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Dedicated to my grandfather 
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As far as the laws of mathematics refer to reality, 

they are not certain; 

and as far as they are certain, 

they do not refer to reality. 

Albert Einstein 
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Abstract 

Australia's reputation is well established in the international marketplace as a 

producer of high-quality grain. We remain competitive by exporting grain in accor­

dance with a 'nil tolerance' for live insects. Protecting the grain while in storage 

means maintaining such a reputation is difficult and costly as one must deal with 

such factors as varying climatic conditions, particularly temperature, which can have 

an adverse affect on grain quality and insect infestation. An understanding of the 

flow of heat in grain store structures is very important from many industrial perspec­

tives, and the heat transfer within the peripheral layer is of particular importance. To 

analyse the heat-transfer within such regions, we develop two mathematical models 

known as the double-diffusivity heat transfer model and the two-stage heat transfer 

model, and since the grain bulk is composed of predominantly air and grain, we 

make this distinction in our models. Semi-analytical and numerical approximations 

are obtained for both models from which the overall variation in temperature close 

to the grain store wall may be predicted. Very good agreement is obtained between 

the two solutions for both models. Good agreement is also obtained between the 

double-diffusivity heat transfer and two-stage heat transfer models. 

Currently, there is an ongoing reduction in the number of chemicals permitted for 

pest control, as insects have developed resistance to some chemicals and others are 

currently being phased out due to safety and environmental reasons. As a result, the 

grain storage industry is moving towards physical methods as opposed to chemical 

methods, as a safer and potentially better alternative. One well studied area is 
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known as thermal disinfestation, with one of the potentially best forms being heat 

disinfestation via microwave radiation. The mathematical modelling of microwave 

heating processes in general requires the solution of a complex system of equations, 

which can be very difficult to obtain. In this work we illustrate the possibility of 

reducing the problem to one which involves extending the double-diffusivity heat 

transfer model which we develop to include a non-linear body heating source term 

to account for the heating due to microwave radiation. This model is known as 

the double-diffusivity heat transfer model incorporating microwave heating. Very 

good agreement is found between the semi-analytical and numerical approximations 

obtained. 

These models are of practical importance because at present there is no experi­

mental data available due to the difficulty involved in measuring air and grain tem­

peratures separately, particularly within the peripheral layer. The proposed mod­

elling by either linear or relatively simple non-linear models, allows semi-analytical 

approximations to be obtained in order to provide important insight into the poten­

tial difference that exists between the air and grain temperatures, in particular, for 

small time and spatial scales. We comment that this work forms the foundations for 

subsequent work to what is a very complex practical problem, which we believe will 

ultimately lead to a better understanding of the microclimate within the peripheral 

layer of a grain bulk. 
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Nomenclature 

Ta is the temperature of the air 

Tg is the temperature of the grain 

Ka is the thermal diffusivity of the air 

Kg is the thermal diffusivity of the grain 

ka is the effective heat transfer coefficient from air to grain or grain to air 

Ka is the thermal conductivity of the air 

Kg is the thermal conductivity of the grain 

pa is the density of the air 

pg is the density of the grain 

ca is the specific heat of the air at constant pressure 

cg is the specific heat of the grain at constant pressure 

Ta0 is the initial temperature of the air 

Tg0 is the initial temperature of the grain 

T0 is the initial temperature of the air and grain 

Tb is the boundary temperature 

Q is the body heating source term due to microwave radiation 

r is the spatial coordinate system in the grain kernel 

a is the radius of the grain kernel 

<$a is the fraction of grain bulk volume occupied by air 
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Pf is the fluid pressure in the fissure system at position x 

at time t 

Pb is the pressure change in the block at position y at time 

t located in the neighbourhood of position x 

$/ is the porosity of the fissure system 

$6 is the porosity of the blocks 

H is the dynamic viscosity of the fluid 

c is the compressibility of the fluid at constant pressure 

Kf is the permeability of the fissure system 

Kb is the permeability of the blocks 

Vx is the volume of block in the neighbourhood of position x 

Sx is the surface of the block in the neighbourhood of position x 

E is the electric field 

D is the electric field displacement vector 

H is the magnetic field 

B is the magnetic flux density 

Pf is the free charge density 

jf is the free current density 

e is the electric permittivity 

e is the dielectric constant 



e is the loss factor 

p, is the magnetic permeability 

u> is the microwave frequency 

o is the electrical conductivity 

E0 is the incident electric field amplitude 

a is the decay constant of the electric field 
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Chapter 1 

Introduction 

1.1 Industrial Motivation 

The stored product industry worldwide is undergoing continual and considerable 

change, and in Australia, the pace of change is very rapid. The motivation behind 

this is two-fold. First of all, there is the general issue of food safety, with grain 

buyers increasing their demand for high quality, pest and chemical free grain, which 

has resulted in stored grain being increasingly regarded as a stored food, not a raw 

material. The other issue is the on-going problem of the development of resistance 

by insect pests to most chemical treatments. 

Australia's reputation is well established in the international marketplace for 

supplying grain which meets its customers strict requirements of being clean, high 

quality, and most important of all, insect-free. As a result of this, its product 

commands premium prices in the marketplace. To remain competitive, Australia 

exports a product in accordance with a 'nil tolerance' for live insects. As losses 
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Chapter 1: Introduction 2 

from insects are relatively small, it is the presence of insects which is the critical 

factor [18]. 

Protecting the grain while in storage means maintaining such a reputation is 

difficult and costly. It is at this time that two main problems are encountered. 

Firstly, varying climatic conditions can have an adverse affect on grain quality and 

insect infestation, which is the second problem. To deal with these issues the grain 

industry has become heavily reliant on chemicals to preserve grain and control insect 

pests. 

Winter crops make up most of the grain grown in Australia. They are harvested 

during summer and then stored. The grain is typically taken into storage warm 

(>25°C) and dry (<12% moisture content). Winter crops include wheat, barley, 

oats, lupins, field peas, mung beans, chickpeas and canola. Summer crops include 

rice, sorghum and maize, and are harvested at Easter. In general, it is the winter 

cereals that incur significant insect presence due to their warmer temperatures [17]. 

In recent years, psocids (psocoptera) have proved to be a very problematic pest 

for the Australian grain industry, and appear to be on the increase in storage systems 

around the country [52]. The most common psocids found infesting grain bulks are 

a wingless species of the genus (Liposcelis spp.) [53]. They are becoming serious 

structural pests which can exist for long periods without food, and as a result of 

their small size, can be extremely invasive. With increasing frequency, they have 

been found in huge numbers within grain bulks. Such infestations are increasingly 

a source of concern for an industry which strives to deliver insect-free grain [52]. 

They damage grain by feeding on it, and huge numbers with densities of several 
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thousand per kilogram have been recorded [53]. Such large numbers of psocids can 

cause blockages of contaminated grain at out-loading, as illustrated in Figure 1.1. 

Figure 1.1: A silo exit chute blocked with psocids (dark) and grain (white). 

One reason why these particular insects are a major -problem is due to their 

ability to move rapidly in and out of infested grain bulks, apparently in response 

to climatic and environmental conditions, particularly temperature, rather than to 

the presence of a fumigant [52]. A fumigant is defined as a chemical that, at a 

required temperature and pressure, can exist in the gaseous state in sufficient con­

centrations to be lethal to a given pest organism [57]. This movement makes it 

difficult to control their populations by current pest control methods, such as chem-
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ical fumigation, as their movement means that a number of them do not remain long 

enough within a fumigated grain bulk to absorb a lethal dosage of the fumigant, thus 

possibly surviving, and re-populating the grain bulk. Psocids exhibit the following 

characteristics: 

• they are small and soft-bodied, with some 4000 species known worldwide, 

• they are flattened and almost translucent in appearance, with long hair-like 

antennae, and are typically wingless, as seen in Figure 1.2, 

• their typical dimensions measure 1mm in length, 0.25mm in width and 0.2mm 

in height. 

Figure 1.2: Photo of a psocid. 

The protection of stored grain from infestation is a complicated problem faced 

by the grain industry, and to make matters worse there is an ongoing reduction in 
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the number of chemicals permitted for pest control. Furthermore, resistance to one 

or more of these chemicals has occurred in most major pest species, and others are 

currently being phased out due to safety and environmental concerns. 

Most Australian cereal grain, oilseeds and pulse crops (>80%), are treated with 

phosphine (PH3), which is a low cost and effective fumigant [9]. Phosphine readily 

disperses in grain bulks and is absorbed in the gaseous state by insects. 

The use of chemicals to control insect pests in stored grain is widespread as it is 

one of the cheapest and simplest means of controlling the major species. However, 

chemical disinfestation methods suffer from four major problems: 

1. sealed structures can be very expensive to fumigate, 

2. chemical residues remain within the grain, 

3. insects eventually develop resistance to the chemical, 

4. it is very difficult to achieve a 100% death rate. 

Consequently, a considerable change has occurred in the the attitude of the grain 

storage industry towards the use of chemical disinfestation methods, and as a result, 

physical disinfestation methods are gaining popularity as they are typically safer 

and cleaner. They offer a residue-free alternative with the potential for higher death 

rates. The most readily available of these is known as thermal disinfestation, which 

involves heating up a grain bulk to a high temperature for a short period of time so 

that the insects are killed and the grain properties are not significantly affected. For 

example, Australian grain typically requires heating to approximately 65°C followed 
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immediately by rapid cooling, to approximately 25°C, in order to achieve satisfactory 

death rates with effectively no damage to the grain. 

Thermal disinfestation offers some of the key attributes of an ideal bulk grain 

disinfestation process. These include being cheap and fast, offering high death rates, 

being relatively safe and having minimal impact on the environment. Heat has 

many advantages, including its rapid effectiveness and the fact it is a well known 

technology. Large structures and spaces can be treated at temperatures that do not 

damage equipment. The use of chemicals is not essential but heat can make such 

treatments more efficient [11]. Heat has been used in conjunction with phosphine 

and carbon dioxide (CO2) to enhance the action of the fumigants. Such techniques 

have been applied to the disinfestation of mills with fairly high levels of kill [9]. 

With heat disinfestation there exists a window of opportunity for most grains 

between heat dosages that kill insect pests and those which cause significant damage 

to product quality. If immediate rapid cooling is applied, minimal effects are ensured. 

The various ways in which grain can be heated to insecticidal temperatures include 

conduction, convection, fluid bed or sprouted bed, pneumatic conveying, radiative 

heat, infrared, radio frequency (RF) and microwave radiation [9]. 

One of the potentially best forms of thermal disinfestation is heat disinfestation 

via microwave radiation. This method is based on exposing an entire bulk of grain to 

microwave radiation with the principle being that the inherent moisture within the 

insect is heated by the microwaves. The speed of heating via microwave radiation 

results in the insects quickly reaching insecticidal temperatures, with the moisture 

content of the grain, typically between 12% and 14%, not being significantly affected. 
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The claimed advantages over conventional heat disinfestation methods include: 

• fast, as penetration is effectively immediate, 

• clean, as no problem with dust, which is messy and combustible, 

• potential to kill all stages of insect life, 

• potential for smaller sized equipment with lower installation costs, 

• potential for selective heating of insects. 

The way in which microwave radiation is used to thermally disinfest insects is as 

follows: energy is absorbed by both the insects and the grain by the electromagnetic 

field generated, and this in turn produces heat. The water molecules, which are 

polarized, rotate themselves so that they are orientated with the electric field. The 

high frequency associated with microwave radiation results in the molecules vibrat­

ing in place and hence releasing heat. The heat which is generated depends on such 

factors as the local concentration of polarised molecules, which means that regions 

of high moisture will generate greater amounts of heat. 

The dielectric properties of a material depend on frequency and vary with tem­

perature and moisture, where the dielectric loss factor is an index of power ab­

sorption. The dielectric properties of insects and grain differ, so there exists the 

possibility of selective heating, whereby the insects are heated to a higher tempera­

ture than the grain. 
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1.2 Mathematically Modelling Heat Transfer in 

Grain Bulks 

Insect behavior, numbers and species are greatly affected by temperature, and by 

the interstitial relative humidity, hence moisture content, of the grain. Insects are 

temperature conformers, that is, factors such as their metabolic rate, activity and 

body temperature depend on the micro-temperature of their surroundings. Thus, 

infestation is affected by the macroclimate of the region within which the grain is 

stored, and the microclimate of the grain store. 

An understanding of the flow of heat in grain store structures is very important 

from many industrial perspectives, not just in relation to insect infestation and 

thermal disinfestation. The heat transfer within the peripheral layer, which is the 

150mm - 200mm layer of grain in contact with the store structure or the headspace 

air, is of particular interest. The section of the peripheral layer of most interest 

is where the grain store structure wall comes into contact with the grain bulk, as 

illustrated in Figure 1.3, such as along the sides of a silo or the tarpaulin of a bunker, 

which is a simple sealable grain store whereby a heap of grain lying on the ground 

is covered by tarpaulin. This is where considerable diurnal temperature fluctuation 

occurs, and where some of the major grain storage problems exist, which include: 

• the influence of aeration, which is the pumping of ambient air through a static 

grain bulk [19], within such regions is relatively low. Aeration is used for two 

main purposes: drying and cooling. Drying is used to reduce the moisture 

content of grain that is too wet and cooling is used to reduce the temperature 
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of grain that is too hot [19]. 

• passive heat disinfestation tends to occur within such regions when they are 

exposed to long periods of heat, from such sources as sunlight. This can lead to 

excessively high grain temperatures which can result in an unwanted decrease 

in the moisture content of the grain. 

• insect pests, particularly psocids, have been observed to enjoy dwelling within 

these regions, in what is believed to be a response to the fluctuating temper­

atures. They move quickly in and out of such regions when the temperature 

becomes too hot or too cold. 

• the caking of grain, whereby a crust or mould forms on the surface of the grain 

bulk due to the accumulation of moisture. 

