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Abstract

There is an increasing tendency to take a spatial perspective in analysing census or sample data. This thesis
contributes to the development of spatial analysis and concentrates on methods for analysing data on social
characteristics. The important case of aggregated census data will be considered.

If we are interested in spatial relationships, then we must consider how to analyse social data that have
been obtained by methods of sampling or aggregation. There may not be a direct interest in spatial relation-
ships, but the presence of spatial interdependence may still need to be taken into account in the analysis.
There may be spatial trends in means and variances, and the correlation between the characteristics of
different individuals that depend on their relative locations.

The main outputs of the thesis have contributed in the development of the analysis of aggregate social
data from a spatial perspective, in particular using semivariogram analysis. Some outputs are outlined here.
The role of the semivariogram and cross-semivariogram of the aggregate data is to explore and explain the
covariance structure and spatial dependency in the population. This includes the relationship between
spatial autocorrelation and the variogram. The connection between the variogram of the aggregated data
and the variogram of the unit level data, which leads to the development of a non-linear model of the group
level semivariogram to provide estimates of the individual level semivariogram model parameters. The
extension into the bivariate case involving cross-semivariogram analysis is discussed. The MAUP as an
analysis tool to explore spatial dependence of aggregate social data is discussed. Simulation results and
empirical analysis of actual aggregate data are implemented to confirm the methods. The empirical work

is based on analysis of the 1991 Australian Census of Population and Housing.

v



The thesis shows the role of semivariogram analysis (univariate case) and cross-semivariogram analysis
(bivariate case) in understanding the aggregation effect for social data. The aggregation effect, which
includes the two main aspects of the scaling effect and zoning effect, is mainly determined by the presence
of dependency within the data. Another factor is existence of the relationship between group size and

within group variation.
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Chapter 1

Introduction

There is an increasing tendency to take a spatial perspective in analysing census or sample data. Many
physical and social phenomena exhibit strong spatial aspects. This research contributes to the development
of spatial analysis and concentrates on methods for analysing data on social characteristics. The important
case of aggregated census data will be considered.

This chapter introduces a spatial perspective in analysing aggregated census data. The main points
considered are the data, targets of inference and approach to analysis. General problems and motivation of

the research are cited and the objectives and outputs are outlined.

1.1 Background : data, targets of inference, and analysis

Social data mainly come from observations of persons or households. Each observation may contain
social and spatial characteristics. These observations constitute individual level social data. There are
often reasons why aggregation is applied to individual level data. Aggregation will create aggregate level
social data. The aggregation process is based on groups in the population (section 3.2.1).

If we are interested in spatial relationships, then we must consider how to analyse social data that have
been obtained by methods of sampling or aggregation. There may not be a direct interest in spatial relation-
ships, but the presence of spatial interdependence may still need to be taken into account in the analysis.
There may be spatial trends in means and variances, and the correlation between the characteristics of

different individuals that depend on their relative locations.
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We will focus on spatial approaches based on analysis of variograms. The variogram is a statistic
which refers to the square of the difference between two observations at different locations. Methods
are developed to analyse variogram to infer spatial relationships at the aggregated and individual level

(chapter 4).

1.2 Problems and motivation

1.2.1 The problems

Statistical analysis of social data is often done using aggregated data, because of the availability of such
data, and constraint on funding and time (Langbein & Lichtman, 1978). Problems arise when the data are
available in aggregated form but inferences concerning individual level relationships are required. This
involves ecological inference (King, 1997). The problems will be detailed in chapter (2.2).

Two factors should be taken into account when performing analysis of aggregated data; aggregation
bias and the statistical methods problem (King, 1997). Aggregation bias arises because variation at the
individual level data is lost as a result of the transformation from individual to aggregate data. The second
factor is that many basic statistical methods are not suitable for the analysis of aggregated data. These
factors will affect the results of such analysis. Two key problems associated with analysing aggregate data
are the modifiable areal unit problem (MAUP) and the ecological fallacy (section 2.2.1).

Some solutions to the MAUP and ecological fallacy have been suggested, such as in King (1997) and
Steel and Holt (1996a). For example, Steel and Holt (1996a) proposed a model and developed methods to
analyse aggregated data and offered a way to adjust the aggregation effects to provide less biased estimates
of unit level parameters.

In this research, we will show that the MAUP is due to the spatial relationships at the individual level.
If we can estimate the spatial relationships at the individual level then the MAUP is resolved. In fact,
once we recognize that the MAUP is due to spatial relationships at the individual level, then the problem
becomes how to estimate these relationships from the available data. Chapter (4) will discuss this question

in more detail.




1. Introduction

1.2.2 Motivation : what and why spatial analysis

The analysis of social data often ignores the spatial characteristics and usually assumes that the observa-
tions are distributed independently and identically (IID). This may lead to incorrect results. Observations
from different individual units may exhibit inter-relationships. One individual may be influenced by oth-
ers at nearby locations. As a result, social data may show dependence between observations, and hence
the IID assumptions will not be appropriate. The data may be obtained in ways that depend on location,
through the sampling method and/or aggre;gation process to give aggregate data for a particular set of areal
units. For these reasons a spatial perspective provides an appropriate way to treat social data. In the spatial

perspective, we can account for the presence of spatial interdependence within the social data.

What is spatial statistics analysis ?

Cressie (1989) noted that most data have a space and time label associated with them. For example, in the
Australian 1991 Census of Population and Housing, the space label is represented as the centroid location
of each collection district (CD).

Data analyses are defined to be spatial if the locations are relevant for interpretation of the data, that is if
spatial variability is important. Fotheringham, Charlton, and Brunsdon (1996) noted a distinction between
the analysis of spatial data and spatial data analysis. Both analyses are done on spatial series data, where
the physical locations are recorded for each observation. The former analysis ignores the location aspect
and treats the data as if they were non-spatial. The latter analysis uses the location information extensively
to examine spatial variability in the data.

Analysis on spatial variability leads to the development of statistics and models which can discriminate
between different configuration of observations in a two dimensional surface. In chapter (2), some spatial

statistics and models will be considered.
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Why is spatial analysis used ?

This question will be considered by looking at spatial analysis in general and more specifically variogram
analysis. Considering census data as spatial series may lead to alternative ways of analysing it. So, what
is the significance of using spatial analysis?

In general, spatial analysis can disclose spatial variation, which will show whether the geographic
locations of observations are important or not. Cressie (1991) noted that spatial analysis offers a more
general way of analysing data than the classical approach, since it makes less assumptions, in particular no
IID assumptions are made.

More specifically, the spatial analysis approach allows us to develop a model for describing the spatial
correlation structure in a region. Once the spatial model is developed, interpolation may be used to estimate
the value of a characteristic at a specific location. Morisette (1997) noted that a spatial model can allow for
different spatial correlation structures at different spatial scales. Spatial analysis can be extended to spatial
multi level modeling, which allows us to evaluate a correlation structure at different levels.

For example, we may estimate a variogram model at the aggregate level. The developed variogram
model can summarize the spatial data by providing a measure of the spatial dependence between observa-
tions. A variogram model can be used with kriging to provide estimates of unmeasured observations at a
specified location.

The latter point raises the possibility of looking at smaller spatial scales. Analysing aggregated level
data using variogram methods may permit us to explore aggregation bias and the possibility of developing
a method of estimating the individual level variogram parameters. These issues will be discussed further
in chapter (4).

The spatial approach has a minor disadvantage in term of the computations involved, requiring power-
ful software and extensive computer time. In the case of non-spatial data, the IID assumptions will elimi-
nate the off-diagonal elements of the variance-covariance matrix. But for spatial analysis, all elements of

the variance-covariance matrix are relevant, resulting in more complex and intensive computation.
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1.3 Objectives

The main objective of this thesis is to develop methods of analysing aggregated social data. This study will
explore the covariance structure when it is difficult to accept the IID assumption and spatial dependence
is more realistic. Analysis of variogram (or semivariogram) will be performed to examine the covariance
structure of the aggregated data.

There are several outputs expected from this research. First, we will examine how the variogram of
the aggregate data can be used to explore covariance structure and how the variogram can explain spatial
dependency. Second, connection between the variogram of the aggregated data and the variogram of
the unit level data will be derived. Can analysis based on aggregate data provide an adjustment to infer
unit level spatial relationships ? Also what is the effect of clustering people in households ? Third, the
extension of the variogram analysis into the bivariate case involving cross-semivariogram analysis will be
considered. Fourth, the relationship between spatial autocorrelation and the variogram will be investigated.
Fifth, a methodology of using the MAUP as a tool to explore spatial dependence of aggregate social data
will be developed. Simulation results and empirical analysis of actual aggregate data will be used to
examine these issues. The empirical work will be based on analysis of the 1991 Australian Census of

Population and Housing.

1.4 Scope

This thesis is divided into ten chapters. Some background of the problems and objectives of the research
will be briefly discussed in the first chapter. The second chapter will look at some relevant definitions and
provide a more detail discussion of the problems. The third chapter will discuss some previous results
that have been presented in the literature. This literature study will review some important points in un-
derstanding the nature of the problems and survey some applied methods available to tackle the problems.
The fourth chapter will develop the theoretical basics needed to develop analysis methods. The fifth chap-
ter will discuss some methodologies for estimating individual level spatial relationships from aggregate
data. The sixth chapter extends the methods to the cross-variogram. The seventh chapter will discuss the

use of the MAUP as a tool in semivariogram analysis. The eighth chapter will present empirical work
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based on the proposed approach based on analysis of aggregated data obtained from the 1991 Australian

Census of Population and Housing for the Adelaide region. Finally, some discussion and conclusions will

be presented in chapter nine and chapter ten, respectively.




Chapter 2

Definition and Problem Identification

This chapter defines the features of the population under study, and also identifies the problems to be

tackled. The approaches and assumptions necessary are also defined.

2.1 Definition of population

Suppose there is a finite population of individual units I/ = {1, ---, N} in a particular region D. The
region D has an explicit boundary. Individual units could be people or households and are distributed
within the boundaries of region D. Associated with each individual are several social characteristics,
which are observable and measurable, for example sex, income, employment status, etc. Each observation
also has a space label, such as the geographical location of the individual. The social characteristics will
be denoted by a vector Y, where in the univariate case ¥; € Y fori € I/, and the spatial label will be £;. In

a population consisting of people, one or more individuals may be at the same location.

2.1.1 Superpopulation approach

Analytical statistical methods consider the finite population values as a realization of random variables
generated by a stochastic process. Theoretically the stochastic process will generate a hypothetical popu-
lation, which is called the superpopulation (Skinner, Holt, & Smith, 1989).

The stochastic process is usually described by a model involving random variables with a specific
probability distribution function. The model could be used to summarize superpopulation characteris-
tics, leading to model-based inference. The objective of the inference is not limited to only describing a

particular population but into a study of relationship between characteristics.
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Spatial analysis may use analytical methods based on the superpopulation approach. Cressie (1991)
notes that spatial analysis will treat the population as a random process and the observations are a realiza-

tion of the random process.

2.1.2 Spatial series of social data

Spatial data arise in many disciplines, such as geology, forestry, geography, meteorology, remote sensing,
ecology, economics, sociology, and other fields of study that have a spatial concern. Methods for the
analysis of spatial data have been developed in many fields of study, as shown by the work by Anselin
(1988), Haining (1990), Griffith and Amrhein (1991), Martin (1996), Burrough (1986), Arbia (1989a),
Cliff and Ord (1981), Hagget, Cliff, and Frey (1977).

In some cases the spatial data follows the Gaussian distributional assumptions (Diggle, Tawn, & Moy-
eed, 1998). For a single characteristic the Gaussian spatial stochastic process considers the observations

as a realization of the stationary Gaussian process (S(/)), that is
Yi=p+8¢)+e (2.1)

It is assumed that the w is constant, S(£) is a stationary Gaussian process with zero mean and covariance
between ¥; and Y; equal to o? ©ij, and the ¢; are mutually independent N (0, 72).

Arbia (1989b) differentiated between continuous and discontinuous spatial data. The former is com-
mon in observing natural phenomena, such as rainfall, temperature, or other geological or environmental
variables. Discontinuous data are common in observing social phenomena, where observations may have
a discontinuity in space, e.g. where there are no individuals at a particular location. For example, the
amount of income is measured on individuals where they are located and so there is not a value at every
spatial location.

The discontinuous data may be represented as points, lines, or areas (Arbia, 1989b). For example, point
data may lead to a study of point pattern, such as the occurrence of disease, crime, location of industrial
plants, etc. Line data may indicate network like features, such as transportation networks, travel to work
patterns, shortest distance problems. Areal data may be used to represent discontinuous data. In this case,

aggregation may be involved, for example, points of data within a particular area or group are aggregated
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such that it will represent the area’s values. This set of representation may be effective in reporting data,

but raises issues regarding the analysis of this type of data, which will be discussed in section (2.2.1).

2.1.3 Structure and sources of spatial data

Spatial data have two components of measurements. The first component consists of measurements de-
scribing the location of the object in space; we will refer to this component as the spatial characteristics.
The second component consists of measurements that identify other properties of the object that we will
call attribute characteristics. The attribute characteristics may be measured in nominal, ordinal, interval or
ratio scales.

Arbia (1993) discussed sources of spatial data, which he categorized into census and administrative
records, sample surveys, and satellite photographs. A major source of social data is the population census.
The census collects data about units, such as persons or households, but the statistics released from the
census and administrative sources are usually in aggregated or tabular form. Aggregate data provide a

level of confidentiality protection.

2.2 Problem identification

Analysing aggregated data with conventional statistical methods raises a range of problems, which have
been identified. Here we introduce some assumptions and the framework needed to develop some solu-

tions.

2.2.1 Aggregation problems

What are the consequences of aggregation on social data ? Tranmer and Steel (1998) noted that appro-
priately weighted means are not affected by aggregation, but aggregation does affect their variances. The
aggregate data will usually consist of the means for areal units which contain individuals that are close
to each other, and will bave some degree of similarity in their social characteristics. This phenomenon is

called within-group homogeneity (Tranmer & Steel, 1998).




2. Definition and Problem Identification

Aggregation bias can be illustrated in Figure (2.1). This figure illustrates a process of aggregation
of individual level data into group level data. The region is divided into five subregions/groups and the
resulting aggregate data consist of the mean value of each subregion/group. All groups have the same
mean. It shows that information about the individual locations and variation within groups are lost in
the aggregation process. Also, the assumption that the observations within a group are independent and

identically distributed is unlikely to be reasonable.

(1) Unit level (ii) CD level

Figure 2.1. Aggregation process ignores the location of individuals. Variation within groups is lost.

From Figure 2.1 we can identify at least two kinds of problems. First, the aggregated data do not
contain all the information about the unit level values. Variation at individual level data is lost by the
process of aggregation. Hence, analysis of the aggregated data to infer individual relationship will often
result in incorrect inferences. This is the ecological fallacy.

Second, the unit level data are often aggregated into artificial areal units. The boundaries of the groups
are imposed rather than natural (Harvey, 1969). The arrangement shown in Figure 2.1 is only one example
from many other possibilities for forming the groups. Results of the analysis will change as different
groups are used. The problems of analysing spatially aggregated data are referred to the Modifiable Areal
Unit Problem or MAUP. The MAUP consists of two main aspects, referred to as the scale effect and zoning
effect (Openshaw, 1984). The zoning scheme refers to how the region is partitioned and arranged for a

particular number of zones. The spatial scaling is related with how many zones are formed.
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Aggregation effect

Steel and Holt (1996b) used the term of aggregation effect to cover the effects of allocating individual
units into spatial groups and combining spatial groups at one level into higher level groups. Tranmer and
Steel (1998) argued that the aggregation effect arises because the individuals who live close to one another
tend to have a degree of similarity for particular social characteristics. The small spatial groups within the
region therefore contain units which have similar characteristics.

Holt, Steel, and Tranmer (1996) noted that aggregation effects are caused by the non-random allocation
of individuals to areas. Individuals in the same area (neighborhoods) generally tend to be more alike or

show positive association for some social characteristics.

Spatial scale effect

Spatial scale effect refers to the difference of result derived from two or more different aggregation pro-
cesses based on different spatial scales on the same region.

Anselin (1988) viewed spatial scale effects as consequence of measurement errors of observations in
contiguous geographic regions. The aggregation caused the measurement errors to spill over across the
boundaries of the spatial units. Therefore the error of one aggregated value is likely to be associated with
the errors of a neighboring unit. He mentioned that the appearance of spatial scale effect may be due to
the fundamental importance of space as an element in human behaviour.

Anselin’s definition of the spatial scale effect indicates that aggregated data might be affected by the
spatial or geographic location of the observations. It follows that aggregation effects may be studied
through spatial analysis, using the spatial characteristics of the aggregated data. Implicitly he defined a

connection between the aggregation effect and spatial scale effect.

Ecological fallacy

In some situations researchers may be interested in relationships between variables at the individual level,
but the data available are group level aggregated data. This situation involves a mismatch between data

availability and the target of inference. Applying analysis on aggregated data to infer the relationship at

3 0009 03275495 -
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the individual level may lead to the ecological fallacy. The ecological fallacy refers to the inconsistency in
the results of analysing aggregated data compared with analysing individual level data (Robinson, 1950).
The aggregation process transforms the individual value into aggregate value, at a particular spatial scale.

Hence, the ecological fallacy is one case of the spatial scale effect.

2.2.2 Sampling design problems

Consider a simple situation in which the individuals are distributed spatially within the geographical re-
gion of interest. Their locations are not needed to be assumed as uniformly distributed. The analysis is
conditional on the spatial locations. A grouping is then superimposed into the region creating groups of
individuals.

Assume that spatial dependency is present among individuals within the region of interest, then the
individuals within the group are not independent. Arbia (1993) discussed two issues that arise from this
spatial dependency. The first, spatial dependency has been recognized in data analysis or modeling but
almost neglected in the context of sampling design. The second, is that some techniques of spatial statistics
have been developed based on regular shaped regions, but in practice we often deal with irregular shaped
regions,

Given a sampling method, the questions of how large the sample should be and how much precision
will be achieved need to be considered. The precision of the sample is usually measured by the standard
error of the estimate. For a given standard error of the estimate we may determine the required sample
size.

The spatial perspective on the use of aggregate social data may be employed to derive implications
for determination of standard error of the estimate. Recall that the mean is not affected by aggregation
(Tranmer & Steel, 1998). A problem may arise in estimating standard error of the estimate when the
observed characteristics are spatially correlated. Griffith, Haining, and Arbia (1994) discussed a solution
to the problem of estimating the standard error of spatially correlated characteristics.

The spatial location of the objects may affect how samples are selected. Fotheringham and Rogerson

(1993) noted that cluster samples may be applied on observations which exhibit low spatial variation and
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lead to lower collection cost but a higher estimate of variance. For observations which exhibit greater
spatial variation, systematic sampling may be a desirable simple method.

Cressie and Aldworth (1997) noted that the best spatial sampling plan indicates the selection of lo-
cations at which to sample the phenomena in order to achieve optimality according to a given criterion,
for example, minimize the average mean squared prediction error. Furthermore, they compared the per-
formances of several sampling designs, such as systematic random sampling, stratified random sampling,
simple random sampling, and cluster sampling. They considered the estimation of the spatial mean and
spatial cumulative distribution function. The result showed that cluster sampling should not be used when
estimating the spatial mean and spatial cumulative distribution function, where as systematic, stratified,
and simple random sampling may be used. They also concluded that good spatial analysis gives superior
results regardless of the design employed.

Griffith et al. (1994) discussed the estimation of the standard error of the estimate of the mean from a
spatially correlated variable in the case where data are obtained by a process of random sampling. An ap-
propriate sampling design in a spatial context will have two different sources of error, these being attribute
sampling error and location error. Location error arises, for example, from the process of representation
of the areal unit, e.g. boundaries definition, group formation. The attribute sampling error arises from
estimation of the population parameters, e.g. mean and variance.

Pettit and McBratney (1993) carried out a study of sampling designs and estimation procedures of the
variogram for regionalized variables. The regionalized variables can be considered in the same way as the
aggregated data since the values of regionalized variables represent the values at a particular areal unit.
The study suggested that highly unbalanced staggered design may be more efficient in terms of sampling

effort than balanced nested design.

2.3 Some spatial assumptions and implementations

Consider a single social characteristic and let Y;[£;] represent the value of the characteristic of the ith

unit which is located at £;, and the jth unit may have a location £ j = £;. It is reasonable to assume that
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there may be dependence between values of characteristics at difference locations. We initially assume the

following moment structure for 7, j € U;

i) EX]) =uw); £ eDcCR?

(i) Vi[6]) =Zi(); £ €D cCR?
(2.2)

(i) Cow(Yi[&i}; ¥;[€,1) = Ay (&i; £;);  £i,8; € DC R & # ¢
(iv) Cov(Yil&:]; Y;[&]) = Ay &), & eDCRY i#jeld
The condition (2.2-iii) reflects a relation between two different individuals at two different locations. The
condition (2.2-iv) shows a relation of two different individuals at the same location. Note that N (i, £)
is not X(£;). We will not allow the same individual at two different locations, hence Cov(Y;[¢;]; Yi[€ 5a);
is not defined.
Define

= Duttit)
PUe = R 5 @))

The correlation between individuals will affect some inferences. For example consider the population

6,8, €D (2.3)

mean ¥ = % >ieu Yis V(Y) can be expressed as;

I+ & -1Dp) (2.4)

|t

V()=
where,

_ 1 _ 1
z:NZzi(ei) and p=M.Z pij(€i, £5)
ield i#jeld

The usual IID assumption would imply 4 = 0 and ¥(¥) = £/N. But when there is spatial interdepen-
dency, then we cannot ignore the p term. Using ordinary statistical analysis methods would give incorrect
inferences.

