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Abstract

As a basic tool, asymptotic theory (in particular, functional limit theorem) plays
a key role in characterizing the limit distribution of various statistics arising from
statistical inferences in economic time series, such as testing for unit roots, testing
for stationérity, and time series regression. Asymptotics on the fractional processes
and the summable linear processes have been studied by many people. However, the
results in the literature are quite restrictive on both the processes themselves and the
conditions used in deriving the results. For example, a functional limit theorem is
only available for a general fractional process with innovations being iid N(0, 0?) or
a simple fractional process under at least fourth moment conditions.

The aim of this work is to investigate systematically asymptotics of the general
fractionally integrated processes and the summable linear processes with dependent
or independent innovations under quite general conditions. We derive the functional
limit theorem on the general fractionally integrated processes with and without “pre-
~ historical influence”. We give sufficient conditions so that the partial sum process
of a sumfnable linear process converges to a standard Brownian motion, and discuss
asymptotics of sample autocovariances and autocorrelations based on nonstationary
fractionally integrated processes. In particular, the result for the functional limit the-

orem on the general fractionally integrated processes provides a unified treatment for
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previous studies on the functional limit theorem for fractional processes and nonsta-
tionary fractionally integrated processes. Additionally, only finite second moments
are required for most of the results established in this dissertation. Such a condition
is the best possible moment condition in the literature and it is interesting from the
theoretical point of view.

Also, we discuss applications of the results established in this dissertation to test-
ing for unit roots, testing for stationarity, and time series regression. The limit
distributions of Dickey and Fuller test statistics and KPSS (Kwiatkowski, Phillips,
Schmidt and Shin) test statistics are derived for more general models under very weak

conditions.
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The following notation will be used in this thesis without further ex-

planations.
AR autoregressive
ARMA autoregressive moving average
ARIMA autoregressive integrated moving average
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mean p and variance o?
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all real-valued right continuous functions having finite
left-hand limits on the interval [0, 1]

W (t) the standard Brownian motion

vii



—d
—P

—a.s

=

[a]

an ~ b,

an = 0(by)
an = O(bs)
Xn = op(by)
Xn = Op(by)

viil

convergence in distribution
convergence in probability
convergence almost surely

weak convergence of probability measures
integer part of the.real number a
lim, 500 an /by =1

lim, 00 Gn /b, =0

lim sup,,_, o, an /by < 00

Xn/b, —p0, asn — o0

X, /b, < 00, in probability

Xn/bp =405 0, asn — 00

X /by < 00, almost surely



Chapter 1

Introduction and summary

Many time series data, especially those found in business and economics, exhibit
nonstationary behaviour. Some time series like gross domestic product and industrial
product grow in a secular way over long periods of time. Other time series, such as
interest rates, exchange rates, stock returns as well as asset prices, seem to display
random wandering behaviour. Because of the nonstationarity, one cannot be expected
to apply the 'usual regression methods (see Davidson and Mackinnon, 1993, Chapter
20) in modeling these time series. Instead, we have to trend or difference them prior
to use. Explicitly, trending a time series y; will be appropriate if the data generating

process (DGP) for y, can be written as
Yo = Yo+t +uy, (1.0.1)

where u; is a stationary process. On the other hand, differencing is appropriate if the

DGP for y; can be written as
Yt = Y1+ Y1 + Uy (1.0.2)

where u; again is a stationary process. A model of the form (1.0.1) is known as a

trend-stationary time series. ;¢ is a deterministic trend which may be more complex

1



than a simple polynomial. The output of (1.0.2) can be written as a accumulated
process y; = 1t + Z;zl u; + Yo, and hence it has a stochastic trend by virtue of the
fact that the stochastic element Z;.zl u; is of random order Op(t!/?). We also call
the process y; in (1.0.2) as difference stationary with drift «, because Ay, = v, + u,
where u; is a stationary process and A =1 — B is a differencing operator.

As is well known, characteristics of time series with stochastic trends attributable
to the form (1.0.2) are quite different from those of time series with deterministic
trends such as in the form (1.0.1). Therefore, the importance of determining the type
of trends in time series has long been recognized, especially since the work of Nelson
and Plosser (1982), which includes detailed discussions about the difference between
the types of trends.

There is more than one way of determining the type of trends. The obvious way to
choose between (1.0.1) and (1.0.2) is to nest them both within a more general model.

As an example, we consider the following. DGP advocated by Bhargava (1986)
Ye =Y + Nt + v, Ut = QUi + Uy, (1.0.3)
where v, is a stationary process. After a simple calculation, we can rewrite (1.0.3) as
v = [l —a)+ma]+y(1—a)t+ay_; + us. (1.0.4)

It is clear that, when |a| < 1, (1.0.3) is equivalent to the trend-stationary model
(1.0.1); when o = 1, it reduces to (1.0.2). These facts, together with (1.0.4), imply
that determining for the presence of a stochastic trend in a model like (1.0.3) is
equivalent to testing the null hypothesis that the autoregressive parameter oo = 1 in

the following autoregressive model:

Y = Lo+ Oit + ayi_1 + us, (1.0.5)



where u; is a stationary process. Such a test and those related are commonly called
unit root tests in the literature. If the null hypothesis that o = 1 holds, we also say
that the model (1.0.5) has a unit root. Since the alternative hypothesis that |a| < 1
corresponds to trend stationarity, the unit root test can be represented as a test of
difference stationarity versus trend-stationarity in a time series. This property makes
unit root tests play a key role in economic theory and practice.

In the development of all unit root tests, asymptotic theory is necessary. Because
of the nonstationarity under the null hypothesis, limit distributions of test statistics
in these unit root tests (also called unit root distributions) generally involve function-
als of a Brownian motion, some of which are stochastic integrals, and hence are very
different from those in the standard statistical test problems in which the limit dis-
tribution usually is a standard normal distribution. On the other hand, limit theory
forms the basis of unit root tests, and in particular functional limit theorems (weak
convergence of probability measures on D[0,1], also called invariance principle) are
basic tools in characterizing unit root distribution.

To illustrate this, let us consider the simplest and the widest used Dickey-Fuller
(DF) test (see Dickey-Fuller, 1979, 1981). The simplest version of this test is based

on model (1.0.5) with By = 51 = 0. We rewrite it as follows:
Yi = oY1 tU, Y=0, (1.0.6)

where u; are iid (0,02). Denote the ordinary least square (OLS) estimator of a by
Gn = Y p 1 Yelio1 />ty Y21 - To test the null hypothesis that o = 1 (i.e., model

(1.0.6) has a unit root), the DF test statistic is

n(é, — 1) = {n"l Zyt_l(yt — yt_l)} /{n‘2 ny_l} . (1.0.7)



By noting that under the null hypothesis a = 1, y; = Z;zluj, where u; are iid
(0,02), it follows from Donsker’s Theorem (see Billingsley, 1968, p137) and the law
of large numbers that

[n)
Yt] = Zu] = W(t 0<t<1, (1.0.8)

1
V/noy
1 2 2
and - Zut —p 05, as N — 00. (1.0.9)

These estimates, together with the continuous mapping theorem (Theorem A.2, see

Appendix A), imply that

1 <& ) iln 2 2
— D Ui = / ( y[ns1> ds = o, /W )ds,

t=1 7j=1

St

Zyt—l (ve —y1) =
t=1

Hence, under the null hypothesis that & = 1 (i.e., model (1.0.6) has a unit root),

n(é, —1) = % (W?(1) - 1) //01W2(s)ds. (1.0.10)

This simple example shows explicitly the importance of a functional limit theorem
(here Donsker’s Theorem, see (1.0.8)) in deriving the asymptotic distribution of the
DF test statistic (&, — 1). For more general models, such as model (1.0.5) where
the error u; is an ARMA process or a strong mixing sequence, similar unit root dis-
tributions can also be obtained by using the corresponding functionai limit theorem.
For some references on unit root tests, see Said and Dickey (1984), Phillips (1987),
Hall (1989), Sowell (1990), Chan and Wei (1988), Chan and Terrin (1995) as well as



Tanaka (1999). Further references can be found in Phillips and Xiao (1998), where
authors present a survey of unit root theory with an emphasis on testing principles
and recent development.

In addition to applying to unit root tests, as a basic tool, functional limit theorems
are also quite successful in characterizing the limit distribution of various statistics
arising from other inferences in economic time series, such as spurious regression
and testing for stationarity and cointegration. Indeed, these applications have been
developed by many statisticians and economists such as Kwiatkowski, et al (1992),
Phillips (1991), Lee and Schmidt (1996), Cheung and Lai (1993), Cappuccio and
Lubian (1997) as well as Jeganathan (1999).

The research on functional limit theorems has a long history. Celebrated results
have been obtained in many interesting fields, such as martingale differences, strong
mixing sequences (more generally, mixingale sequences), linear processes and long
memory processes. The literature is immense. Here we only cite a basic textbook by
Billingsley (1968) for a fundamental contribution in weak convergence of probability
measures on DJ0,1]; and a review paper for mixing sequences by Peligrad (1986).
For linear processes and long memory processes that are close to the topic of this
dissertation, we refer to Davydov (1970), Gorodetskii(1977), Hannan (1979), Avram
;é'md Taqqu (1987), Phillips and Solo (1992) as well as Mielniczuk (1997).

Motivated in establishing basic tools that apply to statistical inferences related
economic time series, this dissertation will discuss systematically f.unctional limit
theorems and some other asymptotic properties for general fractionally integrated

processes and linear processes with dependent or independent innovations. A general



fractionally integrated process X; is defined by
o0

(1= B)®*™"X, = u,, TRES Zd)jq_j, t=1,2,.., (1.0.11)
5=0

where m > 0 is an integer and dy € (—1/2,1/2]; ¢ are iid (0, E€3) and ¢;,5 > 0, are

a sequence of real numbers satisfying
o0 o0
lej|<oo and b¢EZQ/)J~;&0;
j=0 j=0

and the fractional difference operator (1 — B)” is defined by its Maclaurin series (by

its binomial expansion, if 7 is an integer):

o0 [ee] _ .

I( . =le=2ds if 2 >0
§j '”7 B where D(s) = 4 Jo &€ iz
o I'(—y)I'(j+1) o0 if z=20.

If z < 0, T'(2) is defined by the recursion formula 2I'(z) = I'(z 4+ 1).

It is well-known that if u, is an ARMA(p, q) process (i.e., there exist polynomials
¢(B) and §(B) with order p and q respectively such that ¢(B)u; = 6(B)e;, where both
#(B) and G(B) have only roots outside the unit circle), then Brockwell and Davis
(Theorem 3.1.1, 1987, p 85) showed that u; can be expressed as u; = Zj‘;o Yi€r;
with 3°%° 9 = 0(1)/¢(1). Therefore, the process X; defined by (1.0.11) covers a
number of important economic time series as special examples, such as the summable
linear process (dy = m = 0), the ARIMA process (do = 0, m > 1 is a integer and
u; is an ARMA(p, q) process), and the ARFIMA process (do € (—1/2,1/2], m > 1
is a integer and u, is an ARMA(p, q) process). These facts make general fractionally
integrated processes play a very important role in economic theory. The research of
their properties is therefore quite interesting from the point of theory and practice.

The content of this dissertation is divided into six chapters. This chapter is the

introduction. In Chapters 2-5, we shall investigate asymptotics, mainly for general
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fractionally integrated processes and linear processes with dependent or independent
innovations. The main results in Chapters 2-5 will be used in Chapter 6, where we
discuss unit root tests, stationarity test and time series regression.

Below, we briefly introduce the contents of Chapters 2-6 and give a review on the
literature.

Chapter 2 mainly contributes to establish the functional limit theorem for the
partial sum process of the X; defined by (1.0.11). In earlier research, Sowell (1990)
first derived this kind of result for a simple stationary fractional process (i.e., the
process defined by (1.0.11) with m = 0, ¢ = 1 and 9; = 0 for § > 1) under
Eleo|” < oo, where 7 > max{4, —8dy/(1 + 2do)}. The result given by Sowell (1990)
was later extended to m > 1 by Liu (1998) without improvement of the moment
conditions. With innovations being a class of stationary Gaussian processes, Chan
and Terrin (1995) also discussed a functional limit theorem for general nonstationary
fractionally integrated processes. Chan and Terrin’s results extend those given by
Chan and Wéi (1988), Parks and Phillips (1988, 1989) and Sims, et al. (1990) from
the domain of integer m’s (i.e., dy = 0) to fractional dy + m’s. We will extend the
results cited, mainly given by Sowell (1990) and Liu (1998), to the more general
process X; defined by (1.0.11) and establish the results only under F|¢p|” < oo, where
;o= max{2,2/(1 + 2dy)}. This provides a unified treatment for previous studies
on the functional limit theorem for summable limit processes, fractional processes
and nonstationary fractionally integrated processes. On the other hand, the moment
conditions used in Chapter 2 are also quite weak, and in particular we give the best
possible moment condition Fe3 < oo when dy > 0. The functional limit theorem for

summable linear processes can be found in Hannan (1979), Phillips and Solo (1992)



as well as Chan and Tasy (1996).

Functional limit theorems for linear process with square summable weights have
been proven by Davydov (1970), Gorodetsskii (1977), Taqqu (1975), Avram and
Taqqu (1987) as well as Mielniczuk (1997). We note that a simple stationary fractional
process can be explicitly denoted as a linear process with square summable weights.
Indeed, Sowell (1990) used this fact in establishing his result. However, the results
cited cannot be applied directly to the general fractionally integrated process X,
defined by (1.0.11) even with m = 0 because of its complexity. Here, we give a new
proof for our results in Chapter 2.

By using established functional limit theorems, Chapter 2 also discusses asymp-
totics of sample autocovariance and autocorrelation based on the nonstationary frac-
tionally integrated processes. Related results can be found in Hosking (1996), Hasza
(1980) and Hassler (1997).

In Chapter 3, we discuss the asymptotics of the following process:

k+d
I'k+1

MH

vk, t=1,2,.., (1.0.12)
k: )

where d > 1/2, €; are iid random variables and

Uy = Zwkft—k, Z [Yk| < o0, by = Zwk # 0.
k=0 k=0 k=0

This process is closely related to X; defined by (1.0.11). According to the definition of
the fractional difference operator (1 — B)?, the process X, defined by (1.0.11) satisfies

(let d = dy +m)

ZF(F(—“J) Xs=w, t=1,2.. (1.0.13)



From (1.0.13), it is clear that the process X; depends on a term that is usually called

prehistorical influence:

0
> eariy e

j=t

In practice, if we only consider the process X, defined by (1.0.11) starting at a given
initial date, such as ¢ = 1, we may assume that X; = 0 for j < 0. In this case, after
some algebra (for details, see Chapter 3), it can be shown the process X; defined by
(1.0.11) is a special case of the process defined by (1.0.12).

The asymptotic behaviour of the process Z; was first investigated by Aknom and
Gourieroux (1987) with u; = ¢, (i.e., ¥o =1 and 9, = 0 for £ > 1 in (1.0.12)) under
Fleg|” < oo, where 7 > max{2,2/(2d — 1)}. The results of Aknom and Gourieroux
(1987) later were extended to the multivariate case by Marinucci and Robission (2000)
without any improvements on the moment condition. More recently, Tanaka (1999)
discussed a functional limit theorem for a more general process Z,; where the 1y
satisfy Z;”;O’klwq < 00. The proof of the result given by Tanaka depends on the
functional limit theorem for martingale differences. Unfortunately, the process Z;
itself is not a martingale. Therefore, the proof in Tanaka (1999) fails in this case.
In Chapter 3, we give a different proof for the case. For more general models, we
establish a similar result only under the moment condition E|ep|™2x{%%/(2d-1} < oo,
It should be pointed out that the limit process of Zj, /Vart/?(Z,) is different from
those established in Chapter 2 because of the “prehistorical influence”. By using
established results, in the same chapter, we also consider the asymptotic behaviour of
sample autocovariances and autocorrelations based on the process Z;. These results
do not appear in the previous literature.

As mentioned before, several authors, such as Davydov (1970), Gorodetsskii (1977),
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Taqqu (1975), Avram and Taqqu (1987) as well as Mielniczuk (1997), have discussed
functional limit theorems for linear processes with square summable weights. How-
ever, all of the research cited has been confined to the cases where the innovations
are independent with common variance. Frequently, it is assumed that innovations
are iid (0,0?) or, further, that they are iid N(0,0?). Few results show what would
happen if innovations are dependent random variables.

In Chapter 4, functional limit theorems for linear processes with dependent inno-
vations will be investigated. For the long memory linear process, the innovations are
assumed to be a sequence of stationary ergodic martingale differences. As a corollary,
we derive a functional limit theorem for the process X; defined by (1.0.11) with the
innovations u; being a sequence of stationary ergodic martingale differences. We also
give quite general sufficient conditions so that the partial sum process of a summable
linear process converges to a standard Brownian motion. These conditions are quite
different from those given by Stadtmuler and Trauter (1985). By using these general
results, the 'functional limit theorem is derived for summable linear processes with
innovations being martingale differences and mixing sequences.

In Chapter 5, we continue to discuss sufficient conditions so that the partial sum
process of a linear process converges to a standard Brownian motion. We establish two
'lll)asic results. The first result is under the condition that innovations are iid random
variables, but does not require that the weight of a linear process be summable. We
note that, to make the partial sum process of a linear process converge to standard
Brownian motion, the condition that the weight is summable is commonly used in
the previous research. The second result is for the situation where the innovations

form a martingale difference. For this result, the commonly used assumption of equal
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variance of innovations is weakened. References can be found in Hannan (1979),
Phillips and Solo (1992), Stadtmuler and Trauter (1985) and Yokoyama (1995).

Finally, in Chapter 6, we apply the results established in Chapters 2-5 to several
examples in economic time series, namely, testing for unit roots, testing for sta-
tionarity and time series regression. Such applications have been studied before by
many authors in recent years. Here we cite Said and Dickey (1984), Phillips (1987),
Hall (1989), Sowell (1990), Chan and Wei (1988), Kwiatkowski, et al. (1992) Chan
and Terrin (1995), Dehlhaus (1995), Deo (1997), Phillips and Xiao (1998) as well as
Tanaka (1999). More references can be found in Chapter 6.

As shown in Chapter 6, applications of the results established in the previous
chapters to the related statistics can lead to better results under weak conditions.
Explicitly, by applying Theorems 2.2.1, 2.2.2 and 2.3.1, Chapter 6 derives the limit
distribution of the Dickey-Fuller test statistic when the error process is a general
fractionally integrated process. Theorem 6.1.4, under quite weak moment conditions,
provides a u'niﬁed treatment of the previous cited results on the summable linear
processes and fractional processes. By applying Theorem 5.2.1, we give the limit
distributions of the Dickey-Fuller test statistic and the KPSS test statistic when the
error process is a linear process that does not necessarily have absolutely summable
éoefﬁcients.

2 can be consistently

In Chapter 6, we also derive that “long-run variance”, o
estimated by a nonparametric method with a lag-truncation parameter [, of o(n). In
the previous research, it was usually assumed to be of o(n'/?). This result provides

more choice for the estimate of o2 and is theoretically interesting.



Chapter 2

Asymptotics for general
fractionally integrated processes

In this chapter, functional limit theorems for general fractional processes and nonsta-
tionary fractionally integrated processes, under quite weak conditions, are derived.
Asymptotic distributions of sample autocovariances and autocorrelations based on

nonstationary fractionally integrated processes are also discussed.

2.1 Introduction
Consider a ARFIMA process {X,} defined by
(1-B)%*™™X, =u,  ¢(B)u, = 6(B)e, (2.1.1)

where m > 0 is an integer and dy € (—1/2,1/2); ¢ are iid random variables with
zero mean and finite variance; ¢(B) and 6(B) are polynomial functions of B with
order p and ¢ respectively and both of them only have roots outside the unit circle,
i.e., the ARMA(p, g) process u; is stationary and invertible. The fractional difference

operator (1 — B)” is defined by its Maclaurin series (by its binomial expansion, if 7

12



13

is an integer):

5y _ (= + ) 7
(1-B) Z X 7)F n 1)B (2.1.2)

X sz-le=2ds ifz>0

where ['(2) = { o If z < 0, I'(2) is defined by the recursion

ifz=0
formula 2I'(z) = T'(z + 1).

Since model (2.1.1) was introduced by Granger and Joyeux (1980) and Hosking
(1981), it has become very popular in applications. It nests the usual Box-Jenkins
ARIMA model and has an ability to capture both short term dynamics and a wide
variety of low-frequency behaviour at the same time. Also, there is considerable
evidence on the success of applying ARFIMA model to describe financial data such
as forward premiums, interest rate differentials, and inflation rates. Illustrations can
be found in the survey and review papers of Robinson (1994) and Baillie (1996).

Because of their applications in economics and finance, ARFIMA processes have
been studied quite extensively in recent years. In model (2.1.1), it is well-known
that the process is stationary and invertible when m = 0 (Hosking, 1981 and Odaki,
1993); when m > 1, the process is nonstationary; in particular, when dy = 0 and
m is an integer, the process becomes a usual unit root process. For estimates of the
parameter do + m and other related statistical inference, because the literature is
rather extensive, we here only refer to Hosking (1984), Li and Mcleod (1986), Fox
and Taqqu (1986), Dahlhaus (1989), Giraitis and Surgailis (1990), Beran (1995) and
Beran et al (1998). For more results, see the references cited in these papers and a
review book of Beran (1994).

As to the asymptotics of the ARFIMA processes, Sowell (1990) first derived a re-

sult that the partial sum process of a fractional process (i.e., m = 0 in model (2.1.1))
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converges weakly to a “type I” fractional Brownian motion! on D|0, 1] instead of the
standard Brownian motion. As a basic tool, combined with the continuous mapping
theorem, Sowell’s result is quite useful in characterizing the limit distributions of var-
lous statistics arising from statistical inference in economic time series related with
fractional processes, such as spurious regression and testing for unit roots, stationary
and cointegration. Indeed, these applications have been developed by many statisti-
cians and economists such as Sowell (1990), Cheung and Lai (1993), Lee and Schmidt
(1996) as well as Cappuccio and Lubian (1997). The extensions of Sowell’s result to
nonstationary fractionally integrated processes (i.e., m > 1) can be found in Chan
and Terrin (1995) and Liu (1998), where these authors also apply their results to
nonstationary fractional unit root tests. Further details are given in Chapter 6.

Despite the well-known works which have be done in connection with Sowell’s
original results, Sowell (1990) only provided a weak convergence result on simple
fractional processes (i.e., m =0, ¢(B) = 6(B) = 1 in model (2.1.1)). This shortcom-
ing limits th'e applicability of Sowell’s result to statistical inference in economic time
series. For example, by Sowell’s result, it is impossible to consider a unit root test for
a model with error being a fractional ARMA process (i.e., m = 0, but ¢(B),8(B) # 1
in model (2.1.1)). As is well-known, this problem is important from a practical point
:t')f view.

Motivated by characterizing the unit root distribution in a more general model,
this chapter extends the weak convergence result given by Sowell (1990) to the general
fractional processes and the general nonstationary fractionally integrated processes.