// headspace \. 

peripheral layer 

Figure 1.3: The peripheral layer. 
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Many industrial problems occur within such regions of the peripheral layer, so an 

understanding of the difference between the air and grain temperatures is very im­

portant. For instance, with psocids, understanding the heat transfer on the surface 

of the grain kernel and within its vicinity, will allow a better understanding of the 

observed behavior of these insects, and may allow predictions to be made of insect 

activity which could lead to application of pest control methods being timed to pe­

riods of certain insect activity. The moisture is also an important factor, but we 

are primarily interested in early time and small spatial scales, where heat fluxes 

predominantly dominate. 

To analyse the heat-transfer within such regions, we develop two mathematical 

models known as the double-diffusivity heat transfer model and the two-stage heat 

transfer model. The grain bulk is composed of predominantly air and grain, so we 

make this distinction in our models, and accordingly, consider the following three 

different forms by which heat transfer can take place: 

• heat transfer through the air, 

• heat transfer through the grain, 

• heat transfer between the air and the grain. 

Also, as we are primarily interested in small time scales, we do not assume ther­

mal equilibrium between the air and grain. The microscopic configuration of the 

grain bulk is important to both models for obtaining a well-defined macroscopic de­

scription, but they differ in how they identify this microstructure. This dual-region 

approach means that both models take into consideration the fact that the heat 
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transfer in the grain kernel is different to that through the surrounding interstitial 

air. The main strengths of using a dual-region model over a single-region model, 

that simply considers the air and grain as one bulk medium, include: 

• it allows for a more realistic temperature profile to be obtained as air and 

grain are two different media with different heat diffusion properties, 

• it allows for the ability to predict air and grain temperatures separately, which 

is an important issue for trying to solve various microclimatic industrial prob­

lems, such as dealing with psocids. 

We purposely develop linear and relatively simple non-linear mathematical models 

so that analytical or semi-analytical approximations can be obtained. This is so 

that analysis can be done on the governing processes involved in order to provide a 

better understanding of the heat transfer taking place. 

In this work, we develop a semi-analytical approximation by the Heat-Balance 

Integral Method for both general and simplified forms of the double-diffusivity heat 

transfer model, and compare these with numerical approximations obtained by an 

explicit finite-difference approach. Very good agreement is obtained between the 

two approximations for both forms of the model. 

We also develop small and large time semi-analytical approximations to the 

two-stage heat transfer model by Laplace transforms, and compare this with a nu­

merical approximations obtained by implementing the Stehfest [58] algorithm. Very 

good agreement is obtained between the two approximations. We also compare the 

double-diffusivity heat transfer and the two-stage heat transfer models, and dis-

3 0009 03300602 9 
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cuss fundamental differences in their underlying structures. The approximations 

obtained for both models allow overall variation in temperature of the air and grain 

to be calculated, in particular, close to the grain store wall. Good agreement is 

obtained between the two models. 

In general, the mathematical modelling of microwave heating processes requires 

a simultaneous solving of Maxwell's equations of electromagnetism coupled with the 

heat equation, where all electrical, magnetic and thermal properties are non-linearly 

dependent on the temperature of the medium being heated. The solution to such a 

complex coupled system of non-linear equations can be very difficult to obtain, either 

analytically or numerically, even if sufficient data exists for the various electrical and 

magnetic properties. 

In this work, we reduce the problem to one which involves studying the double-

diffusivity heat transfer model, which we develop, with an appended non-linear 

body heating source term that accounts for heating due to microwave radiation. 

The model we develop is known as the double-diffusivity heat transfer model incor­

porating microwave heating. A semi-analytical approximation is obtained via the 

Heat-Balance Integral Method and is compared to a numerical solution obtained 

from an explicit finite-difference approach. Again, very good agreement is obtained 

between the two approximations. 

The first two mathematical models (the double-diffusivity heat transfer and the 

two-stage heat transfer models) are very important as no work has previously been 

done in analysing the difference between the air and grain temperatures within the 

peripheral layer, either qualitatively or quantitatively. The proposed modelling pro-
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vides important insight into the potential difference existing between the air and 

grain temperatures of a grain bulk, particularly for small time and spatial scales, 

while the third model (the double-diffusivity heat transfer model incorporating mi­

crowave heating) allows us to mathematically predict the air and grain temperature 

within a grain bulk heated via microwave radiation. All three mathematical mod­

els form the foundations for subsequent work to what are very complex practical 

problems, which we believe will ultimately lead to a better understanding of the 

microclimate within the peripheral layer of a grain bulk. 

1.3 Literature Review 

In this section we present a brief overview of literature that relates to the mathemat­

ical models developed in this thesis. We begin by first reviewing some of the main 

dual-region models, and then discuss work related to the mathematical modelling 

of microwave heating processes. 

The double-diffusivity heat transfer model which we develop is based on a heat 

transfer variant of the theory of double-diffusivity. This theory originates from 

Barenblatt et al. [10], who introduced the concept of a doubly porous media when 

studying seepage in fissured rocks, within the area of petroleum engineering. The fis­

sured rocks were considered to contain an interconnected network of a dual pathway 

consisting of fissures and porous blocks, with the fissures surrounding the porous 

blocks. They associated an average pressure with the fissure system and an average 

pressure with the porous blocks. The fissures were considered to have a high per-
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meability and low porosity, while the porous blocks were considered less permeable 

with a higher porosity. In general, the governing coupled system of equations is of 

the form 

-Q± = D1V
2P1-M1P1 + M2P2, 

(1.1) 

dP 
-^ = D2\7

2P2 + N3P1-N4P2, 

where A, -%> and Ni, (i — 1,2), are a measure of the porosity, permeability and 

compressibility and size of the rock, and viscosity and compressibility of the liquid. 

The rock is considered macroscopically rigid and microscopically compressible, while 

the liquid is considered compressible with the velocity in both pores and fissures 

given by Darcy's law. 

Aifantis [5] re-derived the governing equations for a doubly porous media (1.1) 

using the continuum theory of mixtures. He extended this approach by introducing 

the theory of a multi-porous media for which Barenblatt's model is a simplified case. 

These equations have been derived by Hill [23], among others, from a probabilistic 

viewpoint by extending the classical random walk model of diffusion. 

Rubinstein [54] was one of the first to consider heat conduction in a dual com­

ponent heterogeneous medium, where an average temperature is considered for each 

component, and Fourier's law is obeyed in each of the components. The result is a 

coupled system of equations similar to that of Barenblatt et al. [10]. 

Hill [25], Aifantis and Hill [7] and Hill and Aifantis [26], developed a double-

diffusivity model with application to the field of metallurgy, where two possible 
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diffusion paths were considered. They included the possibility of diffusion along dis­

locations, grain boundaries, free surfaces or microcracks. Aifantis [5] and Molz [43] 

applied such an approach to the area of water transport in plants. 

Pruess' [51] MINC method is conceptually similar and is a generalisation of 

Barenblatt's [10] double-porosity concept, which was introduced into petroleum lit­

erature by Warren and Root [68], among others, in the form of the double-porosity 

model. The MINC method is a numerical method for simulating transient non-

isothermal, two-phase flow of water in a fractured porous medium. 

Babcock et al. [8] developed a model for longitudinal dispersion mechanisms 

during steady flow of a fluid through unconsolidated spherical beads which include 

a stagnant fluid film surrounding the particle. 

Within the grain literature, there exists a body of work related to the modelling of 

heat and mass transfer within grain bulks. Most of these models assume equilibrium 

of local concentration and temperature, and focus on modelling the grain bulk as a 

whole, and hence tend to be highly complex requiring numerical investigation. Such 

work includes that done by Sutherland et al. [61], Parry [47], Fohr and Moussa [22], 

Thorpe and Whitaker [62, 63] and Jia et al. [33, 32]. 

Both the double-diffusivity heat transfer model and the two-stage heat trans­

fer model are considered dual-region models, since they identify the air and grain 

temperatures within a grain bulk separately. The microscopic configuration of the 

grain bulk is important to both models for obtaining a well-defined macroscopic 

description, but they differ in how they identify this microstructure. 

The two-stage heat transfer model which we develop is based on McNabb's [40] 
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two-stage model. Like Barenbalatt et al. [10] (although unaware of Barenblatt's 

work), McNabb considered the problem of propagation of pressure in a fractured 

porous medium, with the porous blocks being partitioned by the fissures. However, 

he identified a specific geometry with the porous blocks, whereby one pressure is 

associated within the fissures and one within the porous blocks. Neither is averaged 

over a large number of porous blocks. 

Similar models have been used in a number of different areas. Some of the most 

well known are now briefly discussed. 

Skopp and Warrick [55] considered soil particles to be a stationary immobile 

phase whereby only lateral diffusion occurs, thus acting as a trapping region. Fis­

sures are considered to be a parallel mobile phase. Turner [65] originally considered 

a trapping phase when modelling flow in packed beds. The trapping regions were 

dead-water pockets in which diffusion, but not flow, took place. 

Skopp and Warrick [55] studied miscible displacement by considering there to be 

a mobile phase and a stationary phase, whereby solute transfer occurs through the 

mobile phase via convection, and through the stationary phase via diffusion. 

Babcock et al. [8] studied the longitudinal dispersion mechanism of the heat of 

fluid flow through unconsolidated spherical beads. Convection and diffusion was 

considered with spherical beads making up the microstructure. 

Ma and Lee [37] studied diffusion in porous pellets which were formed from zeolite 

crystals whereby there were two modes of diffusion, one through the macropore 

structure between the crystals, and one through the micropore structure within 

the crystals. The geometry consisted of spheres within spheres. There also exists 
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applications of the model to the field of medical research, such as Mor et al. [44]. 

McGuinness [39] extended McNabb's double-porosity model for the pressure re­

sponse of a naturally fractured reservoir of a single-phase fluid to allow for blocks 

of varying sizes. 

In the field of petroleum engineering, Streltsova-Adams [59] considered similar 

models which include the interaction between water with gas or oil. 

Vortmeyer and Schaefer [67] formulated a dual-region model for an adiabatic 

packed bed with gas flowing through it. The main difference between this model 

and the two-stage heat transfer model proposed in this work is that it uses the same 

coordinate system to describe both the gas and solid phases, and hence assumes an 

average temperature for the solid phase rather than considering the specific geometry 

of the solid phase, allowing the temperature to be determined at various points 

within. 

Davis [21] used a two-stage approach based on McNabb [40] to model pyritic 

oxidation within a waste rock dump, where it is assumed that oxygen transport 

is the rate-limiting step in the oxidation process. He considers the difference in 

predictions between a dump assumed to comprise of particles of a single or average 

size, and a dump where a range of particle sizes is considered. He also discusses the 

difference between the dual-regions models of Barenblatt et al. [10] and McNabb [40] 

in relation to the modelling of pyritic oxidation within a waste rock dump, and gives 

reasons as to why the two-stage approach was used. 

We now briefly discuss some other dual-region models, particularly from the 

groundwater, geothermal and petroleum industries. 
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Moench [42], in his study of doubly-porous groundwater reservoirs, incorporated 

the effects of a thin layer of low permeable material or fracture skin which may be 

present at fracture-block interfaces. 

Massoudi and Phuoc [38] developed governing equations for the flow of granular 

materials between two vertical fiat plates set at different temperatures. The assem­

bly consists of spherical particles, densely packed, with natural convection taken 

into account. The governing equations are derived using a continuum model, which 

reduces to a system of coupled non-linear ordinary differential equations for a fully 

developed flow. 

Vargas and McCarthy [66] developed a novel Thermal Particle Dynamics (TDP) 

simulation technique which incorporates both contact mechanics and contact con­

ductance theories in order to model the dynamics of flow and heat conductance 

through granular materials. 

Chen [14] considered the self-heating in a packed particulate that is exothermi-

cally reactive. The work focuses on the development of a mathematical model that 

deals with the hazardous process using milk powder as an example. 

Sullivan and Sabersky [60] investigated the convective heat transfer from a flat 

plate immersed in a flowing granular medium. They devised a semi-analytical model 

that takes into account the particulate nature of the medium. In such a contact-

dominated flow, the motion of the interstitial fluid is not the major means of heat 

transmission, which is in contrast with the more frequently investigated two-phase 

systems. 

The double-diffusivity heat transfer model incorporating microwave heating de-
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veloped in this work is based on extending the double-diffusivity heat transfer model, 

also developed in this work, by appending a body heating source term to account 

for heat due to microwave radiation. 

Hill and Jennings [28] attempted to model microwave heating processes by solv­

ing the heat equation with an assumed form for the heat source due to microwave 

radiation. In order to identify the body heating source term as accurately as pos­

sible, they conducted an exhaustive examination of existing experimental results of 

Von Hippel [31]. They showed that for different frequencies, particular forms of the 

body heating source term apply. 

Coleman [15, 16], Hill and Smyth [30] as well as Hill and Pincombe [29], adopted 

the same simplifying approach, in that they ignore the electrical and magnetic as­

pects explicitly, thus eliminating the need to solve Maxwell's equations, and focused 

on solving the heat equation with a heat source to account for heat due to microwave 

radiation. In general, the heat source term used is taken to have either power law 

or exponential form. 

Other authors also attempted to simplify complex problems of modelling mi­

crowave heating processes, but their work is based on actually simplifying Maxwell's 

equations. These include Smyth [56], Kreigsmann et al. [35] and Jolly and Turner [34]. 

Within the grain literature, there exists a body of work related to experimental 

investigation of the microwave heating of grain bulks, some of which are infested 

with insect pests, as done by Trabelsi et al. [64], Nelson [45] and Nelson et al. [46]. 
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1.4 Overview of Thesis 

In this thesis, the problem of modelling heat transfer within a grain bulk is investi­

gated using three dual-region heat transfer models. 

