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Abstract 

As a basic tool, asymptotic theory (in particular, functional limit theorem) plays 

a key role in characterizing the limit distribution of various statistics arising from 

statistical inferences in economic time series, such as testing for unit roots, testing 

for stationarity, and time series regression. Asymptotics on the fractional processes 

and the summable linear processes have been studied by many people. However, the 

results in the literature are quite restrictive on both the processes themselves and the 

conditions used in deriving the results. For example, a functional limit theorem is 

only available for a general fractional process with innovations being iid N(0, o2) or 

a simple fractional process under at least fourth moment conditions. 

The aim of this work is to investigate systematically asymptotics of the general 

fractionally integrated processes and the summable linear processes with dependent 

pr independent innovations under quite general conditions. W e derive the functional 

limit theorem on the general fractionally integrated processes with and without "pre-

historical influence". W e give sufficient conditions so that the partial sum process 

of a summable linear process converges to a standard Brownian motion, and discuss 

asymptotics of sample autocovariances and autocorrelations based on nonstationary 

fractionally integrated processes. In particular, the result for the functional limit the­

orem on the general fractionally integrated processes provides a unified treatment for 

v 



VI 

previous studies on the functional limit theorem for fractional processes and nonsta­

tionary fractionally integrated processes. Additionally, only finite second moments 

are required for most of the results established in this dissertation. Such a condition 

is the best possible moment condition in the literature and it is interesting from the 

theoretical point of view. 

Also, we discuss applications of the results established in this dissertation to test­

ing for unit roots, testing for stationarity, and time series regression. The limit 

distributions of Dickey and Fuller test statistics and KPSS (Kwiatkowski, Phillips, 

Schmidt and Shin) test statistics are derived for more general models under very weak 

conditions. 
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Chapter 1 

Introduction and summary 

Many time series data, especially those found in business and economics, exhibit 

nonstationary behaviour. Some time series like gross domestic product and industrial 

product grow in a secular way over long periods of time. Other time series, such as 

interest rates, exchange rates, stock returns as well as asset prices, seem to display 

random wandering behaviour. Because of the nonstationarity, one cannot be expected 

to apply the usual regression methods (see Davidson and Mackinnon, 1993, Chapter 

20) in modeling these time series. Instead, we have to trend or difference them prior 

to use. Explicitly, trending a time series yt will be appropriate if the data generating 

process ( D G P ) for yt can be written as 

2fc = 7o + 7i* + "t» (1.0.1) 

where ut is a stationary process. O n the other hand, differencing is appropriate if the 

D G P for yt can be written as 

Vt = 7i + Vt-i + ut, (1.0.2) 

where ut again is a stationary process. A model of the form (1.0.1) is known as a 

trend-stationary time series, fit is a deterministic trend which may be more complex 
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than a simple polynomial. The output of (1.0.2) can be written as a accumulated 

process yt = fit + J2)=i
 uj + J/o. and hence it has a stochastic trend by virtue of the 

fact that the stochastic element Y?j=iuj is 0I" random order 0P(t
ll2). We also call 

the process yt in (1.0.2) as difference stationary with drift 71 because Ayt = fi+ut 

where ut is a stationary process and A = 1 - B is a differencing operator. 

As is well known, characteristics of time series with stochastic trends attributable 

to the form (1.0.2) are quite different from those of time series with deterministic 

trends such as in the form (1.0.1). Therefore, the importance of determining the type 

of trends in time series has long been recognized, especially since the work of Nelson 

and Plosser (1982), which includes detailed discussions about the difference between 

the types of trends. 

There is more than one way of determining the type of trends. The obvious way to 

choose between (1.0.1) and (1.0.2) is to nest them both within a more general model. 

As an example, we consider the following DGP advocated by Bhargava (1986) 

Ut = 7o + Jit + vt, vt = avt-i + ut, (1.0.3) 

where ut is a stationary process. After a simple calculation, we can rewrite (1.0.3) as 

yt = [jQ(l - a) + fict] + fi(l - cx)t + ayt-i + ut. (1.0.4) 

It is clear that, when |a| < 1, (1.0.3) is equivalent to the trend-stationary model 

(1.0.1); when a = 1, it reduces to (1.0.2). These facts, together with (1.0.4), imply 

that determining for the presence of a stochastic trend in a model like (1.0.3) is 

equivalent to testing the null hypothesis that the autoregressive parameter a = 1 in 

the following autoregressive model: 

yt = p\ + pit + ocyt-i + ut, (.1.0.5) 
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where ut is a stationary process. Such a test and those related are commonly called 

unit root tests in the literature. If the null hypothesis that a = 1 holds, we also say 

that the model (1.0.5) has a unit root. Since the alternative hypothesis that |a| < 1 

corresponds to trend stationarity, the unit root test can be represented as a test of 

difference stationarity versus trend-stationarity in a time series. This property makes 

unit root tests play a key role in economic theory and practice. 

In the development of all unit root tests, asymptotic theory is necessary. Because 

of the nonstationarity under the null hypothesis, limit distributions of test statistics 

in these unit root tests (also called unit root distributions) generally involve function-

als of a Brownian motion, some of which are stochastic integrals, and hence are very 

different from those in the standard statistical test problems in which the limit dis­

tribution usually is a standard normal distribution. O n the other hand, limit theory 

forms the basis of unit root tests, and in particular functional limit theorems (weak 

convergence of probability measures on D[0,1], also called invariance principle) are 

basic tools in characterizing unit root distribution. 

To illustrate this, let us consider the simplest and the widest used Dickey-Fuller 

(DF) test (see Dickey-Fuller, 1979, 1981). The simplest version of this test is based 

on model (1.0.5) with /50 = fi\ = 0. W e rewrite it as follows: 

yt = ayt-i+uu y0 = 0, (1.0.6) 

where ut are iid (0, cr
2). Denote the ordinary least square (OLS) estimator of a by 

an = X)"=i VtVt-i /Y%=i Vt-i • To test the null hypothesis that a = 1 (i.e., model 

(1.0.6) has a unit root), the D F test statistic is 

n(an -i) = {n-'J2yt-i(yt - yt-i)\ U~
2J2yl\ • (1-0-7) 
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By noting that under the null hypothesis a = 1, yt = ]Cj=i
w;/> where Uj are iid 

(0,cr2), it follows from Donsker's Theorem (see Billingsley, 1968, pl37) and the law 

of large numbers that 

1 1 M 

-7=-V[nt] = -=—YJ
uJ^w(t), 0 < i < l , (1.0.8) 

y/nou y/nou +^ 
1 n 

and — / J w 2 —>p o2u, as n —> oo. (1.0.9) 
71 t=i 

These estimates, together with the continuous mapping theorem (Theorem A.2, see 

Appendix A), imply that 

"-1 rj/n / -| \ 2 

2 

I n n-1 „j/n , ^ v 2 „l 

it, -. ''-

5Z J/t-i (2/* - y*-i) = - ]C (y2" y2-i_ w?) 
" t=i «=i 

Hence, under the null hypothesis that a = 1 (i.e., model (1.0.6) has a unit root), 

n(an-l) =»
 l-(W2(l)-l)lj\2(s)ds. (1.0.10) 

.-' This simple example shows explicitly the importance of a functional limit theorem 

(here Donsker's Theorem, see (1.0.8)) in deriving the asymptotic distribution of the 

DF test statistic n(an'— 1). For more general models, such as model (1.0.5) where 

the error ut is an ARMA process or a strong mixing sequence, similar unit root dis­

tributions can also be obtained by using the corresponding functional limit theorem. 

For some references on unit root tests, see Said and Dickey (1984), Phillips (1987), 

Hall (1989), Sowell (1990), Chan and Wei (1988), Chan and Terrin (1995) as well as 
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Tanaka (1999). Further references can be found in Phillips and Xiao (1998), where 

authors present a survey of unit root theory with an emphasis on testing principles 

and recent development. 

In addition to applying to unit root tests, as a basic tool, functional limit theorems 

are also quite successful in characterizing the limit distribution of various statistics 

arising from other inferences in economic time series, such as spurious regression 

and testing for stationarity and cointegration. Indeed, these applications have been 

developed by many statisticians and economists such as Kwiatkowski, et al (1992), 

Phillips (1991), Lee and Schmidt (1996), Cheung and Lai (1993), Cappuccio and 

Lubian (1997) as well as Jeganathan (1999). 

The research on functional limit theorems has a long history. Celebrated results 

have been obtained in many interesting fields, such as martingale differences, strong 

mixing sequences (more generally, mixingale sequences), linear processes and long 

memory processes. The literature is immense. Here we only cite a basic textbook by 

Billingsley (1968) for a fundamental contribution in weak convergence of probability 

measures on D[0,1]; and a review paper for mixing sequences by Peligrad (1986). 

For linear processes and long memory processes that are close to the topic of this 

dissertation, we refer to Davydov (1970), Gorodetskii(1977), Hannan (1979), Avram 

and Taqqu (1987), Phillips and Solo (1992) as well as Mielniczuk (1997). 

Motivated in establishing basic tools that apply to statistical inferences related 

economic time series, this dissertation will discuss systematically functional limit 

theorems and some other asymptotic properties for general fractionally integrated 

processes and linear processes with dependent or independent innovations. A general 
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fractionally integrated process Xt is defined by 

oo 

(l-B)do+mXt = ut, ut = Y,il>3tt-j, t = l,2,..., (1.0.11) 
j=0 

where m > 0 is an integer and d0 e (-1/2,1/2]; et are iid (0, Eel)
 aim ^vJ ^ 0, are 

a sequence of real numbers satisfying 

00 oo 

^ \ipj\ < oo and 6̂, = 2J^j 7̂  0; 

and the fractional difference operator (1 - By is defined by its Maclaurin series (by 

its binomial expansion, if 7 is an integer): 

~ rf-7+7) f Csz-le~zds if^>0 
(1 - BV = Y , 2j ,B> where r(z) = I Jo 

^r(- 7 )r(j + i)
 K> \ 00 if z = o. 

If z < 0, r(z) is defined by the recursion formula zY(z) = T(z + 1). 

It is well-known that if ut is an ARMA(p,g) process (i.e., there exist polynomials 

(p(B) and 0(B) with order p and q respectively such that <f>(B)ut = 0(B)tu where both 

(p(B) and 0(B) have only roots outside the unit circle), then Brockwell and Davis 

(Theorem 3.1.1, 1987, p 85) showed that ut can be expressed as ut = Y^T=o^j
et-j 

with IXo^t = 0(1)/</>(!). Therefore, the process Xt defined by (1.0.11) covers a 

number of important economic time series as special examples, such as the summable 

linear process (d0 = m = 0), the ARIMA process (d0 = 0, m > 1 is a integer and 

ut is an ARMA(p,q) process), and the ARFIMA process (d0 € (-1/2,1/2], m > 1 

is a integer and ut is an ARMA(p,q) process). These facts make general fractionally 

integrated processes play a very important role in economic theory. The research of 

their properties is therefore quite interesting from the point of theory and practice. 

The content of this dissertation is divided into six chapters. This chapter is the 

introduction. In Chapters 2-5, we shall investigate asymptotics, mainly for general 
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fractionally integrated processes and linear processes with dependent or independent 

innovations. The main results in Chapters 2-5 will be used in Chapter 6, where we 

discuss unit root tests, stationarity test and time series regression. 

Below, we briefly introduce the contents of Chapters 2-6 and give a review on the 

literature. 

Chapter 2 mainly contributes to establish the functional limit theorem for the 

partial sum process of the Xt defined by (1.0.11). In earlier research, Sowell (1990) 

first derived this kind of result for a simple stationary fractional process (i.e., the 

process defined by (1.0.11) with m = 0, tp0 = 1 and ijjj = 0 for j > 1) under 

E\e0\
r < oo, where r > max{4, -8of0/(l + 2d0)}. The result given by Sowell (1990) 

was later extended to m > 1 by Liu (1998) without improvement of the moment 

conditions. With innovations being a class of stationary Gaussian processes, Chan 

and Terrin (1995) also discussed a functional limit theorem for general nonstationary 

fractionally integrated processes. Chan and Terrin's results extend those given by 

Chan and Wei (1988), Parks and Phillips (1988, 1989) and Sims, et al. (1990) from 

the domain of integer m's (i.e., do = 0) to fractional do + m's. We will extend the 

results cited, mainly given by Sowell (1990) and Liu (1998), to the more general 

process Xt defined by (1.0.11) and establish the results only under i?|€o|
r < oo, where 

r = max{2,2/(l + 2d0)}. This provides a unified treatment for previous studies 

on the functional limit theorem for summable limit processes, fractional processes 

and nonstationary fractionally integrated processes. On the other hand, the moment 

conditions used in Chapter 2 are also quite weak, and in particular we give the best 

possible moment condition Eel < °° when d0 > 0. The functional limit theorem for 

summable linear processes can be found in Hannan (1979), Phillips and Solo (1992) 



8 

as well as Chan and Tasy (1996). 

Functional limit theorems for linear process with square summable weights have 

been proven by Davydov (1970), Gorodetsskii (1977), Taqqu (1975), Avram and 

Taqqu (1987) as well as Mielniczuk (1997). We note that a simple stationary fractional 

process can be explicitly denoted as a linear process with square summable weights. 

Indeed, Sowell (1990) used this fact in establishing his result. However, the results 

cited cannot be applied directly to the general fractionally integrated process Xt 

defined by (1.0.11) even with m = 0 because of its complexity. Here, we give a new 

proof for our results in Chapter 2. 

By using established functional limit theorems, Chapter 2 also discusses asymp­

totics of sample autocovariance and autocorrelation based on the nonstationary frac­

tionally integrated processes. Related results can be found in Hosking (1996), Hasza 

(1980) and Hassler (1997). 

In Chapter 3, we discuss the asymptotics of the following process: 

t-\ 

where d > 1/2, tj are iid random variables and 

OO OO 00 

ut = ^2ipket-k, ^ | ^ | < o o , 6^ = 5 3 ^ * ^ 0 -

This process is closely related to Xt defined by (1.0.11). According to the definition of 

the fractional difference operator (1 - B)7, the process Xt defined by (1.0.11) satisfies 

(let d = d0 + m) 

ErSciiV-''"'' t = 1'2-" (Lai3) 
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From (1.0.13), it is clear that the process Xt depends on a term that is usually called 

prehistorical influence: 

v n-d+j) Y 
^r(-d)r(i + i ) A ^ -

In practice, if we only consider the process Xt defined by (1.0.11) starting at a given 

initial date, such as t = 1, we may assume that Xj = 0 for j < 0. In this case, after 

some algebra (for details, see Chapter 3), it can be shown the process Xt defined by 

(1.0.11) is a special case of the process defined by (1.0.12). 

The asymptotic behaviour of the process Zt was first investigated by A k n o m and 

Gourieroux (1987) with ut = et (i.e., ip0 = 1 and ipk = 0 for k > 1 in (1.0.12)) under 

E\e0\
r < oo, where r > max{2,2/(2d — 1)}. The results of A k n o m and Gourieroux 

(1987) later were extended to the multivariate case by Marinucci and Robission (2000) 

without any improvements on the moment condition. More recently, Tanaka (1999) 

discussed a functional limit theorem for a more general process Zyni\ where the ipk 

satisfy ]C£Lo^l^fcl < °°- The proof of the result given by Tanaka depends on the 

functional limit theorem for martingale differences. Unfortunately, the process Zt 

itself is not a martingale. Therefore, the proof in Tanaka (1999) fails in this case. 

In Chapter 3, we give a different proof for the case. For more general models, we 

establish a similar result only under the moment condition £,|e0|
max^2'2y/(2d-1^ < oo. 

It should be pointed out that the limit process of Z[nt]/Var
1^2(Zn) is different from 

those established in Chapter 2 because of the "prehistorical influence". By using 

established results, in the same chapter, we also consider the asymptotic behaviour of 

sample autocovariances and autocorrelations based on the process Zt. These results 

do not appear in the previous literature. 

As mentioned before, several authors, such as Davydov (1970), Gorodetsskii (1977), 
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Taqqu (1975), Avram and Taqqu (1987) as well as Mielniczuk (1997), have discussed 

functional limit theorems for linear processes with square summable weights. How­

ever, all of the research cited has been confined to the cases where the innovations 

are independent with common variance. Frequently, it is assumed that innovations 

are iid (0,o2) or, further, that they are iid N(0,o2). Few results show what would 

happen if innovations are dependent random variables. 

In Chapter 4, functional limit theorems for linear processes with dependent inno­

vations will be investigated. For the long memory linear process, the innovations are 

assumed to be a sequence of stationary ergodic martingale differences. As a corollary, 

we derive a functional limit theorem for the process Xt defined by (1.0.11) with the 

innovations ut being a sequence of stationary ergodic martingale differences. We also 

give quite general sufficient conditions so that the partial sum process of a summable 

linear process converges to a standard Brownian motion. These conditions are quite 

different from those given by Stadtmuler and Trauter (1985). By using these general 

results, the functional limit theorem is derived for summable linear processes with 

innovations being martingale differences and mixing sequences. 

In Chapter 5, we continue to discuss sufficient conditions so that the partial sum 

process of a linear process converges to a standard Brownian motion. We establish two 

basic results. The first result is under the condition that innovations are iid random 

variables, but does not require that the weight of a linear process be summable. We 

note that, to make the partial sum process of a linear process converge to standard 

Brownian motion, the condition that the weight is summable is commonly used in 

the previous research. The second result is for the situation where the innovations 

form a martingale difference. For this result, the commonly used assumption of equal 
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variance of innovations is weakened. References can be found in Hannan (1979), 

Phillips and Solo (1992), Stadtmuler and Trauter (1985) and Yokoyama (1995). 

Finally, in Chapter 6, we apply the results established in Chapters 2-5 to several 

examples in economic time series, namely, testing for unit roots, testing for sta­

tionarity and time series regression. Such applications have been studied before by 

many authors in recent years. Here we cite Said and Dickey (1984), Phillips (1987), 

Hall (1989), Sowell (1990), Chan and Wei (1988), Kwiatkowski, et al. (1992) Chan 

and Terrin (1995), Dehlhaus (1995), Deo (1997), Phillips and Xiao (1998) as well as 

Tanaka (1999). More references can be found in Chapter 6. 

As shown in Chapter 6, applications of the results established in the previous 

chapters to the related statistics can lead to better results under weak conditions. 

Explicitly, by applying Theorems 2.2.1, 2.2.2 and 2.3.1, Chapter 6 derives the limit 

distribution of the Dickey-Fuller test statistic when the error process is a general 

fractionally integrated process. Theorem 6.1.4, under quite weak moment conditions, 

provides a unified treatment of the previous cited results on the summable linear 

processes and fractional processes. By applying Theorem 5.2.1, we give the limit 

distributions of the Dickey-Fuller test statistic and the KPSS test statistic when the 

error process is a linear process that does not necessarily have absolutely summable 

coefficients. 

In Chapter 6, we also derive that "long-run variance", a2, can be consistently 

estimated by a nonparametric method with a lag-truncation parameter ln of o(n). In 

the previous research, it was usually assumed to be of o(n^2). This result provides 

more choice for the estimate of a2 and is theoretically interesting. 



Chapter 2 

Asymptotics for general 
fractionally integrated processes 

In this chapter, functional limit theorems for general fractional processes and nonsta­

tionary fractionally integrated processes, under quite weak conditions, are derived. 

Asymptotic distributions of sample autocovariances and autocorrelations based on 

nonstationary fractionally integrated processes are also discussed. 

2.1 Introduction 

Consider a ARFIMA process {Xt} defined by 

(l-B)d°+mXt = ut, (t>(B)ut = 0(B)et, (2.1.1) 

where m > 0 is an integer and d0 G (-1/2,1/2); et are iid random variables with 

zero mean and finite variance; (j)(B) and 0(B) are polynomial functions of B with 

order p and q respectively and both of them only have roots outside the unit circle, 

i.e., the A R M A ( p , q) process ut is stationary and invertible. The fractional difference 

operator (1 - B ) 1 is defined by its Maclaurin series (by its binomial expansion, if 7 

12 
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is an integer): 

P-^-grSSft)* (2-L2) 

{[°° sz~1e~zds if z > 0 
0 . If 2 < 0, T(z) is defined by the recursion 
oo if z = 0 

formula zT(z) = T(z + 1). 

Since model (2.1.1) was introduced by Granger and Joyeux (1980) and Hosking 

(1981), it has become very popular in applications. It nests the usual Box-Jenkins 

ARIMA model and has an ability to capture both short term dynamics and a wide 

variety of low-frequency behaviour at the same time. Also, there is considerable 

evidence on the success of applying ARFIMA model to describe financial data such 

as forward premiums, interest rate differentials, and inflation rates. Illustrations can 

be found in the survey and review papers of Robinson (1994) and Baillie (1996). 

Because of their applications in economics and finance, ARFIMA processes have 

been studied quite extensively in recent years. In model (2.1.1), it is well-known 

that the process is stationary and invertible when m = 0 (Hosking, 1981 and Odaki, 

1993); when m > 1, the process is nonstationary; in particular, when do = 0 and 

m is an integer, the process becomes a usual unit root process. For estimates of the 

parameter do + m and other related statistical inference, because the literature is 

rather extensive, we here only refer to Hosking (1984), Li and Mcleod (1986), Fox 

and Taqqu (1986), Dahlhaus (1989), Giraitis and Surgailis (1990), Beran (1995) and 

Beran et al (1998). For more results, see the references cited in these papers and a 

review book of Beran (1994). 

As to the asymptotics of the ARFIMA processes, Sowell (1990) first derived a re­

sult that the partial sum process of a fractional process (i.e., m = 0 in model (2.1.1)) 
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converges weakly to a "type I" fractional Brownian motion1 on D[0,1] instead of the 

standard Brownian motion. As a basic tool, combined with the continuous mapping 

theorem, Sowell's result is quite useful in characterizing the limit distributions of var­

ious statistics arising from statistical inference in economic time series related with 

fractional processes, such as spurious regression and testing for unit roots, stationary 

and cointegration. Indeed, these applications have been developed by many statisti­

cians and economists such as Sowell (1990), Cheung and Lai (1993), Lee and Schmidt 

(1996) as well as Cappuccio and Lubian (1997). The extensions of Sowell's result to 

nonstationary fractionally integrated processes (i.e., m > 1) can be found in Chan 

and Terrin (1995) and Liu (1998), where these authors also apply their results to 

nonstationary fractional unit root tests. Further details are given in Chapter 6. 

Despite the well-known works which have be done in connection with Sowell's 

original results, Sowell (1990) only provided a weak convergence result on simple 

fractional processes (i.e., m = 0, <f>(B) = 0(B) = 1 in model (2.1.1)). This shortcom­

ing limits the applicability of Sowell's result to statistical inference in economic time 

series. For example, by Sowell's result, it is impossible to consider a unit root test for 

a model with error being a fractional ARMA process (i.e., m = 0, but (j)(B), 0(B) ^ 1 

in model (2.1.1)). As is well-known, this problem is important from a practical point 

of view. 

Motivated by characterizing the unit root distribution in a more general model, 

this chapter extends the weak convergence result given by Sowell (1990) to the general 

fractional processes and the general nonstationary fractionally integrated processes. 

Instead of assuming the innovations ut in model (2.1.1) being an ARMA(p, q) process, 

definition can be found later in this section. For a correction of Sowell's Theorem 2, see Theorem 

1.1 given by Liu (1998). 
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we allow it to be a more general linear process. Therefore, this chapter provides 

a unified treatment for previous studies on weak convergence for summable linear 

processes, fractional processes and nonstationary fractionally integrated processes. 

The weak convergence results for summable linear processes can be found in Hannan 

(1979), Phillips and Solo (1992) as well as Chan and Tsay (1996). 

In Chapter 6, the results given in this chapter will be used to derive the limit 

distribution of the least square estimate (LSE) of the coefficient for a AR(1) model 

when true coefficient is 1 (i.e., the true model has a unit root) and the error process is a 

general fractional process or a general nonstationary fractionally integrated process. 

The result also provides a unified treatment of the unit root test with the errors 

being a summable linear process, a fractional process and a nonstationary fractionally 

integrated process. 

The main results of this chapter hold under quite weak moment conditions for 

the innovations et. For example, the weak convergence for nonstationary fractionally 

integrated processes is derived whenever the innovations et have finite second moment. 

Such a condition is the best possible moment condition in the literature and it is 

interesting from a theoretical point of view. 

This chapter is organized as follows. In the next section, we first give our main re­

sults without proof and compare them to the previous related results in the literature. 

In Section 2.3, applications of these results to nonstationary fractionally integrated 

processes will be presented. In Section 2.4, we extend the main results to do — 1/2 

and m > 0. As shown in Liu (1998), the behavior of {Xt} in (2.1.1) is different for 

d0 = 1/2 and do € (-1/2,1/2). In Section 2.5, we discuss the asymptotics of sample 

autocovariances and autocorrelations based on nonstationary fractionally integrated 
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processes. Finally in Section 2.6, we give the proofs of the main results. 