Instead of assuming the innovations u,; in model (2.1.1) being an ARMA(p, ¢) process,

! Definition can be found later in this section. For a correction of Sowell’s Theorem 2, see Theorem
1.1 given by Liu (1998).
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we allow it to be a more general linear process. Therefore, this chapter provides
a unified treatment for previous studies on weak convergence for summable linear
processes, fractional processes and nonstafionary fractionally integrated processes.
The weak convergence results for summable linear processes can be found in Hannan
(1979), Phillips and Solo (1992) as well as Chan and Tsay (1996).

In Chapter 6, the results given in this chapter will be used to derive the limit
distribution of the least square estimate (LSE) of the coefficient for a AR(1) model
when true coefficient is 1 (i.e., the true model has a unit root) and the error process is a
general fractional process or a general nonstationary fractionally integrated process.
The result also provides a unified treatment of the unit root test with the errors
being a summable linear process, a fractional process and a nonstationary fractionally
integrated process.

The main results of this chapter hold under quite weak moment conditions for
the innovations ¢;. For example, the weak convergence for nonstationary fractionally
integrated pl"ocesses is derived whenever the innovations ¢; have finite second moment.
Such a condition is the best possible moment condition in the literature and it is
interesting from a theoretical point of view.

This chapter is organized as follows. In the next section, we first give our main re-
:éults without proof and compare them to the previous related results in the literature.
In Section 2.3, applications of these results to nonstationary fractionally integrated
processes will be presented. In Section 2.4, we extend the main results to dy = 1/2
and m > 0. As shown in Liu (1998), the behavior of {X,} in (2.1.1) is different for
do = 1/2 and dy € (—1/2,1/2). In Section 2.5, we discuss the asymptotics of sample

autocovariances and autocorrelations based on nonstationary fractionally integrated
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processes. Finally in Section 2.6, we give the proofs of the main results.
We end this section with some further notation. We denote positive constants
by C,Cy,..., which may take on different values in different places. The “type I”

fractional Brownian motion with —1/2 < dy < 1/2 on D|0,1] is defined as follows:

Walt) = g [ [t=o)% = (<)% aw (o) + [ (0= 5)%aw ),

where W (s) is a standard Brownian motion and

_ 1 = do _ odo]? i
A(dO)_<2do+1+/0 [(1+5) s]" ds .

Clearly, Wy, (t) is a self-similar Gaussian process with covariance

1
EWy,(5)Wy,(t) = 5 [siH2do 4 gl2do _|g _¢|1¥20] = for 0 < s,¢ < 1.

A more general definition of fractional Brownian motion can be found in Man-
delbrot and Van Ness (1968), Samorodnitsky and Taqqu (1994) and Marinucci and

Robinson (1999).

2.2 General stationary fractional processes

From here on, we discuss the following general fractionally integrated process X;

defined by
1=B)**"Xy=u, w=) ey t=12.., (2.2.1)
=0

where m > 0 is an integer and dy € (—1/2,1/2); (1 — B)%*™ is defined by (2.1.2);
€j,j = 0,%1, ... are iid random variables with Fe; = 0 and 1;,j > 0, is a sequence of

real numbers to be specified later.



17

The two theorems in this section derive results on the weak convergence of general
stationary fractional processes (i.e., the process X, defined by (2.2.1) with m = 0).
They provide a unified treatment for the cases of fractional processes and summable

linear processes, and basic tools for later discussion.

Theorem 2.2.1. Let X; satisfy (2.2.1) with m =0, and ¢;,7 > 0, satisfy
D il <oo and by=> y; #0. (2.2.2)
7=0 =0

Assume that Ee3 < co. Then, for 0 < dy < 1/2,

[nt]

1
WZXJ' = Way(t), 0<t<1, (2.2.3)
7=1

b7, Eef T(1—2do)
(142do)I(1+do)T(1—do)

where k*(dy) = and Wy, (t) is a “type I” fractional Brownian mo-
tion on DI0,1].
If in addition E|e|*+9)/(+2d0) < oo, where § > 0, then (2.2.8) still holds for

—1/2 <dy < 0.

For 0 < dy < 1/2, Theorem 2.2.1 gives the result under the best possible moment,
condition Fe3 < co. If there is a slightly stronger restriction for ¢, for —1/2 < dy < 0,
the moment condition in Theorem 2.2.1 can be weakened to E|eo|%{1+2%) < oo.

Explicitly, we have the following Theorem 2.2.2.

Theorem 2.2.2. Let X; satisfy (2.2.1) with m =0, and ¢;,7 > 0, satisfy

Zjuz—dowjl <oo and by = ij £ 0. (2.2.4)

=0 =0

Assume that E|eo|™#{22/(1+2d0)} < o6, Then (2.2.8) holds for dy € (—1/2,1/2).
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The proofs of Theorems 2.2.1-2.2.2 are postponed to Section 2.6.

If w, is a process satisfying ¢(B)u, = 0(B)e,, where polynomials ¢(B) and §(B)
with order p and ¢ respectively, have only roots outside the unit circle, Theorem
3.1.1 of Brockwell and Davis (1987, p 85) implies that u, = 372 ;€5 with |¢] <
Ca™,k > 0, where a > 1, and 332 4 = 6(1)/¢(1). Therefore, the following

Corollary 2.2.3 is a direct consequence of Theorem 2.2.2.

Corollary 2.2.3. Let X; satisfy (2.1.1) with m = 0. If E|ey|m2x{22/(142d0)} o oo
then (2.2.3) follows with by, = 6(1)/¢(1) for dy € (—1/2,1/2).

Remark 2.2.1. If $(B) = 6(B) = 1 in model (2.1.1), Corollary 2.2.3 reduces to The-
orem 2 in Sowell (1990), where the author derived (2.2.3) provided E|¢;|” < oo for
r > max{4, —8dy/(1 + 2dy)}. If dy = 0, then X, = Z;io Yi€—; with Z;’io ;] < o0.
In this case x*(0) = b3 Fej and Wy(t) is a standard Brownian motion on D0, 1].
Thus, Hannan’s (1979) result becomes a special case of Theorem 2.2.1. Theorem
3.4 of Philli;;s and Solo (1992) and Theorem 2.5 of Chan and Tsay (1996) also gave

similar results but imposing more restrictions on ;.

Remark 2.2.2. Davydov (1970) and later Gorodetsskii (1977), Taqqu (1975), Avram
and Taqqu (1987) as well as Mielniczuk (1997) gave results on the functional limit
theorem for linear process with square summable weights. Theorems 2.2.1-2.2.2 are
not a direct consequence of the papers cited above in terms of complexity of the

processes satisfying (2.2.1). In fact, we give a totally new proof for our results.
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2.3 General nonstationary fractionally integrated
processes

As mentioned before, Theorems 2.2.1-2.2.2 are quite useful in characterizing limit
distribution of various statistics arising from statistical inference related with general
fractional processes. In this section, Theorems 2.2.1-2.2.2 are used to derive functional
limit theorem on the general nonstationary fractionally integrated processes (i.e., the
process X, defined by (2.2.1) with m > 1). It is interesting to note that the results

|max{2,2/(1+2d0)} < 00. Specially,

(Theorem 2.3.1 below) are established only under E|eg
we obtain the best possible moment condition when dy > 0.

In previous research, the functional limit theorem on the general nonstationary
fractionally integrated processes has been discussed in a very general framework by
Chan and Terrin (1995) under the assumption that u; defined in (2.2.1) is a class
of stationary Gaussian processes. The result of Chan and Terrin (1995) extends the
results of Ch'an and Wei (1988), Parks and Phillips (1988, 1989), and Sims et al.(1990)
from the domain of integer m’s (i.e., dy = 0) to fractional dy + m’s. More recently,
Liu (1998) derived a functional limit theorem on the simple nonstationary fractionally
integrated processes (i.e., the process X; defined by (2.2.1) with m > 1 and u; =€)
:Il)rovided FEle|” < oo for 7 > max{4, —8dy/(1 + 2dp)}. Theorem 2.3.1 below gives an
essential improvement of the results cited before.

More applications of Theorems 2.2.1-2.2.2 can be found in Section 2.6 and Chapter

6. In there, we discuss asymptotics of sample autocovariances and autocorrelations,

and testing for unit root respectively.

We now turn to our main result. For convenience of reading, we introduce the
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following conditions.
Condition A: v;,j > 0, satisfy (2.2.2) and Ele|P < oo, where p = 2, for

0<dy< 1/2;p=(2+5)/(1+2d0) < 00,6 > 0, for —1/2<d0<0.

Condition B: v;,j > 0, satisfy (2.2.4) and E|eo|max{22/0+2d0)} < o,

Theorem 2.3.1. Let X; satisfy (2.2.1) with m > 1. Let Condition A or Condition
B hold. Then, for dy € (—=1/2,1/2),

1
k(dg)n—1/2+dotm Xpt) = Wiom (1), 0<t<1, (2.3.1)
) ]
[{(do)nl/2+do+m ZXJ' = Wdo,m+1(t), 0<t< 1. (2.3.2)
j=1

Furthermore, we have that, for any fized integer k > 0,

n—k 1
1
X = Wi m(3))? ds, 2.3.3
K2 (dg)n2(dotm) ; j . (Waom(s))" ds ( )
1 n—k
' Xive — X; =k Waym(1), 2.3.4)
Kk(dg)n—1/2+dotm ;( itk ) % (
1 n—k
m (Xjpe — X;)° —as. E(Xem — X1)7, (2.3.5)
7=1
iof m=1,
1 n—k
m Z (Xj+k — )(])2 = OP(].), Zf m Z 2. (236)
j=1
where k(dy), Wy, (t) are defined as in Theorem 2.2.1 and
Wdo(t), Zf m = 1,

Wdo,m(t) =

JE i oW (h) dtadt. by, if m > 2.
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Proof. Put Y; = X; — X;_,,5 =2,3,.... Then,
J
X; = X1+) Y, i=2.3, .., (2.3.7)
1=2
and by the definition of the lag operator,
(1 - B)%otmly, = (1-B)%*mX, =u, t=23,.. (2.3.8)

We first prove (2.3.1). Since X, is a random variable, clearly we have that, for

m > 1,
1X1| / (k(do)n™/**%*™) —5p 0, asn — oo. (2.3.9)

This, together with Theorems 2.2.1-2.2.2, implies that if m = 1, then for 0 < ¢ <1,
[nt]
1 1 1
—_— X = —F X1+ — Y;
K (dg)n1/2+do [nt] K(do)n/2tde 1 o (dg)nl/2+do ;
= Wdo (t) = Wdo,l(t)’

i.e., (2.3.1) holds for m = 1.

Let us assume (2.3.1) hold for m = k. By induction, it suffices to show (2.3.1)
also holds for m = k + 1. In terms of (2.3.8) and the assumption that (2.3.1) holds
for m = k, it is clear that, for m = k + 1,

1
k(do)n—1/2+do+k

}/[nt] = Wd,k(t)a 0<t<, (2310)

From (2.3.10) and the continuous mapping theorem (Theorem A.2, see Appendix A),

we obtain that, for m = k + 1,

[nt] ¢
! 1
/{,(do)nl/2+do+k Z YJ = /2/ (n(do)n—1/2+do+k Y[ns]) ds
Jj=2 n

t
= [ Wanslt)ds = Wapen®). (2310
0
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Now it follows from (2.3.7), (2.3.9) and (2.3.11) that, for m = k + 1,

| [n1)
1 1
R{do)r TR ] = k(do)nl/2+do+k (Xl + Zy) = Wi k11 (2).

=2

This gives (2.3.1) for m = k + 1 and hence the proof of (2.3.1) is complete.

By using (2.3.1), the proofs of (2.3.2) and (2.3.3) are similar to (2.3.11) and hence
details are omitted. The proof of (2.3.4) follows easily from (2.3.1), (2.3.9) and for
each fixed k > 0,

3
|
>

M

(Xjse — Xi) = Z X; — ZX

i=1 j=n—k+1
To prove (2.3.5) and (2.3.6), we note that, for each ﬁxed k>0,
jtk
Xjpk=X;= ) Y, j=12,.. (2.3.12)
i=j+1

If m =1, it follows from (2.3.8) and Lemma 2.6.3 (see Section 2.6) that ¥;,7 > 1 is a
stationary ergodic random sequence. Therefore, for each fixed k > 0, X k=X, >1
still is a stationary ergodic random sequence (Theorem B.1, see Theorem B). Now

the stationary ergodic theorem (Theorem B.2, see Appendix B) implies that

k+1

2
- Z j+k — X * S, (ZY> = Xk+1_X1)2-

This gives (2.3.5).

Recalling (2.3.12) and Hoélder’s inequality, we have that

n— k n—k Jj+k kE n—k
2 2 _
Xivk — j)SkE EYz-kE: Y
_7=1 j=li=j+1 =1 j=1

If m > 2, it follows from (2.3.8) and (2.3.3) that, for each fixed 1 < i <k,

1
2
k?(do) n2(do+m 1) Z i+] :A (Wam-1(s))" ds

This implies (2.3.6) clearly. This completes the proof of Theorem 2.3.1. O
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Remark 2.5.1. If m = 0, the process X; defined in model (2.2.1) has a moving average
expression that depends on the innovations u; (see part (a) in Lemma 2.6.3):
o0
-Xt = Z Ct—kUk, t= ]-)23 ey
k=—o00

do-+k
where ¢, = F(F( o+k)

oI (et D) for k > 0 and ¢, = 0 for k < 0. For general m > 1, if the initial

values X, Xo, ..., X;, of the process X; are known, we can obtain a moving average
expression of the process X; by using (2.3.7) and (2.3.8) repeatedly. For example,
for m = 1, it follows from (2.3.7) that X, = X, + Zfﬂ Y;, where Y] satisfies (2.3.8).
Therefore,
t 00 00 t
X=X, + Z Z Ci—kuk = X1+ Z (ch_k> ug, t>2.
J=2 k=-00 k=-o00 \j=2

Similarly, for general m > 2, we have
-Xt = f(ta X17X2a"',Xm)

[e) t m J
+§: }: 5: ...}_chjl_k ug, t>m4+1, (2.3.13)

k=—00 \Jm=mjm-1=m j1=m
where f(.) is a linear function of its variate and by induction it can be easily proved
that for dy € (~=1/2,1/2),

1

m |f(.7: XlaXQ’ >Xm)| —p 0, ] — OQ. (2314)

As implied in Theorem 2.3.1, the relation (2.3.14) also shows that the finite initial
value of the process X, does not affect its asymptotics.
We notice that, for m > 1, the moving average expression of the process X, cannot

be obtained by using

X, = (1 - B) %™y, (2.3.15)
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_ )
where (1 — B)7d%~m =3%"% = do‘i’;;ﬁi’:l B*. The main reason for this is that

['(do +m + k) 1
T(do+m)T(k+1)  T(dy+m)

do+m—1
k ,

I'(do+m+k)

and hence the infinite sum Y72 Mot m) Tkt

Ut~k does not exist.
However, if in (2.3.15) we use u; instead of u;, where u} = u; fort > 1 and u} =0

for t < 0, we will obtain the following process:

Y, = (1-B)™ My
14

B ['(do +m)L'(k +1 th Ukt 21 (2.3.16)

I (do+m+k)

Fdo by T (4T Weak convergence of such processes will be discussed in the

where c; =

next Chapter.

2.4 Extensions to dy=1/2 and m > 0

In this section, we discuss weak convergence of the process X, defined by
o0
(]. - B)1/2+th = Ut, Uy = Z'l,/)j(ft_j, t= ]., 2, ey (241)

llwhere m > 0 is an integer, ¢;,7 = 0, %1, ... are iid random variables with E¢y = 0 and
¥j,j > 0 are a sequence of real numbers specified later. This process is nonstationary
and an important complement of the process X; defined by (2.2.1). For a simple case
of the process X, defined by (2.4.1) (i.e., ¥ = 1 and 1 = 0 for k > 0), Liu (1998)
discussed weak convergence for its partial sums process. Liu’s results will be extended
to general cases in this section. It is interesting to note that behaviour of the process

defined by (2.4.1) is quite different from that of the process defined by (2.2.1).
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Theorem 2.4.1. Let X; satisfy (2.4.1) and ;,j > 0 satisfy

Z ( > d)k> <oo and by=3 4 #0. (2.4.2)

J=0 \k=j+1
Assume that Ee2 < oco. Then, for all m > 0,

[nt]

L+ m) ZX = t"HmW(1), 0<t<1, (2.4.3)

Knl+mogl/?

where K% = 1p2 Fe?,
oY 0

Proof. We first prove (2.4.3) for m = 0. Let ¥(B) = 3 72, 4;B7. It follows from
Lemma 2.1 given in Phillips and Solo (1992) that |

¥(B) = by ~ (1 - B)¥(B),

where U(B) = Dm0 @;Bi and ’1/): = D kejs1 Yk Since 9y satisfies (2.4.2), for all ¢,

~ 2 X X —2
E ’\I/(B)Q‘ =S % B¢, =E&Y 9 <oo. (2.4.4)
§=0

7=0

This implies that €, = ¥(B)e, = Z;'io /1/;;@_1- is well-defined. Hence,
uy = VY(B)er = bye, — (1 — B)e;.
Define a process Y; = X; + (1 — B)'/2¢;. Then we have that
(1-B)Y?Y,=(1-B)Y?X,+ (1 - B)§ = bye;, t=1,2,....

It follows from Theorem 2.2 given by Liu (1998) that

[n]
1
ZY =t W(1), where K?= =b)F¢;.
T

] 1

1
Kn log
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Therefore, by Theorem A.4 (see Appendix A), we only need to show that

m
Z 1/2~

[ni] [nt]

2% - 2T = max

0<t<1 =1 j=1

= op (n log/2 ) . (2.4.9)

Recalling (Hosking, 1981)

12~
( / E Ckfg k>

where ¢g = 1 and |¢¢| < Ck~%/2 for k > 1, it follows that

> =B < ci(mauiwﬂ Elzj-kl)
j=1 i—1 =

< Cin=o (nlogl/2 ) ,

E max
1<m<n

where we use (2.4.4) and the following estimate: for all j, k > 0,
El€; x| < (E|é| )1/2 < 00.

Now (2.4.5) follows from Markov’s inequality. This proves (2.4.3) for m = 0. For
general m > 1, the proof of (2.4.3) is similar to that of (2.3.1) by induction and details

are omitted. _ O

2.5 Sample autocovariance and autocorrelation of
nonstationary fractionally integrated processes

Let X;,¢ = 1,2,..., be a process with mean EX, = u and lag-k autocovariance
e = E(X;—u)(Xepr —u). It is well-known that lag autocovariance 7 is an important
factor in describing the properties of the process X; for example we can say that X

has short memory (long memory) according to 322 |y| < oo (= o0).
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The standard sample autocovariances and related autocorrelations based on 2
process X; can be defined as, for k =0,1,2,...,n — 1,

n—k

~ 1 — 1 &
e = EZ(Xt—X)(XHk—X), X=EZXt
t=1 t=1
o[k _
5k = ?k/?o, or Z)Tc:?k/;; (X]—X)2
j=1

It is well-known that the sample autocorrelation pj is the OLS estimator of the
coeflicient § in the auxiliary regression X, — X = 8(X;_x — X) + v;. The advantage
of pr over p; is that py is bounded between —1 and 1.

Asymptotic distributions of sample autocovariances and autocorrelations have
been studied extensively in recent years under different sets of assumptioné. Here
we focus on the situation in which the process X; is a general fractionally integrated
process defined by (2.2.1). In this case, Hannan (1976) and Hosking (1996) discussed
asymptotics of 7%, pr and p; for linear processes and stationary ARIM A(p, dy, q)
processes (i.é., the process X; defined by (2.1.1) with m = 0) respectively. For the
non—stationafy fractionally integrated process, the first result can be found in Hastz
(1980), where the author considered the simplest nonstationary process X; defined
by (2.2.1) with dg = 0, m = 1 and u; = €, ¢t > 1. The result given by Hartz (1980)
was later extended by Bierens (1993) to the case that u; is a mixing sequence. More
recently, Hassler (1994, 1997) derived asymptotic distribution of 7%, pr and p; when
the process X, satisfies (2.2.1) with do € (—=1/2,1/2), m =1 and u; = ¢, > 1.

By using Theorems 2.2.1-2.3.1, in this section, the results given by Hassler (1994
1997) will be extended to more general processes under quite general conditions.

We continue to use the notation Wy, ,,(¢) and Conditions A and B defined ir
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Section 2.3. For convenience of reading, we rewrite them as follows:

Wd (t), if m= ].,
Wdo,m(t) = t otm__l ts .
fO 0 fO Wdo(tl)dtldtg...dtm_l, if m Z 2,

where Wy, (t) is a “type I” fractional Brownian motion on DJ0, 1].
Condition A: v;,; > 0, satisfy (2.2.2) and E|elP < o;a, where p = 2, for

0<do<1/2p=(2+8)/(1+2dy) < 00,6 >0, for —1/2 < dy < 0.

Condition B: ;,j > 0, satisfy (2.2.4) and E|eo|™2x{22/(1+2d0)} o,

Theorem 2.5.1. Let X; satisfy (2.2.1) with m > 1. Assume that Condition A or

Condition B holds, dy € (—1/2,1/2) and k > 0 is a integer. Then,
K2 (do)n! 2ot B = W, (1), (2.5.1)

— 2
where Wy, m(1) = fol Wi .(s)ds — (fol Wdo,m(s)ds) .