The first part of the thesis, Chapters 2 and 3, deals with developing the double-

diffusivity heat transfer and the dual-region heat transfer models, in order to obtain 

estimates of the air and grain temperatures within the grain bulk, in particular, 

within the peripheral layer. The second part of the thesis, Chapter 4, involves 

examining the heat transfer within a grain bulk exposed to microwave radiation, 

by developing the double-diffusivity heat transfer model incorporating microwave 

heating. 

In Chapter 2 we illustrate the development of the double-diffusivity heat transfer 

model. We also outline in detail the implementation of the Heat-Balance Integral 

Method. We illustrate how we can obtain a simplified form of the double-diffusivity 

heat transfer model, and show how to obtain a semi-analytical approximation via 

the Heat-Balance Integral Method for this model. We also consider a general case 

of the model, and once again illustrate how to obtain a semi-analytical approxi­

mation via the Heat-Balance Integral Method. For both models, semi-analytical 

approximations are compared with numerical approximations obtained via an ex­

plicit forward time and central space (FTCS) finite-difference scheme. Very good 

agreement between the semi-analytical and numerical approximations is obtained. 

Very good agreement is also obtained between the simplified and general forms of 

the model. We also show that the position of the moving front is X w C^/i for early 
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time, through the air and grain paths, for both the simplified and general forms of 

the model. 

In Chapter 3 we illustrate the development of the two-stage heat transfer model. 

We obtain a semi-analytical approximation via Laplace transforms valid for small 

and large times. These semi-analytical approximations are compared with numeri­

cal approximations obtained by the Stehfest [58] algorithm. Very good agreement 

between the semi-analytical and numerical approximations is obtained. We also dis­

cuss the theoretical differences between the double-diffusivity heat transfer and the 

two-stage heat transfer models. We do a qualitative comparison of the two models 

via some results, and discuss any similarities and differences based on their theo­

retically fundamental different structures. Good agreement is obtained between the 

two models. 

In Chapter 4 we illustrate the development of the double-diffusivity heat transfer 

model incorporating microwave heating. We obtain a semi-analytical approximation 

via the Heat-Balance Integral Method, and compare this with numerical results ob­

tained by an explicit FTCS finite-difference scheme. Again, very good agreement 

between the semi-analytical and numerical approximations is obtained. These re­

sults are compared to those of Chapter 2 to illustrate the difference between a grain 

bulk which is heated via ambient air and one that is heated via microwave radiation. 

In Chapter 5 we present our conclusions. 



Chapter 2 

The Double-Diffusivity Heat 

Transfer Model 

2.1 Introduction 

In this chapter we develop the double-diffusivity heat transfer model. We illustrate 

how to obtain a semi-analytical approximation to this model by the Heat-Balance 

Integral Method. We also apply this method to a simplified form of the model 

which can be decoupled, allowing us to obtain semi-analytical approximations for 

the air and grain temperatures independently. We compare these approximations 

to numerical approximations obtained via an explicit finite-difference scheme. 

22 
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2.2 Mathematical Formulation 

We first illustrate the derivation of the double-diffusivity model via a random-walk 

approach as proposed by Hill [23], followed by the development of the continuous 

version of this model. We then derive our heat transfer variant of this model, known 

as the double-diffusivity heat transfer model. 

2.2.1 Derivation of the Double-Diffusivity Model 

It is well known that to describe the diffusion in a homogeneous, isotropic, isother­

mal, rigid medium with a single family of diffusion paths, the classical diffusion 

equation, based on Fick's second law of diffusion, is used, 

BC 
~=DV2C, D>0, (2.1) 

where C is the concentration and D the diffusion coefficient. 

The question is, how does one model diffusion in a medium where there exist 

two distinct diffusion paths? Aifantis [4] has proposed the following general coupled 

system of equations for the concentrations in each path: 

-^ = D^d - K& + K2C2> 
dt 

(2.2) 

BC 
—1 = D2V

2C2 + K.C, - K2C2, 
dt 

where Di and D2 are the positive diffusion coefficients, and K\ and K2 are the 

positive concentration transfer coefficients. This coupled system is known as the 

double-diffusivity model. Formally, similar equations have been proposed by Hill [23], 

and originate from Barenblatt et al. [10], where they were developed to describe the 
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flow of liquid in rocks assumed to consist of a dual system of fissures and pores. 

This theory describes diffusion and flow in a medium that consists of more than one 

family of diffusion or flow paths. Thus, such a theory is directly applicable to the 

seepage of water in soils where additional flow paths arise, such as from the cracking 

of the soil. 

In order to show the derivation of the double-diffusivity model, we will consider a 

random-walk approach. Following, we detail the discrete random walk model giving 

rise to the classical diffusion equation (2.1) (see Prabhu [50]). Consider a particle 

random walking on the integers, such that at integral instants in time, there is a 

probability of p for a move to the right, and a probability of q for a move to the left, 

where p + q = 1. If we let UktU denote the probability that the particle is in position 

k at time n, then, for an unrestricted particle 

Uk,n+1 = pUk-l,n + quk+l,n, VVl > 0. (2.3) 

If we now let the jumps be of length Ax with the time interval between jumps At, 

then in the limit as Ax and At tend to zero, Uk,n is approximately equal to f(x, t)dx 

and equation (2.3) becomes 

f{x, t + At)= pf{x - Ax, t) + qf(x + Ax, t). (2.4) 

From Taylor's theorem, we have 

*g-^>-g-<P-«)*& <"> 
hence, for a free particle (p = q = 1/2), we obtain the classical diffusion equation 

(2.1), provided At and Ax converge to zero in such a way that At/(Ax)2 tends to 

the finite limit (2D)-1. 
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We now illustrate the development of the double-diffusivity model using a dis­

crete random walk model of diffusion in a medium with two distinct diffusion paths. 

This model gives rise to the double-diffusivity model (2.2) in the continuous limit, 

which is derived in the next section. The idea behind the random walk approach of 

the double-diffusivity model is to generalise the above classical method by assuming 

that the particle moves along one of two distinct paths and that at each jump there 

is a possibility that it can transfer between the two paths, in addition to moving 

either right or left. 

Consider a single particle random walking on the integers on an infinite straight 

line. We make the idealisation that each point of space is simultaneously occupied 

by two distinct diffusion or flow paths. Thus, we consider the infinite line to consist 

of two paths. If the particle is in path i, where i = 1,2, we suppose that at each 

jump it moves one step to the right with probability Pi, one step to the left with 

probability ft, remains in the same position with probability r{, or jumps to the 

same position on the other path with probability s^, as illustrated in Figure 2.1. 

At each jump only one of four possible outcomes can occur, thus 

Pi + qi + ri + Si = l, i = 1,2, (2.6) 

and we assume that the various probabilities are independent of the position of the 

particle. 

We now let ufc>n denote the probability that the particle is in path 1 at position 

k at time step n. Similarly, let vk;n denote the probability that the particle is in 

path 2 at position k at time step n. We thus have the following coupled system of 
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equations, 

Uk,n+1 = PlUk-l,n + riUktn + qiUk+l,n + S2Vk,n, 

(2.7) 

Vk,n+1 = P2Vk-l,n + r2Vk,n + q2Vk+l,n + -lV>k,n, 

Vfc,nGZ> 0. 

We now illustrate how the continuous version of the random walk model (2.7) 

gives rise to the coupled system of partial differential equations (2.2) in the case of 

a free particle, that is, Pi = ft, i = 1, 2. 

Let the length of each step be Ax and the time between consecutive steps be 

At. Formally, we replace k and n by x and t, respectively, and introduce functions 

f{x,t) and g{x,t) such that in the limit of Ax and At tending to zero, ufc,n and vk,n 

are approximately f(x,t)dx and g(x,t)dx, respectively. 

The corresponding equations to the system of equation (2.7) are 

f(x,t + At) = p1f(x-Ax,t) + r1f(x,t)+q1f(x + Ax,t) + s2g(x,t), 
(2.8) 

g(x,t + At) = p2g(x-Ax,t) + r2g(x,t) + q2g(x + Ax,t) + Slf{x,t). 

Figure 2.1: The random walk of a particle. 
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U p to first order in At and second order in Ax, the system of equations (2.8) becomes 

A df (Pi+gi)/A ,2
d2f i u / , , 

~dt = 2 ( ^ dx* ~ (Pl ~~ 9l) x ~ Slf 29, 

(2.9) 

A t | = ^±^(Ax)2^-(P2-q2)Ax^-s2g + slf, 
dt 2 ax2 x 

using equation (2.6). 

By supposing At and Ax tend to zero in such a way that At/(Ax)2 tends to a 

finite positive limit A, and assuming that the probabilities pif qi, Si, i = 1,2 are such 

that 

^ = \{Di + diAx), qi = \{Di - d{Ax) and Si = Afci(Ax)
2, (2.10) 

where di, Di and h, i = 1,2 are assumed to be finite constants, then from equa­

tions (2.9) and (2.10), we obtain 

(2.11) 

<9t dx2 dx 

In the case of a free particle, ̂  = ft, i = 1,2, we obtain the double-diffusivity 

model (2.2) and we observe that the constants kx and A;2 are essentially transition 

probabilities. 

2.2.2 Derivation of the Double-Diffusivity Heat Transfer Model 

Now that we have outlined the derivation of the double-diffusivity model, we il­

lustrate our heat transfer variant of the model, namely, the double-diffusivity heat 

transfer model. The fundamental assumption behind this model is that each point 
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within the grain bulk is occupied by both air and grain. This idealisation is based on 

the random distribution of grain throughout the grain bulk, and as it is not known 

if a particular point is occupied by either air or grain, we make the idealisation that 

each point is occupied by both, and obtain the actual temperature at that point 

by taking the average of the two temperatures. Such a model is well suited to the 

problem of determining the difference in the air and grain temperatures within a 

grain bulk, as their distribution is random in nature. We also assume that the dust 

contained within the grain bulk does not significantly affect heat transfer. It would 

be possible to develop a triple-diffusivity heat transfer model which considers the 

dust, or some other medium, as a third diffusivity path for the heat. 

Figure 2.2: Idealisation of the double-diffusivity heat transfer model. 

The scenario which we consider is that of a closely packed grain bulk in contact 

with the vertical grain store wall such that every point in the grain bulk is connected 

to every other point by either a grain path or by an air path, and we envisage heat 
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propagating along both air and grain paths, as illustrated in Figure 2.2. The heat 

transfer through the grain path occurs through the grain kernels via the grain contact 

areas, and the heat transfer through the air path occurs through the air channels 

created by the pores. At every point within the grain bulk we associate both an air 

temperature Ta(x, t) and a grain temperature Tg(x, t), such that the actual physical 

temperature at that point is simply the average, or the weighted average, of the two. 

In addition to heat propagating along the air and grain paths, we speculate that 

there can be transfer of heat from air to grain, and vice-versa. The heat transfer 

within the peripheral layer is most critical when internal convection cells are not 

fully established. Convective currents are thus assumed to be negligible to allow 

such situations to be analysed. 

Analogously to the derivation of the double-diffusivity model, we obtain the 

one-dimensional double-diffusivity heat transfer model 

d^m^ = K/Tf£t] -hUx^ + hTg^t), 

^ ^ ^ Kg^^^+k2Ta(X,t)-k2Tg(X,t), 

(2.12) 

where the coupling terms between the air and grain paths are defined as follows 

k ka 
k\ — — — and k2 = ——, (2.13) 

Paca Pgcg 

and where Ta is the temperature of the air, Tg is the temperature of the grain, Ka is 

the thermal diffusivity of the air and Kg is the thermal diffusivity of the grain. We 

use ka to represent the effective heat transfer coefficient from air to grain or grain 

to air, across some area. 
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Another method for deriving the double-diffusivity heat transfer model (2.12) is 

as follows. Consider the general one-dimensional heat equation with a source/sink 

term Q: 

dU d2u r, foi/h 
pcm = K^ + Q^ (2-14) 

where Q is the rate of heat produced/lost per unit volume per unit time. Now, if Q 

represents heat lost/gained through Newton cooling, that is, 

Q « hA{U{x,t)-Us), (2-15) 

where h is the heat transfer coefficient, A is the cross-sectional area and Us is the 

surrounding temperature, then, by adapting this to the double-diffusivity model 

approach, we obtain the following coupled system 

8Ta d2Ta 
PaCa-g^ = Ka-^~hA(Ta-Tg), 

BT d2T 
PgCg-gf = Kg-^ + hA(Ta-Tg)t 

(2.16) 

where we consider the air to act as a source of heat for the grain, since air heats up 

faster than grain, which is equivalent to 

?£* = K
 Q2Ta hATa\

 kAT, 
dt a dx2 paca

 a paca 
(2.17) 

?Il = K
d2T9 , hATa

 hA
T_ 

dt 9 BX2 PgCg a PgCg 9' 

and by letting ka = hA, we obtain the double-diffusivity heat transfer model (2.12). 
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2.3 The Heat-Balance Integral Method 

In this section we discuss the implementation of the Heat-Balance Integral Method 

(HBIM). 

The HBIM is commonly used to obtain semi-analytical approximations to problems 

involving heat conduction and diffusion. The HBIM is based on the existence of 

a penetration depth, denoted X(t), beyond which there is effectively no heat flow. 

Such a solution technique is very well suited to our problem, as such penetration 

depths exist in grain bulks and are readily observed in the field. 

In particular, it is a very good technique to obtain semi-analytical approxima­

tions to non-linear transient heat equation problems. It can also be used for obtain­

ing approximate solutions to linear problems with complicated spatially-dependent 

thermal properties, and problems involving both conduction and convection. 

Pohlhousen [48] was one of the first to introduce integral methods, and used 

them to solve non-similar boundary layer problems in fluid mechanics. The first 

to apply the method to solve diffusion equations was Landahl [36] in the field of 

biophysics. 

The implementation of the HBIM basically comprises of four steps [27]: 

1. Begin by introducing the notion of a penetration depth, X{t), beyond which 

there is effectively no heat flow, as illustrated in Figure 2.3. This is analogous 

to the boundary layer thickness in fluid mechanics. 

