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Abstract

Since the evolution of human culture, small groups of trustworthy individuals have
always played an important role in making crucial decisions in all areas of life. In in-
formation based systems, cryptography supports group activity by offering a wide range
of cryptographic operations which can only be successfully executed if a well-defined
group of people agrees to cooperate. Most of the stronger modern cryptographic sys-

tems have been designed and constructed using mathematical functions.

This dissertation looks at the minimal structures of combinatorial designs and their
possible uses in cryptographic schemes. These minimal structures can be used to re-
construct a combinatorial design that can be set as a secret. The first objective of
this thesis is to study minimal structures of combinatorial designs, especially of Room
squares and latin squares. Uniquely completable and critical sets in Room squares are
studied. General constructions for uniquely completable sets of Room squares are given
but results on minimal and maximal critical sets are empirical only because of the struc-
ture of Room squares. General constructions of uniquely completable and critical sets
for five different types of back-circulant latin squares are also given. The terms nest,
power, influence and strong box in critical sets of Room squares and back-circulant
latin squares are introduced. Latin interchanges are used to construct critical sets in
modified-two back-circulant latin squares containing odd order subsquares. Critical
sets for modified-two back-circulant latin squares for all odd n < 25 are given and
a conjecture is made for the general result. This is to be noted that, in this thesis,
only strongly uniquely completable and strong critical sets of Room squares and latin

squares are studied.

The second objective is to use the minimal structures of combinatorial designs in
cryptographic applications, particularly secret sharing schemes. This thesis proposes

generalised, hierarchical, key management and perfect secret sharing schemes based on



critical sets of Room squares. It shows how cheating in secret sharing schemes can be

detected and prevented using critical sets of Room squares.

The third objective is to study another combinatorial structure, Bhaskar Rao de-
signs (BRDs), which can also be used in cryptographic functions, particularly perfect
hashing functions. Some open problems of BRDs for block size 4 are solved. This
thesis solves most of the cases of BRD(v,5,\) for A = 4,10,20 and some other values
of A\. A few cases of BRD(v, 6, \) are also solved.

vi
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Chapter 1

Introduction

Cryptography is the science that deals with the design of algorithms, protocols and
systems for solving two kinds of security problems: privacy and authentication. More
precisely, cryptography is the use of transformations of data intended to make the data
useless to opponents, but meaningful to legitimate receivers. The only secret Part
of almost all modern cryptographic systems, however, is the key — the parameter that
selects the particular transformation to be employed. So there is a clear need to provide
the secrecy to such sensitive information.

Groups play an important role in the modern world. Cryptography supports group
activity by offering a wide range of cryptographic operations which can only be success-
fully executed if a well defined group of people agrees to cooperate. One of the areas
of cryptography, secret sharing schemes provide the secrecy to sensitive information by
partitioning it into several parts in such a way that a specified number of the parts
must be combined in order to recover the original information, the secret. So losing a
piece does not compromise the secret, that is, the opponent cannot learn the secret as
long as he does not have access to a predetermined number of pieces. Examples of such
information include the code to activate a nuclear weapon, open a bank valet, cryp-
tographic master keys in a Key Distribution Centre (KDC), proprietary trade-secret
formulae, etc.

Secret sharing schemes were first introduced by Blakley [18], Shamir [98] and Chaum
[32] in 1979, and subsequently have been studied by numerous other authors, for a
general discussion of shared secret schemes, see the Simmons paper [100]. A number of
mathematical structures have been used to model shared secret schemes. Some of these
are polynomials, geometric configurations, block designs, Reed-Solomon codes, vector
spaces, matroids, near-right fields, complete multipartite graphs, orthogonal arrays and
back-circulant latin squares.

This research has been motivated by studies of secret sharing schemes by Cooper,

Donovan and Seberry [38], particularly as they lend themselves easily to hierarchical
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and compartmentalised secret sharing, key distribution schemes by Merkle [84], situa-
tions where receipt of the message is delayed by only providing partial information and
requiring the receiver to take time to solve the puzzle, situations where the sender or
the communication channel is limited to a small size and some problems in the design
of experiments. Critical sets of latin squares have been studied by various authors, e.g.,
Nelder [87], Curran and van Rees [40], Smetaniuk [101], Stinson and van Rees [103),
Cooper, Donovon and Seberry [37] and Gower [60].

In this thesis, minimal structures of combinatorial designs and their properties are
studied which can be used in secret sharing schemes and other cryptographic appli-
cations. Uniquely completable and critical sets in Room squares are introduced and
secret sharing schemes based on critical sets of Room squares are proposed. Uniquely
completable and critical sets for different types of back-circulant latin squares are stud-
ied. The terms power, influence and strong box in critical sets of Room squares are
introduced which can specifically be used in cryptographic applications. The terms
nest, influence, latin collection and strong box in critical sets of latin squares are also
introduced. Latin interchanges are used to construct critical sets in modified-two back-
circulant latin squares.

Another combinatorial structure, Bhaskar Rao designs (BRD) have also useful ap-
plication in cryptographic functions, particularly perfect hashing functions. Bhaskar
Rao designs were invented by Bhaskar Rao in 1966 in his papers [16, 17] and since
then have been studied by number of authors: de Launey [41], de Launey and Sar-
vate [42], de Launey and Seberry [45, 46], de Launey, Sarvate and Seberry [44], Gibbons
and Mathon [59], Lam and Seberry [78], Palmer and Seberry [90], Seberry [95, 96,
Singh [99], Street [106], Street and Rodger [107], and Vyas [110]. BRDs with block
size 3 were studied by Singh [99], Vyas [110], and Seberry [95, 96]. BRDs with block
size 4 were studied by de Launey and Seberry [45, 46], see [43] for a recent survey. In
this thesis, BRDs of block size 5 and 6 are studied.

1.1 Description of chapters

This thesis consists of three Parts. In Part I, uniquely completable and critical sets
of Room squares are studied. Secret sharing schemes based on critical sets of Room
squares are proposed. The terms power, influence and strong box in Room squares
are introduced. In Part II, uniquely completable and critical sets of different types

of back-circulant latin squares are studied. The terms nest, influence, latin collection
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and strong box are introduced in back-circulant latin squares. Latin interchanges are
used to construct critical sets of modified-two back-circulant latin squares. In Part III,
Bhaskar Rao Designs of block size 5 and 6 are constructed.

Part I of the thesis consists of Chapters 2, 3 and 4. In Chapter 2, the concepts of
uniquely completable sets and critical sets in Room squares is introduced. Exhaustive
search and hill-climbing algorithms are used to find bounds for minimal and maximal
critical sets of Room squares. In Chapter 3, the terms power and influence of entries
in the critical sets of Room squares are introduced. The term strong box in Room
squares is also defined. In Chapter 4, new secret sharing schemes based on critical sets
of Room squares are proposed. Generalized, hierarchical, key management and perfect
schemes arising from critical sets of Room squares are also proposed. It is also shown
how cheating can be detected using schemes based on Room squares.

Part IT of the thesis consists of Chapters 5, 6 and 7. In Chapter 5, three different
back-circulant latin squares are studied and their uniquely completable and critical
sets are constructed. A few constructions of uniquely completable and critical sets of
latin squares of orders 2' and mn are also given. In Chapter 6, the terms nest, latin
collection and influence of sets in the critical sets of back-circulant latin squares are
introduced and studied . The size of the strong box in back-circulant latin squares
is also studied. In Chapter 7, a theorem for the construction of a family of critical
sets in modified-two back-circulant latin squares M BC(2, 2m + 1) is proved using latin
interchanges.

Part IIT of the thesis consists of Chapters 8 and 9. In Chapter 8, Bhaskar Rao
designs of block size 5 are constructed. General constructions of BRDs of block size 5
are also given for different orders of A. In Chapter 9, Some constructions of Bhaskar
Rao designs of block size 6 are given.

Finally, in Chapter 10, concluding remarks are given and some directions for future
research in the areas of combinatorial designs and secret sharing schemes are also high-
lighted. In the appendices, examples of critical sets of Room squares and latin squares,
examples of latin interchanges for modified-two back-circulant latin squares and exam-
ples of BRD(v, 5, A)’s are given. Source code to construct uniquely completable and
critical sets in latin squares and Room squares is attached at the end of the thesis.

Source code for the construction of Bhaskar Rao designs is also attached.
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Chapter 2

Uniquely Completable and Critical Sets

Section 2.2 is based on a paper by Chaudhry and Seberry [22]. More than 95 percent of
the results are due to the first author. Section 2.3 is based on the papers by Chaudhry
and Seberry [24, 25]. More than 95 percent of the results are due to the first author.
Overall about 95 percent of the work in this chapter is due to the author of this thesis.

2.1 Introduction

Many authors have studied the minimum amount of information needed to recreate
combinatorial structures. Critical sets in latin squares have been studied by Nelder
[87], Curran and van Rees [40], Smetaniuk [101], Stinson and van Rees [103], Cooper,
Donovan and Seberry [37], Gower [60], Cooper, Donovan and Gower [39] and Khodkar
[74]. Minimum defining sets of combinatorial designs, see for example [106], have been
studied by Street, Sarvate, Kunkle, Seberry et al.. Critical sets have a number of
applications in both agriculture and cryptography. This research has been motivated
by studies of secret sharing schemes by Cooper et al., key distribution schemes by
Merkle (PhD thesis), situations where we wish to delay a receipt of the message by
only providing partial information and require the receiver to take time to solve the
puzzle, situations where the sender or the communication channel is limited to a small
size and some problems in the design of experiments. In this chapter, we widen the

structures considered to include uniquely completable and critical sets in Room squares.

Room squares were first introduced by R. R. Anstice in 1852 [10, 11] and then
by T. G. Room in 1955 [93]. Room squares are important in the organisation of the
bridge tournaments, in paired-comparison experiments and round-robbin tournaments.
Suppose there are eight teams in a football tournament. Each team has to play with
other teams exactly once in seven days. There are seven referees. Each referee should

have each team exactly once, to eliminate bias. A room square of order 7 solves this
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problem.

To find the true minimum information needed to reconstruct a Room square, we
should have the minimum possible structure imposed on the Room square. However,
for comparative purposes, it is valuable to compare the size of the least critical set

under a number of scenarios.

A Room square R of order r is an r X r array each of whose cells may either be empty

or contain an unordered pair of objects 0,1, 2, ..., 7, subject to the following conditions:

(1) each of the objects 0,1, 2, ...,r occurs precisely once in each row of R and precisely

once in each column of R, and
(ii) every possible unordered pair of objects occurs precisely once in the whole array.

A partial Room square P of order r is an r X r array each of whose cells may either
be empty or contain an unordered pair of objects 0,1,2,...,7, subject to the following

conditions:

(i) each of the objects 0,1, 2, ..., occurs at most once in each row of R and at most

once in each column of R, and

(i) every possible unordered pair of objects occurs at most once in the whole array.

Theorem 2.1 (Mullin and Wallis [85]) There exists a Room square of every odd

integer order T greater than or equal to 7.

A graph G = G(V, E) consists of a finite set V' of objects called vertices and a set
E of unordered pairs of members of V', called edges. A one-factor in a graph G is a set
of edges in which every vertex appears precisely once. A one-factorisation of G is a set
of one-factors which has no common edge but between them contain every edge of the
graph. In other words, it is a partition of the edge-set of G into one-factors. The Order
of a one-factorisation of complete graph on n + 1 vertices is n. One-factorisations of
complete graphs arise naturally in the construction of round-robin tournaments and
other competition schedules. One-factorisations were first introduced by Kirkman [75]
In 1847.

Theorem 2.2 (Wallis [113]) One-factorisations of K, » are equivalent to latin squares

of order n.
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Two one-factorisations F' and H of G, say F' = {f1, fo, .., fx}, H = {h1, ho, ..., hx },
are called isomorphic if there exists a map ¢ from the vertex-set of G onto itself such
that { /16, fo8, » fxd} = {m1&, ho®, ..., Bxb}.

Two one factors are called orthogonal if their intersection consists of at the most one
edge; two one-factorisations are orthogonal if each factor in the first is orthogonal to
each factor in the second. A pair of orthogonal one-factorisations of a complete graph

on n + 1 vertices is equivalent to a Room square of order n for m > 3 and n = 2m + 1.

Example 2.1 Two orthogonal one-factorisations F} and F; of order 7 are given below

respectively:

01|27 36| 45 01]24|37]56
0213|4756 | |02 14|35 |67
03|15 24|67 03|17 25| 46
04 17|26 |35 04|12 | 36 | 57
05 | 12 | 37 | 46 05|16 | 23 | 47
06 | 14| 23 | 57 06 | 15|27 | 34
07116 | 25 | 34 07 | 13|26 | 45

Set up a 2m + 1 by 2m + 1 Room square as follows: if the ith one-factor in F) and
the jth one-factor in F, have the edge [z,y] in common , then place [z,y] in the cell

(¢, 7) of the array. If those two factors have no common edge, leave the cell empty.

Theorem 2.3 (Dinitz and Stinson [51]) A Room square of order r is equivalent to

a pair of orthogonal one-factorisations of a complete graph.

We use the most effective hill-climbing algorithm, given by Dinitz and Stinson in [50]
to construct examples of one-factorisations and consequently Room squares of different
orders. Computer programs have been written in C++ and are attached in Appendix
D. Room squares can also be constructed using orthogonal starters and some other
methods, but we will not discuss them in this thesis.

Denote N, = 0,1,2,...r. A Room square of order 7 based on N, is standardised if

the ith diagonal cell, cell (7,1), contains {0,y} for 1 <4,y <.

Theorem 2.4 (Wallis [112]) If there is a Room square of side 7, then there is a

standardised Room square of order r.

A skew Room square R [111] is a Room square with the property that when 1 # j,
either the (4, 7) or the (j,¢) cell of R is occupied, but not both.
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Theorem 2.5 (Dinitz and Stinson [51]) There is a skew Room square of order r,
if and only if r is odd and r # 3 or 5.

Example 2.2 A standardised and skew Room square of order 7:

01| - |45|67 - | - |23
57102 - | - | - 13|46
- 56|03 /12| - (47 -
- 37| - |o4]26 - |15
36 1427 - |05 - | -
24| - | - |35/17 06 -
| - 16| - [34|25]07

Example 2.3 A standardised and skew Room square of order 9:

01| - [49]37]/28] - |56] - | -
89|02 - - | - |57|34] - 16
|58 lo3l - (69|24 - |17] -
—I36|78]04a, - T19] - l25] -
— 79 — 120538 - [46] -
45 - | - | - | - ‘06|18 39|27
| - 26 59]13] - o] - |48
6714 - | - | = | - 129,08 |35
23] - [15/68|a7| - | - | - J09

Two Room squares R and S are said to be isomorphic [112] if R can be obtained
from S by permuting the rows and columns and relabelling the elements. Two Room

squares R and S are equivalent if R is isomorphic to .S or to the transpose of S.

Theorem 2.6 (Wallis [112]) If NR(n) is the number of non-isomorphic Room squares
of order n and IR(n) is the number of inequivalent Room squares of order n, then
NR(n) < 2IR(n)

There are exactly 10 non-isomorphic Room squares of order 7 and 511,562 non-
isomorphic Room squares of order 9 given by Dinitz in Section 4.39.10. of [34]. All
inequivalent Room squares of order 7 and 9 have been found from one-factorisations
of a complete graph. There are exactly 6 inequivalent Room squares of order 7, see
(63, 64, 112] and 257,630 Room squares for order 9, see [12, 51, 52]. No exact number

is known for higher order Room squares. Although there are:
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526,915,620 non-isomorphic one-factorisations of order 11 (K},)
9.876 x 10?8 distinct one-factorisations of order 13 (K4)
1.148 x 10* distinct one-factorisations of order 15 (K¢)
1.520 x 108 distinct one-factorisations of order 17 (K1)

and the number of possible Room squares for each of these orders should be even larger,
see [49] for further details.

In a Room square R of order 7, a set of s rows and s columns said to form a Room

subsquare S of order s if the s x s array formed by their intersection is itself precisely

a Room square based on some s+1 of the elements.

Theorem 2.7 (Wallis [111)) If there is a Room square of order © with a subsquare

of order s, where s < r, then v > 35+ 2

2.1.1 Critical sets

A number of possible scenarios for critical sets in Room squares considered are as

follows:

. The order of the Room square and all the empty cells are given. A critical set

consists of a set of quadruples (1, 7; £ [) which indicates that the pair of integers

(k 1) occupies the cell (4, j).

. The order of the Room square is given. A critical set consists of a set of quadruples

(i, 7; k 1) which indicates that the pair of integers (k [) occupies the cell (7, 5) and
triples (4, 7; —) which indicates that cell (4, 7) is empty.

. The order of the Room square is given. A critical set consists of a set of quadruples

(4,7; k 1) which indicates that the pair of integers (k [) occupies the cell (4, 7).

. The order of the Room square and all the empty cells are given. A critical set

consists of a set of quadruples (7, j; & [) which indicates that the pair of integers
(k 1) occupies the cell (¢, 7) and triples (7.j; 2) which indicates that the integer z

occupies the cell (i, j).

. The order of the Room square is given. A critical set consists of a set of quadruples

(4,7; k 1) which indicates that the pair of integers (k [) occupies the cell (4, j),
triples (7, j; z) which indicates that the integer z occupies the cell (¢, j) and triples

(1, 7; —) which indicates that cell (¢, 7) is empty.
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6. The order of the Room square is given. A critical set consists of a set of quadruples
(4,7;k 1) which indicates that the pair of integers (k [) occupies the cell (i, ),
triples (i, j; z) which indicates that the integer z occupies the cell (i, 7).

In all cases the information given by the critical set should allow the Room square
to be uniquely completed. In all cases the removal of any of the information in the
critical set should allow more than one Room square to be formed from the remaining
information.

From the perspective of secret sharing, certain scenarios have advantage of keeping
more information confidential. For example, scenario 1 which gives all the empty cells.
In cryptographic applications, it is common to give out lots of information but not

enough for an enemy to deduce any secret information.

Giving the positions of all the empty cells gives a lot of information. The integer

n can be described by [logan] + 1 bits. Any Room square of order n contains (ggn_;_lz)
pairs of integers in (ﬁ%—“l) cells, so it is completely described by (23+) quadruples
(i, 7; k 1) which gives the pair (k [) in the cell (7, 7). This takes R(n) bits where
R(n) = number of cells x bits need to describe a cell plus its contents

= 24 ((log,n] + 1)

= 2n(n + 1)([logan] + 1)
A triple which describes an empty cell also gives information, in fact 3([logan]+1) bits.
There are a total of M"Q—_lz empty cells. Hence in fact knowing all the empty cells gives
3n(n — 1)([logen] + 1) bits of information.

Here are some other comments:

1. Giving out information can be disastrous in cryptographic applications.

2. There is no reason why empty cells can not be treated as two element or one

element cells.

3. When completing a Room square, often one can reason that a certain element is
in a certain cell and its cell-mate is deduced separately. So one element sets are

just as natural as two element sets for a critical set.
4. Scenarios 2 and 3 are similar to the definition of critical sets in latin squares.

5. Counting elements in the critical set is what really happens in latin squares so

scenario 6 is most like the definition of critical sets in latin squares.
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6. Scenario 5 gives the most flexibility.

A uniquely completable set is a partial Room square which completes uniquely to
a Room square but may be able to have some elements removed to form a critical set.
If a Room square R contains a s x s subarray S and if S is a Room square of order s,
then it is said that S is a Room subsquare of R.

Generally speaking: a critical set Q = {@1,Q2, @3, ..., @}, |@] = ¢, in a Room
square R of order r, is a set of quadruples [¢,7; & [] and /or triples [i, j; —] such that if
any quadruple or triple is removed from the set, it can no longer be uniquely completed,
see [101, 40]. In a quadruple [i, j; k {], the cell (7, ) is the position of a pair of integers
(k ) in the square. In a triple [¢, j; —], the cell (4, ) is the position of the empty cell
(—) in the square. () provides minimal structure from which R can be reconstructed
uniquely.

In latin squares, any subset of a critical set will have two or more completions. But
critical sets of Room squares are slightly different from critical sets in latin squares
because of the structure of Room squares and conditions for their strong completion.
Any subset of a critical set of a Room square may have two or more strong comple-
tions or it may have one strong completion and for all other possible combinations of
elements, there is no strong completion. This does not preclude the possibility that
there is smaller critical set which has a weak completion. We have not studied weak
completions in this thesis. Let us consider the following critical set of the Room square

given in Example 2.5:

45 67
02 13
56 12

27

17
34 07

A complete computer search was made by removing the contents of each cell in

turn from the critical set. Two cases were found:

e when the quadruple (3,4; 1 2) was removed, there were two completions as given

below:
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01| - [45l67| - | - |23 [o3] - las|e7] - | - |12
57102 - - | - 11346 5702 - | - | - (13 46
- 1560312 - |47 - - /5601 23| - |47/ -
- |37 - |o4|26] - |15 16|37 - |04|25 - | -
361427 - |05 - | - | | - J14(27 - |06 - 35
24| - | - |35 17|06/ - 24| - 136 - |17[05] -
-] - 16| - [34]|25|07 - - | - |15/34|26|07

e when any other quadruple was removed from the critical set, no other possible
completion could be found by the exhaustive search. The data for this search is

given in Appendix A.4.

The set S is said to be a strong critical set of a Room square R of order 7 if there
exists a set {Py, Py, P, ..., P} of m = r? — | S| partial Room squares, of order r, such
that:

(1) SCPCPC.P,CR

(2) for any s, with 2 < s < m, where Py, = P,y U {(4,5;k [)}, the set Fi_; U
{(i,j;k )} is not a partial Room square for any pair (k ) € N.\(k 1), where
N, =0,1,2,3, .7

A critical set is said to be non-deterministic if it is not strong: that is, the partial
Room square has no forced quadruples but it is still uniquely completable. Non-
deterministic critical sets are much harder to find as they need an exhaustive search.

A minimal critical set (min. cs) of a Room square R of order 7 is a critical set
of minimum cardinality whereas a mazimal critical set (maz. cs) is a critical set of

maximum cardinality.

Q° is the smallest critical set (scs) if |Q°| = s is minimum of all critical sets of the
Room squares of order r whereas Q' is the largest critical set (lcs) if |Q'| = [ is the
largest of all critical sets of the Room squares of order r, see [37, 40, 103]. Hence a
min. cs is the smallest of all the critical sets of a particular Room square of order r
whereas scs is the smallest of all the critical sets of all the inequivalent Room squares
of order 7. Similarly a maz. csis the largest of all the critical sets of a particular Room
square of order r whereas lcs is the largest of all the critical sets of all the inequivalent

Room squares of order r.
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Throughout this thesis, we will be working on strong critical sets only. So we will
use the term “critical set” to represent the “strong critical set”. The two reasons we

only consider strong completions are:
1. We have not yet discovered any example with a weak completion.

2. We have not been able to find an analogous concept to that of latin interchanges

for Room squares as by experiment.

Also min. cs will represent minimal strong critical set and max. cs represents a
maximal strong critical set. Every cell of a Room square of order r is either empty, a
triple (¢,7; —), or contains a pair of integers, a quadruple (i,7;k ) where 4,7,k and [
range from 0, 1, ..., r. Call a triple or a quadruple as an entry.

In this chapter, the scope of studing the critical sets is limited to the first two
scenarios given in the beginning of this section. We will also investigate their role in
secret sharing. These scenarios can be stated as: 1) Critical sets when the order of
Room square and positions of all empty cells are known and 2) Critical sets when only

the order of Room square is known.

2.2 Critical sets when all empty cells are known

Given the order of the Room square and positions of all the empty cells (triples). A
critical set Q = [Q1,Qa, Q3, ..., Qc, |@; = ¢, in a Room square R of order 7, is a set of
quadruples @, = [3, j; k {] such that if any @), is removed from the set, it can no longer
be uniquely completed.
Completion Rules
Four rules are given which will be used in completing a Room square. A Room
r—1

square R of order r is written using r + 1 elements and "= empty cells in each

row/column of R:

1. A Room square R of order r is written using r 4+ 1 elements. If any row 7 and
column j have 7 — 1 elements already known, then if the (¢,7)th entry is non-

empty, 1t is known.

2. A Room square R of order 7 is written using r+1 elements. If in row ¢ and column
7, (r +1 — k) elements are known and (g) - 1 of the pairs, on the k unknown
entries, already exist in the square, then if the (4, j)th entry is non-empty, it is

known.
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3. If after deleting a pair of integers from a Room square, we are still able to uniquely

complete that square, then that entry is not a member of the critical set.

2.2.1 Algorithms to construct critical sets

Algorithm to construct a critical set:

Suppose R is the original Room square of order r and positions of all its empty cells
are known. Take a copy R’ of a Room square of order r corresponding to K. To find
a critical set @, take an empty square Q with empty cells corresponding to R . Select
a quadruple, i.e., a pair of integers (k 1) in the cell (4,), at random from R, delete it
for the time being and try to complete R using completion rules given above. If R is
completed without that quadruple, then delete that quadruple from R permanently;
otherwise place it back into R and place it in Q as well (thus preventing its reuse). Re-
peat this process of temporary deletion until none of the remaining quadruples (pairs)
in R can be deleted. Hence @ is the critical set of that square, since at this stage @

equals R and no further quadruples can be deleted from R .

Algorithm to construct a min. cs:

1. Let @ be a critical set of a Room square R of order r, we consider all possible

combinations each consisting of |Q)| — 1 quadruples from the Room square.
2. for each partial Room square consisting of |@| — 1 quadruples:
3. Try to complete the partial square using completion rules.

4. If any of the above partial squares is uniquely completed, check if it is critical. If
it is, then @ - I is the new critical set. Replace the original @ set by the new set
containing |@Q| — 1 quadruples, rename it as ¢ and now repeat the process from

step 1.

5. If none can be completed, then the minimal critical set for that square is the

current Q).
Algorithm to construct a maz. cs:

1. Let @ be a critical set of a Room square R of order r, we consider all possible

combinations each consisting of |Q| + 1 quadruples from the Room square.

2. for each set of |@Q| + 1 quadruples, perform the following steps:
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3. for each partial square consisting of || quadruples from the |Q|+1 quadru-
ples in step (2), perform the following steps:

4. Try to complete the partial square using the completion rules.

5. If the square is not uniquely completed, then repeat steps 3 and 4 oth-
erwise discard the set containing |Q| + 1 quadruples, and go to step 2

for next set of |@| + 1 quadruples.