Furthermore, if m > 2 orm =1 and 0 < dy < 1/2, then

E Won,m(]') - 2Wd0,m(1) Wdo,m+1(1)

n(py—1) = — , 2.5.2)
(P — 1) 5 T () (
w2 1) + (Waym(1) = Wy ma1(1))?
n(pr—1) = _E do,m+1( ) (~d (1) do,m+1(1)) ; (2.5.3)
, 2 Wdo,m(l)
if m=1 and dy =0, then
E(Xpi1 — X1)2 b WE(1) — 2Wo,1 (1) Wope(1
TL(,BZ—].) - — ( k+1~ Xl) + = 0,1( ) = 01( ) 02( )) (254)
2&2(0) WO,I(]-) 2 WO,I(]-)
E —X,)? W2, (1) + (Wo1(1) — Woa(1))?
n(lb\k _ 1) = _ (Xk+1 Xl) _E 0,2( ) (,\?’1( ) 0,2( )) ’ (255)

262(0) W, (1) 2 Wo(1)
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ifm=1and —1/2 < dy <0, then
E(Xe — X))

n - 3
2k2(do) We, 1(1)

M2do (5 1) (2.5.6)

| E(Xes — X3)?
92 (dg) Wag.1 (1)

n

br2do (5 — 1) (2.5.7)
Proof. We can write

n—k

S (X = X) (Ko = X)

t=1 .
n—k

nz—:Xt(XHk‘Xt) - X Z(Xt+k_XL Z X)?. (2.5.8)

t=1 t=1
Under the conditions of Theorem 2.5.1, by using Theorem 2 3 1 and the continuous

mapping theorem, it can be easily shown that (recalling (2.3.2)-(2.3.4) and £ is fixed),

n—k
1 —
K2 (do)n~1+2(do+m) X Z(ch — X1)
t=1
= k Waym(D)Wag ms1(1), (2.5.9)

and

n—k
1
X
Y
1 n—k n—k 0
9 —
- (do)nQ(do—l—m (Z X B 2X Z Xe+ n - k)X )

=>/Wdom ds—</ W m (s )

= Wyym(1). (2.5.10)

On the other hand, by noting
n—k n—k

ZXt(XH—k ~Xy) = Z (Xt2+k - X2 — (Xpak — Xt)z)

t=1 t=1
n—k

= Z X2 - —ZXZ ~ —Z Xipk — X1)?,
t=1

t=n—k+1

N | —

l\DIP—‘
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we obtain that if m > 2 or m =1 and dy > 0 (recalling (2.3.1) and (2.3.6)), then

n—k

1 k
ZXt Xt+k - Xt) = — Wd?om( ) (2511)

k2 (do)n~1+2do+m)

if m=1and —1/2 < dy <0 (recalling (2.3.1) and (2.3.5)), then
1« ) 1 )
‘T; ZXt(XH—k - Xi) s 3 E(Xkp1 — X1)5 (2.5.12)

if m =1 and dy = 0 (recalling (2.3.1) and (2.3.5)), then

-k

k
Xt:> 1% !

dom(1) = 272(0) E(Xg — X1)% (2.5.13)

In terms of (2.5.8)-(2.5.13) and
n—k . n—k n—k .
pi—1= (Z Xe(Xepe = X)) = X D (Xigr — Xt)) > (X -
t=1 t=1 t=1
(2.5.1), (2.5.2), (2.5.4) and (2.5.6) follow easily from the continuous mapping theorem.
To prove (2.5.3), (2.5.5) and (2.5.7), write

n—k n
=Y (X -X)? /) (X-X
t=1 t=1

Similar methods to those used in (2.5.9) and (2.5.10) show that

n

n(de—1) = -n > (X-X)?/> (X-X

t=n—k+1 t=1
n n n 0 9
= — —[2X >  X.- th—kx)
Zt:l(Xt - X)2 ( t=n—k+1 t=n—k+1
k
= = (2Wdo m( )Wdo m+1(1) W¢12 m(]') W¢120 m+1(]‘))
do,m
k
= —=— (Wam(1) = Wagm1(1))* (2.5.14)
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By noting that (2.5.14) implies dy —p 1, as n — o0, (2.5.3), (2.5.5) and (2.5.7) follow

easily from the continuous mapping theorem, relation
P —1=dp(py — 1) + di — 1,

and (2.5.2), (2.5.4) and (2.5.6) respectively. O

2.6 Proofs of the main results

In this section, the proofs of Theorems 2.2.1 and 2.2.2 are given. To do this, we need

some preliminary results.

2.6.1 Preliminary lemmas

In this section, we derive several preliminary lemmas which will be used in the proofs
of the main results. These lemmas are also interesting in their own right. Let
{vj,5 = 0,%£1, ...} be a sequence of iid random variables with Fvy = 0 and Ev = o2
{ank, k = 0,£1,+2,...} is a triangular array of constants. For reading convenience,

we give the following basic assimptions for a, k.

Assumption 1. 0 < A2 =377 a2, < oo, for every fixed n > 1.

v

Assumption 2. 4, — oo and maxy |ap x|/An — 0 as n — oo.

Assumption 3. There exists a positive constant C such that

1 [e @]
sup — Z lan; — an -1 < C. (2.6.1)

A
n>1 Hn j=—00

Lemma 2.6.1. Let Assumptions 1-3 hold, bo = 0 3°22 ;5 # 0 and 322 |1;] < oo.
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Then, as n — oo,
1 °° 0
o ijynj —4¢ N(0,1) and o2 =Var (Z ijnj) ~ A% b2, (2.6.2)
J=0 j=0
where Yo =3 77 QnkUk—;.
Proof. Since Y2 |1;| < oo, there exists a sequence of positive-increasing constants

An such that

Dol < A2 n=19,... | (2.6.3)
J=An

For this A, we rewrite
00 An 00
Z Y;Yn; = Z VY + Z VY.
J=0 Jj=0 j=An+1

By a simple calculation, to prove (2.6.2), it suffices to show that

o~ 2
E ( Z |¢anj|) =o0(1); and (2.6.4)
J=An+1
An An
1 *2 2 32
ey Z%Ynj —4 N(0,1), where ¢ = Var (Z ¢anj) ~ AL by, (2.6.5)
n =0 7=0

Note that relation (2.6.4) also implies that » 2, 1;Y;; is well defined almost surely.
In the following, we will contribute to the proofs of (2.6.4) and (2.6.5). From
Assumption 1, it is clear that

EYnQ] = g2 Z aik = g2 Ai, for ] = 0,1,2,.... (266)

k=-00

By Holder’s inequality, it follows from (2.6.3) and (2.6.6) that

0 2 0 0
E( > |¢anj|) < Y sl D IIEY

00 2
< 02A§< > |¢j|) < o?A7t

j=An+1
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It implies (2.6.4) because A, — oo from Assumption 2.

To prove (2.6.5), put

o0 /\n
— 2 —
= g by, where b, = g Yiln ktj-

k=—o0 J=0

It is easy to show that for each fixed n > 1 (recalling Y;; are well defined ),

An
Z"/)jynj = Zl/b Z AnkVk—j
j=0

k=—o
= Z Vi Z 1/)Jan k+5 = Z Ukbnk, ' (267)
k=-o0 k=-o0
ml?'x|bnk|/Bn < 2_: |¢j|mkaxlan,k|/Bm (268)
and similar to (2.6.6)
An
=Var (Z ¢jynj> = o?B2 (2.6.9)

Because of (2.6.7)-(2.6.9) and Assumptions 1-2, tracing the proof of Lemma 2.6.1
given in Robinson (1997), (2.6.5) holds if we can prove, as n — oo,

2B — B2A2

ye —0, ide, 0’B:~ A0 (2.6.10)

Since Hélder’s inequality implies that for each n > 1,4,5 > 0,
o0 o
2
Z ',an,k+ian,k+j| < Z Oy, < OO,
k=—00 k=~o00

elementary calculation shows that

00 An
2
B, = E E Vihin k4i0n k5

k=—001,j=0

= sz'ﬁbj Z Onk+iln k45 = Zd}tdjj Z On,kQnk+j—i-

1,7=0 k=—o00 1,j=0 k=—o00



34

Writing
An
by = Zwi and 12 = A,/ max lankl,
i=0

it follows that

An oo
B, —b?AL = Z Yip; Z Ank (An ktj—i = Onyk)
1,j=0 k=~o0 ’
e @]
= Z + Z Yith; Z nk (Qnktjmi ~ Gn)
li=i>nn  |j=il<nn k=—00
= Ap+Ape, say. (2.6.11)

In terms of Assumptions 2-3, we have 7, — 0o and

o 1/2 s o 1/2
|Ani] < Z |i;] ( Z ai,k) ( Z | htjmi — an,k‘2>
k

|7=2[>nn =—00 k=—00
00 o0 o0
< A D il Y el =0(A2). (2.6.12)
5= i=0 k=—00
In terms of the following inequality
. N
ljglasxfln ,an,k-i-j—i - an,k’ < tzznn ’an,k+t — Qnk+t-1{,

maxy |an x| = An/n%, and Assumption 3, we have

[ee] Mn
|An2| < Z W)zwjl Z |an,k| Z |an,k+t_an,k+t—1|

7=l <nm k=—co t=—1n
00 2 in 0
< (; W)z,) t:Znn mkax |an,k| k;oo lan,k+t ~ Onkti—1|
00 2 00
< 277771 (Z I,(pll) An Z |an,k - an,k—1| =0 (Ai) . (2613)
i=0 k=—o0

Therefore, from (2.6.11)- (2.6.13), we obtain that

B2 - b2 A2

ye — 0, e, 0’B>~ o2 b? AL (2.6.14)
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Now, relation (2.6.10) follows immediately from (2.6.14) and

‘bg—a 0 Z'w]|le]|_O
J=2n
The proof of Lemma 2.6.1 is complete. O
Lemma 2.6.2. Let ¢, = % for k>0 and ¢, =0 for k < 0, where —1/2 <
do < 1/2. Then,
co =1, k] < Ck% 1, (2.6.15)
mgx; |cisk| < Crmax {1,n%} | for dy # 0; (2.6.16)
lcaik — ck| < Conk®™ 2 foralll<n<k; (2.6.17)
2
o0 [nt] 14+2do (1 — 24, (¢ — g)1+2do .
SIS ] ~ U2 TR (2.6.18)
, (1 +2do)T(1 + do)T'(1 — dy)
k=—oco \ j=[ns]+1

for0<s <t <1,

Proof. For the proof of (2.6.15), see Theorem 1 in Hosking (1981). The proof of
(2.6.16) follows easily from (2.6.15). By noting I'(z + 1) = 2I'(z) for all z, we have
that, for 1 <n < k and dy € (—-1/2,1/2),

. (k+n+do—1)..(k+do)
lcntk — k| = |ckl (1_ (k+n)..(k+1) )

(k+do)(k+dy+1)
| (1" htn)(k+tn—1) )

<

< |ck| { (k+n)*— (k+ do)z} < Cynk®=2

which implies (2.6.17).
In order to prove (2.6.18), let (x, k = 0, 41,42, ..., be iid N(0, 1) random variables
and Y = > 2° , cx(j—k. Since ¢y = 0 for k < 0 and hence

[nt] [nt]

Z Y_ZCIC Z Cik;s

=[ns]+1 k=—00  j=[ns]+1
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clearly, we have that for 0 < s <t <1

00 [nt] 2 (nt] 2
Z Z Ci—k =F Z Y) .

k=—co \ j=[ns]+1 j=[ns]+1
By noting that Yj,j > 1, are stationary random variables, on the other hand, it

follows from Theorem 1 given in Sowell (1990) that

2 2
B % v _ [nt]—[ns] . n”QdOF(l _ 2d0)(t _ S)1+2d0
j=[ns]+1 ’ o1 ’ (14 2do)I(1 + do)T(1 — dy)’

where we use the estimate: w ~ t — s. Therefore, (2.6.18) follows. The proof of

Lemma 2.6.2 is complete. ' O

Lemma 2.6.3. Let X, satisfy (2.2.1) with m = 0. Assume that Ee2 < co. Then,
Z Co-klUk = Zzpjzt iy (2.6.19)
k=—o00

where ¢ is ds in Lemma 2.6.2 and Z, = Y77, Ck€r—.-

(b) {Xi,t > 1} is a stationary ergodic random sequence with zero mean and

FEe}
2

’ 11— ei*|‘2d° ’¢(e‘i’\)|2 d\ < o0, (2.6.20)

-7

EX? =
where P(e™) = S 1 hre™*; in particular, EX? = Ee} Y poo ¥r < 00 if do = 0.

Proof. Writing X; = ¥(B)e,, we have ¥(z) = (1—z)~%1(z), where 1(2) = 372 ;27
Since Z;‘;o l9;] < oo, similar to the proof of Theorem 2 part (a) given by Hosking
(1981), the power series expansion of W(z) converges for all |z| < 1 when dy < 1/2.

Thus, if —1/2 < dy < 1/2, we have

X, = (1= B)™“y(B)e, = y(B)(1 - B) “e.
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Now (2.6.19) follows from the Binomial expansion of (1 — z)~% (see Hosking, 1981).

As well-known (see, for example, Hosking (1981)), {Z;,t > 1} is a stationary
ergodic random sequence with mean zero. It follows from Theorem B.1 (see Appendix
B) that X, = 3 °° %;Z;_; has the same properties as Z;. To prove (2.6.20), let fz(.)
be the spectral density of {Z;}. According to Theorem 12.4.1 in Brockwell and Davis

(1987, p466),
_ Eé
Cor

= ei’\‘_wo, for —m < XA < .

fz(N)

This, together with the second equality of (2.6.19) and (4.4.3) in Brockwell and
Davis (1987, p121), shows that {X,} has a spectral density fx(.) and fx()\) =
[w(e""’\)ffz()\), where ¥(e™™) = 77 e ™A In terms of > ieo Il < oo, we

obtain

2 s
EX12 — 'g_:ro |1_ei,\|—2d0|¢(e—-i/\)|2 d)\

-7

2 o0 L
L;—:TO (E |wj|> / |1—ei’\|_2d0 d) < oo.
j=0 -

IN

s

If dy = 0, the result is obvious since X; = Zz":o Wr€1—k. The proof of Lemma 2.6.3 is

complete. ‘ O

Lemma 2.6.4. Let Y}, j > 1 be a sequence of stationary random variables with zero

mean and finite variance. Let

Sa=>Y;, 0<H<I (2.6.21)

j=1

Sin]
Zy(t) = R L2(n)’

where L(n) is a function varying slowly at infinity. Assume that
(i) ES? =0 (n*L(n)), asn — oo;
(ii) E|Sn|** = O ((ES})*), for some a>1/(2H);



38

(iii) for each fized | > 1 and real constants 0 < t; #t, # ... # 1, < 1,
T1Zn(t1) + .. + 1 Zn(t1) =4 N(0, %) (2.6.22)
where Ty, Ty, ..., T, are any real constants, o? = Zi,j:l 7,7;Bu(t;,t;) and
By (s,t) = % {52H + 2 |5 — t]ZH} .
Then, for 0 <t <1,
Zn(t) = Wy_152(t), (2.6.23)

where Wy, (t) is @ “type I” fractional Brownian motion.

Proof. Under the conditions of Lemma 2.6.4, Theorem 2.1 in Taqqu(1975)% implies
that Z,(¢) converges weakly to a stationary increments, self-similar and a.s. contin-

uous Gaussian process Z(t) with the covariance
1
EZ(s)Z(t) = 5 {(*T+ 7 —|s - tPH}, for0< st <1

Now Lemma 2.6.4 follows directly from Proposition 3.8 given in Mandelbrot and Van

Ness (1968). O

Using these results, we can give the proofs of the main results as follows.

2.6.2 Proof of Theorem 2.2.1

If dy = 0, the model (2.2.1) reduces to summable linear processes. In this case, (2.2.3)

follows from Hannan (1979). So, we assume that dy # 0 in the sequel. Put

g
1 1 ;
Val) = gy 2 Xir Banls,t) = 5 {57920 4 ¢4 — |5 g4}
j=1

3In Taqqu(1975), Z,(t) was written as Sy, /n*7 L(n) by error.
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In terms of part (b) of Lemma 2.6.3 and Lemma 2.6.4 with H = dy — 1/2, it suffices
to show:

(i) for each fixed [ > 1 and real constants 0 < ¢, # ity # ... A1 < 1,
T1Vn(t1) + ...+ TIVn(tl) —d N(O, 0%), (2624)

!
where 71, 7, ..., 7, are any real constants and o} = x*(do) Y_; ;= Ti7; Ba, (i, £5);

(ii) for some a > 1/(1 + 2dy),
ES?=0 (n'**) and E|S,[** =0 ((ES3)), (2.6.25)
where S, =30, X;.

We first prove part (i). From part (a) in Lemma 2.6.3, we have that

Xe=Y ¥;Zi;, where Z =) ceri (2.6.26)
§=0 k=0

and ¢ are defined as in Lemma 2.6.2. Let m; = [nt;],7 = 1,...,[. It follows from

(2.6.26) that

l m; o0
1 : 1
TVa(t) + o+ 1Valt) = —7g; domy Xi= e > WY, (2:6.27)
i=1 t=1 §=0

where, by a elementary calculation (recalling ¢, = 0 if k < 0),

1 ms

Ynj = Z Ti Z Zt_j

= 3 buseiss (2.6.28)

. l mi
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In order to apply Lemma 2.6.1 to (2.6.27), we first show that

l

(¢S] 1+2d01‘\(1 _ 2d )
.B2 = b2 ~ n 0 - Y 6
"= 2 e TR+ T ) > TimiBa(tnty). (2:629)

1,j=1

In fact, (2.6.29) follows immediately from Lemma 2.6.2 (see (2.6.18)) and

l mi mj
brzz,k = ZTiTj (Z Cs—k> (th—k)
s=1 t=1

1,j=1

[ m; 2 mj 2 mj 2
= % Z TiTj (Z Cs—k) + (Z Ct—k) - (Z Cs—k) }
1,5=1 s=1 t=1 s=m;

From Lemma 2.6.2 (i.e., (2.6.15)-(2.6.17)), on the other hand, we have that for dy # 0,

{ n
max lbr k| < Zl Ed mkax; lei—k| < C max{1,n%}; (2.6.30)
00 o { mi mi
> Jbng = bng| = > > (Z Ct—k — th—k+1>
k=—o00 k=—c0 | i=1 t=1 t=1

IN

l o
Z|Tz| Z |c1-k = Crmy—k+1]
=1

k=—-00

{

o0
Soiml S Y (ermkl + lemesa-kl) + > kst - Cm1+k+1|}

1=1 |k|<n k=n+1

IN

{ 00
< ZlTi|{Cmax{1,nd°}+Cln Z kd°_2}

i=1 k=n+1

< C, max{1,n®}. (2.6.31)

In terms of (2.6.29)-(2.6.31), the conditions of Lemma 2.6.1 hold for b, defined in
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(2.6.27) and (2.6.28). By applying (2.6.27), (2.6.29) and Lemma 2.6.1, we obtain that

1 0o

B2 Z%‘Ynj —a N(0,1), (2.6.32)
n _7=0
l m; 2

=1 j=1

~  nlt2l(g Z T,,TJBdO ti, t5). (2.6.33)

1,7=1
The relation (2.6.32), together with (2.6.27) and (2.6.33), implies (2.6.24). This
completes the proof of part (i).
Secondly, we prove part (ii). By applying (2.6.27) and (2.6.28) with | =7, =¢; =

1, we obtain that

Sa=) X;= iwjynj, where Y,; = Z b k€k—;
j=1 j=0 k=—00

with b, = > i, ¢i—k. Furthermore, it follows from (2.6.33) that

ESE~ ) Y b2, ~ n't2k(dy) . (2.6.34)

k=—00

Therefore, the first relation of (2.6.25) holds.

If 0 < dy < 1/2, the second relation of (2.6.25) is obvious by letting a = 1.
rTo establish the second relation of (2.6.25) for —1/2 < dy < 0, we let 2a = (2 +
8)/(1 + 2dy). By noting § > 0, obviously, we have that a > 1/(1 + 2dy) > 1 and
Fles]* < oo when dy < 0. By Burkholder’s inequality (see Hall and Heyde, 1980,

p23) and Holder’s inequality, there exists a constants C, depending only on a such
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that for all integers j and s < A,
h 2a h
E Z 6k,bn,k,+j C.E (Z 62 nk+])
k=s k=s
h

a
€ |bn k+J| |bn,k+j|(20_2)/a)

IA

h a—1
< CGE Z |6k|2abn k+j (Z bn k+]>

k=s

< C(Z bfhk> Eleo|* (2.6.35)
k=—o0

Because of (2.6.34) and (2.6.35), it follows from Fatou’s Lemma that for all j,

o0 2a

ElY,* = E|) ebnks;

k=—-00

h
lim E €xb ;
h—=oo kOnk+g

§ 6k,bn k+7

k=1

< (zb) (B2,

k=—00

2a

+E

0 2a

lim E fkbn,k+j
§—00
k=-s

IN
&

2a 2a

0

E €xbn k+j

k=-s

+ limsup

§—00

INA

limsup &

h—o0

Hence, by Hélder’s inequality again, we obtain that

2a
o0 X
E|S.[* < E(Z|¢j|<2“—”/<2“>|¢j|1/<2“>|Ynjl>

§=0

00 2a—1 00
(zw) S I, ElYagl = 0 ((BS2)).
7=0

3=0

which implies the desired result. The proof of Theorem 2.2.1 is complete.
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2.6.3 Proof of Theorem 2.2.2

We only need to consider the case that —1/2 < dy < 0. In this case, since ¢, are iid
random variables with Eeg = 0 and F|eg|*/(1*2%) < oo, by applying Theorem C.1 (see
Appendix C), on a suitable probability space, we can construct ng, k = 0, &1, +2,-

which are iid NV (0, Ee2) random variables such that, as n — oo,

lgln?%(n ; € — ;ﬂj =0 (n1/2+d°) , a.s., (2.6.36)
[nax jz:;f_j — jz:;n_j =o (n!/?*%®) | as.. (2.6.37)

Let Y} satisfy

)
(]'_B)do }/t:ut) ut:Zd)] Tt—j, t:]-)za-”)

7=0
where —1/2 < dy < 0 and ¢ satisfies (2.2.4). Because 7 are iid N(O,Ee%), by

applying Theorem 2.2.1, we have that, for 0 < ¢ <1,

[nt]

1
K(dg)n1/2+do 2_Yi = Wa(t) (2.6.38)
j=1

In terms of (2.6.38) and Theorem A.1 (see Appendix A), to prove Theorem 2.2.2, it

suffices to show that

0<t<1

] ]
P D X;—=D Y| =op(nl/*t®), (2.6.39)
p =

By applying part (a) of Lemma 2.6.3, for any m > 1, we can write

Eckejks Tbks)

(12 Z Ck—s(€j—k — Mj—k)

m

Y (X-Y) =

Jj=1

1M
M8 I M8

INgE

j=1 s=0 k=s
= AT 4 AT 4 AT 4 AT (2.6.40)
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where ¢, = %fork>0andck—0fork<0

A, = Z Z Vs ch-s(fj—k—nj—k),
7=1 s=n+1 k=s
m n 2n

Agrll = Z Z% Ck—s(fj—k—nj—k)>
j=1 s=0 k=5
m n n? '

Asy, = Z Z% Z ce—s(€5- k= Mi—k)s
j=1 s=0  k=2n+1

A = Z Z s(€j-k = Mj—k)-
j=1 s=0 k=n

Clearly, (2.6.39) follows if
max [ATi| =op (n'/**®),  for j=1,2,3,4 (2.6.41)

1<m<n

We next prove (2.6.41). Write
‘/lyj:s = ch_s(ej_k - n]—k)'
k=l
By noting ¢, = 0 and lce] < Ck%~! for k > 1 (see Lemma 2.6.2), it can be easily

shown that for all{ > s> 0 and 7 > 1,

© 1/2
E"/wus|<(EW%s1/2<C(Z ) < €y min{1, 107117}

k=l

Therefore, it follows that

< V.. | < Cpl/3tdo 2=dojay | (2.6.42
E1I<nn?§ |A1 | Zl Z+1 W}sl El S,J,s| s on 2_18 W} i ( )
] $=n s=n

Similarly, we obtain that

3

n

E 1I<na§n |AZ:1 < Z W}si E|Vn2+1,j>5|
j=1 s=0

IN

Cn (n2)* 723 | < Crin® . (2.6.43)
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In terms of (2.2.4), (2.6.42)-(2.6.43) and dy < 0, Markov’s inequality implies that
(2.6.41) holds for j =1 and 4.
On the other hand, it follows from (2.6.36) and (2.6.37) that

m
2 (&k =
=

max |G| < ZI«MZIck s|0<

k<

m 2k
< max E + max E €_: —T_;
- 1<m<n 0<k<n (€5 = 71-3)
i=1 SR =0
= o(nt/*%), a.s..