2. Assume a simple polynomial profile for the temperature in the spatial variable 

with time-dependent coefficients. 
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3. Use the prescribed initial conditions and boundary conditions, along with the 

assumed conditions beyond the penetration depth, to determine the coefficients 

of the assumed polynomial temperature profile. 

4. Integrate the governing equation across the penetration depth, to obtain what 

is known as the heat-balance integral, and from the assumed temperature profile 

determine X{t) explicitly from the integrated form of the governing equation. 

Hence, the temperature will satisfy the heat-balance integral, but not the 

original governing equation. Thus, the governing equation will be satisfied in 

an averaged or integral sense only. This averaged equation is analogous to the 

momentum integral in boundary layer theory. 

X(t) 

Figure 2.3: Idealisation of the penetration depth. 

In our implementation of the H B I M to the double-diffusivity heat transfer model 

and the double-diffusivity heat transfer model incorporating microwave heating in 

Chapter 4, we assume the existence of two penetration depths, one through the 

air path Xa(t), the other through the grain path Xg{t), which vary with time, 
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and beyond which there is effectively no heat flow. In addition, we assume cubic 

temperature profiles for both the air and grain. Ordinary differential equations 

for the moving penetration fronts are then determined by satisfying the governing 

partial differential equations in an average or integral sense. 

2.4 A Semi-Analytical Approximation via the HBIM 

to the General Double-Diffusivity Heat Trans­

fer Model 

In this section we illustrate the derivation of a semi-analytical approximation to the 

general double-diffusivity heat transfer model (2.12) using the HBIM. 

We begin by determining expressions for Ta(x, t) and Ts(x, t), which are functions 

of Xa(t) and Xg{t). We then determine the coupled governing equations for the 

penetration fronts Xa(t) and Xg(i). 

We will first determine an expression for Ta(x,t). We assume that there exists a 

penetration depth x = Xa(t) beyond which there is effectively no heat flow. Thus, 

at x = Xa(t), we have 

Pa = PaQ; 

(2.18) 

since both temperature and heat flux must be continuous. Note that Ta0 is the initial 

temperature of the air, and as such is the internal temperature at the penetration 
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point x = Xa. 

Now, let us consider Ta at x = Xa. Upon differentiating both sides of equa­

tion (2.18)i with respect to time, we find 

^9Ta + dTa 
dx dt 

X ^ + ̂  = 0, (2.19) 

where primes indicate derivatives with respect to t 

Hence, from equation (2.18)2, we obtain 

dTa 
dt 

Thus, at x = Xa, equation (2.12)i becomes 

d2Tn 

(Xa,t) = 0. (2.20) 

Ka~dx^ ~ klTa + klTg = °' (2-21) 

and so, from equation (2.18)i, we obtain 

^(Xa,t) = |-TQ0 - ^-Tg(Xa,t), (2.22) 

which is a derived constraint. Hence, we have four conditions on Ta: 

Ta(0,t)=Tb, Ta(Xa,t) = Ta0, 

()Ta{Xa,t) = 0, ^(Xa,t) = ^Ta0 - ^T9(Xa,t), 

(2.23) 

<9xv Q' ' ' <9x2 v °' ' Ka
 uu Ka 

where Tb(t) is the boundary temperature. 

We now assume a cubic temperature profile for Ta in the spatial variable, with 

time-dependent coefficients: 

Ta{x, t) = a(t) + b{t)x + c{t)x
2 + d(t)x3, (2.24) 
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and determine the values of the time-dependent coefficients using equations (2.23). 

We choose a cubic so there are four free parameters to match our four boundary 

conditions, one each for Ta and Tg at x = 0 and x = oo. 

Using equations (2.23), we obtain the following expressions for the four time-

dependent coefficients 

a = Tb, 

3 T —T klXaT klXa' 

Xa
la0 x/b + 2Ka

Ia°- 2Ka 

(2.25) 

• TaO + ~^pfP\, TrPaO + T7~Tff(Xa, t), 
X2 au X2a" Ka "

u Ka 

7̂ o n_ h fei 
XI" Xl + 2KaXa

 a0 2KaXa
J-d = ^ 4 + ̂ a 0 - - ^ r T 3 ( 4 t ) . 

Hence, upon substituting (2.25) into equation (2.24), the expression for Ta becomes 

Ta(x,t) = Ta0 + (Tb - Ta0) (l - Y) 

(2.26) 

(Xax x
2 x3 ^ 

+ (hTa0 - hTg{Xa, t)) ̂ — - — + ̂ - J . 

Initially (t = 0) it is assumed that 

a0 — J-gOi (2.27) 



Chapter 2: The Double-Diffusivity Heat Transfer Model 36 

so by letting Ta0 = Tg0 = T0, the expression for Ta becomes: 

Ta{x,t) =- T0 + (rfe-T0)(l-^)
3 

kiX"-{T,(Xait)-T0)(l-
J < 

(2.28) 

2Ka v^v—,-/ ^v XJ • 

Analogously, by assuming a penetration depth x = Xg(t), we obtain the following 

expression for Tg: 

\ 3 

X \ Tg(x,t) = T0 + (Tb-T0)(l 

(2.29) 

X*. 

k^UXg,t)-TQ) 1-|-
2 

'9 \ yvg/ 

Once expressions for Xa and Xff are determined, explicit expressions for Ta and Tg 

will exist, given by equations (2.28) and (2.29). 

We now let 

$a(t)= /
 aTadx, (2.30) 

Jo 

where $a is simply some function of t, so that equation (2.12)! will be satisfied in an 

averaged or integral sense over the interval [0,Xo]. Upon differentiating both sides 

with respect to time, we have 

d$> rXa AT 

Thus, from equations (2.12)i, (2.18)i and (2.18)2, we obtain the following expression 

which becomes the governing expression for Xa(t): 

d$a „dTa,„ ,N , , fXa 

dt 
= -Ka-^-(0,t)-kl$a + klJ

 aTgdx + T0X'a. (2.32) 
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W e must now determine expressions for 

dT rxa 
$a, af(°>*) and j Tgdx. (2.33) 

Upon differentiating equation (2.28) with respect to x, we obtain 

^(<M) = ~(Tb - T0) - ^~(T9(Xa,t) - T0). (2.34) 

By using the expression for Ta, that is, equation (2.28), equation (2.30) becomes 

$a = T0Xa + ^(Tb - T0) -.^(Tg(Xa,t) - T0). (2.35) 

Finally, from equation (2.18), we obtain 

XLn-T.jAy.X'L-lyy.'S [-Tgdx = TbXa + ts(Tb-T0)(-- + -fr^-A 

^-J^L{Ta(Xg,t) - T0) (- - -^ + ^ 

thus, equation (2.32) becomes 

§(Tt-T0) + ̂-g|W) 

kJ^(Tg(Xa,t)-T0) 

(2.36) 

,„ TJZKa kjXa 
= ( T , , - r o ) * : ~ ~ 

+ ^^kjxf{-l + T9-Sl) ^ 
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+ (Tg(Xait)-T0)^(xa+
klXi 

2 u 12K„ 

..... .,, . __ . fci rC2Ji.n / y\n Jvn _A.„ 

+ Xa{k1Tb-k1TQ). 

It follows then, from using the fact that at x = Xa, we have 

|W = §< + f, (2.38) 

and given that Ta0 = Tg0 = TQ, from equation (2.27), that the governing equation 

for Xa becomes 

T'hXa + Xa(Th - T0) - -Q^{
xa, t) g^f 

dT9(Y +\klX* (T(X t) T.,)klX"X'a 

-dt~{Xa't)'Wa ~ {Tg{XQ't] T°] 2Ka 

(Tb - To) ( ^ - A**,) 

(2.39) 

+ ( T b - T o ) 4 k 1 X a ( l -
3 ^ + §-§, 
-g --g 

( hX2a 
+ (Tg(Xa,t)-T0)2k1Xa\l + ^-

4hk2X
2
a(Xa Xg Xl 

+ (Ta(Xg,t)-T0)~— ^ T - T - — 
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Similarly, we obtain the following expression for the governing equation for Xg, 

T:X9 + Xg(Tb-T0)-^{Xg,t)^^ 

(2.40) 

^(X t)hX° (T(X rt T ^ 

= (Tb - To) ( ^ - k2Xg 

+ (T6-T0)4^(l-?| + |-i) 

+ (Ta(X5, t) - T0)2/c2X5 fl + ^) 

y, (T(X ^ T^^U^ ^ K 

W e now assume that one of the penetration fronts moves faster than the other, 

such as Xa > Xg, which then implies Tg(Xa,t) = Tg0, as can be seen in Figure 2.4. 

This assumption is reasonable, since the double-diffusivity approach is typically 

applied to problems in which there not only exist two diffusion paths, but there is 

at least one order of magnitude difference in the rate of diffusion within the two 

paths. For our scenario, the difference is approximately two orders of magnitude, as 

discussed in Section 2.5. This assumption, along with the fact Ta0 = Tg0 — T0, from 

equation (2.27), results in the governing equations for Xa and Xg, equations (2.39) 
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and (2.40), respectively, simplifying as follows: 

and 

3 FfT h Y 3 

4Xa + K(Tb-T0)-^(Xa,t)^ 

= (Tb - To) ( ^ - k,Xa) 

/ ^Y Y2 

+ (^-^A(i-^ + -
2 xa

3 

4X3 
g 9 • 

,„ /,, -, „, S 4Kl k0j(.„ I A H A „ ^L„ 

+ (Ta(Xff,i)-T0) i ^ V 3 4 8 X < ? / ' 

TbXg + Xg(Tb - T0) - -g^(
xgif) Q^ 

"9 

dTa k2X\ k2X
2X'g 

~miXsit)~6K; " {Ta{X9't] To) 2Kg 

= (Tb-To){^-k2X9^ 

+ (rfc-r0)4^(i-g + g-^ 

+ (Ta(Xp,t)-T0)2fc2X5ll+ '
2 
fo.X2' 

12^p. 

(2.41) 

(2.42) 

It is worth noting the appearance of the heat driving terms within the coupled 

system of penetration fronts Xa(t) and Xg(t), equations (2.41) and (2.42). These 
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Ta(X,t) 

Tg(X,t) 
X g 

X= 

T aO 

Tg(Xa(t),t)=TgO 

Figure 2.4: Idealisation of the assumption that Xa > Xq 

terms are of the form 

Tb-T0 and Ta(Xg,t)-T0. (2.43) 

This is in agreement with what we expect, as it illustrates the importance of the 

difference between the boundary temperature and the initial temperature, as well 

as the difference between the temperature at the penetration front and the initial 

internal temperature, which contribute to the rate at which the heat propagates 

through the medium. 

In order to obtain expressions for Xa and Xg, the coupled system of equa­

tions (2.41) and (2.42), must be solved. Due to the complexity of these expressions, 

this must be done numerically. The values of Xa and Xg are then substituted into 

equations (2.28) and (2.29), enabling expressions for Ta and Tg to be obtained. 

Applying the simplification Tg(Xa,t) = Tg0, the expression for Ta becomes 

Ta(x,t) = T0 + {Tb-T0)(l--j^)' (2.44) 
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while the expression for Tg, equation (2.29), remains unchanged. 

2.4.1 Showing that X(t) « Cy/i for Early Times 

In this section we show that X(t) « Cy/t, for early time. 

We substitute Xa = Cyjt and Xg = C2y/i, where Cx and C2 are constants, 

into the governing equations for Xa and Xg, equations (2.41) and (2.42), and retain 

terms of 0{t1'2). 

We then obtain the following values for C\ and C2, 

C1 = 2^/6Ka and C2 = 2^/QKg. (2.45) 

Therefore, the expressions for the penetration fronts Xa(t) and Xg(t), at early times, 

are, respectively, 

Xa(t) = 2VQK~aVi, (2-46) 

Xg{t) = 2J0KgVi. (2-47) 

By substituting these expressions into equations (2.44) and (2.29), we obtain the 

following expressions for Ta{x,t) and Tg(x,t) at early times, respectively, 

Ux,t) -= T0 + (T6-T0)(l-^^)
3, (2.48) 

Tg(x,t) = To + (Tb-To)\l-—[JLy-

(2.49) 
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2.5 A Semi-Analytical Approximation via the HBIM 

to the Simplified Double-Diffusivity Heat Trans­

fer Model 

In this section we show how the double-diffusivity heat transfer model can be decou­

pled, producing two linear partial differential equations, which can then be solved 

independently using the HBIM. 

Upon observing the physical values of the constants in the double-diffusivity heat 

transfer model (2.12), we find there exists a difference of approximately two orders 

of magnitude in the time scales on which Ta and Tg initially evolve. This can be 

explained by the fact that the thermal diffusivity of air is higher than the thermal 

diffusivity of grain, which results in the heat front moving faster through the air 

than the grain, and hence heating up faster. Grain has a lower thermal diffusivity 

and a higher heat storage capacity than air, which means that most of the heat is 

absorbed, with the rest being conducted. Hence, initially the heating is a result of 

heat convection, so the ratio of the diffusivities Ka and Kg determines the difference 

in the time scales on which Ta and Tg evolve. 