The spatial assumptions start from a view point that there is a spatially dependence within the region D,
depending on the location of individuals. Often it is assumed that spatial dependence may be formulated as
the correlation being a function of distance between individuals by assuming the process is second order
stationary and intrinsically stationary (Cressie, 1991). Further discussion of these assumptions will be

given later in chapter (5).
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Suppose that the region D is partitioned into M groups denoted by Dy, --- , Dy, and consider the

group means

- 1
Yp = — Z Yii g={l,-- k-, M) (2.5)

where Ng is the number of individuals in Dy For convenience we will write 3,y to denote 3 (.4, ep,)»
where Uy = {1, -+, Ng}.

The group level means have the following properties,

s ] _
M EFp) =— 3 milti) = fg;

4 ieldy
- 1 - -
(i) V(Yy) = — (Sg+ (Ng — DA); (2.6)
Ng
(iii) COU(?g,?h)z Agh; gFh
where,
ety Dij (i, £))

D S N L DN S 7 S

The £, is an average of variance within the gth group. The A, is an average of the covariance of units
within the gth group and Ag;, is an average of the covariances between units in the gth and #th group.

These results indicate that analysing group level data will be affected by E_Ig, Ag, and Ag;,. Using the
superpopulation approach allows us to explore T, Ag, and A,y from a spatial perspective (see Ripley,
1981). Variogram (or semivariogram) analysis is a common way to explore the covariance structure in
spatial data. The spatial dependence is examined by seeing how close the gth group’s value relates to
another group’s value in terms of the distance between the groups. How and how far the spatial properties

of the aggregate data can be used to infer unit level relationships are the main topics in this study.




Chapter 3

Literature Review

In the last two decades, there have been many fruitful developments in spatial analysis as reported by
Unwin (1998) and Griffith (1996). In this chapter some key developments for dealing with spatial data

are discussed. The analysis of spatial data is considered in general, with special relevance to analysing

aggregated spatial data.

3.1 Background

Analysing data can be done using descriptive methods and analytical methods. The difference between
the two is in the definition of the target of inference. Descriptive methods only attempt to describe the
particular population under study. While analytical methods aim not only to describe relationships in the
particular population under study, but also to analyse relationships between characteristics that may apply
in other populations. Analytical methods assume the values in the population are the realization of some
stochastic process, which can be represented by a statistical model. A more detailed discussion of these
issues can be found in Skinner et al. (1989).

Census data are usually presented in aggregated form and viewed as non-spatial data. Analysing re-
lationships using aggregated data leads to problems, such as the ecological fallacy and the MAUP. Some
methods have been introduced to tackle these problems, such as discussed in Tranmer and Steel (1998),

King (1997), Steel, Holt, and Tranmer (1996), Steel and Holt (1996a, 1996b), and Holt et al. (1996).
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Relaxing the IID assumptions on which standard analytical methods are based and considering spa-
tial relationships may open an alternative perspective to handling census and often aggregate social data.
This approach to data analysis will take into account spatial variability among observations, and how this
variation may be related to distances between individuals. Various articles have provided an overview of
the theoretical and methodological aspects of the spatial perspective, such as Cliff and Ord (1981), Cressie
(1991), Ord and Getis (1995), Getis and Ord (1992), and Diggle et al. (1998). Applications of this ap-
proach may be found in Griffith et al. (1994), McCracken (1983), Miiller, Stadtmiiller, and Tabnak (1997),

Clifford, Richardson, and Hémon (1989). These articles will be discussed later in this chapter.

3.2 Aggregation

Aggregation involves summing data at one level to produce data at another higher level. For social data the
lowest level data that is potentially available usually refers to people. Aggregation then involves summary
the data from groups of people. The groups may be essentially non-spatial, such as schools or hospitals,
but we will focus on situation in which groups are defined spatially. Aggregation also occurs when data

from low level groups are summed to produce data at a higher level.

3.2.1 Group formation : zoning and scaling

Group formation is the first step of an aggregation process. Groups are defined by drawing boundaries
across the population region so that the region is partitioned into smaller area. The region D is partitioned

into M smaller areas Dg, g = {1,--- , A, -+, M}, thatis

M
D=|JD, 3.0)

()

The gth group consists of N individuals then, the population of the region is

N =

Mk

N, (3.2)
1

o
I

The spatial scale is determined by the number of groups. At a particular spatial scale, the region could
be partitioned into areas in various ways. This process of forming groups at a particular scale is defined as

zoning and scaling. The groups formed are not unique, hence the resulting aggregated data are not unique.
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Consider the example of the Australian census data. The data collected refers to individuals. The
aggregation of the data was based on the geographical classification provided by the Australian Stan-
dard Geographical Classification (ASGC), (McLennan, 1995). The ASGC divides Australia into Collec-
tion Districts (CDs), Statistical Local Areas (SLAs), Statistical Subdivisions (SSDs), Statistical Divisions
(SDs), and States or Territories. These are examples of different scales. A comprehensive discussion of

the ASGC can be found in McLennan (1995).

3.2.2 Aggregation of census data

The census information is presented in aggregate data form, where the aggregation is done at a particular
scale and for a particular zoning arrangement. For example, the lowest scale and zoning arrangement
in the Australian census consists of Collection Districts (CDs) which contain approximately two hundred
households (Castles, 1991). This aggregate data could be considered as a representation of the area’s value.

Based on the superpopulation approach, Cressie (1991, 1997) defined aggregation as an integral of a
random process over the areal unit Dy, which has area |Dg|, for all location £ which are defined in D,. This
definition is appropriate for a continuous spatial process. Ripley’s (1981) definition for a discontinuous

spatial process of the group mean is,

p=—>"Y (3.3)
& jeld,

In the Australian census, the lowest level spatial unit for which data are made available is a Collec-
tion District (CD). Figure (3.1) illustrates the aggregation process of the unit level data into CD level data
for a region that is divided into five CDs. The statistics produced for each CD are a result of a transfor-
mation from unit level data. The statistics can be considered as spatial data at the CD level, and involve
aggregation of both the attribute and spatial characteristics. The individual locations are represented by a
representative point, that is a centroid of the CD. The location of the centroid is determined by an interpo-
lation procedure using the CD boundary coordinates, which is described in Griffith and Amrhein (1991)

and is not necessarily the average of the spatial locations of the individuals in the CD.
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(i) Unit level (ii) CD level

Figure 3.1. Aggregation process of unit level into CD level
3.3 Non-spatial solutions of aggregation problems

Understanding of the MAUP and ecological fallacy are key points in considering the analysis of aggregated
data. This section provide an overview of some suggested solutions of these aggregation problems. The

suggested solutions have come from a non-spatial perspective.

3.3.1 The MAUP solutions

Steel and Holt (1996b) derived the effect of aggregation on some common statistics, such as means, vari-
ances, regression, and correlation coefficients when groups are randomly formed. Aggregation can affect
the expectation or variance of these statistics, or both. They showed that in general both the expectation
and variance of the statistics will depend on four factors; the number of groups, group sizes, spatial pat-
tern of the association between individuals, and boundary definition of the groups. The scale and zoning
effects, may be equated with the terms expectation and variance of the statistics, respectively.

Amrhein (1995) performed a simulation to capture the aggregation effect. He found that the aggre-
gation effect could be identified by the standard deviation of a statistic over repeated trials of the groups
formation process at the same spatial scale. This empirical result is in agreement with the finding of Steel

and Holt (1996b) that variances of statistics may contain a key indicator of the aggregation effect.
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3.3.2 The ecological fallacy solutions

Ecological inference is the process of using aggregate data to infer individual level relationships when the
individual level data are not available. The basic problem of ecological inference is the ecological fallacy,
as defined by Robinson (1950). King (1997) proposed a method of ecological inference which is based
on an extension of linear regression. He claimed that the proposed method could effectively minimize the
bias associated with ecological inference.

Tranmer and Steel (1998) noted that within-area homogeneity is a key factor in the ecological fallacy.
Holt et al. (1996) defined this phenomenon as positive intra-cluster correlation. Steel et al. (1996) proposed
a solution of this problem by incorporating population structure into the statistical model underpinning
the analysis. The population structure could be determined by identifying the grouping variables that
characterize the process to explain the within group homogeneity . The authors noted that if appropriate
grouping variables can be identified then the methods can provide unbiased estimates of individual level
parameters from aggregated data, hence the ecological fallacy could be avoided. This method requires

individual level data for the grouping variables.

3.4 Spatial analysis

Spatial analysis developed in several steps, those are point processes, geostatistics, and then spatial auto-
correlation (Griffith, 1988). The point process approach is concerned with the study of point/location of
the observations in the study area, and features such as density, and nearest neighbor distance. Geostatis-
tics initially developed as an attempt to use classical univariate and bivariate statistical methods as a model
for spatial analysis. Spatial autocorrelation reflected the existence of systematic spatial variation in the
characteristic under study. Cliff and Ord (1981) formulated the spatial autocorrelation in the model (3.4).
Griffith (1988) described three type of statistics for measuring spatial autocorrelation, these are the Moran

coefficient, Geary ratio, and Cliff-Ord statistics.
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3.4.1 Target of inference : spatial variability

How can we investigate spatial variability in the data ? This question leads to the idea of spatial au-
tocorrelation. For example, a positive spatial autocorrelation indicates a small spatial variability among
observations closer together and larger variability when observations are farther apart (Littel, Milliken,
Stroup, & Wolfinger, 1996).

In many cases some sort of relationship might exist between measurements taken on objects geograph-
ically distributed over a surface and the underlying configuration of these objects (Griffith, 1988). This
type of relationship arises in many physical phenomena, such as weather conditions, contents of ore body,
contents of oil, etc. Social phenomena may also exhibit spatial autocorrelation, for instance in the study
of epidemics of diseases, study of housing prices, study of consumer preference (marketing research),
pollution, mortality rates, etc.

The existence of spatial variability in social characteristics could be viewed as a consequence of the
inter-relationship mechanism among individuals within the population region. Consider two points are
located at £; and £; with the observed values are (x;, y;) and (x;, y;), respectively. Figure (3.2) shows
a diagram of the possible relationship within and between social characteristics. The diagram indicates
that the value y; is not only affected by the presence of x; and y;, but also by x; (Whittaker, 1990). The

presence and the effect of (x;, y;) can be observed by introducing spatial perspective into the analysis.
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Figure 3.2. Relationship of variables; (a) relationship between variables ignoring spatial inter-dependence,
(b) spatial inter-dependence in variable, and (c) relationship between variables considering spatial inter-
dependence.

The first situation (a) indicates a relationship between variables (e.g. dependent and explanatory vari-

ables). The second situation (b) shows inter-dependence for a particular variable at different locations.

The third situation (c), illustrates inter-dependence between different variables for different individuals.
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The independent and identical distribution (IID) assumptions will ignore the second and third situations.
Hence analyzing social data with classical statistical methods could give biased or inefficient estimation.

Applying a spatial data analysis procedure is an approach to account for these relationships.

3.4.2 Spatial analysis : analysis of spatial variability

There are several approaches to the spatial analysis of spatial data. These approaches introduce a model
and/or statistic that will take account of the presence of spatial dependence.

Spatial variability affects analyses, such as correlation, regression, or linear models. Measuring the
spatial variability can give a description of the population in a spatial dimension. The description of
spatial variability, may be for analytical and descriptive usages. This thesis will focus on the analytical
usages.

Statistics have been developed to measure spatial dependence. Those are categorized into global and
local spatial statistics. The first category measures spatial dependence based on simultaneous measurement
from all observed locations. The latter measures spatial dependence using only a portion of the study area
or up to a specified distance, such as distance statistics, G;(d) (Getis & Ord, 1992).

Global statistics include joint-count, Moran (/), and Geary (C) (Cliff & Ord, 1981). Extension of
Moran and Geary ratios are the correlogram and variogram, respectively (Getis & Ord, 1996). The vari-
ogram is a statistic based upon the squared differences (¥; — Y’ j)z, which can represent interdependence
between observations as a function of distance.

O’Brien (1990) identified three important aspects in the analysis of spatial data; spatial unit problems,
survey analysis problems, and measurement problems. The spatial unit problems are that a different result
is obtained from data for different spatial units, leading to scale or aggregation effect (Wong, 1996). The
survey analysis problems relate to the sampling design and analysis of the data. The design problem
includes coverage and non-response problems, which can be minimized by good sampling design. The
analysis problem is related to the violation of the IID assumption, on which classical inference methods

are based. The measurement problems refer to the validity and quality of the data being taken.
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3.4.3 Themes of spatial analysis

Guidelines for applying spatial analysis for social data in general can be found in Haining (1990). The
variogram has been used extensively in geological science (see Cressie, 1991), but has also been applied
for analysing social data, for instance Griffith et al. (1994) and Haslett (1997). Meanwhile Clifford et al.
(1989) used the variogram when they explored the effect of spatial variation on bivariate correlation. Fi-
nally, spatial modeling was discussed in Wackernagel (1988) and Ver Hoef and Cressie (1993). Another
important issue is the implications for sampling design, which has been mentioned in section (2.2.2).

Haining (1994) discussed some directions of spatial analysis, namely to accurately describe events
in geographical space, to systematically explore patterns of events and associations between events in
space, and lastly to improve the ability to predict events occurring in geographical space. These directions
categorize spatial analysis into three main study areas, statistical spatial data analysis, map based analysis,
and mathematical modeling.

There are several themes in the current research in spatial analysis of social data. Broadly they may
be categorized into spatial autocorrelation, exploratory spatial data analysis, spatial multivariate modeling,

and geographical information systems.

Spatial autocorrelation

Spatial autocorrelation reveals a feature of the association among individuals within the study region. It
can have detrimental effect on the analysis of the data if it is ignored. It can often be represented as a
function of the distance that separates the locations and the directions involved. Cliff and Ord (1981)

introduced a spatial autocorrelation model,

Yi=p Zw,-ij +¢: foriel (3.4)
jeu

The parameter p reflects the level of spatial autocorrelation among the (Y;, Y;) pairs for which w;; > 0.
The weight, w;;, indicates the spatial connection between the pair of points (/, j). The w;;, could be
expressed as a function of distance between the pair of points. The error terms of the model (¢;) are inde-

pendent and identically distributed. This model is also identified as a simultaneous autoregressive model

and often used in spatial econometrics (Anselin, 1988). Another model is the conditional autoregressive
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model, which consists of a linear relationship between the conditional expectation of the dependent vari-
able and its values in the whole model (see Anselin, 1988, page 33). Hence the ordinary least squares
method can be applied as an estimation techniques.

Spatial autocorrelation is represented by some statistics such as the Moran and Geary coefficient, dis-
tance statistics G;(d) (see, Cliff and Ord,1981; and Getis and Ord, 1992). Initially spatial autocorrelation
is used to measure spatial association globally across the whole study region, but it has been developed into
a localized spatial association (Getis & Ord, 1996). Anselin (1995) refers to these statistics as members
of a class of local indicators of spatial association (LISA). Ord and Getis (1995) discussed an extension of
distance statistics G;(d) as local spatial autocorrelation statistics and focused on the distributional issues
associated with these statistics. Ord and Getis (1995) discussed the issue of spatial autocorrelation and
defined what they call local spatial autocorrelation statistics to describe a local pattern in spatial data. The
method was implemented to study the AIDS epidemic centering on San Francisco.

Hagget et al. (1977) gave some examples of the effect of spatial autocorrelation on the results of t —tes?
and regression analysis. They concluded that the presence of spatially autocorrelated error terms within a

regression equation will affect the variances and produce a misleading significance test.

Exploratory spatial data analysis

Exploratory spatial data analysis techniques are popular techniques of handling spatial data in the fast
growing development of computers and information technologies, i.e. geographical information systerns.
Wilhelm and Steck (1998) noted that exploratory spatial data analysis has several purposes including de-
termining spatial structure, describing and visualizing geographical distribution, exploring spatial depen-
dencies, measuring heterogeneity, and identifying outliers. The Statistician, Vol. 47, part 3, 1998 reported
some proposed methods, such as interactive graphics procedures, or applying local spatial autocorrelation

statistics (Wilhelm and Steck,1998; Haining, Wise, and Ma, 1998).
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Spatial multivariate modeling

The theme of spatial multivariate modeling has mainly appeared in physical applications, for example
Wackernagel (1988). There have been some efforts to translate the methodology to spatial linear models,
such as in Hepple (1996). Hepple (1996) discussed an application of spatial modeling in spatial econo-
metrics. Spatial econometrics refers to a mix of spatial modeling and spatial analysis that is particularly
concerned with modeling socio-economic relationship, using data for counties, states, or other region based
data.

Wackernagel (1988) discussed an implementation of spatial analysis for interpreting multivariate spa-
tial information. He presented some techniques of spatial analysis, which are based on a combination of
variogram modeling, principal component analysis, and cokriging. Similar issues were also discussed in
Ver Hoef and Cressie (1993). Multivariate spatial data could also be analysed by defining spatial linear
models. These issues are discussed in Hepple (1996) and Christensen, Johnson, and Pearson (1993).

Anselin (1988) developed a framework for dealing with spatial variations in economics studies. Fol-
lowing Jean Paelinck’s work, he popularized spatial econometrics as the appropriate framework (Anselin,
1992). He defined a framework, consisting of methods that appropriately deal with the special properties
of spatial data and spatial models. This theme is a combination of spatial autocorrelation and spatial mod-
eling, as discussed by Kelejian and Robinson (1992). They introduced a spatial autocorrelation test of a
per capita county police expenditures, based on the error of regression model. Their finding showed how

omitted explanatory variables may cause spatial autocorrelation in the error terms.

3.4.4 Application of spatial analysis and GIS

The increased interest in spatial statistics and their analysis is due to the revolution in computing and
information technology. Developments in information technology are a driving force in spatial analysis,
and include automatic data capture, image processing, and geographical information systems (Haslett,
1992).

The developments in information technology have resulted in a merging of spatial analysis and ge-

ographic information systems (Ding & Fotheringham, 1992). A geographic information systems (GIS)
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may contain comprehensive tools for doing spatial analysis, containing inputting system, analysis, and
outputting system (Burrough, 1986). The interface between GIS and spatial analysis has become a main
topic of discussion in recent years, see, for example Anselin and Getis (1992).

Geographic information systems have been widely applied in physical and social sciences. Burrough
(1986) discussed the use of GIS on the assessment of land use, while Martin (1996) mentioned some
applications of GIS in socio-economics studies. Arbia (1993) and Bond and Devine (1991) discussed the
role of GIS in statistical surveys and survey analysis. Pawitan (1993) did empirical work to construct an
area frame, which is useful to draw a random sample in agriculture economics studies. The area frame was
composed from different map boundaries: administrative boundaries and land use boundary.

Spatial analysis is one of the basic functions of GIS. There are efforts to include some spatial analysis
techniques into GIS functionality. These efforts are very closely related to where a GIS is implemented.
Related discussion of this matter can be found in Griffith (1993), Bailey (1994), or Anselin and Getis
(1992).

Griffith (1993) mentioned the need to convert spatial statistics analysis into GIS functions and he also
identified some gateways for spatial statistical tools to be introduced into a GIS. The same themes are
found in Haining (1994). Bailey (1994) reviewed the potential for statistical spatial analysis in relation to
a GIS and also discussed progress and benefits related to this analysis.

Flowerdew and Green (1992) noted that the key purpose of analysis in GIS is the integration of different
data sets, and a problem for the integration of different data sets is diversity of spatial scales. Hence they
emphasized the development of interpolation methods within the GIS functions.

Birkin, Clarke, Clarke, and Wilson (1990) discussed an application of model-based GIS for the evalu-
ation of urban policy. They defined two comprehensive models of the urban and regional economy. The
urban model was defined as a micro-simulation model, which is generated synthetically from a known
aggregate distribution. The urban model is based on the interdependence between four different charac-
teristics, those are population change, housing change, services, and employment change. This application

is an example of geodemographic analysis.
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Brown (1991) defined geodemographics as a method of the analysis of spatial aspects of the socioe-
conomic structure of region (towns and cities). Flowerdew and Goldstein (1989) discussed a commercial
application of geodemographic data and associated procedures of market analysis for companies in North

America.

3.5 Spatial perspective in analysing aggregated data

This section will focus on some issues affecting spatial analysis of aggregated data. The zoning and spatial
scale issues are the most cited issues. But recently, multivariate and multilevel spatial modeling issues
appear in the discussion as well as spatial autocorrelation. This section highlights some issues in spatial
analysis of aggregated data, that have been mentioned by some researchers.

The work of Steel et al. in exploring the effects of aggregation (see for example Steel and Holt,1996a).
Most of their work did not take account of spatial component in the analysis. A spatial perspective on
analysing aggregated data has been mentioned in Amrhein and Reynolds (1996), Wong (1996), and Cressie
(1996). One significance aspect of spatial perspective in the analysis is the presence of spatial variability
in the data.

