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When I first started . . . I wrote “the Asdic is a feminine, fickle and impredictable

instrument”, but on reconsideration I withdraw this libellous statement. The Asdic is

very reliable as an instrument. What is impredictable is the behaviour of the sound

waves in the sea.

The account of a British naval officer

using the Asdics system to locate a

sunken British submarine in 1951,

from Hackmann [48].
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Abstract

Autonomous robotic systems have been under development for a number of years. This devel-

opment is being driven partly by the need to explore the processes and logic that humans use in

accomplishing repetitive tasks and partly by the need to provide probes and vehicles in environ-

ments that present threats to humans. It is this need to send robots into harsh environments which

has provided the impetus for this thesis to explore the use of binaural ultrasonic sensors forrobotic

agentsthereby enabling them to take the place ofliving agents. In all, five sensor systems were

built and investigated. Two systems were based uponmatched filters with Barker codes. The first

used quadrature demodulation while the second used unsynchronised demodulation. The remain-

ing three systems usedcontinuous tone frequency modulatedsignals. The first was implemented

with a discrete Fourier transformspectral estimator, the second with aYule-Walkerspectral esti-

mator and the third using aleast squares modified Yule-Walkerspectral estimator.

The construction, implementation and testing of these five sonar systems reveals that there is

no clear preferred system despite the significantly different methodologies adopted to determine

the basic time of flight and received power information. The more classicalmatched filtersystems

have superiordistance of flightprecision compared to the newercontinuous tone frequency modu-

latedclass. However it is clearly demonstrated that thecontinuous tone frequency modulatedclass

is able to insonify a larger area and operate with a bettersignal to noise ratio. Once calibrated, this

class of sonar is able to at least equal the performance of thematched filterclass.

The thesis focuses on the rigorous determination of the range and bearing tuple from both the

theoretical or model viewpoint and the experimental viewpoint. A rigorous theoretical develop-

ment of both theinter-aural distance differenceand theinter-aural power differencemethods of

computing bearing and the resolution of the correspondence problem are included. Experimen-

tal work was undertaken to validate the models and to provide data on which comparative study

may be based. The conventional metric quantities were acquired with a large level of redundancy

thereby allowing the determination of strong statistics associated with accuracy, precision and

resolution.

This thesis shows that, while there are performance differences between the systems, the se-

lection of the best system is application dependent. In this work the aim is to equip arobotic agent

with a sensory system enabling it to function in the place of aliving agent, especially in a harsh or

dangerous environment. For this purpose the system suggested by this thesis is acontinuous tone

frequency modulatedsonar system with aleast squares modified Yule-Walkerspectral estimator.
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p. 301.

IID, Inter-aural Intensity Difference. A method of calculating the direction of an incoming echo

by using the difference between the log intensity of the left and right echoes, p. 323.

IIR, Infinite Impulse Response. A digital filter which uses poles and zeroes in its rational model.

Such a filter may produce a response of unbounded duration when excited by an im-

pulse input, p. 175.

IO, Input and Output. A hardware device allowing a computer to input and output signals or

information, p. 73.

IPD, Inter-aural Power Difference. A method of calculating the direction of an incoming echo

by using the difference between the log power of the left and right echoes, p. 323.

ITD, Inter-aural Time Difference. A method of calculating the direction of an incoming echo by

using the time difference between the left and right echoes, p. 301.

LED, Light Emitting Diode. Electrical component which emits monochromatic but not coherent

light, p. 13.

LPF, Linear Predictive Filter. A linear filter which seeks to predict the next point in a sequence,

given all of the previous points as input, p. 212.
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LSMYW, Least Squares Modified Yule-Walker. A modern method of performing spectral anal-

ysis by directly utilising more than the minimum number of discrete values of the

autocorrelation of the signal, p. 217.

LTI, Linear Time-Invariant. A system which only performs linear transformations, which are not

a function of time, p. 52.

MA, Moving Average. A system which computes the next output point based upon the current

and previous input points. The system function, in thez plane, is composed entirely

of zeroes, p. 210.

MF, Matched Filter. Refers to a sonar system utilising a filter which has been matched to the

expected received signal. In this thesis the signal is a Barker coded sinewave, p. 139.

MMW, MilliMetre Wave. A form of radar using frequencies around 30 gigahertz, p. 19.

PEF, Prediction Error Filter. A linear filter formed by taking the difference between the Linear

Predictive Filter (LPF) output, and the actual value of the next point in the sequence,

p. 213.

PFA, Probability of False Alarm. The probability of detecting a target when no target is physi-

cally present, p. 266.

PSD, Power Spectral Density. Power per unit frequency, p. 207.

QD, Quadrature Demodulation. A technique for demodulation which assumes that the carrier

frequency is approximately four times the sampling rate, p. 151.

SNR, Signal to Noise Ratio. Power per hertz of signal divided by power per hertz of noise,

p. 140.

SSR, Signal to Sidelobe Ratio. The ratio between the maximum power level in the main lobe

and the maximum side-lobe power level, p. 142.

STP, Standard Temperature and Pressure. The standard temperature and pressure is defined

to beT0 = 293.15 K andps0 = 101.325 kPa, p. 228.

TB, Time-Bandwidth product. The product of the duration and bandwidth of a signal, p. 63.

TOF, Time Of Flight. Time of sonar flight,τ, usually from the transmitter to the receiver, p. 25.

UD, Unsynchronised Demodulation. A technique for demodulation by rectification and low-

pass filtering, p. 152.

VCV, Variance CoVariance. The variance covariance matrix contains variances down the diag-

onal, and covariances between different terms in the off-diagonal positions, p. 455.

YW, Yule-Walker. A modern method of performing spectral analysis by directly utilising the

autocorrelation of the signal, p. 212.
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Functions

f (k) Frequency of DFT output sample numberk, in hertz, p. 195.

fd0(t) Upper demodulation signal frequency as a function of time, p. 43.

fd1(t) Lower demodulation signal frequency as a function of time, p. 43.

fgaus
(
θ ,a,θ0,b

)
Gaussian function which is fitted to the transducer bearing response, p. 325.

ft (t) Transmit frequency sweep, p. 36.

h(t) Impulse response as a function of time and perhaps other variables, p. 388.

hopt (t) Optimal matched filter, p. 397.

J1(x) Bessel function of the first kind, p. 101.

N
(
µ,σ2

)
The normally distributed probability density function, p. 451.

Rx [l ] Autocorrelation of a sequence, evaluated at thel th lag, p. 214.

s(t) Signal as a function of time and perhaps other variables, p. 388.

sd (t) Demodulation signal as a function of time, p. 39.

sd0(t) Upper demodulation signal as a function of time, p. 45.

sd1(t) Lower demodulation signal as a function of time, p. 45.

sout (t) Output signal as a function of time, p. 39.

sr (t) Received echo signal as a function of time, p. 39.

st (t) Transmit signal as a function of time, p. 38.

t (l) Time of sample numberl in seconds, p. 195.

δ (t) Impulse function, p. 388.

φd0(t) Upper demodulation signal phase as a function of time, p. 43.

φd1(t) Lower demodulation signal phase as a function of time, p. 43.

φt (t) Transmit signal phase, p. 37.

τg(ω) Group delay of a filter, in seconds, p. 175.

Θ(ω) Filter phase delay, in radians, p. 176.

χm(τ) Maximum signal to noise ratio, p. 398.

P ( f ) Power spectral density as a function of frequency, p. 209.
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Greek Symbols

α Absorption of sound by the air in nepers per metre, p. 421.

α ′ Absorption of sound by the air in decibels per metre, p. 421.

αr Receiver skew angle in sonar head in degrees, p. 126.

βi Curve fit parameters, p. 452.

γ The ratio of specific heatsCp/Cv at constant pressure and constant volume, p. 228.

∆d Spacing between DFT spectral lines when converted to distance of flight, in metres,

p. 196.

∆ f Spacing between samples in output from DFT in the frequency domain, in hertz,

p. 195.

∆t Spacing between samples in input to DFT in the time domain, in seconds, p. 195.

θ Angle from x axis of coordinate system, usually used withr to form a coordinate

(r,θ).

θ ′ The bearing fromPHC to TV , p. 303.

λ Wavelength in metres, p. 101.

µ Sweep rate in hertz2, p. 37.

ρ0 Volume density of material in kg·m−3, p. 385.

τ Sonar time of flight in seconds, p. 39.

ω Radial frequency in rad·s−1, = 2π f , p. 385.

ωs Scaled radial frequency in rad·s−1, = 2π f/ fs, p. 209.

P

PAL, Programmable Array Logic. A programmable component for performing logical opera-

tions upon digital signals, often with reference to a clock signal, p. 78.

R

RMS, Root Mean Square. The root mean square of a set of observations is equivalent to the

standard deviation, p. 267.
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Notations⊕
Anti-logarithmic addition,A

⊕
B = log{exp(A)+exp(B)}, p. 50.

∗ Complex conjugate,z∗, of z, p. 194.

∗ Convolution, f (t)∗g(t), of two functionsf (t) andg(t), p. 55.

? Correlation,f (t)?g(t), of two functions,f (t) andg(t), which is defined in terms of

the convolution asf (−t)∗g(t), p. 141.

̂ Estimated valuêx of x, p. 213.

E{ } Expectation value,E{g(x)}, of a function,g(x), p. 213.

F Fourier transform,F {g(t)}, of a function,g(t). The transformed function is capi-

talised, and the independent variable isω, p. 193.

Im{} Imaginary part of a complex number, p. 387.

Mean value,x, of variablex, p. 67.

Re{} Real part of a complex number, p. 387.

˜ Reversal of a matrix or vector, p. 405.

T Transpose of a Matrix or vector, p. 218.

Z Z transform,Z {g(t)}, of a function,g(t). The transformed function is capitalised,

and the new independent variable isz, p. 208.

Symbols

A Transducer sensitivity (dimensionless), p. 390.

αv,N Molecular absorption caused by the vibrational relaxation of N2, in nepers per metre,

p. 423.

αv,O Molecular absorption caused by the vibrational relaxation of O2, in nepers per metre,

p. 423.

a Transducer radius in metres, p. 101.

B Signal bandwidth in hertz, p. 42.

Bd Demodulated signal bandwidth in hertz, p. 42.

C
φ

Phase offset in radians, p. 45.

c Speed of sound in air in m·s−1, p. 39.

c0 Speed of sound in air in m·s−1, at zero frequency, p. 424.
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c1 Speed of sound in air in m·s−1, calculated using temperaturec1(Ta), p. 229.

c2 Speed of sound in air in m·s−1, calculated using temperature and pressurec2(Ta,hr),
p. 229.

cab Correlation coefficient between two quantitiesa andb, p. 264.

cint Statistical confidence interval, where 0.66 corresponds to one standard deviation,

p. 450.

c
φ

Speed of sound in air in m·s−1, calculated using temperature, humidity, pressure and

frequency, p. 426.

d Distance of flight in metres, referring to the total path length out and back, p. 39.

dmax Maximum operating sonar travel distance (not range) in metres, p. 42.

dR Offset distance of receivers in sonar head fromPHC in metres (base length), p. 133.

dT Offset distance of transmitter in sonar head fromPhc in metres, p. 133.

f Frequency in hertz, p. 101.

f0 Transmit frequency sweep start frequency in hertz, p. 37.

f00 Upper demodulation sweep start frequency in hertz, p. 43.

f01 Lower demodulation sweep start frequency in hertz, p. 44.

f1 Transmit frequency sweep end frequency in hertz, p. 37.

f10 Upper demodulation sweep end frequency in hertz, p. 43.

f11 Lower demodulation sweep end frequency in hertz, p. 44.

fbus Bus frequency common to both chirp generator and capture cards, p. 169.

fc Carrier frequency for the Barker coded signal, p. 142.

fe Enhancement factor, p. 426.

fmaxd Un-demodulated frequency in hertz corresponding todmax, p. 167.

fmind Un-demodulated frequency in hertz corresponding to 0 DOF, p. 167.

fr,N Vibrational relaxation frequency of N2, in Hz, p. 423.

fr,O Vibrational relaxation frequency of O2, in Hz, p. 423.

fs Sampling frequency of a digitally sampled signal, p. 209.

fsd Sampling frequency after decimation, p. 183.
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fsr Sampling frequency of received signal, in hertz, p. 169.

fst Sampling frequency of transmitted signal, in hertz, p. 169.

h Absolute humidity as a mole fraction, in %, p. 422.

hr Relative humidity, the ratio between the partial pressure of water vapor and the satu-

ration pressure, expressed as a number between 0 and 100 (%), p. 229.

j Imaginary number,
√
−1, p. 193.

km f Matched filter scaling constant, p. 399.

kw Wavenumber or inverse wavelength in rad·m, p. 101.

l A positive integer, p. 171.

M The molar mass, in kg·mol−1, p. 228.

mrr CTFM maximum range ratio (dimensionless), p. 42.

NDFT Number of samples in the time domain input to DFT, p. 194.

Nspec Number of samples in the frequency domain output from DFT, p. 195.

ndr Divisor of bus clock to obtain receive sampling frequency, p. 169.

ndt Divisor of bus clock to obtain transmit sampling frequency, p. 169.

nsr Number of samples received in one sweep periodTsw, p. 169.

nst Number of samples transmitted in one sweep periodTsw, p. 169.

p Number of poles in rational model, p. 209.

p0 Root-mean-square air pressure of a radiating source in pascals, p. 422.

pd Dynamic air pressure in pascals, p. 384.

PHC Head centre point, halfway between the two receivers, p. 131.

ps Static air pressure in pascals, p. 228.

ps0 Reference ambient air pressure, p. 422.

psat Saturation vapor pressure in pascals, p. 230.

pz Complex pressure field in pascals, p. 384.

Q Source strength in m·s, p. 385.

q Number of zeros in rational model, p. 209.

R The universal gas constant, in J·mol−1 ·K−1, p. 228.
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r Radius from centre of coordinate system, usually used withθ to form a coordinate

(r,θ), p. 302.

r ′ Used in the derivation of the radiating plane piston model (SectionA.2) for the dis-

tance from the point(r,θ) to an infinitessimal element. Also represents approxi-

mately the distance from the head centre point,PHC, to the target. The precise defini-

tion is that the length ofPHCTV is equal to 2r ′, p. 386.

rmax Maximum CTFM range in metres, p. 42.

T0 Reference ambient temperature, p. 422.

T3 Temperature of the triple point of water in Kelvin, p. 422.

Ta Absolute air temperature in Kelvin, p. 229.

TDFT Duration of samples in time domain over which the DFT is taken, p. 195.

Tdo CTFM output signal duration in seconds, p. 41.

Tice Definition of the melting point of ice, which is also used to convert from◦ Celsius to

Kelvin, p. 229.

Tmax The time at which the echo from a target atrmax will arrive, in seconds, p. 41.

Tsig Time over which all echoes are present in the demodulated CTFM output, in seconds,

p. 42.

Tsw Sweep time in seconds, p. 37.

t Signal time in seconds, p. 384.

tp Periodic time in seconds, used in the definition of periodic waveforms, p. 37.

U0 Speed amplitude of vibrating surface in m·s−1, p. 386.

z A complex number, composed of real and imaginary parts, p. 208.
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Chapter 1

Introduction

1.1 Aim

The English wordrobot is relatively new. It entered the language in 1923 and is derived from a

Slavonic stem which is related to the Greek word for work [88]. A common meaning is

A machine devised to function in place of a living agent; one which acts automat-

ically or with a minimum of external impulse.

The living agentreferred to above is usually a human being who is equipped to sense the environ-

ment in which he is situated, to remember and recognise objects in this environment, to perceive

geometrical relationships between these objects, and to make reasoned use of this information.

By way of example theliving agentplays a sport, called orienteering, which exercises the

skills of sensing and navigation. Theliving agent is given a map and a compass, placed in an

unfamiliar environment, and expected to navigate his way to a series of points. To succeed, the

living agentmust utilise sensory information to localise his position based on the observed position

of landmarks in his environment, plan a route to the goal, navigate along the planned route, and

avoid any obstacles which may appear in his path.

Thus if arobotic agentis to sense and navigate in an environment in place of aliving agent, it

must be equipped with the appropriate sensors, especially those which emulate sight. In addition,

therobotic agentis usually expected to construct and use its own map as it traverses and explores

its environment.

This thesis aims to probe and investigate the use of two binaural sonar systems, theMatched

Filter (MF) sonar system and theContinuous Tone Frequency Modulated (CTFM)sonar system,

as a technique to sense the environment, in much the same way as sight is used by humans,

thereby allowing therobotic agentto function in place of theliving agent. Situations where this is

desirable include performing dull and repetitive work, or functioning in an environment hazardous

to humans such as is found in coal mines or nuclear reactors.

1.2 Goals

The living agentreferred to above uses a complex process, usually described as vision, to navi-

gate. This process incorporates the imaging and recognition of objects, the measurement of their

distance from the agent, the measurement of a bearing relative to a fixed or defined direction, and
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2 CHAPTER 1. INTRODUCTION

the identification of the texture and colour of the surface. This information is processed by a visual

sensory system to provide a picture of the environment.

Visual sensors estimate the bearing of an object from the position of that object in the image.

For nearby objects range is estimated by measuring the difference in position of the object between

two images. When distant objects present identical projections in both images, range estimates are

performed using geometric cues.

Sonar sensory systems are not unlike visual systems in that binaural range measurements are

needed to obtain range and bearing information. Sonar systems compute bearing by utilising the

difference between binaural range measurements, or by other novel means. This provides the two

observational types which must be recorded for a two dimensional environment.

Matched filters have long been recognised in the field of radar as being a useful method for

increasing the power of the transmitted signal, by lengthening the chirp, while maintaining the

ability to resolve close targets. The matched filter sonar system utilised in this study replicates and

extends the previous work of Peremans [108].

A measure of the ability of a sonar system to provide a suitable system for object recognition,

localisation and navigation in a living agent is given by bats [126]. All members of the suborder

microchiroptera use sonar to hunt and navigate. While not blind, their eyes are generally very

small and their vision is poor. Bats utilise many different types of call, depending upon whether

they are hunting, flying in a densely forested area, or flying in open space (Suga [128]). The calls

have various features in common withCTFM sonars. Thus,CTFM sonar is a technology utilised

effectively by aliving agentto perform navigation tasks.

The goals of this thesis are therefore:

1. to build aMF binaural ultrasonic sensing system,

2. to build aCTFM binaural ultrasonic sensing system,

3. to investigate the ability of theMF andCTFM sonar systems to measure range and bearing,

and to quantify their performance, and

4. to determine the best system or systems to emulate sight as a sensor for arobotic agent.

These goals will be demonstrated using untextured targets such as plane surfaces, corners and

poles, which produce a well-defined echo replicating the transmitted signal. The consideration of

textured surfaces, which have a filtering effect upon the transmitted signal, is beyond the scope of

this thesis. This topic is the work of other laboratory members.

Achieving these goals will provide the basis for a sensor which should provide sufficient infor-

mation to facilitate mapping and navigation, in a precise, robust, and reliable manner. In addition,

it should be able to operate in both benign and hostile environments.

1.3 Continuous Tone Frequency Modulated Sonar

Continuous tone frequency modulatedsonar has two major components. The first, continuous

tone, refers to the uninterrupted transmission of a sinusoidal signal. The second, frequency modu-

lation, refers to the changing of the frequency of the sinusoid with time. Air sonars typically use a
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frequency range of 40-100 kHz, which falls within the ultrasonic range [146]. For this reason air

sonars are commonly called ultrasonic sensors.

TheCTFM sonar operates in three stages. The first stage is to play theCTFM signal through

an ultrasonic transducer which projects the sound. In the second stage the sound is reflected

by objects in the environment. In the third stage the reflected sound is heard by the ultrasonic

receivers. The frequency modulation of the echo signal allows the time of flight to be measured.

As sound propagates at a constant velocity in air, the path distance can be calculated. The theory

of operation ofCTFM sonar is described in detail in Chapter3.

The following three sections briefly trace the development of air sonars.

1.3.1 Sonar Origins

When the Titanic sank with great loss of life in 1912, due to a collision with an iceberg, several

people began to work seriously on a navigational aid using underwater sound. The first working

system, constructed by Fessenden, detected the echo from an iceberg at a range of two miles in

1914.

At the onset of the First World War, in 1914, U-boats were used with great effectiveness by

the Germans, because they could not be located. This prompted the British to develop the first

underwater listening devices, which listened passively for the sound of the U-boat’s propellers

and machinery. As these were ineffective when the submarine machinery was halted, the British

set about developing an active sonar echo location device. Utilising some technology from the

other allies, the Asdics system was developed. The first successful test was in March 1918, when

a submarine was detected at 500m. The Asdics system utilised a quartz piezoelectric transducer,

and could indicate the range. However, the war ended before Asdics was deployed. (Hackmann

[49] describes Asdics as a codeword. The first three letters refer to the Anti-Submarine Detection

committee, while the ics was added to make it into a noun. This forms a word unrelated to the

operation of the device, so as to keep its operation a secret during wartime.)

The Second World War saw the further development of the Asdics system, which gained the

ability to determine the bearing of the submarine. These systems used a pulse as the transmit

signal, which was shortened as development progressed so as to improve the accuracy of the echo

features. At the end of the Second World War in 1945, ship based sonars could detect submarines

at 1.2km, while the submerged submarine could detect a ship at 24km.

During the Second World War, there was intensive research into new sonar technologies. In

the 1940s the benefits of continuously transmittingFrequency Modulated (FM)sonars were recog-

nised. Kurie [86] details eleven benefits over the conventional pulse systems of the time, including

being in constant contact with the target. However, the desiredFM sonar could not be built due

to the limitations of the electronics technology available. Development of theFM sonars flagged

during the 1950s due to the introduction of chirped pulses, from radar, together with pulse com-

pression techniques in the receiver. This led to the oldFM sonars being calledContinuous Wave

Frequency Modulated (CWFM)sonars to differentiate them from the new chirpedFM sonars. The

CWFM sonars are referred to asFrequency Modulated Continuous Wave (FMCW)by the radar

literature, with the termCTFM being adopted more recently.

The construction of aCTFM sonar requires an accurate and linear frequency modulator, and
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a spectral analyser. The only spectral analyser available at the time was a bank of filters tuned to

a range of different frequencies. These requirements hampered the development ofCTFM sonars

until digital techniques, such as the high speed digital frequency synthesiser and theFast Fourier

Transform (FFT), became available.

(Early sonar history taken from Hackmann [48]. CTFM information from Hayes [58] and

de Roos [30]. History of the development of radar may be found in references [16, 129, 134].)

1.3.2 CTFM Air Sonar as a Sensory Aid for Humans

Kay [68, 69] began investigatingCTFM sonars in 1959 by comparing them with pulse systems.

Inspired by the bat’s ability to navigate effectively in the dark, Kay sought to provide this ability

to visually impaired persons. The first such system was a hand-held probe acting as a sonic torch

[70]. This device gave promising results, and Kay began an extensive research program in 1966

to produce a wearable system. The first step was to build transducers which work effectively in

air [90]. The second step was to display the sonar signal in a form suitable for interpretation by

a visually impaired person. Rowell [120] determined that the most suitable form was to supply

an auditory signal to the user through headphones. The sonar signal is demodulated to provide

the auditory signal, which contains one tone for each reflecting target. Close targets produce low

frequency tones while distant targets produce high frequency tones. The auditory signal is encoded

in this way because the human ear is well suited for discriminating different tones, but is unsuited

to detecting the duration of a tone or gap corresponding to the time of flight. Bearing information

is presented to the hearer by the difference in the volume between each ear. The sonar system

is worn by the user as a special pair of glasses. This couples the user’s head movement with

movement of the sonar beam, forming a tightly coupled perceptory system.

The product of this research, the ultrasonic glasses, was first built commercially in 1974 [71,

67]. More recently the KASPA model, which is worn as a headband, was introduced (Figure1.1).

Many blind people have successfully used these systems as a substitute for their loss of vision

(Kay [74]). Users of the ultrasonic glasses have been able to perform independent navigation

in their neighbourhoods by sensing and recognising hedges, moving cars, poles, and many other

objects. Competent users are able to recognise composite objects which have previously only been

observed separately, for example a vine growing over a trellis, or a table tennis table, described by

one individual [73] as

. . . a table with a fence on top of it.

Furthermore Pivac (from Rowell [120]), a blind university student who learnt to use ultrasonic

glasses, reports

Perhaps for the first time, since the need for vision, I have become aware of the

relationship between the environment and myself. A relationship characterized by

the “Self-Concept” in which I have more certainty in realising the distance, speed and

grandeur of objects, moving or otherwise. Due to this factor, I find myself concen-

trating more on my own physical plane when moving through crowds. Previously, it

was necessary to concentrate on the position of people and what they might do. But
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(a) KASPA head unit (b) Wearing a KASPA system

Figure 1.1: The KASPA navigational aid for the blind, manufactured by SonicVision. This system
was developed by Leslie Kay.

with the use of usg [ultrasonic glasses], I can obtain this information well in advance

and therefore, am able to consider which for me would be the most suitable mode of

bypassing as it were, gracefully.

Thus Pivac was able to perform path planning in a complex environment, demonstrating that

CTFM sonars supply a sufficient amount of information to a humanliving agentto perform navi-

gation tasks.

1.3.3 CTFM Air Sonar as a Robotic Sensory System

Given the success ofCTFM systems as sensory organs forliving agents, various researchers have

worked onCTFM sensors for use byrobotic agents. While these appear at first to be the same

problem, therobotic agentfaces extra difficulties. The sonar systems used byliving agentspresent

the sonar signal, after some pre-processing, to a neural processor in order to utilise the information

present in the signal to recognise objects and assess their position.Robotic agentsmust replicate

this object recognition and position estimation in a robust and reliable way. This task is assigned

to the sensory system.

Kay [72] has attempted to build a 2D sensor suitable for use by arobotic agentutilising Fourier

transform analysis. Davies [28] worked on building a 3DCTFM sonar for use by arobotic agent

also utilising Fourier transform analysis. Politis [111] usedCTFM sonar to recognise surface

texture. Harper [55, 56, 93] used aCTFM sonar interfaced to a computer to recognise different

species of plants based on many individual features exhibited by the echo. In these works, Politis

and Harper demonstrated the ability to recognise landmarks, which are unique locations within
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the environment. Landmark recognition facilitates localisation, or the estimation of the current

position of therobotic agenton a previously recorded map. Ratner [117] worked on long dis-

tance navigation by following the border between a pathway and a lawn using a beam-forming

CTFM sonar, allowing navigation between recognised map-based plant landmarks. Politis [112]

has worked on recognising planes, edges and corners utilising their frequency response to aCTFM

sonar.

Thus previous work has demonstrated that a variety of tasks may be accomplished by arobotic

agentusing aCTFM sonar.

1.4 Outline

This thesis aims to develop and quantify the performance of several sonar systems. The thesis is

divided into five parts.

Part I reviews the foundation material from the literature upon which this research is built.

In particular Chapter2 reviews previous research on precision sonar systems for use by arobotic

agent. This serves to inform us in our choice of sensor. Chapter3 collates, discusses and analyses

previous work onCTFM sonars for use by arobotic agent. Chapter4 describes the path of the

sonar signal from the signal generator in the transmitter, through the sensor head, environment,

and receive processor, to the detector in the receiver. It shows how each element within the path

may be modelled as a filter, and describes the effect that each element has upon the sonar signal. It

also shows how the limiting precision and resolution characteristics of the sonar may be related to

the system bandwidth. Thus PartI draws together the foundations from the literature for the work

developed in PartIII .

PartII of this thesis deals with the supporting equipment adopted to reach the goals listed in

Section1.2. Chapter5 describes the experimental setup in which the experiments were made. The

invariant nature of this setup was essential as experiments became more complex and demanding.

This chapter also discusses the software architecture which was adopted to support the construc-

tion of several different kinds of sonar system by connecting together individual building blocks.

Chapter6 reviews the properties of ultrasonic transducers and derives the transducer filter func-

tion. It also contrasts the properties of two available types of transducers. Chapter7 explains how

the transducers were combined to form an integrated sensor which is capable of measuring both

the range and bearing of targets, and describes the selection of the transducers.

PartIII of this thesis concentrates on the sonarDistance Of Flight (DOF)sub-system, compris-

ing the operation of the sonar signal and the extraction of individual echoes from the signal. This

sub-system produces distance of flight and echo power measurements as its output. This part of the

thesis considers several different solutions to this problem, as described by Figure1.2. It begins

with Chapter8, which details the operation and construction of two matched filter sonar systems.

The first system, which replicates previous work, utilises a Quadrature Demodulation system, and

is designated MF-QD. The second system utilises an unsynchronised demodulator, and is desig-

nated MF-UD. Subsequent to this matched filter work, aCTFM sonar system was implemented

usingDigital Signal Processing (DSP)techniques, and is described in Chapter9. TheCTFM sonar

system produces a signal containing one tone per target. Therefore spectral analysis is required
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Figure 1.2: Several alternative ways of building a sonarDOF sub-system are evaluated in PartIII
of this thesis. Begin at the top and choose a complete path to reach the bottom. The stages
traversed may be assembled to build a complete sonarDOF sub-system. This diagram illustrates
only one channel. A multi-channel system would perform the same processing for each channel.
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to extract information about each target. This part of the thesis investigates three different meth-

ods of performing spectral analysis ofCTFM echoes. The first, which replicates previous work,

uses aDiscrete Fourier Transform (DFT). The complete sonar system is designated CTFM-DFT,

and is described in Chapter10. The second, theYule-Walker (YW)parametric spectral analysis

method, is described in Chapter11, and is designated CTFM-YW. A closely related third method,

the Least Squares Modified Yule-Walker (LSMYW)parametric spectral analysis method desig-

nated CTFM-LSMYW, is also discussed in Chapter11. Chapter12focuses on obtaining a reliable

value for the speed of sound, and demonstrates that it is necessary to continuously compensate the

sonar for variations in the speed of sound if accuracy is to be maintained. Chapter13 quantifies

and compares the performance of the five differentDOF sub-systems, in terms of their precision,

cross-correlation, and resolution.

PartIV of this thesis deals with the bearing calculation sub-system. This sub-system takes the

distance of flight measurements from separate sonar channels and fuses them into a single estimate

of the position of the reflecting object. The position is calculated in the form of range and bearing,

thereby allowing arobotic agentto navigate as required in Section1.2. In particular Chapter14

details two independent methods of calculating the bearing to an object. The first method utilises

the Inter-aural Distance Difference (IDD). The second utilises the log power difference between

the echoes detected by each receiver, or theInter-aural Power Difference (IPD). These pieces of

information are independent. This chapter also details the results of experiments which quantify

the bearing measurement performance of each of the five sonar systems. Chapter15, the second

chapter in this part, describes the method of forming a robust and reliable relationship between

echoes from the left and right channels. This utilises the agreement between the two different

methods of bearing calculation for a given echo relationship. It is this agreement which allows

the construction of a robust and reliable sensor as required by Section1.2. When agreement

is established, the independent estimates of bearing are fused to obtain a more precise bearing

estimate. The results of calculations in Chapter15indicate that the MF-UD sonar system provides

the most robust echo relationships.

PartV of this thesis, Conclusion, discusses the results in terms of the aims and goals set in

Chapter1. The best sonar system overall, out of the five systems evaluated in this thesis, is found

to be the CTFM-LSMYW sonar system.

1.5 Contributions

The aim of this thesis is to build an air sonar sensory system to enable arobotic agentto function in

place of aliving agent. In meeting the aim, this thesis makes several contributions to knowledge,

which can be summarised as follows:

• A robust statistical quantification and comparison of the accuracy, precision and resolution

of five sonar systems in range and bearing is performed.

• A robust and reliable method of solving the correspondence problem, utilising two different

methods of bearing calculation, is demonstrated. Robust statistical criteria are developed

for accepting or rejecting an echo pairing between the two channels.
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• This thesis performs an in depth study of both classical andauto-regressivespectral analysis

techniques as applied toCTFM sonar systems for the extraction ofdistance of flightand

echo power data.

• A method of self-calibrating the speed of sound continuously from temperature observations

is developed.

These contributions combine with previous work to form an air sonar system which meets the

goals listed in Section1.2.
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Chapter 2

Review of Robotic Location Sensing Technology

This chapter collects and summarises, from the literature, properties of various sensors which have

been investigated for use byrobotic agents. These sensors produce measurements of objects in

the environment of therobotic agent. Each of these measurements can be appraised by several

criteria: accuracy, precision, and resolution. These criteria are defined in Section2.1.

The criteria are used to compare some of the many different types of sensors which have been

studied and investigated for use by arobotic agent. These include:

• infra-redLight Emitting Diode (LED)sensors,

• scanning laser range-finders,

• microwave and millimetre wave radars, and

• ultrasonic sensors.

These sensors possess widely differing attributes and capabilities. The remainder of this chapter

characterises each sensor and summarises the state-of-the-art performance for each type. Particular

attention has been paid to ultrasonic sensors, providing an introduction for this research.

2.1 Criteria for Comparison

The sensory comparison focuses on range and bearing as the measured quantities. The three major

criteria used to assess the measurements are defined as follows:

Accuracy: How close the measurement is to the true value. An accurate measurement is free

from bias (Eisenhart [36]) (Figure2.1).

Precision: The precision of a measurement is the standard deviation of a set measurements.

Precise measurements are usually repeatable with a high probability (Eisenhart [36]) (Fig-

ure2.1).

Resolution: The minimum separation which may be measured between two objects before the

two separate objects appear to fuse into one. The Rayleigh criterion (Giancoli [44]) arbi-

trarily defines this to be when the maximum of one pattern coincides with the first minimum

of the other, producing a dip in the sum of the two patterns (Figure2.2).

13
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Figure 2.1: The difference between precision and accuracy, shown with normal probability density
functions. Precise measurements have a small standard deviationσ , and are therefore more likely
to be close to the mean. Accurate measurements have the mean close to the true value, and are
therefore unbiased.

Three additional minor criteria are assessed for completeness. These are:

Minimum: The minimum value which may be measured by the sensor.

Maximum: The maximum value which may be measured by the sensor.

Quantisation: Some sensors can only produce measurements in multiples of some quantity. This

may be because of a design decision to return measurements as an integer, or due to a more

fundamental property of the sensor.

According to Eisenhart [36], the accuracy of any sensor is unknown, as it is impossible to

know the true value. It is possible to use statistical methods to estimate how close a measurement

is to the true value (standard error of the mean, AppendixI), but most authors do not do this.

Therefore the accuracy of sensors is not compared. Authors often quote the precision and call it

accuracy.

The minimum and maximum bearings measurable by a sensor are always the same, so the

half beam width is quoted instead. With these fundamentals in place, the precision, resolution,

minimum and maximum will be listed for the range, and the precision, resolution and beam width

will be listed for the bearing of each sensor. The quantisation will be noted where relevant.

2.2 Infra-Red LED Sensors

Flynn [40] describes an infra-red LED obstacle sensor for mobile robots. It operates by continu-

ously emitting infra-red light, and sensing the brightness of the returned signal. The power of the

radiation is governed by anr−2 spreading loss. Furthermore, the lustre of the reflecting surface
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Figure 2.2: Resolution with sinc functions, which commonly occur when theDiscrete Fourier
Transform (DFT)is used for spectral analysis. Two different sinc functions (coloured), corre-
sponding to two frequencies, are added together to obtain the observed spectral amplitude. The
distance between the centres of the two sinc functions is marked. The two frequencies are re-
solvable when the sum exhibits a dip, which occurs when the maxima of one sinc function is
superimposed over the minima of the other.

affects the amplitude of the reflected light. These concerns are held in common with both the

sonar and radar problems. As the sensor cannot measure distance, it is unable to tell the difference

between a close, poorly reflecting object, and a distant, highly reflective object. As the sensor

can only detect light or dark, its operation is limited. Bearing precision can be improved by using

optical elements to reject light returning from outside the region of interest. Flynn used parabolic

reflectors to achieve this.

Ward [135] describes an alternative mode of operation where the light is not emitted from the

robotic sensor, but from beacons in the environment. A ring of IR receptors can then coarsely

report the bearing of the beacons (Figure2.3).

The specifications, shown in Table2.1, are adapted from Flynn [40].

2.3 Scanning Laser Range-Finders

Many laboratories have recently acquired scanning laser range-finders manufactured by SICK

[121] (Figure2.4). The 2D version returns an array of range measurements, precision±10 mm,

at 0.25◦ increments in a plane. While this sensor provides accurate information, it is incomplete.

In particular the scan is taken in a plane, so it fails to return information on anything which does

not intersect that plane. For example, scanning at chest height does not reveal the presence of

a table or a chair. Furthermore, scanning fences with vertical bars may fail because the beams

from individual scanning positions may fail to illuminate the bars - thus there is a spatial sampling

problem. It is difficult, at present, to extract features from the point cloud which is returned from

the scanner. The 3D version addresses the plane sampling problem, but introduces a new problem

akin to vision: how should all the range information be processed to recognise objects?

The propagating light wave is diffusely reflected by most objects in our environment. However,

some objects reflect light specularly or allow it to pass straight through, such as windows, mirrors,

and still water. The difficulty of detecting such objects using a light-based sensor is not limited to

sensors forrobotic agents. This author has known birds to fly into a window and knock themselves
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Figure 2.3: Infra-red beacon sensor. Each small box contains an infra-red detector which is cov-
ered by a small slit. The sensors detect light from beacons placed in the environment. This sensor
was used on a Yamabico mobile robot.

Table 2.1: Properties of infra-red LED sensors.

Range
precision none The sensor only provides a thresholded light level

output.
resolution -
min -
max -

Bearing
precision - Coarse if no optical elements are used, but good with

optical elements.
resolution -
beam width -

Benefits
Extremely low cost:Requires common LEDs and a small amplifier and thresholding
circuit, as well as a few digital computer inputs.
Beacons:Can detect simple LED beacons placed in the environment (Ward [135]).
Wall Detection: Effective at detecting the ends of walls when scanned with the
parabolic reflector.
Speed:Fast.

Problems
Coarse measurements:very coarse range and bearing measurments.
Ambiguity:Ambiguity between range and reflectivity of objects.
Visibility: Mirror-like surfaces in some orientations will reflect the light away from
the sensor and evade detection. Similarly, clean glass surfaces will allow the light to
pass through without reflecting.
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Figure 2.4: The scanning laser range-finder manufactured by SICK Corporation. This is the 2D
version.

out. Presumably the birds are fooled by the window reflecting the bushland scene behind. Thus the

deficiency is not attributed to a problem with the sensor, but to the properties of the propagating

wave and its interaction with the target.

The properties of the SICK scanning laser range-finder are summarised in Table2.2.

2.4 Radars

Radar technology has much in common with sonar technology, and historically many technolog-

ical advances were first implemented in radar and then migrated to sonar. This section first gives

a brief review of radar technology, and then turns to the application of radar as a mobile robot

sensor.

2.4.1 Technology

Radar as a technology is a well researched and mature field. TheMF techniques used within this

thesis are standard radar techniques. Also well established are FM sweep chirps, which are related

to theCTFM technique evaluated in this thesis. The difference lies in the signal length and the

receive processor.

Radar systems usually allow the simultaneous measurement of target range, velocity, bearing

and azimuth. The range and velocity information are separated by using specially crafted signals,

receive processors and detectors. While these capabilities are interesting, the measurement of

target velocity was not included in any of the systems evaluated here as it does not seem important
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Table 2.2: Properties of the SICK scanning laser range-finder.

Range
precision ±10mm Data sheet quotes±10mm, however Bailey [7]

states that quantisation errors of±30mm were ob-
served.

resolution - Only one range is returned at each position.
min -
max -

Bearing
precision 0.25◦ - 1◦ The (quantised) bearing sampling grid is user se-

lectable.
resolution - Twice the selected bearing quantisation.
beam width ±90◦

Benefits
Reliable:Reliably senses most objects.
Correspondence problem:The measurement is performed using one laser beam, so
there is no need to associate returns from separate channels.
Speed:Scans may be repeated tens of times per second. The bottleneck is the serial
line out of the device, so finer and larger scans take longer to read.

Problems
Interpretation: It is difficult to extract features from the point cloud returned by the
sensor.
Water and Glass:Puddles or lakes can reflect the laser light away if the water is flat,
introducing a blind spot. Clean glass is not reliably detected, but dirty glass is.
2D planar: 2D version only senses objects in a plane. Objects just outside the plane
escape notice.
Artifacts: False readings along steep edges.
Dust: Possible false readings from rain, steam and dust particles.
Sampling:Spatial sampling problem means that picket fences and similar objects can
remain undetected. The sensor beams are so tightly focussed that the positions of the
beam do not combine to cover the sensing volume, in either the 2D or 3D version.
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in our application and would have dramatically increased the system complexity.

The techniques utilised in radar also have broad applicability to robust, high precision air sonar

systems. The interested reader is referred to Berkowitz [11], Skolnik [122] and Rihaczec [118] for

discussion of the techniques used and the benefits they provide.

2.4.2 Application to Mobile Robots

Microwave radar is useful for a long or medium range outdoor sensor. Clark and Durrant-Whyte

[23] used a microwave radar to localise a container-moving vehicle for use in shipyards. Langer

[87] built a MilliMetre Wave (MMW) radar as a sensor for a self-driving highway vehicle. This

radar unit uses the synthetic aperture technique (Elachi [37]) in the receiver to measure the bearing

of targets. Delphi [31] developed a commercial car radar system, which uses a mechanically

scanned beam for detecting the bearing of targets.

Many radars use aFrequency Modulated Continuous Wave (FMCW)signal, which is similar

to theCTFM signal used in this thesis.

The results summarised in Table2.3are reported by Langer [87] from an experiment conducted

in an open area test site using a single target with a radar cross section of approximately 7m2.

2.5 Ultrasonic Sensors

Ultrasonic sensors, in general, operate by insonifying (defined to be similar to illuminating, but

with sound, Kay [74], also ensonify in Kinsler [78]) an area, and measuring the time taken for

an echo to return. The signal may be of many different types, including impulses and continuous

signals. Ultrasound has a wavelength between 17mm and 3.5mm for the frequencies of 20kHz to

100kHz commonly used in air.

Ultrasonic sensing systems for use in air may be classified according to how many elements

are used in their construction and the type of encoding used for the signal. There are several main

configurations of ultrasonic sensors. The main configurations, in increasing order of complexity,

are:

1. A sensor with one transmitter and one receiver, possibly combined into single transducer

sensor, and possibly mechanically scanned.

2. Ring arrays with transducers used separately or fired in unison. This configuration elimi-

nates scanning.

3. A sensor with a small number of transducers pointing in the same general direction and used

in unison.

4. A transducer array, using either transmit or receive beam-forming (synthetic aperture), pos-

sibly with electronic scanning control.

The properties of the ultrasonic transducer used in the system are often crucial to the results.

Therefore the type of ultrasonic transducer is recorded where the information is known.

The following sections discuss several different ultrasonic sensing systems.
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Table 2.3: Properties ofMMW radar as reported by Langer [87].

Range
precision ±0.12m Theoretical precision±0.112m.
resolution 0.93m
min -
max 180m Range depends upon the radar cross section of the

target. Quoted results were 80m for people, 180m
for cars, and 200m for trucks.

Bearing
precision 0.07◦

resolution 3◦ Only applies to targets which cannot be resolved in
range.

beam width ±6◦ Would have been wider but suffered from budget
constraints.

Benefits
Reliable:Returns data for most target types which are placed within the sensor beam.
Beacons:Road markings can be replaced with radar reflective tapes, and beacons can
be placed into the environment, similar to the current optical retro reflectors, to aid
reliable sensing for navigation.
Harsh Environments:Works in the dark and is immune to wind, rain, dust and fog,
making it well suited for use outdoors.
No moving parts:Uses electronic scanning to measure bearing, so there are no mov-
ing parts to break down.
Volume sensor:The radiation fills the volume, and there is no spatial sampling as
with laser range-finders.
Speed:Provides readings 10 times per second according to stated requirements.

Problems
Ghost targets:Poor sidelobe suppression in bearing, which causes ghost targets from
outside the main beam.
Narrow vertical beam:The road can rise or dip outside of the 3◦ vertical extent of
the beam used by this sensor, but increasing the beam width leads to sensing unde-
sired targets such as overhead bridges. No facility is provided for resolving objects
vertically.
Weak targets suppressed:If two targets have the same range, and have different radar
cross sections (i.e. a motor cycle next to a truck), then the weaker target will be lost
in the sidelobes of the stronger target, and will not be observed by the sensor. This
effect is amplified by the very wide bearing sidelobes of this sensor.
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Figure 2.5: The Polaroid transducer. The black grille covers a mylar film with a gold conductor
deposited on one side. The radius of the active area of the transducer is 16.2 mm. See Section6.8
for details.

2.5.1 Polaroid Type

The Polaroid Corporation [12] developed an ultrasonic range-finder for auto-focusing their cam-

eras. The range-finder uses a single electro-static transducer (Figure2.5) to transmit and receive a

sine wave packet of about 10 cycles (100mm). The transducer requires a bias voltage to be applied

before it can be used as a transmitter or receiver.

When the sonar is fired, a timer is started. This timer is stopped when a received echo exceeds

a pre-set threshold and the range,r, is computed from the time of flight,τ, and the speed of sound,

c, by r = cτ/2. The object which caused the echo lies upon a spherical surface (Figure2.6) whose

extent is defined by the sonar beam width.

Polaroid supply a standard kit containing the signal conditioning circuits on a small board. The

circuit includes a time dependent gain, empirically calibrated to compensate for spreading loss and

air absorption. The circuit detects the received echo by comparison with a fixed threshold level.

The timer circuit is usually supplied by the user. The properties of the sensor are summarised in

Table2.4.

2.5.2 HiSonic Sensor

The HiSonic sensor built for the Yamabico mobile robot by Ohno [103] is similar to the Polaroid

sensor. It uses a Murata [98] piezo-electric transmitter-receiver pair, part numbers MA40A5S

and MA40A5R. These transducers have only a small active area, but do not require a bias voltage.

Besides using different transducers from the Polaroid system, the circuit also uses an exponentially

decaying threshold. Changing the detection threshold from a constant to a modelled variable has

the joint outcomes of reducing the effect of crosstalk from the transmitter to the receiver, and

increasing the sensitivity to more distant targets. The sensor could detect small reflectors at a

maximum range of 1.4m and larger targets, 0.1m wide, at a maximum range of 3.5m. The

experience of this author with this sonar system indicates that careful adjustment of the decay

threshold and offset time are required to achieve this range.

Insufficient data is provided on the HiSonic sensor to form a table of properties.
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Table 2.4: Properties of the Polaroid ultrasonic range-finder kit.

Range
precision ±1mm
resolution - Only measures the range to the closest target.
min 100mm The receiver circuit must be turned off while the

transmitter is active.
max 5m Typical

Bearing
precision ±15◦ The object position must be estimated by combining

measurements from different known positions.
resolution -
beam width ±15◦

Benefits
Reliable:Reliably senses most objects.
Speed:Measurements may be repeated at 30Hz for a maximum range of 5m.
Low cost:Circuit is small and simple to build.

Problems
No angle estimate:The data from the sonar sensor is usually interpreted to have
come from the same horizontal plane as the transducer, so echoes coming from small
steps in the floor or door jambs cause confusion to the mapping system. The lack
of bearing measurement requires additional complexity in the mapping system, as
objects must be observed from multiple positions to determine their location.
Corner Detection: According to Kleeman [82], measurements taken by a single
transducer sonar sensor cannot tell the difference between a wall and a corner.
Objects obscured:As the sensor can only measure the range to the closest object,
more distant objects are effectively obscured.
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Figure 2.6: The geometry of a single transducer sonar system. (a) Shows a target, and the
range which will be measured by the sensor. As the single transducer provides no informa-
tion about the target bearing, the target may lie anywhere on a circular annulus (black). How-
ever, the sonar energy is constrained in a beam, so the object is most likely to be in the region
marked in grey. (b) Shows the possible position of the object in 3D, with the transducer visible at
{x,y,z}= {0m, 0m, 0m}.

2.5.3 Plant and Target Recognition with CTFM Sonar

Harper [56] demonstrated that it is possible to recognise plant species using aCTFM sonar (Fig-

ure2.7). That work was intended to be used for landmark recognition for long range navigation.

Other work was done by Politis [111, 112], which recognised corners, planes and edges from

their echo signatures. Both of these systems use a single transmitter and single receiver sensor

configuration, andCTFM electronics from Leslie Kay [73].

2.5.4 Measuring Bearing with a Single Receiver

Yata constructed and evaluated a direction-finding sonar system using a transmitter and a single

receiver [142, 143, 144]. It operated by transmitting a broad-band impulse response signal, and

exploited the frequency dependent beam pattern (Sections6.3.2and6.3.3) to estimate the bearing

of the target. The estimation of frequency is performed using the zero-crossing period of the

second oscillation in the received echo. This method simplifies the signal processing considerably

compared to traditional methods. The zero-crossing period was used to find the target bearing in

a look-up table. The properties of this very simple sonar system are summarised in Table2.5.

This author is saddened to learn of Yata’s untimely death.
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(a) whole system (b) head

Figure 2.7: The head, driver electronics, and headphones comprising the researchCTFM probe
system used by Harper for recognising plants. This unit was supplied by Leslie Kay. The central
element on the head is a transmitter, flanked by two angle-adjustable receivers. While this unit
is binaural, and capable of measuring bearing, only one receiver channel was necessary for plant
recognition work.

Table 2.5: Properties of the single receiver direction measuring system built by Yata.

Range
precision - Not stated.
resolution - Not stated.
min - Not stated.
max - Not stated.

Bearing
precision ±0.95◦ For target at 0.8m. Depends upon target range.

Bearing precision is±0.66◦ for target at 0.5m.
resolution - Not stated.
beam width 8◦ Results only presented for±4◦.

Benefits
Simple:Uses a simple hardware design.
Multiple targets:Can detect multiple targets in one observation.

Problems
Overlap: Can not resolve targets with overlapping or interfering echoes.
Noise:Not robust against noise.
Direction ambiguity:The sensor can only measure the angle of the target from the
normal of the sensor. If the target is assumed to lie in the plane, then a sign ambiguity
remains. Yata overcomes this by using a bias angle, but this reduces the operating
beam width of the sensor.
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Table 2.6: Properties of the ring sensor system built by Yata.

Range
precision - Not stated.
resolution 170mm
min -
max 5m The increased range over the HiSonic sensor is at-

tributed to the use of a horn.
Bearing

precision ±0.8◦

resolution -
beam width 360◦ Sensor system operates in a complete circle around

the robot.
Benefits

Simple:Uses a simple hardware design.
Speed:Update rate of 10Hz.
Multiple targets:Can detect multiple targets in one observation.

Problems
Complexity:The main difficulty is the construction, calibration and maintenance of
30 sets of sonar circuitry.

2.5.5 Direction Finding Sonar Ring

Yata also built a 30 element sonar ring which can measure the bearing to several targets simultane-

ously [142, 145]. Yata utilised piezo-electric transducers from Murata, model numbers MA40S4T

and MA40S4R. The ring is comprised of 30 transmitter and receiver pairs. All of the transmitters

are fired simultaneously, providing a 360◦ circular wavefront. This eliminates the need for se-

quential transmission found on other ring sensors. The echoes on all of the receivers are analysed

together to detect and estimate the bearing of targets bytime of flight. Her work had its roots in

the HiSonic system mentioned in Section2.5.2, and utilises an exponentially decaying threshold

level in its receiver. Unlike the HiSonic system, the receiver records samples of the output of the

thresholding comparator, producing a 1-bit representation of the signal. The properties of Yata’s

ring sensor are reviewed in Table2.6.

2.5.6 Impulses and Template Matching

Kleeman and Kuc [82] have developed several impulse ultrasonic sensors capable of measuring the

range and bearing tuple of multiple targets. This sonar type has been further refined by Chong [21]

and Heale [59]. The system utilises the Polaroid 7000 series electrostatic transducer. Transmission

is performed by applying a 300V, 10µs impulse to the transmitter. Thus the sonar transmits the

impulse response, having a packet duration of 50µs, equivalent to a length of 17.3mm. A template

matching system is used in the receiver. There are several configurations used, depending upon

whether two or three dimensional sensing is required. The two dimensional configuration uses two

transmitters and two receivers, while the three dimensional configuration uses three transmitters

and three receivers. As the signal is quite short, one transducer in each configuration is used as
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both a transmitter and a receiver. The receiver uses a 1MHz sampling rate.

The sonar system measures the target bearing by triangulation. The templates are used to com-

pensate for the effects of the transducer’s response at different bearings. Additionally, this system

can reliably classify targets as being a corner, plane or edge in a two transmission observation (2D

version). The usual poorSignal to Noise Ratio (SNR)experienced with impulses is overcome by

boosting the transmitter power well above the normal limits, and using large transducers.

Kleeman and Kuc [82, Section 9] provide experimental results for absolute accuracy. Their

experiment consists of measuring the acoustictime of flight and geometricaldistance of flight. A

line is then fitted to an x-y plot. The slope of this line is claimed to bec/2. This procedure will

remove any bias in the fitting process. As the experiment was specifically designed to detect any

bias in the sonar system, this is considered to be a serious weakness. Therefore their accuracy

figure of±0.8mm is brought into question.

The precision of±0.1mm to±0.2mm given for this sonar system appears to have been mea-

sured in a room with still air. A separate figure of±0.4mm is given for turbid air driven by

fans.

The properties of this sonar system are summarised in Table2.7.

Hong [62] reports the development of a cheaper, simpler version of this sensor with a range

accuracy of 10mm and bearing precision of±2◦. Hong found that the precision, identification

range and resolution of closely spaced targets were compromised due to the very low 59kHz

sampling rate.

2.5.7 Barker Codes and Matched Filters

Barker codes were devised as a way to increase the energy of the transmitted signal, so as to

improve the signal to noise ratio in the receiver. They originally came from radar. The extra

energy is inserted by increasing the length of the transmitted signal. Usually, this would result in

poor range resolution. However, the matched filter in the receiver compresses the signal into an

impulse at the point where the echo starts. This allows echo signals which overlap to be resolved

as separate targets.

This idea was applied to robotic sensing by Peremans [108, 109]. He used a single transmitter

and three receivers, all using Polaroid transducers. The sensor is able to detect multiple targets,

and measure their range and bearing tuple. Since multiple receivers are used, the echoes from

each channel which correspond to a single target must be identified before the direction angle to

the target can be estimated. Additionally, this sensor attempts to estimate whether the target is a

plane, corner or edge reflector. The properties of this sensor are described in Table2.8.

2.5.8 3D CTFM Ultrasonic Sensor

Davies [28] built and evaluated several 3DCTFM ultrasonic sensor systems using two different

types of transducer. The first type of transducer was reported as the Warwick transducers, but no

performance information is available. The second type of transducer was manufactured by Kay.

Custom circuitry was used for transmit, receive, demodulation and sampling. A dedicatedDigital

Signal Processing (DSP)chip was used to perform theFast Fourier Transform (FFT)analysis
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Table 2.7: Properties of the Kleeman and Kuc impulse ultrasonic sensor system.

Range
precision ±0.1mm to±0.2mm Precision is range dependent. Figures given up to

5m range for still air. Accuracy of±0.8mm is
claimed for ranges less than 4m. See notes in text.

resolution 10mm
min - Not stated, but will have a minimum range due to

turning off the receive circuit during transmission.
max 8m For optimally aligned plane target.

Bearing
precision ±0.1◦ Accuracy claimed to be 0.2◦ over±10◦.
resolution - Targets separated in range can be resolved in bear-

ing, even if the bearing is the same (unless ob-
scured).

beam width ±11◦

Benefits
Reliable:Reliably senses most objects.
Speed:Provides measurements in real time.
Multiple targets:Can detect multiple targets in one observation.
Classification:classifies planes, corners and edges in a double-transmision observa-
tion.

Problems
Noise: The energy level in the impulse signal is quite low, so the system will be
vulnerable to disruption by noise. Leslie Kay [72] suggests that this can be quite
significant in industrial environments.
Parameters:The template matching space is multi-dimensional, including bearing,
range, and temperature as factors.
Calibration: The template matching is dependent upon the impulse response of the
individual transducers used.
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Table 2.8: Properties of thematched filtersonar system built by Peremans.

Range
precision ±1mm Precision degradation of up to±10mm for overlap-

ping echoes. The sonar packet is 415mm long.
resolution -
min -
max 4m Not stated, but results given up to 4m.

Bearing
precision ±0.6◦

resolution - Resolution of targets in bearing is impossible when
echoes are not resolvable in range.

beam width ±12◦

Benefits
Reliable:reliably detects most targets.
Multiple targets:Can detect multiple targets in one observation.
Classification:classifies planes, corners and edges in a double-transmision observa-
tion.

Problems
Classification: The classification of targets from a single observational location
proved to be unreliable. Sensor motion was found to overcome this (Peremans [110]).

of the demodulated signal. Davies describes some interpolation techniques which were used to

improve the precision of the sensor. The software used is derived from the BAT system of Leslie

Kay.

Davies’ systems measure range, bearing and elevation angle usingInter-aural Distance Dif-

ference (IDD)andInter-aural Power Difference (IPD). However, the evaluation does not provide

range or bearing precision. Instead, the evaluation is carried out in Cartesian coordinates in terms

of Euclidean distances. Precisions of between 7.1mm and 42mm are reported, depending upon

the bearing measurement technique. The errors appear to be largely in the bearing estimate. The

IDD technique provides smaller errors than theIPD technique in Davies’ results.

Davies also describes degradation in system performance when a fan is used to add wind noise,

and describes the adverse heat effect of a soldering iron placed underneath the sonar path. Some

textured surface work is also included.

No table of results is included for Davies’ work due to the form in which the results are

presented.

2.5.9 CTFM Sonars forRobotic Agentsby Leslie Kay

Although Leslie Kay is best known for his pioneering work in the use ofCTFM air sonar systems

for use byliving agents, he has also adapted his sonar technology for use byrobotic agents. His

early work [72] utilised a synthetic aperture technique to focus the transmitted beam. The beam

was then scanned from left to right. Echoes detected at each scanning position could be uniquely

attributed to a reflector at that bearing. Each 30◦ scan was completed in 15ms. The properties of

such a system are summarised in Table2.9.
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Table 2.9: Properties of the scanning arrayCTFM sonar systems built for robotic use by Kay.

Range
precision -
resolution 6mm At 100kHz.
min -
max -

Bearing
precision ±0.4◦ Determined by beam width, which is four wave-

lengths or 14mm. Bearing precision calculated at
1m range. Calculated at 100kHz.

resolution 0.8◦ Width of focal point is four wavelengths or 14mm.
Bearing resolution calculated at 1m range.

beam width ±15◦ Area over which the beam is scanned.
Benefits

Speed:Completes one scan in 15ms. The sonar demodulation is implemented in
analogue circuits, and the demodulated output requires onlyFFT processing.
Image:Provides a range image of the insonified area.
Object classification:provides information which has been used by Politis [112] to
recognise reflector types and by Harper [55] to recognise plant species.
SNR:CTFM provides a high signal to noise ratio as it uses a continuously transmitted
signal.
Continuous Contact:TheCTFM sonar system can maintain continuous contact with
the target, as it transmits continuously.

Problems
Construction: The construction is complicated by the number of elements in the
beam-forming array. The large number of circuits driving the array elements must be
carefully arranged to reduce crosstalk.

More recent work [73] demonstrates a BAT computer program which processes the demodu-

latedCTFM echoes from a binaural sonar system such as that shown in Figure2.7, and computes

the range and bearing of targets. The receivers are splayed to support theIPD method of calculat-

ing bearing. In this system a wide beam is transmitted, and the binaural echo information must be

used to compute the bearing of targets. No performance evaluation is described for this system.

2.5.10 CTFM Arrays

Ratner [117] used aCTFM sonar array built by Leslie Kay (Figure2.8) to recognise and localise

plants from a mobile robot. This extends the work of Harper described in Section2.5.3. The array

is used as a synthetic aperture array transmitter with a 3.5◦ beam width. The vertical dimension is

unconstrained, giving a fan shaped beam which is electronically scanned. The sensor was used to

perform long range navigation by detecting and following the grass-concrete interface at the edge

of a path.



30 CHAPTER 2. REVIEW OF ROBOTIC LOCATION SENSING TECHNOLOGY

Figure 2.8: ACTFM sonar head with a transmit beam-forming array (top), which is electronically
steerable. The four transducers mounted below are the receivers. They are angled to support
bearing computation from theIPD.

2.6 Combined Visual and Sonar Sensor

Akbarally [3] describes an unusual combination of a monocular visual sensor and a sonar sensor.

The sonar sensor is similar to that previously described in Section2.5.6. In Akbarally’s work, the

weaknesses of each sensor are complemented by the strengths of the other.

Most of Akbarally’s thesis describes the operation of the sensor. Only one experiment was

conducted to test the accuracy [3, Section 5.10.3]. The sensor produces a wire model of the

observed scene. The accuracy experiment compares the lengths of these line segments with lengths

measured by a ruler. Thus the range and bearing precision have not been independently assessed.

The properties of Akbarally’s combined visual and sonar sensor are summarised in Table2.10.

2.7 Properties of Ultrasound

The physical properties of ultrasound determine the benefits and limitations common to many

ultrasonic sensor systems. These properties affect all of the ultrasonic sensors in Section2.5.

Non-Normal Surfaces are Invisible

Ultrasound is reflected specularly from smooth surfaces. If a smooth plane surface reflects the

ultrasound away from the receiver, then it will not be detected (Figure2.9). Note that the corner

produces a small echo [85]. The reflection from the edge is subjected to two spreading losses -

first the spreading loss due to the ultrasound radiating from the transducer, and then the spreading
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Table 2.10: Properties of the combined sonar and visual sensor system built by Akbarally. These
results are slightly worse than those mentioned for the sonar sensor in Table2.7, but the results
quoted in that table are for more recent work.

Range
precision ±0.15mm Accuracy claimed to be±0.8mm.
resolution -
min -
max 6m

Bearing
precision ±0.05◦ Bearing precision at 1m range.
resolution -
beam width -

Benefits
Complementary sensors:The range measuring deficiency of the monocular vision is
complemented by the range measuring ability of the sonar.
Detects multi-path:Some sonar paths strike multiple objects, leading to the detection
of phantom targets by the sonar sensing system. The vision processing system can be
used to check that a target is present in the image at the coordinates reported by the
sonar system, thereby eliminating multi-path reflections.
Atmospheric compensation:The sonar system uses impulses and template matching,
but the pulse shape changes with atmospheric conditions. Akbarally described a
method of compensating the pulse shape for the atmospheric variation.

Problems
Slow processing:The sensor takes 90s to process a scene, with most of the time
being consumed in processing the visual sensor data.
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Figure 2.9: An object with plane reflectors which directs most of the sonar energy away from the
transducer. The transmitter produces radiating spherical waves (red) which strike the target. The
plane reflections (black) are reflected away from the receiver. The edge diffraction (grey) radiates
in all directions, and is the only signal to reach the receiver. The detected echo power, for plane
and corner reflectors, is governed by anr−2 spreading loss and air absorption. The detected echo
power from edge diffraction is governed by anr−4 spreading loss in addition to the air absorption.
For many sonar systems, this will put the echo below the noise floor and the detection threshold,
making such an object invisible to the sonar sensor except at close range. This topic is discussed
further in Chapter4. For clarity, diffraction from the other edges is not shown.

loss due to the ultrasound re-radiating from the corner. This additional spreading loss makes the

reflections much weaker than those from corners and suitably oriented planes, and thus may not

be detected by the receiver.

Ultrasonic Echo Features are Localisation Beacons

The physical features which return echoes are usually room features. Thus the echoes produce a

higher ratio of relevant information to clutter than other sensors returning information on a dense

grid such as vision or 3D laser range-finders. The information present in the ultrasonic signal may

be extracted precisely without the use of fine sampling grids.

Visibility of 3D Corner Reflectors

Three dimensional corner reflectors have been shown by Hong [62] to be a useful room feature

for robot localisation, because they have the same echo power as planes but without the problem

of specular reflection. Echoes from corner reflectors may be seen over a wide range of positions

relative to the orientation of the corner, allowing them to be used as beacons for robot localisation.

An environment with few ultrasonic reflectors may have artificial 3D corner reflectors installed as
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beacons to allow robotic navigation.

The use of 3D corners in radar and optics is well known. Their use in sonar, to provide similar

control and calibration, should be encouraged.

Volume Sensor

The area of insonification is broad, and echoes will be returned from objects in a wide field of

view. This allows more area to be sensed in a single reading than with narrowly defined sensors

such as a 2D laser range-finder or a phased array beam-forming ultrasonic sensors.

In previous work, this last point has been considered a disadvantage. However, modern tech-

niques allow the bearing of individual targets to be measured directly in a single or double trans-

mission, eliminating the need to use a narrow beam to reduce the position uncertainty of sensed

objects. Indeed, having a larger area of insonification allows more information to be extracted in

a single measurement.

2.8 Conclusion

This review shows that the following desirable properties should be incorporated into the sensor:

• The sensor fills or insonifies the volume to be interrogated rather than digitally scanning the

volume.

• The sensor should be self-insonifying, like radar, and not dependent, like most optical sys-

tems, on an external source.

• The sensor should be able to probe a significant object space with accuracy, precision and

reliability.

• The scan data can be quickly and reliably processed.

Of the sensors reviewed only the impulse sonar, Barker codes with a matched filter, and theCTFM

ultrasonic sensors are able to fulfil the above criteria. The impulse sonar system has been well

documented elsewhere [82, 21, 59]. The matched filter andCTFM systems appear to be able to

transmit more power and hence may be able to probe a large volume. Investigating these types

of sonar system appears important. Additionally, theCTFM systems have been shown to support

target and plant identification, making them suitable for localisation tasks.

Precisions of between±0.1mm and±1mm in range are reported. This sets a precision goal

for the systems in this work. Furthermore, resolution between objects separated by 6mm to 10mm

is reported for state of the art systems, setting the resolution goal for this work.

The bearing precisions and resolutions are much more poorly understood than the range com-

ponent and thus a major contribution can be made by providing a rigorous study of range and

bearing process and their interaction.

It is desired that the sonar system operate robustly in both benign and hostile environments.

For an ultrasonic sensor system, hostile elements are ultrasonic noise, wind, and uneven temper-

ature. Ultrasonic noise may be overcome by increasing the amount of power in the transmitted
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signal, such as is used by thematched filtersonar system and in theCTFM systems discussed

previously. The hostile elements of wind and uneven temperature affect the propagation of the

ultrasound itself, so there is little that can be done to improve system performance where these

are concerned. However, these problems are reduced considerably by operating in indoor environ-

ments. In addition to the requirements of operating in a hostile environment, the system chosen

should be able to support the recognition of landmarks and other reflector types. Other work

described in this chapter indicates thatCTFM sonar systems are able to fulfil these requirements.

With all these considerations, thematched filterandCTFM sonar systems were selected for further

study and comparison in this thesis.

While cheap and simple sensors may be preferred by robotics researchers for application, the

comparison between the capabilities of the various sensors shown here demonstrates that there is

a cross-correlation between sensor complexity and the quality and quantity of useful information

returned. In selecting sonar systems for study in this thesis we have chosen to emphasise capa-

bility over cost and complexity, so as to perform fundamental research into the capabilities of the

ultrasonic sensor.



Chapter 3

Operation of CTFM

This chapter draws together the fundamental theory ofContinuous Tone Frequency Modulated

(CTFM) from the literature into a coherent mathematical framework to build an understanding

of Continuous Tone Frequency Modulated (CTFM)sonars. This information is used to support

design decisions which will be made in Chapters6 and7, and also provides the theory necessary

to understand the digitalCTFM sonar implementation described in Chapter9.

The chapter begins with an overview of theCTFM sonar system. It then reviews the transmit

signal and the mathematics used to generate it. Finally, it reviews two techniques for demodulating

the received echoes: single and dual demodulation. Thus the chapter assembles the theory of

CTFM into a coherent mathematical framework.

3.1 Overview

A single channelCTFM sonar system is shown in Figure3.1. The sweep generator provides the

ultrasonicCTFM signal for use by both the transmitter and demodulator. The signal is transmitted,

reflected by objects in the environment, and returns to the receiver. The demodulator produces an

output frequency in the audible range, with frequency being proportional to the distance of flight.

Each target produces a unique frequency. Thus the range measurement problem becomes a spectral

analysis problem when aCTFM sonar is used.

Sweep Generator

Demodulator

Received
Signal

Transmit
Signal

Demodulation
Signal

Demodulated
Output
Signal

Transmitter

Receiver
Sound
waves

Figure 3.1: Overview of a simpleCTFM sonar system.
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Figure 3.2: Example of a frequency sweep as (a) time-frequency plot, and (b) time-amplitude plot.
The time-frequency plot shows the change in frequency of the signal over time. False sweep times
and frequencies have been used for clarity in these plots.

The following two sections describe the operation of the sweep generator and the demodula-

tor in detail. In particular, two different methods of demodulation are discussed. Discussion of

spectral analysis is postponed until Chapters10and11.

3.2 Transmit Signal

The sweep generator in Figure3.1 produces a transmit signal and a demodulation signal. This

section focuses on the transmit signal.

The transmit signal is aCTFM signal which is transmitted continuously while the sonar is

operating. The frequency is modulated according to a sawtooth function (see Figure3.2). The

transmit sweep frequencyft (t) is determined by the following three equations:

ft (t) = f0 + µtp (3.1)
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Figure 3.3: The transmit signal and received echo for a single target, showing the important fea-
tures of the signal. The echo delay, or time of flight, is labelled asτ. The signals used in this thesis
nominally usef0 = 100kHz andf1 = 50kHz with a sweep period ofTsw = 0.16s, as discussed in
Chapter9.

µ =
f1− f0

Tsw
(3.2)

tp = remainder

(
t

Tsw

)
, (3.3)

where the subscriptt has been used to denote transmit signals;f denotes frequency, and the

subscripts 0 and 1 denote the start and end of the sweep. Thus, the sweep start and stop frequencies

are denoted byf0 and f1 respectively. The sweep time is denoted byTsw, while µ is the sweep

rate, in Hertz per second. The variabletp denotes the periodic time in seconds, and is constrained

by 0≤ tp < Tsw due to its definition. This is what causes the sawtooth to repeat with periodTsw.

The transmit signal frequencyft (t) has units of Hertz and is shown in Figure3.3. Note thatµ is

negative, indicating a downward sweep, which is the standard configuration forCTFM systems

(Kay [71]).

The transmit signalst (t) is written

st (t) = sin(φt (t)) , (3.4)

whereφ (t) denotes a phase, with the subscriptt denoting the transmit signal. The relationship

between the phaseφ (t) and frequencyf (t) is developed in the remainder of this section.

For a signal with constant frequency, the phaseφ (t) is known to be

φ (t) = 2π f t. (3.5)
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This does not hold for a variable frequency such asft (t). Oppenheim et. al. [104, Section 7.6]

describe the principle of instantaneous frequency for such cases. They suggest that phaseφ (t)
should be regarded as the integral of instantaneous frequencyf (t), i.e.

φ (t) = 2π

∫ t

0
f (t) dt. (3.6)

In the case of constant frequency, such asf (t) = f , this reduces to (3.5). In the case of the

sweeping transmit frequencyft (t) , substituting (3.1) into (3.6) yields

φt (t) = 2π

∫ t

0

(
f0 + µtp

)
dt.

Applying a change of variablest = tp, over the range 0≤ t < Tsw, and integrating yields

φt (t) = 2π f0tp +πµt2
p. (3.7)

Allowing t to increase overTsw would give the swept frequency a different phase offset at the

beginning of every sweep. The omission of the phase offset is of no concern as the sweep is stored

in a digital memory and simply repeated exactly for every sweep, and is computed so that there is

perfect matching between sweeps (Section9.3). Substituting (3.7) back into (3.4) gives the final

transmit signal

st (t) = sin
(
2π f0tp +πµt2

p

)
, (3.8)

with µ andtp being calculated by (3.2) and (3.3) respectively. An example plot of this signal is

shown in Figure3.2b.

Formula (3.8) is used wherever a frequency sweep is required, substituting appropriate values

for f0 and f1. The sweeps usually occur over a bandwidth of one octave, such that the higher

frequency is twice the lower one. All sweeps in theCTFM system use the same value forTsw.

Interestingly, (3.8) may be regarded as a constant frequency signal with a time varying phase

modulation. Thus phase modulation and frequency modulation are equivalent in this context.

3.3 Demodulation

The demodulation stage of theCTFM sonar system transforms the ultrasonic frequencies of the

sonar signal by lowering the frequency. In Kay’s aid for the visually impaired [71], the demod-

ulated output signal is in the audible frequency range. When the demodulation output is to be

interpreted by the sensory system of arobotic agent, the demodulation output may cover any

convenient frequency range, unless aliving agentmust listen to the signal during testing.

3.3.1 Single Demodulation

In single demodulation the demodulation sweep, which is identical to the transmitted signal, is

multiplied with the received echo signal in the time domain. This produces sum and difference

frequencies, which may be clearly seen in Figure3.4. The distance of flight information is con-

tained in the difference frequency. If the demodulation sweep and the echo sweep have the same
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Figure 3.4: The operation of a single demodulationCTFM sonar.

slope,µ, constant for the duration of the sweepTsw, then the difference frequency will be con-

stant. For this to happen, the transmit signal must have a perfectly linear frequency sweep, and the

reflecting object must be stationary relative to the sonar system.

The time domain multiplication also produces a sum frequency, but this signal is of no use

so it is filtered out using a low pass filter. The demodulated intermediate signal contains steps,

which correspond to the travel time from the transmitter to the target and back. The low pass filter

mentioned previously also removes the top of these steps, leaving a signal with periodic gaps in

its spectrum, as shown at the right of Figure3.4.

It is important to obtain a qualitative understanding of the relationship between theDistance

Of Flight (DOF)and the output signal. Consider first an echo withDOF d = 0. Such a signal is

identical to the transmit signal, and thus also the demodulation signal. The difference frequency

is thus zero. More distant targets may be considered by sliding the receive sawtooth to the right.

This increases the difference between the frequencies of the received and demodulation signals,

so the demodulated difference frequency increases for more distant targets.

DOF Calculation

This section explains how to compute theDOF from the demodulated output frequency. First, let

d denote the distance of flight and letc denote the speed of sound. Then the time of flightτ may

be calculated by

τ =
d
c
. (3.9)

The received signalsr (t) is demodulated by multiplying it with the demodulation signalsd (t)
thereby giving the demodulator output signalsout (t):

sout (t) = sd (t) ·sr (t) . (3.10)

In single demodulation, the demodulation signalsd (t) is identical to the transmit signalst (t). The

received signal is regarded simply as a time-delayed version of the transmit signal for this simple

analysis, so

sr (t) = st (t− τ) . (3.11)
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These two modifications bring us to

sout (t) = st (t) ·st

(
t− d

c

)
. (3.12)

Substituting (3.4) into (3.10) and applying a trigonometric identity yields

sout (t) = sinφt (t) ·sinφt

(
t− d

c

)
(3.13)

=
1
2

[
cos

{
φt (t)−φt

(
t− d

c

)}
−cos

{
φt (t)+φt

(
t− d

c

)}]
. (3.14)

The frequency sum term on the right is of no interest, and is eliminated by the low pass filter.

Rewriting (3.14) to reflect this yields

sout (t) =
1
2

cos

{
φt (t)−φt

(
t− d

c

)}
(3.15)

It has been established that the frequency ofso(t) is related to theDOF d. The frequency ofso(t)
may be extracted by using the definition of instantaneous frequency (3.6) in the reverse form:

f (t) =
1

2π

∂

∂ t
φ (t) . (3.16)

Applying this tosout (t) gives:

fout (t) =
1

2π

∂

∂ t

(
φt (t)−φt

(
t− d

c

))
(3.17)

= ft (t)− ft

(
t− d

c

)
(3.18)

= f0 + µ · remainder

(
t

Tsw

)
− f0−µ · remainder

(
t− d

c

Tsw

)
(3.19)

This formula corresponds to the stepped difference frequency in the middle graph of Figure3.4.

The pulse comes about because of the difference in the time that the step of the remainder functions

affects the signal. The longer interval may be written as

fout (t) =
µd
c

, τ ≤ t < Tsw. (3.20)

Remembering thatµ is negative for a downward sweep, this formula yields a negative frequency

for positive distanced. Noting that negative frequencies cannot be distinguished from positive

frequencies without using a complex signal representation, the negative frequency may be safely

ignored and the absolute value of the frequency is taken. Thus the final relationship between the

demodulation output frequency and theDOF d is

fout (t) =

{
|µ|d

c , d
c ≤ t ≤ Tsw

0, otherwise.
(3.21)

The frequency is constant but is discontinuous with time, as depicted in Figure3.4. The frequency

fout (t) is zero whend = 0, and increases withd, as required.
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Figure 3.5: Multiple echoes and associated demodulation output signals. Note that echo times
have been increased and the maximum range ratio,mrr , has been set to 0.3 for clarity.

Signal Available for Spectral Analysis

The demodulation output frequencyfout (t) only appears after the time of flightτ. It subsequently

disappears at the end of the sweep timeTsw. This section explains how to calculate the length of

the interval where the frequencyfo(t) will always exist, even for distant targets.

The demodulation output frequencyfout (t) exists for the time of the demodulation output,Tdo

= Tsw− d/c. The duration of this frequency is a critical factor in measuring it accurately. The

timeTdo must be as long as possible to overcome the limitations of theDiscrete Fourier Transform

(DFT), which will be discussed along with other relevant considerations in Chapter10.

The sonar has a maximum working range, which is a factor in the design of the frequency

sweep. All echoes with distances of flight

d = ncTsw+∆, 0≤ ∆ < cTsw

wheren is an integer, will be ambiguous. The spreading losses and air absorption limit the practical

maximum range of the sonar system. The sweep timeTsw is normally set to be much longer than

this practical maximum range, so the ambiguity is never an issue. The ambiguity distance in the

sonar system described by this thesis is 55m.

The spectral analysis of the signal is improved if analysis is begun after all of the echoes have

arrived, as this avoids processing partial signals. The maximum range of the sonar is set by a

design parameter, the maximum range timeTmax (Figure3.5). This is selected with regard to the

maximum distance from which echoes can be picked up by the sonar. The maximum range time
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Tmax is specified as a fraction of the sweep timeTsw by the maximum range ratio,mrr :

Tmax= mrr Tsw. (3.22)

The sonar described in this thesis usesmrr = 0.068. The signal timeTsig over which all echoes of

a signal will be simultaneously available for processing is the time from the maximum range echo

Tmax to the end of the demodulation sweep atTsw:

Tsig = Tsw−Tmax= Tsw· (1−mrr ) . (3.23)

This is the amount of signal available for spectral analysis.

Maximum Range

The maximum distance of flightdmax which the sonar can measure is

dmax= cTmax= cmrr Tsw. (3.24)

The maximum rangermax is

rmax'
dmax

2
=

cmrr Tsw

2
, (3.25)

where the approximation is required due to the head geometry. All distance computations refer

to distance of flight along the complete sonar travel path to avoid the geometrical error incurred

when using range.

The maximum range of the CTFM sonar discussed in this thesis is 1.88m, as discussed in

Chapter9.

Signal Bandwidth

For a given choice off0 and f1, the transmit signalsout (t) has a bandwidth

B =
∣∣ f0− f1

∣∣= |µTsw| . (3.26)

The sonar discussed in this thesis uses a bandwidth of 50 kHz, so broadband transducers are

required. This is a requirement for any workingCTFM sonar. The properties and selection of

transducers is discussed in Chapter6.

The bandwidth of the demodulated signal,Bd, is related to the signal bandwidthB by

Bd = mrr B. (3.27)

This is also the bandwidth available to the spectral analysis stage.

3.3.2 Dual Demodulation

The single demodulation scheme previously described has an interval where no echo signal is

present, commonly called blind time. This presents a problem to systems which need to continu-

ously track a target, and also to humans listening to the signal who become bothered by the gaps
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Figure 3.6: The operation of a dual demodulationCTFM sonar. The separate demodulation
sweeps, along with the signals they produce through the demodulation process, are shown in black
and grey for clarity.

(de Roos [30]). It also presents a problem to the spectral analysis stage, which will be discussed

in Chapters10and11.

The scheme of dual demodulation, first described by Gough and de Roos [46], uses two de-

modulation sweeps to fill the gaps present in the single demodulation output signal (Figure3.6).

The two demodulation sweeps are arranged to provide the illusion of a single demodulation sweep

over two sweep periods. When the received echo is demodulated using this signal, two sets of

sums and differences are produced. In particular, the two difference signals join together, produc-

ing a continuous constant frequency where they overlap. It is this continuous frequency which is

selected as the output of the dual demodulationCTFM sonar. It retains the property of increasing

frequency in proportion to increasing distance of flight. However, zeroDOFno longer corresponds

to zero frequency, and the output frequency range is higher than for a single demodulation system.

The next few sub-sections provide a theory of operation for dual demodulationCTFM sonars,

based on information from Hayes [58].

Dual Demodulation Sweeps

The demodulation sweeps (Figure3.7) must both have the same slopeµ as the transmit signal, and

must be separated by the sweep bandwidthB. The upper and lower demodulation sweeps will be

denoted by subscriptsd0 andd1 respectively. Thusφd0(t) andφd1(t) represent the phases of the

upper and lower demodulation sweeps, andfd0(t) and fd1(t) represent their frequencies. These

are defined similarly to those of the transmit signal, but with an extension of the notation for the

sweep frequencies. The first subscript continues to denote start (0) and end (1), while the second

subscript denotes the first (upper) sweep with 0 and the second (lower) sweep is denoted by 1.

The frequencies of the sweeps are now determined using the notation. The starting frequency

f00 of the top demodulation sweep may be freely chosen. As the choice off00 determines the fre-

quency band of the demodulated signal, it is discussed in detail in Section9.6. The end frequency

of the upper sweepf10 may be found by subtracting the sweep bandwidthB from the sweep start

frequencyf00. Using (3.26) for B and removing the absolute value function (µ is negative) gives

f10 = f00+ µTsw. (3.28)
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Figure 3.7: Definition of parameters of the dual demodulation sweepsfd0(t) and fd1(t).

The start frequency of the second sweepf01 must be identical to the end frequency of the first

sweep, thus

f01 = f10 = f00+ µTsw. (3.29)

And finally the end frequency of the second sweepf11, calculated similarly to (3.28), is

f11 = f01+ µTsw = f00+2µTsw. (3.30)

The sweep periodTsw is the same as that used for the transmit signal, which remains the same as

for single demodulation.

The upper demodulation sweep has a phase defined similarly to (3.7):

φd0(t) = 2π f00tp +πµt2
p. (3.31)

To maintain the illusion that the dual demodulation sweep consists of a single sweep fromf00 to

f11 with period 2Tsw , the time domain signal join between the upper and lower sweeps at timeTsw

must be continuous. This is achieved by matching the phase of the two signals at that point. The

phase of the lower sweepφd1(t) is matched to the phase of the upper sweepφd0(t) at the joining

point:

φd1(Tsw) = φd0(Tsw) . (3.32)

As (3.3) requires that the signals are periodic inTsw the signal att = Tsw is identical to that att = 0,

so

φd1(0) = φd0(Tsw) . (3.33)
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The phase of the lower demodulation sweepφd1(t) is defined similarly to (3.7). Noting from

(3.16) that frequency is the derivative of phase, it is possible to add an arbitrary constantC
φ

to the

lower demodulation signal phaseφd1(t) without affecting the frequencyfd1(t). Thus the phase of

the lower demodulation signalφd1(t) becomes

φd1(t) = 2π f01tp +πµt2
p +C

φ
. (3.34)

Using (3.33) and (3.31) to solve forC
φ
, and temporarily ignoring the periodicity requirement (3.3)

gives

φd1(0) = C
φ

= φd0(Tsw)

= 2π f00Tsw+πµT2
sw

= 2πTsw·
(

f00+
µTsw

2

)
.

Thus the final definition of the lower demodulation sweep phaseφd1(t) is

φd1(t) = 2π f01tp +πµt2
p +2πTsw·

(
f00+

µTsw

2

)
, (3.35)

which is matched exactly to the end of the upper demodulation sweep. Thus the upper demodula-

tion sweepsd0(t), derived from (3.31) and a relationship similar to (3.4), is

sd0(t) = sin
(
2π f00tp +πµt2

p

)
(3.36)

and the lower demodulation sweepsd1(t), derived in a similar manner from (3.35), is

sd1(t) = sin

(
2π f01tp +πµt2

p +2πTsw·
(

f00+
µTsw

2

))
. (3.37)

Demodulation

The demodulation proceeds similarly to that for single demodulation, except that the demodulation

signal is now composed of two sweeps:

sd (t) = sd0(t)+sd1(t) .