We model the initial behaviour in the following way: The fact that heat is moving 

faster through the air path than the grain path by approximately two orders of 

magnitude allows us to make the idealisation that within the air path, the grain 

temperature is effectively still at its initial temperature, that is, Tg = T0, and 

within the grain path, the air temperature has effectively reached the steady-state 
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boundary temperature, that is, Ta = Tb. This observation allows us to simplify, 

and hence decouple equation (2.12), to obtain the following two equations, which 

represent the change in temperature through the air and grain, respectively, 

lit = K^~k^ + k^ (2-50) 

dT9 . K
 di% _ knT , kT (2.51) 

dt ~ Kg dx2 hlg + hh, K } 

where Tb is a constant boundary temperature. The difference in the time scales on 

which Ta and Tg initially evolve is the ratio of the heat diffusivities, Kg to Ka, as 

initially the heating is a result of heat convection, that is, 

K, = 8.3 x IP-* = (252) 
Ka 2.2 x 10~

5 

Hence the model is accurate up until 

t = O ( ^] ~ 300 seconds. (2-53) 
V3.8 x 10-V 

By applying the HBIM as detailed in the previous section to equations (2.50) 

and (2.51), and once again assuming penetration fronts Xa and Xg, through the air 

and grain respectively, along with cubic temperature profiles for both, we obtain the 

following explicit expressions for the temperatures of Ta and Tg, and the penetration 

fronts Xa and Xg, respectively, 

Ta(x,t) =
 ro + ( 7 6 - T 0 ) ( l - ^ - ) (2.54) 

Tg(x,t) = T0 + (Tb-T0)(l-^-) , (2-55) 
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Xa(t) = l(i2fc1Ka{l-exp(-2M)})
1/2, (2-56) 

Xg(t) = ^(12k2Kg{l-exp(-2k2t)})
1/2, (2.57) 

K2 

Considering that for small time 

exp(-2/cit) « 1 - 2/dt and exp(-2/c2t) « 1 - 2/c2t, (2-58) 

the expressions for the penetration fronts Xa and Xs, equations (2.56) and (2.57), 

take the forms, respectively, 

Xa(t) = 2V6K~aVi, (2-59) 

Xg(t) = 2^6KgVi, (2-60) 

which agree with the forms determined for the general double-diffusivity heat trans­

fer model, equations (2.46) and (2.47), in the previous section. 

2.6 Some Results 

In this section we discuss some results pertaining to semi-analytical approxima­

tions of the simplified and general forms of the double-diffusivity heat transfer 

model (2.12) as developed using the HBIM. We compare these approximations to 

numerical approximations obtained by the explicit FTCS finite-difference scheme. 

The coupled system of equations representing the penetration fronts Xa(t) and 

Xg(t) for the general double-diffusivity heat transfer model, equations (2.41) and 
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(2.42), were solved numerically using the Fehlberg fourth-order Runge-Kutta method 

as implemented in MAPLE (a symbolic algebraic computer package). 

Trabelsi et al. [64] conducted a study of the dielectric properties of shelled, 

yellow-dent field corn, measured at different bulk densities and moisture contents. 

Grain temperatures ranged from 4°C to 45° C, grain moisture contents ranged from 

9% to 19% wet basis and the frequencies ranged from 11GHz to 18GHz. Shelled, 

yellow-dent corn represents properties typical of most grains of interest to the Aus­

tralian grain industry. The following _is a list of the parameter values used for our 

examples [13, 64]: Tb = 10°C, T0 = 0°C, Ka = 2.2E-05m
2
S-

1, Kg = 8.3E-08m
2s"1, 

pa = 1.177kgmr
3, pg = 513kgm-

3, ca = 1005 Jkg
-1^-1, cg = 1380 Jkg-^C"

1, ka = 

0.01 Jm~3s"~loC_1 and <fra = 0.6, which is the fraction of grain bulk volume occupied 

0.8 
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Figure 2.5: Semi-analytical approximations of the penetration depths Xa (—) and 

X (—) versus time, up to t = 1000 seconds, for the simplified double-diffusivity 

heat transfer model. 
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by air. The value used for the effective heat transfer coefficient ka is macroscopically 

averaged, and is an estimate only. 

ra 5 -i 

a 
E 

0.06 

distance (m) 

0.12 

Figure 2.6: Semi-analytical and numerical approximations of the temperatures Ta, 

(—) and (- - ) , and Tg, (—) and (•••), respectively, versus distance, up to t = 30 

seconds, for the simplified double-diffusivity heat transfer model. 

The scenario we envisage is that of a silo wall heated by an ambient temperature 

of 10 °C with the air and grain at an initial temperature of 0°C. This is typical of 

conditions when grain is harvested and stored in cool climates. 

Figure 2.5 shows the variation of the penetrations depths Xa(t) and Xg(t) with 

time, up to t = 1000 seconds. Shown is the semi-analytical approximation to the 

simplified double-diffusivity heat transfer model, equations (2.56) and (2.57), and the 

numerical solution to the double-diffusivity heat transfer model (2.12). As expected, 

the penetration front through the air moves faster than the one through the grain, 

since grain has a lower thermal diffusivity than air, and a greater heat storage 
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capacity. We note that for early times, the profiles of the two penetration fronts are 

of the form C\/i, as was proven in the previous section. 

Figure 2.6 shows the variation of the temperatures Ta and Tg with distance, up 

to t = 30 seconds. Shown is the semi-analytical approximation to the simplified 

double-diffusivity heat transfer model, equations (2.54) and (2.55), and the numer­

ical solution to the double-diffusivity heat transfer model (2.12). As a result of the 

heat penetrating further through the air than the grain, after the same amount of 

time has elapsed, we observe that there exists a noticeable difference between the 

air and grain temperatures. There is seen to be very good agreement between the 

semi-analytical and numerical solutions. 

Figure 2.7 shows the variation of the temperatures Ta and Tg with time, up to 

0 300 600 

time (s) 

Figure 2.7: Semi-analytical and numerical approximations of the temperatures Ta, 

(—) and (- - ) , and Tg, (—) and (• • •), respectively, versus time, at x = 0.002m, for 

the simplified double-diffusivity heat transfer model. 
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0 0.06 0.12 

distance (m) 

Figure 2.8: Simplified double-diffusivity heat transfer model semi-analytical, general 

double-diffusivity heat transfer model semi-analytical and numerical approximations 

of the temperatures Ta, (- - ) , ( ) and (—), and Tg, (• — •), (- • •) and (• • •), 

respectively, versus distance, up to t = 30s. 

t = 600 seconds, at a distance of 0.002m from the silo wall. Shown is the semi-

analytical approximation to the simplified double-diffusivity heat transfer model, 

equations (2.54) and (2.55), and the numerical solution to the double-diffusivity heat 

transfer model (2.12). The figure illustrates the change in shape with time of the 

temperature profiles of air and grain at the point x = 0.002m. As time increases, 

the model predicts that the air and grain temperatures will reach a steady-state 

temperature; the boundary temperature Tb = 10 °C. Furthermore, we observe that 

the temperature of the air approaches the steady-state temperature faster than that 

of the grain, as expected. Once again, there is seen to be very good agreement 

between the semi-analytical and numerical solutions. 
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Figure 2.8 shows the variation of the temperatures Ta and Tg with distance, up 

to t = 30 seconds. Shown are the semi-analytical approximations to the simplified 

double-diffusivity heat transfer model, equations (2.54) and (2.55), and the general 

double-diffusivity heat transfer model, equations (2.29) and (2.44), along with the 

numerical solution to the double-diffusivity heat transfer model (2.12). As expected, 

both models predict that the air temperature is greater than the grain temperature. 

We observe that the agreement between the semi-analytical approximations of the 

simplified and general forms is very good and that they both agree very well with 

the numerical solution. 

2.7 Conclusions 

In this chapter we have outlined the derivation of the double-diffusivity heat trans­

fer model, and have shown how this formulation is based on the double-diffusivity 

model. We have developed semi-analytical approximations to both the simplified 

and general forms of the double-diffusivity heat transfer model, by using the HBIM. 

We have also compared these approximations to numerical approximations, and the 

results have shown that the two approximations agree very well, for both the sim­

plified and general forms of the model. The agreement between the simplified and 

general forms of the double-diffusivity heat transfer model was also shown to be 

very good. These approximations illustrate that the double-diffusivity heat transfer 

model predicts that there exists a noticeable difference between the air and grain 

temperatures of a grain bulk, with the penetration of heat moving faster through the 
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air than the grain, which is fundamentally based on the difference in their thermal 

diffusivity values, particularly for early time, which is of primary interest to us. The 

approximations also show that for early times the penetration fronts take the form 

Cy/i. 



Chapter 3 

The Two-Stage Heat Transfer 

Model 

3.1 Introduction 

In this chapter we derive the two-stage heat transfer model, which is based on a 

heat transfer variant of the two-stage model originally proposed by McNabb [40]. 

W e discuss why such a model is used, and obtain a semi-analytical approxima­

tion via Laplace transforms valid for small and large times. These semi-analytical 

approximations are compared with numerical approximations obtained using the 

Stehfest [58] algorithm. W e also compare this model to the double-diffusivity heat 

transfer model derived in the previous chapter. 

52 
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3.2 Mathematical Formulation 

We begin by outlining the development of McNabb's [40] two-stage model, and then 

illustrate the derivation of the two-stage heat transfer model. 

3.2.1 Derivation of The Two-Stage Model 

McNabb [40] proposed a two-stage model for the modelling of the propagation of 

pressures in a porous medium with its permeability affected by a homogeneous 

distribution of fissures, which effectively partitions the medium into blocks of a 

particular geometry. This results in two pressures that are associated with the 

medium, one with the fissures, and the other with the blocks. 

McNabb observed that in order to model such systems in their most general 

form, the problem of dimensionality must be considered. Three variables are needed 

to first locate the block within the system, and then another four variables, three of 

space and one of time, are required to describe the block itself. For certain cases of 

these problems, a factorisation can be used such that the two systems, the fissures 

and the blocks, can be essentially uncoupled. This then lends itself to a method of 

solution via Laplace transforms. 

The two-stage model is based on the assumption that in the neighbourhood of 

every point x in the fissure system, there is associated a block, and within each block 

there is associated a specific geometry with a different spatial coordinate system 

y. Hence, the model is composed of two diffusion equations, one for the pressure 

change in the fissures, and one for the pressure change in the blocks. These two 
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diffusion equations are coupled together by the changes in fissure pressure acting as 

a boundary condition for the blocks located in its neighbourhood. 

It is assumed that the fissure permeability is high enough compared to the block 

permeability so that the pressure drop in the fissure system across a typical block 

is negligible. It is also assumed that the fissure system is in contact with the block 

system everywhere, that is, it is continuous, with pressure changes only reaching the 

blocks via the fissure systems, and hence the blocks act as a distribution source of 

fluids to the fissure system. The corresponding equations are 

dP d2P 

BP B2P 

F(x,t) = ^ I f d-^-do, yeSx, 
Vx J Jsx dy 

(3.1) 

Pb(x,y,t) = Pf{x,t), y £ Sx, 

where Pf is the fluid pressure in the fissure system at position x at time t, Pb is the 

pressure change in the block at position y at time t located in the neighbourhood of 

position x, 3>/ is the porosity of the fissure system, Qb is the porosity of the blocks, p 

is the dynamic viscosity of the fluid, c is the compressibility of the fluid at constant 

pressure, Kf is the permeability of the fissure system, Kb is the permeability of the 

blocks, Vx is the volume of block in the neighbourhood of position x and Sx is the 

surface of the block in the neighbourhood of position x. 

This model is sometimes referred to as the Fruitcake Model, since it is analogous 
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to modelling diffusion in a fruitcake consisting of a cake mix (or highly permeable 

fissures) and fruit (less permeable blocks). 

3.2.2 Derivation of The Two-Stage Heat Transfer Model 

To adopt the McNabb approach for our grain store heat transfer problem, we begin 

by making the assumption that the grains are all uniform in size and spherical in 

shape. This is a legitimate assumption to make, in particular, for the case of canola, 

which is a grain that is currently of great interest to the Australian grain industry. 

The model distinguishes between the air and grain whereby heat flows through 

the air to the grain, and is transferred into the grain through its surface. The 

actual grain geometry is taken into consideration using a separate spatial coordinate 

system, in order to represent the temperature at various points within each grain 

kernel. Hence, there are two separate spatial coordinate systems used, one for the 

grain bulk (macroscopic) and one for the grain kernel (microscopic), as illustrated 

in Figure 3.1. 

The heat transfer within the peripheral layer is most critical when internal con­

vection cells are not fully established. Convective currents are thus assumed to 

be negligible, allowing analysis of such situations. Thus, analogously to McNabb's 
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two-stage model, the one-dimensional two-stage heat transfer model is: 

dTa 
dt 

Ka 
d2Ta F(x,t) 

dx"1 PaCa 

'd2T0 2dTn 
Ki--° • "^' 

F(x,t) = 

dr2 r dr j 

3K9{1 - $a) dTg 

a dr 

(3.2) 

Tg(x,a,t) = Ta(x,t), 

with the following initial conditions and boundary conditions: 

Ta(x,0) = To, Tg(x,r,0) = T0 and Ta(0,t) = Tb, (3.3) 

and where Ta is the temperature of the air, Tg is the temperature of the grain, Ka 

is the therm.al diffusivity of the air, Kg is the thermal diffusivity of the grain, r is 

the spatial coordinate system in the grain kernel, a is the radius of the grain kernel 

and $a is the fraction of grain bulk volume occupied by air. 

Figure 3.1: Idealisation of the two-stage heat transfer model. 
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Equation (3.2)i describes the temperature of the air, including a sink term F. Equa­

tion (3.2)2 describes the internal temperature of the grain. Equation (3.2)3 is the 

sink term, describing the transfer of heat from air to grain through the surface of 

the grain, and equation (3.2)4 is the continuity boundary condition, which states 

that on the surface of the grain, the air and grain temperatures are equal. 

3.3 Semi-Analytical Approximations via Laplace 

Transforms 

As mentioned previously, the two-stage heat transfer model lends itself to a solution 

technique involving Laplace transforms. We obtain a semi-analytical approximation 

via Laplace transforms, whereby small and large time inversions of the Laplace 

transforms are compared with numerical inversions obtained using the Stehfest [58] 

algorithm. 

The solution technique is as follows: 

1. We begin by first solving equation (3.2)2 for Tg(x,r,t) using equation (3.2)4 

as the boundary condition. 