Fotheringham and Rogerson (1993) listed eight issues that arise in spatial analysis. The list included
the MAUP, boundary problems, spatial interpolation, spatial sampling procedures, spatial autocorrelation,
goodness-of-fit in spatial modeling, context-dependent results and non stationarity, aggregate versus dis-

aggregate models. The issues relevant to this thesis are discussed here.

3.5.1 The MAUP and ecological fallacy from a spatial perspective

Openshaw (1978) noted that initially most of the analysis of spatial data was done in a non-spatial manner,
but there is a significant effect of space in the analysis of spatially aggregated data. He defined the effect of
space as the zoning and spatial scale effects. He argued that these problems can be controlled by defining
an appropriated zone design procedure, and proposed an optimal zone design approach. He proposed

developing the zone design procedure as an optimization problem in which model performance is traded
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off against various zone design constraint. This approach is implemented in solving the automatic zoning
problem.

Tobler (1989) argued that analysis of geographical data should not depend on the spatial aspect, which
implies that the result showed be frame independent. He gave an argument that the problems, such as the
MAUP, arise because the method of analysis used was inappropriate. An example, he cited the correlation
coefficient, which is an inappropriate measure of association amongst spatial units, rather than the cross-
coherence function. He suggested that the use of correct analysis procedures may eliminate the MAUP.

M;:Cracken (1983) looked at the impact of the spatial frame on the result of statistical analysis of
regional social well-being. Implicitly he defined the aggregated data by some spatial frame, his term for
the zoning. He investigated the extent to which multivariate dimensions of regional social well-being are
dependent on the spatial data frame employed and the degree to which postulated contributory processes
of well-being levels are frame specific. He did empirical work to analyse aggregated data, which were
generated by some spatial frame. He found that no one frame has any compelling a priori relevance to a
particular topic. Hence he concluded that the issue of partitioning the region might be a main consideration
in analysing aggregated data.

Curtis and MacPherson (1996) investigated the similar issues of zone definition problem in survey
research. They stated that the results of a spatially structured survey of private companies can change
significantly depending on the manner in which the region of the analysis is defined. They looked at the
two aspects of spatial scale and spatial zoning at any one scale, which causes variation in the composition
of the study region.

Arbia (1989a) discussed regional economics studies from a spatial perspective. He mentioned that in
this case the observations are non-randomly generated and constituted by aggregation of the characteris-
tics of individuals within a particular subregion, Furthermore, he observed aggregation effects on some
different spatial scales.

The main point is that the MAUP and ecological fallacy could be overcome by incorporating spatial
aspect into the analysis, as argued in Cressie (1996). Wong (1996) and Amrhein and Reynolds (1996) have

presented empirical work that support this idea. The MAUP issues can be discouraging and encouraging.
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They are discouraging in the sense that they make the result of any aggregate level analysis suspect and
potentially unreliable. They are encouraging in that they present the challenge of reporting on the reliability
of parameters estimates in particular scale and zoning systems.

Cressie (1996) noted the analogous term of the MAUP in Geology is the change of support problem.
The available data are defined at a particular level of spatial unit support, and inference is limited to the
level of aggregation obtained. Cressie (1996) argued that MAUP cannot be resolved until the spatial
aspect is incorporated into the problem formulation, as in the change of support problem. He identified
three important geographic operations, sub-setting, stratification, and aggregation. The available data may
be obtained by a combination of the three operations. He suggested a model to overcome the change of
support problem and the MAUP as well. The model is started by defining a conventional regression model,
then the spatial characteristic is introduced into the model. Based on the model, the error term would
exhibit spatial dependence. He concluded that the model could serve as a starting point to illustrate the
modeling of stratification and aggregation operation. But the model does not provide a complete solution
for all cases.

A relation between aggregation effects and spatial effects was observed by Amrhein and Reynolds
(1996). They argued that the aggregation effect can be viewed as a contrast of two spatial processes within
a data set in two different spatial scales, for example between individual level and group/aggregated level.
They claimed that aggregation effect can be defined as a difference between variance of the aggregated
data and variance of the original data or individual data.

Wong (1996) considered the aggregation effect in spatial data. He described the problems by compar-
ing a variance covariance matrix of socio-economic characteristics calculated at different levels of spatial
scale (county, town, census tract, and block group). The variance covariance matrices exhibit a different
value for the different spatial scales.

Furthermore, Wong (1996) illustrated the impact of aggregation on bivariate and multivariate cases.
In the bivariate case, an estimator of a bivariate regression tends to vary across different spatial scales.
In the multivariate case, he argues that the effect of MAUP is unpredictable. That is, given the level of

scale, a wide range of results can be developed from different spatial zoning schemes. He listed some
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approaches to solve the MAUP, they include data manipulation approach, methods-oriented approach, and
error modeling approach.

Arbia (1989b) discussed the process of aggregation as a spatial data transformation and the effect of this
transformation on the statistical analysis. He cited that the MAUP might be the main problem and proposed
a general framework by defining group-process probability distribution in terms of the individual-process
probability distribution. He claimed that this framework may give an alternative approach to understand

the MAUP.

3.5.2 Spatial interpolation

Spatial interpolation indicates a method to predict unknown values from the observed values. Flowerdew
and Green (1992, 1994) discussed developments and methods of areal interpolation. They introduced areal
interpolation method based on the EM algorithm. Spatial interpolation may have an important role in data
integration of different sources or different zonal systems. Flowerdew and Green (1989) discussed the role
of areal interpolation in data integration.

Recent application of spatial analysis of aggregated data can be found in Miiller et al. (1997). They
discussed a construction of incidence maps of AIDS data in San Francisco by spatial smoothing of geo-
graphically aggregated data, which involved the issue of interpolation using aggregated data.

The MAUP causes problems in spatial data integration. Spatial data integration is a fundamental func-
tion when merging spatial analysis and geographical information system. Data integration might provide
a systematic transformation procedure of data at different spatial scale (point, line, areal, or surface). Data

integration is usually defined in terms of areal interpolation, see, Flowerdew and Green (1989,1991,1992).

3.5.3 Boundary problem issues

Boundary problems are related to the shapes of the region and are particularly prominent in studies of
spatial point patterns. The shape of the region may influence statistical measurement, such as nearest-

neighbor statistics. Ripley (1979,1981) gave an approach to correct the boundary problems. Wong and
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Fotheringham (1990) introduced a buffer zone around the study region to eliminate the edge or boundary

effect.

3.5.4 Vvariogram

Spatial variability can be represented in terms of spatial autocorrelation. The variogram has been intro-
duced to measure spatial autocorrelation, beside other statistics such as distance statistics, Moran coeffi-
cient, and Geary ratio. These statistics may have an important role in studying the correlation structure of
the observations, since it may affect bivariate or multivariate correlation and spatial modeling.

The variogram in an important tool representing spatial variability. Cressie (1989) gave a brief dis-
cussion of geostatistics, in which he considered the linear methods of spatial prediction (kriging). This
approach is defined on the basis of a variance of difference of the observations as a function of distance,
that is a variogram model, from which the predictions are made.

Robinson (1990) discussed the role of the variogram in time series analysis. He showed a connection
between the variogram and autocovariance function, the latter being more common in time series analysis.
He noted that when the variance of the process is not well known then the variogram can be estimated
with moderate precision but the autocovariance function cannot. With a simulation he showed empirically
the situation when the variogram is more suitable than the autocovariance function. Haslett (1997) looked
at the sample variogram for non-stationary process, while Watson (1997) evaluated variogram estimators
under normal conditions when outliers are present in data.

Griffith et al. (1994) used the variogram in analysing social data. They considered that the data are
a result of a random process in two dimensional space. The characteristics are observed for individuals
why were distributed over a geographic region. The standard error of the estimate of the mean of the
household income is examined when spatial autocorrelation was present. The data was considered at the
census tract scale of Syracuse, New York. They implied that sample mean may not be the best estimator for
either the tract mean or population mean in this situation. Instead they suggested that looking at the spatial

autocorrelation structure of the characteristic will give a better estimator. They compared the estimators by
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looking at their standard error and proposed an approach to use the variogram function to give an estimate
of the standard error of the estimate of the mean.

Clifford et al. (1989) looked at the effect of spatial variability using the relationship between lung
cancers, smoking, and industrial factors. They investigated the effect of spatial autocorrelation on the
significance test of the correlation coefficient. The covariance structure of each variable was examined, and
they developed an adjustment for a significance test of a correlation coefficient. The covariance structure
was developed by taking account of spatial autocorrelation, and a variogram model was used to derive the

autocorrelation function for each variable.

3.6 Simulation

Some sources of spatial data have been mentioned in section (2.1.3). But sometimes, we need to clarify
the properties of proposed methods with the data, for which all parameters are known and this can be done
using simulated data. Some simulation procedures have been discussed in Haining, Griffith, and Bennet
(1983) and Goodchild (1980).

Haining et al. (1983) presented a framework for the generation of surfaces that posses the property of
spatial autocorrelation. They stated two objectives of this simulation, the first is to generate spatial data
with known, specific, and limited characteristics in order to investigate the properties of estimators and
hypothesis test for spatial data. The second is to obtain realization of a spatial process in order to identify
properties of the process.

Goodchild (1980) proposed an algorithm to generate data to be considered at aggregated level, which
took account of the spatial autocorrelation factor. He recognized the importance of the spatial autocor-
relation of parameters between groups in controlling the severity of aggregation effects, and noted that if

neighboring groups have a similarity then the aggregation effect will be relatively weak.

3.7 Summary

The spatial perspective in the analysis of social data has been developed almost more than two decades ago.

Cliff, Hagget, Ord, Basset, and Davies (1975) and Cliff and Ord (1981) gave a foundation of spatial analy-




3. Literature Review 33 -

sis, in particular for the spatial autocorrelation of social characteristics. Anselin (1988) developed a Spatial
Econometrics, which took a spatial perspective in the modeling of social and economics phenomena. Then
Haining (1990) gave a further introduction of spatial analysis for general social data.

The aggregation effect was initially recognized in a non-spatial perspective, such as reported and shown
by Openshaw (1978). Many researcher tried to give a solution, such as proposed by Steel and Holt (1996a).
The spatial perspective for this problem was discussed empirically by McCracken (1983), and a simulation

study by Amrhein and Reynolds (1996). Theoretically it may be found in Arbia (1989a), Cressie (1996).




Chapter 4

Some Theory of Spatial Aggregation

It is often thought that aggregated data analysis will allow inferences at the same level as the aggregate
data are available. When an objective is to make inference at a different level, then the aggregated data has
to be used with extreme care (Tranmer & Steel, 1998; Holt et al., 1996; Openshaw & Taylor, 1979). The
well-known problems associated with the aggregated data analysis are ecological fallacy and MAUP (see
section 2.2.1) . We will show that even for analysis and inference at the aggregate level, the analysis has
to be tested with caution, as the results are affected by relationships at several levels and between different
individuals,

Holt et al. (1996) discussed non-spatial models to understand the problems and showed how the effect
of aggregation can be related to within group homogeneity or correlation. However, this result is based
on a statistical model that assumes no correlation between individuals in different groups and constant
correlation between individuals in the same groups. In this chapter we will look at the problem with a more
explicitly spatial approach and consider the implications of aggregation on the basic statistics of variances
and covariances from which other common statistics, such as regression and correlation coefficients are
calculated.

In this chapter it is shown how the more general patterns of correlation between individuals can be
used to consider the effect of aggregation. The difference between the statistics calculated at group level

and individual level will be examined, which will indicate the aggregation effect.
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4.1 Aggregation and simple statistics

Section (2.1) described the population U/, that contains N individual units within a particular geographic

region, D, with boundary B. Then the population consist of the random variables
(Y,L) 4.1)

where Y = [Yy,--- ,Yp]T and L = [¢;,--- ,EN]T contain the population values of the attributes and
locations respectively. The vector Yy represents p social attributes, such as income, sex, age, marital
status, job status, nature of occupancy, etc. The ¢; denotes the location of the i’th individual. In general
Yy € RP and £, € D C R? or R®. Notice that the two different individuals may be located at the
same location, so that physically the distance between the two is zero, for example two people in the same
household. This case correspond to (Y, £;), (Yk, £;) where i # j but {; = £;. Another case may also
represents the same locations, such observations from a group of households.

In general we will assume that Yy and L are realization of a joint random process. This concept
is recognized as the superpopulation approach, that the population is a random set (Cressie,1991; and
Ripley,1981). We will mainly be interested in analysis conditional on the locations L. In some cases there
may be interest in the process that generated the locations, however we confine ourselves to analyse that
are focused on the distribution and relationship between attributes.

Commonly used statistics such as correlation and regression coefficients are calculated from the vari-
ance and covariance of different variables. In this chapter we consider the univariate case, i.e.p = 1|
such that Y; € Y = {J},---, Yn}. For simplicity, the vector Y; will be denoted by the scalar ¥; for
i=1,--., N. We assume that there exist a first and second moment structure for the conditional distribu-

~ tion of Y; |L of the form;

() EX;|L) = pi(L)
4.2)
(if) Cov(¥:; Yj|L) = Ay (L)
In case of i = j, we denote A;; as X;. In this section, the spatial location is only used to define which

group an individual is in. More extensive use of the spatial locations in the modeling and analysis is

considered in chapter (5).
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At this stage the model allows the mean and covariances to depend on the locations of all individuals in

the population. The model may be simplified to assume that y; (L) depends only on ¢; and the individual

concerned and also that A;; (L) depends only on ¢; and £; and the two individuals concerned. This implies

wiL) = pi(¢;) and A (L) = A;j(£;, £;). A farther assumption is that A;;(€;, £;) depends only on

the distance d;; = ||{; — £,|| between the two individuals. But this assumption should aware with some

restriction, such as physical barrier (coastal area, river, mountains, etc). We do not make such assumptions

at this stage. For convenience we will denote ;(L) and A;; (L) by u; and A;;. At this point, we have not

stated any assumptions regarding the spatial location, but these assumptions will be stated later in chapter

5 and the rest of the thesis. In census data, the individuals’ locations are not recorded, although the location

of the group’s centroid may be.

The population mean of the attribute can be used to give a description or summary of the population.

We can define the population mean as;

- 1
Y=— Y;
N[GZU'

Theorem 4.1.1. The first and second moment of the Y|L are
() E(YIL)=pg

(i) V(YIL) = %(5: + (N - 1A)

where

4.3)

4.4)

(4.5)
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Proof.

(i) EJFIL)=

) %ZE(Y:'IL)=%ZM=/7«

( ield ield
@ii) V(YIL) =V (N )

- F V(xilL)+ ) Cou(¥;; ¥,IL)
ield i#jel
1
N (z U i#jel
1 - -
= SE+ W -DA)

d

The parameter I is the average of the population variances of the individuals and A is the average of the
population covariances between different individuals.
Suppose that the geographic region D is partitioned into M non-overlapping subareas, says Dy for

g={l,---,h,---, M}, and D, has boundary B, such that ;
| JDe=D c®? (4.6)

where R¥ is a random variables space of d dimension. In this thesis, it will be considered d = 2.
The areal unit D, can be defined following administrative boundaries or natural features, e.g. rivers,
mountains, etc. In the Australian census we will focus on the case when the D, are collection districts.
Partitioning the region corresponds to grouping individuals into M groups. An individual belongs to
one and only one group as determined by its location. The individual / is an element of D, if and only if
£; € D,.
The data available from the census, and other sources often consist of summary data for each group
or subarea. This process will give group level statistics. A common summary statistic is the group level

mean, defined as;
- 1
Yp=1om D Vi 4.7)

here | D, | is number of individuals within subarea D, that is N,.
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Theorem 4.1.2. The first and second moment of the I—/g IL are
(0) E(YIL) =i
. = l = <
ity V(TglL) = F(zg + (Ng — DAg) (4.8)
g

(iii) Cou(Yg; Y4|L) = Agy

where .
= !
Rg = = Z Hi g = N i
teug 4 ieug
Ag Z Ajj Agh Z Z Ajj
N (Ng t;é_/eu Ng h iely jely
Proof. Apply theorem (4.1.1) within group g. |

The parameter flg is the average of population variances of individuals in group g and A ¢ is the average of
the population covariances between different individuals within group g. The parameter A gh is the average
of population covariances between pairs of individuals, with one member of the pair in group g and the
other in group /#. From now on all expectation and variances will be conditional on the locations, unless

indicated otherwise. From the group level data, an estimator of the variance can be written in a quadratic

form, that'is;
Syy =YTAY =) Yeag i (4.9)
g.h
where Y7 = [V}, -+, Y] is the vector of group means and A is a symmetric matrix with M by M

dimension with element ag,. An unweighted variance is defined by putting the element of A as;

1 ~1
_ L S 4.10
% = 30 @4 den = o) (4.10)

giving,
- 1 - -
Sy = —— > (g —i1)? 4.11)
g

where
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is the unweighted average of the group means.

A weighted variance is determined by defining the element of A as ;

_ M- _ —NglNy
TNWM =1

giving,
My = —— Y " Ng(¥y — 1)?
YT M 14 TEE

Notice that the individual level population mean,

=—ZY,_ PR AL

teu g

is also a weighted average of the group means, with weights equal to the group population sizes.

Lemma 4.1.3. Expectation of the quadratic form of the variance (equation 4.9) is

E(Syy) = Zagg V(TgL)+ ) aghCou(¥g; ThIL) + Sy

g#h
where S, is defined as;
Z aggllfg + Z aghlhghn = ,aTA/l
g#h
with @7 = [fi1, -, fim]-
Proof.

E(S,,) = E(Y'AY) = (Zagg(Yg) DN AL
g#h

= ZaggE(Y )+ Y aghE[Ty Ti)
g#h

= Zagg[V(Yg) + /‘Lg] + Zagh[COU(Yg, Yi) + figiin]

g#h

= ZaggV(Yg) + Zag;,Cov(Yg, Yh) + SIJ—IJ-
g#h

Putting appropriate value of agg and ag into lemma (4.1.3) gives;

(4.12)

(4.13)

(4.14)
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Theorem 4.1.4. Expectation of the unweighted group level variance is

- 1 1 - - JA -
= — — (T, + (N, — DA,) — g S 4.15
E(18yy) M(;Ng( g+ (Ng — DAy) ;M_l)+1w (4.15)

Theorem 4.1.5. Expectation of the weighted group level variance is

- 1 N, - - NN - _
EWSy) = —— | Y (1 = Z8)(Eg + (N, — DAg) — 8% Agh )| + WS (4.16)
M—-1 z N a2 N

In the same way, the variance of the individual level data can be written as a quadratic form , that is

1 52 T |
Sy=7—1 Z(Y,- ~ 1) =YTAY (4.17)
el
where YT = [}, ---, Yy]and A is an N x N matrix with element a;; = 7{,— and g;; = N(;,l_]).

Theorem 4.1.6. Expectation of the individual level variance is

ESy)=%—A+S,, (4.18)

Proof. Applying lemma 4.1.3 to the individual level data gives

ESy) =) aiV (YD) + Y ajCov(¥s; ¥)) + Suy
ield i#jeld

1
:- -1—\7—2,'4- Z N(TBAU + Suu

g

The expectation of the individual level variance has three components, T, A, and Sy, coming from
the variances, covariances, and means of the individuals. The IID assumptions imply that the A and Suu
are equal to zero, and then Sy, is unbiased estimator of ¥. In this case ; = T foralli € U and thus
)_Dg =% =X and NS'yy is also unbiased for &. But in practice, observations are often not independently
and identically distributed. The first condition indicates a correlation among observations and the second
may indicate that mean is not constant. A non-constant mean will be exhibited by existence of a spatial
trend.

Theorem (4.1.6) can be applied to determine the individual level variance for group (g).
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Corollary 4.1.7. The expectation of the individual level variance within the g’th group is

E(Sy7) =% — Ay + S35 (4.19)
where Sy, is
1 -
Spf” = - PN AL (4.20)
g el

4.2 Aggregation effect on variance

The population mean is ¥ = % Zg Ng ?g and so, provided appropriate weights are used, aggregation does
not affect the mean. However, in general there will be an effect on the variance.

The aggregation effect can be examined in terms of the difference between statistics calculated from a
data set in two different scales, for example between individual level and group level (Steel et al., 1996).
Steel and Holt (1996b) showed that the variance is a key indicator of the aggregation effect. Openshaw and
Taylor (1979), Amrhein (1995) also examined the effect of aggregation by looking at variances. Another
way of looking at the effect of aggregation is the ratio between the weighted group level variance and the
individual level variance (Steel & Holt, 1996a). The first approach will be discussed in this section, and
the second will be discussed in section (4.4) and (4.3.3) in this chapter.

In this section we investigate how the effect of aggregation can be related to the spatial structure of the

population as represented by A;;.