This implies that (2.6.41) holds for j = 2.
We now prove (2.6.41) for j = 3. For convenience, write Sy = S (e — 1)

We have that

n n m
AT = ) % D s ) (Sk—j — Sk=j-1)
s=0  k=2n+1 j=1
n n?
= ) ¥ Coos (Sk—1 — Sk-m-1) - (2.6.44)
s=0 k=2n+1
Clearly, it follows that
n? '
Z Ck—s (Slc—l - Sk—m—l)
. k=2n+1
- n2-m-1
= ch+1 s Sk — Z Cht14m—s O
k=2n k=2n—m
on—1 n?-m-1
= Z Ck+1-s Sk — Z Ck+1+m— s Sk + Z (ck+1—s_ck+1+m—s) Sk
k=n?-m k=2n-m k=2n

= It + IR + I,  say. (2.6.45)
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Recalling (2.6.37), |ck| < Ck®~! and dy < 0, we get that

n?-1
max |[IT* | < C k—n)®! max |S
IOSSTSS: | 1ns — kznzz)_n( ) 0§k§n2| Ic’
< Cn (n?)do_1 (n2)1/2+d0 = o (n'/?*%®) | as.. (2.6.46)
Similarly, we have
max 17| = o (nY/**%) | a.s.. (2.6.47)
0<s<n

On the other hand, by applying Lemma 2.6.2, we know that (noting m < k — s)

|Cha1-5 = Charam—s| < Cm(k — 5)%2,

Therefore, it follows from (2.6.37) that (recalling dy < 0)

n2

max 1] < Cn Z (k — n)®o=2k!/2% = o (pl/2¥%0) | g5 (2.6.48)
0<s<n k=2n

In term of (2.6.44)-(2.6.48), we have that
max [A7,| < max ([[7] + [I5, + 1150 S [l = 0 (n2/2+%) | aus.
< v s=0

1<m<n <
- = 0<s<n

This implies (2.6.41) for 7 = 3. We finish the proof of Theorem 2.2.2.



Chapter 3

Asymptotics for nonstationéry
fractionally integrated processes
without prehistorical influence

In this chapter, we discuss a functional limit theorem for the nonstationary fraction-
ally integrated processes having no influence from prehistory. Asymptotic distribu-
tions of sample autocovariances and autocorrelations based on these processes are
also investigated. The problem arises naturally in discussing fractionally integrated

processes when the processes start at a given initial date.

3.1 Introduction

In the last chapter, we discussed systematically asymptotics of the general fractionally

integrated processes X, defined by

o0
(1-B)y'Xe=u, u=» e t=1,2-", (3.1.1)
J=0
where d = dy +m > —1/2 and ¢,k = 0,+1,+2,-.- | are iid random variables. By

using the definition of the fractional difference operator (1 — B)” (see (2.1.2)), the

47
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process X, satisfies, if d # 0,1,2,-- -,

o~ D(=d+)
ZP(_d)F(j+1)X‘“j = U, t=1,2,---; (3.1.2)

and if d=0,1,2,--

d

> (-

j=0

]) Xt—j = Uy, t= 1,2, cee (313)

From (3.1.2) and (3.1.3), it is clear that the process X; defined by (3.1.1) depends on

a term that is usually called “prehistorical influence”:

© T(—d+7) a !
2 TG L e

J=t J=t

In practice, if we only consider the process X; defined by (3.1.1) starting at a given
initial time, such as t = 1, we may assume that X; = 0 for 7 < 0. In this case,
after some algebra (see Section 3.5), it can be checked that the process X, defined by

(3.1.1) is a special case of the process Z; defined by

t—1 (e8]
=5 AP uk, w= Y Wieny,  t=12-, (3.1.4)
k=0 7=0
where €,k = 0,41,42,---, are iid random variables, d > —1/2 and

c(()o)zl, 'c,(co):O, k>1;

(a) _ F(k‘ -+ CY)

— k>0 and a #0,—1,---.
% = Tra+n r20emda?

Asymptotics of the process Z; were first investigated in Aknom and Gourieroux
(1987) with d > 1/2 and u; = ¢ (i.e., o = 1 and ¢ = 0 for £ > 1 in (3.1.4)) under
Eles|” < oo, where 7 > max{2,2/(2d — 1)}. The results of Aknom and Gourieroux

(1987) were extended to the multivariate case by Marinucci and Robission (1998)
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without any improvements on the moment conditions. More recently, Tanaka (1999)
discussed the functional limit theorem for the more general process Zins] Where the
Y satisfy D770 k|vk| < co. However, the proof of Tanaka depends on the functional
limit theorem for martingale differences. Unfortunately, the process Z, itseif (even
as uy = €,t = 1,2,---) is not a martingale. Therefore, the prqof of Tanaka is not
applicable in this case. This chapter gives a different proof of the functional limit
theorem for the process Zp,y. It shows that the main results given by Tanaka (1999)
still hold. In fact, we establish a similar result for the more general model only under
the moment condition E|eo|™a{22/(2¢-1)} « o6, It should be pointed out that the limit
process of Zpy/Var/?(Z,) is different from those established in Chapter 2 because
of the “prehistorical influence”.

In next section, we establish the main results and give some corollaries. In partic-
ular, we derive the functional limit theorem for the partial sum process of the process
X; defined by (3.1.1) with d > —1/2 and X; = 0,¢t < 0. The proof of the basic
result (Theo.rem 3.2.1) will be postponed to Section 3.3. In Section 3.4, by using
established results, we study the asymptotics of sample autocovariances and sample
autocorrelations based on the process Z; in (3.1.4). These results do not appear in
the existing literature. Finally, in Section 3.5, we prove that the process X; defined
by (3.1.1) with X, = 0 for ¢ < 0 is a special case of the process Z; defined by (3.1.4).

Throughout this chapter, we denote positive constants by C' with or without
subscript, which might have different values in different places. A “type II” fractional

Brownian motion By(t),d > 1/2, is defined as
t
Ba(0) =0, Byft) = / (t - 8} 1dW(s), 0<i<1,
0

where W (t) is a standard Brownian motion. Comparison between “type I” (see
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Chapter 2) and “type II” fractional Brownian motions can be found in Marinucci and

Robinson (1999).

3.2 Main results

We first give the following basic result. Its proof will be postponed to the next section.

Theorem 3.2.1. Let Z, satisfy (8.1.4) with ez, k =0,%1,---, ud (0,0?),

Z W] <o and by = ij # 0. (3.2.1)
7=0
Then, for d > 1,
1
—is 2 = wd) Ba(t), 0<t<1, (3.2.2)

where k2(d) = b3,0%/T%(d) and By(t) is a “type 1I” fractional Brownian motion.
If, in addition, E|e|* %Y < oo and Y 5o kl|wk| < oo, then (8.2.2) still holds for

1/2<d<1.

As a direct consequence of Theorems 3.2.1 and the continuous mapping theo-
rem (Theorem B.2, see Appendix B), the following corollary gives the asymptotic

distribution of the partial sum process of the process Z;.

Corollary 3.2.2. Let Z; satisfy (3.1.4) with ey, k = 0,£1,-- -, 4d (0,0°), and ¥, j >
0, satisfy (8.2.1). Then, for d > 1/2,

[nt]

! ZZ = k(d+1)Bun(t), 0<t<1; (3.2.3)

nd+1/2
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ford>1,
1 [nt] t
7 2 Z: = nf(d)/o Bi(s)ds, 0<t<I, (3.2.4)
1 n—k =
=172 (Zj+k — ZJ) = k Kl(d) Bd(l), 0<t <1, (325)
j=1

where ky(d) is defined as in Theorem 8.2.1 and k is a fized integer.
If, in addition, Eleo| @4V < 0o and Y52, k|| < oo, then (3.2.4) and (3.2.5)
still hold for 1/2 < d < 1.

Proof. Recalling cg- = % and I'(1+a) = ol'(«), we have that, for any integer
m>1and a#0,-1,-2,---,
- (a) 1 P(l +m+a) P(l +a) (14+a)
) =1 - 2.6
25" =1+ 5y { T +m) rm | o (3:26)

(see Lemma given in Sowell (1990, p502) with a = o and b = 1). This equality implies
that, for d > 1/2,

[nt], nt] j
4= S 3w
[nt) [nt]—k ; [nt] ; [nt]—1 ;
1 1
= Z U D = Ug cfn;? )k Z cgc +d) Upng—k-  (3.2.7)

._.
“
I
o
>
il
—
>
I
=)

k
By using Theorem 3.2.1 with 1 + d, we obtain the desired (3.2.3).

To prove (3.2.4), we note that (let Y11 Z, = 0if s < 1/n)

[nt]

t 1 2
2
n2d Z Z; / <nd‘1/2 Z[ﬂS]) ds,

and then use the continuous mapping theorem.

Using Theorem 3.2.1, the continuous mapping theorem and
n~k

Y (Zisk - Z Zj— ZZ]’

Jj=1 j=n—k+1
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(3.2.5) follows easily. The proof of Corollary 3.2.2 is complete. O

In the next corollary, we consider asymptotics for stationary and nonstationary

fractionally integrated processes without prehistorical influence.

Corollary 3.2.3. Let o > —1/2,

(I_B)aXt = Uy ut:Z¢k6t—k7 t:]-)?)"')
k=0

X, =0, t<0, (3.2.8)

where Y 2 |e| < 0o and by =3 50k # 0.
(a) If €x, k =0,%£1,---, are iid (0,0?), then, for a > 0,
1 [nt] ¢
—jora ZXj = Ko(a) / (t — 5)*dW (s), 0<t<1, (3.2.9)
j=1 0
where k3(a) = b3,0%/T*(1 + ).
(b) If, in addition, Ele|***) < oo and Y e, k|| < oo, then (8.2.9) still
holds for —1/2 < a < 0.

Proof. In Section 3.5, it will be shown that the process X; defined by (3.2.8) can be

rewritten as

-1
Xt:chca)ut—k) t:]-)?)"')
k=0

where cfca) = % is defined as in (3.1.4). If & = 0, then X; = u; and the result

is obvious by using Theorem 3.2.1 with d = 1. If & # 0 and a > —1/2, similar to

(3.2.7), we obtain that
[nt] [nt]-1

X = >
=1 k=0
Since 1 + « > 1/2 when a > —1/2, the results follow from Theorem 3.2.1 with

d =1+ a. The proof of Corollary 3.2.3 is complete. O
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3.3 Proofs of the main results

In Section 3.3.1, some preliminary lemmas required in the proof of Theorem 3.2.1 are

given. In Section 3.3.2, using these lemmas, the proof of Theorem 3.2.1 is given.

3.3.1 Preliminary lemmas

To prove Theorem 3.2.1, we start with the following lemmas. For convenience, we

(4)

always assume ¢, =0, if j < 0. Otherwise, we recall that cg- = _Lutd , for j >0,

— Nd)T(G+1)

and €;,j = 0,1, .., are iid (0, 0?).
Lemma 3.3.1. Let Eleo|* < oo, where oo > 2. Then, max_,<;<n €;| = 0p(n'/®).
Lemma 3.3.1 is straightforward by using the following equality: for any ¢ > 0,
P (_ggﬁnleyl > 5) Z l€51% Lies 126 > 5“) :
=—n

Lemma 3.3.2. Ifd > 1/2, then,

(d) 1 d—1 d-2
C: — o0 C 3 = 172: 3
j F(d)j S O J
n
and Z |c§d) - cg-d_)ll < Cpmaxid-1.0} n=12,---
=0

Proof. The first inequality follows from Abramowitz and Stegun, 1970, formula 6.1.47
(also see Akonom and Gourieroux, 1987, Lemma 3). The second one is obvious by
using the first inequality (if d = 1, the equality comes directly from cgl) =1,7>0)

and details are omitted. U

Lemma 3.3.3. Assume that n;,7 > 1, are 4id N(0,1) random variables. Then, for

d>1/2,
(nt]

— 1/22 =g i = ( s Bft), 0<t<lL (3:3.1)
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Proof. 1t follows from Proposition 4 given by Akonom and Gourieroux (1987) that,
for d > 1/2,

[nt]

1 j d-1
mZ(t—;) 77j=>Bd(t), 0<t< 1.

j=1
This, together with Theorem A.1 (see Appendix A), implies that Lemma 3.3.3 follows
easily by noting that

[nt]

(d) 1 \d—1
sup Z - T T (q) (nt = 5)" "n;

0<t<1 =1 =
[nt] “ 1 ;
< - — 1
1r<naicn| m‘ OS<1:I<)1 E CJ _( ) (j + nt [nt])

where we use Lemma 3.3.2, Lemma 3.3.1 with o = max{2,2/(2d — 1)} and the

following well-known bounds: 0 < nt —[nt] <1 and for all 0 < 6 <1,
G+ = <C*? j=1,2,
The proof of Lemma 3.3.3 is complete. O

Lemma 3.3.4. Assume that E|eg|? < 0o, where p = max{2,2/(2d — 1)}. Then, for
d>1/2,

[nt]
— 1/2 Zc[m] 6= —d—) By(t), 0<t<1. (3.3.2)
Proof. By using Appendix C.1 (see Appendix C), on a rich enough probability space,
there exists a sequence of random variables n;, 7 > 1, which are iid N(0, 1) such that,

for d > 1/2,

max = o0p (nmi“{@d‘l)ﬂ’lm) . (3.3.3)

1<m<n

m m
E :fj‘a E 7
j=1 j=1
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It follows from Lemma 3.3.3 that, for d > 1/2,

[nt]

(d)
nd- 1/2 Z Clnt)—j i = —d) By(t), 0<t<1.

Therefore, by using Theorem A.1 (see Appendix A), Lemma 3.3.4 follows from

[nt] [nt]

i (d)
os<lil<)1 ;C[nt] -j Uzcnt] e
@ @ -
Z(C ~ Cmljo1) ) (ek — o)

= max
1<m<n |4
- = ]=1 k=1
n—1 m
d)
< c(- max € — O
S Eo:“ |1<m<n kil(k k)

i=
= op (nmax{d—1,0}+min{(2d—1)'/2,1/2}) — op (nd_1/2)

where we use Lemma 3.3.2 and the relation (3.3.3). The proof of Lemma 3.3.4 is

complete. O

3.3.2 Proof of Theorem 3.2.1

Using the lemmas derived in the previous section, the proof of Theorem 3.2.1 is given

in this section.

First it is shown that (3.2.2) holds for d > 1. Let

l -1 l
=S wBt, CBhH=Y ( >, w) B,
k=0 1=0 \k=i+1

where B is a backshift operator. From Lemma 2.1 in Phillips and Solo (1992), we

have that

C(B,l) = C(1,1) - C*(B,1)(1 - B). (3.3.4)
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It follows from (3.3.4) that, for allm > 1 and [ > 1,

= C(1,]) Zc ;= C (B, (e — o). (33.5)

Therefore, we can write that, for all m > 1,

ZCSZ)_]-ZJ' = Z Zd’kﬁ] K+ Z Viej— k)

Msﬁ

j=1 j=1 k=l+1
= C(1,0) Y e —Cr (B (e —eio)
Jj=1 Jj=1
Py nd
k=Il+1 ji=1

= Z ) iej+ Ry(m, 1) + Ro(m, 1), say.  (3.3.6)

Because C(1,1) — by, as | — oo, by using Theorem A.1 (see Appendix A) and

Lemma 3.3.4, it suffices to show, for d > 1,
lim lim P ( sup |R;([nt],1)] > nd-1/2> =0, j=12 (3.3.7)
s oo n—oo 05151
It can be easily shown that, for all m > 1,

-1 l
Rl(m7l) = (Z wk) Ym,ia where
: +1

Ym,i

Il
NgE
Q/\
HC
d
~~
™
L)
|
-
(g
L)
|
I
|
)
"

Since



it follows from Lemma 3.3.2 and Lemma 3.3.1 with a = 2 that, as n — oo,

-1

. Z 9l sup [V

=0 k=i+1

< COn*! ZZ =
> I&?’é |€;] || = op

1=0 k=i+1

“sup |Ru([nf],l)] <

0<t<1

This proves (3.3.7) for j = 1.

To prove (3.3.7) for j = 2, we note that, for all k£ > 1,

m

d
Z cgn)—jfi—k

i=1

E max
1<m<n

m
d)
= F max g 9 e
1<m<n m-=y

m
(d) (d)
1<m<n Z (cm—j B cm—j_l) Z &

= F max

n 7
(d) .
< 2|67 - Bpax 3 e
j=1 i=1
~1/2
< Cn*'2,
where we usé the following well-known result:
j 2\ 1/2
a 6| < | F max € < Cn'/2.
Elrg_]<}$l Z A 1<j<n z; : -
1=

Therefore, Markov’s inequality implies that

P (sup IRalfn] ) 2 n*) <

0<t<1

d 1/2 Z |¢k| E1r<n~n?<

k=l+1

9 Z |k |.

k=l+1

IA

d—1/2).

m
Z cgn) 5€i—k
j=1

o7

(3.3.8)

(3.3.9)

Let n — oo and then | — oo, we get (3.3.7) for j = 2. This proves (3.2.2) when

d> 1.
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Next, the proof of (3.2.2), for 1/2 < d < 1, is given. We still use (3.3.6), but
here we choose | = n. Recalling 1/2 < d < 1 and E|e|*¢~1 < o0, it follows from

Lemma 3.3.2 and Lemma 3.3.1 with o = 2/(2d — 1) that

n
Z |C§~d) (d) | <C, max |6 | = op(n d—1/2).

n<]<

By noting 3, _, k|tk| < oo, similar to (3.3.8), we have that

n—-1 n
osgligl |[Ri([nt],n)| < C max el Z Z || = op (n?71/2). (3.3.10)

<J< -
i=0 k=i+1

On the other hand, similar to (3.3.9), we get that

P ( sup |Ry([nt],n)| > nd”m)
0<t<1

Z gn) 5€i- k'
=1

<
< A 3 bl B

—n+1
< Cn'™? Z el <C Z klte| = of (3.3.11)
k=n+1 k=n+1

Using (3.3.10) - (3.3.11), Lemma 3.3.4 and Theorem A.1 (see Appendix A), (3.2.2)

follows for 1/2 < d < 1. O

3.4 Sample autocovariances and autocorrelations

The standard sample autocovariances and related autocorrelations based on the pro-

cess Z; can be defined as, for k=0,1,2,--- ,n— 1,

R _ — = 1
Ty = — (Zt—'Z)(ZH_k—Z), Z:'ﬁ Zt
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In this section, we discuss the asymptotics of 7y and pg, which do not appear in
previous research. We get the following results.
Theorem 3.4.1. Let Z, satisfy (3.1.4) withd > 1, €4,k = 0,41,---, @id (0,0?), and

¥, J > 0, satisfy (3.2.1). Then, for any fized integer number k, we have that

n2 R = k2(d) By(1): \ (3.4.1)
o 1 201y 2 ;
TE-Y = s (B0 ] BB, if > 3.4
1 , 1 £
= 2EKU(BAU_QBADEHNU_EgﬁE(;;%>)’
if d=1; (3.4.3)

%(ﬁk -1 = - ~1 (Bd;(l) + (Bd(l) - le+1(1)> ),

2By(1) d
if d>1, (3.4.4)
k 2
:>—ﬁin(%HM+umn—mHmf—E%ﬁ(Z¥J),
if d=1, (3.4.5)

where k1(d) is defined as in Theorem 3.2.1 and
1
—~ 1
B = | Bi(t)dt = 5 Ba))
0
Theorem 3.4.2. Let Z, satisfy (3.1.4) with ex, k = 0,%1,---, @id (0,0%). Assume
that Eleo|*/ 4D < 0o, > o0 o k|| < 0o and by = S e oWk < 0o. Then, for any fized

integer number k and 1/2 < d < 1, (3.4.1) still holds and

Iy
n—1+2d -~ 1 = -, (346)
P 243(d) Ba(1)
nT G -1) = - Ik (3.4.7)

2k2(d)By(1)’
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where k1(d), E(l) are defined as in Theorem 3.4.1 and (let cg-d) =01i75<0)
°° £ i T(l+d)
I — E (d) — (d) - (d) = - l > .
k (;(Cl cl—l);uz ), QG F(d)F(l n 1), >0

To prove Theorems 3.4.1-3.4.2, we need the following Proposition 3.4.3. The proof

of this proposition is quite tedious and will bé postponed to later in this section.

Proposition 3.4.3. Let Z; satisfy (8.1.4) with d > 1/2, €,k = 0,%1,---, be uid
(0,02) and v¥;,7 > 0, satisfy (3.2.1). Then, for any fized integer number k, we have
that

7
ko

(Zisr = Z;)° =L = op(1), forl/2<d<1, (3.4.8)
1

S|
.
il

where I, is defined as in Theorem 8.4.2;

n—k k 2 |
LN Zk— 2 es B (Zuj) , ford=1;  (3.4.9)
n o —
n—k
1
n-1+2d (Zj4k = Zj)2 = op(1), for d>1. (3.4.10)
1=1

In the following, we give the proofs of Theorems 3.4.1-3.4.2.

Proof of Theorem 3.4.1. The idea of the proof Theorem 3.4.1 is similar to that
of the proof of Theorem 2.4.1 by using Corollary 3.2.2 and Proposition 3.4.3.

We can write

n—k

> (20— Z)(Zs — Z)

- -
= > 202 —2) -2 Y (Zux—Zi)+ ) (Z—2)*.  (34.11)

t=1 t=1 t=1

ol
bl

n—
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By using Corollary 3.2.2, Proposition 3.4.3 and the continuous mapping theorem, it

can be easily shown that (recalling k is fixed and r;(d + 1) = 5k1(d))

Eeyd

_ = k
Z (Zosk — Z¢) = 7 Ba(1) Ba41(1), (3.4.12)

1
k2 (d)n-1+2

n—k n—k n—k
1 — 1 - 2
ﬂ%(d)nde(zt—Z) = W(ZZt—QZ;ZtJr(n—k)Z)

t=1 t=1
1
1
> [ Bile)ds — 5 Bin()
= By(1). ~ (3.4.13)
On the other hand, by noting
n—k ; 1 n—k
Z Z(Zook — Zy) = 2 (Z2k — 20 = (Ziws — Z)?)
t=1 t=1
n n—k
1 1 1
= 5 th — 52232 - §Z(Zt+k - Zt)Q’
t=n—k+1 t=1 t=1

we obtain (using Theorem 3.2.1 and Proposition 3.4.3) that, if d > 1, then

n—k
1 k
W ZZt(Zt+k —Z) = 5 B3(1); (3.4.14)
t=1
ifd =1, then
7 2
! nz_kZ(Z —Z):>EB2(1)— . i:u : (3.4.15)
nn%(l) - t\Lt+k t 9 d 2/4%(1) p ?

In terms of (3.4.11)-(3.4.15) and

n—k n—k n—k
pr—1= (Z 22k —2)) =2 Y (Zesk — Zt)> Y(2-2Z), (3416
t=1

t=1 t=1

(3.4.1)-(3.4.3) follow easily from the continuous mapping theorem.
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To prove (3.4.4) and (3.4.5), write

n—k

de=> (Z-2) | Y (Z-2)*.

t=1
By using methods similar to those methods used before, we have that

n

n(dy—1) = -n Z (Z,— Z)* Xn:(Zt —7)*

t=n—k+1
B 2= (Ze - Ak (2Zt=7§+12t . t:7§+1 sk )
k 2 21\ l 9
> g (FBBan ) - B - P
_ __k 1 :
- 5o (Bd(l) dBd+1(1)> | (3.4.17)

Since (3.4.17) implies that d, —p 1, (3.4.4) and (3.4.5) follow easily from (3.4.2),

(3.4.3), (3.4.17), the relation
ﬁk_l Idk(ﬁ;c—l)-l-dk—l, (3418)
and the continuous mapping theorem. O

Proof of Theorem 3.4.2. Under the conditions of Theorem 3.4.2, we note that
(3.4.12), (3.4.13) and (3.4.17) still hold for 1/2 < d < 1 by using Theorem 3.2.1.