We end this section with some further notation. We denote positive constants 

by C,Ci,..., which may take on different values in different places. The "type I" 

fractional Brownian motion with -1/2 < d0 < 1/2 on D[0,1] is defined as follows: 

Wd0(t) = -^-y J° [(t - s)
d° - (-S)

d°] dW(s) + j\t - s)d°dW(s), 

where W(s) is a standard Brownian motion and 

(1 /-oo \ 1/2 

Clearly, Wd0 (t) is a self-similar Gaussian process with covariance 

EWdo(s)Wdo(t) = \ {s
1+2rfo + t1+2do -\s- t\1+2d°} , iorO<s,t<l. 

A more general definition of fractional Brownian motion can be found in Man­

delbrot and Van Ness (1968), Samorodnitsky and Taqqu (1994) and Marinucci and 

Robinson (1999). 

2.2 General stationary fractional processes 

From here on, we discuss the following general fractionally integrated process Xt 

defined by 

00 

(1 _ B)
d«+mXt = ut, ut = J2^t-j, t = l,2,..., (2.2.1) 

j=0 

where m > 0 is an integer and d0 G (-1/2,1/2); (1 - B)
do+m is defined by (2.1.2); 

€j,j = 0, ±1,... are iid random variables with Ee0 = 0 and i/jj,j > 0, is a sequence of 

real numbers to be specified later. 
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The two theorems in this section derive results on the weak convergence of general 

stationary fractional processes (i.e., the process Xt defined by (2.2.1) with m = 0). 

They provide a unified treatment for the cases of fractional processes and summable 

linear processes, and basic tools for later discussion. 

Theorem 2.2.1. Let Xj satisfy (2.2.1) with m = 0, and ipj,j > 0, satisfy 

00 oo 

^2 \ipj\ < oo and b^ s ^ ^ - ^ 0. (2.2.2) 
3=0 j=Q 

Assume that Eel < °°- Then, for 0 < do < 1/2, 

K{do)l^ot
X^W^ 0<t<l, (2.2.3) 

where K2(d0) = ,1+*d \r?l+d )rn-d )
 on^ Wdo(t) ^

s a "type I" fractional Brownian mo­

tion on D[0,1]. 

// in addition £|eo|(2+<*)/(i+2do) < OQj where § > 0, then (2.2.3) still holds for 

-1/2 < do < 0. 

For 0 < d0 < 1/2, Theorem 2.2.1 gives the result under the best possible moment 

condition Eel < °°- If there is a slightly stronger restriction for ipk, for —1/2 < d0 < 0, 

the moment condition in Theorem 2.2.1 can be weakened to E\eo\2^l+2d°^ < oo. 

Explicitly, we have the following Theorem 2.2.2. 

Theorem 2.2.2. Let Xj satisfy (2.2.1) with m = 0, and ipj,j > 0, satisfy 

oo oo 

X]i1/2"rfo|^l < oo and ^ = ] T ^ - ^ 0. (2.2.4) 
j=0 j=0 

Assume that £|Co|nu«{2,2/(i+2do)} < 00_ Then ^.2.3) holds for d0 G (-1/2,1/2). 
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The proofs of Theorems 2.2.1-2.2.2 are postponed to Section 2.6. 

If ut is a process satisfying (f)(B)ut = 0(B)et, where polynomials (f)(B) and 0(B) 

with order p and q respectively, have only roots outside the unit circle, Theorem 

3.1.1 of Brockwell and Davis (1987, p 85) implies that ut = Y^jLo^t-j
 with M < 

Ca~k,k > 0, where a > 1, and J2k=o^k = 0(1)/(f)(1). Therefore, the following 

Corollary 2.2.3 is a direct consequence of Theorem 2.2.2. 

Corollary 2.2.3. Let Xj satisfy (2.1.1) with m = 0. //E|eo|max{2'2/(1+2do)} < co, 

then (2.2.3) follows with b^ = 0(1)/(f)(1) for dQ G (-1/2,1/2). 

Remark 2.2.1. If (f)(B) = 0(B) = 1 in model (2.1.1), Corollary 2.2.3 reduces to The­

orem 2 in Sowell (1990), where the author derived (2.2.3) provided E\et\
r < oo for 

r > max{4, -8d0/(l + 2d0)}. If d0 = 0, then Xt = £~ 0 ^-; with £~ 0 |^| < oo. 

In this case K2(0) = b^Eel and Wo(t) is a standard Brownian motion on D[0,1]. 

Thus, Hannan's (1979) result becomes a special case of Theorem 2.2.1. Theorem 

3.4 of Phillips and Solo (1992) and Theorem 2.5 of Chan and Tsay (1996) also gave 

similar results but imposing more restrictions on ipj. 

Remark 2.2.2. Davydov (1970) and later Gorodetsskii (1977), Taqqu (1975), Avram 

and Taqqu (1987) as well as Mielniczuk (1997) gave results on the functional limit 

theorem for linear process with square summable weights. Theorems 2.2.1-2.2.2 are 

not a direct consequence of the papers cited above in terms of complexity of the 

processes satisfying (2.2.1). In fact, we give a totally new proof for our results. 
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2.3 General nonstationary fractionally integrated 

processes 

As mentioned before, Theorems 2.2.1-2.2.2 are quite useful in characterizing limit 

distribution of various statistics arising from statistical inference related with general 

fractional processes. In this section, Theorems 2.2.1-2.2.2 are used to derive functional 

limit theorem on the general nonstationary fractionally integrated processes (i.e., the 

process Xt defined by (2.2.1) with m > 1). It is interesting to note that the results 

(Theorem 2.3.1 below) are established only under ̂ |eo|
max{2»2/(1+2do)} < QOm Specially, 

we obtain the best possible moment condition when do > 0. 

In previous research, the functional limit theorem on the general nonstationary 

fractionally integrated processes has been discussed in a very general framework by 

Chan and Terrin (1995) under the assumption that ut defined in (2.2.1) is a class 

of stationary Gaussian processes. The result of Chan and Terrin (1995) extends the 

results of Chan and Wei (1988), Parks and Phillips (1988, 1989), and Sims et al.(1990) 

from the domain of integer m's (i.e., d0 = 0) to fractional d0 + m's. More recently, 

Liu (1998) derived a functional limit theorem on the simple nonstationary fractionally 

integrated processes (i.e., the process Xt defined by (2.2.1) with m > 1 and ut = et) 

provided E\et\
r < oo for r > max{4, -8d0/(l + 2d0)}. Theorem 2.3.1 below gives an 

essential improvement of the results cited before. 

More applications of Theorems 2.2.1-2.2.2 can be found in Section 2.6 and Chapter 

6. In there, we discuss asymptotics of sample autocovariances and autocorrelations, 

and testing for unit root respectively. 

W e now turn to our main result. For convenience of reading, we introduce the 
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following conditions. 

Condition A: if>j,j > 0, satisfy (2.2.2) and £'|eo|p < oo, where p = 2, for 

0 < d0 < 1/2; p = (2 + 6)/(l + 2d0) < oo, 6 > 0, for -1/2 < d0 < 0. 

Condition B: if)j,j > 0, satisfy (2.2.4) and £|eo|max{2,2/(i+2d0)} < ^ 

Theorem 2.3.1. Let Xj satisfy (2.2.1) with m > 1. Let Condition A or Condition 

B hold. Then, for d0 G (-1/2,1/2), 

K(do)J/
2^+m i> => Wd0,m+i(t), 0<t<l. (2.3.2) 

3 = 1 

Furthermore, we have that, for any fixed integer k > 0, 

^SjE*! =* f\w^{.))'d., (2.3.3) 
K2(do)n2^+m) 4-f 

—-^_g(jry+4-^) =» A W*.m(l), (2.3.4) 
3 = 1 

- n—A; 

- > (X,-+fc — AT,-) —>a.s. £ (Afc+i — Xi) , (2.3.5) 
n *—^ 

if m~l, 

L— ^(X^-Xtf = o,(l), if m>2. (2.3.6) 

n 
3 = 1 

n—k 

n-l+2(d0+m) 

ty/iere ft(d0), Wd0(£) are defined as in Theorem 2.2.1 and 

/o/o— -JohWdo(ti)dtidt2...dtm-i, if m>2. 
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Proof. Put Yj = Xj - Xj-iJ = 2,3,.... Then, 

3 

Xj = Xi + ^Yu i = 2,3,.., (2.3.7) 
i=2 

and by the definition of the lag operator, 

(1 _ Byo+m-iYt = (l-B)
do+mXt = ut, t = 2,S,... (2.3.8) 

We first prove (2.3.1). Since Xi is a random variable, clearly we have that, for 

m > 1, 

\Xi\ /(/c(d0)n-
1/2+do+m) -*P 0, as n -> oo. (2.3.9) 

This, together with Theorems 2.2.1-2.2.2, implies that if m = 1, then for 0 < t < 1, 

[nt] 

X[nt] /c(d0)n
1/2+rfoXl + K(dQ)n

l/2+do ^ Yi K(d0)n
1/2+do ^ /c(d0)n

1/2+rfo A
 K(rf0) 

=• Wdb(*) = Wdb,i(0, 

i.e., (2.3.1) holds for m = 1. 

Let us assume (2.3.1) hold for m = k. By induction, it suffices to show (2.3.1) 

also holds for m = k + 1. In terms of (2.3.8) and the assumption that (2.3.1) holds 

for m = k, it is clear that, for m = k + 1, 

K(do)n-,/Wt ^ =* "W'). 0<t<l, (^O) 

From (2.3.10) and the continuous mapping theorem (Theorem A.2, see Appendix A), 

we obtain that, for m = k + 1, 

K(d0)nV
2+d°+k^<Yi = L \K(do)n-V2+do+kY[ns]) dS 

3—2 

/ W ^ i * ) * * = WdoMi(t). (2.3.11) 
./o 
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Now it follows from (2.3.7), (2.3.9) and (2.3.11) that, for m = k + 1, 

1 1 / [nt] \ 

«(d0)n
1/2+rfo+A=XH = /c(rfo)ni/2+d0+fc I

 Xi + E Yi J =* ̂ *,*+i(*)-

This gives (2.3.1) for m = fc + 1 and hence the proof of (2.3.1) is complete. 

By using (2.3.1), the proofs of (2.3.2) and (2.3.3) are similar to (2.3.11) and hence 

details are omitted. The proof of (2.3.4) follows easily from (2.3.1), (2.3.9) and for 

each fixed A; > 0, 
n-k n k 

3=1 j=n-k+l j=l 

To prove (2.3.5) and (2.3.6), we note that, for each fixed k > 0, 

j+k 

Xj+k -Xj= J2 Yt, j = 1,2,.... (2.3.12) 
i=j+l 

If m = 1, it follows from (2.3.8) and L e m m a 2.6.3 (see Section 2.6) that Yh i > 1 is a 

stationary ergodic random sequence. Therefore, for each fixed k > 0, Xj+k-Xj,j > 1 

still is a stationary ergodic random sequence (Theorem B.l, see Theorem B). Now 

the stationary ergodic theorem (Theorem B.2, see Appendix B) implies that 

1 n-k /k+l \ 2 

- E (xi+* - xif ->«>...E E YA =E (X"+l - xrf • 
3=1 \i=2 J 

This gives (2.3.5). 

Recalling (2.3.12) and Holder's inequality, we have that 

n-k n-k j+k k n-k 

E (xHk - x,f < k Y, E
 Y?=* E E Yhr 

3=1 j=l i=j+l i=l j=l 

If m > 2, it follows from (2.3.8) and (2.3.3) that, for each fixed 1 < i < k, 

i n—k „i 

K2(do)n2^m-l) /2Y?+3=>1 (Wd,m-l(s)fdS. 

This implies (2.3.6) clearly. This completes the proof of Theorem 2.3.1. • 
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Remark 2.3.1. If m = 0, the process Xt defined in model (2.2.1) has a moving average 

expression that depends on the innovations uk (see part (a) in L e m m a 2.6.3): 

00 

Xt = E
 Ct~kUk, t= 1,2,..., 

fc= — 0 0 

where ck = r(^r(fc+i) f°
T k>0 and ck = 0 for k < 0. For general m > 1, if the initial 

values Xi,X2,..., Xm of the process Xt are known, we can obtain a moving average 

expression of the process Xt by using (2.3.7) and (2.3.8) repeatedly. For example, 

for m = 1, it follows from (2.3.7) that Xt~X1 + £ - = 2 ^ , where Yt satisfies (2.3.8). 

Therefore, 

t oo oo / t \ 

Xt = Xi + ]P ^
 C3~kUk = Xi+ ]P l^ Cj-k \uk, t> 2. 

j=2 k=—oo k=—oo \j=2 / 

Similarly, for general m > 2, we have 

Xt = f(t,Xi,X2,...,Xm) 

OO / t 3m h \ 

+ E E E -E c*-* u*' t>m+l, (2.3.13) 
k=-oo \jm=mjm-i=m ji=m J 

where /(.) is a linear function of its variate and by induction it can be easily proved 

that for d0 G (-1/2,1/2), 

^^fcl/0-^i.^.",Xm)HpO, j-^oo. (2.3.14) 

As implied in Theorem 2.3.1, the relation (2.3.14) also shows that the finite initial 

value of the process Xt does not affect its asymptotics. 

W e notice that, for m > 1, the moving average expression of the process Xt cannot 

be obtained by using 

Xt = (1 - B)-
d°-mut, (2.3.15) 
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where (1 - B)-d°-m = £ ~ o r^+mircfc+i)^*- T h e m a i n reason for this is that 

r(d0 + m + k) 1___ d0+m_i 

T(d0 + m)r(k + l) T(d0 + m) 

and hence the infinite sum YlT=o ru +m)rtk+i)Ut-k c*oes not ex^st-

However, if in (2.3.15) we use u*t instead of ut, where u*t = uf for t > 1 and u*t = 0 

for t < 0, we will obtain the following process: 

Yt = (1 - B)-
d°-mu*t 

^ r(d0 + m + fc) A + ,„,.„, 

= E r ( d 0 + m)r(fe + i ) ^ = g c ^ f c ' t*1* (2'3-16) 

where c*k = r^+m^fifc+i)' ^
ea^ convergence of such processes will be discussed in the 

next Chapter. 

2.4 Extensions to do = 1/2 and m > 0 

In this section, we discuss weak convergence of the process Xt defined by 

oc 

(l-B)1/2+mXt = ut, ut = Y,^t-3> t=l,2,..., (2.4.1) 
3=0 

where m > 0 is an integer, tj,j = 0, ±1,... are iid random variables with Ee0 = 0 and 

if)j,j > 0 are a sequence of real numbers specified later. This process is nonstationary 

and an important complement of the process Xt defined by (2.2.1). For a simple case 

of the process Xt defined by (2.4.1) (i.e., ^0 = 1 and ipk = 0 for k > 0), Liu (1998) 

discussed weak convergence for its partial sums process. Liu's results will be extended 

to general cases in this section. It is interesting to note that behaviour of the process 

defined by (2.4.1) is quite different from that of the process defined by (2.2.1). 
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Theorem 2.4.1. Let Xj satisfy (2.4.1) and ipj,j > 0 satisfy 

0 0 / 0 0 ^ 2 

E(E^) <o° and h = Yl^^0- (2-4-2) 
j=Q \k=j+l J j=0 

Assume that Eel < °°- Then, for all m > 0, 

7£±l^
!£Xj^W{1), 0<t<l, (2.4.3) 

where K2 = \b\Ee\. 

Proof. We first prove (2.4.3) for m = 0. Let V(B) = ££0^-£>. It follows from 

Lemma 2.1 given in Phillips and Solo (1992) that 

*(B) =blP-(l- B)^(B), 

where V(B) = YL%o^3Bi and ^ = T,7=j+i V>*- Since ipk satisfies (2.4.2), for all t, 

' E 
2 . o . . 9 

*(B)et = E ^3 Etlj = E4 E *i < °°" (2-4-4) 
j'=o j=0 

This implies that et = ^(B)et = Y^jLo^t-j
 ls well-defined. Hence, 

Ut = ^(B)tt = b^et-(l-B)ct. 

Define a process Yt = Xt + (1- B)
l/2et. Then we have that 

(1 - Bfl2Yt = (1- B)l/2Xt + (1 - B)et = b^tt, t = l,2,.... 

It follows from Theorem 2.2 given by Liu (1998) that 

1 M 1 
v 1 1/2 E

1^*^1). where R2 = -%E4-

file:///b/Ee/
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Therefore, by Theorem A.4 (see Appendix A), we only need to show that 

sup 
0<t<l 

[nt] [nt] 

E*>-£»5 
3=1 3=1 

Recalling (Hosking, 1981) 

max 
Km<n 

E(l - Bf'% 
3=1 

= oP [n\og
1/2n\ . (2.4.5) 

00 

(l-Bfl2?j = Y,ck~ej_k, 
k=0 

where Co == 1 and \ck\ < Ck'*/
2 for A; > 1, it follows that 

n / oo 

E max 
Km<n 

Ed-s)1/25 
3=1 3=1 k=l 

< Cm = o (n\og1/2n) , 

where we use (2.4.4) and the following estimate: for all j, k>0, 

E\7j..k\ < (£|?0|
2)1/2 < oo. 

Now (2.4.'5) follows from Markov's inequality. This proves (2.4.3) for m = 0. For 

general m > 1, the proof of (2.4.3) is similar to that of (2.3.1) by induction and details 

are omitted. • 

2.5 Sample autocovariance and autocorrelation of 

nonstationary fractionally integrated processes 

Let Xt,t = 1,2,..., be a process with mean EXt = u and lag-A; autocovariance 

Ik = E(Xt-u)(Xt+k-u). It is well-known that lag autocovariance jk is an important 

factor in describing the properties of the process Xt; for example we can say that Xt 

has short memory (long memory) according to YkL-oo M < °° (= °°)-
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The standard sample autocovariances and related autocorrelations based on e 

process Xt can be defined as, for k = 0,1,2,..., n - 1, 

r* = fj2(Xt-X)(Xt+k-X), X=
l-J2Xt 

t=l t=l 

/ 1 n — k 

- ̂ 2(Xj - X)2'. 
71 3=1 

It is well-known that the sample autocorrelation p£ is the OLS estimator of the 

coefficient ft in the auxiliary regression Xt — X = P(Xt-k — X) + vt. The advantage 

of pjt over p*k is that pk is bounded between —1 and 1. 

Asymptotic distributions of sample autocovariances and autocorrelations have 

been studied extensively in recent years under different sets of assumptions. Here 

we focus on the situation in which the process Xt is a general fractionally integrated 

process defined by (2.2.1). In this case, Hannan (1976) and Hosking (1996) discussed 

asymptotics of rk, pk and p*k for linear processes and stationary ARIMA(p,do,q) 

processes (i.e., the process Xt defined by (2.1.1) with m = 0) respectively. For the 

non-stationary fractionally integrated process, the first result can be found in Hast2 

(1980), where the author considered the simplest nonstationary process Xt defined 

by (2.2.1) with d0 = 0, m = 1 and ut = eut > 1. The result given by Hartz (1980) 

was later extended by Bierens (1993) to the case that ut is a mixing sequence. More 

recently, Hassler (1994, 1997) derived asymptotic distribution of rk, pk and p*k when 

the process Xt satisfies (2.2.1) with do G (—1/2,1/2), m = 1 and ut = et, t > 1. 

By using Theorems 2.2.1-2.3.1, in this section, the results given by Hassler (1994 

1997) will be extended to more general processes under quite general conditions. 

We continue to use the notation Wd^m(t) and Conditions A and B defined ir 
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Section 2.3. For convenience of reading, we rewrite them as follows: 

wdQ,m(t) = {
w
t
d^]\ if m = 1' 

I Iofom 1 - fo2Wd0(ti)dtidt2...dtm_1, if m > 2, 

where Wdo(t) is a "type I" fractional Brownian motion on D[0,1]. 

Condition A: ipj,j > 0, satisfy (2.2.2) and E\e0\
p < oo, where p = 2, for 

0 < d0 < 1/2; p = (2 + 8)/(\ + 2d0) < oo, 8 > 0, for -1/2 < d0 < 0. 

Condition B: ipj,j > 0, satisfy (2.2.4) and ^ie0|
max{2'2/(1+2do)} < oo. 

Theorem 2.5.1. Let Xj satisfy (2.2.1) with m > 1. Assume that Condition A or 

Condition B holds, d0 G (—1/2,1/2) and k > 0 is a integer. Then, 

K~2(do)nl-2^+^ rk => Wd0,m(l), (2.5.1) 

where W^m(l) = £ W
2^m(s)ds - (£ Wdo,m(s)ds)

2. 

Furthermore, if m > 2 or m = 1 and 0 < do < 1/2, then 

,- n ^ k Wlm(l)-2Wd0,m(l)Wd0,m+i(l) 

<Pk ~ 1) =* g ^ m ' (2>0'2) 

~ -. A; W%,m+1(l) + (Wd,,m(l) ~ ^o,m+l(l))
2 

n(pfc - 1) =*• - - == — ; (2.0.3) 
2 ^o,m(l) 

if m = 1 and do = 0, then 

_ ffp^-XQ2 , A; Wg1(l)-2Wb,i(l)Wb,2(l) 
n(/?A - 1) =» — — + - — ! — , (2.5.4) 

2K2(0)W0,I(1)
 2 W0tl(l) 

n(H n ^
 E(Xfc+1 ~ *i)2 fe ^o2,2(l) + W,i(l)-^o,2(l))

2 „__. 
n(/0jt - 1) =^ — — : — ; (2.5.5 

2«2(0)W0>1(1)
 2 Wb,i(l) 
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if m = 1 and —1/2 < do < 0, then 

nl+2d0(pl-l) * 

n1+2d°(pk-l) => 

Proof. W e can write 

n—k 

J2(Xt~X)(Xt+k-X) 
t—1 
n—k n-

E(Xk+i - Xi) 

2«2(do)^0il(l) 

E(Xk+i — Xi) 

2K2(do)WdQ,i(l) 

-k n-

(2.5.6) 

(2.5.7) 

= E ^ X * + * -xt)-x E ( X ^ - xt)+E<x« - x ) 2 - (2-5-8) 
t=i t=i t=i 

Under the conditions of Theorem 2.5.1, by using Theorem 2.3.1 and the continuous 

mapping theorem, it can be easily shown that (recalling (2.3.2)-(2.3.4) and k is fixed), 

., n—k 

„2(d0)n^+
2^+m) X E ( X t + f c " Xt) 

=* kWd0>m(l)Wd0tm+i(l), (2.5.9) 

and 
n—k 1 •' "• t 

Av2(d0)n
2(rf°+™)E(Xt -X^ 

. n—k n—k 

iS"X
2-2XsTxt + (n-k)X 

K2(d0)n
2(*+™) \^ ^ 

=* f Wlm(s)ds - (£ W*,m(s)<fc) 
= Wd0,m(l). (2.5.10) 

On the other hand, by noting 

n—k .. n—k 

E Xt(Xt+k - xt) = - E (Xt+k ~ Xt ~ (Xt+k - xt)) 
t=l t=l 

1 n 1 k * n—k 

= \ E ^«2-|E^-5E(^-^)2. 
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we obtain that if m > 2 or m = 1 and d0 > 0 (recalling (2.3.1) and (2.3.6)), then 

-. n—k . 

K2{do)n-l+2{do+m)E
X^X^ ~X^^2 Wlm(l); (2-5.11) 

if m = 1 and -1/2 < d0 < 0 (recalling (2.3.1) and (2.3.5)), then 

1 n~k 1 
-Y,Xt(Xt+k-Xt) -•..,. --E(Xk+i-X1)

2; (2.5.12) 
n t=i z 

if m = 1 and d0 = 0 (recalling (2.3.1) and (2.3.5)), then 

^ |>(*t+s -X,)^
k- WIJ1) - ^ E(Xk+l - X,f. (2.5.13) 

In terms of (2.5.8)-(2.5.13) and 

(n—k n—k \ /n—k 

J2u*t+k -xt)-x J2(xt+k - xt) / E(
A ^ - x?. 

(2.5.1), (2.5.2), (2.5.4) and (2.5.6) follow easily from the continuous mapping theorem. 

To prove (2.5.3), (2.5.5) and (2.5.7), write 

dk = J2(Xt-X)
2 J2(Xt-X)

2. 
t=i I t=\ 

Similar methods to those used in (2.5.9) and (2.5.10) show that 

n In 

n(dk-l) = -n E (Xt-X)2 /J2(Xt-X)
2 

t=n-k+l I t=l 

n ^(ix J2 X,- £ X?-kX2 
t=n—k+l t=n—k+l zZli(Xt-X)2 

1 (2Wd0,m(l)Wd0,m+i(l) - W
2^m(l) - Wlm+i(l)) 

W*,m(l) 

(Wd0,m(l) - Wd0,m+i(l)Y• (2.5.14) 
k ,..-.. 

W*,r 
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By noting that (2.5.14) implies dk -+P 1, as n -» oo, (2.5.3), (2.5.5) and (2.5.7) follow 

easily from the continuous mapping theorem, relation 

pk-l=dk(pk-l) + dk-l, 

and (2.5.2), (2.5.4) and (2.5.6) respectively. D 

2.6 Proofs of the main results 

In this section, the proofs of Theorems 2.2.1 and 2.2.2 are given. To do this, we need 

some preliminary results. 

2.6.1 Preliminary lemmas 

In this section, we derive several preliminary lemmas which will be used in the proofs 

of the main results. These lemmas are also interesting in their own right. Let 

{vj,j = 0, ±1,...} be a sequence of iid random variables with Ev0 = 0 and Ev\ = a
2. 