The demodulation signal is multiplied with the received signal:

sout (t) = sd (t) ·sr (t) (3.38)

=
(
sd0(t)+sd1(t)

)
·sr (t) (3.39)

= sd0(t) ·sr (t)+sd1(t) ·sr (t) (3.40)

The derivation proceeds similarly to that for single demodulation - the received signal is substituted

for one which is a time delayed replica of the transmit signal. Substituting (3.11) into (3.40) yields

sout (t) = sd0(t) ·st

(
t− d

c

)
+sd1(t) ·st

(
t− d

c

)
. (3.41)
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Substituting the phase representation of these signals into (3.41) gives

sout (t) = sinφd0(t) ·sinφt

(
t− d

c

)
+sinφd1(t) ·sinφt

(
t− d

c

)
. (3.42)

Expanding this using a trigonometric identity and ignoring terms with phase sums (which are

filtered out) yields

sout (t) =
1
2

cos

(
φd0(t)−φt

(
t− d

c

))
+

1
2

cos

(
φd1(t)−φt

(
t− d

c

))
. (3.43)

The frequency of the first of these signals may be computed using instantaneous frequency (3.16):

fout (t) =
1

2π

∂

∂ t

(
φd0(t)−φt

(
t− d

c

))
= fd0(t)− ft

(
t− d

c

)
= f00+ µ · remainder

(
t

Tsw

)
− f0−µ · remainder

(
t− d

c

Tsw

)
.

This corresponds to the upper difference frequency (grey signal) on Figure3.6. The frequency

corresponding to the signal available for spectral analysis is

fout (t) = f00− f0 +
µd
c

, τ ≤ t < Tsw. (3.44)

The lower demodulation output frequency may be calculated by repeating the process with the

part of (3.42) corresponding to the lower demodulation signal.

Equation (3.44) relates the target distance to the output frequency from the demodulator. Note

that the final result forfout (t) is constant during the signal interval, being independent oft. Since

µ is negative, an increase in range brings about a reduced frequency. However, there is now a

frequency offset, and zero distance now corresponds to a constant frequency which can be adjusted

at design time by choosingf00. The negative frequency ambiguity which occurred for single

demodulation does not occur here as long as the condition

f00− f0≥
µdmax

c
= µmrr Tsw (3.45)

is met.

Some Benefits of Dual Demodulation

The dual demodulation technique has filled in the gap in the demodulated signal atTsw≤ t ≤
Tsw+ d/c and periods thereafter which was present in simple demodulation. There is also phase

continuity in the demodulated output signal at the sweep period,Tsw. However, there will be a
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phase discontinuity at the travel timeτ = d/c and integral periods of the sweep timeTsw thereafter.

This affects the spectral analysis of the signal byDFT (Chapter10) and also byYW (Chapter11).

The biggest advantage of dual demodulation is that it provides a continuous signal for spectral

analysis. There is a possibility of continuously tracking this frequency in order to continuously

monitor the position of a moving target. However, there is a phase discontinuity in the frequency

at the end of the echo interval, which causes high precision spectrum estimators to lose precision

in their output.

3.4 Conclusion

This chapter has collected from the literature the theory behind the operation of twoCTFM sonar

types: single demodulation and dual demodulation systems. The single demodulation technique is

simpler to implement, but has a ’blind time’ in its output which may be a problem to the spectral

analyser or to the human listener. The dual demodulation sonar eliminates this problem, but does

not eliminate a phase discontinuity in the demodulation output. The dual demodulation technique

was selected for use in the remainder of this thesis.

While the techniques outlined in this chapter are well documented in the literature, drawing it

all together into the coherent mathematical framework presented here is the work of this author.
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Chapter 4

The Signal Path

This chapter collects together various results from the literature to build a thorough understanding

of the elements through which the sonar signal passes, and the various domains that are available

in which to describe and analyse those signals. It describes the effect that each element, from the

transmit signal generator to the detector in the receiver, has upon the signal. This in turn provides

an understanding of the operation of the sonar system and the information about the objects in the

environment that can be extracted from the echo signal. The elements of the physical sonar path are

modelled by the sonar equation. The processing stage within the receiver is also examined. Thus

this chapter describes all of the signal transformations performed between the signal generator and

the detector.

Typical sonar echo returns vary over several orders of magnitude. Analysis of such signals

is impractical in the linear domain, so several alternative domains which aid the analysis of the

signals and the discussion of the sonar path are discussed. Furthermore, the alternative domains

reduce time domain convolution to simple arithmetical operations, which further simplifies system

analysis.

The last two sections analyse the precision and resolution of the sonar in terms of thesignal to

noise ratioandtime-bandwidth product. Some implications for the design of the transmit signal

and the receive processor are also described.

4.1 Domains

The sonar signal, and the elements of the path which determine what will be received, can be

analysed in any of several domains. The principal domains are the time domain, the complex

frequency domain, the decibel total power domain and the decibel power frequency domain. The

relationships between these domains are summarised in Figure4.1. The domains may be grouped

in two different ways. The first grouping is by time domain, frequency domain and total signal

power. These groupings are separated horizontally in Figure4.1. The second, orthogonal, group-

ing is by amplitude, linear power and decibel power. These groupings are separated vertically in

Figure4.1. As an example of how to use the diagram, the power spectral density, which is usually

expressed in decibels, may be found by first taking the Fourier transform of the time domain am-

plitude signal, obtaining a complex amplitude frequency domain signal, and then performing the

20log10|z| operation to convert to power in decibels.

The different domains are useful for solving different problems, or providing different views

49
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Figure 4.1: The relationships between the time and frequency domains, and the power and decibel
power domains. Ovals represent signals, while boxes represent operations and transformations.

of the same problem. For example, the beam-forming operation of the transducer upon a particular

signal may be found in the time domain by performing a convolution between the signal and the

beam-forming impulse response as described by Kuc and Siegel [85]. Convolution is an integral

transform. However, when the signal and the impulse response are transformed into the frequency

domain using the Fourier transform, the effect of the filter upon the signal may be found by mul-

tiplying the two together (Bracewell [14]). The resulting time domain waveform may be found by

taking the inverse Fourier transform. As efficient implementations of the Fourier transform exist,

this procedure is often faster than direct time-domain convolution. Furthermore, the analysis and

interpretation of the signals is made easier.

The decibel domain is useful as it transforms multiplication into addition, and division into

subtraction, which further simplifies some problems. However, when non-decibel units are added,

the corresponding operation upon decibel units is the anti-log addition function

A⊕B = log{exp(A)+exp(B)} ,

which could not be considered to be a simplification. In most cases where the decibel domain is

applied, the⊕ operator is not required.

Many quantities dealt with in decibels are transfer coefficients from the input to the output of

a system and are therefore dimensionless, which simplifies this problem.

4.2 The Sonar Equation

The sonar equation describes the elements forming the path of the signal from transmitter input to

the receive processor output. The sonar equation allows the maximum range of the sonar system to

be determined. Furthermore, performance limitations can be identified, quantified and addressed.

The sonar equation is derived in several texts under different contexts. For a radar derivation, see

Berkowitz [11], while maritime sonar is treated by Nielsen [100] and Kinsler [78].
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Figure 4.2: The reference path of the sonar signal, showing the principal effects upon the signal.
Not all possible physical effects are included. The numbered elements are discussed in the text.

The reference sonar path is shown in Figure4.2. The reference path is composed of ten

elements which are listed in order from the model input to the model output.

1. The electrical signal is first transformed into acoustical energy by the process of transduction

within the transmitter. This process is a function of frequency. It is independent of range

and bearing.

2. The transducer vibrations are coupled into the air with a directional component. This is

transmit beam-forming.

3. The radiating pressure waves become spherical in the far field, and suffer a spreading loss

and a propagation delay.

4. The air absorbs some of the energy on the outward path.

5. The sound is reflected by the target. The reflected sound energy depends upon the area and

sound reflectivity of the target. These two items collectively are also known as the sonar

cross-section.

6. The sound suffers spherical spreading loss and propagation delay on the return path.

7. The air absorbs some of the energy on the return path.

8. The returning sound energy excites the diaphragm of the receiver in a manner which depends

upon the incident angle. This is receive beam-forming.

9. The diaphragm vibration is transformed into electrical energy by the process of transduction

in the receiver.

10. The receive processor amplifies the signal while rejecting noise, providing processing gain.

Those effects not explicitly considered above may be regarded either as noise or perturbations

from the reference model of Figure4.2. The potential sources of noise are as follows:
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1. Environmental noise and interference, such as air-conditioners, music and industrial ma-

chinery.

2. Electrical noise in the receive amplifiers.

3. Quantisation noise in theDAC.

4. Processing noise.

The noise amplitude combines additively with the signal. While the last three elements are under

the control of the system designer, the environmental noise is not. Although these separate noise

sources are recognised, they will not be incorporated into the model.

Potential sources of perturbation from the reference model of Figure4.2are:

1. Air currents.

2. Non-uniform air temperature, leading to refraction of the sound, causing bending in the

sonar path.

Davies [28, Section 7.2, p66] notes that hot objects such as 1) the surface level of a hot cup

of coffee and 2) a hot soldering iron are invisible to sonar. It appears that the effect is due

to refractory path bending, similar to that found in under-water sonar systems (Kinsler [78,

Chapter 15]).

Dealing with effects such as these requires knowledge of the air temperature field in the vicinity

of the direct sonar path, so that the refraction may be computed. This problem is outside the scope

of this thesis.

Having considered the physical part of the signal path, the electrical part is now considered.

The received signal is processed by the receiver before being passed to the detector. The detector

usually operates by finding the peak in the output of the receive processor. The target will only be

detected if the peak exceeds the detection threshold, which is necessary to reject noise and prevent

detection of false targets.

The modelling of the signal path outlined here assumes that each of the elements in the path

behaves in a linear fashion, and that frequencies within the signal are not shifted by any element

in the sonar path. That is, the elements are assumed to beLinear Time-Invariant (LTI)systems.

The transmitted signal has now been modified by both delays and shape changes in the time

domain, by a change in the shape of the power spectra and of the phase response in the frequency

domain, and by a change in echo signal power in the power domain. Each of these features may

be exploited to extract information about the position and characteristics of the target from the

processed echo signal.

Four different representations of the sonar equation are now reviewed. While these represen-

tations are equivalent in some respects, each form provides information which is useful in one

situation or another.
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4.2.1 Power Domain

Consider now the power contained within an echo from a single target. The elements of the signal

path may be combined to form the sonar equation. The effect of each element is integrated over

the bandwidth of the signal to obtain the total effect, and any travel or filter delays are ignored.

This yields the power which can be expected at the detector. The method of combination may be

performed in either the power domain or the decibel power domain. The power domain is treated

in this section, while the decibel power domain will be treated in Section4.2.2.

When the signal elements are combined in the power domain, i.e. total signal power in Fig-

ure 4.1, multiplicative composition is used to describe the effects of each element. The sonar

equation in this domain is

pR = pT ·

{
bT ·

(
e−αr

)2
·
(

1
4πr2

)2

·σc ·bR · pG

}
. (4.1)

The curly braces distinguish the path elements from the model input and output, which are:

pR, the received power (model output), and

pT , the transmitted power (model input).

The terms inside the curly braces correspond to the numbered path elements shown in Figure4.2.

bT is the transmitter beam-forming coefficient and transduction (path elements1© and
2©).

r is the target range.

1
4πr2 is the spreading loss. Two terms are included, one for the outward path and another

for the return path (path elements3© and 6©).

e−αr is the mean absorption of sound by the air over the signal spectrum, over the range to

the target. One absorption term is required for each direction (path elements4© and
7©).

σc is the sonar cross-section of the target (path element5©).

bR is the receiver beam-forming coefficient and transduction (path elements8© and
9©).

pG is the processing gain in the receiver (path element10©).

These terms will be explained in more detail in Section4.3. For terms which include a frequency

component, the power contribution is determined by integrating the frequency component over the

signal bandwidth.
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4.2.2 Decibel Power Domain

Equation (4.1) can be converted into decibels of power, the total signal power in decibels block in

Figure4.1, using the relationship 10log10(x). In this domain, the multiplications are transformed

to additions, and squares transformed to multiplication by two. The sonar equation in this form is

RP= TP+{TB−2AL−2SL+TS+RB+PG} . (4.2)

The curly braces distinguish the path elements from the model input and output, which are:

RP, the received power (model output), and

TP, the transmitted power (model input).

The terms, including references to the numbered path elements shown in Figure4.2, are:

TB, the transmitter beam-forming and transduction (path elements1© and 2©),

AL, the absorption loss over range (path elements4© and 7©),

SL, the spreading loss for range to target (path elements3© and 6©),

TS, the target strength or cross section (path element5©),

RB, the receiver beam-forming and transduction (path element8© and 9©), and

PG, the processor gain (path element10©).

The principal benefit of this form is that, for example, a 10dB increase in the transmitted power

can be seen to directly provide a 10dB increase in the received power. This simplifies system

analysis, once the correct parameters for the system at hand have been determined.

The echo excess,EE, being the amount of signal power in excess of the detection threshold

DT, is

EE = RP−DT. (4.3)

The detection threshold is a user specified parameter. It should be set by reference to the noise

power at the input to the detector. Further guidance on setting the detection threshold may be

found in Van Trees [132, Chapter 2]. The topic will be discussed further in Section13.2.4.

Plots

The power in decibel form provides a convenient form for plotting the sonar equation, as several

of the terms change magnitude by large amounts as a function of range. While features of a small

order of magnitude become invisible on a linear plot, they are exposed in full detail in a decibel

plot.

A plot of the received power, incorporating the terms of (4.2), for on-axis targets, is shown in

Figure4.3. The graph indicates the received signal power as a function of range for two types of
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Figure 4.3: The dependency of the received echo power on range, for a target which is moved
along the principal axis of the sensor. This diagram assumes that the transmitter and receiver
are co-aligned, and that the path angles at the transducers are negligible. It also assumes unit
transduction.

target, a point reflector and a plane reflector. The equations defining the curves will be discussed

in Section4.3. The available signal must exceed the detection threshold before a target can be

detected. Thus the graph indicates that point reflectors will become invisible to such a sonar

system at 1.4m, while plane reflectors will become invisible at 4.6m. The shape of the curves

cannot be altered, but the range may be improved by shifting the vertical relationship between the

received power curves and the detection threshold. For example, if the noise floor is dominated

by electrical noise in the receiver, then reducing electrical noise and hence the detection threshold

will allow the range to be extended. A similar effect may be obtained by increasing the transmit

power or improving the processing gain, which shifts up the received power curves.

Plots of the individual terms of the sonar equation (4.2) are shown in Figure4.4. The terms

are discussed individually in Section4.3.

4.2.3 Time Domain

A third representation of the sonar equation which we will examine is in the time domain. The ef-

fect of individual elements is represented by impulse response functionsh(t) which are convolved

(denoted∗) with the signal to obtain the output. This form explicitly represents the delay of the

signal path, as the impulse responses contain Kronecker deltas, including offsets, to represent

delays. The response of the system is

srec(t) = strans(t)∗hpath(t) , (4.4)

where

srec(t) is the received signal after processing (model output),

strans(t) is the transmit signal (model input), and
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Figure 4.4: Graphs of the terms found in the sonar equation. The top panel shows the only term
which depends upon bearing, which is the transducer beam-forming term. This must be included
twice, once for the transmitter and again for the receiver. The bottom panel shows the range
dependent terms, being the two-way spreading loss and the two-way air absorption. The two-way
spreading loss depends upon the cross-section,σc, of the target. The point reflector is the weakest
possible reflector, while the plane reflector is the strongest possible reflector. Other reflectors fall
somewhere in between these two, depending upon their cross-section. The air absorption depends
upon the temperature, humidity and pressure. The curves shown are calculated for 20◦C and
103.25kPa, with humidity as marked, and averaged over the frequency range 50-100 kHz. The
graph shows that the spreading loss is the dominant term.
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hpath(t) is the impulse response of the path model, described by (4.5) below.

The path elements of the sonar equation are represented by

hpath(t) = htrans(θT , t)∗hrad (r, t)∗hair (t)

∗htarget(t)∗hrad (r, t)∗hair (t) (4.5)

∗hrec(θR, t)∗hproc(t) .

The path elements of (4.5) can be related to the numbered path elements shown in Figure4.2, as

listed below.

htrans(θT , t) is the impulse response of the transmitter, incorporating transduction and beam-

forming (path elements1© and 2©).

hrad (r, t) is the impulse response corresponding to spherical spreading loss and propagation

delay. The delay is modelled byδ (t− r/c), wherec is the speed of sound (path

elements 3© and 6©).

The air is assumed not to be dispersive. FigureE.2, shows the variation in the speed

of sound to be 0.05m·s−1 over the frequency range 50-100 kHz. If we use the mean

value of the dispersive correction when calculating the speed of sound (this will be

discussed in Section12.2.3), then the non-dispersive assumption is valid in air.

hair (t) is the impulse response of the air (path elements4© and 7©).

htarget(t) is the impulse response of the target reflection, incorporating the sonar cross-section

(path element 5©).

hrec(θR, t) is the impulse response of the receiver, incorporating transduction and beam-forming

(path elements8© and 9©).

hproc(t) is the impulse response of the receive processor (path element10©).

This form represents each element of the path as a filter. The filters are applied to the transmit

signal by convolution, and the received signal is determined. The shape of each impulse response

function determines how the signal is re-shaped as it passes through the element. Elements hav-

ing non-delta impulse responses are the air absorption,hair (t), the transmitter,htrans(θT , t), the

receiver,hrec(θR, t), the processor,hproc(t), and the response of the target,htarget(t), in the case

where the target surface has texture, which is outside the scope of this thesis. The other element,

the spherical propagation and travel delay,hrad (r, t), is independent of frequency, and has a purely

impulsive time dependency. The effects of the shaped impulse responses are, in general, more

easily analysed in the frequency domain.

The impulse model, like the power model, is commutative, and the path elements may be

re-ordered as convenient for computation.

Turning now to the benefits and drawbacks of the time domain representation of (4.5), it is

noted that the convolution form is relatively inefficient to compute. If the model is only required



58 CHAPTER 4. THE SIGNAL PATH

to predict the echo from a single target, then only the echo portion of the signal need be computed,

and the representation of (4.5) is adequate for computation. However, when working with longer

signals, improved efficiency may be obtained by moving to the frequency domain.

4.2.4 Frequency Domain

The computational inefficiency of the time domain convolution form (4.5) of the sonar equation

may be avoided by transforming the sonar equation into the frequency domain. Utilising the

convolution theorem (Bracewell [14]),

F { f (t)∗g(t)}= F { f (t)} ·F {g(t)}= F (ω) ·G(ω) , (4.6)

convolution becomes multiplication under the Fourier transform. The delays modelled using the

Kronecker delta function in the time domain are transformed using the shift theorem

F
{

δ
(
t− t0

)}
= e− jωt0, (4.7)

which uses complex phase information to represent the delay. The relationship between the trans-

mit and receive signals becomes

Srec(ω) = Strans(ω) ·Hpath(ω) , (4.8)

where

Srec(ω) is the complex spectra of the received signal after processing (model output),

Strans(ω) is the complex spectra of the transmit signal (model input), and

Hpath(ω) is the complex amplitude, in the frequency domain, of the path model, described by

(4.9) below.

The path elements of the sonar equation are represented by

Hpath(ω) = Htrans(θT , ω) ·Hrad (r, ω) ·Hair (ω)

·Htarget(t) ·Hrad (r, ω) ·Hair (ω) (4.9)

·Hrec(θR, ω) ·Hproc(ω)

The path elements of (4.9) can be related to the numbered path elements of Figure4.2, as listed

below.

Htrans(θT , ω) is the complex amplitude, in the frequency domain, of the transmitter, incorporating

transduction and beam-forming (path elements1© and 2©).

Hrad (r, ω) is the complex amplitude, in the frequency domain, of spherical spreading loss and

propagation delay. The delay is modelled by a multiplicative constant phase term

exp(− j2πr/c) (path elements3© and 6©) which assumes that the air is non-dispersive

(see Section4.2.3).
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Hair (ω) is the complex amplitude, in the frequency domain, of the air (path elements4© and
7©).

Htarget(ω) is the complex amplitude, in the frequency domain, of the target reflection, incorpo-

rating the sonar cross-section (path element5©).

Hrec(θR, ω) is the complex amplitude, in the frequency domain, of the receiver, incorporating

transduction and beam-forming (path elements8© and 9©).

Hproc(ω) is the complex amplitude, in the frequency domain, of the receive processor (path

element 10©).

Equation (4.9) may be used to find the power form by integrating the frequency responses over the

bandwidth of the signal used, as indicated in Figure4.1.

4.2.5 Comparison of Domains

The four domains each have advantages and disadvantages, and can be used to obtain different

types of information about the operation of the sonar. For example, the power domain represen-

tation is most useful when working out the physical mechanisms of propagation and loss terms.

However, when working out the maximum range at which a sonar may operate, the decibel power

domain is more convenient, as the multiplications of the power domain are reduced to additions

and subtraction. When modelling signal waveforms, either the time or frequency domain rep-

resentations are used. The most important benefit of the complex amplitude frequency domain

representation is that convolution is transformed to multiplication, which may be computed more

efficiently. The existence of theFast Fourier Transform (FFT)algorithm provides an efficient

method of transforming data between the time and frequency domains. Furthermore, it is more

efficient to perform convolutions via the Fourier transform when long signals are involved. Thus

the complex frequency domain is the preferred domain of operation in this thesis.

4.3 Sonar Equation Terms

Each of the elements of the sonar equation will now be discussed in turn.

4.3.1 Transducer Response

The transducer response, describing elements1©, 2©, 8© and 9© in Figure4.2, is composed

of both a transduction term and a beam-forming term. These terms are the subject of Chapter6.

4.3.2 Spreading Loss and Propagation Delay

The spreading loss and propagation delay correspond to elements3© and 6© in Figure 4.2.

The operation of the propagation delay is straightforward and has already been described in Sec-

tions4.2.3and4.2.4.

A spherical wave radiating from a point source will cover an area of 4πr2. As energy must be

conserved, the constant amount of energy present must be spread over a larger and larger area as
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the wave travels and the sphere expands. Thus the energy density at a point on the sphere must

be governed by
(
4πr2

)−1
. The wave amplitude is therefore governed by

(
2
√

πr
)−1

. The power

spreading loss term may also be converted to power decibels, giving

10log10

{
1

4πr2

}
=−20log10

(
2
√

πr
)
.

This term only includes one direction of travel.

The spreading loss is the dominant term in the sonar equation, and is primarily responsible for

limiting the maximum range of the sensor.

Normalisation of Spreading Loss

The spherical spreading loss applies only in the far field, defined to ber > a2/λ , wherea is the

transducer radius andλ is the wavelength. For points close to the transmitter, the power must be

determined by other methods. The wavefront in the near field does not spread, so the signal power

is conserved for a short distance. The plot of Figure4.3 assumes that the power detected from a

plane and the power detected from a point reflector are equal at the edge of the near field.

4.3.3 Air Absorption

The air absorption corresponds to elements4© and 7© in Figure4.2. The propagation of sound

through air is not lossless. Some of the energy is absorbed by the air, by exciting various molecular

rotational and vibrational modes of the constituent gasses of which the air is composed. The

absorption is a function of frequency, temperature and humidity, and weakly depends upon static

pressure and air composition, particularly the amount of CO2. The air absorption,α, used in (4.1),

is the mean absorption over the bandwidth of the signal. Methods for calculating the absorption of

sound in air are given in AppendixE. The information given in the appendix is sufficient to find

the spectral magnitude,|Hair (ω)|, as a function of frequency.

If the time domain impulse response,h(t), of the air is required, then the spectral magnitude,

|Hair (ω)|, is insufficient. Simply taking the inverse Fourier transform of the spectral magnitude,

|Hair (ω)|, provides an impulse responseh(t) which is centred aboutt = 0. This may be viewed

as a consequence of the symmetry relationship: the Fourier transform of an even (or symmetrical)

function is real (has zero phase) (Oppenheim and Schafer [105, Section 8.2.6]). This relationship

implies that the system output signal would arrive before the input. This is clearly impossible. The

remedy is to make the impulse response causal, i.e.hair (t) = 0 for all t < 0, by supplying the miss-

ing phase information arg{Hair (ω)}. (This is the phase, arg{Hair (ω)}, as a function of frequency,

ω, not of range, and thus is not a phase ofα.) Kleeman and Kuc [82] describe how this may be

done for the air absorption function. General methods are also given by Oppenheim and Schafer

[105, Chapter 11]. The solution, however, is not unique, as a system having the desired frequency

response can be constructed with arbitrary phase, and hence delay. The Hilbert minimum-phase

representation (Hahn [50, Section 7.2.3]) provides the smallest phase representation which makes

the entire impulse response causal. Thus the minimum phase criteria must be used to construct

unique phase information, providing sufficient information to obtain the complete complex am-

plitude frequency domain representation,Hair (ω), of Figure4.1. From there, the inverse Fourier
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Figure 4.5: The method of finding a sound path reflected from a plane, using a virtual source.
A mirror image, T’, of the transmitter, T, is constructed. T’ is the virtual transmitter. The plane
reflector is thus a perpendicular bisector of the line TT’. A path may now be drawn from T’ to the
receiver. The portion of the line on the same side of the reflector as the receiver forms the real
path. A line drawn from T to the reflection point completes the path, and can be seen to obey the
law of angle of incidence = angle of reflection. The waves radiating from the transmitter have also
been drawn. The wavefronts always lie perpendicular to the sonar path. When the waves radiating
from T strike the surface, they are reflected, and have a new centre at T’.

transform is used to obtain the impulse response,hair (t).

4.3.4 Target Reflecting Area

The target reflecting area corresponds to path element5© in Figure4.2. The echo strength is in

proportion to the cross sectional area of the reflector,σc. Furthermore, targets with surface texture

may be modelled using this term, by incorporating a distributed impulse response rather than a

Kronecker delta. Further discussion of texture modelling is outside the scope of this thesis.

Plane reflectors, having a large reflecting area, may be modelled using the principle of the

virtual source. A mirror image of the transmitter is constructed behind the reflecting surface, as

shown in Figure4.5. When the reflecting surface is large, the power spreading loss,
(
4πr2

)−2
, is

no longer incurred twice over the range,r, but only once over a range 2r, becoming
(
16πr2

)−1
.

Thus the spreading loss term should be modified. However, it is possible to create a range de-

pendent source strength for plane reflectors which allows continued use of the double spreading

loss terms which were previously defined. This is done by setting the known plane spreading

loss,
(
16πr2

)−1
, equal to the product of the point spreading loss,

(
4πr2

)−2
, and the plane source

strength,σc−plane, i.e.

1
4
· 1
4πr2 =

(
1

4πr2

)2

σc−plane.

Solving forσc−plane yields

σc−plane= πr2.
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Such a source strength precisely cancels the double spreading loss and inserts a single spreading

loss over a length 2r into the sonar equation.

The removal of the double spreading loss explains why plane reflectors provide such a power-

ful echo when compared with point reflectors, as seen in Figure4.3.

4.3.5 Processing Gain

The processing gain corresponds to path element10© in Figure4.2. The receiver will typically

provide processing which amplifies the signal while rejecting the noise. This thesis describes two

such processors. These are theCTFM sonar system described in Chapter3, and theMF receiver

described in Chapter8. The processor gain,pG, is the amount of signal enhancement divided by

the noise enhancement, after processing.

The processing described above may introduce delays into the signal path. However, as these

filter delays are known absolutely, the signal time-stamp is offset by the processing delay to com-

pensate. (This is not an adjustment for theCPUtime taken to perform the processing.)

4.4 Multiple Targets

When an environment contains multiple reflectors which produce echo signals detectable by the

receiver, the echoes are combined additively. The received signal is effectively

stotal (t) = ∑
i

srec(t− τi) , (4.10)

wheresrec(t− τi) refers to the signal received from each target, after passing through the elements

described by the sonar equation. The addition physically occurs in the air, and the superimposed

wave patterns act collectively upon the receiver. As the systems described areLTI , the addition

may be moved to operate upon received and processed echo signals.

4.5 Variable Gain Compensation

In some situations where the sonar system is limited by the quantisation noise of theADC, shown

in Figure5.4, the noise performance may be improved by using a time dependent gain as described

by Bilber [12] and mentioned in Section5.1.2. The time dependent gain is programmed to com-

pensate for plane reflector spreading loss shown in Figure4.4. However, the time dependent gain

also amplifies the environmental noise, and thus does not help a sonar system which is limited by

this noise source (Kinsler and Frey [78, Section 15.8]). Furthermore, it does not reduce internal

system noise.

Time dependent gain compensation cannot be used with continuous transmission systems such

asCTFM, as time is no longer proportional to range. The range information contained in such

signals may only be compensated using a filter, after the demodulation stage (see Section3.3), with

a response calibrated to compensate for the spreading loss. When the sonar system is implemented

digitally, there is no benefit to performing this operation, as the signal processing noise floor is

very low (the digital signal processing is performed in floating point arithmetic). The principal
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noise sources are the electrical amplification noise andADC quantisation noise. ThereforeCTFM

systems must use a low noiseDAC with a suitable dynamic range, have low system noise, and use

increased output power and processing gain to improve long range performance.

4.6 Theoretical Range Resolution

The concept of resolving two targets was previously defined in Section2.1. A complete practical

understanding of resolution depends upon the ambiguity function (see Rihaczec [118, Chapter

1]), but some important theoretical limiting results can be derived from the system bandwidth.

This section firstly shows how time and frequency are linked through thetime-bandwidth product.

Secondly, it discusses processor compression and the effect upon range resolution. Thirdly, the

theoretical range resolution limit is discussed. Finally, it gives practical techniques for measuring

the time and frequency widths of a signal so that the time-bandwidth product may be evaluated.

This will allow a comparison between the theoretical limits and the values actually achieved by

the sonar systems developed in this thesis.

4.6.1 The Time-Bandwidth Product

Resolution is related to the width of the signal (see Figure2.2) as it is presented to the detector,

after processing. In anMF sonar, the width is measured in time. In aCTFM sonar, the width

is measured in frequency. These quantities are fundamentally linked through thetime-bandwidth

productrelationship. The remainder of this section introduces the concept of thetime-bandwidth

product, relates it to the problem of resolution in the case ofMF andCTFM sonars, and finally

discusses implications for the design of the processor before the detector.

The time-bandwidth productrelationship is derived using standard Fourier transform theory

(Bracewell [14, Chapter 8]). A more fundamental derivation utilising the theory of quantum me-

chanics is provided by Gabor [43], leading to the relationship

∆t ·∆ f ≥ 1
2
. (4.11)

The value of the constant depends upon the measure of width that is used.

The validity and the implications of relationship (4.11) are now investigated. Consider the

Fourier transform of the eternal complex pure tone,ej2π f0t , which is the delta or impulse function

δ
(

f − f0
)

(Bracewell [14, Chapter 6]). As the temporal signal is shortened to make a practical

signal, its Fourier representation broadens in frequency, and the delta function begins to blur.

The penultimate limit of this sequence is where the time domain signal has itself become a delta

function, whose Fourier transform is an infinitely broad-band signal. The concepts of bandwidth

and duration are fundamentally linked by the Fourier transform relationship. This is shown in

Figure4.6.

The direct implication is that in order to measure the frequency of a pure tone precisely, it must

have a long duration. If the tone is only present for a short time, the uncertainty in its measurement

prevents precise establishment of its frequency. Conversely, if the position of a temporal signal is

to be precisely measured, it must have a wide bandwidth. Narrowing the bandwidth will cause the
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Figure 4.6: Gabor elementary signals, derived from Gabor [43]. The left panels show the time
domain signal. The centre panels show the frequency domain signal generated by the Fourier
transform (all on the same vertical scale). The right panels show the (normalised) spectrogram of
the signal. The time width parameter is varied by row. These signals exhibit the minimum possible
time-bandwidth product∆t ·∆ f in accordance with (4.11). In each of the plots blue is real, red is
imaginary, and black is envelope. Note that the amplitude of the frequency domain signal changes
to reflect the energy content of the time domain signal.
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peak to broaden, which in turn broadens the probability distribution of the detector output, causing

a precision degradation.

Finally, the implications of (4.11) upon the design of the processor will be considered. It is

noted that in the case of aCTFM system, the detection of the signal is carried out by resolving

signals in the frequency domain. Therefore the goal of theCTFM processing is to compress

the signal into as small a frequency space as possible. On the other hand, in the case of aMF

system, the detection of the signal is performed in the time domain. Therefore the goal of the

MF processing is to compress the signal into the shortest possible time. The literature commonly

refers to this as pulse compression.

4.6.2 Processor Compression

The signal to noise ratioof a sonar system plays an important part in determining its maximum

range. TheSNR, and hence the range, may be increased by increasing the energy of the transmit

signal. The simplest way of doing this is by increasing the voltage used to drive the transmitter.

However, there are practical limits upon the operating range of the transducer, which will be

discussed in Section6.2. A signal designed for an amplitude constrained system must be extended

in time to obtain the required signal energy and henceSNR. This step will degrade resolution

unless some form of receiver processing is used.

The receiver processing compresses the signal in either time or frequency before presenting

it to the detector, as shown in Figure4.7. TheMF sonar compresses the signal in the time axis,

while theCTFM sonar compresses the signal in frequency. The compression achieves two goals:

1. It improves thesignal to noise ratioand facilitates precise detection, and

2. It allows the echoes from two closely spaced targets to be resolved.

Various methods of performing the compression processing are described by Rihaczec [118, Sec-

tion 3.2] and by Benjamin [10, Section 5]. The most commonly used is thematched filtertech-

nique.

4.6.3 Range Resolution Limit

The system bandwidth determines the theoretical range resolution limit of bothMF andCTFM

sonars (de Roos [29]).

Matched Filter Sonar Resolution Limit

In the case of theMF system, the time width,∆t, of the signal presented to the receiver has a

lower bound, which is determined by the Gabortime-bandwidth productrelationship (4.11) in

terms of the signal bandwidth,∆ f . The processed signal bandwidth is limited by the bandwidth

of the signal path, as given by equations (4.8) and (4.9). Thus a quantified relationship between

range resolution and system bandwidth may be constructed by combining the relationship between
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Figure 4.7: Spectrograms showing the effect of receive processors upon the time bandwidth prod-
uct of two classes of sonar signals. TheMF andCTFM classes are duals, with one performing
detection in the time domain and the second in the frequency domain. Thus theMF processor
performs time compression, while theCTFM processor performs frequency compression.

range width and time width,∆r = c·∆t/2, with thetime-bandwidth productequation (4.11). This

procedure yields

∆r ≥ c
4·∆ f

. (4.12)

This provides the theoretical resolution limit for a sonar system utilising a time based detector,

such as theMF system. When applying (4.12) to obtain the theoretical resolution limit, the sys-

tem and signal path bandwidth must be used rather than that of the transmit signal. Resolution

degradation will be caused by the following items:

1. If the transmit signal fails to exploit the full bandwidth of the channel, then the receive signal

bandwidth will be lower than the maximal amount.

2. Receive processing may reduce the signal bandwidth beyond the reduction imposed by the

channel (for example, theMF processor squares the spectrum).

3. The off-axis transducer response, as shown in Figure6.15, has a reduced bandwidth which

will in turn reduce precision.

4. The air absorption, discussed in Section4.3.3, attenuates the high frequency components of

the signal, and thus reduces the bandwidth with increasing range.

5. The signal presented to the detector must have the minimumTB of 1/2 to achieve the lim-

iting value. In practice, the signal will usually have a largerTB product, contributing to a

reduction in precision.
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The first of these five causes of resolution degradation may be avoided by proper system design.

Item 2 is a consequence of the design of the processor, while items 3 and 4 are unavoidable

properties of the transducers and the air. Thus the range resolution predicted by (4.12) is a lower

bound rather than a predicted value.

CTFM Sonar Resolution Limit

The relationship (4.12) may also be derived for theCTFM class. Starting with the relationship

between the range andDOF widths∆r and∆d respectively,

∆r =
∆d
2

, (4.13)

and substituting the relationship betweenDOF width and demodulated frequency width,∆ fd,

(using (3.21)), ∆d = c·∆ fd/ |µ|, yields

∆r =
c·∆ fd
2· |µ|

. (4.14)

The demodulated frequency width,∆ fd, is related to the time width,∆t, by the Gabor relationship

(4.11). Substituting this into (4.14) yields

∆r ≥ c
2· |µ|

· 1
2·∆t

. (4.15)

The time width,∆t, is in turn related to the system bandwidth by the slope of the frequency sweep,

∆t = ∆ f/ |µ| (see Figure3.2and equation (3.2)). Substituting this into (4.15) yields

∆r ≥ c
4·∆ f

, (4.16)

which is identical to the resolution limit given by (4.12) for time domain sonars such as theMF

system. This demonstrates that the two types of sonar system have the same fundamental resolu-

tion limit, and that it is dependent upon the system bandwidth,∆ f .

TheCTFM sonar system has a reduction in resolution in addition to the list given for theMF

system. TheCTFM system has the additional step of frequency estimation before passing the

signal to the detector. The resolving ability of the spectral estimator adds a sixth potential cause

of resolution loss.

4.6.4 Evaluating Time and Frequency Widths

The evaluation of the time-bandwidth product for a particular signal is straightforward if the start

and finish times and the lower and upper frequencies are well defined. However, for signals for

which the end points are not well defined, measures for an equivalent duration,∆t, and an equiv-

alent bandwidth,∆ f , may be defined in the manner shown below. These measures of equivalent

width are consistent with the form of thetime-bandwidth productgiven by (4.11).

The measures of equivalent width are computed using the first and second moments of the

time and frequency domain signals. These may be computed according to the formulae given by

Gabor [43], which have been adapted and summarised here for convenience. The overbar,x, will
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be used to denote the mean or the first moment. The first moment or mean time position,t, of the

signals(t) is given by

t =
∫ ∞
−∞ t ·s2(t) dt∫ ∞
−∞ s2(t) dt

, (4.17)

while the second moment,t2, is given by

t2 =
∫ ∞
−∞ t2 ·s2(t) dt∫ ∞
−∞ s2(t) dt

. (4.18)

The frequency moments are calculated similarly to the time moments, but the negative frequencies

are omitted to avoid the symmetry of the Fourier transform,S( f ), of the real signal,s(t). Gabor

[43] avoids this by requiring the signals to be analytic, that is, having no negative frequency com-

ponent. This requirement is avoided in this work by taking only the positive half of the frequency

symmetrical spectrum,S( f ). Therefore the first moment or mean frequency,f , is given by

f =
∫ ∞

0 f · |S( f )|2 d f∫ ∞
0 |S( f )|2 d f

, (4.19)

while the second moment,f 2, is given by

f 2 =
∫ ∞

0 f 2 · |S( f )|2 d f∫ ∞
0 |S( f )|2 d f

. (4.20)

The formulae for the moments, (4.17), (4.18), (4.19) and (4.20), may be evaluated upon sampled

data by adapting the continuous integrals to equivalent techniques for sampled data.

The moments are then combined to form the measures of equivalent width. The equivalent

duration,∆t, is given by

∆t =
√

2π(t− t)2 =
√

2π

(
t2− (t)2

)
, (4.21)

while the equivalent bandwidth,∆ f , is given by

∆ f =
√

2π
(

f − f
)2 =

√
2π

(
f 2−

(
f
)2
)
. (4.22)

These measures of equivalent width are compatible with the form of thetime-bandwidth product

given in equation (4.11), and will be used when estimating the time and frequency widths of

various signals.

Practical Note

The widths measured by the techniques described in the previous section may be erroneous when

the formulae are applied to a function with a low level sidelobe or noise floor. TheMF auto-

correlation function has low level sidelobes which cause problems with the direct application

of (4.21). The spectra produced byCTFM system has a background noise level which causes

problems with the direct application of (4.22). These signals must be trimmed before reliable

width estimation can be performed using these techniques. Rihaczec [118, Chapter 1] notes that

the practical system range resolution is determined by the width of the central auto-correlation

or ambiguity function peak. This practical technique is in contrast to equations (4.12) and (4.16)

which provide a theoretical resolution limit.



4.7. PRECISION AND SIGNAL TO NOISE RATIO 69

4.7 Precision and Signal to Noise Ratio

The precision with which a target’s position can be repeatably measured was previously defined

in Section2.1. Rather than being related to the width of the signal presented to the detector, it

is determined by the width of the probability distribution governing the detection position. The

detection position is usually defined by the peak of the signal presented to the detector.

Rihaczec [118, Section 3.1] shows for a specific example that precise range measurements

may be obtained when there is no system noise, which is equivalent to having an infinitesignal to

noise ratio. In the more realistic case where noise is present, range performance will be degraded.

The effect may be quantified using a technique outlined by Van Trees [132, Section 4.2.3-4, eqn.

(110)], but this requires specific knowledge of the sonar signals used. The calculations are quite

involved, and will not be applied in this thesis. However, graphs indicating the noise floor will

accompany the results where relevant so that the impact of a lowsignal to noise ratioupon the

results may be identified.

4.8 Conclusion

The time, frequency, power, and decibel power domains have been described, and have been

shown to be useful in various circumstances for both understanding and simplifying the sonar

equation. Of the four domains presented, the simplest is seen to be the decibel power domain.

The convolution of signals in the time domain is transformed to addition in the decibel power

domain. However, while this domain is convenient for system evaluation, it cannot support signal

modelling. In this case, the complex amplitude frequency domain is preferred, as convolution

is reduced to multiplication. This domain is therefore the preferred domain of operation for this

thesis.

The sonar equation describes the effects of the sonar path upon the signal, and can be used

to predict some aspects of system performance, including the determination of maximum range.

Furthermore, in the power domain, the sonar equation can be used to analyse the maximum range,

and helps to identify the limiting elements. The time domain and frequency domain representa-

tions can be used to build a simulation of the sonar system if sufficient information is known about

the transducers and the environmental parameters. Knowledge of the elements of the signal path

is necessary to properly interpret the echoes which are returned by the sonar system.

The signal to noise ratioand thetime-bandwidth producthave been shown to be important

considerations in the design of a sonar system, having important roles in determining the precision

and resolution of the sonar system. TheMF andCTFM sonar systems have been shown to be

equivalent with respect to resolution capabilities, before considering the resolving power of the

spectral estimator used. The theoretical range resolution limit will be calculated in Section8.8

when the system bandwidth is known.
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Part II

Supporting Equipment



Chapter 5

Experimental System Overview

The literature review of Chapter2 indicates that ourrobotic agent should beequipped with either

a matched filter or aCTFM sonar in order to maximise the sensory volume, and obtain the greatest

precision and resolution. This chapter details the supporting sub-systems, including computer

software necessary to investigate the performance ofMF andCTFM sonars.

The pieces of equipment used in the experimental work, and the relationships between them,

are shown in Figure5.1. The central component is the host computer, which controls the experi-

ments. Installed in this computer are two custom-designedInput and Output (IO)cards, the chirp

generator card and the chirp capture card. These cards perform digital to analogue and analogue to

digital conversion of the sonar signal. TheIO cards, together with the high voltage power supply,

are connected to the sensor connector box which serves as a patch panel collecting the signals

required by the sonar head into a single cable for convenience. The design of the sonar head will

be described in Chapter7.

The host computer performs a number of tasks including:

• Controlling the three axis positioner which is used in various configurations by the different

experiments to quantify the characteristics of the sonar systems.

• Generating and capturing sonar signals, the graphical analysis of those signals and the asso-

ciated signal processing for the various sonar systems.

• Acting as the client for the environmental sensor system, an independent system responsible

for observing temperature, pressure and relative humidity.

There are also some pieces of auxiliary equipment which are mentioned for completeness.

5.1 Chirp Input and Output Cards

At the outset of the project there was no commercial high speedDigital to Analogue Converter

(DAC) which met our performance requirements. Hence Phillip McKerrow and Michael Milway

designed versatile chirp generator and chirp capture cards for use in ultrasonic sensing research.

The cards were constructed using wire-wrap technology, making it possible to add new features to

the design as required. Both cards plug into a Macintosh computer with a NuBus socket.

73
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Ultrasonic
Sensor Head

3-Axis Positioner

High Voltage 
Power Supply

Sensor 
Connector Box

Chirp 
Generator Card

Chirp 
Capture Card

Host Computer 

Environment Sensor

Figure 5.1: The equipment used to support the sonar experiments.
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5.1.1 Chirp Generator Card

The chirp generator card is used to convert digital sonar signals into analogue waveforms. A block

diagram is shown in Figure5.2a, and a photograph in Figure5.2b.

The card contains 2 channels which are functionally identical. Each channel consists of iden-

tical functional blocks as shown in Figure5.2a.

A First In First Out (FIFO)memory is used to buffer the data. TheFIFO memory consists of

4× Cypress CY7C466A chips, two per channel, structured as 64 k× 9 bits per chip. The chips

are used in parallel to obtain 18 bit words. Our design uses 12 bits to represent the digital signal

and 4 bits to provide external trigger signals. Therefore 2 bits remain unused. The trigger bits are

used to synchronise chirp capture so as to begin simultaneously with the commencement of chirp

generation. TheFIFO memory can store 163 msec of data at a 400 kHz sampling rate. Thus an

arbitrary chirp waveform may be pre-loaded to theFIFO memory and subsequently synthesised

without CPU overhead. As theCTFM signals, described in Chapter3, repeat periodically, the

design allows the data in theFIFO memory to be re-used and transmitted repeatedly.

TheDAC is a 12 bit Analog Devices AD7111. The sampling frequency is program selectable,

dividing the 10 MHz NuBus clock frequency by an integer in the range [3...255]. The available

clock rates are thus 39.2 kHz to 3.3 MHz.

The low pass reconstruction filter removes harmonic multiples of the synthesised signal which

appear due to step reconstruction in the output of theDAC. The reconstruction filter serves to

smoothly interpolate the signal. The filter is a 4th order Butterworth filter implemented using two

Sallen and Key circuits [133, Chapter 6.5]. Its circuit is shown in Figure5.3a, and the frequency

response is shown in Figure5.3b.

The resistive dividers on the output stage (Figure5.3a) are to compensate for the filter gain.

They are selected to have low values because the cable to the sensor head introduces capacitance

to ground. If the output of this circuit has a high impedance, the capacitance shunts the high

frequencies to ground.

Construction of an analogue card for use inside a digital computer is a difficult process. Digital

circuits tend to radiate lots of high frequency harmonics due to their square waveforms. Keeping

this noise out of the analogue circuits is a challenge. Some of the techniques adopted to reduce

the noise were:

1. Separating the earth circuits used for the digital and analogue parts of the circuit.

2. Using star earthing throughout the circuit.

3. Using shielded cable for long runs of analogue signal.

4. Separating the digital power supply from analogue circuits. The wire-wrap board has a

ground plane on one side and a +5V digital supply plane on the other. Where necessary, this

plane was cut.

5. Separating the analogue and digital power supplies by installing separate regulators for the

analogue power supplies.
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(a) functional block diagram
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Figure 5.2: The chirp generator card. The functional block diagram is shown in (a). The control
block contains the bus interface circuitry and the control and status registers. TheFirst In First
Out (FIFO)memory holds the sonar transmit signal. The timing block contains a programmable
clock generator. TheDigital to Analogue Converter (DAC)and the low pass reconstruction filter
serve to remove any digital artifacts from the analogue signal output. Additional trigger outputs
are available to indicate the beginning of the transmit phase. Photographs of the front and back of
the card are shown in (b). The large grey socket is the NuBus connector, and the two gold plated
RCA sockets are the analogue outputs. Two channels are provided. The circuit was constructed
using wire-wrap technology.
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Figure 5.3: The reconstruction filter as used in the generator card. (a) Shows the two Sallen and
Key circuits in series. The frequency response of the reconstruction filter is shown in (b). The
corner frequency is about 150 kHz, providing a flat response over the region 20kHz−120kHz.
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5.1.2 Chirp Capture Card

The chirp capture card was designed under the assumption that the host computer would be unable

to read data at the sampling rate required for ultrasonic data, so aFIFOmemory was used for each

channel to allow the computer to read the data after capture has taken place. A block diagram of

the capture card is shown in Figure5.4a, and a photograph is shown in Figure5.4b.

Two cards were manufactured, each with two channels, to support the four receivers available

on the sonar head. The original computer, a Quadra 950, had sufficient space to install all of the

cards. However when this computer failed, the replacement PowerMac 8100/80AV had insuffi-

cient space to install two capture cards. (Each capture card occupies two slot spaces.) Therefore

one card with two channels was used for the remainder of the work.

The incoming signal is first conditioned by a programmable gain amplifier. This gain can be

programmed to increase with time, so as to amplify distant echoes more than closer echoes. The

gain compensates for the spreading loss mentioned in Section4.3.2. This feature is useful when

working with short sonar signals such as pulse echo or matched filter waveforms, but cannot be

used with continuous signals used byCTFM sonars. For these sonars the gain may be programmed

to remain constant.

Normally an anti-aliasing filter would be required before theAnalogue to Digital Converter

(ADC). However the Nyquist frequency (>150 kHz), which is half the sampling frequency (>300

kHz), is always selected to be greater than the maximum frequency in the input signal, so the

anti-aliasing filter may be neglected. Even if aliasing is present, it will not overlap the highest

frequency of interest (100 kHz) as long as the input frequencies are no higher than 200 kHz. In

practice, the receive transducer and amplifier provide the necessary low pass filter to guarantee

that no significant aliasing occurs.

The ADC is a 12 bit Analog Devices AD1671, which has a maximum sampling rate of

1.25 MHz. The capture clock is generated by dividing the 10 MHz NuBus clock frequency by

a programmable count, in the range [8...256]. The allowable range of capture frequencies is thus

39 kHz to 1.25 MHz.

The programmable gain bits and the data from theADC are then stored in theFIFO. This is

constructed from eight Cypress CYC466A 64 k×9 bit memory chips. We use two chips side by

side to obtain 18 bit words, and 4 chips deep to obtain a 256 kword memory. This is sufficient

to record 655 ms of data at a sampling rate of 400 kHz. TheADC output samples are stored in

12 bits of theFIFO, while a further 3 bits are used to store the programmable gain information and

another 1 bit is used to indicate an overflow in the conversion. Therefore 2 bits remain unused.

The chirp capture may be triggered either by programming a register in the card, or through

an external trigger input. This mode is usually used in conjunction with the trigger outputs from

the chirp generator card. It requires a short ribbon cable connecting the two cards. The trigger

signal supplied by the chirp generator card is synchronous with the 10MHz NuBus clock signal,

and the first capture sample is initiated by the next NuBus clock cycle divisible by the receive

clock divider. TheProgrammable Array Logic (PAL)components were specifically programmed

to obtain triggering which was reproducible down to the underlying 10MHz timebase.

Initial testing of the card revealed a poor signal to noise ratio. This led to a partial re-design of

the card, as noted in the previous section. In addition to the techniques noted there, the following
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Figure 5.4: The chirp capture card. (a) Block diagram of one channel of the capture card. The
control block contains bus interface circuitry and control and status registers. The analogue in-
put signal passes through a programmable gain amplifier, which may utilise a fixed gain or a
time-dependent gain to compensate for spreading loss. TheAnalogue to Digital Converter (ADC)
produces digital samples of the input signal at a sampling frequency controlled by the clock di-
vider. The digital samples are stored along with the gain which was used at the time in aFIFO
memory, for later retrieval by the host computer system. The circuit is replicated for the second
channel. (b) Photograph of the card, front and back. The grey plug is the NuBus connector, while
the two gold plated RCA sockets are the analogue inputs. The front view of the card has one of
theFIFO modules removed which is then shown, front and back, underneath the front view. The
white paper covers the top of a brass shield, which was found to be necessary to prevent noise
from entering theADC while writing to theFIFO memory immediately above.
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were also applied to the chirp capture card:

1. Electrostatic shielding over theADC chips. These parts are mounted directly underneath the

FIFO memory chips. It was found that as theFIFO memory chips mounted directly above

theADC were being written to, the noise increased.

2. The analogue amplifiers have separate drive and sense outputs and inputs. These are de-

signed to be wired separately and connected together at the input to the next circuit, so as

to cancel noise in the transfer from one circuit to the other. In the initial construction, these

pins had been connected directly together, thereby defeating their design.

With these modifications, the noise has been contained to within 2 bits (3-4 counts) of theADC.

5.1.3 Chirp IO Software

The selection of the Apple Macintosh platform, and the associated Mac OS 8-9 operating systems,

allowed the chirp card driver to be developed as part of the chirp application program without any

operating system drivers. This is due to the lack of a protected mode.

The chirp application program was written in the C++ programming language (Stroustrup

[127]) using Metrowerks CodeWarriorhttp://www.metrowerks.com/. The graphical user in-

terface is built upon the Power Plant C++ framework which comes with CodeWarrior.

The chirp generation software is divided into two main parts. The first is a low level driver

which talks to the chirp generator card directly. The driver code is part of the chirp application

program. The second part is a versatile dialogue (Figure5.5) which allows the user to select the

waveform and envelope. A repetition rate may also be set, which is useful forCTFM signals. The

sampling rate of the signal is automatically chosen to be the highest rate possible subject to the

constraint of running out ofFIFO memory. Triggers may be placed at arbitrary locations in the

signal. This dialogue is mostly used for quick investigations and for generating suitable signals

for tracing hardware faults. There is also an additional layer of software, which allows a file or

network stream to be substituted for the actual chirp card hardware. This feature will be described

more fully in Section5.4.3.

The chirp capture software comprises a driver and a dialogue for setting up the various options

on the capture card, such as the sampling rate, the gain and the duration of the capture. A picture of

the chirp capture dialogue is shown in Figure5.6. Chirp capture may be initiated asynchronously

from chirp generation, or may be synchronised through the use of triggers.

Once a signal has been captured, it is displayed in a zoomable window. Various operations are

available, such as Fourier transform and low pass filtering, for performing rudimentary analysis.

The data may also be saved to a file in various formats for further investigation in programmable

environments such as Matlab [130] or Mathematica [139].

5.2 Precision Positioner

The precision positioner, shown in Figure5.7, allows all five sonar systems to be tested with

repeatable and computable geometry. This avoids the odometry errors, typically associated with

http://www.metrowerks.com/
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Figure 5.5: Dialogue for generating sonar waveforms for experimentation. Several types of wave-
forms (sine-wave, pulse, Barker code, FM Sweep) may be combined with any of several envelope
functions (trapezoidal, triangular, Gaussian) and transmitted to the sonar. This dialogue also al-
lows the repetition function of the chirp card to be controlled.

Figure 5.6: The chirp capture dialogue which allows specification of sampling frequency, the gain
used for the pre-amplifier, selection of the channels to use, and capture duration. This dialogue
may be used to capture an ultrasonic waveform or to transmit and capture simultaneously.
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x
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θ

Figure 5.7: The precision positioner. Three axes of movement are defined as machine coordinates.
These are longitudinal,x, along the base, transverse,y, along the cross slide, and rotational,θ ,
through a rotating turret mounted on the cross slide. Positivex movement is toward the upper left
and positivey movement is toward the lower left. Positive rotation is defined by the software to
be anti-clockwise, providing a right-handed coordinate system. The home position is at the rear
right. The box underneath houses stepper motor control modules.
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Figure 5.8: The dialogue used to control the positioner. Movement may be controlled in global
(machine) coordinates or local coordinates, and may be to an absolute position or a relative posi-
tion. The show graph button brings up the graph shown in Figure5.9.

mobile robot platforms, which would otherwise require extra effort to avoid (for example Chong

[22]).

The positioner provides three interchangeable mounting points for attaching sonar heads or

targets, one on the movable platform, and one at each end. The sensory equipment shown in

Figure5.7is mounted atop short poles. The poles are mounted in special bases with keys matching

the key holes in the positioner. The bases are precisely manufactured to hold the poles vertical to

avoid positioning errors as the turret is rotated.

The control of position is achieved through an integrated hardware and software system.

5.2.1 Hardware

The precision positioner was built to a design by Phillip McKerrow and Michael Milway, and

allows movement under computer control on three axes, longitudinal, transverse and rotational,

denoted by the right handed tuple{x, y, θ}. Stepper motors produce indexed motion through

ball-screw drives. The position step quanta are∆x = 0.0254mm (= 0.001inch),∆y = 0.05mm

(= 0.002inch) and∆θ = 0.02◦. The stepper motors are controlled by indexing modules, which

are connected through a serial cable to the host computer.

5.2.2 Software

Harper [54] wrote the original positioner control software in Modula-2. The code was re-written in

C++ so that it could be integrated with the chirp application program running on the host computer.

A programming interface is provided, as well as a dialogue for interactive use (Figure5.8).

The software utilises four different coordinate systems (Figure5.9). The first is the machine

coordinate system, which is defined by the extents of travel. The second is the global coordinate

system which extends the machine coordinates outside the limits of the machine. The third is the

local coordinate system, which is designed to be matched to the experiment at hand and is defined
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Figure 5.9: The graph displayed by the positioner control software. The graph is in global coor-
dinates, whose origin coincides with machine coordinates as defined by the limit switches. The
black axes denote the machine coordinates and the movement extent of the centre point of the
turret. Thex-axis moves from one end of the machine to the other, while they-axis corresponds to
the cross-slide, as shown in Figure5.7. The rotating turret is drawn as a black circle, with a black
radial line indicating the direction which is aligned with the machinex-axis when the machine
is homed to the limit switches. The software defines local, turret and sensor coordinate systems
which are shown. This graph shows the sensor coordinates are rotated by 90◦ with respect to the
turret coordinates. This graph updates to reflect the movement of the positioner.

to be parallel to global coordinates. The offset between them is set so that the origin of the local

coordinate system coincides with the target or the sonar in the experimental setup. There is also a

θ offset, allowing the mounting holes on the turret to be pointed parallel to thex-axis of the local

coordinates.

The third coordinate system is the sensor coordinate system. There is a tool offset between the

turret origin and the sensor coordinate origin. This may be used to compensate for an off-centre

sensor or target. The{x, y, θ} coordinates entered by the user control the origin and direction of

the sensor coordinate system. The rotation is about the origin of the sensor coordinates, and is

measured from thex-axis of the local coordinates. The coordinate transformations were computed

using homogeneous transformation matrices (McKerrow [95]).

The three coordinate systems can be shown interactively on a live graph. A sample graph

is shown in Figure5.9. The live graph was found to be useful feedback while setting up an

experiment, as it allows the experimenter to verify that the physical positioner location is the same

as the computer model of the positioner location.

After properly setting up the local coordinates and tool offsets, experiments can be performed

by manipulating only the position of the sensor coordinate system in the local coordinate frame.

This feature simplified the code which controls each experiment.

5.3 Environment Sensor

The formulae for calculating the speed of sound, which will be discussed in Chapter12, require

temperature, relative humidity, and pressure. The environment sensor measures these environmen-

tal parameters and makes them available to the chirp application program.
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Figure 5.10: The environment sensor computer, with the connection box, power supply and probe.

5.3.1 Electronics

The environment sensing system consists of two main parts (see Figure5.10). The first is the

interface electronics box, along with the associated probes and transducers which measure the

environmental parameters. The second part is a computer which contains anADC card and runs

custom software to take the measurements and make them available to the sonar program. It was

necessary to have the environment sensor separate from the host computer due to a shortage of slot

space in the host computer. This arrangement proved to be convenient as the environment sensor

could be moved around to perform calibrations.

The connection box, shown in Figure5.10, contains a Vaisala pressure transducer, model

PTA427, and a Vaisala temperature and humidity probe, model HMP-35A. The HMP-35A does

not contain any readout or signal conditioning electronics.

The computer system was built using a Macintosh PowerBook 5300c with a National Instru-

ments DAQCard-1200 PCMCIA credit card adaptor (http://www.natinst.com/). The DAQ-

Card provides 8 analogue inputs in single ended mode or 4 analogue inputs in differential mode.

The differential input mode was selected as it gave better noise rejection characteristics. Unfor-

tunately the four channels cannot be read simultaneously with anything other than a unity gain

applied, so the full scale of 0-10V must be used to achieve the stated 12-bit (4096 count) res-

olution. The signal conditioning circuit was re-designed (Figure5.11) so that the signals were

presented to theADC with their expected full range of variation covering the 0-10V range.

The signal conditioning for the LM335 zener diode required the subtraction of a voltage before

scaling. Standard circuits for solving this problem require highly matched resistors for accurate

operation. This requirement was avoided by using an instrumentation quality differential amplifier

circuit (Hambley [52, Section 11.9.1]) which does not require precision resistor matching for

accurate operation. Alternatively, one of the many available signal conditioning integrated circuits

could have been used.

http://www.natinst.com/
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Figure 5.12: Screen-shot of the environment sensor program running in LabView. The three graphs
show the temperature, humidity and pressure. The two temperature traces are from the HMP-35A
probe (red) and the LM335 zener diode (brown).

5.3.2 Software

The environment sensor software was written using LabView 5.1 from National Instruments (http:

//www.natinst.com/). James Martin implemented the first LabView prototype. The final ver-

sion was written, debugged and tested by this author in a matter of days, which compared favourably

with the weeks it took to write and debug the initial C++ program.

Initial tests showed that there was some noise in the voltage readings. This was dealt with by

taking readings from theADC at a sampling rate of 100Hz and then low pass filtering each of

the 4 channels using aFinite Impulse Response (FIR)filter to remove any frequencies above 5Hz.

The number of samples taken was equal to the filter length. The output of the filter (after the initial

transient) was used as the sample point at that sample time.

The environment sensor program contains the calibration formulae which convert the raw

voltages read by theADC into Kelvin, % Relative Humidity and Pascals. The procedure used to

obtain these calibration formulae will be described in Section12.4.

The front panel of the LabView program is shown in Figure5.12. The graphs were constructed

by taking one (filtered) reading once every 5 seconds over a period of several hours. The speed of

sound shown on the screen-shot is calculated using (12.7).

Sometimes the observed pressure has a downward spike, or performs an up or down step. At

http://www.natinst.com/
http://www.natinst.com/
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first it was thought that there was noise in the system. However, our laboratory is pressurised

by the air conditioner. When the door is open, a strong draught is felt. The downward spikes in

pressure happen when the door is opened momentarily while the air conditioning is on. The steps

in the pressure are the air conditioning being turned on and off.

Another phenomenon typically observed in our laboratory is the air conditioner cooling turn-

ing on and off, which can be seen in Figure5.12. Note that the HMP-35A probe fails to respond

adequately to the temperature variations. This will be discussed further in Section12.4.1.

5.4 Host Computer

The chirp application program which runs on the host computer accumulated many features in

addition to the ones described so far. The following list describes some of the more important

features.

5.4.1 Transducer Response Measurement

A module was written to allow automated measurement of a transducer beam pattern. This sub-

routine utilised the chirp generation and capture code as well as rotation of the sonar head using

the positioner. The signal to be used is chosen using the chirp generation dialogue, and is then

loaded into the generator card. Similarly, the settings for the chirp capture are set up using the

chirp capture dialogue. The subroutine accepts as arguments the starting and ending positions of

the traverse, the number of stops in between, and which axes should be moved. When the exper-

iment is started, it progresses automatically and saves the individual captured chirp data to a file.

The current position and readings from the environment sensor are also stored for later analysis in

environments such as Matlab or Mathematica.

This arrangement is capable of measuring the on-axis frequency response of a transducer, by

setting the transmitted signal to contain frequencies of interest by adopting a frequency sweep.

It can also be used to generate a complete picture of the lobe structure of the transducer, in both

frequency and direction angle. An example of such a plot is shown in Figure6.15. The plots are

generated by Mathematica, using data captured by the chirp application program.

5.4.2 Feature Extraction Dialogue

The feature extraction dialogue, shown in Figure5.13, allows the selection of all sonar systems

described in Figure1.2.

This dialogue allows the user to choose a complete pre-configured sonar system and shows

its various processing stages. The panels in the dialogue allow the parameters of each stage of

the sonar system to be adjusted during a sequence of trials. Problems may be investigated using

debugging output, in the form of graphical or textual output, by checking a box on a per-stage

basis.
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Figure 5.13: The feature extraction dialogue. This is the heart of the sonar system. Each panel represents a stage in the processing of a sonar system.
Stages execute from left to right. The leftmost stage generates the transmit signal and performs some basic echo processing. Subsequent stages take
input and produce output like a pipeline. Stages may be interchanged as long as the exchanged data types (not shown) are compatible. Each stage is
capable of producing debugging output, usually in the form of graphs. A configuration management system is implemented for each stage and for the
dialogue as a whole. In practise, the different sonar systems are selected from a pre-configured arrangement by selecting a configuration from the pop-up
menu at the bottom left.
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Figure 5.14: The universalIO selector dialogue, which allows the user to select the driver sub-
system used for the positioner, the environment sensor and the chirpIO sub-system. All sub-
systems have drivers for physical devices as well as drivers which can read input from a file or
connect remotely over a network. The MultiChirpFile option refers to the file which stores results
from all threeIO sub-systems for later playback.

5.4.3 Hardware Abstraction

The chirp generation and capture software, previously described in Section5.1.3, is implemented

using a hardware abstraction layer which allows the driver to be replaced by a file interface or a

network connection. There are three reasons for implementing such an abstraction layer.

1. The file interface allows sonar systems to be tested and debugged off-line.

2. The network interface allows the use of a faster machine to perform on-line signal process-

ing. As the chirp cards were built using NuBus interfaces which were discontinued, the

computer containing these cards could not be upgraded. The network interface allowed a

faster, current model computer to read sonar data from the chirp cards in the slow computer.

This system performed better than running the entire system on the slow computer.

3. The file interface also allowed one set of sonar echoes to be recorded and processed by

different sonar systems or configurations for evaluation under identical conditions.

The abstraction layer developed for the chirpIO sub-system was found to be useful and was

extended to the positioner control system and the environment sensor. In particular, readings from

all of theIO sub-systems comprising sonar echoes, locations of the positioner, and readings of the

environmental parameters, could all be recorded into a single file for later playback and analysis.

The various options for the threeIO sub-systems used by the chirp application program are

shown in Figure5.14.
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5.5 Auxiliary Equipment

Some additional equipment which was used is mentioned for completeness.

5.5.1 High Voltage Power Supply

A high voltage DC power supply, Delta Elektronica E0300-0.1, was used to provide a stable and

reliable bias voltage to the transducers. There is a picture in the top right of Figure5.1. This power

supply is continuously adjustable from 0 to 300V, and has a built in current limit adjustable up to

0.1A.

5.5.2 Ultrasonic Microphone

A Brüel & Kjær 1/4 inch condenser microphone, type 4135, and associated microphone power sup-

ply type 2804 (Figure5.15a), were used for measuring frequency responses of ultrasonic trans-

ducers.

5.5.3 Calibrated Source

A Brüel & Kjær sound level calibrator, type 4230 (Figure5.15b), was used to normalise the mea-

surements taken using the ultrasonic microphone.

5.5.4 Vaisala HM-34

A Vaisala hand-held temperature and humidity probe, model HM-34, was used for making various

measurements and as a reference instrument for calibrating humidity (Section12.4.2) is shown in

Figure5.15c. This instrument is calibrated by Vaisala.

5.6 Conclusion

This chapter has described the experimental system supporting the work of this thesis. The host

computer executes the chirp application program, which coordinates three other sub-systems to

perform the experiment. The three sub-systems are

1. the signal path through the chirpIO system and associated amplifiers, interconnections and

the sensor head.

2. the positioner.

3. the environment sensor.

The transducers used within the sensor head will be described in Chapter6, and the ultrasonic

sensor head itself will be described in Chapter7. The other auxiliary equipment is used either

within the signal path or for calibrating other sub-systems. Together these sub-systems underpin

the experimental work of this thesis.
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(a) (b) (c)

Figure 5.15: Auxiliary equipment used for experiments. (a) Brüel & Kjær Ultrasonic Microphone
and pre-amplifier, (b) Brüel & Kjær calibrated source, and (c) Vaisala HM-34 hand-held tempera-
ture and humidity probe.
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5.6.1 Acknowledgements and Contributions

The large amount of equipment required to perform the experimental work could not possibly

be constructed or maintained by one person. The equipment was built up by a small group over

several years. Those responsible for each part are named here.

1. The chirpIO cards described in Section5.1were designed by Phillip McKerrow and Michael

Milway, as credited in the text. The original cards were constructed by Michael Milway. A

further card was constructed by the author. The cards were later upgraded by the author to

improve the signal to noise ratio and various extra timing and synchronisation features. This

author performed all necessary design, construction, testing and fault-finding.

2. The precision positioner described in Section5.2 was designed by Phillip McKerrow and

constructed by an external contractor. The electrical control system was constructed by

Michael Milway. The initial version of the software was written in Modula2 by Neil Harper.

The author of the thesis translated the Modula2 version into C++, with numerous modifica-

tions and extensions to improve flexibility and reliability.

3. The environment sensor described in Section5.3was initially designed by Michael Milway,

but the design provided inadequate sampling resolution and had to be revised by the author.

The sensor interface box was constructed by support staff. Modifications were performed

by this author. The software was written entirely by this author.

4. The software executing within the host computer described in Section5.4 was written by

this author. This software is the embodiment of the major contributions of this thesis. The

software also makes use of standard libraries. These include:

(a) BLAS [34] and LAPACK [4] for performing linear algebra.

(b) FFTW [41] for performing theFast Fourier Transform (FFT).

(c) Metrowerks PowerPlant [92] for creating thegraphical user interface.

5. The auxiliary equipment described in Section5.5was all purchased from external sources,

and is mentioned only for completeness.
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Chapter 6

Transducers

The operation of a sonar system critically depends on the quality and the properties of the ultra-

sonic transducers which are used. For example, the properties of the transducer determine the

exact shape of the impulse response which is used in Kleeman’s template matching system, dis-

cussed in Section2.5.6. The properties of the transducer provide the frequency response as a

function of bearing which allowed Yata [142] to measure the target angle from the transducer nor-

mal with a single transducer, as discussed in Section2.5.5. Thus the transducers are one of the

critical components around which the rest of the system is built. In this chapter, the principles of

transducer operation are described and published models of beam-forming are reviewed, using the

Kay transducer which was adopted for this study.

The Kay transducer was developed for use in the KASPA system described in Section1.3.2.

The Kay transducers were specifically developed to have a wide bandwidth supporting the one

octave sweeps used byCTFM sonar systems, as described in Chapter3.

The final parts of this chapter review the performance of the mass-produced Polaroid trans-

ducer which is descended from Kay’s transducers (Kay [74]). The performance of this transducer

is contrasted to the Kay transducers.

6.1 Construction of the Kay Transducer

The design parameters and method of construction of electrostatic ultrasonic transducers is dis-

cussed at length by Martin [90]. The transducers in our units are slightly different from Martin’s,

but the theory of operation is the same.

The transducers are of the solid dielectric type. They are constructed with a backing plate, a

mylar film with a vacuum-deposited gold conductor on one side, and a frame to hold the mylar film

tight on the backing plate (Figure6.1). The mylar is glued to the diaphragm mounting ring, and

then clamped in place by the case. The backing plate is pressed against the back of the diaphragm

so that it pushes it forward by 2 thousandths of an inch (thou). This places the diaphragm under

tension. The backing plate (Figure6.2) has 10thou (0.254mm) wide circular grooves in it, with

10 thou spacing in between. The grooves are 20thou (0.508mm) deep. The diaphragm is sup-

ported by microscopic high points on the surface of the backplate. There is a small layer of air in

between the diaphragm and the backplate. The air provides the restoring force on the diaphragm,

rather than the tension in the diaphragm as might be supposed. The grooves are used to increase

the compliance of the air layer. They provide a reservoir of air which allows the diaphragm to

95
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Figure 6.1: The construction of the Kay transducer described in [71, 72, 90]. The backing plate
forms one electrode, while the evaporated gold surface on the front of the mylar diaphragm forms
the other electrode. The dielectric is the diaphragm itself, which is tensioned by the backplate.
The grooves supply a reservoir of air, which allows the mylar film to move more than it would
if the grooves were not present. The electrostatic effect operates in the region at the top of the
grooves.

move more freely than without the grooves. The smoothness of the top surface of the backing

plate is one of the most important variables in transducer construction, determining the sensitivity

of the transducer. Martin [90] states that more reliable results are obtained with heavily scratched

backplate surfaces. However, disassembly and re-assembly of the same transducer can affect the

sensitivity by 10%. The roughness of the backing plate controls the size of the air gap present be-

tween the backing plate and the diaphragm. The broad bandwidth of these transducers is achieved

by having irregular scratches with random spacing on the backing plate, such as that produced

by hand-rubbing with emery cloth. Backing plates with regularly spaced scratches produce sharp

resonances in the frequency response, with correspondingly low bandwidth.

The components must be machined to a fraction of a thou for the transducer to work optimally.

6.1.1 Dimensions

A plan of the Kay transducers used in this thesis is shown in Figure6.3. A photograph may be

seen in Figure7.11. The active surface of the transducer has a diameter of 5/16 in or ~8 mm.

The transducer inserts (brass part) have an outer diameter of 1/2 in. The transducer diaphragm is

recessed from the front of the insert by 16 thou.

6.2 Operation of the Kay Transducers

Ultrasonic transducers may use any of several physical phenomena to transform electrical energy

into sound energy and vice versa. These include piezo-electricity, magnetostriction, electrostatic,
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Figure 6.2: The backing plate of the Kay transducer. The grooves are machined in rings for ease of
manufacture. The top of the rails is scratched in a random manner to produce very small grooves.
This backing plate is used in one of the transducers of the KASPA system [74, Figure 3], shown
in Figure1.1.

Gold−coated
Diaphragm

Epoxy Resin

Connecting
Wires

Brass Housing

Backing Plate

Figure 6.3: The Kay transducer insert used by the sonar system described in this thesis. Dimen-
sions in Inches.



98 CHAPTER 6. TRANSDUCERS

(a) No bias (b) Small bias (c) Large bias

Figure 6.4: The movement of the transducer diaphragm as the voltage across the electrodes is
increased. The diagrams show the diaphragm being pulled into the scratches on the backing plate
at the top of the rails. The scratches are also visible in Figure6.2. The grooves do not play a part
in the electrostatic operation of the transducer, and serve mainly as an air reservoir (Martin [90]).

electro-magnetic and optical interferometry. As the Kay transducers are of the electrostatic type,

we shall concentrate on those here.

When there is no potential difference between the two transducer electrodes, the diaphragm

assumes a position shown in Figure6.4a because it is under tension. Before using the transducer, it

must be biased with an offset voltage. This causes the diaphragm to be attracted to be backing plate

(Figure6.4b). As the voltage is increased, the diaphragm will stretch more and enter further into

the groove (Figure6.4c). As the voltage is lowered, the diaphragm will relax (Figure6.4b). Martin

[90] found that the restoring force is supplied mainly by the air pressure behind the diaphragm.

The transducer cannot push the mylar outside the straight position - it can only pull the diaphragm

toward the backing plate. When the voltage between the plates is removed, the diaphragm will

return again to the flat position (Figure6.4a). In order to use the transducer to generate a sound

wave, an oscillating voltage must be applied between the two electrodes. It is desirable to have a

linear relationship between the applied voltage and the displacement of the diaphragm to maintain

theLTI properties of the system mentioned in Section4.2. The linear relationship is not maintained

when the applied voltage becomes small, so the minimum drive voltage must remain above zero.

The upper limit on the drive voltage is provided by the breakdown voltage of the mylar film.

Martin [90] calculated this to be 600V for 0.15thou film. However, the stresses around the sup-

porting points will lead to a lower breakdown voltage, so Martin suggests 200V to 250V as a

working maximum.

The signal processing requires that the signal be passed through the transducer without har-

monic distortion. Therefore experiments were conducted to determine the linear region of opera-

tion of the transducer. It was found that the linear region is bounded at both low voltages and high

voltages. However, the actual voltage applied to the transducer element was not measured, as the

oscilloscope connection would have changed the load and distorted the measurement. Both the

voltage at the input of the transmit amplifier and the bias voltage applied to the transducer were

measured. The single sided amplitude used forMF signals was 0.15V, while the single sided

amplitude used forCTFM signals was 0.1V. A bias voltage of 150V was applied in both cases.

The gain of the transmit amplifier was not measured.
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The signal voltages applied to the transducer in this work will be described in Section6.6.

6.3 Models of Transducer Operation

There are two main parts to modelling a transducer. The first is to model the conversion from

electrical energy into acoustical energy directly in front of the transducer. The second is to model

how the acoustic field radiates from the transducer, producing a dynamic pressure fieldp(r, θ).
This describes the beam-forming of the transducer.

The conversion of electrical to acoustical energy is addressed by a transduction model of the

transducer, which operates in the frequency domain. The beam-forming aspect is addressed by

two alternative models. The first is the radiating plane piston model (Kinsler [78, Section 8.8]),

which operates in the frequency domain. The second is the Kuc-Siegel impulse model [85], which

operates in the time domain. The two different beam-forming models are shown to be equivalent

through the Fourier transform.

6.3.1 Transduction Model

The transduction model exploits the similarity in the differential equation representation of elec-

trical, mechanical and acoustical systems. This similarity allows us to draw the equations from

these three separate domains into a single circuit which describes the operation of the transducer

as a whole. For a general description of the transduction model, see Hunt [63]. The process is

described in detail in AppendixA.1.

The transduction model demonstrates that the transducer has a characteristic frequency re-

sponse due to its design, construction, and fundamental operating principles. Of major importance

is the bandwidth of the transducer, and its ability to reproduce wide-bandwidthCTFM signals.

The frequency response is also influenced by the transmit amplifier circuit, so it is also required to

have a wide bandwidth.

6.3.2 Radiating Plane Piston Model

The radiating plane piston model considers a single frequency signal being radiated from a circular

aperture embedded in an infinite baffle, and describes the amplitude of the pressure wave at a

point {r, θ} in the far field of the transducer. The angleθ is from the transducer normal to the

ray from the transducer centre-point to the point at which the pressure is evaluated (Figure6.5).

The full derivation of the model is given in AppendixA.2, with the solution as equation (A.8).

The pressure field predicted by (A.8) is plotted in Figure6.6for several different frequencies. It is

to be noted that the radiating plane piston model incorporates the far field approximation, so the

near field shown in Figure6.6 is unrealistic. However, at rangesr > a2/λ = a2 f/c, the far field

approximation is valid, and the radiating plane piston model makes useful predictions about the

pressure field. The most important feature is the formation of lobes with nulls in between them.

The nulls appear in Figure6.6as a line of nodes, where no pressure variations occur. The angles

at which the nulls occur become smaller as the driving frequency becomes higher. The main lobe,

being directly in front of the transducer, becomes narrower as the frequency increases.
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Figure 6.5: The radiating plane piston model. The transducer radius is labelleda. The angle
between the transducer normal and the ray to the point{r, θ} is denotedθ . The point{r, θ}
is at radiusr from the centre of the transducer. The point{r, θ} is constrained, without loss of
generality, to lie in thex-z plane.
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Figure 6.6: The sound pressure field calculated according to the radiating plane piston model (A.8)
at several frequencies. The piston has the same radiusa= 4mm as the Kay transducer used in this
thesis. The plot axes arex andy Cartesian coordinates, centred at the transducer. The transducer is
shown as a red line, while the wavelength of the sound is shown in green. Note the phase reversal
between adjacent lobes, and the formation of radial lines without wave information (grey). The
angles of these lines depend on the wavelength of the sound and the radius of the transducer. The
far field approximation has been used, so only the far field is correct. For correct plots of the near
field, see Zhu [147].
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Figure 6.7: Beam pattern calculated according to the radiating plane piston model (6.1), for a
transducer with radiusa = 4mm, being the same size as the Kay transducer used in this thesis.
Other parametersc = 346m·s−1, f = 100kHz. This produces a transducer radius to wavelength
ratio of a/λ = 1.156. The beam pattern is calculated in decibels, and normalised to 0dB at the
transducer normal. This plot uses the same parameters as are plotted for the sound pressure field
in Figure6.6c.

The lobe structure is caused by the part of (A.8) enclosed in square brackets. The pressure

wave and the spreading loss components may be neglected by evaluating only the part in the

square brackets, thus obtaining the bearing dependence as given by Kinsler [78]:

p
θ
(θ , f ) =

{ [
2J1(kwasinθ)

kwasinθ

]
if 0 < |θ | ≤ π

2

1 if θ = 0.
(6.1)

Here,J1(x) is a Bessel function of the first kind, andkw is the inverse wavelength in rad·m−1

(kw = 2π/λ = 2π f/c). The frequency of the signal is denotedf in Hz, the transducer radiusa in

m, the the speed of soundc in m ·s−1 and the wavelengthλ in m. As the factor

kwa = 2π
a
λ

includes wavelength,λ , and the transducer radius,a, the important factor in determining the beam

pattern is the ratioa/λ . Thus a 4mm radius transducer operating at 202.5kHz will have the same

beam pattern as a 16.2mm radius transducer operating at 50kHz, as the ratioa/λ is 2.34 in both

cases. The beam narrows as the ratioa/λ increases.

The beam pattern (6.1) of the transducer is plotted, for a single frequency signal of 100kHz,

in Figure6.7. The beam pattern obtained clearly shows the main lobe extending to±30◦, with

secondary lobes out to±70◦, and tertiary lobes after that. The secondary lobes are 18dB lower
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Figure 6.8: The beam spectrogram calculated according to the radiating plane piston model, for
a transducer with a radius ofa = 4mm, the same size as the Kay transducers used in this thesis.
This function only includes the frequency response as a function of bearing, and assumes that the
transducer itself has an infinite bandwidth. The speed of sound is assumed to bec = 346m·s−1.
The colour indicates the response in decibels. The linear increase in response as a function of
frequency, mentioned in AppendixA.2, is neglected in this plot to emphasise the beam formation.
The beam pattern of Figure6.7 may be read from this graph by tracing an arc at a radius of
100kHz. Another view of the beam spectrogram may be seen in Figure6.14.

than the main lobe, and do not change their level with either wavelength or transducer radius

according to the radiating plane piston model.

Although this model only explicitly considers the case of a signal containing a single fre-

quency, the wave equation permits any linear combination of solutions to be added together to

obtain a new solution. Thus broad-band signals may be considered by evaluating the model at

various single frequencies in parallel, and summing the results. Thus the radiating plane piston

model provides the transducer beam pattern in the frequency domain. A plot showing the response

as a function of bearingθ and frequencyf is shown in Figure6.8. This plot shows the response

as a function of bearing and frequency. The bearing is represented by the angle on the polar plot,

while the frequency is indicated by the radius, as marked. Thus the plot of Figure6.7is equivalent

to an arc at a radius corresponding to 100kHz on this plot. The increase in beam power shown in

Figure6.7 is seen instead as a change in colour in Figure6.8.

Figure6.8 shows that the beam width is quite large at low frequencies, having a wavelength

much longer than the dimensions of the transducer. At this wavelength, the transducer acts like

a baffled simple source. As the frequency increases, so does the radius to wavelength ratioa/λ ,

and hence the beam pattern changes as well. The first null appears when the frequency reaches

52kHz, having a radius to wavelength ratio ofa/λ = 0.6. The second null appears at a frequency

of 97kHz, having a radius to wavelength ratio ofa/λ = 1.12. At this frequency, the first null

occurs at±32◦, and the width of the main lobe has shrunk considerably. The width of the main
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lobe continues to shrink as the frequency, and hence the radius to wavelength ratio, continues

to increase. Thus the beam becomes more and more focused as the radius to wavelength ratio

increases.

Equation (A.8) includes a termckw = 2π f , indicating that the power of the pressure wave will

depend uponf 2. This indicates that the radiated power will be constant if the velocity amplitude,

U0, of the transducer surface, is constant. As the width of the beam becomes smaller, the power

radiated into that area must increase in order to keep the total power radiated constant. This has

not been taken into account in producing Figure6.8.

Modified Annular Radiating Plane Piston Model

Anke [5] derived a a modified radiating plane piston model. He assumed that only the regions

of the transducer diaphragm lying atop the rails, shown in Figure6.2, actually move. Thus the

moving regions are a set of concentric annuli. However, the angular response derived using this

model is nearly identical to the radiating plane piston model. Measurements of the movement of

the transducer surface by Martin [90] do not indicate that the annular regions over the grooves stay

still, as assumed by Anke’s model. As the radiating plane piston model is simpler, that model was

adopted instead.

6.3.3 Kuc-Siegel Impulse Model

Kuc and Siegel [85] provide a time domain derivation of the transducer beam pattern. A modified

version of their derivation is reproduced in AppendixA.3. The final result is the time domain

response of the transducer to an impulse function, working either as a transmitter or as a receiver.

The response can be transformed from the time domain to the frequency domain, where it may be

compared with the result obtained by the radiating plane piston model. The angular dependency

produced by both methods is the same.

The modification to the Kuc-Siegel impulse model was to remove a cosθ term, as shown in

AppendixA.3. The cosθ term is appropriate where the transducer actuates air velocity, as it selects

the rectilinear motion component. It is inappropriate to use it where the transducer is actuating

air pressure, which is non-directional in a fluid (Halliday [51]). Removal of the cosθ term from

the Kuc-Siegel [85] impulse model reconciles it with the standard radiating plane piston model

[78] when the two are related through the Fourier transform. Furthermore, the removal of the

cosθ term provides a much improved match with the experimental results for angular dependency

shown in Sections6.7and6.8.