Theorem 4.2.1. The individual level variance can be partitioned into

(N = DSy = (M~ DaSy, + Y (Ng — DS~ (4.21)
g

Proof. This is the standard identity in the analysis of variance. The total sum of squares of the individual

level data can be partitioned into

Y X —TP = NG -1+ ) D (- Fp) (4.22)
g

ield 8 iely

Substituting in equation (4.13), (4.17) and (4.20) complete the proof. O
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Theorem 4.2.2. Expectation of the weighted variance is
- 1 - - - N-1

Proof. Take expectation in (4.21) and use (4.19) and (4.21) applied to ;. O

Equation (4.21) can be rewritten into
(N = 1)Syy = (M — DSy + (N — M)S;)> (4.24)

where

1
857 =y 2 (Ne = DS (4.25)
g

is the average within group individual level variance. Rearranging gives

, (N = 1)Syy — (N — M)S; V>

NSy = ] (4.26)

Holt et al. (1996) noted that the value of the xS, is affected by the value of the Sj,”>. Two special cases
are noted. The first is a situation when the groups are perfectly homogeneous such that Sy<yW > =0in
which case

- N-—-1 _
NSyy = M1 Syy = NSy,

The second situation is if area membership is determined randomly, in which case ;5= & S, for all g
and so S'yy A Syy. For a particular population of individuals, the weighted group level variance increases
as the within group variance decreases. Thus the more homogeneous the groups are the larger is the effect

of aggregation.

Define the aggregation effect as the difference between the group level variance and the individual level

variance. In general the group level variance can be the unweighted or the weighted group level variance,
Aggregation effect = (4 S'yy = 8) 4.27)

where AS‘yy is the group level variance, with 4 = 1 if unweighted and 4 = N if weighted. The expectation

of (4.27) will be considered for a general spatial population.
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To explore the aggregation effect, we will consider three components of covariance. These are average
of individual covariance (A), average of between group covariance (A 3), and average of within group

covariance (A ). The parameters A 3 and Ay are defined as follows,

o Lgwn NeNiBgi

A = 2 g Ng(Ng — DA,

Ap ; and w = (4.28)
2gs#h Ng Ni Y Ne(Ng — 1)
We may also use the unweighted versions
- 1 - - 1 -
Ap= ——— A ; = — .
P M(M_l)g; gn jand Ay M;Ag (4.29)

Theorem 4.2.3. The average of the individual level covariances, A, can be decomposed into component

of Aw and A, that is
_ 1 _ - _ _
Azm[[N(1+C2)—l]AW+[N——N(l+C2)]AB] (4.30)

where C? is square of the coefficient of variation of the group size (Ng),

i Zg(Ng - N)Z

C? =
M N2

,and N = (4.31)

| =

where N is the average group population size.
Proof By definition of A,

i#jeld 8 ifjely g#h iely
JEUy

=Y Ng(Ng = DAg + > NNy Agy
g g#h

=Y N;(Ng —DAw+ ) NyNyAp
g g#h

By definition of A, A 5. Moreover,
2
D NNy = (Z Ng) — Y NZ=N*-) N? (4.32)
g#h g
and by definition of C2,

D ONZ=NM(1+CP (4.33)
g
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Therefore

N(N — DA = (ZNg —N) Aw + (N2 - ZNg) A
g g

< 1 _ 2 _ _ 2aqx
A_]—le-i[N(Hc Y= 1Aw+[N = N(1+C )]AB]

O

Corollary 4.2.4. Ifthe N, are constant at N, then Aw = Ay and Ap = Ap and (4.30) can be expressed

as

a=Nolg, MO, (434)
= wo1%Y B .
Proof. If Ny, = N then C = 0 giving the result. O

Theorem 4.2.5. Expectation of the unweighted group level variance is

. 1 | - ~ - - '
EGSp) =Y — (T, —Ag)+ Aw— Ap+15u (4.35)
M <~ N
Proof. From (4.15)
= 1 1 = - Agh =
EGSy) = 37 (2 37 B+ (e = DA = 3 5755 |+ S
g g#h
1 1 - 1 -
= HZ—>:g+1t—JZAg l— — | =Ap+1S.,
g '8 g
1 I - 1 I - " .
= MZ—gEg—MZN:Ag+AW—AB+1SW
g g 8
]
Theorem 4.2.6. Expectation of the weighted group level variance is
. - 1 - N-1-. . _( M N-1 _
E(NSyy)=Z(I—HCNi)——A?:—IA—AWN(ﬁT-}‘CNA) (436)

where C n§ is a relative covariance of Ny and T, and Cy 5 is a relative covariance of Ny and Ag.
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Proof. Modify (4.16) gives

_ 1 N7 - - N, Nj, - _
E(NSyylL) = —:"1' (Z |:1 - Wg:l (Eg + (Ng - l)Ag) - Z g]v Agh) + NS[,L[,L
g g#h

1 - 1 N, Z (N, — DA
=——lzzg_M—12g: ST D v

¢(Ng — DN, NeNp o - _
— § ZevE 78 E & " A
S NM =T gh t Nouu

__ (M): - 2)+ﬁ§(Ng — DA,

1 Ng(Ng — 1) - NgNj < -
——_—I(Z—W—Ag-i-z N Agp | + NSup

g g#h
1 . = 1 - MAy N-1- .
=— (ME-Z)+——Y N, A, - —
—1< )J“M—lzgjg‘g M1 M1t ¥
Define S v as the group level covariance between N and A 2>
- 1 - - -
Sya =———) (Ng —N)- (Ag — Ap) (4.37)
M—1 R
which can be rearranged to give
D NgAg = (M~ 1)Syz + MNAy (4.38)

g
In the same way, we define S‘Ni as the group level covariance between Ny and )_Dg,

1

Svs =21 D (N =Ny (Zg - 5)
g (4.39)
- s-5)
T M-
and it can be rearranged to give
8 . MM-1).
ME =M% - "N—SNE (4.40)
Define the relative covariance between N, and T,
- Sys
Cys = 22 (4.41)

orthe S v can be denoted as

vi=N.-E.Cprs (4.42)
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and the relative covariance between N, and Ag,

B} Sox
Cyzi = —NA (4.43)
NA N-Ap

Substituting the (4.38) and (4.40) into the E(xS,,) gives

ENSyy) = ME_E)+ ((M 1)5’-+MA75) M iy-Y2 il
NwIE T T T M- NA (AN VI T VN R
. 1 o« o N-1. MNWN-1) - -
= —(x-X) - A A A
E+M—1( ) M— 1 + M—1 W+SNA+NS/L;L
and substituting (4.39), (4.42) and (4.43) in and rearranging it completes the proof. O

The A is a parameter that does not depend on any grouping structure in the population, but A  depends
on the grouping scheme. These result express the expectation of the unweighted or weighted group level
variance in terms of components that can be used to investigate the effect of scaling and zoning. For
example equation (4.36) represents the expectation of the weighted group level variance in terms of four
components, which depend on the scaling and zoning, these are £, N, Ay, and S, ;. We expect that akey
term will be Ay, which is an average of the within group covariances and will be different for different
groupings. The average number of individuals per group, N, will also be a key factor and reflects the scale.

We can derive expectation of the aggregation effect of the weighted group level variances.

Theorem 4.2.7. Expectation of the aggregation effect of the weighted group level variance is

- - M(N-1- -~ (MN-1) __ .
E(NSyy - Syy) = _ECN)E; - WA + AW (ﬁ + NCNA) + NSILIL e S/L/L (444)

Proof. Applying theorem 4.2.6, we have

5 - Cns\_ N—1l. + (M N-1 . ]
F0 = W)=’3(1‘7)‘A‘SWFA‘AWN(W—N—HM + M

Simplifying this completes the proof. O

Corollary 4.2.8. The aggregation effect can be formulated into

M(N = 1)

E(WSyy = Sp) = =7 By —B)+Cn (BwRysCs — SRy Cs)

(4.45)

+ NS/L/L — Sup
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where

are the correlation between N, and T, and Ag respectively.

Proof We have

where
Cy=—; C§=T; and Céz

Putting these equality into (4.44) complete the proof

g

This corollary may be useful in obtaining an idea of the size of the second term in (4.45) as Cy can

usually be calculated and will often be much less than 1. It may also be possible to obtain an idea of

the other components factors. In many cases this term will be small. This corollary clearly shows the

role the factors N and (Aw — A) play in explaining the difference between xSy, and S,,. In general

we could expect there to be greater average correlation within groups than in the population as a whole,

ie. Aw > A. Hence the first term in (4.45) could usually contribute positively to the bias of NSyy as an

estimator of Sy,

We will consider how the aggregation effect on variance behaves in two different special cases. The

first case is when the group size is constant, i.e. Ny = N = % The second case is when the group sizes

are different but the average within group variance and covariance are constant.

4.2.1 Case 1 : constant group size

In this case, there is a simple relation between unweighted and weighted group level variance

- 1 - - _ - -
NSyyzﬁZN(Yg—Y)2=N1Syy
g

(4.46)

In this case the coefficient of variation of the group size (C?) is zero, S v and S VA are zero, T =%, and

(4.47)
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Evaluating theorem (4.2.5), (4.2.6), and (4.2.7) with N, constant gives the following two corollaries.
Corollary 4.2.9. Expectation of the unweighted variance is

- l [= N-1)\- N-—-M\ . -

Corollary 4.2.10. Expectation of the weighted variance is

- = N-1Y)\ - N—-M\ - =
=X-|—7]A .
E(NSyy) (M— 1) +(M— I)AW+NS## (4.49)

The only terms in corollary 4.2.10 that depend on the grouping are Ay and NS'W.

Corollary 4.2.11. Expectation of the aggregation effect of the unweighted group level variance is

_ N—1_ N -1 M A . -
EGSy, — Syy) = ——N—E — ( 7 ) (M—- 1) (H — Aw) + (Sup — Sup) (4.50)

Equation (4.50) shows that the difference between the unweighted group level variance and the in-
dividual level variance depends on the parameters ¥ and (—AA? — Aw) with factors % and % o
respectively. The IID assumption implies the (% —Ap) component is zero in which case the expectation
of the difference is —Z factor by % ~ 1 if N is large. The fact that this estimator has a bias even when

the IID assumption is valid, is a reason not to use it.

Corollary 4.2.12. Expectation of the aggregation effect of the weighted group level variance is

E(NSyy — Syy) = —(N = 1) (A = Aw) + (MSuu — Sup) (4.51)

M-—1

Equation (4.51) shows that expectation of the difference between weighted group level variance and the
individual level variance depends on the ( A— A w) component with a negative factor (N—- 1)% ~ N-1.
The A components is not affected by either the scale or zoning, but A y will be. The case of IID data will

give zero expectation, since the (A — Ay) component is zero.
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4.2.2 Case 2 : Different group size but allowing a constant =, and A,

In this case we assume that }-Jg and A ¢ are constant over the population, with values denoted by ¥’ and A’

respectively. This condition implies,

g S g s/
= — 3y = —= =3 ;
e 53
- (4.52)
=Zﬁg A'; Syi=0; and Syz =0
g
There is no assumption for the A ¢h» therefore A is defined as in equation (4.28).
Corollary 4.2.13. The expectation of the unweighted group level variance is
- - _ - N-1 . - _
E(1Syy)=N_1(E—AW)+ N_N(Aw-—A)-l—]Suu (4.53)
where
- 1
A =131
Proof. The proof is done by evaluating equation (4.35) with the value of £, = £’ and A, = A’. O
Corollary 4.2.14. expectation of the weighted variance is
- - N-1) - N-—-M\ - =
E(nSyy) =% — w1 A+ =1 Aw + NSup (4.54)
Proof. The proof is done by evaluating equation (4.36) with the value of £, = £’ and A, = A'. O

Expectation of the aggregation effect of the weighted variance can be derived easily from equation (4.54),

that is

Corollary 4.2.15. Expectation of the aggregation effect of the weighted variance is
- - _ M - - _

Proof. The proof is done by modifying equation (4.54) and using (4.18) , that is

- - - - N-1\_- N-—-M\ - =

Simplifying this equation and taking the E(nSy, — S,,) completes the proof. O

We may observe that equation (4.55) and (4.51) are same. This situation shows that constant N, will give

the same result as constant T, and A,.
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4.3 Empirical perspective of squared differences of pairs of observations

In the previous section the effect of aggregation on the variance of a variable was theoretically investigated
by considering the expectation of group and individual level variances under a simple general statistical
model that allowed for covariances between different individuals. In this section the aggregation effect
is related to empirical measures of the similarity of observations. The results obtained do not make any
model assumptions at this stage and are purely algebraic. Later we will see how the relationships can be
interpreted under some spatial models.

The empirical perspective is based on the value of squared differences of pairs of observations.
Y — ¥;)? (4.56)

Theorem 4.3.1. The individual level variance S,, can represented in term of the squared of differences

(4.56),
P AR 4.57
yy_N(N_l) [-12 t .]) ' )
Proof.
1 1
ZE(Y’._YJ-)2=ZE<YI.2+YJ.2—2KYJ-)
iJj 47
2
=NY 1 (Z Y,-)
ield ield
Hence

2
! Ly —r)p= 1 2Ly,
N(N—l).Z s =0 =5 ;Yi N(ZY')

i,jel ield

1 _
=7 2 -DP=S8,

iel
a
Define the ¥;; by
~ 1 2
Yij = 5 (Y,' - Yj) (458)
Corollary 4.3.2. The individual level variance will be equal to the mean of the y, that is
Sy =7 (4.59)
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Proof.
S 1 Z L -1
YT NN 1 Ui = 1
N(N - 1) i) eb(
1 ~ =
EYIVARETY Yij =V
- N (N-1) e
O
The same approach applies within groups
Corollary 4.3.3. The individual level variance within the group can be formulated as
Sy =7, (4.60)
where
5 IR
g v N Yij
Ng(Ng — 1) =
The square of the differences between group means can also be constructed. Define th
— |

The relationships between the unweighted and the weighted group level variance are given in the following

theorems.

Theorem 4.3.4. The average of th is equal to the unweighted group level variance,

Y Ten =15y, (4.62)
MM —-1) (M -1 oy
Proof. Same with theorem (4.3.1) with Y; is replaced by Yg. O

Theorem 4.3.5. The weighted group level variance can be expressed in term of fgh, that is

- 1 ~
Sy, = ——— N, NyT’ 4.63
Noyy N(M_l)gZh: g4Vhl gh ( )

Proof.

> NgNiTgh = ZNgN;, (Y2+Y,, — 2, Y3)

g.h
2
=NY N 72— (ZNng) =N (Z Ne Y7 — NW)
g g g




4. Some Theory of Spatial Aggregation

52

The weighted group level variance is defined in equation (4.13), and can be expressed as
c 1 72 72
M =3 (; Nals — N )

Therefore

_ 1 ~
Sy = ———— Ny NyT
Noyy N(M—l)gzh gi¥hl gh

O

We will refer to ¥ij as the individual level empirical semivariogram value for the pair (i, j) and th as the

group level empirical semivariogram value for the pairs of groups (g, /).

4.3.1 Relationship between Fg;, and ¥;;

Theorem 4.3.6. Relationship between the group level semivariogram and the individual level semivario-
gram empirically can be formulated as

Ng—1z Ny—1s

Toh =Vop — 4.64
gh = Y gh 2N, Ve = o, Uh (4.64)
where
= 1 ~ = 1 ~
P gh D s P Vi
NeNw i, NeWNe — 1), 52,
JjeUy
~ Ng—1 32
Note that y oo = fv—gyg
Proof.
2 Y
Y,'Yj=71+7'-}/,‘j (465)
By definition we can derive
(Fy — T = 72+ 72 = 20, Ty
2 2
1 1 Y 5 1 Y 1 ¥
ab - PIR0 I3 DILG Bl DIS vu( B DS/
iUy h \iely iUy *'8 JjeUy
1

BDIR2Y

iely jeldy

1 2
Y+ Y ny Yt Y ny,
Y] et T )+ i+ O v,
g \ielly i#jelly K \ieldy i#jely g
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Substituting (4.65) gives the result

2 2 2
. R y2 v?
G-t = [ X7+ ¥+ T | e X L+F-n
& \iely t;éjeug h ieldy i#jely
2 Y2 Y}
DI I AR
Ne N (i, fetdy 2 2
1 —~
R D SRR IC ) S o
& \iel, ielg i#jely
- SR R
h ieldy el i#j GU/,
2
Y 2 Z > Wi
&Y e, jetty ,eug jely Ne N h iely jeldy
1
=WZY,-2<1+Ng—1>—ﬁ > y,,+—ZY2(1+N;,—1>—— D W
g ieug g i ;é_/eug h i€l h i#jely
- T LB S
teug _/GU/, :eug/eu;,
= N - 1 = Nh — 1 =
2Ygn — gN—g)’g AR

Hence

|

Theorem (4.3.6) indicates that the empirical group level semivariogram for a pair of groups is com-
posed of three components determined by the individual level semivariogram values for pairs of individuals
in the groups. The first part is the average of the individual level semivariogram between individuals in
the two groups. The second and third part are the averages of the individual level semivariogram for each
pair of individuals within the same groups. We will use this relationship and the fact the variances can be
expressed in term of semivariogram values to relate the aggregation effect to the individual level empirical
semivariogram values.

Notice that (4.64) is purely an exact algebraic result and does not depend on any model assumptions.
At this stage ¥;; is merely a measure of the similarity of the individuals and th is a measure of the
similarity of the groups. However, the statistics are the elements used in variogram analysis to investigate

spatial relationship. We will expand on this in section 5.1.
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4.3.2 Mean square error within the group — Sy<yW >

The mean square error within the group is defined

S5 = —— Z D - Tp)? (4.66)

g ieldy

Theorem 4.3.7. The mean square ervor within the group is proportional to the mean of the within group

of the individual level semivariogram,

x - NWM-1)
Sy’ = <1+C MW ) 4.67
o T MM - (4.67)
where
~ Zg ):’g = SN)/ - 1 _ - ~
yw==2E Ll SN;z—M_I;(Ng—N)(yg—yW) (4.68)

Proof. The mean square error of the within group can be rewritten
S5V = Z(N 1)$,8~

Applying theorem (4.3.1) for the within group elements, the mean square error of the within group becomes

1 1 1 1 -
W __ : N2 ~
S;,V>_N_MZN ZE(Y’_Y/) —N_MZ(Ng—l))’g
g '8 i jelg g

1 = It
- (-3

Hence

1 - .
w ~ P
Sy = Y ( Eg Ngp,— My W) (4.69)

Now

Y NPy =(M—1Sy: + MNpy

g (4.70)
= (M- DNpyCpys + MNPy

Substituting (4.70) into (4.69) gives

1 -~ = - -
Ws> _ X B X %
Sy —m((M"l)NVWCN);‘f‘MNVW—MyW)

1 s o/ _
= M-yW(CN;N(M—l)-f-M(N—l))
Pw

. NM-=1
C A
( ”VM(N—I)’LI)
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4.3.3 Empirical aggregation effect
Substituting (4.64) into (4.63) gives the empirical aggregation effect in terms of .
Theorem 4.3.8. The weighted group level variance is
_ ___y_N;W(@N;JF_M_ _"1) “.71)

Proof. Substituting (4.64) into equation (4.63) will give

< 1 . No=12 Ny—1s
Sy = ———— Ny Ny Py — =2 V., — %
Noyy NM —1) gzh giVh (ygh 2Ng Vg 2N, yh)

Modifying this equation may dertve into

- h = Ng A
NSy = N(M_l) ;ZM Vij — Z—(Ng—lwg—;j?wh—l)yh
jGUh

————1 A N = N, -
TNM-1D) (N(N‘ Dy - Z—ﬁ;(Ng - 17, —Z—f;(m - 1)y,,)

h 4

-3

N|g Y

1 = o - % =
=m(N(N—1)y ; [(M—I)SN};—i-MNyW—MyW]

N, < o
-y [(M—- D3,z +MNyW—MyW])
g 2 y

_N-lp o s M(V-D)
B U AR e v
Substituting (4.68) for the S v completes the proof. O

Corollary 4.3.9. The difference between weighted group level variance and individual level variance is

- N—M; = N - M N_l
NSyy—Syy= M_ly—NyW<CN}§+m—]v—) (472)
Proof. Recall the Sy, = )_7, see (4.60). The difference of NS'yy and Sy, is
- N—1: = - = M(N-D
Nyy =Sy =V —V = Svp —Vw—
_N-Mz 5 N-M . o
O

3 N=1 —$w/(= M N-1
My o 2T jYY (c ;+—--—_—) (4.73)
Syy =1 Y
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Corollaries (4.3.9) and (4.3.10) formulate the aggregation effect in terms of the difference and ratio

of the weighted group level variance and individual level variance. The key terms are ()_7 — ;W) and —fi
respectively. The value of )_7 is free from any zoning or scaling effect, but )~7W depends on the zoning or
scale. For Cyy small and M large, nSyy — Sy ~ (N — 1)(7 — 7 ) and so the scale effect is determined

by N and how scale ;W. The input of different zoning at the same scale depends on how the different

zoning affect 7 .