{anjk, k = 0, ±1, ±2,...} is a triangular array of constants. For reading convenience, 

we give the following basic assumptions for anjk. 

Assumption 1. 0 < ^42 = YlkL-oo an k < °°' f°r eyery fixed n > 1. 

Assumption 2. An —>• oo and max* \an^\/An —> 0 as n —> oo. 

Assumption 3. There exists a positive constant C such that 

1 oo 

sup— ^2 \an,j-an,j-i\<C. (2.6.1) 
n>l An j=_oo 

Lemma 2.6.1. Let Assumptions 1-3 hold, bQ = OYJ'JLO'^J ¥" °
 and Y^T=o W < °°-
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Then, as n -+ oo, 

i °° / 00 \ 

- E Wnj ->d N(0,1) and o2n = Var[J21>jYnj ) ~ A2n b
2, (2.6.2) 

0~n 
3=0 \j=Q 

where Ynj = z~2T=-oo
 ankVk-j • 

Proof. Since Y^Zo M < °°> tnere exists a sequence of positive increasing constants 

An such that 

oo 

^ | ^ - | < ^ - 3 / 2 , n = l,2,.... (2.6.3) 
j=\n 

For this An, we rewrite 

OO An OO 

Y^^nj = ̂ 2^jYn3 + E ^Yn3-
3=0 3=0 J=A„+1 

By a simple calculation, to prove (2.6.2), it suffices to show that 

E\ E WjYnA =o(l); and (2.6.4) 

1 ' _ /An \ 

—* E *l>jYnj -»* N(0,1), where on
2 = Var[J2 1>jYnj ) ~ A

2
nb

2, (2.6.5) 
n 3=0 \j=0 ) 

Note that relation (2.6.4) also implies that Yl'jLo ̂ jYnj is well defined almost surely. 

In the following, we will contribute to the proofs of (2.6.4) and (2.6.5). From 

Assumption 1, it is clear that 

00 

EYn3 = °2 E ank = °2 Al for 3 = 0,1, 2,.... (2.6.6) 
k=—oo 

By Holder's inequality, it follows from (2.6.3) and (2.6.6) that 

/ oo \ 2 oo oo 

E( E iw»ii ^ E w E I^I^ 
V=A„+1 / j=A„+l i=A„+l 

< a'Al ( f) fe|) < a2^'. 
\j=A„+l / 
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It implies (2.6.4) because An -> oo from Assumption 2. 

To prove (2.6.5), put 

OO An 

Bl = E bnk> where °nk = E^^-t+J-
fe=—oo _;'=0 

It is easy to show that for each fixed n > 1 (recalling Ynj are well defined ), 

An An OO 

E^iynj = E^' E ttnkVk-j 
3=0 j=0 k=-oo 

oo An oo 

= E Vk^2^3an,k+3 = E V^bnk, (2.6.7) 
fc=—oo j=0 fc=—oo 

00 

max\bnk\/Bn < Y]|^-|max|an,*|/£Tl, (2.6.8) 
3=0 

and similar to (2.6.6) 

<" = ^ (E ^) = ^^ (2-6-9) 

Because of (2.6.7)-(2.6t9) and Assumptions 1-2, tracing the proof of Lemma 2.6.1 

given in Robinson (1997), (2.6.5) holds if we can prove, as n -» oo, 

<?]%-%# o2B2n~A
2
nbl (2.6.10) 

An 

Since Holder's inequality implies that for each n > 1, i, j > 0, 

OO 00 

^2 K,*+i°n,*+jl < E a*U < °°' 
k=—oo k=—oo 

elementary calculation shows that 

00 An 

Bn = E E WjUnt+iOnMJ 
k=-oo i,j=0 

An OO An OO 

= E ^' E an,k+ian,k+j = E ^' E an,kan,k+3-i 
i,j=0 k=-oo i,j=0 k=-oo 



Writing 
An 

b*o = E ^ a n d ti = An/ max \an 
i=0 

it follows that 

An CO 

#n ~ &02-42 = E ^3 E fl"'* K.A+i-* ~ an,k) 
i,j=0 k=-oo 

) 0 0 

W j E an>fc (fln.*+i-i ~ On,*) 
fc=-oo 

= Ani + An2, say. (2.6.11) 

In terms of Assumptions 2-3, we have rjn ->• oo and 

/ oo \ V 2 / oo \ 1/2 

|A„i| < E 1^1 I E an,*J ( E K,A;+,-i-an,fc|
2 

li-*|>»?n \fc=-oo / \A;=-oo 

oo oo oo 

< 4EwEi^i E < * = °(^)- (2-e-i2) 
J=77n i=0 A;=—oo 

In terms of the following inequality 

Vn 

max \an>k+j-i — anik\ < } \anjk+t — an,k+t-i\, 
\3~%\S:Vn , 

t=-T)n 

maxfc |anjjt| = An/rr\, and Assumption 3, we have 

OO Vn 

|A„2| < E 1 ^ 1 E I0".*! E K,k+t - an,k+t-l\ 
\j~i\<Vn k = -0O t=-T)n 

(OO \ 2 Vn 00 

E 1̂*1 J E maxlan,ifc| E K,k+t - an,k+t-l\ 
i=0 / t=-T)n k=-oo 

/ oo \ 2 oo 

^ ^ E 1̂1 ) An E K* ~ ̂'fc-1! = ° (An) • (2-6-13) 
\i=0 / A;=-oo 

Therefore, from (2.6.11)- (2.6.13), we obtain that 

Bi ~l(Al -* °' i6-' ^n~^o2^- (2.6.14) 
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Now, relation (2.6.10) follows immediately from (2.6.14) and 

OO 00 

|62-o260
2|<2a2^l^lEl^l=°(1)-

j=\n j=o 

The proof of Lemma 2.6.1 is complete. • 

Lemma 2.6.2. Let ck = r(^°ff1} for k > 0 and ck = 0 for k < 0, where -1/2 < 

d0 < 1/2. Then, 

co = 1, \ck\ < Ck
d°-1; (2.6.15) 

n 

max^lQ+fcl^dmaxIl,^0}, for d0 ^ 0; (2.6.16) 

\cn+k ~ck\< C2nk
d°-2, for all 1 < n < k; (2.6.17) 

[nt] ' ' 
n1+2d°r(l-2do)(t-s)1+2'ilJ 

forO < s < t < 1. 

Proof. For the proof of (2.6.15), see Theorem 1 in Hosking (1981). The proof of 

(2.6.16) follows easily from (2.6.15). By noting T(z + 1) = zT(z) for all z, we have 

that, for 1 < n < k and d0 G (-1/2,1/2), 

/ (& + n + d0-l)...(A; + do)\ 
\cn+k-ck\ = \ck\[l {k + n)mmm{k + 1) J 

/ (k + do)(k + d0 + l)\ 
S |CfclV (k + n)(k + n-l) J 

< ^{(k + n)2-(k + d0)
2}<C2nk

d°-2, 

which implies (2.6.17). 

In order to prove (2.6.18), let (k, k = 0, ±1, ±2,..., be iid N(0,1) random variables 

and Yj = J2kLo ck(j-k- Since ck = 0 for k < 0 and hence 

[nt] oo [nt] 

E YJ = E & E cJ-*» 
j=[ns]+l fc=-oo j=[ns]+l 
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clearly, we have that for 0 < s < t < 1 

oo / [nt] \2 ( [nt] 

E E H =E £ y> 
fc=-oo y=[ns]+l J \j=[ns]+l 

By noting that Yj,j > 1, are stationary random variables, on the other hand, it 

follows from Theorem 1 given in Sowell (1990) that 

1,4. 7 \h ) (i + 24)r(i + *)r(i-<fc)' 

where we use the estimate: MzM ~ £ - s. Therefore, (2.6.18) follows. The proof of 

Lemma 2.6.2 is complete. • 

Lemma 2.6.3. Let Xt satisfy (2.2.1) with m = 0. Assume that Eel < °°. Then, 

oo 00 

(a) Xt= E W^J^i-j, (2.6.19) 
fc=—oo j'=0 

tuyere ck is as in Lemma 2.6.2 and Zt = Y^k=o
 cket-k-

(b) {Xt,t > 1} is a stationary ergodic random sequence with zero mean and 

EX2 = M /" |i _ e^\-
2do \^(e-

iX)\2 dX < oo, (2.6.20) 

where if>(e~tX) = z\^=o^ke~
lkX; in particular, EX2 = Eel Y^kLoi'l < °° if dQ = 0. 

Proof Writing Xt = V(B)et, we have V(z) = (l-z)-
doif)(z), where if>(z) = Y^j=o^JzJ• 

Since X)*lo l^il < °°' snTmar to the proof of Theorem 2 part (a) given by Hosking 

(1981), the power series expansion of ^f(z) converges for all \z\ < 1 when d0 < 1/2. 

Thus, if -1/2 < d0 < 1/2, we have 

Xt = (1 - B)-
d°,fj(B)et = ^(B)(l - B)~

doet. 
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Now (2.6.19) follows from the Binomial expansion of (1 - z)~d° (see Hosking, 1981). 

As well-known (see, for example, Hosking (1981)), {Zt,t > 1} is a stationary 

ergodic random sequence with mean zero. It follows from Theorem B.l (see Appendix 

B) that Xf = Jl
<jLo'llJ3Zt-3 nas the same properties as Zt. To prove (2.6.20), let fz(.) 

be the spectral density of {Zt}. According to Theorem 12.4.1 in Brockwell and Davis 

(1987, p466), 

fzW = ^\l-eiX\~2d0, for-TT < A < TT. 
2ir ' 

This, together with the second equality of (2.6.19) and (4.4.3) in Brockwell and 

Davis (1987, pl21), shows that {Xt} has a spectral density fx(.) and fx(X) = 

\ip(e~iX)\2 fz(\), where ^(e~
iX) = Eto^ke~ikX. In terms of £°=ol^l < oo, we 

obtain 

EX2 = ^ T \i - eiX\-2d0 ^(e~iX)\2 dX 

l-eixr2do d\<oo. ** (§"")/'. 
If d0 = 0, the result is obvious since Xi = YlkLo ̂ k^i-k- The proof of L e m m a 2.6.3 is 

complete. • 

Lemma 2.6.4. Let Yj,j > 1 be a sequence of stationary random variables with zero 

mean and finite variance. Let 

3=1 

where L(n) is a function varying slowly at infinity. Assume that 

(i) ESI = O (n2HL(n)), as n -• oo; 

(ii) E\Sn\
2a = 0((ES2nY), forsomea>l/(2H); 



38 

(iii) for each fixed I > 1 and real constants 0 < ti ̂  t2 ̂  ... ̂  t[ < 1, 

nZn(ti) + ... + nZn(ti) -+d N(0, a
2) (2.6.22) 

where TI,T2, ...,TI are any real constants, o
2 — Y^ij=iTiTjEH(U,tj) and 

BH(s,t) = \{s
2H + t2H-\s-t\2H}. 

Then, forO<t<l, 

Zn(t) => WH„i,2(t), (2.6.23) 

where W^t) is a "type I" fractional Brownian motion. 

Proof. Under the conditions of Lemma 2.6.4, Theorem 2.1 in Taqqu(1975)3 implies 

that Zn(t) converges weakly to a stationary increments, self-similar and a.s. contin­

uous Gaussian process Z(t) with the covariance 

EZ(s)Z(t) = \ {s2H + t2H -\s- t\2H) , forO<s,t<l. 

Now Lemma 2.6.4 follows directly from Proposition 3.8 given in Mandelbrot and Van 

Ness (1968). • 

Using these results, we can give the proofs of the main results as follows. 

2.6.2 Proof of Theorem 2.2.1 

If d0 = 0, the model (2.2.1) reduces to summable linear processes. In this case, (2.2.3) 

follows from Hannan (1979). So, we assume that d0 ^ 0 in the sequel. Put 

3In Taqqu(1975), Zn(t) was written as S[nt] /n
2HL(n) by error. 
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In terms of part (b) of L e m m a 2.6.3 and L e m m a 2.6.4 with H = d0 - 1/2, it suffices 

to show: 

(i) for each fixed / > 1 and real constants 0 < ti / t2 ^ ••• ^ U < 1, 

nVn(ti) + ... + nVnfr) ^d N(0,o\), (2.6.24) 

where n, r2,..., T\ are any real constants and o\ = K
2(d0) Yli,j=i

 TiTjBdo(ti, t3); 

(ii) for some a > 1/(1 + 2d0), 

ES2n = O (n
l+2d°) and E\Sn\

2a = O ((ES2n)
a), (2.6.25) 

where Sn = Y!j=i
Xj-

We first prove part (i). From part (a) in Lemma 2.6.3, we have that 

oo 

Xt = ^2^jZt-j, where Zt = E
c * e * - * (2.6.26) 

j=0 k=0 

and ck are defined as in Lemma 2.6.2. Let m{ = \ntx\,i = l,...,l. It follows from 

(2.6.26) that 

l mi ., oo 

nVn(U) + ... + T,Vn(tt) = -^ E r, E Xt = ^sE*A'. <
2-6'27) 

n t=i t=i i=o 

where, by a elementary calculation (recalling ck = 0 if k < 0), 

( mj 

>W = ETiEZ^' 
i=l t=l 
I mi oo i mi oo 

= Er'EEc^-^ = Er'E E ^-^-3 
i=l t=l k=0 i=l t=l k=-oo 
oo 

= E h^-j (2-6-28) 
k=—oo 

with 6n,fc = ^Ui Ti £Si °t-k-
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In order to apply L e m m a 2.6.1 to (2.6.27), we first show that 

Bl = E 1* 
nl+2doT(l - 2d0) 

k=—oo 
(1 + 2d0)r(i + d0)r(i - d0) fr^ 

J2TiTJB^i,tj). (2.6.29) 

In fact, (2.6.29) follows immediately from L e m m a 2.6.2 (see (2.6.18)) and 

l /mi \ / mj 

blk = E T « T M E C - * \^Ct-h 
i,j=l \s=l / \t=l 

= ^E;^{(Ec-)2 + (Ec-) -IE 
From Lemma 2.6.2 (i.e., (2.6.15)-(2.6.17)), on the other hand, we have that for d0 ^ 0, 

max|M < ^NmaxEM<CHl.n*}; (2-6-30) 

Cs—k 

i=l 

oo "" 

E \Kk - °n,k-l\ = E 
k=—oo k=—oo 

I 

4=0 

I / mi m{ 

ErMEc^~Ect-fc+i 

i=i \t=i t=i 
00 

< ElTil E \C^~k ~ Cmi-k+l\ 
-00 

oo 

< Y^ N { E dci-fc| + ic^+i-fc^+ E iCfc+i ~ c^+k+^ 

i=l k=-oo 

I 

7, 

i = l I |A 'a 

I 

k=n+l 

oo 

< ^|r^Cmax{l,nd0} + Ci^ E ** 
-2 

i=l fc=n+l 

< C 2 max{l,nd0} (2.6.31) 

In terms of (2.6.29)-(2.6.31), the conditions of L e m m a 2.6.1 hold for bn,k defined in 
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(2.6.27) and (2.6.28). By applying (2.6.27), (2.6.29) and L e m m a 2.6.1, we obtain that 

1 °° 

n 0 j=Q 

I mi > • ? 

(2.6.32) 

i=l j=i J 

I 

>1+2doK2(dQ) J2 TiTjB^ti, tj). (2.6.33) 
i,3=l 

~ n 

The relation (2.6.32), together with (2.6.27) and (2.6.33), implies (2.6.24). This 

completes the proof of part (i). 

Secondly, we prove part (ii). By applying (2.6.27) and (2.6.28) with I = rx = t1 = 

1, we obtain that 

n co oo 

Sn = ^2X3= ^^jYnj, where Ynj = ^ bn,k^k-j 
3=1 j=0 k=-oo 

with bn£ = Ylt=i °t-k- Furthermore, it follows from (2.6.33) that 

oo 

Eft ~ bl E blk ~ n1+2<V(d0) ' (2.6.34) 
k=—oo 

Therefore, the first relation of (2.6.25) holds. 

If 0 < do < 1/2, the second relation of (2.6.25) is obvious by letting a = 1. 

To establish the second relation of (2.6.25) for -1/2 < d0 < 0, we let 2a — (2 + 

S)/(l + 2do). By noting S > 0, obviously, we have that a > 1/(1 + 2d0) > 1 and 

E\e0\
2a < oo when d0 < 0. By Burkholder's inequality (see Hall and Heyde, 1980, 

p23) and Holder's inequality, there exists a constants Ca depending only on a such 



that for all integers j and s < h, 

E E Ckbn> k+j 
k=s 

2a 

\k=s t 

= CaE (^^nMjnKMJ^-
2^ 

\k=s 

h a-1 

< C.E Ei««w,E«, k+j 

k=s 

00 

,k=s 

< c« £ bU E eo 
12a (2.6 

\k=—oo 

Because of (2.6.34) and (2.6.35), it follows from Fatou's L e m m a that for all j, 

E\Ynj\
2a = E 

< E 

00 

E ekbn> k+j 
fc= — 00 

2a 

lim E tkbn,k+j 
ft—•oo 

Jfc=l 

2a 

+ E lim y] ekbUj k+j 
k=—s 

2a 

< lim sup E 
h—too 

£eA> k+j 
k=l 

2a 

+ lim sup E E 6kbn,k+j 
k=—s 

2a 

oo 

< c E C = o ((Esir). 
\k=—oo 

Hence, by Holder's inequality again, we obtain that 

2a 

n3\ E\sn\
2a < ^(Ei^i ( a B " 1 ) / ( 2 o ) t or' / ( 2 t t ) i ^ 

\J'=0 

/ oo \ 2<*-l oo 

^ £ W Y,ME\Ynj\
2a = o((Es2ny) 

\j=o / j=o 

which implies the desired result. The proof of Theorem 2.2.1 is complete. 
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2.6.3 Proof of Theorem 2.2.2 

W e only need to consider the case that -1/2 < d0 < 0. In this case, since ek are iid 

random variables with Ee0 = 0 and £|e0|
2/(1+2do) < oo, by applying Theorem C.l (see 

Appendix C), on a suitable probability space, we can construct nk, k = 0, ±1, ±2, • • • , 

which are iid N(0, Eel) random variables such that, as n -^ oo, , 

max 
Km<n 

max 
Km<n 

m m 

£e;-£^ 
3=1 j=l 

= o(n1/2+d0), a.s., 

tiv tit 

V-
3=0 j=0 

= o(n1/2+rf0), a.s. 

(2.6.36) 

(2.6.37) 

Let Yt satisfy 

00 

(1 - B)d° Yt = ut, ut = Y,^jr}t-j, t = l,2,..., 
3=0 

where -1/2 < d0 < 0 and $k satisfies (2.2.4). Because r\k are iid N(0,Eel), by 

applying Theorem 2.2.1, we have that, for 0 < t < 1, 

3=1 

In terms of (2.6.38) and Theorem A.l (see Appendix A), to prove Theorem 2.2.2, it 

suffices to show that 

sup 
0<i<l 

[nt] [nt] 

EXJ-EYJ = oP (n
l'2+d°) . (2.6.39) 

j=i i=i 

By applying part (a) of Lemma 2.6.3, for any m > 1, we can write 

m oo 00 

ZZ(XJ-YJ) = XlE^E^fe-^"^-^) 
j=l j=l s=0 k=0 

m oo oo 

j=l s=0 k=s 
Am , Am , Am , Am 

(2.6.40) 
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where ck = r ffff 1 } for fc > 0 and ck = 0 for k < 0; 

m oo oo 

ATn = E E ^s ̂ Cks(^j-k-r]j-k), 
j=l s=n+l k=s 

m n 2n 

A2n = E E ^ s ECfe-fl^'-*~^'-^' 
J = l S=0 fc=5 

m n n2 

A™n = E E ^ s E ck-s(ej_k-r]j-k), 
j=l s=0 k=2n+l 

m n oo 

A?n = E £ ^ E ck-s(ej-k-Vj-k)-
3=1 s=0 k=n2+l 

Clearly, (2.6.39) follows if 

max U™ I = oP (n
1^*) , for j = 1,2,3,4. (2.6.41) 

l<m<n ' J ' v y 

W e next prove (2.6.41). Write 

CO 

,̂J> = £C*-'fo'-* - ty-*)-
Jfc=Z 

By noting c0 = 0 and \ck\ < Ck
d°~l for A; > 1 (see Lemma 2.6.2), it can be easily 

shown that for alU > s > 0 and j > 1, 

£|*!.,,l < (^„)1/2 < C (f>Ls) < C min{l,J*-«*}. 

Therefore, it follows that 

n oo °° 

E max |A£| < E £ M ^ . - 1 ̂  Cnl/2+'° E *1/2_*UI- (2-6-42) 
- - j=l s=n+l s-n+1 

Similarly, we obtain that 

E max \AZ\ < £ £ ̂  ^IWj,. 
- ~ j'=l s=0 

oo 

< Cn (n2)d°-1/2 £ l̂.l < ̂ i"2*- (2-6-43) 
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In terms of (2.2.4), (2.6.42)-(2.6.43) and d0 < 0, Markov's inequality implies that 

(2.6.41) holds for j = 1 and 4. 

On the other hand, it follows from (2.6.36) and (2.6.37) that 

n 2n 

\AZ\ < ^TM 
Km<n 

max |A™| < £|^|£|CA-S|max 
l<Tn.<n ' ' ' * l<m<n S=0 k=S 0<k<2n 

m 

< C I max 
l<m<n 

,1/2+do 

£ (e3 ~ Vj) 

m 

£ (<7-fc - ty-fc) 
i=i 

+ max 
0<k<n 

2k 

E(«-> - »7-j) 
= ofn1'2**), a. s.. 

This implies that (2.6.41) holds for j = 2. 

W e now prove (2.6.41) for j = 3. For convenience, write Sk = ]Ci=o(
e-* ~ ^-t)-

W e have that 

n n' 
A?n = £ l k £ Ck-s^2(Sk-j ~ Sk-j-i) 

s=0 k=2n+l j=l 

= £^S £ Cfc_S(5; 
5=0 fc=2n+l 

Clearly, it follows that 

n2 

£ Qfc-s (Sfc-l ~ Sk-m-l) 
k=2n+l 

n2—1 n2-m—1 

= £ Cjfc+i_s Sfc - 2 ^ ck+l+m-s Sk 

k-1 ~~ ̂ k-m-1 ) (2.6.44) 

k=2n 

n2-l 

k=2n—m 

2n-l n2—m—l 

= £ Ck+i-s Sk~ £ Ck+l+m-s Sk + £ (Cfc+i-a - Cfc+i+rn-s) S* 

(2.6.45) 
k=n2—m 

jm i rm _i_ rm 
— Jlns "•" J2ns "•" J3ns> 

fc=2n—m 

say. 

fc=2n 
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Recalling (2.6.37), \ck\ < Ck
d°~l and d0 < 0, we get that 

n2-l 

max |/-J < C J2 (k-nY0-1 max \Sk\ 

®l» k=^-n °^n2 

< Cn (n2)*0-1 (n2)1/2+d0 = o (nl/2+d°) , a.s.. (2.6.46) 

Similarly, we have 

max |/™J = o (nl/2+d°) , a.s.. (2.6.47) 
0<5<n 

On the other hand, by applying Lemma 2.6.2, we know that (noting m < k - s) 

\ck+i-s - Cfc+i+m_s| < Cm(k - s)
do~2. 

Therefore, it follows from (2.6.37) that (recalling d0 < 0) 

n2 

max\IZs\ < CnJ2(k-n)
d°-2kl/2+do = o(nl/2+do), a.s.. (2.6.48) 

6<s<n k=2n 

In term of (2*.6.44)-(2.6.48), we have that 

max \AZ\ < max (\I?J + |7£,| + |7£,|) £ |^| = o (n1^*) , a.*.. 
l<m<n l<m<n *—' v ' 
— — 0<«<n s=0 

This implies (2.6.41) for j = 3. We finish the proof of Theorem 2.2.2. 



Chapter 3 

Asymptotics for nonstationary 

fractionally integrated processes 

without prehistorical influence 

In this chapter, we discuss a functional limit theorem for the nonstationary fraction­

ally integrated processes having no influence from prehistory. Asymptotic distribu­

tions of sample autocovariances and autocorrelations based on these processes are 

also investigated. The problem arises naturally in discussing fractionally integrated 

processes when the processes start at a given initial date. 