Both the radiating plane piston model and the impulse model provide the beam-forming re-

sponse of the transducer, and are shown to be equivalent through the Fourier transform, as demon-

strated in AppendixA.3.

6.4 Total Effect of a Transducer

We have now examined the transduction model and two beam-forming models, being the radiating

plane piston model and the impulse model. It can be seen that the total effect of sending a signal
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through a transducer can be described using an impulse response model with three parts.

1. The operation of the transducer itself, which is modelled by the transduction model. While

the transduction model operates primarily in the frequency domain, its time domain impulse

response,hf (t), may be found through the inverse Fourier transform.

2. The sound radiating and interfering at a particular angle, which is equivalently modelled

by either the radiating plane piston model or the Kuc-Siegel impulse response model. We

denote its impulse response byh
θ
(θ , t), with the spreading loss and propagation delay

component of the models removed.

3. The spreading loss and propagation delay, with an impulse response denoted byhrad (r, t).
This component forms part of both the radiating plane piston model and the Kuc-Siegel

impulse model, but is drawn out separately here.

Thus the effects of the signal as it is transformed from electrical energy to a pressure wave at a

point{r, θ} may be modelled by

h(r, θ , t) = hf (t)∗h
θ
(θ , t)∗hrad (r, t) . (6.2)

The first two parts of this impulse response may be attributed to the transducer. The third part

is common to any propagating spherical wave, as found in the far field of the transducer. Thus

hrad (r, t) is the same as that defined in Section4.2.3, while the termshtrans(θT , t) andhrec(θR, t),
representing the response of the transmitter and receiver, are individually equivalent to the convo-

luted producthf (t)∗h
θ
(θ , t) in (6.2).

6.5 Beam Directivity

The beam spectrogram shown in Figure6.8 shows that the shape of the beam changes with fre-

quency. At low frequencies, the beam is widely spread, while at high frequencies the beam is

narrower. Therefore the transmitted sound energy must be spread over a larger area at low fre-

quencies than at higher frequencies. This is demanded by conservation of energy.

A measure of the amount of beam focusing is the directivity (Kinsler [78, Section 8.9]), which

is found by integrating the radiating plane piston model beam pattern (6.1) over the spherical solid

angle [64, Section 17.7-8]:

D( f ) =
4π∫

θ=π

θ=0

∫
φ=2π

φ=0

∣∣p
θ
(θ , f )

∣∣2 sinθ dφ dθ

(6.3)

The beam functionp
θ
(θ , f ) is rotationally invariant around the transducer’s principal axis, so the

integration overφ may be separated and performed immediately:

D( f ) =
2∫

θ=π

θ=0

∣∣p
θ
(θ , f )

∣∣2 cosθ dθ

(6.4)

The remaining integration inθ is the angle from the transducer’s principal axis. Performing the

integration numerically and plotting as a function of frequency yields Figure6.9. The high fre-
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Figure 6.9: Beam directivity,D( f ), calculated for transducers of three different radii (marked a)
using (6.3), as a function of frequency. (The value plotted is called the directivity index as it has
been converted to decibels.) Larger values ofD( f ) indicate that the beam energy is concentrated
into a smaller area. The low frequencies, having a wide beam width in Figure6.8, are the least
concentrated. The beam is more focused at higher frequencies, so the directivity is higher there.
Furthermore, larger transducers have higher directivity than small transducers.

quencies are more tightly focused by the beam-forming function than the low frequencies.

Figure6.9can also be regarded as a beam-focusing gain function. Microphone measurements

made on-axis must be corrected for this directivity factor.

The transducer directivity function,D( f ), will be used when the experimental transducer re-

sponse is determined in Sections6.7and6.8.

6.6 Circuits

The circuits which drive the transmitter and amplify the signal from the receiver are built into the

sonar head. The design of the sonar head will be described in Chapter7.

As discussed in Section6.2, the transducers require a bias voltage to be applied before they can

be used as either a transmitter or a receiver. The bias voltage was originally self-generated by the

transmit circuit, which assumed that onlyCTFM signals would be used. However, we required an

arrangement which would also support the use of Barker coded signals, which are much shorter.

The short signal produces an unsatisfactory bias voltage, so the transmit circuit was modified

to use an external bias. The bias voltage is also used by the receive amplifier circuit, which is

described below. Furthermore, the circuits were modified to reduce the electrical crosstalk from

the transmitter to the receiver, but this will be discussed further in Section7.3.1.

6.6.1 Transmit Circuit

The bias voltage in the original circuit was produced as a by-product of the amplified drive signal

by a clever design (Figure6.10). The bias voltage, being the wire connected to the bottom of R16,
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Figure 6.10: The original transmit circuit built into the Kay sonar head. The bias voltage is also
connected to the receive circuit, which is shown in Figure6.11.

Table 6.1: The measured self-generated bias using the original transmit circuit from Figure6.10.
The amplitude of input signal column refers to the single sided amplitude of the voltage presented
at SWP in Figure6.10.

Amplitude of Input Signal DC Bias
Volts Volts
0.1 169.5
0.05 90.0
0.025 51.0

is generated by rectifying the amplified transmitted signal. The amplified transmit signal is then

added to the bias signal.

Values obtained for the bias voltage, as a function of the amplitude of the transmit signal

at the amplifier input, are shown in Table6.1. Experiments were performed to find the optimal

input voltage for the transmit circuit. It was found that single-sided input voltages over 0.125 V

produced clipping of the waveform at the 10T input to the transformer L1. The maximum swing

voltage was 8 V, due to the double-sided drive employed by the TDA7052A integrated circuit.

6.6.2 Receive Circuit

The receive amplifier circuit, shown in Figure6.11, is used for each of the four receivers in the

sonar head. It uses the bias voltage generated by the transmitter section, which is applied to the

transducer for proper operation. The AC component of the transducer voltage, corresponding to

the received signal, is amplified and made available at the rec out connection.
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Figure 6.11: The receive circuit built into the Kay sonar head. This circuit is used for each of the
four receivers. The BIAS pin is connected to the pin of the same name in the transmit circuit of
Figure6.10.

A modification was made to the receive circuit to reduce crosstalk from the transmit circuit.

The modification consisted of installing shielded cable between the receiver and the circuit board.

This modification can be seen in Figure7.15.

6.6.3 Transmit Circuit with External Bias

The transmit circuit was changed to use an external bias voltage, derived from a high voltage

power supply (Section5.5.1). The circuit was modified as shown in Figure6.12. The primary

modification was to remove the connections to the 266T coil of the L1 transformer, and to connect

an external bias voltage at the point labelled EXTB. The bias voltage was supplied using the Delta

Elektronica power supply described in Section5.5.1. This modification also reduced harmonics

which were present when 50kHz signals were produced using the self-generated bias. This is

thought to be caused by inadequate bias voltage being self-generated by low frequency signals,

which subsequently caused the diaphragm to bottom out when a high amplitude transmit signal

was applied. These problems were avoided by using the externally generated bias.

The transmit circuit was also modified to reduce crosstalk. Two modifications were performed.

The first was to place a brass shield around the high voltage circuits to reduce electro-static cou-

pling. This shield will not reduce electro-magnetic coupling. The second modification was to

replace both of the wires to the transmitter with shielded cables to prevent electrostatic radiation.

These modifications are visible in Figure7.15.
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Figure 6.12: The transmit circuit, modified to use an externally supplied bias voltage, connected
at EXTB.

6.7 Experimental Kay Transducer Response

Section6.4 demonstrated that the transducer can be expected to have an inherent frequency re-

sponse, as well as a separate beam-forming response. The inherent frequency response of the

transducer has too many variables to be estimated or calculated (see AppendixA.1).

The transducer response was measured using the Brüel & Kjær1/4 inch microphone described

in Section5.5.2. The front cover was removed from the microphone to improve the high frequency

response. The microphone was placed 0.5m in front of the sonar head, and a frequency sweep

from 10kHz to 150kHz was transmitted. The sound recorded by the receiver was digitised, and

the Fourier transform was taken. The reconstruction filter mentioned in Section5.1.1was removed

for this experiment.

The experiment described above will involve some of the elements of the signal path described

in Chapter4. These are the transducer response described by transduction, the air absorption of

Section4.3.3, and the directivity gain described by (6.3). A proper assessment of the transducer

characteristics requires that these be compensated. Such a compensation is shown in Figure6.13.

The experimental response shows a peak at 85kHz.

The directivity curve slopes gently up, at 12dB per 100kHz. The gain is only moderate due to

the wide beam width of the small transducer. The transduction response is obtained by subtracting

out the beam-forming gain in decibels, or, equivalently, dividing by the beam-forming gain in a

non-decibel domain. The transduction response displays the same peak at 85kHz as the on-axis

response. This appears to be the response of a resonant circuit in the transmit amplifier circuit.

A complete determination of the transduction response itself would require that the spectrum

output by the transmit amplifier, shown in Figure6.12, also be subtracted from the measured
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Figure 6.13: The frequency response of a Kay transducer (Head 1) being used in transmit mode.
The curve labelled experimental on-axis is measured using the microphone. The curve labelled
directivity is the on-axis gain calculated in Section6.5. The air absorption term is calculated ac-
cording to AppendixE.4. The curve labelled transduction is calculated by adding the air absorp-
tion and subtracting the directivity from the experimentally measured response, and represents the
spectrum of the signal after the transduction process, but before beam-forming and propagation.
Thus this curve represents the acoustic field at the surface of the transducer. The zero level of the
decibel scale is arbitrary for the experimental and transduction curves, but is normalised for zero
frequency on the beam-forming curve.
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Figure 6.14: Experimentally determined Kay transducer transmit response including both on-axis
frequency response factor and the bearing frequency response factor. (This differs from Figure6.8
which does not include the on-axis frequency response factor.) This graph shows the normalised
signal amplitude as a function of frequencyf and the bearingθ of the microphone from the
principal direction of the transmitter. The colours indicate the signal power in decibels, and match
those used in Figure6.15.

response. However, measurement of the amplifier response, with an attached transducer, is a

difficult task, due to the perturbation of the circuit parameters by the instrument probe. No such

measurement has been performed.

Beam Spectrograms

The beam spectrogram was measured by rotating the sonar head about the centre-point of the

transmitter in increments of 1◦. At each position the frequency response was measured using the

procedure previously described for the on-axis response. The software described in Section5.4.1

performs this procedure automatically. Taking the Fourier transform of the received echo, and

plotting as a function of frequency and bearing yields the visualisation shown in Figure6.14.

The same experimental data is shown in Figure6.15a, using a polar representation and using

colour to represent the signal strength. When the experimental beam spectrogram is compared

to the radiating plane piston model shown in Figure6.8, it is seen that there is a good match in

the bearing dependency, but a poor match in frequency. A more realistic hybrid model may be

constructed by using the experimentally determined on-axis frequency responseH f (ω) in con-

junction with the modelled angular responseH
θ
(θ , ω). The result of this calculation is shown
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in Figure6.15b. The hybrid model of Figure6.15b is seen to be a better match for the exper-

imental beam spectrogram shown in Figure6.15a than the radiating plane piston model shown

in Figure6.8. The null patterns predicted by the radiating plane piston model are present in the

experimental response, although the nulls are not as sharply pronounced. The main beam and side

lobes are quite similar to the composite model. The experimental response has a large amount of

high frequency response at large angles, which is not predicted by the composite model. The dif-

ferences between the experimental response and the composite model may be due to non-uniform

movement of the diaphragm surface. Martin [90] showed that the movement varies considerably

across the surface of an individual transducer.

6.8 Response of Polaroid Transducers

This thesis used the small hand-made Kay transducers for many reasons, some of which will be

addressed in Chapter7. The radiating plane piston model shows that a small transducer has a

much wider beam width than a large transducer at the same operating frequency.

A common alternative approach to custom designed and built units is the use of cheap com-

mercial alternatives. One of these is the Polaroid transducer. Since the heritage of these units stems

from those designed by Kay there are no fundamental design or operational differences. Rather

the major differences pertain to the application and the cost of this component in the overall item

cost. As the Polaroid transducers are commonly used in robotics, their properties were measured

for comparison.

The on-axis frequency response of the Polaroid transducer was measured using the same

method as for the Kay transducer, as described in Section6.7. A custom-built transmit ampli-

fier, with a relatively flat response over the ultrasonic frequency range, was used to drive the

transducer. The transducer response was measured in two configurations. The first was as sup-

plied by the manufacturer, as shown in Figure2.5, with its aluminium grille in place. The second

configuration was with the grille removed. More precisely, a second transducer was dismantled,

and the central part of the outer casing was cut out, and the transducer was then re-assembled. The

reconstruction filter mentioned in Section5.1.1was removed for this experiment. The results for

the on-axis frequency response experiment are shown in Figure6.16.

The results of the experiment show that the cover significantly affects the frequency response,

causing an increased frequency response around 60kHz and 105kHz, and a reduced response in

between. The increased response may be due to single and double resonance within the cavity be-

tween the diaphragm and the grille, as suggested by Martin’s transduction model in AppendixA.1.

The reduced response may be due to destructive interference between the direct and reflected

waves within the cavity. Thus, depending upon the working frequency and the application, it may

be beneficial to remove the cover, obtaining a flatter on-axis response. However, for the original

application, using a single frequency 50kHz sine-wave, the grille provides a+5dB gain in the

output.

The transduction response was calculated in the same manner as for the Kay transducer. Com-

parison of the transduction curves shows that the Polaroid transducer has less efficient transduction

than the Kay transducer. Furthermore, we will see in Section7.2.1that the Polaroid transducer has
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(a) Experimental angular and frequency response
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(b) Modelled angular response and experimental frequency response

Figure 6.15: Beam spectrograms for a 4mm radius Kay transducer used in transmit mode (Head
1). (a) Experimental data for both angular and frequency components. This is the same data set
as is plotted in Figure6.14. (b) Hybrid model, using the experimental on-axis frequency response
combined with the theoretical radiating plane piston model to obtain the angular response. The
productH f (ω) ·H

θ
(θ , ω) is shown. The power level in these spectrograms has been normalised

so that the maximum is at 0dB.
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Figure 6.16: The measured on-axis frequency response of a Polaroid transducer. The power scales
are the same as shown in Figure6.13, so the responses may be compared. The curve labelled
experimental on-axis is measured using the microphone. The curve labelled directivity is the
beam-forming gain as calculated in Section6.5, using a radius of 16.2mm. Note the directivity is
different from the Kay transducer shown in Figure6.13due to the larger transducer radius. The
curve labelled air absorption is calculated according to AppendixE.4. The curve labelled transduc-
tion is calculated by adding the absorption and subtracting the directivity from the experimentally
measured response, and represents the spectrum of the signal after the transduction process, but
before beam-forming and propagation. Thus this curve represents the acoustic field at the surface
of the transducer. These measurements were taken using a 150V bias.
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a 22dB gain over the Kay transducer, due to increased surface area. This increased surface area

generates additional gains due to improved beam focusing. However these gains over the smaller

Kay units are lost due to poor transduction. This poor transduction is attributed to the Polaroid

backing plate with its machined v-grooves, instead of the rails used in Kay’s design, resulting in a

smaller surface area for electrostatic interaction.

Other experimental determinations of the Polaroid frequency response, such as Peremans

[108], show a peaked response, in contrast to the comparatively flat responses seen in Figure6.16.

The peaked response is attributed to the standard amplifier supplied by Polaroid, which has a tuned

circuit. As these measurements were made using an amplifier with a flat response, being a separate

circuit from Figure6.12, the power spectra observed in Figure6.16are attributed to the operation

of the transducer.

Beam Spectrograms

The beam spectrogram experiment, which was described for the Kay transducers, was repeated for

the Polaroid transducer. In this case the hybrid beam spectrogram, shown in Figure6.15b, was not

computed. The Polaroid transducer has a radius ofa = 18.25mm. When the beam spectrogram

(6.1) is calculated using this radius, a poor match is obtained. However, when the beam pattern

is evaluated using a transducer radius ofa = 16.2mm, a good match is found. McKerrow [95,

Chapter 10] indicates that this is due to a difference between the radius of the transducer and the

radius of the active area.

The beam spectrogram was measured using the two configurations previously described for

the frequency response measurement. The results are plotted in Figure6.17.

Comparing the two figures, the grille does not seem to significantly affect the shape of the

beam. This could be due to the dismantling of the transducer. The main effect of the grille is a

narrowing of the main beam around 90kHz.

When these beam spectrograms of the Polaroid transducer in Figure6.17are compared with

the ones from the Kay transducer in Figure6.15, we see that the beam is much narrower overall

than for the Kay transducer. This is due to the increased size of the Polaroid transducer, which

causes the beam to be more focused overall. The width of the main lobe at 60kHz at the−10dB

point is about±10◦ for the Polaroid transducer, as compared to the Kay transducer which is±30◦

when it is−10dB down from its value at 0◦. Thus the Kay transducer has a much wider beam

width than the Polaroid transducer, and can insonify and receive echoes from a much larger area.

6.9 Conclusion

The ability of the transducer to support wide bandwidth signals, such as those used byCTFM, is

of critical importance to the operation of a sonar system. Both the Polaroid transducer and the

Kay transducer have the bandwidth to supportCTFM and other wide bandwidth applications. The

Polaroid transducer should have a strong power response, due to its large surface area and tight

beam-forming capability. However, its additional potential power over the Kay transducer is lost

due to poor transduction.
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Figure 6.17: The measured beam spectrogram of two different Polaroid transducers of the same
model. In (a), the original grille of the transducer was retained. In (b), the grille was removed from
the transducer. The power levels in these spectrograms has been normalised so that the maximum
is at 0dB.
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The Kay 4mm transducer may be best utilised with a wide bandwidth signal in the range

50kHz to 110kHz. This harnesses the peak power of the transducer and provides a wide beam

width. Inspection of the beam spectrogram in Figure6.15a shows that any other choice would limit

the transmitted power and beam width. The Polaroid transducer may be best used over the range

40kHz to 130kHz, and obtains a flatter response with the grille removed. However, inspection

of the beam spectrogram in Figure6.17b reveals that the beam is much narrower than that of the

Kay transducer, and especially narrow at high frequencies, as determined by (6.1) and reflected by

the directivity shown in Figure6.9. This must be taken into account when designing an ultrasonic

sensing system.

This chapter will avoid drawing conclusions about which transducer is best for this study,

instead leaving that task to the next chapter where all of the design issues are considered together.

This chapter has demonstrated that the transducer response may be represented as a sequence

of three filters. The first filter corresponds to the transduction process of converting the electrical

energy into sound pressure wave energy at the transducer surface. The second filter corresponds

to the formation of the beam. The third filter corresponds to the delay while the sound travels

through the air, and also incorporates the spreading loss. When viewed in the frequency domain,

these effects are multiplicative, which serves as a convenient representation. We attribute the first

two effects to the transducer, and the third to the propagation of sound through the air.

6.9.1 Acknowledgements and Contributions

This chapter has drawn together pre-existing information from the literature and combines it with

some original contributions.

1. The description of the construction of the Kay transducers was taken from Martin [90].

2. The description of the operation of the Kay transducers was constructed from information

in physics textbooks [51, 47], as well as information in Martin [90] and Hunt [63].

3. The radiating plane piston model material was taken from Kinsler and Frey [78].

4. The Kuc-Siegel impulse model was taken from Kuc and Siegel [85]

5. The modification of the Kuc-Siegel impulse model and the comparison with the radiating

plane piston model is the work of this author.

6. The plotting of the beam pattern as a function of frequency and bearing as a beam spectro-

gram (e.g. Figure6.8) is claimed as the invention of this author. The code to perform this

plotting was custom-developed in Mathematica [139].

7. The application of directivity to in-air transducer measurements is a contribution of this

author.

8. The circuits used to drive the transmit transducers and the amplifiers after the receivers were

a standard design produced by Kay, and were provided with the sonar head.



6.9. CONCLUSION 117

9. Modifications to the circuits which drive the transmit transducers and the amplifiers after the

receivers to reduce cross-talk and to make the transmit circuit suitable for short-time signals

are claimed as the work of this author.

10. The measurement of the transduction response of the Kay and Polaroid transducers, and the

associated comparison with theoretical results from the radiating plane piston model and the

Kuc-Siegel impulse model, is the work of this author.



118 CHAPTER 6. TRANSDUCERS



Chapter 7

Sensor Head Design

This chapter addresses the integration of a set of transducers into an operational sonar head which

is capable of addressing the goals of Section1.2. The chapter first reviews some tasks of therobotic

agent, and determines the sensing requirements to perform the tasks. Subsequently, the chapter

reviews the interaction between the size of the transducers and the placement of the transducers.

The impact of these decisions upon the operation of the sonar system and its ability to meet the

requirements is then discussed and design decisions are made. Finally, the construction of the

sonar head is described.

7.1 Requirements of theRobotic Agent

This section considers some of the tasks that therobotic agentwill be required to perform, and

from this derives a specification for the sensor system to perform these tasks. Four aspects of

the sensory problem are considered. The first is the precision and resolution required to perform

adequate sensing. The second and third aspects consider the horizontal and vertical field of view,

or area of insonification, over which the sensor must operate to obtain adequate performance. The

fourth and final aspect considers the required update rate to provide adequate performance of the

robotic agentwhen performing sensing based tasks.

7.1.1 Precision and Resolution

The requirements for precision and resolution vary depending upon the application. The following

discussion considers the problem of arobotic agentnavigating through a doorway. Precise deter-

mination of both range and bearing are required to solve the problem. We assume that the sensor

is accurate and without bias.

Budenske [15] found that it was difficult for arobotic agentequipped with a sonar ring to nav-

igate through a doorway. This may be primarily attributed to the poor bearing precision provided

by typical sonar rings, which only determine the bearing inasmuch as it lies within the beam of

the ultrasonic transducer. Kleeman [80] used a scanned monaural sonar system which measured

the amplitude of the echo and fitted a Gaussian function to the observed amplitude data to solve

the problem. However, we consider here the requirements of a sonar system which can provide

sufficient information to solve the problem without scanning.

When therobotic agentis approaching the doorway along a centre line, both of the door posts

will appear to be at about the same range. Sonar sensors are typically centrally mounted on a

119



120 CHAPTER 7. SENSOR HEAD DESIGN

robotic agent, therefore placing the sonar sensor equidistant from both the left and right door

posts. While the door posts are well separated in bearing, they will have very similar ranges. This

is a problem for a sonar system with a wide beam width, as both door posts will return echoes to

the same sensors, and they will probably be unresolvable in this configuration. The echoes must

be resolvable before the bearing can be computed. Thus a system with good range precision and

resolution is an absolute requirement.

There are three ways to solve this problem. The first is to ensure that the sensor has good range

resolution. The second is to program therobotic agentto approach the door on a skewed angle,

so that the the echoes from the left and right door posts may be easily resolved. If we assume

that echoes from targets separated by±10mm in range may be resolved, then a skew angle of

±4◦ will ensure that the door posts may be resolved until the sensor is 0.15m from the centre of

a 0.8m wide door. The third alternative is for therobotic agentto pass through the door along an

off-centre path, or to mount the sensor off-centre on the robot. All of these methods should allow

a robotic agentwith a binaural bearing sensor of sufficient beam width to pass through a doorway

without scanning.

Navigating through a doorway can be a tricky operation if therobotic agentis nearly the same

size as the doorway. The sensor must observe both the left and right door posts simultaneously to

ensure that no collision occurs. In the case of the Titan wheelchair robot used at the University of

Wollongong [117], there is a clearance of 50mm on each side. This means that the sensor must

be able to measure the lateral position of the door posts with a precision of±10mm. In the case

of the Labmate robot, which is almost the same width as the doorway, a precision of±1mm is

demanded.

When therobotic agentis lining up its approach to the doorway, for example at a range of

0.5m, the required lateral precision of±10mm translates to a bearing precision of±1.1◦. As the

robotic agentapproaches and enters the doorway, the range precision becomes more important. In

this configuration, the required lateral precision translates to a range precision directly.

The doorway problem also requires a sensor with a wide beam width if we are to avoid scan-

ning. A sensor with a beam width of±30◦ or 60◦ allows both of the door posts to be seen until

the sensor is 0.7m from the doorway. Therefore scanning or two sensors are required.

The problem of navigation within a large room requires that the sensor have a large maximum

range. We desire a maximum range of 5m.

From this discussion we can see that it is desirable to achieve a range precision of±1mm, a

resolution of±10mm, a maximum range of 5m, and a bearing precision of±1◦.

7.1.2 Horizontal Beam Width

Therobotic agentneeds to be able to observe the area in front of it for obstacle avoidance, and the

area to its sides for landmark navigation. A wide sensing area is desirable. With a narrow beam

sensor, the sensor must be scanned, which slows down the information gathering rate of a sensor.

The sensor can only determine the bearing of targets for which it detects echoes on both

receivers. We shall define this region to be the field of binaural audition.

A robotic agentwhich is 0.5m wide will be able to see its full width at a range of 0.73m

without scanning if it has a sensor with a±20◦ field of binaural audition. A sensor with a±30◦



7.1. REQUIREMENTS OF THE ROBOTIC AGENT 121

Figure 7.1: Plan view geometry of the sensor system mounted on a mobile robot, showing the
extent of horizontal sensing extended by panning.

field of binaural audition will sense the full width of therobotic agentat 0.5m. Therefore, unlike

sensors which cannot measure the target bearing, we desire a beam width as wide as possible,

reducing the need to scan and increasing the information rate.

Wide Robots

The Labmate robot is 0.8m wide. A sensor with a±30◦ field of binaural audition does not sat-

isfactorily cover the width of such arobotic agent, so a sensor configuration must be designed.

This is determined by the desired horizontal field of audition around the robot. Asrobotic agents

have physical area, more than one sensor is usually required. One possible sensor arrangement to

achieve coverage of the area in front of and beside the robot is shown in Figure7.1. This figure

shows the sensors mounted upon pan and tilt units at the front corners of a Labmate robot. While

this decision is a trade off between cost and sensing time, it has three benefits. Firstly, it min-

imises the chance of crosstalk between the transmitters. Secondly, it enables the sensors to work

together to detect wedge shaped obstacles directly in front of the robot. Thirdly, as the sensors can

be panned to detect each other’s transmitted pulse, automatic calibration is possible on a regular

basis. Because of the large physical separation of the sensors, they can obtain different views of

the same nearby object. For all the applications mentioned earlier, the ultrasonic sensing system

must be able to detect objects in front of the robot and on both sides. Thus a horizontal field of

audition greater than 180◦ is required. In fact, the axes of the sensors must be able to point at walls

to either side. As shown in Figure7.1, this field of audition can be achieved with a pan of less than

180◦.

7.1.3 Vertical Beam Width

A typical environment for a mobilerobotic agentis shown in Figure7.2. McKerrow [96] cate-

gorises the objects in the environment according to height, as:

• being low enough for the robot to drive over (electrical cables, carpet & tile edges, door

sills),

• occupying the same height region as the robot (plant, chair, wall), and
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Figure 7.2: Obstacles and landmarks in the environment of arobotic agent. Note that some objects
occupy the same vertical space as the robot, and therefore form a navigational hazard. Other ob-
jects are higher or lower than the extent of the robot, allowing the robot to pass over or underneath
them.

• being high enough to drive underneath (table, doorway, ceiling).

Such a classification scheme depends upon the height of therobotic agentitself. Two of the

classifications indicate that the object is not hazardous to robotic navigation. Thus it is considered

an advantage if the sensor used by therobotic agentcan determine the height or elevation angle of

an obstacle in addition to its bearing.

Having a wide beam width allows the sensor to observe close objects which lie away from the

principal axis of the sensor, but still within the vertical height of the robot, for example those on the

floor in front of the robot. However, having a wider beam will make it more difficult to distinguish

separate targets, as the echo signal can become quite cluttered. As shown in Figure7.3, a±30◦

field of binaural audition enables the robot to view the floor one metre in front of it and the ceiling

3100mm in front of it when the sensors are located 500mm above the floor. This provides the

right balance between target visibility and excess clutter for this work.

7.1.4 Update Time

The operation of arobotic agentperforming a mapping or navigation task within a static environ-

ment is limited by the speed with which it can accomplish sensing tasks (Heale [60]). Heale also

states that the time taken by arobotic agentto perform many tasks is determined by the time taken

to accomplish the necessary sensing. Furthermore, sensors which have a narrow field of view must

be scanned, adding to the time taken. Therefore the sensor must complete many measurements

per second to obtain adequate mapping and navigation performance.
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Figure 7.3: The vertical sensing area of a sensor with a±30◦ beam. Such a sensor can observe the
wall-ceiling intersection at about 3m, and observe the floor in front of the robot at 0.87m.

A more difficult problem is faced by arobotic agentoperating within a dynamic environment.

Such arobotic agentmust be capable of detecting moving obstacles such as people or otherrobotic

agents. Therobotic agentmust be able to detect these moving obstacles in time to avoid a collision

either by stopping or by changing its path. In such an environment, rapid update is required of the

sensor. To obtain smooth sensing, update is required at rates similar to television frame rates (25

updates per second).

7.2 Transducer Selection and Arrangement

The width of the binaural field of audition depends upon the size of the transducers and the splay

angles of the receivers. The size of the transducers determines the beam width and the beam power,

while the splay angle of the receivers determines the overlap of the two beams and the calculation

of bearing byInter-aural Power Difference (IPD). These parameters are now determined to achieve

the desired binaural field of audition.

7.2.1 Transducer Size

The power radiated by the transducer depends upon the surface area, as determined by the radiating

plane piston model (A.8). A plot of the relationship is shown in Figure7.4. This plot demonstrates

that, as long as the transduction remains the same (and hence the speed amplitude termU0 in (A.8)

remains constant), a much more powerful signal may be obtained by using a larger transducer.

The effect of transducer size upon beam width is demonstrated in Figure7.5. As the radius

of the transducer increases, the beam becomes more focused and narrow. The beam patterns in
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Figure 7.4: Plot showing the effect of the transducer size (radius, in mm) upon the beam power,
determined from (A.8). The beam power has been normalised against the power emitted by a 4mm
radius transducer. This plot demonstrates the substantial benefits of using a larger transducer.
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Figure 7.5: Diagram showing the effect of the transducer radius upon the beam width. The red
line is for a transducer with a radius of 4mm, the green line for an 8mm radius, and the blue
line is for a 16mm radius, all operating at 75kHz in air, with an assumed speed of sound of
346m·s−1. The radius to wavelength ratios are 0.87, 1.7, and 3.5 respectively. The beam patterns
were evaluated using the radiating plane piston model (6.1), and were normalised to 0dB at 0◦.
This plot demonstrates the benefits of having a small transducer, as it produces a wide beam.
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Figure 7.6: Responses of several different sized transducers (black curves) to aCTFM signal,
swept from 100kHz down to 50kHz. These curves were generated by integrating the beam form-
ing response over these frequencies. After integration, the curves were normalised by dividing by
the signal bandwidth. The effect of the transducer frequency response was neglected. The effect
of the side lobes are greatly reduced by using a wide bandwidth signal and a matched filter or
CTFM demodulation process. The grey curves are Gaussian functions fitted to the central part of
the integrated data. Theb parameters denote the−8.69dB width of the Gaussian functions.

Figure7.5 are normalised to 0dB on axis. If we were to normalise the beam levels to maintain

a constant total beam power as the beam width is varied, then the central level for narrow beams

would be much higher than that of wider beams. This is the effect of the directivity discussed

in Section6.5. Thus the directivity increases as the transducer is made larger, as can be seen in

Figure6.9.

The use of aCTFM or other broadband signal will also introduce a variation in the beam width

as the signal sweeps. This may be seen in Figure6.15a. A high frequency produces a narrower

and more focused beam than a low frequency. Thus an object at one edge of the beam pattern will

return an echo containing more low frequencies than high frequencies. The effective beam width

of aCTFM signal may be found by integrating the beam function over the frequencies used in the

sonar signal (Figure7.6). TheCTFM system effectively performs the integration in the spectral

analysis stage. The integration tends to remove the nulls in the beam pattern.

It is convenient for the work in the next section on the orientation of the receivers if we fit a

Gaussian function to the integrated beam width shown in Figure7.6. The Gaussian function is

related to the probability density function of the normal distribution used in statistics, described

by Abramowitz [1, Section 26.2.9]. However, the normalisation requirements of statistics do not

apply here. The fitted function is of the form exp
[
−(θ/b)2

]
, whereb defines the width of the

beam at the−8.69dB point. The fitted Gaussian functions are shown in grey in Figure7.6. Thus

it is possible to associate a beam width, corresponding to the broad bandwidthCTFM signal,

with each different transducer radius. The width of the fitted Gaussian functions can be seen to

correspond closely with the width of the central lobe calculated at the median sweep frequency,
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shown in Figure7.5.

7.2.2 Receiver Orientation

Previous work on binaural ultrasonic sensors forrobotic agentsincluded work by Kleeman and

Kuc [82, 108] in which the receivers were not angled. Other work by Kuc [84] which made the

receivers independently steerable, enabled them to fixate upon the target. This work is based on

the design principles used by Leslie Kay’s ultrasonic glasses [71], which suggest that angling

the receivers apart can provide bearing measurement information. The idea dates back to the early

sonar and radar work done before and during World War II (Hackmann [48] and von Kroge [134]).

This is theInter-aural Power Difference (IPD)method of measuring bearing.

The operation ofIPD may be seen by examining the effect of simultaneously measuring an

incoming echo with two receivers, each with a splay angleαr from the transmitter, as shown in

Figure7.7a. The left and right receivers are each splayed by an angleαr= 16◦ from the primary

axis of the sensor, leading to a 32◦ difference between them.

The power which will be detected by the left and right receivers can be modelled by multiply-

ing together the transmitter beam function with each of the receiver beam functions. As the beam

functions have been converted to decibels, this is equivalent to addition. The resulting composite

beam functions, for the left and right paths, are shown in Figure7.7b.

AppendixH.4 describes the combination of Gaussian beam patterns. The appendix demon-

strates that the width,b, of the beam is reduced by a factor of 1/
√

2 when the composite beam

function is formed. Furthermore, the peak beam power, in decibels, is reduced by

−20α
2
r /
{

2ln(10)b2} ,

a function of both the splay angle and the beam width. The composite beam will have its centre at

a splay angle ofαr/2.

Using the composite beam functions for the left and right paths, we can see that the signal

from a target located at 20◦ will be measured by the left receiver with a power of−4dB, while

the right receiver will measure the same signal with a power of−18dB. This gives a difference of

14dB between the power measured by the left and right receivers, which is drawn as a black line

in Figure7.7b. As the difference is caused by the orientation of the receivers, it is independent of

the spreading loss, air absorption and the reflecting strength of the target.

Inter-aural Power Difference

TheIPD which will be measured for a target at a given angle is found by dividing the left received

power by the right received power. As the curves have been converted to decibels, this is equivalent

to subtraction. The result is shown as the black line in Figure7.7c. This black curve may be

calibrated for a given set of transducers and used to calculate the bearing of targets as previously

described.
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(a) Gaussian beams of the transmitter and two receivers
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Figure 7.7: (a) Relationship between beam patterns of the transmitter (red), left−16◦ receiver
(green), and right 16◦ receiver (blue). (b) Shows the beam patterns obtained by taking the product
of the transmitter beam function with each of the receiver beam functions in turn. This process
ignores the spreading loss and air absorption, which are assumed to be common to both channels.
The difference in detected power on the two channels is attributed to the beam patterns of the
receivers. Thus a target located at 20◦ will have an detected power difference of about 14dB, as
indicated by the black line. (c) Shows theIPD curve (black) which we may expect to measure as
a target changes bearing. Note that the scale has been shifted to accommodate theIPD curve.
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Figure 7.8: Derivation of the extent of the field of binaural audition. The red curve corresponds
to the integrated transmitter response for a 4mm radius transducer, as shown in Figure7.6. The
blue curve is the response of the right receiver with a splay angle of−16◦. (The sense of left
and right are reverse by the clockwise positive angle convention.) The purple curve represents
the composite response of the transmitter and the receiver, which are added. The grey curves
are the fitted Gaussian functions, as in Figure7.6. The maximum bearing at whichIPD may be
used to calculate target bearing is defined by the point of separation, which also defines the field
of binaural audition. The composite response point of separation is defined by the left receiver
point of separation, which is shifted from the transmitter point of separation by the splay angle.
Therefore the composite point of separation may be found by taking the point of separation for
one transducer and subtracting the splay angle.

Design Considerations

Now that the operation ofIPD bearing calculation has been explained, we turn to some of the finer

points of the design of such a system.

The extent over which the target bearing may be computed byIPD is limited by:

1. the breakdown of the Gaussian approximation to the beam power at large angles, as seen in

Figure7.6,

2. the noise floor of the receiver, which limits the smallest detectable signal, which in turn

limits the maximum angle at which a target may be detected, and

3. the need to detect echoes from both the left and right receivers.

The breakdown of the Gaussian approximation is the primary limitation upon the operation ofIPD

at large bearings. The extent may be quantified by measuring the angle of separation in Figure7.6,

where the Gaussian approximation departs from the frequency integrated response. This is the

extent due to one receiver. The extent defined by two receivers separated by a splay angleαr

may be found by subtracting the splay angle from the angle of separation. This is demonstrated

in Figure7.8. Table7.1 shows the field of binaural audition which can be expected from a given
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Table 7.1: The predicted widths of the field of binaural audition, as a function of the transducer
radius and the splay angle. The separation angle is determined from Figure7.6. The half-width
of the field of binaural audition is determined by subtracting the splay angle from the separation
angle.

Width of cone of binaural audition
Transducer Separation Degrees

Radius Angle Splay angleαr

mm Degrees 4◦ 8◦ 12◦ 16◦

4 36 ±32 ±28 ±24 ±20
8 17 ±13 ±9 ±5 ±1
16 10 ±6 ±2 - -

transducer radius and splay angle configuration.

Kay [71] indicates that it is also important to obtain a sufficient slope on theIPD curve to

ensure reliable operation. If theIPD curve is too shallow, the measurement noise will lead to a

correspondingly large bearing uncertainty. The slope of theIPD curve can be made steeper by

increasing the splay angleαr , as shown in Figure7.9, or by using transducers with a narrower

beam width. Thus if we are able to measure the echo power to a precision ofσp, a steeperIPD

curve will allow bearing to be estimated more precisely than a shallow one, all other things being

equal.

7.2.3 Selection of Transducers and Splay Angles

The properties of ultrasonic transducers discussed in Chapter6, together with the requirements

of the robotic agentdiscussed in Section7.1 and the operation of theIPD method of measuring

bearing, now provide us with sufficient information to select the ultrasonic transducers and the

splay angles.

It is clear that a wide field of binaural audition is required, so that objects may be detected

and localised within a wide area. Inspection of Table7.1 demonstrates that choosing one of the

larger transducers has a severe impact upon the width of the field of binaural audition. The Po-

laroid transducer with radius 16.2mm, which was reviewed in Section6.8, clearly has inadequate

beam width for this application. Therefore the trade off between transducer beam width and ra-

diated power, which are related through directionality, is resolved in favour of beam width. It

is intended that the improved signal to noise ratio made available by theCTFM and the Barker

coded matched filter processes will be used to compensate for the low power available with small

transducers. Of the transducers available off the shelf, the 4mm radius transducer provided the

desired characteristics.

The splay angleαr was subsequently selected to be 16◦ as this provides the bestIPDresolution,

while retaining a±20◦ field of binaural audition.

Experimental results of bearing determination byIPD will be discussed in Chapter14, and

may be seen in Figure14.20.
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Figure 7.9: TheIPD curves obtained for various splay angles with 4mm radius transducers. The
black lines are the difference between the right and left composite integrated frequency response,
and the grey lines are the difference between the Gaussian models of the frequency response, in
decibels. The grey line in this plot corresponds to the black curve in Figure7.7c. The angle of
separation is seen to decrease as the splay angle is increased, as seen in Table7.1. TheIPD slope
also increases, allowing improvedIPD precision. The experimental results corresponding to this
calculation are shown in Figure14.20.

7.2.4 Distance Between Receivers

The distance between receivers in a binaural system is an important design consideration. It has

several effects.

1. Echoes from the left and right (and possibly the top and bottom) receivers need to be cor-

rectly associated with each other for each target before direction angle can be calculated.

This is the correspondence problem, which will be discussed in Chapter15. A sonar system

with a short baseline will be shown to have a shorter search space, and hence a faster search,

than one with a long baseline.

2. Bearing can be calculated byInter-aural Distance Difference (IDD), which will be described

in Section14.1. TheIDD bearing precision is improved by lengthening the baseline.

3. Different reflector types have different path geometries. A short baseline reduces the error

caused by ignoring these differences (Section14.1.2).

4. Local air turbulence affects ultrasonic range and amplitude measurements. If the two re-

ceivers are located close together, then the sonar paths of the signals will also be close

together, and likely suffer the same turbulence. This leads to increased cross-correlation

between the two channels, which is shown in Chapter14 to improve bearing precision by

bothIDD andIPD methods.

When all of these effects were considered, it was decided to place the receivers as close together as

possible. We intend to address the issue ofIDD bearing precision by making precise measurements
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Figure 7.10: The design of the sensor head, including the angles of the transducers. Measurements
taken from Head 3. There is some variation between the sonar heads - in particular, the transmitter
of Head 1 is aligned with the centre of the mounting hole. The central transducer is used as a
transmitter, while the surrounding four transducers are receivers.

of the distance of flight.

7.3 Manufactured Sonar Head

The design decisions described in Sections7.2.3and7.2.4culminated in the design shown in Fig-

ure7.10. Three of these sonar heads were manufactured by Leslie Kay’s company Bay Advanced

Technology. Each sonar head was hand made, causing some variation of the dimensions between

each head. The measurements shown in Figure7.10were taken from Head 3. Photographs of the

complete sonar head are shown in Figure7.11.

Note that the mounting hole of Head 3 is centred 1.74 mm behind the centre of the transmitter.

This causes rotation of the transmitter centre when the sonar head is mounted upon the turret of

the precision positioner. It would have been better to have the mounting hole directly underneath

the transmitter, as on Head 1. However, the tool offset of the positioner control software can be

used to compensate for the offset of the mounting hole.

The dimensions of the sensor head which are crucial to the operation of the sonar are identified

in Figure7.12. The pointPHC identifies the head centre point, and occurs half way between the

centre points of the two receivers. The distance from the transmitter to the pointPHC is denoted
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Figure 7.11: The custom-built sensor head, showing the Kay transducers.

TransmitterLeft Receiver Right Receiver

dR dR

dT

Αr
PHC

Figure 7.12: Geometry of the sensor head.PHC is the head centre point, half-way between the left
and right receivers.dT is the distance of the transmitter in front ofPHC, while dR is the distance of
the receivers fromPHC. The splay angle of the receivers,αr , is also equal to the angle between the
principal directions of the transmitter and receiver.
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dT , and is equal to 2.65±0.05mm. The half-distance between the two receivers is denoteddR,

and is equal to 15.75±0.05mm. The angle of the receivers is denoted byαr and is 16◦. These

measurements were taken from Head 3.

7.3.1 Crosstalk

There is acoustic crosstalk between the transmitter and the receiver (Figure7.13). The figure

is labelled with approximate distances corresponding to the apparent echo position, usingc =
343m· s−1. These distances may be compared with some obvious paths on the sonar head itself

(Figure7.14). There are two kinds of crosstalk echo on each channel,

1. echoes caused by direct acoustic transmission from the transmitter to the receivers, at a

slightly greater distance of flight than the distance from the transmitter to the receivers, and

2. echoes reflected from the foot of the unit.

The signal reflected from the foot was reduced by building up a fillet with blu-tac along the foot.

No remedy was found to reduce the direct signal travelling from the transmitter to the receiver.

Reduction of Electrical Crosstalk

Measures were taken to eliminate direct electrical crosstalk from the transmit circuits to the receive

circuits by installing extra shielding around the transmit transformer (L1 in Figure6.12), and by

using separately shielded cable for both the high voltage and ground return connections to the

transmit transducer. Photographs of the modifications are shown in Figure7.15.

As it was impossible to eliminate the direct path crosstalk, it was not possible to evaluate the

effectiveness of the internal electrical shielding.

7.4 Conclusion

This chapter has described the requirements of therobotic agentin terms of sensing capacity, and

derived the requirements of the sensing volume, the range precision and resolution, and the bearing

precision. A sensor which can measure range to a precision of±1mm, with range resolution of

10mm and a maximum range of 5m is desired. In addition, it is desired to have a bearing precision

of ±1◦.

The selection of the transducers and the receiver splay angles were considered together, and a

configuration consisting of a 4mm radius transducer together with a splay angle of 16◦ for each

receiver was selected to provide a field of binaural audition of±20◦. The low sensitivity impli-

cations of selecting small transducers are to be overcome by utilising high gain signal processing

techniques.

The transducers were placed as close together as possible to favour the cross-correlation of the

distance of flightand the echo power measurements, which helps to produce more precise bearing

measurements by bothIDD andIPD. This decision also makes the solution of the correspondence

problem simpler and reduces the effects of different reflector geometries.
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Figure 7.13: Crosstalk signals recorded using the Barker coded matched filters, which will be
described in Chapter8. The echo time is ascribed to the peak in the output of the matched filter, as
marked. There are two principal echoes visible on each channel, corresponding to the path lengths
shown in Figure7.14.
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Figure 7.14: Diagram showing the crosstalk paths and their lengths. Dimensions in millimetres.
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aged over the bandwidth of the signal (Figure7.6), and its subsequent application to the determi-

nation of the binaural operational region of the sensor is this authors original work.

The sensor head was manufactured by Professor Leslie Kay’s company, Bay Advanced Tech-

nologies.

The identification of the acoustical crosstalk paths and the efforts to improve the shielding and

reduce the electrical cross-talk within the sonar head are due to this author.



136 CHAPTER 7. SENSOR HEAD DESIGN

Figure 7.15: Photos showing the internal construction of the sonar head, and the additional shield-
ing which was fitted to the electronics. Head 3 is shown. The brass transformer shield is visible
at the right of the middle photograph. The lower photograph shows the shielded cable connected
to the rear of each of the five transducers. There are two shielded wires to the transmitter carrying
the forward and reverse current. The back of the transmit transducer has also been shielded using
brass plate.
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Chapter 8

Matched Filter System

This chapter builds an understanding ofMatched Filter (MF)sonar systems. It examines how the

selection of the transmit signal’s shape determines the power in the sonar signal, the precision

with which the target can be located, and the minimum separation at which two targets can be

resolved. Comparison of several available signals leads to the selection of a Barker coded signal

as the best signal to achieve the goals set out in Section1.2. The chapter discusses the methods of

implementing the matched filter, and the extraction of an envelope signal ready for the detector.

The operation of the detector is described, followed by the interpolation of the precise time and

amplitude of the detected peaks. The chapter ends with the application of thetime-bandwidth

producttheory from Section4.6to estimate the resolution of this type of sonar system.

The work described in this chapter builds upon and extends the work of Peremans [108].

8.1 Matched Filters

The sonar system transmits a signal,strans(t), which follows a path as described in Chapter4. The

actions of each element of the path have a cumulative filtering effect,hpath(t), upon the signal,

as described in Section4.2.3. (While Section4.2.3includes the receive processor in the path, it

is omitted here.) Furthermore, noise,n(t), is added to the signal by various elements. Thus the

received signal is

srec(t) = hpath(t)∗strans(t)+n(t) , (8.1)

being a filtered version of the transmit signal with additive noise. The path filter,hpath(t), may

be decomposed into two parts. The first is a filter component,hpath− f ilt (t), which has no delay,

making it non-causal. The second is a delay component,δ (t− τ). Thus the path response is

hpath(t) = δ (t− τ)∗hpath− f ilt (t) . (8.2)

The received signal (8.1) may now be written as

srec(t) = δ (t− τ)∗hpath− f ilt (t)∗strans(t)+n(t) . (8.3)

This is simplified by combining the transmitted signal,strans(t), with the path filter component,

hpath− f ilt (t), to obtainst p f (t). Thus we may write

srec(t) = δ (t− τ)∗st p f (t)+n(t) = st p f (t− τ)+n(t) . (8.4)

139
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Determined such that
signal to noise ratio is
maximised at output

∆Ht-ΤL*stpf HtL+nHtL so HtL+no HtLLinear time
invariant
filter
hopt HtL

Figure 8.1: The problem of the matched filter is to maximise the power of the output signal,s2
o(τ),

at the arrival time,τ, relative to the expected noise power,E
{

n2
o(t)

}
, for a known input signal

δ (t− τ)∗st p f (t). The method of finding the optimal filter,hopt (t), is derived in AppendixB.1.

The received signal (8.4) is then filtered to obtain the bestSignal to Noise Ratio (SNR), as shown

in Figure8.1. The operation of the optimal filter,hopt (t), may be written as

so(t)+no(t) = hopt (t)∗
[
δ (t− τ)∗st p f (t)+n(t)

]
. (8.5)

Thenso(t) is the filtered signal component, whileno(t) is the filtered noise component.

The matched filter problem is to find the optimal filter,hopt (t) , which will maximise the output

SNR at the echo arrival time,τ, given the received signal,srec(t), as input. The expected noise

power,E
{

n2
o(t)

}
, may be estimated by averaging the noise power over a time interval,

E
{

n2
o(t)

}
=

1
t2− t1

∫ t2

t1

n2
o(t)dt,

wheret1 and t2 delimit the time period of interest. TheSNR at the echo arrival time,τ, may

then be evaluated bys2
o(τ)/E

{
n2

o(t)
}

. The filter which produces the bestSNR is derived in

AppendixB.1. It depends upon the expected input signal,st p f (t), and the noise spectrum. When

the noise signal,n(t), is white, the optimal filter is given by

hopt (t) = k′m f ·st p f (−t) , (8.6)

wherek′m f is the matched filter scaling constant. This may be used to normalise the output ampli-

tude if desired. A method of calculatingk′m f is given in AppendixB.1. The peak in the matched

filter output will occur at the delay time,τ, of the received signal, due to the delay function in

(8.4). It is to be noted that the impulse response of the matched filter is the temporal reversal of

the expected input signal. This expected input signal is the transmitted signal,strans(t), modified

by the filter component of the path,hpath− f ilt (t).
Equation (8.5) may be decomposed into two parallel equations,

so(t) = hopt (t)∗δ (t− τ)∗st p f (t) (8.7)

no(t) = hopt (t)∗n(t) , (8.8)

acting upon the signal and the noise separately. Turning to the signal component, the filter output

signal (8.7) may be expanded to

so(t) = k′m fst p f (−t)∗st p f (t− τ) . (8.9)
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When the travel delay time,τ, is equal to zero, the output signal,so(t), is the autocorrelation, of

the expected received signalst p f (t). That is,

st p f (−t)∗st p f (t) = st p f (t)?st p f (t) ,

where? denotes correlation.

The interested reader is referred to AppendixB.2 for a discussion of various types of signals

and their autocorrelation properties, which shows that the Barker coded signal has some desirable

and useful properties which recommend it above many others. The remainder of this chapter

examines Barker codes and their implementation in amatched filtersonar system

8.2 Barker Code

In order to use the Barker code with a sonar system it is necessary to modulate the code onto a

sinusoidal carrier. The modulation may be carried out by phase reversal, amplitude modulation

or phase modulation. Only phase modulation is considered here, as the effects of other types of

modulation are less convenient and produce similar results. Both the envelope and modulation

functions of the Barker code are impressed upon the carrier by multiplying the carrier with the

Barker code signal. For more information on Barker codes, see Berkowitz [11, Part IV, Chapter

4].

The code itself is a sequence,a[n], composed of the elements{+1,−1}. Any sequence may

be chosen, but for this work a sequence is chosen whose autocorrelation,C[k] , consists of only a

central peak of magnitudeN, and small, unit magnitude sidelobes:

C[k] =
N−n−k

∑
n=0

a[n]a[n+k] =

{
−1, 0, +1fork = 1, 2, . . . ,N−1

N fork = 0
(8.10)

Sequences with this property are called perfect words. There are known perfect words with length

N = 1, 2, 3, 4, 5, 7, 11, and13. However, Berkowitz [11, Part 4 Section 4.3] references an alluded

proof (Storer and Turyn [125]) that no such perfect words exist for oddN between 13 and 101.

For this work a perfect word of length 13 is chosen,

{1, 1, 1, 1, 1,−1,−1, 1, 1,−1, 1,−1, 1} .

There are three additional perfect words of length 13, being the sign reversal, the temporal reversal

and the combined sign and temporal reversal of the one shown above. The perfect word given

above is plotted, along with its autocorrelation, in Figure8.2.

The implementation of a Barker coded matched filter system is shown in Figure8.3. This

implementation will now be described by addressing the major components of Figure8.3.

8.3 Barker Coded Transmit Signal Generator

The Barker coded transmit signal generator provides a signal which is suitable for transmission

and reception by the sonar system. To match the signal carrier frequency and bandwidth to that
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Figure 8.2: The Barker code and its autocorrelation, which satisfies (8.10). The processing gain is
13, and the maximum sidelobe height is 1. The ratio of the maximum height to the sidelobe height
is theSignal to Sidelobe Ratio (SSR).

of the Kay transducers (Figure6.13), the carrier frequency was selected to befc= 83.3̇kHz. This

frequency is near the peak response of the Kay transducer. Each bit of the code word was used to

modulate three cycles of the carrier. Using a small number of cycles increases the bandwidth of

the signal and, importantly, decreases the width of the autocorrelation function.

An additional reason for choosing the carrier frequency to be 83.3̇kHz is the quadrature de-

modulation process described in Section8.6.2. Quadrature demodulation requires a sampling fre-

quency,fs, four times the carrier frequency, orfs = 333.3̇kHz. This sampling frequency coincides

with one of the available sampling rates on the chirp cards, described in Section5.1, obtained by

dividing the NuBus 10MHz clock frequency by 30. Thus the sampling rate and carrier frequency

are determined exactly by the relationships

fs =
10MHz

30
= 333.3̇kHz, fc =

fs
4

= 83.3̇kHz. (8.11)

The coded word is used to phase modulate the carrier, by direct multiplication. This signal is

shown in Figure8.4a, together with its autocorrelation function in Figure8.4b. Changing values

of the code bit causes a phase change of 180◦.

The spectrum of the transmitted signal is shown in Figure8.4c. The basic pattern is a sinc

function, which Section8.5 will demonstrate to be linked to the spacing between the code bits.

While the main lobe of the signal is within the bandwidth of the transducer, the high side lobes

are outside the transducer bandwidth, and will be lost. The effects of this will be seen in the next

section.
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(a) transmitted signal
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(b) transmit signal autocorrelation
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(c) transmit signal power spectrum

Figure 8.4: The signal transmitted by the Barker code matched filter sonar. (a) The time domain
representation of the transmit signal. (b) Transmit signal autocorrelation. The timescale in this plot
indicates the length of signal used in the sonar system. The packet length is 468µs or 162mm.
However, the total width of the autocorrelation peak is only 72µs or 25mm. (c) Frequency power
spectrum of the transmit signal. The main lobe of the spectrum is spread over 50kHz. The two
sidelobes on the left are stronger than those on the right due to additive combination with the
sidelobes from the negative half of the spectrum. The sidelobes fit a sinc function, and are caused
by the square edges of the modulation function. They are at least 10dB down in power relative to
the main lobe.
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8.4 ADC Output

The received echo, as detected by the receiver and processed by theADC, is filtered by the trans-

mission path,hpath(t). Figure8.5a shows a real echo that was transmitted as shown in Figure8.4a.

The transmit signal has been changed by significantly reducing the out of band power, as may be

seen by comparing Figures8.4c and8.5c. A significant proportion of these changes can be ascribed

to the transmitter and receiver frequency responses, shown in Figure6.13. This has the effect of

rounding the edges of the time domain signal, which may be seen by comparing Figures8.4a and

8.5a.

The missing parts of the signal spectrum influence the response at the output of the matched

filter. The filter is not matched to the transducer and air effects. As the path angle at the receiver

must be known a-priori to form the proper matched filter, and a different angle used for each target,

this approach was not used. Instead, the degradation in the filter output is measured, and used to

estimate the bearing. This topic will be further addressed in Chapter14.

Figure8.5b shows the matched filter output. The signal to sidelobe ratio in this plot is 9. The

reduction in performance compared to the reference filter output shown in Figure8.2b is due to

the loss of the high frequency components of the signal.

8.5 Barker Code Matched Filter

The principal function of the Barker code matched filter component is to perform the optimal

filtering operation,hopt (t), upon the received signal. Equation (8.6) defined the optimal filter to

be the time reversed expected echo signal,st p f (−t), including the filtering effects of the path. The

filter is applied through the convolution operator, whose definition includes the time reversal of

one of the arguments. This argument is assumed to be the optimal filter, without loss of generality.

Thus the filtering operation is equivalent to a correlation, involving no time reversal, between the

received signal and the expected received signal. As the actual echo signal and the expected echo

signal are the same, the autocorrelation of the echo signal is obtained.

However, calculation of the optimal filter requires a-priori knowledge of the signal path,

including the transmit and receive angles. As this is unknown, the path filtering component,

hpath− f ilt (t), is omitted when computinghopt (t). Thus instead ofhopt (t) a sub-optimal filter

hm f (t) is used, defined by

hm f (t) = strans(−t) . (8.12)

While this produces a sub-optimal matched filter, it allows the computation of the filtering oper-

ation to be optimised. Furthermore, the effects of the receiver upon the signal, which are used in

the computation of bearing byIPD, are passed through.

The transmit signal may be viewed, in addition to the modulated carrier model, as a convo-

lution between a coded impulse train, a one bit impulse sequence, and one cycle of the carrier

signal, as shown in Figure8.6. The time domain convolution decomposition was chosen as it

corresponds to a frequency domain multiplicative decomposition, which in turn leads to a decibel

power domain additive decomposition. This is instructive for describing the source of the various

components of the spectrum.
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(b) received echo signal matched filter output
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Figure 8.5: A sample experimental received Barker coded echo signal. The signal transmitted by
the Barker code matched filter sonar. (a) The time domain representation of the echo signal. (b)
The matched filter output. The width of the autocorrelation peak is about 80µs or 28mm. The
signal to sidelobe ratio is 9. (c) The frequency power spectrum of the echo signal. The main lobe
of the spectrum remains similar to that of the transmit signal, shown in Figure8.4b. However, the
upper sidelobes have been lost, and the lower sidelobes attenuated. This causes the time domain
signal to lose amplitude near the phase changes.
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Figure 8.6: The ideal computer synthesised Barker coded transmit signal may be viewed as a
convolution between a coded impulse train, a one bit impulse sequence, and one cycle of the carrier
signal. The first three panels in the left column are combined by convolution to form the waveform
at the bottom left. Convolution of a signal with the impulse function reproduces the signal (see
Section4.2.3or Bracewell [14, Chapter 5]), with a delay if the impulse is offset. The result after
convolution is the same as the amplitude modulation technique mentioned in Section8.2. The
right column shows the (normalised) spectra of each of the signals, and demonstrates that the
small spikes come from the coded impulse train. The spectra from the first three panels in the
right column are combined by addition in the Decibel domain to form the spectra in the fourth
panel.
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Utilising the time domain convolution decomposition, the transmit signal,strans(t), may be

written as

strans(t) = hcode(t)∗hbitimp(t)∗hcyc(t) .

The matched filter,hm f (t) from (8.12), is therefore

hm f (t) = hcode(−t)∗hbitimp(−t)∗hcyc(t) ,

where the scaling constant has been ignored. The filtered received signal is

so(t) = hm f (t)∗srec(t) = hcode(−t)∗hbitimp(−t)∗hcyc(t)∗srec(t) .

The convolution ofhcode(−t), hbitimp(−t) andhcyc(t) may be performed in any order as conve-

nient. A diagram of the three-step matched filter procedure is shown in Figure8.7. A matched

filter implemented in this manner may be implemented with 4 multiply-add instructions per output

point for hcyc(−t), another 4 multiply-add instructions forhbitimp(−t), and a further 13 multiply-

add instructions per output point forhcode(−t), giving a total of 21 multiply-add instructions per

output point. This is to be contrasted with the direct implementation, which requires a total of 156

multiply-add instructions per output point. The optimised computation reduces the workload by

86%.

A further computational optimisation may be obtained by removing the multiplication by±1

and instead coding the additions and subtractions explicitly. This computational simplification

may also be carried over to the sine-wave packet by choosing the samples{1,1,−1,−1}, as shown

in Figure8.8. The sine-wave convolution may then be coded directly in terms of additions and

subtractions. The samples chosen in Figure8.8 introduce a shift of 1/(8 fc) relative to the sine-

wave. The software used in this thesis attaches a zero offset field to every signal record, indicating

the distance between the first array element and zero time. The shift is compensated simply by

modifying the offset field.

Only some of the optimisations described above are implemented in the software. The unit

sine-wave samples are used, but the Barker code convolution is implemented using general pur-

pose code, so that the Barker code and the width of each bit may be changed.

At this point the cross-correlation between the received signal and the transmit signal has been

calculated, and the signal marked correlation output in Figure8.3has been obtained. This signal

is now passed to the envelope extractor.

8.6 The Envelope Extractor

The output of the matched filter operation is shown in Figure8.5b. Since the signal retains the

carrier frequency at this point, it is important to extract the envelope before performing detection

so that the position and magnitude of the peak, and therefore the time of flight and echo power

of the returned echo, may be accurately obtained. The reasons for this are explained in detail in

Section8.6.1.

There are three principal processes which may be used to extract the envelope.
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Figure 8.7: The operation of the three-step matched filter procedure. The first convolution includes
only 13 non-zero points, while the second and third include only four non-zero points each. While
the intermediate stages might appear to provide suitable output to perform peak finding, these
stages will provide poor noise suppression. The second and third convolutions are required to
realise the noise rejection benefits of matched filtering, and also to move the peak to the correct
position. The convolution operation includes a temporal reversal of one of the signals. Thus the
signals of Figure8.6 are reversed to obtain a cross-correlation between them and the received
signal. The amplitude scales of the signals on the right increase as the various convolution stages
are carried out.
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2, and the samples
have unit amplitude. There is a time offset of 1/(8 fc) which must be taken into account. The unit
samples allow for efficient evaluation. The convolution output will require normalisation by 1/

√
2

if it is to be compared with other methods.

Quadrature demodulation: The signal is demodulated by taking the root-mean-square sum of

adjacent samples. This only works if the signal is sampled using exactlyfs = 4 fc, as defined

in (8.11).

Unsynchronised demodulation: The signal is rectified and passed through a suitable low-pass

filter.

Synchronised demodulation: The signal is multiplied in the time domain by the carrier signal, to

obtain a sum frequency and a difference frequency. Then a low pass filter is used to remove

the sum frequency. This method requires the demodulation carrier to be phase and frequency

synchronised with the signal carrier (Oppenheim et al [104, Chapter 7]). Difficulties will be

encountered if the channel has modified the signal spectrum (by filtering) so as to alter the

mean or carrier frequency (equation (4.19), see also Rihaczec [118, Section 2.1]).

Synchronised demodulation is difficult, due to the need for a synchronised carrier. Additionally,

the carrier frequency phase will vary for each target, requiring demodulation to be performed

separately for each target. Determining the phase accurately in the case of overlapping echoes

would be difficult. The methods of quadrature and unsynchronised demodulation are practical to

implement, and will be described in Sections8.6.2and8.13respectively.

8.6.1 The Need for Envelope Extraction

From the output of the matched filter shown in Figure8.5b, it can be seen that it may be possible

to perform detection directly upon the matched filter output. The signal path may be represented

as a sequence of filters (Section4.2.4), and each of these filters may affect the mean frequency of

the signal (4.19) by modifying its spectrum. The mean frequency of the signal will be observed as

the carrier frequency (Rihaczec [118, Section 2.6]). If the carrier frequency is changed, then the

position of the peak within the autocorrelation function will necessarily move, thereby destroying

the ideal relationship shown in Figure8.4b. Thus the effect of filters in the signal path is to
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change the relationship between the carrier peak and the envelope peak. This has been verified

experimentally, but the results are not shown. Since the echo time is associated with the peak of

the matched filter output rather than the peak of the carrier, it is necessary to extract the envelope

of the signal for detection rather than performing detection directly upon the matched filter output.

8.6.2 Quadrature Demodulation

Quadrature Demodulation (QD)appears in Peremans’ [108] implementation of the Barker coded

matched filter sonar system. It assumes that the input signal is sampled atfs = 4 fc. This condition

is met by the selection of the carrier and sampling frequencies in Section8.3. As the quadrature

demodulation is carried out on discrete samples, a discrete notation, as used by Oppenheim and

Schafer [105], is adopted for this sub-section. The integern denotes the array index.

Quadrature demodulationassumes that the sampled signal,x[n], is composed of a carrier fre-

quency, fc, and an amplitude modulation,A[n], with frequencies much lower thanfc, as seen in

the matched filter output of Figure8.5. Thus the signalx[n] may be represented by

x[n] = A[n] ·sin

(
2π fc

n
fs

+φ

)
,

whereφ is an arbitrary phase offset. Substitutingfs = 4 fc and simplifying yields

x[n] = A[n] ·sin
(

πn
2

+φ

)
. (8.13)

To recoverA[n] from x[n] andx[n+1], adjacent samples are combined in quadrature. Substituting

(8.13) yields

√
x2 [n]+x2 [n+1] =

√
A2 [n]sin2

(
πn
2

+φ

)
+A2 [n+1]sin2

(
π (n+1)

2
+φ

)
Assuming that the amplitude of the modulation does not change significantly between samples

(i.e.,A[n+1]≈ A[n]), the right hand side may be simplified to√
A2 [n]

{
sin2

(
πn
2

+φ

)
+sin2

(
πn
2

+φ +
π

2

)}
.

Using the trigonometric identity sin
(
x+ π

2

)
= cosx and moving the amplitude term outside the

square root yields√
x2 [n]+x2 [n+1]≈ A[n]

√
sin2

(
πn
2

+φ

)
+cos2

(
πn
2

+φ

)
,

which reduces to √
x2 [n]+x2 [n+1]≈ A[n] .

A typical demodulated echo is shown in Figure8.9. Note that quadrature demodulation produces

a ragged envelope due to the approximationA[n+1] ≈ A[n]. This has been found to adversely

affect the process of accurately extracting the peak positions (Section8.7).

The output sampling period,fs, being linked to the carrier frequency,fc, is indirectly de-

termined by the frequency response of the transducer. The values provided in (8.11) provide a

sampling period of 1/ fs = 3µs, and a DOF quantisation of 1mm. The precision of measurements

will be improved by the interpolation scheme of Section8.7.3.
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Figure 8.9: The various stages ofquadrature demodulation. The black line is the matched filter
output, the red line is after the upsampler, and the green and blue lines are the positive and negative
envelopes. The upsampled signal is included for comparison with the determined envelope, but
is not used in the quadrature demodulation process. The data is the same as that shown in the
matched filter output of Figure8.5b, zoomed in to the peak region.

8.6.3 Unsynchronised Demodulation

The four steps comprisingUnsynchronised Demodulation (UD)in this implementation are sum-

marised in Figure8.10. While the first block shown in this diagram is the four times upsampler, it

is instructive to start with the rectification.

The effect of rectification is related to synchronised demodulation. Consider performing two

parallel synchronised demodulations upon an input signal,si (t), using two synchronised oscilla-

tors, as shown in Figure8.11. The two oscillators have aπ/2 phase difference between them,

but are not synchronised with the received signal. Now combine the two demodulated signals in

quadrature. The algebraic representation of these operations is

so(t) =
√{

si (t) ·sin
(
2π fbaset

)}2 +
{

si (t) ·cos
(
2π fbaset

)}2
,

whereso(t) is the output signal, which is equivalent to

so(t) = |si (t)|
√

sin2
(
2π fbaset

)
+cos2

(
2π fbaset

)
= |si (t)| .

Therefore the rectification is equivalent to multiplication by two local oscillators being 90◦ out

of phase. The implication in the frequency domain is that a sum and difference frequency are

produced by the multiplication with the local oscillator, and a further set of sum and difference

frequencies are produced when the squaring procedure takes place, for a maximum frequency of

four times the original carrier frequency. The signal must therefore be upsampled before carrying

out the absolute value procedure so that the sum and difference frequencies will not be aliased.

Failing to up-sample before rectification produces unreliable results, due to the aliasing.

The signal is upsampled by four using standard techniques, as described by Proakis and

Manolakis [116], to obtain a new sampling ratefsu. There are three steps. Firstly, multiply the
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|x|

lowpass filter

scale by 1.6

Figure 8.10: Block diagram ofunsynchronised demodulation. All of the waveforms are plotted
on the same scale. The input signal is sampled at four times the carrier frequency, so the samples
are visible. The first stage is to up-sample the signal by multiplying the samples by 4, inserting
three additional samples between every existing sample, and applying a smoothing filter. The
upsampling procedure is described by Proakis and Manolakis [116]. The rectification step takes
the absolute value of the signal, and a low pass filter is applied. This provides an envelope func-
tion, which is a little too small. This is corrected by applying a scaling factor of 1.6, which was
empirically determined to provide a good match to the input signal.
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Figure 8.11: The process of dual synchronised demodulation. The two oscillators run at the same
frequency as the carrier, but are not phase matched to the carrier signal. Instead, they areπ/2 out
of phase with each other.
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Figure 8.12: The spectrum of the signal before and after the time domain rectification operation.
The movement of the carrier frequency, visible in (a), to baseband and harmonics in (b), may be
seen graphically in the time domain in Figure8.10, where the doubling of the carrier frequency is
clearly visible.

amplitude of each sample by four. Secondly, insert three zeros between each sample of the signal.

Thirdly, low pass filter the signal to maintain the spectrum of the original signal. The sampling

rate of the output isfsu = 4 fs = 1.333̇MHz, where fs was defined in (8.11).

The rectification of the signal, carried out by the absolute value function|x|, has two effects

upon the signal, which are shown in Figure8.12. The first effect is to move the amplitude modu-

lation down to base band or zero frequency. The second effect is to double the carrier frequency

and introduce harmonics.

The carrier and its harmonics may be removed by using a low pass filter, which is shown in

Figure8.13. After processing the rectified signal with this filter, the envelope is clearly visible

(Figure8.10), although its amplitude is too small. This is due to the filter averaging the signal,

which occurs in a predictable way, and may be corrected by multiplying the filter output by a

constant. The appropriate value was empirically determined to be 1.6. The correction factor is
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Figure 8.13: The filter used to remove the (doubled) carrier frequency and its harmonics. The filter
type is equirippleFIR, passband 0-0.05fsu, ripple 0.1, stop-band 0.1-0.5fsu, and 50dB attenua-
tion. The filter order is 48. The filter is used on data with a sampling rate offsu = 1.333̇MHz.

incorporated into the low pass filter coefficients, so no separate stage is necessary. The resulting

envelope is plotted, together with the matched filter output and the upsampled signal, in Fig-

ure8.14. The sampling period of the envelope, 1/ fsu = 0.75µs, provides aDOF quantisation of

0.26mm.

Two methods of envelope extraction have been described. Either one may be used to provide

input for the next stage, which performs target detection.

8.7 Target Detection

The envelope signals, shown in Figures8.9 and8.14, are suitable for target detection. The peak

position indicates the time of flight to the target and back, and the peak amplitude indicates the

power of the echo.

There are three steps in the target detection process, shown within the white box of Figure8.3.

The first step is the peak finder, which locates indexes in the waveform array containing elements

which are larger than several adjacent points on either side. The second step is the peak validator,

which verifies that the peak which was found is not a sidelobe of a larger peak, as shown in Fig-

ure8.2. The third step, the peak interpolator, performs curve fitting to estimate the peak position

and peak amplitude with sub-sample precision, thereby providing the echo time of flight and echo

power.

8.7.1 Peak Finder

Peaks are found by examining the envelope samples. Monotonically increasing values occur up to

the peak and monotonically decreasing values thereafter. An elegant method of performing peak
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Figure 8.14: Comparison of some of the signals from various stages ofunsynchronised demod-
ulation. The resulting envelope smoothly interpolates the peak points of the upsampled matched
filter output.

finding in Matlab is the programpkpicker.m, by Burrus et al. [19, Appendix A]. Thepkpicker.m

program works well on the unsynchronised demodulation envelope, shown in Figure8.14. How-

ever, it does not work well on theQD envelope shown in Figure8.9as the monotonic requirement

is violated. Using thepkpicker.m algorithm on this signal results in an excessive number of false

peaks. The peak finder forQD uses a window of three points on each side to validate each peak. A

sample point is deemed to be a peak if it is larger than the three points on either side. This reduces

the number of false peaks reported for noisy signals, and for quadrature demodulation signals in

particular. The window width is adjustable.

Peaks are only reported if they exceed the noise threshold. This is adjusted to eliminate the

majority of noise peaks constituting the noise floor of the system.

The result of this stage is a list of indexes into the envelope array denoting the position of the

peaks. Because sidelobes must be expected, the peak index list is passed to a peak validator.

8.7.2 Peak Validator

The matched filter output shown in Figure8.5contains six sidelobes on each side of the main peak.

The list of peak indexes produced by the peak finder will include these sidelobes. As these peaks

do not indicate targets, they must be removed from the peak output. To be valid, a peak must not

fall within the sidelobe region, shown as grey in Figure8.15, of a more powerful peak. The peak

validation is carried out as shown in Algorithm8.1.

Ideally, theSignal to Sidelobe Ratio (SSR)(a/b in Figure 8.15) will be 13, as defined in

Section8.2. However, the filtering of the signal path causes some degradation to occur, and the

SSRwill be reduced. A practical value which produces reliable results is 6.5, which is half the

original value. The actual value used is adjustable through the user interface (see Figure8.17).
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Figure 8.15: Peak validation. This is the Barker code autocorrelation, re-drawn from Figure8.2b.
Any short peaks falling within the grey region, defined in relation to a large peak already found,
are removed. The width of the grey region is 2N+1, whereN is the length of the code.

Algorithm 8.1 Method of validating peaks and removing sidelobes. The algorithm uses list se-
mantics.
Require: list of peaks including peak index and amplitude
Ensure: that all sidelobe peaks are removed

SortPeaksByDescendingAmplitude(peakList)
currentPeak← first(peakList)
sidelobeAmplitude← amplitude of currentPeak / 6.5
while currentPeak6= end(peakList)do

searchPeak← next(currentPeak)
while searchPeak6= end(peakList)do

if amplitude of searchPeak < sidelobeAmplitudethen
if searchPeak is within sidelobe widththen

invalidPeak← searchPeak
searchPeak← next(searchPeak)
remove(peakList, invalidPeak)

else
searchPeak← next(searchPeak)

end if
else

searchPeak← next(searchPeak)
end if

end while
{All peaks between first(peakList) and currentPeak inclusive are valid}
currentPeak← next(searchPeak)

end while
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Figure 8.16: The curve fitted to the envelope from unsynchronised demodulation. Fitted curve
shown in red. The blue line joins the original sample points of the matched filter output. The×
marks the detected peak.

8.7.3 Peak Interpolator

The peak interpolator, the third step in the target detection process, receives a validated list of peak

positions (indexes), for the determination of time of flight and echo amplitude. These are estimated

to sub-sample precision using a polynomial curve fit. The fit is performed using a standard least

squares technique, see AppendixI, on a quadratic polynomial,

f (t) = β0 +β1t +β2t
2.

The fit is performed using 4 or 6 points on either side of the central peak, depending upon the

demodulation method used. The peak is extracted using

tpeak=
−β1

2β2
, β2 < 0.

If β2≥ 0, then the peak shape is wrong and the peak is discarded. An example fitted peak is shown

in Figure8.16.

8.8 Range Resolution

The resolution of the sonar system is evaluated in three different ways in this section. The first

method derives the theoretical resolution limit in terms of the system bandwidth, as given by equa-

tion (4.12). Section4.6.3demonstrated that theCTFM system has the same theoretical resolution

limit. The second method is to measure the time width of a practical matched filter signal, as

presented to the detector. This section also evaluates thetime-bandwidth productof four signals,

being a reference transmit and matched filtered signal, and a measured received and matched fil-

tered signal. This provides insight into the operation of theMF processor. The third method is
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to measure the bandwidth of the signal, and to use that to predict the limiting width. Finally, the

three resolution results are compared, and thetime-bandwidth productresults are discussed.

8.8.1 Theoretical System Resolution

The theoretical system resolution was determined in Section4.6.3 to depend upon the system

bandwidth. This section will utilise the transducer frequency response measured in Section6.7

to estimate the system bandwidth and hence calculate the resolution. The response of a single

transducer is shown in Figure6.13. The response of two transducers can be obtained by squaring

the response of one transducer. Measuring the frequency width using (4.22) produces an estimate

of 27kHz. Application of (4.12) produces a resolution limit of 3.2mm. This limit is the same

whether aMF or CTFM signal is used, provided the signal covers the system bandwidth. The

resolution limit will be degraded by any of the reasons given in Section4.6.3.

8.8.2 Time-Bandwidth Measurements

Time-bandwidth productcalculations are applied at two points in the sonar system (Figure8.3):

1. the transmit/receive signal, which gives an indication of the signal power available, and

2. the output from the matched filter, which is used to predict the sonar resolution.

The calculations are performed upon both an ideal and an experimental set of signals, for compar-

ison. The ideal set of signals assumes that the transducers and the air path have perfect impulse

responses, or equivalently, that no transducers or air path are used at all. The results of the com-

putations are shown in Table8.1.

The results shown in Table8.1 indicate that the ideal transmit signal has a moderatetime-

bandwidth product, but that it is significantly degraded by the process of transmission and recep-

tion through real transducers. The time width is nearly unchanged by the real transducers, but the

bandwidth is reduced by more than half. This indicates that there is significant power in the upper

frequency sidelobes (see bottom right panel of Figure8.6) which is filtered out by theADC re-

construction filter and the transducers. The signal characteristics were selected to match the main

lobe with the channel response, but it is impossible to faithfully transmit such a wide-band signal

under limited bandwidth conditions.

The MF output signals show that the signal bandwidth has been reduced. In the case of the

ideal signal, the reduction in bandwidth may be seen to be caused by the squaring of the power

spectrum when performing the autocorrelation. This corresponds to the cross-correlation between

the real signal and the reference signal, which is represented as the product of the two spectra in

the frequency domain. The squaring of the spectrum causes the reduction in bandwidth.

The measure of the equivalent duration of theMF output signals in Table8.1 is considerably

wider than the central peaks of theMF output. This is due to the width computation including

the effect of the correlation side-lobes in the time domain. If the computed equivalent widths are

replaced with the observed half-height width of the central peak, then much bettertime-bandwidth

products are obtained.
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Table 8.1: Summary of time-bandwidth product computations for ideal and realistic transmit/receive and matched filtered signals. See Section8.8 for
full details.
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Table 8.2: Results of theoreticalMF resolution calculations.

Method Resolution (mm)
Theoretical System Resolution 3.2
Time Width Resolution 7
Frequency Width Resolution 5.8

8.8.3 Theoretical Resolution Using Time Width

The resolution of the sonar is predicted by the width of the autocorrelation output. The widths

computed by the procedure of Section4.6.4are clearly quite large when compared with the width

of the central autocorrelation peak. This is seen to be a problem with the width computation. With

this in mind, the half maximum height width of the central peak is computed to be∆t = 40µs in

the case of the experimental data shown. The range resolution is then computed to be

c· ∆t
2

= 7mm. (8.14)

8.8.4 Theoretical Resolution Using Bandwidth

The range resolution limit may be computed from the signal bandwidth using Gabor’s uncertainty

relation (4.11). Thelimit is due to assuming that the signals used are Gabor’s elementary signals.

The difference between the practical signals and Gabor’s elementary signals means that we will not

be able to match the limit in practice. The relationship between (Gabor’s measure of) bandwidth,

∆ f , and range resolution,∆r, is found by combining Gabor’s relation (4.11) with the relationship

between range andTOF. Applying this to the bandwidth of the experimentalmatched filteroutput

signal,∆ f = 15kHz (from Table8.1), yields

∆r =
c·∆t

2
=

c
4·∆ f

= 5.8mm. (8.15)

8.8.5 Summary of Resolution Results

Three different measures of resolution were computed. These are summarised in Table8.2. The

best is the theoretical system resolution, which makes the most assumptions. The frequency width

resolution makes fewer assumptions, while the time width resolution is the closest to that expected

in experimental work, as suggested by Rihaczec [118]. There is a variation of a factor of two

between these results, suggesting that there is room for improvement in the design to extract the

potential resolution provided by the transducers. It should be noted that theMF design squares

the spectrum, necessarily reducing the bandwidth and hence the resolution. The reduction in

resolution of the practical signals compared to the theoretical system resolution is attributed to the

reduced bandwidth of the practical signals compared to the estimated system bandwidth of 27kHz.

However, it should also be noted that the practical signals are affected by air absorption and other

effects not considered in the calculation of the theoretical system resolution. A list of the possible

effects is given in Section4.6.3.

The range resolution is measured experimentally in Section13.3. The result given here for the

frequency width resolution of 5.8mm is remarkably close to the experimental result.
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8.9 Software Implementation

The overview diagram of Figure1.2 indicates that two different matched filter sonar systems are

investigated in this thesis. The difference between the two systems lies chiefly in the envelope

extractor stage shown in Figure8.3. The sonar system using thequadrature demodulationenvelope

extractor is referred to as the MF-QD sonar, while the sonar system using the unsynchronised

demodulation scheme is referred to as the MF-UD sonar.

The software interface for the matched filter sonar system is shown in Figure8.17.

Most of the settings are common to both sonar systems. The initial stage in both cases is

the matched filter system, corresponding to the boxes marked Barker coded transmit signal and

Barker code matched filter in Figure8.3. The initial stage, in Figure8.17, shows the setting for

the carrier frequency,fc, the number of sine-wave cycles used to encode one bit of the Barker

code, the amplitude of the transmit signal as supplied to the transmit amplifier, the duration of the

capture, and the Barker code.

Processor stage 1, shown in Figure8.17, performs the envelope extraction, peak finding, peak

validation and peak interpolation steps of Figure8.3. This stage has settings for the noise thresh-

old, the loss used to compute theSSRrelative to the ideal value for the code specified in the initial

stage, and the width of the window used to check that a peak dominates over the local area, before

performing sidelobe suppression. Additionally, the type of envelope extractor is set by a pop-up

menu, and the filters used for theUD method are set here by loading from a user-selected file.

Processor stage 2 shows the conversion of time of flight information to distance of flight infor-

mation using the speed of sound calculated by the atmospheric sensor, shown in Figure8.3. This

stage will be discussed further in Chapter12.

The “Finish Here” radio button on each stage determines where processing stops, and hence

the type of data which is returned as the result. For example, if only the initial stage is run, the raw

matched filter output is plotted.

8.10 Conclusion

This chapter has described the principles governing the design and operation of a matched filter

sonar system, and the implementation of a Barker code matched filter sonar system. The matched

filter allows the signal energy to be increased, thereby improving the range performance of the

sonar system, without sacrificing range resolution. The increased signal energy is realised by the

processing gain of the matched filter, which compresses the signal along the time axis into an

impulse. The matched filter output must be demodulated to provide a smooth envelope signal for

precise target detection.

The matched filter transforms the target detection task from a thresholding problem to a peak

finding problem, as the matched filter output produces peaks at the onset of each echo. The

peaks are subsequently located, validated, and interpolated to provide the time of flight and echo

amplitude as the output.

TheUD technique was seen, in Figure8.14, to provide a smoother envelope signal than theQD

method, shown in Figure8.9. With hindsight, theQD output could also have been smoothed with a



8.10.
C

O
N

C
L

U
SIO

N
163

Figure 8.17: Settings for the matched filter quadrature demodulation (MF-QD) sonar system. The matched filter unsynchronised demodulation (MF-UD)
sonar system uses the same dialogue. A pre-configured MF-UD sonar system may be found by selecting BarkerCodes Testing AM 20010108 from the
bottom left configuration menu. There are three differences in the settings. The first is that the Quadrature Demod / Absolute Peaks control is changed
to Rectify and Filter. The second is that the window width is changed to 10 points, and the third is that the Curve Fit Points is changed from 4 to 6.
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filter, resulting in a more efficient demodulation process. However, in the current implementation,

theUD output is expected to produce better results. The differences between these two methods

are measured in Chapters13 and14, where it is demonstrated that theUD method is more robust

and precise than theQD method.

This chapter also demonstrated how thetime-bandwidth productmay be applied to calculate

the theoretical limit of resolution of the system. Three different methods were applied:

1. the system resolution, independent of whether anMF or CTFM sonar is used, was calculated

using the bandwidth of the transducers as an estimate of the system bandwidth.

2. the resolution was estimated from the time-width of thematched filteroutput signal.