4.4 Aggregation effects in term of variance of differences

In section (4.3) the aggregation effect was related to the differences for pairs of observations and 7;; was
treated as an empirical observation. In this section we look at the expectation of the aggregation effect and
relate it to parameters of the distribution of the variables. Essentially the same results are obtained with
the empirical semivariogram values replaced by the corresponding model based semivariogram values.
Consider the difference between Y; and Y;. For the assumptions given by (4.2), the expectation and

variance of this difference are

EYi —=Y;)=ui—pj; iL,jeUd 4.74)
and
V(Y —Y) = (5 + Z;) —2Ay (4.75)
Define y;;
1
vij =5V - 1))
| (4.76)
=&+ 5) - Ay
The equation (4.76) implies a relationship between y;; and A;;,
1
Aij = 5(Bi + E)) — vy (4.77)

In spatial modeling, the y;; and A;; are referred to as the semivariogram and covariogram for the pairs
(i, ), respectively (see Cressie,1991; Haining,1990). Equation (4.77) shows the relationship between the

covariogram and the semivariogram. The semivariogram has advantages over the covariogram, since the




4. Some Theory of Spatial Aggregation

57

semivariogram estimator is more reliable than the covariogram estimator. The semivariogram is defined

in cases when the covariogram is not (see Cressie, 1991, page 70). A simple case can be observed for a

situation at a very close distance (or at distance zero), in which the covariogram is not define but the semi-

variogram is defined as a nugget. The relation between A;; and y;; allows us to examine the aggregation

effect in several ways. The semivariogram is often used as part of the kriging analysis, which is an analysis

to estimate points values and construct the estimated surface map over the study region based on a few ob-

servations points (Cressie, 1991). Carrat and Valleron (1992) discussed such application in epidemiologic

mapping. But Amrhein and Reynolds (1996) investigate other spatial statistics in the assessment of the

aggregation effect, such as the Moran coefficient, Geary ratio, and G;(d) (see section 3.4.2).

Lemma 4.4.1. The average of individual level covariance is

A=% -7y

where
Proof The A is defined by

Then it may be modified into

- 1
A= ——— —Z(E:+Ej)_zytj
NN —-1) | I;éjEL( i#jeld
1 (1

NN =1) |2 ield 1 i*jel

A

(
(N-DIi+ ) I

(4.78)

4.79)

t Z Yij

i#jeld

| (
=MF:3-Z(N4mﬁ2ﬁrﬁi—§:m

ield jelu

g

i#jeld

1
=MW:3 mfmZn+NZE—§:m

ield jeu

i#jeld

= SN=D = - ¥
MN 2: Nmfl)géj

Y
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Substituting (4.78) in (4.4) gives

_ - [N-1\.
V(Y).—_Z—(T)y

and

Theorem 4.4.2. Expectation of the population variance is
E(Syy) =¥ + Suu
Proof. Use equations (4.18) and (4.78).

Define the within group average of semivariogram, y, as

1

NeWe = 1) S,

Ve

Then

By applying theorem (4.4.2) and theorem (4.1.6) for the gth group, we have
Corollary 4.4.3.
E(S57) = Ve + S5 = Tg — Dg + S5E7
Proof. Applying theorem (4.4.2) for a particular group.
Theorem 4.4.4. The variance and covariance of the group level mean in term of y s are

e (Ng—1\
V(T =5 — (55— ) %
g

S - 1o e, -
Cov(Yg; Ya) = Agh = 5(Lg + Xn) = Vens  for g #h
where Vg, is

1
D vy for g#h
Ne N ieldy
Jjely

)7gh =

(4.80)

(4.81)

(4.82)

(4.83)

(4.84)

(4.85)

(4.86)
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Proof. Substituting (4.84) into (4.8-i1) to get V(f’g), and applying (4.77) in theorem (4.1.2) to derive

Cov(Yg; Ya). O

In the way similar to equation (4.28) and (4.29), we can define yw and y3 as follow,

- Zg;éh Ng Np¥gh . - Zg Ng(Ny — Dyg

. and - 4.87
Zg;éh NgNh o w Zg Ng(Ng -1 ( )

and the unweighted versions

. . 1 .
yB—M(M gX#,:ygh and =2 ) (4.88)

Theorem 4.4.5. The y can be expressed as function of Vg and yw.

1 - _
7= o [N+ CY = 7w + IV = N1+ )7 (4.89)

where C? is defined in (4.31).

Proof. The proof can be obtained from the basic relation that

D VW =Yy =3" 3 VY4 Y V-

i#jeld g i#jely gFh icldy
Jjely

Multiplying both sides by %, then
Z )’ij=Z Z Vij+ZZ)’ij

i#jeld g i#jely g#h icly
Jely

NN —1)7 =) Ng(Ng — D7y + Y Ny Nygh
g g#h

Applying (4.87), gives
N(N — Dy =yw ZNg<Ng —1)+78 ) NN
g#h

Substituting (4.32) and (4.33) into this equation completes the proof. |

Corollary 4.4.6. If N, is constant then this implies that C? =0, yw = Pw, and yg = P, and (4.89)
becomes

N—-1_. NM-1).

SNt TN @20

~i
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The relative covariance between N, and ¥, is useful in considering the expectation of the weighted

variance. Define

- SN);
Cny = = 491
M E N (4.91)
where S'N); is the covariance between N, and yy,
- 1 -
Snp = =) (Ng = N) - (7% — w) (4.92)
M-14
Equation (4.92) can be rearranged to give
Y N7 =M — 1)Syy + MNw (4.93)
g

Theorem 4.4.7. Expectation of the unweighted variance is

= - . 1 Ve
E(Sy) =75 —fw+— > &
(1 yy) YB—¥Yw + M - Ng

+ 1Sup (4.94)

Proof By theorem (4.1.4) and (4.4.4)

- 1 - Ny — 1\ _ 1 1 - - -
545 (- (%)) sy 5 50

g #h
+ lguu
—IZE 121—L‘—LZE+ +S
- M = g M Ng }’g M > g YB Pup
Then this equation can be simplified to complete the proof. O

Theorem 4.4.8. Expectation of the weighted variance is

M-1

M N-1 - N-—1
M—-1 N

E(NSyy) = 7~ Now (Cw +

Proof. Equation (4.23) of theorem (4.2.2) is modified into

- 1 _ - - N -1
g

N-1Y . Ng—1\. . N-I
= - Syp — ——S
(M—l)y ;(M—l)yg+N"“ M— 1

Substituting (4.93), (4.92), and (4.91) into the above equation completes the proof. O
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Theorem (4.4.8) shows that the expectation of the weighted group level variance may change for dif-
ferent values of N, i.e. varying scales. The 7 is not affected by the scale or zoning but y and C Ny are
both affected by both the scale and the zoning. Theorem (4.4.8) can be used to obtain the aggregation

effect, that is a difference or a ratio between group level variance and the individual level variance.

Theorem 4.4.9. Expectation of the aggregation effect in term of the difference between the weighted group

level variance and its individual level variance is

< N-M\_ . (- M N-1 _
E(WSyy = Syy) = (M — ) V= Nvw (C;vy- + T —N—) + MSup — Sup (4.96)
Proof. The proof is immediately from theorem (4.4.8) and (4.4.2). a

We may consider some special cases, such as the case when Ng constant at N and the case when Ve

constant.

Corollary 4.4.10. Expectation of the aggregation effect when the N or Vg is constant is

_ N-M\ _ B
E(NSyy — Syy) = M1 (Y ~vw)+ MSup — Sup (4.97)
Proof. The constant Ny or 7, will imply the C ~y = 0 in equation (4.96). a

Theorem 4.4.11. Expectation of the aggregation effect in term of the ratio between the weighted group

level variance and its individual level variance is, when u; = u

E(nSyy) N-—1 -;7W<_ M N—l)
= ~-N—=—(Cny + —  —— 4.98
ESy) M—-1 7 \MTuy—1 R (4.58)

Proof. The proof can be done by dividing equation (4.95) by E(S,,), then applying theorem (4.4.2) to

substitute the E(S,,) with 7. O

4.5 Summary

The aggregation effect may be considered in terms of the difference between group and individual level
variance. In general it was presented in theorem (4.2.7) and corollary (4.2.8). Both formulations have a
common factor, that the aggregation effect depend on A and A . The A component is not affected by any

scale or zoning, but Ay is. In general different scaling or zoning will produce different values of A .
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The square of the difference and the variance of the difference of a pair of observations are called the
empirical and theoretical semivariogram (equation 4.56 and 4.76), respectively. By algebraic manipulation,
the group level square of the difference of means (th) was decomposed into individual elements of square
of difference (see theorem 4.3.6). The components are the mean of between group ():/ ¢#) and the mean of
within group ():/g and ):/ ;) empirical semivariogram values.

The aggregation effect i1s considered in two different ways, i.e. the difference and the ratio of between
group and individual level variance. The empirical or theoretic perspective gave similar result, as we can
look at equation (4.72) and (4.73) in the empirical perspective and equation (4.96) and (4.98) in theoretical
perspective. Those results show that the key factors determining the aggregation effect are the average
number of units in the group (V) and the average of the within group semivariogram values, ):/W or yw.
The semivariogram is a well established approach to study spatial variation. Hence these results give a clear
spatial explanation to the aggregation effect. To determine the effect of aggregation, we just determine the

effect on the within group semivariogram values.




Chapter 5

The Role of Semivariogram In Aggregation Effect

The variogram and semivariogram are important tools in studying spatial variability (Cressie, 1991; Clif-
ford et al., 1989; and Diggle et al., 1998). The variogram is defined by the variances of the difference
between two observations at two locations and the semivariogram is obtained from the variogram by di-
viding by 2.

The objective of this chapter is to consider the use of the semivariogram in the analysis of aggregate
social data. Aggregate group level data can be used to construct a group level semivariogram. In chapter
four it was shown how the aggregation effect for variances can be related to the individual level semiva-
riogram. In this chapter we will consider the relationship between the group level and individual level
semivariogram in more detail. Estimation of the individual level semivariogram is useful as it gives in-
formation about spatial structure at the individual level. This information may be useful in its own right
or it can be used to understand the aggregation effect on variances. We will consider some methods of

estimating individual level semivariogram using group level data.

5.1 Variogram and semivariogram

In section 4.3.3 we related the empirical aggregation effect to the quantities ¥;; = %(Y,- -7 j)z_ The

relationships obtained in 4.3.3 were purely arithmetic. In section 4.4 we considered the expectation of the

aggregation effect and related it to y;; = % VY - Y;).

63
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5.1.1 Definition and assumptions

In general y;; can depend on the individual involved and the locations of all the individuals in the popula-
tion, which are contained in the matrix L. In spatial analysis and modeling it is usually assumed that y;;

depends only on the location of the two individuals concerned, that is
vij = v i, £)) (5.1
A further assumption is that only the relative position of the two individuals is relevant, that is
Yy =y —£)) (5.2)

where £; — £ is called the increment. Note y;; = 0, but for two different individuals at the same location,
re. £; = £; fori # j, yi;; = y(0), which does not have to be zero.
The expression 2y (-) is called a variogram and y (-) is called a semivariogram. The spatial process

(Y:, £;) is called intrinsically stationary if (5.2) applies and also
E(Y;,—Y)=0 (5.3)

Intrinsic stationarity is a weaker condition than second order stationarity. The second order stationarity

assumptions involve three conditions;

(i) E¥)=u;, Y £eDcR?
(i) V() =0’ (5.4)
(iii) Cov(Yi; Y))=C{;—¥£;); Y £;,4; €D, i#]j

where it is assumed that the observations have a constant mean and variance over the population and the

covariogram, C(-), i1s a function of the relative location of two observations. Note we will use C(0) to

denote the covariance of two different individuals at the same location, which in practice means within the
same household.

A prominent aspect in dealing with spatial data is the distance between locations. A distance is usually

defined as Euclidean distance, for example in R? the distance between two individuals at location £; =

(ei,n;) and £; = (ej, n;) is

dj = (et — e+ (n = m)? = it — 4] (5.5)
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where the e; and n; indicate the location of the point e; units to the east and »; units to the north of an
arbitrary origin point. The arbitrary origin point can be chosen to be the most westerly and most southerly
point in the region under study.

If y(¢; — £;) is a function of d;; only, that is y(£; — £;) = y(d;;), then it is called isotropic. The
isotropic condition need not assume a constant mean over the population, but if the isotropic condition
is assumed in conjunction with second order stationarity, then C(-) can be represented as a function of
1€; — £;1| only (Christensen, 1991; and Grondona & Cressie, 1991). This condition is often reasonable
in describing social phenomena, since in social data it is assumed that the interaction among individuals
occurs in all directions. Therefore the direction is assumed not to have a significant influence in the analysis
of spatial data.

The distance between two groups with centroids at £, = (eg, ng)’ and £, = (e, ny)’ respectively can

be defined by

dgh =/ (eg = en)? + (ng —m)? = g — &y (5.6)

The distance between the centroids is not necessarily the same as the average distance between individuals

in the gth and 4th groups. Define,

- 1 - 1

dg=—— dy and dyy = dij (5.7

g Ng(Ng—l)igL:/ug ij = N ,-;; j )
J€Up

The quantity Jg;, represents the average distance between all pairs of points within the gth and /th groups,
whereas d, represents distance between the centroids of the gth and 4th groups. In general Jg;, will not
be equal to d,y. The relationship between dg; and Jg;, will be investigated later and is an additional issue
that arises when the spatial aspects of aggregation are considered. The quantity ﬁg is the average distance

between all pairs of points within group g.
Corollary 5.1.1. Relationship between semivariogram and covariogram is
y(dy) = 0% — C(dy) (5.8)

The quantity C(0) can be viewed as the covariogram value at distance zero, d;; = 0, but is not nec-

essarily equal to 2. The reason is that observations corresponding to d; ;i = 0 in social data may come
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from one individual or two different individuals at the same location. Therefore the estimator of C(0) in
general is not the same as the estimator of o2. This fact will affect the estimation of the semivariogram,
if we cannot distinguish between individuals within the same household. This issue will be discussed in

more detail in section (5.1.6).

5.1.2 Semivariogram model and its parameter

The semivariogram is often modeled through a distance function. Most models for the isotropic semiva-
riogram contain three parameters, called the nugget (n), sill (S), and range (r), which are in the interval
[0, 00). The theoretical semivariogram models are typically drawn as shown in figure (5.1).

seeriuariogram

0 fe—>| distance
range

Figure 5.1. Graph of the theoretical semivariogram model

Cressie (1991) presented some common isotropic semivariogram models :

e Exponential model :
—dyj
y(dij) =n+ (s —n)l —exp - ) dij > 0 (5.9)

e Spherical model :

(5.10)

e Gaussian model :

—~d?
ydij)=n+(s—n) (l —exp [r—zujl) , dij >0 (5.11)
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Cressie (1991) cited other models such as the power model, quadratic model and wave model. These
models are not discussed further in this section.

Figure (5.1) exhibits three important distances related to the parameters of a semivariogram model.
They are the distances equal to zero, infinity, and r.

Theoretically, for geological and other physical data d;; = 0 implies ¥; — ¥; at {; = £; and so the
semivariogram will be zero at d;; = 0, that is y(0) = 0. This may be considered as the ideal situation
where there is no measurement error when measuring objects at the same location (Cressie, 1991). But
in practice, it is common to have ¥ (d;;) = n > 0 as d;; approaches 0. For physical data n is sometimes
interpreted as the effect of measurement error. For social data additional issues arise and these will be
discussed in section (5.1.6).

If y(dij) = s as d;; approaches oo then § is called the sill. The sill is the asymptotic limit of the
semivariogram model and will indicate the variance of the process being studied.

The last distance of interest is d;; = r. We can evaluate the value of y(-) for each model at this point,

that is

o Exponential and Gaussian model :
1 1
yNn=s|1- " +n- 5= 0.632s + 0.368n (5.12)
where ¢ is equal t0 2.718 - - -.

o Spherical model :
yn=s (5.13)

For the spherical model d, is a distance between observations such that the variance of the (¥; — ¥;)
becomes constant. This distance can be interpreted as a situation where p(d,) = 0, that is, a correlation
between Y; and Y; is equal to zero for all di; > dp. In other words, the observations are independent with
each other at the distance greater or equal than d,. For the exponential and Gaussian models observations
will get close to independent for d;; greater than some multiple of r. For example, bias in the exponential

model p(d) < 0.05 ford > 3r (Carr, 1995).
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5.1.3 Estimation of the semivariogram

Theorem 5.1.2. Consider the estimator ¥;; of yij then

E@y) =vy + % (E(x: - vp) (5.14)
where y;; = %V (Yi - 1)
Proof
E@) = 5 E (0 - 1?)
= %V (i —¥;) + % (E(¥: - ¥p)°
=y % (EW; - 1))

Corollary 5.1.3. If E(Y; — Y;) = O the ¥;; is unbiased for y;;

For an isotropic process, ¥;; is an unbiased estimator of y(d;;). Hence the data ¥;; can be used to
model y (d;;) as a function of distance between observations.

The statistics ¥;; have been defined as unit level empirical semivariogram values. If there are N obser-
vations in the population then these will be MA;—_D— empirical semivariogram values, and corresponding
distances, d;; . The literature has described some ways of modeling the semivariogram using the distances
as independent variables (Cressie, 1991).

Let ¥(d;;) denote an estimator of the semivariogram at distance d;;. Unless N is small the number
of empirical semivariogram values will be very large and modeling using ¥;; may not be computationally
feasible, or at least very computer intensive. The common initial way of modeling ¥(d;; ) is by categorizing
the unit level empirical semivariogram values. The categories are created based on distance classes and
the average of the unit semivariogram values within each distance class is calculated. The categorization
is done by dividing the span distance of pairs of points within the region from minimum to maximum
distance into X intervals. Define Dy, for £ = {1, ---, K} as the distance class Dy = [dx—1, di) of width
wi, and the average distance dy, which is defined by

_ 1 |NDk|

d, =
|ND/¢

d,'j; k=1,---,K (5.]5)
|d,'jEDk
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Figure 5.2. Distance classes

This can be drawn as in figure (5.2). The | Np, | represents numbers of the semivariogram values within dis-
tance class Dy. The initial distance case is usually constructed by setting dy = 0. The classical categorized

estimator of the variogram (Cressie, 1991) is,

_ INDk’
Y(dp) =

Yijy k=1,---,K (5.16)
d,'jED[(

| Ny |
SAS (1996) noted a rule of thumb used in constructing categorical semivariograms, which is to use at
least 30 pairs of points in computing a single value of the categorical semivariogram. If the interval width
is set to small, there may be too few points within the categories. On the other hand, if the interval width
is set too large, the number pairs of points within the categories may be much greater than that needed,
thereby wasting data. Usually equal width intervals are used, wy, =w. Clark (1982) suggested that a good
choice for the interval width (w) is 10 percent of the average distance of pairs of points within the region.
A semivariogram model is developed by fitting the ¥;; or 7(dy) to a theoretical semivariogram model,
and estimating the parameters (n, S, and r). A relationship between 7 and dj is the objective of the model
fitting, and will be based on a semivariogram model. Several methods can be used. Cressie (1991) dis-
cussed several parametric methods to fit a variogram model, such as maximum likelihood (ML), restricted
maximum likelihood method (REML), minimum norm quadratic (MINQ) estimation, generalized least
squares and weighted least squares.
Zimmerman and Zimmerman (1991) compared several methods of variogram model fitting, ordinary
least squares, weighted least squares, maximum likelihood, restricted maximum likelihood, and gener-

alized minimum variance quadratic. Four different semivariogram models were considered, these being

linear, exponential, spherical, and Gaussian. They concluded that different methods of model fitting can
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be used for different semivariogram models, for example a linear model could be fitted by ordinary least
square but for the exponential model using ML gives a better result.

Before the estimation procedure is applied, it is essential to make a plot of semivariogram values versus
distance, either for the ¥;; or ¥(dy). The plots may be used to determine initial values of the parameters
and check that the theoretical semivariogram model is reasonable. Some estimation procedures can be
used to fit 7; or 7(dk) to the model. If 7;; is being used then non-linear regression or maximum likelihood
methods can be applied. But in practice, the 7(c?k) are often used to estimate the model. Then weighted
least squares method could be used to estimate the semivariogram model parameters. Cressie (1985),

suggested minimizing the weighted sum of squares;

F 2
Z INp, | (y(d;(n")s - 1) (5.17)
where y(d; n, s, 1) is the specified variogram model with unknown parameters (n, s, r). In this study
we used the categorized approach and this weighted least squares method in estimating the parameters of
the semivariogram models, for both individual and group level data. This leads to a non-linear regression

method with weight

2

P(dr) )
w=INol (y(dk;n,s,r) G.18)

5.1.4 Tlustration of semivariogram from Hiawarra dataset

As an illustration of semivariogram analysis we considered some data from the Illawarra region. The
Illawarra region is located immediately south of Sydney in the state of New South Wales in Australia. The
data used was at the collection district (CD) level. A CD is an area containing approximately 200-300
households (Castles, 1991). There are 377 collection districts in the 1087.3 km square total region area.
The data were sourced from the Australian Census of Population and Housing 1991. Although these data
are actually group level, they can be used to illustrate semivariogram analysis. Also, this type of analysis
is used to analyse social data.

The labor participation rate will be used to illustrate the semivariogram model in the census data.

The labor participation rate is calculated based on the total number of person older than 15 years old.
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According to the 1991 census, there were 182,163 persons older than 15 years old in the Illawarra region.

The distribution of this characteristic across CDs is described the box-plot in figure 5.3.

80

70
1

60

40
-

30

Labor patt. rate

Figure 5.3. The CD distribution of the labor participation rate (%) in Illawarra NSW, mean=58.55, me-
dian=58.68, min.=29.64, max.=80.34, variance=73.38

The SAS software was used to develop a program to analyze the semivariogram associated with this
variable. The exponential model is applied to explain the empirical model of the labor participation rate.
The parameters of the model (nugget, sill, and range) are estimated by the weighted non-linear least squares
method (Cressie, 1985). The weight is defined in (5.18). The results are shown in the following output.
The complete computer code is listed in the appendix (D). Here we have reparameterized the exponential
model by using 3d/r instead of d/r.