Therefore, for 1/2 < d < 1, we have that

3
eyl

Z Y (Zyr— Z) = op(1), (3.4.19)
n~ 172 (d, — 1) = op(1). (3.4.20)

S|
i

On the other hand, similar to (3.4.15), it follows from (3.4.8) that, for 1/2 < d < 1,

n—k

1 1

7—1' E Zt(Zt+k - Zt) - '2— Ik = Op(l). (3421)
t=1
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In terms of (3.4.13), (3.4.16), (3.4.19) and (3.4.21), we obtain that

I

—14+2d (/** _ 1) . k
) S L T— 3.4.22
* 23 (d) Ba(1) (34.22)

n
This implies (3.4.6). Finally, (3.4.7) follows from (3.4.22), (3.4.18) and (3.4.20). O
At the end of this section, we give the proof of Proposition 3.4.3.

Proof. We write

Itk
d d
Zivk— 25 = Z J+k 1U1+Z §+)k 1 5)1 Uy
I=j+1
= 1P+ 1Y, say. (3.4.23)
Clearly, we have that
j+k
k
Iy sz > e szch L Eursi
I=j+1 1=0 =1

This, together with Hélder’s inequality, implies that, for d > 1/2,
. 2 o0 oo k y 2
2 (Ifj)) < DIl > |l B (Z ck_)le,ﬂ-_,-)
: —

00 2 k1 9
< (leil) ()" Be < cRmerto (3.4.24)

0
14

Similarly, we have that, for d > 1/2,

2
E(Ié?)2 < ZIWZI%IE( (9, - &) )

1=0
\

oo 2 j-1
d d
(Z |¢i|) ( il, - cf )) Eé
=0 =0

< ijax{2d—3,0}, (3425)

IN
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where we use the inequality that (recalling Lemma 3.3.2), for any fixed k,
D — D <Cki1? 1=1,2,---. (3.4.26)
In terms of (3.4.23)-(3.4.25), it follows that, for d > 1/2,

E(Zyn—2;) < 2:2;? (E (]1(;?))2 +E (12(?))2>

< ¢ pmax{l,2d-2} (3.4.27)

o

n—

1

J
By noting 2d ~ 2 > 1, if d > 1, (3.4.10) follows immediately from (3.4.27) and
Markov’s inequality.

Ifd=1,then Z; .- Z; = Zle U4, J > 1,1s a stationary linear process (see The-
orem B.1, Appendix B). (3.4.9) follows from the stationary ergodic theorem (Theorem
B.2, see Appendix B).

The proof of (3.4.8) is more laborious . Write ¢; = cl(d) —cl(f)l,l > 0 for convenience.

By noting ¢ = 1, |¢j| < Cl1%72,1 > 1 (see (3.4.26)) and 1/2 < d < 1, it follows that,

for every ¢ >'1,

> el Elu| < (1 + cZzH) > [¥k|Ele| < oo
1=0 ' 1=1 k=0

This implies that, for every t > 1, 2, ¢; u;—; is well defined. Therefore, we can

write (let cgd) =0if j <0)

hE
N

¥

|

T

L

I
)=

Zisvk — 25 =

-
I
—_
.
I
—
o~
i
—

M-

-
I
—
~—
I}
o

I
M .
™8
o,
S

T

L
]
[~]
o

\,:

)

T

Il
whj—;;i
oy
,n'\,‘-\o
=
V.Y
jw)
<
il
m
L3N
T

(3.4.28

.
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By Holder’s inequality, it can be easily shown that

Se() < 033 5(S )

]lzl

k? Z Z €141 Z [ Eu?,

=1 =0
< C Z (Z ld‘2> =0 (n*1), (3.4.29)
i=1 \I=j

where we use the bound: Fu? = Y22 ¢2Fel < oo, for any t = 0,£1,+2,-

IN

Similarly, we get that

2

n 2 n .

S E (13(;?)) < By (Z I} ) El=0(n). (3.4.30)
j=1 ji=1 =0

In terms of (3.4.29), (3.4.30) and

2 k k k (k
(Zisk — Z;)° — (Iéf)) = I} (Zj+k - Z;+ 13(]-)) = I (21§j) + 14]')) )

it follows that

INA
S
3
7~
L
S
~
[ 2]
v
—_
S~
[ 2]
N
L%
3
T~
[\]
w'\q
< e
+
A'N
S
~—
~_
—_
S~
[ 2]

7=1
= O(n%). (3.4.31)
Recalling 1/2 < d < 1, (3.4.31) implies that

[(Zj+k - Z;)" - (Iéf)) ] = op(l).
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Now (3.4.8) follows if

n—k . 9 k o0
(1) - (33

j=1

3|~

C; ui—l) = Op(]_). (3432)

Recalling that w;,¢ = 0,%1,---, is a stationary ergodic linear process, by using
Theorem B.1 (see Appendix B), 13] ,J > 1, still has same properties as those of the
process u;. Therefore, (3.4.32) follows from the stationary ergodic theorem (Theorem

B.2, see Appendix B). We finish the proof of Proposition 3.4.3. O

3.5 A complementary proposition

In this section, we give a complementary proposition. The proposition is used to show
that the process X, which is defined by (3.1.1) and has no prehistorical influence, is

a special case of the process Z; defined by (3.1.4).

Proposition 3.5.1. Letd > —1/2,

(1-B)¥X, = v, t=1,2,---,

X, =0, <0, (3.5.1)

.where vy, t > 1 is an arbitrary well-defined process, B is a backshift operator and the
fractional difference operator (1 — B)" is defined as in (2.1.2).

Then, we have that X, = 0,1t <0, and

t-1
Y v, t=1,2, (3.5.2)
k=0

wherec(o)—lc,C =0,k > 1, andcfcazr()'c—+:j21k>0 fora#0,-1,-2,---.
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Proof. At first, we assume that d > —1/2 and d # 0,1,2,---. Under this assumption,

we first show that
ng) _ chd)k cf ) t=1,2,--. (3.5.3)

Recalling I'(2 + 1) = 2I'(z) (for all z # 0, -1, -, by definition), it is obvious that

(- _ T(1—4d)

TT(=dL@) —d

Hence, (3.5.3) holds for t = 1. We next assume that (3.5.3) holds for t = n, i.e.,

Y =~ thkck ,  t=1,2,--,n (3.5.4)

By induction, it suffices to show that

n+1

d
n+1 - ch-H k ck ZC( ) n+1 k- (355)

To prove (3.5.5), by summing each term of (3.5.4), we obtain that

Zn: ) = Z Z ng)k k Y
t=1

t=1 k=1

n n n n—k
= — Z c,(c_d) Z cg‘f)k = — Z ci—d) Z cgd)
k=1 t=0
= —Zc thd). (3.5.6)

By using (3.2.6) and the definition of c,(ca), it can be easily shown that, for all £ > 1

and o # 0, —1,-2,-- -,

k
o k+1
Y = = ) = ) (3.5.7)

o k+1
t=0
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In terms of (3.5.6), c ) = 1l and (3.5.7) with a = d, it follows that, for d > —1/2 and
d+0,1,2,-

3
|
—

n+1 (d)

C

d n+1_1:—

(k+1)n‘fcck+1= chk YL (35.8)

0

aul =
>
Il

On the other hand, (3.5.4) also implies that (recalling c(() ) = c(()_ ) = 1)

t—1
D=3, Y = Zc 7D =12, ,n. (3.5.9)
k=0

By summing each term of (3.5.9), it follows that

n

n n—k
—chﬂd) = Z cfcd) ch_d). (3.5.10)
t=1 t=0

k=1
In terms of (3.5.10), c(()_d) =1 and (3.5.7) with @ = —d, we obtain that, ford > —1/2
and d #0,1,2,---, |

(k—n—-1) ¢ 32, (3.5.11)
k=1

TL+1 d)

d n+1+1"'

&I'—‘

Now (3.5.5) follows immediately from summing the two sides of (3.5.8) and (3.5.11).
This gives (3.5.3) by induction.

Because of (3.5.3), we can give the proof of Proposition 3.5.1 for d > —1/2 and
d# 0,1,2,---. Clearly, we only need to consider the case of ¢ > 1. Recalling the
definition of the fractional difference operator (1-B)7 (see (3.1.2)) and X; = 0,¢ <0,

we rewrite (3.5.1) as

t—1
Zc X =, t=1,2-. (3.5.12)

j=
It follows from (3.5.12) that, if ¢ = 1, then X = vy, i.e., (3.5.2) holds for ¢ = 1. Next

we assume that (3.5.2) holds for t = 2,--- |n, i.e,
j—1
X;o= > vk, j=1,2,--,n (3.5.13)
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By induction, it suffices to show that (3.5.13) also holds for j = n+ 1. To do this, we

use (3.5.12) with ¢t = n + 1. In this case, recalling (3.5.13), (3.5.3) and c(()_d) =1, we

have that

n
— (—~d)
Xnp1 = Un+1—E C; Xn+1—j
=1

n n—j

— (—d) (d)

= Uny1— E 2 g Ck "Unt1-j-k
J=1 k=0
n n

— §: (~=d) § : (d)

= VUn41 — C; Cr_jUn+1-k
Jj=1 k=j

n k
— § ( § : (@) (—d
= Up41 — Un+1-k Cr_C; )
k=1 j=1

n
— _ (d)
= VUnt1 Cr Un+1-k
k=1

n

N7y,

— k Un+l-k-
k=0

(3.5.14)

This implies that (3.5.13) holds for j = n+1 and hence the proof of Proposition 3.5.1

is complete for d > —1/2 and d #0,1,2,---.

Next we show that Proposition 3.5.1 holds for d = 0,1, 2, - - - . Recalling the defini-

tion of cfco), k > 0, Proposition 3.5.1 is obvious for d = 0. In the following, we assume

that Proposition 3.5.1 holds for d = m. We will prove that (3.5.1) ford =m+1, ie,

implies that

1-B)"™'X, = v, t=12

(3.5.15)

(3.5.16)
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and then Proposition 3.5.1 follows by induction. To do this, let ¥; = 0,¢ < 0, and
Y, = (1-B)X,, t=12--
It can be easily checked that X; = E;'=1 Y; and, by using (3.5.15),
(1-B)"Y,=(1-B)"'X,=v, t=12,--. (3.5.17)

(3.5.17) implies that Y; satisfy (3.5.1) for d = m. By using the assumption that

Proposition 3.5.1 holds for d = m, we obtain

K:ch(cm)vt—ka t:1,2, )

and therefore,

t
Xt:ZYj
S5 BT ) it
jlkO ]lkl

kaZc thkZC(m

= th kc(m+17 t:]-)zv“'a

where we use the well-known equality’: for all m > 1,
ZC(m _cl(cm+1’ k:0,1,2,"'

The proof of Propositlon 3.5.1, ford =0,1,2,---, is complete. O

IThis equahty can be easily proved by induction. In fact, equality is obvious for k = 0. If

Ek_o .(7m) --c,c ™+ then

k+1
m m m (m+1) _ (m+1)
ch’ )=05c+)1+zc )—ck+1+ck = Cky1 -

By induction, equality follows immediately.



Chapter 4

Asymptotics for linear procésses
with dependent innovations

Let X, be a linear process defined by X; = > 72, ¥ker—k, t = 1,2,-- -, where {¢;} is a
sequence of random variables with mean zero and {1} is a sequence of real numbers.
Under conditions on {x} which entail that {X,} is either a long memory process
or a linear process with summable weights, we study asymptotics of the partial sum
pfocess Zg’fl] X, in this chapter. For long memory processes with the innovations be-
ing stationary ergodic martingale differences, the functional limit theorem of Zg’:ll X,
is derived. For linear processes with summable weights, we give rather general suffi-
cient conditions for Zg’fl] X, (properly normalized) converging weakly to a standard
Brownian motion. The applications to fractionally integrated processes and other

processes with innovations satisfying certain mixing conditions are also discussed in

this chapter.

71
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4.1 Introduction

Consider a linear process X; defined by

(&.¢]
Xe= tpek, t=1,2,--, (4.1.1)
k=0

where {¢;} is a sequence of random variables with mean zero and {} is a sequence
of real numbers. In time series analysis, this process has great importance. Many im-
portant time series models, such as the causal ARMA process (Brockwell and Davis,
p89), have the type (4.1.1) with Y 77 |k < oo. Let Z,, t = 1,2,--- denote a
covariance-stationary, purely non-deterministic time series with mean zero and au-
tocovariance function yz(k) = cov(Z;, Z,_x). More generally, as shown by Mcleod
(1998) (also see Beran, 1994, Lemma 5.1), the process (4.1.1) with 1x ~ cyk~* covers
long memory processes, such as the fractional Gaussian noise process (Mandelbrot,
1983) and the simple fractional process (Granger and Joyeux 1980; Hosking, 1981,
also see Chapter 2), which are characterized by the property that vz(k) ~ c,k=¢ for
some « € (1/2,1) and ¢, > 0.

On the asymptotics of the process X;, assuming the innovations ¢, are iid (0,1),
Avram and Taqqu (1987) proved that, if 1 ~ k~®l(k), where 1/2 < oo < 1 and [(k)
1is a slowly varying function at infinity, then }:E’fﬂ X, properly normalized, converges
weakly to a fractional Brownian motion. Theorem 2 of Avram and Taqqu (1987)
improved the previous results given by Davydov (1970) and it was extended later by
Mielniczuk (1997). However, few results show what would happen for Sl X, when
innovations ¢, are dependent random variables.

In this chapter, the previous cited results are extended to dependent innovations.

Explicitly, we derive the functional limit theorem of the partial sum process of the
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X: when the innovations €, form a martingale difference sequence. These results
will be stated in next section. We also discuss the limiting behaviour of 3" x,
when X satisfy model (4.1.1) with Y~ [4)x| < oo, and give rather general sufficient
conditions so that ZE’:} X; (properly normalized) converges weakly to a standard
Brownian motion. The proofs of these results will be given in Section 4.3.
For reading convenience, we end this section by introducing some notation. Through-

out the chapter, C,C},Cy--- are positive constants, which might take on different
values at different places. W(t) denotes a standard Brownian motion and Wy(t),

d € (—1/2,1/2) is a “type I” fractional Brownian motion on D0, 1] as defined in

Chapter 2, i.e.,

W,(t) = —— /_ [(t = 8)* = (=5)4] dW(s)+/0 (t — 5)dW (s),

where
2

Ad) = (2(11—1—1 —I—/Ooo [(l—l-s)d—sdfds)l/ :

As shown in Chapter 2, W,(t) is a self-similar Gaussian process with covariance

1
E (Wy(s)Wy(t)) = 5 [T 4 g1H2¢0 — s — ¢|"*24) | for0< st < 1.

4.2 Main Results

We now present our main results. Let X, satisfy model (4.1.1). Put

k), itk>0
(I ETRU(E), ik 20, where 1/2 < a <1, (4.2.1)
0, if £ <0,

and [(z) (1(0)/0 = 1) is a positive function slowly varying at infinity. In this section,

we call X, a linear process with summable weights or a long memory process' if

1For a more general definition of long memory process, see Beran (1994), page 42.
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> ke || < 00 or ¢ satisfies (4.2.1). Since the results for a linear process with
summable weights differ from those in the case of a long memory process, for more

clarity, we shall deal with the two cases separately.

4.2.1 Long memory process

In this section, we derive a functional limit theorem for the partial sum process of the
X, where Xy,t > 1, is a long memory process with innovations ¢; forming a martin-
gale difference sequence. This extends the previous results given by Davydov (1970),
Avram and Taqqu (1987) and Mielniczuk (1997), who discussed a similar question
with the innovations ¢ being iid random variables. We start with the following

definition.

Definition 4.2.1. Sequence {¢;} is said to be a martingale difference sequence if
E (e|Fx-1) =0, a.s. k=0,%£1,42, -,
where Fy = o{e;,1 < k}, i.e., F is the o-field generated by {e;, i < k}.

The following theorem gives sufficient conditions for the derivation of the func-

tional limit theorem. The proof will be given in Section 4.3.2.

Theorem 4.2.1. Let X;,t > 1, satisfy model (4.1.1). Assume that

(a) {ex} is a stationary ergodic martingale difference sequence with 0 < Ee3 < oo;
(b) {r} satisfies (4.2.1) and there exist positive constants Ay and A, such that

I(m+n)
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Then, for 1/2 < a < 1,

[ns]

1
W(TL) t__:ZlXt = Aa WI_Q(S), 0 S S S 1, (423)

where

1 2
H = 5(3 —2a), AZ= Xabey

° = M= a)(3 - 20) with xa:/o ™%z + 1)"%dz.

Remark 4.2.1. The relation (4.2.2) is a weak assumption, which is satisfied by a large
class of slowly varying functions such as log? z, (loglogz)? and €8’ % where 3 is real

and 0 < v < 1. For example, to show that log® z satisfies (4.2.2), by noting
log(l+z) <z and (1+z)® <1+ max{2 1}z,

for 0 < z <1, we obtain that, if § > 0, then

B
<1+log(1+m/n)> _14
logn ]

< max{2%,1}m/n,

log? (m + n)
log? n

_1t _

|
|
|
log(1 +m/n)
logn

< max{2?,1}

forall n > m > 3.

Similarly, if 8 < 0, then

log? (m + n) _ 1‘

log? (m + n) <log_ﬂ(m +n) 1) }
log® n

log? n log™# n
< max{27% 1}m/n,

for all n > m > 3. Therefore, log” z, where 3 is real, satisfies (4.2.2).

Define a fractionally integrated process by

(1-B)%;=¢, t=1,2---, (4.2.4)



76

where the fractional difference operator (1 — B)? is defined as in (2.1.2). As men-
tioned in Section 4.1, model (4.1.1) covers the process defined by (4.2.4). As a direct
consequence of Theorem 4.2.1, we have the following Corollary 4.2.2, which extends

Theorem 2 given by Sowell (1990) to martingale difference sequence.

Corollary 4.2.2. Let Y; satisfy model ({.2.4) with 0 < d < 1/2, where {e} is a

stationary ergodic martingale difference sequence with 0 < Ee < oo. Then,

[nt]

1
72 2 Vi = rald) Walt), 0<t<1, (4.2.5)
=1

Ee2l'(1-2d)
(1+2d)T(1+d)T(1-d)

where k3(d) =

Proof. Similar to Hosking (1981) (also see Lemma 2.6.3), we have that

I'(k+d)

Y't = ZCkft_k, where Ck = [‘(k_{-—l)I‘M)

k=0

Write
e =1, e =kEUK), k>1, where I(k) = k¢ ¢

It follows from Lemma 4.3.6 that [(k) is a slowly varying function at infinity satisfying

(4.2.2) and [(k) ~ 1. Hence, Theorem 4.2.1 with & = 1 — d implies that

(nt]

X1- dEfo
WMZY I+ 2d) Wy(t), 0<t<1.

Therefore, (4.2.5) follows immediately from x;—4 = (1 — 2d)/ (I'(d)['(1 — d)) (see
Mielniczuk, 1997) and I'(1 + d) = d ['(d). O

Remark 4.2.2. By a method similar to that used in Theorem 2.3.1, Corollary 4.2.2
can be extended to d = dy + m, where 0 < dy < 1/2 and m > 1 is a integer. The

details are omitted.
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4.2.2 Linear process with summable weights

In this section, we derive the functional limit theorem for the partial sum process of
the X, where X, is a linear process with summable weights. The following Theorem
4.2.3 gives rather general sufficient conditions for Z[m] X, (properly normalized) to
converge weakly to a standard Brownian motion. These conditions differ from Theo-
rem 6 given by Stadtmiiller and Trautner (1985), who established a similar result by
assuming

Fe;=0 FEeej=9;; fori,j=0,£1,%2,.-
Ee} <C foralli=0,41,42, -
E(eiejene) = E(e?ekq) =0 ifi, 7k, are different indices,
where §;; =0, if ¢ #J; 1if i = 5.
Theorem 4.2.3. Let X, satisfy model (4.1.1) and d(n) be a positive sequence of real

numbers satisfying d(n) — 0o, as n — oo. Assume that 3 ooy |tk < 0o and {ex} is

a sequence of arbitrary random variables satisfying

m 2
2
SL]lp Elrgln?.gn (; ek+j) < C d*(n), (4.2.6)
’for every n > 1, and as n — o0,
1
max |ex| —p 0. (4.2.7)

M —n<k<n

Then, for 0 < s <1,

kn(s) kn(s)
1
% E ex = W(s) implies r E ; = by W(s) (4.2.8)
k=1 t=1

where k,(s) = sup {m : d*(m) < sd*(n)} and by, =Y ey Y-
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'The proof of this theorem will be given in Section 4.3.2.

Theorem 4.2.3 can be applied to many important cases, such as where innovations
ex form a martingale difference or a mixing sequence. In the following, we will derive
several corollaries of Theorem 4.2.3. We note that Corollary 4.2.4 below improves
the previous results given by Hannan (1979), Phillips and Solo (1992) and Yokoyama
(1995); Corollary 4.2.5 is a new result.

Corollary 4.2.4. Let X, satisfy model (4.1.1). Assume that Y o, |tx] < oo and
{ex} is a martingale difference sequence satisfying one of the following two conditions:
(i) {€;} is uniformly integrable and E (€}|Fr—1) = 0% > 0 for all k > 1;
(1) {€z} is strongly uniformly integrable (s.u.i.) (i.e., there exists a random vari-

able n such that P(|ex| > z) < A P(In| > z), for each z > 0 and k > 1) and

%ZE (ei|.7:k_1) —p o> 0.
k=1

Then, Z["s] Xy = by W(s), 0<s5<1, where by, =3 po Y.

no

Proof. Since {¢%} is uniformly integrable and {ety;} still is a martingale difference

for each fixed 7, by Lemma 4.3.2 and part (i) of Lemma 4.3.4, we obtain that

n n
sup F max Ze’“ﬂ' <C supZEeiH <Cin
j 1<m<n 1 j —
On the other hand, it follows from part (iii) of Lemma 4.3.4 that

1
— max |e| —p 0.

\/T_L -n<m<n

Therefore, using Theorem 4.2.3 with d(n) = \/no, it suffices to show that, under one

of the conditions (i) and (ii),

——Zek =Wi(s), 0<s<1. (4.2.9)
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If the condition (ii) holds, (4.2.9) follows directly from the classical results for
martingale difference, for example, Corollary 3.3.3 given in Tanaka (1996, pages 82).
If the condition (i) holds, then Ee} = E (2| F;—;) = 0. This, together with part

(iv) of Lemma 4.3.4, implies that
- Z — Bet) o550, ‘ (4.2.10)

In terms of (4.2.10) and part (ii) of Lemma 4.3.4, (4.2.9) follows by using Theorem
3.3.8 given in Tanaka (1996, pages 80). O

To state Corollary 4.2.5, we first introduce the definitions of ¢-mixing and p-

mixing.