6. If none of the () subsets can be completed, then try to complete the
partial square consisting of || + 1 quadruples in step 3.

7. If any set of |Q|+ 1 quadruples complete the square uniquely, then check whether
it is critical; if it is, then @Q+1 is the new critical set for that square, replace the
original @) set by the new set containing |Q| + 1 quadruples, rename it as ) and

now repeat the perform from step 1.

8. If none of partial squares consisting of |@| + 1 quadruples is a critical set, then

the maximal critical set for that square is the current ().

2.2.2 Cardinality

The bounds for minimal (min. c¢s) and maximal (maz. cs) critical sets have been com-
puted for all inequivalence classes of Room squares of order 7 and some for order 9
and 11. Examples of min. cs and maz. cs are given in Appendix A.2. The results are
summarised in Table 2.1 below. In this table, all the Room squares of order 7 have
been taken from [112] whereas the Room squares of order 9 and 11 were generated
using hill-climbing algorithms given in [50] and are listed in Appendix A. Bounds for
order 9 and 11, given in this table, are as per results obtained because an exhaustive
search was not possible, actual minimal critical sets may be smaller than the ones given

and maximal critical sets may be much larger than the ones given.
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Table 2.1: Cardinality of min. ¢s and maz. c¢s

Order of Class | Cardinality
Room square | Representative | max. ¢s | min. ¢s

7 R11 10 8

R14 10 8

R15 10 8

R16 10 8

R44 10 8

R45 10 8

7 Skew R11 10 8

R156 10 8

R455 10 8

9 R9, 17 15

R9, 16 13

R9; 16 14

R9,4 15 14

R9; 14 12

R9% 16 15

9 Skew R9, 17 15

11 R11, 24 20

R11, 26 22

R11, 25 | 21

Example 2.4 A Room square of order 7 and one of its critical sets.

01

45

67

23

27

02

46

56

03

12

37

04

26| -

15

36

14

27

05| -

24

39

17106

16

34]25

07
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¥l- 145 * - - 123
Ol O - - 13146
-1 *103|12) - 47| -
-1 * - ¥ 126 - |15
* | % * _ * _ _
I * * * ;
] _ * * *
In the above square, “x” shows the unknown pair cell and “—” shows empty cell.

In this example, the order of the Room square is 7 and all empty cells are given. The
critical set @) for the above Room square contains the following quadruples: (1,3;4 5),
(1,7;2 3), (2,651 3), (2,7;4 6), (3,3;0 3), (3,4;1 2), (3,6;4 7), (4,5;2 6), (4,7;1 5). That is,
@ is the only critical set of the Room square of order 7 with a pair (4 5) in the cell (1,3),
pair (2 3) in the cell (1,7), pair (1 3) in the cell (2,6), pair (4 6) in the cell (2,7), pair
(0 3) in the cell (3,3), pair (1 2) in the cell (3,4), pair (4 7) in the (3,6), pair (2 6) in the
cell (4,5) and pair (1 5) in the (4,7). So if any quadruple is deleted, the Room square
cannot be completed uniquely. It is noted that the information provided is 12 bits for
each quadruple and 9 bits for each empty cell. So we have used 9 x 12 4 21 x 9 = 297
bits to describe the above critical set.

It is also noted that knowledge of all the empty cells is not always necessary to
complete the Room square. In the following partial Room square, only 7 empty cells
along with quadruples (pairs of integers) are enough to complete the above Room

square which contains 9 x 12+ 7 x 9 = 171 bits of information:

* * 45 * * * 23
* * * _ * 13 46
X103 (12) * (47 %

* | ok * _ * * *
x | _ * * * *
* * * *

But if we try to complete the Room square using quadruples only, the square cannot
be completed uniquely. In the following square, only four empty cells could be filled

and the square contains 9 x 12 + 4 x 9 = 144 bits of information:
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| x| 45| * * * |93
x | x| % * * 113046
k1 *x103112] - 147 -
S 126 - |15
x| ok | % * * * *
| ok |k * * * *
\* *&* * * * *

It is also noted that even if all the empty cells are given, if one quadruple is deleted
from the critical set, then the square cannot be completed uniquely.

In the Table 2.1, the critical sets contain quadruples (pairs of integers) only. Al-
though all empty cells are known but we do not consider them as part of the critical
set. If we consider that a set of quadruples along with all the empty cells form a critical
set, then it is actually not a critical set but a uniquely completable set because some of
the empty cells are redundant as shown in the example above. In the following section,
we construct critical sets where empty cells are not known, i.e., nothing is known in

advanve except order of the Room square.

2.3 Critical sets when empty cells are unknown

Given the order of the Room square, a critical set Q@ = [Q1, @2, @3, .., Qs |Q] = ¢,
in a Room square R of order r, is a set of quadruples Q, = li,7; k 1] and/or triples
Qq = [¢,7; —] such that

1. Ris the only Room square of order 7 which has the entry (k {) or (—) in the cell
(4,7), for each Q.

2. No proper subset of @ satisfies 1.

In Q., (i,7) shows the position of the pair of integers (k l) or empty cell (—) in R.

Example 2.5 A Room square of order 7 and one of its critical sets is given.
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57102 | - - - 13|46

36114127 - (05| - | -
24 - | - 1351706 -

46

12

37
14127

39 06
3412507

The critical set @ for the above Room square may be written as: @ = {(2,7;4 6),
(3,4;1 2), (4,23 7), (5,21 4), (5,3;2 7), (6,4;3 5), (6,650 6), (7,5;3 4), (7,6:2 5), (7,7;0
7)}. This critical set contains 10 x 12 = 120 bits of information.

Another critical set, which also contains 120 bits of information, is as follows:

45167
02 13
o6 12

27

17
34 07

Completion Rules

We give five rules we use in completing a Room square. A Room square R of order

7 1s written using r + 1 elements and T—gl empty cells in each row/column.

1. If any row ¢ and column j have r elements already known, then if the (i, j)th cell

1s unknown, it is an empty cell.
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2. If any row 7 and column j have r—1 elements and % empty cells already known,
then if the (7, 7)th cell is unknown, it is a pair of integers which have not already

occurred.

3. If in row 4 and column j, (r + 1 — k) elements and 5+ empty cells are known
and (g) — 1 of the pairs, on the £ unknown entries, already exist in the square,
then if the (7, 7)th cell is unknown, it is a pair of integers which have not already

occurred.

4. If in row ¢ and column j, (r + 1 — k) elements are known and ('2“) of the pairs,

on the k& unknown entries, already exist in the square, then if the (4, j)th cell is

unknown, it is an empty cell.

5. If after deleting an entry from a Room square, we are still able to uniquely

complete that square, then that entry is not a member of the critical set.

Following are the algorithms to construct critical sets and search for minimal and

maximal bounds of critical sets.

2.3.1 Algorithms to construct critical sets

Suppose R is the original Room square, take a Room square R’ of order 7 corresponding
to R. To find a critical set ), take an empty Room square @ corresponding to R .
Select an entry at random from R, delete it for the time being and try to complete R’
using completion rules given above. If R’ is completed without that entry, then delete
that entry from R permanently otherwise place it back into R and move it to @ as
well. Repeat this process of temporary deletion until none of the remaining entries in
R can be deleted. Hence @ is the critical set of R , since at this stage Q equals R
and no further entries can be deleted.

In the previous section, exhaustive search algorithms were developed to compute
minimal and maximal critical sets when all empty cells are known. Since the number
of inequivalent Room squares grows exponentially with the order, an exhaustive search
to find minimal and maximal critical sets is not possible with computer resources avail-
able today. Here hill-climbing approach will be used to compute approximate bounds
for minimal and maximal critical sets. The search space has been bounded by limiting

the number of search attempts multiplied by the order of Room square.

Small and large critical sets are computed as:
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Each time the program is executed for an instance of R, it takes a different seed
value to generate a critical set of different size. For each instance of R of order 7, 9 and
11, the program has been executed 10® times but a lesser number of times for higher
orders of R. The size of the critical set is recorded at each execution as a small or a
large critical set. It is updated only if it is smaller than the previous critical set as

small cs or larger than the previous one set as large cs.

Upper bound for minimal critical set is computed as:

1. Let Q° be a small critical set of a Room square R, we search for a critical set

consisting of |@°| — 1 entries from R .

2. For every partial Room square consisting of |Q°| — 1 entries taken at random
from R:

(a) check whether it is a critical set or not.

i. If it is a critical set, then (Q° — 1) is the new small critical set, replace
the original Q°® set by the new set containing |@*| — 1 entries, rename
it as @)° and now repeat the process from step 1.

ii. If it is not a critical set, then a minimal critical set for that square is

the current Q°.

Lower bound for mazimal critical set is computed as:

Take a random set Q' from R where t is the size of the large critical set.

1. check if it is uniquely completable, if it is, save it as Q' ;

2. if it is not uniquely completable, systematically choose another element from

R\@Q* and form a new Q° of size larger than previous one. check:

(a) if it is not uniquely completable, repeat step 2 until all choices are exhausted.
If no candidate arises randomly, choose one of the sets at step 2 and repeat

step 1.

(b) if it is uniquely completable, we have a new Q' of larger size. Change ¢ to

t 4 1 and repeat the algorithm until no new Q' arises.

To search for approximate bounds for minimal and maximal critical sets, at each
stage, we allowed 10% attempts for R = 7, 9, 11 and 10° attempts for R = 13, 15, 17
and 10° attempts for R = 19, 21 before we abandoned the search.
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2.3.2 Cardinality

The algorithms for finding Room squares and their critical sets have been implemented
in C++/Unix and were executed on SunSPARC workstations. Approximate bounds
have been computed for minimal (min. ¢s) and maximal (maz. cs) critical sets for all
inequivalence classes of Room squares of order 7 [R11, R14, R15, R16, R44, R45] given
by Wallis in [112]. The hill-climbing algorithm given by Dinitz and Stinson in [50] has
been used to compute instances of Room squares of order 9 [R9y, R9, R93, R4, R9s,
R9), order 11 [R11y, R11,, R113], order 13 [R13;, R13;, R13;3], order 15 [R15,, R15s,
R153], order 17 [R17,, R175, R173}, order 19 [R19,, R19,] and order 21 [R21;, [121,].

Experimental results of the search are given in Table 2.2 below. At least one
example of a critical set for each Room square of order less than or equal to 21 is given
in Appendix A.2. Since an exhaustive search was not possible, there is no guarantee
that the sizes of the critical sets given in the following table are minimal and maximal
ones. In this table, size of the known scs of a Room square of order 7 is 10 and known
les is 23:
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Table 2.2: Bounds for min. c¢s and maz. cs

Order of Class Cardinality
Room square | Representative | min. cs ' max. cs

7 R11 10 23
R14 11 22

R15 10 22

R16 10 22

R44 11| 22

R45 10 23

9 R9, 19 38
R9, 19 38

R9; 19 39

R9, 20 37

R95 19 38

R9 19 38

11 ! R11, 33 53
R11, 33 54

R113 34 53

13 R13; 50 72
R13, o1 74

R13; 50 74

15 R15; 74 105
R15, 74 105

R153 73 105

17 R17, 99 137
R17, 99 133

R17;3 97 138

19 R19, 130 167
R19, 133 163

21 R21, 165 208
R21, 162 207

It is noted here that:  scs(7) <10 < % and  scs(9) <19 < %

Theorem 2.8 If the same minimum information is required in addition to the rules

to uniquely complete a partial Room square in all cases, then the cardinality of the
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critical set, when empty cells are not part of the critical set, is always smaller than the

cardinality of critical set when empty cells are included in the critical set.

Proof. If a minimal critical set contains C(r) quadruples of integers then it contains
4logor]Ci(r) bits of information. If the minimal critical set contains Cy(r) quadruples
of integers and Cs(r) empty cells then it contains 4[logar|Ca(r) + (3[logar] + 1)Ca(r)
bits of information. By assumption:

4[logor]|Cr(r) = 4[loger]Ca(r) + (3[logar] + 1)Cs(r)

So if C3(r) > 0 then Cy(r) > Cy(r). O

We considered critical sets in Room squares in order to obtain a comparison of their

efficiency with those of latin squares. We noted that for a back-circulant latin square
2
T
gives 108 bits of information but back-circulant latin squares are heavily structured.

of order 7, the critical set contains [Z-].3[logyr] bits of information. For r = 7, this

For Room squares of order 7 we found:

e minimal critical sets of sizes 10 and 11 quadruples where no empty cells occur in
the critical set. These use 120 and 132 bits respectively (see Table 2.2).

e We do not know but believe the inclusion of empty cells in the critical set will be
less efficient. For order 7, this is 12C(r) = 12Cy(r)+7Cs(r) where experimentally
we know C(r) = 10 or 11. '

2.3.3 Complexity

Empirical results have led to the belief that running time 7'(n) of the algorithms to
compute critical sets is 0(3%) where n is the order of Room square. The examples
of critical sets given in this section and the previous section are strong critical sets,
and therefore convenient to use, in the sense that the completion to a Room square
is forced. But these are by no means the only critical sets. There may exist critical
sets which cannot be completed by forcing. To consider this further, it is convenient to
use the defect graph, G(P), of a partial Room square P, defined as follows. The graph
G(P) has one vertex for each incomplete row of P, one for each incomplete column,
and one for each pair (entry) which is still available for placement in the completion of
P. If the (4, j) cell of P is unknown, the G(P) contains the edge (ri, ¢;); if the pair (k I)
does not appear in row i of P, the graph G(P) contains the edge (75, ex) or if the pair
(k 1) does not appear in column j of P, then the graph G(P) contains the edge (c;, ex)-
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Finding a completion of P is equivalent to finding a decomposition of the graph G(P)
into edge-disjoint triangles. Using this observation, it can be shown that, in general,
completing partial Room squares is NP-complete, even if both the partial square and
its completion are required to be symmetric. Further, given a partial Room square and

one completion, deciding whether a second completion exists is also NP-complete.

Colbourn, Colbourn and Stinson [36] make the observation that although the recog-
nition of critical sets in latin squares in “special cases” where the unique completion
of the partial latin square is straight forward this is not the case in general. They
proved that “deciding whether a partial latin square has more than one completion is

NP-complete, even if one completion is given as part of the problem description”.

Partial Room squares are much harder to complete because they have stricter con-
ditions for completion than latin squares. So using the argument given in [36], it can
be shown that, in general, completing partial Room squares is NP-complete. Further,
given a partial Room square and one completion, deciding whether a second comple-
tion exists is also NP-complete. For general background in this area, see Garey and
Johnson’s book [57]. An example of a partial Room square is given to show how hard

it is to complete it:

Let us take second critical set of the Room square given in Example 2.5.

45167
02 13
56 12

27

17
34 07

If we remove the quadruple (1,3;4 5) from the critical set and try to complete the
partial Room square, then there are 9 quadruples that can be tried in the cell (1,3).
These quadruples are: (1,3;0 1), (1,3;0 3), (1,3;0 4), (1,3;0 5), (1,3;1 4), (1,3;1 5), (1,3;3
5), (1,3;- -). Result of each of these entries are given in Appendix A.4. Similarly each
quadruple of the critical set was removed and all possible entries were tested at its place.

Results are given in Appendix A.4 too. It is noted that none of the partial squares
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completes to a Room square except one which is also inequivalent to original one and is
given in Section 2.1.1. For higher orders of Room squares, it will be extremely difficult

to complete a subset of a critical set.

2.4 Uniquely completable sets

In the previous two sections, the bounds for critical sets have been given on the basis
of computational results. In this section, some general constructions of uniquely com-
pletable sets are given when empty cells are not known. A uniquely completable set is
a partial Room square which completes uniquely to a Room square but may be able

to have some entries removed to form a critical set.

Example 2.6 A Room square of order 7, its uniquely completable set and its critical
set are given respectively. The critical set given below was achieved by removing the
entries (4 5) in the cell (1,3) and (1 5) in the cell (4,7) from the uniquely completable

set.

01| - [45]67] - | - |23
57102 - | - | - |13]486
-~ |56|03/12] - |47 -
~ 137! - lo4|26] - |15
36|14/27| - |05 - | -
24| - | - |35/17]/06]| -
- - 16| - [34]/25]07
45
46
19
37 15
1427
35 06
342507
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46

12

37
14127

39 06
3412507

Theorem 2.9 When a row and a column of a Room square R of order r are missing,

then R is uniquely completable.

Proof Since one row and one column of R are missing, the entries in (r-1) rows and
(r-1) columns of R are known. So there is only one unknown entry in each row and

each column which is forced. Hence R is uniquely completable.

Theorem 2.10 When two rows (or two colmumns) of a Room square R of order r are

missing, then R is uniquely completable up to permutation of pair chains.

Proof We assume that two rows are missing. We recall a Room square of order r has
r+1 elements, £(r+1) pairs per row/column and 57(r+1) pairs in total. Each element
must occur once in each of the extra rows. The partial Room square described above
has 3(r + 1)(r — 2) pairs completed. Thus the 7 + 1 pairs, not yet existing, can be
listed. We list 7+ 1 pairs missing from the square and choose ab and ac to be two pairs
in the list. ab, cd, ac, bd must take 4 columns whereas ab, cd, ef, cf, ae, bd take 3, 4,

¢

o or 6 columns. We call these pairs as “pair chain”. We note that pairs in a pair chain
can be in the same column if all four elements in the two pairs are different. Hence we
note each pair chain contains an even number of elements. We show the missing two

rows can be completed using pair chains:

Step I: Once ab and ac have been chosen, we find the ith and jth columns of the partial
Room square which do not contain a and fill the (r — 1,4) cell with ab and the (r, j)

cell with ac. Set z = b.

Step II: We now look in our list for the missing pair zy. There is now precisely one
cell in one row and one column of the partial Room square containing no z. Fill this
cell with zy. We now look in our list to find the element which has not yet occurred

as pair with y. if yc is the pair missing, we fill the unique cell to complete the row
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and column missing yc and then goto step IIL. If yz, 2z # ¢, is the pair missing , we set

z = y and return to step IL.

Step III: A pair chain has now completed. Each element in the pair chain now occurs
an even number of times in the last two rows. If all pairs in our list are now used,
then Room square is uniquely completable. Otherwise choose pairs de and df from our
uncompleted list. Find the column which does not contain de, either one cell remains
unfilled in the column which means this column can be filled uniquely or we have choice
of rows. If de leads to a choice but df leads to a unique completion, set z = d and

y = e or f according to which gives a unique completion and return to step II. The

proof is similar when two columns are missing.

Example 2.7 The following partial Room Squafe of order 7, with two missing rows,

is uniquely completable upto permutation of pair chains.

01| - |45|67| - - 123
57102 - - - (13]46
- 156|103 12| - |47] -
- 137 - 104126 - |15
36 1427 - 05| - -

Conjecture 2.11 When two rows and two columns of a Room square R of order r are

missing, then R is uniquely completable up to permutation of pair chains.

Example 2.8 The following partial Room square of order 7, with two rows and two

columns missing, is uniquely completable upto permutation of pair chains.

01| - (45|67 -
57102 - - -
- 1560312 -
- |37 - (0426
36114 ,27| - |05

Conjecture 2.12 When three rows or three columns of a Room square R of order r

are missing, then R is uniquely completable up to permutation of pair chains.
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Example 2.9 The following partial Room square of order 7, with three columns miss-

ing, is uniquely completable.

0114527 -
- |02|56|31
- | - 03|67
26| - | - |04
_ 37 _ _
57 - |14] -
34 16| - |25 |

Conjecture 2.13 When two rows and three columns or three rows and two columns
of a Room square R of order r are missing, then R s uniquely completable up to

permutation of pair chains.

Theorem 2.14 Let S be a Room square of order n. Let R be a subsquare of S of order
r, and having critical set C. Then S has a critical set C* contained in (S \ R) U C,
< (S\ R)UC is uniquely completable to S.

Proof = Suppose C* is a critical set of S, with C* C (S\ R) U C. Since C" is a
critical set of S then by definition, C* uniquely completes to S. But any superset of
C* must also uniquely complete to S, for otherwise C* will lie in at least two Room
squares, which is a contradiction. That is, (S \ R) U C is uniquely completable to S.
+: Suppose (S\ R)UC is uniquely completable to S. Let P =S\ R. [f PUC'is
a critical set, then the Theorem is proved. Suppose not, then there exists an element
p1 € PUC such that (P\ {p,})UC is uniquely completable to S. Since C'is a critical
set of R, therefore any non-trivial subset of C will be contained in at least two Room
squares of order R, and hence it will also be contained in any two Room squares of order
S. Thus p; cannot be an element of C, and so p; € P*. Delete p;. Let P* = P\ p,. U
P* U C is a critical set then we are done. Otherwise there exists an element p, € P,
such that P*\ {p,} UC is uniquely completable to S. Delete this element. Continuing

as above, since S is finite we must eventually reduce to a critical set.

Corollary 2.15 Let S be a Room square of order n = 3r + 2. Let R be a subsquare
of S of order v, and having critical set C. Then S has a critical set C* contained in
(S\R)UC <=> (S\ R)UC is uniquely completable to S.
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Corollary 2.16 Let V' be a Room square of order v = r(s —t) +t. Let R,S,T be
subsquares of V' of orders r,s,t respectively. Let R,S,T have critical sets of sizes
R*,S*,T* respectively. Then V has a critical set V* contained in {V \ (RUSUT)} U
(RFUS*UT*) <= {V\(RUSUT)}U(R*US*UT*) is uniquely completable to V.

2.5 Conclusion

e Our algorithms use exhaustive search techniques to look for minimal and max-
imal critical sets in Room squares. The algorithms are not efficient for larger

Room squares. The algorithms need to be optimised or more efficient algorithms

invented.

e Critical sets given in Section 2.3 are computed irrespective of the empty cells and
are much better than critical sets given in Section 2.2. Critical sets, with empty
cells known, are very expensive which is proved in Theorem 2.8 and some of the

empty cells are even redundant.

e There is still not much known about critical sets in Room squares, so the bounds

are rough and further research is needed to obtain theoretical bounds.

e Algorithm to find infinite families of critical sets as well as the smallest and largest

ones need to be devised.



Chapter 3

Power, Influence and Strong Box

This chapter is based on the paper by Chaudhry and Seberry [28]. 95 percent of the
work in this chapter is due to the first author.

3.1 Introduction

The structures which have rules for completion such as balanced incomplete block de-
signs, latin squares, Room squares, F-squares, Youden squares, regular graphs, colour-
ings, finite geometries and difference sets are considered. In particular the problem of
unique completion of structures given the partial information is studied in this thesis.
If the partial structure can be uniquely completed then this partial structure together
with the rules contains the same information as the final structure. In this chapter,
the information inherent in partial Room squares is studied, where it is not possible to
uniquely complete the square. The influence and power of parts of the partial square
on the unique completion of larger partial squares containing those parts are studied.
That part of Room square, called the strong box, which is inaccessible to all the ¢ — 1
subsets of a critical set may be thought to contain the secret information. The size of

the secret is also studied which will be used to model secret sharing schemes.

Example 3.1 A critical set of a Room square R75 of order 7 given by Wallis et al. in
[112] and its completion.

31
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BEEEREEN NN

¥ ok | ok %k | % ok | ok k| ok %k 37 | kk

ALY IR RN

ko | xk [k x [k x| x| k%] 9g
kx| g7 |k xx|gp | kx| *x
kb okk ok k| __ o345 | kx*
01| --|--125|67 --134
46|02 |-—-|-—=1—--1371]15
2715603 |--|14|—-—-|—--
—— 1113|5704 -—|--126
| -=147|--136 05 12]|-~-
35| --124|117|--106] -~
-——|-=16 -=-123145,07

where “* *” show the unknown entries and “—” show empty cells in the Room

square.

3.2 Power, Influence and Strong Box

In a critical set Q of size ¢ of a Room square R of order r, every entry has a different
importance in the reconstruction of R. If we delete an entry from Q and try to recon-
struct R, then the remaining (¢ — 1) entries will be able to recover some of the entries
of R. The power of an entry, P, is the number of ways in which the Room square can
be completed with that entry removed from Q. The power of a set, P, is the number

of ways in which the Room square can be completed with that set of entries removed
from Q.

The influence of an entry, I, is the number of entries in the Room square which
cannot be filled with that entry removed from Q. The influence of a set, T, is the
number of entries in the Room square which cannot be filled with that set of entries
removed from Q. The deleted entry or set of entries from Q which allows minimum
number of fillings in R is called the most influential and is denoted by I,,. The deleted

entry or set of entries from Q which allows maximum number of fillings in R is called
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the least influential and is denoted by I;. A deleted entry or set of entries without

which we cannot recover any entry in R has perfect influence. It is denoted by I,,.

The purpose of studying power and influence is to find the part of the Room square,
the strong boz, which cannot be uniquely completed by any set of g-subsets of the crit-
ical set of a Room square. The intersection of the cells of the influences of all the
entries, one at a time, in the critical set is called the strong boz. So no coalition of
fewer than all the g-subsets of a critical set Q of size ¢ can recover any entry from
the strong box of Room square. Above definitions are illustrated with examples given

below :

Example 3.2 In the example 3.1, the size of the critical set is 11. In the following

table, the influence of all eleven entries is given by deleting each entry, one at a time:

Deleted entry | Fillings | Influence | Remarks
1,10 1 10 38 &I,
2,6;3 7 16 32
31,27 14 34
3,2;5 6 13 35
4,7:2 6 14 34
5,2;4 7 14 34
5,5;0 5 18 30 I,
6,4;1 7 16 32
7,4; - 16 32
7,52 3 13 35
7,6;4 5 12 36

In this table, the entry (1,1;0 1) has the most influence, it is also perfect as the
remaining ten entries in Q do not permit the reconstruction of even a single entry of
R. The entry (5,5;0 5) has the least influence because it reveals the most information
about R. These most and least influence sets are shown in the squares given below

respectively:
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* % * k| ¥ % X ok | k¥
¥ ok | ok ok | ok % ¥ ok | ok k| ok ok
X ok | ok ok | ok % * %
X ok | ok k| ok % * ok
X ok | ok ok | ok ok | ok k| K % * ok
¥ ok | ok ok | ok % * %

The strong box of the Room square in Example 1 consists of 29 unknown cells with

“k ¥ as given below. These cells cannot be computed by any subset of the critical set:

* % X % X % X %
X ok X % * % X % X % X ok
X % X Xk X %k X %

After the permutation of rows and columns, the strong box has been shifted to the

upper left corner of the square as shown below:
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Example 3.3 Take a critical set of size 10 of another Room square R7; of order 7
given by Wallis et al. in [112] and compute the influence of all ten entries by deleting
one entry at a time. In this example, an instance of perfect influence could not found
by the deletion of just one entry, so perfect influences have been computed by deleting

two entries at a time. The influences are given in the table below:

Deleted entry/set | Fillings | Influence | Remarks
1,4:2 5 24 24 7
1,5:4 6 11 37 I,
2,3;,15 12 36
3,3;0 3 15 33
4527 16 39
5,2:1 4 19 29
9,7;2 3 19 29
71:3 4 19 29
7,6;1 2 18 30
7.7:0 7 13 35

1,5:46 7.7.0 7 8 39 I,
2,315 71,7507 8 39 I,

In this example, most of the entries have differing influence. No single entry has a
perfect influence. A set of two entries need both to be deleted to get perfect influence
as shown in the table above. The strong box of the Room square, having this critical

set, consists of 20 unknown cells.

