
(c) 

 
Figure 7.5 Microstructures of FEG-SEM micrograph (a) annealed microstructure 

IFP, (b) aluminium IFP (cold reduction 60 %), and (c) slip (Schmid factor) and 

<111> 60° twin (cold reduction 60 %), LAGBs (2° ≤θ<15°)=grey, HAGBs 

(15°≤θ≤57.5°) =black and 60°<111> Σ3=red lines. Contour level: 0.5×. 

 

7.3.3 Analysis of ODF figure  

 
Orientation Distribution Function figures under different reductions in φ2 = 0 and 45° 

sections describe the developing tendency of the deformed texture (Figure 7.6). 

Figure 7.6(a) shows the texture component after annealed heat treatment. Orientation 

C (cubic orientation {001}<100>) has a high intensity in the fully annealed sample. 

With an increase in reduction (at room temperature), the intensity of orientation C 

decreases while the texture component, orientation G (Goss orientation {001}<110>) 
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becomes obvious (Figure 7.6(b)). When reduction is about 40 %, the intensity of 

Goss orientation {001}<110> tends to be much stronger. Simultaneously, a few new 

texture component B (brass orientation {110}<112>) appears (Figure 7.6(c)). As 

shown in Figure 7.6(d), Goss orientation has the highest intensity which is opposed 

to that of cubic orientation, while brass orientation {110}<112> becomes much 

stronger and obvious. This observation agrees with the cold rolling deformation of 

aluminium [167, 225]. Under a reduction of 60 %, a few transgranular shear bands 

appear that are resulted from deformation twins (Figure 7.6(a) and (c)). Therefore, 

the formation of a shear band can be ascribed to the twinning of brass (B, 

{110}<112>) [224]. Under a reduction of 60 %, samples have their lowest roughness 

Ra. Thus, Goss orientation plays a major role in the development of surface feature 

(roughness Ra

 

). Due to the small volume, the influence of brass orientation on the 

development of surface asperity is not significant. 

 
(a)  

 
(b) 
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(c) 

 
(d) 

 
(e) 

 
Figure 7.6 φ2

 

=0° and 45° sections of (a) annealed sample (450 °C, 2 h), (b) 20 % 

cold planar compression, (c) 40 % cold planar compression, (d) 60 % cold planar 

compression, and (e) main orientation representations. Contour levels: 0.5×. 

7.3.4. Analysis of Misorientation and CSL (Coincidence Site Lattice) boundary 
 

Misorientation of different reductions is shown in Figure 7.7(a). Deformed grains 

possess lower internal misorientation and stored energy. Furthermore, deformation 

http://www.chemyq.com/xz/xz11/108127igbip.htm�
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grains have large low-angle grain boundary (LAGB) populations and small 

deformation twin fractions (Σ3) [226]. Owing to the low deformation temperature 

(room temperature), the influence of recovery is not significant. Figure 7.7(b) shows 

the development of microstructure under different reductions. Due to the influence of 

an external load, a fraction of the deformed structure tends to reduce, while the sub-

structured (θ<2°) fraction increases significantly from 1.3 to 18. With the increase in 

reduction, a fraction of the recrystallised structure almost keeps the same value. This 

observation indicates that at room temperature, there is no obvious dynamic recovery 

taking place in the deformed Al sample. Under small reductions, dislocation 

accumulates and tangles in grains. As a result, more substructures are formed in the 

deformed sample. Σ3 (60°{111}) and Σ7 (38°{111}) populations of newly nucleated 

and growing grains are shown in Figure 7.7(c). Populations of the lower twin 

boundaries are opposed to the growth of reduction. Here, twinning contributes 

insignificantly to the overall reduction in stored energy during deformation [227]. In-

grain dislocation mobility and accumulation are the main sources of stored energy in 

deformation. During the surface asperity flattening process, Goss orientation has the 

highest intensity on the top surface of ND. Therefore, Goss orientation contributes 

significantly to the surface asperity flattening (surface roughness). 

 

 
(a)   
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(b)                                          

 

 (c) 

 
Figure 7.7 Development of related parameters of ND surface: (a) misorientation, (b) 

microstructure components, and (c) CSL (Coincidence Site Lattice) boundary of Σ3 

and Σ7.  

 

7.4. Conclusions 

 

In summary, the surface asperity of a sample tends to decrease, while strain 

hardening increases with an increase of reduction. Lubrication can constrain the 

surface asperity flattening process. The dependency of a surface asperity feature on 

the development of surface (ND) microtexture was also analysed, while accumulated 

dislocation and mobility contributed significantly to the misorientation by 

investigating the AFM and EBSD maps of cold uniaxial planar compressed (CUPC) 

sample. The results show that the orientated [111] grains play an important role in 

the development of surface asperity. In-grain slip (local stored energy) existed under 

http://www.chemyq.com/xz/xz11/108127igbip.htm�
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overall reduction. However, its influence on surface asperity increases according to 

the increase of gauged reduction. The recovery and recrystallisation under 

deformation are not significant. A few transgranular shear bands that resulted from 

the deformation twins of brass orientation were observed.  