Definition 4.2.2. A sequence {¢} is said to be a ¢-mixing or p-mixing sequence if

as n — oo,

#(n) = sup sup |P(B|A) — P(B)| = 0; or
k A€Fy, BEFE,
cov(X,Y)
n) = sup sup ———— — 0
o X[z 171

k XeLay(Fr), YeLo(F,)

where Fr =o{e,i <k}, FX, =0{e,1> k+n}and || X2 = (EX?)'2,

Corollary 4.2.5. Let X, satisfy model (4.1.1). Assume that Y po, || < oo and
{er} is a ¢-mizing or p-mizing sequence such that

(a) {2} is uniformly integrable;

(b) Eex = 0 for all k and lim, oo 2E (37 _ 1ek) = 0% > 0;

(¢) X232, ¢/*(2') < o0; or
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(¢) ZE’-’;I pH2(2) < o0
["s] i Xe = by W(s), 0<s <1, where by =3 10 ¥

Proof. If the conditions (a), (b) and (c) hold, it follows from Corollary 2.4 given by
Peligrad (1982) that

On the other hand, by using Lemma 4.3.4 below and Theorem 1 in Shao (1988), we

have that
! x| —p 0, andf >1
— m
NG _max e —p and for every n >
2
sup E1I<I}7?§n (E €k+]> <Cn SL;pSLIip Eer, , <Cin

Therefore, Theorem 4.2.3 with d(n) = \/n ¢ implies Corollary 4.2.5.

If the conditions (a), (b) and (c’) hold, Corollary 4.2.5 can be proved similarly by
using Theorem 2.5 given by Peligrad (1982), Lemma 4.3.4 and Theorem 1.1 in Shao
(1995, a). .

4.3 Proofs of the main results

‘This section contributes to the proofs of the main results given in Section 4.2. We

start with some preliminary lemmas.

4.3.1 Preliminary lemmas

In this section, we give several lemmas which are used in the proofs of the main
results. Some of these lemmas also are of interest in themselves. Notation used in

Section 4.2 is still valid in this section.



81

Lemma 4.3.1. Let {€;} be a stationary ergodic martingale difference sequence with
0 < Eej < 0o. Let {ank, k = 0,£1,42,--,} be a triangular array of constants and
=3 re o a2, Assume that
(i) for every fited n > 1, 0 < A, < 0o, supy |k|a?, < oo;
(1i) supy |ank|/ An = 0, as n — oo;
(111) there exists a positive constant M such that

Sup A2 Z |k| |ank (k+l)| S M. (431)

" k=—0c0

Then,

,1),  where 0% = E€}. (4.3.2)

Remark 4.8.1. Peligrad and Utev (1997) established similar results for pairwise mix-
ing martingale differences. We note that Lemma 4.3.1 will fail if a,; do not satisfy

(4.3.1). For a counterexample, see Peligrad and Utev (1997, page 444).

Proof. Let
1

Sm' =
A, o P

Ank€k, fm' = .7:1', —00 < 1 < n.

fJnder the conditions of Lemma 4.3.1, as is well-known, {Syn:, Fni, —00 <1< n}isa
zero-mean, square-integrable martingale with difference ﬁam-ei for each n > 1, and
we have that S, _ = 0, a.s. and sumeS2 < 1. To prove (4.3.2), by applying
Theorem 3.6 given in Hall and Heyde (1980, page 77), it suffices to show that

(a) supy |ankex]/(Ano) —p 0 and E sup, a?,€2/(A20?) is bounded in n.

1
(b) el Z a2t —po?, asn — oo (4.3.3)

N k=—o0
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Under the condition (ii), it is clear that for every § > 0, as n — oo,

1 o0
Az Y kB (amel>580) < B I(eo]>54,/ maxs lanel) — 0, (4.3.4)
N k=—o0

This, together with Lemma 4.3.3, implies part (a).

Next let us prove part (b). To prove part (b), i.e., (4.3.3), put

J
Z;=Y (¢-Ee), =012
k=0

It is easy to show that for every N > 1 (let Z, = 0,if k <0),

o
Z aik(éi — E¢})
k=0

N 0o
= Zaik(zk — Z—1) + Z aty (e — Ee;)
k=0 k=N+1
N-1 oo
= (ane — ai(k+1))Zk +apyZn + Z apy(ei — E€;).  (4.3.5)
k=0 k=N+1

By applying the stationary ergodic theorem (Theorem B.2, see Appendix B), we have
that Z,/k — 0, a.s. as k — oo. This, together with the Toeplitz lemma (Stout, 1974,

page 120) and (4.3.1), implies that, as n — oo,

1 N-1 )
A2 > (ah = anesn) Z
| k=0
< o Dokl = | (1Zl/K) es 0 (4.3.6)
n k=0

On the other hand, it follows from the condition (i) that
la2yZn| < (suplklaflk) |Zy|/N — 0, a.s. as N — oo. (4.3.7)
k B
By noting 3.5, a2, E |6 — Eej| < 2Ee§ A% < 0o, we have

Zank ~Ee;) —»p0, as N — oo. (4.3.8)
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In terms of (4.3.6)-(4.3.8), let N — oo first and then n — oo in (4.3.5 ), we obtain

that
1 oo
ye 5D a(é — Ee}) —p 0. (4.3.9)
n k=0
Similarly, we have that
1 | ) '
yvl Z 2 —Eé&,)| —po0. (4.3.10)
Az k=

(4.3.3) follows immediately from (4.3.9) and (4.3.10). The proof of Lemma 4.3.1 is

complete. n

Lemma 4.3.2. Let {n,, Fn,s < n < t} be a martingale difference sequence, then
there exists a constant K such that, for any constant sequence oy,

n 2 t
2 2
Esrélr?%ct (; aknk) < KZakEnk. (4.3.11)

k=s

It is straightforward by applying Doob and Burkholder’s inequality (see, for ex-

ample, Hall and Heyde, 1980, pages 15 and 23 respectively).

Lemma 4.3.3. Let {nu, k =0,+1,£2,...,n > 1} be any triangular random variable
sequence and d, be a positive real numbers series. If, as n — 0o, d, = 00 and
d2 Z EnZ L. 1>6d,) = 0, for any 6 >0,
" k=—00

then - Supy [Nk = p 0.

Proof. 1t is well-known that

1
P (azsgplnnd > 5) =P (d2 > 2ed(nz0n) > 0 ) (4.3.12)

N k=—o0

By Markov’s inequality, the result follows immediately. O
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Lemma 4.3.4. Let {ng, k =0,£1,42,---} be a sequence of arbitrary random vari-
ables. If {n?} is uniformly integrable, then

(1) sup, En? < oo.

() % 2k=n ENRl(n1289m) — 0, for any 6 > 0;

(113) ﬁ MaX_n<k<n || —p 0.

(1) %3 p1 (M — E (0| F*k=1)) —p 0, where F* = o{n;,j < k}.

Proof. By the definition of uniform integrability, we have that sup, En,%[(|nk|25n) — 0,

for any ¢, — co. Hence, sup; En? < oo, i.e, part (i) holds. Furthermore, we have

1 n
= > Eniln>s0m < 25p BNy 25/m) = 0,

k=—n
which implies part (ii). Part (iii) follows from Lemma 4.3.3 with n,x = m, k =

—n, -+ ,n, otherwise n,, = 0. To prove part (iv), let

&k = Melncnirty = E (hclgnicnirn | F k1)

Sk = Mel(misniry = B (L ngysnin | Fr1)
Since &1k + Eox = 02 — E (02| F*k—1), it suffices to show that
] — .
= ijk —-p0, j=12 (4.3.13)
n
k=1

For j = 1, by noting that {£;4} is a martingale difference sequence, it follows from

Markov’s inequality and Lemma 4.3.2 that, for any ¢ > 0,

1 n
P (E ;flk

C < C
2 5) < W;Effk S = sup EiL (g <ns)

< CnY2supEn? — 0, asn — oo.
k
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This implies (4.3.13) for j = 1. For j = 2, (4.3.13) follows from Markov’s inequality

and
; Z Bl < Z Bt ggjsmrt) = 0.
™= ™=
The proof of Lemma 4.3.4 is complete. O

Lemma 4.3.5. Let 9 be defined as in (4.2.1). Then, for 1/2 < a<1and0 <s<

t <1,
i g ? Xan®2%(t — 5)3-2212(n)
i | ~Xe , (4.3.14)
k=-c0 \j=[ns]+1 (1 B O[) (3 B 20[)

where xo 1$ defined as in Theorem 4.2.1.

Proof. Let {ng, k = 0,£1,£2,---} be iid N(0,1) and Y; = > ;o ¥knj—k- Recalling

Yr = 0,k < 0, we have that

and clearly -

(n4) ° % [nt 2
El Y v| =) ik | (4.3.15)
' j=[ns]+1
Write r(j) = EY;Y14;. Since v satisfies (4.2.1), it follows from Hall (1992 page
118) that
r(§) ~ xa J1R(), 1/2 <a< 1. (4.3.16)
In terms of (4.3.16) and stationarity of the Yj, it follows from Horvath and Shao

(1996, page 134-135) that
m 2 m-—
£(30r) = w23
t=1 j=1
m3=2212(m

)
(1 S TEEPIE (4.3.17)
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Using (4.3.17) and stationarity of the Y; again, we obtain that, for 1/2 < a <1 and

0<s<t<l,
[nt] 2 [nt] = [ns] ? Xan® =212 (n) (t — 5)3-2¢
E Y.| =F Y.l ~ 4.3.1
D A ) Bt (e (e B

where we use the estimate: M]%@l ~ t — s and the property of the function I(z)
slowly varying at infinity: [(8n) ~ [(n) for any 3 > 0 (see Feller, 1971, page 275).
Hence (4.3.14) follows from (4.3.15) and (4.3.18). O

Lemma 4.3.6. Letck—% k>0,and0<d<1/2. Thencg ~ 1, 1.e. ¢ s

a slowly varying function at infinity, and we have that for all1 <m <mn,
leman/cn — 1| < C m/n.

Proof. 1t follows from (2.48) in Beran (1994, page 65) (also see Hosking, 1981) that
¢ ~ 1. By applying Corollary given in Feller (1971, p282), ¢k is a slowly varying

function at infinity. Noting ['(z + 1) = 2I'(z), we have that for all 0 < d < 1/2 and

1<m < n,
Cm+n m+n\ ‘Tn+m+dIl(n+1)
—1 — -1
Cn n L(n+d)T(n+m+1)
< m+n +2(1_(n+m+d—1)---(n+d)>
n (n+m)---(n+1)
< T_+2<1_n+d)§cﬁ,
n n+m n
Hence, the result follows. O

Lemma 4.3.7. Let [(z) be a positive function slowly varying at infinity. Then, for

any 0 < B < 1,

n 1
kPI(k) ~ n*=Fl(n d k1Pl (k N—n—ﬂzn.
; (k) 1-3 an Z 3 (n)
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Proof. See Bingham et al. (1987, page 26). O

Using these lemmas, we can give the proof of Theorems 4.2.1 and 4.2.3 as follows.

4.3.2 Proofs of the main theorems

Proof of Theorem 4.2.1. For H = (3 — 2a), put

[ns)

1 1
Zn(s) = WZ)Q, Bu(s,t) =5 [ 427 — s —tP"}.

t=1
Using the usual approach in deriving weak convergence in D[0,1] (see Theorem
A.3, Appendix A), it suffices to show:

(1) for each fixed [ > 1 and real constants 0 <, F£tyF - # <1,
1 Z,(t1) + -+ 11 Za () —a N(O, o) (4.3.19)

where 7y, 7, - , 7, are any real constants and o7 = A2 Z” L TiTjBr (ti, t;), where
A2 s defined as in (4.2.3);

(2) the tightness of Z,(s).

We first prove part (1).

Let m; = [nt;],j = 1,---,l. By noting X, = ch:_oo Vick€k = D po— oo Vi-kEk

’(recall Yr =0, if k < 0), we obtain that

l

nHl ZT] ;X‘ nHl Z dk €k, (4.3.20)

j:l k——OO

7-IZn(tl) + - +TZZ

where dj , = Z;:l 7; 31 ik By the definition (4.2.1) of the ¥, and Lemma 4.3.7,

it is clear that

S k=0, ifk>n+1 (4.3.21)
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and

n'=¢l(n),  if[k] <n,

(4.3.22)
nlk|=el(|k]), ifk < -n—1.

> ik <C {
1=0

It follows from (4.3.21) and (4.3.22) that dy,, = 0, if K > n 4+ 1 and

n

!
|dn] + ldkrinl < Il > (Wick + Yiok1)
j=1

1=0

I-aj if [k| <
< C {” (), —itlkf<n, (4.3.23)

nlk|~®l(|k]), ifk < -—n—1.
On the other hand, by condition (4.2.2), we have that, if k < —n — 1,
!

> (Z Yiok — Zwi—k—l)
=1 i=1

j=1

|dk,n - dk+1,n| =

!
< Z |7;] ‘¢mj—k - ¢—k|
j=1
!
> Il
j=1

! 1 1
< (kDD Il {I(mj + ke ke

1 my + k)
gyl T 4}

< Cy nlk|" (K], (4.3.24)

IN

fm; — k)  I(-—k)
(m; — k) (=k)e

where we use the following estimate: for j =1,--- [,

1 1
< _ < nlk|1-e,
My and e e wJ—””

for any |k| > n. From (4.3.23), (4.3.24) and 1/2 < o < 1, it can be easily shown that
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for every fixed n > 1, supy |k|d} , < 00, Y 2y d2 < oo and

oo

Z |k| |dz,n - di+1,n|
k=—0o0
< Z |k| |dk,n - dk+l,n| (ldk,nl + |dk+l,n|)
k=—c0
-n-1
< CrtoUn) 33 5| (e 0e) + CuCar® S K2R ()
lk|<n j=1 k=—0o0

2n
< Cyn* @ Z Y + Asn® 22 (n) < Cyn® %1% (n).

k=0
Therefore, conditions of Lemma 4.3.1 hold for di , defined in (4.3.20). From Lemma

4.3.1 and (4.3.20) part (i) follows if

2 l
n2H12 Z d ;Z 7:7;Bu(ti,t;), as n — oo. (4.3.25)

k——oo

Since

(e

1,j=1 t=1
and using zy'= 7 [z® + y* — (z — y)?], relation (4.3.25) holds if for 0 <s <t <1,

o0 [nt]

2
1 A2
Wg(n) Z ( Z 1/)j—k) — a—g(t — )32 as n— 0. (4.3.26)

k=—o00 \ j=[ns]+1

This follows immediately from Lemma 4.3.5. We finish the proof of part (1).
Secondly, we prove part (2).
Similar to (4.3.20), we have
Sxi= 3 (v
t=1 k=—o00
Hence, by Lemma 4.3.5 and noting that {e;} is a stationary martingale difference
sequence, it can be easily shown that

E (Xn:Xz) = Z (Zd)t k) Eé =O(n(3’2°‘)/2l2(n)).

k=—-00
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On the other hand, we have that EX, =0 forall ¢ > 1 and X, = 7o, Yrer— still is
a stationary random variable sequence (Theorem B.1, see Appendix B). By Lemma
2.1 given by Taqqu (1975), part (2) follows immediately. The proof of Theorem 4.2.1

is complete. O

Proof of Theorem 4.2.3. For every fixed [ > 1, put
Z'kaq k and ZQlJ) Z 'kaGJ k-
k=111

From Fuller (1996, page 320), we obtain that for any m > 1,

m

m
D2 = 2D e
j=1 j=1 k=0
l m
= ¢kZ€J+Z€1 sZ¢J+Z€msZ¢J
k=0 j=1 7=s+1

T
= Vi

'MS

¢ + R(m,l), say.

bod
o

1

1

2

Therefore, it follows that for every fixed [ > 1,
1 (3 l kn(.ﬂ 1 kn(S) (l)
d(n Z (Z wk) Z € + kn(s),l) + m Zy; - (4.3.27)
t=1 k=0 =1

To prove (4.2.8), by (4.3.27), Theorem A.1 (see Appendix A) and noting Zizo Py —

by as | — o0, it suffices to show that for any 6 > 0,

lim supP{ sup |R(ka(t),1)| >4 d(n)} = 0, (4.3.28)

n—o0 0<t<1

for every fixed [ > 1 and

k()
Jim limsupP{ sup Zzgg’ >§dn), = 0. (4.3.29)

J=1
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By condition (4.2.7), (4.3.28) holds since 35 |1x| < 0o and hence

ﬁ sup [R(n(00] < gos max |eJ|Z (ZI%H > l%)

<t<L
O<tsl s=0 \j=s Jj=s+1
—p 0.

We next prove (4.3.29). Noting

m o0 m
ZZ( Z wkZej_k, for any m > 1,
j=1

7=1 k=Il+1

by applying Hélder’s inequality and (4.2.6), we have that

m 2
E sup Zg.) < Z [V | Z |1/)k|E max (Z fj_k)
7=1

0st<1l \ 55 k=l+1 k=l+1
< C d2 ( E W)k)
k=l+1

Now, (4.3.29) follows immediately from Markov’s inequality and D hery1 [kl = 0 as

| = 00. The proof of Theorem 4.2.3 is complete. O



Chapter 5

Further results for linear processes

Let X, be a linear process defined by X, = > .-, ¥rei—x, where {¢} is a sequence
of random variables with mean zero and {¢x} is a sequence of real numbers. In
this chapter, we derive two basic results on the functional limit theorem for the
partial sum process Zg’:ll X,. In the first result, we assume that innovations ¢, are iid
random variables, but the conditions requiring absolute summability of coeflicients
for the linear process (i.e., Y722, [%x| < 00) is weakened. We note that, for the partial
sum process of the X; converging to a standard Brownian motion, the condition
> oo [¥k] < 0o or a stronger condition is commonly used in previous research. The

second result is for the situation where the innovations €, form a martingale difference

sequence, where the commonly used assumption of equal variance is relaxed.

5.1 Introduction

Consider a linear process X; defined by

Xt:Zd}kft—lm t= ]-72)”' ) (511)
k=0

92
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where {¢} is a sequence of random variables with mean zero and {t/;} is a sequence
of real numbers. In the last chapter, we have pointed out the importance of such
processes in time series analysis, and discussed the functional limit theorem for the
partial sum process Zg’;sl] X when the process X, has dependent innovations. In par-
ticular, Theorem 4.2.3 gave quite general sufficient conditions so that the asymptotic
distribution of the partial sum process Zg’:l] X (properly normalized) is a standard
Brownian motion.

This chapter continues to discuss such sufficient conditions so that 3"\ X, (prop-
erly normalized) converges weakly to a standard Brownian motion. We present two
basic results in this chapter. In the first result, we assume that the innovationé €r are
iid random variables, but the condition Y ;2 [tx| < o0, used in Theorem 4.2.3 and in
similar research (cf. Hannan (1979), Phillips and Solo (1992) (also see Tanaka, 1996)
as well as Yokoyama (1995)), is weakened. This relaxation of this condition is inter-
esting since some linear processes do not have absolutely summable coefficients. In
particular, a linear process with v, = k~'I(k) where Y ;o k~!l(k) = oo is important
since it is expressed by neither a finite order autoregressive moving average process
nor a fractional process. Only finite second moments for the €;’s are required in the
present chapter, which also gives a essential improvement of similar results given by
‘Davydov (1970).

Our second result is for the situation in which the innovations ¢, form a martingale
difference sequence. For this result, the commonly used assumption of equal variance
of the innovations ¢, is weakened, which will be of practical interest to researchers.

We give the statements of the main theorems and detailed remarks on the pre-

ceding results in the next section. In Section 5.3, we give the proofs of the main



94

theorems.

As used before, we denote C, Cy, Cs, ..., for positive constants.

5.2 Main results and remarks

We now present our main results. In Theorem 5.2.1 below, we assume that the
innovations € are iid random variables, but, to cover some interesting cases, the 1;’s

are rather general. Write for j =1,2,3,...,

7—1 n
_ 2 _ 2
v; = E Y and s, = E V5
k=0 j=1

Theorem 5.2.1. Let ¢,k = 0,%+1,42,... be i.i.d. random variables with Eex = 0

and Ee2 = 1. Assume that 1o # 0,

1/2
1
. max lv;i|] =0 and ]2; (Z; d;k) = o(sn). (5.2.1)
Then, we have that
| ka®
=Y X;=>W(), 05t (5.2.2)
Sp “
i=1

where kn(t) =sup{m: s <tsi}.
In particular, if ¥ = k~'(k), where the positive function {(k) (1(0)/0=1) is

slowly varying at infinity, satisfying Y peq k~'(k) = oo, then

kn(t)
ZX =W(t), 0<t<l (5.2.3)

Vn Zk 1 k
If 0 < |> 50, ¥kl < oo and Zk:l k? < 0o or Y pog |¥k] < oo and S ho ¥k #0,

then

1 ‘
=Y X;=>W(t), 0<t<l, (5.2.4
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where o2 = n (350, k)’ .

Remark 5.2.1. Tt follows from Hall (1992, page 118) that

n n 2
o2 = Var (Z Xj) ~ n ( Zk"ll(k)> ,
j:l k=1
provided 4, = k7'[(k) and 37 | k~*I(k) = oco. Hence, we can replace /n 3 r_, k~11(k)

by o, in (5.2.3). It is unclear whether or not s, in (5.2.2) can be replaced by o,.

Remark 5.2.2. Let i, = k™%, where 1/2 < a < 1. It is easy to show that the
second condition of (5.2.1) fails to hold. In this case, we also know that - Z?;(lt) X;
fails to converge to W(t). In fact, by applying Liu (1998) (also see Marinucci and
Robinson, 1998), izgﬂ X; converges to a fractional Brownian motion with d =

1 — a. Therefore, to make the partial sum process of the X, converge to a standard

Brownian motion, the condition (5.2.1) is close to the necessary condition.

Remark 5.2.8. The conditions given in this theorem are different from those given by
Davydov (1970). Specifically, Theorem 5.2.1 does nor require the condition Fej < oo,

It is an essential improvement of Davydov’s result for the moment condition.

In the next theorem, the 1id assumption for innovations €, is weakened and is re-
i;laced by a martingale difference sequence. In this case, an excelleﬁt result is given by
Hannan (1979), where it is required that Ee; = o for all k and limy, o, E(€}|Fr—n) =
02, a.s. (Fy is defined as in Theorem 5.2.2 below). In Theorem 5.2.2, these conditions
are modified. Our Corollary 5.2.3 also improves Theorem 3.15 in Phillip and Solo
(1992), where the authors assumed Y reo k|| < oo and the innovations € are a

s.u.i. (strongly uniformly integrable, see Corollary 4.2.4 for a definition) martingale

difference sequence.
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Theorem 5.2.2. Let ;. satisfy
00 0 o
b¢52¢k7€0, Z|¢k|<oo and Zk¢,€<oo.
k=0 k=0 k=1
Let ¢, be random variables such that
FE (ex|Fr-1) =0, as. k=0,£1,£2,..,

where fk is the o-field generated by {e;,j < k}. If

IR 1 o
sup — Eé < oo, inf — Eé? ; 2.
nzﬁl)”k;n p <00 7111%1”; € > 0; (5.2.5)
and, as n — 00,
1 n
m > (i — Bet) =p 0, (5.2.6)
k=1
1 n
- Z Eeil(mzéﬁ) — 0, foranyd >0, (5.2.7)
k=—n
then
1 Ky (t)
;ij = W(t), 0<t<1, (5.2.8)
n j=1

where ox2 = b > iy Eei, and k;(t) = sup {j Y7 B <ty i, Ee%} :
Remark 5.2.4. Theorem 5.2.2 1s not a consequence of Theorem 4.2.3. In fact, we can
not derive the condition (4.2.6) needed in Theorem 4.2.3 by using (5.2.5)-(5.2.7).