The output (5.1) shows that the estimated nugget, sill, and range are 44.49, 75.98, and 9.81, respec-
tively. The estimated sill is close to the variance (73.38). The estimated nugget indicates that variation at
distance zero of the labor participation rate of the CD’s level is 44.49. In this context, then this variation
shows a measure of dispersion of observations points within the CD. Meanwhile, the estimated range in-
dicates that within the distance 9.81 km the CD level of the labor participation rate is dependent between
each other but it is close to independent afterward. Hence the CD level values are affected by surrounding
CD within the distance 9.81 kms. This results are presented in figure 5.4. The squares () indicates the

empirical semivariogram and the star (*) indicates the empirical exponential model of the semivariogram.
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Table 5.1. The SAS output of the estimation procedure

Non-Linear Least Squares Summary Statistics

Dependent Variable: labor sv.

Source DF
Regression 3
Residual 99
Uncorrected Total 102
(Corrected Total) 101
Parameter Estimate
nugget 44.48633706 2
sill 75.98161994 0.
range 9.81337146 1

Weighted SS Weighted MS
128688.00000 42896.00000
471.41070 4.76172
129159.41070
1693.48569
Asymptotic Asymptotic 95 %
Std. Error Confidence Interval
Lower Upper
.7315704260 39.066276653 49.906397468
6948686057 74.602841717 77.360398164
.3724638501 7.090089313 12.536653607

Asymptotic Correlation Matrix

Corr nugget
nugget 1
sill 0.324952037
range 0.7800186738

0.324952037

0.7800186738
1 0.6386277355

0.6386277355 1

The distribution of inter-centroid CD distances would be of interest. Figure (5.4) suggests a minimum of

about 0.2 km.
semivariogram
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Figure 5.4. Empirical semivariogram and empirical exponential model with nugget 44.49, sill 75.98, and

range 9.81

5.1.5 Relationship between semivariogram and spatial autocorrelation

For a second order stationary process, spatial autocorrelation was introduced in section (3.4.3) and explic-

itly formulated into

C(d;j)
,O(dij) = 0—21

(5.19)
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Theorem 5.1.4. Relationship between semivariogram and spatial autocorrelation is
y(dy) = o1 = p(dy)) (5.20)
Proof. Assuming the isotropic condition and then substituting (5.19) into (5.8). a

Given a semivariogram model, then the implied model of spatial autocorrelation can be derived using

this relationship. The spatial autocorrelation model corresponding to (5.9), (5.10), and (5.11) are

o Exponential model :

} dj >0 (5.21)

e Spherical model :

(5.22)

o Gaussian model :

n —d?
p(dij) = (1 - g) exp l:r—zuil , dij 20 (5.23)

For the exponential and Gaussian models, we may again reparameterize the factor d/r by using 3d/r.

There is a common factor in equation (5.21), (5.22), (5.23), that is
n
(1 - g) = p(0) (5.24)

This quantity arises from the nugget effect, and will be discussed in (5.1.6). The typical spatial autocorre-
lation model can be drawn as in figure (5.5). The figure shows two quantities, those are the value of spatial
autocorrelation at distance zero and the distance when the spatial autocorrelation becomes very small or
zero. The first indicates nugget effect (5.24), and the second is the range.

For a given sill and nugget the greater the value of r will result higher spatial autocorrelation at closer
distances. The spatial autocorrelation is getting smaller as the distance increases, because the factor in-

volving distance in (5.21), (5.22) and (5.23) are all decreasing functions of dj;.
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Figure 5.5. The positive side of spatial autocorrelation model based on parameters of semivariogram model
5.1.6 Nugget effect and spatial autocorrelation at zero distance

In social data, it is common to have several observations at the same location. For example, data from a
household may contain observations on several different individuals, but the ¢; is recorded at the housebold
location. Another situation is also can be considered, that the same locations may represents a group of
households, e.g. apartment. This situation give a strong confidence that nugget effect may occur in social
data. In both cases, the nugget effect will show co-variation of the observations within the same locations,
either within one household or a group of households. This quantity will lead to considering the within

household or a group of households correlation.

The relationship between nugget (n) and spatial autocorrelation may be used to consider the nugget

effect.

Theorem 5.1.5. Spatial autocorrelation at zero distance for exponential, spherical, and gaussian models

is equal to
n
=(1-— 5.25
pO=(1-3) (5.25)
Proof. Substituting d;; = 0 into the models. |

Equation (5.25) shows the relation between p(0) and the nugget value. The spatial correlation at
zero distance will get smaller as the nugget value approaches the sill. The observations at zero distance

will be perfectly independent if the nugget is equal to the sill. Hence, applying these semivariogram
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models to individual level data implies a model for the within household correlation given by (5.25). More
complex models for within household correlation are likely to be more realistic, however, without data on

individuals within households to develop and estimate such models (5.25), is a useful working model.

5.1.7 Nlustration of spatial autocorrelation from Illawarra dataset

The relationship between the semivariogram and spatial autocorrelation can be illustrated from the Illawarra
dataset. Again the labor participation rate is taken as an example. The results from section (5.1.4) when
the exponential model semivariogram was applied gave the estimated parameter nugget=44.49, sill=75.98,
and range=9.81. The Moran coefficient (/) can be used to measure spatial autocorrelation (Cliff & Ord,

1981), and is defined

_ 2i Zj wi; (Y ~ f)(Yj ~7)

= (5.26)
Syy 2.5 2 j Wij

This definition can be applied easily for the group level data. The w;; indicates a connectivity matrix of

the individual (or group) arrangement in the region, and in this application were defined as

0 ifd;; > neighborhood distance
wij = (5.27)

1 ifdj; < neighborhood distance
where a neighborhood distance is a particular distance which the points within the distance are considered
closed each other.

The Moran coefficient is used to measure spatial autocorrelation at a particular neighborhood dis-
tance. The S+ Spatial Stats package from S-Plus is used to calculate this statistic. The results are shown
in table (5.2) and figure (5.6). Table (5.2) and figure (5.6) show the Moran coefficient and exponential
model of the spatial autocorrelation such as defined in (5.21). For a particular neighborhood distance, e.g.
hi,hy, -, hy, the definition in (5.26) shows that the Moran coefficients for each neighborhood distances
are defined within the interval O to the neighborhood distances. However the autocorrelation obtained
from the semivariogram model refer to the distance classes [0, 1), [1, 2), etc. Therefore we might expect a

difference between the spatial autocorrelation defined by Moran coefficient and the semivariogram model.
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Table 5.2. Moran coefficient of the labor participation rate of the Illawarra data at difference neighborhood
distance

Neighborhood

distance (km) 1.0 2.0 3.0 4.0 5.0 7.0 9.0 10.0
Moran coefficient 0.459 0.268 0.197 0.164 0.140 0.106 0.087 0.077
The exponential model | 0.305 0.225 0.166 0.122 0.090 0.049 0.026 0.019

Yo
2
° ©  Moran coef.
A Exp. model
<
o
€
0
Q
G o
g s ‘\
c O,
0o
5 \
© o \o
g ° T~
e \o\
5 o
© \
= o
A\
B
o | A
o
T T T T T
2 4 6 8 10

neighborhood distance (km)

Figure 5.6. Moran coefficient and exponential model of spatial autocorrelation for the labor participation
rate of the Illawarra data
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Figure (5.6) shows that the Moran coefficient at neighborhood distance 1 km is a measure of spatial
autocorrelation within the interval 0-1 km. The Moran coefficient at neighborhood distance 2 km indicates
spatial autocorrelation within the interval 0-2 km, and the same way for another neighborhood distance.
Meanwhile, the spatial correlation derived from the exponential model at distance 1 km indicates spatial
correlation of points within the distance [0, 1) km, and then [1, 2) for the next interval, and so on. This
description shows that the Moran coefficient cannot be compared directly with the exponential model, since
they have a different definition of the distance except for the first interval where the results are similar. But
indirectly both coefficients shows a typical trend of the spatial correlation, that is decaying as the distance

increases.

5.1.8 Generating random observations based on semivariogram model

Simulation methods can be used to generate random observations according to a specific probability distri-
bution function or other conditions. Arbia (1989a) discussed two methods of simulation of spatial data, that
is distribution-based methods and model-based approaches. The first approach, that is distribution-based
methods, will be applied to generate simulated data for this thesis.

The distribution-based approach generates random observations according to the distribution of the
process under study, such as the random process defined in (4.1). We will generate observations from an
isotropic, second order stationary spatial process. To generate observations from such a random process we
need to define a variance-covariance matrix, which characterizes this random process. Since the random
process is defined in two dimensional space, then we can use a spatial model. If the spatial model is
specified in the form of a semivariogram model then the variance-covariance matrix can be derived from a
relation between semivariogram and covariogram (5.8).

Let V be the variance-covariance matrix of the random process generating Y; (4.1). The elements of
V are equal to the C(d;;) and o2 is defined to be the variance of the random process (Y, L). For a given

semivariogram model the covariances can be determined from the relation
Cldy) = 0* ~ y(dy) (5:28)

In a semivariogram model the o2 is equal to the sill of the model. The matrix V is




5. The Role of Semivariogram In Aggregation Effect

78

( o2  Cdi) - cdi;) - C(le)\
C(d21) ol oo Cldan)
or  C(dy)
(5.29)
Cdj) -  CWjy) o . Cldw)
o2
Cldm C(dny) - 02}

Arbia (1989a) noted that the distribution-based approach is based on decomposing the V into lower
and upper triangular matrix. The Choleski decomposition method can be applied to do this task, that is we

find a matrix A such that

AAT =V (5.30)

where, A is a particular form of a lower triangular matrix.
Assume that e is a vector of independent identically distributed standard normal random variables
(N(0, 1)). Then the random process with variance-covariance matrix V may be generated from e by using

the following relation,
Z=A-¢e (5.3 1)

(see Arbia, 1989a).

5.2 Group level variogram (I'(dgs))

In some applications the group means constitute the main data available. Variogram analysis and modeling
may be attempted using the groups means and the distances between the group, which will often be taken
to be the distance between centroids, dg. The analysis of the Illawarra region in section (5.1.4) took this

approach. Define a group level semivariogram value

1 - -
Ten = 5V (Tg = Tn) (5.32)
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Theorem 5.2.1. Consider an intrinsically stationarity process, then an unbiased estimator of Tgp, is
_~ 1 - = 2
Ten = —2-(Yg ) (5.33)

Proof.

Yo — ¥y = > > -

Ng Ni ielly jeldy

Hence for an intrinsically stationary process
E(Y,—Yy) =0

Thus
~ 1 - = 2
E(Cgn) = 5 E ((F - Ti)?)
1 - -
= EV(Yg —Yp) =Tgn

a

Theorem (5.2.1) implies that the results of section (4.3) concerning the empirical group level semivario-
gram can be applied to the group level semivariogram I'g;. For example theorems (4.3.4) and (4.3.5), are
about the relationship with the unweighted and weighted group level variance.

We can derive a relationship between group level semivariogram and individual level semivariogram.
For an intrinsically stationarity spatial process we have seen that ¥j; is unbiased for y;; (5.14) and Fg;, is

unbiased for 'y, hence taking expectation of (4.64) gives :

Theorem 5.2.2. The group level semivariogram can be expressed in term of individual level semivario-

gram
Ny, — 1Y\ _ N, —1
Toh = Yo — | =2 - y 5.34
gh = Ygh ( 2 Ng ) Ve ( 2N, ) Vh ( )
Where
}-’-gh Z Yijs }’g Z Yij
teL{ Ng(Ng z#;eug
JGUh

Theorem (5.2.2) shows that the group level semivariogram can be expressed as a function of the in-

dividual level semivariogram. This result shows that I'y;, will depend on the distances d;; for pairs of
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individuals within the same group and between pairs in which one individual is in group g and the other
is in group 4. Later we will consider how I'g; can be related to some measure of the distance between
groups, such as dyj, or a_fgh.

For a second order stationary process, the group level semivariogram can be related to the individual
level spatial autocorrelation. Assume that the population variance is constant at, o2, and define the average

spatial autocorrelation within the group as

1

g = di; 5.35
Pe Ng(Ng — 1) i#;ugp( ) (.33)
then
_ 2
V(F,) = ;—(1 + (N — 1) ) (5.36)
g

And Cov()—’g; Y1) may be rewritten as,

Cov(Yg; Yp) = 0% — g
(5.37)
= Uzﬁgh

where pgy = m > Uy > ety p(d;;) is the average spatial correlation between the individuals in the

two groups.

Theorem 5.2.3. Relationship between Ty, and within group spatial autocorrelation (, pg and pp) is

o2 [Ny —1 Ny —1
= Yoh — — 1—-p 1-5 5.3
Ueh = Vgn 2 ( N, ( Pg) + N, ( Ph )) (5.38)
or
2
) _ o° (Ng —1 _ Ny — 1 -
= - - — 1— 1-— 5.39
Ign =0°(1 pgh) > ( Ny ( 0g) + N, ( Pn) ( )
Proof. Substituting equation (5.20) into (5.34). a

Corollary 5.2.4. Assume that y; ;j IS constant at o2 and there is no spatial autocorrelation, then

o? 1 1
= — | — 4 — 5.40
gh =" (Ng+Nh) (3.40)
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Corollary 5.2.5. Consider a constant within group spatial autocorrelation at p, and a constant group size

at N then

1
Tgh = Jgh — 0 (1 - ﬁ) (1-75) (5.41)

5.2.1 Fitting a group level semivariogram model

Assuming an isotropic process, the group level data can be used in the same way as the individual data

to model th in terms of the distance between the group as reflected by dgs. The first step would be to

calculate
- 1 |MDf| .
T'dy) = ; > Ten (5.42)
Df| dgneDy

where Dy is a distance class used for the group level data and d 1 is the average of the between group
distance for this class. The |[Mp | represents the numbers of pairs of groups which fall within the distance
class Dy.

The next step is to fit a model to F(a7 7). There is no standard procedure to choose an appropriate
model, but creating a scatter plot of f(c? 1) versus d ' will be helpful in determining the appropriate model.
Then a model fitting procedure can be used to estimate the parameters of the model, such as the nugget,
sill, and range. The weighted least squares method can be considered as discussed in section (5.1.3), with
the weight defined by (5.18), with Mp , replacing Np, .

Analysis of the group level semivariogram models will produce estimates of the nugget, sill, and range.
However, it is not clear how the estimates obtained from a group level analysis relate to the parameters of
the underlying individual level semivariogram. From (5.34) and (5.38) we expect the average within group

semivariogram or average within group spatial correlation to play a key role.

3.3 Deriving group level semivariogram in terms of individual level variogram by Taylor series
expansion

Equation (5.34) gives the relationship between the group level and individual level semivariograms. How-
ever, this relationship does not immediately indicate how the analysis of Iy is determined by y;;. In this

section the relationship between I' and y will be investigated further by Taylor series expansion. Assume




5. The Role of Semivariogram In Aggregation Effect

that the individual level semivariogram is isotropic and represented by a distance function, y (d;;). Using

a Taylor series expansion about the distance d,,, the distance function may be written as,

v (d,) )’(p) (do)

(dij —do)? + -+ +

y(dij) = y(do) + v'(do)dij — do) + dij — do)? + R, (di)
(5.43)

where R, (d;;) is the reminder of order p, which is expressed in terms of

y(p+l)(c)

G )

R, (dij) =

the y P+ (c) is the (p + 1)th derivative of the y(d;;) evaluated at ¢ for some ¢ between d, and dj;.
Suppose the y (di;) is an exponential model with parameter n, s, and r. The likely value of R, (d;;)

can be illustrated as follow

y(dij) =n+(s—n) (1 —exp [—:’U])

s$—n —d;;
y'(dij) = p expl: r”:l

s$—n —d;j
y”(dij)z_ 2 expl: rt/]

’ _s—n —-d,'j
y”(dij)—‘ 3 exp[ . ]

s—n —d;j
y 0@y = (D¥ —gexp [ rU}

s—n —d;;
y(2k+‘)(d;j) — (_l)2k+l e exp [ rt/]

All the derivatives are bounded in magnitude (S — n) and a constant % Applying the Taylor’s theorem and

the Remainder Estimation theorem, we can determine

dij "'do 2k+2 1 —c
IRok+1(dij)| < (s = n)( p ) kT D! -exp [T} (5:44)
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Provided the distance d;; — d, is less than r, then the remainder term should be small, which will usually
be the case in our applications. This Rog41(dij) — 0 as k — o0.

Consider (5.43) up to the second order and ignoring R gives the approximation for y (d;;)

, 1 do
P@) v (@) + (o) dy — do) + Ly — do? (5.45)

Equation (5.45) can be used to derive an approximation of the group level variogram by substituting
into equation (5.34). Equation (5.34) contains two main components, these are yg4 and ¥, (or y). These

components represent the average of the between and within group semivariogram values respectively.

Evaluating yg),

Substituting approximation (5.45) into ygp, we get

. y'(do) Y (db)
Yeh = y(do) + Z (dij — dp) + 2Ng Ny Z (dij — dy)

Ng :eug

jelUy jeuh

_ '(dy) _
= o)+ 7o) g — ) + 1% >y~ dpn?+ ) Gy —ap? (sa6)

g
jEUh
" "

- ( ) @2 d,) -

= o)+ 7' @) gp —d) + B+ ) Gy —

where a-’gh and Sgg , indicate the mean and variance of the distance between all pairs of individuals between

the two groups. The term d-g;, is defined in (5.7) and Sjgh is defined as

dgh = Z(dlj - gh)
teL{
jeU;.

In Equation (5.46), the value d, represents some chosen distance to represent the distance between two
non overlapping groups. Two different choices for d, seem sensible. First, d, is the average distance of all

pair of individuals between the two groups, dg, giving

i} - y"(d h)
Veh = ¥ (den) + 2g Son (5.47)
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Often we will not have Jg;,, but instead have the distance between the centroids of the two groups, say

dgh = ||€g — £5||. Substituting dg, for d, gives

Y (dgh ) @2 y” (dgn)

S3 » T(&g,, — dgp)? (5.48)

Veh = ¥ (dgn) + ¥ (dgn)(dgn — dgp) +

Ifdgp, = a_?g;, then the two choices for d, will give the same result for ¥5. In practice, the centroid
location is often recorded but not the individuals’ locations. Therefore, we will usually have a represen-
tation of d,), in term of distance between two centroids rather than the average distance of all pairs of
locations. The centroid of the group depends on the boundary of the group, since the centroid is derived

from manipulation of the boundary coordinates (Griffith & Amrhein, 1991).

Evaluating y,

In the same way, we can formulate an approximation for y;, that is

y/(d/ , //(d/ o 5
Mo 2 At T 2 i)

Pg = )’(d:;) +
itjeldy 2Ng(Ng - D ijeldy

— / e NG — A )/”(d/ 2 ”( o) 712 (5.49
= y(d) + v (@) (dy — d)) + — 0 T, ,¢,Zeu (dyj — dg)* + —2"(dg — d)) )

)/”(d/ //(d/)

S2

=y () +y'(dy)(dg — d) + —2- (dg — dy)°
Taking d;, = d-g, the average distance of all pairs of individuals within the group, that is defined in (5.7)

gives

Y'dg) o (5.50)

Vo = y(dg) +

The terms d_g and Sg indicate the mean and variance of the distance of all pairs of individuals within the
£

group.
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5.3.1 Approximation of I' (dgs)

Given these approximations for yg; and ¥, (¥1), then we may substitute into (5.34) to give an approxima-

tion for the I'yy, say f‘g;,, that is

Ton = v (dgn)
, _ y//(d h) //d ) _
) lgh — dg) + L5503 4 VR G2 (5:51)
Ne—1[ — Vo | Ne=1[ . v'@)
— d -
2N, l:)’( e+ — 5, 2N, [V(dh)+ 7 Sy

Consider the semivariogram models, the exponential and Gaussian model. The value of y, y’, and
y" are calculated based on the results of simulation of the properties of the distance in section (5.3.2) of
page 99. The simulated average distance within and between groups are run over 1200 times of simulation,
based on the population of individual level semivariogram with n = 15, s = 25, and r = 10. Figure (5.7)
shows y’(a_’g), y”(c?g), ¥'(dgr), and y” (dgy) for different semivariogram models. The figure shows that
the second derivative (") of the three models are relatively small compared with the first derivative, either
for the within group or between group component. The exponential and Gaussian models show a small
value of their first and second derivative.

Some expected points from this figures are

e y” is small compared with y’, which is small compared with y, which has a minimum of 15 and

maximum of 25. Hence ignoring the first and second derivative will not introduce much error.

e also, the factor (dgn — dgn) and Sggh, Sgg are likely to further reduce the impact of the first and

second order terms.

The bias components

Equation (5.51) shows clearly how the group level semivariogram is related to the individual level semi-
variogram, and the average and variance of distances between points between groups, and average and
variance of distance between points within groups. Equation (5.51) shows that the bias of th as an

estimate of y (dg4) has two component of bias, the first is;

Y " (dgh )
2

v’ (dgh)
2

+¥'(dgn) (dgn — dgn) + 53, + (dgh — dgn)* (5.52)
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Figure 5.7. The likely relative value of y’ and y” compared with the average distance between group and
group area size, the symbol o = y’, and A=y”.
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This component of bias involves the difference of the true average distance (c?gh) and the distance between
centroids (dg), and the variation of distance between two groups (ngh ). The difference between a_fgh and
dgi will depend on how points are distributed within the groups.