 

7.5 New findings 
 

(1) Lubrication can constrain the surface asperity flattening process: under the 

same reduction, a sample compressed with current solid lubricant, a molly 

bond that has been applied in this study has a rougher surface (higher 

value of Ra

(2) Dislocation accumulation and mobility contribute significantly to the 

misorientation of an EBSD map of cold uniaxial planar compressed 

(CUPC) sample. Orientated [111] grains play an important role in the 

development of surface asperity. Recovery and recrystallisation under 

deformation are not significant in the CUPC process of aluminium. 

) than a sample without lubricant. 

(3) In-grain slip (local stored energy) exists under overall reduction. Its 

influence on surface asperity increases according to an increase in 

reduction. A few transgranular shear bands that resulted from the 

deformation twins of brass orientation were observed in this study.  
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CHAPTER 8 
 

CONCLUSIONS AND RECOMMENDATIONS FOR 

FUTURE WORK 

 

8.1 Introduction 

 

In this present study both experimental methods and crystal plasticity finite element 

methods have been applied to investigate surface asperity flattening process in 

uniaxial planar compression. The cold compressing parameters and friction have 

been studied to identify their effects on the evolution of surface asperity (surface 

roughness). Some parameters related to the microstructures such as grain size, and 

grain orientation and texture, have also been considered and their influences on the 

evolution of surface asperity have been analysed. With this understanding of the 

evolution of surface asperity in uniaxial planar compression, a controlled procedure 

for cold uniaxial planar compression is expected to improve the surface quality of 

final products.  

 

8.2 General conclusions  

 

8.2.1 Evolution of surface asperity  

 

Through experiments and simulation, the evolution of rough surface topology in 

uniaxial planar compression has been shown as a surface asperity flattening process 

with three obvious stages. They are: 
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1) In first stage plastic deformation takes place in the elastic aggregate 

(reduction is less than 10 %). Elastic deformation plays an important role in 

the evolution of surface asperity. Plastic deformation takes place in an 

aggregate of elastic deformation. Surface roughness decreases greatly 

according to the increase in reduction.  

2) In the second stage, when reduction exceeds 10 %, the influence of plastic 

deformation on surface asperity will obviously increase while the influence 

of elastic deformation will significantly decrease. With an increase in 

reduction, surface roughness will continue to decrease, but compared to the 

first stage, the rate of surface asperity flattening decreases. The relationship 

between the surface roughness and reduction is non-linear. 

3) In the third stage, when the reduction exceeds 40 %, the rate of surface 

asperity flattening will decrease significantly, but in comparison to the 

former two stages, this stage has the lowest rate of flattening. With an 

increase in reduction the surface roughness (Ra

 

) has no significant decrease, 

but plastic deformation occurs in this stage, and a certain texture will be 

formed, and a balance of surface roughness and texture will be obtained. 

8.2.2 Effects of deformation parameters on the evolution of surface asperity  

 

Effects of some deformation parameters on surface asperities (surface roughness) 

were investigated and the following results were obtained: 

  

1) The effect of lubrication (friction) on the evolution of surface asperity is 

very complicated, but like the evolution of surface asperity, it also has three 

similar stages. When reduction is less than 10 %, the lubrication has no 

obvious influence on surface roughness. In the first stage, elastic 

deformation plays a major role on surface asperity, but when the reduction 

is at a certain range (in this study between 10 and 40 %), lubrication can 

significantly limit surface asperity flattening. In the second stage, the layer 

of lubrication between the sample and tool continues to play its role very 

well, but when reduction exceeds 40 %, the lubrication will be dissipated 

during uniaxial planar compression and play no obvious role in the 
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evolution of surface asperity. In a word, lubrication can constrain the 

surface asperity flattening process.  

2) Compared to the tensile test, the relationship between the surface roughness 

and strain in uniaxial planar compression is different and more complicated. 

In a tensile test, the variation of surface roughness Ra is proportional to the 

applied strain. However, in the uniaxial planar compression test the 

relationship between the surface roughness and strain is non-linear 

according to the influence of the compression tool and friction between the 

sample and tool. Both tests agreed with the same rule: with an increase in 

reduction, both the arithmetic average surface roughness Ra and root mean 

squared surface roughness Rq

3) Different wavelength components also affect the surface roughness. In the 

simulation, with an increase in reduction, the influence of longer 

wavelengths on the sample roughness decreased quickly, whereas the 

shorter wavelength increased the surface asperity significantly. 

 decrease. 