3.1 Introduction 

In the last chapter, we discussed systematically asymptotics of the general fractionally 

integrated processes Xt defined by 

00 

(l-B)dXt = ut, «t = £ M - i > t = l,2,---, (3.1.1) 
3=0 

where d = d0 + m > -1/2 and ek, k = 0, ±1, ±2, • • • , are iid random variables. By 

using the definition of the fractional difference operator (1 — B)7 (see (2.1.2)), the 

47 
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process Xt satisfies, if d ̂  0,1,2 

r(-d+j) 
Er(-d)r(j + i)Xt~j ~Uu ^-M,---; (3.1.2) 

and if d = 0,1,2, • • • , 

^(_1)j whyXt~j = Ut' l = 1? 2''""" (3'L3) 

From (3.1.2) and (3.1.3), it is clear that the process Xt defined by (3.1.1) depends on 

a term that is usually called "prehistorical influence": 

Er(-,or(i+ i)*->
 or D-^^rT)!^-

In practice, if we only consider the process Xt defined by (3.1.1) starting at a given 

initial time, such as t = 1, we may assume that Xj = 0 for j < 0. In this case, 

after some algebra (see Section 3.5), it can be checked that the process Xt defined by 

(3.1.1) is a special case of the process Zt defined by 

4-1 oo 

Zt = J2 c{d)ut-k, ui = E ^
c * - i . t=l,2,---, (3.1.4) 

k=0 3=0 

where ek, k = 0, ±1, ±2, • • • , are iid random variables, d > -1/2 and 

c<0) = 1, ' cf = 0, k > 1; 

ta) _ T(k + a) , 
Ck -r(a)r(k + iy - ° and a ^ ° ' ' • 

Asymptotics of the process Zt were first investigated in Aknom and Gourieroux 

(1987) with d > 1/2 and ut = et (i.e., ipQ = 1 and ipk = 0 for k > 1 in (3.1.4)) under 

2?|eo|r < °°5 where r > max{2,2/(2d- 1)}. The results of Aknom and Gourieroux 

(1987) were extended to the multivariate case by Marinucci and Robission (1998) 
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without any improvements on the moment conditions. More recently, Tanaka (1999) 

discussed the functional limit theorem for the more general process Z[na] where the 

ipk satisfy YlT=o *#*l < °°- However, the proof of Tanaka depends on the functional 

limit theorem for martingale differences. Unfortunately, the process Zt itself (even 

as ut = et,t = 1,2, • • •) is not a martingale. .Therefore, the proof of Tanaka is not 

applicable in this case. This chapter gives a different proof of the functional limit 

theorem for the process Z[nty It shows that the main results given by Tanaka (1999) 

still hold. In fact, we establish a similar result for the more general model only under 

the moment condition J&|e0|
max{2'2/(2d_1)} < oo. It should be pointed out that the limit 

process of Z[nt]/Var
l/2(Zn) is different from those established in Chapter 2 because 

of the "prehistorical influence". 

In next section, we establish the main results and give some corollaries. In partic­

ular, we derive the functional limit theorem for the partial sum process of the process 

Xf defined by (3.1.1) with d > -1/2 and Xt = 0,t < 0. The proof of the basic 

result (Theorem 3.2.1) will be postponed to Section 3.3. In Section 3.4, by using 

established results, we study the asymptotics of sample autocovariances and sample 

autocorrelations based on the process Zt in (3.1.4). These results do not appear in 

the existing literature. Finally, in Section 3.5, we prove that the process Xt defined 
v 

by (3.1.1) with Xt = 0 for t < 0 is a special case of the process Zt defined by (3.1.4). 

Throughout this chapter, we denote positive constants by C with or without 

subscript, which might have different values in different places. A "type II" fractional 

Brownian motion Bd(t),d > 1/2, is defined as 

Bd(0) = 0, Bd(t) = [ (t - s)
d~ldW(s), 0 < t < 1, 

Jo 

where W(t) is a standard Brownian motion. Comparison between "type I" (see 
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Chapter 2) and "type II" fractional Brownian motions can be found in Marinucci and 

Robinson (1999). 

3.2 Main results 

We first give the following basic result. Its proof will be postponed to the next section. 

Theorem 3.2.1. Let Zt satisfy (3.1.4) with ek, k = 0, ±1, • • • , iid (0, o
2), 

oo oo 

£ \<l>j\ < °° and h = £^ / 0. (3.2.1) 
j=0 3=0 

Then, for d > 1, 

-}—Z[nt]^Ki(d)Bd(t), 0<t< 1, (3.2.2) 
lb ' 

where K2(d) = b2bo
2/T2(d) and Bd(t) is a "type II" fractional Brownian motion. 

If, in addition, £|e0|
2/(2d_1) < oo and ££=<,*#*I < oo, then (3.2.2) still holds for 

1/2 <d< 1. 

As a direct consequence of Theorems 3.2.1 and the continuous mapping theo­

rem (Theorem B.2, see Appendix B), the following corollary gives the asymptotic 

distribution of the partial sum process of the process Zt. 

Corollary 3.2.2. Let Zt satisfy (3.1.4) with ek, k = 0, ±1, • • • , iid (0, cr
2), and\f)j,j > 

0, satisfy (3.2.1). Then, for d > 1/2, 

[nt] 

-i^j-2Y.
ZJ =* «i(d+l)3n-i(t), 0<*<1; (3.2.3) 

n
 J=I 
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for d > 1, 

n [nt] 

-—Vz2 

n2d Z—t J 

<t<l, 

n 

> K2i(d) [ B2d(s)ds, 0 
Jo 

1 n—k 

^ £ (Zj+k - Zj) =» A: Ki(d) Bd(l), 0 < t < 1 d-l/2 

(3.2.4) 

(3.2.5) 
3=1 

where «i(d) is defined as in Theorem 3.2.1 and k is a fixed integer. 

If, in addition, £|e0|
2/(2d-1) < oo andJ2T=okM < oo, then (3.2.4) and (3.2.5) 

still hold for 1/2 < d < 1. 

Proof. Recalling cy> = T?^YU+I)
 an(* r(l + a) = oT^o:), we have that, for any integer 

m > 1 and a^O, —1, —2, • • •, 

T(l + m + a) r(l + a)' 
E<f = i + ^ 
3=0 

aT(a) 
,(!+<*) (3.2.6) 

r(i + m ) r(i) 

(see L e m m a given in Sowell (1990, p502) with a = a and 6 = 1). This equality implies 

that, for d > 1/2, 

[nt], [nt] j [nt] [nt] 

E*' = EE<&* = E*E<& 
j=l j=l k=l k=l j=k 

[nt] [nt]-k [nt] [nt]-l 

= E«* E cf=E«* <£$ = E 41+d) «M-». (3.2.7) 
fc=l j=0 k=l k=0 

By using Theorem 3.2.1 with 1 + d, we obtain the desired (3.2.3). 

To prove (3.2.4), we note that (let £ ) M ̂  = 0 if 5 < 1/n) 

ds, ±Tz2=f (-±-
n2dZ^*3 ~ JQ \nd-l/2 

Z\ns\ 

and then use the continuous mapping theorem. 

Using Theorem 3.2.1, the continuous mapping theorem and 

n—k n k 

zZ(zj+k ~ ZJ) - £ z3••- £ % 
J-l j=n-k+l j=l 
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(3.2.5) follows easily. The proof of Corollary 3.2.2 is complete. • 

In the next corollary, we consider asymptotics for stationary and nonstationary 

fractionally integrated processes without prehistorical influence. 

Corollary 3.2.3. Let a > -1/2, 

00 ' 

(l-B)aXt = ut, ut = Y,*Pk€t-k, t=l,2,---, 
k=0 

Xt = 0, t<0, (3.2.8) 

where ££10 |^| < oo and bj, = J2T=o V>Jfc + 0. 

(a) If ek, k = 0, ±1, • • • , are iid (0, o~
2), then, for a > 0, 

]_ M nt 
^ 7 ^ £ x J - ^ / c 2 ( a ) (t-s)adW(s), 0<t<l, (3.2.9) 

j=i Jo 

where «|(a) = 6jo2/r2(l + a). 

f&j If, in addition, £|e0|
2/(2a+1) < co and ££„*#* I < oo, then (3.2.9) still 

holds for -1/2 < a < 0. 

Proo/. In Section 3.5, it will be shown that the process Xt defined by (3.2.8) can be 

rewritten as 
t-i 

*« = £ cPut-k, t=l,2,.--, 
k=0 

where ck = r^m+i) *s defined as in (3.1.4). If a = 0, then X t = ut and the result 

is obvious by using Theorem 3.2.1 with d = 1. If a ^ 0 and a > -1/2, similar to 

(3.2.7), we obtain that 
[nt] [nt]-l 

£ X j = £ 41+Q) u[nt]_fc. 
i=i k=o 

Since 1 + a > 1/2 when a > —1/2, the results follow from Theorem 3.2.1 with 

d = 1 + a. The proof of Corollary 3.2.3 is complete. • 
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3.3 Proofs of the main results 

In Section 3.3.1, some preliminary lemmas required in the proof of Theorem 3.2.1 are 

given. In Section 3.3.2, using these lemmas, the proof of Theorem 3.2.1 is given. 

3.3.1 Preliminary lemmas 

To prove Theorem 3.2.1, we start with the following lemmas. For convenience, we 

always assume c{d) = 0, if j < 0. Otherwise, we recall that c{d) = r(ffic/+i) >
 for 3^ °> 

and ej,j = 0, ±1,.., are iid (0,a2). 

L e m m a 3.3.1. Let E\eQ\
a < oo, where a>2. Then, max_„<i<n |e_,-| = oP(n

1/a). 

Lemma 3.3.1 is straightforward by using the following equality: for any 5 > 0, 

p (-tmJ''1 - S) = P iE W'WM =: A • 
L e m m a 3.3.2. Ifd> 1/2, then, 

M L_,-d-i < rV~ 2 i-i 9 ... 

n 

T(d)' 

and £ \cf ~ ci-il ̂  ̂ maxf''"1,0}. n = 1, 2, • • • . 

Proof. The first inequality follows from Abramowitz and Stegun, 1970, formula 6.1.47 

(also see Akonom and Gourieroux, 1987, Lemma 3). The second one is obvious by 

using the first inequality (if of = 1, the equality comes directly from Cj = 1, j > 0) 

and details are omitted. • 

L e m m a 3.3.3. Assume that rjj,j > 1, are iid N(0,1) random variables. Then, for 

d > 1/2, 

1 H 1 

^=m £ i V i VJ =» p^y Mt), o < * < i. (3.3.1) 
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Proof. It follows from Proposition 4 given by Akonom and Gourieroux (1987) that, 

for d > 1/2, 

[nt] 

i=i 

d-1 

^E(*-£) m^Bd(t), 0<i<l. 

This, together with Theorem A.l (see Appendix A), implies that Lemma 3.3.3 follows 

easily by noting that 

sup 
0<t<l 

[nt] [nt] 

EiV^-rJi)E(»*-^-^ 
[nt] 

< max \rim\ sup £ 
l<m<n 0<t<l r—f 

.7=1 

(d) 

r(d) 
(j + nt- [nt]) d-i 

= 0P (n™{ld-$}+max{d-l,0}\ = Qp (nd-l/2) ; 

where we use Lemma 3.3.2, Lemma 3.3.1 with a = max{2,2/(2d — 1)} and the 

following well-known bounds: 0 < nt — [nt] < 1 and for all 0 < 6 < 1, 

(j + 0)d~l-jd-1 <Cj 

The proof of Lemma 3.3.3 is complete. 

d-2 J = 1,2, 

D 

L e m m a 3.3.4. Assume that E\e0\
p < oo, where p = max{2,2/(2d- 1)}. Then, for 

d > 1/2, 

[nt] 
1 V ^ (d) 

-1/2 2^CNH 
£«*(*), 0 < t < 1. (3.3.2) 

Proo/. By using Appendix C.l (see Appendix C), on a rich enough probability space, 

there exists a sequence of random variables m, j > 1, which are iid N(0,1) such that, 

for d > 1/2, 

max 
Km<n 

m 

z2e3-a £ ^ 
j=i j=i 

= oP(n
min^2d-1)/2'1/2}). (3.3.3) 
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It follows from Lemma 3.3.3 that, for d > 1/2, 

[nt] 

TV ̂r/2£iVi* =*f^rBd{t)> °-t-1 
i=i r(d) 

Therefore, by using Theorem A.l (see Appendix A), Lemma 3.3.4 follows from 

sup 
0<t<l 

[nt] [nt] 

E C[nt]-j€3 ~ ° £ CH-J^' 

max 
l<m<n 

n-1 

£ ( C m - j ~ Cm-j-l) £ ( e * " 0"%) 
J'=l fc=l 

< \c) - c)_A max 
1 J J 1! Km<7j j=0 

£(ffc ~ 0"%) 
fc=l 

= 0P (n
max{rf-1-0}+min{(2d-l)/2,l/2}^ _ ^ fod-1/2) ^ 

where we use Lemma 3.3.2 and the relation (3.3.3). The proof of Lemma 3.3.4 is 

complete. • 

3.3.2 Proof of Theorem 3.2.1 

Using the lemmas derived in the previous section, the proof of Theorem 3.2.1 is given 

in this section. 

,- First it is shown that (3.2.2) holds for d > 1. Let 

i i-i / i \ 

C(B,i) = £iM?*, c*(B,i) = £ £ v* )Ei, 
k=0 i=0 \fc=i+l / 

where B is a backshift operator. From Lemma 2.1 in Phillips and Solo (1992), we 

have that 

C(B, I) = C(l, I) - C*(B, /)(1 - B). (3.3.4) 
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It follows from (3.3.4) that, for all m > 1 and I >1, 

m l m 

E<&E**-* = E4V(B.'h 
j=l k=0 j=l 

m 

= C(l,l) E ^ i - C*W)/2C™-J(ZJ - *,--i). (3-3-5) 
j=i j=i 

Therefore, we can write that, for all m > 1, 

m m I I oo 

j=l j=l \ifc=0 k=l+l 
m m 

= c(i,i) Ei^-^^oEi^^-^-i) 
j=l j=l 

OO 771 

+ £ ^£Cm-jcJ-* 
fc=J+l ;=! 

C(1,0 Ec2)_jei + Pci(m,0+P2(m,0, say. (3.3.6) 

J'=I 

Because C(1,0 -> 6̂» as / -> oo, by using Theorem A.l (see Appendix A) and 

Lemma 3.3.4, it suffices to show, for d > 1, 

lim lim P ( sup \Rj([nt],l)\ > nd~1/2) = 0, j = 1,2. (3.3.7) 
l->oon->oo \o<t<l / 

It can be easily shown that, for all m > 1, 

Ri(m,l) = £ ( £ Vfc ) Ym,i, where 
i=0 \k=i+l 
m 

Ym,i = / ^cm_j(ej-i Cj-i-i) 

m—1 

r(«0, . _ c (
d ) e • + V ( c

( d ) .-c(d) • ,)c 
— co era-i c m - l t - J ^ / yV^m-j ^rn-j-l/^. 

Since 

J" 

,§& |r-i * ( 2 + E icr - #i) ,•?<?„ Î-*I-
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it follows from L e m m a 3.3.2 and Lemma 3.3.1 with a = 2 that, as n —> oo, 

i-i i 

sup |JR1([nt],OI < £ £ |V>*I sup \Y[nt]ti\ 
0*& U ktt+i °^ 

< Cn'-1 max \ej\ £ £ |^| = oP (n
d^2). 

—l<3<n ^—' *—* 
i=0 k=i+l 

This proves (3.3.7) for j = 1. 

To prove (3.3.7) for j = 2, we note that, for all A; > 1, 

(3.3.8) 

E max 
Km<n 

£Cm-jCj-* = JE1 max 
Km<n 

= E1 max 
Km<n J=l 

* E 
< Cn^1/2, 

V c ( d ) e 

m 

/ > ^m-j — Cm-j-lJ 2s 

j 

E £? max 
l<j<n i=l 

where we use the following well-known result: 

E max 
l<j<n E 

t=i 

e,: < I E max 
l<7<n E' 

i=l 

2\ V2 

< Cn1/2. 

Therefore, Markov's inequality implies that 

P ( sup |i?2(H,OI > n
d^2) < -rhj-2 £ N Emsx 

fc=H-l 
oo 

< c £ m 
fc=i+i 

/ ,vm-3t3-k 

(3.3.9) 

Let n -^ co and then / -> co, we get (3.3.7) for j = 2. This proves (3.2.2) when 

d> 1. 
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Next, the proof of (3.2.2), for 1/2 < d < 1, is given. W e still use (3.3.6), but 

here we choose I = n. Recalling 1/2 < d < 1 and £|e0|
2/(2d~1} < co, it follows from 

Lemma 3.3.2 and Lemma 3.3.1 with a = 2/(2d - 1) that 

£ \cf - cf_A < C, max \€j\ = oP(n
d^2). 

•—, —n<3<n 
3 = 1 

By noting 53fc=0 A#*| < co, similar to (3.3.8), we have that 

n—l n 

sup \Ri([nt],n)\<C max |e,| T £ M = oP (n
d^2) . 

n<t<\ -n<i<n ^ — ' ^-^ v ' 0<t<l 
i=0 k=i+l 

On the other hand, similar to (3.3.9), we get that 

pf sup \R2([nt],n)\>nd-^2 
\0<*<1 

< 

1 oo 

. . ,„ > \ipk\ E max 
nd-l/2 Z-j 1̂ *1 i<m<n k=n+l 

oo 

m 

£cm-j€i-* 
3=1 

(3.3.10) 

< Cnl~d £ |^| <C £ k\i>k\=o(l), (3.3.11) 
k=n+l k=n+l 

Using (3.3.10) - (3.3.11), Lemma 3.3.4 and Theorem A.l (see Appendix A), (3.2.2) 

follows for 1/2 < d < 1. • 

3.4 Sample autocovariances and autocorrelations 

The standard sample autocovariances and related autocorrelations based on the pro­

cess Zt can be defined as, for k = 0,1,2, • • • , n — 1, 

n—k 

Tk = l-\2^-z)^k-z)' z=litz' 
n t=i n t=i n—k 

t=l 

2 1 _ 
Pk = rk/r0, or p*k = rk / -^(Z, - Z) 
U3=l 
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In this section, we discuss the asymptotics of rk and pk, which do not appear in 

previous research. We get the following results. 

Theorem 3.4.1. Let Zt satisfy (3.1.4) with d>l,ek,k = 0, ±1, • • • , iid (0, o
2), and 

i>j,j > 0, satisfy (3.2.1). Then, for any fixed integer number k, we have that 

nl~2drk =» K
2(d) Bd(l); - (3.4.1) 

?(%-!) =* ^-few-^.^w), ifd>l, (3.4.2) 
k 2Bd(l) \

 d / 
1 

B2(l) - 2Bd(l)Bd+i(l) - -j-,E ^Uj 
2Bd(l) \ *<$ 

^-E(y 

if d = 1; (3.4.3) 

^-^ -d^{^+(w)->M{1)) 
if d > 1, (3.4.4) 

2 ^ ( l ) l B - ( 1 ) + ^ ( 1 ) - B d + l ( 1 ) , 2 - ^ £ ' E 

2N 

3 = 1 

if d=l, (3.4.5) 

w/iere «i(d) is defined as in Theorem 3.2.1 and 

Bd(l) = j\
2(t)dt-j2B

2
d+x(l). 

Theorem 3.4.2. Let Zt satisfy (3.1.4) with ek,k = 0,±1,--- , iid (0,o-
2). Assume 

that E\eo\2l{2d-l) < oo, £~ 0 *#*l < °°
 and h* ~ 5Xo^ < °°- Then> for any fixed 

integer number k and 1/2 < d < 1, (3.4.1) still holds and 

n~1+2d (K - 1) =» „ /~/ ,, (3-4-6) 
KHk 2n2(d)Bd(l) 

n~1+2d(pk-l) =>
 IX=r—, (3.4.7) 

KP ] 2n2(d)Bd(l) 
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where Ki(d), Bd(l) are defined as in Theorem 3.4-1 and (let c\' = 0 if j < 0) 
(d) 

'-*(E^-cK)E<,-<). ^ = rmrryl>-°-

To prove Theorems 3.4.1-3.4.2, we need the following Proposition 3.4.3. The proof 

of this proposition is quite tedious and will be postponed to later in this section. 

Proposition 3.4.3. Let Zt satisfy (3.1.4) with d > 1/2, ek,k = 0, ±1,--- , be iid 

(0,cr2) and if)j,j > 0, satisfy (3.2.1). Then, for any fixed integer number k, we have 

that 

1 n—k 

~ £ (̂ +A: - ^ ) 2 - 4 = oP(l), for 1/2 < d < l , (3.4.8) 
j=l 

where Ik is defined as in Theorem 3.4-2; 

1 n-k / k \
2 

- £ ( ^ + * - ^ ) 2 ->«. E(zZuj) ' ford=l; (3.4.9) 
n j=i \j=i I 

1 n—k 

—Tm £ (Zj+k - Zj)2 = oP(l), for d > 1. (3.4.10) 
71 3=1 

In the following, we give the proofs of Theorems 3.4.1-3.4.2. 

/ Proof of Theorem 3.4.1. The idea of the proof Theorem 3.4.1 is similar to that 

of the proof of Theorem 2.4.1 by using Corollary 3.2.2 and Proposition 3.4.3. 

We can write 

J2(Zt-Z)(Zt+k-Z) 
t=l 

n—k n—k n—k 

= £ Zt(Zt+k -Zt)-Z £(Zt+fc - Zt) + £ ( Z t - Z)2- (3.4.11) 
t=l t=l t=l 



61 

By using Corollary 3.2.2, Proposition 3.4.3 and the continuous mapping theorem, it 

can be easily shown that (recalling k is fixed and Ki(d+ 1) = ^Ki(d)) 

1 - 5=5, k 
K2( d ) n-i+ 2^£(^-^)-^d(l)^+i(l), (3.4.12) 

n n-k -, (n-k n-k
 v 

l V(Z,-Z)2 = „ L - \Yz2-2ZYzt + (n-k)Z2 

n\(d)n2d^ ') K2(d)n2d{^ ' fit 
=• j\2(s)ds - j2 B

2
d+i(l) 

= Bd(l). (3-4-13) 

On the other hand, by noting 

Y2Zt(Zt+k-zt) = \
n^2(z2+k-z

2-(zt+k-zt)
2) 

t=l t=l 

= I E ^-sE^-sE^-*)'-
we obtain (using Theorem 3.2.1 and Proposition 3.4.3) that, if d > 1, then 

Y2zt(Zt+k-Zt)^
k-B2(l)-, (3.4.14) 

/c2(d)n-!+2d 4 

if d = 1, then 

dmP'iz'+*-Zt)^m-^E{P)2- (3'415) 
In terms of (3.4.11)-(3.4.15) and 

s -1 = (2 Z^^ -^-^ E(^* - z<») /£(Zt ~1)2 • (3A16) 

(3.4.1)-(3.4.3) follow easily from the continuous mapping theorem. 
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To prove (3.4.4) and (3.4.5), write 

dk =
 n^2(zt-z)

2 /J2(Zt-Z)
2. 
t=l I t=l 

By using methods similar to those methods used before, we have that 

n(dk-l) = -n £ (Zt-Z)
2/J2(Zt-Z)

2 . 
t=n-k+l / t=l 

n n 
n I n-= v ^ ~ V ^ ~o , ̂ =2 •=-[2Z £ Z,- ^ 2?-tZ° 

t=n—k+1 t=n—k+l E"=1(zt - zy 

* W)GBdil)Bi+l{1)'m~^BUl)) 
= -W)(Bd{1)'^Bd+i{1))2- (3A17) 
Since (3.4.17) implies that dn -+P 1, (3.4.4) and (3.4.5) follow easily from (3.4.2), 

(3.4.3), (3.4.17), the relation 

pk-l = dk(fTk-l) + dk-l, (3.4.18) 

and the continuous mapping theorem. • 

Proof of Theorem 3.4.2. Under the conditions of Theorem 3.4.2, we note that 

(3.4.12), (3.4.13) and (3.4.17) still hold for 1/2 < d < 1 by using Theorem 3.2.1. 

Therefore, for 1/2 < d < 1, we have that 

1 n—k 

- Z y2(Zt+k - Zt) = M l ) , (3.4.19) 
n 1=1 

n~l+2d(dk-l) = oP(l). (3.4.20) 

On the other hand, similar to (3.4.15), it follows from (3.4.8) that, for 1/2 < d < 1, 

- £ Zt(Zt+k -Zt)-\lk = Ml)- (3-4.21) 
t=i 
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In terms of (3.4.13), (3.4.16), (3.4.19) and (3.4.21), we obtain that 

n~l+2d (pTk - 1) =>
 1X^—. (3.4.22) 

2K2(d)Bd(l) 

This implies (3.4.6). Finally, (3.4.7) follows from (3.4.22), (3.4.18) and (3.4.20). • 

At the end of this section, we give the proof of Proposition 3.4.3. 

Proof. We write 

j+k j 

zj+k-Zi = E $*-<«<+E(4+*-<-4->< 
i=j+i i=i 

lj +I2j = iW+lS?, say. (3.4.23) 

Clearly, we have that 

oo j+k oo k 

'!? = E * E <&-. <•->=E * E <&*'+>-> 
i=0 l=j+l i=0 1=1 

This, together with Holder's inequality, implies that, for d > 1/2, 

„ co oo / k 

E(iif) < EwEw£E4W 
t=0. i=0 \l=l 
/ oo \ 2 k-1 „ 

< (EW) £(4d)) Ee2<Ckm^2d-lfil (3.4.24) 
\i=o / *=o 

Similarly, we have that, for d > 1/2, 

oo oo / 3 
2 _ ^ . « — * . . _ / « — * . f,/i (d) «(4") * E w E w * E<<&-.-<#)«-

v 7 i=0 *=0 \J=1 

, i=0 / 1=0 

< Cr^.max{2d-3,0}5 (3.4.25) 
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where we use the inequality that (recalling Lemma 3.3.2), for any fixed A;, 

Ic^-^lKCkl'-2, 1 = 1,2,.-.. (3.4.26) 

In terms of (3.4.23)-(3.4.25), it follows that, for d > 1/2, 

gi^-z,)' < ^f(Em2+Bm2) 
3=1 3=1 V ' 

< Cnmax{1'2tf-2}. (3.4.27) 

By noting 2d - 2 > 1, if d > 1, (3.4.10) follows immediately from (3.4.27) and 

Markov's inequality. 