Similarly the influences for other Room squares of order 7 have been computed and
some examples of Room squares of order 9. In most examples of order 7, we need
to delete two entries from the critical set to get perfect influence, but there might be
other critical sets where one entry is sufficient to obtain perfect influence. We had to
delete a set of three entries from a critical set of a Room square of order 9 to attain
perfect influence. It has been found that entries in critical sets have different influ-

ence/importance, that is, some entries are more influential than others and vice-versa.

It is noticed that deletion of one entry from a critical set of a Room square of order

7 can give us perfect influence whereas in back-circulant latin squares, F-squares and
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Youden squares, we have to delete two or more entries to get perfect influence. It is
also noticed that sizes of the strong boxes in Room squares are much larger than those
of latin squares, F-squares and Youden squares. The size of the strong box varies in
Room squares from critical set to critical set, but roughly it is of size ﬂ; This makes
Room squares more useful in applications as so little extra information can be gleaned.
We have also observed that empty cells have less influence than pairs of integers in

Room squares in the examples we studied.

3.3 Secret Sharing

A secret sharing scheme based on critical sets would have g sets of quadruples associ-
ated with the critical set distributed as shares. We allow the secret to be some function
of the cells of quadruples in the strong box. If the secret is the same size as each share
we obtain an ideal secret sharing scheme. By definition we have that no ¢ — 1 shares
can recover the secret, that is, an outsider has the same probability of guessing the

secret as an insider.

We now need to consider the possibility of guessing the contents of the strong box.
The worst case is when ¢ — 1 cheaters have colluded to get as much information as
they can before guessing the contents of the strong box. The power of the strong box,
that is, the number of possible completions of the strong box to Room squares, is an
NPC problem as proved by Colbourn, Colbourn and Stinson [34], that is “finding a
completion of P is equivalent to finding a decomposition of G(P) into edge-disjoint
triangles of the defect graph”. Using this observation, it has been shown that, in gen-
eral, completing partial latin squares is NP-complete. Furthermore, given a partial
latin square and one completion, deciding whether a second completion exists is also
NP-complete. The same applies to Room squares as these are constructed from pairs

of mutually orthogonal latin squares.

It is noted that most of the entries in the critical sets have differing influence, so a
hierarchical scheme can be built as per the importance of the shares held by the share
holders. In Example 2, the share holder having the share containing the quadruple
(1,1;0 1) has perfect influence and can single handedly prevent reconstruction of any

entry in the Room square whereas the share with (5,5;0 5) reveals eight entries of the
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Room square.

3.4 Conclusion

The results in this chapter have been produced computationally. One of the open
problems is to generalise these results and construct hierarchical structures of influences
in Room squares and compute the power of the strong box if possible. These type of
combinatorial structures can be used in secret sharing schemes, particularly hierarchical
schemes where some participants are more important than others. It is noted that the
size of the strong box in Room squares is much larger than those of latin squares, F-
squares and Youden squares. Hence we conjecture that Room squares are more useful

for applications where little information should be gleaned.



Chapter 4

Secret Sharing Schemes

Sections 4.2 and 4.3 are based on the paper by Chaudhry and Seberry [23]. More
than 95 percent of the results are due to the first author. Section 4.4 is based on the
paper by Chaudhry, Ghodosi and Seberry [26]. More than 60 percent of the work in
this paper is due to the first author. Overall at least 85 percent of the results in this
chapter have been contributed by the author of this thesis.

4.1 Introduction

In information based systems, the integrity of the information is commonly provided
for by requiring that certain operation(s) can be carried out only by one or more
participants who have access rights. Access is gained by a key, password or token, and
governed by a secure key management scheme. If the key or password is shared between
several participants in such a way that it can be reconstructed only by a responsible
group acting in agreement, then a high degree of security is attained. Shared security
systems of this sort are also used in financial institutions, in communication networks,
in computing systems serving educational institutions and distribution environments.
However, the best known examples of shared security systems are in the military: for
instance, in activating a nuclear weapon, several senior officers must concur before
the necessary password can be reconstructed. Another situation which motivates the
subject of secret sharing is described:

The head of an organisation keeps important documents in a safe of which only he
or she knows the combination. However, the head is often absent for ectended periods
and occasionally information is needed from documents in the safe in order to maintain
the day-to-day running of the organisation. The head deems it undesirable for the com-
bination to be trusted to any one of the five executive board members. What is regarded
as acceptable, however, is a compromise situation whereby at least two of the ezecutive

board members acting together can gain access to the safe.

38
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Can such a system be devised ?

Figure 4.1: A projective space

Figure 4.1 provides a system to solve the above problem. The lines and points are
chosen in projective space PG(2,q) where ¢ > 5. It is publicly known that the safe
combination is a point on line [ but the actual point is kept secret. Each of the five
executives is privately given a point on line m and the safe combination is chosen to be
point pg, the unique point of intersection of line m and line [. Any two executives can
generate line m and hence evaluate py by intersecting m and [. However, one executive
acting alone knows only that the safe combination must be one of the points on line [
— the actual point remains secret since for every point p on line [ there is a unique line

passing through the executive’s point and p.

Secret sharing schemes are systems designed to solve problems of a similar type
to the one we have just discussed. In general, there is a group of potential members
of such a scheme and a collection of sets of these members which are desired to have
access to some protected information. In the opening problem, the members are the

five executives and the protected information is the combination to the safe.

This protected information might be of value itself or, as in the case of safe combi-
nation, might be of value in initiating some further action — in this case, the opening
of the safe.

The information is protected by distributing to each member of the scheme an

amount of partial information which relates in some way to the protected information.
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This partial information is known only to the individual member to whom it is dis-
tributed and it is held secret by them. When any group of members of the scheme
who are desired to have access to the protected information choose to do so, they can
reconstruct it by pooling their pieces of partial information. Thus, in the opening
problem, any two pieces of the partial information distributed to the executives must

be sufficient to enable the combination of the safe to be determined.

Secret sharing schemes were first introduced by Blakley [18], Shamir [98] and Chaum
32] in 1979, and subsequently have been studied by numerous other authors. For a
general discussion of shared secret schemes, see Simmons [100]. A number of math-
ematical structures have been used to model shared secret schemes. Some of these
are polynomials, geometric configurations, block designs, Reed-Solomon codes, vec-
tor spaces, matroids, near-right fields, complete multipartite graphs, orthogonal arrays
and latin squares. In this chapter, new secret sharing schemes based on critical sets of

Room squares are proposed.

In most real-world applications there is also a need for a hierarchy to be built into
the shared security system. That is, the key and password is shared between s indi-
viduals of rank 1,...,7 so that if a person of rank ¢ is incapacitated, then a person of
rank 57 > 1, or a set of individuals of rank [ < 7, may replace the lost data. Brick-
ell [19] and Simmons [100] have adapted the basic schemes and constructed multilevel
schemes. Cooper, Donovan and Seberry [39] also proposed a multilevel scheme based on

latin squares. A more formal terminology for secret sharing schemes is now introduced.

A secret sharing scheme is a method of sharing a secret S among a finite set of
participants P in such a way that if the participants in A C P are authorised to know
the secret, then by pooling together their shares, they can reconstruct the secret .S;
but any set A C P, which is not authorised to know S, cannot reconstruct the secret.
The key S is chosen by a special participant D called dealer and it is usually assumed
that D ¢ P. The dealer gives partial information called share to each participant to
share the secret .S.

An access structure T is the family of all the subsets of participants that are able
to reconstruct the secret. An access structure is said to be monotone if any set which

contains a subset that can recover the secret can itself recover the secret, i.e., if for
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any subsets B and C of P, where B C C and B € T, then C € I'. The subsets of P
belonging to the access structure I' are called access sets or authorised sets and those
not belonging to the access structure are termed as unauthorised sets. The protected
information is called the secret and the set K of all possible values of the secret is the
secret set. A piece of partial information privately held by an individual participant is

called a share and the set of all possible values of a share is known as the share set.

Example 4.1 In Figure 4.1, the secret set are the points on line | and secret is point
po. The shares are the five points on line m that are distributed to five participants.

Finally, observing that P is the set of five points, the access structure is:

P={ACP:|4 >2)

One property of a monotone access structure is that it has a unique collection of
authorised sets of minimal size. Define B € I" to be a minimal setof 'if C € I',C C B
implies C = B. The collection of all minimal sets of I' is denoted by I'~.

Example 4.2 Let P = {A,B,C,D}and I' = { {A,C}, {B,C}, {A,D}, {B,D}, {A,B,C},
{A,B,D}, {B,C,D}, {A,C,D}, {A,B,C,D} }.

Then I'" = {{4,C},{B,C},{B,D},{A,D}}.
It is often simpler to describe I' in terms of its minimal set and thus the following are

the three valid ways of representing I" :

['=AC+BC+AD+BD,I'=(A+B)C+(A+B)Dand['=(A+ B)(C+ D).

In general, if '™ = {C},C,, ..., C,} where each C; C P, then we represent this by
P:CI+CQ+...+Cn.

A (kn) threshold scheme allows a secret to be shared among n participants in such
a way that any k of them can recover the secret, but no group of k¥ — 1, or fewer
participants, can do so. A monotone access structure I' defined on a participant set
P such that |[P|=nand I' = {X C P: |X| > k} is known as (k,n) threshold access

structure.,

Example 4.3 A (3,3) threshold scheme
Secret = s ,0<s< N —1
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Shares : z,y,2 where 0 < z,y < N — 1
z = [s = (z + y)|(modN),
that is, ¢ +y + 2z = s(modN)

Consider this example in a matrix form for N = 2:

S X y z
0 0 0 0
0 0 1 1
0 1 1 0
0 1 0 1
1 0 0 1
1 0 1 0
1 1 0 0
1 1 1 1

Each row represents a possible set of shares and their corresponding secret. Each row is
also treated as rule. This matrix is made public. The dealer picks a rule at random and
distributes shares to participants according to that rule. If all the three participants

pool their shares, they can reveal the secret otherwise not.

Example 4.4 A (2,3) threshold scheme

We take a latin square L of order 3.

1 2 3
2 3 1
3 1 2

Let S = (2,1;2),(3,2;1)(1,3;3) be the union of some critical sets of L. We can
construct a 2-out-of-3 secret sharing scheme on this set. The latin square L is kept
secret but its order is made public. When any two participants from .S collaborate, they

combine their shares and reconstruct the unique latin square containing their shares.

Example 4.5 Shamir’s (k,n) threshold scheme

Shamir’s scheme [98] is based on interpolation of a polynomial defined over a finite
field GF(g). If k points are given in the two-dimensional plane, (z;,v:),1 = 1,2,..., k,
there is a unique (k — 1)th degree polynomial, P*~'(z). If the secret key is taken to
be an element p € GF(q), it can be partitioned into [ shares as follows. A (k — 1)th
degree polynomial P*~'(z) is chosen randomly. P*~!(z) has the representation

Ps) = i o
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where the constant term ag is the secret p; that is, P*~1(0) = ag = p. The [ shares,
p; = (@i, ¥:),l > k, are calculated by evaluating the above equation at [ distinct points
5, T; 7 O

ps = yi = P (@)

In Figure 4.2, there is a polynomial of degree 2, knowledge of any three out of four
or more points can recover the secret s. So it is 3-out-of-4 threshold scheme and also

3-out-of-n scheme.

yt

AR 4
P

y3

Figure 4.2: A polynomial of degree 2

A secret sharing scheme is said to be perfect provided the following two properties

are satisfied:

e If an authorised subset of participants B C P pool their shares, then they can

determine the value of S.

e If an unauthorised subset of participants B C P pool their shares, then they can

determine nothing more than any outsider about the value of S.

The security of such a scheme is unconditional since no limit is placed on the amount
of computation that can be performed by a subset of participants. If an unauthorised
subset can obtain partial information regarding the secret, then the scheme is non-

perfect.

Example 4.6 In this example, a perfect secret sharing scheme is presented. Let [' =
ab + bc + cd be defined on participant set {a,b,c,d}. So the following matrix M is a
PS(T,2):
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To setup the scheme a row r must first be chosen at random. Participant p is then
given M (r,p) and he must not reveal this value to any other participant or outsider to
the scheme. The value of the secret is M(r,s). When the time comes to reconstruct
the secret, a group A € ' of participants present their values and scan the matrix M,
then they can uniquely determine the secret. If A ¢ T', they can determine nothing

about the secret.

An ideal secret sharing scheme is a perfect scheme with the extra property that size

of the share given to each participant is equal to the size of the secret.

Example 4.7 The Shamir’s scheme mentioned in Example 4.5 is perfect as well as
ideal. In that example, the polynomial is of degree two, so the knowledge of any three
points can determine the polynomial but less than three points can determine nothing
about the polynomial. So the scheme is perfect. Also size of the secret is one point on

the polynomial and size of each share is one point too.

In a multilevel scheme, the participants are ranked and placed in levels 7y, ..., 7.
Assume that there are I; participants in level r; for 2+ = 1,...,w. So 3 I; = [. A
secret key S is chosen and [ pieces of related information distributed, one piece to each
participant. This is done in such a way that the secret can be recovered from the shares

of t; participants of rank ;.

Example 4.8 Consider the case of electronic transfer of funds between financial in-
stitutions. This transfer can only be initiated when an electronic signature is received.
The signature will be reconstructed when the shares of two senior tellers and one vice

president, or two vice presidents, is entered. The latin square in Example 4.4 is used
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to construct a secret sharing scheme which satisfy these multilevel requirements. Let
S=(2,1;2),(3,2;1),(1,1;1),(1,2;2) be the union of some critical sets of L. The access
structure for this scheme will be based on the critical sets:

Ar=1(2,1;2),(1,151),(1,2;2)

Ay =(3,2;1),(1,151),(1,2;2)

A3 =1(2,1;2),(3,2;1)

The latin square can be reconstructed from the shares (2,1;2) and (3,2;1). However
either of these two shares can be replaced by the two shares (1,1;1) and (1,2;2). To
satisfy the requirements of the model we could distribute the shares as follows:

(1) The senior tellers each receive a share corresponding to each of the triples (1,1;1)
and (1,2;2) respectively, and
(2) the vice-presidents each receive a share corresponding to one of the triples
1

(2,1;2) and (3,2; 1), respectively, Thus satisfying the requirement.

4.2 Secret sharing schemes using Room squares when

all empty cells are known

A secret sharing scheme can be constructed in which the secret key is a Room square
R of order r. This scheme exhibits the following characteristics: The Room square
is taken to be the secret key and therefore kept private. However, the order of the
Room square is made public. The shares in the secret are based on a partial Room
square S = {UA; | A; is a critical set in R }. The union can be taken over all possible
critical sets in R or over some subset of critical sets. The number of critical sets used
will be dependent on the order of the Room square and the number of participants in
the secret sharing scheme. The access structure will be the set ' = {B | B C S and
B D A where A is some critical set in R }. One can easily see that ' is monotone.
The protocol for secret sharing scheme, involving [ participants and based on a Room

square is as follows:

e A Room square R of order r is chosen. The number r is made public, but the

Room square R is kept secret to be the key.
e A set S which is the union of a number of critical sets in R is defined.

o For each (,7;k,1) € S, the share (7,7; k,[) is distributed privately to a partici-
pant.
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e When a group of participants whose shares constitute a critical set come together,

they can reconstruct the Room square R and hence the secret key.

Example 4.9 A Room square of order 7 and its critical sets

81] - |45]67] - | - |23
5,7 182 | — - - 1 1,3)4,6
~ 568312 - [47] -
~I37] - [84l26] - |15
36114127 - 85| - -
24| - - 135 1,786 | —
- - 11,6 - [34]25]8,7
wx | _ L5 *% | | — |23
o ek | _ | L0 11346
- | ** 83| 1,2 — |47 ] —
] e f26] - |15
kx| oxk | kx| | Rk | _ | _
kk ||| owek | kR | kx|
ol e | e o | o
sk | | kx| kx| _ | | kx|
ok 8o | | | o | e | ex
e les 2] - [ -
a7 o gl | o |
o [ wr | ek [ lgs | o | -
sk | _ _ ¥k | 17186 | —
ol e | ke | kx| k%

The first critical set can be written as: @; = {(1,3;4,5), (1,7;2,3), (2,6;1,3), (2,7;4,6),
(3,3;8,3), (3,4;1,2), (3,6:4,7), (4,5;2,6), (4,7;1,5)}. The second critical set can be writ-
ten as: Qp = {(2,2;8,2), (3,3;8,3), (3,4;1,2), (4,2;3,7), (4,4;8,4), (5,58,5). (6,51,7),
(6,6;8,6)}.

We demonstrate here how the scheme works on a small example and then give a

more general construction.
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Let S be the partial Room square {(1,3;4,5), (1,7;2,3), (2,2;2,8), (2,6;1,3), (2,7:4,6),
(3,3;8,3), (3,4;1,2), (3,6;4,7), (4,2;3,7), (4,4;4,8), (5,5;5,8), (4,5;2,6), (4,7;1,5), (6,5;1,7),
(6,6;6,8) }. All the parties are told that the order of the Room square is 7. Each
participant is given a share (4, j; k, 1), for one such element of S. In order to recover the
secret, an authorised group of participants must place their shares in a partial Room
square. They then reconstruct the unique Room square containing these entries. These
authorised groups are based on the critical sets contained in .S. Two of the critical sets

contained in S are:

Al={(1,3;4,5), (1,7:2,3), (2,6;1,3), (2,7:4,6), (3,3;8,3), (3,4;1,2), (3,6:4,7), (4,5:2,6), (4,7;1,5)}.
A2 = {(2)2;2’8)’ (3)3;8,3)7 (3)4;172)? (4)2;3’7)’ (4’4;4’8)7 (575;5’8)’ (6,5;1)7)7 (6’6;6’8) }’
Note : |Al| = 9 while |A2] = 8.

Now for a more general example, Let R be a Room square of order » and @) be a
critical set. Define @ = {Q’' | @' is the isotopic image of Q}. Let §' = {Q' | Q' € @
and @' is a critical set in R}. The protocol given above can be used to construct a

secret, sharing scheme where the shares are drawn from the set S,

4.2.1 Key Management Scheme

Consider the situations where there are a number of secret sharing schemes all of which
contain a common participant. This participant may be required to remember a num-
ber of shares. For example, a medical administrator (Registrar) may require access to
several restricted files. These files may contain, say, patient data, hospital resources
and organ bank data. Access to these files may be via a secret sharing scheme in
which the registrar of the hospital always has a critical role. The registrar always has
to remember several different shares. This obviously increases the complexity of the

registrar’s role and consequently reduces the security of the schemes.

In this section, a key management scheme is proposed in which a secret key is com-
mon to a number of secret sharing schemes. The shares related to this key are such
that a primary share is held by one participant and this share is a necessary part of the
reconstruction process in each scheme. Each scheme will involve a number of secondary
shares which when combined with the primary share can be used to reconstruct the
secret. It is also required that the secret can not be reconstructed uniquely from the

combined information held by the secondary shares.
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Inequivalent critical sets in a Room square can be used to model a key management
scheme of this nature. This is illustrated with an example. Take the Room square of
order 7 given in Example 4.9. Following are three distinct critical sets of this Room

square which have the common pairs (3,3;8,3) and (3,4;1,2).

A1={(1,3:4,5), (1,7:2,3), (2,6;1,3), (2,7;4,6), (3,3;8,3), (3,4;1,2), (3,6:4,7), (4,5;2,6), (4,7;1,5)}.
A2 = {(2,2;2,8), (3,3;8,3), (3,41,2), (4,2;3,7), (4,4:4,8), (5,5;5,8), (6,5;1,7), (6,6;6,8) }.

A3 ={(1,1;1,8), (1,3;4,5), (1,4;6,7), (2,1;5,7), (2,7;4,6), (3,3;8,3), (3,4;1,2), (4,7;1,5), (1,5;3,6),
(6,6:6,8).

Note : |ALl] =9, |A2| = 8 and |A3| = 10.

Fach department is assigned a different critical set A; with the same participant
receiving a share which is common to each A;. In this case the registrar will be given
the common share (3,3;8.3) or (3,4;1,2). All departments will reconstruct the same
secret, but each has a different set of keys to this secret. However, if all participants
in the secondary (lower than registrar) level pool their shares, the secret cannot be
reconstructed uniquely.

Another key management scheme can be developed to allow each department a
different secret, but still have a common primary share using inequivalent Room squares

of same order with some common pairs and same positions.

4.3 Generalised schemes using Room squares when

empty cells are unknown

It is noted that Threshold schemes can only handle a fraction of secret sharing functions
which one may wish to form. For example, if it is desirable to divide a secret among
four participants A, B, C and D in such a way that either A together with B or C
together with D can reconstruct the secret, then threshold schemes (even with weight-
ing) are provably insufficient. To cope with such situations, Ito, Saito and Nishizeki
[72] and Benaloh and Leichter [13] proposed methods of developing generalised secret

sharing schemes to share a secret over an arbitrary access structure.

Hierarchical schemes are used in the situations where some shares are more 1Impor-

tant than others. Brickell [19], Simmons [100] and Cooper, Donovan and Seberry [39)]
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constructed hierarchical schemes. There are also scenarios where there are a number of
secret sharing schemes all of which contain a common participant. These are called key
management schemes. Motivation for the current section is to model new generalised

secret sharing schemes using critical sets of Room squares.

Example 4.10 A Room square of order 7 and one of its critical set of size 10 :

01| - 4567 - | - |23
57002 - | - | - [1,3]46
- 15610312 - 47| -
37l - l04|26]| - |15
36 1,427 - 05| - | -
24| - | - |35|1,7]06] -
- - 16| - |34]25]|07
4,6
1,2
3,7
1427
3,5 0,6
134025 07

Hence a critical set Q for the above Room square is : Q = {(2,7;4,6), (3,4;1,2), (4,2;3,7),
(5,2;1,4), (5,3;2,7), (6,4;3,5), (6,6;0,6), (7,5;3,4), (7,6;2,5), (7,7;0,7)}.

4.3.1 A Generalised Scheme

In a general SSS, the access structure is a collection of a set of authorised subsets of par-
ticipants. In 1987 Ito, Saito and Nishizeki [72] described a general method of sharing a
secret. Their method can be roughly described as : “For each of the (up to order 2171
sets of the access structure P, divide the secret among each member of the set. Thus,

in the worst case, each of the n participants may have to hold on the order of 2" shares”.

In 1988, Benaloh and Leichter [13] proposed a method of developing a generalised

secret sharing scheme for any monotone access structure. Essentially, a key S is chosen
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and for each set B of the access structure, |B| values s, ..., s)B| are selected such that
the sum 8; + ... + sjg = S. They translated the access structure into a monotone
formula. Each variable in the formula is associated with a participant in P, and the
value of the formula is true if and only if the set of variables which are true corresponds
to a subset of P which is in the access structure. They also proved that there exist
monotone access structures for which there is no threshold scheme. But these schemes

are not perfect and are also vulnerable to cheating.

We now model a generalised secret sharing scheme using critical sets of Room
squares which prevents cheating and is computationally secure. Let a Room square R
be taken to be the secret and its order r is made public. The shares in the secret are
based on a partial Room square S = {UQ, | Q, is a critical set in R}. The union of
Q; is taken over all possible critical sets in .S. The number of critical sets used will be
dependent on the order of the Room square and the number of participants in the secret
sharing scheme. Let P = {P},..., P,} be the set of all participants in the scheme and
let I' = {A;,..., A} be the general access structure with ¢ authorised sets over P. We
consider Q; is equivalent to A;. The sth authorised set Q; = Q;1,...,Q;;,1 < <t is
the ¢th critical set of size j in R. Q;; are the quadruples of ¢th critical set as mentioned
in Section 4.2. In the protocol for generalised secret sharing, the dealer distributes the
shares consisting of one or more quadruples Q;; = (i, Yij; kij, li;) € S, privately to
each participant depending on the requirement of the scheme. When participants of
one of the authorised sets .4;, whose shares constitute a critical set, pool their shares
together, they can reconstruct S and hence R which is the secret. An unauthorised

group will not be able to reconstruct R.

Example 4.11 It is shown now how the scheme works for Room square:

Take a Room square of order 7 given in Example 4.10. Let S be the partial Room
square {(2,1;5,7), (2,7;4,6), (3,4;1,2), (4,2;3,7), (5,1;3,6), (5,2;1,4), (5,3;2,7), (6,1;2,4),
(6,4;3,5), (6,6;0,6), (7,5;3,4), (7,6;2,5), (7,7;0,7)}.

The order of the Room square is 7 which is public. Each participant is allocated
(privately) one or more quadruples (z,y;k,l) € S. In order to recover the secret, an
authorised group of participants must place their shares in a critical set. They then
reconstruct the unique Room square containing this critical set. The authorised groups

are based on the critical sets Q;, @, and Q3 contained in S which are given as :
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Q1 = {(2,7;4,6), (3,4;1,2), (4,2;3,7), (5,2;1,4), (5,3;2,7), (6,4;3,5), (6,6;0,6), (7,5;3,4),
(7,8;2,5), (7,7,0,7)}.