The second component of bias is,

N, — 1 - Y (dg) N, — 1 - Y"(dr)
- d - .
o, [y( 2) + > Sz o, [y(d;,)—i— > Sdh] (5.53)

The second component of bias produces a negative effect. By considering a particular shape of the group
(for instance circle, square, rectangle, etc), approximation can be developed for this component. Given the

result on the values of first and second derivatives, we expect that the main bias component will be

1 (Ng—1 - Ny—1 -
—5( N, y(dg) + N, y(d;,)) (5.54)

This will give a negative bias and so the group level semivariogram will be below the corresponding
individual level semivariogram. An illustration of the bias is given in section (5.5.1) using simulated data.

A knowledge of the probability density function of the distance of all pairs of individuals within the
group will be useful in evaluating y, and ng closely by giving an idea of the d, d, ng, and 7, values.
We can also develop an approximation for the a_'g;, and Sﬁgh for a particular shape of the group (section

53.2).

Some cases

Corollary 5.3.1. Consider groups that are very small so that y(d) within the groups are approximately

constant at y (0), then we have
Ten ~ Tgn = v (dgh)

v’ (dgn)
2

5 y" (dgn)
+ )’I(dgh)(dgh - dgh) + 2g

(4[5 )
2IN, M

This case indicates the role that the individual level nugget plays in this relationship. The nugget, y (0),

(dgh — dgn)? (5.55)

2
Sdg,, +

will take a positive value, and the whole last term of (5.55) will be negative.
Consider the special case that there is no spatial relationship at the individual level, for example that

y(d) is constant at o2, This situation implies the first and second derivative of y () is zero, then we may
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simplify equation (5.55),

= 11 1
th = y(dgh) —y(0) (1 - E I:Fg + Fh:l) (5.56)
and
fo— o2 L L
Foh = 50 (Ng + Nh) (5.57)

While this case is not usually realistic, it may suggest a weighting approach (see section 5.5).

Theorem (5.2.2) suggested that the group level semivariogram is less than the corresponding individual
level semivariogram. Equation (5.56) shows explicitly in this case the position of group level semivario-
gram compared with the individual level semivariogram. It shows that the group level semivariogram is

always less than or equal to the individual level semivariogram. This situation is shown in the following
graph (Figure 5.8).

semivariogram

individual level

distance

Figure 5.8. Group level semivariogram and its individual level semivariogram

5.3.2 Approximation of moment structure of random distance within and between groups.

- Probability density function for distance of pairs of points in a convex region

Equation (5.51) shows that the bias in using the group level semivariogram to estimate the individual level
semivariogram depends on the mean and variance of the distribution of distances between points within

and between groups. We can investigate the effect of aggregation on variogram analysis by considering the
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distribution of distances between points. Assume that the points are randomly distributed in a particular
region. The random distance within a particular region has been derived for a range of applications, such
as in forestry, biology, and ecology (Ghosh,1951; Bartlett,1964; Matém,1986). Different shapes of the

region have been considered, such as circle, rectangle, square, triangle, and hexagon.

Rectangle and square

Ghosh (1951) derived the probability density function (pdf) of the random distance (d) within a rectangle
a

with the sides of lengths a and b, for a > b. Denote w as the ratio of the two sides of a rectangle, w = 5

fora > b, and A is area of the rectangle, A = a - b. The pdf'is given by
4d
fr(d) = 2 %@ (5.58)

where g, (d) is defined for three intervals of 4,

VA4 4
g,(d)=0.57rA—d—-(w+1)+O.5-d2, foro<d <,/=
& W w

JA ; A A
gd) =4 arcsin( d/w) + [Awd2 - Az]7 —dvAw—05- =, for\/; <d <VAw

; JAw : 2 }
gd)=4- [arcsin (l [é} ) — arccos ( Aw)] + [Awd2 — A2]2 + l:ﬂ _ A{l
dlw w

Al2
—0.5-(a’2+Aw+£), for«/Awsds[Aw+ ]
w

w

The probability density function of the random distance within a square region can be obtained as a
special case of equation (5.58) when w = 1, that is @ = b. This pdf was discussed by Bartlett (1964) and

it can be formulated as

4d

fs(d) = =z - gs(d) (5.59)
where g;(d) is defined within two intervals of d,
7d d d?
= - — 4 —, for0<d=<+v4,
2s(d) 2 7a + 3 or0<d< N

gd)y=4- [arcsin (@) — arccos (?)I + 244 - [d2 — A]7

1
—5-(d2+2A), for/A <d <24




5. The Role of Semivariogram In Aggregation Effect

Circle

Bartlett (1964) also defined the probability density function of the random distance within the circle of

radius R. The pdf'can be expressed in terms of the area (A4) of the circle and is

_4d VAN AN e
fc(d)—A [amcos(zﬁ) 4«/Z'|:4 T} ], for0 <d <2/A4/m (5.60)

Hexagon and equilateral triangle

Matérn (1986) discussed the probability density functions of the random distance within a regular hexagon

and equilateral triangle. The regular hexagon with sides s has area
32
Ay =35 V3 (5.61)
The equilateral triangle with sides s has area
1
A4, = Z52«/5 (5.62)

Define v as the ratio of the random distance & over the side s, then the probability density function for

the regular hexagon (see Matém, 1986) is

4
Jh(v) = el V- gn(v) (5.63)

where g5 (v) is defined in three intervals and is zero otherwise,
g;,(v)=37r—4v«/§+ vz-(«/g—%), forO <v <l

2r(v) =n(5+u2)—3[12u2—9]7 — (4v? + 6) - arcsin (—2‘/51) for]l <v <3
gn(d) = (1% +24) - [arcsin (JTg) _ %] — V3. +6)
1
+10[3v2—9]2, forv/3<v <2

The probability density function of the equilateral triangle is,

fiw) = —= - (&) + ~(V)) (5.64)

S

3

where g;(v) and A, (v) are

n—4uﬁ+v2(«/§+%’l) 0<v<l
&) =
0 otherwise
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hi(v) =
0

3 [121}2 - 9]% — (41}2 + 6) arccos (“7/—5)

S

T =vsl

otherwise

Appendix (C) give Maple codes for evaluating these probability density functions. The mean and

variance are calculated for a rectangle, square, circle, regular hexagon, and equilateral triangle, each of

unit area. The calculation of the mean and variance of the distances were done analytically by evaluating

the integral of the pdf of the particular group shape. The results are shown in table (5.3.2).

Table 5.3. The mean and variances of random distances within a unit area

Shape of the region | Perimeter Mean | Variance
Circle 3.54491 | 0.51083 | 0.05737
Regular hexagon 3.72242 | 0.51261 | 0.05798
Square 4.00000 | 0.52141 | 0.06147
Equilateral triangle | 4.55901 | 0.55436 | 0.07758
Rectangle w=2 4.24264 | 0.56906 | 0.09284
Rectangle w=4 5.00000 | 0.71374 | 0.19890
Rectangle w=6 5.71546 | 0.84636 | 0.31145

These result shows a positive relationship between perimeters of the shape at the unit area with the mean

and variance of random distance. The result are clearly shown in the figure (5.9).

8
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) A reg. hexagon o circle
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x equ. triangle 8 + Ssquare
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4 & rectangle w=6 v 8 v rectangle w4
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2 gL . . : :
35 40 4.5 5.0 5.5

410 4:5 5.0 55
perimeter

w
5

(a) Mean of distance

perimeter

(b) Variance of distance

Figure 5.9. Relationship of the mean and variance of the random distance with perimeter of the unit area

These are similar to the results presented by Matérn (1986), who noted that the moment structures of

random distance within a region is affected by the length of region’s perimeter. The mean and variance
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of the random distance increase in the order as circle, regular hexagon, square, equilateral triangle and
rectangle with w = 2 (Figure 5.9). The difference of the mean or variance among these shapes is small,
which Matérn (1986) regarded as insignificance differences. However, for a rectangular shape the mean
and variance are appreciatively larger when w becomes large, corresponding to very elongated shapes.

A further investigation is done to relate the mean and variance of the random distance to the area of
the region. Based on the previous calculation, the mean and variance of the distance within the group can
be computed at a particular area. The area of the groups were set from 1 to 20 square unit. The result are

shown in Figure (5.10).

- o cirde * ®1 |o cicle )
o1 |& reg. hexagon & reg. hexagon
+ square x + square
° x equ. trangle * w x equ. triangle
& | |© rectangle w=2 ect. le w=2 x
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§ o x + 8 § x
€ x + @ 4 E *
0 + ¢ g © o 4 x +
-] X 4 s g 8 x + 1 s
x + 3 x ) + ° o
ol x 3 _ . 7t [ 8
-1« 8 x :_ + g ﬁ g 8
+ 8 3 6 6 8 8 8
sie 13
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(a) Mean of distance (b) Vaniance of distance

Figure 5.10. Relationship of the mean and variance of the random distance within the region with area of
different shapes of the region

For a given shape, the larger area will give a larger mean and variance of the random distance within
the region. Figure (5.10) shows that the mean and variance of random distance within the region increase

with the area of the region. The expectation and variance of the random distance within the region are

related to the area A4 as follows;
E(dy) xv4; and V(dy) x 4 (5.65)
The plot in figure (5.10) shows this, and hence we can write
E(dy) =kivV4;, and V(dy) =4 (5.66)

where k| and k; depend on the shape of the region. The values of k| and k; are given in table (5.3.2). The

next section will look at an approximation of the values k; and k,, which are applied for all the shapes
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considered. An interesting point can be observed when comparing between shape of the region. The circle,
square, regular hexagon, rectangle with w = 2, and equilateral triangle have similar mean and variance

values at different area.

Approximation for cig and Sgg

An approximation for the mean and variance of distances within a group can be found using a regression
method, with the mean of distance or variance of distance as dependent variable. Excluding the rectangle

with w = 4 and w = 6, the regression line can be computed

E(d) ~ 0.537465 - V4, (residual square error = 0.06377899)
(5.67)

V(d) ~0.071998 - 4, (residual square error = 0.1240943)

These approximations are drawn in Figure (5.11) with a solid lines, and effectively average values of ki

and k> for these shapes, with have reasonably similar values of k) and k3.

26
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0.0
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(a) Relationship of mean distance and area (b) Relationship of variance of distance area

Figure 5.11. Approximation of the mean and variance of random distance within the region by regression
method

Another approximation was suggested by Matérn (1986) that was based on the probability density
function for the distance for pairs of individuals within the circle. Matérn (1986) indicated that in a convex
and small area the moment structure of the random distance can be approximated by the moment structure

of the random distance of the circle. This approximation is shown as a dash line in Figure (5.11) and can

be defined analytically as follow

Ed~k~vA and Vd)~k - A (5.68)
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where

1 1282
T 45273

L 128
b= 45 /7

=0.51082--. and k2=< )=0.05736---

These values agree with those given in table (5.3.2) for the case of a circle.

Figure (5.11) shows that the approximation (5.68) is an underestimate of the mean or the variance of
random distance between points within regions that are not circles. But it could be accepted for regions
with small area. The figure also indicates that for a small area these two approximations will be very close.

In the following discussion we will use approximation (5.68), such as suggested by Matérn (1986).

Approximations of dgi and Sggh

This approximation can be found described briefly in Vaughan (1984). However, not all the details of the
derivation of the approximation are presented. Therefore in this section, details are presented and some
improvements of the approximation are made.

Consider the gth and Ath groups are arranged as in Figure (5.12), which have area 4 and B, respec-
tively. Assume the centroid of the first group is located at coordinate (0, 0), and the second group’s centroid
is located at (dgx, 0). The distance between the two centroids is dgs. One point is located in the gth group,
that is p, and one point is located in the Ath group, pp. The relative location of p, and pp can be defined
as the coordinate (x, y) and (dgs + u, v), respectively. Therefore the distance between the two points p,

and py is

1

d= [(dg,, Fu—x) 4 (= y)2] 2 (5.69)

The mean distance between the two groups is defined as the expected valued of the direct distance

between a random point selected in the gth region and a random point selected in the Ath region, that is

d
E(d)=/;/3ndA dB (5.70)

The approximation is proceeded by modifying equation (5.69) to

1
2 2 112
d=dgy- |1+ _p+qT (5.71)
dgh dgh
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Figure 5.12. The random distance between points in two groups

where
p=@-x) ad ¢’=@—x)+@-y)’
Applying Taylor series expansion to (5.71) then

11 | 5
d=dy (1+-t—=-P+ =P - —* 0:5) 5.72
g”<+2 5" Tl T TOW) (5.72)

where

2 2
(= |2+

Taking the T:h factor out of (5.72)

P 1L 2 2 13 2 1 22 4 4
d = dgp |1+ 57—+ 5@ —p)+ 5" —pa")+ —(6p°q" =5p" —q")
¢ [ dgn 242, 242, 8%
1 2 1 6 2 4
+ —=0pg* —10p°¢%) + —(¢° - 15p7¢") (5.73)
5 6
85, 1645,
5 5 2 q° ’
6 8 p
- = - ol|=£+ 2
67’ "1t T [dgh dg%h]

Assume that the dg, are relatively larger than p and g2, such that the fifth and greater order of dg; may be

ignored, then the approximation of d can be defined as

) 1 i
d~d = dg |1+ 2+ — (@ - P+ — @~ pg?)
den  2d2, 2d3,
(5.74)

1
+ W(@’zqz - 5P4 - 44):]
gh
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or
~ Uu—x 1
d = dg- |14 +——? =20y +)?
e [ dgn 242, Y+
+ ¥E (xy? +xv — 2xyv — uv? + 2uvy — uy?)
h
£ (5.75)
|
+ Py (4u2y2 + 4u?v? + 4x2y? 4 4x%? — 6v2y? — 8ulvy — 8uxy?
gh
— 8x2yv — 8uv’x —i—4vy3 +4v3y —* —y4 + 16uvxy)]
Vaughan (1984) defined the moments of continuous variables {xi, --- , x;} and {yy, - -, y;} within the

region with area A as

xly)
Axlxz-v-x,- n\yaey; = /:4 —1;— dA (576)

This definition is analog with the moments of the discrete variables.
Substituting (5.75) into (5.70) and applying (5.76), then we can determine the approximation of a_’g;, as

B, — Ax n 12
dgh 2dgh

dgn ~ E(d) = dgh- [1+ (Buy — 2By 4y + 4yy)

1
+ T‘ﬂ—(Axy + AxBy — 2A4xy By — Byyy + 2By Ay — By Ay))

¢ (5.77)

1
+ &7 (4BuuAyy + 4Buuvv + 4Axxyy + 4Axvav - 6vaAyy
gh

- 8BuuvAy - 8BuA_xyy - 8Axxva - 8BMUUAX

+  4ByAyyy + 4By dy — Buvwy — Ayyyy + 16Buy Axy)]

Vaughan (1984) noticed that in general 4, = 4, = B, = B, = 0, and also the odd moments, such as

Axxx, are zero. Hence (5.77) can be simplified into

- 1 1
E(d) = dgh . l:l + 2—dT (va + Ayy) + W— (4BuuAyy + 4Buuvv + 4Axxyy

h h
g g (5.78)

+ 4Axvav - 6vaAyy - vavv - A)’)')’)’)]

In general the moments of relative locations of the points within the region depend on the shape of the
regions involved. A further approximation can be made by assuming a particular shape of the regions,

such as a circle. Assume that the gth circle has a radius r, and the Ath circle has a radius ;. Consider the
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point p, and p; are located in the gth and Ath region, respectively. The points will have a distance to its
centroid as rg(a) and r; (b), respectively. Therefore the moment of relative location p, and p, within the

gth and Ath circles are

e First order moment :

4, = deA
2n

= mz / rg(a) sinbrg(a) drg(a)dd = 0 (5.79)
B, = / Y 4B
2
= — / rn(b) sinbry (b) dry(b)df =0 (5.80)
T(rh

e Second order moment :

2
Ay = /y—dA
AA

2n r; 4
= mz / rg(a) sin Qrg(a)drg(a)de i (5.81)
2 B
B,, = / %dB:E (5.82)
B
e Fourth order moment :
4
y
= —dA
Ayyyy /A y
1 2 rg . .
= ;r_r_z-/o /(; rg(a)” sin”(8)rg(a) drg(a)df
g
A2 .
= %x2 (5.83)
B2
Bovww = 373 (5.84)
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e Other:

x2.y2
Axxyy = //; y dA

1 2r  prg
= — / rg(a)? cos? Org(a)? sin(B)r, (a) drg(a)do
Jtrg 0 0
A2
2472

2,2
uc v
Buuvv = / dB
B

(5.85)

B
BZ
= 5 (5.86)

Substituting all these moments into (5.78) gives

. 1 1 1
E(d)=dy-[1+ A+B)+ ——(4+ B>+ ———4B 5.87
(@) = dgi ( 8nd§h( ) 192n2d;h( ) 1927%d%, ) G-87)

Vaughan (1984) derived the approximation that involved only the first two terms within the bracket of
equation (5.87). The last two extra terms of equation (5.87) are introduced that may enhance the approxi-

mation.

The second moment of the d, that is E(d?), can be determined by evaluating equation (5.7 1)

. 2p | q*
E@dH = E|d3 |1+ + 5
“ (gh( dgh dﬁh))

2 1
= E (d;h (1 + Z;(u —x)+ % [(u —x)2+ (v —y)z]))

2 1
= dgh (1 + dT (By — 4x) ;i— [(Buu — 2By Ax + Axx) + (Byy — 2BUA-V + Ayy)])
gh gh

1
— 2
= dg+ o= (4+ B) (5.88)
This result is similar to the result presented by Wilson (1990). The value —2; represents a constant value

for the circle shape. Value for other shapes are also given in Wilson (1990).

Using (5.87) and (5.88), we can develop an approximation for the variance of the distance 4, that is
v@d) = E@)-(E@)

1 1
= d+—A+B)~|dy- |14+ —-(A4+B)+
oh + 2 ) [g" ( smdl )+ Toom

gh

2
1
—— 4B 5.89
1927%d}, )} 89

! (4 + B)?
—
zdgh
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TNlustration from simulation

This section gives some illustrations of how these formulas apply by performing simulations. The simu-
lations were done by generating the individual level data uniformly distributed within a particular region.
Two non-overlapping groups were created within the region boundary. Five groups shapes were consid-
ered, the square, rectangle, circle, equilateral triangle, and ”L-shape”, as illustrated in figure (5.13). The

important contrast may be between the convex shape of points (a)-(d), and the non-convex shape (¢).

2 R R o v R T S - e S-S
;;*;'ﬂ, & 3 : b RRRSI SRR H e .
w B a3y N
1 B N w
l SR e R :: i___.n ‘:: ______ f ; = ‘;_!_!M !!!!!

(a) (b) (c) (d) (e)
Figure 5.13. The shapes considered in the simulation, (a) square, (b) rectangle, (c) circle, (d) equilateral
triangle, (e) ’L-shape”.

The simulations were repeated 1200 times and five different lengths (w) of the groups area were con-
sidered, these were 2, 3, 4, 5, or 6 unit. The population was generated in the region which was bounded at
left lower corner (20,20) and right upper corner (90,80).

The mean and variance of distance between members within the same group, the mean and variance
of distance between members of two different groups, and the centroid distance between groups were
considered.

Figure (5.14) shows the relationship between the group’s area with the average distance within the
group for different shapes of the groups. It indicates a square root relationship between group’s area and
the average of distance within the group. Figure (5.15) shows the relationship between the group’s area
with the variance of the distances within the group for different shapes of the groups. It indicates a linear
relationship between them. These figures agree with the relationships as formulated in (5.65). Table (5.4)
gives some descriptions of comparison between the value of the average and variance of distance within
the group obtained from the simulation with the approximations given in (5.68). The dash lines in figures

(5.14) and (5.15) indicate the approximation (5.68).
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Table 5.4. The mean and variance of the distance within groups. Comparison between the simulated value

and its approximation

Within group distances

Groups shape Averageof Approx.to  Averageof  Approx. to
sim. mean mean sim. variance  variance
square 1.833 1.788 0.714 0.744
rectangle (3/4) 1.602 1.548 0.558 0.581
circle 1.583 1.584 0.509 0.608
Triangle (equal sides) 1.008 1.177 0.227 0.335
L shape 1.738 1.548 0.708 0.581

Table (5.5) and figure (5.16) show a comparison of the mean and variance of distance between points

in two groups with the approximated values as defined in (5.87) and (5.89), respectively. Three situations

concerning the distance between the centroids of the groups, dg; were considered, corresponding to dgj, ~

5,12 and 19. The approximation for the average distance between groups is very close to the true values as

indicated by the correlation » = 0.968. Meanwhile the approximation for the variance of distance between

groups is fairly close as » = 0.740. Table (5.5) shows illustration of the approximation of the mean and

variance at difference values of dgj. Part (a) of table (5.5) indicates the distance between centroids around

5, meanwhile part (b) and part (c) are parted by the distance around 12 unit and 19 unit, respectively. The

table shows that approximation (5.87) and (5.89) work very well for the mean and reasonably well for the

variance. Moreover, dg, is also close to the simulated means although slightly less in all cases.