If d = 1, then Zj+k — Zj = Y^i=i
 ui+j, J > 1, is a stationary linear process (see The­

orem B.l, Appendix B). (3.4.9) follows from the stationary ergodic theorem (Theorem 

B.2, see Appendix B). 

The proof of (3.4.8) is more laborious . Write c* = cf' -c\}x, I > 0 for convenience. 

By noting c*Q = 1, \cj\ < Cl
d~2,l > 1 (see (3.4.26)) and 1/2 < d < 1, it follows that, 

for every t > 1, 

oo 

£ |c?| E\ut-t\ < 1 + Cj2*d~2 £ \4k\E\eo\ < co. 
1=0 \ 1=1 / fc=o 

This implies that, for every t > 1, Y,Zoc* ut-i is wel1 defined. Therefore, we can 

write (let cf = 0 if j < 0) 

Zj+k ~ Zj - 2__, (ZJ+i ~ Zj+i-l) — £ E \C3+i-l Cj+i-l-l) 
i=l i=l 1=1 

= EE^-S)"^ 
z=l 1=0 
fc 00 fc oo 

= E £ c * uj+t-1 - E £ ci ui+i~i 
i=l l=o i=l l=j+i 

= 4f+lif, say. (3.4.28) 

file:///4k/E/eo/
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By Holder's inequality, it can be easily shown that 

n k n oo 

E * ( 0 < * E E £ E<-»+<«-< 
j=l j=l i=l \l=Q 

n oo oo 

< *2 E E i«-ii E i«w *«'-. 
i=i (=o /=o 

n / oo \ 2 

< CE E,d_! =o("M-'). 
(3.4.29) 

where we use the bound: Eu2 = Y^k=QrKEel < °°» f°r a n y * = O J ^ I J ^ , •' 

Similarly, we get that 

n I oo 

£ £ « ) < * 2£ £|c?| £«S = 0(n). (3.4.30) 
j'=l i=i \«=o 

In terms of (3.4.29), (3.4.30) and 

2 

(Z j+k ~ £>j f - m = 4? (*** - ̂ +4f) = 4? (24?+4") 

it follows that 

< E[£(/f)2]1/2[£K,+/«) 

* (E*('S,)'Y7X>( 

1/2 

1/2 

•/;';' i i\v)' (fc) , r(*) 
3j + i 4 j 

3=1 
d\ = 0(n<) 

Recalling 1/2 < d < 1, (3.4.31) implies that 

(3.4.31) 

i E b+* - ̂ ) 2 - K'): 

j=i L 

= OP(1). 
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Now (3.4.8) follows if 

1 n~k / 2 / fc oo \ 2 

" £ (4?) "£££<* «-' = Ml)- (3-4.32) 
3=1 \t=l i=0 / 

Recalling that wf,t = 0,±1,--- , is a stationary ergodic linear process, by using 

Theorem B.l (see Appendix B), I^\j > 1, still has same properties as those of the 

process ut. Therefore, (3.4.32) follows from the stationary ergodic theorem (Theorem 

B.2, see Appendix B). We finish the proof of Proposition 3.4.3. • 

3.5 A complementary proposition 

In this section, we give a complementary proposition. The proposition is used to show 

that the process Xt, which is defined by (3.1.1) and has no prehistorical influence, is 

a special case of the process Zt defined by (3.1.4). 

Proposition 3.5.1. Let d > —1/2, 

(l-B)dXt = vt, t = l,2,--., 

Xt = 0, t < 0, (3.5.1) 

.where vt,t > 1 is an arbitrary well-defined process, B is a backshift operator and the 

fractional difference operator (1 — J3)7 is defined as in (2.1.2). 

Then, we have that Xt = 0, t < 0, and 

t-i 

*t = £ c £ V * , t = l,2,--., (3.5.2) 
k=0 

where c0
0) = 1, cf = 0, k > 1, and ck

a) = rffffi)»k>0,fora^ 0, -1, -2, • • •. 
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Proof. At first, we assume that d > -1/2 and d ̂  0,1,2, • • •. Under this assumption, 

we first show that 

c( -£ci-fc4~d), t = l,2,..-. (3.5.3) (d) _ _ y^ „(d) „(-d) 
fc=l 

Recalling T(z + 1) = zT(z) (for all z ̂  0, - 1 , • • •, by definition), it is obvious that 

{d) r(i + d) (_d) _ r(i - d) _ 
1 r(d)r(2) ' l ~ r(-d)r(2) ~ 

Hence, (3.5.3) holds for t = 1. W e next assume that (3.5.3) holds for t = n, i.e., 

t 

ci 
Sd)- - z Z ^ k ^ ~ d \ t=l,2,.-.,n. (3.5.4) 

k=i 

By induction, it suffices to show that 

M) __ _ sr M j-d) _ _ v Ad) r{-d) c\ * *>) 
Ln+1 — /-^ n+l-k cfc — Z-*t k n+l-k' {O.O.O) 

k=l k=0 

To prove (3.5.5), by summing each term of (3.5.4), we obtain that 

n n t 

Sd) _ X^S^M j-d) E<*fl = -EE<£ k Ck 
t=l t=l k=l 

n n n n—k 

= -E^E^-E^E^ 
fc=l t=k fc=l t=0 

fc=0 t=o 

By using (3.2.6) and the definition of ck
a\ it can be easily shown that, for all fc > 1 

and a^O, —1, —2, • • •, 

fc 

t=o 

E ^ = c* = ^ S - (3.5.7) 



68 

In terms of (3.5.6), c0
d) = 1 and (3.5.7) with a = d, it follows that, for d > -1/2 and 

d^0,l,2,---, 

• i -i n—l 

n + 1 (d) , 1 <&-i = - E ( H D £ 2 4 d i = -̂  £ * 4d) «-fc- (3.5.8) d ~»+* d Z^V" ' ̂ «-A -A+l rf 

A=0 fc=l 

On the other hand, (3.5.4) also implies that (recalling c0
d) = c0

 d) = 1) 

E^fc4-d)-£4d)«, t = l>2>...,n. (3.5.9) -c* ,(-d) _ y ^ c(d) c(-d) = y> ̂ (d) (̂_d) 
fc=0 fc=l 

By summing each term of (3.5.9), it follows that 

-t+d) = E^EV". (3-5.10) 
t=l fc=l t=0 

In terms of (3.5.10), c0~ ' = 1 and (3.5.7) with a = -d, we obtain that, for d > -1/2 

and d^O, 1,2, •••, 

^r« +1 * £(*_„_ u 4«o 4;it. (3.5.U) 
fc=i 

Now (3.5.5) follows immediately from summing the two sides of (3.5.8) and (3.5.11). 

This gives (3.5.3) by induction. 

Because of (3.5.3), we can give the proof of Proposition 3.5.1 for d > —1/2 and 

d ^ 0,1,2, • • •. Clearly, we only need to consider the case of t > 1. Recalling the 

definition of the fractional difference operator (1 -B)1 (see (3.1.2)) and Xt = 0, t < 0, 

we rewrite (3.5.1) as 

t-i 

Y^c{~d) Xt-j=vt, t = l,2,.-.. (3.5.12) 
3=0 

It follows from (3.5.12) that, if t = 1, then Xx = vu i.e., (3.5.2) holds for t = 1. Next 

we assume that (3.5.2) holds for t = 2, • • • , n, i.e., 

j-i 
Xj = E ^ S - f c , j = l,2,..-,n. (3.5.13) 

fc=0 
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By induction, it suffices to show that (3.5.13) also holds for j = n + 1. To do this, we 

use (3.5.12) with t = n + 1. In this case, recalling (3.5.13), (3.5.3) and cf — 1, we 

have that 

n 

Xn+1 — Vn+1 ~ / J Cj An+i_j 

3=1 

n n—3 

- i, W ~ d > S^r(d)v , • , 
— Vn+1 ~ 2_^ Cj 2^i k Vn+l-j-k 

3=1 fc=0 
n n 

= Vn+l-£cJ- d) £4-^n+l-fc 
3=1 k=j 

n k 

= Un+l-£^n+l-fc £4-
fc=l j=l 
n 

Sd), 

(d) S-d) 
JVJ 

= 'yn+l-£ci%n+l-fc 
fc=l 

= -£4V+i-fc. (3-5.14) 
fc=0 

This implies that (3.5.13) holds lor j = n + 1 and hence the proof of Proposition 3.5.1 

is complete for d > -1/2 and d ^ 0,1,2, • • •. 

Next we show that Proposition 3.5.1 holds for d = 0,1,2, • • • . Recalling the defini­

tion of c[0), k > 0, Proposition 3.5.1 is obvious for d = 0. In the following, we assume 

that Proposition 3.5.1 holds for d = m. We will prove that (3.5.1) for d = m+ 1, i.e., 

(l-B)m+lXt = vt, t = l,2,---, 

Xt = 0, t<0, (3.5.15) 

implies that 

Xt = £4m+Vfc, t = l,2,.--, (3.5.16) 
fc=0 
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and then Proposition 3.5.1 follows by induction. To do this, let Yt = 0, t < 0, and 

Yt = (l-B)Xt, t=l,2,--.. 

It can be easily checked that Xt = 2\^j=i Yj
 and, by using (3.5.15), 

(l-B)mYt = (l-B)m+1Xt = vt, t = l,2,..-. (3.5.17) 

(3.5.17) implies that Yt satisfy (3.5.1) for d = m. By using the assumption that 

Proposition 3.5.1 holds for d = m, we obtain 

t-i 

^ = £4m)^-fc, t = i,2,-.-, 
fc=0 

and therefore, 

t 

xt = £K, 
3=1 

t j-1 t j 
(m) 
* -kvk = EE4"V* = EE£i 

3=1 fc=0 3=1 fc=l 

= i>i>n=i>-*E<r 
fc=l j=k fc=0 j=0 

= X>_fc4ro+1), * = i,2,.--, 
fc=0 

where we use the well-known equality1: for all m > 1, 

fc 

^ c M = c ( m + i ) ) A; = 0,1,2,..-. 

i=o 
The proof of Proposition 3.5.1, for d = 0,1,2, • • • , is complete. • 

^hi s equality can be easily proved by induction. In fact, equality is obvious for k = 0. If 

E,fc=o4m)=4m+1)>then 

fc+i fc 
EJm) _ (m) , VV"1) - r(m) 4- C(m+1) - C

(m+1) 

Cj ~ Cfc+1 + Z-^CJ ~~ k+l k ~ k+1 ' 
j=0 j=0 

By induction, equality follows immediately. 



Chapter 4 

Asymptotics for linear processes 
with dependent innovations 

Let Xt be a linear process defined by Xt = YlkLo ^k^t-k, t = l,2,.-- , where {e^} is a 

sequence of random variables with mean zero and {i^k} is a sequence of real numbers. 

Under conditions on {if)k\ which entail that {Xt} is either a long memory process 

or a linear process with summable weights, we study asymptotics of the partial sum 

process YltLi-Xt hi this chapter. For long memory processes with the innovations be­

ing stationary ergodic martingale differences, the functional limit theorem of £)t=i Xt 

is derived. For linear processes with summable weights, we give rather general suffi­

cient conditions for JjtLi Xt (properly normalized) converging weakly to a standard 

Brownian motion. The applications to fractionally integrated processes and other 

processes with innovations satisfying certain mixing conditions are also discussed in 

this chapter. 

71 
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4.1 Introduction 

Consider a linear process Xt defined by 

00 

Xt = Y,*Pket-k, t = l,2,---, (4.1.1) 
fc=0 

where {e^} is a sequence of random variables with mean zero and {ipk} is a sequence 

of real numbers. In time series analysis, this process has great importance. Many im­

portant time series models, such as the causal ARMA process (Brockwell and Davis, 

p89), have the type (4.1.1) with 2\2fc=o l^l "^ °°- ^et Zu * = ^'^'''' denote a 

covariance-stationary, purely non-deterministic time series with mean zero and au­

tocovariance function jz(k) = cov(Zt, Zt-k). More generally, as shown by Mcleod 

(1998) (also see Beran, 1994, Lemma 5.1), the process (4.1.1) with ipk ~ c^k~
a covers 

long memory processes, such as the fractional Gaussian noise process (Mandelbrot, 

1983) and the simple fractional process (Granger and Joyeux 1980; Hosking, 1981, 

also see Chapter 2), which are characterized by the property that 7z(fc) ~ c7fc
_a for 

some a £ (1/2,1) and c7 > 0. 

On the asymptotics of the process Xt, assuming the innovations ek are iid (0,1), 

Avram and Taqqu (1987) proved that, if ipk ~ k~
al(k), where 1/2 < a < 1 and /(fc) 

;is a slowly varying function at infinity, then YHJI Xt, properly normalized, converges 

weakly to a fractional Brownian motion. Theorem 2 of Avram and Taqqu (1987) 

improved the previous results given by Davydov (1970) and it was extended later by 

Mielniczuk (1997). However, few results show what would happen for ^[=1 Xt when 

innovations e^ are dependent random variables. 

In this chapter, the previous cited results are extended to dependent innovations. 

Explicitly, we derive the functional limit theorem of the partial sum process of the 
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Xt when the innovations ek form a martingale difference sequence. These results 

will be stated in next section. We also discuss the limiting behaviour of ^S=1 Xt 

when Xt satisfy model (4.1.1) with Y^T=Q iV'fcl < oo; and give rather general sufficient 

conditions so that J2t=i Xt (properly normalized) converges weakly to a standard 

Brownian motion. The proofs of these results will be given in Section 4.3. 

For reading convenience, we end this section by introducing some notation. Through­

out the chapter, C,C\,Cf " are positive constants, which might take on different 

values at different places. W(t) denotes a standard Brownian motion and Wd(t), 

d € (—1/2,1/2) is a "type I" fractional Brownian motion on D[0,1] as defined in 

Chapter 2, i.e., 

Wd(t) = jffi f_ [(* ~
 SY ~ ("*)1 dW(s) + J\t ~ s)ddW(s), 

where 

AM^ + f [(1 + s)^]2ds)1/2-
As shown in Chapter 2, Wd(t) is a self-similar Gaussian process with covariance 

E (Wd(s)Wd(t)) = \ {s
1+2d + t1+2d -\s- t\1+2d} , for 0 < s, t < 1. 

Zd 

4.2 Main Results 

We now present our main results. Let Xt satisfy model (4.1.1). Put 

f fc-Q/(fc), iffc>0, , . 1 ,. ni, 
ibk = I

 w ~ where 1/2 < a < 1, (4.2.1) 

{ 0, if fc < 0, 
and l(x) (1(0)/0 = 1) is a positive function slowly varying at infinity. In this section, 

we call Xt a linear process with summable weights or a long memory process
1 if 

^or a more general definition of long memory process, see Beran (1994), page 42. 
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Efclo iV'fcl < oo or ̂  satisfies (4.2.1). Since the results for a linear process with 

summable weights differ from those in the case of a long memory process, for more 

clarity, we shall deal with the two cases separately. 

4.2.1 Long memory process 

In this section, we derive a functional limit theorem for the partial sum process of the 

Xt, where Xt,t > 1, is a long memory process with innovations ek forming a martin­

gale difference sequence. This extends the previous results given by Davydov (1970), 

Avram and Taqqu (1987) and Mielniczuk (1997), who discussed a similar question 

with the innovations ek being iid random variables. W e start with the following 

definition. 

Definition 4.2.1. Sequence {e^} is said to be a martingale difference sequence if 

E (ek\Fk-i) = 0, a.s. k = 0,±1,±2, • • • , 

where Tk = o~{ei,i < fc}, i.e., Tk is the cr-field generated by {e;,i < fc}. 

The following theorem gives sufficient conditions for the derivation of the func­

tional limit theorem. The proof will be given in Section 4.3.2. 

Theorem 4.2.1. Let Xt,t > 1, satisfy model (4-1.1). Assume that 

(a) {tk} is a stationary ergodic martingale difference sequence with 0 < Eel < °°/ 

(b) {ipk} satisfies (4-2.1) and there exist positive constants Ai and A^ such that 

\l{mu\
n) -1\<C-, if Ai<m<A2n. (4.2.2) 

l[n) n 
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Then, for 1/2 < a < 1, 

[ns] 

" ^ £ * * =» A" ̂ -«(»). 0 < S < 1, (4.2.3) 

where 

1 v £V2 f00 

# = - ( 3 - 2 a ) , A ^ = *« ° ™t/i Xa= x-a(x + l)~adx. 
2 (l-a)(3-2a) J0 

Remark 4-2.1. The relation (4.2.2) is a weak assumption, which is satisfied by a large 

class of slowly varying functions such as log^ x, (log log x)@ and eloglx, where j3 is real 

and 0 < 7 < 1. For example, to show that loĝ rr satisfies (4.2.2), by noting 

log(l + x) < x and (1 + xf < 1 + max{2^, 1} x, 

for 0 < x < 1, we obtain that, if (3 > 0, then 

log'3 (m + n) 

\ogpn 
-1 1 + 

log(l -I- m/n) 

logn 

r«/? i log(l + m/n) r» . . 
< max{2^, 1 } - ^ — < max{2/3, l}m/n, 

logn 

for all n > m > 3. 

Similarly, if /5 < 0, then 

log^m + n) 

loĝ n 

log^m + n) /log_/3(ra + n) 

log'3 n \ log-'9 n 

< max{2_/3, l}m/n, 

for all n > m > 3. Therefore, log'3 x, where /3 is real, satisfies (4.2.2). 

Define a fractionally integrated process by 

(1 - B)dYt = et, t = l,2,- (4.2.4) 
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where the fractional difference operator (1 - B ) d is defined as in (2.1.2). As men­

tioned in Section 4.1, model (4.1.1) covers the process defined by (4.2.4). As a direct 

consequence of Theorem 4.2.1, we have the following Corollary 4.2.2, which extends 

Theorem 2 given by Sowell (1990) to martingale difference sequence. 

Corollary 4.2.2. Let Yt satisfy model (4.2.4) with 0 < d < 1/2, where {ek} is a 

stationary ergodic martingale difference sequence with 0 < Eel < °°- Then, 

[nt] 

^ 7^£F ;^« 3 (d)^(t), 0<*<1, (4.2.5) 
3 = 1 

where K3(d) = ^+2d)r(i+d)r(i-d) • 

Proof. Similar to Hosking (1981) (also see Lemma 2.6.3), we have that 

« = Lc^. where c* = r(k+i)r(dy 

Write 

^0 = 1, ipk = k
d'H(k), fc > 1, where /(fc) = fc1_d ck. 

It follows from Lemma 4.3.6 that l(k) is a slowly varying function at infinity satisfying 

(4.2.2) and l(k) ~ 1. Hence, Theorem 4.2.1 with a = 1 — d implies that 

3 = 1 

Therefore, (4.2.5) follows immediately from xi-d = r(l - Id)/ (T(d)T(l - d)) (see 

Mielniczuk, 1997) and T(l + d) = d T(d). • 

Remark 4.2.2. By a method similar to that used in Theorem 2.3.1, Corollary 4.2.2 

can be extended to d = d0 + m, where 0 < d0 < 1/2 and m > 1 is a integer. The 

details are omitted. 
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4.2.2 Linear process with summable weights 

In this section, we derive the functional limit theorem for the partial sum process of 

the Xt, where Xt is a linear process with summable weights. The following Theorem 

4.2.3 gives rather general sufficient conditions for X^l=i Xt (properly normalized) to 

converge weakly to a standard Brownian motion. These conditions differ from Theo­

rem 6 given by Stadtmiiller and Trautner (1985), who established a similar result by 

assuming 

Ee{ = 0 Eeiej = Sij for i, j = 0, ±1, ±2, • • • 

Ee\<C foralU = 0,±l,±2,---

E(eiejekei) = E(e
2eke{) =0 if i, j, fc, I are different indices, 

where S^ = 0, if i ^ j; 1 if i = j. 

Theorem 4.2.3. Let Xt satisfy model (4-1-1) and d(n) be a positive sequence of real 

numbers satisfying d(n) —>• oo, as n —»• oo. Assume that YlT=o l^fcl < °° and {ek} is 

a sequence of arbitrary random variables satisfying 

sup Emmnlf2
ek+j) ^Cd2W' (4-2-6) 

'for every n > 1, and as n —> oo, 

-i- max |6*|->p0. (4.2.7) 
d(n) -n<k<n 

Then, for0<s<l, 

1 kn(s) . fcn(s) 

-J- V e* => W(s) implies — £ Xt => 6, W(s) (4.2.8) 
d(n) f^i d(n) £f 

where kn(s) = sup {m : ^(m) < sd?(n)} and b^ = Y,T=o Vfc-
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The proof of this theorem will be given in Section 4.3.2. 

Theorem 4.2.3 can be applied to many important cases, such as where innovations 

ek form a martingale difference or a mixing sequence. In the following, we will derive 

several corollaries of Theorem 4.2.3. We note that Corollary 4.2.4 below improves 

the previous results given by Hannan (1979), Phillips and Solo (1992) and Yokoyama 

(1995); Corollary 4.2.5 is a new result. 

Corollary 4.2.4. Let Xt satisfy model (4-1.1). Assume that VJ~o|<0fc| < oo and 

{ek} is a martingale difference sequence satisfying one of the following two conditions: 

(i) {e\} is uniformly integrable and E (e\\Tk-i) = o
2 > 0 for all fc > 1; 

(ii) {el} is strongly uniformly integrable (s.u.i.) (i.e., there exists a random vari­

able n such that P(\ek\ > x) < A P(\n\ > x), for each x > 0 and k>l) and 

^££(4I^-IHP*2>0. 
fc=l 

Then, ^ £&1 Xt => ^ W(s), 0 < s < 1, where bt = £~ 0 Vfc-

Proof. Since {e2k} is uniformly integrable and {ek+j} still is a martingale difference 

for each fixed j, by Lemma 4.3.2 and part (i) of Lemma 4.3.4, we obtain that 

n. sup E max £efc+J < C s u p £ ^ + j < Ci 
/ A 1 V» TJX ̂- Tt \ I A 

3 - - \fc = 1 / 3 k=i 

On the other hand, it follows from part (iii) of Lemma 4.3.4 that 

—= max |efc|->pO. 
\Jn —n<m<n 

Therefore, using Theorem 4.2.3 with d(n) = y/no, it suffices to show that, under one 

of the conditions (i) and (ii), 

M 
^£efc=>W(S), 0<s<l. (4.2.9) 
fc—1 
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If the condition (ii) holds, (4.2.9) follows directly from the classical results for 

martingale difference, for example, Corollary 3.3.3 given in Tanaka (1996, pages 82). 

If the condition (i) holds, then Ee\ = E (e\\Tk-i) = o
2. This, together with part 

(iv) of Lemma 4.3.4, implies that 

\ £ {4 - E4) -+P 0. (4.2.10) 
fc=i 

In terms of (4.2.10) and part (ii) of Lemma 4.3.4, (4.2.9) follows by using Theorem 

3.3.8 given in Tanaka (1996, pages 80). • 

To state Corollary 4.2.5, we first introduce the definitions of ^-mixing and p-

mixing. 

Definition 4.2.2. A sequence {ek} is said to be a ^-mixing or p-mixing sequence if 

as n —> oo, 

(f)(n) = sup sup \P(B\A) - P(B)\-+0; or 
k Aerk, Ber™n 

cov(X,Y) 
p(n) = sup sup . -»0 k xeL2(Fk), YeL2(r~n) \\

X\\2 \\Y\\2 

2\l/2 where Tk = o{ei: i < fc}, T^n = o{e{, i>k + n} and ||X||2 = (EX2)'1'. 

Corollary 4.2.5. Let Xt satisfy model (4-1-1)- Assume that X^fcLol^fcl < °° and 

{ek} is a 4>-mixing or p-mixing sequence such that 

(a) {el} is uniformly integrable; 

(b) Eek = 0 for all k and lim,^ \E (^Li ^kf = o
2 > 0; 

(c)T£14>
1/2($)<oo; °r 
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(c')EZiP1/2(*)<oc-

Then, fc £ ^ Xt => ft* W(s), 0 < s < 1, where b* = E £ o V>fc-

Proof. If the conditions (a), (b) and (c) hold, it follows from Corollary 2.4 given by 

Peligrad (1982) that 
[ns] 

-=-T]ek=>W(s), 0<s<l. 

On the other hand, by using Lemma 4.3.4 below and Theorem 1 in Shao (1988), we 

have that 

max \ek\ —>p 0, and for every n > 1 
wn —n<m<n 

sup E max I ̂  ek+j ) <Cn supsupjEejL- < Ci n. 
3 ~ ~ \fc=l / J fc 

Therefore, Theorem 4.2.3 with d(n) = \fn a implies Corollary 4.2.5. 

If the conditions (a), (b) and (c') hold, Corollary 4.2.5 can be proved similarly by 

using Theorem 2.5 given by Peligrad (1982), Lemma 4.3.4 and Theorem 1.1 in Shao 

(1995, a). D 

4.3 Proofs of the main results 

This section contributes to the proofs of the main results given in Section 4.2. We 

start with some preliminary lemmas. 