3. the time-bandwidth product relationship was applied to thematched filteroutput signal

bandwidth to compute the theoretical resolution.

These results are compared to experimental results in Section13.3. However, Rihaczec’s [118]

comments on resolution are that it is best assessed by examining the width of the autocorrelation

signal in the axis where the detector operates. The results seen in Section8.8 uphold Rihaczec’s

comments in the case of application to the signal bandwidth at the detector. However, the use of

Gabor’s uncertainty principle provides acceptable results for computing the range resolution.

Thetime-bandwidth productof each of the transmit, receive andmatched filteroutput signals

were computed, which showed that thematched filteracts as a pulse compressor while largely

preserving the bandwidth. The results of this computation clarify the effect of thematched filter

processor, and also the effect of the signal path upon the bandwidth.
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The work described by this chapter builds upon that done by Peremans [107, 108, 109], which

was itself based upon standard radar techniques as described by Berkowitz [11]. The signal was
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The application of the unsynchronised demodulation to this problem is a contribution of this au-

thor, as was the software development of the signal processing and user interface to drive aMF

system with eitherQD or UD envelope extraction. The computation of thetime-bandwidth prod-

uctproduct of the various signals as they pass through the sonar system is also the contribution of
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Chapter 9

Implementation of CTFM

The literature review of Chapter2 indicated that theContinuous Tone Frequency Modulated

(CTFM) sonar system had potential for application to arobotic agentin addition to theMatched

Filter (MF) system. Further investigation in Chapter3 revealed that two types ofCTFM sonar were

available: the single demodulation system and the dual demodulation system. As the dual demod-

ulation system provides a demodulated output with no blind time, it was selected for application

in this work.

An overview diagram of the completeCTFM sonar system is shown in Figure9.1. This

chapter describes the implementation of the signal processing of the dual demodulationCTFM

sonar system described in Chapter3. The description of the three different spectral analysers and

their associated peak detectors is left to Chapters10and11.

TheCTFM signal processing was implemented digitally using software. As the signals have

different frequencies and bandwidths, a multi-rate signal processing system was implemented, as

shown in Figure9.2. This figure describes only one channel of the sonar system shown in Fig-

ure9.1, and stops at the point of the tonal echo signal, leaving the other elements to the following

chapters. The sampling rates of the different parts of the system are marked by areas of different

background shading, with approximate sampling rates as marked.

The chapter first describes, in summary form, the parameters used for the various parts of the

system, as all of the parts are inter-related. Secondly, the selection of the sampling rates of the

various sections shown in Figure9.2 is explained. Thirdly, each block shown in Figure9.2 is

described with the processed signal being handed from one component to the next. Fourthly, the

time-bandwidth producttheory is applied to the signals and the theoretical resolution of the system

is calculated.

9.1 System Parameters

The system operation is specified by several parameters and their dependent variables. The func-

tion of most of these variables and the relationships between them are described in Chapter3.

The parameter values which were used in this system are shown in Table9.1.The original

parameters are chosen by the user to inter-operate with the properties of the transducer and of the

Fourier transform. Various minor adjustments are made to the original parameters in Sections9.2

and9.3 to ensure that the transmit and receive systems are synchronised, and that the transmit

signal is free of glitches.

165
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Table 9.1: Parameters used in this implementation of dual demodulation. The adjusted values are
explained in Sections9.2.3and9.3. The items marked ‘-’ are not adjusted.

Original Adjusted Adjustment
Description Variable Value Value Equation

Transmit sweep start freq f0 100 kHz - -
Transmit sweep end freq f1 50 kHz 49.9984kHz (9.12) and (9.13)

1st demod sweep start freq f00 139.6552kHz - -
Sweep time Tsw 160 ms 159.935ms (9.9)

Maximum range ratio mrr 0.068 - -
Speed of Sound c 346ms−1 - -

The sweep frequency range was selected to be compatible with the most powerful operating

region of the transducer, as measured in Section6.7. The value used for the first demodulation

sweep start frequency,f00, is selected for compatibility with the downsampling filter, which will

be described in Section9.7.3. The selection of the sweep time,Tsw, and the maximum range ratio,

mrr , will be discussed in Section10.2.4.

In addition to the parameters of Table9.1, we require the frequenciesfmind and fmaxd corre-

sponding to the minimum, 0, and maximum,dmax, distances of flight of the sonar system. These

may be computed by inserting 0 anddmax into (3.44):

fmind = f00− f0 (9.1)

fmaxd = f00− f0 +
µdmax

c
, (9.2)

whereµ is the sweep rate. The maximumDOF, dmax, is computed using (3.24). The frequencies

found by (9.1) and (9.2) define the minimum and maximumDOF frequencies respectively which

will be seen at 5© in Figure9.2.

The resulting values of the dependent variables are shown in Table9.2. While the speed of

sound and the actual maximum range may change slightly, the minimum and maximumDOFfre-

quencies remain fixed. The dependent variabledmax shown in Tables9.1and9.2 is the maximum

DOF, so the maximum range is about 1.88m, being halfdmax.
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Table 9.2: Dependent variables used in our implementation of dual demodulation. Items marked
‘-’ do not change after adjustments.

Original Adjusted Defining
Description Variable Value Value Equation
Sweep rate µ −312500Hz2 −312636.8Hz2 (3.2)

Sweep bandwidth B 50kHz 50.0016kHz (3.26)
1st demod sweep end freq f01 89.6552kHz 89.6553633kHz (3.29)

2nd demod sweep start freq f10 89.6552kHz 89.6553633kHz (3.28)
2nd demod sweep end freq f11 39.6552kHz 39.6552066kHz (3.30)

MaximumDOF dmax 3.76448m 3.76295m (3.24)
Minimum DOF freq fmind 39.6552kHz - (9.1)
MaximumDOF freq fmaxd 36.2552kHz 36.25507kHz (9.2)
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Figure 9.2: Digital implementation of the signal processing for the dual demodulationCTFMsonar
system. The numbers in circles identify the important signals for reference from the text. The
circle containing× denotes time domain multiplication of two sampled series. The background
blocks delimit parts of the system which use different sampling rates, being the transmit sampling
frequency,fst, the receive sampling frequency,fsr, and the downsampled sampling frequency,fsd.
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9.2 Sampling Rates

High transmit sampling rates do not place any computational burdens on the CPU as the output

signal is assumed to be constant and this is synthesised only once. However, the received signal

needs to have the lowest possible sampling rate so that computational burdens are minimised.

This minimisation also maximises the length of the echo signal that can be stored in the capture

cardFIFO. The lower limit of the receive sampling frequency is defined by the highest frequency

present in the received signal and intermediate stages of processing.

Thus the transmit and receive signals use different sampling frequencies. As the sweep time,

Tsw, must be precisely the same in both the transmit and receive systems, the transmit and receive

sampling rates must be related by a rational number.

The synchronisation is achieved by utilising the NuBus clock,fbus= 10MHz, which is shared

by both cards. Both the transmit,fst, and receive,fsr, sampling rates are generated by division

of the bus clock frequency. Letndt be the number offbus cycles per cycle of the transmit clock,

fst, and letndr be similarly defined for the receiver clock,fsr. Let nst be the number of samples

transmitted in one sweep period,Tsw, andnsr be the number of samples received in one sweep

period. LetTswo be the original sweep period before any adjustments.

There are three steps to calculating a consistent set of sampling rates and sweep times.

1. Determine the receive sampling rate,fsr.

2. Determine the transmit sampling rate,fst.

3. Determine the adjusted sweep period,Tsw.

9.2.1 Receive Sampling Rate

The receive sampling frequencyfsr is a design parameter, as it is used to design all of the filters

and cannot be adjusted. The receive sampling rate is related to the bus frequency by the receive

clock division,ndr, such that

fsr =
fbus

ndr
. (9.3)

Thusndr is a design parameter determining the receive sampling ratefsr.

The initial sampling rate,fsr, was chosen to be 10MHz/29 = 344.8kHz as it satisfies the

aliasing requirements outlined in Section9.6. However, it may be possible to lower this frequency

even further, as there is significant clearance between the aliased frequencies and the frequency

range of interest (Figure9.10a).

9.2.2 Transmit Sampling Rate

The transmit sampling rate,fst, is calculated to be the highest available sampling rate which is

not greater than the original transmit sampling rate,fsto. The original rate is calculated from the

original length of the sweep,Tswo, and the size of the transmitFIFO, by

fsto =
65536
Tswo

.
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Figure 9.3: Diagram showing how the sweep timeTsw is adjusted to ensure that the transmit and
receive sweeps are exactly co-periodic. The number of samples indicated is smaller than used in
a real system for clarity of the diagram. The last sample of a repeating sequence, such as those
at Tsw, is deemed to belong to the next repetition of the sequence, so is drawn in grey instead
of black. The counts on the braces indicate the number of intervals enclosed. The number of
samples enclosed by the braces are equal to the number of enclosed intervals when the end sample
is omitted. The largest number of receive samples falling within the original sweep time,Tswo, is
denotednsr1. A similar quantity is defined for the transmit samples (not shown), denotednst1.

Then the transmit clock divisor,ndt, is calculated by finding the next highest available fre-

quency to the desired transmit sampling ratefsto. Using de to denote upward-rounding or the

ceiling operation (that is,d5.1e= 6), this may be written

ndt =
⌈

fbus

fsto

⌉
, fst =

fbus

ndt
= 400.0kHz, (9.4)

providing the adjusted value for the transmit sampling rate, as shown in Figure9.2.

9.2.3 Adjusted Sweep Time

Now that the receive and adjusted transmit sampling rates have been chosen, the sweep time

Tsw is chosen to be the largest interval smaller than the original sweep time,Tswo, which obtains

synchronised sample end-points, as shown in Figure9.3. The value for the user-chosen original

sweep time,Tswo, is chosen in Section10.2.4. There are three steps to the calculation of the

adjusted sweep timeTsw.

The first step is to calculate the number of samples falling within the original sweep period,

Tswo. This is calculated by dividing the sweep period by the sample period and rounding down

to the nearest integer, denoted by thebc operator (that is,b5.9c = 5). This yields the number of

transmit samples,nst1, falling within the original sweep time,Tswo,

nst1 = b fst ·Tswoc=
⌊

fbus

ndt
·Tswo

⌋
, (9.5)
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and the similarly defined number of receive samples,nsr1, falling within the original sweep time,

Tswo,

nsr1 = b fsr ·Tswoc=
⌊

fbus

ndr
·Tswo

⌋
, (9.6)

falling within the original sweep period. The lengths of these sequences are not co-periodic.

The second step is to find the greatest number of transmit samples which produces a sweep

period which is co-periodic with the number of receive samples,

nst = ndr ·
⌊

nst1

ndr

⌋
= ndr ·

⌊
fbus

ndr ·ndt
·Tswo

⌋
. (9.7)

The equivalent calculation in terms of the number of receive samples is

nsr = ndt ·
⌊

nsr1

ndt

⌋
= ndt ·

⌊
fbus

ndr ·ndt
·Tswo

⌋
. (9.8)

The final step is to calculate the adjusted sweep period,Tsw. This may be calculated from the

transmit cycle period,

Tsw =
nst

fst
=

ndr ·ndt

fbus
·
⌊

fbus

ndr ·ndt
·Tswo

⌋
, (9.9)

or from the receive cycle period,

Tsw =
nsr

fsr
=

ndr ·ndt

fbus
·
⌊

fbus

ndr ·ndt
·Tswo

⌋
. (9.10)

Comparison of (9.9) and (9.10) reveals that they are identical, as required. Thus the transmit and

received signals are exactly co-periodic, with periodTsw, as shown in Figure9.3, even though they

have different sampling rates, as shown in Figure9.2.

9.3 Transmit Sweep Generator

The transmit sweep generator, shown in Figure9.2, synthesises the transmit signal, which was

described in Section3.2, culminating in the definition of the frequency sweep formula (3.8).

The sweep end frequency,f1, must be adjusted to ensure that the transmit signal is continuous

at Tsw, where one sweep ends and the next begins. If adjustments are not made, then the signal

may be discontinuous or have a large discontinuity in the derivative, as shown in Figure9.4. The

discontinuity may be avoided by requiring that the phase of the transmit signal,φt (t), defined in

(3.7), complete an integer number of cycles,l . Thus it must obey the condition

φt (Tsw) = 2π l . (9.11)

This may be accomplished by slightly adjusting the (already adjusted) sweep period,Tsw, or the

sweep end frequency,f1. Doing so results in only a small discontinuity in the derivative of the

signal (and in the derivative of the signal phase, see (3.16)) at the join between periods, instead of

a discontinuity in the signal itself.
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Figure 9.4: Example of a frequency sweep with a mis-matched join between two consecutive
sweeps. The time scale is in units ofTsw. We require that the signal be continuous, and have a
minimum discontinuity in the derivative. The signal shown here has a discontinuity in both its
value and its derivative. This plot uses very low frequencies for clarity.

The sweep period,Tsw, was adjusted to obtain co-periodic transmit and receive signals in

Section9.2.3, and cannot be changed again. Therefore the sweep end frequency,f1, is adjusted

instead. Substituting (3.7) into (9.11) and solving forf1 yields

f1 =
2l
Tsw
− f0. (9.12)

That is, the adjusted sweep end frequency,f1, is a simple function ofl . The integerl is found by

solving (9.12) and selecting the nearest integer, yielding

l = round

(
Tsw

2

(
f0 + f1

))
. (9.13)

The calculation procedure is to first use the nominal sweep end frequency,f1, to calculatel using

(9.13), and then to find the adjusted sweep end frequency,f1, using (9.12). The sweep start

frequency,f0, and the sweep time,Tsw, are not adjusted by this procedure. The final values used,

after all adjustments have been made, are shown in Tables9.1and9.2.

After the transmit sweep is digitally synthesised it is loaded into the generator cardFIFO and

transmitted as previously described in Section9.2. This is the signal marked1© in Figure9.2,

and is shown in Figure9.5.

Note that the signal shown in Figure9.5is the ideal digitally synthesised signal before conver-

sion to an analogue signal. When it is converted and subsequently transmitted, it has a frequency

response imposed upon it by the transducer. The on-axis response of the transducer was shown

in Figure6.13. If the target is off-axis, then we may determine the bearing-dependent filter re-

sponse by referring to Figure6.15a. Thus the signal which emerges from the transmitter is a

modified form of that shown in Figure9.5. The response at the extremities of the bandwidth is

reduced compared to the response at the transducer’s most efficient frequency, which is 86kHz

(Figure6.13).
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Figure 9.6: Spectrogram of the digitally synthesised Dual Demodulation signal. Signal4© in
Figure9.2. Time measured in seconds, frequency in Hz. The colour scale is in decibels relative to
1 Volt amplitude.

9.4 Dual Demodulation Sweep Generator

The dual demodulation sweep generator, shown in Figure9.2, operates at the receive sampling

rate, fsr. It pre-computes the sweeps defined by (3.36) and (3.37). The values used for the various

parameters are shown in Tables9.1and9.2. The two signals are added together and are stored as

a single signal for use by the demodulation system, which operates by multiplying the received

signal with the demodulation signal in the time domain, as described in Section3.3.2.

We have now obtained the signal marked4© in Figure9.2, which shown in Figure9.6.

9.5 Pre-Filtering

The received signal pre-filter, shown in Figure9.2, operates upon the received echo signal, marked
2© in Figure9.2and shown in Figure9.7, and removes any noise outside of the range 50-100kHz.

Any signals outside this range are either Doppler shifted echoes or noise. Significant environmen-

tal noise in the range 0-20kHz may be expected due to talking, music, machinery etc . Evaluation

of the system showed that there was significant noise near 0Hz. If such frequencies are present in

the signal as it is demodulated, the output of the demodulator will contain some potentially inter-

fering signals. In particular, a signal at 0Hz will cause the demodulation signal to be reproduced in

the demodulator output. This interferes with the demodulated echoes. The easiest way to remove
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Figure 9.7: Spectrogram of a typical received signal. Signal2© in Figure9.2. Time measured in
seconds, frequency in Hz. The colour scale is in decibels relative to 1 Volt amplitude.

this possibility is to pre-filter the received signal. The filter used is shown in Figure9.8. This is

a linear phaseFinite Impulse Response (FIR)filter (see Oppenheim and Schafer [105]) designed

in Matlab [130] using theremez command. The specifications werefsr = 10MHz/29, stop-band

from 0 to 30 kHz, passband from 50 kHz to 100kHz, and stop-band from 120 kHz tofsr/2. The

filter was designed with 51 zeros, and has 52 time domain coefficients.

Care must be taken in implementing the filter to avoid shifting the time of the signal as it

passes through. This is because the time of flight information contained in the signal is recorded

in the time domain at this stage. It is transformed into frequency when the multiplication shown

in Figure9.2 is carried out.

The filter could have alternatively been implemented using anInfinite Impulse Response (IIR)

filter as this type of filter can achieve the required filtering function using fewer terms than aFIR

filter. However, such filters do not have linear phase characteristics, which are required to preserve

the temporal integrity of the signal.

9.5.1 Cancelling Filter Delay

The filter implementation cancels theFIR filter delay by compensating the start offset of the signal

by the group delay of the filter. Proakis and Manolakis [116, Section 4.5.1] give a formula for the

group delayτg(ω) in terms of radian frequency,ω = 2π f , as

τg(ω) =− 1
fsr

dΘ(ω)
dω

, (9.14)
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Figure 9.8: The filter used to pre-filter received echoes before being demodulated. This filter was
designed for use atfsr = 344.82kHz.

whereΘ(ω) is the filter phase characteristic, which is different for each filter. For a linear phase

filter with a symmetric impulse response such as that used above, the filter phase is (see Proakis

and Manolakis [116, Section 8.2.1])

Θ(ω) =

{
−ω

(
M−1

2

)
if H (ω)≥ 0

−ω
(

M−1
2

)
+π if H (ω) < 0

(9.15)

for both odd and even filter lengthsM. Noting that

dΘ(ω)
dω

=
M−1

2
for all H (ω) , (9.16)

we can substitute (9.16) into (9.14) to calculate the delay time of the symmetrical filter to be

τg(ω) =
1
fsr

M−1
2

forallH (ω) . (9.17)

This frequency independent nature of the group delay is a property of linear phase filters. This

important result allows us to exactly cancel out the delay of the pre-filter.

While largeFIR filters may be efficiently computed using theFast Fourier Transform (FFT)

to perform the convolution (see Proakis and Manolakis [116, Section 5.3]), this implementation

used a time domain convolution. The relative benefits of using theFFT filter algorithm were not

evaluated, due to the additional complexity of the block overlap implementation required.

We have now obtained the signal marked3© in Figure9.2, which is shown in Figure9.9.

9.6 Multiplication

The time domain multiplication step, shown in Figure9.2, is the first part of a two step demodula-

tion procedure. The second step is to filter the signal to remove the unwanted parts, which will be

described in Section9.7. The demodulation procedure operates as described in Section3.3.2.
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Figure 9.9: Spectrogram of a typical received signal after pre-filtering. Signal3© in Figure9.2.
Time measured in seconds, frequency in Hz. The colour scale is in decibels relative to 1 Volt
amplitude.
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The multiplication input signals, labelled3© and 4© in Figure 9.2, are sampled atfsr=
10MHz/29= 344.8kHz. The signals are then digitally multiplied, sample by sample. The mul-

tiplication output contains sum frequencies which exceed the Nyquist rate,fsr/2, for some of the

sweep period. Aliasing causes these frequencies to be reflected about the Nyquist rate, as shown in

Figure9.10a. Note that the lower difference frequency has also been aliased, having been reflected

around 0Hz.

The system has been designed to include aliasing because it allows a lower sampling frequency

to be used, thus lowering the computational burden of the signal processing. The aliasing is ac-

ceptable so long as it does not overlap the frequencies of interest. In this design, the frequencies of

interest after demodulation are betweenfmind and fmaxd, corresponding to zero to maximumDOF.

Table9.2shows thatfmind and fmaxd are 39.7kHz and 36.2kHz respectively, rounding toward the

outside of the range. Figure9.10a shows that no aliased signals enter this region at maximum

range. Graphical analysis of the frequencies of the aliased signals shows that they remain outside

the frequencies of interest, as required.

We have now obtained the signal marked5© in Figure9.2, which is shown in Figure9.10b.

The signal is composed of four tones, two of which change over time. It is now sent to the

downsampler.

9.7 Band Pass Filter and Downsampler

We now apply a carefully designed downsampling system which filters out the signals that are not

required and simultaneously reduces the sampling rate while retaining the signals of interest. Since

the downsampling or decimation affects the signal of interest, and this effect can be mitigated by

correctly choosing the band-pass filter, it is instructive to describe the decimation before the band-

pass filter. In most implementations, including the system described by this thesis, these processes

are implemented in a single step.

The decimation system is required because of the different frequency ranges occupied by the

multiplication (Section9.6) product signals and the demodulated output signals (Section9.7.6).

As the output of the downsampler system is the final demodulated output signal, this section

also treats the problem of computing the target range from the signal frequency (and vice versa) in

Section9.7.4, and examines some of the trade-offs chosen when designing such a demodulation

and decimation system, including the need for a decimation system, in Section9.7.5. Finally, the

output signals are described in Section9.7.6.

9.7.1 Decimation

The process of decimation byNd consists of retaining one data point and discarding the other

Nd−1 data points from each block ofNd points. This procedure causes the sampling frequency to

be reduced to

fsd =
fsr

Nd
. (9.18)

It also reduces the Nyquist frequency, thereby causing many frequencies to be aliased. The aliased

output frequency,faliased, may be computed for each input frequency,f , and a given sampling
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(b) Experimental spectrogram after multiplication

Figure 9.10: Signal frequencies for digital dual demodulation, after multiplication. See the middle
part of Figure3.6 for analogue comparison. (a) Shows modelled values, while (b) shows experi-
mental data, corresponding to signal5© in Figure9.2. There is aliasing of the sum and difference
signals aroundfsr/2 = 172.4kHz and 0Hz respectively, where the frequency has been folded
around the Nyquist frequencyfsr/2. The frequency range of interest, corresponding to zero and
maximumDOF, is between 39.7kHz and 36.2kHz on the vertical axis, and includes the constant,
continuous tone at 37kHz. The colour scale is in decibels relative to 1 Volt amplitude.
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frequency,fs, using a function given by Jacobs [38]:

faliased=
∣∣∣∣ f ·{1− fs · round

(
f
fs

)}∣∣∣∣ . (9.19)

In the case of decimation, the sampling frequencyfs represents the decimated sampling rate,fsd.

Equation (9.19) is illustrated for the case of decimation by four in Figure9.11.

The decimation causes the four frequency bands to be transformed into a single frequency

band. Thus signals having frequencies of 3fs/32, 5fs/32, 11fs/32 and 13fs/32 within the input

signal are all aliased to the frequency 3fs/32 = fsd/8 in the output signal. Thus the four input

signals become indistinguishable. This drawback may be overcome by filtering to remove fre-

quencies from all but one band before decimation is applied. Then frequencies in the output signal

space will have a unique reverse mapping to frequencies in the input signal space.

The aliasing occurs in a predictable way. Odd bands retain their forward orientation, but the

even bands are frequency reversed by the decimation process. This must all be taken into account

when calculating the frequencies corresponding to minimum and maximum range.

9.7.2 Bandpass Filtering

The problem of selecting a unique passband when downsampling a signal, as examined in the

previous section, is typically solved using a low-pass filter to select frequencies in the first band

(see Figure9.11). However, it is equally valid to use a band-pass filter to select some other band,

for example band 2. The frequencies contained within that band will be frequency reversed by the

decimation procedure, but this may be taken into account.

The filter calculation procedure may be optimised in the case where aFIR filter is used, by

only calculating those output points that will not be discarded. This reduces the computational

burden of the filtering by the same order as the decimation,Nd. This is discussed in full by Proakis

and Manolakis [116, Section 10.2].

9.7.3 Decimation of CTFM Signals

Moving from the decimation by four example to the multiplication output signal5© in Figure9.2,

the frequency range of interest, being 3.4kHz wide, covers only 0.02 of the frequency range con-

tained in signal 5©, which has a Nyquist frequency of 172.4kHz. Therefore the signal may be

decimated byNd = 50, obtaining a new Nyquist frequency of 3.448kHz. However, such a scheme

requires a filter with infinitely sharp transition regions. It is impossible to build such a filter. There-

fore we decimate byNd = 25 instead, which provides an output Nyquist frequency of 6.896kHz,

double the required bandwidth. This provides one quarter band both above and below the required

output frequency range where the filter transition region may be placed (Figure9.12). The half

band transition region allows for the limitations of a practical filter.

The resulting output signal spectra will be shaped by the downsampling filter as shown in

Figure9.13. This shows the central region containing the expected tones from echoes, and also

the garbage bands on either side which contain signals that may have been aliased during the

decimation process. These bands may be made narrower, but at the cost of longer filters.
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Figure 9.11: Diagram illustrating the aliasing that occurs when a signal is decimated by a factor of four, i.e., by discarding three out of every four
samples. The frequency bands shown along the horizontal axis are superimposed into the output frequency space, shown on the vertical axis, according
to the triangle function shown. The samples on the signals shown at the left are all that remain after the downsampling has occurred. A close inspection
of the grey signal lines reveals that all of the signals pass through all of the remaining sample points. The signals in even bands have their spectra
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Figure 9.12: Decimation filter band design. The large tick marks delimit bands, while the minor
tick marks delimit the 1/4 and 3/4 band positions. The pass-band is thus half a band wide. The
stop-bands end at half a band width from the pass band, allowing one half band width transition
region, which will be aliased into 1/4 band of the output frequency space. The output frequency
space, illustrated by the vertical axis of Figure9.11, is only one band wide.
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Figure 9.13: Map of the downsampled output frequency space and the range to frequency mapping.
The maximum range frequency is just below the corner frequency of the filter. The difference is
minimised during the design of the downsampling system.
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Figure 9.14: The 25× downsampling filter used after demodulation. This filter has 247 (symmet-
rical) terms.

The Anti-Aliasing Downsampling Filter

The frequency range of interest falls into filter band 6 when the signal spectrum is divided into 25

bands. A suitable downsampling filter, designed according to the pass-band and stop-bands shown

in Figure9.12, is shown in Figure9.14. When the filter of Figure9.14is used for decimation, it

may be regarded as 25 equally spaced frequency bands up to the Nyquist frequencyfsr/2. The

signal is digitally downsampled byNd = 25 using this filter.

The frequency offset of the demodulation signals must be selected so that minimum range

corresponds to one of the edge frequencies of the passband of the filter. The width of the filter

passband must be wider than the demodulation bandwidth (3.27), in order to pass all of the signal.

Thus, the design of the decimation filter is an integral part of the design of the digital demodulation

system.

The actual corner frequencies of the decimation filter are shown in Table9.3. The input sam-

pling rate used wasfsr = 10MHz/29= 344827.6Hz. The minimumDOF frequency,fmind, has

been designed to correspond exactly with the top edge of the passband of the decimation filter,

while the maximumDOF frequency,fmaxd, remains above the start of the passband.

The frequency range 39.6. . . 36.2 kHz will become 1.7. . . 5.2 kHz after downsampling. The

reversal is due to the frequencies of interest lying in band 6, which is even. The downsampled

sampling rate becomes

fsd =
fsr

Nd
= 13793Hz. (9.20)

The output of the decimation filter consists of a 1/4 band of unspecified signal, then 1/2 band of

demodulatedCTFM output, and another 1/4 band of unspecified signal before the Nyquist rate

fsd/2 is reached.
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Table 9.3: Corner frequencies for the decimation filter in Figure9.14.

Description Frequency Formula

End stopband 32758.6Hz 5−1/4
Nd

fsr
2

Start passband 36206.9Hz 5+1/4
Nd

fsr
2

End passband 39655.2Hz 6−1/4
Nd

fsr
2

Start stopband 43103.4Hz 6+1/4
Nd

fsr
2

9.7.4 Frequency and Distance of Flight

One remaining problem is how to calculate the relationship between frequency and distance of

flight after decimation has occurred. The effect of decimation with the specified filter is to re-map

the frequency space:

fout = 3· fsd− fin, 36206.9Hz≤ fin ≤ 39655.2Hz. (9.21)

Combining (3.44) and (9.21), the output frequency for a given distance of flight is found to be

fout = 3· fsr

Nd
−
(

f00− f0 +
µd
c

)
.

Recalling the value used forf00 (Table9.1), and using the formula for the upper edge of the filter

passband from Table9.3, this can be simplified to

fout = 3· fsr

Nd
−

6− 1
4

2
fsr

Nd
− µd

c

=
1
8
· fsr

Nd
− µd

c
. (9.22)

In this case, noting thatµ is negative, we find that an increase in range brings about an increase in

frequency.

By choosing an odd band of the decimation filter, instead of the even band described above,

an increase in distance will bring about a negative change in frequency. In such a case, the lower

edge of the filter passband would be selected for adjusting the frequencyf00 before decimation.

9.7.5 Design Considerations

Section9.2.1mentioned that the selection of the receive sampling rate,fsr, must provide sufficient

bandwidth that the aliased components of signal5© in Figure9.2 do not enter the pass-band of

the filter. Only the frequencies corresponding to minimum and maximum range should fall within

the passband of the filter. This condition is satisfied through the selection of the demodulation
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Figure 9.15: Spectrogram of a typical demodulated, tonal echo signal, marked6© in Figure9.2.
Time measured in seconds, frequency in Hz. The colour scale is in decibels relative to 1 Volt
amplitude. The lower frequency signal, about 1900Hz, is cross-talk, while the upper frequency,
about 2800Hz, is the echo from a 30mm diameter pole target placed 500mm in front of the sonar
head. The other green squares are noise or echoes from a weak target.

sweep start frequency,f00. The criterion used for selecting the downsampling number,Nd, is the

bandwidth of the output signal compared with the bandwidth required to prevent aliasing during

the multiplication stage. The main consideration in the selection of the filter band is to prevent the

upper or lower aliased signals (Figure9.10) of the demodulation multiplication from entering the

passband.

Echoes arriving afterTmax will be demodulated to a frequency outside the primary echo detec-

tion frequency band. The the demodulation scheme described in this chapter allows echoes from

up to twice the maximum range,dmax, to be isolated from the echo detection band.

9.7.6 Output Signals

We have now obtained the tonal echo signal, marked6© in Figure9.2, which is also shown in

Figure9.15. It is also instructive to examine the tonal echo signal in the time domain, as shown in

Figure9.16.

9.8 Software Implementation

The user interface controlling theCTFM dual demodulation sonar system is shown in Figure9.17.

This module implements all of the elements shown in Figure9.2, and provides the tonal output
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Figure 9.16:CTFM tonal echo signals after demodulation (same signal as Figure9.15). (a) Shows
signal 6© in Figure9.2. Time is measured in seconds, while the vertical scale indicates the signal
amplitude (V). The two channels have very different amplitude profiles, due to variations between
the left and right transducers. The amplitude profiles are dominated by the crosstalk signal. Their
shapes are determined by the frequency response curve of the transducers (Figure6.13) as the
signal frequency sweeps from 100kHz down to 50kHz over the interval 0s to 0.16s. (b) shows
the same signal as (a), but with the crosstalk frequency (about 1900Hz) filtered out in Matlab
using a notch filter. The shape is quite different from (a) due to the air absorption.
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Figure 9.17: The module for theCTFM dual demodulation stage, from the feature extraction di-
alogue shown in Figure5.13. The fields are the transmit sweep start frequency,f0, the transmit
sweep end frequency,f1, the one-sided amplitude of the transmit signal, the maximum range fre-
quency after demodulation, corresponding to the upper edge of the downsampling filter passband,
the sweep time,Tsw, the maximum range ratio,mrr , the capture sampling frequency,fsr, and the
capture duration. The other controls set the downsampling count,Nd, and allow the filters to be
used for pre-filtering and downsampling to be selected. The Filter 2 section allows for the down-
sampling to be carried out in two stages where this is more efficient.
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signal as input to the next module.

9.9 Range Resolution

This section firstly evaluates thetime-bandwidth productof several signals, both reference and

experimental. This further explains the operation of theCTFM sonar system and provides insight

into the resolution properties. Secondly, the theoretical resolution of theCTFMsystem is evaluated

using the frequency width technique. Thirdly, the theoretical resolution is evaluated using the time

width technique. Finally, the results are compared with the theoretical system resolution limit

calculated in Section8.8.1.

9.9.1 Time-Bandwidth Measurements

It is instructive to measure the time and frequency widths of the signals appearing at various points

through theCTFM system shown in Figure9.2. Table9.4shows the results of doing this for both

ideal and experimental received and demodulated signals. Applying thetime-bandwidth product

computations to the received signal shows the amount of compression and also signal to noise

ratio improvement that is available. The frequency width of the demodulated output signal will be

used to predict resolution.

The results shown in Table9.4are now discussed row by row. The first row shows the reference

transmit/receive signal, which ignores the effect of the elements of the signal path. The measured

time width is significantly narrower than the specifiedTswo= 160ms, and the frequency width is

also considerably narrower than the specified bandwidthB = 50kHz. This is due to the method of

measuring the width. Nevertheless, the time-bandwidth product is seen to be quite large.

The second row shows the ideal received signal after demodulation. The noise floor is clearly

visible. However, the measured frequency width of 731Hz is significantly wider than the main

peak, which is 10Hz wide at the−6dB point. The width measurement is significantly influenced

by the noise floor.

The third row shows the result of masking out the frequencies which are not part of the de-

modulated signal. The masking was performed in the Fourier domain by zeroing out the frequency

samples which were not required. The justification for doing this is by analogy with the time do-

main measurement of Section8.8, where a section of the time domain signal containing the echo

of interest is selected and used for computing the time-bandwidth product. In this case, the se-

lection is performed in the frequency domain. The passband of the blanking operation was 60Hz

wide. The time width of the masked signal is computed by performing the inverse Fourier trans-

form and measuring the width in the time domain. The results of performing this procedure are

shown in the third row of Table9.4. The frequency width reflects the actual width of the peak, and

the centre frequency,f0, is now free of bias toward the centre of the frequency axis atfsd/4. The

time-bandwidth product,∆t ·∆ f , is also much reduced and approaching the limit given by Gabor

(see Section4.6.1).

Turning now from reference signals to real signals, the fourth row of Table9.4shows the real

received echo signal from a target placed at 500mm from the sonar head. The signal also includes

cross-talk and double and triple bounce returns. Thus it is not directly comparable with the ideal
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Table 9.4: Summary of time-bandwidth product computations for reference and actual transmit/receive and demodulatedCTFM signals. The equivalent
duration and bandwidth were computed using the technique described in Section4.6.4. See Section9.9for full details.
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signals described previously which only contained one echo return. The time and frequency widths

are smaller than those of the ideal signal shown in the first row, due to the filtering action of

the transducers and other elements in the signal path. The time-bandwidth product, at 1515, is

significantly less than the ideal 4188. However, the time-bandwidth product of thisCTFM signal

is much larger than that of theMF signal seen in Table8.1. The effect of this will be seen in the

DOF precision experimental results in Section13.2.1, where it will be seen that the maximum

range achieved by theMF system is lower than that achieved by theCTFM system (due to the

higher energy level of the signal).

The real demodulated signal was masked to select the echo of interest, and a similar procedure

to that already described for the ideal demodulated signal was performed. The results are shown in

the fifth row of Table9.4. The time width is not as great as that of the ideal received signal. How-

ever, the frequency width, at 10Hz, is slightly narrower than that of the ideal signal at 12Hz. The

time-bandwidth productis also smaller at∆t ·∆ f = 0.75. Comparing this with thetime-bandwidth

productof the received signal, it can be seen that the demodulation process has compressed theTB

product almost down to limit imposed by (4.11). Unlike theMF processor described in Chapter8,

the CTFM sonar system has achieved this chiefly by compressing the bandwidth of the signal

rather than by compressing its duration.

When comparing the ideal and experimental demodulated signals, it is seen that the experi-

mental signal achieves a lowertime-bandwidth productthan does the ideal signal. This is primarily

due to significant narrowing of the time width (due to the transducer frequency response) rather

than to the marginal narrowing of the frequency width.

9.9.2 Theoretical Resolution Using Frequency Width

The frequency width,∆ f , is used to directly predict the resolution of theCTFM sonar. The rela-

tionship (9.22) between frequency andDOF may be utilised to calculate the range increment,∆r,

corresponding to the change in frequency,∆ f , yielding

∆r =
∆d
2

=
−c
µ

∆ f
2

= 5.5mm. (9.23)

This is the predicted minimum range separation between two targets at which theCTFM sonar

system will be able to resolve them.

9.9.3 Theoretical Resolution Using Time Width

This section calculates a theoretical limit for the range resolution using the time width of the

CTFM signal. The frequency width is calculated from the time width using Gabor’s uncertainty re-

lation (4.11), in a technique complementary to that employed in Section8.8.4. The relationship be-

tween (Gabor’s measure of) signal width,∆t, and range resolution,∆r, is found by combining Ga-

bor’s time-bandwidth productrelation (4.11) with the relationship between range and frequency,

(9.22). Applying this to the time width of the experimental demodulated signal,∆t = 115.7ms

(from Table9.4), yields

∆r =
c·∆t

2
=

c
−4·µ ·∆t

= 3.7mm. (9.24)
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Table 9.5: Summary of range resolution results for theCTFM system

Method Resolution (mm)
Theoretical System Resolution 3.2
Frequency Width Resolution 5.5
Time Width Resolution 3.7

9.9.4 Summary of Range Resolution Results

The theoretical range resolution results for theCTFM sonar system are summarised in Table9.5.

The time width result is somewhat better than the experimental result shown in Section13.3,

and also much better than the result predicted by the frequency width calculation. However the

difference is not so large as to invalidate the calculation. The time width resolution compares

favourably with the theoretical system resolution limit from Section8.8.1. The more favourable

results make more assumptions about the system. The frequency width resolution technique makes

the fewest assumptions, and is therefore expected to be the closest to experimental results, which

are given in Section13.3.

9.10 Conclusion

A CTFM dual demodulation sonar system has been constructed as a synthesis of hardware and

software, with the majority of the signal processing being carried out digitally in software.

The output signal consists of one tone per target. The relationship between frequency and

distance of flight is determined by theCTFM demodulation parameters. The extraction of the

target echoes must be performed in the frequency domain. Several precautions have been taken

to remove glitches from theCTFM echo signal in order to provide suitable input to the spectral

estimator. Three different spectral estimators are described in Chapters10and11. These chapters

will also discuss the detection of targets, and the estimation of their time of flight and echo power.

Thus the completeCTFM sonar system will provide similar information to the matched filter sonar

system.

This chapter also utilisedtime-bandwidth producttheory to calculate the theoretical limit of

resolution of the system. Two different methods were applied:

1. The resolution was estimated directly from the bandwidth of the demodulated signal.

2. The time-bandwidth product relationship was applied to theCTFM output signal time width

to compute the bandwidth and hence the theoretical resolution.

The time width technique produces a result which compares favourably with the theoretical system

resolution limit calculated in Section8.8.1. These results will be compared with experimental

results and subsequently discussed in Section13.3.

The time-bandwidth product of each of the transmit, receive and demodulated output signals

was computed, and showed that theCTFM processor acts as a frequency compressor while pre-

serving the bandwidth of the signal.
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Chapter 10

DFT Spectrum Estimation

The signals output by theCTFM sonar system described in Chapter9 provide a frequency which

is proportional to the time of flight, and hence to the range to the target. Thus the range measure-

ment problem becomes a frequency estimation problem when aCTFM sonar system is used. The

traditional solution to this problem is to apply theDiscrete Fourier Transform (DFT)(Kay [73])

to the demodulated echo signal. This chapter summarises the properties of theDFT which are

relevant to this problem, and relates them to theCTFM sonar characteristics. In particular it is

shown that there is a practical lower limit upon theDistance Of Flight (DOF)quantisation by the

DFT.

The spectral estimate produced by theDFT process requires that the time samples be properly

spaced according to the Nyquist criteria. Furthermore, any practical time sample data must neces-

sarily be finite in extent. This is equivalent to using a rectangular window on the signal (Kay and

Marple [75]). The effects of a rectangular window are discussed by Harris [57], chief of which is

the high side-lobe level in the spectral estimate. Furthermore, theDFT method of producing the

spectral estimate, comparable to the periodogram method (Kay and Marple [75]), presumes that

the signal is extended by periodic repetition in the time domain. The periodic extension is a symp-

tom of the sampling in the frequency domain. However, most of the damage is done separately by

the rectangular windowing (Harris [57]). The effect of these assumptions upon the quality of the

spectral estimate will be seen in the experimental results sections of Chapters13and14.

10.1 The Fourier Transform

The Fourier transform maps a real (or complex) function of time into a complex function of fre-

quency. Bracewell [14] gives the definition for a continuous signal,g(t), as

F {g(t)}= G( f ) =
∫ ∞

−∞
g(t)e− j2πt f dt (10.1)

wheret is time measured in seconds andf is frequency measured in Hertz.F is used to denote

the Fourier transform. The constantj denotes the imaginary number
√
−1.

There is also a discrete version, called theDiscrete Fourier Transform (DFT). This is usually

referred to as theFast Fourier Transform (FFT), after a particular implementation by Cooley and

Tukey [24, 25] which reduced the computational complexity of theDFT. The implementation

of the FFT is described in many texts, for example Oppenheim and Schafer [105]. Aside from

reduced computational complexity, its numerical properties are identical to those of theDFT.

193
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Figure 10.1: The relationship between time and frequency domain data points using theDiscrete
Fourier Transform (DFT), for the case where the time domain samples have only real values. The
front left box face shows a time domain signal, which is composed of the cosine signals shown
within the body of the box. The samples are separated by units of∆t. The front right box face
shows frequency domain representation of the same signal, representing the amplitude of each of
the cosine signals. The samples are separated by units of∆ f . The time domain signal shown here
has a nominal frequency of 2.2∆ f . This is not periodic inTDFT , so itsDFT representation distorts
at the end points. The last (ninth) point, shown in grey, has the same value as the first point at 0,
and is regarded as the first point in the next repetition of the sequence. Thus the last point is not
included in theDFT input. The frequency domain points are usually complex, but the phase of the
signal shown here has been specially selected to obtain real values for clarity.

Using array notation, the equation defining theDFT is

G[k] =
1√

NDFT

NDFT−1

∑
l=0

g[l ]e− j2π lk/NDFT . (10.2)

10.1.1 Time and Frequency Sampling

The relationship between the samples of the time and frequency domains is shown in Figure10.1.

The number of samples taken in the time domain isNDFT . The output of theDFT is, in general,

complex, and of the same length as the input. However, for real input, the output will be Hermitian,

G(− f ) = G∗ ( f ) , (10.3)

where∗ denotes the complex conjugate. Therefore only the positive frequency components need

to be computed, as the negative frequency components may be obtained from (10.3) if needed.
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An important consideration when using theDFT is to try to select the number of sample points

to beNDFT = 2k, wherek is a positive integer, as this provides superior performance over other

values nearby (Bracewell [14, Chapter 18]), even when radix division algorithms are used.

The number of spectral linesNspeccomputed for the positive frequency domain is

Nspec=
NDFT

2
. (10.4)

This is only valid whenNDFT is even, as used in this study due to the 2k constraint. The sampling

rate of the time domain signal is denotedfsd and is measured in Hertz. The duration of the sample

sequence in the time domain,TDFT , is measured in seconds and is defined by

TDFT =
NDFT

fsd
, (10.5)

where fsd is the sampling frequency of the downsampled output defined by (9.20). This is the

time interval from the first sample in one periodic sequence to the first sample in the next periodic

sequence, which is not included in theDFT input. The spacing,∆t, between samples in the time

domain is

∆t =
1
fsd

, (10.6)

making the timet (l) of sampleg[l ] equal to

t (l) = l ·∆t =
l

fsd
, (10.7)

measured in seconds. The spacing,∆ f , between spectral lines in the frequency domain is

∆ f =
fsd

NDFT
=

1
TDFT

, (10.8)

making the frequencyf (k) of spectral lineG[k] equal to

f (k) = k ·∆ f =
k fsd

NDFT
=

k
TDFT

, (10.9)

measured in Hertz. The spectral line index is bound by the limits 0≤ k ≤ Nspec, making the

maximum available frequency equal toNspec/TDFT . The maximum available frequency may be

written fsd/2, which is equal to the Nyquist frequency.

The DFT assumes that the input signal repeats periodically, with periodTDFT . The sample

which occurs atTDFT is not part of the input data array, as it is assumed to be the replica of the

sample att = 0. Thus Figure10.1shows the end point greyed out.

The first and last points in theDFT output (frequency domain) are real. This may be derived

from theDFT of real and imaginary sequences given by Oppenheim and Schafer [105]. Thus

someFFT packages pack these points into a single complex storage unit.

10.2 Relationship Between the DFT and CTFM

TheCTFM sonar system requires that the tonal echo signal, obtained as the result of Chapter9, be

analysed in the frequency domain. TheDFT system equations are now combined with theCTFM

system equations from the previous chapter.
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10.2.1 Signal Time

The length of echo signal available for spectral analysis is now determined. If the Fourier trans-

form were taken over the entire sweep period, then some initial transients would be included in

the signal. The Fourier transform of the transients has the effect of broadening the peak in the fre-

quency domain (Bracewell [14]). Thus the signal from beforeTmax, defined by (3.22), is omitted

from the the input to the Fourier transform.

The single demodulation scheme, described in Section3.3.1, will only provide an echo signal

up to the sweep time,Tsw. While the dual demodulation scheme described in Section3.3.2extends

the amount of data available, the echo signal will, in general, include a phase change atTsw+Tmax

which will introduce fine structure into the frequency domain.

To avoid peak broadening and fine structure, only the signal from the maximum range echo

arrival time, Tmax, to the end of the transmit sweep time,Tsw, is used as input to the Fourier

transform. This is the quantityTsig, defined by (3.23). This limits the time over which theDFT

may be taken,

TDFT =
NDFT

fsd
≤ Tsw· (1−mrr ) , (10.10)

wheremrr is the maximum range ratio, defined by (3.22).

The sonar system discussed in this thesis usesTsig = 0.158s, and a downsampled sampling

rate of fsd = 13793Hz. Using (10.6), there are 2184 samples available. ThereforeNDFT is chosen

to be 2048, being the largest power of 2 that is consistent with the data.

10.2.2 Spectral Line to Distance of Flight

The second connection between theCTFM equations and theDFT distance of flight corresponding

to a particular spectral line may be calculated by combining the frequency of a spectral line (10.9)

with the relationship between frequency andDOF (9.22) to give

d(k) =
c
µ

(
1
8
−

k fsd

NDFT

)
, (10.11)

wherek is the spectral line number,µ is theCTFM sweep rate defined by (3.2), andc is the speed

of sound. The time of flight is obtained by omitting the speed of sound from (10.11).

10.2.3 DOF Quantisation

The distance of flight quantisation may be calculated by finding the change in distance,∆d, from

one spectral line to the next, as defined by (10.11):

∆d = d(k+1)−d(k) =
−c fsd

µNDFT
. (10.12)

Using the sweep rate,µ, defined by (3.2), the sweep bandwidth,B, defined by (3.26), and theDFT

sample time,TDFT , defined by (10.5), equation (10.12) can be re-arranged to yield

∆d =
cTsw

BTDFT
. (10.13)
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Assuming that (10.10) is an equality, using the maximum available signal for theDFT, then

∆d =
c

B· (1−mrr )
, (10.14)

where the sweep time is seen to cancel out. The maximum range ratio is minimally constrained

by 0≤mrr ≤ 1, but also has other constraints, which will be discussed further in Section10.2.4.

10.2.4 Minimisation of DOF Quantisation

The computation of bearing byInter-aural Distance Difference (IDD), which is discussed in Chap-

ter14, requires precise measurements of the distance of flight. The precision obtainable is limited

by theDistance Of Flight (DOF)quantisation calculated by (10.14). Therefore theDOF quantum

defined by Equation (10.14) must be minimised. As the speed of sound,c, cannot be controlled,

one or more of the following courses of action must be followed to obtain smaller quantisation:

1. Increase the bandwidthB.

2. Reduce the maximum range ratio,mrr . This implicitly affects the sweep time,Tsw, as dis-

cussed below.

Increase Bandwidth

The usable bandwidth of theCTFM signal is limited by the bandwidth of the signal path, described

in Chapter4. The low frequency limit is defined by the transducer response, shown in Figure6.13,

while the high frequency limit is defined by both the transducer response and the absorption of

the air (FigureE.1). These limits give us no scope to increase the system bandwidth beyond the

parameters already achieved by theCTFM system in Tables9.1and9.2. Therefore the value used

for the bandwidth was 50kHz.

Reduce Maximum Range Ratio

The maximum range ratio,mrr , is not only important in determining theDOF quantisation, but

also determines the maximum distance of flight by (3.24) and determines the maximum range by

(3.25). The maximum range is increased by increasing the maximum range ratio,mrr . Thus max-

imum range andDOF quantisation are competing requirements. This conflict is balanced in this

implementation, by selecting a large sweep time,Tsw, and selecting the maximum range ratio,mrr ,

to provide a moderate maximum range and a slightly higher than minimumDOFquantisation. The

values used areTsw = 160ms andmrr = 0.068, providing a maximum range of 1.88m. Reducing

the maximum range ratio,mrr , will decrease this maximum range.

Summary

While (10.14) appears to allow arbitrary selection of∆d, the best obtainable value of theDOF

quantisation,∆d, is 7.42mm. This is equivalent to a range quantisation,∆r, of 3.7mm. The large

quantisation degrades the precision which may be obtained. The quantisation may only be reduced

by using very wide bandwidth transducers or by sacrificing the maximum range.
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Figure 10.2: Overview of the procedure for extraction of echo information from the tonal echo
signal using aDFT. The entireDFT output is sent to both the peak finder and the peak interpolator.

10.3 Echo Extraction

The output of theCTFM sonar system described in Chapter9 is a tonal echo signal. The method of

extracting the echo parameters from the tonal echo signal is outlined in Figure10.2. The remainder

of this section covers the major boxes of this diagram.

10.3.1 Echo Time Selection

The echo time selection process selects the portion of the signal which will contain echo tones

from all of the targets. The lead time before the arrival of the echo from maximum range atTmax

(see Section10.2.1or Figure3.5), is discarded. Similarly, any portion after the sweep time,Tsw, is

also discarded, as described in Section10.2.1. The output of this stage is still a tonal echo signal,

and is passed on to thediscrete Fourier transformstage.
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10.3.2 Discrete Fourier Transform

TheDFT was implemented using theFastest Fourier Transform in the West (FFTW)[41, 42], a

freely available optimised implementation of theFFT algorithm.

The FFTW package divides the computation of theFFT into two phases: a planning phase,

which must be performed once for any given data size, and a subsequent computation phase. The

planning phase finds the optimum way of performing theFFT given the computing architecture

and the data size. The computational cost of the planning phase is recovered over manyFFT

computations, which execute more efficiently when compared with a non-optimal method.

The chirp program manages these two phases using a C++ front end toFFTW, which stores

plans for each data size used within a program run. A request for aFFTfirst checks whether a plan

has been pre-computed; if none exists then a plan is generated and stored. TheFFTis subsequently

computed using the plan. The C++ class which does this is calledFFTDriver.

A typical DFT of CTFM echoes is shown in Figure10.3. Of interest in the context of peak

finding is the large number of peaks. TheDFT output contains a large amount of noise, which is

not reduced by increasing the length of the data record (Kay and Marple [75]).

Welch Method

The standard technique for reducing the noise, the Welch method (Welch [138], Therrien [131,

Section 10.1.3]), is to divide the data set into several overlapping segments, to apply a taper win-

dow to each one, and to take the Fourier transform of each segment. The Fourier transforms are

then averaged, reducing the magnitude of the noise. However, the reduction in noise comes at a

price. In the process of dividing the data set into shorter segments, the time interval,TDFT , over

which the Fourier transform is taken, is reduced. In turn, this also increases the frequency quanti-

sation (see (10.8)), and hence the distance of flight quantisation as well. Thus the Welch method

is incompatible with the quantisation requirements of a precision sonar system, and is not used.

No noise reduction is performed on theDFT output.

The output of theDFT stage, which is an array of complex numbers representing the spectral

lines, is passed to both the peak finder and to the peak interpolator. The peak finder executes first.

10.3.3 Peak Finder

The operation of the peak finder comprises four steps, which are executed in order.

1. The magnitudes of the complex data points are found, and are used throughout the rest of

the procedure.

2. Each point is compared to the detection threshold, and is discarded if this is not met.

3. Points not discarded by the detection threshold are found to be peaks if they are larger than

the points on either side.

4. As there are a significant number of noise peaks, a peak must be larger than the neighbouring

peaks of three samples on either side. This serves to reduce the effect of noise on the sides

of other larger peaks.
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Figure 10.3: Plot of the entireDFT output of an experiment with a glass panel at 400mm range
from the sensor. The plane of the glass was normal to the principal direction of the transmitter.
Frequency is shown along the bottom axis, while the distance of flight is shown along the top
(grey). The vertical scale is power in decibels, obtained by taking the square of the magnitude of
the complexDFT output. Peaks are found using the method described in Section10.3.3, and are
shown with a cross +. Only the interval from 0. . .3.76m corresponds to distance of flight. The
peaks near 0m are acoustical crosstalk. The peak at 0.8m is the target, while the peaks at 1.6m
and 2.4m are multiple reflections of the target echo.
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The indexes of the peaks which are found are then passed on to the peak interpolator.

10.3.4 Peak Interpolator

The peak interpolator requires both the peak indexes from the peak finder and the complex ampli-

tudes from theDFT.

The peak interpolator’s function is to provide a more precise estimate of the frequency of

the tonal echo than is possible using the discrete indexes of the peak finder which are tied to

system characteristics. The interpolator is required because the spectral line step quantisation of

∆ f = 6.73Hz converts to aDOF quantisation which is 7.4mm here, compared to a worst case

of 1mm in the matched filter systems of Chapter8. Thus some form of interpolation is clearly

necessary.

The literature indicates that there are two ways in which interpolation can be implemented.

1. Zero padding in the time domain has the effect of increasing the length of the sample, which

narrows the quantisation in the frequency domain. This can be seen from equation (10.8),

whereNDFT is increased while retaining the same sampling rate,fsd, producing a smaller

value of∆ f . Note that this does not narrow the width of the sinc function (see equation

(10.17) below) that is produced by the Fourier transform of the data, and therefore cannot

improve the resolution of any technique based upon theDFT.

2. Fit a function, in the frequency domain, to the complex amplitude peak value and its left

and right off-peak values (Davies [28]).

An initial investigation of Davies’ work suggested that improved interpolation algorithms requir-

ing lessCPUresources than the zero padding technique were now available. In particular, Davies’

method E [28], complex exact interpolation, showed clear superiority over five other techniques

also evaluated by Davies [28], and thus we implemented Davies’ method E.

Implementation

Davies’ method E [28] assumes that the input signal is of the form

s(t) = asin(2π f t +φ) , (10.15)

where f is the frequency of the signal, in Hertz, andφ is a phase offset, being constrained by

0≤ φ < 2π. The signal is sampled,s[n] = s(n·∆t), and theDFT is taken. Davies then interpolates

to find the peak frequency,f , using the largest sample point, with indexkm, and the points on its

left and right, with indexeskm−1 andkm+1, with the formula

f 2 =
1

T2
DFT

·C[km−1] (km−1)2−2C[km]k2
m+C[km+1] (km+1)2

C[km−1]−2C[km]+C[km+1]
, (10.16)

whereC[k] refers to thekth complex spectral line provided by theDFT output, andTDFT is the

period over which theDFT input data extends, and is given byNDFT ·∆t = NDFT/ fsd.

The interpolation formula (10.16) only includes the central three points because this is where

the signal energy is concentrated. The points outside the central peak have lower signal energy
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and therefore a lower signal to noise ratio. Thus the effect of including more points would be to

include more noise in the computation (Davies [28]).

Equation (10.16) produces a real frequency when applied to thediscrete Fourier transformof

a signal such as (10.15). However, it tends to give a complex frequency when experimental data is

used to generate the spectral lines,C[k]. Since frequency,f , is defined to be a real quantity, only

the real part is used. In this implementation, if the complex part is too large, the peak is assumed

to be badly formed and is discarded. A threshold of 15 for the imaginary part was found to be

sufficient to avoid rejecting valid targets.

The Discrete Fourier transform of (10.15), found by the methods of Bracewell [14], is

C[k] =
jaTDFT

2
e
− j kφ

f TDFT {sinc(k+ f TDFT)−sinc(k− f TDFT)} . (10.17)

This includes terms for both positive and negative frequencies, which can only be distinguished

when the input is complex. As the positive and negative frequency components are quite far apart,

the negative frequency sinc function in (10.17) may be ignored. Furthermore, the normalisation

for TDFT is computed by theDFT code, so it will not be considered further here. Thus (10.17)

simplifies to

C[k] =
− ja

2
e
− j kφ

f TDFT sinc(k− f TDFT) . (10.18)

Furthermore, when the magnitude,|C[k]|, is taken, the complex exponential drops out, leaving

|C[k]|= a
2

sinc(k− f TDFT) .

Davies’ interpolation method does not provide an estimate for the amplitude,a, of the sine-wave.

As this sonar system requires the amplitude,a, it is found using the value of the maximum spectral

line,

a =
2|C[km]|

sinc(km− f TDFT)
.

Thus the sinc function will pass exactly through the maximum spectral line. The power is subse-

quently found froma2.

A typical interpolated peak is shown in Figure10.4.

The interpolation scheme outlined in this section makes three assumptions upon the input

signal:

1. that the signal is of the form given by equation (10.15),

2. that the negative frequency sinc function (see (10.17)) is far enough away that it has no

effect upon the positive frequency sinc function,

3. that the target is an isolated one with no interference from adjacent echoes, and

4. that the three points used for interpolation contain negligible amounts of noise.

In practice, these assumptions have varying degrees of applicability. Assumption1 is slightly

invalidated by the time domain envelope of practical echo signals, as the envelope is modulated

rather than flat (see Figure9.16b). Assumption2 is made valid by the duration of the signals used.
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Sequence# 1, Position: (X,Y)=(0.4, 0) m, theta: 0 deg, c = 345.7288 m/s

Figure 10.4: Closeup ofDFT spectrum around the main target. The geometrical path length is
0.8028m. The comb plot is the values|z|2 computed by theDFT upon the standard input data set,
containing 2048 samples in the time domain. The peak finder has selected the highest point in
this series and marked it with a magenta +. The green curve consists of the values|z|2 computed
by aDFT with zero padding for a total of 131072 samples in the time domain. The peak finder
has selected the highest peak, marked with a green×. The zero padded curve is included for
comparison only, and is not used by the sonar system. The red curve is a sinc function fitted to
three points, being the spectral line marked with a magenta + and the two peaks on either side.
The maxima of the sinc function, which is used by the sonar system as an estimate of the tonal
echo frequency and power, is indicated by a red×.
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Assumption3 is invalid when targets are adjacent, as when performing the resolution experiment.

The breakdown of this assumption will be examined practically in Section13.3.3. Assumption4

is supported by only selecting the central three points, which have the best availableSNR.

The position of the peak found by the complex interpolation scheme is quite similar to that

found by the more computationally expensive zero padding technique. Thus the interpolation

scheme is used to provide the estimate of the tonal echo frequency and power.

At this point, the frequency and power of the tonal echo signals have been determined. Target

detection is completed with the frequency toTOF converter.

10.3.5 Frequency to TOF Converter

The tonal echo frequencies are converted toTime Of Flight (TOF)using (9.22) and (3.9), where

the speed of sound,c, has been cancelled out:

τ =
1
µ

{
1

4Nd

fsr

2
− fout

}
. (10.19)

Using the parameters and dependent variables of Tables9.1and9.2, (10.19) becomes

τ =−5.515×10−3 +3.198600×10−6 · fout.

The conversion ofTOF, τ, to DOF, d, will be performed in Chapter12, and is performed by a

separate module, as shown in Figure9.1.

The final output of the sonar system has now been obtained, providing similar information to

both of the matched filter sonar systems seen in Chapter8.

10.3.6 User Interface

The sonar system described in this chapter is designated the CTFM-DFT sonar system throughout

the remainder of this thesis. The user interface for theCTFM component was shown in Fig-

ure9.17. The user interface corresponding to the block diagram of Figure10.2is shown in Fig-

ure10.5.

10.4 Conclusion

TheDOF quantisation of theDFT spectral estimator is tightly constrained by its interaction with

theCTFM sonar system. The only practical way to improve theDOF quantisation,∆d, from the

current value of 7.4mm is to reduce the maximum range of the sonar system. While at first it

would seem that increasing the sampling rate,fs, in the time domain would improve theDOF

quantisation, Section10.1.1demonstrates that this does not improve∆ f , and by extension,∆d

remains constant throughout this operation. The additional samples instead increase the maximum

sample available in the frequency domain.

As theDOFquantum is quite large, especially when compared to the quantum in the matched

filter output of Chapter8, interpolation of the peak position is of crucial importance. A com-

plex interpolation scheme due to Davies and Creecraft [28] was implemented to perform this task

efficiently. The effectiveness of the system as a whole will be evaluated in Chapters13and14.
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Figure 10.5: Settings for theDFT and spectral estimation modules used as part of the CTFM-DFT sonar system. Processor Stage 1 implements the first
two stages of Figure10.2. The check box controls whether the Echo Time Selection stage is performed. Processor Stage 2 implements the peak finder
stage of Figure10.2, and returns peak indexes. The settings control the detection threshold and the width of the window described in Section10.3.3.
Processor Stage 3 implements the peak interpolator, and includes a setting for the threshold for rejecting complex peaks. Processor Stage 4 implements
the Frequency toTOF converter described in Section10.3.5, using the sweep information from theCTFM stage.



206 CHAPTER 10. DFT SPECTRUM ESTIMATION
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of this system, are the work of this author.



Chapter 11

Auto-Regressive Spectral Estimation

The traditional or classical power spectrum estimators belong to the non-parametric class and are

based on the periodogram. Chapters4, 6, 8 and10 are based on these methods which have their

origins in the now classical work of Bartlett (1948) [8], Blackman and Tukey (1958) [13], and

Welch (1967) [138]. Much of this work is incorporated into the work of Bracewell (1965) [14]

which has underpinned much of this thesis.

These classical approaches are characterised by a frequency resolution quantisation that is tied

to the length of the data span. In the case of Chapter10, where aCTFM signal is analysed with

such a classicalDFT, the level of quantisation is a poor 7.4mm. The broad nature of the peaks

in theDFT output is caused by the assumed periodic extension of the available input data points.

The literature suggests a number of approaches, chief among which is the parametric class of

spectral estimators. These estimators utilise additional knowledge about the process producing

the signal to extend the data points past the available data span without making the assumption of

periodicity. This provides a higher resolution estimate of thePower Spectral Density (PSD)than

theDFT method.

The parametric class of spectral estimators is well described in the seminal tutorial paper of

Kay and Marple (1981) [75]. This paper suggests that the following threeAuto-Regressive (AR)

class spectral estimators offer advantages over classicalDFT methods:

1. Autoregressive (AR) Yule-Walker (YW)version.

2. Autoregressive (Burg) algorithm.

This estimator was specifically rejected as it is known to have reduced performance in the

presence of moderate to high noise levels. It is also known to have frequency biases.

3. Autoregressive (AR) least squares or forward-backward linear prediction version. This is

called theLeast Squares Modified Yule-Walker (LSMYW)method in this thesis.

The discussion in Kay and Marple [75] is heavily biased toward resolving two close frequencies,

the resolution problem of Section2.1, compared to accurately and precisely determining the peak

frequency which is related to range precision. It is shown in Chapters13 and14 that range pre-

cision, synonymous in this case with the precision of the frequency determination, is a significant

constraint on the determination of bearing.

The fundamental difference between theDFT and theAR spectral estimates is in the assump-

tions made of the data beyond the samples supplied from the experimental data. Whereas theDFT

207
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Figure 11.1: The relationship between the sampled time series, the Z domain, and the Fourier fre-
quency domain. There is no method of transforming from the frequency domain to the Z domain,
as the Z domain contains a superset of the information present in the frequency domain.

assumes a periodic extension, theAR spectral estimators extend the data by assuming that the

statistical properties of the data remain constant, that is the data is stochastic, and that a model

order is known a-priori. While there are techniques to estimate the model order (Kay and Marple

[75]), these are of questionable reliability, and have not been applied here.

It should be noted that the performance of modern spectral estimation techniques is highly

dependent upon the data presented, and techniques which work well on one data set may perform

poorly on another data set. Thus, it is possible that one of the other methods listed by Kay and

Marple [75] may provide better results than either of the twoAR models tested in this thesis.

The following section develops the basic signal processing knowledge which is necessary to

apply these two methods. The chapter then describes the operation of both theYule-Walkerand

the least squares modified Yule-Walkermodels and finally describes their implementation and

integration into the chirp application program used in this thesis.

11.1 Theory

11.1.1 The Z Transform

Modern digital signal processing techniques utilise the Z transform for design and analysis [116,

Chapter 3], as it simplifies computations involving convolutions between sampled series. It also

allows the transfer function of a digital system to be analysed in terms of its frequency response,

due to the close relationship between the Z transform and the Fourier transform. The relation-

ships between the time domain samples, the Z transform, and the frequency domain are shown in

Figure11.1.

The Z transform, denotedZ , of a sampled sequencex[n] is

Z {x[n]}= X (z) =
∞

∑
n=−∞

x[n]z−n, (11.1)

wherez is a complex number, andX (z) represents a continuous complex function in the complex

plane.
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If the sequencex[n] is zero outside the interval 0≤ n < Nx, the limits of summation may be

adjusted to

Z {x[n]}= X (z) =
Nx−1

∑
n=0

x[n]z−n. (11.2)

This is quite similar to the definition of the Fourier transform (10.2). If the z argument is equated

to exp( j2πk/Nz), the term which appears in (10.2), then (11.2) and (10.2) become equivalent. The

equivalence only holds around the unit circle in the complex plane. Furthermore, using equation

(10.9) which relates the frequency,f , and the spectral line number,k, the z parameter may be

related to frequency:

z= ej2πk/NZ = ej2π f/ fs = ejωs. (11.3)

The variablefs is the sampling frequency, andωs is scaled angular frequency, defined byωs =
2π f/ fs, and is introduced for convenience of notation.

Given that thepower spectral density, P ( f ), for a Fourier transform is calculated by|F (ωs)|2,

the relationship between the Z transform and the Fourier transform allows thePSDof a Z transform

to be calculated in a similar way:

P ( f ) =
∣∣X (ejωs

)∣∣2 , (11.4)

where it is understood that the frequency conversion, fromf to ωs, is carried out byωs = 2π f/ fs
from (11.3).

11.1.2 Rational Model for Spectral Estimation

Systems in the form of a rational model are computationally convenient, and may be used to ap-

proximate many other types of system, given sufficient order. Systems conforming to the rational

model in the time and Z domains will now be described, and the use of the factored representation

of the Z transform of the system function will be explained.

A system described by the rational model processes input samples,x[n], into output samples,

y[n], according to the relationship

y[n] =
p

∑
k=1

aky[n−k]+
q

∑
k=0

bkx[n−k] . (11.5)

This computes the new output sample point,y[n] , in terms of the previous output sample points,

y[n−k], and the current and previous input sample points,x[n−k]. Theak andbk parameters are

real. Oppenheim and Schafer [105] show that the Z transform of (11.5) is

S(z) =
b0 +b1z−1 + . . .+bqz−q

1+a1z−1 + . . .+apz−p =
∑q

k=0
bkz
−k

1+∑p
k=1

akz
−k , (11.6)

wherez is the transform variable. The polynomials in the numerator and denominator of (11.6)

will have the same number of complex roots as their polynomial order. Equation (11.6) may be

factored to obtain

S(z) = b0 ·z
p−q (z−q1)(z−q2) . . .(z−qq)

(z− p1)(z− p2) . . .(z− pp)
= b0 ·z

p−q ·
∏q

k=1

(
z−qk

)
∏p

k=1

(
z− pk

) , (11.7)
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whereqk represents thekth complex root of the numerator ofS(z), and pk represents thekth

complex root of the denominator. Zeros in the denominator cause poles in the system function

S(z) , so thepk are referred to as poles. The poles and zeros must occur in complex conjugate

pairs to obtain real time domain coefficients,ak andbk. Equation (11.7) may be combined with

the Fourier transform relationship, (11.4), to analyse the frequency response of the rational system.

The role of the numerator of the rational model, (11.6), is now discussed. Setting all theak

equal to zero yields

S(z) = b0 +b1z−1 + . . .+bqz−q. (11.8)

The time domain equivalent of (11.8) is

y[n] =
q

∑
k=0

bkx[n−k] . (11.9)

This is aFinite Impulse Response (FIR)filter system, also known as aMoving Average (MA)

system. The factored Z-transform function, derived from (11.7), is now composed of zeros. The

frequency response of such a system will consist of low points near where the zeros occur. If the

zeros are placed upon the unit circle, then the frequency response will contain a zero. Cadzow

[20] demonstrates that theDFT fits a MA system to the data in order to estimate the spectrum.

The orderq of the MA system is equal to the number of input samples when estimated by the

periodogram method. Kay and Marple [75] show thatMA andDFT systems have broad peaks and

function poorly when modelling spectra with peaks, requiring many zeros, and hence many time

samples, to compensate.

Turning now to the denominator of (11.6), setting all but the first of thebk parameters from

(11.6) equal to 0 yields

S(z) =
b0

1+akz
−1 + . . .+apz−p . (11.10)

The time domain version of (11.10) is

y[n] =
p

∑
k=1

aky[n−k]+b0x[n] . (11.11)

Equation (11.11) computes the output point,y[n], as a function of the previous output points,

y[n−k], and the current input point. Such a system has anInfinite Impulse Response (IIR), as the

input is recycled by the filter. This filter structure is also called anAuto-Regressive (AR)system.

The Z transform of the system function, (11.10), may also be factored. Recognising that

(11.10) has no zeros, and only poles, settingq = 0 in (11.7) yields

S(z) =
b0 ·zp

(z− p1)(z− p2) . . .(z− pp)
=

b0 ·zp

∏p
k=1

(
z− pk

) , (11.12)

showing that theAR system containsp poles, and a multiple zero of orderp atz= 0+0 j.

An exampleAR system, having poles atz= 0.98exp(± j3π/8) = 0.375±0.905j, is shown in

Figure11.2. The form of (11.12) requires that a double zero is placed atz= 0+0 j. The positions

of the poles and zeros is shown in Figure11.2b. This can be seen to have a direct effect upon the

magnitude of the Z transform, as shown in Figure11.2a. The numerator roots cause zeros in the Z
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Figure 11.2: An example of anauto-regressive(all-pole) system. (a) Shows the decibel squared
magnitude of the Z transform of the system function. The unit circle is drawn on the surface in
red. (b) Shows the location of the two conjugate poles,pk, marked×, in the complex plane of the
Z transform, causing the peaks to appear at those locations in (a). The poles must occur within
the unit circle for the system to be stable (Proakis and Manolakis [116]). This plot also shows the
double zero located at the origin, marked with◦©. (c) Shows the frequency response spectrum
of the system, obtained from the Z transform by (11.4). Only two poles are required to produce
sharp peaks. The locations of the peaks on the spectrum plot, atωs = ±3π/8, are controlled by
the positions of the poles. The poles are located atz= 0.98exp(± j3π/8) = 0.375±0.905j.
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x@n-1D
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x̀@nD

Figure 11.3: Time domain input and output of alinear predictive filter. The integern is related to
time byt (n) = n/ fs. The vertical scale indicates the sample amplitudes. The problem is to predict,
or estimate,̂x[n] given p past samples of the input sequence,x[n− p] , . . . , x[n−1].

transform magnitude, while the denominator roots cause poles in the Z transform magnitude. The

frequency response of the system, which may be evaluated using (11.4), is shown in Figure11.2c.

The frequency response is the same as the magnitude of the Z transform evaluated around the unit

circle, which is shown in red on Figure11.2a.

The multiple zeros located atz= 0+ 0 j, introduced by the factorisation of (11.12), have no

effect upon the frequency response of the system. The zeros are introduced by the termSz(z) =
z−2 from (11.12). Evaluating thePSDvia (11.4), yieldsP ( f ) =

∣∣e−2 jωs
∣∣2 = 1, showing that the

additional zeros have no effect upon the spectrum.

Figure11.2 shows that each pole produces a sharp peak in the system frequency response.

Thus it is hypothesised thatAR systems will be good at modelling power spectra containing peaks.

Having examined the rational model, and identified theAR system type as having desirable

properties for estimating spectra with peaks,AR models must now be constructed to represent a

particular time domain data sequence. This problem is addressed by theYule-Walkerandleast

squares modified Yule-Walkerspectral estimators in the next two sections.

11.2 Yule-Walker Spectral Estimator

TheYule-Walker (YW)spectral estimator operates by fitting anAR system to the input data, in the

sense that theAR system will be able to predict and extend the sequence, and then use the spectral

properties of the system to estimate the spectrum of the input signal. The system is modelled using

a linear predictive filter.

11.2.1 Linear Predictive Filter

Therrien [131, Section 7.2] describes how a signal may be statistically modelled with aLinear

Predictive Filter (LPF). TheLPF predicts samplex[n] given thep samplesx[n− p] , . . . , x[n−1]
which have preceded it, as shown in Figure11.3. Thelinear predictive filterproblem is to find neg-

ativeMA filter coefficients,−a1,−a2, . . . ,−ap, which may be used in equation (11.9) to estimate
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the next point,̂x[n], in the sequence

x̂[n] =−a1x[n−1]−a2x[n−2]− . . .−apx[n− p] , (11.13)

wherê denotes an estimated value. The negative notation has been adopted for later convenience.

The solution to (11.13) is constrained by the requirement to minimise the error, denotedε [n]. The

error is calculated by the difference between the actual value of the next sample,x[n], and the

estimated valuêx[n]. Thus,

ε [n] = x[n]− x̂[n] . (11.14)

The error sequence,ε [n], may be statistically characterised by its variance,σ2
ε , which is calculated

using the expectation value operator,E{ },

σ
2
ε = E

{
|ε [n]|2

}
= E

{
|x[n]− x̂[n]|2

}
, (11.15)

Thus thelinear predictive filterproblem is solved by finding a set ofa1 . . .ap which minimises the

variance,σ2
ε , of the prediction error sequence.

Equation (11.13) may also be written in the equivalent form

x̂[n] =
p

∑
k=1

−akx[n−k] . (11.16)

This has the same form as (11.9), showing that̂x[n] is produced as the output of alinear time-

invariantFIR filter. This explains the use of the term filter in the namelinear predictive filter.

It is also possible to express the error process,ε [n], as aFIR filter, by defininga0≡ 1. Thus,

ε [n] = x[n]− x̂[n] =
p

∑
k=0

akx[n−k] . (11.17)

This is thePrediction Error Filter (PEF). Theak parameters were selected to be negative to support

the construction of (11.17). They cancel the subtraction of the estimate,x̂[n], in (11.17), making

thePEFa positive sum. The relationship between theLPF and thePEF, which are modelled by

(11.16) and (11.17) respectively, is shown in Figure11.4.

The method of finding the parameters,ak, which satisfy the linear prediction problem is found

using the orthogonality principle (Therrien [131]). Two sequences are said to be orthogonal when

their cross correlation,E{x[n− l ]y[n]}, is equal to zero. This is equivalent to saying that the

signals are uncorrelated. The orthogonality principle for optimal filtering states that the filter is

optimal when the error output is orthogonal to the input signal:

E{x[n− l ]ε [n]}= 0, l = 1, 2, . . . , p. (11.18)

The orthogonality principle only operates at offsets,l , between the two sequences of one or more

samples, as the predictor does not yet know the next point,x[n], in the sequence, and can only

be orthogonal to thep points it has already seen. The error in the estimate provides the expected

value of the equivalent of (11.18) at zero offsetl ,

E{x[n]ε [n]}= σ
2
ε . (11.19)

This is the minimum prediction error, which is obtained when condition (11.18) is met. If condi-

tion (11.18) is not met, the error will be larger than given by (11.19).

Theak parameters may be derived, using (11.18), from the previously observed data. Equation

(11.19) will be used to find the parameterb0 which sets the overall level of the spectral estimate.
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Figure 11.4: The relationship between theLinear Predictive Filter (LPF), which predictsx̂[n]
given the previousp samples of the sampled sequencex[n], and thePrediction Error Filter (PEF),
which calculates the errorε [n] in the prediction̂x[n]. The diagram depicts the flow of one sample
through the filter system. The diagram is executed once for each input sample. TheLPFmaintains
a memory of the previously seen samples for computing its output.

Finding the ak Parameters

Starting with (11.18) and substituting forε [n] using (11.17) yields

p

∑
k=0

akE{x[n− l ]x[n−k]}= 0, l = 1, 2, . . . , p,

which may be re-written as

p

∑
k=0

akRx [k− l ] = 0, l = 1, 2, . . . , p (11.20)

whereRx [l ] is the autocorrelation of the sequencex[n]. Discussion of how to calculate the auto-

correlation is deferred to Section11.2.2.

In the case ofp = 3, Equation (11.20) may be expanded into three equations. Remembering

thata0≡ 1, the equations are

Rx [−1] +a1Rx [0] +a2Rx [1] +a3Rx [2] = 0

Rx [−2] +a1Rx [−1] +a2Rx [0] +a3Rx [1] = 0

Rx [−3] +a1Rx [−2] +a2Rx [−1] +a3Rx [0] = 0

These are known as the Yule-Walker equations. The three equations may be used to solve for the

three unknownsa1 . . .a3. The equations may be re-written in matrix form forp= 3 by subtracting

theRx [l ] terms with unit coefficients to the right hand side: Rx [0] Rx [1] Rx [2]
Rx [−1] Rx [0] Rx [1]
Rx [−2] Rx [−1] Rx [0]

 ·
 a1

a2

a3

=

 −Rx [−1]
−Rx [−2]
−Rx [−3]

 . (11.21)

This may be solved by the standard methods of linear algebra (Anton [6]). More generally, for any
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number of filter coefficientsp the matrix form may be written as
Rx [0] Rx [1] . . . Rx [p−1]

Rx [−1] Rx [0] . . . Rx [p−2]
...

...
...

...

Rx [1− p] Rx [2− p] . . . Rx [0]

 ·


a1

a2
...

ap

=


−Rx [−1]
−Rx [−2]

...

−Rx [−p]

 . (11.22)

The computational complexity of solving (11.22) directly is O
(
p3
)
.

Once theak are known, equation (11.19) may be used to easily calculate the variance of the

prediction error,σ2
ε :

σ
2
ε =

p

∑
k=0

akRx [k] . (11.23)

Thus theak parameters from the autocorrelation of the sampled sequencex[n] have been deter-

mined, together with the prediction error varianceσ2
ε . Methods of calculating the autocorrelation

Rx [l ] will be considered next.

11.2.2 Autocorrelation of a Sequence

The autocorrelation of a sequence is

Rx [l ] = E{x[n]x[n− l ]} , (11.24)

whereE{ } is the expectation value operator. There are several methods available for computing

the estimateRx [l ]. Cadzow [20] discusses the selection of the autocorrelation estimator and notes

that it is very important to select an estimator appropriate to the problem at hand. Two formulae

using the available datax[k] , k= 1, 2, . . . Nx are discussed here. The first is the unbiased estimator,

R̂x [l ] =
1

Nx−|l |

Nx

∑
k=1

x[k]x[k− l ] , (11.25)

which tends toward the true autocorrelation as the number of sample points,Nx, becomes large.

The second formula is the biased estimator,

R̂x [l ] =
1
Nx

Nx

∑
k=1

x[k]x[k− l ] , (11.26)

which is equivalent to the unbiased estimate, given by (11.25), multiplied by a triangular window

function,Nx/(Nx−|l |). Kay and Marple [75] indicate that the biased estimator (11.26) will have

less mean square error than (11.25) for many practical data sets. The biased estimator (11.26) was

used in this work. In both formulae, (11.25) and (11.26), any use ofx[k] , k /∈ {1, 2, . . . , Nx} is

deemed to be 0 for convenience.

The sums in (11.25) and (11.26) have a computational complexity of orderO
(
N2

x

)
. A speedup

is discussed in Section11.4.2. The negative lags are computed using the symmetry relationship,

Rx [−n] = Rx [n] . (11.27)

This reduces the required computation by half.
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Figure 11.5: Comparison between theprediction error filter(whitening filter) and theAR model
used for spectral estimation.

11.2.3 Spectral Estimation

Having discussed the estimation of the autocorrelation function, thelinear predictive filtermay

now be applied to the problem of spectral estimation.

Consider theprediction error filterdepicted at the top of Figure11.5. If the prediction error

filter of Section11.2.1is constructed with sufficient orderp, then according to (11.18) and (11.19)

theprediction error filteroutputε [1] , ε [2] , . . . , ε [n] will be pure white noise, representing a noise

process. Since a white noise signal has a flat spectrum, this implies that the linear predictive filter

must have the inverse spectrum of the signal, and filters it out. Therefore the inverse system of the

prediction error filtermust have a spectral response which matches that of the signal. The system

depicted in the lower part of Figure11.5 is the inverse of theprediction error filter. It shows a

white noise source driving a filter with the same spectral response as the sampled sequence,x[n].
The output of the filter then produces a signal which models the sequencex[n] in a spectral sense.

It is this inverse system which is used for performing spectral estimation.

Going over this again in more detail, the Z transform of theprediction error filteris

SPEF (z) =
p

∑
k=0

akz
−k,

with a0≡ 1. The inverse of theprediction error filteris

SIPEF (z) =
1

∑p
k=0

akz
−k ,

If a white noise source or noise process with varianceσ2
w = σ2

ε is used to drive this filter, a sig-

nal x̂[k] with the same statistical and spectral properties as the original input signalx[k] will be

obtained. Thus the system

Sest(z) =
σ2

ε

∑p
k=0

akz
−k =

b0

∑p
k=0

akz
−k (11.28)

is used to estimate the spectrum of the input signalx[n]. The form includingb0 demonstrates that

(11.28) is equivalent to (11.10).
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Figure 11.6: Example of using the minimum number of data points (2) for a linear least squares fit.
This provides an extremely poor fit to the data, as the two points in question have a considerable
error. The errors in the estimated line fit become less significant as more points are used. From
Cadzow [20].

To obtain a spectrum in terms of scaled angular frequencyωs instead ofz, equation (11.3) may

be used to write

PAR( f ) =
∣∣Sest

(
ejωs
)∣∣2 . (11.29)

This allows theAR spectral estimate to be found from the signal data by theYule-Walkermethod.

Assumptions

TheYW spectral estimation technique assumes that the prediction error sequence,ε [n] as given by

(11.17), is uncorrelated with the signal (see (11.18)). This assumption is only valid if the order of

theLPFis sufficient to model the signal. The assumption may be tested for a particular filter order

by computing (11.18) and verifying that the cross-correlation is low. A high cross-correlation

indicates a breakdown of the orthogonality principle due to insufficient filter order.

The practical implication of utilising an insufficient filter order is that parts of the signal escape

the prediction filter and remain in the prediction error sequence. The impact of this upon spectral

estimation is that some spectral components are absent from the spectral estimate. Close spectral

peaks may be modelled by a single pole instead of using one pole each, as is necessary for faithful

reproduction. Thus it is important to choose the correct filter order to obtain good results. There

are some automated methods of doing this (Kay and Marple [75]).

11.3 Least Squares Modified Yule-Walker Spectral Estimation

The second method of calculating theak parameters which is used in this thesis is theLeast Squares

Modified Yule-Walker (LSMYW)method. This method recognises that the weakness in theAR

method is the accuracy of the autocorrelation estimateR̂x [p], and uses an additional number of

autocorrelation lags to solve for theak parameters in the least squares sense. The motivation for

doing this is similar to the straight line fit process outlined in Figure11.6. The method of finding

theak parameters is due to Cadzow [20].
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The LSMYW method uses more than the minimal number of autocorrelation points,R̂x [p],
needed to solve an extended set ofYule-Walkerequations (11.20). This makes the system over-

determined. The addition of this extra data fork > p introduces an extra parameter in addition

to the number of poles,p. This extra parameter is the numbert − p of additional autocorrela-

tion points,R̂x [p], used to solve theYule-Walkerequations. The extrat− p points improve the

statistical robustness of the estimatedPSDwhen there are errors present in the autocorrelation

estimate.

A set of equations is formed byt (instead ofp) applications of (11.20),

Rx [−1] Rx [0] Rx [1] · · · Rx [p−1]
Rx [−2] Rx [−1] Rx [0] · · · Rx [p−2]
Rx [−3] Rx [−2] Rx [−1] · · · Rx [p−3]
Rx [−4] Rx [−3] Rx [−2] · · · Rx [p−4]
Rx [−5] Rx [−4] Rx [−3] · · · Rx [p−5]

...
...