4) In uniaxial planar compression the influence of the strain rate on surface 

asperity flattening can be divided into two stages: elastic deformation and 

plastic deformation. In elastic deformation, the strain rate has no significant 

influence on the evolution of surface asperity, but in plastic deformation, the 

influence of the strain rate on surface asperity flattening is significant.  

5) The mechanism of the effect of strain rate on surface asperity flattening in 

uniaxial planar compression has been analysed, and the relationship 

between the macroscopic strain rate and shear rate of a slip system has been 

investigated. In uniaxial planar compression, it is linear, and the strain rate 

plays its role by the shear rate of the slip system. Therefore, the strain rate 

increases, and the surface roughness also increases. 

6) Flow stress of samples increased significantly according to an increase in 

the gauged reduction, 

7) With an increase in reduction, the Vickers hardness tends to increase. 

During compression, the ridge areas make contact with the tool first, and 

then the valleys, which means the ridges were harder than the valleys under 

the same reduction.  



CHAPTER 8 CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE 
WORK  

 228 

8) Influence of the strain rate on Vickers hardness included two stages. At a 

lower strain, an increasing strain rate can result in a higher hardness, while 

at a larger strain (60 %) this tendency is reversed: an increasing strain rate 

leads to a lower hardness. Under the same reduction, an increasing strain 

rate can lead to a higher flow stress in uniaxial planar compression. 

 

8.2.3 Relationship between microstructures and surface asperity  

 

In uniaxial planar compression, the relationship between microstructures (grain size, 

texture and grain orientation) and surface asperity were studied by experiment and 

simulation. The following results were obtained:  

 

1) Grain stress is related to grain rotation, i.e., grains with higher stresses also 

have larger rotations of Euler angles in compression. 

2) With an increase in reduction the grain size tends to decrease and the texture 

tends to be strong and obvious. All the grains of the sample will slip along a 

certain direction and slip plane (<110> slip directions and {111} slip plane). 

The simulation shows that with an increase of reduction the cubic texture 

{001}<100> is weak while the brass orientation {110}<112> becomes 

strong. With an increase of reduction, the Schmid factor (also called 

“orientation hardness”) of surface area will shift from “hard” to “soft”. 

3) When reduction exceeds 40 %, the in-grain shear band appears in some 

grains, which are 4-5 grains away from the edge, and the localised strain 

begins in this area. When reduction exceeds 60 %, most grains have plastic 

slips. A few transgranular shear bands resulting from the deformation twins 

of brass orientation were observed in the surface area. 

4) The grain size also has a significant influence on surface roughness. Under 

the same reduction, the surface roughness of the sample with a large grain 

size tends to decrease more slowly, but after compression the sample with 

the maximum size grain had the maximum surface roughness. Both tensile 

and compression tests show that the relationship between the surface 

roughness and average grain size is non-linear. The surface roughness Ra is 

a power exponent function of grain size. 
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5) Grain size also has a significant influence on the sample’s stress: with an 

increase in grain size, the sample’s stress increases accordingly. In the 

uniaxial compression test, the grain orientation also plays an important role 

in the evolution of surface asperity. The relationship between the surface 

roughness and grain orientations (Euler angles) has been obtained from the 

simulation, and is a non-linear relationship. 

6) Surface roughness shows obvious sensitivity to the orientations of grains 

near the surface. In this study, the oriented {111} grains are the main source 

of localised strain. Dislocation accumulation and mobility contribute 

significantly to the misorientation of the EBSD map of the cold uniaxial 

planar compressed (CUPC) sample. 

7) Recovery and recrystallisation under deformation are not significant in the 

CUPC process of aluminium. In this study, the results show that the strain 

rate has no obvious influence on evolution of texture.  

 
8.2.4 Crystal plasticity finite element analysis 

 

The initial data of the sample’s surface roughness, friction and microstructures 

(texture, grain orientation) have been included in the 2D and 3D crystal finite 

element models, and after a numerical simulation, the following results have been 

obtained: 

 

1) Three stages in the evolution of surface asperity have been successfully 

predicted, and the relationship between the surface roughness and reduction 

has also been identified. 

2) The tendency for texture from simulation result is the same as that from the 

experimental one. Brass orientation has also been successfully predicted. 

The influence of the strain rate on the evolution of surface asperity from the 

simulation is the same as from the experimental results. 

3) Influence of lubrication (friction) on surface asperity has been simulated 

successfully, and the influence of grain size on the evolution of surface 

asperity has also been simulated well. 
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4) The relationship between the reduction and stress was predicted, and the 

influence of the strain rate on the flow stress has also been determined. 

5) The influences of different wavelengths on the evolution of surface asperity 

have been successfully discussed, and the influence of the strain rate on the 

evolution of surface asperity as well.  