8 0
i :

mean distance (between)

4

6
1
°
3,9

approx. value

(a) Mean distance

4 6
L )

variance distance (between)

2
L

approx. value

(b) Variance distance

Figure 5.16. The plot between the simulated and approximated of the mean and variance distance between

groups
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Table 5.5. The description of the mean and variance of the distance between groups. Comparison between
the simulated values and its approximation (5.87) and (5.89) respectively

Between group
Groups shape Average of Approx. to Average of Approx. to
dgh sim. mean mean sim. variance variance
(std. err.) (std. emr.) (std. err.) (std. err.)
(a
square 5226 | 5.477(1.522) | 5.442(1.432) | 2.031(1.253) | 2.190(0.928)
rectangle (3/4) 5465 | S5.701(1.529) | 5.646 (1.452) | 1.800(1.256) | 1.946(0.829)
circle 5260 | 5.451(1.503) | 5.452(1.426) | 1.813(1.204) | 1.978 (0.843)
Triangle (equal sides) | 6.228 | 6.325(1.703) | 6.362(1.712) | 1.282(1.019) | 1.632(0.724)
L shape 5.214 | 5.392(1.482) | 5.407 (1.450) | 2.259 (1.582) | 1.938 (0.825)
®
square 12.189 | 12.324(1.613) | 12.280 (1.510) | 2.093 (1.367) | 2.261 (0.951)
rectangle (3/4) 12.322 | 12.399 (1.656) | 12.402 (1.557) | 1.882(1.164) | 1.997 (0.847)
circle 12.086 | 12.162(1.534) | 12.170 (1.486) | 1.744 (1.049) | 2.034 (0.861)
Triangle (equal sides) | 13.316 | 13.346 (1.842) | 12.232(1.840) | 1.338 (1.085) | 1.661 (0.743)
L shape 12.151 | 12.229(1.716) | 12.232(1.660) | 2.101 (1.380) | 1.996 (0.847)
©
square 19.184 | 19.272 (1.644) | 19.242 (1.552) | 2.049(1.277) | 2.271(0.957)
rectangle (3/4) 19.312 | 19.405(1.734) | 19.363 (1.639) | 1.814(1.121) | 2.004 (0.852)
circle 19.210 | 19.314 (1.623) | 19.262 (1.569) | 1.761 (1.277) | 2.042 (0.866)
Triangle (equal sides) | 20.001 | 20.059 (1.881) | 20.042 (1.809) | 1.376 (1.038) | 1.665 (0.745)
L shape 19.321 | 19.386(1.626) | 19.372 (1.600) | 2.005 (1.381) | 2.004 (0.852)

5.3.3 Evaluating [, for exponential model

Consider the situation where the data are available at the group level along with the centroids of each

group. Using the approximation (5.68) for c;’g and Sﬁg we may rewrite equation (5.51)

I-‘gh = y(dgh)
, - y”(dgh) 2 7" 7 2
+v (dgh)(dgh - dgh) + ) Sdgh +vy (dgh)(dgh - dgh)
N, — 1 k (5.90)
- 2gN ()’(kl\/Ag)‘*‘y"(klv-Ag)?zAg)
g
Ny —1 k
. ()’(kl\/-Ah) + )’”(kl\/-Ah)—z‘-Ah)
2N, 2

Table (5.5) gave illustrations of the approximation of the mean distance of points between groups
(Jg;,) compared with the distance between centroid of the groups (d;s). They are very similar, hence their
difference is approximately zero. This implies that the term in (5.90) which involved the (a—fg;, —dgp) is
very small, then it can be ignored, at least for uniformly distributed individuals.

Figure (5.7) shows the plot of ' () and y”() for two different semivariogram models, the exponential

and Gaussian. The y” () is small relative to y (dg;) and gets smaller as the average distance between groups
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gets larger. Meanwhile, table (5.5) and result (5.89) suggest that the variance of distance between groups
are small and similar regardless of the distance between groups unless the areas of the groups are large.
Therefore the term @Sﬁg , in (5.90) should have only a small effect on the value of f‘g;,.

This suggests that the bias mainly arises from the within groups factors, which involve a_lg and Sj‘g.
This leads to focussing on the zero order term, which will be discussed in section (5.4.1). For example, let
us consider an exponential semivariogram model (5.9) to illustrate the likely bias. Here we parameterized
again the exponential model by using 3d/r instead of d/r. The corresponding of equation (5.51) can be

expressed in term of this model, that is;

- -34,
Cen =S—(S—n)-expl:Tgh:|

3 dgh - 3 3 -
+ F(S -n) .expl: rg jl {(dgh —dgp) — -2—rS§gh — ?(dgh _dgh)Z]

1 1
-8l - — — —
{ 2N 2Nh} (5.91)
Ny —1 -3d, 9
s—n)- —
+ 2N, ( ) exp[ ; :“l-i—zrz Sdg}
Ny~ 1 —3d, 9 o
s—n)- — i+ =
+ N ( ) exp[ , :H +2r2 Sd,,}

—3d,

Assume that the dg, /1 is large enough that exp [—rﬂ] will be almost zero, and hence equation (5.91)

will become,

. s/ 1 1 Ny —1 -34, 9 -
Pop~ o —+— s—n). g .
gh 2<Ng+Nh>+ v, &7 exp[ : “1+2r2 dg}

Ny — 1 —3d, 9
s—n)- — 1+ =4
T )exp[ : H T ”]

Equation (5.92) shows that the individual level sill (S) will be affected by the within each group factors,

(5.92)

such as the N, Nj, dg, d, Sﬁg, and Sgh. Consider the case that dg and dj, are large so that exp(—3d, /r)

and exp(—3a7;, /1) are very small , then

Fop~s o (= 4 —
2 \N, T N,

This equation shows that the sill will be reduced by the factor % (W}g‘ + NL;,)

Another case is when the groups are much smaller than r so that 3—‘:5 is close to zero and so exp(—3c?g /0~

- 171 1
ITops—n{l - —+—
e ( Z[Ng+Nh])

1, then
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Here the sill is again reduced, effectively by the value of the nugget parameter. Suppose that the two groups
are much smaller than r and very close together so that 3d, /1 is close to zero and hence exp(—3dgs /1) ~ 1.

Under these conditional the second term in (5.91) will also be close to zero and

foan(L, ]
BTN, T M

This suggests that analysis of the group level semivariogram values will give an estimated nugget of ap-
proximately n - (—11;).

Equation (5.91) suggests that given the group level semivariogram value th, dgh, Ng, Ny, and ap-
proximate values for dg, dj, Sﬁg, 8% dgh, Sggh, then it may be possible to estimate the parameters of

the individual level semivariogram. A non-linear estimation method can be developed to estimate those

parameters. This issue will be discussed in the following section.

5.4 Estimation of individual level semivariogram parameters from the group level semivariogram

This section will propose and evaluate a method to estimate parameters of the individual semivariogram
from the observed group level semivariogram values. This is done by applying theorem (5.2.2) concerning
the relationship between group level semivariogram and individual level semivariogram and the approxi-

mation developed in section (5.3).

5.4.1 Development of the method

Using (5.51) we can develop methods to estimate the individual level semivariogram parameters (n, S,
and r) from group level data. Two methods will be developed depending on whether some non-spatial
individual level data are available. The method will use equation (5.51) to develop a non-linear model
relating the empirical group level semivariogram values to the unknown parameters.

We can consider three different situation of equation (5.51). The first situations is a zero order, that is,

we ignore all but zero order terms of y (), giving

N =1 -
y(dy) — ———y(dh) (5.93)

rl ~ y(d,,) ~
n 7y (dgh) 2N, 2N,

g

The second situation is where we include all first order terms of equation (5.51),that is,
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Ny —
2N,

- - 1 -
Tgh = ¥ (dgh) + ¥’ (dgn)(dghn — dgi) — y (dg) — y (dh) (5.94)

The third situation is where all second order terms are included , that is equation (5.51) itself.
The T,s = 3(¥, — ¥4)? shows the empirical value of the group level semivariogram of group g and 4

(5.33). The adequacy of the approximated (5.93), can be investigated by examining

o (5.95)

This term represents the extra terms in (5.51). The simulated data as discussed in page (99) were used to
show the property of (5.95). The simulated individual level data followed the exponential semivariogram
model with n = 5,8 = 20, and r = 10. A pair of groups was created and empirical group level semivario-
gram value and l"g , were calculated. The simulations were repeated 1200 times. Figure (5.17) shows that
the points of the difference (Fg;, - Fg ;) are distributed around the zero for all dgj (distance between groups
centroid). The boxplot shows that the difference has mean 0.6767 and variance 32.6841. This illustrates
that the zero order (5.93) is expected to give a good estimation of the group level semivariogram values,

with a reasonable small error.
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Figure 5.17. (a) Relationship between (T'gs — rg,,) and dgy, (b) boxplot of (Tgh — rgh).
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Consider again the exponential model, then corresponding to equation (5.93) is,

- —3d
Fg;,zs—(s—n)-exp[ rgh]—S{l—z—lN——'z—Jl\Th}
# _ (5.96)

N, — ~3d, | Np— —3d,
S—nN S —
+ 2N, ( ) ew[ : }+ N ( n - exp[ -

The ignored term from (5.91) is

3 _3dh - 3 3 -
Ry = ?(S —n)-exp [——g—] {(dgh — dgn) — Esgg;, - ?(dgh - dgh)2]

N,
+ 2Ng (s—n) exp[ } (2r2 Sﬁg (5.97)
+ N s—n) exp 2r2 A

In section (5.3) we showed d, ~ ki,/A; and Sgg ~ kyAg where ky, k; are both less than 1 for most
shapes. Hence provided \/71; /r and /Ay, /1 are small the last two terms in Ry should be small. Similarly
(5.87) and (5.89) can be used to show the first term in Ry will be small provided \/71; /rand /A /r are
small. The results in figure (5.17) confirm this. Hence we will focus on the use of (5.93) in developing an
estimation procedure.

We can develop an estimation method for the individual level semivariogram parameters based on
equation (5.96) and E (th) =Tgp = I~‘g;,. All components in (5.96) are known except for the n, 8, and
r. We can estimate these parameters (n, S, and r) using a non-linear least squares method with th as
the dependent variable. The SAS code was developed to implement this estimation (appendix E). This
procedure is based on an iterative process with a given initial value. Obtaining good results will depend on
the appropriate initial value.

An important issue in the non-linear estimation procedure is determining initial values for the nugget,
sill, and range. Poor initial values can lead to convergence problems. There are two situation that will be
considered to determine the initial values. The first situation is when non-spatial individual level sample

data are available. The second situation is when an individual level sample is not available.

The individual level sample data are available

Theorem 5.4.1. Suppose that a simple random sample K of size n is taken from the population U. The

sample variance, 52, is an unbiased estimator of the population individual level semivariogram mean,
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Proof Define

a__ 1 51 2
S n(n—l)z ;Fi= 1)

l_]€K
Hence
2\ 32
Eps )——n(n—l)I%PrOb((U)EK) ~(Y; = ¥))
B 1 n(n - 1) 1 2
- n(n—1), Z « NN —1) 2(Y 2

1 ~ _ 3
= v 2, =7

where E () represents expectation with respect to the simple random sampling process. Then we have
EG?) = By [Ep(D)] = () = 7

where we have used the ”£” subscript to indicate taking expectation over the superpopulation process that

generated the population. g

We will take the initial value for the sill as the variance of the individual level sample data (s2). The
sample may be taken by simple random sample from the population. This will be an underestimate of the

sill because y;; < s, but will provide a reasonable starting value. For illustration, consider the exponential

semivariogram model

7=8—(s—-n)

1 —3dy
NV —1) 2 e"p{ r ]

itjel
Let
dr= ——t Z d;j
NN -1) .
be the average distance between points within the region R, then using a second order Taylor series ap-

L —-3d;7 .
proximation for exp [—r‘i] gives

_ —3dg
y=s—(s—n)(exp[ ]+

—3d 9
=s—(s—n)-exp[ rR] I F.S§R>
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where

1
Six = NN -1 ;;u(d" ar)’

Using the result for the mean and variance of distances between points within a region (5.68), we can write

this as

y%S—(S—n)-exp[ —3h AR](

14+ 7 kz.AR> (5.98)

For most shapes k} < 1.0 and k, < 0.5 (see table 5.3.2). Provided 3@ is large, i.e. the region is much
larger than the range, then y will be close to . Another case, is 3@ = c then the absolute value of the

second term in (5.98) is less than
9, 2
(s—n)exp(—=k;-¢)- |1+ Ekzc

For the case of a circle region with radius R, then A = 7 - R2. Hence 3@ =3/ % Moreover
k1 = 0.511 and k> = 0.0574 (see table 5.3.2). Thus if § = 2, we get the absolute value of the second term
in (5.98) is 0.0142 (s — n).

The initial value for the nugget may be chosen between zero to the sill value, which gives two extreme
cases. In the first case when N = 0, we start by assuming that there is no variation among observations at
distance zero. And in the second case when N = S, we assume that initially there is no spatial autocorre-
lation in the data.

The initial value of the range can be developed on the basis section (4.4) and (5.1). The basic rela-
tionship between individual and group level variance was shown in equation (4.24). This equation can be

modified in terms of semivariogram, and it has expectation

.. N-1_ N-M
EGSy) = 7r—7 = 57— ES") (5.99)

Meanwhile by taking expectation of (4.67), we can define

M-1 (- M(N—=1) .
ES)) = ME D) (SNf + ——;4_1 )}’W> (5.100)
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Therefore

N—1_ . _M(A‘f—l)~

By = 337 =S = =3

(5.101)
Consider a case Ny is a constant at N, then Sy; = 0. The estimate y w can be developed by evaluating

equation (5.101) and applying (5.99), that is

~ N (N-1 M-1
},W=N_1_(__N 5 -2 'NSyy> (5.102)

Therefore the estimator of the average within group autocorrelation can be defined

Q =t

w=1--% (5.103)

e

The initial value of the range is defined by the following derivation of 7y,. For the exponential semi-

variogram model with parameter (n,S, and r), then we may rewrite yy as;

=3 Hy4 klﬁﬂ (5.104)

- 1
yW:S-(S_n)M;exPl: ,

Assume that A, is constant at A and divide by o2, then

oy = (1 - %) exp [ﬂ} (5.105)

where the o2 is equal to the S,, and estimated by s2. Consider the nugget is zero, then we may rearrange

equation (5.105) to get,
_ -3.kmYA

r= ! (5.106)
log ow

The estimate )~?W can be obtained from equation (5.102), then substituting into equation (5.103) to get ;3W.

It can be noted that equation (5.106) can be obtained directly from (5.102) and (5.104).

The individual level sample data are not available

There are two approaches that can be applied in this situation. The first approach is developed by choosing
the estimators of the group level semivariogram model parameters as the initial value. The second approach
is developed as follows. Suppose that the nugget is zero and A is the area of the region, an approximation

for ¥ is given by

r

y XS§- (1 —exp l:——_3.k]\/7[:|) (5.107)
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Suppose Ay = Ap = A, then the same sort of approximation can be used for 7, that is

—3kv A
Jw =8 (1 —exp [—:AD (5.108)
Using Taylor series approximation for the exp(—x) = 1 — x, we have
3.k .
exp [—r‘—‘/—z] =1- 3—12—‘/—“_4 (5.109)

Consider (5.101) in the case of N, constant at N, and then using (5.107), (5.108), and (5.109) gives

s _ (#) (5.110)
3k (\/-.Z — NT:—%\/-Z)

Applying the empirical relationship between group level semivariogram and individual level semivario-

gram such as defined in (4.64). Consider the exponential model at large dp; and assume zero nugget,

_ - -3d,
Y., =S§; d y,=s|1~- g

By Taylor series approximation,

then

= S
yg = ‘F3 'kl\/Ag

Hence the empirical group level semivariogram in (4.64) becomes

- s N-1
Tgp=s— 7 —= 3k (./Ag+JAh) (5.111)
Substituting (5.110) into (5.111) and solving for s

M-1 . (JAg+VA) N-1
N1 - XM 2

s =Tz + (5.112)

In (5.112) the s actually varies depend on the fgh, Ag, and Ay, therefore the sill is written as Sg;. The

average of Sgy, is
1

s=— L Y,
M(M——l)g#h

The S can be used as the initial value of the sill. The initial value of the nugget (n) is defined to be zero

or equal to the initial value of the sill, and the initial value of the range is obtained from equation (5.110)

using § as the s and solve for the T.
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5.4.2 Ilustration from simulated data

This section illustrates using group level data to estimate the individual level semivariogram using sim-
ulated data. The individual level population values are generated according to the exponential semiva-
riogram mode] with the parameter values of the nugget, sill, and range being 0, 20, and 10, respectively.
Locations were generated randomly within the region. The population size is 1500 individuals in the
square region with boundary defined by the coordinates (20,10) and (90,80). One hundred and fifty groups
were created by dividing the region into a 10 by 15 grid of equal size rectangles. Note although the groups
are equal in area, they will vary in terms of the number of individuals that they contain because of the ran-
dom generation of locations. One of the simulation results is shown in figure (5.18). The square dots (CJ)
indicate the individual categorized semivariogram, and the solid square dots indicate the categorized group
level semivariogram. Figure (5.18-a) is consistent with the figure (5.8), and shows the negative effect of

the within group component of the bias discussed in section (5.3).
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Figure 5.18. (a) The categorized version of the individual and group level semivariogram,; (b) distribution
of estimated parameters of individual level semivariogram model from 1000 simulations

The simulations were repeated a thousands times. Formal estimation of the semivariogram model pa-
rameters was done by the weighted least squares methods discussed in section (5.1.3) (see Cressie, 1991).
Figure (5.18-b) and Table (5.6) show the distribution of the estimates of the semivariogram model param-
eters from 1000 simulations. Table (5.6) indicates that distribution of the estimators using the individual

level data are consistent with the true values (n = 0, s = 20, and r = 10). For the sill and the range, the
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mean and median are very close to the parameters value. For the nugget, the median is the same as the
parameter value n = 0.

Meanwhile the group level semivariogram is described by figure (5.19). In 50 simulations the estima-
tion process failed to converge, with unreliable estimates when the estimation process stopped. Hence, in
a small proportion of cases, the use of group level data may not produce estimates.

After deleting these cases, there are 950 simulations remaining and described in figure (5.19-b), and
associated statistics are found in table (5.6). The median of the estimate of the group level nugget, n, is the
same as the estimated of the individual level nugget, and the mean is slightly less. The mean and median
of the group level sill, S, is smaller than the estimated individual level. But the estimated group level range,

f, is larger, for both the mean and median than the estimated individual level range.

Table 5.6. Descriptive values of Figure (5.18-b)

Parameter Nbr. of Mean | Median | Minimum | Maximum | Standard
sim. error
Nugget
individual (n) 1000 | 0.4505 0.0 0.0 13.5520 1.0825
group (n) 950 | 0.3991 0.0 0.0 7.0240 1.0656
Sill
individual (S) 1000 | 20.0032 | 19.8370 15.2650 27.6150 1.9490
group (8) 950 | 10.0595 | 10.0595 6.0190 16.4860 1.6733
Range
individual (1) 1000 | 10.5491 | 9.9200 6.6390 | 152.5360 5.0996
group (F) 950 | 16.7454 | 15.5970 3.3800 52.7030 5.8739

Table 5.7. Descriptive values of difference between the estimated parameters of individual level and group
level semivariogram

Parameter Mean | Median | Minimum | Maximum | Standard

error
Nugget bias (n — n) | -0.0319 0.0 -7.0240 6.1180 1.2482
Sill bias (s — S) 9.8579 | 9.8465 6.9520 12.7020 0.7630
Range bias (r — 1) -6.4596 | -5.5145 | -42.7330 3.7500 4.9889

Figure (5.18-a) shows that the group level semivariogram lies below the individual level as predicted
by the theory in section (5.3.1). Table (5.7) shows the difference between the estimated parameters of
the group level and the individual level semivariogram. Compared with the individual level estimates, the

group level sill decreases, the group level range increases, but group level nugget does not change much.
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Figure 5.19. Distribution of the group level semivariogram estimated parameters nugget, sill, and range,
(a) 1000 simulations (b) 950 simulation

These results clearly demonstrate the biases that rise from using the group level semivariogram to estimate
the parameters of the individual level semivariogram. The look of bias for the nugget may be due to it

being 0 at the individual level. A non-zero nugget is considered later.

5.4.3 Output of the estimation process using group level data
Defining the model

The zero order model is considered as defined in (5.93) The exponential semivariogram model is imple-
mented as defined in (5.96). Let us consider the approximation for c?g and dj, given in (5.68), then we

have

1 1 —3dg
=s|{l——-——|—-(s—n)-
Ve s(zNg 2N;,) (8=n)-exp [ r ]

- -3k1/A Np—1 -3k
Ny —1 VA | N (s—n)-exp[ wAh]
2N, r 20 r

(5.113)

—+

(s—n)-exp[

We have observations of the Fg;, as empirical group level semivariogram values, dg; as a distance between
centroid of the groups g and /, Ng and N}, as the size of group g and h, A, and Aj as the areas of group
g and A, respectively. The unknown parameters of the individual level semivariogram n, s, and r can be

estimated by applying a non-linear regression method.
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The initial values of N, S, and r

The major problem in estimation of the individual semivariogram models via a non-linear model is de-
termination of the initial values. The initial value of the sill and range are defined in section (5.4.1) and
(5.4.1). We considered four different approaches. Approach la is<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>