4.3.1 Preliminary lemmas 

In this section, we give several lemmas which are used in the proofs of the main 

results. Some of these lemmas also are of interest in themselves. Notation used in 

Section 4.2 is still valid in this section. 
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L e m m a 4.3.1. Let {ek} be a stationary ergodic martingale difference sequence with 

0 < Eel < °°- Let {ank, fc = 0, ±1, ±2, • • • , } be a triangular array of constants and 

Al = Efc=-ooanfc- Assume that 

(i) for every fixed n > 1, 0 < An < oo, supfc |fc|a^fc < co; 

(ii) supfc |anjfc|/ An -» 0, as n -> oo; 

(iii) there exists a positive constant M such that 

1 00 

SUP -J2~ E 1*1 Kk - «n(fc+l)| < M. (4.3.1) Xi A2 *-
n>l An u_ fc=—oo 

Then, 

1 °° 
— £ ankek ->d N(0,1), where a2 = Ee20. (4.3.2) Ano 

k=—oo 

Remark 4-3.1. Peligrad and Utev (1997) established similar results for pairwise mix­

ing martingale differences. We note that Lemma 4.3.1 will fail if ank do not satisfy 

(4.3.1). For a counterexample, see Peligrad and Utev (1997, page 444). 

Proof. Let 

1 x—-\ 
Sni = ~A E

 anfcefc> Fni = ^u -OO < % < 71. 

fc=-oo 

Under the conditions of Lemma 4.3.1, as is well-known, {Sni,Tni, —oo < i < n} is a 

zero-mean, square-integrable martingale with difference ~^CLniei for each n > 1, and 

we have that 5„>_o0 = 0, a.5. and 8\ipnjiES*fi < 1. To prove (4.3.2), by applying 

Theorem 3.6 given in Hall and Heyde (1980, page 77), it suffices to show that 

(a) supfc \ankek\/(Ano) ->P 0 and Es\ivk a
2
nke

2
k/(A

2
no

2) is bounded in n. 

1 °° 
(b) "4T £ anA ~+p o-2, as n -> oo. (4.3.3) 
" fc=-00 
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Under the condition (ii), it is clear that for every 5 > 0, as n —> oo, 

1 °° 
"72 E ankEelh\anktk\>6An) < Ee

2
0I(\eQ\>SAn/ max* |anfc|) ~+ 0, A2 

n fc=-oo 

(4.3.4) 

This, together with L e m m a 4.3.3, implies part (a). 

Next let us prove part (b). To prove part (b), i.e., (4.3.3), put 

3 

Zj = J2(e2-Ee2), J =0,1,2,--- . 
fc=o 

It is easy to show that for every N > 1 (let Zk = 0, if k < 0), 

oo 

£<&(4-£4) 
N oo 

J2*lk(Zk-Zk-i)+ £ a2nk(e
2-Ee2) 

fc=0 fc=iV+l 

N-l oo 

}2^nk-<k+i))Zk + a2nNZN+ £ a2nk(e
2-Ee2). (4.3.5) 

fc=0 

fc=0 k=N+l 

By applying the stationary ergodic theorem (Theorem B.2, see Appendix B ) , we have 

that Zk/k -> 0, a.s. as fc -> oo. This, together with the Toeplitz lemma (Stout, 1974, 

page 120) and (4.3.1), implies that, as n ->• oo, 

A2n 

N-l 

£(anfc " an(fc+l))̂ fc 
fc=0 

1 °° 

< ^£Hanfc-<fc+l)|(I^IA)^-°-
n fc=0 

On the other hand, it follows from the condition (i) that 

\a2nNZN\ < ('sup \k\a
2
nk\ \ZN\/N -> 0, a.s. as iV ^ oo. 

By noting £~ 0 <&# 14 ~ #
efcl < ^E4Al < °°> we have 

oo 

£ a2nk (e
2
k - Ee

2
k) ^ P 0, as iV-^ oo. 

k=N 

(4.3.6) 

(4.3.7) 

(4.3.8) 
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In terms of (4.3.6)-(4.3.8), let N -> oo first and then n -+ oo in (4.3.5 ), we obtain 

that 

i °° 

4?£«nfc(4-^4)^p0. (4.3.9) 

Similarly, we have that 

^ *:=.<) 

A2 £an(-fc)(€-fc ~ Ee-k) 
fc=0 

->P 0. (4.3.10) 

(4.3.3) follows immediately from (4.3.9) and (4.3.10). The proof of Lemma 4.3.1 is 

complete. • 

Lemma 4.3.2. Let {r)n, Tn, s < n < t} be a martingale difference sequence, then 

there exists a constant K such that, for any constant sequence ak, 

£max (£«*%! <K^2a2Er)2k. (4.3.11) 
— — \k=s / k=s 

It is straightforward by applying Doob and Burkholder's inequality (see, for ex­

ample, Hall and Heyde, 1980, pages 15 and 23 respectively). 

Lemma 4.3.3. Let {j]nk, fc = 0, ±1, ±2,..., n > 1} be any triangular random variable 

sequence and dn be a positive real numbers series. If, as n —> oo, dn —>• oo and 

1 
£ Erfnkh\nnk\>5dn) -» 0, for any 6 > 0, 

fc: 

then ±supk\r]nk\ 4p0. 

d2 
a " fc=-00 

Proof. It is well-known that 

pQ-sup|r7nJk|>(n =P [d\ £ & ^ l > ^ ) > ^ 2 j - (4-3.12) 

By Markov's inequality, the result follows immediately. • 
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L e m m a 4.3.4. Let {nk,k = 0,±1,±2, • • •} be a sequence of arbitrary random vari­

ables. If {nk} is uniformly integrable, then 

(i) sup* Erg < oo. 

fa) i EL-n Erikh\nk\>5sff) -> °> f°r anvs > 0; 

(iii) -^ max_n<jk<n \nk\ ->P 0. 

M I ELi M - E (»?*I^Vi)) -+P 0, where T\ = o{n3,j < fc}. 

Proof. By the definition of uniform integrability, we have that sup* Er)lI(\Vk\>Sn) -» 0, 

for any Sn —» oo. Hence, supfc En\ < oo, i.e, part (i) holds. Furthermore, we have 

1 n 

~ £ Evlh\Vk\>8yfr) < 2™PErl2kI(\Vk\>5Vn-) ~* °> 
k=—n 

which implies part (ii). Part (iii) follows from L e m m a 4.3.3 with r)nk = nk, k 

—n, • • • , n, otherwise r]nk = 0. To prove part (iv), let 

fi* = Tlkh\rik\<Ti1'i) ~E{rikh\nk\<n1'A)\^*k-\) , 

6fc = ^(1%|>ni/4) - E (r)llQr)k\>ni/4)\T*k-i) . 

Since £1* + &k = vl ~ E (vll^*k-i), it suffices to show that 

1 " 
-£&->p0, j = l,2. n 

(4.3.13) 
fc=i 

For j = 1, by noting that {£ifc} is a martingale difference sequence, it follows from 

Markov's inequality and Lemma 4.3.2 that, for any S > 0, 

n 
fc=i 

ifc 
C C 

* I x — J ] E & < ZT SUP EvU(\nk\<n^) 
k=l U k 

62n2 

< C n 1/2 sup Er)2k -» 0, as n -»• 00. 
fc 
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This implies (4.3.13) for j = 1. For j = 2, (4.3.13) follows from Markov's inequality 

and 

i£^2fci<^£^/(l%l>ni/4)^o. 
*:=i fc=i 

The proof of L e m m a 4.3.4 is complete. • 

L e m m a 4.3.5. Let ipk be defined as in (4-2.1). Then, for 1/2 < a < 1 and 0 < s < 

t< 1, 

fc=-co \j=[ns]+l / V M I 

where Xa is defined as in Theorem 4-2.1. 

Proof. Let {nk, k = 0, ±1, ±2, • • •} be iid N(Q, 1) and Yj = YlkLo^klj-k- Recalling 

ipk = 0, fc < 0, we have that 

[nt] oo [nt] 

£ Y3 = £ % £ v>j-*, 
j=[ns]+l fc=-oo j=[ns]+l 

and clearly • 

/ [nt] \ 2 oo / [nt] \ 2 

* £ *i= E £ **-* • (4-315) 
\i=[na]+l / k=-oo \j=[ns]+l / 

Write r(j) = EYiY1+j. Since ipk satisfies (4.2.1), it follows from Hall (1992, page 

118) that 

r(j)~Xa3
l~2al2(3), 1/2 < a<l. (4.3.16) 

In terms of (4.3.16) and stationarity of the Yj, it follows from Horvath and Shao 

(1996, page 134-135) that 

( m \ 2 m-1 

£rt) = mr(0)+2£(m-i)r(i) 
(=1 / j=l 

Xam
3_2Ql2(m) 

(l-a)(3-2a)' 
(4.3.17) 
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Using (4.3.17) and stationarity of the Yj again, we obtain that, for 1/2 < a < 1 and 

0 < s<t< 1, 

f[nt]-[ns] ^ xan"-2al2(n)(t-s)3-2a 

£ Y>) =E E ̂  
j=[ns]+l / \ j=l 

(4.3.18) 
(l-a)(3-2a!) 

where we use the estimate: M~M ~ t - s and the property of the function l(x) 

slowly varying at infinity: l([3n) ~ /(n) for any f3 > 0 (see Feller, 1971, page 275). 

Hence (4.3.14) follows from (4.3.15) and (4.3.18). • 

L e m m a 4.3.6. Let ck = ^ 7 ^ 7 ^ , fc > 0, and 0 < d < 1/2. Then ck ~ 1, i.e. c* is 

a slowly varying function at infinity, and we have that for all 1 < m < n, 

\Cm+n/Cn-l\ < C m/n. 

Proof. It follows from (2.48) in Beran (1994, page 65) (also see Hosking, 1981) that 

ck ~ 1. By applying Corollary given in Feller (1971, p282), ck is a slowly varying 

function at infinity. Noting T(z + 1) = zT(z), we have that for all 0 < d < 1/2 and 

1 < m < n, 

m + ny~dT(n + m + d)T(n + 1) 
' r(n + d)r(n + m+l) " 

C-m+n 

Cn 
-1 

< 

n 

m + n 

n 

< - + 2 1 
n \ 

i-d 

+ 2 1--1 

n + d\<crn 

n + ml n 

(n + m + d-l)---(n + d)' 

(n + m)-.-(n + l) 

Hence, the result follows. D 

Lemma 4.3.7. Let l(x) be a positive function slowly varying at infinity. Then, for 

any 0 < {3 < 1, 
n -1 °° l a 

^k~H(k) ~ ̂ fc-nl-Vl(n) and £fc-x-^(fc) ~ ̂  rTfil(n). 
fc=i k=n 
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Proof. See Bingham et al. (1987, page 26). • 

Using these lemmas, we can give the proof of Theorems 4.2.1 and 4.2.3 as follows. 

4.3.2 Proofs of the main theorems 

Proof of Theorem 4.2.1. For H = |(3 - 2a), put 

Using the usual approach in deriving weak convergence in D[0,1] (see Theorem 

A.3, Appendix A), it suffices to show: 

(1) for each fixed / > 1 and real constants 0 < *i ^ t2 ^ • • • ^ k < 1, 

nZn(ti) + ••• + nZn(tt) -+d N(0,o
2) (4.3.19) 

where TI,T2,--- ,rt are any real constants and of = A
2
aJ2i,j=i

TiTjBH(ti,tj), where 

A^ is defined as in (4.2.3); 

(2) the tightness of Zn(s). 

We first prove part (1). 

Let mj = [ntj],j = 1,--- ,/. By noting Xi = Efc=-co^-fcefc = £fc=-oo ^i-fcefc 

'(recall ipk = 0, if fc < 0), we obtain that 

l mj oo 

r,Z„(t1) + --- + r,W = -^E^E* = A)E
 d>^' (43-20) 

^ ' j = l t=l fc= — O O 

where dk,n = £'-=1
 Ti TA=I ^i-k- By the definition (4.2.1) of the tpk and Lemma 4.3.7, 

it is clear that 

n 

£^i-fc = 0, iffc>n+l (4.3.21) 
i=0 
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and 

£ i>i-k < c 
i=0 

nx-al(n), if |fc| < n, 

k n|fc|-
Q/(|fc|), if fc < - n - l . 

It follows from (4.3.21) and (4.3.22) that d M = 0, if fc > n + 1 and 

( n 

|dfc,n| + \dk+l,n\ < £|Tj|£(V'<-A+V'i-A-l) 
j=l i=0 

< Ci I 
nl~al(n), if|fc|<n, 

k n|fc|-
QZ(|fc|), iffc< - n - l . 

O n the other hand, by condition (4.2.2), we have that, if fc < -n — 1, 

i 

\dk,n ~ dfc+ijn| — £r,- £^-fc-£^ 
j=l \i=l 

i-k-1 

i=l 

j=i 

< i > 
3=1 

l(m,j — fc) /(—fc) 

< *(!*!)£ 

(mj - k)Q (-k)a 

1 
T-i 

3 = 1 

1 

+ 

(mj + \k\Y |/. 

1 

K + W)Q 
K™j + 1̂1) 1 

/(|*|) 

< C2 nlfcr^/dfcl), 

where we use the following estimate: for j = 1, • • • , I, 

nij < n, and 
1 

<n|fc| -l-Q 

(4.3.22) 

(4.3.23) 

(4.3.24) 

(mj + \k\)° \k\° 

for any |fc| > n. From (4.3.23), (4.3.24) and 1/2 < a < 1, it can be easily shown that 
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for every fixed n > 1, sup* |fc|d|n < oo, Xlfclo^iU < °°
 and 

oo 

k=—oo 
oo 

< £ \k\\dk,n-dk+l,n\(\dk,n\ + \dk+l,n\) 
fc=—oo 

I -n-l 

< Cm2-al(n) £ £ M tymj-k + ̂ -k) + CiC2n
2 Y, W2al2(\k\) 

\k\<n j=l fc=-oo 

2n 

< C3n
2~a £ Vfc + A3n

3~2al2(n) < C4n
3~2al2(n). 

k=0 

Therefore, conditions of L e m m a 4.3.1 hold for dk,n defined in (4.3.20). From L e m m a 

4.3.1 and (4.3.20), part (i) follows if 

1 °° A2 ' 
^2UA £ dl,n^^fz2TiTJBH^tJ^ as n ^ ° ° - (4.3.25) 

Since 

n2Hl2(n) Z^ "fc." ̂  a2 

I /mi \ / mj 

' 't /. 4,n = £ TiTj £^-fc ) I £^* 
i,j=l \s=l / \t=l 

and using xy'= \ [x2 + y2 — (x — y)2}, relation (4.3.25) holds if for 0 < s < t < 1, 
2 

A2 

'3~2a, as n->oo. (4.3.26) 
1 / ^ \ A 2 

^ E E *>->) -£('->' 
v ' k=-oo \j=[ns]+l ) This follows immediately from L e m m a 4.3.5. W e finish the proof of part (1). 

••' Secondly, we prove part (2). 

Similar to (4.3.20), we have 
n oo / n \ 

E*<=E $>-* W 
t=l fc=-00 \t=l / 

Hence, by L e m m a 4.3.5 and noting that {ek} is a stationary martingale difference 
sequence, it can be easily shown that 

E(l2X) = E (l>-*) E4 =0(nWP(n)). 
\t=l / fc=-oo \t=l / 
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On the other hand, we have that EXt = 0 for all t > 1 and Xt = YlT=o V^-fc still is 

a stationary random variable sequence (Theorem B.l, see Appendix B). By Lemma 

2.1 given by Taqqu (1975), part (2) follows immediately. The proof of Theorem 4.2.1 

is complete. D 

Proof of Theorem 4.2.3. For every fixed / > 1, put 

Zfj = £ ^ e j _ f c and z!$ = £ V^j-fc-
fc=0 k=l+l 

From Fuller (1996, page 320), we obtain that for any m > 1, 

m m i 

Ezi? = EE^-' 
j=l j=l fc=0 

I m I I l-l I 

= E^E^+E^E^'+E6™-* E ̂  
fc=0 j=l s=l j=s s=0 j=8+l 
I m 

k=0 j=l 

Therefore, it follows that for every fixed I > 1, 

kn(s) /I \ kn(s) k„{s) 

Jffi g * - (g*J S5o g * + W)™™ + W) g Z"- (4'3'27) 

••' To prove (4.2.8), by (4.3.27), Theorem A.l (see Appendix A) and noting J2[=o V>fc -» 

b^ as / —> oo, it suffices to show that for any 5 > 0, 

lim sup P< sup \R(kn(t),l)\> 5 d(n)\ = 0, (4.3.28) 
n-4oo l0<t<l 

for every fixed / > 1 and 

lim lim sup P < sup 
l-yoo n->oo | 0<t<l 

kn(t) 

E4> 
3=1 

> 6 d(n) } = 0. (4.3.29) 



By condition (4.2.7), (4.3.28) holds since ££„\fa\ < oo and hence 

s=0 \j'=s j=a+l 

->P 0. 

We next prove (4.3.29). Noting 

oo vn 

£ Z2j = £ f̂c £ ei-fc> for any m > 1, 
j=i fc=/+i j=i 

by applying Holder's inequality and (4.2.6), we have that 

/ fc" (0 \ oo oo / m 

* »?, E4° * E I*I E w^ss. E'^ 
J=l / fc=/+l fc=i+l \j=i 

/ oo 

< Cd2(n) £ M 
\k=l+l 

Now, (4.3.29) follows immediately from Markov's inequality and YlkLi+i 1^* 

£ —>• oo. The proof of Theorem 4.2.3 is complete. • 



Chapter 5 

Further results for linear processes 

Let Xt be a linear process defined by Xt = Y^kLo^ktt-k, where {e^} is a sequence 

of random variables with mean zero and {ipk} is a sequence of real numbers. In 

this chapter, we derive two basic results on the functional limit theorem for the 

partial sum process YJt=\ X-t- In the first result, we assume that innovations ek are iid 

random variables, but the conditions requiring absolute summability of coefficients 

for the linear process (i.e., J2k=o 1̂ *1 < °°) *s weakened. W e note that, for the partial 

sum process of the Xt converging to a standard Brownian motion, the condition 

Z)fc=o l̂fcl < oo or a stronger condition is commonly used in previous research. The 

second result is for the situation where the innovations ek form a martingale difference 

sequence, where the commonly used assumption of equal variance is relaxed. 

5.1 Introduction 

Consider a linear process Xt defined by 

00 

Xt = Y,^et-k, t = l,2,-->, (5.1.1) 
fc=0 

92 
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where {ek} is a sequence of random variables with mean zero and {ipk} is a sequence 

of real numbers. In the last chapter, we have pointed out the importance of such 

processes in time series analysis, and discussed the functional limit theorem for the 

partial sum process YjtLi Xt when the process Xt has dependent innovations. In par­

ticular, Theorem 4.2.3 gave quite general sufficient conditions so that the asymptotic 

distribution of the partial sum process J2t^l Xt (properly normalized) is a standard 

Brownian motion. 

This chapter continues to discuss such sufficient conditions so that Yy™l Xt (prop­

erly normalized) converges weakly to a standard Brownian motion. W e present two 

basic results in this chapter. In the first result, we assume that the innovations ek are 

iid random variables, but the condition ]T)fc*Lo iV'fcl < °°' uSec^ m Theorem 4.2.3 and in 

similar research (cf. Hannan (1979), Phillips and Solo (1992) (also see Tanaka, 1996) 

as well as Yokoyama (1995)), is weakened. This relaxation of this condition is inter­

esting since some linear processes do not have absolutely summable coefficients. In 

particular, a linear process with ipk = fc
_1/(fc) where 2\lT=o &_1K^) = oo is important 

since it is expressed by neither a finite order autoregressive moving average process 

nor a fractional process. Only finite second moments for the ê 's are required in the 

present chapter, which also gives a essential improvement of similar results given by 

Davydov (1970). 

Our second result is for the situation in which the innovations ek form a martingale 

difference sequence. For this result, the commonly used assumption of equal variance 

of the innovations ek is weakened, which will be of practical interest to researchers. 

W e give the statements of the main theorems and detailed remarks on the pre­

ceding results in the next section. In Section 5.3, we give the proofs of the main 
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theorems. 

As used before, we denote C, C\, C2, --, for positive constants. 

5.2 Main results and remarks 

We now present our main results. In Theorem 5.2.1 below, we assume that the 

innovations ek are iid random variables, but, to cover some interesting cases, the ipks 

are rather general. Write for j = 1,2,3,..., 

j—l n 

v3 = £ ^k and s2n = £ v2. 
fc=0 j=l 

Theorem 5.2.1. Let ek,k = 0, ±1,±2,... be i.i.d. random variables with Ee0 = 0 

and Eel ~ 1- Assume that ipo ^ 0, 

n /oo \V2 

- m a x k - h O and £ E^fc = ° W - (5-2-1) 

Then, we have that 

1 MO 
— EXj-^Wft), 0<<<1, (5-2.2) 

w/iere fcn(t) = sup {m : s^ < isn} . 

in particular, if ipk = k~H(k), where the positive function 1(h) (1(0)/0 = 1) is 

slowly varying at infinity, satisfying YlT=i k~xl(k) = °°» then 

fcn(0 

- - 5 > ^ i m 0<t<l. (5-2.3) 1 
V^ ELi k~H(k) ̂  

# o < iEr=0 ^i < °° <™d Er=i w* < °° °
r Er=o w < °° °nd £r=o ^ ^°> 

[nt] 

±J2Xj=>W(t), 0<t<l, (5.2.4) 
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where o\ = n(X)JL0V>*)
2 • 

Remark 5.2.1. It follows from Hall (1992, page 118) that 

ol = Var\J2xA ~ n(J2k~H(k)\ , 

provided ipk = k~H(k) and YlT=i k~
rl(k) = oo. Hence, we can replace y/n YH=i fc_1^(fc) 

by on in (5.2.3). It is unclear whether or not sn in (5.2.2) can be replaced by an. 

Remark 5.2.2. Let ipk = k~
Q, where 1/2 < a < 1. It is easy to show that the 

second condition of (5.2.1) fails to hold. In this case, we also know that j- Y^=i Xj 

fails to converge to W(t). In fact, by applying Liu (1998) (also see Marinucci and 

Robinson, 1998), ~ZJj=iXj converges to a fractional Brownian motion with d = 

1 — a. Therefore, to make the partial sum process of the Xj converge to a standard 

Brownian motion, the condition (5.2.1) is close to the necessary condition. 

Remark 5.2.3- The conditions given in this theorem are different from those given by 

Davydov (1970). Specifically, Theorem 5.2.1 does nor require the condition Ee\ < oo. 

It is an essential improvement of Davydov's result for the moment condition. 

In the next theorem, the iid assumption for innovations Ck is weakened and is re­

placed by a martingale difference sequence. In this case, an excellent result is given by 

Hannan (1979), where it is required that Ee\ = o2 for all fc and lining E(e2k\Fk-n) = 

a2, a.s. (Fk is defined as in Theorem 5.2.2 below). In Theorem 5.2.2, these conditions 

are modified. Our Corollary 5.2.3 also improves Theorem 3.15 in Phillip and Solo 

(1992), where the authors assumed Efc=o*#fcl < °° an(* tne innovations ek are a 

s.u.i. (strongly uniformly integrable, see Corollary 4.2.4 for a definition) martingale 

difference sequence. 
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Theorem 5.2.2. Let ipk satisfy 

00 OO 00 

^ = £ ^ f c ^ O , £|^f c|<oo and £kip2
k < oo. 

fc=0 fc=0 fc=l 

Let ek be random variables such that 

E (ek\Tk-i) = 0, a.s. k = 0,±1,±2,..., -

where Tk is the o-field generated by {ej,j < fc}. // 

sup - Y Ee\ < oo, inf - Y Ee\ > 0; (5.2.5) 
— k=—n fc=l 

and, as n —» oo, 

-J2(el-E4)^p0; (5.2.6) 
nfc=i 

fc=—n 

then 

, Kit) 

± J 2 X j = > W ( t ) , 0 < t < 1, (5.2.8) 
an j=i 

where o*2 = b% ELi E*l and *£(*) = ^P {j : Eii ^4 < *ELi ^} • 

Remark 5.2.4. Theorem 5.2.2 is not a consequence of Theorem 4.2.3. In fact, we can 

not derive the condition (4.2.6) needed in Theorem 4.2.3 by using (5.2.5)-(5.2.7). 

From Theorem 5.2.2, we may obtain the following Corollary 5.2.3, which is similar 

to Corollary 4.2.4. 
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Corollary 5.2.3. If the conditions (5.2.5), (5.2.6) and (5.2.7) in Theorem 5.2.2 are 

replaced by one of the following conditions (a)-(c), then (5.2.8) still holds. 

(a) iefc} is uniformly integrable and E (e2k\Tk-i) = o
2 > 0 for all k > 1; 

(b) {e2k} is s.u.i. and J E L I
 E(4\Fk-i) ->p o2 > 0; 

(c) E (supfc e
2) < oo and i E L i E (4\^k-i) ~>p °2 > 0. 

Proof. If the condition (a) holds, then Ee\ = E (e\\Tk-i) = a
2. (5.2.8) follows imme­

diately from Theorem 5.2.2 by using L e m m a 4.3.4. 