...
...

...

Rx [−t] Rx [1− t] Rx [2− t] · · · Rx [p− t]




1

a1

a2
...

ap

=



0

0

0

0

0
...

0


. (11.30)

These equations are over-determined. The coefficients ofa0 ≡ 1, forming the first column, may

be moved to the right hand side analogously to (11.21). This eliminates both the 1 at the top of the

aaa vector and the left column of the autocorrelation matrix:

Rx [0] Rx [1] · · · Rx [p−1]
Rx [−1] Rx [0] · · · Rx [p−2]
Rx [−2] Rx [−1] · · · Rx [p−3]
Rx [−3] Rx [−2] · · · Rx [p−4]
Rx [−4] Rx [−3] · · · Rx [p−5]

...
...

...
...

Rx [1− t] Rx [2− t] · · · Rx [p− t]




a1

a2
...

ap

=



−Rx [−1]
−Rx [−2]
−Rx [−3]
−Rx [−4]
−Rx [−5]

...

−Rx [−t]


. (11.31)

This may also be written in matrix form

RRR1aaa =−rrr.

This problem cannot be solved directly, as the matrix on the left hand side is not square. However,

a least squares solution may be found by constructing a Moore-Penrose pseudo-inverse (Weisstein

[137]):

RRRT
1RRR1aaa =−RRRT

1rrr, (11.32)

whereT denotes the matrix transposition. At this point we note thatRRRT
1RRR1 is square and the inverse

exists, since it is positive definite. Thus

aaa =−
(
RRRT

1RRR1

)−1
RRRT

1rrr. (11.33)

While this formulation demonstrates that theaaa coefficients may be found, superior numerical

results may be found by solving (11.32) with a library such as LAPACK [4].
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Figure 11.7: Outline of the steps performed inYW spectral estimation and peak finding. The
YW andLSMYW methods follow the same sequence of steps, but use a different mechanism to
solve the Yule-Walker equations. The number of autocorrelation lags is selected according to the
Yule-Walker solver in use, and the (user) setting forp andt.

The variance of the noise process,σ2
ε , which is needed to normalise the estimator as described

by (11.28), is obtained in the same way as for theYW method, by (11.23). The spectrum is

calculated using (11.28) and (11.29), with theaaa parameters found by (11.32).

The assumptions made by theYW spectral estimator also apply similarly to theLSMYW

spectral estimator. In particular, poor results will be obtained if an insufficient filter order is

selected.

11.4 Implementation

TheYW andLSMYW spectral estimation techniques described earlier in this chapter are imple-

mented within the C++ chirp application program described in Section5.4. The operation of both

theYW andLSMYW spectral estimators follows the same sequence of steps, which are shown in

Figure11.7.

The tonal echo signals produced as output by theCTFM sonar system in Chapter9 are used

as input to the spectral estimation system. The first stage is echo time selection.

11.4.1 Echo Time Selection

The echo time selection stage selects the interval of the echo signal once the echoes have all

arrived, and performs identically to the block described for theDFT system in Section10.3.1.

The output of this stage is a tonal echo signal, which is passed to the autocorrelation estimator,

as shown in Figure11.7.
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Figure 11.8: Block diagram of the operation of the autocorrelation estimator of Figure11.7.

11.4.2 Autocorrelation Estimator

The autocorrelation estimator computes the biased estimate of equation (11.26), as described in

Section11.2.2. However, the computation is made more efficient by performing the computation

using theFFT. The procedure used is outlined in Figure11.8.

The first stage appends zeros to the end of the time amplitude array. This is necessary as the

DFT computes circular convolution, rather than the required linear convolution (Oppenheim and

Schafer [105, Section 8.9]). Linear convolution may be simulated, for signals of finite extent, by

appending zeros to the end of the input array, making the total input size

NFFT = 2Nx−1,

whereNx is the size of the input array. ThusNx−1 zeros are appended to the input data.

Bracewell [14] shows that the autocorrelation may be computed from (4.6) by

g(t)?g(t) = g(−t)∗g(t) = F−1{(F {g(t)})∗ ·F {g(t)}
}

. (11.34)

The ? denotes correlation, the∗ denotes convolution,F denotes the Fourier transform, and
∗ denotes complex conjugation. The blocksFFT, Conjugate, Multiply, andInverse Discrete

Fourier Transform (IDFT), of Figure11.8 compute equation (11.34). The computational com-

plexity of (11.26) when computingp lags isO(Nxp), whereas the work in computing (11.34) is

O(2NFFT log2NFFT), independent of how many lags are required (Figure11.9).

The second last stage of Figure11.8selects the number of autocorrelation lags required by the

spectral estimation method. TheYW method requiresp autocorrelation lags, while theLSMYW

method requirest autocorrelation lags. The number of lags is passed as an input argument.

The last stage of Figure11.8performs the normalisation indicated in (11.26), multiplying each

autocorrelation lag by 1/Nx.
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Figure 11.9: The computational complexity of the direct (green) andDFT (blue) methods of
computing the autocorrelation. It was assumed thatp = 128 lags were required when computing
the graph.

The autocorrelation estimate,Rx [l ], has now been obtained to the required number of lags.

This estimate is now passed on to the Yule-Walker Equation Solver, as shown in Figure11.7.

11.4.3 Yule-Walker Equation Solver

TheYW andLSMYW spectral estimators solve different sets of Yule-Walker equations to obtain

theak andb0 coefficients.

Yule-Walker

TheYW estimator solves (11.22) using the Durbin algorithm, which exploits the symmetry present

in the matrix on the left hand side. The Durbin algorithm is described in AppendixC.2.

Least Squares Modified Yule-Walker

The LSMYW estimator solves (11.32) using LAPACK [4]. The method used is described in

AppendixC.3.

At this point theak andb0 coefficients have been obtained. They are now passed over to the

spectral peak finder.

11.4.4 Spectral Peak Finder

The operation of the spectral peak finder is somewhat different from the peak finders used in

the matched filter and CTFM-DFT sonar systems described in Chapters8 and 10, due to the

availability of a continuous spectral function which may be evaluated at any frequency. A block

diagram of the process used is shown in Figure11.10. Each of the blocks are now described in

turn.
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Figure 11.10: Block diagram of the steps performed by the spectral peak finder. This is used
by both theYW andLSMYW systems, and corresponds to the Spectral Peak Finder box of Fig-
ure11.7.

Root Finder

TheYW andLSMYW methods provide estimates of theAR coefficientsa1 . . .ap. These coeffi-

cients can be used to calculate a spectrum as described in Section11.1.2. Figure11.2shows that

the spectral peaks will be near the poles of (11.10), which are in turn determined by the roots of

the polynomial

1+a1z+a2z2 + . . .+apzp = 0. (11.35)

The roots may be found efficiently by constructing a companion matrix and finding its eigenvalues,

as described by Golub and Van Loan [45, Section 7.4]. The code which performs the root finding

may be found in the fileroots.h of the chirp application program. The roots are then used as

starting points for a more precise numerical search, which is performed by the grid evaluator.

Grid Evaluator

The grid evaluator computes the spectrum using the function

P ( f ) =
∣∣∣∣ 1
1+ake

− jωs + . . .+ape− jpωs

∣∣∣∣2 , (11.36)

which is derived from (11.10) using the relationship between the Z and Fourier transforms (11.4).

The scaled radial frequency,ωs, is related to the frequencyf in Hertz as described in Sec-

tion 11.1.1. The function (11.36) is evaluated on a fixed grid, equivalent to 16384 points between

0 and fsd/2 inclusive. The peaks are only evaluated for±30 points on either side of a pole (see

Figure 11.11). In general, the peak is not located where a radius line drawn through the pole
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Figure 11.11: Diagrams showing how the grid evaluator works. A system having four evenly
spaced poles, and their four complex conjugates, is used. The poles are placed near the unit circle.
(a) Shows a closeup of the position of one of the poles. A radius line is drawn from 0+0 j through a
pole location to the unit circle. (b) Shows a sample grid of points where the spectrum is evaluated.
The grid shown here is not as fine as the one used by the program. The spectral peak does not
coincide with the position of the pole, which is marked by a longer vertical line than the others.

intersects with the unit circle, due to interaction with the other poles.

The grid evaluation procedure is performed once for each root. The grid points are stored

into a sparse array. The C++ code uses the STLmap class, described by Josuttis [66], to store

the points, associated with their index positions on the grid. Thus themap ends up containing a

set of points clustered around the positions of the poles. If two poles occur very close together,

then some points may be evaluated more than once. This is not considered to be a problem for

performance.

The sparse grid of the power spectral density is passed on to the peak finder.

Peak Finder

A peak finder is then used upon the data in the sparse array. This finds the actual positions of

the peaks, to a precision within the granularity of the grid. The peak finder is the same as that

described in Section8.7.1. The peak positions are then passed to the numerical maxima finder.

Numerical Maxima Finder

The numerical maxima finder exploits the continuous power spectral density function (11.36) to

find the position of the peak without requiring interpolation. The numerical maxima finder utilises

the Brent method described by Press [114], and requires three points as input. These three points

are initialised to be the maxima found by the peak finder, and the two grid points on either side.

The numerical maxima finder evaluates (11.36) and recursively determines the position of the
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peak much more precisely than the precision of the power spectral density function itself. Thus

the quantum used in the grid to find the peaks has no bearing on the final peak output by the

maxima finder.

The spectral peak finder produces as output a list containing the frequency of each peak, and

its associated peak power. This concludes the operation of the spectral peak finder component of

Figure11.7. The list is passed to the block which converts frequency toTOF.

11.4.5 Frequency to TOF Converter

Once the peak frequencies and powers have been obtained, each frequency is converted toTOFby

the same method as is used for theDFT estimator in Section10.3.5. TheTOFand echo power are

passed on to theTOF to DOF converter, as shown in Figure9.1. TheTOF to DOF converter will

be described in Chapter12.

11.4.6 User Interface

The combination ofCTFM and aYW spectral estimator will be referred to as the CTFM-YW

sonar system for the remainder of this thesis. Sometimes the notation CTFM-YW(p) is used,

where p indicates the number ofaaa coefficients used when solving (11.22). The user interface

controlling the CTFM-YW sonar system is shown in Figure11.12.

The combination ofCTFM and aLSMYW spectral estimator will be referred to as the CTFM-

LSMYW sonar system for the remainder of this thesis. Sometimes the notation CTFM-LSMYW(p,t−
p) is used, wherep indicates the number ofaaa coefficients, andt indicates the number of autocor-

relation lags, used when solving (11.32). The user interface for the CTFM-LSMYW sonar system

has a user interface which is very similar to that shown in Figure11.12, and a pre-configured sys-

tem may be obtained by selecting anLSMYW configuration using the pop-up menu at the bottom

left of the dialogue. There is one additional field, the Number of Extended YW Equations, which

controlst− p.

11.5 Conclusion

Two methods of parametric spectral estimation have been described and implemented. These

methods are expected to have better precision than theDFT spectral estimator, due partly to the

lack of quantisation in the output, but also due to the different method used to extend the series

outside the relatively short time domain data record available. The type of information provided

by the CTFM-YW and the CTFM-LSMYW sonar systems is no different in its nature to that

provided by thematched filtersonar system of Chapter8, and the CTFM-DFT sonar system of

Chapter10, providing estimates of theTOF and echo power. TheTOF will be converted toDOF

in Chapter12.

The YW and LSMYW spectral estimators are both parametric. They require as input the

number of zeros to use in thePEFmodel of the signal, which is equivalent to the number of poles

used in theAR model which is used to generate the spectral estimate. If the number of poles is not

matched to the signal, and in particular is insufficient, then a poor estimate results.
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Figure 11.12: Settings for theCTFM sonar andYW spectral estimation and peak finding modules used as part of the CTFM-YW sonar system. The
Initial Stage is the same as seen in Figure9.17. Processor Stage 1 implements all of the elements of theYW spectral estimator and peak finder shown in
Figure11.7. The delay start by maxTOF check box allows the echo time selection stage of Figure11.7to be bypassed. The number of poles edit box
controlsp. The number of points in spectrum box is only used if the sparse method of peak finding is not selected. The Find peaks using sparse method
check box controls whether the sparse method described in Section11.4.4is used, or the grid is simply evaluated over the entire spectrum. The number
of points on either side of pole box controls the width of the sparse grid of Section11.4.4. The threshold field determines the detection threshold, as
described in Section4.2.2. Processor Stage 2 combines the functionality of the frequency toTOFconverter of Figure11.7and theTOFto DOFconverter
of Figure9.1.
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Chapter 12

The Speed of Sound

Many sciences and technologies have undergone revolution in the last few decades. Metrology,

the science of weights and measures, has been part of this revolution. No longer is the standard of

length defined in terms of a bar or rod held in a particular national institution. Rather it is

. . . the length of the path travelled by light in a vacuum during a time interval of

1/299 792 458 of a second. (BIPM [17])

The definition of the second is

The duration of 9 192 631 770 periods of the radiation corresponding to the tran-

sition between the two hyperfine levels of the ground state of the caesium 133 atom.

(BIPM [17])

That is, length is defined indirectly through the definitions of the speed of light and time. Clearly

an error in the definition of the speed of light results in an error in the definition or determination

of length.

While not of the same fundamental importance, a similar situation applies to sound which

can be viewed as just another propagating wave even though it requires a compressible medium

for propagation. That is, the determination of distance or length is dependent upon a precise

knowledge of the speed of propagation under a wide range of environmental conditions.

The aim of this chapter is to validate our knowledge of the speed of sound and how the en-

vironment, as described by temperature, pressure and humidity, modifies this speed. This allows

us to minimise the errors occurring in the deduced distances which are used by arobotic agentto

perform navigation or generate a map.

Given the importance of the speed of sound for computing the correctDOF, it is now pertinent

to review the formulae available for calculating it, appraise their claimed precision, and describe

and calibrate equipment for measuring the environmental parameters upon which it depends.

The material in this chapter is supported by AppendixE, which presents coherent review of

the properties of air and the equations which may be used to model the speed of sound and the

absorption.

12.1 Literature

This section briefly reviews different formulae that appear in the literature for calculating the

speed of sound and compares their forms. The formulae will be revisited with a view to practical

227
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application in Section12.2.

Wong [140] lists some historical investigations of the speed of sound from 1919 to 1985 and

summarises their results. Wong also points out that with modern measurements of gas constants,

the speed of sound can be determined indirectly from the thermodynamic properties of the air

(Wong [140]),

c =

√
γRTa

M
. (12.1)

Equation (12.1) is most often seen as

c1 = 20.05
√

Ta (12.2)

(e.g. Poole [113]) where the numerical values ofγ, R andM are assumed. Wong [140] states

that the specific heat ratio,γ, is a dominating factor in the computation of the speed of sound, and

that values ranging from 331.297m·s−1 to 331.641m·s−1 are possible with published values ofγ

for air at 273.15K and 1013.25kPa (Standard Temperature and Pressure (STP)). This variation is

overlooked for the sake of simplicity by forms such as (12.2) and tables such as those commonly

attributed to Kaye and Laby [76].

An expansion of (12.1) using the equation of state for a real gas up to the second virial coeffi-

cientB is (Cramer [26], Wong [140])

c =

√
γRTa

M

(
1+

2psB
RTa

)
(12.3)

whereps is the static air pressure. A common polynomial approximation to (12.3) to account for

the partial pressure of atmospheric water vapour is (due to Kleeman [81])

c2 = 20.05
√

Ta +hr

(
1.0059·10−3

+1.7776·10−7 · (Ta−275.37)3

)
. (12.4)

That is, there is no modification of the specific heat ratioγ.

Both Poole and Kleeman provide forms which include modifications for pressure and relative

humidity. This form is

c3 = 20.05

√
Ta

1−0.00379·hr · psat
ps

(12.5)

which is equivalent to √
γRTa

M
(1+β ).

Compared to (12.3), this indicates that specific heat ratioγ is modified. The major difference

between the forms of Wong and Cramer and those of Kleeman and Poole is the extent and manner

in which the accommodation is performed.

There appears to be a clear preference in the robotics literature for the forms of Kleeman and

Poole rather than the forms of Cramer and Wong. It is suggested that this is primarily due to

the difficulty of choosingγ (see Wong [141]), and accounting for all atmospheric constituents

including carbon dioxide.
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Another method of estimating the speed of sound is available to a mobilerobotic agentwhich

is performing sonar sensing continuously in its environment. Kleeman [79] includes the speed of

sound as a parameter in a Kalman filter model incorporating the positions of targets measured by

the sonar system and odometry information from the mobile robot platform, and estimates it from

the sonar measurements. This method is not available in this work as the fundamental properties

of the sonar system must be determined.

12.2 Formulae for Calculation

Formulae are now presented in a form suitable for calculation. Their precision is analysed and

the implications upon the determinedDOF are described. The errors which are considered in this

section are only those due to the approximations inherent in the formulae, and the experimental

errors in the data from which the formulae were derived. There will be additional error terms to

be incorporated from measurements of the environmental parameters.

12.2.1 Poole’s Formulae

Temperature Only

The first approximationc1 to the speed of sound in m·s−1 using only temperature is (from Poole

[113])

c1(Ta) = 20.05
√

Ta (12.6)

whereTa is the absolute air temperature in Kelvin (K). There is some confusion in the literature

about how to convert temperatures in degrees Celsius (◦C) to Kelvin (see BIPM [18]). The Interna-

tional Temperature Scale of 1990 [115] defines temperatures in◦C to be offset from temperatures

in K by the ice pointTice=273.15K. It is common to see the triple point of waterT3 = 273.16K

used instead, as in Poole [113].

Poole claims that (12.6) is accurate to 1% for most conditions. This translates toσc =±3m·
s−1 at STP. The error per metre,σd, in the measuredDOF due to the uncertainty,σc, in the

speed of sound may be calculated fromσd = σc/c. Choosing to use a value ofc = 343.4m·
s−1, corresponding to dry air atSTP, produces an error ofσd = ±10mm·m−1. This is clearly

inadequate for use in a precision sonar system.

Temperature and Humidity

A better estimate for the speed of sound,c2, which uses the relative humidity,hr , (the ratio between

the partial pressure of water vapour and the saturation pressure (as a percentage) is provided by

Kleeman [81], converted from a formula in Fahrenheit by Poole [113]):

c2(Ta, hr) = c1(Ta)+hr ·

(
1.0059·10−3

+1.7776·10−7 · (Ta−275.37)3

)
. (12.7)

This formula is an approximation which may be used when the static pressureps is not available.

Poole claims that this formula is accurate to 0.1%, which corresponds toσc = ±0.3m· s−1 and

σd =±1mm·m−1. This is marginal for use in a precision sonar system.
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Temperature, Pressure and Humidity

When measurements of the pressureps, in kPa, are available in addition to the temperature and

humidity, the speed of sound may be calculated by (due to Poole [113])

c3(Ta, hr , ps) = 20.05

√
Ta

1−0.00379·hr · psat
ps

. (12.8)

A formula for the saturation vapour pressurepsat as a function of temperature may be found in

AppendixE.2. Poole does not provide a statement of precision for (12.8), claiming only that it is

the best available.

12.2.2 Cramer’s Formula

The most recent published data available on the speed of sound is Cramer [26]. Cramer’s paper

includes a polynomial approximation to (12.3) which incorporates the effects of the 13 most im-

portant constituents of the standard atmosphere (ISO 2533-1975[65]). Cramer’s formulation is

summarised in AppendixE.5 with a formula for the speed of sound,c0, for pressure waves with

zero frequency being provided as (E.11).

While the proportion of CO2 may be fixed in the standard atmosphere, the amount varies

seasonally by 9ppm due to plant uptake (Kimball [77]). Cramer includes the mole fraction of CO2

as a parameter in his formulation to account for this. The standard atmosphere specifies that the

mole fraction of CO2 is xc = 314ppm or 0.0314%. As the change in the speed of sound caused by

the change in CO2 levels is quite small (see FigureE.2), the standard value has been used in the

computations of this work.

Cramer claims that the uncertainty in his calculations is±300ppm orσc = ±0.10m· s−1,

giving a DOF uncertainty ofσd = ±0.3mm·m−1 for (standard) dry air atSTP. Wong [141],

however, claims that Cramer neglected some sources of error, and that the formulae are only

accurate to±545ppm or±0.18m·s−1, giving aDOF uncertainty ofσd =±0.5mm·m−1 for dry

air atSTP.

Cramer’s formulation for the speed of sound has been chosen over the form of Poole for use

in this thesis, as Cramer’s work is more recent and was published in peer reviewed journals.

12.2.3 Dispersion

The speed of soundc0 given by Cramer applies to a pressure wave with zero frequency. For use

with sound waves with a frequencyf the speed must be corrected by a dispersion factor which

takes the frequency into account. The formulae are reproduced for convenience in AppendixE.6

in (E.14). The symbol for the speed of sound corrected for dispersion isc
φ
.

The variation from the zero frequency speedc0 due to dispersion, determined by examining

FigureE.2, is between+0.1m· s−1 and+0.15m· s−1, which is accounted for by using (E.14)

instead of (E.11). This correction reproduces the effect seen in tabulated values of the speed of

sound (Evans [39]).

The variation in the speed of sound over the frequency range of 50-100 kHz used by the sonar

signals in this thesis is 0.05m· s−1 (see FigureE.2). Noting that it increases monotonically over
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the range 50-100 kHz, the error may be minimised by evaluatingc
φ

at the central frequency of

75kHz. This is the non-dispersive assumption, which causes an error of only±0.025m·s−1 over

the frequency band of the signal.

Cramer does not give uncertainties for the derivation of the dispersion correction formula

(E.2). For this reason their contribution to the total error budget will be neglected.

12.3 Error Analysis

The errors,σc, in the speed of soundc calculated by Cramer’s formula (E.11) due to errorsσTc, σhr

andσps in the measurement of the environmental parameters will now be determined. A differen-

tial analysis of (E.14) is prohibitively complex. Therefore a numerical simulation is performed for

conditions commonly encountered in our laboratory, located in a coastal area. The central values

for the analysis are

ps = ps0, Tc = 23◦C, hr = 65%. (12.9)

As no instruments were available for measuring the amount of CO2 present, the amount specified

by the standard atmosphere was assumed, i.e.xc = 314ppm. By varying each of the parameters in

turn, it was found that

• an error in temperature,Tc, of +0.62◦C produces a+0.4ms−1 error in the speed of sound,

• an error in relative humidity,hr , of +28% produces a+0.4ms−1 error in the speed of sound,

• an error in static pressure,ps, of +84 kPa produces a−0.4ms−1 error in the speed of sound,

and

• an error in the mole fraction of CO2, xc, of +4472 ppm produces a−0.4ms−1 error in the

speed of sound.

The typical range of variations through the course of one experiment may be seen in Figure13.6.

While these quantities may not change much from moment to moment, there are marked differ-

ences from week to week or from location to location. (The air pressure, for example, is typically

near 100kPa at sea level near Sydney, but decreases to around 80kPa at Cramer’s laboratory on a

mountain top in South Africa.) The list above is ranked by importance to the error calculations.

12.3.1 Relative Importance of Error Terms

The above analysis indicates that the speed of sound is most sensitive to errors in temperature.

The humidity and the pressure are of secondary importance. The effect due to the molar fraction

of CO2 is small. The effect shown here is 14 times the value assumed in the standard atmosphere.

The effect of each term may also be seen in FigureE.2.

12.3.2 Combining Errors

The errors from the various sources, including the approximations of the formulae discussed in

Section12.2.2, combine quadratically. Assuming that the derivatives ofc
φ

(E.14) with respect
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Figure 12.1: Graph of the error in the speed of sound, as calculated by (12.10), as a function of the
temperature errorσTc, the dominant component. The non-zero y-intercept is caused by the error
attributed to the formulation. The second most important error term,σhr, causes no perceptible
difference from the line shown over the rangeσhr = 0 to 1%. The other sources of errors make
negligible contributions, which is reinforced by inspection of the magnitudes of the derivatives in
(12.10).

to each parameter remain sufficiently linear over the region of interest (see FigureE.2 for valida-

tion), the derivatives may be evaluated numerically from the variation data previously discussed.

Assuming that the measurement errors from each source are statistically independent, the formula

for combining the errors from the various components used by (E.14) is

σ
2
cφ = (0.18)2 +(0.645σTc)

2 +
(
0.014σhr

)2 +
(
−4.8×10−3

σps
)2

+
(
−89.4×10−6

σxc
)2

,

(12.10)

where the formulation assumes thatσps is measured in kPa and thatσxc is measured in units of

ppm. The first term is due to the approximations of the formulation itself. The terms are ordered

by their contribution to the total error (the contribution of typical temperature errors is smaller

than the formula error). A graph of (12.10) is shown in Figure12.1. The errors described by12.10

are only valid for environmental parameters within the vicinity of those defined in (12.9).

12.4 Calibrating the Environment Sensor

The temperature and humidity, being the most important parameters in Cramer’s model for the

speed of sound, must be measured by an accurate instrument. The precision must be quantified

so that the error in the speed of sound may be determined. The contributions made by errors

in pressure and CO2 concentration are negligible, in this context, according to (12.10), and are

therefore neglected.
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12.4.1 The Temperature Scale

It is clear that temperature is the major component. Temperature, a non-dimensional quantity, is

one of the seven basic physical quantities maintained by the BIPM. The thermodynamic scale,

Kelvin, is more fundamental than the Celsius scale. However, temperatures measured in Kelvin

may be converted to Celsius by subtractingTice = 273.15K.

The International Temperature Scale-1990 [115], which covers the region of interest of this

study, is defined in terms of platinum resistance thermometers. Unfortunately there are a number

of practical difficulties in using platinum resistance thermometry in sonar experiments.

• A calibrated linear output of sufficient sensitivity must be determined or obtained. This

problem is most commonly overcome by contracting a standards laboratory for a schedule

of calibrations of the total system. This was not possible in this project.

• The platinum resistance element must be protected from light.

• The response time must be reduced so that observed temperatures accurately track the vari-

ations in atmospheric temperature.

In order to overcome these difficulties a calibration procedure was developed which used a me-

teorological quality mercury in glass thermometer, Dobbie Instruments part number 526.10946,

with 0.1◦C graduations. (The thermometer was provided with a calibration certificate.) The index

for the scale was validated using a de-mineralised ice bath which has a known value of 0◦C if the

small effects of pressure (Sostmann [123]) are neglected. The scale of the mercury in glass ther-

mometer was assumed to be correct. It was also assumed that the lag or delay of this thermometer,

when placed in a draught, was essentially zero. Thus a temperature scale could be transferred

to temperature transducers with high precision by direct comparison of observations from the de

facto standard mercury in glass thermometer and the output of the environmental sensor.

We tested two different probes for measuring temperature:

1. a Vaisala HMP-35A probe (see Figure5.10b) which uses a 100Ω platinum resistor (PT100),

and

2. a National Semiconductor LM335 zener diode temperature transducer (see Figure12.2).

The platinum resistance thermometer in the HMP-35A was found to have inadequate response

characteristics, due to the location of the thermometer in a housing which trapped a pocket of air.

The LM335 zener diode was found to have superior response characteristics, especially when it

was placed in a suitable draught. The LM335 zener diode output was converted to a digital signal

using anADC card described in Section5.3. This digital output had a quantisation of 0.01◦C.

The calibration of this output was by direct comparison. In this technique the output from both the

mercury in glass thermometer and the digitalADC were recorded while the temperature fluctuated

in the environment. A typical set of these observations is shown in Figure12.3. A linear regression

was performed to model theADC voltage output as a function of temperature. The standard

deviation of the temperature error was determined to beσTc = 0.3◦C, which encompasses 68% of

the results. As the thermometer was accurate to 0.1◦C (according to manufacturer’s specification),

the step size has not impacted upon the precision obtained.
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Figure 12.2: The LM335 zener diode temperature transducer mounted in the draught of a standard
computer fan. The transducer is held in place by wires. The black box with a white sticker is a
Vaisala PTA427 pressure transducer.
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Figure 12.3: The LM335 calibration graph of the voltage measured by theADC and the temper-
ature recorded by the reference mercury in glass thermometer. The line is the least squares fit to
the data points. The values near 7.1 and 8.1 are important in constraining the linear relationship.
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Figure 12.4: The relative humidity sensor calibration graph of the voltage measured by theADC
vs the relative humidity measured by the Vaisala HM-34. The line is the least squares line of best
fit to the data points.

12.4.2 Humidity

The relative humidity,hr , is the ratio of the partial pressure of water vapour to the partial pressure

of saturated air. It is most commonly expressed as a percentage. Equation (12.10) indicates that

while the effect of humidity is not as large as the effect of temperature on the speed of sound it is

nevertheless an important factor. The original goals for determining humidity were similar to the

original goals for temperature. That is, a calibrated standard, a Vaisala HM-34 probe, can be used

to calibrate the working instrument, a Vaisala HMP-35A. Both of these instruments use humicap

transducers. As was the case in the temperature calibration, direct observations of theADC output

of the HMP-35A and the output of the HM-34 were made, in a fluctuating environment, and a

regression analysis performed. Figure12.4 shows a typical set of observations. It is estimated

(from the linear regression) that the precision of the determined humidity isσhr = 0.4% at the

68% confidence level.

12.4.3 Pressure

The requirement to observe pressure to any moderate precision is not evident from (12.10). How-

ever we also observed pressure with a precision of at least 0.1kPa using a Vaisala PTA427 pre-

cision pressure transducer (Figure12.2) which was supplied with a calibration certificate. The

rationale for observing pressure in this way was partly to ensure a quality description of the en-

vironment in which the sonar experiments were to take place and partly to provide diagnostic

parameters for unexpected outcomes.
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12.4.4 Experiments

It is known from (12.10) that temperature must be precisely determined in order to precisely model

the speed of sound. In Section12.4.1we developed a calibration technique that used a mercury

in glass thermometer as the de facto standard rather than the Vaisala Platinum thermometer. The

principal reason for this change was the level of induced lag and filtering that was built into the

design of the Vaisala unit. The influence of thermal lags became apparent during the calibra-

tion experiments when we attempted to resolve differences between model determined values for

the speed of sound and experimentally determined values using a purpose designed experimental

setup. The need for a system which is sensitive to the fluctuations in temperature and is able to

respond quickly to these fluctuations is shown in Figure12.5. This figure shows that agreement

between model and experimental values for the speed of sound requires simultaneous observation

of the environment with each sonar measurement. Furthermore the probes must be precise and

have minimum lag characteristics.

The design, construction and operation of the calibration device used to determine the speed

of sound is given in AppendixF.

12.4.5 Uncertainty

Combining the experimental errors of the environmental parameter measurements using (12.10)

yields a value ofσcφ
= 0.27m· s−1 for the one standard deviation or 68% confidence level. The

two largest contributions are from the formulation error and the temperature error.

It must be recognised that this error figure defines a normal distribution of errors, and that the

probability of obtaining errors larger than this is about 32%, according to the usual laws governing

normal distributions (Mendenhall [91]).

12.5 Conclusion

The precision of the speed of sound used to convertTOF to DOF is crucial to the precision of the

computedDOF. The precision of the speed of sound depends upon using a precise model which

accurately reflects the properties of the air in which the sonar is to be used. The model derived

by Cramer [26] is such a model. The precision of the speed of sound computed by such a model

depends in turn on the precision with which the environmental parameters are measured, with the

temperature having the most impact upon the result. The adequacy of the measurement of the envi-

ronmental parameters is verified by comparing the modelled speed of sound computed from such

measurements with the speed of sound measured directly by the sonar. By doing so, deficiencies

in the measurement of the environmental parameters were detected and rectified. The calibra-

tion device may be used periodically to ensure that the precision of the environmental parameter

measurements is maintained.

12.5.1 Acknowledgements and Contributions

The formulae for calculating the speed of sound were brought together from various sources as

referenced in Section12.1. The unification of the formulae in AppendixE is the contribution of
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(b) fan mounted LM335

Figure 12.5: The variation in the speed of sound, measured by the CTFM-YW sonar (cs, marked
with +) and calculated from the measurements of the environmental parameters (c

φ
, marked with

×). The transducer configuration was (a) mounted on the aluminium case and (b) mounted in the
draught of a fan. The method of determining the speed of sound from the sonar measurements is
described in AppendixF. In (a), the speed of sound determined from the model can be seen to
lag behind that determined from the sonar, indicating that the response time of the temperature
transducer is inadequate. In (b), the variations in the speed of sound measured by both sources
agree, indicating that the response time is sufficient.
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this author. The design of the calibration equipment, as described in AppendixF, is the work of

this author. Thanks are due to Mr. Kettlewell for his patient assistance with the construction of

this device.



Chapter 13

DOF and Power Measurement Performance

This chapter measures the performance of the five distance of flight sub-systems, shown in Fig-

ure 1.2. The measurement properties of the distance of flight and echo power are quantified for

both the left and right sonar channels. The primary measures of performance, which were dis-

cussed in Chapter2, are accuracy, precision and resolution. One additional measure of perfor-

mance, the correlation between the left and right channels, was also assessed. In all, six different

quantities were assessed for each sonarDOF sub-system. These are:

1. DOF Accuracy: The difference between the sonar measured distance of flight and the ruler

measured or geometrical distance of flight.

2. DOF Precision: The variation within a set of measurements of the distance of flight.

3. Echo Power Precision: The variation within a set of measurements of the echo power.

4. DOF Cross-correlation: The amount of random variation which is common to both the left

and right channel distance of flight measurements.

5. Echo Power Cross-correlation: The amount of random variation which is common to both

the left and right channel echo power measurements.

6. Noise Level and Signal to Noise Ratio: The noise level at the output of each sonar system

is important for determining thesignal to noise ratio, and hence the detection threshold and

the maximum operable range.

7. Range Resolution: The minimum distance by which two objects must be separated before

their echoes can be distinguished.

Items1, 2 and7 directly characterise range measurements made by the sonar system. Item6 is

used to normalise the power measurement results and assess theSNR. Items3, 4 and5 are used as

intermediate characterisations which determine the bearing measurement properties. These three

measures will be used in Chapter14.

These seven different performance measures are assessed using only two different experimen-

tal configurations, which are shown in Figure13.1. Configuration (a) provides data from which

the first five performance measures are assessed. Configuration (b) provides data from which the

sixth quantity, range resolution, is assessed. In these experiments, the principal characteristics of

the experimental setup can be defined by

239
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(b) Range Resolution(a) DOF Accuracy,
Precision and Cross−correlation

Glass Pane Target

Plan View Plan View

1900mm 1200mm

Sensor Head
Two Pole Targets
12.7mm Diameter

One Moves
Stationary Sensor Head

400mm 700mm

943.2mm

1.5m Wide

Figure 13.1: Two experimental configurations designed to characterise the measurement perfor-
mance of the distance of flight sub-system. (a) Depicts a sonar head with the principal direction
of its transmitter being normal to a plane. The sonar head is moved perpendicularly to the plane.
(b) Depicts a fixed sonar head with two targets, one of which is moved in range while the other is
fixed.

1. the distance, along the perpendicular to the plane, between the plane and the transmitter of

the sonar head (Figure13.1a), and

2. the range difference between two targets (Figure13.1b).

A significant terminology problem is usually associated with these experiments due to the fact that

all sonar systems, like all non-transponder radars, measure a distance of flight which is generally

about twice the range, the Euclidean distance from the transmitter to the target. TheseDOFs are

subsequently transformed into ranges in Chapter14. However, the concept of range resolution,

directly analogous todistance of flightresolution, is often used in preference toDOF resolution,

as it can be readily interpreted as the distance separating two objects (with similar bearings).

Section13.1briefly describes the two experiments and the data acquired. Section13.2deals

with the DOF accuracy, precision and cross-correlation experiment (Figure13.1a), while Sec-

tion 13.3deals with the range resolution experiment (Figure13.1b). Finally Section13.4sum-

marises the performance of the five sub-systems against the six assessment items.

13.1 The Experiments

Sensor head 1 was used to perform all the experiments described in this chapter. The sonar head

has one transmitter and four receivers, but only two receivers, the left and right, were used for

these experiments (Section5.1.2).

13.1.1 Five Types of DOF Sub-system

Table13.1 shows the two experimental configurations and both the sonar classes and their as-

sociated sub-classes that make up the performance table. The table shows that 30 items can be
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Table 13.1: Experiments required to quantifyDOF and echo power measurement performance.
Each of the six performance measures are assessed against each of the five differentDOF sub-
systems through a total of four experimental data sets, MFa, MFb, CTFMa and CTFMb.

Experimental Class MF CTFM
Configuration Measurement Type Sub-Type QD UD DFT YW LSMYW

1. DOF Accuracy MFa MFa CTFMa CTFMa CTFMa
2. DOF Precision MFa MFa CTFMa CTFMa CTFMa

(a) 3. Echo Power Precision MFa MFa CTFMa CTFMa CTFMa
4. DOF Cross-correlation MFa MFa CTFMa CTFMa CTFMa
5. Echo Power Cross-correlationMFa MFa CTFMa CTFMa CTFMa
6. Noise Level and SNR MFa MFa CTFMa CTFMa CTFMa

(b) 7. Range Resolution MFb MFb CTFMb CTFMb CTFMb

evaluated with just 4 experiments, since sub-classes within the same class use identical transmit

signals, and hence the echo signals are interchangeable. The raw echo signals from the four ex-

periments shown in Table13.1are stored in computer files. TheMF data sets are subsequently

processed by the MF-QD and MF-UD sonar types, which were defined in Chapter8. The CTFM

data sets are subsequently processed by theCTFM dual demodulation sonar system described in

Chapter9, and the demodulated output signal is analysed by three different spectral estimation

systems. These are theDFT, discussed in Chapter10, and theYule-Walkerandleast squares mod-

ified Yule-Walkerestimators discussed in Chapter11. The processing of the same sonar record

by the different sonar systems is made possible by the file storage mode of operation, which also

allows direct performance comparisons to be made between different sonars within the same class.

13.1.2 Configurations

Figure13.2shows the experimental setup using a glass pane, corresponding to configuration (a)

in Figure13.1. This configuration provides data for the six performance measures listed under (a)

in Table13.1. The glass pane was selected as the plane target due to its flatness and availability.

This experiment and its results are described in Section13.2.1.

The configuration shown in Figure13.3, corresponding to configuration (b) in Figure13.1

and Table13.1, was used only to investigate range resolution. This experiment and its results are

described in Section13.3.

13.1.3 The Observations

During theDOFprecision and range resolution experiments, the following information was recorded

for each observation.

1. The position and orientation of the positioner stage, from which the range to the target and

the geometricalDOF may be deduced.

2. The environmental parameters that affect the velocity of sound and the absorption of the air

as discussed in Chapter12.
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Window

Sensor

Precision Positioner

Mounting Stage (unused)

Target Range

Figure 13.2: The configuration used for range and bearing precision experiments. The target is a
glass pane which has been attached to a white board for support. The sonar head has been mounted
upon the positioner so that the distance and angle between the sonar head and the plane can be
controlled. The range movement is used in this chapter. This experimental configuration can also
be used to measure bearing, by using only the rotational movement. This will be described in
Chapter14.

Ceiling

String

Just touching,
Not clamped

Figure 13.3: The experimental setup for the range resolution experiment, showing the sonar head
mounted upon a fixed end of the positioner, one fixed pole, and one movable pole mounted upon
the positioner stage. The fixed pole is suspended from the ceiling by a string (invisible in the
photograph). If left this way, the pole vibrates, necessitating the use of a clamp for damping.
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3. The received sonar echoes from which, using a given sonar sub-system, the echoTOF and

power may be extracted. The speed of soundc
φ

from Section12.2was used to convertTOF

to DOF.

For experimental configuration (a), only the echo closest to the ruler or geometricalDOF was

stored. Where there was more than one echo to choose from, the most powerful echo was selected.

In configuration (b), all echoes within an interval were stored for later analysis.

13.2 The DOF Precision Experiment

The aim of theDOF experiment is to assess the six measurement types marked (a) in Table13.1.

This data is then used to determine several key datums as listed below:

1. range accuracy and precision (derived in Section14.1.3of the next chapter),

2. bearing precision, by bothIDD andIPD methods (derived in Sections14.1.3and14.2.4of

the next chapter),

3. the background noise level, and

4. the maximumDOF of each system.

TheDOFexperiment was conducted using the configuration shown in Figure13.2. The sonar head

was initially placed so that its transmitter was 400mm from the plane. During the experiment it

was moved to 1900mm in steps of 10mm. At each of the 151 positions, 10 observations were

taken.

The two sets of echo measurements were subsequently processed by the five different sonar

systems to extract theDOFand echo power information. The precision of theDOFis discussed in

Section13.2.1, while the precision of the power measurement is discussed in Section13.2.2. The

cross-correlation between the two channels of both the echoDOFand power fit residuals provides

us with a measure of the the variations in both left and right channels due to turbulence and noise

in the the air path. The cross-correlation of the residuals of theDOF and echo power fit data will

be discussed in Section13.2.3.

The underlying noise level determines the maximum range of the sonar system, as seen in

Figure 4.3. It also affects the precision with which we can expect to make measurements, as

mentioned in Section4.7. Therefore the noise level is measured in Section13.2.4.

13.2.1 DOF Precision Analysis

Geometric DOF

The geometricDOF, dg(x), is computed according to

dg(x) =
√

(2x+dT)2 +d2
R, (13.1)

where the variables are
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x, the distance of the sonar head transmitter from the glass pane, as reported by the

positioner, and

dT , the distance of the receiver centres behind the transmitter, as shown in Figure7.12,

and

dR, half the distance between the two receivers, as shown in Figure7.12.

The term 2x is due to the virtual source construction. The path lengths to the two receivers are

assumed to be equal as the sonar head was aligned to point along the normal to the window pane.

The values used for the sonar head dimensions weredT = 2.7mm anddR = 13.5mm, for

reasons which are made clear in Section14.1.4.

Acoustic DOF

The acousticDOF is provided by the sonarDOF sub-system under test. TheDOF sub-system

will produce many echoes, but in this experiment only the echo corresponding to the glass pane

is required. This is assumed to be the strongest echo within±20mm of the geometricDOF. The

DOF, di , corresponding to observation numberi was calculated fromciτi . The speed of sound,ci ,

was calculated using the frequency corrected speed of sound formulac
φ
, defined in Section12.2,

using the environmental parameters recorded during observation numberi.

DOF Precision Experimental Results

We expect that a plot of the acousticDOF, ciτi , against the geometricDOF, dg(xi), would yield a

straight line with a slope of 1. However, the errors would be unresolvable on such a plot. Therefore

the tuple

{dg(xi) , ciτi−dg(xi)}

is graphed instead, allowing residual analysis. The residual plots are shown as dots in the left

column of panels in Figures13.4and13.5for the left and right channels respectively.

The line in the left column of panels, drawn in red, is the least squares line of best fit having

slopem and y-interceptb,

y = md+b. (13.2)

The residuals about this line are plotted in the middle column of panels. The third column of

panels shows a histogram of the middle panel residuals. The mean and the standard deviation of

the residuals are shown on the histogram. This plot may be used to determine whether the residuals

are normally distributed.

The environmental parameters which were recorded during the matched filter andCTFM ex-

periments are shown in Figures13.6and13.7.

Converting Line Parameters to Offset Time and Speed of Sound Difference

The average speed of soundcs observed by the sonar experiment is related to the average speed of

soundc
φ

computed from Cramer’s model, described in Section12.2, by

cs = c
φ
+∆c. (13.3)
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Figure 13.4: Results of theDOF precision experiment for the left channel. The title of the middle
column of graphs indicates the experimental data set and the sonar system which was used. The
first column is the acousticDOF minus the geometricalDOF. The second column is the residuals
around the red line. The third column is a histogram of the residuals in the second column. See
text for more information.
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Figure 13.5: Results of theDOFprecision experiment for the right channel. The title of the middle
column of graphs indicates the experimental data set and the sonar system which was used. The
first column is the acousticDOF minus the geometricalDOF. The second column is the residuals
around the red line. The third column is a histogram of the residuals in the second column. See
text for more information.
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Environmental Variations
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Figure 13.6: Environmental parameters recorded during the matched filter range precision exper-
iment. As the experiment was carried out fromdg = 800mm todg = 3800mm, the time scale of
this plot may be compared to the geometricDOFscales in Figure13.4and Figure13.5. The speed
of sound is calculated usingc

φ
described in Section12.2.
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Figure 13.7: Environmental parameters recorded during the CTFM range precision experiment.
As the experiment was carried out fromdg = 800mm todg = 3800mm, the time scale of this plot
may be compared to the geometricDOFscales in Figure13.4and Figure13.5. The speed of sound
is calculated usingc

φ
described in Section12.2. The time scale on this figure is different from that

in Figure13.6because theCTFM sonar system takes longer to run.
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Table 13.2: The offset timesto f f obtained with the different sonar types.

Sonar to f f (µs)
System Left Right

MF-QD -0.57 0.68
MF-UD -1.51 -0.34
CTFM-DFT 16.8 17.4
CTFM-YW(128) 17.6 18.9
CTFM-LSMYW(128,128) 16.9 16.8

The value of∆c is determined by its relationship to the slopem of the linear fit,

∆c =
−mc

φ

m+1
. (13.4)

The y-interceptb, measured in mm, may be converted to an offset time,to f f , according to

to f f =
b(
c

φ

) . (13.5)

The values obtained for∆c andto f f are drawn on each plot together withb.

The effect of the choice of the speed of sound model upon the slope of the residualsmmay be

seen in Figure13.8. This demonstrates graphically the relationship of (13.4) betweenm and∆c.

Offset Time

The measured values of the offset time,to f f , are recorded for each sonar system in Table13.2.

The table indicates that the offset is class dependent. Specifically, the offset is small for the

matched filterclass and large for theCTFM class. The differences between the left and right

channels represent a combination of experimental uncertainty and the differences in the physical

mounting of the two channels. The experimental uncertainties appear to be the larger of these

two effects. At first this may appear to be due to a problem in the implementation of one of the

sonar systems, but system tests using simulated echo signals demonstrate that both classes of sonar

system provide accurate time of flight measurements. Furthermore, the changes into f f between

each of the spectral estimators are quite similar. It is hypothesised that the cause is not attributable

to the software but to the signal and the mode of handling the received signal in the receiver, as the

effect is only a function of the signal class and independent software systems were implemented

for each of the sub-classes.

Since the offset time,to f f , provides only a small bias in the case ofmatched filtersonars, but

makes a much larger contribution to the total bias inCTFM systems, it is important to calibrate

to f f and remove it if accurate distance measurements are required when using theCTFM class.

The range precision experiment may be used as a calibration method, although it takes some time

to execute. The offset time,to f f , may be also be obtained directly using the calibration device

shown in AppendixF.
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Figure 13.8: The effect of the choice of speed of sound calculation upon the measuredDOF. The
graph on the left is the speed of sound calculated by the formulae (12.6), (12.7), (12.8), (E.11) and
(E.14) from the experimentally recorded temperature, humidity and pressure. The graph on the
right is the difference between the measuredDOF, calculated by multiplying the measuredTOF
by the speed of sound shown in the left column, and the geometricDOF.
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Table 13.3: Measured differences from the speed of sound,c
φ
. These values indicate that the

speed of sound measured acoustically is approximately 0.15% slower than that computed from
Cramer’s model.

Sonar ∆c (m ·s−1)
System Left Right

MF-QD -0.47 -0.45
MF-UD -0.46 -0.44
CTFM-DFT -0.62 -0.61
CTFM-YW(128) -0.52 -0.48
CTFM-LSMYW(128,128) -0.58 -0.60

Speed of Sound Differences

The values obtained for∆c, a difference from the model value of the speed of sound,c, are tabu-

lated in Table13.3. These corrections imply that either the model value is over-estimated, or the

acousticDOF is larger than the geometricDOF. The values are statistically significant due to the

large number of observations used in the regression analysis. However, replication is needed to be

able to state with confidence that there is a class or sub-class effect.

In theMF class the errors in∆c dominate, because the offset errors are small, reaching values

near 8mm with aDOF of 4m. In theCTFM class, the∆c errors grow in contribution as theDOF

increases, reaching a 50% contribution level for aDOF of 4m. Figures13.4 and13.5 suggest

that the residuals are also a function ofDOF. Statistical tests, at the 95% confidence level, do not

support this suggestion. However, the behaviour is predicted by the theory of Section4.7.

While the offset time,to f f , can be ascribed, with confidence, to system hardware, it is much

more difficult to assign possible causative effects to the need to adjust the model value for the

speed of sound by the order of−0.5m·s−1. Some possible causative effects and their approximate

contributions are listed below.

1. Sampling clock: The sampling frequency used by theDAC andADC cards, described in

Sections5.1.1and5.1.2, is derived from the 10MHz NuBus clock signal. This clock signal

is not used to record the time of day, and does not need to be precise for normal operation of

the computer. An error of+50kHz or 0.5% on the clock signal would produce a−0.5m·s−1

error in the speed of sound.

The clock frequency has since been checked with a Hewlett Packard 5315A Universal

Counter. The NuBus clock frequency was found to be 10000047Hz. This would, in turn,

produce an error of−0.0016m· s−1 in the measured speed of sound. Thus this possible

source of error is excluded from consideration.

2. Impulse response of air: Kleeman and Kuc [82] describe a method of calculating the im-

pulse response of air as a function of the (frequency dependent) absorption. The absorption

is a function of distance (see AppendixE.4). Since the absorption curve can be used to

determine the impulse response, it provides a delay additional to the effect of the speed of

sound. As the air impulse delay is a function of absorption which increases with distance,
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the delay also increases with distance. Preliminary calculations indicate that the delay of

an air impulse response, atTc = 23◦C, hr = 60% andps = 101.55kPa, is 6µs at 2m and

12µs at 4m. (These measurements only include the rise time of the impulse. The group

delay may be longer.) This corresponds to an additional measured distance of 2mm at 2m

DOFand 4mm at 4mDOF. This translates to a−0.4m·s−1 variation in the speed of sound.

These rough calculations indicate that this effect may account for 80% of the discrepancy.

3. Model uncertainty: The model value must be corrected by about−0.5m·s−1. It was shown

previously that Cramer’s estimated precision [26] of ±0.1m· s−1 has been estimated by

Wong [141] to be nearer±0.18m· s−1. This is about a third of the required value. Thus

while it may be an important component it is not capable of resolving the discrepancy.

4. Wind effect: The experiment was carried out underneath an air-conditioning duct which

could not be disabled. This produced a downward air motion in the experimental area. The

turbulent air current can change the acoustic path length that the sound must follow to reach

the target, as the sound vibration is travelling relative to a moving medium (Osborne [106]).

This would lengthen the acousticDOF, leading in turn to a longerTOFand a lower apparent

speed of sound. Modelling of such a turbulent air movement is difficult. However, the effect

could be removed by conducting an experiment within a small anechoic chamber which

excludes air movement. This has not been done.

5. Plane geometrical misalignment: It can be shown that a 1◦ error in the alignment of the

normal of the glass pane causes a−0.5mm error at 1m range and−1mm error at 2m range

on the left channel. On the right channel the errors are−0.06mm and−0.5mm. Rotating

the plane in either direction causes theDOF to be shortened. Thus a 1◦ misalignment of

the glass pane would cause an error in the measured speed of sound of+0.16m·s−1, and is

positive for both directions of rotation. This error has the opposite sign of that required to

solve the discrepancy.

6. Sonar head geometrical misalignment: A 1◦ error in the principal direction of the sonar

head causes a+0.23mm error in the leftDOF and a−0.23mm error in the rightDOF,

independent of target range. The independence of range indicates that the speed of sound

difference,∆c, due to misalignment of the sonar head is zero. Thus rotation of the sonar

head will not contribute to the error budget.

7. Positioner calibration: The positioner is uncalibrated. The manufacturer’s specifications for

the stepper motors and the pitch of the lead screws were used to determine the number of

steps per mm of travel. No feedback systems were used. Stepper motors sometimes skip

steps when driven at their resonant frequency, but this was not observed. Comparisons of

the positioner with a steel ruler indicated the positioning was accurate when the controlling

software was written. The positioner would have to accrue a+2mm error over its 1.5m

length of travel during the experiment to provide a−0.5m·s−1 error in the speed of sound.

Comparison of the positioner movement with a ruler indicates that the positioner is accurate

to within±0.5mm along the 1m ruler length.
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8. Unrepresentative environment parameters: The environmental parameters were measured

by a transducer at a single point, while the sonar signal propagates through a volume of air.

If the air is not mixed properly, then the environment sensor measurements may be unrep-

resentative of the parameters affecting the sonar signal. This effect is considered unlikely

as the experiment was situated underneath an air conditioning duct which stirred the air

continuously.

9. Change in environmental calibration: It is possible that the electrical components in the

environment sensor are themselves sensitive to changes in the environmental parameters,

leading to a change in the calibration of the environment sensor when the experiments were

performed. The experiment described in AppendixF was not performed on either of the

days that the range precision experiment was carried out.

10. Error in CO2 mole fraction: The speed of sound observed by the sonar system would require

a CO2 mole fraction of approximately 5000ppm. While the CO2 mole fraction has increased

by 20% over the last 30 years to 370ppm in 1999 (Kimball [77]), a value of 5000ppm is

inconceivable.

Of the ten possible causes enumerated here, only items2 and3 are capable of explaining a signifi-

cant proportion of the observed discrepancy. The contribution of the fourth item remains unquan-

tified at this point.

Variation of ∆c between Sonar Classes

The variation in the observed∆c is smaller within each sonar class. The variation in∆c between

sonar classes may be attributed to either differences in the environmental conditions on the dif-

ferent days of theMF andCTFM experiments, or differences between theMF andCTFM signals

themselves. A change in the environmental conditions would also lead to a change in the air im-

pulse response due to absorption, which has not been compensated. The variation in∆c may be

attributed to either the signal type or to a different air impulse response delay.

The variation between the left and right channels, typically 0.02m·s−1, is an indication of the

experimental error, common to both channels, in the determination of the speed of sound.

DOF Precision Results

The precision of theDOF determination is summarised in Table13.4. The histograms in the right

column of Figures13.4 and13.5 demonstrate that the residuals are normally distributed with a

mean of zero. There is no statistical difference between the left and right channels. However, there

is a statistical difference between the matched filter,MF, values and theCTFM values, indicating

greater variation in theCTFM system.

The worst system with respect to precision is the CTFM-DFT sonar system, which has lower

statistical precision than either of the CTFM-AR systems. This can be attributed to the large quan-

tum between spectral lines used in theDFT spectral estimate (Section10.2.3). The sinc interpola-

tion, discussed in Section10.3.4, is only partially effective at interpolating the large quanta. The



254 CHAPTER 13. DOF AND POWER MEASUREMENT PERFORMANCE

Table 13.4: Results for theDOFprecision of the different sonar systems, quoted to one more place
than is significant for computational convenience.

Sonar σd (mm)
System Left Right Average

MF-QD 0.88 0.96 0.92
MF-UD 0.89 0.90 0.90
CTFM-DFT 1.21 1.16 1.19
CTFM-YW(128) 1.01 0.98 1.00
CTFM-LSMYW(128) 1.02 0.98 1.00

MF sonar systems have aDOFquantum of 1mm and 0.26mm before interpolation (Sections8.6.2

and8.6.3), while the twoYW based systems have no quantisation (Section11.4.4).

The regular oscillations which are visible in the residuals are related to the variations in the

environmental parameters. This may be verified by comparing the residuals to the speed of sound

graphed against time in Figure13.9. The data shown in the figure demonstrate that correcting for

the variations in the speed of sound significantly reduces the standard deviation of the residuals.

The small amount of cross-correlation that remains is considered statistically insignificant. While

a large amount of the remaining variation is random noise, some of it is correlated to the variation

in the speed of sound, and hence to the environmental parameters. We cannot reject the hypoth-

esis that there is a second order effect connecting the environmental parameters with theTOF. A

hypothesised connection is through the impulse response of the air, which is sensitive to changes

in temperature and humidity, described in Item2 on page251.

13.2.2 Power Precision Analysis

Power Model

The sonar signal suffers spherical spreading loss, as described in Chapter4, and absorption due

to interaction with the air through which it propagates, as summarised in AppendixE.4. Thus the

signal amplitude may be modelled approximately by

a =
a1

d
e−αd, (13.6)

where

a1 is the measured source level of the signal when it has travelled a distance,d, of 1m,

ignoring the effect of absorption.

α is a mean air absorption, in Nepers per metre, over the frequency band of the signal.

Note that the data has been normalised to the noise level, so the measured source level is not

absolute. The procedure is described in Section13.2.4.

The virtual source concept (see Figure4.5) has been used to apply (13.6) to this experiment.

Thus we reflect the transmitter in the plane to form a virtual source and consider a spherical
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Figure 13.9: Analysis of speed of sound compensation. The left column shows the values used
for the speed of sound. The right column shows the residualDOF, ciτi−dg(xi), as calculated for
the main body of results. The straight line fit is also shown as a red line. The first row shows the
effect of using a constant speed of sound, or equivalently, not compensating for variation in the
speed of sound. The second row uses Cramer’s model for the speed of sound,c

φ
. The standard

deviation of the residuals,σd, measured after subtracting out the fitted line, is reduced by 40%
by compensating for the speed of sound. The cross-correlation between the modelled speed of
sound,c

φ
, shown bottom left, and the residuals for a constant speed of sound, shown upper right,

is −0.83. The correlation coefficient betweenc
φ

and the residuals for the compensated speed of
sound, shown lower right, is 0.23. The residuals in the top right panel are inverted relative to
the modelled value of the speed of sound,c

φ
, as indicated by the negative cross-correlation. The

residuals in the lower right panel have the same phase as the modelled valuec
φ
, as indicated by

the positive correlation coefficient.
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wavefront travelling directly from the virtual source to the receiver. The received power,Pr , in

decibels is then

Pr = 20log10(a1)−20log10(d)− 20
ln10

αd = A1−20log10(d)−α
′d, (13.7)

where

α ′ is the absorption in decibels per metre and is related toα by (E.10); and

A1 is the (normalised) measured source level in decibels atd = 1m if the absorption,α ′,

were 0.

For a target at 1mDOF, equation (13.7) for received power may then be simplified toA1−α ′.

The model (13.7) was fitted to the data using a least squares technique, as described in Ap-

pendixI.

Power Precision Experimental Results

The experimental data set from Section13.2.1was re-used to provide amplitude measurements.

The detected echo amplitude was converted to decibels of power and plotted in the left column of

panels in Figures13.10and13.11for the left and right channels.

The power was normalised relative to the 3σ level of the normally distributed background

noise. The normalisation was carried out using per-channel and per-system noise measurements.

The noise level was estimated using a single representative signal, selected to be observation

record 101 where the target is at a range of 500mm. The method of measuring the noise level

will be described in Section13.2.4. With this in mind, the power plotted in the left column of

Figures13.10and13.11is seen to be the signal to noise ratio of the signal from a target at the

givenDOF.

The modelled signal power,Pr from (13.7), was fitted to the data using the techniques of

AppendixI and is drawn in the left column of panels as a red line. The values used for the fitted

parameters,A1 andα ′, are also drawn on the plots. The parameterA1 is the normalised measured

source level atd = 1m, whileα ′ is the absorption in decibels per metre. The power of the received

echo is expected to be a curve, due to the logarithmic function ofDOF.

The second column of panels shows the residuals, which have been generated by subtracting

the modelled data,Pr , from the experimental echo power.

The third column of panels shows a histogram of the residuals shown in the second column.

The meanµ and standard deviationσ are indicated on the panels. This plot may be used to deter-

mine whether the residuals are normally distributed. Non-normally distributed residuals indicate

a model error or other perturbation.

As this analysis uses amplitude data from the range precision experiment, the measured en-

vironmental parameters from that experiment also apply, and may be found in Figures13.6and

13.7.
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Figure 13.10: Results of the echo power precision measurements for the left channel. The left
column of plots is the receivedsignal to noise ratio, plotted as a function ofDOF. The red line
is the fitted modelPr . The power levels are normalised to the 3σ or 99.7% confidence level
of the normally distributed system noise. The middle column of plots shows the residuals after
subtracting the model from the measured data. The third column of plots shows a histogram of the
residuals.
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Figure 13.11: Results of the echo power precision measurements for the right channel. The left
column of plots is the receivedsignal to noise ratio, plotted as a function ofDOF. The red line
is the fitted modelPr . The power levels are normalised to the 3σ or 99.7% confidence level
of the normally distributed system noise. The middle column of plots shows the residuals after
subtracting the model from the measured data. The third column of plots shows a histogram of the
residuals.
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Table 13.5: Received echo power precision, taken from Figures13.10and13.11.

Sonar σp (dB)
System Left Right Average

MF-QD 1.46 1.44 1.45
MF-UD 1.43 1.42 1.43
CTFM-DFT 1.31 1.27 1.29
CTFM-YW(128) 2.10 2.46 2.28
CTFM-LSMYW(128,128) 1.97 2.49 2.23

Discussion of Precision of Received Power

The precision of the received echo power estimation of each of the five sonar systems is presented

in Table13.5. In each of these systems the noise and other unmodelled effects such as the impulse

response of the air increase as a function ofDOF.

The MF-QD and the MF-UD systems are statistically identical for measuring echo power.

Both systems utilise the same transmit signal and matched filter system, and operate at the same

sampling rate up to the envelope extractor. The only difference between the two systems is in the

envelope extraction and peak finding stages, which utilisequadrature demodulation, Section8.6.2,

andunsynchronised demodulation, Section8.6.3. While these two systems have different output

sampling rates and hence differentDOFquantisation, they both utilise polynomial interpolation to

find the peaks. As the demodulation technique is the only difference between the two systems, and

the two systems provide equivalent results, it is concluded that the MF-QD and MF-UD envelope

extractors perform equivalently with respect to echo power estimation.

The CTFM-DFT system has the best precision for echo power. This suggests that the position

of the interpolated peak is repeatable in amplitude but not, according to theDOF results, in fre-

quency. This performance dichotomy is attributed to the shape of the peak; see Figure10.4for an

example in which the width of the peak makes the position of the peak maximum ill-defined, but

allows the amplitude to be reliably determined.

The auto-regressiveCTFM sub-systems, CTFM-YW and CTFM-LSMYW, have the largest

uncertainties. A significant reason for this increase is the poor modelling of the observed echo

power, which is shown by the residual structure in these panels in the middle column of Fig-

ures13.10and13.11, and by the multi-modally distributed residuals which may be seen in the

third column of Figure13.11. An analysis of the spectra (see Figure13.12) indicates that as the

power of adjacent peaks increases, the level of the minimum between these peaks also increases,

thereby affecting the modelling and accuracy of the received power level while leaving theDOF

determination unaffected. It is seen from Figures13.10and13.11that a major change in character-

istics takes place near aDOFof 1.4m. A detailed investigation of spectra shows that this is where

a secondary echo from an off-axis corner begins to have significant power (see also Figure13.12).

An additional but secondary issue is the effect of noise uponauto-regressivesystems. Kay and

Marple [75] indicate thatAR systems are unable to function satisfactorily in a noisy environment,

and thatAuto-Regressive Moving Average (ARMA)systems are to be preferred. They have not

been applied in this work due to their added complexity.



260 CHAPTER 13. DOF AND POWER MEASUREMENT PERFORMANCE

CTFM-YW(128) 20020227 Target Geometric DOF 1.003m

-0.10.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0 2.1 2.2 2.3 2.4 2.5
Distance Of Flight (m)

-60

-40

-20

0

P
ow

er
 (d

B
) (

Le
ft)

-60

-40

-20

0

P
ow

er
 (d

B
) (

R
ig

ht
)

Spectrum

Peaks

CTFM-YW(128) 20020227 Target Geometric DOF 1.443m

-0.10.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0 2.1 2.2 2.3 2.4 2.5
Distance Of Flight (m)

-60

-40

-20

0

P
ow

er
 (d

B
) (

Le
ft)

-60

-40

-20

0

P
ow

er
 (d

B
) (

R
ig

ht
)

Spectrum

Peaks

CTFM-YW(128) 20020227 Target DOF 2.003m

-0.10.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0 2.1 2.2 2.3 2.4 2.5
Distance Of Flight (m)

-60

-40

-20

0

P
ow

er
 (d

B
) (

Le
ft)

-60

-40

-20

0

P
ow

er
 (d

B
) (

R
ig

ht
)

Spectrum

Peaks

Figure 13.12: Returned echo power estimated by the CTFM-YW(128) sonar system for various
target distances. The target is at 1mDOFin the first plot, 1.45m in the second, and 2m in the third.
The echo visible at 2m in the first plot is an echo which has travelled between the sonar head and
the wall 4 times. The secondary echo is visible at 1.2m, 1.58m and 2.1m in the sequence of three
plots. The secondary peak gets closer to the main peak as the targetDOFincreases. The secondary
peak power also increases, as the off-axis corner reflector enters the beam. The additional power
in the secondary peak, in close proximity to the primary peak, causes the estimated power in the
primary peak to be perturbed.
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Table 13.6: Normalised measured source level at 1m,A1. The values shown are measured in
decibels relative to the 3σ level of the normally distributed system noise.

Sonar A1 (dB)
System Left Right

MF-QD 51.6 52.6
MF-UD 51.7 52.7
CTFM-DFT 60.2 56.8
CTFM-YW(128) 63.9 61.9
CTFM-LSMYW(128,128) 70.1 64.3

Discussion of Normalised Measured Source Level

The normalised measured source level,A1, incorporates several factors:

1. The elements of the signal path outlined in Figure4.2,

2. The sonar processing,

3. The energy in the transmit signal, and

4. The normalisation due to the system noise level.

The contribution of each of these items to the measured normalised source level is only partially

separable. Item1 is controlled by utilising the same data set for the analysis of each sonar class.

Some variation in the signal path may occur between the experiments for each sonar classes as the

two experiments were conducted on different days. Items2 and3 currently remain uncalibrated.

Item4 is tabulated in Table13.8. The main reason for the normalisation is to provide the basis for

a comparison between the five sonar systems, based uponsignal to noise ratio.

The values obtained for the measured normalised source level,A1, are listed in Table13.6.

These values indicate a clear superiority of about 8dB of theCTFM class systems over theMF

class systems. The left channel of the CTFM-LSMYW system is specifically noted as an outlier,

due to the 6dB difference between the two channels. This is primarily due to the low value mea-

sured for the noise floor, which is discussed in Section13.2.4. The perturbation of theLSMYW

measurements by the secondary echo, discussed previously, is a secondary effect. With the noted

exception of the CTFM-LSMYW results, the data in Table13.6show that the left and right chan-

nels are quite similar.

Discussion of Absorption

The fitted values of the absorption,α ′, in decibels per metre are summarised in Table13.7. The

absorption is determined by the air properties and by the bandwidth of the signal. The air proper-

ties (see Figures13.6and13.7) changed between the experiments forMF andCTFM sonar classes

with a 1◦C change in temperature, and a 13% change in relative humidity. The absorption (see

FigureE.1) can be expected to remain constant over this particular region of humidity parameter

variation. Furthermore, the bandwidth of the two classes of sonar system, shown in Tables8.1
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Table 13.7: Air absorptionα ′ in dB ·m−1. The values shown here represent the mean absorption
over the bandwidth of the signal.

Sonar α ′ (dB·m−1)
System Left Right

MF-QD 3.2 3.3
MF-UD 3.2 3.3
CTFM-DFT 3.3 3.4
CTFM-YW(128) 3.1 3.3
CTFM-LSMYW(128,128) 2.6 2.1

and9.4, is seen to be 19.9kHz for theMF class, and 21.6kHz for theCTFM class. The mean

frequencies are 80kHz for theMF class and 79kHz for theCTFM class. Thus the frequency band

occupied by the two signals is nearly identical. The similar air properties and almost identical

bandwidth explain the experimental similarity between the absorption in the two sonar classes,

with the exception of the CTFM-LSMYW system.

The absorption values obtained by the CTFM-YW(128) system are close to those obtained by

theMF and CTFM-DFT systems, despite the power disturbance by the close echo. The CTFM-

LSMYW(128,128) result has been badly affected by the close echo problem described previously,

causing a clear difference in the estimated air absorption. This leads to the conclusion that the

absorption estimates are invalid in the case of the CTFM-LSMYW system.

Discussion of Power Residuals

The standard deviation of the residuals statistically increases over the 3mDOFvariation presented

in Figures13.10and13.11. This is also reflected in the histograms, which are sharper in the middle

than their fitted normal distributions. This is attributed to the sonar signal accumulating airflow

fluctuations in proportion to the path length through the propagating medium.

The histograms shown in the right columns of Figures13.10and13.11also show that the

residuals are not normally distributed, which is attributed to the change in the distribution of the

residuals with range, and to the unaccounted range dependent structure.

The variation of the received echo power is quite large when compared with the absorption

and spreading loss, which makes echo power unsuitable for determining theDOF.

13.2.3 Cross-correlation Analysis

The cross-correlation ofDOF and echo power data output by the detector from the left and right

channels or transducers is important for the determination of bearing and bearing precision. This

is shown in Sections14.1.3and14.2.4. However, since the principal data products of a receiver

areDOF and echo power, which are the topic of this chapter, it is appropriate to present these

correlations here.

The correlations between the left and right channel detector residual data are shown in Fig-

ure13.13. These plots are generated by taking the residuals corresponding to a single measurement

and drawing a point corresponding to that measurement. In the first column, the horizontal axis
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Figure 13.13: Correlation between the left and right channels forDOF and power residual mea-
surements output by the detector. The correlation coefficient is marked on each plot. See Sec-
tion 13.2.3for full details.
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represents the residual of the left channelDOFmeasurement, while the vertical axis represents the

residual of the right channelDOF measurement, in mm. In the second column, the axes represent

the echo power residuals, in decibels. The correlation coefficients are calculated by

c12 =
σ12√

σ11σ22
,

where

σ12 denotes the covariance between two different quantities, and

σ11 andσ22 represent the variance of their respective quantities.

The variances and covariances appear in theVariance CoVariance (VCV)matrix Σ, which is de-

scribed in AppendixI.4.

Discussion of DOF Results

The DOF residuals show moderate levels of correlation, with the CTFM-LSMYW sonar having

the highest correlation coefficient. While the two matched filter systems do not have statistically

different DOF standard deviations (see Table13.4), the MF-UD system does have a noticeably

higher correlation between the left and rightDOF measurements.

The CTFM-DFT system displays tram-tracks in itsDOF residual results. An obvious cause

would be the underlying discrete nature of theDFT spectral estimation process. However, the

spacing between the tram-tracks is∆d = 2.5mm, which is quite different from theDOFquantisa-

tion of ∆d = 7.42mm found in Section10.2.4. There is no tram-track at this distance. Indeed, the

tram track spacing of 2.5mm is about one third of the requiredDOF. Therefore the tram-tracks

cannot be explained by the discrete nature of theDFT.

Preliminary experiments utilising a zero paddedDFT in place of Davies’ [28] complex in-

terpolation technique (see Section10.3.4) indicate that the tram track phenomenon is completely

removed. This demonstrates that the tram track fault lies completely within Davies’ complex

interpolation technique. The interpolation technique was selected due to its low computational

complexity. The zero padded technique appears to remove the problem, albeit with significantly

higher computational complexity.

A possible explanation of the tram-track phenomenon is as follows. The interpolation proce-

dure outlined in Section10.3.4assumes that the power spectrum is composed of a sinc function

with a phase component (see equation (10.18)). This implies that the two samples on either side

of the central peak are very small when the peak lines up exactly with a spectral line. This can

be seen in the red curves in the top panel of Figure10.4. However the real sample points will

always lie upon lines exemplified by the green curve in Figure10.4 and therefore the two side

points will diverge greatly from the required zero model at these points. The divergence is partly

due to additive noise and partly due to the extended low-level sinc sidelobes of other targets. Thus

when the central peak is aligned with a spectral sample, the effect of these components will be to

shift the estimated peak frequency slightly away from the central peak frequency. In relation to

the tram-track phenomenon, it is postulated that the narrowness of the zeroes of the sinc function
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(see Figure10.4) is what causes the localisation of the tram-track, rather than a continuously dis-

tributed error. The 2.5mm width between the clusters is postulated to be linked to the background

level (of the green curve), and the width at which the fitted curve (red) achieves this level. This is

supported by Figure10.4.

The tram-track phenomenon is expected to cause problems with the estimation of bearing us-

ing CTFM-DFT data and theIDD technique, as the bearing calculation, performed in Section14.1,

relies upon the difference between the twoDOF measurements. The correlation between the left

and right measurements will cause bearing offsets.

It may be possible to remedy the tram-track problem by adding additional code to determine

when the two side peaks have a low energy, and to use a different technique to perform the inter-

polation. The primary strength of the interpolation technique is its ability to accurately interpolate

the position of the peak when it falls near the mid-point between two spectral lines.

The DOF measurements are used to compute both range and bearing. Section14.1.3shows

that positive correlations near 1 in theDOFresults lead to highly precise bearing estimates, but less

precise range estimates. On the other hand, correlations near -1 lead to precise range estimates but

imprecise bearing estimates. In this instance the type of correlation is determined by the properties

of the air column, which are nearly identical between the left and right channels. This leads to

high positive correlations, which in turn lead to precise bearing estimates.

Discussion of Power Results

Cross-correlation for power in the left and right channels is variable, but the level is from values

that are usually not statistically significant,
∣∣c12

∣∣ < 0.5, to levels that are moderately significant,∣∣c12

∣∣ < 0.8. As the bearing calculated fromIPD utilises power difference (see Section14.2.3),

correlations near 1 will lead to more precise bearing estimates byIPD. Since range is not computed

from echo power, there is no trade-off as there was with theDOF correlations.

Cross Correlation of DOF and Power

The cross correlation between theDOF and echo power measurements (not plotted) has a maxi-

mum value of 0.47 over all sonar systems. This indicates that theDOF and power estimates are

essentially uncorrelated. This result will be used in Chapter14 to show that the two methods of

calculating bearing, theIDD andIPD methods, will provide independent results.

13.2.4 Noise Level Analysis

Each of the five different sonar types produces an output signal with a different level. For the pur-

poses of comparison, it is therefore necessary to normalise the levels by some common reference.

Two reference points are possible:

1. The level of an echo from a target at a standard distance under standard conditions.

2. The level of the background noise, or some offset from that noise level.
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The second option was chosen, as it allows ready evaluation of the signal to noise ratio of the echo

signals. This in turn affects both the precision of the detection results and the maximum range of

the sonar system. The second option also removes the restrictions of standard conditions, which

are satisfied by using one experimental data set for each sonar class, but are not satisfied between

different sonar classes and data sets.

The background noise level was calculated using a sample echo recording from each sonar

type, extracted from the experimental results from the range experiment configuration described

in Section13.1. The echo was from a plane target placed at 500mm from the sonar head. For

each sonar type, data was obtained in decibels of power as a function of range, and a quiet area

containing no echoes was selected. The RMS noise level,VRMS, was then computed using

VRMS=

√
1
n

n

∑
i=1

10(
xi
10), (13.8)

where the data points,xi , are decibels of power. Equation (13.8) must be applied in the domain in

which the echoes can be distinguished from the noise. The formulation is valid whether the data

represents time power samples or frequency power samples, due to Parseval’s theorem (Bracewell

[14]). If the noise is assumed to be Gaussian, then this level may be described as a single standard

deviation, and will encompass 68.3% of the corresponding amplitude sample points.

Detection and the Probability of False Alarm

The signal is examined by the detector which decides whether or not a contact is present, and

then determines its location (Van Trees [132, Chapter 2]). There are four possible outcomes of the

detection process, ignoring the determination of location. These are:

1. There is actually a target, and it is correctly detected.

2. There is actually a target, but it is not detected.

3. There is actually no target, but one is detected. This is a false alarm.

4. There is actually no target, and no target is detected.

These four configurations represent conditional probability statements. Thus the likelihood of

statements 1 and 2 add to a probability of 1, and the likelihood of statements 3 and 4 also add to a

probability of 1.

The probability of each of the statements listed above may be related, under ideal conditions,

to the level of the detection threshold with regard to the system noise. It is standard engineering

practice to select theProbability of False Alarm (PFA)and then compute the required detection

threshold, using the system noise level as a parameter. A smallPFA implies a detection threshold

which is set far above the noise floor, which will, in turn, prevent the detection of weak targets.

The selection of the detection threshold is a design issue, requiring the designer to select between

detection of weak reflectors and a low probability of false alarm.

In this work, the detection threshold was selected empirically to obtain a small but acceptable

number of false alarms. Theprobability of false alarmcorresponding to each detection threshold

level was then calculated after the noise floor had been measured.
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The noise levels determined by the method described above are summarised in Table13.8.

The results of each system will now be considered.

Matched Filter with Quadrature Demodulation Noise Level Results

The noise level of the MF-QD sonar system is shown in Figure13.14. Equation (13.8) was com-

puted over the region indicated in grey. This data set includes a quiet area near the end of the

recording where there were no echoes present. TheRMS noise level is indicated, as well as the

percentage of the normally distributed noise that it contains. The two and threeσ noise levels are

also included, along with the percentages of the noise distribution that they contain.

The peaks detected by the peak finding algorithm (described in Section8.7.1) are shown in

red, while the sidelobe exclusion regions (described in Section8.7.2) are indicated by the blue

lines on either side of the detected peaks.

The detection threshold labelled in Figure13.14was selected empirically as described above.

The noise level differs by less than 2dB between the two channels. This difference in noise levels

leads to a difference in thePFA, as listed in Table13.8. The largePFA difference is attributed

to the sensitivity of the cumulative probability distribution. However, the levels achieved should

provide for reliable operation with relatively few false alarms. TheSNR measured for the two

channels is in good agreement, with only 0.3dB between the two channels.

Matched Filter with Unsynchronised Demodulation Noise Level Results

The noise level of the MF-UD sonar system is shown in Figure13.15. The features on this plot

are the same as for the MF-QD, and the noise level, the detection threshold and thePFA are not

significantly different from those of the MF-QD system. This is to be expected due to the similarity

of these two designs (see Chapter8).

CTFM-DFT Noise Level Results

The noise level of the CTFM-DFT sonar system is shown in Figure13.16. This sonar system does

not display a constant noise floor as theMF systems do. This is due to the sidelobes of the sinc

function which is introduced for every target (see equation (10.17)).

The detection threshold labelled in Figure13.16was selected empirically as described above.

The very high setting of the detection threshold for this system, at 45.6σ and 33.4σ for the left

and right channels respectively, implies a very lowPFA of 10−453 and 3×10−245 for the left and

right channels under ideal circumstances. Consequently, the maximum operating range of the

system is reduced while the detection threshold remains at this setting. An example of non-ideal

circumstances where thePFA is lowered is in the side-lobes of the main peaks, where it can be

seen that many smaller peaks reside. The application of a shaped sidelobe removal system, similar

to that implemented for theMF system in Section8.7.2, would remove the need for such a high

detection threshold. This proposal remains as future work.

The noise level results for the left and right channels differ by 2.7dB, while the signal to noise

ratio differs by 4dB. The sign of the difference is consistent with the other systems in theCTFM

class shown in Table13.8, but is opposite to the sign of the difference in the two systems in the
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Figure 13.14: Determination of the noise level for the MF-QD sonar. See p.267for discussion.
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Figure 13.15: Determination of the noise level for the MF-UD sonar. See p.267for discussion.
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Figure 13.16: Determination of the noise level for the CTFM-DFT sonar. See p.267for details.
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MF class. This may point to a difference in the underlying datasets, as the experiment for each

class was performed on a different day.

CTFM-YW Noise Level Results

The noise level of the CTFM-YW sonar system is shown in Figure13.17. TheYW sonar systems

directly model the peaks of the spectrum using poles, as discussed in Section11.2.3, but the poles

do not directly model the noise floor. It is necessary to use a model with zeroes, such as anARMA

model (mentioned in Section11.1.2), to accurately model the noise floor. For this reason, the

spectral estimate appears quite structured in the region of the noise. Furthermore, there is a slope,

which is also present in the CTFM-DFT data. This appears to be the sidelobes of the peaks in the

spectral estimate.

The detection threshold labelled in Figure13.17was selected empirically as described above.

The detection threshold is 3.82σ for the left channel, corresponding to a probability of false alarm

of 1.3× 10−4 under ideal circumstances. An example of non-ideal circumstances is, again, the

side-lobes of the larger targets, where several additional detections may be seen. However, the

possibility that these targets may be genuine has not been excluded by inspection of the experi-

mental setup.

CTFM-LSMYW Noise Level Results

The noise level of the CTFM-YW sonar system is shown in Figure13.18. The noise level for

the CTFM-LSMYW sonar is significantly lower than that of the CTFM-YW sonar. TheLSMYW

spectral estimator has modelled the noise region quite differently from theYW spectral estimator.

The theory of theYW based spectral estimators, in Section11.2.3, shows that it is the peaks

which are modelled rather than the noise. Therefore it is not surprising that the noise floor may be

modelled inconsistently and perhaps incorrectly. Comparison of the CTFM-LSMYW results with

the CTFM-DFT and CTFM-YW systems shows that the noise level is too low. This has, in turn,

affected the normalised level of the power level results of Section13.2.2. However, the power

standard deviation has not been affected, as the same noise calculation was used to normalise all

of the observations.

The detection threshold labelled in Figure13.18was selected empirically as described above.

Upon comparison with the theory, the detection threshold is 7.52σ and 5.2σ for the left and right

channels, corresponding to aPFA of 5×10−14 and 2×10−7 for the left and right channels under

ideal circumstances. However, this spectral estimator produces many small peaks on the sidelobes

of large peaks, which will not be removed by a static threshold system. These sidelobe peaks could

be masked out to obtain fewer false detections.

Comparison of Noise Levels

The noise levels,signal to noise ratios, detection thresholds andPFAs measured in this section are

summarised in Table13.8.

Thesignal to noise ratiois measured using the target at a range of 500mm. The 3σ level is

used as the noise reference for thesignal to noise ratiocalculation. The detection threshold is not
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Figure 13.17: Determination of the noise level for the CTFM-YW sonar. See p.271for discussion.
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discussion.
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Table 13.8: Summary of noise level results for the five different sonar systems. TheSNRcolumn is for a plane target at 500mm, and is measured using
3σ noise as the reference level. The noise level is tabulated in decibels referenced to a signal with a single-sided amplitude of 1 Volt.

Detection Left Right Results
Sonar Threshold Noise level (dB re 1V) SNR PFA Noise Level (dB re 1V) SNR PFA Discussed

System dB re 1 Volt 1σ (68.3%) 3σ (99.7%) dB (probability) 1σ (68.3%) 3σ (99.7%) dB (probability) on Page
MF-QD -20 -32.3 -22.7 48.7 4×10−5 -34.0 -24.4 49.0 6×10−7 267
MF-UD -20 -32.0 -22.5 48.0 7×10−5 -33.7 -24.2 49.0 1.2×10−6 267
CTFM-DFT -30 -63.2 -53.6 57.0 10−453 -60.5 -50.9 53.0 3×10−245 267
CTFM-YW -50 -61.6 -52.1 60.7 1.3×10−4 -60.5 -50.9 56.3 8×10−4 271
CTFM-LSMYW -50 -67.5 -58.0 67.4 5×10−14 -64.3 -54.8 60.3 2×10−7 271
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Table 13.9: The predicted maximum range of each sonar type. See text on p.275for full details,
particularly regarding the unusual CTFM-LSMYW result.

Maximum DOF Maximum Range
Sonar Left Right Left Right

System m m m m
MF-QD 9.4 9.5 4.7 4.7
MF-UD 9.4 9.6 4.7 4.8
CTFM-DFT 11.2 10.1 5.6 5.0
CTFM-YW 12.9 11.7 6.4 5.8
CTFM-LSMYW 16.7 17.5 8.3 8.7

normalised in any way. ThePFA, Pf a, is computed from

x = 10(DT−σ)/20 (13.9)

Pf a =
2√
π

∫ ∞

x
e−t2

dt, (13.10)

whereσ is theRMSnoise level expressed in decibels, and (13.10) is the integral of the normal dis-

tribution of meanµ = 0 and standard deviationσ = 1. This function is called the complementary

error function or erfc (Abramowitz [1, Chapter 7]).

The CTFM systems all have a much largersignal to noise ratiothan theMF systems. This

is predicted by thetime-bandwidth producttheory described in Section4.6, and by theTB mea-

surements made in Tables8.1 and9.4. This result also indicates that we may expect theCTFM

systems to have a longer maximum range than theMF sonar systems. The maximumDOFof each

system will be evaluated in the next sub-section.

Maximum DOF

The maximumDOF at which each sonar system is capable of detecting a plane target may be

calculated using (4.2) and (4.3), by finding theDOF which causes the echo excess to reach zero.