From Theorem 5.2.2, we may obtain the following Corollary 5.2.3, which is similar

to Corollary 4.2.4.
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Corollary 5.2.3. If the conditions (5.2.5), (5.2.6) and (5.2.7) in Theorem 5.2.2 are
replaced by one of the following conditions (a)-(c), then (5.2.8) still holds.

(o) {€2} is uniformly integrable and F (2| Fr_y) = 0® > 0 for all k > 1;

(b) {€;} is s.ui. and 130 E(E|Fiy) —p 0? > 0;

(c) E(supy€;) < oo and 230 E(e}|Fp_1) =p o? > 0.

Proof. If the condition (a) holds, then Ee2 = E (2| F;_,) = 02. (5.2.8) follows imme-
diately from Theorem 5.2.2 by using Lemma 4.3.4.
If the condition (b) holds, it follows from Lemma 4.3.4 that,
- Z EEkI lex|>8v/m) — 0 and —Zék —p 0’2 (529)
Ic——n k=1
On the other hand, it is known that {% 3} ez} is sui. if {eZ} is s.ui. (Chow
and Teicher, 1988, page 102). This fact, together with the second relation of (5.2.9),

implies that
1 n
—Y FEe¢—o° 5.2.10
- B¢ o (5.2.10)

(Chow and Teicher, 1988, page 100). In terms of (5.2.9) and (5.2.10), it is easy to
check that all conditions of Theorem 5.2.2 are satisfied and hence (5.2.8) holds.
Finally, if the condition (c) holds, (5.2.8) follows obviously because F (sup €2) <

oo implies that {€?} is s.u.i.. O

5.3 Proofs of the main results

Proofs of Theorems 5.2.1 and 5.2.2 along with some preliminary lemmas are given in

this section.
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5.3.1 Preliminary lemmas

In this section, we provide some lemmas which will be needed in the proofs of the

main results. Some lemmas are also of interest in their own right.

Lemma 5.3.1. Let {ny,k > 0} be a sequence of arbitrary random wvariables and

{b;,1 > 0} is a sequence of real numbers. Assume that

¢§+kaﬁ<oo, sup — Zb2<oo
k=1

a>1 N

and there exists a positive constant C such that

E (Z 1/)j+k77k) <C Zwﬁk b2, forj>0. (5.3.1)
k=0

Then, as n — 0,

Proof. By using E|Y| < (EY?)Y?2 for any random variable Y, it follows from (5.3.1)

that

FE max
0<m<n

Z Z Yi4kMk
j=

0 k=0

< ZE Zwﬁmk
= o 1/2
< CZ (Z Mzﬁ) . (5.3.3)

7=0 k=0

Put a; = Y 70 %7, .b;. Forany 0 <1< m, we have that

m
E a; =
j=l

NE
NE

2 32
Vi1 ibk
0

mm{k m} o0
Z b2 _ (sup Zb2> Z (k + 1)v}.
k=l

= =0

LY
i
bl
I

I
TfMg
?S'N
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This inequality, together with Holder’s inequality, implies that

n 2 [\/m n
(Ser) = (X 3 e
j=0 =0 j

2

2

IA
[\\)
TN
M3
Lo
)
N
+
3
L.
N

AN
[\No)
3
M5
+
3
3
3
L
SNS——

INA
(&)
N
x>
Vv e
-
| =
Wk
=
Rkl &)
N—
3
[]e
o=
+
=
-
Pexll o}
+
3
=
+
=
Sy
Pl &1

Now (5.3.2) follows from Markov’s inequality, (5.3.3) and the bound established above.

The proof of Lemma 5.3.1 is complete. O

Lemma 5.3.2. Let {Nn, Fny,—00 < n < oo} be a martingale difference sequence

satisfying sups, %Zf:_k En? < co. Assume that

Z [1e] < 00 and kaz < 0.
k=0 k=1
‘Then, for any § > 0,

> 5\/5} =0, (5.3.4)

lim lim sup P { max
1<m<n

[=00 nooo

- )
(

PR

j=1

where ugl) = ro YNk and 1 > —1.

Proof. We first note that Y ;7 1n;-x < 00,a.s., for every fixed j > 1, Le, ugl) is

well defined. In fact, by applying Lemma 4.3.2, there exists a constant K such that
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forany j <m <m/,

n 2 m'
E max (Z ¢k77j—k> < K Z e Eny_y
k=m

m<n<m
-7 k=m
< . 3.
< (ilirf E E ﬁEm) ;:m: (k+ 1. (5.3.5)

From (5.3.5) and Markov’s inequality, it follows that for any 6 > 0, as n — oo,
n+i

P(Szg? Zz/)kn] k >6) < 2K67? (supk _ZE?]I> kak—%o

k>1
So we conclude by the Cauchy criterion that > 7 _, 1kn;_x converges almost surely,

i.e., for every fixed 7 > 1, Y 7o, Yinj—k < 00,a.5..
In terms of S 5o, Yrnj—k < 00,a.s., it is easy to show (let Zé':f = 0 for [ < 0)

that form > 1 +1,

dow = DL D iwm

j=1 j=1 k=-oc0

= AY 1 AU LAY say, (5.3.6)
where Af,ll)s =0 for /= 0 and —1. Now (5.3.4) follows if for any ¢ > 0,

> 5\/5} -0, t=1,2,3 (5.3.7)

L !
lim lim sup P ¢ max |A$,3t
00 pooo 1<m<n

To prove (5.3.7) for t =1, put S = Zle n; and Sy = 0. We obtain that

m—(l+1) m—k m—(l+1)

A= > (Se=Se) D b= Y YmkSk

k=1 j=l+1 k=1
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and hence,
n
max A < kzl [l max |Sm].
+

Again, it follows from Markov’s inequality and Lemma 4.3.2 that

0 -
Pl a0z 0vif < 4 I(Zwk) B 2 Sn
- \k=l41 ==
00 2 1 k
< K62 |e| | sup — En?.
(k=zl+1 kzlk;

Since > 72, [¥x| < 0o, we conclude (5.3.7) holds for ¢ = 1.

For every fixed 5 > 0, it follows from Fatou’s Lemma and Lemma 4.3.2 that
00 2 2
E (Z ¢j+k7]—k) = Enlg{.lo (Z VM- )
k=0 .
< lim E (Z YEnj- ) < KZ?,Z),%EUJ k

n—o0
=j =j
= K Zw12'+kE772—k'
. k=0
By applying Lemma 5.3.1 (choosing b2 = En?,), (5.3.7) holds for t = 2.
That (5.3.7) holds for ¢ = 3 is obvious because the term A% does not include n.

The proof of Lemma, 5.3.2 is complete. O

5.3.2 Proofs of the main theorems

In this section, we provide the proofs of main results.
Proof of Theorem 5.2.1. According to (5.3.6) (for [ = —1), forany 0 <t <1,

ka(t) kn(t)  kn(t)—k kn(2)

X; = €k Y + Z¢j+k€—k-

1 k=1 7=0 7=1 k=0

—_

J
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Similar to (5.3.3), we have that

e n o0 1/2
ijﬂcf—k < CZ (Z 1,0,%> = 0(sn).
k=0 i=1 \k=;

This, together with Markov’s inequality, implies that

kn(t)
E sup Z
—

0<t<1
R )

1 kn(t) o0
— Sup Z Zwﬁ'ke—k —p 0.
Sn 0<t<1 |

7j=1 k=0

On the other hand, it is well-known (noting the ¢, are iid random variables) that for

any 0 <t <1,
kn(t)  ka(t)—k kn(t) k—1
d
€k E wj = €k Q,bj (538)
k=1 j=0 k=1 7=0

where < denotes the same in distribution. Therefore, by applying Theorem 1.4.1

given in Billingsley (1968, page 25), (5.2.2) follows if

1 kn(t) k-1
o 2 16k2¢j=>W(t), 0<t<1. (5.3.9)
= J=

Recall vy = Zf;é ;. Since maxi<k<n [Uk|/sn — 0, we see that for any 6 > 0,

1 n
—83 ZUzEeil(lkaklzfﬁn) < E6%1(|el|255n/maxl9£n k) — 0. (5.3.10)

n k=1

It follows from Lemma 4.3.3 that

1
— max |uvkex| = p 0. (5.3.11)
Sy 1<k<n

In terms of (5.3.10) and (5.3.11), (5.3.9) follows from Prokhorov’s Theorem (Rao,

1984, page 343). This completes the proof of (5.2.2).

If 4 = k~'l(k) where the positive function (k) is slowly varying at infinity, it is

easy to check that 3p_, k~1I(k) still is slowly varying at infinity. When > ;7 k~l(k) =
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00, we obtain (see Bingham et al., 1987, p26) that

s, = Z(Zk Uk ) ~n (kz:;k“ll(k))Q,-

I=1

n 1/2
(Z/ﬁz? ) ~ Zj—1/2z(j)~2n1/2z(n):o(sn).

=0

Hence (5.2.3) follows from (5.2.2).

If 0 <|d poqtl <ooand) po ki < oo, by applying Lemma 5.3.1 and methods

similar to the proof used in (5.2.2), it suffices to show that

[nt] k-1 00
— €k wj = (ij) W(t), 0<t<1. (5.3.12)

By noting

(5.3.12) follows from Donsker’s Theorem (Billingsley, 1968, page 137 ), Theorem A.1

(see Appendix A) and as n — oo,

3

[nt] o0
P | sup Zekzwj >d8v/n| < C(dQn)_lE(
k=1 j=k

0<t<1
C n o0 2
1
23 (Sw) -

k=1 \j=k

where we use the estimate: > 22, ¢; — 0 as k — oo.

If Y00, [¥k] < oo and Y po, ¥ # O, the result follows from Hannan (1979). The

proof of Theorem 5.2.1 is complete. O

Proof of Theorem 5.2.2. Generally speaking, (5.3.8) fails to hold for martingale

differences. To prove Theorem 5.2.2, we need a new method.
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For every fixed [ > 1, put

l 00
{
7= "trejx and ZY) = > ek
k=0

k=l+1

From Fuller (1996, page 320), we obtain that for any m > 1,

m m l
D75 = D0 ke
ji=1

j—lk 0

= ZwZeﬁZﬁ sZ% mesZ%

j=s+1
= ZwkZej + R(m, 1), say.
k=0  j=1

Therefore, it follows that for every fixed [ > 1,
1 k;(t) kx(t) kx(t)
(1) -
— ( = ;wk> Z 6§+ R = Z Zy. (5.3.13)
Noting Zi:o Yr — by, as | = 00, and existing positive constants A; and A, such
that A;n < ¢}? < Ayn, by applying Theorem A.1 (see Appendix A), it only need to

show for any § > 0,

k5 (t)

lim limsup P ¢ sup ZZélj) >6vnp = 0; (5.3.14)
50 pnoeo 0<t<1 |55
limsupP{ sup |R(kX(t),1)] > 5\/5} = 0, (5.3.15)
n—oo 0<t<1

for every fixed [ > 1; and

kx (t)
—Ze] = W(t), 0<t<l, (5.3.16)
where ;2 =73""_| E¢}.
In fact, (5.3.14) follows directly from Lemma 5.3.2 since {ex, Fpn, —00 < n < oo}

is a martingale difference sequence.
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In terms of (5.2.7) and Lemma 4.3.3 with n.x = €,k = —n,---,n, otherwise

Tk = 0, we have that

1
— max |¢| =p 0. (5.3.17)

\/’ﬁ -n<j<n

By (5.3.17), (5.3.15) holds because >".2 ;|| < co and hence

77 s [REO.D < 7= max IEJIZ(ZI%H ) l%)

<t<
0<t<l 7=s+1

Finally, (5.3.16) follows Brown (1971) (see also Tanaka, 1996, page 80, Theorem
3.3.8) by using (5.2.6) and (5.2.7). The proof of Theorem 5.2.2 is complete. O



Chapter 6

Applications to unit root tésting
and time series regression

In this chapter, we apply the main results presented in the previous chapters to several
well-known examples, namely, testing for unit roots, testing for stationarity, and time
series regression. The lifnit distribution of the test statistics arising from statistical
inference in economic time series related with fractional processes and linear processes
have been studied by many statisticians and economists under various conditions in
recent years. By using the results given in this thesis, we can see that the conditions
under which the test statistics have desirable distributions can be essentially weaker

than those previously discussed in the literature.

6.1 Testing for unit roots

Let {y;} be a stochastic process generated according to:
yt:ayt—l+Xta t:1a2) ) (611)

where y, is a constant with probability one or has a certain specified distribution,

and {X;} is a sequence of errors. Denote the ordinary least squares (OLS) estimator

106
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of a by ém =D 0 veve—1 /D 1 ¥2, - We have that

n(é, ~ 1) = {Z Ye-1(y: — yz—1)} /{n“l Zytz__l} . (6.1.2)

The statistic n(&,~—1) is commonly called the DF (Dickey and Fuller) test statistic.
When model (6.1.1) has a unit root (i.e., the null hypothesis @ = 1 holds), the limit
distribution of the DF test statistic was first considered by Dickeif and Fuller (1979)
under the assumption that the error processes X, are iid random variables. Since
then, considerable attention has been focused on how to weaken or avoid the iid
assumption. For these discussions, see Said and Dickey (1984), Phillips (1987), Hall
(1989) and Chan and Tasy (1996). In these articles, the unit root distribution is
obtained but only for the situation that the error process is a short memory process,
such as strong mixing sequence, ARMA processes or linear processes. For similar
results, more references can be found in Phillips and Xiao (1998), where the authors
presented a survey of unit root theory with an emphasis on testing principles and
recent develo'prnents.

On weakening the iid assumption, another important contribution is made by
Sowell (1990). By assuming that the error process is a simple fractional process
Sowell (1990) established a well-known fractional unit root distribution® and pointed
But that asymptotics in this case significantly differ from that when error processes
are short memory processes. The results of Sowell (1990) were later extended to
nonstationary fractionally integrated processes by Chan and Terrin (1995). With a
Gaussian innovation, Chan and Terrin (1995) studied the general unstable AR unit

root test, which extended results given by Chan and Wei (1988), Parks and Phillips

1The fractional Brownian motion used as limiting process is insufficiently defined in Sowell (1990).
For a correction of Sowell’s Theorem 3, see Marinucci and Robinson(1999). Also, it can be found in
following Theorem 3.
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(1988, 1989), and Sims et al. (1990) to fractional cases. Recently, Tanaka (1999)
considered another situation where the error process satisfies (3.1.4).

By applying the main results in the previous chapters, in this section, we shall
derive the limit distribution of the DF test statistic n(a, — 1) while the error pro-
cess X; is a linear process or a general fractionally integrated process. It will be
shown that applications of the theorems established in previous chapters to the re-
lated statistics can lead to the results similar to those cited in previous papers under
quite weak conditions. Since the properties of linear processes and general fraction-
ally integrated processes are quite different, the limit distribution of n(d, - 1) will
be studied separately when the error process X; is a linear process and when it is a

general fractionally integrated process.

6.1.1 Linear processes

In this sectian, the main results in Chapter 5 are applied to unit root testing.
At first, we assume that {y;} is a process generated by (6.1.1) with oo = 1.
Phillips (1987) investigated the limit behavior of the DF test statistic n(&, — 1)
defined by (6.1.2) provided the error process {X;} is a strong mixing sequence with
l_appropriate mixing conditions. Here, we assume that the error process {X:} is a

linear process, i.e.,
o0
Xo=) ek, =12, 1(6.1.3)
k=0

where {1} is a sequence of real numbers and {e;} is a sequence of random variables
specified later. Under quite general conditions for both the 1, and the innovations

€x, this section shows that the DF test statistic n(&, — 1) has a distribution similar
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to that in Phillips and Xiao (1998), where the authors obtained the limit distribution

of the n(&, — 1) provided > g, kY2|yx| < co.

Theorem 6.1.1. Let ¢,k = 0,£1,42,--- be 1id random variables with Eey = 0
and Ee§ = 0. If0 < | >0 k| < 00 and 302 kY2 < 00 or Yoo, [¥k| < 0o and
ook #0, then asn — oo,

(a) n—12 S Vi = aQbi fol W (r)2dr;

(b) %Z?:l Yeo1 (Ye — Ye-1) = (02512/,/2) (W(1)? = 7);

(¢) n(én —1) = (1/2) (W(1)* =) / f; W(r)%dr;

(d) &, —p1;

(©) ta= () W@ =) [{werar} ™,

where

. 1/2 n
. . 1 .
ty, = (Z yf_l) (&, — 1) /6, with 6 = - Z(yg — Y1)’

t=1

As in Phillips (1987), the proof of Theorem 6.1.1 can be obtained by applying

(5.2.4) appeared in Theorem 5.2.1. The details are omitted.

If S°5° ¥k = oo, the results differ from those in Theorem 6.1.1. The limit distri-
bution of the DF test statistic n(é, — 1) is free from the unknown parameters b, and

v, but t, diverges to co in probability. This result is given by Theorem 6.1.2 below.
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Theorem 6.1.2. Let ¢,k = 0,£1,£2,---, be iid random variables with Fey = 0
and Ee2 = o2. If ¥ = k™! (k), where 1(0)/0 = 1 and positive function [(k) is slowly
varying at infinity satisfying > o, kl(k) = oo, then

(a) (nu,)~2> 0 vi 1=>02f0 r)2dr;

(6) (v/run) 2 Y0 vier (e — wimr) = (02/2) W(1)%

(c) n(an—1) = (1/2)W / S (r)dr ;

(d) to — oo, in probability,

where v, = Y o, k7H(k), &, and t, are defined as in Theorem 6.1.1.

Proof. Recall
s = Z’UJQ-, kn(t) =sup{m: s, <ts?}

and the process {y;} is defined by (6.1.1). If oo = 1, then y, = Z;zl X; (without loss

of generality,_here and below, we assume yy = 0), and hence

i ()
2
Y1 = Xj
Ut s{_1/5% j=1

Therefore, we obtain that

§ 2 - Ui - 1 1 2,2
Zyt—l = L2 -1 + 0 o2 ) VY
= t=1 " t=1 ¢ n
2 kn(r) 2
2 o [
= = / X; | dr+ Ry, say,
U"’ t=1 v 3¢ 1/8% j=1
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It follows from (5.2.3) in Theorem 5.2.1 and the continuous mapping theorem (The-

orem A.2, see Appendix A) that
1 kn(r) 2 !
/ - Z X; | dr = 02/ W (r)3dr.
0 n 0

j=1

This fact, together with Theorem A.1 (see Appendix A), implies that (a) follows if

R, —p 0. (6.1.4)

n
s2 = E v~ nv? and
n ] n n2U2
j=1 n

Since v, = Y ;_, k7'l(k) is still a slowly varying function, the first relation of
(6.1.4) follows from Bingham et al. (1987, p26).

Since Ey? ~ tv? (recalling Remark 5.2.1), we have that
1 < 1 1 < 1

ZEth—l ~5 and ZU?Eth—I ~5

24,2 2,4
n4y
nuy; —

by using the slowly varying properties of v;. Hence, by noting v; 1, as t 1 oc, it
follows that °

1 1 <, 1 <~ 9
’I’L?’U%E|Rn| = nQUTQl ZEyt—l - n2v4 ZUtEyt—l — 0.
LS|

t=1

The second relation in (6.1.4) follows from using Markov’s inequality. The proof of
(a) is complete.

The proof of (b) follows directly from (5.2.3) in Theorem 5.2.1 and (a) in Theorem
6.1.3 by noting that Y7, v 1 (v — Ye1) = 3V2 — § 2 imy X7

The proof of (c) is straightforward by applying (a), (b) and the continuous map-

ping theorem.
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To prove (d), we rewrite

o = —Z Yo = Gnl-r)’
A )2 n

= —ZXQ Zyt 1Xt+

Since n~%v,, — 0, for any § > 0 (see Feller, 1971, page 277), and v, — oo, it follows

from (a)-(c) that for Ve > 0, as n — oo,

> 6) < P(n|a, — 1| > ev,)

> m;,j"’) -0, (6.1.5)

™
VRS
o}
3
!
—_
e
E
2
T
|
m
N———
(A
~
)
Q
3
|
=
Vv
™
Qe
2

+P (nQUQ Zyt y > nu 4) — 0. (6.1.6)

In terms of (6.1.5), (6.1.6) and the part (a) in Theorem 6.1.3 below, we have that
o0
62 —p 0221/1,% < 00.
k=0

Therefore, (d) follows easily by applying (a) and (c). The proof of Theorem 6.1.2 is

"éomplete. U

Remark 6.1.1. When the error process X, satisfies (6.1.3), where the innovations ¢
form a martingale difference or a mixing sequence, results similar to Theorems 6.1.1

and 6.1.2 can also be obtained by using Theorem 5.2.2, Corollaries 4.2.4 and 4.2.5.

The details will not be discussed here.
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It is well-known that the limit distribution given in Theorem 6.1.1 depends on the

As in Phillips (1987, page 285), we can construct an estimate of v as follows:

unknown parameter

n
1
A ~ %2 ~2 AX2 2
=6 /62, where o}, _EE X;
t=1

and 62 = 130 X2 423 ST X, X,,. Here and below, {l,,n > 1} denotes
a sequence of positive real numbers. The following Theorem 6.1.3 shows that 4 is a
consistent estimate of v for any /, satisfying {, = o(n) and [, — co. This result also

is useful for the testing of stationarity discussed in Section 6.2.

Theorem 6.1.3. Let ¢x, k = 0,+1,£2,---, be itd random variables with Feg = 0
and Ee} = 0.

(a) If S"52 2 < oo, then 677 [o® — Y i ok, a.5..

(b) If 3202, [kl < oo, then for any I, satisfying I, = o(n) and I, — oo,

62 Jo? —p (CiZotr)”
Proof. Noting that {X,,¢t > 1} is a stationary ergodic sequence (Theorem B.3, see
Appendix B) and EX}? = 023 12, ¥f < oo, it follows from the stationary ergodic
theorem (Theorem B.2, see Appendix B) that 632 — 0% Y ;2 ¥;, a.s.. This proves
(a).