Q, = {(2,7;4,6), (3,4;1,2), (4,2;3,7), (5,1;3,6), (5,2;1,4), (6,1;2,4), (6,4;3,5), (6,6;0,6), (7,9;3,4),
(7,6;2,5), (7,7,0,7)}.

Q3 ={(2,1;5,7), (2,7;4,6), (3,4;1,2), (4,2;3,7), (5,1;3,6), (5,2;1,4), (6,4;3,5), (6,6;0,6), (7,5;3,4),
(7,6;2,5), (7,7,0,7)}.

Now let I' = {A4,, A3, A3} be an access structure over the set P = {Py,..., Ps} of
five participants. A; = {PLU P}, A, = {PLUP3U Py} and A3 = {P, U Py U P},
The shares are distributed privately to the participants as: P; = { (2,7;4,6), (3,4;1,2),
(4,2;3,7), (6,6:0,6), (7,5:3,4), (7,6:2,5)}, P» = { (5,2:1,4), (5,3:2,7), (6,4:3,5), (7,7:0,7)},
Py = { (5,1:3,6), (5,2;1,4), (7,7:0,7)}, Py = {(6,1;2,4), (6,4:3,5)} and Ps = {(2,1;5,7),
(6,4;3,5)}.

When one of the three authorised sets in I' collaborate, they will constitute one of
the above critical sets and will be able to reconstruct the unique Room square which

is the key, whereas an unauthorised set will not be able to reconstruct the secret.

4.3.2 Hierarchical Scheme

These schemes incorporate levels each of which has a number of authorised groups who
can reconstruct the secret. The share of a participant at level ¢ can be replaced by two
or more participants at a lower level. For example, two members of the Joint Chiefs of
Staff equal one President, it is easy to conceive of circumstances in which the President
might wish to delegate authority to the Joint Chiefs to initiate some action with the
provision that “if two of you agree that the circumstances warrant, then this is what
you should do .....”. On the other hand, there are also plausible scenarios in which the
concurrence of larger number of persons with lesser authority (and responsibility) could
act in stead of smaller numbers of higher authority. For example, consider the case of
an electronic transfer of funds between financial institutions. This transfer can only be
initiated when an electronic signature is received. The signature will be reconstructed
when the shares of two senior tellers and one vice-president or two vice presidents, are
entered. Such schemes are described as hierarchical schemes.

In such schemes, The participants are ranked and placed in levels ry, ..., 7. A secret
key S is chosen and n pieces of related information distributed to each participant as
per their rank. This is done in such a way that the secret can be recovered from the

shares of specified participants of rank 7;. An incapacitated participant of rank r; can
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be replaced by a participant of rank 7; > r;, or at least two participants of rank less

than r;.

Hierarchical schemes, based on critical sets of Room squares, can be developed in
which some participants are more important than others. In hierarchical schemes, a
participant at level j can be replaced by two or more participants at level ¢, where
i < j. Let a Room square R is taken to be the secret and its order r is made public.
The shares in the secret are based on a partial Room square S = {UQ; | Q; is a
critical set in R}. The union of @Q; is taken over all possible critical sets in S. Let
P ={Pi,..., P} be the set of all participants in the scheme and Q; = Qy,..., Qy;,
is the first access/critical set of size j in R. Q,; is the jth quadruple of first critical
set as mentioned in Section 4.2. In the protocol for hierarchical scheme, the dealer
distributes the shares consisting of two or more quadruples from Q; privately to each
participant of rank 7|, one or more quadruples from Q; privately to each participant
of rank 7, and quadruples of lesser importance to the participants of rank r3 from Q;
and so on. When participants of Q;, whose shares constitute a critical set, pool their
shares together, they can reconstruct the Room square R which is the secret. When a
participant in Q; is absent, then two or more participants of rank ro in Q; can replace
them and find the secret. If a participant of rank ry is missing then two or more
participants of rank r3 from Q; can replace him. The hierarchy goes down as per the

requirement of the scheme. This scheme is described in the example below.

Example 4.12 We use a Room square of order 7 given in Example 4.10 to construct
a hierarchical scheme which satisfy these requirements. Let an authorised set for
this scheme be based on the critical set Q) = {(2,7;4,6), (3,4;1,2), (4,2;3,7), (5,2;1,4),
(5,3;2,7), (6,4;3,5), (6,6;0,6), (7,5;3,4), (7,6;2,5), (7,7;0,7)}. There are ten quadruples
in this critical set. We distribute the shares to the participants privately to satisfy
the requirements of the model as follows : Two vice presidents each receive a share,
consisting of five distinct quadruples (z,y; k, [), from the critical set. Ten senior tellers
each receive a share, consisting of one distinct quadruple (z,y; k,!{), from the critical
set. When two vice presidents pool their shares together, they can reconstruct the
Room square which is the secret. Also one vice president and five senior tellers or all
ten senior tellers can collaborate and reconstruct the secret. Even if one of the senior
tellers is absent, two or more tellers can replace him. For instance, if the senior teller
having the share (5,3;2,7) is absent then two tellers, each having one share (5,1;3,6)

and (6,1;2,4) respectively, can replace him to reconstruct the secret as given in Qs in



4.3. Generalised schemes using Room squares when empty cells are unknown 53

Example 4.11.

4.3.3 Key Management Scheme

In this section, critical sets of Room squares are also used to construct a key manage-
ment scheme in which a secret key is common to a number of secret sharing schemes.
The shares related to this key are such that a primary share is held by one participant
and this share is a necessary part of the reconstruction process in each scheme. Each
scheme will involve a number of secondary shares which when combined with the pri-
mary share can be used to reconstruct the secret. Inequivalent critical sets in a Room

square can be used to model a key management scheme of this nature.

Let a Room square R of order r is taken to be the secret and its order r is made
public. The shares in the secret are based on a partial Room square S = {UQ; | Q; is
a critical set in R}. The union of Q; is taken over all possible critical sets in S. Let
P ={P,..., P} be the set of all participants in the scheme and let I' = { A}, ..., A}
be the access structure with ¢ authorised sets over P. The ¢th authorised set A; =
Qi =Qn,..., Q5,1 <1<t is the ¢th critical set of size 7 in R. There is one primary
share which is the integral part of each authorised set, whereas all other shares are
secondary shares. In the protocol, the dealer distributes the shares, containing one
or more quadruples Q;; = (zi;, ¥i5; kij, lij) € S, privately to each participant. When
participants of every authorised set A; including primary share pool their shares, they
can reconstruct the Room square. If all the participants holding secondary shares

collaborate, they can’t find the secret. We illustrate this with an example.

Example 4.13 Consider three critical sets and the access structure given in example
4.11. In the access structure ' = {P, U P, P, U Py U Py, P, U P; U Ps}, the participant
Py has the primary share which is the necessary part of each authorised set. Each
department is assigned a different critical set Q;,1 < ¢ < 3, with the same participant
P, receiving a share which is common to each Q;. In this case, the registrar will be
given the quadruples which are in P;. All three departments will reconstruct the same
secret, but each has a different set of keys to this secret. However if all participants at
the secondary (P, ..., Ps) level pool their shares, the secret cannot be reconstructed

uniquely.
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4.3.4 Security of the schemes
The schemes proposed in this and previous sections have the following characteristics:

e Since the authorised groups are based on critical sets in Room squares, the ab-

sence of one share implies that secret cannot be recovered uniquely.

e In information theoretic sense, the schemes are obviously not perfect as an out-
sider can guess the secret from the set of all possible Room squares of order r.
But the number of inequivalent Room squares of higher orders grows exponen-
tially. So the probability of guessing a secret, consisting of a Room square of order
greater than or equal to 11, is very small. Hence the schemes are computationally

secure as proved by Colbourn, Colbourn and Stinson in [35].

e The structure of Room square is such that if the contents of one cell are changed,
it will affect the whole array because Room square has strict conditions for its
completion. If a participant tries to give a fake share, he will be caught immedi-
ately with very high probability. examples of fake shares are given in Appendix
A, none of the fake shares could complete the square except one which was also
different from the original square. So the schemes are secure against cheating as

well.

4.4 A Perfect Scheme

In the previous sections, we proposed secret sharing schemes based on critical sets of
Room squares when empty positions are known and unknown. These schemes are not
perfect. In this section, we propose a perfect secret sharing scheme arising from critical
sets of Room squares when empty positions are unknown. Though we propose secret
sharing scheme based on Room squares, however, the method can easily be generalised
to latin squares as well.

A secret sharing scheme is perfect if an unauthorised subset of participants B C P
pool their shares, then they can determine nothing more than any outsider about the
value of the secret S.

An authorised set A is minimalif A’ C A and A’ € T implies that A" = A. We only
consider monotone access structures in which A € I' and A C A’ implies A" € I'. For
such access structures, the collection of minimal authorised sets uniquely determines
the access structure. In this section we use I' to denote the representation of access

structure in terms of minimal authorised sets.
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Example 4.10 illustrates a Room square of order 7 and one of its critical sets of
size 10. The critical set in the example consists of following quadruples: {(2,7;4,6),
(3,4;1,2), (4,2;3,7), (5,2;1,4), (5,3;2,7), (6,4;3,5), (6,6;0,6), (7,5;3,4), (7,6;2,5), (7,7;0,7) }.

In the previous schemes, the shares of participants are the quadruples of a critical
set taken from the Room square. When a group of participants, whose shares constitute
a critical set, pool their shares together, they can reconstruct the Room square which
is the key. But, every unauthorised set does not constitute the critical set, and thus,
cannot reconstruct the secret. For example, in order to distribute the shares (the
quadruples of the critical set given in Example 4.10) among an authorised set A; =
{P,, P,,, P;;}, the dealer may assign three quadruples (2,7;4,6), (3,4;1,2) and (4,2;3,7)
to P, three quadruples (5,2;1,4), (5,3;2,7) and (6,4;3,5) to P, and remaining four
quadruples (6,6;0,6), (7,5;3,4), (7,6;2,5) and (7,7;0,7) to P,, (or any other possible
combinations to distribute ten shares among three participants). A similar scheme was
also proposed by Cooper et al [39] arising from latin squares. The shortcomings of the

previous constructions are:

i). The schemes are not perfect. Since each share is a component of a critical set,
it determines the exact information of a component from the Room square and
therefore, the uncertainty of a participant about the secret is not equal to the

uncertainty of an outsider.

ii). The scheme does not work if the number of participants in an authorised set is
greater than the order of the critical set (since each participant must be assigned

at least one quadruple).

Now we propose a perfect secret sharing scheme that is applicable over arbitrary
access structures (no matter what is the size of its authorised sets). Though we propose
secret sharing scheme based on Room squares, however, it can easily be generalised

over latin squares as well.

4.4.1 The Scheme

Let P = {P,,..., P} be the set of all participants in the system and let I' = {A,, ..., A}
be an access structure with t authorised sets over P. Let the critical set @ = {Q1, ..., Qc}

of a Room square R of order r be the secret!. For every authorised set A;, 1 <j <,

'In fact, the secret is the Room square R. However, from information point of view, the information
contents of a Room square is the same as the information contents of its critical set.
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of size nj, the dealer uses the Karnin-Greene-Hellman [77] algorithm to distribute the

shares to the participants.

Set-up Phase:

i). For every participant Pj,, 1 < u < n; — 1, the dealer, D, selects (independently
at random) ¢ quadruples (xjv,ij; kjv,éjv), 1 < v < ¢, from all possible values

over (ZT+1’ZT+1a Z'r+1 ,Z'H—l)-

ii). The dealer computes the share for the last participant P ;, corresponding to each
Qi = (i, v ki, £:), 1 < 1 < ¢, using

n;i—1
(Ijni’ Yinir kjnﬂgjni) = (mi’ Yis ki gi) - ( Z (:Ej'ua Yjv; kj’ua gjv)) (4-4-1)

v=1

where computation is done over Z, ;.
iii). D distributes, in private, the shares to the corresponding participants.

Clearly, if participants of an authorised set pool their shares (by adding their corre-
sponding shares over Z, ;) they can construct the critical set. Thus, the reconstruction

phase could be as follows.

Secret Reconstruction Phase:

i). Participants of every authorised set .A; can pool their shares, that is, summation

of all shares over Z,,, gives a critical set which is the secret.

Example 4.14 Take a Room square of order 7 given in Example 4.10. Let the critical
set @ = {(2,7;4,6), (3,4;1,2), (4,2;3,7), (5,2;1,4), (5,3;2,7), (6,4;3,5), (6,6;0,6), (7,5;3,4),
(7,6;2,5), (7,7;0,7)} be the secret, S.

Suppose there are three participants Pi;, Po and Pj3 in the authorised set A;. Let
the participants P,; and Py, be given the shares s; and s;5 (selected randomly) such
that:

s = {(4,5;2,3), (3,4;5,5), (1,6;0,3), (2,3;1,5), (7,1;4,7), (4,4;0,7), (2,4;1,2),
(6,7;2,6), (0,0;3,5), (6,1;4,7) },
s12 = {(3,3;2,3), (4,7;1,0), (1,4;2,5), (5,7;6,7), (5,7;2,4), (3,7;3,4), (2,6;5,6),
(7,3;4,6), (7,5;0,4), (4,4;0,1) },
The share 5,3 associated with participant P, can be computed as follows (using equa-

tion (4.4.1) for every quadruple respectively),
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s;3 =S5 —(s11+ $12)
= {(3,7;0,0), (4,1;3,5), (2,0;1,7), (6,0;2,0), (1,3;4,4), (7,1;0,2), (2,4;0,6),
(2,3;5,0), (0,1;7,4), (5,2;4,7) }.
In secret reconstruction phase, when these three participants collaborate, (i.e., add

their shares modulo 8) they can compute the critical set Q, which is the secret.

4.4.2 Security of the scheme

It is now proved that the proposed secret sharing scheme is perfect. That is, the
uncertainty of a set of unauthorised collaborating participants (about the secret) is
equal to the uncertainty of an outsider who knows nothing about the secret.

Let P={P,...,P,} and let I' = {4;,..., A;} be an access structure over P. Let
the critical set Q@ = {Q1, ..., Q.} of a Room square R of order r be the secret. Further,
let a secret sharing scheme as mentioned earlier realises this access structure.

Observe that the n; participants of every authorised set .A; can recover the secret
using equation (4.4.1). Now we have to show that any set B C A; containing n; — 1
participants cannot recover the secret. Clearly, the first n; — 1 participants cannot do
so, since they receive independent random tuples as their shares. Consider the n; — 1
participants in the set B possess the shares s;,,...,85,_15Sj.1r--+» S and the missing

participant’s share is s;; such that,

"
sj;=S-Y_sj, (modr+1).
ui
By summing their shares, they can compute S — s;,. However, they do not know the

random tuples of the share s;, and hence they have no information as to the real value

of S. That is, the scheme is perfect.

4.5 Cheating prevention in secret sharing

In the previous sections, secret sharing schemes were proposed based on critical sets of
Room squares. In the schemes, the shares of participants are the quadruples and /or
triples of a critical set taken from the Room squares. When a group of participants,
whose shares constitute a critical set, pool their shares together, they can reconstruct
the Room square which is the key. But, every unauthorised set does not constitute
the critical set, and thus, they cannot reconstruct the secret but may be able to obtain

partial information depending on the size of the critical set. In a critical set, some shares
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may be more powerful than others but none of them will be able to reconstruct the
secret by collaborating with (n-2) participants. A similar scheme was also proposed by
Cooper et al [39] arising from latin squares. These schemes do not take care of cheating
detection and prevention. Shamir’s scheme [98] was also protected from tampering by
Wool and Tompa [109] but with certain assumptions. There are some other schemes
on cheating detection but with certain restrictions. In this section, we model a secret
sharing scheme in which cheating can not only be detected but also prevented without

restrictions.

4.5.1 The Scheme

Let @ = @Q1,Q2,...,Q., is a critical set of a Room square R of order r where c is
the size of the critical set. Let P = {P,,...,P.} be the set of all participants in
the scheme. The positions (z;,y;), 1 < ¢ < ¢, of the entries (k;,{;) of @; are made
public and assigned to each participant P;. The shares (k;,[;) are distributed to each
participant P; on a secure channel. The secret is the entry (kg,lo) which is found at
public position (zg,y0). (o, yo; ko, lg) will be such quadruple which can only be found
by the collaboration of all the participants in the scheme.

Clearly, if all the participants of the authorised set pool their corresponding shares
they can construct the Room square and hence the secret (kg, lo). The scheme is perfect
as well as there is a very high probability of cheating prevention.

When any one of the participants tries to give a fake share, there are automatic

ways which prevent him from doing so:

i). A fake share may be one of the entries of a critical set, i.e., share of another

participant.

ii). An element of a fake share may already be present in the same row or column as

part of a critical set.

iii). Since each entry of a Room square has a unique position, a fake share might
violate conditions of its completion. If the participant changes the contents of
his share, the entry, the changed contents will have a different position in the
square. If he changes the position of the entry, that position will have different

contents in it.

Example 4.15 Take a Room square of order 7 given in Example 4.10. Let @ =
{(2’7’4’6)’ (3’4)172)7 (472)3)7)> (5)2)]—74)) (5a3)2)7)> (674a3)5)7 (67670>6)> (7)5)3>4)7 (776)2’5)7
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(7,7;0,7)} is one of the critical sets consisting of ten quadruples. First two digits (posi-
tion) of each quadruple are public whereas last two digits (the pair) is the share. The
positions {(2,7), (3,4), (4,2), (5,2), (5,3), (6,4), (6,6), (7,5), (7,6), (7,7)} are publicly
known. The contents of respective portions {(4,6), (1,2), (3,7), (1,4), (2,7), (3,5), (0,6),
(3,4), (2,5), (0,7)} are the shares privately given to each participant. There are ten
participants Py, Py ... Pyo in the authorised set. Participant P, is given the share (4,6),
P, is given the share (1,2) and so on.

In secret reconstruction phase, when these ten participants collaborate, (i.e., put
their shares in the critical set) they can compute the Room square R, and hence the

pair which is the secret.

4.6 Conclusion

In this chapter, secret sharing schemes based on critical sets of Room squares have been
proposed. The schemes proposed in Section 4.3 are securer than those in Section 4.2
because critical sets with all empty cells known are much weaker than those without
empty cells known. Empty cells leak a lot of information regarding the reconstruction
of the Room square. It has also been shown by examples in Section 2.2 that some of
the empty cells may even be redundant. The schemes proposed in Sections 4.2 and
4.3 are computationally secure as number of Room squares grows exponentially for
higher order Room squares. Room squares are constructed under strict conditions and
every entry in it has a particular location. So these schemes protect against cheating
since a fake share will lead a participant to no completion at all or rarely more than
one completions. A disadvantage of hierarchical scheme is that the more privileged
members would be responsible for larger amounts of private information, and in the
case of several levels perhaps responsible for too much information for them to feasibally
handle securely but this is the requirement of these schemes.

Since there is little known about critical sets of Room squares, the implementation

of these schemes is limited at the moment. However, the directions for future research

are:

e Construction of families of critical sets for Room squares when all empty cells

are unknown.
e Construction of families of minimal and maximal critical sets for Room squares.

e Quantify the security of the schemes more effectively, i.e., which critical sets are
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more secure than others.

o A general process that will start with an access structure and result in a Room
square.

e Most of the schemes rely on computational results; theoretical bounds need to
be established for critical sets of Room squares.



Part 11

Back-Circulant Latin Squares
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Chapter 5

Uniquely Completable and Critical Sets

Sections 5.2 and 5.3 are based on the paper by Chaudhry, Seberry and Peddada [30].
The algorithm, some general constructions and most of the numerical results have been
contributed by the first author. Sections 5.4 and 5.5 have been mainly done by Seberry
but most of the numerical results are contributed by the author of this thesis. Overall

about 45 percent of the work in this chapter has been done by the author of this thesis.

5.1 Introduction

Critical sets in latin squares have been studied by Nelder [87], Curran and van Rees
40], Smetaniuk [101], Stinson and van Rees [103], Cooper, Donovon and Seberry [37]
and Gower [60]. Minimum defining sets of combinatorial designs, see for example [106],
have been studied by Street, Sarvate, Kunkle, Seberry, Greenhill, Moran and Gower.
This research has been motivated by studies of secret sharing schemes by Cooper,
Donovan and Seberry [38], particularly they lend themselves easily to hierarchical and
compartmentalised secret sharing, key distribution schemes by Merkle [84] and some
problems in the design of experiments.

To find the precise minimum information needed to reconstruct a latin square, we
need to have the minimum possible structure imposed on the latin square. However,
for comparative purposes, it is valuable to compare the size of the least critical set

under a number of scenarios.

A latin square L of order n is an n x n array with elements chosen from a set N, of

size n, that is 1,2, ...,n, subject to the following condition :

e each of the elements 1,2, ..., n occurs precisely once in each row of L and precisely

once in each column of L,

62
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A partial latin square L of order n is an n x n array with elements chosen from a

set N, of size n, that is 1,2, ...,n, subject to the following condition :

e cach of the elements 1,2,...,n occurs at most once in each row of L and at most

once in each column of L,

A uniquely completable set is a partial latin square which completes uniquely to a
latin square but may be able to have some elements removed to form a critical set. If
a latin square L contains a s X s subarray S and if .S is a latin square of order s, then
we say that .S is a latin subsquare of L.

A critical setin a latin square L of order n, isaset A = {(4,5; k)|i,J, k € {1,2,...,n}}
such that :

(i) L is the only latin square of order n which has elements & in position (i,75) for
each (4,7, k) € A.

(i1) no proper subset of A satisfies (i).

A manimal critical set in a latin square L of order n is a critical set of minimum
cardinality.

In this chapter, we consider some even order latin squares of the form

A B
B C

where A and B are back-circulant matrices and C has one of the three given types.

We obtain new general constructions for two types of order n, n is odd, which have

13n2+48n+3 13n2-5
Ee— and ==

the subtypes, the flip back-circulant is equivalent to the general back-circulant matrix

uniquely completable sets of size respectively. We show that one of
and another equivalence result. We also give new general constructions on uniquely

completable sets in latin squares of orders 2¢ and mn.

5.2 Critical sets of small standard form latin squares

The size of the critical set for the following latin square of size 6 is 9 out of a possible 36

entries. We use the small squares on the upper and lower right-hand side of latin square

to denote the size of critical set, (9), and total number of entries, (36), respectively.
In the following three arrays are a C'S, the BC(3,2) and BC(6) respectively.
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1 3 5 9 12 3/4/5|6 1 3 5|2|4|6
21/ 4|3|6 5 31512461
3 5 3114|5621 5124|613
2 436|512 2/14(6|1|3 5
5 5612143 416|135 2
2| [4]36 651234 6|1/3/5]/2 4
We define as BC(n) or flipBC(n) as the latin square of order n which has sub-
X

squares of the form Y above the back-diagonal and Y 1* below the back-

y | X X1y

diagonal.

We note that when the back-circulant latin square BC(n) is written using 2 x 2

subsquares, the 2 x 2 subsquares “flipover” when they re-occur at the right hand-side

of the square. Observe 2 x 2 squares 1]2 2|1
211 112
1 2 3 4 7 -+ | n-3 | n-2 | n-1 n
2 1 4 b n-5 | n-2 | n-8 n n-1
3 4 5 6 n-3 | n-2 | n-1 n 2
4 by 6 5 n-5 | n-2 | n-8 n n-1 1 2
5 6 7 n-3 | n-2 | n-1 n 2 1 4
n-3 | n-2 | n-1| n 2 1 4 3 6 ' n-6 | n-d
n-2 | n8 | n n-1 1 2 4 n-6 | n-56 | n-4
n-l| n 2 ) 4 3 n-4 | n-§  n2 ' n8
n | n-1 2 by 4 x n-6 | n-5 | n-4 | n-3 | n-2

flipBC(m,2) where m = %

Curran and van Rees [40] and Smetaniuk [101] show that there is a uniquely com-
pletable set of the back-circulant latin square of order n of size ”72 Cooper, Dovonon
and Seberry [37] proved that it is a critical set. Using the following lemma, we establish

that the critical set of the flipBC(m,2) is also m? = ”72

Lemma 5.1 Using the equivalence operations, interchange rows and columns. The

BC(2m) is equivalent to the flipBC(m,2).

Proof.  Consider the BC(2m) given in Appendix B. Take the first, m + 1°, then

second, m + 274, ... mt 2mt rows. Now reorder the columns taking the first,
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m + 1%, second,m + 2nd, ..., m*, 2m* columns. It is now easy to check that the
z z+1

matrix is composed of subsquares
z+1 z

] above the diagonal and subsquares

y+1 Y

} below the diagonal, i.e., flipBC(m,2). 0
y y+1

Theorem 5.2 The flipBC(m,2) has a critical set of size ’Z—z—. It is :

1 3 5 7 9 | -~ | n3 n-1 in?
3 5 7 9 -+ | n-3 n-1
| 2
|5 7 9 [ n3 n-1
2 4
7 9 n-3 n-1
n-3 n-1
2 4 6 <+- | n-6 n-4
n-1
2 4 6 | -+ | n6 n-4 n-2 | n?
Proof. This critical set is equivalent to that given in [40] by Lemma 5.1. O

5.3 Three constructions using subsquares

There are at least three essentially different constructions for an even order latin square
from circulant subsquares: we use A or B for the circulant matrix, AR or BR for the
back-circulant matrix and SA for the back-circulant matrix which has the first row
of A reversed. Then the inequivalent reduced squares BC(2,n), BCFC(2,n) and
MBC(2,n) have one of the two following forms:

AR BR
BR SA

AR BR
BR AR

AR BR
BR A

So for order 6 we have BC(2,3), BCF(C(2,3) and MBC(2,3)
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1]2(3]4|5]6 1]2|3]4 /5 6 112/3[4[5]6
ol3l1]5 64 2|3[15[6]4 21311 5|6 4
sl1l2l6]4 5 3l1]2]6]4a]s sl1l2ll6l4]5
alsl6|1/2)3 415 6[1]2]3 4056321
5164231 506143 1]2 5 614 213
645312 6lals5|2]3]1 6lalsl1]3]2

It is easy to see these constructions are different. We call these the construction using
two back-circulants BC(2,n), construction using back-circulants and forward circu-
lants, BCFC(2,n), and construction using a modified-two back-circulant, M BC(2,n)
respectively.