If the condition (b) holds, it follows from L e m m a 4.3.4 that, 

~ £ EeP(H\>^) -> ° and ~Eefc ~»P ^ (5-2.9) 
fc=-n fc=l 

O n the other hand, it is known that {^Efc=iefcl *s s-u-i- ^ (41 *s s-u-i- (Chow 

and Teicher, 1988, page 102). This fact, together with the second relation of (5.2.9), 

implies that 

lJ2Eel-*o2 (5.2.10) 
fc=i 

(Chow and Teicher, 1988, page 100). In terms of (5.2.9) and (5.2.10), it is easy to 

check that all conditions of Theorem 5.2.2 are satisfied and hence (5.2.8) holds. 

Finally, if the condition (c) holds, (5.2.8) follows obviously because E(supke
2
k) < 

oo implies that {e2k} is s.u.i.. • 

5.3 Proofs of the main results 

Proofs of Theorems 5.2.1 and 5.2.2 along with some preliminary lemmas are given in 

this section. 
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5.3.1 Preliminary lemmas 

In this section, we provide some lemmas which will be needed in the proofs of the 

main results. Some lemmas are also of interest in their own right. 

L e m m a 5.3.1. Let {r)k, fc > 0} be a sequence of arbitrary random variables and 

{bi,i > 0} is a sequence of real numbers. Assume that 

oo 1 n 

^o+E wl < °°> SUP - E tf < °° 

and there exists a positive constant C such that 

/ 00 

E £ ipj+kVk ) < C £ iP2+kb
2, for j > 0. 

\fc=0 

(5.3.1) 

fc=0 

Then, as n -^ oo, 

1 
max yjn 0<m<n ££vj+fc% 

j=0 fc=0 

-+P0. (5.3.2) 

Proof. By using E\Y\ < (EY2)1/2 for any random variable Y, it follows from (5.3.1) 

that 

E max 
0<m<n 

m oo 

££^+fc% 
j=0 fc=0 * E* 

j=0 

£ ̂ j+kVk 
k=0 

n / oo 1/2 

< c E E ^ 
j=0 \fc=0 

(5.3.3) 

Put aj = Efc=o ̂ +fc6fc- For any 0 < * < m, we have that 

m m oo 

J=i j=f fc=o 

oo min{fc,m} oo 

= E « 1 E C,< supiyj6nBA+1)* 
k=i j=l V-1 i=0 J k=l 
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This inequality, together with Holder's inequality, implies that 

E 
j=o 

a 
1/2 = { E + E k1/2 

V = ° J=[\/n]+ly 

s ^ E-r +IE«. 1/2 

\J'=0 vJ=[\/ra] 

[v̂ ] 

< 2 [v^E^ + n £ OLn 
j=0 3 = W 

( 1 fc \ / oo oo 

supi£6? [Vn] £(* + 1)VJ + n £ (fc + M 
k^ «=0 / \ fc=0 *=[v^] 

= o(n). 

Now (5.3.2) follows from Markov's inequality, (5.3.3) and the bound established above. 

The proof of Lemma 5.3.1 is complete. D 

L e m m a 5.3.2. Let {i]n,!Fn,—oo < n < oo} be a martingale difference sequence 

satisfying supfc>11 Et=-fc
 Erli < °°- Assume that 

£ \ipk\ < oo and V^fci/)^ < oo. 
fc=0 fc=i 

Then, for any 5 > 0, 

lim lim sup P { max 
i-yoo „.->nn I Km<n E (0 

uj 
> 6y/n } = 0, 

(0 _ r^oo 
w/zere u v = E f c = m ^ M j - * an(^ J > - 1 -

(5.3.4) 

(0 
is Proof. W e first note that E*LoVw7j-fe < oo, a.s., for every fixed j > 1, i.e., u } ; i 

well defined. In fact, by applying Lemma 4.3.2, there exists a constant K such that 
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for any j <m < m!, 

/ n \2 m' 

\k=m / k=m 

< ^(supi£^2]£(fc + l)^. (5.3.5) 
\̂ fc>l K i=_k J k=m 

From (5.3.5) and Markov's inequality, it follows that for any S > O^as n ->• oo, 

P ( sup 
t>i 

n+i 

£^%-
fc=n 

oo 
>s) <2xr2(supi£^2£fc^^o. 

/ \fc>! K i=-k J k=n 

So we conclude by the Cauchy criterion that ELo ^kVj-k converges almost surely, 

i.e., for every fixed j > 1, YlkLo^kVj-k < oo, a.s.. 

In terms of EfcLo ^fcfy-fc < oo, a.s., it is easy to show (let Ej=i • = 0 for J < 0) 

that for m > I + 1, 

m m j~(l+l) 

£«? = E E *-** 
j=l j=l fc=—oo 

m j~(l+l) m 0 I 0 \ 

E E +E E-EEk-"* 
J=l+2 fc=l j=l fc=-oo j=l k=j-lj 

m—(l+l) m—k m oo I I—3 

= £ Vk £ ^+£ E ^+fcr7-fc - £ £ ^+kv-k 
fc=i J=H-I i=i fc=o 

j=l fc=0 

.(0 (0 , A(0 A ^ + A S + Affi,, say, (5.3.6) 

where A^?, = 0 for / = 0 and -1. Now (5.3.4) follows if for any S > 0, 

lim lim sup P \ max 
J->oo n_4oo ^l<m<n 

.(0 ><S/nj=0, t = 1,2,3. (5.3.7) 

To prove (5.3.7) for t = 1, put S* = E,-=i ̂  a n d So = 0. W e obtain that 

m-(l+l) m-k m-{l+l) 

Agi = £ (Sk - Sk-i) £ ^ = £ ^rn-kSk 
k=l j=l+l k=l 

».^2&iffiBiB#.*. ,«i,s, 
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and hence, 
n 

max |A^|< J2 KMmax l̂ml-
Km<n •*—' l<m<n 

fc=/+l ~ ~ 
Again, it follows from Markov's inequality and Lemma 4.3.2 that 

[ P < max 
I Km<n 

Aml >8jn\ < r 2 n - M £ |^|) Emzxjl 
' ' \k=i+i ) 

oo \ 2 1 fc 

E I*I) gs£* 
< Kb~2 

\k 

Since Efclo IV'fcl < °°> we conclude (5.3.7) holds for t = 1. 

For every fixed j > 0, it follows from Fatou's Lemma and Lemma 4.3.2 that 

2 / „ \ 2 

'j-k 

E ( £ ^j+kV-k I = E Jim I J2 *PkVj-
\Jfc=0 / n^°° \k=j 

< lim El^iPkVj-k) <K^lEV 
\fc=j / fc=j 

oo 

fc=0 

By applying Lemma 5.3.1 (choosing b\ = En2_k), (5.3.7) holds for t = 2. 

That (5.3.7) holds for t = 3 is obvious because the term A^3 does not include n. 

The proof of Lemma 5.3.2 is complete. • 

5.3.2 Proofs of the main theorems 

In this section, we provide the proofs of main results. 

Proof of Theorem 5.2.1. According to (5.3.6) (for I = -1), for any 0 < t < 1, 

MO fcn(0 fcn(0~fc MO 00 

£*j = £efc £ ^ + ££^+*€-*-
j=i fc=i j=o j=i fc=o 
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Similar to (5.3.3), we have that 

E sup 
0<«1 

fc„(0 oo 

£ £ ̂ j+kt-k 
j=l fc=0 

n / oo 
1/2 

j=l \k=j 

o(sn). 

This, together with Markov's inequality, implies that 

1 
— sup 
Sn 0<t<l 

fcn(0 OO 

£ £ 1>j+k€-l 
j=l fc=0 

-+P0. 

O n the other hand, it is well-known (noting the ek are iid random variables) that for 

any 0 < t < 1, 

fcn(0 kn(t)-k fc„(0 fc-1 

z2€k £ ^ = £efc£^-
fc=l j=0 fc=l i=o 

(5.3.8) 

where = denotes the same in distribution. Therefore, by applying Theorem 1.4.1 

given in Billingsley (1968, page 25), (5.2.2) follows if 

fcn(0 fc-1 

Sr 
- E ^ E ^ i m o<*<i. 
s" fc=l j=o 

(5.3.9) 

Recall vk = E*=o ̂ r Since maxi<fc<n N / S n -> 0, we see that for any 8 > 0, 

1 n 

— E ^ e ^ l ^ l ^ s n ) < ^/(^iM^/max^^J^I) -+ 0. (5.3.10) 
71 fc=l 

It follows from Lemma 4.3.3 that 

1 
— m a x |ffc6fc| ->p 0. 
S n l<fc<n 

(5.3.11) 

In terms of (5.3.10) and (5.3.11), (5.3.9) follows from Prokhorov's Theorem (Rao, 

1984, page 343). This completes the proof of (5.2.2). 

If ipk = k~H(k) where the positive function l(k) is slowly varying at infinity, it is 

easy to check that ELo k~H(k) still is slowly varying at infinity. When E£0 k~H(k) = 
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oo, we obtain (see Bingham et al, 1987, p26) that 

n /j-l \2 / n \ 2 

sn = £ E ^ w ~n Efc-̂ fc) , 
j=l \fc=0 / \fc=l / 

n / oo \1/2 n 

£ £ fc-2/2(fc) ~ J2r1/2KJ) ~ ̂ 2l(n) = o(sn). 
j=0 \k=j J j=l 

Hence (5.2.3) follows from (5.2.2). 

If 0 < lEfclo ^fcl < °° and Efc=i kipk < oo, by applying Lemma 5.3.1 and methods 

similar to the proof used in (5.2.2), it suffices to show that 

1 [nt] fc-l / oo \ 

T^E^E^lE^jm o<i<i. 
v n fc=l j=0 

By noting 

J=o 

(5.3.12) 

[nt] fc-l / oo \ [nt] [nt] oo 

£efc£^= £^- £efc-£^£^-, 
fc=l j=0 \j=0 / fc=l fc=l j=k 

(5.3.12) follows from Donsker's Theorem (Billingsley, 1968, page 137 ), Theorem A.l 

(see Appendix A) and as n —> oo, 

P j sup 
0<f<l 

[nt] co 

£e*£^ 
fc=l j=k 

n oo 

>6yfc) < C(<Pn)-1J57 (£€*£>; 
,fc=l j=k 

2 
Ci n / oo 

^ E S> -o, 
fc=i \j=fc 

where we use the estimate: E?=fc tfj -> 0 as fc -> oo. 

If E ^ o l̂fcl < oo and E£Li V'fc 7̂  0, the result follows from Hannan (1979). The 

proof of Theorem 5.2.1 is complete. • 

Proof of Theorem 5.2.2. Generally speaking, (5.3.8) fails to hold for martingale 

differences. To prove Theorem 5.2.2, we need a new method. 
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For every fixed / > 1, put 

l oo 

Zij = E^fcej-fc and zf3- = £ VfcCj-fc-
fc=0 fc=Z+l 

From Fuller (1996, page 320), we obtain that for any m > 1, 

m m I 

E41 = EE*̂ -* 
3 = 1 j=l fc=0 

i m I I l-l I 
= £^fc£e; + £ei-*£^-£em-s E ^ 

fc=0 j=l s=l ,7=s s=0 J=s+1 
J m 

= £^fc£ej + #(m,/), say. 
fc=0 j=l 

Therefore, it follows that for every fixed / > 1, 

, Kit) / i \ k-n{t) k*n(t) 

££*>= ?E* E^+^KW.') + ̂E4'-
"» j = l \ ^ fc=0 / j=l n n ; / = l 

(5.3.13) 

Noting Efc=o^fc -> bip, as I ̂ > oo, and existing positive constants Ai and ̂ 2 such 

that Ain < Q*2 < A2n, by applying Theorem A.l (see Appendix A ) , it only need to 

show for any 8 > 0, 

Kit) 

lim lim sup P < sup 
J->oo n_^oo I o<t<l 

E4> 
i=i 

>(Vn> = 0; 

limsuppj sup \R(k*n(t),l)\ >6y/n\ = 0, 
n->oo L0<t<l J 

for every fixed / > 1; and 

, Kit) 
- V f , =>W(t), 0<t<l, 

(5.3.14) 

(5.3.15) 

(5.3.16) 

3=1 

where s*2 = ZZU
E^j• 

hx fact, (5.3.14) follows directly from L e m m a 5.3.2 since {ek,^, -00 < n < 00} 

is a martingale difference sequence. 
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In terms of (5.2.7) and L e m m a 4.3.3 with r]nk = ek,k = -n, • • • ,n, otherwise 

Vnk = 0, we have that 

—= max |e,| ->P 0. (5.3.17) 
y/n -n<j<n ' J' v ; 

By (5.3.17), (5.3.15) holds because Efclo l̂fcl < °° anc* hence 

^osup !*««,oi < ^ - hiE (E I*I + E w 
v s=0 \j'=s j=s+l 

- » P 0. 

Finally, (5.3.16) follows Brown (1971) (see also Tanaka, 1996, page 80, Theorem 

3.3.8) by using (5.2.6) and (5.2.7). The proof of Theorem 5.2.2 is complete. • 



Chapter 6 

Applications to unit root testing 
and time series regression 

In this chapter, we apply the main results presented in the previous chapters to several 

well-known examples, namely, testing for unit roots, testing for stationarity, and time 

series regression. The limit distribution of the test statistics arising from statistical 

inference in economic time series related with fractional processes and linear processes 

have been studied by many statisticians and economists under various conditions in 

recent years. By using the results given in this thesis, we can see that the conditions 

under which the test statistics have desirable distributions can be essentially weaker 

than those previously discussed in the literature. 

6.1 Testing for unit roots 

Let {yt} be a stochastic process generated according to: 

Vt = aVt-i + Xtl t = l,2,---, (6.1.1) 

where y0 is a constant with probability one or has a certain specified distribution, 

and {Xt} is a sequence of errors. Denote the ordinary least squares (OLS) estimator 

106 
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of a by an = EJLi VtVt-i /ESLi Vt-i •
 W e have that 

(an - 1) = < £ j/t_i(j/t - yt-i) > / < 
t=i 

'E^-if- fl"-*) n 
t=i 

The statistic n(dn-l) is commonly called the D F (Dickey and Fuller) test statistic. 

When model (6.1.1) has a unit root (i.e., the null hypothesis a = 1 holds), the limit 

distribution of the DF test statistic was first considered by Dickey and Fuller (1979) 

under the assumption that the error processes Xt are iid random variables. Since 

then, considerable attention has been focused on how to weaken or avoid the iid 

assumption. For these discussions, see Said and Dickey (1984), Phillips (1987), Hall 

(1989) and Chan and Tasy (1996). In these articles, the unit root distribution is 

obtained but only for the situation that the error process is a short memory process, 

such as strong mixing sequence, ARMA processes or linear processes. For similar 

results, more references can be found in Phillips and Xiao (1998), where the authors 

presented a survey of unit root theory with an emphasis on testing principles and 

recent developments. 

On weakening the iid assumption, another important contribution is made by 

Sowell (1990). By assuming that the error process is a simple fractional process 

Sowell (1990) established a well-known fractional unit root distribution1 and pointed 

out that asymptotics in this case significantly differ from that when error processes 

are short memory processes. The results of Sowell (1990) were later extended to 

nonstationary fractionally integrated processes by Chan and Terrin (1995). With a 

Gaussian innovation, Chan and Terrin (1995) studied the general unstable AR unit 

root test, which extended results given by Chan and Wei (1988), Parks and Phillips 

xThe fractional Brownian motion used as limiting process is insufficiently defined in Sowell (1990). 
For a correction of Sowell's Theorem 3, see Marinucci and Robinson(1999). Also, it can be found in 
following Theorem 3. 
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(1988, 1989), and Sims et al. (1990) to fractional cases. Recently, Tanaka (1999) 

considered another situation where the error process satisfies (3.1.4). 

By applying the main results in the previous chapters, in this section, we shall 

derive the limit distribution of the DF test statistic n(dn — 1) while the error pro­

cess Xt is a linear process or a general fractionally integrated process. It will be 

shown that applications of the theorems established in previous chapters to the re­

lated statistics can lead to the results similar to those cited in previous papers under 

quite weak conditions. Since the properties of linear processes and general fraction­

ally integrated processes are quite different, the limit distribution of n(dn — 1) will 

be studied separately when the error process Xt is a linear process and when it is a 

general fractionally integrated process. 

6.1.1 Linear processes 

In this section, the main results in Chapter 5 are applied to unit root testing. 

At first, we assume that {yt} is a process generated by (6.1.1) with a = 1. 

Phillips (1987) investigated the limit behavior of the DF test statistic n(an - 1) 

defined by (6.1.2) provided the error process {Xt} is a strong mixing sequence with 

appropriate mixing conditions. Here, we assume that the error process {Xt} is a 

linear process, i.e., 

oo 

ATt = £VfcQ_fc, t=l,2,---, (6.1.3) 
fc=0 

where {ipk} is a sequence of real numbers and {ek} is a sequence of random variables 

specified later. Under quite general conditions for both the ipk and the innovations 

ek, this section shows that the DF test statistic n(an - 1) has a distribution similar 
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to that in Phillips and Xiao (1998), where the authors obtained the limit distribution 

of the n(an — 1) provided EfcLo ̂ ^l^fcl < oo. 

Theorem 6.1.1. Let ek,k = 0, ±1,±2, ••• be iid random variables with Eeo = 0 

and Eel = &2. If 0 < | EfcLo ̂fcl < oo and EfcLi Wl < oo or EfcLo 1̂ *1 < oo and 

EfcLo ̂ k ¥" 0> then as n —»• oo, 

(«) * Et=i y?-i =• °% Jo' W(r)2dr; 

(V £ Er=i y*-x (vt - yt-i) =* (o2b%/2) (w(i)2 - 7); 

(c) n(an -1)=> (1/2) (W(l)
2 - 7) /fi W(r)

2dr ; 

(d) an -+P 1; 

^ ta =* (|7-
1/2) (W(l)2 - 7) /{Jo' ^(r)2^r}1/2 , 

oo oo / 

^ = E^' 7 = £^fc/^) 
fc=0 fc=0 / 
n / n 

®n = £ ytj/t-i / £ y2-i i anrf 

t=l / t=l 

1/2 

ta = £?/2-l («n ~ 1) /Sn with $1 = ~ £ ( & ~ a»i2/t-l)2-
\t=X / t=l 

As in Phillips (1987), the proof of Theorem 6.1.1 can be obtained by applying 

(5.2.4) appeared in Theorem 5.2.1. The details are omitted. 

If EfcLo ^fc = °°> tne results differ from those in Theorem 6.1.1. The limit distri­

bution of the D F test statistic n(dn - 1) is free from the unknown parameters b^ and 

7, but ta diverges to oo in probability. This result is given by Theorem 6.1.2 below. 
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Theorem 6.1.2. Let ek,k = 0, ±1,±2, ••• , be iid random variables with ECQ = 0 

and Eel = °2- V ^k = fc_1/(fc), where l(0)/0 = 1 and positive function /(fc) is slowly 

varying at infinity satisfying EfcLi fc_1/(fc) = oo, then 

(a) (nvn)-
2 E?=1 Vii =• cr

2 fQ
l W(r)2dr; 

(b) (Vn~vn)-
2 Y?t=i m-i (yt - yt-i) =• (**/2) w(i)

2; 

(c) n(an -1)=> (1/2)W(1)
2 /ft W(r)2dr ; 

(d) ta —>• oo, in probability, 

where vn = Efc=i k~
ll(k), an and ta are defined as in Theorem 6.1.1. 

Proof. Recall 
n 
sl = £ vl kn(t) = sup{m : s2m < ts

2
n} 

3=1 

and the process {yt} is defined by (6.1.1). If a = 1, then yt = E$=i Xj (without loss 

of generality, here and below, we assume y0 = 0), and hence 

2 rsVsl (knir) V 
2 _Sn I iTv rfr< 

Therefore, we obtain that 

s2 rsVsl /M;) 

n „,2 n 

1 1 
E ^ = E|^+E ̂ -^ ̂ -
t=i t=i n t=i v * n / 

= &£/2 /2 E^ *+*» «*. 
Un t=l

 J»t-J»l \j=l J 

4 pi ( 1 fc"(r) \ 

"5/ =£*'*+ 
2 

Rn-



Ill 

It follows from (5.2.3) in Theorem 5.2.1 and the continuous mapping theorem (The­

orem A.2, see Appendix A) that 

ri ( , MO \
 2
 ri 

I - £ Xj) dr^o2 \ W(r)2dr. 
JO \sn j=1 J Jo 

This fact, together with Theorem A.l (see Appendix A), implies that (a) follows if 

S2n = Y,VJ~nVn and rL*n-^°- (QAA) 
i '" UT) 

3 = 1 

Since vn = Efc=i k~
xl(k) is still a slowly varying function, the first relation of 

(6.1.4) follows from Bingham et al. (1987, p26). 

Since Ey2 ~ tv2 (recalling Remark 5.2.1), we have that 

-2-2 z2Ey2t-^o and -^Az2y2Ey*-i~o 
n t=i t=i 

by using the slowly varying properties of vt. Hence, by noting vt 1\ as t f oc, it 

follows that 

The second relation in (6.1.4) follows from using Markov's inequality. The proof of 

(a) is complete. 

The proof of (b) follows directly from (5.2.3) in Theorem 5.2.1 and (a) in Theorem 

6.1.3 by noting that ELi Vt-iiVt ~ yt-i) = \vl-\ EILi xl 

The proof of (c) is straightforward by applying (a), (b) and the continuous map­

ping theorem. 
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To prove (d), we rewrite 

1 n 
6n = -£(2/t-Q!n2/t-l)2 

t=l 

- 1 V ^ y 2 2 ( d n - l ) ^ (o, r a-i)2^ 

Since n~6vn -» 0, for any 5 > 0 (see Feller, 1971, page 277), and'w„ -> oo, it follows 

from (a)-(c) that for V e > 0, as n ->• oo, 

1 n 

a „ - l 

n 
£ 2ft-I AT< 
t=i 

>e < P(n|dn-l|>evn) 

Eft-i*i 
t=i 

> mjn
_ j ->• 0, (6.1.5) 

(<*n - 1) 
2 " 

n 
£ y 2 - i > e < P (n\an - 1\ > evn) 
t=i 

+P U^S^1 > rm -4 (6.1.6) 

In terms of (6.1.5), (6.1.6) and the part (a) in Theorem 6.1.3 below, we have that 

"2E** < oo. 
fc=0 

Therefore, (d) follows easily by applying (a) and (c). The proof of Theorem 6.1.2 is 

'complete. • 

Remark 6.1.1. When the error process Xt satisfies (6.1.3), where the innovations ek 

form a martingale difference or a mixing sequence, results similar to Theorems 6.1.1 

and 6.1.2 can also be obtained by using Theorem 5.2.2, Corollaries 4.2.4 and 4.2.5. 

The details will not be discussed here. 
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It is well-known that the limit distribution given in Theorem 6.1.1 depends on the 

unknown parameter 
00 / / CO 

7=Etf/ 5> 
fc=0 / \fc=0 

As in Phillips (1987, page 285), we can construct an estimate of j as follows: 

l = ^2lb2n, where ̂ 2 = ^ £ X 
n 

t=i 

n 
2 
t 

and b\ = \ EJLi X? + I Et=i EtU+i XtXt-r- Here and below, {ln,n>l} denotes 

a sequence of positive real numbers. The following Theorem 6.1.3 shows that 7 is a 

consistent estimate of 7 for any ln satisfying ln = o(n) and ln —> 00. This result also 

is useful for the testing of stationarity discussed in Section 6.2. 

Theorem 6.1.3. Let ek,k = 0, ±1, ±2, • • • , be iid random variables with Ee0 = 0 

and Eel = a2-

(*) IfZllort < ™> then bn
2/o2 -+ ET=o^l a.s.. 

(b) If EfcLol^fcl < °°> then for any ln satisfying ln = o(n) and ln ~+ 00, 

^ 2 - * p ( E f c ° L 0 ^ )
2 -

Proof. Noting that {Xt,t > 1} is a stationary ergodic sequence (Theorem B.3, see 

Appendix B) and EX\ = o2 EiJLo ̂  < 00, it follows from the stationary ergodic 

theorem (Theorem B.2, see Appendix B) that b*2 -+ o2 >ZT=o 4>h a-s- This Proves 

(a). 

It is well-known that (Brockwell and Davis, 1987, page 212) 

>(E^)24E-^!EE-^-2(E*)2. (-> 
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This fact, together with (a), implies that, to prove 

ln n 1 n Q tn n / oo \ 

^4E*<2+^E E W-^'IE* 
t=l r=l t=r+l \fc=0 / 

it suffices to show 

In n 

- E £ (xtXt-r ~ EXtXt_r) ->P 0 and 
r=l t=r+l 

1 n—1 n 

~ £ E ^«^-r "> 0. 

(6.1.8) 

(6.1.9) 
r=J„+lt=r+l 

Next we give the proofs of (6.1.8) and (6.1.9). 