2. We then calculate equation (3.2)3 from the previously determined value of 

Tg{x,r,t), which gives an expression for the sink term F(x,t). 

3. We then substitute this into equation (3.2)!, and finally solve for Ta(x,t). 

The solution is thus a two-stage one, as we first solve the equations governing the 

microstructure of the grain bulk, which are linked to the surrounding air via the 
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governing continuity boundary conditions, this then allows us to solve the equations 

the macrostructure, that is, the air. 

To begin, we take Laplace transforms with respect to time, and follow this with a 

factorisation approach in Laplace transform space, which allows us to separate into 

functions of both (x, s) and (r, s). Upon taking Laplace transforms with respect to 

time of equation (3.2), and assuming zero initial conditions, we have 

^ - i U+
F^ 

dx2 Ka \ ' paca 

s --= 
r2dr\ dr J Ks

9'' 

(3.4) 

a dr 

T9(x,a,s) = Ta(x,s) 

W e now assume a factorisation. The physical significance of this factorisation means 

that the structure of the grain is independent of its position within the grain bulk, 

while the mathematical significance allows us to perform a separation of variables, 

specifically, into functions of x and r. The factorisation is as follows 

Tg(x,r,s)=Ta{x,s)il{r,s), (3.5) 
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where Q,(r,s) is such that 

1 d ( 2dn\ s 
V2^ fr) = K,*> T<^ 

fi = 1, r — a, 

,. I 2^\ 
hm r2 — = 0. 
r-o y <9r / 

The solution to equation (3.6)i can easily be found to be 

sinh (rJs/Kg) a 
il{r,s) — 

sinh laJs/Kg) r 

Using equations (3.5) and (3.7), equation (3.4)3 becomes 

?(,,,) = 3^(1-*')T.(,,J)^(.,,) 
a ar 

Now, 

f(a's) = v J c o t h ( a v ^ ) - ^ 
Thus, we have the following expression for the sink term 

F(x,S)=
3K°il-*°]Ta{x,s 

Ci 

Therefore' equation (3.4)i becomes 

i VW coth \aJ^c~ 

Using the transformed boundary conditions, 

T 
Ta(0, s) = — and lim Ta(x, s) = 0, 

g Z—>oo 
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we can easily find the solution to equation (3.11), 

Ta(x,s) = Qe-
x^, (3.13) 

where 

From equation (3.5), we obtain 

— / Th ^ sinh (r Js/Ka) a 
T,(x,r,.) = - ^ e - ^ V J - i . (3.15) 

6 smh (ays/Kg) r 

Since it is not possible to obtain inverse Laplace transforms of equations (3.13) 

and (3.15) analytically, we obtain semi-analytical solutions by considering inversions 

of small and large time approximations. 

3.3.1 A Semi-Analytical Small Time Approximation 

In this section we obtain inversions of equations (3.13) and (3.15), by considering 

small time approximations, which corresponds to the limit as s —> oo. 

We will first determine an expression for Ta(x,s). We begin by considering the 

limit as s —>• co for p. Using lim coth(s) = 1, we obtain 

Hence, 

where 

lim i/s^i^) nr.. 
s-°o Ka \ apaca [V Kg a) J 

lim p = —- (s + m1y/s- m2) , . (3.17) 
s—>co K ^ ' 

-£Va 

3«g(l ~ $q) , 3ttg(l - <S>a) 
mi = — -~- and m2 = — — -. (3.18) 

apacaJKg a paca 
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Now, 

mi 
S + m l V ^ - m 2 )

i / 2 = si/2 h + ! ^ _ ^ 1 
Vi 

m2 
s 

1/2 

(3.19) 

sl/2 + ^ 

We hence obtain the following expression for Ta(x, s): 

lim Ta{x,s) = 
Tb [ —xmi 

7expk7E 
-X 

exp ;V2 
'Ka 

(3.20) 

We will now determine a small time approximation to Tg(x, s). Consider 

sinh (rJs/Kg) a 
lim , .̂  
s^°° sinh (ay/s/Kg) r 

lexpfc-^yfi/Kg}. (3.21) 

From equations (3.15) and (3.20), we obtain the following expression for Tg(x, s): 

*»!•,<.,,., - ^{^{(^-^j. (3,2) 
Upon inverting using MAPLE, the small time expressions for Ta(x,s) and Tg(x,s), 

respectively, are: 

x limTa(x,t) = Tbexp {
 3xK^ * j _ K erfc , - , 

*-* ^ 2apaCay[KaJKg\ UVKVt} 
I (3.23) 

and 

lim T5(x,r, t) = 
t—o 

aTh 
exp 

-3^(1-^1 rfJ ̂1 />-f)_ X 

2apacayf
rKay/Kg) [2y/t 

where erfc is the usual complementary error function. 

"Kn 

(3.24) 

3.3.2 A Semi-Analytical Large Time Approximation 

In this section we obtain inversions of equations (3.13) and (3.15), by considering 

large time approximations, which corresponds to the limit as s —• 0. 
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W e begin by determining a large time approximation to Ta. If we consider the 

fact that for small y, we have the approximation coth(y) = 1/y + y/3 + 0(y3), we 

obtain 

Thus, the expression for Ta(x,s) becomes 

We will now determine a large time approximation to Tg. Consider 

sinh (rJTjKg) a a (^"^ ~ e~r^) 
lim V V ' yJ , = _ v L (3 27) 

^° sinh (ay/s/Kg) r r (e*V*/K~9 _ e-«\/^
X 

s 

and so by using L'Hopitals rule, we find 

a(rlKa)l/2s-
1/2cosh (rJs/KQ 

lim V V /__*/ : = L (328) 
s^° r(a/Arfl)l/2s-

1/2COsh (ay/s/Kg) 

Thus, from equations (3.15) and (3.26), we obtain 

limTp(a,r,s)'= lim Ta(x,s). (3.29) 

Upon inverting via MAPLE, we have the following large time approximations to 

Ta(x,s) and Tg{x,s): 

lim Ta(x,t) = T6erfc{r 
(i (x, «g(i-<&0; 

1/2 

(3.30) 

= limTff(x,r,t), 
t—»oo 

We observe that for large times, the air and grain temperatures are equal to one 

another, due to the fact that equilibrium is reached (steady-state temperature), that 

iSj Ta = Tg = Tb in the limit t -^ oo. 
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3.4 Some Results 

In this section we discuss some results pertaining to semi-analytical and numeri­

cal approximations of the two-stage heat transfer model. The numerical approx­

imations have been developed using the Stehfest [58] algorithm, a well known al­

gorithm for diffusion problems, to obtain numerical inverse Laplace transforms of 

equations (3.13) and (3.15). 

The same parameter values are used as those in Chapter 2, and the same grain 

heating scenario is envisaged. We have used a macroscopically averaged value for 

the thermal conductivity of grain, Kg = 0.001Jm
_1s~loC_1, and it is an estimate 

only. Note that the temperature of the grain is measured near the centre of the 

grain kernel (r = 0.001 m), where the radius is taken to be a = 0.005 m. 

In the implementation of the Stehfest [58] algorithm, we used an Np value of 18. 

Np is known as the Stehfest parameter. It is the number of terms to be summed 

in one part of the Stehfest [58] algorithm. In principle, the larger the value of Np, 

the more accurate the numerical inversion. In practice, though, the choice of Np is 

limited by truncation errors. Typical values for Np are 10 and 18. For Np = 10, the 

inversions are accurate up to 8 decimal places, while for Np = 18, the accuracy is 

approximately double that. 

The semi-analytical approximations presented pertain to small time approxima­

tions. Results pertaining to large time approximations are not illustrated, as it was 

proven analytically in the previous section that the air and grain temperatures are 

equal. Comparisons of the semi-analytical and numerical approximations for small 
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and large times are not illustrated as the semi-analytical and numerical approx­

imations are the same, to graphical accuracy. Instead, results are illustrated for 

moderate times. 
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Figure 3.2: Semi-analytical and numerical approximations of the temperatures Ta, 

(—) and (- -), and Tg, (—) and (• • •), versus distance, up to t = 30 seconds. 

Figure 3.2 shows the variation of the temperatures Ta and Tg with distance, up 

to t = 30 seconds. Shown are the semi-analytical and numerical approximations to 

the two-stage heat transfer model, equations (3.23) and (3.24), and equations (3.13) 

and (3.15). We observe that there is a difference between the air and grain profiles, 

with the heat penetrating noticeably further through the air than the grain after 

the same amount of time has elapsed. Good agreement is observed between the 

semi-analytical and numerical solutions. The semi-analytical grain temperature, Tg 

( ); is not noticeable on the figure as there is effectively no penetration through 
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the grain after such a short time, however, we observe from Figure 3.3 that the grain 

temperature rises above 0°C after approximately 80 seconds. 
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Figure 3.3: Semi-analytical and numerical approximations of the temperatures Ta, 

(—) and (- -), and Tg, (—) and (• • •), versus time, at x = 0.002m. 

Figure 3.3 shows the variation of the temperatures Ta and Tg with time, up to 180 

seconds, at a distance of 0.002m from the silo wall. Shown are the semi-analytical 

and numerical approximations to the two-stage heat transfer model, equations (3.23) 

and (3.24), and equations (3.13) and (3.15). The figure illustrates the change in 

shape with time of the temperature profiles of air and grain, at the point x = 0.002m. 

Due to the difference in the time scale evolutions of the two profiles, the temperature 

of the air approaches the steady-state temperature Tb = 10 °C faster, as expected. 

Furthermore, due to the fact that the two temperatures are modelled differently, 

their profiles appear different in shape. Additionally, the figure shows that as time 
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tends to infinity, both the air and grain temperatures approach the steady-state 

temperature Tb = 10 °C. This is clearly seen in Figure 3.5, where a larger time scale is 

considered. Good agreement is observed between the semi-analytical and numerical 

solutions, particularly for the air temperature approximations. We observe that as 

time increases, the agreement between the small time semi-analytical solution and 

the numerical solution decreases, which is to be expected. 

3.5 Comparison of the Double-Diffusivity Heat 

Transfer and the Two-Stage Heat Transfer 

Models 

In this section we examine the differences between the double-diffusivity heat trans­

fer and the two-stage heat transfer models. We begin by discussing their theoretical 

fundamental differences, and then perform a qualitative comparison using some re­

sults. 

3.5.1 Theoretical Comparisons 

Both the double-diffusivity heat transfer model and the two-stage heat transfer 

model are dual-region models in that they identify air and grain temperatures sep­

arately within the grain bulk. The microscopic configuration of the grain bulk is 

important to both models in order to obtain a well-defined macroscopic description. 

The two models differ in how they identify this microstructure, however. 
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The fundamental assumption behind the double-diffusivity model is that there 

exist two connection pathways, such that each point within the grain bulk is occupied 

by both air and grain, hence the temperature at that point is the average or weighted 

average of the two temperatures. Heat transfer takes place along either the air or 

the grain path, with the possibility of heat being transferred from one path to the 

other. 

The main criticism of such an approach, such as discussed in Streltsova-Adams [59], 

in reference to Barenblatt's [10] double-porosity model, is the assumption that any 

infinitesimally small volume of the grain bulk is occupied by both air and grain, 

meaning that it is impossible to know whether a particular point lies within either 

the air or the grain. The two-stage heat transfer model does not suffer such a draw­

back. It also considers a double-porosity mechanism, but takes into consideration 

the distribution of the grain through the air, and uses a greater level of detail for the 

temperature of the grain particles. The double-diffusivity heat transfer model treats 

the grain particle as a lump with one uniform temperature, whereas the two-stage 

heat transfer model identifies a separate spatial coordinate system within the grain, 

that is, it considers the variation in temperature with distance from the centre of 

the grain kernel. 

The two-stage approach requires the identification of a characteristic length scale 

associated with the microstructure of the medium, which can, in general, prove to 

be quite difficult. The double-diffusivity approach, however, does not require such 

an identification, since it assumes a random microstructure throughout the medium, 

effectively not requiring the association of a characteristic length scale. The problem, 
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however, lies in identifying the values of the effective heat transfer coefficients of air 

and grain across some area. These are very difficult to determine for a medium, such 

as a grain bulk, that assumes that each point is occupied by both air and grain. 

The double-diffusivity heat transfer model effectively considers two overlapping 

paths for heat conduction, notably, the air and grain paths. Each path fills the entire 

grain bulk, such that at every point within the grain bulk there may be a change of 

path. Consequently, the variables and coefficients of the model are macroscopically 

averaged values at a point. The two-stage heat transfer model considers the grain 

bulk to be composed of two separate regions within which heat transfer may occur. 

with an interaction occurring between the two across a boundary interface. 

In summary, the main difference between the two models is the level of detail 

concerning the temperature of the air and grain particles, in particular, the grain 

particles. The double-diffusivity heat transfer model treats the grain as one lump 

and as such there exists one grain temperature only, whereas the two-stage heat 

transfer model considers the variation of temperature from the centre of the grain 

particle. 

3.5.2 Comparison by Some Results 

In this section we discuss some results pertaining to the numerical approximation 

of the simplified double-diffusivity heat transfer model, and the numerical approxi­

mation of the two-stage heat transfer model. 

We can only perform a qualitative comparison of the two models, since they are 

fundamentally different to one another. This is primarily due to the fact that the 
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two-stage heat transfer model predicts the temperature at various points within the 

grain, whereas the double-diffusivity heat transfer model predicts one bulk grain 

temperature. 

The same parameter values are used as in the previous section, and the same 

scenario is considered. 

co 5 
CD 
Q-

E 

0.06 

distance fm) 

0.12 

Figure 3.4: Two-stage and double-diffusivity numerical approximations of the tem­

peratures Ta, (—) and (- - ) , and T9, (—) and (• • •), respectively, versus distance, 

up to t = 30 seconds. 