The calculations were performed using the echo power information tabulated in Tables13.6and

13.7. Thus the calculations assume a plane reflector with the normal reflection point which lies

on the acoustic axis of the sonar head. Targets having a lower sonar cross section or which are

placed off-axis will suffer a lower maximum range. APFA of 10−7 was assumed for calculating

the detection threshold. The calculation is performed using an inverse form of (13.10), which is

provided by Mathematica [139]. Thus the detection threshold used for determining the maximum

range was 1.976dB above the 3σ noise level, which is 11.51dB above theRMS noise level. The

results are shown in Table13.9. Before discussing the results in general, it is worth looking into

the unusually high value obtained for the maximumDOF of the CTFM-LSMYW system. This

has come about for several reasons:

1. The estimate for the air absorption in Table13.7is unusually low, perhaps due to the spectral

estimate being perturbed by a second target nearby.
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2. The noise level estimate from Figure13.18is lower than that of all the otherCTFM systems

which were applied to the same data set. The noise level in the signal cannot change. The

low value measured by theLSMYW estimator may be because theYW system does not

specifically model the noise floor.

This leads to the conclusion that the CTFM-LSMYW maximumDOF computation is invalid.

More conclusive results may be obtained by an experiment that measures the maximumDOF

directly.

The calculated maximumDOF data shown in Table13.9demonstrate that theCTFM systems

are expected to achieve an extra metre of range over theMF systems in noise limited operation.

This is due to the higherSNRachieved by theCTFM systems.

13.2.5 Summary of DOF Precision Results

TheDOFand echo power precision experiment has provided data for the six attributes labelled (a)

in Table13.1. The six attributes are:

1. DOF Accuracy. TheDOF precision experiment of Section13.2.1was designed to allow

the accuracy to be evaluated. The parameters governing the accuracy are the offset time,

to f f , and the difference between the calculated and measured speed of sound,∆c. These are

summarised in Tables13.2and13.3. However, the difference between the calculated speed

of sound and the measured speed of sound caused the accuracy to be poor. Therefore the

absoluteDOF accuracy has not been rigorously assessed.

2. DOF Precision, measured in Section13.2, and summarised in Table13.4. TheDOF preci-

sion is a factor in determining the precision of the range and theIDD bearing estimates, as

explained in Section14.1.3.

3. Echo Power Precision, measured in Section13.2.2, and summarised in Table13.5. The

echo power precision of the left and right channels determines theIPD bearing precision, as

explained in Section14.2.4.

4. DOF Cross-correlation, measured in Section13.2.3, and summarised in Figure13.13. The

DOF cross correlation is a factor in determining the range andIDD bearing precisions, as

explained in Section14.1.3.

5. Echo Power Cross-correlation, measured in Section13.2.3, and summarised in Figure13.13.

The echo power cross correlation is a factor in determining theIPD bearing precision, as

explained in Section14.2.4.

6. Noise Level and Signal to Noise Ratio, measured in Section13.2.4, and summarised in

Table13.8. The noise level at the output of each sonar system, together with the power

levels determined in the echo power precision experiment in Section13.2.2, was then used to

estimate the maximum range of each sonar type. These results are summarised in Table13.9.
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Several important observations were made in the course of the discussion of theDOF precision

experiment results. These observations may be divided into problematic, neutral and beneficial

categorisations. The following results are regarded as problematic:

1. A significant difference was observed between the calculated and the observed speed of

sound, as tabulated in Table13.3. This prevented the assessment of the absoluteDOFaccu-

racy. Solving for a correction factor and understanding that this factor is sub-class dependent

is considered an important result.

2. The CTFM-YW and CTFM-LSMYW echo power results, seen in Figures13.10and13.11,

display a perturbation from the ideal echo power model. It was determined that this was

due to interference from other close echoes, which the CTFM-YW and CTFM-LSMYW

systems could not resolve. The fact that the CTFM-DFT system was not affected indicates

that the fault lies in theYW andLSMYW spectral estimators. This will be seen again in the

resolution experiment in Sections13.3.4and13.3.5. This result impacts upon the usefulness

of theYW basedCTFM sonar systems.

3. The CTFM-DFTDOFcross-correlation results display tram-tracks, as seen in Figure13.13.

This is due to the behaviour of the interpolation scheme when the actual peak falls near a

spectral line.

4. The twoYW systems, and CTFM-LSMYW in particular, have difficulty in estimating the

background noise levels, as seen in Section13.2.4.

5. All of the experiments display small differences between the left and right channels. This

is due to the manufacturing tolerances of the hand-madeDAC andADC cards (described in

Sections5.1.1and5.1.2), transducers (Chapter6), and amplifiers (Section6.6).

The following observation has a neutral effect upon the operation of the sonar system:

1. An offset time was measured for all sonar systems, as summarised in Table13.2.

The following results are regarded as beneficial:

1. The compensation of theDOFmeasurements has showed a significant reduction in the resid-

uals, as shown in Figure13.9. However, there is some additional effect which is not com-

pensated.

2. All systems, with the exception of the CTFM-DFT system, have achieved goodDOFpreci-

sion results, around±1mm. The CTFM-DFT system was noted to have problems due to its

interpolation scheme.

3. The MF-QD, MF-UD and CTFM-DFT systems have achieved good power precision results,

as summarised in Table13.5.



278 CHAPTER 13. DOF AND POWER MEASUREMENT PERFORMANCE

4. The left and rightDOF residuals show high positive correlation (see Figure13.13), indi-

cating that the errors originate in the common air path. This will improve the precision of

bearing calculations, at the expense of range precision. However, the bearing calculations

depend more critically uponDOF precision than range calculations do, so the trade-off is

seen as a net benefit in this case.

This concludes the range precision experiment. The range resolution experiment, will be discussed

next.

13.3 The Range Resolution Experiment

The range resolution experiment corresponds to experimental configuration (b) in Table13.1. The

configuration is shown in Figures13.1b and13.3, and is aimed at determining the ability of each

sonar system to resolve two pole targets as being separate. The poles, visible in Figure13.3, both

have a diameter of 12.7mm. The coordinates of the front face of the fixed pole were{x, y} =
{943.2, 138.7}mm, giving it a range of 953.3mm. The movable pole was moved along a straight

line between the coordinates{700, 90}mm and{1200, 90}mm in steps of 1mm. At each of the

501 positions, 3 observations were recorded, as described in Section13.1.3. However, instead of

recording just the echo which was closest to the expectedDOF, all of the echoes within the range

0.7m to 1.2m were recorded.

The results for each of the various sonar types are shown in Figures13.21. 13.24, 13.26, 13.27

and13.29. Each dot in the figures represents a detected echo. These dots are intensity coded by

colour, according to the legend shown in Figure13.20. The horizontal axis of each plot indicates

the range from the sonar to the reflecting face of the moving pole. This moving pole is initially

in front of the fixed pole and at the end is behind the fixed pole. Thus range resolution is half of

the range difference from the first range of a single echo to the last range of a single echo. In this

experiment, simple range is considered to be half of theDOF. A proper formulation of range is

developed in Chapter14. The vertical axis of the resolution results figures indicates the measured

DOF of the echoes. The decibel power of each echo is plotted as the colour of a dot according to

the colour scale shown in Figure13.20.

The echo from the fixed pole is observed as a horizontal line of dots having a large power at

constantDOF, d = 1.92m. The echo from the movable pole appears as the lowermost upward

sloping line with strong power.

While there were only two principal targets, echoes have been recorded from other targets as

well. In particular, there are strong secondary echoes coming from a target which has a motion

similar to the moving target. The most likely reflectors are the mounting stage of the positioner and

the traverse motor. The change in the secondaryDOF relative to the principal echo is explained

by considering that the difference in radii between the pole reflecting point and a reflection from

the positioner base, as shown in Figure13.19, becomes smaller as the positioner moves further

away from the sensor; it will eventually have a smaller range than the echo from the moving pole

target. There are two secondary echoes visible in the plots, coming from the moving positioner

base. There is also a fixed secondary echo, visible in theMF experiments, which is presumed to

come from the retort stand shown in Figure13.3.
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Sensor Head

Positions of moving pole

Multiple reflections
get closer as range

increases

Figure 13.19: Secondary reflections coming from the positioner base have a larger range than
the reflections from the pole at short ranges. At longer ranges than shown here, the secondary
reflection will have a shorter path length than the primary reflection.

The results for each type of sonar are now presented and discussed in turn.

13.3.1 Matched Filter QD Resolution Results

The results from the matched filter sonar with quadrature demodulation, shown in Figure13.21,

display a good ability to resolve close targets. However, there are a huge number of weak echoes

bearing no resemblance to physical targets. This is noise in the sonar system, not eliminated by

the noise threshold, which was set to−20dB re 1V amplitude, as shown in Table13.8. The noise

level in this data set varies with each record, generally increasing as the experiment progresses,

as shown in Figure13.22. The theory discussed in Section13.2.4shows that thePFA is greatly

reduced by this fault. The false detections may be eliminated by increasing the detection threshold,

-60 -50 -40 -30 -20 -10 0

Figure 13.20: Legend indicating the signal strength of echoes, in decibels. This legend applies to
all of the range resolution plots in Section13.3.
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Figure 13.21: Resolution results for the matched filter quadrature demodulation sonar system. The
entire set of results is shown in the upper two panels, while closeups of the crossover regions are
shown in the lower two panels. Each dot represents an echo, with theDOFindicated by the vertical
position, and the power indicated by the colour, according to the legend shown in Figure13.20.
The fixed target has aDOFof 1.913m, while the moving target has aDOFof approximately twice
its range (the horizontal coordinate).
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but this also eliminates the echoes from the fixed target on the right channel. The weakness of the

echo from the right channel can be seen in Figure13.21as it is plotted in green, rather than

the red/yellow colour appearing on the left channel. The difference in received echo strengths is

attributed to the different pointing angles of the receivers, and will be discussed more during the

computation of bearing by inter-aural power difference in Section14.2.

Putting aside the false detections, the resolution of the system can still be determined from

this data set. Closeups of echo detections in the crossover region, shown in Figure13.21, show

that the resolution of this sonar system is 6mm in both channels. This figure also shows that the

echoes are not significantly perturbed from their true positions until the target resolution criterion

is reached. The recorded target distance appears to be the average of the two target distances

within the unresolvable zone.

Raw Received Echo

Figure13.23shows the raw echo before any processing as it is received from the two pole targets.

The right echo is barely above the noise floor, and the sampling quantisation level is visible in the

plot. It appears that some of the noise is in the same proportion to the signal on both channels,

indicating that the noise source could be before an amplifier stage which has an unequal gain

between the two channels.

The echo power, in decibels, received from a pole target is described by

Pr = A1−40log10r−2α
′r,

wherer is the range to the target,A1 is the normalised measured source level, andα ′ is the mean

absorption over the signal bandwidth, as defined in Section13.2.2. The main difference from the

echo power received from a plane target, described by (13.7), is the 40log10r term. This difference

is caused by the spreading loss on the outward path followed by the spreading loss from a point

reflector on the return path, as discussed in Chapter4. This term is responsible for the echo being

so much weaker than the plane reflection studied in Section13.2.2.

Demodulated Waveform

The demodulated output waveform may be seen in Figure13.25a for the case where the two targets

are resolved.

13.3.2 Matched Filter UD Resolution Results

The matched filtersonar with unsynchronised demodulation, shown in Figure13.24, gives very

similar results to the MF-QD sonar. The similarity is to be expected as the only difference between

the sonar systems is in the envelope extractor. The MF-UD sonar produces peaks with a slightly

higher amplitude. There appear to be more false positives in this data set than in the MF-QD data

set, which is attributed to the difference in the peak extractor. The underlying data set used is the

same as was used for the MF-QD experiment, and contains the same noise fault as was discussed

in that experiment. The detection threshold was set to−20dB re 1V amplitude, as shown in
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Figure 13.22: Investigation of the noise level in the MF-QD sonar system for the resolution ex-
periment. The top plot corresponds to the measurements drawn at the left of the top panel (left
channel) of Figure13.21, while the lower plot corresponds to the measurements drawn in the
middle panel (right channel) of Figure13.21. The background noise at the 3σ level for record 1
is −19.8dBre1V, while the equivalent measurement for record 1202 is−11.7dBre1V. Both of
these noise levels are higher than those recorded in Table13.8. The detection threshold is set to
−20dBre1V, and remains constant throughout the experiment. ThePFAreduces from 3.4×10−3

for record 1 to 0.25 for record 1202. The increase in noise level indicates a fault in the equipment.
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Figure 13.23: Raw echo waveform for matched filter sonar, measured in volts. Movable target
range is 0.934m, fixed target range is 0.953m. The approximateTOFs are 5.40ms and 5.51ms.

Table13.8. However, putting aside the false detections, the resolution of the system can still be

determined from this data set.

The closeups at the bottom of Figure13.24show that the resolution is 6mm for both the left

and right channels, which is the same as the quadrature demodulation case.

Demodulated Waveforms

Figure13.25b shows the same measured data set as Figure13.25a, but processed by the MF-UD

sonar system. The behaviour of these systems is quite similar as the extracted envelopes are quite

similar. The main difference is that theQD envelope is slightly rougher than theUD envelope.

Figure13.25c shows the demodulated echoes where separation between the targets is only

4.3mm. The echoes have fused together, rendering separate detection impossible. Note that the

echo powers have added to form a peak larger than either of the individual peaks in Figure13.25b.

13.3.3 CTFM-DFT Resolution Results

The results for this sonar are shown in Figure13.26. This sonar system has slightly improved

resolution over theMF sonar system, despite having a lowerDOFprecision (see Table13.4). The

reducedDOF precision is also visible in all plots of Figure13.26as a wider track of dots than is

produced by the other sonar systems. The detection threshold was set to−30dB re 1V amplitude,

as shown in Table13.8.

The resolution of this sonar system can be measured from the closeup plots in Figure13.26to

be 5mm for both the left and right channels.

An important feature of this sonar system is that the pole targets were detected without lower-

ing the detection threshold. It remained at its standard setting of−30dBre1V. A quick check of

the data presented to the detector over multiple data sets shows that the noise level is consistently

similar to that measured in Table13.8. Thus thePFA is maintained, and is reflected in the clarity

of Figure13.26, which lacks the noise seen in thematched filterresults shown in Figures13.21
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Figure 13.24: Resolution results for the matched filter unsynchronised demodulation sonar system.
The entire set of results is shown in the upper two panels, while a closeup of the crossover region is
shown in the lower two panels. Each dot represents an echo, with theDOFindicated by the vertical
position, and the power indicated by the colour, according to the legend shown in Figure13.20.
The fixed target has aDOFof 1.913m, while the moving target has aDOFof approximately twice
its range (the horizontal coordinate).
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(a) MF-QD output, target range 0.944m
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(b) MF-UD output, target range 0.944m

MF-UD 20020504 Target at 0.945m

5.0 5.1 5.2 5.3 5.4 5.5 5.6 5.7 5.8 5.9 6.0

x10-3Time (s)

-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5

S
ig

na
l (

V
) (

Le
ft)

-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5

S
ig

na
l (

V
) (

R
ig

ht
)

Raw Data

Upsampled

Pos Envelope

Neg Envelope

Parabolic Fit

Noise Thresholds

Estimated Peak

(c) MF-UD output, target range 0.949m

Figure 13.25: Output of thematched filtersonar, in volts. In (a), the MF-QD sonar was used, and
the target range was 0.944m, while the fixed target was at 0.953m. The correspondingTOFs are
about 5.53ms and 5.48ms. With the two targets separated by 9mm the sonar can resolve them. In
(b) the MF-UD sonar was used, with the same target ranges andTOFs as before. The two targets
are similarly resolved. In (c) the MF-UD sonar was used, with a movable target range of 0.949m,
giving a separation of 4mm. The echoes are indistinguishable at 5.52ms. The echo amplitude
is also increased by comparison with the amplitudes of the separate echoes in (b). The echoes
detected by the right receiver are weaker due to the difference in the angles subtended by the echo
at the receivers.
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Figure 13.26: Resolution results for theCTFM sonar system with aDFT spectral estimator. The
entire set of results is shown in the upper two panels, while a closeup of the crossover region is
shown in the lower two panels. Each dot represents an echo, with theDOFindicated by the vertical
position, and the power indicated by the colour, according to the legend shown in Figure13.20.
The fixed target has aDOFof 1.913m, while the moving target has aDOFof approximately twice
its range (the horizontal coordinate).
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and13.24.

Spectra

The output of the CTFM-DFT sonar system is shown in Figure13.28a. The movable target causes

a peak at 3475Hz, while the fixed target peak is located at 3455Hz. The peaks are clearly resolved

on both channels. The coarseness of theDFT is clearly evident in this plot.

Examination of a sequence of severalDFTs corresponding to observations taken with the

same experimental setup reveals that the spectra change considerably from moment to moment.

The variation of low power levels is attributed to noise which is commonly eliminated by using the

Welch [138] method, but using the Welch method on this data would further reduce the available

precision. The variation at high power levels may be due to variations in the environmental param-

eters, causing slight changes in the observedTOF, which are translated into large changes in the

DFT output because of the quantisation of the spectral lines. The effect of varying environmental

parameters may be gauged by comparing the results from one of the other sonar systems. As all

of the other sonar systems have a better precision than this sonar, this suggests that nearly all of

the variation in the peaks detected byDFT is due to the quantisation of any noise present.

13.3.4 CTFM-YW Resolution Results

TheCTFM Yule-Walkersonar system results, shown in Figure13.27, display a significant pertur-

bation in the measuredDOF as the two targets approach each other. This effect extends beyond

the point where the two targets are resolvable, extending out to targets separated by as much

as 25mm. Secondary echoes have a significant impact. This perturbing effect has the potential

to destroy bearing precision for targets which are separated in range, although the effect upon the

bearing estimate may be reduced by the fact that both channels are affected approximately equally.

The detection threshold was set to−50dB re 1V amplitude, as shown in Table13.8.

The resolution of this sonar system, being 20mm, is the worst of all the systems tested, but

like the CTFM-DFT system, it produces noise free output.

Spectra

The output of the CTFM-YW(128) sonar system is shown in Figure13.28b, for the same target

separation (11mm) as shown in the CTFM-DFT sonar in Figure13.28a. The smoothness of the

estimate compared to theDFT is immediately apparent. However, with this smoothness comes a

lack of resolving power. When the peak corresponding to the moving target finally emerges, at a

target separation of 26mm, it is a very weak peak (Figure13.28c), and is only visible on the right

channel.

TheYule-Walkerspectral estimator operates by placing poles within the z-plane, as described

in Chapter11. The lack of precision observed in these results indicates that the capacity of the

spectral estimator to precisely separate the effects of two closely spaced frequencies is limited.

This translates to a reduced ability to accurately place two poles close together.

TheYule-Walkerspectra shown in Figures13.28b and13.28c display considerable variation

between the left and right channels. It is hypothesised that this is caused by the same mechanism
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Figure 13.27: Resolution results for theCTFMsonar system with aYule-Walkerspectral estimator.
The entire set of results is shown in the upper two panels, while a closeup of the crossover region is
shown in the lower two panels. Each dot represents an echo, with theDOFindicated by the vertical
position, and the power indicated by the colour, according to the legend shown in Figure13.20.
The fixed target has aDOFof 1.913m, while the moving target has aDOFof approximately twice
its range (the horizontal coordinate).
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(a) CTFM-DFT sonar, target range 0.964m
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(b) CTFM-YW sonar, target range 0.964m
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(c) CTFM-YW sonar, target range 0.979m

Figure 13.28: Output of theCTFM sonar. In (a), theDFT spectral analyser was used, and the
movable target range is 0.964m, while the fixed target range is 0.953m. The corresponding fre-
quencies are 3475Hz and 3455Hz respectively. The two targets are clearly resolved by this sonar
system at this separation of 11mm. In (b) the YW(128) spectral analyser was used, for the same
position of the movable target as in (a). The two targets are not resolvable by the YW(128) spectral
analyser at this separation of 11mm. In (c) the movable target range is 0.979m, with the target
resolved on the right channel at 3525Hz, but not on the left. The targets are separated by 26mm
at this point. The other peaks present in the plots are the secondary echoes described previously.
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which causes the position of the estimated peak to be perturbed when there are two close targets.

It is possible that the performance of theYW estimator could be improved by using more than

128 poles, but this has not been investigated. Kay and Marple [75, Section IIE] state that using too

many poles causes false peak splitting, which would be detrimental.

13.3.5 CTFM-LSMYW Resolution Results

TheCTFM least squares modified Yule-Walkersonar system results, shown in Figure13.29, con-

tain a much smallerDOFperturbation than is present in the CTFM-YW sonar, affecting measure-

ments of targets separated by a maximum of 17.5mm. The estimated echo power is increased

out to a maximum separation of 42mm, at which point it returns to the normal level. Unlike the

other sonar systems, the echo power is not significantly increased in the irresolvable region. The

detection threshold was set to−50dB re 1V amplitude, as shown in Table13.8.

The resolution of this sonar system can be measured from the closeup plots in Figure13.29to

be 11.0mm for the left channel and 16.5mm for the right channel.

This sonar system produces enough signal that echoes from weak targets exceed the noise floor

and are reliably detected, without detection of noise.

Spectra

The output of a CTFM-LSMYW sonar system is shown in Figure13.30a for a target separation of

11mm. The echoes have fused together at 3465Hz. The peak on the left channel has significantly

broadened, but does not display a dip and is not separable. When the targets are separated by

21mm (Figure13.30b), two peaks are clearly visible at 3450Hz and 3496Hz. TheLSMYW

spectra shown in Figure13.30display less variation between the left and right channels than those

estimated by theYW estimator in Figure13.28.

The improved resolution behaviour of theleast squares modified Yule-Walkerspectral estima-

tor over theYW estimator is attributed to the use of 128 extra values of the autocorrelation of the

signal to perform the least squares operation (Cadzow [20]). However, it seems that the inclusion

of these extra autocorrelation points leads to a degraded power precision. Cadzow [20] indicates

that the autocorrelation estimates with larger lags are averaged over fewer samples, producing less

precise estimates. It is hypothesised that this is causing the variation of the estimated echo power

which is seen in the results.

13.3.6 Summary of Resolution Results

The resolution results for each of the five sonar systems are summarised in Table13.10, along

with theoretical resolutions predicted using thetime-bandwidth producttheory introduced in Sec-

tion 4.6.

Resolution

The experimental resolution can be determined by identifying the area where the two echoes are

fused together, that is, only one echo is detected by the sonar system, usually with increased power.
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Figure 13.29: Resolution results for theCTFM sonar system with a least squares modified Yule-
Walker spectral estimator. The entire set of results is shown in the upper two panels, while a
closeup of the crossover region is shown in the lower two panels. Each dot represents an echo,
with theDOF indicated by the vertical position, and the power indicated by the colour, according
to the legend shown in Figure13.20. The fixed target has aDOF of 1.913m, while the moving
target has aDOF of approximately twice its range (the horizontal coordinate).
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(a) target range 0.964m

CTFM-LSMYW(128,128) 20020504 Target at 0.970m
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(b) target range 0.974m

Figure 13.30: Output from theCTFM sonar with LSMYW(128,128) spectral analyser, power in
decibels. In (a) the movable target range is 0.964m, while the fixed target range is 0.953m. The
targets are separated by 11mm, and the echoes have fused together at 3465Hz. In (b) the movable
target range is 0.974m, being separated from the fixed target by 21mm. The targets produce well
resolved peaks at 3450Hz and 3495Hz.
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Table 13.10: Results for the minimum separation at which the echoes from two targets may be
resolved. The left, right and average columns indicate the minimum range difference at which
two targets may be resolved. Results from the various theoretical methods are also included for
comparison.

Range Resolution (mm) Results
Sonar Experimental Theoretical Method Discussed

System Left Right Average 1 2 3 in Section
Refer to 8.8.1 8.8.3 8.8.4
Section 9.9.2 9.9.3

MF-QD 6 5 6 3.2 7 5.8 13.3.1
MF-UD 6 6 6 3.2 7 5.8 13.3.2
CTFM-DFT 5 5 5 3.2 5.5 3.7 13.3.3
CTFM-YW(128) 20 20 20 3.2 5.5 3.7 13.3.4
CTFM-LSMYW(128,128) 11 17 14 3.2 5.5 3.7 13.3.5

The width of this region is divided by two to obtain the minimum resolvable distance between two

targets, which is shown in Table13.10in the left, right and average columns. As noted before,

differences between the left and right channels should be small. The differences are thought to be

primarily due to the individual manufacture of the transducers. These differences do not manifest

themselves in the experimental resolution results shown in Table13.10.

The echo power in the overlap region is stronger than outside the overlap region in all systems

except the CTFM-DFT system. This is attributed to the echoes adding together constructively as

they overlap.

TheMF and CTFM-DFT systems are approximately comparable, but theYW based systems

are greatly inferior at resolving close targets. Moreover these systems have a significantly inferior

performance compared to theoretical expectation. This is primarily due to the inability of theYW

based spectral estimators to reduce the spectral level between the two peaks (poles) by using a

zero. Other models e.g.ARMA and Prony (see Kay and Marple [75]) may have performed better.

This has not been tried here due to the additional complexity.

Perturbed Echoes

TheCTFM auto-regressivebased sonar systems produce perturbedDOF and echo power output

as the two targets approach each other. The minimum distance of separation at which theDOF

and echo power outputs were accurate is 25mm for the CTFM-YW system, and 18mm for the

CTFM-LSMYW system. These are the minimum separation distances which will produce accu-

rate position measurements.

Signal to Noise Ratio

Section13.3.1showed that there was a fault with the sonar system during the data gathering of the

MF experiment which increased the noise level above that measured in Section13.2.4. Therefore

it is inappropriate to compare the number of false detections between theMF andCTFM sonar
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systems for this experiment.

Time-Bandwidth Product

The theoretical resolution of all five sonar systems was predicted in Sections8.8and9.9, using the

time-bandwidth producttheory introduced in Section4.6. The experimental results may now be

compared with the theoretical results. Both sets of results are summarised in Table13.10. Three

theoretical methods were applied, labelled methods 1 to 3. Method 1 estimated the resolution

limit from the system bandwidth. It does not allow for practical effects which occur in the signal

processing, and so produces a very optimistic result. Method 2 directly measured the width of

the function presented to the detector. The results obtained using this method were adjusted in

the case of theMF system, as the sidelobes of the autocorrelation output artificially expanded the

width. Method 3 measured the width of the transform of the signal presented to the detector, and

subsequently applied Gabor’s relation to estimate the minimum possible width. The roles of the

two domains are reversed between theMF andCTFM sonar systems, as discussed in Section4.6.

The application of Gabor’s time-bandwidth product relation assumes that the signal is the limiting

case of a Gabor elementary signal (described in Section4.6). The methods may be ordered in

the assumptions they make about the system. Method 1 makes the most simplifying assumptions,

method 3 makes an intermediate number of assumptions, while method 2 estimates the detector

signal width function most directly and takes into account the most practical information available.

The divergence between the various techniques is an indication of how far the implementation is

from the ideal.

Method 2 has produced results which are larger than the measured resolution in the case of

theMF sonar systems. The result for theCTFM systems is a very close match to the experimental

result in the case of the CTFM-DFT sonar, but the twoYW based systems provide much worse

resolution results than thetime-bandwidth producttheory indicates is possible. As the underlying

data and the demodulation processing are the same, the resolution failure is blamed upon theYW

systems. This is due to the rational model being unable to model the signal with sufficient accuracy

to resolve the signals as they get quite close.

Method 3 has produced results which are lower than the measured resolution figures in all

cases except the right channel of the MF-QD sonar system. This appears to be an anomaly, perhaps

due to the difficulty of reading the plot in Figure13.21. The theoretical resolution limits obtained

by method 2 are only a little below the measured resolution in the case of theMF class of sonar

systems, indicating that this class has achieved state-of-the-art resolution. The CTFM-DFT system

achieves a resolution which is 1.3mm above the theoretical limit. It appears that theDFT based

system is in fact limited by the coarseness of the underlying spectral lines, which corresponds

to 3.7mm in range (see Section10.2.4). Resolution of two targets closer than two spectral line

widths, or 7.4mm, is not possible in a single measurement. However, the experimental results

show that resolution is possible, due to the air noise, by averaging over several measurements.

The close agreement between the theoretical resolution results for theMF sonar systems and

the CTFM-DFT based system indicates that these systems have are close to their resolution limit.

The reduced resolution of theAR based systems compared to the resolution capability of the

CTFM signal is attributed to theYW andLSMYW spectral estimators.
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13.4 Conclusion

This chapter has described two experiments, the precision experiment and the resolution exper-

iment, as detailed in Table13.1. These experiments have evaluated the performance of the five

sonar systems using just two experimental configurations, making a total of four data sets. This

has allowed the evaluation of a total of 35 direct parameters, and many more indirect parameters,

thereby enabling the inter-comparison aims of the experiments to be fulfilled.

The DOF and power precision results found in Sections13.2.1and 13.2.2of this chapter

determine the limit with which the bearing may be determined in Chapter14. The resolution

results of Section13.3, while only performed as range measurements, will also determine the

minimum resolvable bearing, which will be discussed in Chapter15. The correlation results play

an important secondary role in determining the bearing precision. It will be discussed in detail in

Chapter14.

The bestDOF precision results are obtained by thematched filterclass of sonar systems, the

unsynchronised demodulationsub-class being superior to thequadrature demodulationsub-class.

However, the maximum range of these systems is less than that of theCTFM class.

TheMF class has, in general, about 11dB lesssignal to noise ratio(see Table13.8) than the

CTFM class. This, in turn, is reflected in the higher predicted maximum range (Table13.9) of the

CTFM class of sonar systems. However, this increase in range over which the sensor can be used

has been won at the expense ofDOF precision and resolution.

It could be argued that the reduction in precision ofDOF from values less than 1mm inMF

systems to values greater than 1mm inCTFM systems is offset by the increased versatility of the

CTFM systems.

The resolution results of Table13.10indicate that theYW based sonar systems have difficulty

in resolving closely spaced targets. Additionally, theLSMYW system also has difficulty esti-

mating the correct noise floor, as seen in Section13.2.4. However, this is not seen as an issue

during normal system operation, as the noise floor only needs to be established during system

characterisation and configuration.

The theoretical resolution of each class of sonar system was compared with the measured res-

olution, and it was found that theMF class of systems was performing very close to the theoretical

limit. The CTFM-DFT system was found to be performing near the theoretical limit, but the two

YW based systems performed poorly in comparison to the theoretical limit.

Two other important results should be noted. The first is the greater significance of the role

played by thetime of flight offset, to f f , in the CTFM system compared with theMF systems.

The second is the fact that the modelled velocity of sound does not agree with that measured

experimentally in this chapter. Furthermore, precise modelling requires additional parameters to

be determined and second order effects to be included. An alternative to this modelling is a self-

calibration procedure, involving precisely known targets at fixed ranges.

A full comparison between the results obtained here and those published in the literature and

reviewed in Chapter2 will be performed in Section16.2.1.

This concludes the characterisation of the performance of each of the fiveDOF sub-systems

in terms ofDOF and echo power measurement performance, and in terms of echo resolution.

Now that theDOF sub-systems have been described and characterised, they will be applied to the
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measurement of target bearing. This is the subject of PartIV of this thesis.

13.4.1 Acknowledgements and Contributions

The work described in this section is entirely the work of the author. Significant new analysis

techniques, detailed in AppendixI, were applied to fit the theoretical formulae to the experimental

results and to validate both theoretical constructs and the operation of the sonar system. Further-

more, rigorous statistical analysis has been applied to the experimental results to obtain precision

results which will in turn determine the precision of the range and bearing calculations in Chap-

ter 14. This innovation and attention to detail has led to a more precise quantification of the

performance of the sonar system than has been previously reported for any of the sonar systems

reviewed in Chapter2.



Part IV

Range and Bearing Sub-System



Chapter 14

Range and Bearing Calculation

The goals of this thesis, defined in Section1.2, require that the sonar system should output the

range and bearing of the target. The reliable calculation of the target range utilising the measured

DOFs is relatively straightforward. It is detailed in Section14.1 of this chapter. However, the

reliable determination of bearing utilising a small number of receivers is not as straight forward.

The literature review of Chapter2 indicated that the following three methods are available for

calculating the bearing of a target:

1. Utilising the peak frequency of an echo transmitted and received by a single transducer

(Yata, Section2.5.4).

2. Utilising theDOFmeasured by two or more separate receivers to calculate bearing byInter-

aural Distance Difference (IDD), as done by Yata (Section2.5.5), Kleeman and Kuc (Sec-

tion 2.5.6), Peremans (Section2.5.7), Davies (Section2.5.8) and Kay (Section2.5.9).

3. Utilising the difference in decibel echo power to calculate the bearing byInter-aural Power

Difference (IPD), as has been done by Davies (Section2.5.8) and Kay (Section2.5.9).

The calculation of bearing utilising aCTFM signal combined with the first technique is problem-

atic, requiring filtering to be able to separate the signals and then peak detection to be able to

estimate the peak frequency. Furthermore, this method has a sign ambiguity in the bearing if the

results are considered in the plane, and a cone ambiguity if considered in three dimensions. For

these reasons, it will be discounted from further consideration. The remaining two techniques,

being the calculation of bearing byIDD and byIPD, will be studied further in Sections14.1and

14.2.

The calculation of bearing assumes that each target generates a unique echo and that this

unique echo is detected by both receivers. The problem of isolating the single or unique echo

associated with a target in a multi-target environment is called the correspondence problem. This

chapter assumes a single-target environment, or equivalently, in the case of a multi-target envi-

ronment, that the correspondence problem has already been solved. In practice, the solution of

the correspondence problem also depends upon the calculation of the target bearing, as will be

described in Chapter15. The circularity of the solution requires that both problems are solved

simultaneously by the same code module.

The two techniques of calculating bearing which are explored in this chapter are built upon

theDOF sub-systems which were developed in PartIII of this thesis. The precision of theDOF
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Bearing Precision

Plan View

Glass Pane Window
1.5m wide

500mm

+/− 45 Degrees

Figure 14.1: The experimental configuration used to characterise the bearing measurement perfor-
mance of each of the five sonar systems. The sonar head is rotated with a fixed plane object within
the field of view.

and echo power measurements, and their correlations, which were rigorously assessed in Chap-

ter 13, are further utilised in this chapter to calculate the range and bearing precision, for both

the IDD andIPD bearing calculation techniques. The low correlation of 0.47 betweenDOF and

echo power residuals, demonstrated in Section13.2.3, shows that the two methods of calculating

bearing can be expected to provide independent results. This information is used in Chapter15

to gain confidence in the pairing of the echoes between the left and right channels, or to reject a

pairing where the bearings calculated by the two techniques would disagree.

In addition to calculating the bearing precision using theDOF and echo precision results of

Chapter13, this chapter also experimentally assesses bearing measurement performance in terms

of the major criteria of accuracy and precision. Their performance in terms of a minor criterion, the

correlation between the two bearing measurements, is also assessed. A total of four performance

assessments are carried out:

1. IDD bearing accuracy,

2. IDD bearing precision,

3. IPD bearing precision, and

4. correlation betweenIDD andIPD bearing.

These four performance measures are first calculated using theDOFand echo power precision and

correlation results from Chapter13. They are also assessed experimentally using the experimental

configuration shown in Figure14.1. Unlike theDOF experiments in Chapter13, there is only

one experimental configuration. However, a scheme similar to that documented in Table13.1 is

used to assess the four performance measures on each of the fiveDOF sub-systems using only

two data sets. The experimental bearing accuracy, precision and correlation are then compared

with the values calculated from theDOF and echo power precision and correlation results from

Chapter13.
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Plane Reflector

Sensor Head

(a) plane

Edge�Point Reflector

Sensor Head

(b) edge or point

Corner Reflector

Sensor Head

(c) corner

Figure 14.2: The three types of sonar reflector considered in this section. Note that in the case
of the edge reflector shown in (b), unlike the other target types, there is only one path from the
transmitter to the target.

Since theIDD bearing is computed from fundamental geometrical principles, accuracy and

precision can be determined. However theIPD bearing requires calibration data or replicated

experiments in order to determine its accuracy. Unfortunately neither calibration nor replication

data is available and hence only precision can be assessed.

14.1 Inter-Aural Distance Difference

Theinter-aural distance differencemethod of determining bearing relies upon the measuredDOFs

and the different paths taken by the sonar signal from the transmitter to the left and right receivers

via an object with a unique geometry. To understand this, three common geometries are reviewed

and developed. As it is not possible to reliably differentiate between these target types, the effect

of ignoring the target type is evaluated, and found to be small. The range and bearing precision

are shown to be linked to theDOF precision and correlation. The final section (Section14.1.4)

shows the results of a bearing calibration experiment utilising theIDD method.

The termIDD used in this thesis is similar to the termsInter-aural Time Difference (ITD)and,

in the case of aCTFM sonar system,Inter-aural Frequency Difference (IFD), which are used by

Rowell [120] and others.

14.1.1 Target Types

Peremans [108] and Kleeman and Kuc [82] have identified several types of sonar target which have

different geometrical path lengths or different observational properties. Three common targets are:

1. plane reflectors (Figure14.2a),

2. edge or point reflectors (Figure14.2b), and

3. corner reflectors (90◦) (Figure14.2c).

In addition to these three basic types, there are also non-90◦ corners, concave and convex

curved surface reflectors, and surfaces of continuously varying curvature. Some properties of
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ΘΘ’

dTR

dTR

dR

dR

2r

2r’

d1

d2

R1

R2

T

PHC

TV

dT

Φ

Φ

PT

Figure 14.3: Geometry of a plane reflector, in which the normal of the transmitter and the reflecting
plane are not co-aligned. The arcs atTV have centres atR1 andR2, and radiid1 andd2, being the
measured distances of flight. ThusTV is readily located from the sonar measurements. The outline
of the sonar head is shown in grey.

non-90◦ corners are described in AppendixD.5. Reflection from curved surfaces is treated geo-

metrically by Peremans [108, Chapter 4] and numerically by Zhu [147]. These additional reflector

types are not considered further here.

There are two reasons for identifying the target type. The first is that the path geometry is

different for each reflector (see Figure14.2), and therefore the model for computing the range and

bearing from the sonar path lengths (DOFs) is different. The second reason is that it provides more

information to the user of the sonar system. When performing localisation it is useful to know if a

particular feature is a corner or a wall.

Plane Reflectors

Figure14.3 is an expansion upon Figure14.2a. The virtual transmitterTV is constructed by re-

flecting the transmitterT at the planar reflecting surface (shown in blue). Simplified sonar paths

may then be drawn fromTV to the respective receiversR1 andR2. The point half way between

R1 andR2 is designated the head centre pointPHC. The pointsR1, R2, PHC andT are fixed by

the construction of the sonar head. The normal of the reflecting plane which passes through the

transmitterT is designatedPT . The reflecting object, and henceTV , are free to move in the plane.

The variables shown on the diagram are listed below.

d1 is theDOF betweenTV andR1.

d2 is theDOF betweenTV andR2.
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2r is the distance fromT to TV . Noter is the distance fromT to PT and also fromPT to

TV .

θ is the bearing of plane target relative to the normal of transmitterT.

2r ′ is the distance fromPHC to TV .

θ ′ is the bearing fromPHC to TV .

dR is the half distance between the two receiversR1 andR2. It is assumed thatdR is the

same for both receivers, i.e., that the transmitter is central.

dT is the distance ofT in front of PHC.

dTR is the geometric distance from the transmitterT to R1 or R2.

φ is the anglePHCR1T, which is equal to the anglePHCR2T. This is half the receiver

splay angle.

The polar coordinate system{r ′, θ ′} has its centre atPHC, while the polar coordinate system{r, θ}
has its centre atT. The line fromPHC to TV , with bearingθ ′, is not normal to the plane target. The

only normal in the geometry is the normal of the plane target through the transmitterT. Therefore

T is adopted as the origin and{r, θ} as the principal coordinate system.

The forward problem, to compute theDOFs for a target with a given position{r, θ}, is solved

using the law of cosines and a trigonometric identity. The solutions are

d1 =
√

d2
TR+4r2−4dTRr sin(θ −φ) (14.1)

and

d2 =
√

d2
TR+4r2 +4dTRr sin(θ +φ), (14.2)

wheredTR is given by

dTR =
√

d2
T +d2

R (14.3)

andφ is the anglePHCR1T, which is given by

φ = tan−1
(

dT

dR

)
. (14.4)

The reverse problem of calculating the coordinate{r, θ} of the target with respect toT in terms of

the measuredDOFs
{

d1, d2

}
is solved by first calculating{r ′, θ ′} with respect toPHC. Secondly

the coordinates are transformed to{r, θ} with respect toT.

The coordinate{r ′, θ ′}may be found by applying the law of cosines to the trianglesR1PHCTV

andR2PHCTV , using the angles 90◦− θ ′ and 90◦+ θ ′ respectively, and applying a trigonometric

identity. The range is

r ′ =
1
2

√
d2

1 +d2
2−2d2

R

2
, (14.5)

while the angle is

θ
′ = sin−1

(
d2

2−d2
1

8dRr ′

)
. (14.6)
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Figure 14.4: Geometry for an edge or point reflector, shown in blue. The outline of the sonar head
is drawn in grey.

The range and bearing{r, θ} to TV from T may be found by applying the law of cosines to the

trianglePHCTTV . The first application uses the angleθ ′, while the second uses the angle 180◦−θ .

This procedure yields

r =
1
2

√
d2

T +(2r ′)2−4dTr ′ cosθ ′ (14.7)

and

θ = cos−1

(
(2r ′)2−d2

T − (2r)2

4dTr

)
. (14.8)

Note that (14.8) will not return sign information, because cosine is an even function. The sign can

be obtained from (14.6) where the odd function sin is used instead. The sign of the bearing may

also be obtained from theDOFs by sign(d2−d1).
The orientation of the plane reflector can be determined from the reported coordinate{r, θ}.

It is known that the reflection is specular, so the range lineTTV will be perpendicular to the plane.

The bearing computed by the method outlined in this section will be referred to in the remain-

der of this thesis as theIDD bearingθIDD .

Edge Reflectors

The edge or point reflector is shown in the expanded representation of Figure14.4. The virtual

source construction of the plane is not appropriate as the reflections from the planes shown in Fig-

ure14.4will not strike the receivers. Rather, the construction is based upon diffraction principles

and the re-radiation of the diffracted signal.

Referring to the diagram, the lineP1P2 is an extension of the transmitter surface. The variables

are listed below.
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r1 is the distance fromR1 to PR.

r2 is the distance fromR2 to PR.

r is the range fromT to PR.

θ is the bearing of the edge reflectorPR, as measured from the normal of the transmitter.

dR is the half distance between the two receiversR1 andR2. It is assumed thatdR is the

same for both receivers, i.e. that the transmitter is central.

dT is the distance ofT in front of PHC.

dTR is the geometric distance from the transmitterT to R1 or R2.

φ is the anglePHCR1T, which is equal to the anglesPHCR2T, R1TP1 andR2TP2.

TheDOFs d1 andd2 recorded by the receivers for an edge at a given{r, θ} relative to the trans-

mitter T are

d1 = r + r1 (14.9)

d2 = r + r2. (14.10)

The unknown distancesr1 and r2 may be found by applying the law of cosines to the triangles

R1TTV andR2TTV , using the angles 90◦−θ +φ and 90◦+θ +φ , and simplifying with a trigono-

metric identity. Thus the solutions to the forward problem are

d1 = r +
√

d2
TR+ r2−2dTRr sin(θ −φ) (14.11)

and

d2 = r +
√

d2
TR+ r2 +2dTRr sin(θ +φ). (14.12)

The position of the reflecting edge,{r, θ}, may be found relative toT by applying the law of

cosines to the trianglesTR1PR andTR2PR. Solving for{r, θ} in terms of the known DOFsd1 and

d2 obtains the solution to the reverse problem,

r =
−(d1 +d2)d2

TR+d3
1 +d3

2 +cos(2φ)(d1 +d2)
(
d1d2−d2

TR

)
−asin(2φ)

2d2
1 +2d2

2−d2
TR+4d1d2cos(2φ)+d2

TRcos(4φ)
(14.13)

and

θ =−sin−1

(d1−d2)
{[

d2
TR(d1−d2)

2−2d4
TR+d1d2

(
d2

1 +d2
2

)]
cos(φ)+a(d1 +d2)sin(φ)

}
dTR

[
2d4

TR+d4
1 +d4

2−2d2
TR

(
d2

1 +d2
2

)
+2
(
d2

TR−d2
1

)(
d2

TR−d2
2

)
cos(2φ)

]
 ,

(14.14)

with the common factora defined by

a =
√(

d2
TR−d2

1

)(
d2

TR−d2
2

)[
2d2

TR− (d1−d2)
2 +2d2

TRcos(2φ)
]
. (14.15)
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P

Figure 14.5: Corner and plane reflectors, with their virtual source constructions. The 90◦ corner
produces the same observableDOFsd1 andd2 as a plane which forms a perpendicular bisector of
a line joining the transmitter and the virtual source.

These formulae allow the coordinates{r, θ} of an edge reflector to be computed from the observed

DOF measurementsd1 andd2. The orientation of the edge reflector cannot be determined from

this measurement. The orientation of the edge reflector may only be found by observing the

wall segments themselves, which would normally occur as the robot moves around during a map

building phase.

Ninety Degree Corner

The virtual source construction for a 90◦ corner and for a plane reflector are shown in Figure14.5.

Both of these reflectors utilise the same virtual sourceTV . This may be seen by the following

procedure. First, reflect the transmitterT in the extension of the planeW1, which allows the virtual

sourceVT1 to be obtained. Secondly, reflectVT1 in the extension of the planeW2, yielding TV .

A similar procedure, reflectingT, first in W2 and thenW1, derivesVT2 andTV again. The corner

reflector has a virtual source atTV , which is also the position of the virtual source of a plane

reflectorW3. Thus the path lengths which are detected for a corner reflector are the same as those

detected for a plane reflector, and the two are indistinguishable without further information.

It should be noted that as the sensor is moved, the plane observed in the place of a corner will

appear to pivot about the corner point. Thus it is possible to discriminate a plane from a corner by

making observations from multiple positions (Peremans [108, Chapter 6]). Kleeman and Kuc [82]

utilise two separate transmitters to carry out the necessary observations without moving the sonar
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Edge�Point Reflector

Sensor Head

Pseudo Source

d1

d2

rr1

r2

Figure 14.6: The sonar paths for an edge reflector, drawn together with the pseudo source con-
struction for a plane reflector, having the sameDOFs d1 andd2 as the edge reflector.

head.

Given that the geometry for a 90◦ corner is identical to that for a plane, the DOFsd1 and

d2 which will be observed are given by (14.1) and (14.2). The range and bearing to the corner

reflector target may also be calculated using equations (14.5) to (14.8).

The orientation of the corner cannot be determined from the echoes from the corner. If obser-

vations of the target from different locations establish that it is a corner, the sensor can be rotated

to one side to find the adjoining plane, thus establishing the orientation of the corner.

14.1.2 The Effect of Ignoring the Target Type

This section explores the effect of ignoring the true target type, and instead applying the plane

reflector model to planes, corners and edges. This is done by examining the error in the range and

bearing estimates which are incurred relative to the true values. As the corner reflector provides

DOFs which are identical to the plane reflector, there can be no error caused by treating a corner

reflector as a plane. However, the geometry and formulae for an edge reflector are different from

those of a plane reflector.

The error analysis proceeds by using (14.11) and (14.12) to computed1 andd2 which would

be observed for a physical edge reflector located at the polar coordinate{r, θ}. Using theseDOFs,

a pseudo source corresponding to the plane reflector geometry is constructed, as shown in Fig-

ure14.6. Using the pseudo source, the range and bearing are computed using equations (14.5) to

(14.8). The results are then compared to the original{r, θ} specified for the edge reflector. The

errors are plotted in Figure14.7. These plots usedR = 15mm anddT = 2mm.

The plots show that the error in bearing is only significant when the target range is less than

0.4m, and even then the errors are still within the bounds desired, as described in Section7.1.1.

The range error is more serious, being between+0.8mm and 1.2mm depending upon the bearing

and range to the target. It is to be noted that the range and bearing errors become large for ranges

less than 0.1m.

While these errors are undesirable, the design of this sonar system does not currently permit

the classification of targets prior to computing range and bearing. These errors only apply to edge
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Figure 14.7: The error in (a) range and (b) bearing due to considering a point reflector as a plane
reflector. The average systematic range error is about 1mm. The bearing error vanishes as the
range is increased, and is small even at close range.
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and point reflectors. Corner reflectors will have their position computed correctly by the plane

reflector formulae.

It is possible to reduce the magnitude of these range and bearing errors through a careful re-

design of the sonar head. The details of the computation are left to AppendixG. However, the

range error is essentially reduced to zero.

14.1.3 Range and Bearing Precision

The formulae for computing the polar coordinate tuple,{r, θ} from the observed distances of

flight were presented in Section14.1.1. In particular this section discussed the implication upon

the precision of the results when the plane target geometry is used it in the place of point target

geometry. Other factors that control the precision of the estimated tuple, especially the bearing

parameter, are the precision of the range observations and the correlation that exists between the

left and right channels. The following discussion firstly derives an expression for the precision of

the bearing computation model, and then looks at how the correlation of range observations affects

the precision of range and bearing.

Formulae

The variances and covariances between the range measurements, which were studied in Sec-

tions 13.2.1and 13.2.3, may be assembled into aVariance CoVariance (VCV)matrix, ΣΣΣDOF.

A similar VCV matrix,ΣΣΣpol, may be constructed to describe the variations in the polar coordinate

tuple{r, θ}. The contents of thevariance covariancematrices are defined by

ΣΣΣDOF =

[
σd1d1 σd2d1

σd1d2 σd2d2

]
andΣΣΣpol =

[
σrr σ

θ r

σrθ
σ

θθ

]
. (14.16)

The polarVCV matrix ΣΣΣpol may be calculated in terms of theDOF VCV matrix,ΣΣΣDOF, using the

techniques of AppendixI. The calculation requires a design matrix which is

GGG =

[
∂ r

∂d1

∂ r
∂d2

∂θ

∂d1

∂θ

∂d2

]
. (14.17)

The equations definingr and θ are (14.5), (14.6), (14.7) and (14.8). The computation of the

derivatives was performed symbolically using Maple [136], and the forms shown here employ

extensive back substitution to obtain simpler forms. The derivatives are

∂ r
∂d1

=
d1(2r ′dRC′−dTdR−2r ′dTS′)

16rr ′dRC′
(14.18)

∂ r
∂d2

=
d2(2r ′dRC′−dTdR+2r ′dTS′)

16rr ′dRC′
(14.19)

∂θ

∂d1
=

d1(2r ′dRCC′−dTdRC−2r ′dTCS′−2rdR−4rr ′S′)
16r2r ′dRSC′

(14.20)

∂θ

∂d2
=

d2(2r ′dRCC′−dTdRC+2r ′dTCS′−2rdR+4rr ′S′)
16r2r ′dRSC′

, (14.21)
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wheredR anddT are defined in Figure14.3, andr ′ can be computed in terms ofd1 andd2 using

(14.5). The remaining variables,C, S, C′ andS′, can be defined through trigonometry or in terms

of theDOF observations:

S′ = sinθ
′ =

d2
2−d2

1

8dRr ′
(14.22)

C′ = cosθ
′ =
√

1−S′2 (14.23)

C = cosθ =
4
(
r ′2− r2

)
−d2

T

4dTr
(14.24)

S = sinθ =
√

1−C2. (14.25)

The forms involving square roots have numerical stability problems aroundθ = 0, making the

trigonometric versions preferable. If necessary, the anglesθ ′ andθ , used by the trigonometric

versions, can be computed from observed distances of flight using (14.6) and (14.8).

The complexity of the parameters of the design matrixGGG preventsΣΣΣpol from being computed

algebraically. As the design matrixGGG depends upon the coordinates of the target{r, θ}, it must be

evaluated for each target coordinate used.

There is a singularity in the derivatives ofθ whend1 = d2 (θ = 0), which may be avoided by

adding a micrometre tod2 before computingGGG.

Uncorrelated DOF Measurements

Since the polarVCV matrix can only be evaluated numerically, it is convenient to define some

simulation values and propagate these through the appropriate models.

Consider a plane target located at
{

d1, d2

}
= {1.0028m, 1.0028m} or{r, θ}= {0.500m, 0◦}.

The left panel of Figure14.8shows a 2D density frequency plot of
{

d1, d2

}
with added uncorre-

lated Gaussian noise of the formn
(
0,10−6

)
where the variance is equivalent to a standard devi-

ation of±1mm, and the off-diagonal elements ofΣΣΣDOF are zero. This level of precision is equal

to that recorded for the CTFM-YW and CTFM-LSMYW systems. The frequency plot is plotted

using a grey scale index.

The right panel shows a 2D density frequency plot of{r, θ}which is the transform of
{

d1, d2

}
.

It is interesting to note that the circular pattern of uncorrelated points in the
{

d1, d2

}
domain is

transformed to an arc-like domain in{r, θ}. The range precision in the{r, θ} coordinate system is

σr =±0.35mm, while the bearing precision isσ
θ

=±3.0◦. Thus the area of the confidence figure

is maintained under the transformation fromDOF coordinates to range and bearing coordinates.

Correlated DOF Measurements

The sonar paths which produce the measurementsd1 and d2 are very close together, and any

changes in the air column will most probably affect both measurements. Additionally both paths

share the same transmitter and the unit is manufactured as a whole. Thus rather than uncorrelated

observations predominating, Section13.2.3demonstrated that the observations are correlated. The

effect of admitting correlated range measurements is demonstrated in Figure14.9. As the corre-

lation between theDOF measurements increases, the variance of the bearing estimate decreases.
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Figure 14.8: TheDOF measurement shown on the left panel was perturbed by additive, synthetic
uncorrelated noise. The right panel shows the effect of the noise upon the precision of the resulting
{r, θ} estimate. The position of the target is indicated by a red line on the right panel, having a
tangent point at the{r, θ} indicated. The grid in the right panel is marked in polar coordinates,
with the sensor located at the origin. The uncorrelated noise in the left panel has a circle of standard
deviation, drawn in blue. The lines mark the bounds of this circle. The two plots have different
scales to properly show the shape of the noise distribution. When theDOF measurements with
noise are transformed point by point into polar coordinates (right panel), the distribution of the
points is also transformed. Poor bearing precision is obtained for the case of uncorrelated noise as
shown here.
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Figure 14.9: A sequence of 2D density frequency plots showing the effect of the correlation
coefficientcd1d2 upon the standard deviation of the bearingσ

θ
. The target, at the coordinates

{r, θ}= {0.5, 0◦}, is marked as a red line in the right panel. This sequence demonstrates that the
standard deviationσ

θ
of the computed bearing is dependent on the correlation coefficientcd1d2

between the measuredDOFs, and that highly correlatedDOF measurements reduce the variance
in the bearing measurements. The top row of panels, withcd1d2 = 0.9, most closely resembles the
observed data from Sections13.2.1and13.2.3.
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Table 14.1: Range precision,σr , as estimated from theDOF precision and correlation coefficient
measurements of Sections13.2.1and13.2.3using the method of Section14.1.3.

Sonar σr (mm)
System Range Precision

MF-QD 0.44
MF-UD 0.43
CTFM-DFT 0.57
CTFM-YW(128) 0.48
CTFM-LSMYW(128,128) 0.49

Highly correlatedDOF measurements with a correlation coefficient ofcd1d2 = 0.999 can be seen

to giveσ
θ

= ±0.1◦. This corresponds to a tangential distance of 1mm atr = 0.5m, which is an

order of magnitude decrease or 30 times less than the value for uncorrelatedDOF measurements

with the same variance (see Figure14.8). Correlation values encountered in this work vary from

0.79 to 0.89, as may be seen in Section13.2.3.

The variance of the range measurement marginally increases when theDOFnoise is correlated.

The standard deviation increases fromσr =±0.35mm to±0.5mm since the error propagation law

changes. The benefits of averaging the two measurements are lost.

Predicted Range and Bearing Precision

TheDOFstandard deviation,σd, and theDOFcorrelation coefficient,cd1d2, which were measured

in Sections13.2.1and 13.2.3, may be used to calculate theIDD bearing precision,σ
θ IDD , as

shown in previous sub-sections. The results of doing so are graphed in Figure14.10. The best

bearing precision is indicated by having a point
{

σd, cd1d2

}
toward the left or the top of the

graph. By examining the graph, the most efficient method of improving bearing resolution may

be determined by choosing either to improve theDOF standard deviationσd or to increase the

correlation coefficientcd1d2 so as to cross the most isopleths toward the top or left of the graph.

The range standard deviation,σr , is plotted in Figure14.11as an isopleth plot. This iso-

pleth plot indicates that increasing theDOF correlation coefficient incurs a small penalty in range

precision.

The points marked on the graphs in Figures14.10and14.11show the expected range and

bearing precision, given theDOF precision. The values obtained for the range precisionσr are

shown in Table14.1. The MF-UD sonar provides the best precision, followed closely by the MF-

QD sonar. The two CTFM-AR based systems perform better than the CTFM-DFT system, which

may be attributed to the quantisation present in theDFT.

The expected bearing precision will be compared with actual measurements of the bearing

precision in Section14.1.4.

Examination ofcrθ
(see Figures14.8and14.9) reveals that there is a small and insignificant

covariance between range and bearing. The range-bearing correlation coefficientcrθ
decreases

toward zero as theDOF correlation coefficientcd1d2 increases. This correlation coefficient occurs

in proportion to target bearingθ .
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Figure 14.10: Isopleth plot of the bearing standard deviation,σ
θ
, as a function of theDOF stan-

dard deviation,σd, measured in Section13.2.1, and theDOF correlation,cd1d2, measured in Sec-
tion 13.2.3, for a target at{r, θ}= {0.5m, 0◦}. The bearing variance increases toward the bottom
right of the plot. The isopleths change for targets at different positions, particularly for different
bearings.
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Figure 14.11: Isopleth plot of the standard deviation,σr , of the target range as a function of the
DOF standard deviation,σd, measured in Section13.2.1, and theDOF correlation coefficient,
σd1d2, measured in Section13.2.3, for a target at{r, θ} = {0.5m, 0◦}. The range variance in-
creases toward the top right of the plot. The isopleths change for targets at different positions,
particularly for different bearings.



316 CHAPTER 14. RANGE AND BEARING CALCULATION

0 1 2 3 4
Target Range HmL

0

20

40

60

80

Ta
rg

et
B

ea
rin

gHDeg
re

es
L

Range standard deviation Σr as a function
of target range and bearing for MF-QD8Σd1 , cd1d2 <=80.92 mm, 0.791<

±0.437mm

±0.44mm

±0.46mm

on axis value ±0.435mm

0 1 2 3 4
Target Range HmL

0

20

40

60

80

Ta
rg

et
B

ea
rin

g
HDegr

ee
sL

Bearing standard deviation ΣΘ as a function
of target range and bearing for MF-QD8Σd1 , cd1d2 <=80.92 mm, 0.791<

±1.3°

±1.5°

±1.7°

±2.°

±2.5°

±3.°

±4.°

±6.°
±10.°

on axis value ±1.26°

0 1 2 3 4
Target Range HmL

0

20

40

60

80

Ta
rg

et
B

ea
rin

gHDeg
re

es
L

Range standard deviation Σr as a function
of target range and bearing for MF-UD8Σd1 , cd1d2 <=80.9 mm, 0.855<

±0.435mm

±0.44mm

±0.455mm

on axis value ±0.433mm

0 1 2 3 4
Target Range HmL

0

20

40

60

80

Ta
rg

et
B

ea
rin

g
HDegr

ee
sL

Bearing standard deviation ΣΘ as a function
of target range and bearing for MF-UD8Σd1 , cd1d2 <=80.9 mm, 0.855<

±1.1°

±1.3°

±1.5°

±1.7°

±2.°

±2.5°
±3.°

±4.°

±6.°

on axis value ±1.03°

Figure 14.12: Range and bearing precision of theMF class of sonar systems as a function of range
and bearing.

The isopleth plots of bearing and range precision in Figures14.10and14.11only apply at

the fixed range and bearing of{r, θ} = {0.5m, 0◦}. The plots in Figures14.12and14.13show

the dependence of the range and bearing precision upon the range and bearing values. The plots

show that once outside the near field, the range and bearing precision are essentially independent

of range. However, there is a strong bearing dependence, particularly as the bearing approaches

90◦. The plots are symmetrical for negative bearings, so only positive bearings are shown. The

low precision (or high standard deviation) obtained at large bearing angles is of little concern,

as the operational bearing range of the sonar is limited by the cone of binaural audition (see

Section7.2.2).

The isopleth plots in Figures14.10and14.11may be used to provide an engineering specifi-

cation for theDOFranging sub-system in terms of the required range and bearing precision, while

allowing for the additional uncertainty brought about by off-axis targets as shown in Figures14.12

and14.13.
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Figure 14.13: Range and bearing precision of theCTFM class of sonar systems as a function of
range and bearing.
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-Θ

r

Figure 14.14: The configuration used in the bearing precision experiment. The ranger was kept
constant at 0.5 m, while the positioner rotation−θ was varied between−45◦ and 45◦ in steps of
1◦.

14.1.4 IDD Bearing Precision Experiment

The experiment described in Figure14.1was performed to test the bearing precision of the sonar

system. The sensor head (Head 1) was placed upon the movable stage of the precision positioner

described in Section5.2. A glass pane was set up to act as a target, in the same way as shown in

Figure13.2. The transmitter of the sensor was mounted above the point of rotation on the turret of

the positioner. The experiment consisted of rotating the sensor so that, in the frame of the sensor,

the target appears to rotate in the opposite direction, as shown in Figure14.14. The sonar head was

rotated from−45◦ to 45◦ in steps of 1◦. At each position 10 observations were taken, as described

in Section13.1.3. The speed of sound was calculated usingc
φ
, as described in Section12.2. The

experiment was performed twice, once for the matched filter sonar class and once for theCTFM

sonar class, as described in Chapter13. The two data sets were processed by the five different

types of sonar described in Figure1.2.

Results

The results are presented in Figure14.15. Each row of panels represents results from one type of

sonar system. The panels in the first column are the result of applying equations (14.5) to (14.8)

to the measuredDOFs d1 andd2, using the head parametersdR = 15mm anddT = 2mm. These

experimental data are graphed as dots, while the expected bearing, calculated using the positioner

angle, is shown as a red line.

The second column shows the residual in the measured bearing, calculated from

θresidual = θmeasured−θpositioner.

These residuals should be as close to zero as possible. All of the sonar systems display large

residuals outside the range−20◦ ≤ θ ≤ 20◦. Only some of the causes of the large residuals

outside the±20◦ range are understood, and these will be discussed below.

The third column of graphs displays the histograms ofθresidual where−20◦ ≤ θpositioner≤ 20◦.
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Figure 14.15: Summary of results for bearing calculation byIDD with dR = 15mm anddT =
2mm. Results from each sonar system are in rows. The first column of panels shows the bearing
computed by (14.8) from the sonar measuredDOFs. The horizontal bearing is determined from
the positioner. The red line shows the expected bearing. The second column shows the residuals
between the points and the line. The third column shows histograms of the residuals in the second
column. The mean and standard deviation are marked. Many of these results show a lack of fit
to the normal distribution. This is discussed on p.320. The target was a glass pane at a range of
0.5m.
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A normal distribution is also shown, having meanµ and standard deviationσ calculated from the

relevant values ofθresidual.

The θresidual plot shows a large skew. Furthermore, the histograms match poorly with the

normal distribution, indicating poor modelling. Close examination of the raw and expected data

in the left panels of Figure14.15reveals a lack of fit.

The slope of the points in the left column is controlled by the distance,dR, between the re-

ceivers. The transmitter distance,dT , has minimal effect upon the bearing computation. The

receiver distancedR = 13.5mm was found empirically to provide a good match to the data and

minimises the skew of the residuals. At the same time the transmitter distance was changed to

dT = 2.7mm. The data graphs re-computed with these values are shown in Figure14.16. These

data sets have histograms which have excellent agreement with their fitted normal distributions.

Furthermore, the residuals are small within the range−20◦ ≤ θ ≤ 20◦. The range of fitting was

restricted to fit inside the field of binaural audition, as discussed in Section7.2.2. Outside this

range, the echoes from the glass pane target may fall beneath the detection threshold (see Sec-

tion 13.2.4and Figure7.8). However, the echo selection algorithm simply selects the echo nearest

the expectedDOF, so an incorrect echo may be selected. It is simplest to exclude data outside the

range−20◦ ≤ θ ≤ 20◦ from further consideration.

The reason for the mismatch between the measured value ofdR = 15mm and the value which

all of the bearing measurement experiments point to,dR = 13.5mm, is unknown. It seems that the

geometrical centre point of the transducer is not the most important point when the transducer is

turned. This is consistent with known antenna theory where the electrical centre is not coincident

with the mechanical centre.

There is also some curvature in theMF residuals. This cannot be removed by adjustingdR or

dT . The cause will be discussed in the MF-QD section.

The next five subsections discuss the results of each of the sonar systems in turn.

Matched Filter Quadrature Demodulation

This data set exhibits some residual patterning afterdR has been adjusted. The bowing cannot be

removed by adjustingdR or dT . The fact that it does not occur in theCTFM results indicates that

this effect is unique to the matched filter sonar. The patterning causes a distortion in the histogram

plot, which diverges from the normal distribution plotted over it. There is also a significant number

of outliers.

This method measures bearing to a precision of±1.06◦. The small bias which is measured

must be subtracted out to remove the bias from the sonar calculated bearing measurements.

Matched Filter Unsynchronised Demodulation

This method has produced a residual histogram which fits much better with the normal distri-

bution than the MF-QD sonar, although the bearing residuals still reveal a similar pattern. This

method utilises an interpolated signal to provide a smoother envelope signal for peak finding than

that produced by the quadrature demodulation method. The extra precision gained is shown in

these results, which achieve a one-sigma bearing precision of±0.86◦. The measurement is also
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Figure 14.16: Summary of results for bearing calculation byIDD with dR = 13.5mm anddT =
2.7mm. Results from each sonar system are in rows. The first column of panels shows the bearing
computed by (14.8) from the sonar measuredDOFs. The horizontal bearing is determined from
the positioner. The red line shows the expected bearing. The second column shows the residuals
between the points and the line. The third column shows histograms of the residuals in the second
column. The mean and standard deviation are marked. The results shown here conform more
closely to the normal distribution than those shown in Figure14.15. The target was a glass pane
at a range of 0.5m.
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unbiased.

The MF-UD method provides a 23% improvement in bearing precision over the MF-QD

method. As both methods utilise the same parabolic interpolation scheme to find the peak, the

difference indicates that theUD demodulation method is superior to the quadrature demodulation

method.

The MF-UD sonar displays the same residual patterning which was seen in the MF-QD results.

The cause is unknown.

CTFM-DFT

TheDFT results display the tram-track phenomenon observed and explained in the cross correla-

tion results of Section13.2.3. This phenomenon is due to Davies’ [28] sinc interpolation technique

malfunctioning when the central peak lines up with a spectral line, as discussed in Section13.2.3.

The histogram fits the estimated normal distribution well, but the patterning of the errors in-

dicates that this method has serious problems when it comes to calculating bearing byIDD. The

precision of the bearing measurement is±1.82◦, which is the worst of the methods reviewed here.

CTFM-YW

The Yule-Walker spectral estimator has good residuals with only slight patterning within the

−20◦ ≤ θ ≤ 20◦ range, and only a small amount of skew. The bearing precision is±0.73◦, which

is a 61% improvement on theDFT, and an 18% improvement over the MF-UD method.

TheYW method has measured a−0.4◦ bearing offset, which is statistically significant. When

the TOF offsets which were measured in Section13.2.1are subtracted from theTOF measure-

ments, the bearing offset is not reduced. The precision of the offset times is insufficient to correct

the bearing offset. The measured bearing offset could be due to a misalignment of the sonar

head before the experiment was performed. The bearing offset is seen consistently in all of the

CTFM sonars, but is quite different in the CTFM-LSMYW sonar. The offsets measured by the

CTFM-DFT and CTFM-AR sonars statistically agree, which may support this case.

CTFM-LSMYW

Theleast squares modified Yule-Walkermethod provides even less patterning in the residuals than

theYule-Walkermethod. The one-sigma precision is±0.60◦, which is a 16% improvement upon

the YW method. The bearing offset of−0.9◦ is statistically significant, and is quite different

from that provided by theYW and DFT methods. The difference between these results must

be attributed to the 128 additionalYule-Walker equations used in theLSMYW estimate. The

estimator may be confused by another nearby target perturbing the echo, as demonstrated by the

range resolution results in Section13.3.5.

Bearing Precision Summary

The methods of Section14.1.3allow the prediction of theIDD bearing precision of a sonar sys-

tem based upon itsDOF precision andDOF correlation measurements from Sections13.2.1and
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Table 14.2: Bearing accuracy and precision,σ
θ IDD . The first column is taken from theµ values

for the histograms shown in Figure14.16. The second column is calculated using the models of
Section14.1.3from theDOF precision and correlation data of Sections13.2.1and13.2.3. The
third column is taken from the bearing precision experiment from Figure14.16.

Bearing
Sonar Accuracy Precisionσ

θ IDD (◦)
System Deg Computed Observed

MF-QD -0.27 1.27 1.06
MF-UD 0.01 1.03 0.86
CTFM-DFT -0.36 1.34 1.82
CTFM-YW(128) -0.39 1.05 0.73
CTFM-LSMYW(128,128) -0.91 0.99 0.60

13.2.3. These predictions were plotted as points in Figure14.10. The experiment of Section14.1.4

measured theIDD bearing precision directly. A comparison of the two sets of results appears in

Table14.2. The bearing calibration indicates that, for most of the sonar types, the bearing can

be measured more precisely than is indicated by theDOF precision experiment. However, it is

necessary to take note of the ranges over which the two different measurements were made. The

DOF precision experiment was made over the range 0.4m to 1.9m, while the bearing precision

experiment was carried out at the fixed range of 0.5m. The possibility that theDOF precision,

σd, is range dependent cannot be excluded, and therefore the standard deviation of theDOFpreci-

sion experiment results is larger than appropriate for targets at 0.5m, where the bearing precision

experiment was carried out.

The CTFM-DFT result displays the largest variation between the computed and the observed

values. It is also the only system in which the observed bearing precision was worse than the

computed bearing precision. This is thought to be due to the significant residual structure in the

DOF correlation results of Section13.2.3and in the residuals of the bearing precision experiment

shown in Figure14.16. The residual structure is not modelled by the statistical theory utilised to

calculate the computed bearing precision, and thus leads to the significant difference in the two

results.

14.2 Inter-Aural Power Difference

This section demonstrates the method of calculating bearing by using the inter-aural power differ-

ence between the left and right receivers, as initially described in Section7.2.2. Firstly, a simplified

model of the beam is created, which describes the power of the received signal as a function of

bearing after being detected by the sonar system. Secondly, the difference between these two pow-

ers is computed, which produces a function with a linear region which is useful for performing

bearing estimation. Thirdly, bearing estimates and calibrations are presented using echo power

taken from the same experimental data sets which were used in Section14.1.4.

Theinter-aural power differencemethod is also known as theInter-aural Amplitude Difference

(IAD) method in Kay [71] andInter-aural Intensity Difference (IID)method in Kay [74].
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Figure 14.17: The variation in echo amplitude with target angle. The continuous and dashed lines
represent two Gaussian functions which have been fitted to the left and right channel data (dots).
The parameters which are drawn on the plot are for (14.26). The nature of left and right is reversed
due to the anti-clockwise positive angle convention. The data was gathered using the configuration
of Figure14.14in the same experiment as for theIDD calibration.

14.2.1 Target Types

It is assumed that the different types of target mentioned in Section14.1.1all reflect an equal

amount of sonar energy to the left and right receivers, as they are placed so close together. There-

fore the target type is ignored when working with theIPD model.

14.2.2 Beam Power Modelling

The echo power which is detected by the sonar system varies with target angle, but is not directly

described by the radiating plane piston models of SectionsA.2 and6.3.2. These models operate

in terms of a single frequency, and display nulls in their angular response function. However,

when broadband signals such as the Barker coded signal orCTFM signal are used, and the echo is

subsequently processed so as to concentrate the energy of an echo into a single peak, the nulls are

largely eliminated. This may be seen from experimental data shown in Figure14.17.

Each channel of the data has been fitted with a Gaussian function (Abramowitz [1, Section

26.2.9]). This procedure was discussed in Section7.2.1 and is compared to the beam pattern

(integrated over the bandwidth of the signal) in Figure7.6. The Gaussian function provides a good

fit in the central area of the beam pattern, but diverges at a point called the point of separation, at

about 37◦ in the case of our transducers.

The Gaussian function is usually used in statistics. The normalisation requirements of statistics
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do not apply here, so a more convenient form is adopted. The function used is

fgaus
(
θ ,a,θ0,b

)
= aexp

{
−
(

θ −θ0

b

)2
}

, (14.26)

where the parameters are:

θ , the bearing of the target,

a, the peak value of the fitted echo amplitude,

θ0, the central angle, where the peak echo amplitude occurs, and

b, the width of the peak. The points of inflexion (change in direction of curvature) occur

at θ = θ0±
√

2b, and have an amplitude ofa/e.

The values ofa, θ0 andb used to fit (14.26) to the left and right experimental data are displayed on

the plot in Figure14.17. The subscripts L and R are used to denote the channel. Only data points

with amplitude greater than 3V were used to perform the fit. The method used to obtain the fit

parametersa, θ0 andb is described in AppendixH.1, but is also quite similar to that outlined by

Kleeman [80].

It can be seen from Figure14.17that the Gaussian function is a good fit for the experimental

data except at the edges, which validates the use of the Gaussian function.

The Gaussian functions fitted to the left and right channels in Figure14.17combine the effects

of the two transducers in each signal path. A model which separates the effect of each transducer

may be found in AppendixH, but this model was not found to be necessary in this work.

Conversion to Decibels

The variation in the amplitude measurements increases in proportion to the amplitude, and it is

impossible to see what happens at small amplitudes. Therefore a log plot is required, as shown in

Figure14.18. The amplitude information is converted into decibels of power using the relationship

P = 20log10(A) , (14.27)

whereA is amplitude andP is power. Usually a decibel is relative to some reference level, but

the adjustment has not been carried out here. From this point on, converted powerPL andPR are

referred to instead of the amplitudeAL andAR.

When the Gaussian representation is converted to decibels, the width parameter,b, refers to

the−8.69dB point relative to the peak.

The plot in decibels (Figure14.18) shows the scatter of the data as being approximately con-

stant over the entire data set, and allows closer inspection of the low power regions which were

difficult to analyse in the previous plot (Figure14.17). The fitted curves match the data well in

this plot, and it is necessary to perform the curve fitting in the dB space to obtain an accurate fit.
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Figure 14.18: The variation in echo power with target angle, in decibels. The fitted Gaussian
functions are drawn as dashed and solid lines for the left and right channels, while the experimental
data is drawn as dots. This plot contains the same data as is presented in Figure14.17, except that
the vertical scale has been converted to decibels. The data points break away from the fitted curve
at the point of separation (see Section7.2.2). The actual points of separation are different from
those predicted in Figure7.8, due to the individual beam patterns of each of the transducers.
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Figure 14.19: Analysis of the power residuals, in decibels, from fitting exponential functions to
the received echo power on the left and right channels. (a) The residuals and (b) histogram of
residuals with echo power greater than 3V. The histograms show that the residuals are normally
distributed.
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Residuals

The residuals between the data points and the fitted curves are shown in Figure14.19, which also

shows a histogram of the residuals which were used for performing the fit. The lack of pattern-

ing in the residuals and the agreement between the histogram and the fitted normal distribution

demonstrates that the Gaussian function (14.26) with the parameters shown in Figure14.18is a

good fit for the observed power data.

14.2.3 Log Power Difference

This section shows how to obtain a fitted line, which may subsequently be used to compute the

bearing from the observed echo power difference.

Section7.2.2suggested that a useful function for estimating bearing using IPD is obtained by

subtracting the right power from the left power, in decibels. The subtraction is written

Pdi f f = PR−PL, (14.28)

wherePL andPR are the power of the echoes from the left and right channels respectively, and

Pdi f f is the power difference in dB. This technique is called theInter-aural Power Difference

(IPD) method due to this formula. This relationship may also be expressed in terms of the echo

amplitudes as

Pdi f f = 20log10

(
AR

AL

)
. (14.29)

We require a function providingθ in terms ofPdi f f , calculated from (14.28). The function

fgauswhich was fitted for the left and right channels may be used to compute the power difference,

yielding

Pdi f f = 20log10

{
fgaus

(
θ ,aR,θ0R,bR

)
fgaus

(
θ ,aL,θ0L,bL

)} . (14.30)

Substituting (14.26) into (14.30) yields

Pdi f f = 20

(
log10

[
aRexp

{
−
(

θ −θ0R

bR

)2
}]
− log10

[
aL exp

{
−
(

θ −θ0L

bL

)2
}])

. (14.31)

Re-writing this equation as a polynomial inθ makes it possible to solve forθ in terms ofPdi f f :

Pdi f f = − 20
ln10

·
b2

Lθ 2
0R−b2

Rθ 2
0L +b2

Lb2
R ln
(

aL
aR

)
b2

Lb2
R

− 20
ln10

·
2
(
b2

Rθ0L−b2
Lθ0R

)
b2

Lb2
R

θ − 20
ln10

· b
2
L−b2

R

b2
Lb2

R

θ
2. (14.32)

Figure14.20shows what happens when these techniques are applied to the data described in the

previous section. The fitted line is curved. Thus the coefficient ofθ 2 in (14.32) is not zero. This

can only happen when the widthsbL and bR are unequal, as they are in this example. When

the transducers are perfectly matched it may be expected that these terms should be equal and a

straight line fit would emerge.

The residuals and histogram of the fit are shown in Figure14.21. The residuals show some

minor patterning, but the histogram shows that the residuals are normally distributed.
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Figure 14.20: The log power difference between the right and left channels, showing the power
difference from experimental data calculated using (14.28) and the line calculated according to
(14.32). The data breaks away from the fitted line at the left and right because the echo power of
one of the channels hits the noise floor at that point. The parametersβi will be defined in (14.33).
The experimental data in this plot may be compared with the reference plot for ideal transducer
beam patterns in Figure7.9. The differences are due to the variations in the beam patterns of the
real transducer from the ideal patterns calculated in Section6.3.2.
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Figure 14.21: The residuals from the fit shown in Figure14.20. The histogram is only computed
for data points in the interval−20◦≤ θ ≤ 20◦. The histogram shows that the residuals are normally
distributed.

Direct Fitting

In practice, it is not necessary to fit for the six parametersaL, θ0L, bL, aR, θ0R andbR. Instead,

the 3 polynomial coefficients of powers ofθ may be solved for directly, using a least squares fit

procedure as outlined in AppendixI. The equation which is fitted is

PR−PL = β0 +β1θ +β2θ
2. (14.33)

As there are fewer parameters being fitted, this form is more computationally convenient. How-

ever, if Gaussian fits to each channel have been made, the Gaussian parameters may be used to

calculate theβi by equating coefficients ofθ n in (14.32) and (14.33).

Bearing Computation

A given pair of echoes, having powerPL andPR, together with calibrated values forβ0, β1 andβ2,

are necessary in order to solve for the target bearingθ . The solution forθ may be found using the

quadratic function

θ =
−β1±

√
β 2

1 −4β2

(
β0− (PR−PL)

)
2β2

. (14.34)

Equation (14.34) is numerically unstable ifβ2 ≈ 0. This is indeed the case, asβ2, being equal to

the coefficient ofθ 2 in (14.32), is computed as the difference between two similar values. Press

[114, Section 5.6] advises that in such situations (14.34) should not be used, as subtracting the
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Figure 14.22: The three possible root configurations encountered when solving (14.33) for bearing
θ by IPD. Roots are shown as red dots. The measured target angles, having bearings between−45◦

and 45◦, occur close to the originθ = 0 on these graphs. Whenβ2 is (a) negative, there are two
distinct roots. The desired root is closest toθ = 0. Whenβ2 is (b) zero, the fit is a straight line,
and there is a root nearθ = 0. Whenβ2 is (c) positive, there are again two distinct roots. The
desired root is again closest toθ = 0.

nearly equal quantities causes a loss of precision. Press advises that it is best to first calculate

q =
−1
2

[
β1 +sign(β1)

√
β 2

1 −4β2

(
β0− (PR−PL)

)]
, (14.35)

where the function sign(x) is defined by

sign(x) =


−1 if x < 0

0 if x = 0

1 if x > 0

. (14.36)

The rootsθ1 andθ2 are then given by

θ1 =
q
β2

(14.37)

and

θ2 =
β0− (PR−PL)

q
. (14.38)

The fitted parabola has two roots, but only one is required. It is necessary to choose the appropriate

root. The three situations which may occur are illustrated in Figure14.22. In all three situations

the desired root has the smallest magnitude. Whenβ2 is small, the root given by (14.37) will have

a large magnitude, so the smaller root will always be given by (14.38). Therefore the bearing

computed byIPD in terms of the echo amplitudes is

θIPD =
2
(
PR−PL−β0

)
β1 +sign(β1)

√
β 2

1 −4β2

(
β0− (PR−PL)

) . (14.39)

14.2.4 IPD Bearing Precision

The precision of the measured bearingθIPD may be computed in terms of the precision of the left

and right echo power measurementsσPL andσPR using the methods of AppendixI. The echo
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powerVCV matrix is

ΣΣΣpower=

[
σPLPL σPLPR

σPLPR σPRPR

]
, (14.40)

and the design matrix is

GGG =
[

∂θIPD
∂PL

∂θIPD
∂PR

]
. (14.41)

The two derivatives in the design matrix are

∂θIPD

∂PL
=−α and

∂θIPD

∂PR
= α, (14.42)

where

α =
2
(
β1 +sign(β1)

b
a

)
(β1 +sign(β1)a)2

and

a =
√

β 2
1 −4β2

(
β0− (PR−PL)

)
,

b = β
2
1 −2β2

(
β0− (PR−PL)

)
.

TheIPD precision is then found to be

σ
2
θ IPD = α

2(σPLPL−2σPLPR+σPRPR) . (14.43)

A plot of σ
θ IPD appears in Figure14.23. This figure shows thatIPD bearing precision is improved

by having precise power measurements and a high correlation between the power measurements.

14.2.5 IPD Calibration Experiment

The amplitude valuesAL andAR were taken from the same experimental data as theIDD precision

experiment described in Section14.1.4. Each sonarDOF sub-system provides its own method

of estimating the power of the echo, as described in the relevant chapters. The polynomial fit

parameters of (14.33) were found using the least squares techniques of AppendixI. The results

appear in Figure14.24. The first column of plots is equation (14.28), along with the polynomial fit

(14.33). The fit only used the data points where the target bearing is in the range−20◦ ≤ θ ≤ 20◦.

The fitted parameters are drawn on each plot.

The second column of plots is the difference between the bearing estimated using (14.38) and

the target position derived from the positioner coordinates. This quantity is the fit residual, but has

been transformed from decibels into bearing so that the magnitude of the variations may be easily

understood. These plots have different units from Figure14.21.

The third column of plots is the histogram of the residuals in the second column. Only resid-

uals for target bearings in the range−20◦ ≤ θ ≤ 20◦ are included in the histogram.

The remainder of this section discusses the results of each sonar system appearing as a row in

Figure14.24.
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Figure 14.24: Summary of results forIPD bearing calculation. The results for each kind of sonar
system are presented as a row. The first column is the measured right minus left channel echo
power, plotted as points. The fitted polynomial of (14.33) is shown as a red line, and the values of
the fit parametersβi are indicated. The second column is the residuals formed by subtracting the
line from the data points in the first column. The third column contains histograms of the residuals
in the second column.
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Matched Filter Quadrature Demodulation

The matched filter system with quadrature demodulation has a narrow set of unpatterned residuals

within the range−20◦ ≤ θ ≤ 20◦. The histogram shows that the results are normally distributed

and free from bias, and that a one-sigma bearing precision of±1.1◦ is obtained. This indicates

that the quadrature demodulation system combined with a parabolic interpolation scheme as used

by this sonar system provides precise amplitude estimates.

The results obtained here contradict those obtained by the power precision experiment (see

Table13.5), but validate the interpretation of the power residuals from that experiment.

Matched Filter Unsynchronised Demodulation

The matched filter system with unsynchronised demodulation provides results which are statisti-

cally equivalent to the matched filter system with quadrature demodulation. The polynomial fitted

to theIPD curve is equivalent, and the histogram indicates the same normal distribution applies.

The MF-QD and MF-UD sonar systems both utilise the same parabolic interpolation scheme

to estimate the position and height of the peak. The two methods have produced almost identical

results forIPD bearing estimates.

CTFM-DFT

The CTFM sonar combined with aDFT spectral estimator and a sinc interpolator produces a

system with some residual patterning of the residuals. The patterning could be eliminated by

introducing aβ3θ 3 term to compensate.