Proof of (6.1.8). Recalling (6.1.3), we have (noting ECJ = 0 for all j) 

ln n 

An = -E 
n 

= l-E 
n 

7 J / y (XtXt-r — EXtXt^r) 
r=l t=r+l 

oo oo Zn n 

EE^fc^E £ (et-ktt-r-s - Eet-ket-r_s) 
fc=0 s=0 r=l t=r+l 

00 oo 

^ -z2z2\^ME 
fc=0 s=0 

00 oo 

n fc=0 s=0 

E (<?-* 
t=\ 

, \Ma\E 

- ElU) 

ln n 

E E 
r^k-s t=T+ 
r=l 

£t-k€t-r-s 

1 

>where A = max{2, fc — s + 1}. By Markov's inequality, to prove (6.1.8), it suffices to 

show that An —> 0, as n —>• oo. This follows from 

Bn = sup — E 
fc, s>o n 

ln n 

£ £ tt-kCt-r 
r^k-s t=T + l 
r=l 

o, (6.1.10) 

where ln = o(n); and 

1 
Cn = sup —E 

fc, s>o n 
E W-* - E*l*) 
t=\ 

0, (6.1.11) 

file:///Ma/E
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where A = max{2, fc — s + 1}. 

In the following, we give the proofs of (6.1.10) and (6.1.11). 

Since ek are iid random variables with Ee0 = 0 and Eel < oo, & follows that 

ln n In n 
E E E «-*«—• = E E ^Ulr_, < nln (E4, 

\ r^k-s t=T + l j r^k-
^ r = l / r = : 

Hence, (6.1.10) follows from, as n —> oo, 

r^tk-3 t=r+l 
r = l 

* * nt*jU±± 
' — \ T^k-s t=r+l 

\ r = l 

1/2 

tt-ket-r-s) 

< (ln/n)
1'2 (Ee2Y -+ 0 

To prove (6.1.11), for every j, let 

C1J ~ S^d^n1/4) ~ E<?jh\ti\<nU*) a n d €2j ~ ejJ(|£j.|>nV4) - £e
2J(|£.|>ni/4). 

After some algebra, we obtain 

In,k,s = E ( E^i.t-fc ) < A [n
2 (^/(|eo|<nl/4))

2 + n£e§I(|£0|<nl/4)} . (6.1.12) 

<=A 

The relation (6.1.12) implies that, as n —> oo, 

H„i = sup - £ 
fc, s>o n 

£ eM-/ 
t=A 

< - sup (In,k,s)
l/* < A {n-^(Ee2)2 + n'^Ee2} -> 0, 

71 fc,s>0 

where the inequality E\X\ < (EX4')1!4' for any X is employed. Therefore, it follows 

that, as n —>• oo, 

Cn 

1 „ 
SUp — £/ 
fc, s>0 72 

/ . \el,t-k + e2,t-fc) 

t=X 

< Hni + 2Ee0Ineo\>ni/A) -+ 0. 
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The proof of (6.1.8) is complete. 

Proof of (6.1.9). Since Eejek = 0 for j ^ fc, we have that 

n—1 n oo oo n n 

£ £ EXtXt_r = ££V>fc^ £ £ Ett-ket-r-
r=ln+lt=r+l fc=0 s=0 r=ln+l t=r+l 

oo oo n 

= E £ ^ £ Ee2_k. 
s=0 k=s+ln t=k-s+l 

Therefore, as n —>• oo, 

n—1 n 

s 

1 

n £ J2EXtXt-, 
r=ln+lt=r+l 

oo 

<^2(£iv>fcl El^lJ^o. 
^k=ln / \S=0 

This gives (6.1.9). 

The proof of Theorem 6.1.3 is complete. • 

6.1.2 General fractionally integrated processes 

In this section, we discuss the applications of main results in Chapter 2 to unit root 

testing. We assume that the process {yt} is generated by (6.1.1) with a = 1. In 

previous research, Sowell (1990) derived the limit distribution of the DF test statistic 

n(an — 1) defined by (6.1.2) provided the error process {Xt} is a simple fractional 

process (i.e., m = 0 and ut = et in (6.1.13)). With a Gaussian innovation, Chan and 

Terrin (1995) extended Sowell's result to the general unstable AR processes. Here, 

we consider a further general situation by assuming that the error process {Xt} is a. 

general fractionally integrated process, i.e., 

00 

(l-B)d°+mXt = ut, ut = £ ^ e 4 _ i , t = l,2,..., (6.1.13) 

3=0 
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where m > 0 is an integer and d0 G (-1/2,1/2); (1 - B ) d o + m is defined by (2.1.2); 

Cj, j = 0, ±1,... are iid random variables with Eeo = 0 and ipj,j > 0, is a sequence of 

real numbers to be specified later. By using Theorems 2.2.1, 2.2.2 and 2.3.1, under 

quite general moment conditions, Theorem 6.1.4 below derives the limit distribution 

of the DF test statistic n(an — 1) defined by (6.1.2), which provides a unified treatment 

of the previous cited results. In particular, we point out that the limit distribution 

of n(dn — 1) is free of the choice of the weights ipk of the ut in model (6.1.13) if 

d0 + m > 0. 

We continue to use the notation Wdo,m(t) and Conditions A and B defined in 

Chapter 2. For convenience of reading, we rewrite them as follows: 

' Wd0(t), it m = l, 

I SHI™'1 - fo2Wdo(ti)dtidt2...dtm-i, if m > 2, 

where Wdo(t),d0 e (-1/2,1/2), is a "type I" fractional Brownian motion on D[0,1]. 

Condition A: E\e0\
p < oo, wherep = 2, for 0 < d0 < 1/2; p = (2 + 8)/(l + 2d0) 

< oo, 8 > 0, for -1/2 < d0 < 0, and ipj,j > 0, satisfy 

WdQ,m(s) = < 

oc 

y ^ \ipj\ < oo and b^, = £ ipj ̂  0. 
j=0 j=o 

Condition B: £|eo|<nax{2,2/(i+2d0)} < oo, do G (-1/2,1/2), and ^, j > 0, satisfy 

oo oo 

£i1/2"d0|^l<oo and ^ = £ ^ / 0 . 
j=0 3=0 

Theorem 6.1.4. Let the process yt be generated by (6.1.1) with a=l and the error 

process Xt satisfies (6.1.13). Assume that Condition A or Condition B holds. 

(a) lfm>lorm = 0 and 0 < d0 < 1/2, then 

n(rf»-l) =» \[Wd0,m+i(l)]
2 jJ\wd0,m+i(s)}

2ds . (6.1.14) 
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(b) lfm = 0 and d0 = 0, then 

n(dn-l) => I [W(l)2 - 7] /jf* [W(s)f ds 

where 7 = ET=o^k/br 

fo) J/m = 0 and d0 G (-1/2,0), tfien 

n1+2*(c^-l) M(d0,V) 

2«2(do) / o l W ^ ^ ) ] 2 ^ ' 

iwAere AC2(C?0) is defined as in Theorem 2.2.1 and 

,2 r* 

M(dQ,iP) = ^ £ \l-eiX\-2d0 \iP(e~iX)\2 d\ 

with ip(e iX) = E ^ o V'fce" zfcA 

Proof. By noting 

n 1 n 

£j/t-i(j/t-j/t-i) = «£{j/?-j/?-i-(yt-yt-i)2} 
i=l t=l 

~ nyl~nzZXh 
3=1 

we can rewrite n(dn — 1) as 

n(o?n - 1) 

2K2(d0)n
1+2(d°+™) 

n 1 / f 1 "-1 

^-E^/UE 
j=l ) I \ t=l 

Vt 
2\ 

-f \K(d0)n
1/2+do+mJ 

: i > 

(6.1.15) 

(6.1.16) 

(6.1.17) 

Since yt = yo + Ej=i -̂ j (We assume yo = 0 below, clearly it does not affect the 

proofs of the main results), where Xj satisfy (6.1.13), it follows from Theorem 2.3.1 
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that 

(K(do)ni/2+d0+m y[nt]j => [WdQ,m+i(t)}
2, for m > 0; (6.1.18) 

1 n-l , \ 2 «i 

- E^jJ^ft+mj =* / [^o,m+i(s)]
2ds, for m > 0; (6.1.19) 

1 M /•« 
K2(rfo)n2(rfo+m) zZ

Xj =* yQ [^d0,m(s)]
2ds, for m>l. (6.1.20) 

Because of (6.1.20), it is clear that 

__1__ J2X2-^P0, ifm>l. (6.1.21) 

Therefore, (6.1.14) holds for m > 1 by using (6.1.17)-(6.1.19), (6.1.21) and the con­

tinuous mapping theorem. 

On the other hand, if m = 0 in (6.1.13), it follows from Lemma 2.6.3 that {Xt,t > 

1} is a stationary ergodic linear process with 

E€0 r Ii JX\-2do |„/./„-tA\|2 
EX( = [* \1 - e*]-2*1 \il>(e-*)\2 dX<oo, 

J — 7T 2TT 

where ip(e~lX) = EfcLo ^k^~%kX- By using the stationary ergodic theorem (Theorem 

B.2, see Appendix B), we obtain that 

1 n 

- V X 2 -> £ X 2 = M(d0, </>) < oo, a.s.. (6.1.22) 
n ̂ —' J 

In particular, we point out that EX2 = Eel EfcLo V'fc < °° if ^o = 0. 

Since (6.1.22) implies (6.1.21) when m = 0 and 0 < d0 < 1/2, (6.1.14) still holds 

for m = 0 and 0 < d0 < 1/2 by using (6.1.17)-(6.1.19), (6.1.22) and the continuous 

mapping theorem. 

Similarly, (6.1.15) and (6.1.16) follows easily from (6.1.17)-(6.1.19), (6.1.22) and 

the fact that Wd0ti(s) = Wdo(s) and W0(s) = W(s). The proof of Theorem 6.1.4 is 

complete. Q 
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6.2 Testing for stationarity 

In this section, we discuss another application of the main results in chapter 5. Let 

us consider the model: 

yt = il> + rt + zt, t=l,2,---. . (6.2.1) 

Here ip is a constant, zt is a stationary error and rt is a random walk: 

rt = rt_i+ut with r0 = 0, (6.2.2) 

where ut are iid random variables with Eut = 0 and Eu
2 = o\. To test cr2 = 0, i.e., 

to test whether the data generating process is stationary, the commonly used test 

statistic (known as K P S S test statistic) is 

n t 

fju = n~
2 £ S? h2(Q , where St = £e,-, (6.2.3) 
t=i j=i 

1 n 9 }n _n 

s2(̂ ) = -£ e ' + -££ e< e<-
t=l s=l t=s+l 

and et = yt~ \ EILi yt 1S tne residual from the regression of y on the intercept ip. 

Kwiatkowski et al. (1992) discussed the asymptotic distribution of the f]u provided 

that ln = 0 (n
1/2) and zt satisfies the (strong mixing) regularity conditions given by 

Phillips and Perron (1988, page 336) or the linear process conditions given by Phillips 

and Solo (1992, Theorems 3.4 and 3.15). A m o n g Phillips and Solo's conditions, one 

is EfcLo fcl/2|^fc| < oo. This condition is weakened and replaced by EfcLo M < oo in 

this section. In particular, we only need /„ satisfying ln = o(n) and ln - ) • co, which, 

in practice, provides more choice for s2(ln). Therefore, our results are an extension 

of theirs. 



121 

T h e o r e m 6.2.1. Let ek, k = 0, ±1, ±2, • • • be iid random variables with Ee0 = 0 and 

Ee2 = o2. Assume that the data generating process is given by (6.2.1) with 

Zt = Xt = £^fce<-fc. 
fc=0 

If EfcLo \^k\ < °° and EfcLo ^fc 7^ 0, then for any ln satisfying ln = o(n) and ln —>• oo, 

f}u => / F(r)
2dr, w/jere F(r) = W(r) - rW(l). (6.2.4) 

Vo 

Proof. Under the hypothesis a2 = 0, it is well known that et = Xt - £ E?=i ^*- By 

applying Theorem 5.2.1, we have that, for any 0 < r < 1, 

1 1 ^ f 1 n 

S[nr] = -}2
Xt-—zZXt^ W(r) - rW(l) = V(r), 

t=i " t=i 

v2 
where cr2 = n<72 (EfcLo ̂ *) • Hence, it follows from the continuous mapping theorem 

that 

2 

n~2zZSt=l S?nr]dr^o
2 £ ^ J / y(r)2oY. 

t=i n 7 0 \fc=o / Jo 

On the other hand, we have that 

1 n 9 *w_ _n 

*2(U = -£e2 + - E £ e ^ -
71 t=l 5 = 1 t=S+l 

= iE^+lEE^-+fl-
where, after a simple calculation, 

\ 2 

£ £ ( x 4 + xt_.) 
VJ=I / 

Cln (j^x 

(6.2.5) 

I«..I * §(E*i) +1 

5=1 t=S + l 

in n 

s=l t=s+l 

(6.2.6) 

E^ 
3 = 1 

< 

d=i 
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Recalling (6.1.7), Markov's inequality implies that for any ln = o(n), \Rln\ ->P 0. 

Therefore, by using (b) in Theorem 6.1.3, we obtain that for any ln satisfying ln - o(n) 

and ln —v oo, 

a2W->P^(£^*] • (6-2.7) 
\fc=0 / 

(6.2.4) follows immediately from (6.2.5) and (6.2.7). The proof of Theorem 6.2.1 is 

complete. • 

6.3 Time series regression 

In this section, we consider another application of Theorems 2.2.1 and 2.2.2. Let the 

observed process zt follow the following regression model 

zt = x't(3 + yt, t = l,2,---, (6.3.1) 

where xt = (xti,xt2,- •• ,%tp) is a 1 x p vector of nonstochastic regressors, ft = 

(Pi,P2,--- ,Pp) is a vector of unknown regression parameters and the sequence of 

errors {yt} is a long memory process. For the model (6.3.1), Yajima (1988, 1991) 

derived necessary and sufficient conditions for the least squares estimate (LSE) to be 

asymtotically effective relative to the best linear unbiased estimator (BLUE). This 

result extended the work of Grenander (1954) in the short memory case. Yajima's 

results were extended later by Robision and Hidalgo (1997) to the presence of long-

range dependence in both errors and stochastic regressors. Robision and Hidalgo 

(1997) established a central limit theorem for time series regression estimates which 

include generalized least squares. 

However, as shown in Yajima (1988), the LSE is no longer asymtotically efficient 

in the case of polynomial regression. For a Gaussian long-range dependent polynomial 
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regression model, Dahlhaus (1995) constructed a weighted LSE and proved asymp­

totic normality and efficiency of the weighted LSE. By applying Theorem 2.2.1, we 

give the following Theorem 6.3.1 and derive the asymptotic distribution of Dahlhaus's 

weighted LSE when the error satisfies (6.1.13) with m = 0 and 0 < d0 < 1/2 under 

the best possible second moment conditions. 

We first introduce the following notation: 

u>ktdo(x) = x
k{x(l - x)}~d°,k = 0,1, • • • ; 

W is an n x n diagonal matrix with ith element ujo,do (i/(n +1)); 

Y = (yi,--- ,Vn)', Pn = diag(l,n-
1,--- ,n~^-^) and X = (0%))nxp, where 

Xij — V~l- Define 

Pn-P= (X'WX)~l X'WY. (6.3.2) 

We obtain the following theorem. 

Theorem 6.3.1. Let (6.3.1) hold with x't = (l,t, • • • ,t
p~l) and the errors yt = Xt, 

where Xt satisfies (6.1.13) with m = 0 and 0 < d0 < 1/2. Assume that Eel < °°-

Then, 

ni/2-d0p-i ^ _ ^ ^ A-iE (6.3.3) 

where 

E = K(do)(f uo,do(s)dWdo(s)r-- , I up-Uo(s)dWdo(s)j , 

A = (ai3)pxp Witfl ai3 =/ Ui+j-2,do(
X)dxi 

n(do) and Wdo(s) are defined as in Theorem 2.2.1 and JQ
l cor,ddWd(s), 0 < r < p -

1, are defined as the limit distribution of J* gm(r,s)dWd(s), in mean square, where 



124 

9m (r, s) is a sequence of non-decreasing left continuous step functions that converges 

to uTtd(s) everywhere (noting that gm(r, s) exists according to Theorem 1.17 of Rudin 

(1986)). 

Following the proofs of Theorem 1 and Corollary 1 in Deo (1997), the proof of 

Theorem 6.3.1 is straightforward by (2.2.3) (see Theorem 2.2.1) instead of (4) given 

in Deo (1997). The details are omitted. 

Remark 6.3.1. Deo (1997) assumed the error is a linear process: yt = E ^ o 0 ^ * - * 

satisfying E£Lo ai < °° a i m ^ar (E<Li Vt) ~ n2HL(n) for some 1/2 < H < 1, where 

L(x) is a slowly varying function at oo, but he imposes a strict restriction on the 

moment conditions for innovations e^. 



Appendix A: Weak convergence of 

probability measure 

This appendix gives some basic results on the weak convergence of probability mea­

sure. The context is mainly from Billingsley (1968). 

Let S be a metric space and B be the cr-field generated by the open sets in S. A 

probability measure P on B is a nonnegative, countably additive set function with 

P(S) = 1. Let Pn and P be probability measures on B. W e say that Pn converges 

weakly to P and write Pn =>• P if fs fdPn —>• fs fdP for every bounded, continuous 

real function / on S. 

Let X be a mapping from a probability space (Q,, T, P) into a metric space S. If 

X is measurable (i.e., X~XA C T, for each A in B), we call it a random element. In 

particular, if 5 = D[0,1], we also call X a random function. 

The distribution of X is the probability measure P = PX~l on (S, B): 

P(A) = P(X~1A) = P(XeA), AeB. 

W e say a sequence Xn of random elements converges weakly (converges in distribution 

called in Billingsley, 1968) to the random element X, and write Xn => X, if the 

distributions Pn of the Xn converges weakly to the distribution P of X: Pn => P. 
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Denote the metric on S by p(x, y) and let S be separable. The following Theorems 

A.l and Theorem A.2 come from Theorem 4.2 and Corollary 5.1 given in Billingsley 

(1968) respectively. 

Theorem A.l. Suppose that, for each u, Xun => Xu as n ->• oo and that 

Xu=> X as u -» oo. Suppose further that 

lim lim sup P{p(Xun,Yn) > e} = 0 

for each positive e. Then Yn=> X. 

Theorem A.2. Assume that h is a measurable mapping of S into another metric 

space S'. If Xn^ X and P{X e Dh} = 0, where Dh is the set of discontinuities of 

h, then h(Xn) => h(X). 

In the literature, Theorem A.2 is commonly called the continuous mapping theo­

rem. 

In the following, we consider weak convergence of probability measures (also 

named as the functional limit theorem or invariance principle) in D[0,1]. D[0,1] 

denotes a metric space of all real-valued right continuous functions having finite left-

hand limits on the [0,1] with the Skorohod topology, i.e., the metric on D[0,1] is 

defined to be the infimum of those positive e for which there exists in A a X(t) such 

that 

sup \X(t) — t\ < e and sup \x(t) - y(X(t))\ < e, 
t t 

where A denotes the class of strictly increasing, continuous mapping of [0,1] to itself 

and x(t),y(t) € D[0,1}. 

Let Xn(t) and X(t) be mappings from a probability space (fl, T, P) into D[0,1], 

i.e., Xn(t) and X(t) are random functions of D[0,1]. Let {Xn,(t)} c {Xn(t)}. If 
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each {Xn>(t)} contains a further subsequence {Xn»(t)} such that, for some X(t), 

Xnn(t) => X(t),0 < t < 1, then {Xn(t)} is called tight. The following result comes 

from Theorem 15.1 given in Billingsley (1968). 

Theorem A.3. Assume that {Xn(t)} is tight and 

(Xn(ti),--- ,Xn(tk))-*d(X(ti),--- ,X(tk)Y 

holds foranyk>landO<ti^t2^---^tk<l- Then Xn(t) => X(t), 0<t<l. 

In many places of this dissertation, we use the following Theorem A.4, which is a 

direct consequence of Theorem A.l. 

Theorem A.4. Let Xun(t), Xu(t), Yn(t) as well as X(t) be random functions on 

D[0,1]. Suppose that, as n -> oo, 

Xun(t) => Xu(t), 0 < t < 1, for each u, 

and that, as u -» oo, 

Xu(t)^X(t), 0 < * < 1. 

Suppose further that 

lim limsup P\ sup \Xun(t) - Yn(t)\ > e } = 0 
U->00 JJ^OO lo<t<l ) 

for each positive e. Then Yn(t) => X(t), 0<t<l. 



Appendix B: Stationary ergodic 

theorems 

This appendix gives the properties of a stationary ergodic sequence. The context is 

mainly from Chapter 3 of Stout (1974). 

Let Roo be the infinite-dimensional Euclidean space and R^ be the smallest a-field 

of set of Roo which contains all the measurable finite dimensional product cylinders 

I~Ii!Li C<- A stochastic sequence {Xi, i > 1} is said to be stationary if Xi, X2, • • • has 

the same distribution as Xk, Xk+i, • • • for each fc > 1; i.e., if for each fc > 1, 

p[(Xi,x2,---)eC] = P[(Xk+i,xk+2,---)eC] 

for every C e KQO. Let {X^i > 1} be stationary and 

A = [(Xi,X2,---) eC] for some C G Moo. 

Then A is said to be invariant if 

A = [(Xk,Xk+i,---)eC] forallfc>l. 

W e call a stationary sequence {Xi,i > 1} to be ergodic if every invariant event has 

probability zero or one. The following theorems come from Theorems 3.5.3, 3.5.7 and 

3.5.8 given in Stout (1974) respectively. 
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Theorem B.l. Let {Xi,i > 1} be stationary or stationary ergodic and <j> be a 

measurable function <p: RQQ -+ Ri. Let Fj = (p(Xi,Xi+i, • • •), i > 1. Then {Yi, i > 1} 

is stationary or stationary ergodic. 

Theorem B.2. Let {Xi,i > 1} be stationary ergodic with E\Xi\ < oo. Then 

nYTj=lXj ~^a.s. EXX. 

Theorem B.2. is commonly called the stationary ergodic theorem. Since an iid 

sequence {e;} is stationary ergodic, by Theorems B.l and B.2, we have that 

Theorem B.3. Let {e{,i = 0,±1,±2,---} be iid (0,o
2) and {ipk,k > 0} be 

a sequence of real numbers satisfying EfcLo ^fc < °°- T^en {Xi,i > 1} is stationary 

ergodic and 
-, n oo 

-Y2x2^a,.Ex2 = o2YJ^l 
11 j=l fc=0 

where Xj = Y^'kLo^j-kJ > 1-



Appendix C: Strong approximation 

theorems 

This appendix gives the following theorems, which comes from Major (1976) and 

Komlos, Major and Tusnaddy (1975, 1976) (also see Csorgo and Revesz, 1981 or 

Csorgo and Horvdth, 1993). 

Theorem C.l. Let {Xj,j > 1} be iid (0,o"2). Then, without changing the 

distribution of {Xj,j > 1}, we can redefine {Xj, j > 1} on a richer probability space 

together with a sequence of random variables {Yj,j > 1}, where {Yj,j > 1} is iid 

N(0,o2), such that 
m m 

.s^E^-E^M"1'2)-
- - j=i j=\ 

If in addition E\Xi\p < oo, where p > 2, then 

max 
Km<n 

E^-E1* 
3=1 3=1 

= o (n 1^), a.i 
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Appendix D: List of Publications 

Part I. Related to this thesis 

1. The invariance principle for linear processes with applications. Accepted by 

Econometric Theory. (Chapter 5 and part of Chapter 6 are from this paper) 

2. Asymptotics for general fractionally integrated processes with applications to 

unit roots. Submitted to Ann. Statist. (Chapter 2 and part of Chapter 6 are mainly 

from this paper) 

3. Asymptotics for moving average processes with dependent innovations. Ac­

cepted by Stat. Probab. Letters. (Chapter 4 is mainly from this paper) 

4. Asymptotics for nonstationary frctionally integrated processes without prehis­

torical influence. Manuscript in preparation. 

5. The law of the iterated logarithm for long memory processes. Submitted to 

Stochastic Processes and their Application, (we do not put this paper in thesis) 

Part II. Selected publications of author in other projects 

1. A n exponential nonuniform Berry-Esseen bound for self normalized sums, Ann. 

Probab. (1999), 27(4), 2068-2088. 

2. Berry-Esseen bound for studentized statistics, Ann. Probab. (2000), 28(1), 

511-535. 

131 



132 

3. Kolmogrov and Erdos test for self normalized sums, Stat. Probab. letters, 

(1999), 42, 323-326. 

4. O n Berry-Esseen rates for m-dependent U-statistics, Stat. Probab. Letters, 

(1999), 41, 123-130. 

5. Bernstein type inequalities for degenerate U-statistics with applications, Chin. 

Ann. Math. (1998), 19B(2), 157-166. 

6. Non-uniform Rates of Convergence for Double Arrays of Independent Random 

Variables with Applications, Acta Math. Appl. Sinica, (English Series), (1996) 12 

109-112. 

7. O n the Maximal Inequality, Stat, and Probab. Letters, (1996) 31 85-89. 

8. Probabilities of large Deviations for U-statistics, J. of Nanjing University Math. 

Biquarterly, (1996) 13 168-172. 

9. O n the Non-uniform Convergence Rates for U-statistics, Science in China 

(Series A), (1995) 25 253-261. 

10. The Strong Law of U-Statistics with (/>*-mixing Samples, Stat, and Probab. 

Letters, (1995) 23 151-155. 
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