Figure 3.4 shows the variation of the temperatures Ta and Tg with distance, up 

to t = 30 seconds. Shown are the numerical approximations to the two-stage and 

double-diffusivity heat transfer models. We observe that both the air and grain 

temperatures of the two-stage heat transfer model lag behind those of the double-

diffusivity heat transfer model. In other words, after the same amount of time has 

elapsed, the predictions for the air and grain temperatures of the double-diffusivity 
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heat transfer model are greater than those of the two-stage heat transfer model. 

This is due to the fundamental difference in the way in which the two models define 

the air and grain temperatures. Both models predict that there exists a difference 

in the air and grain temperatures, with the air temperature being greater than the 

grain temperature. In Figure 3.5 we observe that this difference decreases as time 

increases. 

700 

Figure 3.5: Two-stage and double-diffusivity numerical approximations of the tem­

peratures Ta, (—) and (- - ) , and T9, (- -) and (•••), respectively, versus time, at 

x = 0.002m. 

Figure 3.5 shows the variation of the temperatures Ta and T9 with time, up to 

t = 700 seconds, at a distance of 0.002m from the silo wall. Shown are the numerical 

approximations to the two-stage and double-diffusivity heat transfer models. Once 

again, we observe that both the air and grain temperatures of the two-stage model 

lag behind those of the double-diffusivity heat transfer model, which approach the 
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steady-state temperature Tb = 10 °C faster. We also note that the profile of the grain 

temperature prediction for the two-stage heat transfer model is different to that of 

the double-diffusivity heat transfer model. This is primarily due to the fundamental 

difference in how the two models define the grain temperature. Both models predict 

that as time tends to infinity, the air and grain temperatures reach a steady-state 

temperature Tb = 10 °C. 

3.6 Conclusions 

In this chapter we have outlined the derivation of the two-stage heat transfer model, 

and have shown how this formulation is based on the two-stage model, as proposed 

by McNabb [40]. 

We have developed a semi-analytical approximation using Laplace transforms, 

whereby small and large time semi-analytical inversions of the Laplace transforms 

have been compared to numerical inversions obtained using the Stehfest [58] algo­

rithm. The results presented illustrate that the two solutions agree very well with 

one another for small time, while good agreement is noted for moderate time as well. 

We have also outlined the theoretical fundamental differences between the double-

diffusivity heat transfer and the two-stage heat transfer models, and have discussed 

some of the main qualitative differences of the two models by way of some results. 

Both models predict that there exists a difference in the air and grain temperatures 

of the grain bulk, with both predicting that the heat penetrates faster through the 

air than the grain, as one would expect. We observe that the air and grain tempera-



Chapter 3: The Two-Stage Heat Transfer Model 72 

tures of the two-stage heat transfer model lag behind those of the double-diffusivity 

heat transfer model, with the lag decreasing as time increases. This is related to the 

fundamental differences that exist between the two models, in particular, pertaining 

to the way in which the models define, not only the microstructure of the air and 

grain, but the interaction that exists between air and grain. 

We note that for the simplified form of the double-diffusivity heat transfer model 

we are able to determine exact analytical expressions for the air and grain temper­

atures, equations (2.54) and (2.55), whereas for the two-stage heat transfer model 

we can only obtain small and large time analytical approximations, equations (3.23) 

and (3.24) and equation (3.30). Furthermore, the numerical approximation to the 

two-stage heat transfer model is computationally less intensive than that of the 

double-diffusivity heat transfer model. 



Chapter 4 

The Double-Diffusivity Heat 

Transfer Model Incorporating 

Microwave Heating 

4.1 Introduction 

In this chapter we develop the double-diffusivity heat transfer model incorporating 

microwave heating, which is based on the double-diffusivity heat transfer model 

derived previously. W e illustrate how to obtain a semi-analytical approximation 

to this model using the HBIM. This approximation is compared to a numerical 

approximations obtained via an explicit finite-difference scheme. 

73 



Chapter 4: The Double-Diffusivity Heat Transfer Microwave Heating Model 74 

4.2 Mathematical Formulation 

We propose to model the microwave heating processes of a grain bulk by considering 

the general double-diffusivity heat transfer model, equation (2.12), developed in 

Chapter 2, with an appended body heating source term to account for heating due 

to microwave radiation. 

The overall idea stems from the fact that, in general, it is very complicated to 

model microwave heating processes mathematically, as this requires the simultaneous 

solution of Maxwell's equations of electromagnetism, (4.1), coupled with the heat 

equation, in which all electrical, magnetic, and thermal properties are non-linearly 

dependent on the temperature of the medium being heated. The solution to such a 

complex coupled system of non-linear equations can be very difficult to obtain, either 

analytically or numerically, even if sufficient data exists for the various electrical 

and magnetic properties. The approach we take is similar to work done by Hill and 

Jennings [28], among others, and involves the addition of a body heating source term 

to the heat transfer model, in order to account for heat due to microwave radiation. 

In order to identify the body heating source term, we fitted curves to experimental 

data, in particular, we fit a curve of best fit to results based on yellow-dent field 

corn as given in Trabelsi et al. [64]. 

Maxwell's equations for electromagnetism [49]: c 

A-D = P/, AxE=-—, 
dK (4-1) 

<9D 
A - B = 0, A x H = jf + — , 

where E is the electric field, D = e (T)E is the electric field displacement vector, H 
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is the magnetic field, B = p(T)H is the magnetic flux density, pf is the free charge 

density, jf is the free current density, e'(T) = ere0 is the electrical permittivity and 

KT) = PrPo is the magnetic permeability. 

We begin by showing how we can use a body heating source term to model 

the heating due to microwave radiation. We then formulate the double-diffusivity 

heat transfer model with microwave heating, and then determine a semi-analytical 

solution using the HBIM. 

4.2.1 The Body Heating Source Term 

In order to obtain the form of the body heating source term, we need to calculate 

the amount of energy that is converted into heat as microwaves pass through the 

material. To do this, we must calculate the power density that is absorbed by the 

material. 

Of all the various electrical properties of a material, the electrical conductivity 

o(T) has the most significant effect on how the material is heated. For the purpose 

of this work, we shall incorporate the electrical conductivity o(T) into the electrical 

permittivity e(T), which will then become a complex quantity 

e = e'-ie". (4.2) 

The loss factor (e ) is of primary interest to us, and we are particularly interested 

in its variation with temperature, as this is the variable in the body heating source 

term Q(T)t equation (4.6). 

We begin by calculating the net power that is dissipated. To do this, we integrate 
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the Poynting vector over the surface of the object being heated, thus 

f = |(Ex H*) • dS. (4.3) 

Assuming sinusoidally varying B and D fields, Metaxis and Meredith [41] showed 

that the average power, defined by 

^ave = -- y Real(E x H*) • dS, (4.4) 

becomes 

Tave = ^e" [{E-E*)dv, (4.5) 

where e"(T) = CT(T)/UJ and H* and E* are the complex conjugates of the magnetic 

and electric fields, respectively. 

We assume that the heating occurs on a length scale much greater than a mi­

crowave length so that the heating may be averaged over a wavelength. This gives 

the source term 

Q(T)=l-uoe"\E\2. (4.6) 

A complete analysis of this problem requires the solution of the double-diffusivity 

heat transfer model (2.12) with the source term (4.6) and of Maxwell's equations (4.1). 

These are coupled together via the temperature dependent dielectric loss term. 

We decouple the equations by assuming the form of the electric field amplitude 

\E\. For constant material properties, the electric field amplitude in a semi-infinite 

domain has the form 

\E\ = E0e~
xa'2, (4.7) 

where E0 is the amplitude of the incident radiation and a is a decay constant. 
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The radiation decays exponentially with distance inside the grain bulk. We also 

assume this form to be physically reasonable for temperature dependent properties. 

Hence, 

Q(T) = \uoe'E20e-«*. (4.8) 

Hill and Jennings [28] present the following forms of a: 

'o^/2 ( e"\1/2 

I — J = w ( y j > fora/cj = e" » e\ 

(4.9) 

o u-e „ , 
a « — - = = — - = fore <C e . 

2y/7 2V7 
To identify the body heating term Q{T) as accurately as possible for a range of 

materials exposed to various microwave frequencies, Hill and Jennings [28] conducted 

an exhaustive survey of existing experimental results given by Von Hippel [31]. 

They show that for higher frequencies, which are the most useful frequencies in 

the consideration of microwave heating processes, the experimental data is very 

accurately approximated by both parabolic and linear fits for the body heating 

term Q(T). For lower frequencies, one of two types of exponential curves provides an 

adequate fit to the experimental data. At intermediate frequencies, the experimental 

data exhibit both parabolic and exponential behaviour, so that a body heating term 

consisting of a linear combination of the two curves provides an adequate fit. 

We will consider a cubic form for the body heating source term in our model, 

as this form applies directly to the microwave heating of grain. The cubic profile 

was determined by fitting a curve of best fit to results governing loss tangent versus 

temperature for shelled yellow-dent field corn, as determined in Trabelsi et al. [64]. 
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4.2.2 Derivation of The Double-Diffusivity Heat Transfer 

Model Incorporating Microwave Heating 

The one-dimensional double-diffusivity heat transfer model incorporating a body 

heating source term to account for heating due to microwave radiation, takes the 

form 

82T (r t) 
Ka ^ 2 ~ ^ ( M ) + k1Tg(x,t), 

(4.10) 

OX PgC-g 

where Ta is the temperature of the air, Tg is the temperature of the grain, Ka is the 

thermal diffusivity of the air, Kg is the thermal diffusivity of the grain, pg is the 

density of the grain, cg is the specific heat of the grain at constant pressure and Qg 

is the body heating source term due to microwave radiation. 

The scenario which we consider is.the same as that for the double-diffusivity heat 

transfer model. Furthermore, the grain is now considered to be heated via microwave 

radiation and the surrounding air via conduction from the boundary temperature 

and the surrounding grain, as illustrated in Figure 4.1. The heat transfer within 

the peripheral layer is most critical when internal convection cells are not fully 

established. Convective currents are thus assumed to be negligible, in order to allow 

analysis of such situations. 

dTa(x,t) 
dt 

dTg{x,t) 
dt 
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microwave radiation 

Figure 4.1: Idealisation of the double-diffusivity heat transfer model incorporating 

microwave heating. 

4.3 A Semi-Analytical Approximation via the HBIM 

In this section we illustrate the derivation of a semi-analytical approximation to the 

double-diffusivity heat transfer model incorporating microwave heating using the 

HBIM. 

In Chapter 2 it was illustrated how the expression for the temperature Ta and the 

governing equation for the penetration depth through the air Xa were derived for the 

double-diffusivity heat transfer model. The expressions for the temperature Ta and 

the governing equation for the penetration depth through the air Xa for the double-

diffusivity heat transfer model incorporating microwave heating are identical to those 

of the double-diffusivity heat transfer model, hence we will not re-derive them here. 

Instead, we will illustrate the derivation of the expressions for the temperature Tg 

and the governing equation for the penetration depth through the grain Xg, which 

differ to those of the double-diffusivity heat transfer model in that we now consider 
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a non-linear source term Qg. 

We will first determine an expression for Tg. We assume that there exists a 

penetration depth x = Xg(t) beyond which there is effectively no heat flow. Thus, 

at x = Xg, we have 

Tg — Tg0, 

e r» = o, 

(4.11) 

dx 

since both temperature and heat flux must be continuous. Note that Tg0 is the 

initial temperature of the grain, and as such is the internal temperature of the grain 

at the penetration point x = Xg. 

Now, let us consider Tg at x = Xg. Upon differentiating both sides of equa­

tion (4.11)i with respect to time, we find 

9 dx dt y } 

Hence, from equation (4.11)2, we obtain 

^V„t) = 0. (4.13) 
dt 

Thus, at x = Xg, equation (4.10)2 becomes 

0 = Kg^-k2Tg + k2Ta + ̂ ^, (4-14) 
dX2 " pgCg 

and so, from equation (4.11)i we obtain 

&™-iT*-KT'*"t)-& (415) 
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which is a derived constraint. Hence, we have four conditions on T„: 

Tg(Q,t)=Tb(t), Tg(Xg,t)=Tg0, 

•g-

(4.16) 

«&(*„*)-0, ^X,,t) = ±T*Ta(X.tt)
 Q ^ 

where Tb(t) is the boundary temperature. 

We now assume a cubic temperature profile for Tg in the spatial variable, with 

time-dependent coefficients: 

Tg(x, t) = a(t) + b(t)x + c(t)x
2 + rf(t)x3, (4.17) 

and determine the values of the time-dependent coefficients using equations (4.16). 

We choose a cubic so there are four free parameters to match our four boundary 

conditions, one each for Ta and Tg at x = 0 and x = co. 

Using (4.16), we obtain the following expressions for the four time-dependent 

coefficients 

a = Tb, 

b = ^°~^T 6 +i^T 5°"i^T a ( X f f' t )"2^tc;
( 5 f f (^ o )' 

c = --T^Tgo + - ^ T b - —Tgo + -r—Ta(Xg, t) + Q9{Tg0), 
Ag A

s
 ng Ag ngPgcg 

(4.18) 

d - Xf x) + 2KgXg
Tg0 2KgXg

Ta{X9>t) 2KgXgp9cg
Qa{T9Q)-
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Hence, upon substituting (4.18) into equation (4.17), the expression for Tg, becomes 

T9(x,t) = Tg0 + (Tb - Tg0) (l - JLV 

(4.19) 

k2Tgo-k2Ta{Xg,t)-
<MM)(Xj£ 

3 

+ PgCg J \2Kg Kg 2KgXg) ' 

Initially (t = 0), from equation (4.10)2 we have 

k2T9o-k2Ta0 = Q^-, (4.20) 
Pgcg 

and by letting Ta0 = Tg0 = T0, we obtain 

OJTn) 
= 0, • (4.21) 

QgiTo) 

Pgc9 

and hence, the expression for Tg becomes: 

Tg(x,t) = T0 + (Tb-To)(l-^-) 

^ ( x 9 , ) - , 0 , ( i - ^ ) 2 

(4.22) 

In Chapter 2 we obtained an expression for Ta, equation (2.28), by assuming a 

penetration depth x = A"a(t), using an analogous procedure. 