The raw echo powers for the left and right channels of this sonar system is shown in Fig-

ure14.25. The breakdown of the power difference data on the left channel nearθ = 25◦ is caused

by a lack of fit in the data. It is impossible to correct this lack of fit using the Gaussian model

of (14.26). The lack of fit at this point does not appear in other data sets, which indicates that

the problem is unique to theDFT estimator and the sinc interpolation system. Examination of

the echoes detected by this system indicate that a secondary echo is being confused with the echo

from the primary target, and the peak picking subroutine is selecting the secondary one.

The bearing estimates byDFT and sinc interpolator appear good within the range−20◦ ≤ θ ≤
20◦, being nearly as good as the best estimator, the matched filter system. This is in contrast to the

IDD results, where it is apparent that the sinc interpolation has provided poor results which exhibit

tram-tracks. These results indicate that the sinc interpolator is effective at estimating signal power

but not at estimating frequency (TOF).

The CTFM-DFT sonar system can measureIPD bearing to±1.2◦ with negligible bias.

CTFM-YW

The CTFM sonar with aYule-Walkerspectral estimator exhibits patterning in its residuals, and

these are so large as to be clearly visible in the power difference plots. The underlying cause of

these problems is a lack of fit in the echo power detected by each receiver (see Figure14.26).

These disturbances do not appear in theDFT estimate, which indicates that they are a property of
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Figure 14.25: Fits for the received echo amplitude for the CTFM-DFT sonar. Note in particular
the lack of fit in the right channel data aroundθ = 25◦.
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Table 14.3: Results for measurement ofIPD bearing precision. The first column representing ac-
curacy has not been calculated for reasons which are explained in the text. The second column is
calculated using (14.43), utilising the power precision results from Section13.2.2. The third col-
umn summarises the observed bearing precision results,σ , shown in Figure14.24. The calculated
and observed results come from experiments using different range and bearing intervals.

Bearing
Sonar Accuracy Precisionσ

θ IPD (◦)
System Deg Calculated Observed

MF-QD - 2.59 1.07
MF-UD - 1.92 1.07
CTFM-DFT - 1.65 1.22
CTFM-YW(128) - 2.98 1.56
CTFM-LSMYW(128,128) - 3.44 1.92

theYule-Walkerspectral estimator. The same disturbances appear in data analysed by the Matlab

implementation of the Yule Walker spectral estimator. The precise cause of the disturbances is

unknown, but it is expected that the experimental data triggers a weakness in theYW spectral

estimator design.

The large patterning in the residuals leads to the bearing estimate being compromised in qual-

ity. The one-sigma bearing precision is±1.5◦.

CTFM-LSMYW

The results for this system appear quite similar to those for the CTFM-YW system, but there are

two important differences. The bearing estimation error near−28◦ has been reduced, but the am-

plitude of the patterning in the central region has increased. Any differences between this estimator

and theYW estimator must be due to the extra 128 points which were used in the computation.

TheLSMYW estimator is also known to be poor at frequency resolution (see Section13.3.5), and

is possibly confused by another nearby target. The precision of this estimator is the worst of the

five, providing a one-sigma bearing precision of±1.9◦.

Summary of Results

The IPD bearing precision results are summarised in Table14.3. The first column,IPD bearing

accuracy, was not calculated as an accuracy measurement must be carried out separately from a

calibration procedure, which was performed here. Measurement of accuracy requires a second

data set which is not available. The second column of Table14.3 is calculated using (14.43)

applied to the precision data in Table13.5 and the correlation data in Figure13.13. The third

column summarises the precision results observed in theIPD calibration experiment shown in

Figure14.24. The two columns of precision results shown in the table are surprisingly different,

but there is only limited scope for comparison due to the different methods used to estimate each

uncertainty.

The large apparent difference in the MF-QD bearing precision is attributed to the incorrect
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power precision being calculated in the power precision experiment in Section13.7.

IPD Conclusion

The most precise bearing measurements byIPD are given by the matched filter systems. Both

matched filter systems have consistently smaller residuals resulting in narrower histograms. The

YW andLSMYW estimators both suffer from glitches in the detected echo power, the causes of

which are unknown. As all threeCTFM experiments are carried out using the same data set, the

variation between these three systems must be attributed to the ability of the spectral estimators to

extract the echo power. TheDFT results have suffered by selecting the wrong echo in some parts.

The calibration procedure outlined above cannot be used to assess the accuracy of bearings

measured byIPD. The calibration results shown in Figure14.24show that the mean is zero for

all of the sensor systems. This is caused by the curve fitting procedure carried out in the process

of calibration. Whereas theIDD bearing measurement process relies on the geometric properties

of the sonar head, theIPD method relies upon calibration from experimental data. Therefore, to

assess theIPD bearing accuracy, a separate experimental data set must be obtained, and the mean

error computed.

14.2.6 Targets Lying Outside the Horizontal Plane

When a target does not lie in the horizontal plane of the sonar sensor and is displaced vertically, the

angles subtended by the sonar path to the normals of the transmitter and the receivers will no longer

obey the previously assumed relationship. TheIPD calibration curve will change depending upon

the vertical angle submitted to the sensor. These effects have not been considered in this work, but

will need to be considered when the system is extended to full 3D.

This problem does not apply to bearings estimated byIDD.

14.3 Correlation Between IDD and IPD

The two methods of measuring bearing,IDD and IPD, are considered to be independent and

therefore uncorrelated. The uncorrelated or correlated nature of these bearing measurements is

important to the correspondence problem of Chapter15.

The level of correlation present between theIDD andIPD estimates can be readily evaluated

using the same methodology used in the earlier simulation studies, that is, to look at a scatter plot

of the estimates. Such a scatter plot is shown in Figure14.27.

The correlation coefficient,c
θ IDDθ IPD, is marked as corr on each plot. All of the sonar types

shown in this figure display a lack of correlation. This result is used when combining the bearing

estimates in Section15.4.

14.4 Conclusion

Other sonar systems have required the target type to be determined before bearing can be com-

puted, due to the different reflection geometry of each target type. Section14.1.2has demonstrated
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that the target type need not be identified before calculating range and bearing, if some small errors

can be tolerated. Higher precision may be obtained if the design of the sonar head is changed to

place the transmitter in line with the two receivers, as described in AppendixG.

Two different methods were developed to measure the bearing to targets, theinter-aural dis-

tance differencemethod and theinter-aural power differencemethod, found in Sections14.1and

14.2respectively. These two methods rely on statistically independent properties of the detected

echo (Section13.2.3), and the resulting computed bearing estimates are also statistically indepen-

dent (Section14.3). The precision of the range and both methods of bearing determination have

also been assessed. In the case of the target range, this has only been assessed through calcula-

tion from theDOF results, as shown in Table14.1. The target bearing has been assessed both

computationally in terms of theDOF and echo power precisions measured in Chapter13, and

also by direct experiment. The results of these two independent determinations are shown in Ta-

bles14.2and14.3. The computed precision results were obtained by rigorous application of the

error analysis techniques outlined in AppendixI.

The calculated bearing precision results for the CTFM-DFT sonar system were the only re-

sults which were more precise than the associated experimental results. The large difference be-

tween the calculated and the measured precision of this system is attributed to the breakdown

of the statistical assumption that the bearing residuals are normally distributed. The other four

systems, having normally distributed residuals for both theDOF residuals and the experimental

bearing residuals, agree more closely between the calculated and experimental results, as shown

in Tables14.2and14.3. There remains some disagreement, which is attributed to a slightly larger

value for the measuredDOFstandard deviation, which appears to increase slightly with increasing

target range.

The geometry of the sonar head was carefully measured and used to locate the physical centres

of the transducers. However, when these measurements were used in the calculation of bearing

by IDD, poor results were obtained, as shown in Figure14.15. The model distance between the

receivers was subsequently adjusted to obtain an improved fit to the experimental data, as shown

in Figure14.16. Even so, the geometry utilised by theIDD bearing calculation still assumes that

the sonar head is perfectly symmetrical.

The calculation of bearing byIPD makes fewer assumptions than theIDD method, as it is cal-

ibrated to the experimental data with less modelling. The only assumption made in this case is that

the Gaussian fit is valid in the central region of the beam pattern. This assumption was validated

in Section7.2.2by comparison to the theoretical beam patterns, and also within Section14.2.2by

the good agreement with experimental data over the central beam region.

While the method of calculating bearing byIPD has been applied previously, this work has

decomposed the beam pattern into separate Gaussian curves and subsequently fitted them to the

experimental data. This method takes into account differences in the beam patterns of the left and

right signal paths, incorporating the beam patterns of two of the three transducers. The result of

this fitting process is the curvedIPD curve as shown in Figure14.20. Previous experimenters have

simply fitted a straight line to this data. Thus the separate and rigorous fitting of the Gaussian

curves is seen as a new contribution.

All five of the sonar systems have achieved a±20◦ field of binaural audition, providing the
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wide sensing area as designed in Chapter7.

When the five different sonar systems are compared by their ability to measure bearing by

IDD and IPD, the most precise measurement is obtained by theCTFM least squares modified

Yule-Walker system in theIDD mode. All of the sonars produce more preciseIDD measure-

ments thanIPD measurements, except for the CTFM-DFT sonar system. TheIDD precision of

the CTFM-DFT system is the second worst over all, which may be linked to the problem (see Sec-

tion 13.2.3) with the complex interpolation scheme (see Section10.3.4). TheCTFM Yule-Walker

based methods produce excellentIDD precision, but poorIPD precision. Thus no single sonar

system comes out best on bothIDD andIPD.

A full comparison between the results shown here and comparable results reported by other

researchers in the literature will be performed in Section16.2.2.

14.4.1 Acknowledgements and Contributions

This chapter describes several contributions to knowledge made by this author, including:

1. The rigorous propagation of error analysis through the range and bearing calculations, by

both theIDD andIPD techniques.

2. The rigorous experimental assessment of the bearing measurement errors of five different

types of sonar system.

3. The recommendation to change the design of the sonar head so that all of the transducers

are mounted in-line, as described in AppendixG, to reduce and eliminate the error due to

not classifying the target time.

4. The range and bearing isopleth plots shown in Figures14.10and14.11, which may be used

to obtain an engineering requirement for theDOF precision in terms of a specified range

and bearing precision.

5. The fitting of theIPD curve by separate Gaussian fits to the amplitude profile of each echo

channel, which is seen as an extension of previous work and therefore a contribution.

The assistance of Dr. Ian Lisle in simplifying and factoring the formulae of the range andIDD

bearing error analysis and the Gaussian curve combination theory of AppendixH.3 is greatly

appreciated.



Chapter 15

Correspondence Problem

The correspondence problem is concerned with choosing an echo, in say the left receiver channel,

and the corresponding echo from the same target in another channel, typically the right receiver

channel. This problem, which is illustrated in Figure15.1for three plane targets, must be precisely

and reliably solved in order to estimate bearing.

The first criterion in limiting the choice of echoes is theDOF window. TheDOF window

restricts the choice of echoes to those which occur closer together than the distance between the

receivers, 2dR. This restriction alone vastly simplifies the problem.

When more than one echo falls within theDOF window, we must find reason to prefer a

pairing with one echo over another. The two separate methods of calculating bearing, which were

established in Chapter14, are used to solve this problem.

When an echo pairing has been identified, the two bearing results may be combined to obtain

a more precise bearing estimate. Methods to detect incorrect pairings and the consequences of

selecting an incorrect pairing are also discussed.

There are two steps to solving the correspondence problem. The first is to find all echo pairings

between the left and right channels which satisfy theDOF window test. The second step is to

reject those pairings which do not correspond to real targets, using both methods of computing

bearing described in Chapter14. There are two methods of rejecting bad pairings. They are called

the simple correspondence solver and the statistical correspondence solver. A road-map of the

process is shown in Figure15.2.

Solutions to the correspondence problem were tested using synthetic echoes derived from both

a geometrical model and experimental data. The simulated beam pattern and the additive random

noise, for bothDOF and echo power, as well as resolution effects, were modelled upon the ex-

perimental results of the MF-UD sonar described in Chapters13 and14. The effects of noise

and resolution were introduced and evaluated separately, allowing the properties of the correspon-

dence solver to be investigated independently of echo resolution. Four simulated experiments were

performed using the geometrical model. The simulated experiments were evaluated by their abil-

ity to correctly identify targets, which relies upon accurate echo detection and a robust solution

to the correspondence problem. The simulated experiments show that the region where correct

target identification is impossible is determined by the ability of theDOF sub-system to resolve

two targets. By comparison, the region where the correspondence problem is insoluble is much

smaller. Thus improvement of the ability of the sonar system to correctly identify targets requires

341
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Figure 15.1: (a) A scene with three plane targets, showing the sonar paths. Target T1 is located
at {r, θ} = {0.550m, 5◦}, target T2 at{0.551m,−12◦} and target T3 at{0.700m, 0◦}. (b) The
echoes from the scene. The horizontal scale represents distance of flight, and is approximately
double the range. The tags identify the echoes, in order of theirDOF, not their corresponding
target. The vertical scale shows the detected power of each echo. The letters L and R identify
the receiver on which the echo was detected. The correspondence problem is to identify the target
which produces each echo. The echoes L3 and R3 obviously come from target T3, but the echoes
from targets T1 and T2 are harder to identify.
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defined in Section14.1.1), and a target bearing ofθ = 20◦. The differenced2−d1 is essentially
constant at working ranges.

improvement of the range resolution, thereby lowering the region over which the target identifica-

tion fails. The range resolution, in turn, is determined by thetime-bandwidth productproperties

of the signal, as discussed in Section4.6.

15.1 DOF Window

The construction of the sonar head makes it impossible for the echoes from a particular target,

as detected by the left and right receivers, to be separated by more than the distance between the

receivers. This section utilises this information to formally define a search window, from which

the echo pair can be found. The method used is due to Kleeman [82].

From (14.1) and (14.2), the difference between the right and leftDOFs is

d2−d1 =
√

d2
TR+4r2 +4dTRr sin(θ +φ)−

√
d2

TR+4r2−4dTRr sin(θ −φ). (15.1)

A graph of this function is shown in Figure15.3. The graph indicates that the dependence upon

ranger is insignificant, allowing simplification. Taking the limit of (15.1) asr→∞ and simplifying

using (14.3) yields

dsep= lim
r→∞

d2−d1 = 2dRsinθ . (15.2)

This equation is graphed in Figure15.4. This provides a useful search window, as no real target can

produce echoes separated by more thandsep= 2dR = 27mm. When the maximum usable bearing

of the sonar is limited, this separation distance may be reduced by evaluating (15.2) directly with

the maximum usable bearingθ of the sonar.

Clearly (15.2) is odd for negative angles, so for an echo detected by the left channel atd1, the

corresponding echo on the right channel atd2 must be contained within the interval

d1−dsep≤ d2≤ d1 +dsep. (15.3)
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Figure 15.4: The difference inDOF between right and left channels, from (15.2), plotted for
dR = 13.5mm.

Thus we writedsep with a± symbol. A diagram showing the search window, as applied to the

previous example, is shown in Figure15.5. Chapter14established that all five of the sonar systems

are able to determine bearing over the range±20◦, so we shall use aDOF window of±9.2mm.

15.2 All Pairings

TheDOF window is 18.4mm wide, which is wider than theDOF resolution of 12mm of several

of the sonar systems (obtained by doubling the range resolution listed in Table13.10). Thus

it is possible that more than one echo may be detected within theDOF window, and hence a

correspondence solver will be required. The correspondence solver must decide which way to pair

the echoes from the two channels.

Returning to the previous example shown in Figure15.5, it is seen that there are four possible

pairings of the echoes,{{L1,R1} ,{L1,R2} ,{L2,R1} ,{L2,R2}} , for only two targets. That is

only two pairs are associated with targets. Two methods of solving this problem are discussed

in Section15.3. The targets described by all of the echo pairs satisfying theDOF window con-

straint are shown in Figure15.6. The rejection of the two fictitious targets is the work of the

correspondence solver.

15.3 Correspondence Solvers

This section describes two methods of identifying and rejecting incorrect pairs. The first one is

the simple method, while the second is based upon rigorous statistical methods.

15.3.1 Simple Method

Chapter14 described two different methods of calculating bearing from a single pair of echoes.

These methods were theIDD andIPD methods. It is possible to apply both of these methods to all

pairings of the echoes. The results for the duplicate pairs discussed in Section15.2are shown in
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Figure 15.5: TwoDOF windows for different beam widths, centred at echo L1, for the echoes
from the targets T1 and T2 in Figure15.1. Note that the window is applied to the channel not
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which both fall inside the window. The sonar systems described in this thesis have a maximum
usable bearing of±20◦, so the±9.2mmDOF window applies. The echo L2 requires a separate
application of theDOFwindow (not shown). When this is performed, it is shown that L2 may also
be paired with either R1 or R2.
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15.3. CORRESPONDENCE SOLVERS 347

Table 15.1: Calculation of bearing byIDD and IPD for all possible pairings of echoes falling
within theDOF window.

Pairing
Method {L1,R1} {L1,R2} {L2,R1} {L2,R2}

θIDD 0.70◦ 5.00◦ −12.05◦ −7.65◦

θIPD −3.15◦ 5.02◦ −11.94◦ −3.38◦

Difference|θIDD−θIPD| 3.81◦ 0.02◦ 0.11◦ 4.27◦

Algorithm 15.1 Simple method of solving the correspondence problem.
Require: pairList
Require: bearingDiscrepancyList calculated according to pairList
Ensure: no echo will be used in more than one pair

SortPairsByAscendingBearingDiscrepancy(pairList,bearingDiscrepancyList)
while ContainsDuplicates(pairList)do

RemoveLastPair(pairList)
end while

Table15.1. This indicates that the bearings calculated byIDD andIPD have the best agreement in

the case of the second and third pairings, i.e.{L1,R2} and{L2,R1}, while{L1,R1} and{L2,R2}
are a poorer match. An algorithm which exploits this to solve the correspondence problem is

given in Algorithm15.1. Using this algorithm upon the pairs described in Table15.1results in the

removal of{L2,R2} , followed by {L1,R1}. The remaining set of pairs,{{L1,R2} ,{L2,R1}} ,
use no echo more than once, so the algorithm terminates at this point. These two pairs correctly

describe the situation of Figure15.1, as the computed bearings closely match the true bearings of

the targets.

15.3.2 Statistical Method

Statistical theory (Crow [27, Section 2.4.2]) provides a method for testing whether two observa-

tions are statistically similar or different. Firstly, compute the bearingsθIDD andθIPD from a single

sonar observation of a target. Secondly, test whether the two bearings are statistically equivalent.

Assuming that they are drawn from populations with known standard deviationsσ
θ IDD andσ

θ IPD,

which are taken from the bearing calibration experiments of Chapter14, then the statistical test

may be performed as follows. Compute

z=
θIDD−θIPD√

σ2
θ IDD
n + σ2

θ IPD
n

, (15.4)

wheren is the number of sonar samples used to compute the bearing estimate. Settingn to 1

reflects the fact that the bearing is computed from a single sonar measurement. Thus,

z=
θIDD−θIPD√
σ2

θ IDD +σ2
θ IPD

.



348 CHAPTER 15. CORRESPONDENCE PROBLEM

Table 15.2: Values of the computed minimum bearing error rejection criterion for the statistical
correspondence solver. The standard deviation ofIDD bearing estimates are taken from Fig-
ure 14.16, while the standard deviation ofIPD estimates are taken from Figure14.24, and the
minimum bearing difference such that there is only a 5% chance that the pairing is incorrect.
The rejection difference column is computed using (15.5). Any pairings for which|θIDD−θIPD|
is larger than the value shown in the right column are rejected by the statistical correspondence
solver.

Minimum
Sonar Rejection

System σ
θ IDD σ

θ IPD Difference
MF-QD 1.06◦ 1.07◦ 2.95◦

MF-UD 0.86◦ 1.07◦ 2.69◦

CTFM-DFT 1.82◦ 1.22◦ 4.29◦

CTFM-YW(128) 0.73◦ 1.56◦ 3.37◦

CTFM-LSMYW(128,128) 0.60◦ 1.92◦ 3.94◦

Now, θIDD andθIPD are statistically equivalent with a confidence level of 95% if|z|< 1.960. The

relationship may be re-written to provide a maximum acceptable bearing difference:

|θIDD−θIPD|< 1.960
√

σ2
θ IDD +σ2

θ IPD. (15.5)

Using the experimental values forσ
θ IDD andσ

θ IPD from Chapter14, the maximum acceptable

bearing differences can be computed for each sonar type. The results of this computation are

shown in Table15.2. This table shows that the MF-UD method provides the tightest rejection

criterion, and is therefore able to reject more false pairings. The CTFM-DFT method provides the

worst bearing rejection criterion. A larger bearing rejection criterion results in more bad pairings

passing through than a small bearing rejection criterion would allow.

Example

Continuing with the example from Section15.2, we apply the statistical correspondence solver to

the pairings shown in Table15.1with an MF-UD sonar system. The statistical test, comparing the

bearing difference to 2.69◦, indicates that each of the pairs{L1,R1} and{L2,R2} has only a 5%

chance of being correct. The two remaining pairs,{L1,R2} and{L2,R1}, with a 95% probability

of being correct, accurately describe the targets which were used to generate the echoes.

Plot

A plot of (15.5) is shown in Figure15.7. Using this plot, we can determine the performance

improvement required to obtain a specified rejection criterion. For example, if we desire a bearing

difference rejection criterion of 2◦, then this may be achieved by a sonar having
{

σ
θ IDD , σ

θ IPD

}
which lies along the 2◦ isopleth, such as{0.74, 0.74} or {0.50, 0.93}.
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Figure 15.7: Isopleth plot of the 95% confidence bearing difference rejection criterion in terms
of σ

θ IDD andσ
θ IPD, computed using (15.5). The isopleth levels indicate the minimum bearing

error which must occur before a pairing may be rejected with a 95% confidence. The points
corresponding to theIDD andIPD bearing precisions measured in Chapter14 are also shown for
each sonar system. This plot allows different sonar systems to be compared based upon theirIDD
andIPD bearing precision. A smaller rejection criterion, obtained by a sonar with the best bearing
precision, will appear toward the bottom left of the plot.
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Analysis of the plot indicates that improvement of the bearing rejection criterion of the CTFM-

YW and CTFM-LSMYW sonar systems requires improvement of theIPD bearing precision. Sim-

ilarly, improvement of the CTFM-DFT rejection criterion requires improvement of theIDD bear-

ing precision. The MF-UD sonar system provides the tightest bearing rejection criterion of all of

the systems tested, requiring that the bearings computed by the two methods should not differ by

more than 2.69◦ if the pairing is to be accepted. This is to be compared to the worst performer, the

CTFM-DFT, where the rejection level is 4.29◦, being almost twice the minimum value.

Discussion

The statistical correspondence solver, which rejects all pairs having a difference in their computed

bearings of larger than the rejection criterion, may fail to remove all pairs which use a given echo

more than once. When there are two pairs using the same echo which have bearing differences of

less than the rejection criterion, we have no statistical basis to prefer one over the other. In this

case the sonar system must report some fictitious targets.

15.4 Combining IDD and IPD Bearings

In experimental work, it is common to combine two or more differently derived results to reduce

random errors, inherent in the experimental process, that affect the accuracy and precision of the

derived results.

A single sonar measurement and echo pairing will result in bearing estimatesθIDD andθIPD.

The experiments of Chapter14 have established the precision which can be expected of these

observations, in the form of the standard deviationsσ
θ IDD andσ

θ IPD which were observed during

the calibration experiments. The bearing estimated from a single sonar measurement is therefore

assumed to be drawn from a population having the same standard deviation as the calibration

experiment.

As the relative precisions of the bearing estimates are known, they can be combined using

the weighted averaging technique described in AppendixI.8. The combined bearing estimate,

computed by weighting the two bearing estimates according to their precision, is (using (I.24))

θc =
σ2

θ IDDθIDD +σ2
θ IPDθIPD

σ2
θ IDD +σ2

θ IPD

. (15.6)

The correlation between the bearing residuals measured by theIDD andIPD methods was demon-

strated to be small in Section14.3, but not small enough to be neglected. The standard deviations

of theIDD andIPD methods are thus combined using (I.27) to yield

σ
θc =

√√√√σ2
θ IDDσ2

θ IPD

(
σ2

θ IDD +2σ
θ IDDθ IPD +σ2

θ IPD

)(
σ2

θ IDD +σ2
θ IPD

)2 . (15.7)

The combination of bearing estimates using statistical weighting is only useful if it signifi-

cantly increases the precision of the final result, that is, the level of random error is reduced. To

test this, equation (15.7) was used to compute the standard deviation that would be obtained by
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Table 15.3: Standard deviations of combinedIDD andIPD bearing estimates for each sonar type
tested in the bearing calibration experiment. Theσ

θ IDD are extracted from Figure14.16, while
theσ

θ IPD are extracted from Figure14.24. The covarianceσ
θ IDDθ IPD is calculated from the cor-

relations in Figure14.27. Theσc column is computed using (15.7). Note that in the case of the
CTFM-LSMYW system the combined standard deviation is worse than that of theIDD bearing.
This is mostly due to the impreciseIPD measurement, with a small contribution from the covari-
ance.

Bearing Precision
Sonar σ

θ IDD σ
θ IPD σ

θ IDDθ IPD σ
θc

System ◦ ◦ Deg2 ◦

MF-QD 1.06 1.07 0.245 0.83
MF-UD 0.86 1.07 0.234 0.75
CTFM-DFT 1.82 1.22 0.788 1.17
CTFM-YW(128) 0.73 1.56 0.080 0.68
CTFM-LSMYW(128,128) 0.60 1.92 0.272 0.61

combining theIDD andIPD bearing calculations for each of the five methods presented in Chap-

ter 14. The results are shown in Table15.3. This table indicates that the most precise results are

obtained from the combined CTFM-LSMYW sonar system, followed closely by the CTFM-YW

and MF-UD systems.

An important insight into the operation of the weighted average formula can be obtained from

the isopleth plot shown in Figure15.8. The covariance was set to zero to obtain a function of

two variables. The graph can be used to analyse how to improve the combined bearing estimate

performance of the sonar system. Values of the combined bearing precisionσ
θc may be found as

isopleths. The values ofσ
θ IDD andσ

θ IPD required to achieve the desired output precisionσ
θc may

then be found by reading the coordinates
{

σ
θ IDD , σ

θ IPD

}
from the graph.

Using the graph, we can see that the CTFM-DFT precision may be significantly improved by

modestly improvingσ
θ IPD. However, a much larger improvement inσ

θ IDD is necessary to achieve

the same result.

The graph also shows that the major contributor to the precision of the CTFM-LSMYW result

is the low value ofσ
θ IDD obtained by this system. It would take a very large improvement inσ

θ IPD

before a noticeable improvement inσ
θc would be realised. However, any improvements inσ

θ IDD

would be almost directly reflected inσ
θc.

The greatest benefit of weighted averaging is obtained when the standard deviations of the

two measurements being combined are approximately equal. Combining two uncorrelated bearing

measurements with standard deviations ofσ
θ IDD = σ

θ IPD = 1◦ results inσ
θc = 0.71◦, a significant

improvement. However, when one of the standard deviations is large, as with the CTFM-LSMYW

system, the smaller of the two dominates the contribution to the combined precision. This is

because there is no significant reduction in the random errors present, due to the large uncertainty

in the complementary component of the pair.

Table15.3shows that the CTFM-LSMYW sonar is the only system which loses precision by

combining the two bearing measurements. This only occurs when correlation between the bearing

estimates is taken into account.
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Figure 15.8: Isopleth plot of the standard deviation of the combinedIDD andIPD bearing mea-
surements, computed using (15.7). The results determined for each sonar type are also marked,
neglecting correlation. As the covariance between the measurements was set to zero to obtain this
plot, the values obtained forσ

θc are slightly smaller than those in Table15.3. The CTFM-LSMYW
can be seen to be the most precise, while the CTFM-DFT system has the worst precision.
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15.5 Simulation Experiments

Four simulation experiments were carried out to test the effectiveness of the simple and statistical

correspondence solvers. The simulated echoes were modelled to provide both theDOF and echo

power which were subsequently interpreted to yield theIDD andIPD estimates of bearing.

The four experiments used:

1. The simple correspondence solver with noise-free echo data from the model,

2. The simple correspondence solver with realistic noise added to the echo data from the

model,

3. The statistical correspondence solver with realistic noise added to the echo data from the

model, and

4. The statistical correspondence solver with realistic noise added to the echo data from the

model, with echoes closer together than theDOF resolution being fused together.

This section now discusses the modelling used for the four experiments before describing the

experiments and the principal results. The section concludes with a discussion of the results.

15.5.1 Modelling

The experiment was conducted using the 2D geometrical model described in AppendixD. The

model does not simulate the sonar signal, but directly computes the path distances. The model

produces various pieces of information about the path, such as which transmitter and receiver

form its endpoints. The model can return the angle at which the path exits the transmitter and the

angle at which it enters the receiver. Using the experimental data shown in Figure14.18, anIPD

model was constructed which fitted Gaussian curves representing the responses of the transmitter

and left and right receivers, similar to Figure7.7. The method used to construct theIPD model

is described in AppendixH. Thus the geometrical model can return similar information to that

which is extracted from the sonarDOF sub-system, as described in PartIII of this thesis.

The geometrical andIPD models have been used to test the solution to the correspondence

problem without interference from practical sonar effects such as interference between overlapping

echoes, which are discussed in Section13.3. As the model was only required to provide sufficient

information to test the correspondence solver, it was not required to accurately simulate the proper

echo power which would be detected by the sonar system, but only to simulate the correct power

ratio. Therefore the physical properties of spherical spreading loss and the relative strengths of

different kinds of reflectors have not been included in this model.

The model was built to simulate the operation of thematched filterunsynchronised demodula-

tion sonar system. TheIDD bearing results were simulated by setting the sonar head dimensions to

dT = 2.7mm anddR = 13.5mm in the geometrical model. TheIPD results were imitated by using

the left and right channel modelled beam powers from Figure14.17, obtained from the MF-UD

sonar system, to calculate the beam functions of the three transducers. TheIPD calibration curve

was taken from Figure14.20. Thus the model could produce simulated echoDOFand echo power
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given a target range and bearing. The bearing system outlined in Chapter14 could then calculate

the range and bearing of a target given this echo information.

The model additionally provides the ID number of the object which produced each echo. This

information can be used to evaluate whether a given pairing is accurate, by testing whether the

object ID numbers corresponding to each of the echoes forming a pair are one and the same.

IPD Model Verification

The IPD modelling, which uses the echo power component, was validated by placing a target at

r = 0.5m and then varying the bearing over the range−40◦ to 40◦. A maximum discrepancy of

0.7◦was found, which was attributed to the zero order approximation used to linearise the problem

of AppendixH.4. This maximum discrepancy indicated that the modelling undertaken to generate

the synthetic data was both valid and realistic.

15.5.2 Noise-Free Echoes with Simple Solver

The first experiment used noise free echo data and two plane targets. Target A was assumed fixed

at {x, y} = {0.55m, 0.05m}. Target B was swept past target A, such that the normal of both

targets always pointed toward the centre of the transmitter at{x, y} = {0, 0}. The model used in

this experiment was able to resolve two targets located at the sameDOF, normally not possible

due to finite resolution.

The number of correct pairs was independently assessed by comparing the echo pairings to an

object ID which was attached to each echo by the model. A correct pairing will include echoes

from the left and right channels with the same object ID. The correspondence solver does not

require or have access to this information.

The aim of this experiment was two fold:

1. to validate the experimental approach, and

2. to determine regions where the correspondence solver fails to identify both of the targets.

Since the two correct echo pairings are unique, it is expected that the correspondence solver will

find them. However, there are two regions where two correct pairings are not presented.

The first, in close proximity to the fixed target, is due to both occlusion of target A by target

B, and vice versa. This area, grey in Figure15.9, is where only one of the two required pairs is

determined.

The second area is where no correct pairs, black in Figure15.9, are determined. This area

is limited to points having the same range but different bearings. The small 0.7◦ discrepancy in

the IPD calibration is sufficient to confuse the simple correspondence solver into discarding the

correct pairs. This experiment validates the approach taken. In particular, the principal region

where the correspondence solver fails was determined. The same range, different bearing problem

is expected to be present in all experiments.
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Figure 15.9: Plot of the cumulative number of pairs correctly identified by the simple correspon-
dence solver, when used with noise-free measurements. Black = 0, grey = 1, white = 2 correct
pairs. The sonar head was located at{x, y} = {0,0}. The plot was generated using two targets,
one fixed (drawn in red) and one movable. The movable target is placed at a location, the model
is used to compute echoes, and the simple correspondence solver is used to produce echo pairs.
These echo pairings are then checked against the information provided by the model and the num-
ber of correct pairs is computed. This number is then plotted at the centre point of the movable
target. The procedure is repeated at each position on the diagram.
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15.5.3 Noisy Echoes with Simple Solver

The second experiment, the same as the first experiment but with added random noise, was aimed

at making a more realistic data set with which to test the correspondence solver.

The DOF additive noise was modelled by a multi-normal distribution havingσd1 = σd2 =
0.90mm and correlation coefficientcd1d2 = 0.858. The power additive noise was also modelled by

a second multi-normal distribution withσp1 = σp2 = 1.45dB and correlation coefficientcp1p2 =
0.705. The additive noise models are those determined from thematched filterunsynchronised

demodulationsonar system, as reported in Tables13.4and13.5. They are therefore representative

values. Because white additive noise was used in this experiment, it was replicated ten times. The

replication is consistent with the way the physical experiments in the previous chapters were run

and ensures that these random errors do indeed behave in a random manner. The number of correct

pairs was determined using the same object ID technique which was used in the first experiment.

In all there are up to 2 possible correct echo pairings from each of 10 trials.

The cumulative results of the experiment are shown in Figure15.10a. These results have many

of the same features as the previous experiment. Overlapping targets produce a grey region near

the fixed target, where one or more echoes are occluded. Most of the rest of the space corresponds

to correctly identified pairs. However, the difference in this experiment is that the spotty arc of

Figure15.9a has become a solid locus with a thickness dimension, consisting of incorrect pairings.

The simple correspondence solver always fails when there is more than one target with similar

DOFs.

The width of the failure region is of interest. This was investigated by graphing the number

of incorrect pairings as a function of the target range, at several values of the target bearing,

in Figure15.10b. The same experimental configuration was used as for Figure15.10a, but the

movable target B was only moved along a radial line, and on a denser grid. The number of incorrect

pairs was counted. Thus these plots are histograms of the failure range of the correspondence

problem. The incorrect pair counts are normally distributed in range, and have an average standard

deviation±0.76mm. As 95% of the incorrect pairings are included in a window of 1.96σ , we

assume that the failures occur within a window of±1.5mm.

While the sonar resolution has not been modelled in this experiment, it is instructive to com-

pare the measured resolution with the width of the correspondence failure region. Table13.10,

which lists the range resolution results, shows the minimum range resolution of any sonar system

is 6mm. Thus the correspondence failure region is smaller than the region where echoes cannot be

resolved. Therefore it is expected that the simple correspondence solver will perform adequately

when presented with real echo data.

15.5.4 Noisy Echoes with Statistical Solver

The third experiment used the same setup and additive noise model as was used in the second ex-

periment, producing perfectly resolvable echoes. The difference is that rather than using the sim-

ple correspondence solver of Section15.3.1, the statistical correspondence solver of Section15.3.2

was implemented. The statistical correspondence solver, unlike the simple correspondence solver,

outputs duplicate pairs when it cannot completely solve a set of inter-related echoes. Thus for
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Figure 15.10: (a) Plot of the cumulative number of pairs correctly identified by the simple cor-
respondence solver. This plot was carried out by adding noise to the echo measurements before
computing bearings byIDD andIPD for the simple correspondence solver. The number of pairs
identified correctly over ten trials was counted and plotted as a grey level (see legend) drawn at
each location of the movable target. (b) Histograms of the range of incorrect pairings produced
by the simple correspondence solver when presented with noisy data. Two targets were used, in
the same configuration as the experiment shown in (a). The plots are cross sections of the failure
region shown in (a). The red curve indicates a normal distribution which has been fitted to then
data points with the indicated mean and standard deviation. The data consists of the range of each
incorrect pair, so a dot at height 12 indicates that the range is replicated 12 times in the data set,
leading to the high value ofn. The standard deviations measured at each bearing are statistically
equivalent.
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regions where a pair is missing due to occlusion, no pair is reported. Thus a different evaluation

mechanism is adopted. In this case it is appropriate to focus on the number of reported unresolved

pairs.

Figure15.11a displays the results of this experiment. The first difference between the results

in Figure15.10a and Figure15.11a is that the occlusion region is gone. This is due to counting

the number of duplicate pairs output by the statistical correspondence solver, not because the

correspondence solver is able to resolve occluded objects.

The shape of the area in which the statistical correspondence solver returns duplicate errors

is quite similar to the area in which the simple correspondence solver returns incorrect echo pair-

ings. For completeness, histograms of the radii where the duplicates occur are presented in Fig-

ure15.10b. The range of the duplicates area changes with bearing. The average standard deviation

of the duplicate region is±0.64mm, giving a 95% confidence region of±1.25mm. Due to the

number of trials involved, this can be seen to be significantly smaller than the region where the

simple correspondence solver outputs false echo pairings.

This experiment has shown that the statistical solver produces duplicate echo pairings over a

smaller area than that for which the simple solver produces incorrect pairings. The duplicate echo

pairing region has a smaller width than the resolution criteria, which is 6mm. Thus we expect

that the failure of the statistical correspondence solver will be masked by the inability of the sonar

system to resolve echoes from objects closer together than 6mm.

15.5.5 Unresolved Noisy Echoes with Statistical Solver

The fourth experiment used the same geometrical model and noise model as was used previously,

but also simulated sonar resolution. The resolution limit was simulated by fusing echoes which

would be unresolvable in a real sonar system, determined by the results shown in Table13.10.

As the computer model is based upon thematched filterunsynchronised demodulationsystem, a

DOFresolution of 12mm was used. The fusion was implemented by averaging the twoDOFs and

adding the two echo amplitudes to obtain a new echo record. Only echoes occurring on the same

channel are fused.

As the fused echoes no longer have a one to one correspondence with a target, a new method of

evaluating the sonar performance was devised. The sonar computed range and bearing is compared

with the model target range and bearing. The two are compared using the standard deviation of the

range and bearing measurements as obtained in Tables14.1and15.3. If a target is found which has

a difference of less than 1.96σ from the sonar measured value, that is a 95% confidence interval,

then the sonar target is deemed to be correct. The criteria were measured based upon the range and

bearing differences in a similar manner to the drawing of theVCV ellipsoid of standard deviation

in AppendixI.4. If no real target is found matching the criterion, then the sonar target is defined

to be incorrect.

The aim of this experiment was to test the effect of echo resolution upon the solution of the

correspondence problem. Specifically, we wish to determine if theDOF resolution is indeed the

limiting factor in determining the size of the region where targets cannot be correctly identified,

as predicted from previous experiments.

The results for the experiment which counted the number of correctly identified targets show



15.5. SIMULATION EXPERIMENTS 359

0.5 0.52 0.54 0.56 0.58 0.6

x HmL
-0.2

-0.18

-0.16

-0.14

-0.12

-0.1

-0.08

-0.06

-0.04

-0.02

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

y
HmL

0

10

20

30

40

(a) plot

0.546 0.548 0.55 0.552 0.554 0.556 0.558

Target Range r HmL
0

10

20

30

40

D
up

lic
at

e
P

ai
rC

ou
nt

Movable Target Bearing Θ = -20°

Μ = 0.5519 m
Σ = 0.65 mm

n = 2571

0.546 0.548 0.55 0.552 0.554 0.556 0.558

Target Range r HmL
0

10

20

30

40
D

up
lic

at
e

P
ai

rC
ou

nt

Movable Target Bearing Θ = -10°

Μ = 0.5497 m
Σ = 0.64 mm

n = 2553

0.546 0.548 0.55 0.552 0.554 0.556 0.558

Target Range r HmL
0

10

20

30

40

D
up

lic
at

e
P

ai
rC

ou
nt

Movable Target Bearing Θ = 0°

Μ = 0.5495 m
Σ = 0.62 mm

n = 2601

0.546 0.548 0.55 0.552 0.554 0.556 0.558

Target Range r HmL
0

10

20

30

40

D
up

lic
at

e
P

ai
rC

ou
nt

Movable Target Bearing Θ = 10°

Μ = 0.5509 m
Σ = 0.61 mm

n = 2569

0.546 0.548 0.55 0.552 0.554 0.556 0.558

Target Range r HmL
0

10

20

30

40

D
up

lic
at

e
P

ai
rC

ou
nt

Movable Target Bearing Θ = 20°

Μ = 0.554 m
Σ = 0.67 mm

n = 1620

(b) radial histograms

Figure 15.11: Results of the experiment using noisy echoes to test the statistical correspondence
solver. The same experimental configuration was used as in Figure15.9. Panel (a) shows the
number of duplicate pairs. Ten trials were performed at each position on the plot, and the number
of pairs within the duplicate group was counted. The sum over the ten trials is the number plotted.
The fixed target is shown as a red line. Panel (b) shows radial histograms of the number of
duplicate pairings. The histograms show the number of duplicate pairs evaluated along a radial
line placed at five different bearings. Thus the plots are cross sections of the duplicate region in (a).
The red curve indicates a normal distribution which has been fitted to the range of the duplicate
count data. The mean and standard deviation are indicated. These plots were produced using DOF
and echo power noise modelled from the MF-UD results. The range standard deviations measured
at each bearing are statistically equivalent.
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three main regions. The first, being the 20 count medium grey region near the stationary target

A in Figure 15.12a, coincides with the occlusion region seen in experiments one and two. The

second, being the 35 count grey region, contains mostly correctly identified target positions. The

identification noise present in this region is attributed to the method of assessing the results and

not to the incorporation of echo fusion, which does not operate in this region. The third, being the

circular 0-20 count black-grey region, is attributed to the effect of target resolution. The 20 count

grey subregion is attributed to the generous bearing criterion used to test for correct targets. The

width of the resolution failure region is about 0.01m. This is about twice the resolution criterion.

The false sonar target results shown in Figure15.12b have two important features. The first

is an edge effect, corresponding to the edges of the failure region in Figure15.12a. The cause

of this is unknown. As it is of a similar strength to the background level of undetected targets in

Figure15.12a, it is suspected that the same mechanism is causing both phenomena. The second

region where false sonar targets are reported is near the coordinate{0.53m,−0.12m}. This is

attributed to the requirement to accept a wide range of bearings, and the effect of the false pairings

(as shown in Figure15.6) will place the false sonar targets outside the range of the matching code

described earlier. Note that this region complements the grey region in Figure15.12a.

15.5.6 Discussion

The four computer based experiments have demonstrated that:

1. the sonar system cannot resolve two targets when one is occluded by the other, thus blocking

one or both of the sonar paths,

2. the simple correspondence solver produces incorrect echo pairings when the movable target

is placed within an arc like region of width±1.5mm,

3. the statistical correspondence solver produces duplicate echo pairings when the movable

target is placed within an arc like region of width±1.25mm, and

4. the range resolution criterion, being 6mm, causes the width of the region where targets

cannot be identified to increase to about 10mm. The width has approximately doubled, as

targets are unresolvable whether they are 6mm in front or 6mm behind.

Target identification failure may be caused by resolution failure or correspondence solver failure.

Of these, it is the sonar resolution which is shown to be the defining quantity in the sonar system

tested. Shrinking the identification failure region demands that the sonar resolution be improved,

and is not practically limited by the correspondence solver.

It is instructive also to compare the size of theDOF window, which is±9.2mm for the sonar

systems tested here, with the width of the identification failure region. TheDOF window may

be thought of as a range window of±5.1mm, which is of about the same width as the resolution

failure region, which is about 10mm wide. This indicates that, in general, the resolution criteria

will prevent more than one echo from being detected within theDOFwindow, and thus will remove

the occurrence of duplicate pairs from the system. It is expected, therefore, that there will be little

call for pair rejectors unless theDOF resolution is improved.
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Figure 15.12: Plot showing the results of testing the statistical correspondence solver with noisy
echo data and fused echoes where the echoes would not be resolvable by the MF-UD sonar system.
Ten trials were performed at each position. In (a), the number of targets correctly identified by
the sonar system was counted and added over all of the trials. In (b), the number of sonar targets
having no corresponding modelled target was counted.
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15.6 Bearing Resolution

It was shown in Section14.1.3that the precision of bearing measured byIDD is determined by the

precision and correlation of theDOFmeasurements. It was similarly shown in Section14.2.4that

the precision of bearing measured byIPD is determined by the precision and correlation of the

power measurements. The ability to measure theDOF and echo power of two close targets is fur-

ther limited by the interference between the two echoes, producing a fundamentalDOFresolution

limit, which was investigated in Section13.3.

Consider first the case where two targets are not contained inside the 2D horizontal plane, such

as the targets of the calibration device shown in FigureF.1. This device has four targets, all with

the same bearing, but each with a different elevation angle. The sonar results shown in FigureF.4

demonstrate that the sonar system is capable of detecting four targets having the same bearing

when they do not occlude each other and have different ranges. Note that targets lying far outside

the horizontal plane will obtain poorIPD bearing results, as discussed in Section14.2.6.

Secondly, consider the case where the two targets are restricted to lie within the same horizon-

tal plane. The bearing resolution of such a system is constrained by two cases. The first case is

where one target occludes one or both of the echoes from the other target, as may be clearly seen

in the results of the correspondence solver in Figures15.9, 15.10a, and15.12a. The second case

is the limitation imposed not by the correspondence problem but by the range resolution problem.

When the echoes from the two targets cannot be distinguished, their bearings cannot be computed.

More likely, a fused echo will be detected, and a false sonar target reported.

Thus the mechanisms limiting bearing resolution are due to occlusion and the range resolution.

The region over which targets cannot be resolved is quite small when compared with the whole

sensing volume. No separate experiment was performed to measure the bearing resolution.

15.7 Conclusion

Two methods of solving the correspondence problem have been discussed. These are the simple

correspondence solver and the statistical correspondence solver. Both techniques compare the

results of the two different methods of computing bearing. The statistical correspondence solver

was shown to have a slightly smaller region where incorrect or inconclusive results are obtained

than the simple correspondence solver. The statistical correspondence solver provides a pairing

rejection threshold based upon the bearing difference between theIDD andIPD bearing results.

The rejection threshold, shown in Table15.2, shows that the MF-UD sonar system has the tightest

criteria leading to the most reliable pairing.

To robustly deal with the situation where duplicate pairs cannot be eliminated, the correspon-

dence solver must report all possible targets, as indicated by the pairings which were not rejected

by the statistical test. The false targets must subsequently be distinguished from the real targets by

moving the sonar head and observing which targets remain fixed, and which targets move around

or disappear. As the correspondence problem is most acute when there is more than one target at

approximately the same range, it is advantageous to move the sonar head so that the range to the

targets can be differentiated. This can be achieved with a sideways movement of the sonar head.
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If two sonar heads are available, as shown in Figure7.1, then the output from both sonar heads

may be fused to solve the problem and no robot motion is necessary.

However, of more importance in a practical sonar system is the impact of the range resolution

which was measured in Section13.3. The experiments of Section15.5.5showed that the inability

to resolve targets extends over a similar region to that where the correspondence problem is rele-

vant. Therefore it is postulated, based on the experiments with computer models performed in this

chapter, that there is little need for a pair rejector, as the ability to form pairs is tightly coupled to

the range resolution. The resolution results obtained by the MF-UD system, which was used as

the basis for the computer model in this chapter, are near the limits of resolution predicted by the

time-bandwidth producttheory of Sections4.6 and8.8; further improvement in range resolution

seems unlikely. Consequently there is a lower bound upon the size of the region where targets

cannot be identified from the echoes.

When the echo pairing corresponding to a target has been identified, the bearings computed

by the methods ofIDD andIPD may be combined (see Table15.3). This provides better bearing

precision than using only one of the bearing measurements, except when one of the bearing mea-

surements has a large error. In that case, it is better not to combine the bearing measurements, and

to instead use the more precise measurement directly.

The bearing resolution is found to have several important cases, depending upon whether or

not the targets are constrained to lie within the horizontal plane. When several targets lie outside

the plane, at separate ranges, do not obscure each other, and have identical bearings, they may be

resolved and have their bearings measured. However, objects having similar ranges or obscuring

each other may not have their bearings measured. The region where the range resolution problem

prevents bearing from being measured is small when compared with the sensing region.
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Chapter 16

Conclusion

16.1 Summary of Aims and Results

Chapter1 stated that the aims of this thesis were to probe and investigate the use of two binaural

sonar classes, theMatched Filter (MF)sonar system and theContinuous Tone Frequency Modu-

lated (CTFM)sonar system, as a technique to sense the environment, enabling arobotic agentto

function in the place of aliving agent. These aims were to be achieved through four goals:

1. To build aMF binaural ultrasonic sensing system.The construction and operation of aMF

binaural ultrasonic sensing system is discussed in Chapter8. That chapter concludes that

the MF-UD system is expected to have superior performance characteristics to the MF-QD

system as the demodulation is superior.

2. To build aCTFMbinaural ultrasonic sensing system.The construction of aCTFM binaural

ultrasonic sensing system is discussed in Chapter9. That chapter concludes that aCTFM

system capable of producing tonal echo signals as its output signal was successfully built.

Three spectral estimators were then built in software, to analyse the output of theCTFM

system. The first, utilising thediscrete Fourier transform, is described in Chapter10 which

reaches the conclusion that the poor level of quantisation inherent in the method will limit

the applicability of this approach. The second and third estimators, which belong to the

auto-regressiveclass, are discussed in Chapter11which reaches the conclusion that thisAR

class has better precision than theDFT class of Chapter10.

3. To investigate the ability of theMF andCTFMsonar systems to measure range and bearing

and to quantify their performance.Chapter2 defined several performance criteria which

may be used to quantify sonar performance. Chapters13 and 14 discuss the range and

bearing performance of the five sonar systems built. The significant results extracted from

these chapters are tabulated in Tables16.1and16.2.

Table16.1and the discussion in Chapter13 indicate that the best precisions and resolutions

for range are achieved by theMF systems. These precisions and resolutions are statistically

different from those achieved for theCTFM systems due to the large number of degrees of

freedom (n = 1500) in the data sets. On the other hand Table16.2and the discussion in

Chapters14 and15 indicate that the best precision for bearing is theIDD approach using a

CTFM-LSMYW system.

367
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For bearing resolution the MF-UD system is clearly the best performing system studied

in this thesis. The differences between the principal sonar systems,MF, CTFM-DFT and

CTFM-AR are significant due to the large (n = 400) degrees of freedom that were used to

generate the comparative information.

TheSignal to Noise Ratio (SNR), measured for a plane target atr = 0.5m, determines the

maximum range (see Section13.2.4). A noisy environment will increase the noise level

and reduce theSNR. Therefore it is important to have some excessSNRif the system is to

operate in a noisy environment. Table16.1shows that theCTFM class has an advantage

over theMF class of sonar systems when theSNRis compared.

4. To determine the best system or systems to emulate sight as a sensor for arobotic agent.

Numerical indicators were introduced in Chapter2 to facilitate this determination. These

numerical indicators have been used to generate the information in Tables16.1and16.2.

In addition to these numerical indicators it is also necessary to consider the following three

factors:

(a) The complexity of each sonar system. Clearly therobotic agentneeds to be able to

process information, but it must simultaneously perform other tasks such as waveform

analysis and mapping of its environment.

(b) The dependency of the system on external calibrations and whether these calibrations

will remain stable. The necessity to calibrate the offset time is discussed in Chapter13,

while transducer beam power, width and biases for bearing calculation byIPD are

discussed in Chapter14.

(c) The ability to accurately solve the correspondence problem, as measured by the bear-

ing rejection criterion of Chapter15.

The performance of the sonar systems as measured by these three factors is summarised in

Table16.3.

Thus selecting thebestsystem is a complex task of optimising the results from Tables16.1,

16.2and16.3for the application at hand. In general, selecting aMF based system would yield a

high quality system having stable characteristics over a wide range of environmental conditions,

including the harsh and dangerous conditions found in environments such as coal mines and nu-

clear reactors. The major drawback of the class is its lowerSNR, and its lesser ability to insonify

a large area and to map this space from a single vantage point.

On the other hand, selecting aCTFM based system will significantly improve the bearing de-

termination without significantly degrading the range precision.CTFM systems have been shown

to be capable of insonifying a larger area from a fixed position which is an advantage, but these

systems require either external or continuous calibration to perform at their peak capacity.

This thesis suggests that aCTFM system is the best system with which to equip ourrobotic

agentif it is to emulate theliving agent. In making this choice theSNRand the ability to insonify a

large area from a single position were considered to be important components of the emulation of
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Table 16.1: Results for the performance criteria applied to range measurements, and the results from the comparable work of other researchers as
reviewed inChapter2. The results are compared in Section16.2.

Range
SNR Maximum

Sonar Accuracy Precision Resolution at r = 0.5m Range
System mm mm mm dB m

Section13.2.5 Table14.1 Table13.10 Table13.8 Table13.9 Source
MF-QD - 0.44 6 48.9 4.7
MF-UD - 0.43 6 48.5 4.7
CTFM-DFT - 0.57 5 55.0 5.0
CTFM-YW - 0.48 20 58.5 5.8
CTFM-LSMYW - 0.49 14 - -

See
Section

Polaroid - 1.0 - - 5 2.5.1
Kleeman and Kuc 0.8 0.1 – 0.2 10 - 8 2.5.6
Peremans - 1.0 - - 4 2.5.7
Kay Scanning Array - - 6 - - 2.5.9
Akbarally Combined Visual 0.8 0.15 - - 6 2.6
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Table 16.2: Results for the various performance criteria applied to the two methods of measuring bearing, theInter-aural Distance Difference (IDD)
method and theInter-aural Power Difference (IPD)method. TheIPD accuracy results are not quoted as this would have required a second experiment,
as explained in Section14.24, which was not performed. Comparable work of other researchers, as reviewed inChapter2, is also included. The results
are compared in Section16.2.

Bearing
Sonar IDD IPD Combined Beam

System Accuracy Precision Resolution Accuracy Precision Resolution Precision Width
Degrees Degrees Degrees Degrees Degrees Degrees Degrees Degrees

Figure14.16 Table14.2 Section15.6 Section14.2.5 Table14.3 Section15.6 Table15.3 Source
MF-QD -0.27 1.06 N/A - 1.07 N/A 0.83 ±20
MF-UD 0.01 0.86 N/A - 1.07 N/A 0.74 ±20
CTFM-DFT -0.36 1.82 N/A - 1.22 N/A 1.17 ±20
CTFM-YW -0.39 0.73 N/A - 1.56 N/A 0.68 ±20
CTFM-LSMYW -0.91 0.60 N/A - 1.92 N/A 0.60 ±20

See
Other Section

Yata Single Transducer - 0.66 - - ±4 2.5.4
Yata Ring Sensor - 0.8 - - 360 2.5.5
Kleeman and Kuc 0.2 0.1 - - ±11 2.5.6
Peremans - 0.6 - - ±12 2.5.7
Kay Scanning Array - 0.4 0.8 - ±15 2.5.9
Akbarally Combined Visual - 0.05 - - ±11 2.6
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Table 16.3: Results for the qualitative performance criteria applied to range measurements. Com-
plexity indicates the rank of each sonar system, with 1 representing the simplest and 5 the most
complex. Calibration Required indicates whether theDOF sub-system must be calibrated to es-
tablish the offset time,to f f , which is used for compensating range measurements. The bearing
rejection criterion listed in the last column, taken from Table15.2, is indicative of the ability of
the correspondence solver to reject false pairs.

Qualitative Indicators
Sonar Complexity Calibration Bearing

System Required Rejection
MF-QD 1 No Good
MF-UD 2 No Superior
CTFM-DFT 3 Yes Poor
CTFM-YW 4 Yes Acceptable
CTFM-LSMYW 5 Yes Acceptable

sight. The refinement of precise coordinates can be achieved by approaching the object of interest

just as aliving agentnormally does.

Unknowns that need to be addressed to back this up are described in Section16.3.

16.2 Comparison of Results with Other Systems

The review of robotic location sensing technology in Chapter2 indicated that a number of systems

have potential for ourrobotic agent, and defined quantitative methods of comparison. Two classes

with a small number of sub-classes were chosen. TheMF class was well described by Peremans

[108, 110]. Indeed much of the work in this class was a validation of his work. However, the

extensions made in Chapter8 have been significant as shown in Table16.1where this study has

achieved precisions half that determined by Peremans. TheCTFM class was much less defined.

Kay’s [71, 72] practical work in designing and constructing theCTFM sensors has only seen

significant evaluation in the work of Davies [28], but that work presented results in a form which

prevented significant comparisons from being made.

The results presented in Tables16.1 and16.2 clearly show that both the range and bearing

measurements achieved in this thesis, for all five systems, are comparable with other state-of-the-

art systems in accuracy, precision, resolution and limiting values.

16.2.1 Range

Range Accuracy

Table16.1does not list accuracy estimates for the five systems investigated in this thesis preferring

to defer to the discussion in Section13.2.5. This is primarily due to the fact that accuracy, as

defined in Section2.1, has not been determined. If a relaxed definition, one that includes a range

component, is accepted, then the precision of the slope determination is an estimate of accuracy.

This is, according to Table13.3, about−0.55ms−1, leading to range estimates which are 6mm
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too long for targets at a range of 2m.

Only two other authors have addressed the topic of sonar range accuracy. The accuracy quoted

by Akbarally for his combined visual and sonar sensor utilises Kleeman and Kuc’s sonar sensor

for the chief contribution to its range measurement. Therefore that work is focused on here.

Kleeman and Kuc report±0.8mm accuracy for target ranges up to 4m. Specifically, Kleeman

and Kuc determined the impulse response function of air at 20◦C, which is one of the components

discussed in Section13.2.1as having a range dependent nature. Unfortunately they also used a

linear fit value for the speed of sound, as discussed in Section2.5.6, that is incapable of revealing

systematic errors. Thus some cloud also rests over the validity and applicability of the Kleeman

and Kuc accuracy determination.

Range Precision

Several of the systems reviewed in Chapter2 haveDOF precisions at the 1mm level or better, as

listed at the bottom of Table16.1. There are two systems which claim to achieve a precision of

±0.1mm. Akbarally’s combined ultrasonic and visual sensor uses Kleeman and Kuc’s ultrasonic

sensor, and is considered to be identical with that system for the purposes of range measurement.

Thus Kleeman and Kuc’s system is considered.

Kleeman and Kuc only claim the quoted precision of±0.1mm in still air with a calibrated

speed of sound. They reduce the quoted precision to±0.4mm:

“. . . the standard deviation of the distance of flight is 0.4 mm and has been found

to depend on air flow conditions in the laboratory – the results were collected with

computer fans and air conditioning vents operating as might be the case in a typical

office environment.” Kleeman and Kuc [82], p. 309.

They further go on to demonstrate that this variation or repeatability is not dominated by thermal

noise and trigger jittering but by variations in theTOFof the pulses through the air. The variations

in theTOFare, in turn, ascribed to variations and turbulence in the air path. The experimental work

described in this thesis was carried out under similar circumstances. However, the variations and

turbulence in the air path are not quantified in either work, making further comparison difficult.

The best precisions obtained in the work described by this thesis are comparable with that of

Kleeman and Kuc under similar circumstances. It is interesting to note that this result has been

achieved with a sampling rate which is only1/3 of that used by Kleeman and Kuc (see Table16.4).

In addition, the receive capture trigger in this work has been designed to trigger synchronously

with the transmit pulse (see Section5.1.2), removing trigger jitter as a source of error.

Kleeman and Kuc note a correlation of 0.997 between the echo arrival times recorded by

two receivers. Typical values obtained in this work (see Figure13.13) are in the range 0.8 to

0.9. Comparison between these figures is limited due to their different nature of measurement.

Kleeman and Kuc [82] measured their correlation using 350 samples from a single plane target at

a range of 3m. The correlation results from this work were calculated using 10 samples from each

position at 151 ranges varying from 0.4m to 1.9m in steps of 0.01m. However, the high degree of

correlation observed supports the hypothesis that the majority of the noise is in the airTOFrather

than being thermal amplifier noise.
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Table 16.4: Signal durations and length in air of the various sonar systems.

Gabor Gabor
Rectangular Rectangular Receive Width Range

Duration Length Sampling at Width at
System in air Rate Detector Detector
Barker Coded Matched Filter 468µs 162mm 333.3̇kHz 40µs 6.9mm
CTFM 160ms 55m 344.8kHz 10Hz 5.5mm
Kleeman and Kuc Impulse 50µs 17.3mm 1MHz 13µs 2.3mm
Kay CTFM 250ms 86m - - -

The figures summarised in Table16.1suggest that range precisions of better than±1mm are

routinely achievable by ultrasonic sensors.

Range Resolution

The problem of range resolution is addressed by relatively few researchers. Kay appears to have

a good understanding of the topic, and provides a calculation in terms oftime-bandwidth product

theory. Kleeman and Kuc provide experimentally measured results. The results obtained in this

work are comparable with the state-of-the-art figures achieved by Kay, in line with the predictions

of thetime-bandwidth producttheory.

The range resolution of 10mm quoted by Kleeman and Kuc is directly related to the length

of their signal, which is 17.3mm. The theory of Section4.6.3may be applied to Kleeman and

Kuc’s system. Assuming a bandwidth of 46.9kHz (measured from one of the signals published

in [82]), the theoretical resolution limit is 1.8mm. There is a significant gap between this result

and the 10mm resolution quoted. The relatively poor range resolution results of the Kleeman

and Kuc template matching system are attributed to the lack of a processing stage in the receiver.

The template matching system is constructed to reject overlapping echoes. Thus the resolution of

the Kleeman and Kuc system is limited by the duration of the signal, rather than by the available

bandwidth. The narrow Gabor width of the 50µs signal, compared with that of thematched filter

or thecontinuous tone frequency modulatedsignals employed in this thesis (see Table16.4), has

not translated into improved resolution due to the overlap rejection. On the other hand, Table13.10

shows that the experimental resolution of thematched filterclass, and the CTFM-DFT system,

achieved a result comparable to the theoretical system resolution limit.

Maximum Range

It was shown in Section13.2.4that the maximum range is dependent on theSNR, a specified

probability of false alarm, and the sonar equation as developed in Section4.2. Several techniques

are available for increasing the signal strength, as listed below:

1. Increasing the transmit voltage (limited by transducer breakdown, see Section6.2).

2. Increasing the signal duration and utilising a pulse or frequency compression system to

retain resolution capability (see Sections4.6, 8.1and Chapter3).
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3. Using larger transducers to obtain a narrower beam and hence a larger directivity or beam-

forming gain (see Figure6.9).

The Kleeman and Kuc system simultaneously utilises techniques1 and3, while the systems in

this thesis concentrate on utilising technique2. Technique3 was specifically rejected so as to

increase the usable beam width, as discussed below. It is to be noted from the results summarised

in Table16.1that the maximum range values obtained in this study are similar to those reported

in the literature.

16.2.2 Bearing

The determination of bearing is dependent upon the geometry of the target and the geometry of the

sensor head as discussed in Section14.1.1. Due to this dependence some authors, e.g. Kleeman

and Kuc and Peremans, have designed their analysis systems to pre-classify the targets under

surveillance before determining their bearings. The alternative and less demanding strategy of

not pre-classifying the targets and accepting an additional small error was adopted in this thesis.

However it has also been shown, in AppendixG, that there exists a head design which minimises

the small error. Additionally, restricting the experimental configuration to plane targets, as adopted

in the range and bearing precision experiments of Section13.2and Chapter14, also eliminates this

error.

Bearing Accuracy

Bearing accuracy estimates can be determined from the experiments made in this thesis due to the

absolute nature of the positioner. Of the other systems reported in the literature, only Kleeman and

Kuc report bearing accuracy estimates.

Of the five tested systems there is a good agreement between the work of this thesis in theIDD

method and the work of Kleeman and Kuc. The poor performance of the CTFM-LSMYW system

was previously attributed to interference from another target, as described in Section14.1.4. The

LSMYW spectral estimator has poor frequency resolution, as documented in Section13.3.5.

The accuracy of the bearings computed using theIPD method is not reported as this method

of computing bearing requires calibration, which was performed using the only available data set.

Assessment of the accuracy would have required a second data set.

Bearing Precision

Bearing precision determinations are much more variable than bearing accuracies, ranging from

a precision estimate of±0.05◦ (Akbarally) to values near±1◦ (Yata). The results determined by

Akbarally are incidental to his experimental work rather than being determined by an experiment

expressly designed to assess precision. Therefore Akbarally’s results are discounted in favour

of those published by Kleeman and Kuc, who achieved bearing precisions of±0.1◦ for the IDD

technique. This result is a factor of 6 to 8 better than that achieved in this thesis. TheIDD bearing

precision discussion in Section14.1.3clearly states that the bearing precision is controlled by

the precision of theDOF measurement and the correlation that exists between the left and right
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channels. The superior precision of Kleeman and Kuc’sDOFs and their higher correlations of

0.997 compared to 0.8 – 0.9 have in this case added to yield the superior results of Kleeman and

Kuc. A more detailed comparison between the Kleeman and Kuc system and the system of this

thesis is not possible without a more detailed understanding of the implications of the choice of

system parameters. This is more appropriate for further work.

Bearing Resolution

None of the non-beamforming systems are able to resolve targets in bearing when they lie at

approximately the same range (see Section15.5). This is due to the overlap of the echoes from

the different targets, which is a range resolution problem. Only beam-forming systems such as

Kay’s (see Section2.5.9) have the capability of resolving multiple targets at the same range with

different bearings. These beam-forming systems operate by scanning a narrow beam over the

sensing region. This improvement in performance is accompanied by a penalty in the time taken

to perform the scan.

In the case where the two targets are separated in range by more than the range resolution, the

bearing resolution is determined simply by occlusion. This limitation is common to all systems

which do not perform beam-forming.

Beam Width

The sonars described in this thesis all have an operational bearing range of±20◦, as described

in Table16.2. This beam width is larger than that of any other system described in Table16.2,

with the exception of Yata’s omni-directional ring sensor. The wide beam widths obtained by the

systems described in this thesis were obtained by selecting small transducers with a wide beam

pattern, and were designed to provide the mobile robot with a wide sensing area. This reduces

the need to scan the operating volume, as described in Section7.1.2. Thus the design presented in

this thesis provides a clear advantage over other systems such as Yata’s single transducer (with a

±4◦ beam width) and that of Kleeman and Kuc (with a±11◦ beam width) or of Peremans (with a

±12◦ beam width).

16.2.3 Spectral Estimates

The range results of Table16.1 show that theAR class of spectral estimator does indeed have

a significantly better performance than the classicalDFT approach for range precision, whereas

resolution performance is degraded by comparison with the classicalDFT approach. It is clearly

seen that precision is strongly linked to the regularity of the peak and weakly to the sharpness of

the peak whereas resolution is strongly linked to the sharpness of the peak. This is in accordance

with Section2.1. This distinction is not emphasised by Kay and Marple [75].

The bearing results of Table16.2again show the significantly improved performance of the

AR class compared with the classicalDFT approach. What is not immediately apparent is the rea-

son for the improved performance of theLSMYW technique compared with theYW technique,

given the similarity of range precision in Table16.1(see also Figures13.4and13.5). The differ-

ence is attributed to the improved correlation that exists between the left and right channels when
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theLSMYW technique is used (see Figure13.13). The improved performance of theLSMYW,

which uses an over-determined set ofYule-Walkerequations, is in line with the reported results of

Cadzow [20].

While the use of anAR based spectral estimator has led to improved precision, Table16.1

shows that theAR based spectral estimators have poor resolution. This was not appreciated in this

study until quite recently, when the differing abilities of the various spectral estimators described

by Kay and Marple [75] were examined in the light of experimental results.

The differences between theYW and theDFT spectral estimators are clear. As discussed

in Chapter11, the YW estimators assume that the process producing the samples is stochastic,

and that its statistical properties do not change as a function of time. This assumption is used to

extend the sequence past the finite number of experimental data points available. In contrast, the

DFT estimator, discussed in Chapter10, assumes a periodic extension of the data points. Thus

the different techniques each make different assumptions about the data, and fail in different ways

when the data fails to satisfy the different assumptions. It is noted that theCTFM data used in

this thesis have an amplitude profile (see Figure9.16), and that this will violate the stochastic

assumption of theYW estimator.

16.2.4 Summary

The comparison of the results, mainly accuracies and precisions of range and bearing, of the five

systems studied in this thesis and those to be found in the literature, indicates that this study is near

the cutting edge of the science. The comparative study has invariably been with the impulse system

of Kleeman and Kuc, who forsake the common radar and sonar mantra of constructing a signal

with a largetime-bandwidth productso as to obtain the requiredsignal to noise ratio. Instead,

they use a signal which is as short as possible. The requiredsignal to noise ratiois obtained by

driving the transmit transducer with a very large step voltage, and utilising larger transducers with

a higher directivity (see Section6.5). These design choices have come at the price of a reduced

sensing angle when compared with the systems investigated in this thesis.

De Roos [29] clearly states that the accuracy of frequency of the echo in aCTFM signal

is determined by the properties of the spectrum analysis and not the transmitted signal or the

received signal. This statement neglects the interfering effects of air or water turbulence and noise

in the electronics to focus on the signal type, being time or frequency domain. It is this need for

accuracy that suggests that more work needs to be undertaken in understanding the performance

characteristics of spectrum analysis.

The similarity of the results in this thesis for theMF andCTFM class of sonars, and their close

agreement with their theoretical values as deduced using thetime-bandwidth producttheory of

Section4.6.3, is also something that de Roos noted. De Roos explicitly states that the differences

are caused by practical limits on the realisation of the system components rather than theoretical

considerations.

16.3 Limitations

The experiments revealed several limitations of the sonar systems under investigation.
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The resolution of theCTFM sonar systems withYule-Walkerandleast squares modified Yule-

Walkerspectral estimators was found to be poor compared with thematched filterand the CTFM-

DFT sonar systems. This is clearly due to a deficiency in the spectral estimator. Steven Kay

and Lawrence Marple [75, Section IIE] suggest the cause is thatYule-Walkerestimators fail for

sinusoids in noise, as theYW estimator cannot model the noise. Furthermore, targets which are

separated by much more than the resolution limit also interfere with the estimation of echo power.

The work in Chapters12 and13 demonstrates that the variability of the speed of sound is a

significant factor for precise sonar systems. Chapter12 demonstrates that the speed of sound can

vary considerably over a relatively short space of time in a typical well ventilated air conditioned

environment. Chapter13 discusses several effects, chief of which is the impulse response of air

due to absorption, which also affect precise sonar systems. The disagreement between modelled

values of the speed of sound and those measured by precise sonar systems currently limits the

accuracy obtainable by the precise sonar systems. It is hypothesised that a self-calibrating system

would negate these effects but this is left for future work.

16.4 Discussion of Contributions

The aim of this thesis was to build an air sonar sensor system to enable arobotic agentto function

in place of aliving agent. In meeting the aim, this thesis makes several contributions to knowledge,

which can be summarised as follows:

• A robust statistical quantification and comparison of the accuracy, precision and resolution

of five sonar systems in range and bearing has been performed. PartIV of this thesis,

the Range and Bearing Sub-System, determines both the mean and standard deviation of

all experimentally determined quantities. These experimentally determined values are then

rigorously propagated to determine the precision of the estimated range and bearing. This

rigorous propagation has shed new light on the relative importance of bothIDD andIPD

estimates of bearing and the weighted average of these estimates.

• A robust and reliable method of solving the correspondence problem has been demonstrated.

The development of a rigorous statistical basis for solving the correspondence problem in

addition to theDOFwindow approach, as undertaken in Chapter15, is considered essential

for a sonar with multiple receivers operating in a real environment. It is expected that the

need to solve the correspondence problem will increase with the size of the area insonified.

• An in-depth study was made of both classical andauto-regressivespectral analysis tech-

niques as applied toCTFM sonar systems for the extraction ofdistance of flightand echo

power data. Previous studies have concentrated on extracting echoes fromCTFM signals

usingDFT spectral analysis. Chapter10of this thesis demonstrates that theDFT is unsuited

to analysingCTFM signals and is particularly unsuited to the estimation of target bearing.

TheYW andLSMYW methods of spectral estimation, discussed in Chapter11, have been

shown to provide more precise results and better bearing estimates, improving upon those

available usingmatched filtersonar systems.
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• A method of self-calibrating the speed of sound continuously from temperature observations

was developed. This important contribution made in Chapters12 and13 improves both the

accuracy and precision of all the studied sonar systems. Significantly, it allows all systems

to operate with greater reliability and precision under a wide variety of conditions.

16.5 Further Work

Some items of further work remain. These include:

1. Establishing the cause of the difference between the modelled speed of sound and the sonar

measured speed of sound.

2. Reducing the errors in the range and bearing, described in Section14.1.2, due to not clas-

sifying the target type. This may be achieved by re-designing the sonar head so that the

transmitter is in-line with the receivers. The design is detailed in AppendixG.

3. Improving thematched filterIDD bearing precision by reducing the patterning in the bearing

residuals. The patterning is caused byMF DOF perturbation with target bearing, and it

should be possible to fit and compensate for this.

4. Improving theCTFM IDD bearing precision by improving the range precision and the cor-

relation between the left and right channels.

5. Changing theYule-Walker spectral estimator for another type which can handle noise.

Steven Kay and Lawrence Marple [75, Section IIE] indicate thatYule-Walkerspectral esti-

mators, which apply anauto-regressivemodel to the data, do not give accurate results when

applied to sinusoids in noise. Amoving averagecomponent is required to model the noise.

Thus anauto-regressive moving averagemodel would be required. Such a model is more

complex than theYule-Walkertechnique undertaken in this thesis. However, it also has poor

resolution properties.
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Appendix A

Transducer Models

This appendix discusses three different methods of modelling the transducer. The first is the trans-

duction model, which models the physical transformations of energy from one form to another

with equivalent circuits, which may then be analysed using the standard techniques of electrical

engineering. This model is difficult to apply and thus only a brief overview is presented. The sec-

ond model is the radiating plane piston model, which relates the pressure wave in the far field to

the movement at the surface of the transducer. The third model is the Kuc-Siegel impulse model,

which is derived similarly to the radiating plane piston model, but provides results in the time

domain rather than the frequency domain. Upon taking the Fourier transform, the impulse model

is shown to be equivalent to the radiating plane piston model.

A.1 Transduction Model

The transduction model relates the output sound pressure wave to the input electrical signal by

modelling the intermediate stages of the energy conversion process as an electrical circuit.

The input of the electrical circuit will be in electrical units. The transducer then converts

this electromotive power into mechanical energy, so there is a circuit in mechanical units. Fi-

nally, the transducer couples the vibrations into the air, so there is a circuit in acoustic units, with

pressure and air velocity. The transduction model unifies these three separate domains into one

single model, an equivalent circuit, which may be analysed using the well-known electrical circuit

techniques.

The transduction model shown here treats the transducer diaphragm and the air individually

as point masses, whereas in reality they are distributed over an area. Thus, the model is called a

lumped parameter model. This is a simplifying assumption which allows the circuit analogy to

apply.

The analogies between the different domains are shown in TableA.1. Martin [90, Chapter

11] derives a generalised transduction model for grooved backplate transducers. Martin goes into

considerable detail concerning the derivation. Martin does not present any experimental results to

indicate that he has tested the model as a complete unit, although he mentions some experimental

results through the derivation. The main difficulty in applying this model is in attributing numerical

values to all the various components of the resulting circuit (FigureA.1). The variables and their

units are described in TableA.2.

Martin describes the gauze screen that he was using on his transducers to mechanically protect

381



382 APPENDIX A. TRANSDUCER MODELS

Table A.1: Analogies between electrical, mechanical and acoustic domains in transduction
analysis.

Electrical Mechanical Acoustic
voltage V force N sound pressure Pa
current A velocity m·s−1 volume velocity m3 ·s−1

capacitance F compliance s2 ·kg−1 acoustic compliance m3 ·Pa−1

inductance H mass kg acoustic inertance kg·m−4

resistanceΩ viscous resistance kg·s−1 viscous acoustic resistance Pa·s·m−3

-Qb/da0 Rd

Ra

Rf

Rs

Cd

Cg

C0

-C0

Cs Ag + Ar

Ar

Ag

Md

Mf

Drive Voltage

Air
Gauze Screen

Diaphragm

Air Film

1

1

1

1

+- es

Pa’

i

Pa

Vd

Pf

Pg

Air in Groove

Air in front of diaphragm
Air behind diaphragm

Electrical

Ms

Figure A.1: The complete equivalent circuit of the grooved backplate transducer. The top circuit
is the electrical circuit. The middle circuit describes the mechanical movement of the diaphragm.
The right circuit describes the air behind the diaphragm, while the left circuit describes the air
in front of the diaphragm. This circuit also includes the effect of a gauze screen protecting the
transducer, as seen in Figure2.7. The coupled coils are ideal ratio changers, with ratios as marked.
Arrows indicate the direction of conventional current through a component. The variables and
units are described in TableA.2.



A.1. TRANSDUCTION MODEL 383

Table A.2: Description of the variables used in the transduction equivalent circuit of a grooved
backplate transducer (FigureA.1).

Variable Meaning Units
P′a Air pressure outside screen Pa
Ra Air load viscous acoustic resistance Pa·s·m−3

Rs Screen viscous acoustic resistance Pa·s·m−3

Ms Screen acoustic inertance kg·m−4

Cs Compliance of air in cavity m3 ·Pa−1

Pa Pressure of air in cavity Pa
Ag Area of diaphragm over grooves m2

Ar Area of diaphragm over rails m2

Qb Charge per unit area due to bias voltage C·m−2

da0 Equivalent air gap distance m
Rd Diaphragm viscous resistance kg·s−1

Cd Inverse diaphragm restoring force (tension) m·N−1

Md Mass of diaphragm kg
Vd Velocity of diaphragm m·s−1

Rf Air film (on rail) viscous acoustic resistance Pa·s·m−3

M f Diaphragm acoustic inertance kg·m−4

Pf Air pressure in air film above rail Pa
Cg Air in groove acoustic compliance m3 ·Pa−1

Pg Air pressure in groove Pa
C0 Electrical transducer static capacitance with air gap ofda0 F
es Drive voltage V
i Drive current A
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them, as seen in Figure2.7. His modelling indicates that if the screen density and distance from the

diaphragm is chosen correctly, then a 2−4dB increase in output can be obtained, due to resonance

in the cavity between the diaphragm and the screen. Note that there is no gauze on the transducers

used in this thesis, soRs, Ms andCs will be zero.

Reversibility of the transduction model

If we replace the voltage sourcees with a high-resistance load, we may model the voltage gen-

erated when a sound pressure wave is applied to the transducer. The equivalent circuit shown in

FigureA.1 is therefore completely reversible. Since the transduction model is based upon the

physical operation of the transducer, we can say that the transducer may also be used as a micro-

phone.

Consequences of the transduction model

Examination of the equivalent circuit in FigureA.1 will show that the transducer will not pass all

frequencies equally. The frequency response of this circuit will model the frequency response due

to the transducer’s operation.

No attempt has been made to apply this model in this thesis, primarily due to the difficulty of

finding values for all of the elements in the equivalent circuit of FigureA.1.

A.2 Radiating Plane Piston Model

The pressure field at a distance from the transducer may be modelled using the radiating plane

piston model, described by Kinsler [78, Section 8.8]. The model assumes that the entire surface

of the transducer moves rigidly and in parallel by the same amount. This is not necessarily true

for an electrostatic transducer, as the diaphragm will not move at all toward the edges where it is

pinned, nor over the large ventilation grooves. However, the model predicts features observed by

experiment, and is useful as a tool for understanding the formation of the beam. The model also

assumes that the transducer surface is embedded within an infinite baffle. The baffle need not be

infinite; it is sufficient that it be much larger than the wavelength of the sound being modelled.

The baffle forces the sound field to be radiated entirely in a forward direction, and doubles the

amplitude of the pressure field and the power output (Kinsler [78, Section 8.4]).

This derivation is for continuous single frequency signals. We wish to find the pressure at

position{r, θ}, at timet (FigureA.3). The dynamic pressure,p, at the position,{r, θ}, is the sum

of the contributions from all the points on the transducer surface. Each point on the surface of

the transducer may be regarded as a simple baffled source. The simple source is assumed to have

a displacement amplitude which is much smaller than the wavelength of the sound wave in the

medium.

The mathematics of the derivation is simplified by working in the complex domain. Thus we

define a complex pressure,pz. The dynamic physical pressure,pd, shall be obtained from the

(dynamic) complex pressure,pz, by taking the real part, i.e.pd = Re{pz}. The complex pressure

radiation pattern at the position{r, θ}, due to a simple baffled source located at the origin, is
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Figure A.2: Sound waves radiating from a baffled point source. The axes arex andy, in metres.
The plot is evaluated frompd (r, θ , t) = Re{pz(r, θ , t)}, using (A.1). The parameters weref =
50kHz andc = 346m·s−1, producing a wavelength of 7mm. As the source radiates eternally, the
field already exists att = 0µs. The spreading loss component of (A.1) is seen as a decrease in
wave amplitude toward the right of the plot. The plot is saturated near the source. The travelling
wave component produces the movement in the wave-fronts from one frame to the next.

defined by

pz(r, t) = jρ0c
Qkw

2πr
ej·(ωt−kwr). (A.1)

The components of this equation are listed below.

j denotes the imaginary number
√
−1.

ρ0 is the volume density of the material (1.21kg·m−3 for air).

c is the speed of sound in the medium in m·s−1.

Q is the source strength, which is the volume of fluid displaced by the sound source per

second, measured in m3 ·s−1.

kw is the inverse wavelength in rad·m−1 (kw = 2π f/c).

r is the radius in metres, from the simple source, to the point where the complex pres-

sure,pz, is evaluated.

ω is the frequency of the sound in rad·s−1 (ω = 2π f ).

t is the time, in seconds.

f is the frequency of the sound wave in Hz.

There are two important components in (A.1). The first is the spherical spreading loss, of the

form 1/r. The second is the travelling wave component, exp{ j (ωt−kwr)}. The remaining terms

control the amplitude of the wave. The real valued dynamic sound pressure sound field,pd (r, θ , t),
radiated from a simple source is shown in FigureA.2. The field only exists in the right half plane,

as the baffle prevents it from moving to the left.



386 APPENDIX A. TRANSDUCER MODELS

x

y

z

8r,Θ<
r sinHΘL

r

Θ

Φ

r’

a

r cosHΘL

dz

Figure A.3: Geometry used in deriving the far-field radiation characteristics of a circular plane
piston. The angle between the transducer normal and the ray to the point{r, θ} is denotedθ .
The point{r, θ} is at radiusr from the centre of the transducer. The point{r, θ} is constrained,
without loss of generality, to lie in thex-zplane. The dark region on the transducer surface denotes
an infinitesimal strip, whose centre point is a distancer ′ from the point{r, θ}. The infinitesimal
strip lies parallel to they axis, and the end of it submits an angleφ to thez axis.

We wish to calculate the far-field sound pressure at a point{r, θ} due to a vibrating circular

piston, as shown in FigureA.3. Without loss of generality, we restrict the point at which we are

calculating the pressure to have noy component, so that it lies in thex-z plane.

The pressure at the point{r, θ} is calculated by considering the influence of each part of the

transducer surface in turn. For computational convenience this is done by dividing the face of

the piston into infinitesimal strips, themselves composed of infinitesimal simple baffled sources as

defined by (A.1). Each such strip source is centred on thez axis, and has an infinitesimal source

strength of

dQ= 2U0asin(φ)dz, (A.2)

where

U0 is the speed amplitude of the vibrating surface in m·s−1,

a is the radius of the transducer,

φ is the angle between the infinitesimal element and thez axis, and

dz is the height of the infinitesimal strip, as shown in FigureA.3.

The incremental pressure from each such infinitesimal strip source can be found by substituting

the infinitesimal source strength (A.2) into the equation for the simple baffled source (A.1):

dpz = jρ0c
U0

πr ′
kwasin(φ)ej·(ωt−kwr ′) dz (A.3)

wherer ′ is the distance from the point{r, θ} to each infinitesimal element making up the strip.

The exact form forr ′ is

r ′ =
√

(r cosθ)2 +(asinφ)2 +(r sinθ −acosφ)2 =
√

a2 + r2−2arsinθ cosφ .
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For points{r, θ} in the far field, defined byr > a2/λ (whereλ = c/ f , measured in metres),

Kinsler [78] gives the approximate form

r ′ ≈ r +∆r = r ·
(

1− a
r

sinθ cosφ

)
.

Integrating the contributions from each of the infinitesimal strips (A.3) to form the entire contri-

bution to the pressure field at a distant point{r, θ} yields

pz(r, θ , t) = jρ0c
U0

πr
kwaej·(ωt−kwr)

∫ a

−a
ejkwasinθ cosφ sinφ dz.