We write ¢sBC(2,n), csBCFC(2,n) and ¢sMBC(2,n) for critical sets of each of

these types. Further examples of smaller csBC(2,n), csBCFC(2,n) and csM BC(2,n)
are given in Appendix B.

We use a theorem of Cooper, Donovon and Gower [39] and denote it by CDG.

Theorem 5.3 (CDG [39]) There is a critical set of size 122=2 = 1(13m? + 13m +2)
in the BC(2,n) = BC(2,2m + 1).

Remark 5.3.1 Cooper et al.’s small set has a large triangle with 3m + 1 entries in its
base and four triangles with m entries in their bases, giving a total of
1

1 1
2(3m+ 1)(3m +2) +4 x 5m(m+ 1) = 5(13m2 +13m + 2)

entries.

5.3.1 Two Back-Circulant [BC(2,n)]

The square BC(s, t) is an s x s back-circulant array containing back-circulant matrices

of size t:
AR BR
BC(2,n) =
BR AR
[ A Ay, Ay o Ay ]
Ay Ay - A, Ay
A o A, A A
BC(n,2) = .3 1 :
An—l An Al An~2
L An Al o An—2 An—l ]
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Theorem 5.4 Using the equivalence operations of interchange of rows and of columns,
the BC(n,2) is equivalent to the BC(2,n).

Proof. Consider the BC(n,2) given above and reorder the rows by taking the first,
third, fifth, ..., (n — 1), second, fourth, ..., n**. Now reorder the columns also taking
the first, third, fifth, ..., (n — 1)**) second, fourth, ... nt".

The (1,1) element of each 2 x 2 subsquare A;; will now appear in the top left
hand n x n subsquare of the new matrix. As the A;; were placed in a back-circulant
arrangement this structure will be preserved in the n x n subsquare. Similarly the
(1,2) element of each 2 x 2 subsquare A;; will now appear in the top right hand n x n
subsquare of the new matrix. The (2,1) and (2,2) elements will give the bottom left and
bottom right hand n x n subsquares and have their back-circulant structure preserved.

The following example illustrates that the CDG Theorem does not give the smallest
critical set as their theorem gives the size of csBC(2,5) as 40 whereas we exhibit an

example with size 32.

3|4 9 32
1 |
6 9
3 8 10 1
1
8 10 4 3
7 1 4
9 4 6
6 100
csBC(5,2)

5.3.2 Back-Circulant - Forward-Circulant [BCFC(2,n)]

In general this may be written as :

AR BR

BCFC(2,n) =
BR A

Theorem 5.5 There is a uniquely completable set of size 13”27;%*3 = 2(13m* +17m+

6) in the BCFC(2,n) = BCFC(2,2m + 1) of the form given in Appendiz B.
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Proof. Let L be the back-circulant - forward-circulant (BCFC) latin square of order

9n where n = 2m + 1. There are four subarrays in L each of order n. Let P be the

partial latin square of L as given in Appendix B.4. We will show that at each step of

the completion there exists a cell (4, ) and an element k such that k is the only entry

which can be placed in this position. The following steps are used to show that P is

uniquely completable to L.

L.

The last 2m+1 columns can be filled uniquely in the first m + 1 rows starting
from top right-hand corner element. The last m columns are filled in top-right

subarray.

. The last 2m+1 rows can be filled uniquely in the first m + 1 columns starting

from bottom left-hand corner element. The last m rows are filled in bottom-left

subarray.

The last m columns and last m rows can now be filled uniquely.

. The (2m + 2)th row can be filled uniquely.

Now the bottom-left subarray can be filled uniquely except its upper right-hand
part, also the bottom-right subarray can be filled uniquely except its upper left-
hand part.

Finally we start completing the remaining (m + 2)th, (m + 3)th, ..., (2m + j)th

rows/columns systematically.

At each step in the above argument there was an empty cell (4,7) which must

contaln a unique element k. Hence it follows that P has unique completion to L. O
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A Critical Set for the MBC(2,7)

1213 4|56 |7 ,8]9]10 87
213145 71119 10
31415 6 7 1]2]10
4 |56 | 7|1 2|3
5167|1123 11
6 71123 11 ] 12
711123 111213
g | 9110 | 4 5|6 |7
9 |10 4 6
10 4 5
o 4
1114 5
11112 3 | 4
111121132 | 3 | 4 | 95 196

5.3.3 Modified-two Back-Circulant [MBC(2,n)]

The modified-two back-circulant latin square has the first row of the right hand bottom

subsquare reversed:

A B CD E F

B C A E F D

MBC(2,n) = AR BR _ C A B F D E
BR SA D E F C B A

E F D B A C

F D E A C B

Theorem 5.6 There is a uniquely completable set of size 1—3182‘—5 = %(13m2 +13m+2)
forn <9 and “”LQM forn > 9 in the MBC(2,n) = MBC(2,2m + 1) case of the

form given in Appendiz B.

Proof. Let L be the modified-two back-circulant latin square of order 2n where
n = 2m + 1. There are four subarrays in L each of order n. Let P be the partial
latin square of L as given in Appendix B.4. We will show that at each step of the
completion there exists a cell (z,7) and an element k£ such that k£ is the only entry
which can be placed in this position. The following steps are used to show that P is

uniquely completable to L.
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. The last 2m + 1 columns can be filled uniquely in the first m + 1 rows starting

from the top right-hand corner element. The last m columns are filled in the

top-right subarray.

. The last 2m + 1 rows can be filled uniquely in the first m + 1 columns starting

from the bottom left-hand corner element. The last m rows are filled in the

bottom-left subarray.

. The last m columns and last m rows can be filled uniquely.

. The (2m + 2)th column and row can be filled uniquely.

. The bottom-left subarray can be completed except for its upper right-hand part.
. The top-right subarray can be completed except for its lower left-hand part.

. The top-left subarray can be completed except for its lower right-hand part.

. The bottom-right subarray can be completed except for its upper left-hand part.

. Finally we start completing the remaining rows and columns systematically.

At each step in the above argument there was an empty cell (¢,7) which must

contain a unique element k. Hence it follows that P has unique completion to L. O

Remark 5.3.2 The uniquely completable set for M BC(2,n) ensures that AR contains

1 ..

., n elements, BR contains n+ 1, ..., 2n elements and SA contains 1, ..., n.

A Critical Set of MBC(2,5)

1]2]3]4a]5]6]7 40 |
2l3lals|1]7
34]5]1]2
415 1]2
5012 89
6|7 54
7 4
8 3
8|9 312/ 100
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5.3.4 Algorithm

We now describe an algorithm to compute random critical sets which are of smaller

size than those given by the theorems but which contain no pattern.

Step 1

Step 2

Suppose L? is the original latin square of order n. Take a latin square L* cor-
responding to L°. To find its critical set, take an empty latin square L¢ cor-
responding to L*. Select an element from L*, delete it for the time being and
try to complete L* uniquely using rules for a latin square. There are three ways
that an element can be forced: one can look at the row and column to find that
which particular element has to go into the intersection of the row and column;
one can look at a row and a particular element to see which column the element
must go in that row, i.e., there are a total number of n — 1 distinct columns in
that row that are either filled or that column alréady contains that particular
element; one uses a column and an element to find out that there is only one
row in that column that could contain that element. If L* is completed uniquely
without that element, then delete that element from L¢ permanently otherwise
place it back into L* and move it to L¢ as well. Repeat this process of temporary
deletion until none of the remaining elements in L* can be deleted. Hence L¢ is
the critical set of that square, since at this stage it equals L* and if we delete any
further element from L€, then the partial latin square can no longer be completed

uniquely.

Since the number of inequivalent latin squares grows exponentially for higher or-
ders of latin squares, an exhaustive search to find minimal critical sets is a hard
problem. Here we use hill-climbing approach to compute approximate bounds
for minimal critical sets. In our search, we have bounded the search by limiting
the number of search attempts multiplied by the order of latin square. We now

have a critical set L¢ of size c.

The program is executed for the original latin square L?, by choosing a random
starting cell to compute a random critical set. The size of the critical set found
at each execution is noted. If it is smaller than the previously found smallest
critical set, then the smallest set is updated. This way, we have discovered that
we can decrease the size of critical set substantially, though we do not claim that

this is the minimal one. This random selection of a starting element is repeated
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on the order of 10® times for each instance of L9,

The algorithm for finding critical sets has been implemented in C++/Unix and
programs were executed on SunSPARC workstations. We have computed approximate
bounds for minimal critical sets for small order latin squares which are better than

those previously known, but with the patterned form, are given in the following table:

n | Total || BC(2n)| BCFC(2,n) MBC(2,n)
Elements |
odd A2 13n2—5 13n2+8n+3 13n2-5 |
8 8 8
even 4n? n? 13n2+6n 13n%-2n—16
1 8 8
3 36 11(14) | 11(18) 11(14)
4 64 22(28) 21(29) 21(23)
5 100 31(40) 36(46) 37(40)
6 144 57(63) 58(63) (55)
7 196 76(79) 76(87) (79)
8 256 (112) 99(110) (100)
9 324 (131) 129(141) (132)
10 400 (175) 170(170) (158)

For odd n > 9, the UC set for MBC is 1n==120430,

In this table, the number given in brackets is the upper bound on the size of uniquely
completable or critical sets proved by the relevant theorem; the other number has been
computed, using the above algorithm. For example 11(14) means that the theorem

gave a construction of size 14 but there is a critical set of size 11 given in Appendix B.
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5.4 Critical sets of latin squares of order 2!

In this section, we consider critical sets in the latin squares of order 2¢ which has
the maximum number of subsquares i.e. if the rows/columns are labelled by the ele-
ments 1, T, -+, Toe of GF(2Y) then the contents of cell (z;, z9) is 2, + z4. If the
Ty, Tg, ---, Toe are in natural lexigraphical order we say the square is reduced. We
call this type B(2,2,---,2).

We describe how the critical set of order 4 can be used to build a critical set for a
latin square of order 8 which can be generalised to build a uniquely completable set

for a latin square of order 2!, for ¢ > 3. Critical sets of latin square of order 4 are:

112 3

3

Lemma 5.7 There are 78 different critical sets of the latin square Ly=B(2,2) of the

order 4, but only one if permutations of rows, columns and elements are considered.

Proof. 78 different critical sets were found by undertaking a complete computer
search of the (156) subsets of the B(2,2). We now show that the critical set, described

as follows, is unique up to permutations of rows, columns and elements :

(i) there are 3 different elements, called say a,b,c which are in positions (3, 5), (¢, k)

and ([, k). We will call the element in the (7, k) element b, the pivotal element.

(ii) there are exactly two other elements in the critical set, another use of the element
b and a new element d, a # b # ¢ # d. Now b and d must occur in either the

squares (7, m) and (m,![) or (4,1) and (m,m) positions.

As columns m and [ and rows j and m have not been labelled yet we can assume

without loss of generality that the critical set is given by the diagram :

jik|m|l
1 |al|b
1 C
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Consideration of row ¢ and column [ allows the (i,]) = ¢, (i,m) = d to be decided.
Consideration of row m and column k gives (m,k) = a and (m, ;) = d. We now see
(j,7) = ¢ (3,1) = a, (m,m) =c¢, (I,m) =b, (I,j) =d, (,I) = a and (m,j) = b. The
structure of the B(2,2) is now regained by choosing columns 7, k, m,! to be column

1,2,4,3 respectively and rows ¢,[, j,m to be 1,4, 3, 2 respectively. O

Construction of the latin square Lg and its uniquely completable sets

The Lg = B(2,2,2) is :

1121345 (6|7]8
21114 |13|6|5|8|7
3141112 |7|8]5]|6
413|121 (8|7]6|5
516|718 |1]2(3|4
6158712143
7185|613 [4]1|2
81716514321
B(2,2,2)
Two uniquely completable sets for Lg are :
12|34 7 31 1(2(3|/4|5|6 31
211|4|3]|6 21|43 7
31412 8 3 4|12 8
4 13|21 4 13|21
7 3 7
6 2 6 2
8 6 4 2 8 6 4 2
1|64 5 1|64

Note these partial latin squares illustrate that the uniquely completable sets of the
latin square L, = B(2,2) of order 4 are used to construct the latin square Lg of order
8. The latin square Lg of order 8 is basically a construction involving four latin squares
of order 4.

General construction of a latin square L, = BC(2,...,2) using critical sets
of the latin square L,-1 = BC(2,...,2) Consider
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A A

(1) 4 A,

Where A is a complete latin square on the elements 1,2,...,n and A;, A, are
critical sets on the elements n + 1,...,2n and Aj is a critical set on the elements

1,2,...,n. Then (ii) gives a uniquely completable set in order 2n

(1)

and (iii) gives a uniquely completable set in order 4n
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| | Ly, e
L2n
o o
(i)
| L. ct L, o
6 okt . Cé C9

Theorem 5.8 If A is a complete latin square on elements 1,2,...,n and Aj, Ay are
critical sets on n+1,...,2n and As is a critical set on 1,2,...,n then (ii) is a partial

latin square L, which is uniquely completable to a latin square.

Proof. It is noted that having a complete latin square on elements 1,2, ...,7 means
the n x n righthand top and lefthand bottom squares must be filled by the elements
n+1l,n+2, ..,2n—1,2n only. As we have a critical set in these positions they can be
uniquely completed to the subsquares on the required elements. The righthand bottom
squares must be now filled with the elements 1,2, ...,n and so, as it contains a critical

set, can be uniquely completed. =

Theorem 5.9 Let |A| denote the number of elements in A. Now let

A A
Ay As

B =
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be o partial latin square of order 2n where N(n) is the size of the smallest critical set
for all B(2,2,...,2) of order n. Then,

if |A1] = |As| = |As| = N(n) then N(2n) < n*+3N(n) and N(4n) < Tn? +9N(n).

5.5 Critical sets of latin squares of order (mn)

In this section, latin squares of order mn are considered. We describe how a uniquely
completable set of order 4 can be used to build a uniquely completable set for latin
square of order 12, which can be generalised to build a uniquely completable set for a
latin square of order 8¢ — 4, for ¢ > 1. There are many inequivalent critical sets for the

same latin squares. For example, both the following critical sets give the same B(2, 2).

112134 12 3
211]4]3 4 2
31412 2 4 2
/13|21 3

Construction of a latin square L;; and its uniquely completable set

1 2 3 4 5 6 | 7 | 8 | 9 [10] 11 ] 12
2 1 4 3 6 | 5 8 | 7 w0 | 9 |12]n
3 4 1 2 7 | 8 | 5 6 | 11 | 12 | 9 | 10
4 3 2 1 8 7 | 6 | 5 |12 | 11 | 10 | 9
5 | 6 | 7 | 8 | 9 | 10 | 11 | 12 | 1 2 3 | 4
6 | 5 8 | 7 | 10| 9 | 12 | 11 | 2 1 4 3
7 | 8 5 | 6 | 11 |12 ]| 9 | 10] 3 | 4 1 2
8 | 7 | s 5 | 12 | 11 | 10 | 9 4 3 2 1
9 | 10 | 11 | 12 | 1 2 3 | 4 5 | 6 7 | 8
10 9 | 12 | 11 | 2 1 4 3 |6 |5 | 8 |7
11 | 12| 9 | 10] 3 | 4 1 2 7 | 8 5 | 6
12 |11 [10] 9 4 3 2 1 s | 7 | s 5
B(2,2,m)=BC(2,2,3)
1| 2 3 a [5] 8 7 8 | 9] 10 78
2 | 1 4 3 |6 ] & 8 7 12
3 | a 1 2 | 7] 8 5 6 10
4| 3 2 1|8 | 7 6 5 11
5 | 6 7 8 | 9 | 10 1| 2
6 | & 8 7 12 a
7| 8 5 6 10 2
8 | 7 6 5 11 3
9 | 10 1| 2 5 | 6
12 4 8
10 2 6
11 3 7 144 |

Construction of a latin square Ly and its uniquely completable set
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1 2 3 4 5 6 7 9 10 11 12 13 14 15 16 17 18 19 20
2 1 4 3 6 5 8 10 9 12 11 14 13 16 15 18 17 20 19
3 4 1 2 7 8 5 11 12 9 10 15 16 13 14 19 20 17 18
4 3 2 1 8 7 6 12 11 10 9 16 15 14 13 20 19 18 17
5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 1 2 3 4
6 5 8 7 10 9 12 11 14 13 16 15 18 17 20 19 2 1 4 3
7 8 5 6 11 12 9 10 15 16 13 14 19 20 17 18 3 4 1 2
8 7 6 5 12 11 10 16 15 14 13 20 19 18 17 4 3 2 1
kel 10 11 12 13 14 15 16 17 18 19 20 1 2 3 4 5 6 7 8
10 9 12 11 14 13 16 15 18 17 20 19 2 1 4 3 6 5 8 7
11 12 9 10 15 16 13 14 19 20 17 18 3 4 1 2 7 R 5 6
12 11 10 9 16 15 14 13 20 19 18 17 4 3 2 1 8 7 6 5
13 14 15 16 17 18 19 20 1 2 3 4 5 6 7 8 9 10 11 12
14 13 16 15 18 17 20 19 2 1 4 3 6 5 8 7 10 9 12 11
15 16 13 14 19 20 17 18 3 4 1 2 7 8 5 6 11 12 9 10
16 15 14 13 20 19 18 17 4 3 2 1 8 7 6 5 12 11 10 9
17 18 19 20 1 2 3 5 6 7 8 9 10 11 12 13 14 15 16
18 17 20 19 2 1 4 6 5 R 7 10 9 12 11 14 13 16 15
19 20 17 18 3 4 1 7 8 5 6 11 12 9 10 15 16 13 14
20 19 18 i 7 4 3 2 8 ' 6 5 12 11 10 9 16 15 14 13
B(2,2,m)=BC(2,2,5)
1 2 [ 3] 4 5 6 7 8 9 10 | 11 |12 [ 13 | 14 | 15 | 16 | 17 | 18 235 |
2 1 4 3 6 5 8 7 10 9 12 11 14 13 16 15 20
3 4 1 2 7 8 5 6 11 12 9 10 15 16 13 14 18
4 3 2 1 8 7 6 5 12 11 10 9 16 15 14 13 19
5 6 7 8 9 10 11 12 13 14 15 16 17 18 1 2
6 5 8 7 10 9 12 11 14 13 16 15 20 4
7 8 5 6 11 12 9 10 15 16 13 14 18 2
8 7 68 5 12 11 10 9 16 15 14 13 19 3
9 10 11 12 13 14 15 16 17 18 1 2 5 6
10 9 12 11 14 13 16 15 20 4 8
11 12 9 10 15 16 13 14 18 2 6
12 11 10 9 16 15 14 13 19 3 7
13 14 15 16 17 18 1 2 5 6 9 10
14 13 16 15 20 4 8 12
15 16 13 14 18 2 6 10
16 15 14 13 19 3 7 11
17 18 1 2 5 6 9 10 13 14
20 4 8 12 16
18 2 6 10 14
19 3 7 11 15 400 |
General Construction
Suppose the squares are of the form :
*
A A Y C,
Ay AgT R W Ch Cq
e AL Chn C, Cy

As”
An—l*
Ch

..

BC(m,n)

Cn—-2

Cn—2
Cn—l

where A;" is a m x m latin square with all its entries included and C; is a critical set

written on the elements.

Then the number of elements in BC(m,n) is
(-1n+1,6-1)n+2,..,inis

m* Y+ e i g
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where m? is the number of elements in full square and |c;| is the number of elements
in C;. Now

?z‘lli is the number of full squares and >_7—1J is the number of partial squares so the

total number of elements is

m2(n;1)(n) + ]ci|n(2n+1)‘

il

Theorem 5.10 There is a uniquely completable set of size mZ(ngl)@%—Eil%"H) for any

n and BC(m,n) where |cy,| is the size of the appropriate critical set for latin square of

size m.

Proof. In BC(m,n), it is observed that the elements in AY_,, i.e. (m —2)n +
1,(m=2)n+2,...,(m—1)n, all occur in every row and column except the last n rows
and columns where they occur as a critical set C,_;. Hence C,_; can be completed
uniquely to A%_,. We now observe that the elements in both C},_,s have only one way
to complete. Similarly we proceed through C,,_3 to C; and finally C,. Thus we have

uniquely completed the latin square. 0O

Example 5.1 Ifm =4 and L = B(2,2) so that |cs| = 5, we get

n(21n — 11)

1
%x(16)xn(n—1)+§x5n(n+1): 5



Chapter 6

Nest, Influence and Latin Collection

This chapter is based on the paper by Fitina, Seberry and Chaudhry [56]. Most of the
numerical results and initial general constructions have been contributed by the third
author. Overall about 20 percent of the work in this chapter is due to the author of

this thesis.

6.1 Introduction

In this chapter, the notions of nest and influence of a subset of a critical set of a
back-circulant latin square are defined and their properties are studied. It is also
shown that a secret sharing scheme based on a critical set of a latin square is both
compartmentalised, and hierarchical. A latin square L of order n is a n x n array with
entries chosen from a set N of size n, such that each element of N occurs precisely once
in each row and column. Thus L may be thought of as a set of triples (4,7; k). L is
said to be back-circulantif N = {0,1,...,n—1},and k =i+jmodnVi,j € N. Let
L be a back-circulant latin square of order n given by L = {(4, j;i+ j)} with addition
reduced modulo n. If A is any subset of L, we call the set of cells in A the shape of
A. A'is called a critical set of L, if (i) L is the only latin square of order n which has
element k in position (4, 7) for each (4, 7; k) € A, and (ii) no proper subset of A4 satisfies
(). A set A C L having property (i) is called uniquely completable and each element in
it is also said to be uniquely completable. Every subset A of L is said to be uniquely
filled or fillable. Let 25—3 < 1 < n—2. Donovan and Cooper [54] proved that the set

C:{(%])Z—I-j)zzo,,Tand]:()”r_z}
U

{(Z}j;i-‘-j)1i:r+2,...,n~1andj:r—l—l—z’,...n—l}

80
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with 22 <7 <n —2, is a critical set in L. Note that C is the union of two triangles,
which we call the upper triangle and the lower triangle. If B C C is a subset of the
critical set define the nest A (B) of B to be the union of C'\ B and the set that can
be uniquely filled when B is deleted from C. Define the influence-set of B, denoted
I(B), to be the shape of the set {L \ U{N(b) : b € B}. The number |Z(B)| is called
the influence of B, and denoted by 6(B). The set Z(C) is called the strong boz of L. A
set B C C is said to have perfect influence if BUN(B) = C. A collection K of partial
latin squares [ is called a latin collection if the entries in the cells of each row (and
column) of each I € K are the same as those in the corresponding row (and column) of
every other partial square in K, and if the intersection of all the partial latin squares,
regarded as sets of triples, is empty. A latin interchange pair is a latin collection of
size 2. (See also [54] for an equivalent definition.) Elements of a latin interchange pair
are called latin interchanges, and each is called the disjoint mate of the other. If A is
a set and z is any element, we will often write zA for the set {z} U A. Let z,y € C.
We write  ~ y (z leads to y) if there exist sets A, B C C with non-perfect influences,

such that the following conditions hold:

[Tl z¢ A,x ¢ B,y¢ A,y€ B

LT2 zA has perfect influence

LT3 AU B has perfect influence

LT4 AU B’ does not have perfect influence, for any proper subset B’ of B.
We say z is more influential than y, and write x — y if

MI1 There is a finite sequence of the form: £ ~ 21~ 23 ~ ... 2 ~ Y

and

MI2 There is no finite sequence of the above form from y to z.

Ifz,y € C, we define the relation z ~ y <= 0(z) = 0(y). Clearly ~ is an equivalence
relation. For any z € C, define [z] to be the equivalence class of z. Define the index

of C to be the total number of influence classes.

Following example is given to illustrate some of these definitions:

Example 6.1 Consider the critical set for the 9 x 9 back-circulant latin square:
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Let o = (0,0;0), 8= (8,8;7), 5

sets of these entries are as follows:

0111213
11213
213
3
4
415
5|6
4 6|7

(8,5;4), Beot = (7,8;6). The nests and influence-

1

2

3

2

3

3

1

112

213

=W I N

SOt =W N

N (DO | O =W+

Q =W N

Nest of

Influence-set of «

(@)1 L3 ENENE IGC R I )

DOV x| W[N]

| OV W N PO

%

%

%

%

Nest of §

Influence-set of 8
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0l1]/23] 67 8 c T ]

112(3] | 7 8]0 JEE

23 801 SEEE

3 ol1l2 ok | k| k| ok
11213 x|k |k | x| x| %

( 41516 [k |k | k| x| %

Nest of 54 Influence-set of 5,
011121345 N
112131415 ol Mol ol N
45 X | ok | ok | ok | ok | k| X%
5 4 X | ok | ok | ok | kT ok | ok

45 * | ok | ok | ok | ok | ok | ok
45 X | ok | ok | ok | ok | X% *
slof1]2]3]4 5 67 |

Nest of By Influence-set of By

It can be seen on inspection, that the sets {a, 8} and {8, 81, Beor} have perfect influence.
Let A= {8}, and B = {81, Bcoi}. Clearly, a ¢ A, a ¢ B, 1 ¢ Aand B, € B. A =
{a, B} has perfect influence. Similarly, AU B = {8, 81, Beoi} has perfect influence. On
the other hand, it can be easily verified that neither 1A = {8, 81}, nor Beat A = {8, Beot}
has perfect influence. Thus by definition, & ~ 8;. Note also that f; ~ . Similarly

o~ B, but it is not true that B., ~ «, therefore & — Be, or ¢ is more influential
tha’n ﬂcol-

Conjecture 6.1 For any z,y € C, z~ y = 0(z) < 0(y).

Conjecture 6.2 Let L be a back-circulant latin square of odd order n and critical set
C, with r = 253 Then the index of C isr.
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6.2 Some general results

In this section, the nests and the sizes of these nests for different entries of the critical
et are calculated. These will be useful in the later sections where the influence of

certain sets are calculated.

In the following lemmas, it is shown that some rows, columns and diagonals can be

completed after the deletion of an element.

Lemma 6.3 Suppose (i,7; k) is deleted from the lower triangle of the critical set C.
Then every column A, j < A < n—1 can be uniquely filled, and every row~y,1 <y < n—1

can similarly be uniquely filled.