It is well-known that (Brockwell and Davis, 1987, page 212)

n 2 n n—-1 n o8] 2
%E (Z Xz) = %ZEXE + % Z Z EX,X;r —0° (Z 1/%) . (6.1.7)
t=1 t=1

r=1 t=r+1 k=0
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This fact, together with (a), implies that, to prove

it suffices to show

ln

—Z Z (XeXi—r — EX,X,_,) 5p 0 and (6.1.8)
r=1 t=r+1

1 n—1 n

m > Y EXXi 0. (6.1.9)
r=l,+1t=r+1

Next we give the proofs of (6.1.8) and (6.1.9).
Proof of (6.1.8). Recalling (6.1.3), we have (noting Fe; = 0 for all j)

In n
4, = 2B (XXiw - EX,X,,)

n
r=1 t=r+1

o0 00 In n
= lE ZZ“J’M{%Z Z (ft—kft—r—s —Eft—kft—r—s)

k=0 s=0 r=1 t=r+1

S B |3 (- B
k=0 s=0

t=\

0 in n
Z"‘!}k";{}s'E Z Z €t—k€t—-r—s|,

0 s=0 r#k—s t=r+41
r=1

A

3=
M8

-+

x>
Il

where A = max{2, k — s + 1}. By Markov’s inequality, to prove (6.1.8), it suffices to

show that A, — 0, as n — oo. This follows from

B, = sup E Z Z €1_k€t—r—s| — 0, (6.1.10)

ko200 o
721
where [, = o(n); and

Cn = sup E — 0, (6.1.11)

k,s>0T

Z —Eet k

=X
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where A = max{2,k — s+ 1}.
In the following, we give the proofs of (6.1.10) and (6.1.11).

Since ¢ are iid random variables with Eey = 0 and Ee€3 < o0, it follows that

2

In n In n
_ 2 2 212
E E E €—k€ir_s | = E E Ee e , o < Tll_n (Eeo) .
r#k—s t=r41 r#k—s t=r41
r=1 r=1

Hence, (6.1.10) follows from, as n — oo,

1/2

BnS_Sup .sztketrs

Nk, 5§20 T#k s t=r+1

< (la/n)* (E€)? = 0.
To prove (6.1.11), for every 7, let
€ =€l — E€é’I and € = €] — E€é]
L T €50 (el<nt/4) it (lejl<nt/9) 25 = GGl I>nt) T EEG (g >0/

After some algebra, we obtain

2
nk 5 = (Z 6” k) {Tl2 (E€31(|60|§n1/4)) + nEGSI(|60|Sn1/4)} . (6.1.12)

The relation (6.1.12) implies that, as n — oo,

n

*
E :el,t—k

t=\

1
H,, = sup —F
k,s>0T

< 1 sup (Inks)l/4 < A{n_1/4 (Eé2 ) +n_3/8Eeg} — 0,

nks>0

where the inequality E|X| < (EX*)Y/* for any X is employed. Therefore, it follows

that, as n — oo,

1
C, = sup —FE < Hpy + 2E€5] 1o 514y — 0.

k, s>0 T

n
> (€ et i)
t=X
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The proof of (6.1.8) is complete.

Proof of (6.1.9). Since Ee;e, = 0 for j # k, we have that

n—1 n 00 n n
Z Z EXi Xy, = Z Vs Z Z Eer et rs

]2

r=l,+1t=r+1 k=0 s=0 ‘ r=l,+1t=r+1
o0 00 n '
_ 2
- _S_ _S_ wkws E Eft_k-
s=0 k=s+I, t=k—s+1

Therefore, as n — oo,

n—1 n
> > EXXi,

r=l,+1t=r+1

1 o0 o0

- <Eé (Z |wk|> (Z w) — 0.
k=l s=0

This gives (6.1.9).

The proof of Theorem 6.1.3 is complete. _ O

6.1.2 General fractionally integrated processes

In this section, we discuss the applications of main results in Chapter 2 to unit root
testing. We assume that the process {y:} is generated by (6.1.1) with & = 1. In
previous research, Sowell (1990) derived the limit distribution of the DF test statistic
n(Gn — 1) defined by (6.1.2) provided the error process {X;} is a simple fractional
process (i.e., m = 0 and u; = ¢ in (6.1.13)). With a Gaussian innovation, Chan and
Terrin (1995) extended Sowell’s result to the general unstable AR processes. Here,
we consider a further general situation by assuming that the error process {X;} is a.

general fractionally integrated process, i.e.,

(]. - B)d0+th = Uy, Uy = ijft—ja t= ]_, 2, ceey (6113)
7=0
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where m > 0 is an integer and do € (—=1/2,1/2); (1 — B)%**™ is defined by (2.1.2);
€j,J = 0,%1, ... are iid random variables with E'e; = 0 and 1);,j > 0, is a sequence of
real numbers to be specified later. By using Theorems 2.2.1, 2.2.2 and 2.3.1, under
quite general moment conditions, Theorem 6.1.4 below derives the limit distribution
of the DF test statistic n(&,—1) defined by (6.1.2), which provides a unified treatment
of the previous cited results. In particular, we point out that the limit distribution
- of n(ay, — 1) is free of the choice of the weights 1) of the u; in model (6.1.13) if

do +m > 0.

We continue to use the notation Wy, ,(t) and Conditions A and B defined in

Chapter 2. For convenience of reading, we rewrite them as follows:

Wy (t if m=1,
Wiaom(s) = { (), s

Jo o7 [ Wy (t)dtydty..dtm oy, if m > 2,

where W, (t),do € (—1/2,1/2), is a “type I” fractional Brownian motion on D[0, 1].

Condition A: E|e|P < oo, where p = 2, for 0 < dy < 1/2;p = (24 6)/(1 + 2d,)

< 00,6 >0, for —1/2 < dy <0, and 1;,j > 0, satisfy
Y il <oco and by=) ¢ #0.
=0 =0
Condition B: E|ey|m2x{22/(1+2d0)} < 00, dy € (—1/2,1/2), and 5, > 0, satisfy

ij_d"le] <oo and by = ij # 0.

=0 | =0
Theorem 6.1.4. Let the process y, be generated by (6.1.1) with o =1 and the error
process X, satisfies (6.1.13). Assume that Condition A or Condition B holds.

(a) Ifm>1orm=0and0<dy <1/2, then

w6n=1) > FWameaF [ [ Waamir(o)*ds. (6.1.14)
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(b) If m=0 and dy =0, then
n(dy —1) = % (W(1) — 4] //01 (W (s)]? ds (6.1.15)

where v = 3.2 i/ b,
(c) If m =0 and dy € (—1/2,0), then

nHM(g 1) o - M(do, ¥) (6.1.16)

262(do) [} [Way(s))? ds’

where k*(dy) is defined as in Theorem 2.2.1 and

Ee [T - :
M(do,w) = 2_7:/ |1 _ 61,,\| 2do |w(e—z/\)|2 d\
with (™) =302 hee A,

Proof. By noting

1
Zyt (Y — Y1) = 2 {yzz“y?q_(yt—yz—l)z}

we can rewrite n(a, — 1) as

n(a, — 1)

! 2 N y2 1~ 2
= 262 (dg )1 +2(do+m) {yn . ZX]‘ }/ {EZ (o) n1/2+d0+m . (6.1.17)
Jj=1 t=1

Since y; = yo + Z;lej (We assume yo = 0 below, clearly it does not affect the

proofs of the main results), where X; satisfy (6.1.13), it follows from Theorem 2.3.1
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that
1 2 \
(n do)nl/2+dotm yW]) = Waomr1 ()], for m >0; (6.1.18)
= " ) | 2
n — (,{(do)nl/2+do+m> = /0 [Wiom+1(s)]°ds, for m >0; (6.1.19)
1 (4] ) t ) ‘
k2 (do)n2(do+m) jZlXj = /0 (W m(s)]°ds, for m > 1. (6.1.20)
Because of (6.1.20), it is clear that
m D XI—op0, ifm>1. (6.1.21)
j=1

Therefore, (6.1.14) holds for m > 1 by using (6.1.17)-(6.1.19), (6.1.21) and the con-
tinuous mapping theorem.

On the other hand, if m = 0 in (6.1.13), it follows from Lemma 2.6.3 that {X,,t >
1} is a stationary ergodic linear process with

2 s
Eej

| - T2 (e ™) dA < oo,

EX?=

-7

where (e™) = S°77  1xe~***. By using the stationary ergodic theorem (Theorem

B.2, see Appendix B), we obtain that

%ZXJ? — EX? = M(dy,¥) <00, a.s. (6.1.22)

j=1
In particular, we point out that EX2 = Fe3 > 72 12 < oo if dy = 0.

Since (6.1.22) implies (6.1.21) when m = 0 and 0 < dy < 1/2, (6.1.14) still holds
for m = 0 and 0 < dy < 1/2 by using (6.1.17)-(6.1.19), (6.1.22) and the continuous
mapping theorem.

Similarly, (6.1.15) and (6.1.16) follows easily from (6.1.17)-(6.1.19), (6.1.22) and
the fact that Wy, 1(s) = Wy, (s) and Wy(s) = W (s). The proof of Theorem 6.1.4 is

complete. O
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6.2 Testing for stationarity

In this section, we discuss another application of the main results in chapter 5. Let

us consider the model:
y=%+r+z, t=12---. ‘ (6.2.1)
Here ¢ is a constant, 2; is a stationary error and r; is a random walk:
Te =T +ug with 19 =0, (6.2.2)

where u, are iid random variables with Eu; = 0 and Fu? = ¢2. To test 02 = 0, i.e.,
to test whether the data generating process is stationary, the commonly used test

statistic (known as KPSS test statistic) is

n t
fy =072 Z St /s*(ln) , where S, = Zej, (6.2.3)
t=1 j=1

ln

0 I~ 5 2 -
S (l'n.) = ;Zet +EZ Z €i€i_s
t=1

s=1 t=s+1

and e; = y; — %Z?:l y; is the residual from the regression of y on the intercept 1.
Kwiatkowski et al. (1992) discussed the asymptotic distribution of the 7, prox;ided
that I, = 0 (n'/?) and z satisfies the (strong mixing) regularity conditions given by
Phillips and Perron (1988, page 336) or the linear process conditions given by Phillips
and Solo (1992, Theorems 3.4 and 3.15). Among Phillips and Solo’s conditions, one
is 5°°° ) k'/2|4| < oo. This condition is weakened and replaced by > neo || < ooin
this section. In particular, we only need [, satisfying I, = o(n) and [, — oo, which,
in practice, provides more choice for s?(l,,). Therefore, our results are an extension

of theirs.
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Theorem 6.2.1. Let ¢,k =0,%+1,42,--- be #id random variables with Eey = 0 and

Eei = o®. Assume that the data generating process is given by (6.2. 1) with

2= X = Zibkft—k-
k=0
If Y veo [k| < 00 and 37720 ¥k # 0, then for any L, satisfying l, = o(n) and I, — oo,
1
Ty = / V(r)*dr, where V(r)=W(r) - rW(1). (6.2.4)
0

Proof. Under the hypothesis 02 = 0, it is well known that e, = X, — 3% | X;. By

applying Theorem 5.2.1, we have that, for any 0 <r <1,
L S = =5, — PSS x s wie) — ey = Vi)
o [nr] = p ¢ t - )

where 02 = no? (3o, ¥e)®. Hence, it follows from the continuous mapping theorem
that
, n 1 1 ) oo 2 1 )
-2 2 2
n S = —/ St adr = o Yy, / V(r)*dr. (6.2.5)
Sst=t[ =t (Su) [

On the other hand, we have that

n In n
s*(l,) = %Zef + %Z Z €1€t_s
t=1

s=1 t=s+1
1 & 2 & &
- -\ x24 2 X,Xo_s + Run, (6.2.6)

where, after a simple calculation,

2

4, (& 2

|Rin| < ?(;XJ) )
2

n

2%

j=1

ln n
Z Z (Xt + Xt—s)

s=1 t=s+1

A
zM‘Q
3
TN
gk
25
N——
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Recalling (6.1.7), Markov’s inequality implies that for any [, = o(n), |Ry,| —p 0.
Therefore, by using (b) in Theorem 6.1.3, we obtain that for any , satisfying I, = o(n)

and [, — oo,

82(ln) —p 0'2 (Z ’(pk) . (627)

(6.2.4) follows immediately from (6.2.5) and (6.2.7). The proof‘of Theorem 6.2.1 is

complete. O

6.3 Time series regression

In this section, we consider another application of Theorems 2.2.1 and 2.2.2. Let the

observed process z; follow the following regression model

n=xf+y, t=1,2---, (6.3.1)
where 2, = (24,0, -+ ,%p) is a 1 X p vector of nonstochastic regressors, § =
(B1,Ba, -+, Bp) is a vector of unknown regression parameters and the sequence of

errors {y:} is a long memory process. For the model (6.3.1), Yajima (1988, 1991)
derived necessary and sufficient conditions for the least squares estimate (LSE) to be
asymtotically effective relative to the best linear unbiased estimator (BLUE). This
result extended the work of Grenander (1954) in the short memory case. Yajima’s
results were extended later by Robision and Hidalgo (1997) to the presence of long-
range dependence in both errors and stochastic regressors. Robision and Hidalgo
(1997) established a central limit theorem for time series regression estimates which
include generalized least squares.

However, as shown in Yajima (1988), the LSE is no longer asymtotically efficient

in the case of polynomial regression. For a Gaussian long-range dependent polynomial
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regression model, Dahlhaus (1995) constructed a weighted LSE and proved asymp-
totic normality and efficiency of the weighted LSE. By applying Theorem 2.2.1, we
give the following Theorem 6.3.1 and derive the asymptotic distribution of Dahlhaus’s
weighted LSE when the error satisfies (6.1.13) with m = 0 and 0 < dy < 1/2 under

the best possible second moment conditions.

We first introduce the following notation:

Wrdy(z) = ¥ {z(1 - 2)}® k=0,1,---;

W is an n x n diagonal matrix with sth element wq 4, (i/(n + 1));

Y = (y,-,w), Po o= diag(1,n7!,--,n~®" D) and X = ((i)),,, where

z;; = 71, Define

B = B=(XWX)" X'WY. (6.3.2)
We obtain the following theorem.

Theorem 6.3.1. Let (6.3.1) hold with z}, = (1,t,--- ,t*7') and the errors y, = X,,
where X, satisfies (6.1.18) with m = 0 and 0 < dy < 1/2. Assume that Fej < co.

Then,

nl/?—dopn—l (Bn _ ﬁ) = A—lE (633)

where

!

B = ntao) ( | oW fs) [ s SWa(s))

1
A= (aij) with Q;j -:/ wiﬂ_g,do(x)d:z:,
0

pXp

k(do) and Wy, (s) are defined as in Theorem 2.2.1 and fol wradWy(s), 0 < r < p—

1, are defined as the limit distribution of fol gm (T, 8)dWy(s), in mean square, where
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gm(7, 8) is a sequence of non-decreasing left continuous step functions that converges
to wrq4(s) everywhere (noting that gm(r, s) exists according to Theorem 1.17 of Rudin

(1986)).

Following the proofs of Theorem 1 and Corollary 1 in Deo (1997), the proof of
Theorem 6.3.1 is straightforward by (2.2.3) (see Theorem 2.2.1) instead of (4) given
in Deo (1997). The details are omitted.

Remark 6.8.1. Deo (1997) assumed the error is a linear process: y; = Zf_‘;o Qie_;
satisfying > oo, a? < oo and Var (3.1, y:) ~ n*# L(n) for some 1/2 < H < 1, where
L(z) is a slowly varying function at oo, but he imposes a strict restriction on the

moment conditions for innovations ;.



Appendix A: Weak convergence of

probability measure

This appendix gives some basic results on the weak convergence of probability mea-

sure. The context is mainly from Billingsley (1968).

Let S be a metric space and B be the o-field generated by the open sets in S. A
probability measure P on B is a nonnegative, countably additive set function with
P(S) = 1. Let P, and P be probability measures on B. We say that P, converges
weakly to P and write P, = P if [ fdP, — [ fdP for every bounded, continuous
real function f on S.

Let X be a mapping from a probability space (2, F,P) into a metric space S. If
X is measurable (i.e., X~'A C F, for each A in B), we call it a random element. In
particular, if S = DJ[0,1], we also call X a random function.

The distribution of X is the probability measure P = PX ! on (S, B):
P(A)=P(X'4)= P(X € A), AeB.

We say a sequence X, of random elements converges weakly (converges in distribution
called in Billingsley, 1968) to the random element X, and write X, = X, if the

distributions P, of the X, converges weakly to the distribution P of X: P, = P.
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Denote the metric on S by p(z, y) and let S be separable. The following Theorems
A.1 and Theorem A.2 come from Theorem 4.2 and Corollary 5.1 given in Billingsley

(1968) respectively.

Theorem A.l. Suppose that, for each u, Xy = X, as n — o0 and that

Xy = X as u — 0o. Suppose further that

lim limsup P{p(Xyn,Yn) > €} =0

U200 poo
for each positive €. ThenY,, = X.

Theorem A.2. Assume that h is a measurable mapping of S into another metric
space S'. If X, = X and P{X € D,} = 0, where Dy, is the set of discontinuities of
h, then h(X,) = h(X).

In the literature, Theorem A.2 is commonly called the continuous mapping theo-

rem.

In the following, we consider weak convergence of probability measures (also
named as the functional limit theorem or invariance principle) in D[0,1]. D]0,1]
denotes a metric space of all real-valued right continuous functions having ﬁnite left-
hand limits on the [0,1] with the Skorohod topology, i.e., the metric on D|0,1] is
defined to be the infimum of those positive € for which there exists in A a A(t) such
that

sup[A(t) —t[ < and supla(t) —y(A@) <
where A denotes the class of strictly increasing, continuous mapping of [0, 1] to itself
and z(t),y(¢) € D[0,1].

Let X, (t) and X(t) be mappings from a probability space (€2, F,P) into D[0,1],

i.e., X,(t) and X (t) are random functions of D[0,1]. Let {Xn(¢)} C {X.(t)}. If
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each {X,/(t)} contains a further subsequence {Xn(t)} such that, for some X(t),
X (t) = X(£),0 <t <1, then {X,(t)} is called tight. The following result comes

from Theorem 15.1 given in Billingsley (1968).
Theorem A.3. Assume that {X,(t)} is tight and
(Xa(tr), -+, Xalte)) =a (X(0), -+ X ()

holds for any k> 1 and 0 < t; #to # - Ft < 1. Then X,(t) = X(t),0 <t < 1.

In many places of this dissertation, we use the following Theorem A.4, which is a

direct consequence of Theorem A.1.

Theorem A.4. Let Xun(t), Xu(t), Ya(t) as well as X (t) be random functions on

DI[0,1]. Suppose that, as n — o0,
Xun(t) = X, (t), 0<t<1, foreach u,

and that, as u — o0,

X.(6) = X(t), 0<t<1

Suppose further that

lim lim sup P{ sup | Xun(t) — Ya(t)| 2> e} =0

U0 n00 0<t<1

for each positive e. Then Yo(t) = X(t), 0<t<1l.



Appendix B: Stationary ergodic

theorems

This appendix gives the properties of a stationary ergodic sequence. The context is

mainly from Chapter 3 of Stout (1974).

Let R, be the infinite-dimensional Euclidean space and R, be the smallest o-field
of set of R, which contains all the measurable finite dimensional product cylinders
[T2, Ci. A stochastic sequence {X;,7 > 1} is said to be stationary if X;, X5, -+ has

the same distribution as X, Xt 1, - for each £ > 1; i.e., if for each & > 1,
P[(X1,X3, ) € C] = P[(Xk41, Xbo, ) € C]
for every C' € Ry,. Let {X;,1 > 1} be stationary and
A=[(X),X,,---) €] for some C € Ry .
Then A is said to be invariant if
A= [(Xy, Xgs1, ) € C] for all k > 1.

We call a stationary sequence {X;,i > 1} to be ergodic if every invariant event has

probability zero or one. The following theorems come from Theorems 3.5.3, 3.5.7 and

3.5.8 given in Stout (1974) respectively.
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Theorem B.1. Let {X;,i > 1} be stationary or stationary ergodic and ¢ be a
measurable function ¢: R — Ry. Let Y; = ¢(X;, Xiy1,--+),5 > 1. Then {Y;,i > 1}
is stationary or stationary ergodic.

Theorem B.2. Let {X;,i > 1} be stationary ergodic with E|X;| < co. Then
%2;;1 X; —as EX.

Theorem B.2. is commonly called the stationary ergodic theorem. Since an iid

sequence {¢;} is stationary ergodic, by Theorems B.1 and B.2, we have that

Theorem B.3. Let {¢;,i = 0,%1,42,---} be iid (0,0%) and {¢x, k > 0} be
a sequence of real numbers satisfying Y oo Wi < 00. Then {X;,1 > 1} is stationary

ergodic and
1 n o0
LS X} e X =070
7=1 k=0

where X; =Y po o W€k, 7 > 1.



Appendix C: Strong approximation

theorems

This appendix gives the following theorems, which comes from Major (1976) and
Komléds, Major and Tusnaddy (1975, 1976) (also see Csérgé and Révész, 1981 or
Csorgo and Horvdth, 1993).

Theorem C.1. Let {X;,j > 1} be iid (0,0%). Then, without changing the
distribution of {X;,j > 1}, we can redefine {X;,j > 1} on a richer probability space
together with a sequence of random variables {Y;,j > 1}, where {Y},j > 1} is iid
N(0,0?), such that

max

_ 1/2
s = Op (TL ) .

Y X-)Y
j=1 j=1

If in addition E|X;|P < oo, where p > 2, then
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Appendix D: List of Publications

Part I. Related to this thesis

1. The invariance principle for linear processes with applications. Accepted by
Econometric Theory. (Chapter 5 and part of Chapter 6 are from this paper)

2. Asymptotics for general fractionally integrated processes with applications to
unit roots. Submitted to Ann. Statist. (Chapter 2 and part of Chapter 6 are mainly
from this paper) |

3. Asymptotics for moving average processes with dependent innovations. Ac-
cepted by Stat. Probab. Letters. (Chapter 4 is mainly from this paper)

4. Asymptotics for nonstationary frctionally integrated processes without prehis-
torical influence. Manuscript in preparation.

5. The law of the iterated logarithm for long memory processes. Submitted to

Stochastic Processes and their Application. (we do not put this paper in thesis)

Part II. Selected publications of author in other projects

1. An exponential nonuniform Berry-Esseen bound for self normalized sums, Ann.

Probab. (1999), 27(4), 2068-2088.
2. Berry-Esseen bound for studentized statistics, Ann. Probab. (2000), 28(1),

511-535.
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3. Kolmogrov and Erdos test for self normalized sums, Stat. Probab. letters,
(1999), 42, 323-326.

4. On Berry-Esseen rates for m-dependent U-statistics, Stat. Probab. Letters,
(1999), 41, 123-130.

5. Bernstein type inequalities for degenerate U-statistics with applications, Chin.
Ann. Math. (1998), 19B(2), 157-166.

6. Non-uniform Rates of Convergence for Double Arrays of Independent Random
Variables with Applications, Acta Math. Appl. Sinica, (English Series), (1996) 12
109-112.

7. On the Maximal Inequality, Stat. and Probab. Letters, (1996) 31 85-89.

8. Probabilities of large Deviations for U-statistics, J. of Nanjing University Math.
Biguarterly, (1996) 13 168-172.

9. On the Non-uniform Convergence Rates for U-statistics, Science in China
(Series A), (1995) 25 253-261.

10. The Strong Law of U-Statistics with ¢*-mixing Samples, Stat. and Probab.
Letters, (1995) 23 151-155.
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