Once we determine an expressions for Xg, an explicit expression for Tg will exist, 

given by equation (4.22). 

We now let 

®g(t)= I ' Tgdx, (4.23) 
J U 

so that equation (4.10)2 will be satisfied in an averaged or integral sense over the 

interval [0,Xg]. Upon differentiating both sides with respect to time, we have 

d$0 r*s dTn 

dt Jo -^dx + T9(X9^)Xg. (4.24) 
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Thus, from equations (4.10)2, (4.11)! and (4.11)2, we obtain the foUowing expression 

which becomes the governing expression for Xg: 

d% 

dT rX ix (4'25) 
-K9^r(U>t)-k2$g + k2

 3Tadx + T0X'g + / 'Qg{Tg)dx. 
OX J0 9 PgCg JQ 

We must now determine expressions for 

dTn rx9 rx9 
$9, 7fcf(°>*)» J Qg(Tg)dx and j Tadx. (4.26) 

Upon differentiating equation (4.22) with respect to x, we obtain 

ff(0, t) = - J-(Tfe - To) - ^(Ta(X9,t) - To). (4.27) 

By using the expression for Tg, that is, equation (4.22), equation (4.23) becomes 

®g = ToXg + ^(Tb - To) - ^(Ta(Xg,t) - T0). (4.28) 

Finally, from equation (2.28), we obtain 

(4.29) 
L'T-** = T^ + t^-T"A- + t-^) 

hXaX
2 (1 2Xg x2' 

2KT(Ts(Xa,t)~ To)\2~3Xa
 + 4X*t 

It follows then, from using the fact that at x = X„ 

jTa{Xg,t) = ^(Xg,t)X'g + ^(Xg,t), (4.30) 

that the governing equation for Xg, equation (4.25), becomes 
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- ^(X t)Ml (T(X f) T]
k2X9X'9 
dt [Ad't} QKg ~ ^

T ^ X ^ ) - T o ) - ^ - ^ 

(Tb ~ To) (^ - k2Xg 

. ^ T^
k2X2g( 3 Xg X\\ 

+ (T6-r0)—^-- + --^1 (4.31) 

+ (Ta(X5,t)-T0)2/c2XJl+' 
koX2' 

\2K9: 

+ ^t)-Tt)»*Z(f--?-g. 

- 4Xg (k2Tb - k2T0) + — I 9 Qg(Tg) dx. 
PgCg JO 

Similarly, the governing equation for Xa, equation (2.39), was derived in Chapter 2. 

In the next section we derive the form of the governing equation for Xg, using 

a cubic body heating source term. This cubic profile was determined by fitting a 

curve of best fit to the results governing loss tangent versus temperature for shelled 

yellow-dent field corn, as determined in Trabelsi et al. [64]. 

4.3.1 A Cubic Body Heating Source Term 

Trabelsi et al. [64] conducted a study of the dielectric properties of shelled, yellow-

dent field corn, measured at different bulk densities and moisture contents. Grain 

temperatures ranged from 4°C to 45°C, grain moisture contents ranged from 9% 
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to 19% wet basis and the frequencies ranged from 11GHz to 18GHz. Of particular 

interest to us are their results that pertain to the loss factor versus temperature 

of corn at 14.5% moisture content. Shelled, yellow-dent corn at such a moisture 

content represents properties typical of most grains of interest to the Australian 

grain industry, and hence was chosen to use here. A curve of best fit was fitted to 

this data and a cubic profile of the following form was obtained for the loss factor 

e (T) = A +BT + CT2 + DT6, (4.32) 

where A , B , C and D are constants. 

By assuming the following form for the body heating source term 

Qg(T9) = U + BTg + CT
2 + DT*) e~ax, (4.33) 

where 

A = A'L, B = B'L, C = C'L, D = D'L and L = ^ , (4.34) 

and E0 is the incident electric field amplitude, we obtain 

fX9Qg(Tg)dx = F{A,B,C,D,T^Th,Xa,Xg,aMM,Ka,Kg). (
4-35) 

Jo 

We derive the general form F of the integral only. This calculation was computed 

by Maple and is very lengthy, -and as such is not presented here. 

Hence, the governing equation for Xg, equation (4.31), becomes 
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- ^(X t)^- (T(X rt 7M*»*^ 

at 1A5't} 6 ^ " ™ ^ * ) - ^ o ) - ^ 

(4.36) 

+ (ra(I9,t)-T0)2fc2Xs|l + ^|j 

+ (rff(xa,t)-r0)—^-^T-T-—j 

- 4X5 (/c2T6 - fc2T0) 

+ —F^B^^^T^X^X^aMM,^,^). 
Pg^g 

In order to obtain expressions for Xa(t) and Xg(t), the coupled system of equa­

tions (2.39) and (4.36), must,be solved. This needs to be done numerically due to 

the complexity of the expressions. 

4.4 Some Results 

In this section we discuss results pertaining to the semi-analytical approximation 

of the double-diffusivity heat transfer model incorporating microwave heating as 
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developed using the HBIM. We compare these solutions to numerical approximations 

obtained by the explicit FTCS finite-difference scheme. We also compare these 

results to the case involving no microwave heating source, that is, the simplified 

double-diffusivity heat transfer model as developed in Chapter 2. 

The coupled system of equations for Xa(t) and Xg(t), equations (2.41) and (4.36), 

was solved numerically using the Fehlberg fourth-order Runge-Kutta method as 

implemented in MAPLE. The value of a was calculated from equation (4.9). 

The same parameter values are used as those in Chapter 2, along with the 

following microwave heating specific values [46, 64]: LO = 1000 Hz, E2 = 40 Vm-1, 

A' = 0.2863, B' = 0.0243, C' = -9.5792E - 04, D' = 1.36E - 05 and a = 250 nr1. 

The scenario we envisage is that of a silo wall heated by an ambient temperature 

of 10 °C with the air and grain at an initial temperature of 0°C. This is typical of 

conditions when grain is harvested and stored in cool climates. Furthermore, we 

consider the grain bulk to be heated by a microwave source, as is the case with heat 

disinfestation via microwave radiation. As this is currently an expensive form of 

disinfestation, it is presently envisaged to be only used for niche applications, such 

as for the fast disinfestation of a small batch of grain prior to export. 

Figure 4.2 shows the variation of the penetrations depths Xa(t) and Xg(t) with 

time, up to t = 1000 seconds. Shown are the semi-analytical approximations to 

the double-diffusivity heat transfer model incorporating microwave heating, equa­

tions (2.41) and (4.36). We observe that there exists a noticeable difference in the 

profiles of the two penetration fronts. As a result of the grain being heated directly 

by microwave radiation, the penetration front through the grain continues to in-
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crease, as opposed to the eventual levelling-off of the penetration front through the 

air. This results in the penetration front through the grain eventually becoming 

greater than the penetration front through the air. This does not occur until ap­

proximately t = 850 seconds has elapsed. An increase in microwave power simply 

results in this occuring earlier. 

Figure 4.3 shows the variation of the temperatures Ta and Tg with distance, up 

to t = 20 seconds. Shown is the semi-analytical approximation, equations (2.28) 

and (4.22), and the numerical approximation to the double-diffusivity heat transfer 

model incorporating microwave heating (4.10). At an early time and with relatively 

low microwave power, there is an observed difference in the evolution of the air and 

grain temperature profiles. An increase in power, or time, results in this difference 
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Figure 4.2: Semi-analytical approximations of the penetration depths Xa (—) and 

X (- -) versus time, up to t = 1000 seconds, for the double-diffusivity heat transfer 

model incorporating microwave heating. 
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decreasing, and eventually, the temperature of the grain becomes greater than the 

temperature of the air, as the grain absorbs the microwave radiation. If the power 

is kept at the current level, this will occur after approximately t = 850 seconds, 

as seen in Figure 4.2. The agreement between the semi-analytical and numerical 

solutions is found to be very good. 

We now compare our results for the double-diffusivity heat transfer model incor­

porating microwave heating to a case involving no microwave heating source, that 

is, the simplified double-diffusivity heat transfer model as developed in Chapter 2. 

We do this to illustrate the effect which microwave radiation has upon the predicted 

air and grain temperatures. 

Figure 4.4 shows the variation of both the penetration depths Xa{t) and Xg(t) 

co 5 

0.05 
distance (m) 

Figure 4.3: Semi-analytical and numerical approximations of the temperatures Ta, 

(—) and (- - ) , and Tg, (—) and (• • •), versus distance, up to t = 20 seconds, for the 

double-diffusivity heat transfer model incorporating microwave heating. 
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with time, up to t = 1000 seconds. Shown are the semi-analytical approxima­

tions to the double-diffusivity heat transfer model incorporating microwave heat­

ing, equations (2.28) and (4.22), and the double-diffusivity heat transfer model, 

equations (2.54) and (2.55). We observe that the difference in grain temperature 

predictions of the two models is noticeably different, as expected. With the double-

diffusivity heat transfer model incorporating microwave heating the grain is heated 

via microwave radiation, which results in the grain heating up much faster than the 

surrounding air as the grain is heated directly by microwave radiation whilst the air 

in the silo is heated by convection only, from the boundary and the hotter grains. 

The difference between the air temperature predictions of the two models is not 

as great, as the air is heated via convection, and the value of the coupling terms 
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Figure 4.4: Double-diffusivity heat transfer model incorporating microwave heating 

and double-diffusivity heat transfer model approximations of the penetration depths 

X ( ) and (- -), and X9, (- -) and (•••), versus time, up to t = 1000 seconds. 
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between the air and grain, k\ and k2, which are based on the effective heat transfer 

coefficient ka, are relatively low. 

Figure 4.5 shows the variation of both the temperatures Ta(t) and Tg(t) with 

distance, up to t = 20 seconds. Shown are the semi-analytical approximations 

to the double-diffusivity heat transfer model incorporating microwave heating equa­

tions (2.28) and (4.22), and the double-diffusivity heat transfer model, equations (2.54) 

and (2.55). Once again, we observe that the grain temperature predictions of the 

two models differ noticeably, as expected, since grain that is heated via microwave 

radiation will heat up faster, resulting in it penetrating further into the grain bulk, 

as is observed. The difference between the air temperature predictions of the two 

models is once again seen to be near negligible. 
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Figure 4.5: Double-diffusivity heat transfer model incorporating microwave heating 

and double-diffusivity heat transfer model approximations of the temperatures Ta, 

f—) and (- -), and Tg, (- -) and (•••), versus distance, up to t = 20 seconds. 
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4.5 Conclusions 

In this chapter we have outlined the derivation of the double-diffusivity heat transfer 

model incorporating microwave heating, by appending a non-linear body heating 

source term to the double-diffusivity heat transfer model which was developed in 

Chapter 2. 

We have derived a semi-analytical approximation to the double-diffusivity heat 

transfer model incorporating microwave heating using the HBIM, and we have com­

pared this approximation to one obtained numerically based on an explicit finite-

difference scheme. We have shown by way of some results that the two approx­

imations agree very well to one another. We have also compared this model to 

the double-diffusivity heat transfer model developed in Chapter 2, in order to illus­

trate the difference in air and grain temperature profiles of a grain bulk exposed to 

microwave radiation with one that is simply exposed to ambient air. The results 

agree with what is expected, that is, that microwave heating significantly affects 

the temperature of the grain, and to a lesser extent, the air as well. They also 

predict, as do the results of the double-diffusivity heat transfer and the two-stage 

heat transfer models, that there exists a noticeable difference between the air and 

grain temperatures of a grain bulk, which is most apparent for early time. 



Chapter 5 

Conclusions 

An understanding of the flow of heat in grain stores, particularly within the pe­

ripheral layer, is important from many industrial perspectives, such as when dealing 

with insect infestation. In this thesis we have developed three mathematical models 

that allow us to examine such issues. These models provide better insight into the 

dynamics of the heat flow than the analysis that exists in the literature to date. 

Two of the models, namely the doubly-diffusivity heat transfer model and the 

two-stage heat transfer model, allow predictions to be made of the variation in the 

air and grain temperatures within a grain bulk, primarily within the peripheral 

layer. Semi-analytical approximations obtained using the HBIM allow us to analyse 

some of the important factors involved with such processes, resulting in a better 

understanding. Both models predict that there exists a difference between the air 

and grain temperatures of a grain bulk, which is most apparent for early time. 

The third model, the double-diffusivity heat transfer model incorporating mi­

crowave heating, allows us to predict the variation in the air and grain temperatures 

93 
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of a grain bulk exposed to microwave radiation. By adapting an approach that in­

volves modelling the microwave heating process by a body heating source term, we 

are able to make predictions from a semi-analytical viewpoint relatively easily, to 

once again, allow analysis of such processes. 

These models are very important since previously, no work has been done in 

analysing the difference between the air and grain temperatures within the peripheral 

layer, either qualitatively or quantitatively. The proposed modelling of the heat 

flow, by either linear or relatively simple non-linear models, allows the formulation 

of semi-analytical approximations that provide important insight into the difference 

that exists between the air and grain temperatures of a grain bulk, in particular, 

for small time and spatial scales, within the peripheral layer. The approximations 

obtained for all three models are physically reasonable, but exact agreement will not 

be known until experimental data can be obtained. At present, there is no direct 

experimental data available, due to the difficulty involved in measuring air and grain 

temperatures separately, particularly, within the peripheral layer. 

The three mathematical models developed in this thesis form the foundations for 

subsequent work to what are very complex practical problems, which we believe will 

ultimately lead to a better understanding of the microclimate within the peripheral 

layer of a grain bulk.. 
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