Similarly if (i, 7; k) was in the upper triangle then columns X\,0 < A < 3 can be filled,
as can rows y,0 < vy < 1.

Proof. Neither row 7 nor column A depend on the information contained in row ¢ or

7, and thus can be filled uniquely. , O

It is now shown that some diagonals can be filled.
Lemma 6.4 Let the critical set C be
C={(,j;i+7):1=0,...,rand j=0,...,7 — 4}

U {(Gj;i+j):i=r+2,...,n—land j=r+1—14,...,n—1},
where (n —3)/2 <r <n-—2.

1. If (3,7; k) is deleted from the lower triangle, then every cell (u,v), with 0 < u,v <
k, andr < u+wv < k can be filled with entry u + v.

2. If (1,7, k) is deleted from the upper triangle, then every cell (u,v), with k +1 <
u,v<n—1and k <u+wv <r can be filled with entry u +v.

Proof. Only the first part will be proved, since the proof of the second part will be
similar:

The set C, with (i, j; k) deleted from the lower triangle, and represented by *, is as
follows:
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0 1 r
1 r

r
r

r+1

r+1 * n—3
r+1 n—3|n—-2

The element r + 1 occurs in rows 7 + 2 to n — 1. Thus in column 0, there is only one
cell that can be filled by 7 + 1, and that is position (r 4+ 1,0). Fill this. Consider now
cell (r,1). Element 7+ 1 occurs once in each of the rows r+1,...,n— 1. Thus there is
only one cell that can be filled with 7 4+ 1, and that is (r,1). Similarly, one can show,

that each of the other cells in the diagonal
{(w,v;u+v):0<u<r+1,0<v<r+lLut+v=r+1}

can be filled. A similar proof can be made for each of the other diagonals given above.
O

Lemma 6.5 Suppose (i, j; k) is deleted from C. Apart from the empty positions given
in Lemmas 6.1 and 6.2, no other empty position in the partial latin square can be

uniquely filled.

Proof. To help understand the proof we give below an example of a partial latin
square of order 9. This partial latin square has been obtained by deleting the entry
(7,7;5) from the critical set given in Example 6.1, and then obtaining the nest of this
entry, by applying Lemmas 6.1 and 6.2. We claim that no empty entry in this partial

latin square can be uniquely filled.
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4
8101123456
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We now give the proof of the lemma. Suppose that the entry (7, j; kK = i+7) was deleted
from the lower triangle in C'. From Lemma 6.1 each of the rows v,i < v <n —1 can
be uniquely filled, as can every column A7 < A < n — 1. By Lemma 6.2, each of the
cells (u,v), with 0 < u,v < k and 7 < w + v < k can be uniquely filled.

Of the unfilled cells, the cells (r +2,0), (0,7 + 2), (4,0), and (0, j) have the most infor-
mation pertaining to them; that is, the union of the row and column containing each

of these cells have more non-empty cells than any of the other cells.

Now row 7 contains each of the elements ¢,i+1,...,k—1,k+1,...,7, and column 7 the
elements j,7+1,...,k—1,k+1,...,r. Thus any of the elements 0,1,...,min{i,j} —
Lkr+1,7r4+2,...,n—1 can fill cell (4,5), and so (7,7) cannot be uniquely filled.
Consequently no other empty cell in row 7 can be uniquely filled, and no other empty
cell in column j can be uniquely filled. Thus neither cell (i,0) nor cell (0,7) can be
uniquely filled. Since cell (7,0) cannot be uniquely filled, no empty cell in column 0 can
be uniquely filled, and thus cell (7 +2,0) cannot be uniquely filled. Similarly, since cell
(0,7) cannot be uniquely filled, no empty cell in row 0 can be filled. Similar arguments

can be used if an entry was deleted from the upper triangle in C. O

The above results are summarised as follows:

Theorem 6.6 Let C be the critical set given in the beginning. If an entry (i,7;k =
1+ 7) is deleted from the lower triangle in C, then every column A, j < A < n—1,
and every row vy, i < v < n — 1 can be uniquely filled, as can every cell (u,v), with
r<u+4wv < k~1. These are diagonals in the upper triangle, going from the upper
right to the lower left. No other empty cell can be filled uniquely. Having filled these
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cells, the resulting partial latin square has size

NG5 RN = ¢ *1+Z[n— (r+1)) +Zn— (r+1)) +Za

y=i+1 A=j+1 a=r+2

where ¢, is the size of the original critical set, the first summation is the number of
entries filled in the rows vy, the second summation gives the number of entries filled in
the columns A, and the last summation gives the number of entries in the diagonals
that are filled.

Similarly, if an entry (i, J; k) is deleted from the upper triangle in C, then

Ay e O L

or

n—k—2
Yo

a=n—r—1

|N({(i,j;/c)})|:CT—1+Zz:[n+7—r—2]+zj_:[n+/\—r—2]+

v=1

Here the first summation s the number of entries filled in the Tows vy, the second
summation 1s the number of columns filled, and the third summation is the number of

diagonals that are filled.

Proof. The proof follows from the above lemmas. O

Now, the critical set has size:
6= Slr+ ) +2) + (-7 —2)(n -7 1)

Lemma 6.7 The above summations may be simplified as follows:

Sl n—(y—(r+ 1) =(n—i—1)(n+r+1) = Ln(n—1)— i@ +1)]
82 Digjmln ==+ 1)) =(n-j-1)(n+r+1)=3nn-1)-jF+1)]
88 T n+vy—r—2] = t2ln—r—2)+ (1 +1)]
S ian+A—r =2 =12(n—r—2)+(j +1)]
85 Yorpaa = jlk(k+1) = (r+ 1)(r +2)]

56: Ykl o= Hn—-k-2)(n—k-1)—(n—r—2)(n—7—1)]
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It is noted that S1 and S2 are the same function, which we will denote by f. This
function denotes the total number of entries in the rows or columns that are filled,
when an entry is deleted from the lower triangle of C. Also, S3 and S4 represent the
same function, which is denoted by f, which gives the total number of entries in the
rows or columns that are filled, when an entry is deleted from the upper triangle of
C. Relabel S5 by the function notation g, which gives the total number of entries in
the diagonals that are filled when an entry is deleted from the lower triangle of C.
Similarly, relabel S6 by the function g, which gives the total number of entries in the
diagonals that are filled when an entry is deleted from the upper triangle of C. That
1s:

L frnz)=(mn-z-1)(n+r+1) = 3nn—-1)—z(z+1)]

2. f(r,z) = %[Q(n —7r—=2)4 (z+1)]

3. glk,r) = 3[k(k+1) — (r+ 1)(r + 2)]

4. glk,r)=3(n-k=2)n—k—-1)=(n—7r-2)(n—1-1)]
Then,

Theorem 6.8 The number of cells that can be completed after deletion of an element

from the lower triangle and upper triangle, respectively, are:
(i) If (i,7; k) is deleted from the lower triangle in C, then
V(2,55 6))1 = f(r,5) + [(r,d) + glk,7) + e =1
and
(it) if (i,7; k) is deleted from the upper triangle in C, then
NG, 55 k) = f(r,d) + froi) + gk, r) + e — 1
Theorem 6.9 Ifz and y are any two triples in C, then N'({z,y}) = N({z})nN({y}).
Proof. Since {z,y} D {z} therefore N({z,y}) € N({z}). Similarly, N({{z,y}) C

N({y}). Thus taking intersections, we get N'({z,y}) C N({z}) "N ({y})-

We now need to show that A ({z}) NN ({y}) € N({z,y}). If z € N({z}) "N ({y}),
then 2 € N({z}) and z € N'({y}). That is, z can be uniquely filled after both elements
Z and y have been deleted from C. But then z € N ({z,y}). H
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Theorem 6.10 If by, by,...,b, are any n distinct elements in B, then

N{o)) ON({b}) 0. ON({bn}) = N({b1, b, .., ba}).

Proof. Trivially,

N1, b2y, bn}) SN({bi}) DN ({b2}) NN ({ba}),

so we need to show that

N{o}) ON({b2}) N ON({bn}) SN ({br, b2, ., ba}).

Suppose that for some k < n,

N{uH)NN{b}) N .NN({be}) CN({b1,ba,...,b}).

We want to show that

NN AN O AN {best}) © N (b b, brar ).
Now
N{o}) "N ({b2}) N AN ({be}) NN ({br1})
C N ({1, 02, .-, be}) NN ({br41})
£2€ N({b1, bay .., b }) AN ({brer)) then 2 € N({by, ba, ... be}) and 2 € A ({besr)).

That is, z can be uniquely filled after the elements by, by, ..., bg, bys1 are deleted from
C, and thus z € N ({b1,bs,...,bk1}). From this and the above theorem the proof
follows. O

Corollary 6.11 Let L and C be as above.
1. Then for any set B C C,
N(B) = {N({b}) : b € B};
and
2. For any two sets A,B C C, N(AU B) = N(A) NN (B).

Proof.  We shall only prove 2. Let A = {a,,...,a,}, and B = {b1,...,b;}. Then
NAUB) = N({a1, ... a5,b1,..., b)) = N({a ) N ... nN({a. ) nN{b )N ...0
N({b.}) = N(A) NN (B) 0
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6.3 Latin Collections

Remark 6.3.1 Let A be a set of cells. A way of showing that no cell in A can be filled
uniquely, would be to show that there exists a latin collection where each element of
the collection has the same shape as A. A couple of examples of such collections are
presented below.

The partial latin square below is a critical set C' with unique completion next to it:

0[1 2|3 o]1]2]3]4
1]2]3 1123 40
2|3 2 3lalol1
3 3lalol1]2

40/1/2]3

Example 6.2 If 2 = (0,0;0) then C'\ {z} has the following partial completion and

full completions:

11213 o1 2]3]a]|la]1l2]3]0]
11213 11203 alo[ |1 2]/3l0]4
2|3 1 [213/alol1](l2/3/0 4|1
3 12 |3 alol1l2] [3lo 4a]1]2
1123 Jalol1]2]3]lo]al1 2]3

The partial latin square on the above left is in fact the nest of the entry z = (0,0;0).
The completions on the right are completions from C\ {z}. The bold entries in the
two complete latin squares indicate the entries that have no unique completion, these
sets of entries in fact form latin interchanges, with each set being the disjoint mate of

the other. Note that a pair of latin interchanges form a latin collection of size 2.

Example 6.3 If z = (0,1;1) then C \ {z} has the following partial completion and

full completions:

0| |23 0[1|2]3 (4| [o]a 2/ 3][1]|0]4|2]3 1
123 1, 2(3/4 /0] |1 23 04| (1|2(3 0 4
2|3 2/3|4(0|1||[2(3 4|10 |2]3|1 4]0
3 21 13(4(0]12 310|142 3/0(4]1 2
4] 23| 4/ 01|2]3) |4/1]0 2 3] |4]1]0 2|3
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The set of non-empty cells in the partial latin square on the extreme left indicates the
nest of the entry z = (0,1;1). The three latin squares to the right are three completions
from C \ {z}. These three full latin squares are necessary to show that each cell that
is in bold type can be filled at least two ways. The three sets in bold make up a latin

collection.

6.4 Influence of a set

Theorem 6.12 For any z € C, z € I({z}), and for any y € C, such that z # y,z ¢

I({y})-

Proof. By definition Z({z}) = L\N ({z}). Since N ({z}) cannot contain z, therefore
z € I({z}). Also, by definition, C' \ {z} C NM({z}), and therefore y € N ({z}). That
is, y ¢ Z({z}).

Theorem 6.13 The influence-set of a set B C C 1is the intersection of the influence-

sets of its elements.
Proof. If B C C then by definition
I(B) =L\ U{N(b):be B}

={L\N(®):be B}
=n{I(b): b€ B}

Theorem 6.14 For any two elements x,y € C such that x # y; = ¢ Z({z,y}), and
y¢I({z,y}).

Proof. We have that Z({z,y}) = Z({}) N Z({y}). Since z ¢ Z({y}) and y ¢ Z({z})
we have the required result. =

Corollary 6.15 For any set A C C, with |A| > 2, ANT(A) = ¢.

Theorem 6.16 Let L be a back-circulant latin square of order n with critical set C. If
the lower (or upper) triangle in C has only one element, then there ezists ezactly one

element having perfect influence.
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Proof. Suppose the lower triangle in C consists of only a single entry. Delete this

entry. Then no empty entry can be uniquely completed. 0

Notation 1 For ease of notation, we will denote the points on the boundaries of the

two triangles by special symbols. In the upper triangle, let:

1. a=(0,0;0),
2. ] = (T,O;T);
8. ay=(0,m;7),

4. Qrow be any entry in row 0, between o and «y, ezclusive,
5. (o be any entry in column 0, between o and aw, exclusive,

6. cuiag be any entry in the largest diagonal from lower left to upper right, in the

upper triangle, between oy and ag, exclusive.
In the lower triangle, let:
1. f=(n-1,n—1;n—2),
2. 5=n-1,r+2;r+1),
8 Bo=(r+2,n—1,r+1),

4. Brow be any entry in row n — 1, between B; and [, exclusive,

O

. Beol be any entry in column n — 1, between Po and [, exclusive,

(=N

. Baiag be any entry in the largest diagonal from the lower left to upper right, in the

lower triangle, between 8, and Bo, exclusive.
We first calculate the nest of each of the six corner entries of the two triangles in C'.

Theorem 6.17 Let L and C be the latin square and critical set discussed above. Then

the siz corner entries in the two triangles of C, have the following nests:

LN@={uvu+v):l<uv<n—land 0<u+v<rjUC\{a},

2.NB) ={(u,v;u+v):0<u,v<n—2and r <u+v<n-2yUC\{B},
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3. N(aw) ={(r +1,0;7+1),...,(n=1,0;n = 1); (r, 1,7 +1),...,(n = 1,1;0);...;
2,r—Lr+1),...,(n=1Lr=1L7=2)} UC\ {1},

4. N(az) = {(0,7+1; r+1) S(0,n=1;n=-1);(1,r;r+1),...,(1,n—=1;0);...; (r—
1,274+ 1),...,(r = —1;T—2)}UC\{Q2},

5 N(B) = (0,r +3;7r+3),...,(n=3,r+37); O, r + 47 +4),...,(n —4,r +
4;7);..;0n=Ln-1),...,(r+1,n-17)}UC\ {41},

6. N(B2) = {(r +3,0;7+3),...,(r +3,n=3;7);(r +4,0;7 +4),...,(r+4,n -
4:7);..5(n—1,00n=1),...,(n— 1,7+ 1;7)} UC\ {B:}.

Proof. Apply Lemmas 6.1, 6.2 and 6.3. 0

Corollary 6.18 Let L and C be the latin square and critical set as given above, of

order n. Then for some choices of ((i,J; k) -

L IN@)|=Ltn-2)n=1)+(r+1)(r+2)] -1,

N[ =

2. WO =3lln=2)n-1)+(n-r=2)(n-r-1)] -1,

9 () =L —r—2)(n+r—1)+20r+1)% -1,

b IN(@)| =%(n—r—=2)(n+r—-1)+2(r+1)* ~ 1,

5 INB)| = (n—r=3)(n+r+1)+i[(n—r-=2)(n—r—1)+2(r+2)*-n(n-1)| -1,

6. IN(Ba)| = (n—r=3)(n+r+1)+L[(n—r—2)(n—r—-1)+2(r+2)* =n(n—-1)] - 1.
In the case where n is odd, we have:

Theorem 6.19 Let L be a latin square of order n > 9, let r = "7_3 for n odd, and

T= "—2-—2 for n even. Then the following pairs of entries have perfect influence:
1. {a, B},
2. {on, B},
3. {%,52}-

Proof.
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If « is deleted then every diagonal below the main diagonal going from lower left
to upper right, except the main diagonal and the one immediately below it, can
be filled. Also, if 3 is deleted, then every diagonal, above the main diagonal going
from lower left to upper right, except the main diagonal and the one immediately
above it, can be filled. No diagonal above the main diagonal can intersect a
diagonal below the main diagonal. (Indeed no two diagonals can intersect). That
is, N (o) NN (B) = C\{«, B}, and we’re done. Thus the pair {«, §} have perfect

influence.

. If o is deleted then every column A,0 < A <r —1, can be filled. No other row,
column or diagonal can be filled. If f; is deleted, then every column A, 7 +3 <
A < n—1, can be filled. No other row, column or diagonal can be filled. Here
again, the influences of a; and B, have no intersection outside of the critical set,
so N(a))NN(B1) = C\{a1, fr1}. That is, the pair {a1, 61} have perfect influence.

If ay is deleted then every row ,0 < v < r — 1, can be filled. No other row,
column or diagonal can be filled. If 8y is deleted, then every row, 7,7 + 3 <
v < n —1, can be filled. No other row, column or diagonal can be filled. The
influences of ay and B, have no intersection outside of the critical set, and so
N({ag, B2}) = C\ {2, B2}. Thus the pair {ay, B2} have perfect influence.

Theorem 6.20 Let L be a latin square of odd order, and let r = 252, Then the

2

Jollowing sets of three entries each have perfect influence:

1

SN SBE o )

=

Ao, B = (n— 1,855 — 1), 8%y = (t,n—1;t = 1)}, where 7+2 < s <
n—2 and 3r—s+2<t<n-—-2,

B, row = (0, 8;8), %o = (,0;1)}, where 1 <s,t<rand s+t=r+1,
- {ar, 09, Baiag}»

- {B1, B2, Cgiag

Ao, Brow},

{o, a9, Beat},

{8, 81, Brow},

{5752,04001}-
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Proof.

1. Suppose « 1s deleted. Then each of the diagonals, below the main diagonal
going from lower left to upper right, except the main diagonal, and the diagonal
immediately below the main diagonal, can be filled. The other two entries deleted
are from the lower triangle. Any diagonal in the upper triangle that is filled after
the deletion of any of these entries cannot intersect with the set of elements
completed after the deletion of «, outside of C, and so we need not consider
any such diagonal. From the results in Section 6.2, we need only check that row
t+ 1, and column s 4+ 1 do not intersect outside of C. But since the smallest
sum of s and ¢ is r 4+ 1, and the largest is n — 2, we obtain the required result.
That is, for the given s and t values, N({a,(n —1,s;8 = 1), (t,n — 1;t — 1)}) =
C\{a,(n—=1,88—1),(t,n—1;t —1)}.

2. If § is deleted then each diagonal, above the main diagonal going from lower left
to upper right, except the main diagonal, and the diagonal immediately above
the main diagonal, can be filled. The other two entries are deleted from the
upper triangle. Similar to the proof of (1.) above, we need only show that row
t — 1 and column s — 1 intersect inside C'. But this is tantamount to showing
that 0 <t —1+s—1 <7, and this can be easily achieved from the inequalities

defining s and ¢ above.

3. If a; is deleted, then each of the columns A,0 < A < r —1 can be completed. No
other row, column or diagonal can be completed. If ay is deleted, then each of
the rows 4,0 <+ <7 — 1 can be completed. No other row, column or diagonal
can be completed. The set of entries that can be completed after the deletion
of both a1 and «ay is precisely the intersection of the sets of entries that can be
completed after the deletion of each of these elements separately. This set is the
region bounded by the diagonal above the main diagonal from lower left to upper
right, (but excluding this diagonal), and column 7 and row r, again excluding
these row and column. The entries that can be completed after deletion of Baiag
will occur in rows below the row containing f4,, and in columns to the right of
the column containing fg,,. This row and column cannot intersect the above set
of filled entries discussed above, and so N ({a1, &z, Baiag}) = C \ {@1, @2, Baiag }-

Thus we have perfect influence.

4. The proof is similar to the proof of the above.
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5. If a is deleted then all the diagonals below the main diagonal going from the lower
left to the upper right, except the main diagonal and the diagonal immediately
below it, can be filled. If ¢ is deleted then each of the columns to the left of
the column containing «; can be filled. These sets of filled entries intersect in a,
region to the left of the lower triangle of C, and below the main diagonal. If 3.,
is deleted then any filled entries will occur in the columns to the right of column
containing this entry. Thus the intersection of this set of filled entries, and the
set of entries filled on deletion of a, occurs to the right of the lower triangle,
and below the main diagonal. Clearly the two intersections do not themselves
intersect. Thus N({e, 1, Brow}) = C\ {@, a1, Brow}.

6. The proof is similar to the above.
7. The proof is similar to the above.

8. The proof is similar to the above. O

Theorem 6.21 The following set of four entries has perfect influence:

{arow: eols ﬁrowv ﬁcol}

Proof.  The set of entries that can be completed after the deletion of both the
entries oo, and ., will occur entirely above the main diagonal going from lower left
to upper right. The set of entries that can be completed after the deletion of both the
entries, B, and Sy, will lie entirely below the diagonal going from lower left to upper
right. Thus the two sets have an empty intersection, giving N ({cow, Qcols Brows Beol}) =

C\A{%ow, Qeoly Brow, Beot}. Thus the set has perfect influence. O

Theorem 6.22 The strong box Z(C) is given by

L\ U{N (), N(B), N (o), N (a2), N (B1), N(B2) }

and has size

0<6(C)<6

for n even, and
0<0(C)<T7

forn odd.
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Proof. If a is deleted then every diagonal below the main diagonal going from
lower left to upper right can be completed, except the main diagonal and the diag-
onal immediately below it. This is the maximum number of diagonals that can be
filled on deletion of any set from C. Also, if 8 is deleted, then we can fill all the
diagonals above the main diagonal, excluding the main diagonal, and the one imme-
diately above it. This is the maximum number of diagonals that can be filled above
the main diagonal. Similarly, the deletion of the remaining entries gives the maxi-
mum number of rows, and columns that can be filled. Thus, the cells that are not

in the union of the nests of these elements must form the influence of C. That is,

7(C) = L\ U{N(a), N (B), N (1), N (02), N (B1), N (82) }-

If r = n— 2, then C consists of only the upper triangle. It is easy to check that
the union of the nests of the entries covers the whole latin square. Thus, there is no
influence when all these entries are deleted. That is, Z(C) = ¢, so §(C) = 0.

Let n be even, and r = ”7_2 Then the union of the nests of the above entries
covers all the columns except columns r to 7 + 2, all rows except rows r to 7 + 2,
all the diagonals going from lower left to upper right, except those diagonals al-
though the cells (n — 2,0),(n — 1,0),(n — 1,1). This union covers all entries, ex-
cept the entries (r,7), (r,7 + 1), (r,7 + 2); (r + 1,7), (r + 1,7+ 1); (r + 2,7 + 2). Thus
I(C) = (r,r), (r,r + 1), (1,7 + 2); (r + 1,7), (r + 1,7+ 1); (r + 2,7 + 2), and 6(C) = 6.

Let n be odd, and r = ”T“:" Then the union of the nests of these entries covers all cells,
except (r,7 + 1), (r,r+2); (r+1,7),(r+ 1,7+ 1), (r+ 1,7 +2); (r+2,7),(r + 2,7+ 1).
Thus, Z(C) = r,7+1), (r, 7+2); (r4+1,7), (r+1,7+1), (r+1,7+2); (r+2,7), (r+2,7+1),
and 6(C) = 7. a

6.5 A hierarchy of influence

Clearly,

Theorem 6.23 For any three elements z,y,z € C,z —y andy — z = & — 2.

Example 6.4 Consider the critical set for the 7 x 7 back-circulant latin square:
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0112
112
2
3
314
314|5

Let o = (an; 0)’ ay = (0> 2; 2)7 Qg = (27 0; 2)> Croy = (0) L; 1),&60[ = (1, 0; 1),adiag =
(1,1,2),5 = (6,6, 5))51 = (6a4)3))52 = (476) 3))57‘011) = (6a5;4))5col = (5)6;4)75(11&9
(5,5;3). The nests of these entries are as follows:

112 01
112 112
2 1 213
112 314
1123 415
11234 516 314
112 415 6|0 31415
Nest of « Nest of o,
0111231456 0 2
11213415610 112
2
3 2
3 4 213
314 5 2134
3145 6 2131415
Nest of ao Nest of ay oy
0|1]2(3|4[|5]|6 011]2|3[4]5|6
2 1
2 2
2 3
213 4 3
2134 5 314
2131415 6 31415

Nest of . Nest of agiag
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0111234 0112 5|6
112134 12 6|0
2,134 2 01
314 112
4 3 213
314 34
’3 4 415
Nest of S Nest of 5;
011]2 011213 6
112 . 1123 0
2 213 1
3 2
3
6101 234 3|4
6lol1l2]3]4]s | 3| |5
Nest of §5 Nest of B,y
0/1]2]3 012 6
1123 12 0
213 2 1
3 2
3 3
3 4
61011 |2]3]|4 5| 6\0 1 2:3(14]5
Nest of B Nest of Byiag

From inspection of the nests, we find that the following sets have perfect influence:
1. {a,8};
2. {o,an}, {@, a2}, {@, Qaiag }, {1, a2}, {an, ccat}, {02, Crou };
3. {5,51}, {5, 52}, {5, Ba’iag}a {51, 52}, {51, Beot {52, Brow};
4. {en, B}, {az, B}
5. {a,ﬁmw,ﬁcot}; {5,C¥row,acol};
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6. {arow, acol) /BTO’U}) /BCOl}'

From these perfect influence sets we have that o~ aypy, @ ~ Qeor, and S~ Brow, 5~
Beoi- That is, o is more influential than a;q, and o, etc. In terms of perfect influ-
ence, it means, for example, that given any set A of non-perfect influence, if o, A has
perfect influence, then aA will also have perfect influence. Similarly, if { o, Ceor} U A

has perfect influence, then oA will also have perfect influence.

The table below is obtained by replacing each entry in C with its influence:

29 | 30| 29
30 | 30
29
29
30 | 30
29 130 | 29
That is,
0(a) = 0(B) = 0(c) = 0(aa) = 6(51) = 6(B2) = 29,
e(arow) - e(acol) = H(O‘diag) = 9(6row) = 9(6c01) = 9(6diag) = 30.
So

[a] = {auﬁ7a1>a2761762} and [arow] - {arow)acolaﬁrowaﬁcol}'

That is, the index of C' is 2.

A secret sharing scheme based on a critical set of a latin square would have each
triple associated with the critical set distributed as shares. If the size of the critical set

is t then this is a t-out-of-¢ scheme, see for example [38].