 

8.3 Future work 

 

The evolution of surface asperity plays an important role in the quality of metal 

forming products. Understanding how they evolve and what factors affect them can 

provide substantial information for controlling their evolution in cold uniaxial planar 

compression and also improve the surface quality. In this present study, the 

relationships between deformation parameters (reduction and strain rate), initial 

surface roughness (different wavelength components), friction state, microstructures 

(grain size, texture and grain orientation), and evolution of surface asperity have 

been studied in the FCC (face centred crystal) metal. On the basis of these 

experimental results, crystal plasticity finite element modelling was conducted. 

Based on this current research, the author suggests that future work may include the 

following: 

 

• BCC (body centred crystal) metals and Hexagonal close-packed (HCP) 

metals such as magnesium (Mg) will the investigated in uniaxial 

compression with different deformation parameters, friction state and 

microstructures. 

• The rolling process will be the focus of the evolution of surface asperity.  

• Effect of the compression tool on the surface asperity evolution of the 

sample initial surface roughness should be discussed, although there may be 

some difficulties with simulation. 

• Other lubricants should be used to study the effect of lubrication on the 

evolution of surface asperity. 

• High temperature deformation processes are also needed to analyse the 

influences of temperature and oxidation on surface asperity transfer. 

• Crystal plasticity constitutive model will be revised and modified for high 
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temperature deformation processes.  

• 3D EBSD mapping by the FIB (Focus Ion Beam) technique will be a good 

method to show the practical development of surface microstructure in three 

dimensions. 

• Practical microstructures should be incorporated into the 2D and 3D crystal 

plasticity finite element models to accurately simulate the surface 

deformation process.  

• Further discussion on size effect of the workpieces should be carried out. 
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APPENDIX I 
 

TENSOR OPERATIONS 
 

Tensors are geometric objects that describe the linear relationships 

between vectors, scalars, and other tensors. Vectors and scalars themselves are also 

tensors. A tensor can be represented as a multi-dimensional array of numerical 

values. Tensor operation can be described as 

 
(1) Equal 

 
If a tensor jiijT eeT =  equals the tensor jiijS eeS =  , then the related components 

will also be equal. 

ijij ST =                                                           (A1.1) 

(2) Addition and subtraction 

 
If two tensors jiijA eeA =  and jiijB eeB =  are the same rank, and tensor jiijT eeT =  

meets the equation BAT ±= , then the following equation will be: 

ijijij BAT ±=                                                       (A1.2) 

(3) Multiplication by a scalar 

 
If the tensor A  is multiplied by a number λ  (or a scalar), then the result is: 

AT λ= , ijij AT λ=                                                (A1.3) 

 (4) Tensor product 

 
The product of any two tensors A (rank is m) and B (rank is n) is a tensor T with the 

rank of m+n. That can be expressed as  
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BAT ⊗=                                                  (A1.4) 

For components they are:  

lmijkijklm BAT =                                               (A1.5) 

 (5) Dot product of two tensors 

 
The inner product of two tensors a and b is commutative and produces a scalar s 

where:  

s=aibi=a1b1+ a2b2+ a3b3

 (6)

                                    (A1.6) 

 Double dot product of two tensors 

 
The double dot product of two second rank tensors  and  produces a scalar s=T:S, 

which can be evaluated as the sum of the 9 products of the tensor components.  

333332323131232322222121131312121111 STSTSTSTSTSTSTSTSTSTs ijij ++++++++==   (A1.7) 
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APPENDIX II 
 

VOIGT NOTATION 
 

In mathematics, the Voigt notation or Voigt form in multi-linear algebra is a way to 

represent a symmetric tensor by reducing its order. It is very popular in the 

programming of tensor operations.  

 
1. Voigt Notation of low rank tensor 

 
(a) Stress tensor 

 
 If the stress tensor σ  is a symmetric tensor, it can be expressed in Voigt notation as 

Stress tensor →Voigt 

{ }σσ ≡
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                        (A2.1) 

(b) Strain tensor 

 
When the symmetric strain tensor ε is expressed in Voigt notation, the coefficients of 

shear strains should be two.  

Strain tensor→Voigt 
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{ }εε ≡
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                             (A2.2) 

On the basis of energy expression, the coefficients of shear strains refer to 2. Right 

components of Equation (A2.2) equal to left right components of Equation (A2.2). 

 
2. Voigt Notation of low rank tensor 

 
It is very useful to apply the Voigt notation in the high rank tensor, especially for the 

tetradics. For example, the elastic law of tetradics can be expressed as 

klijklij C εσ = , εCσ :=                               (A2.3) 

Equation (A2.3) can be expressed in the mode of Voigt matrix.  

{ } [ ]{ }εCσ = , or baba C εσ =                                      (A2.4) 

where ija ←  and klb ← .  
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