In general the critical sets which have been looked at are unions of two triangles of
triples, one in the upper left hand corner, denoted UL, and the other in the lower right
hand corner, denoted LR. In such a case the scheme will be compartmentalised, as
elements of both compartments are needed to complete the latin square. It has been
shown that some triples have more influence than others. Thus the scheme will not

only be compartmentalised, but hierarchical as well.
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Chapter 7

Critical Sets in Modified-Two
Back-Circulants

This chapter is based on [31]. At least 95 percent of the material in this chapter is due
to the author of this thesis.

7.1 Introduction

In the previous chapter, different types of back-circulant latin squares namely, BC(2,n),
BCFC(2,n), MBC(2,n), BC(2") and BC(mn) were studied. General constructions
of uniquely completable sets for M BC(2,n) and BCFC(2,n) were also given. These
uniquely completable sets have been studied to evaluate the change in size of the
critical set or, in some cases, the smallest known uniquely completable set with the
constructions of Gower et al..

In this chapter, focus is on the identification of latin interchanges in modified-two
back-circulant latin squares containing odd order subsquares. These latin interchanges
will be used to identify critical sets in M BC(2,n). Latin interchanges have already
been used to establish the existence of critical sets in back-circulant latin squares, to
identify subsquare free latin squares and to investigate the intersection sizes of latin
squares. Latin interchanges have been studied by Keedwell [73], Cooper, Donovan and
Seberry in [37], Gower [60] and Cooper, Donovan and Gower in [39].

A modified-two back-circulant M BC(2,n) latin square has the following form:

AR BR
BR SA

AR Upper BR
Lower BR SA

where, for latin subsquares, A and B represent circulant matrices, AR or BR for
back-circulant matrices and SA for the back-circulant matrix which has the first row

of A reversed. csM BC(2,n) denotes critical set of modified-two back-circulant latin

101
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squares. So for order 6, we have M BC(2,3) which has the first row of the right hand

bottom subsquare reversed:

Example 7.1 A modified-two back-circulant MBC(2,3) latin square
I

1121314(516
2131|5614
3112|1645
4156|312 1
5064213
614|5(1]3]|2

Let N = {1,2,...,n} and I = {(4,7;k)l4,j,k € N} be a partial latin square of
order n. Then |I} is said to be the size of the partial latin square and the set of cells
{(i,7)]i,5,k € 1,3k € N} is said to determine the shape of I. Let I and I' be two

partial latin squares of order n, with the same shape. Then I and I' are said to be

mutually balanced if the entries in each row(and column) of I are the same as those in

the corresponding row (and column) of I'. They are said to be disjoint if no cell in I

contains the same entry as the corresponding cell of 1. Given two partial latin squares

I and I' of order n, of the same size and shape, with the property that I and I are

disjoint and mutually balanced, I is said to be a latin interchange and I  is said to be

disjoint mate of I.

Example 7.2 Following is an example of a latin interchange /() and its disjoint mate

IEM) for MBC(2,3) given in Example 7.1:

d

I

1

Iny =

The latin interchange I(1;) can also be represented by the set {(1,1;5), (1,5:1),
(5,151), (1,1;5)}. The disjoint mate I£1,1) can be represented by the set {(1,1;1), (1,5;5),

(5,135), (1,1;1)}.

Latin interchanges are important when studying critical sets in latin squares. A

critical set is a partial latin square which is contained in precisely one latin square
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and such that if one removes any entry from the partial latin square, then what is
left is contained in at least two latin squares. To prove that a partial latin square C
is critical, one must show that for each element of C' there exists a latin interchange

which intersects the critical set in that entry alone.

Example 7.3 Take the following partial latin square C from the modified-two back-
circulant MBC(2,3) given in Example 7.1:

1]2]3]4
ERE
31 5
1 3| |
5\ 9

It is easy to show that this partial latin square is uniquely contained in the latin
square given in Example 7.1. However, to complete the proof that C is critical, one
must show that if one removes any element of C', then what is left is contained in two
latin squares. This is equivalent to showing that for each element of the critical set
there exists a latin interchange which intersects the critical set in that element alone.

Take for example the entry 1 in row 1 and column 1 of C' above. The latin inter-
change in example 7.2 intersects the partial latin square in this entry alone. It is easy
to see that if this element is removed, the remaining partial latin square is contained

in the following two latin squares:

1123456 s5lol3)a1]6
20315 64 2131564
sl1]2/6]4 s sl1]2]6/4 5
415063 21 415613 21
5 64ll2/1]3 1]6laf2 53
6lals|1]3]2 6 4|51 3|2

Therefore one way to find critical sets in a given latin square is to identify all latin
interchanges which are contained in that latin square and then find the partial latin

square which minimally covers the latin interchanges.

Example 7.4 The following partial square taken from the modified-two back-circulant

MBC(2,3) latin square given in Example 7.1 is a critical set:
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11234
2131
parAR parBR _ 1 S
parBR parSA B 4 3
5 2
Proof. [From Remark 5.3.2 in Chapter 5, we know that the subsquare BR can only
be completed by elements n+1, ..., 2n, hence if par BR is a critical set, we can uniquely
complete to the subsquare BR using elements n + 1, ..., 2n. Similarly if parSA4 is a
critical set, we can uniquely complete to the subsquare SA using elements 1, ..., n.

Finally we note again, that par AR will be completed to the subsquare AR only using
elements 1 to n.

We know that par BR and parSA are critical sets of back-circulant latin square of
order 3 as proved by Cooper, Donovan and Seberry in [37]. Latin interchanges and
disjoint mates are given for each entry in par AR. So each entry in this partial latin

square has a latin interchange hence it is a critical set:

5 E 1 15
I(l)l) = ]él,l) -
1 5 5 1
5 9 9 5] |
Iy = 121,2) =
9 5 5 9
6 3 IEE 6
4 9 , 9 4
](1,3) = 5 1 16 1(1,3) = 6 1
3 41 4 113
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5 2 E 5
[
Iy = Ty =
9 5 5 2
[
6 3 3 6
4 9 , 9 4
Toa) = 9 6 lon = 6 9
16 4
3 4 4 3
6 1 1 6
4 9 , 9 4
los) = 9 6 log = 6 5
1 4 4 1
6 4273 , 3 2164
Ii30) = 50y =
ol1]4 4] 21
3 61 6 E
61421 , 1121064
I32) = Li39) =
1120614 61421
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7.2 A family of latin interchanges

Take a partial modified-two back-circulant M BC(2,n) = M BC(2,2m+1) latin square

as follows:

parAR c¢sBR
csBR c¢sSA

where par AR is the partial subsquare of AR, csBR is the critical set of BR and
csSA is the critical set of SA. The above partial square M BC(2,2m + 1) is given in
generalised form in Appendix B. The partial subsquare par AR is further subdivided

in the following figures where *’s are unknown contents in the cells:
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S1

S2
S3

SS * *

Figure 7.1: Sub-division of partial subsquare AR for m < 4

S1

S2
S3

SS *

S4

Figure 7.2: Sub-division of partial subsquare AR for m > 4

The coordinates of S1, S2, S3, S4 and S5 are given in the following figures. It is
noted that S1, S3, S4 have one element in the corner when m is even and two elements
in the corner when m is odd, whereas S2 has one element in the corner when m is odd

and two elements in the corner when m is even.



7.2. A family of latin interchanges

108

(L1 (1, m+1)

S1

For odd m: { (m+1)/2, (m+1)/2 }
Foreven m: { (m+2)/2, (m+2)/2 }

Figure 7.3: Coordinates of the partial subsquare S1

(2, m+1)

For odd m: { (m+3)/2, (m+3)/2 }
S2

For even m: { (m+4)/2, (m+4)/2 }

(m+1, m+1)

Figure 7.4: Coordinates of the partial subsquare S2

(1, m+2) (1, 2m+1)

S3

(m+1, 2m+1)
(m+2, m+2)

For odd m: { Bm+1)/2, (3m+1)/2 }
Forevenm: { (3m+2)/2, (3m+2)/2 }

Figure 7.5: Coordinates of the partial subsquare S3
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(m+5, 2m+1)

For odd m: { BGm+7)/2, 3m+7)/2
S4

For even m: { 3m+6)/2, Bm+6)/2 }

(2m+1, 2m+1)

Figure 7.6: Coordinates of the partial subsquare S4

2, 1)

SS

(2m+1, 1) (2m+1, 2m)

Figure 7.7: Coordinates of the partial subsquare S5
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In the next lemma, the latin interchange will be given explicitly for every element
{(z,y;2)|z,y,2 € N} in S1. That is, it is shown that:

(z,y; ) < (2,Y;B)

7 7
(X, 45 8) ¢ (X, Y0

occurs where for each (z,y; ) in S1, {(z,Y; 8), (X,y;8) and (X,Y; )} are not in S1.

Lemma 7.1 The coordinates of the cells {(z,y)|z,y € N} in partial latin square S1
given in Figure 7.3 are:

z={1,.., %%} and y = {z,...,m — 2 + 2} for odd order m

z={1,.., mT“} and y = {z,...,m — z + 2} for even order m.

There exists a latin interchange I, for every element {(z,y; z)|z,y,2 € N} in S1.

Proof. Take a typical element (z,y;2) in S1 and construct the latin interchange I,
as follows:

(x, y; 3m+2) for the element of I, in the AR subsquare.

(x, 3m+3-x; x+y-1) for the element of I, , in the Upper BR subsquare.

(3m+3-y, y; x+y-1) for the element of I, in the Lower BR subsquare.

(3m-+3-y, 3m+3-x; 3m+2) for the element of I, in the SA subsquare.
It is seen that the elements z + y — 1 and 3m + 2 each still occur in rows z and
3m+3 —y and also still occur in columns y and 3m +3 — z. Hence I, is the required
latin interchange. The coordinates of the cells of S1 are those (z,y) for which 3m 4 2
1s not in the critical set of the Upper BR O

Example 7.5 Following is an instance of the latin interchange I(;3) in S1 and its
disjoint mate ]('1’3) for MBC(2,7) using Lemma 7.1:

11 3

Ia,3)=
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! —_—
Tae=

11 3

Lemma 7.2 The coordinates of the cells {(z,y)|z,y € N} in partial latin square S2
given in Figure 7.4 are:
z={m+3—-vy,..,y} and y = {&2, ..., m + 1} for odd order m;
r={m+3—-y,..,y}and y = {mTH, ...,m+ 1} for even order m.

There exists a latin interchange I, , for every element {(z,y;2)|z,y,z € N} in S2.

Proof. Take a typical element (z,y; 2) in S2 and construct the latin interchange I,
as follows: The two elements of I, , in the AR subsquare are
(x, y; 4m+2)
(2m+1, m+2; 2m+2)
The two elements of I, in the Upper BR subsquare are
(x, 4m+3-x; x+y-1 mod n)
(2m+1, 2m+3; m+1)
The elements of I, , in the Lower BR subsquare are
(3m+1, m+2; m+1)
(dm+4-y, y; x+y-1 mod n)
Fori=1,2, ..., m+2-y
(3m+1+1, m+2-i; 2m+2)
(3m+1+i, m+3-i; 4m+2)
Next 1
For the elements of I, in the SA subsquare, we proceed as follows:
Let K1, be the top left element of the latin interchange in SA.
Let K, be the bottom left element of the latin interchange in SA.
Let Kg; be the top right element of the latin interchange in SA.
Let Kgy be the bottom right element of the latin interchange in SA. So every
latin interchange in SA has at least following four elements:
Ky = (3m+1, 2m+3; y-2)
Ky = (4m+4-y, 2m+3; 2m+2)
Kry = (3m+1, 4m+3-x; 4m+2)
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Kry = (4m+4-y, 4m+3-x; x+m+2 mod n)
Let TC be the number of columns between K, and Kpg,, then
TC = (y coordinate of Kp;) - (y coordinate of Kp;) - 1
= (4m+3-x) - (2m+3) - 1
= 2m-1-x
Let R be the number of rows between Kp; and Ky, then
R = (x coordinate of Kp,) - (x coordinate of K;) - 1
= (4m+4-y) - (3m+1) - 1

= m+2-y
Let IC be the number of columns containing latin interchange between K
and Kp;.
IfTC — R = 0, then Pattern PO
latin interchange consists of Ky, Kry, K1, and Kgp elements only.
Else If I}% is an integer, then Pattern P1
Ic = I8

Fori=1,2, ..., 1IC
Ky, = (3m+1, 2m+3+i(R+1); y-2-i(R+1))
K, = (4m+4-y, 2m+3+i(R+1); y-2-(i-1)(R+1))
Next i
Else If LS is even, then Pattern P2

R+1
Ic = L&
If IC-2 = 0, then
Ky = (3m+1, 3m-y+7; x+m+2 mod n)
Ky = (4m+4-y, 3m-y+6; y-2 mod n)
Fori=1.2, .. R+1
K, = (3m+i, 3m-y+6; y-2-i mod n)
Ko, = (3m+i+1, 3m-y+7; y-2-i mod n)
Next i
Else
Fori=1.2, .., ICT_Q
Kiy, = (3m+1, 2m+3+i(R+1); y-2-i(R+1) mod n)
Ky, = (4m+4-y, 2m+3+i(R+1); y-2-(i-1)(R+1) mod n)
Next i
Ky = (3m+1, 3mey+7+(152) (R+1); x+m+2+(/52)(R+1) mod n)
Kup = (dm+d-y, 3mey+6+(LS=2)(R+1); y-2-(757) (R+1) mod n)
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Fori=12, .., R+1
K, (3m+1 3m-y+6+(<2)(R+1); y -2-(*£=2)(R+1)-i mod n)
Ko, = (3m+i+1, 3m-y+7+(L52) (R+1); y-2- ( =2)(R+1)-i mod n)

Next 1

Fori=12, .., <=2
Kri; = (3m+1, 4m+3-x-i(R+1); x+m+2+(i-1)(R+1) mod n)
Kpp, = (4m+4-y, 4m+3-x-i(R+1); x+m+2+i(R+1) mod n)

Next 1

End If
Else If L is odd, then Pattern P3

R+1
IC =I5 + R

R+l
If IC-R-1 = 0, then
Fori=1,2, ..., R+1
Ky, = (Am+4-y-i, 2m+3+i; y-3)
Ko, = (Adm+4-y-(i-1), 2m+3+i; y-2)
Next i
Else
Fori=12, .., &3
K, = (3m+1, 2m+3+i(R+1); y-2-i(R+1) mod n)
Ky, = (4m+4-y, 2m+3+i(R+1); y-2-(i-1)(R+1) mod n)
Next i
Fori=1,2, ..., R+1
K, = (4m44-y-i, 2m+3+i+(£52) (R+1); y-3-(52) (R+1))
K, = (4m+4-y-(i-1), 2m+3+i+(L52) (R+1); y-2-(£52) (R+1))
Next i
Fori=12, .., [£=F=3
Kpgy, = (3m+1, 4m+3-x-i(R+1); x+m+2+(i-1)(R+1) mod n)
Kpy, = (4m44-y, 4m+3-x-i(R+1); x+m+2+i(R+1) mod n)
Next i
End If
Else If E is even, then Pattern P4
If —-2 = 0, then
Ky = (3m+1, 3m-y+6; x+m+2 mod n)
Ky = (dm-y+4, 3m-y+5; y-2 mod n)
Fori=12, .., R
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K, = (3m+1+i, 3m-y+5; y-2-i mod n)
Karg;, = (3m+1+i, 3m-y+6; y-1-i mod n)
Next i
Else
ICc= 1
Fori=12, .. <2
Ky, = (3m+1, 2m+3+i(R+1); y-2-i(R+1) mod n)
Ky, = (4m+4-y, 2m+34+i(R+1); y-2-(i-1)(R+1) mod n)
Next i
Ky = (3m+1, 3m-y+6+(£52)(R+1); x+m~+2+(L52)(R+1) mod n)
Ky = (4m+4-y, 3m-y+5+({52)(R+1); y-2-(£<=2)(R+1) mod n)
Fori=12, .. R
Ky, = (3m+14i, 3m-y+5+(£52)(R+1);y-2-i-(£52) (R+1) mod n)
Ko, = (3m+14i, 3m-y+6+(£52) (R+1);y-1-i-(£52) (R+1) mod n)
Next i
Fori=1.2, .., =2
Kri, = (3m+1, 4m+3-x-i(R+1); x+m+2+(i-1)(R+1) mod n)
Kprp, = (4dm+4-y, 4m+3-x-1(R+1); x+m+2+i(R+1) mod n)
Next i
End If
Else If TRC+'11 is even for R > 3, then Pattern P5
10 = %5
If IC —2 =0, then
Ky = (3m+1, 2m+6+R; x+m+2 mod n)
Ky = (dm+4-y, 2m+4+R; y-2)
Fori=0,1, .., &1
K, = (3m+1+2i, 2m+4+R; y-2(i+2) mod n)
Ky, = (3m+3+42i, 2m+6+R; y-2(i4+2) mod n)
Next i
Else
Fori=12, .. =2
K, = (3m+1, 2m+3+i(R+1); y-2-i(R+1) mod n)
Kpp, = (4m+4-y, 2m+3+i(R+1); y-2-(i-1)(R+1) mod n)
Next i
K = (3m+1, 2m+6+R+(L5-2)(R+1); x+m+2+(!5?)(R+1) mod n)
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Ky = (4m+4-y, 2m+44+R+(152) (R+1); y-2-(1S2)(R+1) mod n)

Fori=0,1,.., &1

K, = (3m+142i, 2m+44+R+(152) (R+1); y-2(i+2)-(£572) (R+1)

mod n)
Ko, = (3m+3+2i, 2m+6+R+(L152) (R+1); y-2(i+2)-(152)(R+1)
mod n)
Next 1
Fori=12, .. &=2

» T2
Kpgi, = (3m+1, 4m+3-x-i(R+1); x+m+2+(i-1)(R+1) mod n)
Kpgp, = (4m+4-y, 4m+3-x-i(R+1); x+m+2+i(R+1) mod n)
Next 1
End If

Else If Z¢=1 is odd for R > 3, then Pattern P6

R+1

TC+R
IC = R+1

If IC —2 =0, then
K, = (3m+1+22 2m+3+ 2 m+x+2)

K, = (dm+4-y, 2m+3+25: y-2)
Ko, = (3m+1, 2m+5+R; x+m+2)
K, = (3m+1+E2, 2m+5+R; y-2)
Else
Fori=12, .., 12
K, = (3m+1, 2m+3+i(R+1); y-2-i(R+1) mod n)
K = (4m+4-y, 2m+3+i(R+1); y-2-(i-1)(R+1) mod n)
Next i
Ku, = Bm414+22L 2m+3+(7C — 1) B mx42+(£52) (R+1)mod n)

(£2)(R+1) mod n)
I€=2)(R+1) mod n)
—2)(R+1) mod n)

= { L.
K, = (4m+4-y, 2m+3+(1C — 1) &L y-2-
Ko, = (3m+1, 2m+3+I1CEL; mx+2+(£52
Karz, = (3m+1+ 8L 2m4+3+[C R y-2- (152
Fori=1,2, .., T‘Q
Kpi, = (3m+1, dm+3-x-i(R+1); x+m+2+(i-1)(R+1) mod n)

Kpp, = (4m+4-y, 4m+3-x-i(R+1); x+m+2+i(R+1) mod n)

Next i
End If
Else If T¢=1 is an integer, then Pattern P7
Fori=1,2,.. L&A1

) 2R
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End If

Ky, = (3m+1, 2m+3+i(R+1); y-2-i(R+1) mod n)
Krp; = (dm+4-y, 2m+3+i(R+1); y-2-(i-1)(R+1) mod n)
Next 1
Fori=12, .., R
K, = (3m+141, 4m+2-R-x-i; y-3-R)
K, = (3m+1+1, 4m+3-R-x-i; y-2-R)
Next 1
Fori=1.2, .., T8
Kgi, = (3m+1, 4m+3-x-i(R+1); x+m+2+(i-1)(R+1) mod n)
Kpy, = (4m+4-y, 4m+3-x-i(R+1); x+m+2+i(R+1) mod n)
Next i

Example 7.6 Following are some of the instances of the latin interchanges I, ,) and

their disjoint mates ]('I)y) in S2 for each pattern given in Lemma 7.2:

An instance of pattern PO in MBC2.7

14 5
8 4
I(3,3)=
4 1 14
8 14
8 14
5 8 1
5 14
[ 4 8
Ia,3)=
14 4 1
14 | 8
14 8
) 1 5
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An instance of pattern P1 in MBC2.7

14 5
8 4
{(2,0)=
1 2 7 14
8 14
5 8 2 7
5 14
' 4 8
la,0=
14 4 2 7
14
8 2 7 5

An instance of pattern P2 in MBC2.11

22 10

12 6

I(s.6)=

12 22 2 3
10 12 4 2 1
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—
—
—
10 5
' 6 12
Iis.6)=
—
—
22 6 4| 3 1
22 | 12 3
12 4 2 |1 10

An instance of pattern P3 in MBC2.7

-
14 6
8 4
1(3_4)=
4 2 14
8 14 1 2
6 8 2 1
6 14
’ _ 4 8
1(3.4)_
14 4 2 1
14 8 2
2 1 6
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An instance of pattern P4 in MBC2.11

-
22 5
12 6
I(s,5)=
6 3 22
12 | 22
12 | 22
9 12 1
9 22
' 6 22
Igs)=
22 6 1
22 | 12
22 | 12
12 3 9
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[ 1]

An instance of pattern P5 in MBC2.15 ([(46) and I

(16)

30 5
16 8
8 4 2 13 30
16 | 30
16 | 30 15 2
16 | 30
9 16 4 15 13
9 30
8 16
30 8 4 2 13
30 | 16
30 | 16 2 15
30 | 16
H 16 4 15 13 9
—
L
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An instance of pattern P6 in MBC2.11

22 -
12 6
Iq,0)=
6 2 11 22
12 | 22
12 | 22 11 2
12 | 22
7 12 2 11
7 22
. 6 12
22 6 2 11
22 | 12
22 | 12 2 11
22 | 12
12 2 11 7




7.9. A family of latin interchanges

122

An instance of pattern P7 in MB(C2.13

26

Hae)=

26

14

26

12

26

(4.6)~

26

26

14

26

14

14

Lemma 7.3 The coordinates of the cells {(z,y)|z,y € N} in partial latin square S3

given in Figure 7.5 are:

z={l,..,m+1}and y = {m +2,...,2m + 1} for all m;
r={m+2,.,22} and y = {z,...,3m + 2 — z} for odd order m;

r={m+2,.,222} and y = {z,..., 3m + 2 — z} for even order m;

There exists a latin interchange I, for every element {(z,y;2)|z,y,2 € N} in S3.
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Proof. Take a typical element (z,y; z) in S3 and construct the latin interchange I,
as follows: The two elements of I, , in the AR subsquare are
(x, y; 4m+2)
(3m+3-y, y; 2m+2)
The two elements of I, in the Upper BR subsquare are
(x, 4m+3-x; x+y-1 mod n)
(3m+3-y, m+1+y; m+1)
The two elements of I, in the Lower BR subsquare are
(4m+3-y, y; m+1)
(4m+4-y, y; x+y-1 mod n)

At this point it is noted that the elements in rows = and 3m+ 3 —y have not altered
but only the positions of the elements. Also the elements of the column y have not
altered only their positions. For the elements of I, in the SA subsquare, we have

If 3m+3-x-y = 1, then

(4m+3-y, 4m+3-x; 4m+2)
(4m+4-y, 4m+3-x; 2m+2)
Else
(dm+3-y, m+1+y; m)
(4m+4-y, m+1+y; 2m+2)
(4m+3-y, 4dm+3-x; 4m+2)
(4m+4-y, 4dm+3-x; x+y-2m-1 mod n)
If 3m+3-x-y > 2, then
Fori= 1,2, .., 3m+1-x-y
(4m+3-y, m+1+y-+i; m-i mod n)
(4m+4-y, m+1+y-+i; m-i+1 mod n)
Next i
End If
End If
It is noted if 3m+3—2 —y = 1 then the elements in SA in columns y and 4m+3—z

remain unaltered. Elements in rows z and 4m + 3 — y remain unaltered. H
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Example 7.7 Following is an instance of the latin interchange I(34) in S3 and its
disjoint mate I'(3,6) for MBC(2,7) using Lemma 7.3:

14 1
8 4
I(3,6)=
4 3 2 14
8 3 2
1 14
4 8
’
I3,6)=
14 4 2
8 3 1

Lemma 7.4 The coordinates of the cells {(z,y)|z,y € N} in partial latin square 54
given in figure 7.6 are:
z={3m+6—-y,..,y} and y = {¥2, .., 2m + 1} for even order m;
z={3m+6—-y,..,y} and y = {¥2, .. 2m + 1} for odd order m;

There exists a latin interchange I, for every element {(z,y; z)|z,y, 2 € N} in S4.

Proof. Take a typical element (z,y;2) in S4 and construct the latin interchange I
as follows: The three elements of I, in the AR subsquare are
If x < 3m+7-y, then
(x-2, y; 3m+1)
(x, y-2; 3m+1)
(x, y; x+y-3 mod n)
Else
(3m+5-y, y; 3m+1)
(x, 3m+5-x; 3m+1)
(x, y; m+3)
End If
The two elements of I, in the Upper BR subsquare are
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If x < 3m+7-y, then
(x-2, 2m+y-1; x+y-3 mod n)
(x, 2m+y-3; x+y-1 mod n)
Else If x = 3m+7-y, then
(x-2, 2m+y-2; x+y-3 mod n)
(x, 2m+y-4; x+y-1 mod n)
Else
(3m+5-y, 2m-2+y; m+3)
(x, 5m+3-x; x+y-1 mod n)
End If
The two elements of I, in the Lower BR subsquare are
If x < 3m~+7-y, then
(2m+x-3, y; x+y-1 mod n)
(2m-+x-1, y-2; x+y-3 mod n)
Else If x = 3m+7-y, then
(2m+x-4, y; x+y-1 mod n)
(2m+x-2, y-2; x+y-3 mod n)
Else
(5m+3-y, y; x+y-1 mod n)
(2m+x-2, 3m+5-x; m+3)
End If
For the elements of I, in the SA subsquare, we have
If x < 3m+7-y, then Pattern P1
(2m+x-3, 2m+y-1; 3m+1)
(2m+x-1, 2m+y-3; 3m+1)
(2m+x-1, 2m+y-1; x+y-1 mod n)
Else If x = 3m+7-y, then
(2m+x-4, 2m+y-2; 3m+1)
(2m+x-2, 2m+y-4; 3m+1)
(2m+x-2, 2m+y-2; x+y-1 mod n)
Else Pattern P2
Let i = x+y-3m-7
(2m+x-4-1, 2m+y-2; 3m+1)
(2m+x-2, 2m+y-4-i; 3m+1)
(2m+x-3-1, 2m+y-3-i; m+4)
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For j=0,1, ... 11
(2m+x-4-1, 2m+y-2-i+j; m+4+i-j)
(2m+x-2-i4j, 2m+y-4-1; m+4+i-j)
(2m+x-2-i4j, 2m+y-3-j; m+3)
Next j
Forj=0,1,..,1
(2m+x-3-1, 2m+y-2-i+j; m+5+i-j)
(2m+x-2-14j, 2m+y-3-i; m+5+i-j)
(2m+x-2-i+j, 2m+y-2-j; m+4)
Next j
If m > 6, then
For k=1, ..., m-6
Forj=1, ..., m-5-k
(2m+x-3-i+k, 2m+y-3-1+j; 2m-k-j)
Next j
Next k
End If
End If O

Example 7.8 Following is an instance of the latin interchange I(11,10) in S4 and its

disjoint mate I' (11,10) having pattern P1 in MBC(2,11) using Lemma 7.4:

16 7
16 7 9
It 0=
9 16
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T
Inan=

IRERER

16

16

16

Example 7.9 Following is an instance of a latin interchange I(;3,3) and its disjoint

mate I (13,13) in S4 having pattern P2 in MBC(2,13) using Lemma 7.4:

B

19

12

{319 =

11

19

10

12

11

11 12

10

19 11

10
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9 19
' _ 9 12 19
1(13,13)—
19 12 11
12 ¢ 11 10
12 11 10 9
19 11 10 9

Lemma 7.5 There exists a latin interchange I, , for every element {(z,v; k)|x,y,k €
N} in S5 given in figure 7.7 if and only if every element in 51, 52, S3 has a latin
interchange for m < 4 or every element in S1, 52, S3 and S4 has a latin interchange
for m > 4.

Proof. The subsquare AR in MBC(2,2m + 1) is a back-circulant latin square and
is also symmetric. S5, the lower triangle, in AR is equivalent to upper triangle in AR
which consists of S1, S2, S3 partial squares for m < 4 or it consists of S1, 52, 53 and
S4 partial squares for m > 4. Since every element in S1, S2, S3 and/or 54 have a latin
interchange given in Lemmas 7.1, 7.2, 7.3 and 7.4, hence every element in S5 contains

a latin interchange. 0

7.3 A family of critical sets

In 1978, Curran and van Rees [40] described two sets as follows: If n is even, let Py be
the set

n .
Po={(ijsi+5): i=0,,5~1 andj=0,.., 5= 1=

n .
U {(i,j;i-f-j)ii:g-—!-l,...,n—landjzg—z,...,n—l}
where addition is taken modulo n. If n is odd, let P, be given by

Po={(i,j;i+7): i=0,...,(n—=3)/2and j =0, ..., (n—3)/2—14}



7.3. A family of critical sets 129

u {G,5i+5)i=n-1)/2+1, ..., n—landj=(n-1)/2-1...,n-1}

where addition is reduced modulo n. They showed that sets P, and P, both satisfy
condition 1 of the definition of critical set, i.e., say P1 is the only latin square of order
n which has element £ in position (7, j) for each (4, 7, k), and that P, was in fact critical.
Cooper, Donovan and Seberry [37] later verified that both P, and P, are critical sets,

and that in fact P, is minimal. They also showed that:

Theorem 7.6 P is a minimal critical set for a back-circulant latin square of even
order n, and |Py| = "72 Py is a critical set for a back-circulant latin square of odd
n2-1

1

order n, and |Py| =
Donovan and Cooper [54] later proved that:

Lemma 7.7 If L ts any back-circulant latin square of order n, and r is some integer
such that (n — 3)/2 < r < n—2, then the set P ={(4,7;1+7):1=0,...,rand j =
O...,r—i} U {(t,55i+7):i=r+2,...,n—land j=r+1-4,...,n—1} isa

eritical set in L.

Cooper, Donovan and Gower [39] proved the following theorem for the critical sets of

the direct product of back-circulant latin squares containing subsquares of odd order:

Theorem 7.8 Forn = 2m+ 1, n > 3, the partial latin square BC(2,n) given in
Appendiz B.4 and written as:

Py =PU{(t,j +n;k+n),(i+n,j,k+n),(i+n,j+nk)|( 7 k) € BCyp}
is a critical set in the direct product of back-circulant latin squares BC(2,n) = BCy X
BC,

In this chapter, the objective of studying latin interchanges was to construct a family
of critical sets for modified-two back-circulant latin squares containing subsquares of

odd order. We prove the following main theorem:

Theorem 7.9 For n = 2m + 1, n > 3, the partial latin square M BC(2,n) given in
Appendiz B.4 and written as:

Pyp = PU{(i,j+nk+n),(i+n,5k+n),i+nj+nn—k+1)}({E k) € Cn
18 a critical set in the modified-two back-circulant latin squares MBC(2,n) for n < 25.

Proof. The partial modified-two back-circulant latin square M BC(2,n) = MBC(2,2m+

1) has the following form:
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parAR parBR

P2,n =
parBR parSA

where par AR is the partial square of the subsquare AR, par BR is the partial square
of the subsquare BR and parSA is the partial square of the subsquare SA. P, is
given in generalised form in Appendix B.4. It has been proved in Section 5.3 that P,
is uniquely completable. We have to show that P, , is also a critical set. To show that
a uniquely completable set is critical, we only need to show that every element in it
has a latin interchange. Now BR and SA subsquares are back-circulant latin squares
of odd order n, hence par BR and parSA are the critical sets as shown in Lemma 7.7
above.

We now only have to show that every element in par AR has a latin interchange. In
Section 7.2, partial subsquare par AR was further subdivided into 5 partial squares S,
Sy, S3, Sq and Ss. We have shown in Lemmas 7.1, 7.3 and 7.4 that every element in
Sy, S3 and 54 has a latin interchange for all n. We have also shown in Lemma 7.2 that
every element in S, has a latin interchange in orders up to latin square of order 46. In
Lemma 7.2 we have given formulae for general constructions of latin interchanges for
all n. These formulae cover every element upto M BC(2,23) but there are still a few
cases in higher orders of M BC(2,n) for n > 23 which are not covered by the formulae
given in Lemma 7.2. In M BC(2,25), the elements in the cells (5,10), (6,10), (7,8),
(7,9) and (8,8) are not covered by the given formulae. We have constructed the latin
interchanges for each of these elements but not a formula. These latin interchanges are
given in Appendix B.5. Hence every element in S2 has a latin interchange for n < 25.
Since AR subsquare is a back-circulant latin square, it is symmetric. Hence all the
elements in Ss are obtained by the reflection of the equivalent elements in S, Sz, S3
and Sy, i.e., element (i, j) = element (j,7) in AR. Thus every element in Ss has a latin
interchange if and only if every element in S;, S,, S3 and S; has a latin interchange.
Hence every element in S5 has a latin interchange for n < 25.

Consequently every element in par AR has a latin interchange for n < 25. Thus
Py, is a critical set of MBC(2,n) for n < 25. In orders for n > 25, while we believe

that our uniquely completable set is still critical we have not been able to prove this.

Conjecture 7.10 For n = 2m + 1, n > 3, the partial latin square M BC(2,n) given
in Appendix B.4 and written as:
Py =PU{(i,j+n;k+n),(i+n,7;k+n),(i+n,j+nn—k+1)}0E 75 k) € Co

is a critical set in the modified-two back-circulant latin squares M BC(2,n) for all n.
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Example 7.10 Following uniquely completable set for an MBC(2,5) is a critical set.

11203lalsl6]7 40 |
203lal5]1]7
34151 2
45 119 8
5012 8|9
6|7 A
7 A
8 3
819 312/ 100]

Proof. The three subsquares other than the top left subsquare are critical sets of
back-circulant latin square of order 5 as proved by Cooper, Donovan and Seberry in [37].
We give latin interchanges for each entry in the top left-hand subsquare in Appendix
B.5. These latin interchanges have been constructed using the formulae given by the

lemmas in Section 7.2. O

7.4 Conclusion

In this chapter, general constructions of latin interchanges have been given for every
element in Sy, S3, and S; of partial modified-two back-circulant latin square of an
MBC(2,n), where n = 2m + 1. This shows that the indicated partial latin square in
S1, S3, and Sy is in critical set. It has been proved that the given partial MBC(2,n) is
critical for all n < 25. For Sy, formulae have been given to construct latin interchanges
containing different patterns but we have not yet proven that these formulae will cover
all the cases for n > 25. More examples of such patterns are given in Appendix
B.5. Hence the construction of formulae for the latin interchanges of the remaining
unsolved cases in Sy for n > 25 is still an open problem. There are also three open
problems of whether the uniquely completable sets for MBC(2, 2m), BCFC(2,2m) and
BCFC(2,2m+1), given in Appendix B, are also critical sets.
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Chapter 8

Bhaskar Rao Designs of Block Size 5

Much of this chapter is based on the paper by Chaudhry, Greig and Seberry [27]. Many
general results have been given by the second author and most of the numerical results
have been contributed by the first author. More than 20 percent of the work in this
paper is due to the first author. Section 8.6 is based on the paper by Chaudhry and
Seberry [21]. More than 95 percent of the work in this paper is due to the first author.

Overall about 25 percent of the work in this chapter is due to the author of this thesis.

8.1 Introduction

Bhaskar Rao designs (BRD) with elements 0,1 have been studied by a number of
authors including Bhaskar Rao [16, 17], Chaudhry and Seberry [21], de Launey [41],
de Launey and Sarvate [42], de Launey and Seberry [45, 46], de Launey, Sarvate and
Seberry [44], Gibbons and Mathon [59], Lam and Seberry [78], Palmer and Seberry [90],
Seberry [95, 96], Singh [99], Street [106], Street and Rodger [107], and Vyas [110]. BRDs
have useful application in cryptographic functions and perfect hashing functions. BRDs
with block size 3 were studied by Singh [99], Vyas [110], and Seberry [95, 96]. For block
size 3, the necessary conditions are sufficient for all elementary Abelian groups and all
groups of order less than or equal 8. BRDs with block size 4 for Z, and all elementary
Abelian groups were studied by de Launey and Seberry [45, 46]. See [43] for a recent
survey which does not include the more recent work by Hard and Sarvate [67, 68, 69, 70],
Greig, Hard and Sarvate [61], Greig, Hard, McCranie and Sarvate [62] and Deng, Greig
and Osterg [47].

A balanced incomplete block design (BIBD) is an arrangement of v symbols in b

blocks each containing (k < v) symbols, satisfying the following conditions :
i). every symbol occurs at most once in a block,

ii). every symbol occurs in exactly 7 blocks,

133
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iii). every pair of treatments or symbols occur together in exactly A blocks.

The incidence matrix N = (n;;) of a BIBD has entry one if symbol 7 is in block
number j. The parameters (v, b, 7, k, A) of BIBD satisfy:

(i) vor=bk (i) Mv—1)=r(k - 1).

A Bhaskar Rao design, BRD(v,b,7,k,A) is a matrix of order v x b with (0, & 1

entries), satisfying the following conditions :

(i) the inner product of any pair of distinct rows is zero,

(ii) when its non-zero entries are replaced by +1’s, the resulting matrix becomes the
incidence matrix of a BIBD(v,b, 7, k, A).

In this chapter, the necessary conditions for the existence of Bhaskar Rao designs

of block size 5 are:
i) Mv—1)=0 (mod 4)

(ii) Av(v —1)

0 (mod 40)
(i) 2|A.

Condition (7) follows from the necessary conditions of the BIBDs, condition (i)
follows from Theorem 8.2 and (i7i) comes from Theorem 8.1. It is shown that these
conditions are sufficient: for A = 4 if v > 215, with 10 smaller possible exceptions
and one definite exception at v = 5; for A = 10 if v > 445, with 11 smaller possible
exceptions, and one definite exception at v = 5; and for A = 20, with the possible
exception of v = 32; we also give a few results for other values of A. We use the
notations BIBD(v, k, A) for BIBD(v, b, 7, k, A) and BRD(v, k, A) for BRD(v,b,7,k, A),
omitting b and 7 as they are dependent on v, k, A\. In the examples, we write ‘—’ for

‘~1’. The following example gives a BRD of block size 5.

Example 8.1 There exists a BRD(6, 5, 4) constructed from BIBD(6, 5, 4).

BIBD(6, 5, 4) BRD(6, 5, 4)
(001111 1] (001 1 1 1 1]
101111 101 — — 1
110111 110 1 — -
111011 ] — 10 1 -
111101 ] - — 1 0 1
111110 11 - - 10
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In fact, a BRD(k + 1, k, k — 1) exists whenever k is an odd prime power [48].

Theorem 8.1 (Bhaskar Rao [17]) A necessary condition for the existence of BRD

is that A must be even.

A parrwise balanced design, PBD(v, K, A), of order v with block sizes from K, where

K aset of positive integers, is a pair (V, B) where V is a finite set of cardinality v and

B is a family of blocks of V which satisfies the properties:
i). If B€ B, then |B| € K

il). Every pair of distinct elements of V occurs in exactly A blocks of B.

If K = {k}, then the PBD is a BIBD.

A group divisible design, GDD,\ (K, G), of order v, where K a set of positive integers,
is a triple (V, G, B) where V is a finite set of cardinality v, G is a partition of V into
groups G1,Go, ..., Gy, and the vector of group sizes G = (|G1], |G|, ..., |Gs|) (often
written in exponential notation) is known as the type of the GDD, and B is a family

of blocks of V which satisfies the properties :
i). If B € B, then |B| € K

ii). Every pair of distinct elements of V occurs in exactly A blocks or one group, but
not both.

When the index is one, (i.e., A = 1), the subscript A is often omitted from a GDD, (K, G).
A GDD with group type G = 1Y is a PBD.

A transversal design, TD, (k,n), of order n, block size k, and index X isa GDD,(k, nk).

A resolvable design is a design whose block set admits a partition into parallel
classes, or resolution sets, each of which contains every point exactly once. Resolvable
designs are indicated by the prefix R.

A set of k—1 mutually orthogonal latin squares, (or MOLS), of order n, a RTD(k,n)
and a TD(k + 1,n) are three equivalent combinatorial objects. A RTD(k, k) exists
whenever k is a prime power. Note that if we have a RTD(k,n), we also have a
RTD(K',n) for k" < k; (just throw away k — k' of the MOLS).

A BRGDD, (K, G) of group type G = (|G1],|G2l,-.-,|Gyl), is a matrix of order

U X bwith (0, & 1 entries), satisfying the following conditions :

i). the inner product of any pair of distinct rows 1s zero,
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it). when its non-zero entries are replaced by +1’s, the resulting matrix becomes the

incidence matrix of a GDD, (K, G) of group type G.

BRGDDs with a uniform group size, signed over more general groups, were studied by

Palmer under the name partial generalized Bhaskar Rao designs, in [89).

Theorem 8.2 (Seberry [95]) A Bhaskar Rao design BRD(v,k, \) can only ezist if

the equation
(i) z3+ 3z + 6z7 + ... + ((k* — 1)/8)zs, = b(k — 1)/8 for k odd,
(i1) zo + 3z4 + 8z + ... + ((k* — 4)/4)zy, = b(k — 4)/4 for k even,

has integral solutions. In particular, for k = 3 mod 4, a Bhaskar Rao design can only
exist if 4b; for k = 0,1,4 mod 8 no restriction is obtained; for k = 2,5,6 mod 8 we
must have 2|b. Thus, for k =5, b/2 must be an integer.

Theorem 8.3 Suppose that the BIBD underlying a BRD(v, k, A) has A identical blocks.
If k > 3, then it is necessary that A > k and 4|\.

Proof: Suppose the repeated block contains (a,b,c,...), and suppose w.l.o.g. that all
a’s get +, then since half the (a, b) pairs have mixed sign, half the 0’s are + and half —;
(similarly the ¢’s). Also half the (b, c) pairs have mixed sign. Now suppose there are z
(b,¢) pairs of type (+1,+1); then there are \/2 — z mixed pairs with b positive, and
the same number with ¢ positive, hence A\/2 = 2(A/2 — z), which implies 4|A. Finally,
consider the £ x A submatrix, M, within the signed incidence matrix that corresponds
to these blocks. We have M M7T = AI, which has rank k, and so therefore does M, and

we cannot have a dimension smaller than the rank. U

Theorem 8.4 A BRD(k, k,4t) exists whenever a Hadamard design of order 4t eists,
with 4t > k.

Proof: Take the first k rows of the Hadamard design as the BRD. u

Theorem 8.5 (de Launey [41]) For all k,t > 0, there is an integer M such that if
2((v=1)/(k—1) and 2tv(v—1)/k(k—1) are integers andv > M, then a BRD(v, k, 2t; Z)
erists.
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Theorem 8.6 (Lam and Seberry [78]) Suppose there ezists a BRD(v,k,\) and

BRD(u, k, ). Further suppose there are k-1 mutually orthogonal latin squares of order
u. Then there exists a BRD(uv, k, u)).

Theorem 8.7 (de Launey and Seberry [41]) Suppose there exists a BRD(u, k, \)
with a subdesign on w points (w =0,1 are allowed), a BRD(v,k, \) and k-2 mutually
orthogonal latin squares of order u — w. Then there exists a BRD(v(u — w) + w, k, )

with sub-designs on u, v and w points.

Theorem 8.8 (Seberry [95]) Suppose there exists a BRD(v,b,r, k;4t), 4t is the
order of a Hadamard matriz and there exist k-1 mutually orthogonal latin squares of
order k. Then there exists a BRD(kv, 4tv + k?b, kr + 4t k, 4t).

Corollary 8.9 (Seberry [95]) Suppose there exists a BRD(v,b,r,k;4), then there
exists o BRD(kv, 4v + k%b, kr + 4, k,4) whenever k is a prime power.

8.2 BRD(v,3,)\) and BRD(v,4, ))
The main theorem by Seberry for block size 3 is :

Theorem 8.10 (Seberry [95]) The conditions A = 0 (mod 2), Av(v — 1) = 0

(mod 24) are the necessary and sufficient conditions for the existence of BRD(v,3,\)
forv > 3.

Singh [99] showed that if v < 40; vr = bk, A(v — 1) = r(k — 1) and 4|b are neces-
sary and sufficient conditions for the existence of Bhaskar Rao designs (v, b,7,3,2) or
BRD(v,3,2; Z,). Vyas [110] also showed that if v < 40; vr = bk, AM(v — 1) =r(k - 1)
and 4|b are necessary and sufficient conditions for the existence of Bhaskar Rao designs
(v,b,7,3,4) or BRD(v, 3, 4; Z5).

Now we look at work done by de Launey and Seberry [45, 46] on Bhaskar Rao
designs for block size 4. They proved the following theorems.

Theorem 8.11 A BRD(v,4,2) ezists for v = 1 (mod 6) is a prime power. A
BRD(v, 4, 2) can exist only if v=1,4 (mod 6).

Remark 8.2.1 There is no BRD(4, 4, 2) [46] or BRD(10, 4, 2) [42].
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Theorem 8.12 Letp > 5, odd, be a prime or prime power. Then there is BRD(p, %p(p—
1),2(p—1),4,6).

Theorem 8.13 A BRD(v,4,12) exists for all v > 4.

Theorem 8.14 A BRD(v,4,2t) exists for v >4 and t > 1 if and only if t(v — 1) = 0
(mod 3) except possibly when t = 3,5,7 and v = 28,34,39 or when t = 3 and v = 39.
A BRD(4,4,2t) exists fort > 0 if and only if t is even.

Improving on the work of de Launey and Seberry [46], Greig, Hard, McCranie and
Sarvate [62] and Deng, Greig and Osterg [47] have shown:

Theorem 8.15 The necessary conditions for a BRD(v,4, \) with v > 4, namely
(i) A(v—=1)=0 (mod 3)

(i) 2v(v—-1)=0 (mod 12)

(iii)) A=0 (mod 2)

are sufficient, except for v =4 (mod 6) and A = 2, where there is one definite

exception (for v =10) and 28 other possible exceptions in the range 22 < v < 430.

8.3 General Constructions

We start by adapting some classical constructions to Bhaskar Rao type designs. The

most useful is a generalization of Wilson’s Fundamental Construction (WEFC):

Theorem 8.16 Suppose we have a master GDDy\(K', G) with group type gien by

G =(|Gi],...,|Gs|). Suppose w(z) is a positive weighting function defined for each
point of the master design. For each block B = {by,...,bp}, assume we have an
ingredient GDD,, (K, W (B)) with group type W(B) = (lw(b1)|,...,|w(bk|)). Then

there is a GDD,,(K, W (G)) with group type

W(G) = (Z w(z),..., w(:z:)) :

€G] z€G,

Furthermore, if either the master design, or all the ingredient designs are BRGDD:s,

(or both), then so is the resultant design.



8.3. General Constructions . 139

Proof: The proof of the basic WFC is available in, for example, [15, IX.3.2]; in our
variant, again the resultant’s K is not directly dependent on the master’s K’. For the
BRGDD version, suppose we are looking at a master block containing b; with a sign of
9:(b;), and in a block of the appropriate ingredient design, we have w;(b;) with a sign

of go(w;(b;)), then in the resultant design we give the point a sign of g;(b;) » g2(w; (b;)).

Remark 8.3.1 This theorem can be generalized to BRGDDs over groups other than
Zy.

We next look at filling in the groups of the BRGDD. The first construction is usually

applied to each group in turn.

Theorem 8.17 Suppose we have a BRGDD,\(K,G) with group type G, where G =
(G\,Gy,...,Gs). Let H = (H\,H,,...,H,), and |Gy| = > |Hjl; if we also have a
BRGDD)(K, H), then we have a BRGDD\(K, F) with group type

F = (’H1|7 IH2|’ I |Ht|) |G2|7 sy |GS|)

Theorem 8.18 Let w > 0. Suppose we have a BRGDD,(K,G) with group type G =
(IG\,|Gal, ..., |Gsl), and for the i-th group (with i > 1), we have a BRGDD,(K, H;)
with group type H; = (w, |Hal, |Hyal,...,|Hy,|), and |Gi| = ¥, Hij; then we have a
BRGDD\ (K, F) with group type

F =(w+ |G|, |Hil|,|Hal,- -, |Hsl]).

We can derive known results as corollaries of these constructions. We give an
example:

Theorem 8.19 (Lam and Seberry [78]) Let w € {0,1}. Suppose there ezists a
BRD(v,k, ) and BRD(u + w, k, \), further suppose there is a TD(k,u); then there
exists a BRD(uv + w, k, A).

Proof. Take the BRD(v,k, \) as the master in the WFC, and give each point a
weight of u. The TD provides the ingredient, and generates a BRGDD, (k,u"). Then

use Theorem 8.18 with the BRD(u + w, k, \) providing a group type of 1“7 to get
the result. O

Remark 8.3.2 Actually, the original construction of Theorem 8.19 given as Theorem
8.6 was weaker than our current version; they required a TD(k + 1,%), only allowed

W =0, and got a larger final index.
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Another derivable general construction is the following singular direct product con-

struction:

Theorem 8.20 (de Launey and Seberry [45]) Suppose there exists a BRD(u, k, )
with a subdesign on w points, a BRD(v,k,\) and k — 2 mutually orthogonal latin
squares of order w— w. Then there exists a BRD(v(u — w) +w, k, \) with sub-designs

onu, v and w points, (w = 0,1 are allowed).

Proof. Take the BRD(v,k, \) as the master design (with type 1°) and give points a
weight of u — w in WEF'C, then use Theorem 8.18 to get the result. O

Remark 8.3.3 Actually, we do not need the BRD(u, k, \) to have a subdesign on w
points, what we really need is a BRGDD,(k, 1*"%w?) to deal with all but one of the
groups, and a type 1%, (i.e., the BRD itself), for the final group. To give a concrete
example of the distinction, we note that if n € {4,6,10,12,15,18}, or n > 103 then
there is a BRGDD,(5,11%"3). See [79, lemmas 112-118]; these BRGDDs are all
derived from GDD(5,2'%6!). The cases n = 4 and 6 are constructed directly. The
case n = 18 is generated by a GDD(5,10%) with five parallel classes constructed by
Abel; all the others are produced recursively. So we could take u = 40, w = 3, A = 20,

v =8, k = 5 say; the point here is that clearly we can’t actually have any BRD(w, k, \)
since here w < k.

Theorem 8.21 (Seberry [95]) Suppose there exists a BRD(v,b,r, k,4t), k < 4t and
4t is the order of a Hadamard matriz and there exist k — 2 mutually orthogonal latin
squares of order k. Then there ezists a BRD(kv,4tv + k?b, kr + 4t, k, 4t).

Proof. Use the BRD as the master design, giving points a weight of k, and the
TD(k, k) as the ingredient, then fill the groups with a BRD(k, k, 4t) formed from the

first k rows of the Hadamard matrix. u

Remark 8.3.4 The original statement of the theorem omitted the condition & <
4, although its use is apparent in the original proof, which is essentially the same
construction as our proof. The original theorem also called for £ — 1 MOLS; since the
order is k, this is a distinction which does not matter for any value of k, although we
have stated k — 2 to match the TD we have used.

Palmer [89] also has some constructions, which when restricted to signing over Z,,

are special cases of Theorem 8.16.
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8.4 Signing Known Designs

The obvious way to construct BRDs is to take the underlying BIBD, and change the
signs of the elements of its incidence matrix in some suitable way.
Lemma 8.22 Suppose we have a partially signed BIBD(v, k, \) incidence matriz of

A
the form { A } such that the rows of A are mutually orthogonal and the rows of B are

A

also mutually orthogonal. Then C =
B -B

} is a BRD(v, k,2)).

Example 8.2 A BRD(11,5,4) exists.

We note that if we change all the signs of any point, or of any block, then we
will still preserve the orthogonality (or lack of it) for any pair of points. We take the
unique BIBD(11,5,2) and commence to sign it, requiring the first element in each row
and column to be +1.<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>