This has been simplified by applying the far field approximationr ′ ≈ r in the spreading loss term,

but retainingr ′ containing the phase information in the exponential.

Changing the variable of integration to eliminate the vertical component,z, using the relation-

shipsz= acosφ anddz=−asinφ dφ , yields

pz(r, θ , t) = jρ0c
U0

πr
kwa2ej(ωt−kwr)

∫
π

0
ejkwasinθ cosφ sin2

φ dφ . (A.4)

The minus sign has been cancelled by a reversal of the range of integration. At this point it is

convenient to writekwasinθ = b. The integral part of (A.4), requires special treatment, so it is

defined separately

pz(r, θ , t) = jρ0c
U0

πr
kwa2ej(ωt−kwr) pz(θ) (A.5)

pz(θ) =
∫

π

0
ejbcosφ sin2

φ dφ (A.6)

Turning first to the imaginary part of (A.6),

Im{pz(θ)}= j
∫

π

0
sin(bcosφ)sin2

φ dφ ,

we split the range of integration in half to give

Im{pz(θ)}= j
∫ π

2

0
sin2

φ ·sin(bcosφ)dφ + j
∫

π

π

2

sin2
φ ·sin(bcosφ)dφ .

Now, changing variablesφ = π−φ ′ in the second integral yields

Im{pz(θ)}= j
∫ π

2

0
sin2

φ ·sin(bcosφ)dφ − j
∫ 0

π

2

sin2
φ
′ ·sin

(
−bcosφ

′)dφ
′.

Taking the negation out of the sin function (which is odd) and reversing the range of integration

yields

Im{pz(θ)}= j
∫ π

2

0
sin2

φ ·sin(bcosφ)dφ − j
∫ π

2

0
sin2

φ
′ ·sin

(
bcosφ

′)dφ
′.

This forms the difference between two equal terms, and is equal to zero. Thus the imaginary part

of the exponential integral (A.6) is also zero.

Turning now to the real part of (A.6), integral tables (Abramowitz and Stegun [1, 9.1.20])

show that

Re{pz(θ)}=
∫

π

0
cos(bcosφ)sin2

φ dφ =
πJ1(b)

b
, (A.7)
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whereJ1(x) is a Bessel function of the first kind. Equation (A.7) does not evaluate formally at

b = 0, but evaluating the limit of (A.7) asb→ 0 yields the value 1 as the result. Substituting

b = kwasinθ again, the final equation for the complex pressure,pz(r, θ , t), in the far field is

pz(r, θ , t) =

{
jρ0cU0

r kwa2ej·(ωt−kwr)
[

2J1(kwasinθ)
kwasinθ

]
if 0 < |θ | ≤ π

2

jρ0cU0
r kwa2ej·(ωt−kwr) if θ = 0

. (A.8)

The real dynamic pressure,pd (r, θ , t), is obtained from the real part, Re{pz(r, θ , t)}.
A close examination of (A.8) shows a factor ofckw = 2π f , implying that the amplitude of the

pressure wave increases with frequency.

While the transducer beam pattern has been derived by treating the transducer as a transmitter,

the principle of acoustic reciprocity (Kinsler [78, Section 8.3]) allows us to say that the same

transducer, when operated as a receiver, will have the same beam pattern.

Further implications of (A.8) are discussed in Section6.3.2.

A.3 Kuc-Siegel Impulse Model

The impulse model is derived by Kuc and Siegel [85]. The version reproduced here largely follows

Kuc and Siegel’s work, but a factor of cosθ has been removed by this author, for reasons discussed

later in this section. The derivation is from the point of view of a receiver. However, the principle

of acoustic reciprocity guarantees that a transmitter will operate in the same way.

We seek to model the transducer and the air that it couples to as a linear system. That is,

for an input signals(t), we wish to derive the dynamic pressure,pd (r, θ , t), at the point{r, θ}.
According to linear system theory, we should expect a result of the form

pd (r, θ , t) =
∫ +∞
−∞ h(r, θ , τ) ·s(t− τ) dτ

= h(r, θ , t)∗s(t) .
(A.9)

whereh(r, θ , t) is the impulse response of the system.

When deriving this relationship, it is convenient to work with impulses,δ (t). Impulses have

the following properties:

δ (t) = 0for allt 6= 0∫ +∞

−∞
δ (t) dt = 1

The value ofδ (t) at t = 0 is undefined, and the integral only exists as the limit of a series of

generalised functions which approximate the impulse function,δ (t) (Bracewell [14]). The Fourier

transform of an impulse contains all frequencies - it is an infinite bandwidth signal. It is useful to

consider the case where the input signals(t) is an impulseδ (t), as the transducer system response

is

h(r, θ , t)∗δ (t) =
∫ +∞

−∞
h(r, θ , τ) ·δ (t− τ) dτ =

∫ +∞

−∞
h
(
r, θ , t− τ

′) ·δ (τ ′) dτ
′ = h(r, θ , t) ,

where a change of variables,τ ′ = t− τ, has been used. Using the definition of the impulse, the

integral can be removed leaving us with just the beam-forming response. This is the reason that

h(r, θ , t) is called the impulse response - it is the response of the system to an impulse input.
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Figure A.4: A point transmitter, located at the end of thex axis, and a single point receiver,
located at the origin. The graph indicates the received signal when an impulse is generated by the
transmitter and travels a distancer to the receiver.

Huygen’s principle is valuable in deriving the impulse response of a transducer’s radiation

pattern. Huygen’s principle (from Hecht [61]) states that

. . . every point on a primary wavefront serves as the source of spherical secondary

wavelets, such that the primary wavefront at some later time is the envelope of the

wavelets. Moreover, the wavelets advance with a speed and frequency equal to those

of the primary wave at each point in space.

Huygen’s principle is just that - a principle. It does not exactly satisfy the travelling wave equation.

However, it suits the current derivation, by allowing us to divide the surface of the transducer into

individual elements each much smaller than the wavelength of sound which is being considered.

Since we are considering an impulse as our signal, which contains infinitely large and infinitely

small wavelengths, we shall use differential elements in the derivation.

A.3.1 Single Point Receiver

The simplest case to begin with is that of two small point transducers, with one transmitting to the

other. These transducers lie along thex axis. (FigureA.4.) When an impulse is generated from

the transducer at the left, it will be received some time later by the transducer at the origin. The

travel time is the travel distance divided by the speed of sound,r/c. The received signal may be

modelled by

s(r, t) =
A
r

δ

(
t− r

c

)
, (A.10)

whereA is the signal amplitude and has units of V·m.
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Figure A.5: A point transmitter and two point receivers. The graph indicates the received signal
when an impulse is generated by the transmitter, located at a distancer along thex axis, and travels
to the receivers centred about the origin.

A.3.2 Rotated Two Point Receiver

Now let us develop this model by using two point transducers instead of one. Let these point

transducers be separated by a distance 2a and rotated from they axis byθ degrees, as shown in

FigureA.5. An electrical amplifier connected to both of these elements in parallel will detect two

impulse signals, as shown on the graph in the figure. Note that this computation has assumed that

r > a2/λ , so that the distance from the transmitter to the receiver can be approximated by the

distance fromx to the origin minus thex component of the receiver’s tilt angle. This is the far

field approximation again. Thus, the receiver will display two impulses at the times labelled on

the graph.

The detected signal will be

s(r, θ , t) =
A
r

{
δ

(
t− r−asin(θ)

c

)
+δ

(
t− r +asin(θ)

c

)}
, (A.11)

whereA is the signal amplitude, and has units of V·m−1 (ignoring the acoustical units of the radi-

ating plane piston model, and instead concentrating upon the signal). The far field approximation

(x� a) has been used in the spreading loss term, andA is a constant representing the sensitivity

of the transducer.

A.3.3 On-Axis Transducer

The entire surface of a transducer can be considered to be composed of these point elements. We

can find their combined effect by integrating over all the elements. To begin with, we consider a

transducer which is aligned with thex axis (FigureA.6). We will assume that the transmitter and
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Figure A.6: A disk, with its normal aligned to thex axis, and its surface divided into infinitesimal
elements. The graph indicates the impulse which is received from a single transmitter element,
located a distancer along thex axis, in the far field.

receiver are sufficiently far apart that the wave is flat across the receiving elements. Integrating

over the surface of the transducer, where the variablesy andz correspond to the axes of the same

names, yields

s(r, t) =
A
r

∫ a

−a

∫ √a2−y2

−
√

a2−y2
δ

(
t− r

c

)
dzdy. (A.12)

Performing the integral yields

s(r, t) =
A
r

πa2
δ

(
t− r

c

)
. (A.13)

The units ofA must be converted to V·m to provide the correct output. Here we see that a circle

of infinitesimal elements produces a signal which is stronger in proportion to its area than a single

point receiver would be.

A.3.4 Rotated Transducer

When the normal of the receiver is rotated by an angleθ from thex axis (FigureA.7), the derivation

can be adapted as follows. The impulse will sweep across the surface of the receiver, contacting

the transducer along a vertical line at each point in time. Incorporating this feature and integrating

over the elements of the surface yields the signal detected by the receiver,

s(r, θ , t) =
A
r

∫ a

−a

∫ √a2−y′2

−
√

a2−y′2
δ

(
t− r +y′ sin(θ)

c

)
dzdy′, (A.14)

where thez variable runs vertically across the surface, and they′ variable runs horizontally across

the transducer surface.

Kuc and Siegel [85] include the factor cosθ in their equivalent of equation (A.14). This term

is intended to represent the directional property of each differential element of the flat transducer
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Figure A.7: A disk with its normal at an angleθ to thex axis, and its surface divided into infinites-
imal elements. There is an angleθ between the transducer and they axis. The graph shows the
signal that will be detected when an impulsive signal is transmitted by the point transmitter.

surface. This is inappropriate as we are calculating the pressure at a point due to the change in

pressure at a point source. Fluids are unable to sustain directional pressures or shear forces (Hal-

liday [51]), so the inclusion of this term in a pressure calculation is inappropriate. Furthermore,

including the cosθ factor produces a result which disagrees with the radiating plane piston model,

and also with experiment. This may be seen by examining the experimentally determined beam

pattern in Figure6.15a. The cosθ term would require the beam pattern to go to zero as the angle

goes to±90◦, thereby contradicting the experimental data. For these reasons, the cosθ factor was

removed.

Performing the integration overdz in equation (A.14) yields

S(r, θ , t) =
2A
r

∫ a

−a

√
a2−y′2 ·δ

(
t− r +y′ sin(θ)

c

)
dy′. (A.15)

We now perform a substitution of variables,y′ = (c· (t− t ′)− r)/c, which will serve to simplify

the expression inside the impulse function. The derivative of the substitution isdy/dt′=−c/sinθ ,

and the new limits of integration must be substituted usingt ′ = t− (r +y′ sinθ)/c. Performing

these substitutions yields

s(r, θ , t) =
2A
r

∫ t− r+asinθ

c

t− r−asinθ

c

√
a2−

(
c(t− t ′)− r

sinθ

)2

δ

t−
r +
(

c(t−t ′)−r
sinθ

)
sinθ

c

 −c
sinθ

dt′

=
2Aac

r
1

sinθ

∫ t− r−asinθ

c

t− r+asinθ

c

√
1−
(

ct−ct′− r
asinθ

)2

δ
(
t ′
)

dt′.

The integral has 3 important cases:

1 : t < r−asinθ

c

2 : r−asinθ

c ≤ t ≤ r+asinθ

c

3 : r+asinθ

c < t
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In cases 1 and 3, the range of the integral does not intersect with the position of the impulse, so the

integral becomes 0. This corresponds to a time when the impulse, travelling through the air, does

not meet with the surface of the receiver at all. In case 2, however, the impulse intersects with the

receiver. The integral can be evaluated using the sifting property of theδ function att ′ = 0:

s(r, θ , t) =
2Aac

r
1

sinθ

√
1−
(

ct− r
asinθ

)2

,

where the signal is zero outside the time limits imposed by case 2 above. The amplitude term has

units of V·m−1. When compared to the results of Kuc and Siegel [85], the results shown here have

an extra factor ofπa2. This is because this formula takes into account the area of the transducer,

whereas Kuc and Siegel have normalised the area of the receiver to 1.

Appealing to the principle of reciprocity, we may now state the impulse response of the pres-

sure at a point due to an impulse on the surface of the transducer:

h(r, θ , t) =



2Aac
r

1
sinθ

√
1−
(

ct−r
asinθ

)2
if r−asinθ

c ≤ t ≤ r+asinθ

c , 0 < |θ | ≤ π

2

A
r πa2δ

(
t− r

c

)
if θ = 0

0 otherwise

(A.16)

At this point it is useful to separate the impulse response into two parts,

h(r, θ , t) = hrad (r, t)∗h
θ
(θ , t) , (A.17)

wherehrad (r, t) represents the wave travelling through the air, andh
θ
(θ , t) represents the inter-

ference pattern of the transducer. These components are defined by

hrad (r, t) =
1
r

δ

(
t− r

c

)
(A.18)

h
θ
(θ , t) =



2Aac
r

1
sinθ

√
1−
(

ct
asinθ

)2
if a

c sinθ ≤ t ≤ a
c sinθ , 0 < |θ | ≤ π

2

A
r πa2δ (t) if θ = 0

0 otherwise

(A.19)

This separation may be verified by substituting (A.18) and (A.19) into (A.17) and performing the

convolution. The bearing component,h
θ
(θ , t), is non-causal but that shall always be compensated

by usingh
θ
(θ , t) with hrad (r, t), and by realising that (A.16) is only valid in the far field.

A.3.5 Comparison with the Radiating Plane Piston Model

It is useful to compare (A.16) to the radiating plane piston model, which is similar to this deriva-

tion. While the radiating plane piston model operates in the frequency domain, the Kuc-Siegel

impulse model operates in the time domain. To compare the two, we utilise the Fourier transform,

as shown in Figure4.1. We treat only the first case of the bearing component in equation (A.19),
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Figure A.8: Diagram showing graphically the geometry used in the change of variables. The plane
is the impulse impinging upon the receiver at timect. The angleφ is the angle to the intersection
of the plane and the transducer circumference.

as it converges to the correct answer in the limit asθ → 0. Taking the Fourier transform of the

bearing component of the impulse response,

H
θ
(θ , ω) =

∫ +∞

−∞
h

θ
(θ , t) ·e− jωtdt (A.20)

= 2Aac
1

sinθ

∫ a
c sinθ

−a
c sinθ

√
1−
( ct

asinθ

)2
·e− jωt dt. (A.21)

Now we change variables according tot = a
c sinθ cosφ (FigureA.8). Substitutingdt =−a

c sinθ sinφdφ

yields

H
θ
(θ , ω) = 2Aac

1
sinθ

∫ 0

π

−a
c

sinθ sinφa

√
1−
( c

asinθ

a
c

sinθ cosφ

)2
e− jkwasinθ cosφ dφ .

Performing the substitution−kwasinθ = b′ and reversing the limits of integration cancels the

negation to give

H
θ
(θ , ω) = 2Aa2

∫
π

0
sinφ

√
1−cos2 φ ·ejb′ cosφ dφ , (A.22)

and simplifying further yields

H
θ
(θ , ω) = 2Aa2

∫
π

0
sin2

φ ·ejb′ cosφ dφ . (A.23)

This integral is the same as (A.6). Substituting the answer and substitutingb′ =−kwasinθ yields

H
θ
(θ , ω) = Aπa2

[
2J1(−kwasinθ)
−kwasinθ

]
. (A.24)

The Bessel function,J1(x), is odd, so we may move the negation outside the function and cancel

it with the one in the denominator. AlthoughH
θ
(θ , ω) does not formally exist atθ = 0, the value

1 may be found by evaluating the limit asθ → 0. Ignoring the terms which are independent ofθ ,

the frequency response of the bearing component of the Kuc-Siegel impulse model is

H
θ
(θ , ω) =

{ [
2J1(kwasinθ)

kwasinθ

]
if 0 < |θ | ≤ π

2

1 if θ = 0
. (A.25)
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This result clearly has the same dependency uponθ as the radiating plane piston model (6.1).

This shows that the time domain Kuc-Siegel impulse model and the frequency domain radiating

plane piston model have equivalent bearing dependencies when the cosθ factor is removed from

the Kuc-Siegel impulse model.

The travelling wave portion of the radiating plane piston model, which is cos(ωt−kwr) when

the real part of the complex pressure,pz, is taken, is modelled by the travelling impulse signal,

δ (t− r/c), in the Kuc-Siegel impulse model. The spreading loss component, 1/r, is the same in

both models. The main difference is the different normalisations and units which are used. The

radiating plane piston model, taken from Kinsler [78], has units of pressure, while the Kuc-Siegel

impulse model only examines the signal detected by the transducer. This particular component

remains unreconciled between the two models.
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Appendix B

Matched Filter Theory

This appendix, composed of two sections. The first provides a proof of the optimal matched filter

criteria, while the second discusses the desirable properties of a signal when designing amatched

filter system.

B.1 Derivation of Matched Filter Criteria

Radar, sonar and ultrasonic sensing have many features in common. One critical common feature

is the detection of the signal in an environment that has a fixed or variable background noise.

Another is the interpretation of this signal to obtain the echoTOF, and the echo power.

This section derives a filter which is tuned to amplify the signal but reject as much noise noise

as possible. Thus it maximises theSignal to Noise Ratio (SNR). The filter is specifically designed

to recognise the expected received signal. TheSNR will have its maximum value at the signal

arrival time.

While the matched filter criteria was originally demonstrated by North [101], the derivation

presented here is due to DiFranco and Rubin [32, Chapter 5].

We wish to find a filter,hopt (t), which will maximise the output signal to noise ratio at time

t = τ, the signal arrival time. The input waveform,yi (t) , is composed of signalsi (t), delayed

by the travel time,τ, and modified by the elements of the signal path, as described in Chapter4.

Furthermore, the signal contains additive noise,ni (t), incurred at various stages of the path. Thus

the received signal before processing is

yi (t) = si (t− τ)+ni (t) . (B.1)

The travel time,τ, is related to the distance travelled,d, by τ = d/c. The signal output by the

matched filter isyo(t) = so(t)+ no(t) , and is found by filtering the input waveform,yi (t), with

the optimal filter,hopt (t), using the convolution formula,

yo(t) = hopt (t)∗yi (t) =
∫ ∞

−∞
hopt

(
t ′
)

yi

(
t− t ′

)
dt′

=
∫ ∞

−∞
hopt

(
t ′
)
·
{

si

(
t− t ′− τ

)
+ni

(
t− t ′

)}
dt′, (B.2)

wheret ′ is a variable of integration. The signal and noise outputs of (B.2) may be found separately.

The signal output is

so(t) =
∫ ∞

−∞
hopt

(
t ′
)

si

(
t− t ′− τ

)
dt′ (B.3)

397
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and the noise output is

no(t) =
∫ ∞

−∞
hopt

(
t ′
)

ni

(
t− t ′

)
dt′. (B.4)

The maximum signal to noise power ratio, which we wish to occur at the signal arrival time,τ, is

given by

χm(τ) =
s2
o(τ)

E{n2
o(t)}

, (B.5)

whereE{ } represents the expectation value of a random variable. The matched filter problem is

to findhopt (t) so as to maximiseχm(τ) .
To facilitate the derivation, let us define a non-optimal filter,hnopt(t), composed of the optimal

filter hopt(t) and a component,g(t),

hnopt(t) = hopt (t)+g(t) , (B.6)

The functiong(t) is defined to be orthogonal to the received message signal,si (t),∫ ∞

−∞
g
(
t ′
)

si

(
−t ′
)

dt′ = 0. (B.7)

Thus the amplitude functiong(t) is not unique, and any scaled version ofg(t) is sufficient to

satisfy (B.7). We shall assume that there exists ag(t) 6= 0 which satisfies (B.7). Consider the

the non-optimum filter,hnopt(t), and its non-optimum signal to noise power ratio,χ ′m(τ). The

maximum signal to noise power ratio,χ ′m(τ), will be less than the optimum signal to noise ratio

of the optimal filter,

χ
′
m(τ) < χm(τ) . (B.8)

The response of a non-optimum filter,hnopt(t), to an input signalyi (t), will be

y′o(t) = hnopt(t)∗yi (t) = s′o(t)+n′o(t) ,

where the output signal has again been divided into its (non-optimal) signal and noise components.

The signal to noise ratio,χ ′m(τ), at the signal arrival time,τ, of the non-optimal filter,hnopt(t), is

found similarly to (B.5),

χ
′
m(τ) =

s′2o (τ)
E{n′2o (t)}

. (B.9)

The signal component,s′o(t), of the output at the signal arrival time,τ, will be

s′o(τ) =
∫ ∞

−∞

[
hopt

(
t ′
)
+g
(
t ′
)]

si

(
τ− t ′− τ

)
dt′ (B.10)

=
∫ ∞

−∞
hopt

(
t ′
)

si

(
−t ′
)

dt′+
∫ ∞

−∞
g
(
t ′
)

si

(
−t ′
)

dt′

= so(τ) , (B.11)

where the integral involvingg(t) vanishes due to the orthogonality relationship betweeng(t) and

si (t), defined by (B.7). Thus the non-optimal filter provides the same signal output as the optimal

filter. The noise component of the output is

n′o(t) =
∫ ∞

−∞

[
hopt

(
t ′
)
+g
(
t ′
)]

ni

(
t− t ′

)
dt′

=
∫ ∞

−∞
hopt

(
t ′
)

ni

(
t− t ′

)
dt′+

∫ ∞

−∞
g
(
t ′
)

ni

(
t− t ′

)
dt′

= no(t)+
∫ ∞

−∞
g
(
t ′
)

ni

(
t− t ′

)
dt′. (B.12)
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Comparing the noise output of the non-optimal filter,n′o(t), to no(t) of the optimal filter (B.4),

we see that an additional noise component is transmitted through the non-optimal filter. The mean

square value of the output noise signal,n′o(t), as required by (B.5), is found by

E
{

n′2o (t)
}

= E
{

n2
o(t)

}
+E

{
2no(t)

∫ ∞

−∞
g
(
t ′
)

ni

(
t− t ′

)
dt′
}

+E

{[∫ ∞

−∞
g
(
t ′
)

ni

(
t− t ′

)
dt′
]2
}

. (B.13)

Using the relationship (B.8) between the optimum and non-optimum signal to noise ratios, we

may write

χ
′
m(τ) =

s2
o(τ)

E{n′2o (t)}
< χm(τ) =

s2
o(τ)

E{n2
o(t)}

. (B.14)

Equation (B.11) demonstrated thats′o(t) = so(t), so (B.14) implies that

E
{

n′2o (t)
}

> E
{

n2
o(t)

}
. (B.15)

Combining (B.15) with (B.13) yields

E

{
2no(t)

∫ ∞

−∞
g
(
t ′
)

ni

(
t− t ′

)
dt′
}

+E

{[∫ ∞

−∞
g
(
t ′
)

ni

(
t− t ′

)
dt′
]2
}

> 0. (B.16)

The functiong(t) has an arbitrary positive or negative amplitude, and so may cause the first in-

tegral in (B.16) to be either positive or negative. For (B.16) to be true for any functiong(t) 6= 0,

the first term of (B.16) must be equal to 0. Expanding this out in full, along with the complete

definition ofno(t) from (B.4) gives

E

{∫ ∞

−∞

∫ ∞

−∞
g
(
t ′
)

hopt (σ)ni

(
t− t ′

)
ni (t−σ) dt′dσ

}
= 0, (B.17)

whereσ is a variable of integration representing time. The expectation value operator is averaged

over the independent variablet, and may thus be confined to the noise factors,E{ni (t− t ′)ni (t−σ)},
which represent the autocorrelation of the input noise,

E
{

ni

(
t− t ′

)
ni (t−σ)

}
= φnn

(
t ′−σ

)
. (B.18)

This allows (B.17) to be simplified to∫ ∞

−∞
g
(
t ′
)[∫ ∞

−∞
hopt

(
t ′−σ

)
φnn
(
t ′−σ

)
dσ

]
dt′ = 0 (B.19)

By comparing (B.19) with (B.7), we can see that the bracketed part, being the whole inner integral,

corresponds tosi (−t) in (B.7). Furthermore, (B.19) continues to hold if a scaling constant,km f, is

used, as this does not effect the zero result. Thus the inner integral of (B.19) may be re-written∫ ∞

−∞
hopt (σ)φnn(t−σ)dσ = km fsi (−t) . (B.20)

Equation (B.20) is a convolution between the optimal filter and the noise autocorrelation. Taking

the Fourier transform of this equation yields

Hopt (ω) ·Φnn(ω) = km fS
∗
i (ω) ,
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whereHopt (ω) is the Fourier transform ofhopt (t) , Φnn(ω) is the transform of the autocorrelation

of the stationary noise process, andS∗i (ω) represents the complex conjugate of the transform of the

input signalsi (t). The Wiener-Khintchine relation (Therrien [131]) states thatΦnn(ω) = Gnn(ω),
the spectral density of the stationary noise process. We may now write the spectrum of the optimal

filter as

Hopt (ω) =
km fS

∗
i (ω)

Gnn(ω)
. (B.21)

This shows that the optimal filter, viewed in the frequency domain, allocates more weight to the

frequencies where the signal to noise ratio is highest. In a system where the noise is white and

the noise power is equal toN0/2W·Hz−1, the noise spectral density will beφnn(t ′) = N0δ (t ′)/2.

Thus (B.21) becomes

Hopt (ω) =
2km f

N0
S∗i (ω) (B.22)

or, in the time domain

hopt (t) =
2km f

N0
si (−t) = k′m fsi (−t) , (B.23)

where the constants 2km f/N0 have been combined into a single constantk′m f.

The result given in (B.23) can be related to (B.11), where it was shown that any component

of the filter function which was orthogonal to the expected message signal would be removed.

Thereforehopt (t) must be linearly related to the temporal reversal of the message signalsi (−t),
as (B.23) shows.

The filter impulse response given in (B.23) can be seen to be non-causal, since it is the tempo-

ral reversal of a message signal which is zero for all times less than zero. This may be overcome

in a digital system by pre-pending zeros to the output record and using an impulse response record

which begins at some negative time for performing the convolution. We shall not concern our-

selves further with such details here.

The constantkm f can be evaluated by substituting (B.20) into (B.3), and evaluating at timeτ:

so(τ) =
1

km f

∫ ∞

−∞

∫ ∞

−∞
hopt

(
t ′
)

hopt (σ)φnn
(
t ′−σ

)
dt′dσ .

Substituting the definition ofφnn(t ′−σ) from (B.18), we may expand the expected value operator

to cover both of the integrals, as the other terms are constant with respect to the expected value

operation. Doing this yields

so(τ) =
1

km f
E

{∫ ∞

−∞
hopt

(
t ′
)∫ ∞

−∞
hopt (σ)ni

(
t− t ′

)
ni (t−σ) dt′dσ

}
.

The integrals may now be separated, by moving components which are constant in one integral

into the other, yielding

so(τ) =
1

km f
E

{∫ ∞

−∞
hopt

(
t ′
)

ni

(
t− t ′

)
dt′ ·

∫ ∞

−∞
hopt (σ)ni (t−σ) dσ

}
.

The integrals may be recognised as the output noise,no(t), given in (B.4). Simplifying yields

so(τ) =
1

km f
E{no(t) ·no(t)} .
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Thuskm f is

km f =
E
{

n2
o(t)

}
so(τ)

. (B.24)

Thus we have determinedkm f, and using (B.23) we may compute the matched filter scaling con-

stantk′m f, which completes the definition ofhopt (t).
The implication of equations (B.23) and (B.24) is that the optimal filter is formed by using

the expected signal and time-reversing it, then shifting it so that its left hand side matches the

origin. Equation (B.22) shows that the gains of the matched filter are entirely due to suppressing

the frequencies where the noise is highest, so as to turn coloured noise into white noise.

The matched filter is supposed to provide a maximum signal to noise power ratio at the echo

arrival time,τ. This may be verified by substituting the definition ofhopt (t), being (B.23), into the

expression for the output signal,so(t), from (B.3), obtaining

so(t) = k′m f

∫ ∞

−∞
si

(
−t ′
)

si

(
t− t ′− τ

)
dt′. (B.25)

Whenτ = 0, the output signalso(t) is the autocorrelation of the input signalsi (t), and will always

have a maximum att = 0. Introducing a non-zero travel time,τ, has the effect of moving the

autocorrelation peak to the positiont = τ. Thus the maximum of the output of the matched filter

denotes the precise arrival time of the echo, as desired. Furthermore, the output signal amplitude,

so(t), is linearly related to the strength of the echo echo power through the scaling constantk′m f.

B.2 Signal Selection

We saw in equation (8.9) that the matched filter output signal may be approximated by the auto-

correlation or self correlation of the transmit signal. We now assess the autocorrelations of several

different types of signals, and their properties as they relate to the detection of sonar targets. This

is done with a view to choosing the best signal.

Some example autocorrelation functions for ideal signals are shown in FigureB.1. The most

important feature of the autocorrelation is the central peak. This is used to detect the echoes.

The effect of increasing travel time,τ, upon the convolution output, is to shift the autocorrelation

patterns seen in FigureB.1 to the right, in proportion to the travel time,τ. In this manner, the travel

time of the message signal is determined by finding the position of the peak in the convolution

output.

The received noise,ni (t), is also processed by the optimal filter,hopt (t). The filtered output

noise,no(t), which is derived in AppendixB.1, will also produce peaks. The magnitude of these

peaks determines the noise floor of the system, and is used to set the detection threshold, as

described in Section4.2.

When there are multiple targets present in the environment, the echo signals obtained from

each target combine additively in the time domain, as discussed in Section4.4. As the matched

filter is alinear time-invariantsystem, the effect of multiple targets is equivalent to adding the time-

shifted autocorrelation patterns. Thus the minimum distance of separation at which two targets of

equal power may be resolved is determined by the width of the central peak of the correlation

output (Section4.6, Rihaczec [118]). Thus narrower peaks are better.
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Linear FM Chirp Signal Linear FM Chirp Autocorrelation

Linear FM Chirp Autocorrelation dB

Long Noise Signal Long Noise Autocorrelation

Long Noise Autocorrelation dB

Noise Signal Noise Autocorrelation

Noise Autocorrelation dB

Barker Code Signal Barker Code Autocorrelation

Barker Code Autocorrelation dB

Gaussian Signal Gaussian Autocorrelation

Gaussian Autocorrelation dB

Triangle Signal Triangle Autocorrelation

Triangle Autocorrelation dB

Square Pulse Signal Square Pulse Autocorrelation

Square Pulse Autocorrelation dB

Square Wave Packet Signal Square Wave Packet Autocorrelation

Square Wave Packet Autocorrelation dB

One Cycle Signal One Cycle Autocorrelation

One Cycle Autocorrelation dB

Figure B.1: A graphical dictionary of functions with their autocorrelations. The horizontal axes
of all columns represents time, with the same scale. The first column shows the signals, in units
of volts, which all begin att = 0. The second column shows the autocorrelation, normalised to
one volt at the peak, which always occurs att = 0. The second column, like the first, uses an
amplitude vertical scale. The third column shows the autocorrelation in decibels, and shows the
correct relative strength of each signal. The major tick marks on the vertical axis of the third
column represent 10dB.
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Section4.2 discussed the limitations placed upon the maximum range of the sonar system,

including the maximum transmit signal power and the processing gain. If the transmit signal is

selected to be very short, as shown for the one cycle signal in FigureB.1, then good precision and

resolution may be achieved. This can be seen by the narrow autocorrelation function. However,

there is no processing gain with this system (see the decibel plot in FigureB.1). Furthermore,

such a system is limited by the maximum instantaneous transmit power, which is a function of the

mylar breakdown voltage in the case of our transducers (Section6.2). The only way to improve the

signal power in this case is to increase the length of the transmit signal. If this is done by simply

transmitting more cycles, the autocorrelation function becomes wider. The multiple sidelobes

must be screened out if false detection is to be avoided. The additional width also implies a loss

of resolution.

The two signals considered thus far, being the one cycle signal and the square wave packet

signal, may both be regarded as a sine-wave multiplied by a square envelope signal. The sine-

wave may also be regarded as a carrier signal. The autocorrelation of a sine-wave is a cosine-

wave of the same frequency (Cadzow [20]), so the removal of the sine-wave from the signal

also removes the cosine-wave from the autocorrelation. While real signals require a carrier to

propagate, the carrier may be removed by demodulation. Therefore we now consider only the

envelope of the signal. Comparing the square pulse signal to the square wave packet signal, we

see that the autocorrelation of the signal envelope matches the envelope of the square wave packet

autocorrelation, as expected. There is some gain introduced by removing the carrier, which can

be seen by the different levels in the decibel plot. However, it is easier to compare the envelope

functions than the modulated carrier signals.

The width of the autocorrelation function may be reduced slightly by using triangular or Gaus-

sian signals, but the autocorrelation functions demonstrate that these signals carry less energy than

the square pulse of a similar width. Increasing the width of the triangular and Gaussian functions

brings up the signal energy, but also widens the autocorrelation and degrades resolution.

The Barker coded signal provides an autocorrelation with a very narrow central peak. This

provides good target resolution abilities, while still allowing a long signal to carry more energy.

This signal provides good peak autocorrelation power as well. While there are many sidelobes,

their power is significantly lower than the main peak, allowing closely spaced targets to be re-

solved. Since the energy of this signal has been squashed into the central peak, matched filter

systems are also known as pulse compression systems. When this signal is applied to a carrier, it

becomes both an envelope, defining the signal’s extent, and also a modulation, defining the phase

of the signal.

The noise signal, composed of 13 random numbers, displays a central peak, but the sidelobe

structure is not as good as the Barker coded signal. A long noise signal composed of 100 random

numbers displays a very narrow central peak, and has good sidelobe properties as well. This signal

cannot be compared with the other sequences, as the modulation function contains much higher

frequencies. However, when long noise sequences are used, the autocorrelation becomes more

like a delta function. Such signals form the basis of spread spectrum systems.

The final signal, the linearFM chirp, is included for completeness, as it is commonly used

in radar systems. The autocorrelation strength is good, but the sidelobes in this configuration are
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not ideal, as they can readily be mis-interpreted, leading to erroneous detection. Furthermore, the

central peak is wider than that of the Barker coded system.

All of the signals shown in FigureB.1 are ideal, and many assume that the signal path has a

very wide bandwidth. In reality this is not the case; this has the effect of band-limiting the signals,

which in turn rounds off the sharp edges in the time domain response.

The aims of this study of matched filters, and the goals of this thesis (Section1.2), namely

to equip arobotic agentwith sensing ability, allowing it to detect objects and traverse and map

a scene, are best achieved with a system that is capable of sensing the largest volume with the

best precision. Of the signal types considered for use with matched filters, this is best done by

the Barker code type which allows greater signal energy in a system limited by peak transmitter

power, while maintaining precision.



Appendix C

Optimisation of AR Spectral Estimators

This appendix describes methods for improving the efficiency of calculating theak parameters in

theYW andLSMYW spectral estimators. Firstly, the properties of reversals are presented. They

are used in the derivation of the Durbin algorithm, SectionC.2, which is used to optimise theYW

spectral estimator. The optimisation of theLSMYW spectral estimator is described in SectionC.3.

Finally, methods of checking the two optimised methods are described in SectionC.4.

C.1 Properties of Reversals

The following properties of reversals, denoted˜, come from Table 2.5 of Therrien [131]. The

meaning of vector reversal (where vectors are understood to be column vectors unless otherwise

stated) is to take the elements,

xxx =
[

x1 x2 . . . xN

]T
,

whereT denotes the transpose, and to reverse their order,

x̃xx =
[

xN xN−1 . . . x1

]T
.

Matrix reversal consists of reversing the row order and reversing the column order separately, in

either order,

AAA =

 a11 a12 a13

a21 a22 a23

a31 a32 a33

 , ÃAA =

 a33 a32 a31

a23 a22 a21

a13 a12 a11

 . (C.1)

Some properties of reversals, for matrices and, where appropriate, for vectors as well, are

ÃAABBB = ÃAAB̃BB
(̃
AAA−1)=

(
ÃAA
)−1 (̃

AAAT)=
(

ÃAA
)T

(C.2)

These properties are used in the derivation of the Durbin algorithm in SectionC.2.

C.2 Durbin Algorithm

The normal equations (11.22) may be solved efficiently by using the Durbin algorithm, with com-

plexity O
(
p2
)
. The Durbin algorithm is also commonly known in the literature as the Levinson-

Durbin recursion. The algorithm is only briefly discussed here. Full details are given by Therrien

405
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[131, Section 8.5], Golub [45, Section 5.7], and Kay and Marple [75]. The code was written to

algorithm 5.7-1 from Golub.

The matrix of autocorrelations,Rx [i], on the left hand side of (11.22), repeated here for conve-

nience,

TTT p =


Rx [0] Rx [1] Rx [2] · · · Rx [p−1]

Rx [−1] Rx [0] Rx [1] · · · Rx [p−2]
Rx [−2] Rx [−1] Rx [0] · · · Rx [p−3]

...
...

...
...

...

Rx [1− p] Rx [2− p] Rx [3− p] · · · Rx [0]

 , (C.3)

has identical elements along each diagonal. Thep in TTT p denotes the order of the square matrix.

Matrices with constant diagonals are called Toeplitz matrices. Toeplitz matrices are also persym-

metric, that is, they are symmetrical about the bottom-left to top-right diagonal(Golub [45,

Section 5.7]). Persymmetric matrices obey the relationship

TTTT
p = T̃TT p, (C.4)

where ˜ denotes reversal (SectionC.1). The fact thatTTT p is persymmetric can be clearly seen in

(11.21).

An important property of persymmetric matrices is that their inverse is also persymmetric

(Golub [45]), i.e. (
TTT−1

p

)T
=
(̃
TTT−1

p

)
. (C.5)

This property is used by Durbin’s algorithm.

We may use (11.27) to re-write the negative lags of (C.3) in terms of the positive lags. Without

loss of generality, it is assumed thatRx [0] = 1. If this is not the case, then we may construct the

normalised autocorrelation

R′x [i] =
Rx [i]
Rx [0]

. (C.6)

The denominator of (C.6) will not be zero unless the signal is zero. Furthermore, Bracewell [14]

shows in an appendix to Chapter 3 that the autocorrelation always has its maximum value at 0.

The division byRx [0] may be viewed as dividing byRx [0] on both sides of the normal equations

(11.22). Therefore the solution,aaap, remains unchanged by this procedure.

Using the normalised autocorrelation,R′x [i], and applying the autocorrelation symmetry prop-

erty (11.27) yields the normalised autocorrelation matrix,

TTT ′p =


1 R′x [1] · · · R′x [p−1]

R′x [1] 1 · · · R′x [p−2]
...

...
...

...

R′x [p−1] R′x [p−2] · · · 1

 . (C.7)

This matrix is both symmetrical and persymmetric. Thus (C.4) becomes

TTT ′p = T̃TT ′p. (C.8)
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BecauseTTT ′p is symmetric (TTT ′p = TTT ′Tp ), its inverse is also symmetric (TTT ′−1
p =

(
TTT−1

p

)T
). Therefore

(C.5) becomes

TTT ′−1
p =

(̃
TTT ′−1

p

)
. (C.9)

Durbin’s algorithm solves the unit Yule-Walker equations, a modified version of (11.22),
1 R′x [1] . . . R′x [p−1]

R′x [1] 1 . . . R′x [p−2]
...

...
...

...

R′x [p−1] R′x [p−2] . . . 1

 ·


a1

a2
...

ap

=−


R′x [1]
R′x [2]

...

R′x [p]

 ,

or in vector notation

TTT ′paaap =−rrr ′p. (C.10)

Note that thep subscripts here denote the length of vectors and the square size of matrices. The

matrix TTT ′p is required to be positive definite (Anton [6]) for the Durbin algorithm to operate cor-

rectly.

The Durbin algorithm operates iteratively, building up the solution by including one more

equation at each step. The solution fork+1 equations depends upon the solution ofk equations,

forming a recurrence. The recurrence is initialised with the solution for a single equation,k = 1.

We turn firstly to the recurrence component. Assume that we have a solutionAAAk, wherek < p,

to the partial system

TTT ′k
[

a1 a2 . . . ak

]T
=−

[
R′x [1] R′x [2] . . . R′x [k]

]T
=−rrr ′k,

whererrr ′k is the column vector of autocorrelations,R′x [i], up to lagk. Eachaaak is unique to the stage

that it is used in, and in general, the elements ofaaak change from one recurrence to the next. The

matrix TTT ′k and vectorrrr ′k do not have this property, as thek-th order system is a sub-matrix of the

k+1 order system.

Thek+1 order system is

TTT ′k+1

[
a1 a2 . . . ak ak+1

]T
=−

[
R′x [1] R′x [2] . . . R′x [k] R′x [k+1]

]T
, (C.11)

which may also be written in terms of the solution of orderk as the partitioned matrix system TTT ′k r̃rr ′k(
r̃rr ′k

)T
1

[ zzzk

αk

]
=−

[
rrr ′k

R′x [k+1]

]
. (C.12)

Thus the desired solution,aaak+1, is partitioned into a column vectorzzzk and one additional scalar

element,αk. The column vectorzzzk consists of the elementsa1 to ak, which are different from the

elements ofaaak from one iteration to the next. Expanding (C.12), the column vectorzzzk is

zzzk = TTT ′−1
k

(
−rrr ′k−αkr̃rr

′
k

)
, (C.13)

along with the additional element

αk =−
(

r̃rr ′k

)T
·zzzk−R′x [k+1] . (C.14)
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Equation (C.13) may be simplified using (C.10) to replace−TTT ′−1
k rrr ′k, yielding

zzzk = aaak−αk TTT ′−1
k r̃rr ′k. (C.15)

We now seek a simplification ofTTT ′−1
k r̃rr ′k. By rearranging (C.10) and applying a reversal to both

sides as described in SectionC.1, we find

−
(̃
TTT ′−1

k

)
r̃rr ′k = ãaak.

Remembering thatTTT ′k is symmetric and persymmetric, and thatTTT ′−1
k is also persymmetric, we

may apply (C.9) to yield

−TTT ′−1
k r̃rrk = ãaak.

Substituting into (C.15), we may now writezzzk as

zzzk = aaak +αkãaak. (C.16)

Substituting (C.16) into (C.14) yields

αk =−
(

r̃rr ′k

)T
·
(
aaak +αkãaak

)
−R′x [k+1] .

Grouping the factors ofαk gives

αk ·
(

1+ r̃rr ′Tk aaak

)
=−

(
r̃rr ′k

)T
aaak−R′x [k+1] . (C.17)

The reversal of the term̃rrr ′Tk aaak may be neglected as the result,rrr ′Tk aaak, is a scalar. The final expres-

sion, allowing us to computeαk in terms of the knownk-th order solution, is

αk =
−
(

r̃rr ′k

)T
aaak−R′x [k+1]

1+ rrr ′Tk aaak
. (C.18)

We now prove that the denominator is positive and hence non-zero. Remembering thatTTT ′k+1 is

positive definite, we use the definition of a positive definite matrix (Weisstein [137]),

XXXTTTT ′k+1XXX > 000(k+1)×(k+1), (C.19)

whereXXX is an arbitrary(k+1)× (k+1) matrix. We now construct a particular matrix,XXX, which

is fortuitously known to provide the required result,

XXX =

[
IIIk×k ãaak

000T
k 1

]
, (C.20)

whereIIIk×k is the identity matrix, and 000k is the column zero vector of lengthk. The matrixTTT ′k+1is

partitioned as in (C.12). Multiplying out the first stage of (C.19) yields

XXXTTTT ′k+1 =

 TTT ′k r̃rr ′k(
ãaak

)T
TTT ′k +

(
r̃rr ′k

)T
1+ ãaaT

k r̃rr ′k

 . (C.21)
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Algorithm C.1 The Durbin algorithm with orderO
(

3
2 p2
)

flops.

Require: R′x [] contains the normalised autocorrelation sequence
Ensure: aaap will contain the Yule-Walker coefficients

aaa1 [1]←−R′x [1] {Initialise the recurrence, (C.23).}
for k = 1top−1 do

βk← 1+ rrr ′Tk aaak {Denominator of (C.18).}

αk←
−
(

R′x[k+1]+(r̃rr ′k)
T
aaak

)
β

{Equation (C.18).}

zzzk← aaak +αkãaak {Equation (C.16).}

aaak+1←
[

zzzk
αk

]
{Construct next orderaaak+1, eqns (C.11) and (C.12).}

end for

The lower left element may be shown to be the zero row vector, 000T
k , using (C.8); a transposed and

reversed form of (C.10), some properties of reversals (C.2) and the symmetric matrix property.

The lower right element, 1+ ãaak
Tr̃rr ′k, is scalar, and hence the reversal may be ignored and the vector

term is equal to its transpose.

We are now able to form the complete left hand side from the positive definite definition

(C.19), which is

XXXTTTT ′k+1XXX =

[
TTT ′k 000k

000T
k 1+ rrr ′Tk aaak

]
. (C.22)

By the right hand side of equation (C.19), we may state that the right hand side of (C.22), and

hence the lower right element in particular, is greater than zero. Thus (C.18) is well formed, and

will not suffer from division by zero errors.

The recurrence relationship of the Durbin algorithm is initialised by the first order system of

Yule-Walker equations,

TTT ′1aaa1 = 1·a1 =−R′x [1] . (C.23)

The recurrence is then used to calculateaaak+1 for k = 1, 2, . . . p−1, from the previous solutionaaak,

with total computational complexity O
(

3
2 p2
)
. The algorithm proceeds as shown in AlgorithmC.1.

It is possible to improve upon the performance of AlgorithmC.1by reducing the computation

required to obtainβk, which is the denominator of (C.18). This is done by expanding

βk = 1+ rrr ′Tk aaak (C.24)

in terms of the lower order forms, using partitioned vectors and (C.16),

βk = 1+
[

rrr ′Tk−1 R′x [k]
][ aaak−1 +αk−1ãaak−1

αk−1

]
.

Multiplying out the matrices yields

βk = 1+ rrr ′Tk−1aaak−1 +αk−1

(
rrr ′Tk−1ãaak−1 +R′x [k]

)
.
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Algorithm C.2 The Durbin algorithm with orderO
(
p2
)

flops. The formulae written out here have
dropped the use of thek subscript notation, and use only one array to storeaaa. The arrayzzz may be
eliminated as discussed in the text.
Require: R′x [] contains the normalised autocorrelation sequence
Ensure: aaa will contain the orderp Yule-Walker coefficients

{Initialise the recurrence, (C.23).}
aaa[1]←−R′x [1]
{ α andβ now calculated before and at the end of each loop.}
β ← 1
α ←−R′x [1]
{Implement the recurrence}
for k = 1top−1 do

β ← β ·
(
1−α2

)
{Equation (C.25).}

α ← −(R′x[k+1]+∑k
l=1 R′x[k+1−l ]aaa[l ])
β

{Equation (C.18).}

for l = 1tok do
zzz[l ]← aaa[l ]+α ·aaa[k+1− l ] {Equation (C.16).}

end for
{Fill in aaak+1.}
for l = 1tok do

aaa[l ]← zzz[l ]
end for
aaa[k+1]← α

end for

Recognising and substituting the formβk−1 = 1+ rrr ′Tk−1aaak−1, from (C.24), and the form in brackets

as being the numerator of (C.18), we may simplify to

βk = βk−1 +αk−1

(
−βk−1αk−1

)
= βk−1

(
1−α

2
k−1

)
. (C.25)

This reduces the computation ofβk to a scalar recurrence relationship, instead of having to com-

pute a vector product. The scalar valuesαk−1 andβk−1 are available from previous iterations.

This simplification is incorporated into AlgorithmC.2. The vectorzzz is included for clarity, but the

implementation may be modified to remove it. This is done by computingzzz[l ] andzzz[k+1− l ], as

a pair, and storing them in temporary variables. The values ofaaa[l ] andaaa[k+1− l ] are no longer

required once the temporary variables have been calculated, and may be overwritten by the new

values ofzzz. The chirp application program implements AlgorithmC.2 with the modification to

eliminatezzz.

This completes the discussion of the efficient implementation of theYW equations, as used in

Section11.4.3.

C.3 LSMYW Optimisation

TheLeast Squares Modified Yule-Walker (LSMYW)spectral estimator requires the efficient so-

lution of equation (11.32). The square matrixRRRT
1RRR1 from (11.32) was calculated directly from an
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array of autocorrelation values,Rx, by using a formula similar to (6.10) from [20]:(
RRRT

1RRR1

)
[k, l ] =

t

∑
m=1

Rx [m−k]Rx [m− l ] , 1≤ k, l ≤ p (C.26)

This formula is different from Cadzow’s because it computes the matrix on the left hand side

of (11.31), whereas Cadzow computes the matrix on the left hand side of (11.30) and includes

provision for aMA estimator as well.

As the autocorrelation data is real,RRRT
1RRR1 is symmetrical. This can be seen from (C.26), where

interchanging the indicesk andl results in the same formula being obtained.

The Durbin algorithm outlined in SectionC.2 does not apply to this problem, asRRRT
1RRR1 is not

Toeplitz. This may be seen by multiplying outRRRT
1RRR1 for p = 3 andt = 4, yielding : a11 a21 a31

a12 a22 a32

a13 a23 a33

=

 a11 a12 a31

a12 a22 a23

a13 a23 a33


with

a11 = Rx [0]2 +Rx [1]2 +Rx [2]2 +Rx [3]2

a12 = a21 = Rx [−1]Rx [0]+Rx [0]Rx [1]+Rx [1]Rx [2]+Rx [2]Rx [3]

a13 = a31 = Rx [−2]Rx [0]+Rx [−1]Rx [1]+Rx [0]Rx [2]+Rx [1]Rx [3]

a22 = Rx [−1]2 +Rx [0]2 +Rx [1]2 +Rx [2]2

a23 = a32 = Rx [−2]Rx [−1]+Rx [−1]Rx [0]+Rx [0]Rx [1]+Rx [1]Rx [2]

a33 = Rx [−2]2 +Rx [−1]2 +Rx [0]2 +Rx [1]2

The diagonals can be seen to be sums down the autocorrelation vector with offsets between the two

terms related the diagonal number. However, each entry progressing down to the right operates as

a rolling window, with one term dropping out and a new one being introduced. We can see that it

is symmetrical.

The code solves (11.32) for aaa using the symmetrical matrix routineDSYSV provided with LA-

PACK [4], having computational complexityO
(
n3/6

)
(LINPACK [33]). SinceDSYSV only uses

the upper right triangular area of the input matrix, (C.26) is only evaluated for 1≤ k≤ l ≤ p.

C.4 Checking the Code

The implementation of the optimised methods has been checked in one of two ways depending

upon the circumstances.

Two different algorithms: In this method, the result is computed twice, once by the optimised

method and again by the direct method. The results are then automatically compared. When

both give the same results over a wide variety of test inputs, the optimised version is deemed

to be correct. This works as long as the implementation of the direct method is correct. As

the code for the direct method is usually much simpler than for the optimised method, it

is easier to implement correctly. Any special cases must also be tested explicitly for this

method to be valid. This method was suggested by Maguire [89, P. 33].
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Residuals: Matrix problems of the form

AAAxxx = yyy,

wherexxx is unknown, may be checked by taking the solutionxxx and then evaluating

AAAxxx−yyy = εεε,

whereεεε is the residuals vector. If the residuals are of the magnitude of machine precision,

then a good solution has been found. However, some poorly conditioned problems may

produce residuals much larger than machine precision. If this is the case, the programmer

needs to be aware of the problem and perhaps find an alternate formulation which produces

smaller residuals (Press [114]).

The verification was only applied in a debug build of the software. The checking was automatically

removed in the optimised build using macros, as suggested by Maguire [89].



Appendix D

Geometrical Sonar Simulation

D.1 Review

Previous sonar simulation environments have been reported, with varying levels of complexity.

The simplest is the Multiple Autonomous Mobile Robot Simulator (MAMROS) (Naumovski

[99]), which simulates the environment and operation of one or more Yamabico mobile robots.

MAMROS includes a 2D sonar simulator, which performs a first bounce geometrical simulation

of the sonar operation. McKerrow [94] describes a 2D geometrical sonar visualisation program.

Kuc and Siegel [85] describe a sonar simulation at the signal level, using an impulse response

model for each of the components of the signal path. Zhu [147] describes a 2D Transmission

Line Matrix (TLM) model which numerically solves the wave equation, thereby simulating the

propagation of the sound wave through the air, frame by frame, at great computational expense.

D.2 This Work

For the purposes of this work, a 2D geometrical simulation was constructed in Mathematica [139],

which allows a user to construct an environment consisting of planes and point reflectors. Corner

reflections are processed by performing multiple plane reflections. By this generalisation, the

model may also be used to investigate what are commonly called multi-path echoes, where the

signal reflects from many objects in turn (McKerrow [97]).

A simplified model of the ultrasonic transducer is used, assuming that there is a fixed beam

angle beyond which no signal can be detected. Additionally, no frequency domain effects are

taken into account. The model exists purely to find geometric paths from the transmitter to the

receiver, and to compute their exact lengths. Conceptually it operates similarly to ray tracing.

D.3 Operation

The simulation model accepts a two dimensional model consisting of lines and points. It also

accepts a transmit transducer, and a list of receive transducers. Each transducer is defined by a

Cartesian coordinate,{x, y}, an orientation,θ , and a beam width,φ . When a transducer is drawn

(see, for example, FigureD.1), the position of the transducer is marked with a red dot, the principal

direction is marked with a black line, and the extent of the beam is drawn with a cyan fan shape.
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To simplify working with the complicated sensor head discussed in Chapter7, an object was

defined to allow a sensor head and its associated transducers to be manipulated as a single unit.

The model operation is illustrated in FigureD.1. The process extends the virtual source prin-

ciple which was demonstrated in Figure14.5. The signal path starts at the transmitter, T, which

insonifies the world model in accordance with the beam width. Objects which are insonified may

wholly or partially intersect with the beam. Obstructed targets are detected by the search and are

not considered to be insonified. When the beam encounters a line, such as W2 in FigureD.1, a

copy of the transmitter, the virtual source VT2, is made. The virtual source has its position and

orientation reflected by the line W2. Furthermore, the beam angle of the virtual source VT2 is

restricted, by different amounts on the left and right sides, so that the beam emerging from VT2

will intersect with W2 and appear to be the reflection from the transmitter, T. If the beam from the

transmitter, T, does not insonify the whole line object, then only the insonified part acts as a reflec-

tor. This is implemented by restricting the beam angle of the virtual source VT2. The restriction

may be asymmetrical, as shown in FigureD.1.

The beam from a virtual source is not considered to perform insonification in between the

virtual source, VT2, and the line object, W2, from which it was reflected. Only the region on the

front side of W2 is considered to be insonified. With this restriction, the model now continues

recursively, using the virtual source VT2 as the new transmitter. In this way, any number of

reflections may be modelled. For practical reasons of implementation, however, the recursion is

terminated by either of two conditions. The first is an arbitrarily selected maximum reflection

count of 5. The second is a maximum path distance, which is user specified. Either of these

conditions alone will guarantee that the recursion will terminate.

At each iteration the model checks whether any of the virtual sources insonifies any of the

receivers. If a path exists from a source to a receiver, the path is compared to the beam angle of

the receiver. If this test succeeds, the model produces the list of virtual sources making up the

path, and is capable of drawing the path (with or without the virtual sources) on a map of the

environment in which the path was found.

Each line obstacle is deemed to have a front and a back. The front is the only surface which is

acoustically active in the model. Signals from virtual sources may pass through the surface from

the back without being obstructed. The front of a line is defined to be the face 90◦ clockwise

from the line’s vector. Thus a sequence of lines drawn clockwise to form a closed shape will have

all their front sides on the inside of the shape. A wall must be constructed by placing two lines

back to back with their ’fronts’ facing outward. This construction does not obstruct the operation

of virtual sources as each virtual source is associated with the particular line from which it is

reflected. Other objects between the virtual source and the line which produces it cannot obstruct

the beam from the virtual source.

This model is geometric in its focus, and does not attempt to model any of the frequency

characteristics of the transducers or signal path, any form of absorption, or the finer points of

transducer beam patterns. These features may all be added to this model, as discussed in Chapter4,

if required. Indeed, some extensions were made to model a Gaussian beam pattern, as described

in Section15.5.1, according to the models derived in AppendixH.
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Figure D.1: Demonstration of how a path with multiple reflection points is constructed through
the use of multiple intermediate virtual sources. The upper panel shows the path, while the lower
panel shows the distance of flight. Only the path from the transmitter to the left receiver is shown.
The transmitted signal insonifies the lower wall segment, W2. The reflection from this segment is
modelled by creating the virtual source VT2, using the index of the reflecting wall segment. The
beam of VT2 is narrowed so that it is not wider than the wall segment W2. The beam from this
virtual transmitter subsequently insonifies the upper wall segment, W1. The reflection from the
upper segment is modelled by creating the virtual source VT21 (and again adding the index of the
reflecting wall). A line drawn directly between this virtual source and the receivers falls within the
beam fan of both the transmitter and receiver, so a path is deemed to exist.
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D.4 Example

An example of output from the model is shown in FigureD.2. This model is useful for automati-

cally exploring possible paths of a multi-path echo.

D.5 Effect of Non-90◦ Corners

There are some interesting effects related to acute and obtuse corners which have not been previ-

ously published. The explanation of these effects also explains further the operation of the model.

D.5.1 Acute Corners

An environment with an acute corner is shown in FigureD.3. The beam from the transmitter

insonifies both the upper and lower wall segments W1 and W2. Treating the upper wall segment

first, the transmitter is reflected to form VT1. Note that the beam edges of VT1 are limited by

the extent of the wall segment. Thus the virtual transmitter has a narrower beam width than the

original transmitter.

Turning our attention to the beam from VT1, we see that both W1 and W2 lie within the

beam. In order to produce the correct reflections in this case, each virtual source is paired with its

reflecting element, and no reflection occurs between the virtual transmitter and its paired reflector.

Thus the beam from VT1 insonifies W2 without occlusion by W1, as it must in order to model the

reflected wave from the original transmitter.

As the beam from VT1 is considered to insonify W2 without occlusion, the model creates a

new virtual source, VT12, by reflecting VT1 in the plane W2. The beam angle is again limited

by the extent of the reflector. After considering again the pairing between VT12 and its reflecting

object W2, and also the beam angle of VT12, we see that VT12 insonifies both of the receivers.

Thus two paths are formed. An internal data structure describing all of the intermediate virtual

sources and reflectors is created. The paths are drawn using the information recorded in this data

structure. The path distance may also be calculated exactly using this information.

The paths involving VT21 may be constructed by following a similar process involving first

W2 and then W1. The paths so formed exhibit the same properties over a wide variety of corner

angles, although there is only a limited range of angles of the 80◦ corner orientation, with respect

to the sonar head, in which the corner reflection is observed by both of the receivers. An important

feature is that the two virtual sources, which fuse together as one virtual source when the corner

is 90◦ (Figure14.5), split into two distinct sources for the acute corner. The amount of splitting is

controlled by the angle of the corner, and the distance of the sensor head from the corner. If the

corner reflector is of finite extent, and the sensor head is at great distance from the acute corner,

the dimensions of the corner reflector may be smaller than the required reflecting area, rendering

the corner reflector invisible to the sensor.

D.5.2 Obtuse Corners

The paths for a 100◦ obtuse corner are shown in FigureD.4. The virtual sources are constructed
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Figure D.2: Sample output from the 2D geometric ultrasonic model for a corner with trimming.
This forms two corner reflectors. (a) Shows the sonar paths which strike the receivers. Thex
andy axes have dimensions of metres. (b) Shows the virtual sources, along with their principal
directions and restricted beams. (c) Shows the sonogram of the echoes detected by the left and
right receivers. The two echoes detected on each channel have path lengths of 0.7808m and
0.7835m. As the situation is symmetrical, the echoes on the left and right channels are identical.
The amplitude is not modelled, so all echoes have unit amplitude.
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Figure D.3: An 80◦ acute corner. (a) Shows the paths from the transmitter to the receivers. The
numbering of the virtual sources indicates the order of the walls from which they were reflected.
There are two separate virtual sources, VT12 and VT21, which insonify the receivers. The asym-
metry of the virtual sources, VT1 and VT2, is due to the corner being asymmetrically oriented
with respect to the sensor head. (b) A sonogram of the echoes, which shows that there are two
distinct echoes detected by each receiver.
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Figure D.4: A 100◦ obtuse corner, showing the virtual sources. The numbering of the virtual
sources indicates the order of the walls from which they were reflected. The beams from the
virtual sources, VT12 and VT21, do not intersect with the receivers, and thus do not form a path.
The only echo which will be detected from such a corner is the diffraction from the corner (not
shown). No sonogram is shown as there are no echoes detected by this model.
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by the same method used for the acute corner, but the reflection geometry turns out to be quite

different. The positions of the virtual sources VT12 and VT21 are reversed when compared to

those of the acute corner shown in FigureD.3. The virtual source beams of the obtuse corner do

not intersect with either of the receivers. The only echo which will be detected from this reflector

is diffraction from the corner itself. If the power of the diffracted signal is below the detection

threshold of the sensor, as discussed in Section4.2.2, then the obtuse corner will not be detected

at all.

The results of the previous section, combined with the results of this section, demonstrate that

corner reflectors which are to be used as sonar beacons must be precise 90◦ corners to obtain the

desired results, as other angles will lead to the corner reflector being invisible to the sonar sensor.

D.6 Conclusion

The 2D geometrical model was used to check the operation of many portions of the work, and

to provide reference path angles and distances of flight for the computer based experiments in

Chapter15. While simple in nature, useful results have been found. It is important to have a sonar

model so that the detected echoes may be compared with the echoes which were expected, and

unknown features identified and tracked. Future extension of models of this type may be made

easier by exploiting the mature knowledge of the field of ray tracing, which solves a remarkably

similar problem.



Appendix E

Atmospheric Effects

The formulae for the speed of sound in air and the absorption of sound by the air depend upon the

thermodynamical properties of the air’s constituents. As these properties are common to both the

speed and the absorption formulae, a unified set of formulae is summarised from the literature and

presented here for convenience. Due to the varying notations prevalent in the literature a unified

notation has been adopted here. As many of the formulae appear in various sources, the most

recently published form has been used. The source used for each formula is identified.

The first section lists the variables used by the formulae. Subsequent sections describe the

formulae, in calculation order with the fundamental quantities first, leading finally to the formulae

for the absorption, the speed of sound, and the compensation of the speed of sound for dispersion

(frequency effects).

E.1 Variables

The following variables, which are listed alphabetically, are used in the formulae of this appendix,

along with their constant value, status as a parameter, or an equation for calculation in terms of

other known variables.

α is the absorption coefficient of the pressure wave, in Nepers per metre. The Neper is

defined in ANSI S1.26-1978 [2], and is abbreviated Np. The absorption is calculated

using (E.9).

α ′ is the absorption coefficient of the pressure wave, in decibels per metre. This is related

to α by equation (E.10).

αv,N, αv,O are the molecular vibration relaxation coefficients of absorption (Nepers/m) calcu-

lated using (E.5) and (E.6).

c is the speed of sound, in m· s−1, as used by the molecular vibration formulae in

SectionE.3. This may be computed approximately by (E.7), or precisely by (E.11) .

c0 is the speed of sound (m·s−1) at zero frequency, calculated using (E.11).

c
φ

is the speed of sound (m· s−1) including the effects of dispersion, calculated using

(E.14).

d is the distance of flight, in m.
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fe is the enhancement factor (dimensionless), as a function of static pressure and tem-

perature, calculated using (E.13).

fr,N, fr,O are the molecular vibration relaxation frequencies (Hertz) of N2 and O2, calculated

using (E.2) and (E.3).

h is the absolute humidity (molar concentration of water vapour in) %, may be measured

directly or calculated using (E.4).

hr is the relative humidity in %. This is a parameter.

f is the frequency of the pure tone, in Hz. This is a parameter.

pd is the dynamic sound pressure after travelling a distanced.

p0 is the dynamic sound pressure at the source, in Pascals.

ps is the static air pressure, in kilo Pascals. This is a parameter.

ps0 is the reference atmospheric pressure at sea level,ps0 = 101.325kPa. This is the

pressure referred to byStandard Temperature and Pressure (STP).

psat is the saturation vapour pressure of water in air, in kPa, calculated using (E.1).

Ta is the absolute thermodynamic temperature in K. This is a parameter.

T0 is the reference ambient temperature,T0 = 293.15K. This is the temperature referred

to bystandard temperature and pressure.

T3 is the triple point of water,T3 = 273.16K.

xw mole fraction of water vapour, calculated using (E.12).

E.2 Saturation Pressure

The saturation pressure of water vapour,psat, may be calculated from (see Bass [9] eqn (2))

log10

(
psat

ps0

)
=−6.8346

(
T3

Ta

)1.261

+4.6151, (E.1)

in kPa. Equation (E.1) is in good agreement with an older equation (see ANSI S1.26-1978 [2], eqn

(D11)) within the range−20◦C and 50◦C. If temperatures outside this range are required, then the

older formulation from ANSI S1.26-1978 should be used instead.
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E.3 Molecular Vibrations

The molecular vibration relaxation frequencies of nitrogenfr,N and oxygenfr,O can be calculated

using (see Bass [9] eqns (5) and (4))

fr,N =
ps

ps0

√
T0

Ta

(
9+280hexp

{
−4.17

[(
T0

Ta

) 1
3

−1

]})
(E.2)

and

fr,O =
ps

ps0

(
24+4.04×104h

0.02+h
0.391+h

)
, (E.3)

in Hertz. The absolute humidityh can be found from the relative humidityhr (in %) by (see Bass

[9] eqn (6))

h = hr

(
psat

ps

)
(E.4)

in %. The molecular vibration relaxation coefficients of nitrogenαv,N and oxygenαv,O can be

found using (see ANSI S1.26-1978 [2], eqns (5) and (7))

αv,N =
(

2π ·0.781
35

)(
3352.0

Ta

)2

exp

(
−3352.0

Ta

)(
f
c

)2
f

fr,N

1+

(
f

fr,N

)2
−1

 (E.5)

and

αv,O =
(

2π ·0.209
35

)(
2239.1

Ta

)2

exp

(
−2239.1

Ta

)(
f
c

)2
f

fr,O

1+

(
f

fr,O

)2
−1

 (E.6)

in Np ·m−1. The unit Np denotes a Neper, which is dimensionless. The formula used by ANSI

S1.26-1978 for the speed of sound is (see ANSI S1.26-1978 eqn (6))

c = 343.23

√
Ta

T0
(E.7)

in m ·s−1. This is essentially the same as (12.6), but the lack of precision implied in this formula

is not significant for most applications of the absorption formulae. The zero frequency speed of

soundc0, which will be defined in SectionE.5as (E.11), may be used instead if it is available.

E.4 Absorption

ANSI S1.26-1978 [2] eqn (1) defines a standard method for calculating the absorption to be

pd = p0e−αd, (E.8)

where the variables are listed below.
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The absorption coefficientα is calculated as a function of the frequency, static pressure, tem-

perature and humidity, and includes contributions from the two dominant gases, nitrogen and

oxygen. The formula is (see ANSI S1.26-1978 [2] eqns (3) and (4) )

α = 1.84×10−11
(

Ta

T0

) 1
2

f 2
(

ps0

ps

)
+αv,N +αv,O (E.9)

in Np·m−1, whereαv,N andαv,O are given by (E.5) and (E.6) respectively.

The value given by (E.9) may be converted to absorption in decibels per metreα ′ by the

relationship

α
′ =

20
ln(10)

α = 8.69α (E.10)

in dB ·m−1. Isopleth plots of the variation in the absorption of soundα ′ are shown in FigureE.1.

The plots show that the pressure has little effect upon the absorption. High frequencies are atten-

uated progressively more severely, imposing a practical limit on frequencies which may be used

for air sonar systems. Higher temperatures in general increase the absorption. Changes in humid-

ity affect the molecular vibrational relaxation frequencies, providing the most complex variations.

For a full discussion of the physical mechanisms causing the absorption, refer to ANSI S1.26-1978

[2] Appendix B.

E.5 Speed Of Sound

A formula for the speed of sound in air is provided by Cramer [26]. While an overview was

presented in Chapter12, the details are described here. Cramer’s formulation was found by using

the best available values (from various sources) for all of the gas constituents of the standard

atmosphere (ISO 2533-1975 [65]) to calculate values forγ, M andB in (12.3). He then fitted a

polynomial approximation, valid over a small region of standard atmospheric parameters. This

provides the speed of soundc0 at zero frequency (see Cramer [26] eqn (15))

c0(Tc, ps,xw,xc) = a0 +a1Tc +a2T2
c +

(
a3 +a4Tc +a5T2

c

)
xw

+
(
a6 +a7Tc +a8T2

c

)
ps+

(
a9 +a10Tc +a11T

2
c

)
xc

+a12x
2
w +a13p2

s +a14x
2
c +a15xwpsxc, (E.11)

in m · s−1, where the coefficientsa0-a15 are provided in TableE.1 and the parameters and their

ranges of validity are listed below.

Tc is the air temperature in degrees Celsius, valid range 0◦C to 30◦C.

ps is the static air pressure, valid range 75000Pa to 102000Pa. This formula specifically

requiresps to be expressed in Pascals.

xw is the mole fraction of water vapour, valid range 0 to 0.06 (dimensionless), given by

(E.12) below.

xc is the mole fraction of CO2, valid range 0 to 0.01 (dimensionless), typical value is

0.000 314 (from Cramer [26]).
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Figure E.1: Isopleth plots of the variation in the absorption of sound in airα ’, in dB ·m−1, as
a function of frequency (horizontal axis) and humidity (vertical axis). The pressure increases
across the table from left to right, as labelled on the horizontal axis of each plot. The temperature
increases up the table. The isopleths are placed at intervals of 0.5dB·m−1, and the areas are
shaded according to the legend shown.
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Table E.1: Coefficients from Cramer [26] for use with (E.11).

Coefficients Values
a0 331.5024
a1 0.603055
a2 −0.000528
a3 51.471935
a4 0.1495874
a5 −0.000782
a6 −1.82×10−7

a7 3.73×10−8

a8 −2.93×10−10

a9 −85.20931
a10 −0.228525
a11 5.91×10−5

a12 −2.835149
a13 −2.15×10−13

a14 29.179762
a15 0.000486

The mole fraction of water vapour may be calculated from the relative humidity using (see Cramer

[26] eqn (A1))

xw =
hr

100
fe

psat

ps
. (E.12)

The quantityxw is similar toh given by (E.4), except thatxw is expressed as a fraction and includes

the enhancement factorfe. The enhancement factorfe is calculated by (see Cramer [26] eqn (A2))

fe = 1.00062+3.14×10−8ps+5.6×10−7T2
c . (E.13)

E.5.1 Uncertainties

Cramer claims that (E.11) is accurate to±300ppm or about±0.10m·s−1 for dry air atSTP. Wong

[141], however, claims that Cramer neglected the error in some of the constants used to derive

(E.11), and that the error bound is instead±545ppm or±0.18m·s−1 for dry air atSTP.

E.6 Correction for Dispersion

Cramer notes that the correction for dispersion, as a function of frequency, is

1
c0
− 1

c
φ

=
αv,N

2π fr,N
+

αv,O

2π fr,O
. (E.14)

Plots of the variation of the speed of sound as a function of frequency and the four environmental

parameters are shown in FigureE.2. The effects are discussed in Section12.2.
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Figure E.2: Variation in the speed of soundc
φ

as a function of frequency, calculated by (E.14).
The four panels demonstrate the effects of varying each of the environmental parametersTc, hr , ps

andxc in turn. The remaining parameters are held constant atTc = 23◦C, hr = 65%, ps = ps0 =
101.325kPa andxc = 314ppm, which are approximate average values of the experimental data.
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Appendix F

Calibration Device

The measurement of the environmental parameters was validated by comparing the modelled value

of the speed of sound to an independently measured speed of sound. The modelled speed of sound

was computed using the environmental parameters, as described in Section12.4. The independent

value for the speed of sound was measured directly by the sonar system using a calibration device,

which is described in this appendix.

F.1 Theory

To validate the measurement of the environmental parameters an independent estimate of the speed

of sound,c, is obtained from the sonar. This process also estimates the total delay,to f f , present in

the system. These quantities,c andto f f , may be derived from the relationship betweenDOF, d,

andTOF, τ,

τ =
1
c

d+ to f f . (F.1)

An experiment utilising this relationship is constructed using four fixed targets, each havingDOF

di . The sonar is used to measure theTOF, τi , of each target, using a single sonar observation. A

line fitted to the points{di , τi} will have a slope 1/c and an offsetto f f .

The ability to calculate the speed of sound,c, directly from sonar measurements provides a

convenient method of validating that the environmental parameters used to calculate the speed of

sound derived in Section12.2are measured correctly.

F.2 Design

The device shown in FigureF.1provides four separate targets. The device can only be used with

the left and right receivers, due to the vertical displacement of the reflection geometry. The top and

bottom receivers may be used, if necessary, by using a rotation bracket which allows the sensor

head to be rotated by 90◦ around the principal direction of the transmitter.

F.2.1 Manufacture

Timber was used to build the calibration device. Man-made board (MDF) was selected for the base

to minimise warp and changes in size due to humidity changes. The risers were cut from solid

429



430 APPENDIX F. CALIBRATION DEVICE

Figure F.1: The design of the calibration device. The poles are slanted to provide reflection points
at tangents to the curves drawn, without obscuring targets at greater distances. Dashed lines show
the sonar path, which was designed with the stated ranger i .

Figure F.2: The complete calibration device, with the sonar head mounted at one end. Note the
strips of MDF along the sides of the spacers between the risers.

pine as this was available in a convenient size. The spacers between the risers were cut from the

same stock, and attached to the MDF base using glue and dowels. Strips of MDF were attached to

the sides of the spacers (see FigureF.2) to prevent warping along the length. The dimensions of

the device are shown in FigureF.3.

The angles on the risers and spacers were cut using a mitre circular saw, and verified to be

accurate using an angle measuring gauge. The length of the spacers between the risers was com-

pensated for the exact thickness of the riser it was to mate with to maintain the correct horizontal

spacing shown in FigureF.3.

The precision positioner described in Section5.2 has key holes at the mounting points to

ensure repeatable mounting of the sonar equipment. These key holes were reproduced in the base

of the calibration device so that the sonar could be accurately positioned.
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Figure F.3: Calibration device dimensions, in millimetres.

F.3 Results

F.3.1 Measuring Target DOFs

The completed calibration device was found to change size slightly with the amount of humidity

absorbed by the timber. Therefore the target ranges,xi , must be re-measured on a daily basis

before the device is used. (While the air humidity may vary quickly, the humidity in the timber

changes more slowly.) The measurement was carried out using a 1m steel rule, which was held

along the sides of the poles. The zero mark of the rule was aligned with the transmitter, and the

distance along the normal to the target recorded. One person is required to sight each measurement

point of the ruler. The normal may be found by rotating the ruler around the transmitter point and

obtaining the shortest range measurement. The rule was braced by a piece of angle aluminium to

avoid flexing while the measurement was carried out.

The geometricalDOF, di , corresponding to the range,xi , of each target is computed using

di =
√

(2xi +dT)2 +d2
R, (F.2)

(which is the same as (13.1)) where

dT , dR are the distances of the transmitter and the receiver from the head centre pointPHC as

shown in Figure7.12, and

xi is the range from the transmitter to the target, measured along the dashed lines shown

in FigureF.1.

Some typical measurements obtained using the method described above are shown in the measured

range column of TableF.1. TheDOFs computed according to (F.2) are also shown in the table.

F.3.2 Measuring Time Of Flight

TheCTFM sonar system was used, with aYule-Walkerspectral estimator, to measure the times of

flight to each target. The output of the sonar system corresponding to one sonar measurement is

shown in FigureF.4.
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Table F.1: The measured ranges,xi , to each of the calibration device’s four targets, and their
geometricalDOFs, di , computed using (F.2). The head dimensions used to calculate thedi were
dT = 2mm anddR = 15mm.

Designed Range Measured Rangexi Geometrical DOFdi
mm mm mm

400.0 397.0 796.14
600.0 595.1 1192.3
800.0 796.3 1594.67
1000.0 996.0 1994.06
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Figure F.4: Calibration deviceTOFs measured by theCTFM sonar system. Data from the left and
right channels are presented. The black line represents the spectrum estimated by theYule-Walker
spectral estimator. The horizontal scale has been converted from frequency to the corresponding
TOF. The red lines indicate the peaks which were found in the spectrum and theirTOFs. The
peaks near 0s are crosstalk. The next 4 large peaks are echoes from the calibration device. The
reflection from the corner at the base of the first pole is visible just after the first pole reflection.
There are several peaks after the four peaks due to the risers, which are multi-bounce echoes,
between the sonar head and a riser.
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F.3.3 Slope Results

The experiment was performed under computer control and 200 sonar measurements of the four

poles were recorded. The environment sensor was used to record values of the environment pa-

rameters simultaneously with the sonar measurements. The speed of soundc was obtained from

both the straight line fit and from the environment sensor using (E.14). The results obtained when

the temperature was measured by an LM335 transducer attached to the aluminium case are shown

in Figure12.5a. This clearly indicates an error in a parameter of the speed of sound modelled by

(E.14). As the temperature is the most important parameter in the speed of sound model, the mea-

surement of temperature was checked. These investigations led to the sequence of improvements

in the measurement of temperature which were described in Section12.4.1.

The results obtained after the LM335 transducer was removed from the aluminium case, and

instead mounted in the draught of a fan, are shown in Figure12.5b. The improvement in the match

between the two values of the speed of sound indicates that the lag in the measured temperature

decreases when the fan is used.

The improvements made to the measurement of the temperature were made possible by the

independent measurement of the speed of sound provided by the calibration device.

F.4 Problems

During a period of higher than normal humidity it was found that there was a significant difference

in the speed of sound measured by the calibration device and by the environment sensor, where

there had been agreement two days before. Inspection of the calibration device revealed a gap

between its base and the table it was sitting on. The base had developed an arch.

The arching may be explained by examining the construction of the device. The pine used

as spacers between the risers (FigureF.2) expands more when it absorbs moisture than the MDF

base does. The pine spacers and MDF base then bend in the same way as a bi-metallic strip. The

spacing of the risers is spread, causing a scaling error in the geometricDOFs. The scaling error

minimally affects the computed offset timeto f f , but directly affects the computed speed of sound.

The warping problem may be resolved by requiring that the measurement procedure described

in SectionF.3.1be carried out on each day that the device will be used. The errors in the geometric

DOFs will be eliminated by doing this. Thus the warping is not seen as a serious problem.

The warping problem could be eliminated entirely in future designs by utilising a single ma-

terial which has a low thermal coefficient of expansion. Non-porous materials such as metals and

plastics are also impervious to changes in humidity. The selection of a material meeting these

criteria would allow the calibration device to be used without daily ruler measurements.
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Appendix G

Improved Head Design

Section14.1.2discussed the errors due to treating all target types as plane reflectors. It is possible

to design the sonar head so that these errors are minimised. Some exploration of the sonar head

design parameter space using the error analysis technique of Section14.1.2shows that the errors

are made much smaller when the transmitter is placed in-line with the receivers (dT = 0, see

FigureG.1). The splay angle of the receivers is maintained to support theIPD bearing technique

which is described in Section14.2. The receiver distancedR = 15mm also remains constant.

The formulae for target ranges and bearings may be simplified considerably whendT = 0. The

simplified formulae for each target type are described in the next two sections.

G.1 Planes and Ninety Degree Corners

The solution to the forward problem of computing theDOFs for plane targets and 90◦ corners with

a position{r, θ} are

d1 =
√

d2
R+4r2−4dRr sin(θ) (G.1)

and

d2 =
√

d2
R+4r2 +4dRr sin(θ). (G.2)

The solution to the reverse problem, that of computing{r, θ} from measuredDOFs d1 andd2, is

simplified asPHC and T are now coincident. Thusr = r ′ andθ = θ ′, and the solutions are given

directly by (14.5) and (14.6).

TransmitterLeft Receiver Right Receiver

dR dR

Αr
Phc

Figure G.1: The improved head design withdT = 0 which reduces the error caused by not classify-
ing targets. Note that the transmitter is located between the centres of the two receivers. Compare
with Figure7.12.
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Figure G.2: The errors in range and bearing due to considering a point reflector as a plane reflector,
for a sensor head with all transducers in-line. Compared with Figure14.7, the bearing error is
reduced for close range targets, and the systematic range error vanishes.

G.2 Edge Reflectors

The solution to the forward problem for an edge or point reflector is given by

d1 = r +
√

d2
R+ r2−2dRr sin(θ) (G.3)

and

d2 = r +
√

d2
R+ r2 +2dRr sin(θ). (G.4)

The position of the reflecting edge,{r, θ}, may be found from theDOFs by

r =
d2

1 +d2
2−2d2

R

2(d1 +d2)
(G.5)

and

θ =−sin−1

[
(d1−d2)

(
d2

R+d1d2

)
dR

(
d2

1 +d2
2−2d2

R

) ] . (G.6)

These are much simpler than (14.13) and (14.14), which calculate the same quantities but for a

head with non-zerodT .

G.3 Error Results

The bearing and range errors due to treating the edge reflector as a plane for the modified system

are plotted in FigureG.2.

The bearing error has shrunk to 20% of its former value at its worst. The range error is now

mostly zero, having a maximum value of 0.2mm for very close targets. Only for close targets,
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with ranges of less than 0.1m, are the range and bearing errors significant. The errors obtained

using the in-line transducers is significantly less than those obtained by the unmodified design.

There are now two reasons to design sonar heads with the transmitter in line with the receivers.

The first is that the formulae for computing the range and bearing to targets are vastly simplified

compared to the forms (14.13) and (14.14). The second is that the error consequences of ignoring

the target type when computing the bearing to a target are minimised.

While it was not possible to re-manufacture the sonar head for this work, future work should

take into consideration the modifications suggested in this appendix.
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Appendix H

Modelling of Transducer Path Angles

In Section14.2.2, a Gaussian function was used to model the received echo power from a target

as its bearing was changed. The method of estimating the Gaussian fit parameters is described in

SectionH.1.

The Gaussian function which is fitted to the received echo power data combines the effects

of the two transducers traversed by the sonar path. The effects upon the signal of each individual

transducer are derived in SectionH.2, which assumes that the transducer parameters are known.

Unlike the model used in Section14.2.2, the model derived in SectionH.2 incorporates the target

range in addition to the target bearing. The two models converge to the same result for targets at

sufficiently large range.

An important property of Gaussian functions, namely the product of two Gaussian functions,

is derived in SectionH.3. This allows the two separate transducer models derived in SectionH.2

to be combined to model the whole effect upon the signal.

SectionH.4 constructs formulae relating the measuredIPD curves from the left and right

channels to the Gaussian functions of each of the three transducers, incorporating the transducer

incidence angles to a zero order approximation. This model can predict theIPD curve using the

beam width, beam power and pointing angle of each of the three transducers.

SectionH.5 demonstrates a method of inverting this relationship, allowing us to solve for

the Gaussian beam pattern of each of the transducers individually, given only the received power

curves from the left and right transducers, as shown in Figure14.18. The results were used to

construct transducer andIPD models suitable for testing the correspondence solver in Chapter15.

H.1 Fitting for the Gaussian Parameters

This section discusses the problem of fitting the parametersa, b andθ0 to the experimental echo

amplitude data points from one channel. The parameters are described in Section14.2.2. The

curve fitting problem is non-linear in the amplitude space (Figure14.17), but is linearised in the

decibel power space (Figure14.18). The Gaussian function may be converted to decibels by

20log10

(
fgaus

(
θ , a, θ0, b

))
= 20log10

(
aexp

{
−
(

θ −θ0

b

)2
})

.

Expanding this and re-writing as a polynomial inθ yields

20log10

(
fgaus

(
θ , a, θ0, b

))
=

20
ln10

(
lna−

θ 2
0

b2

)
+

20
ln10

·
2θ0

b2 θ − 20
ln10

· 1
b2 θ

2, (H.1)
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which has linearised the fitting problem. Therefore a polynomial of the form

P(θ) = β0 +β1θ +β2θ
2 (H.2)

is fitted to the power data points

Pi = 20log10Ai .

The fit is performed using the methods of AppendixI. The points used in the fit must not include

data points past the point of separation (Section7.2.2). The Gaussian parameters may be obtained

from the fit parameters,βi , by equating coefficients of equal powers ofθ in (H.1) and (H.2),

obtaining

b =

√
20

ln10
· −1

β2
,

θ0 =
b2

2
ln10
20

β1

and

a = exp

(
ln10
20

β0 +
θ 2

0

b2

)
.

Thus the parameters of the Gaussian function may be found using a linear fit to the echo power

data.

H.2 Transducer Path Angles

The sonar paths for a plane target, shown in FigureH.1 and FigureH.2, subtend different angles

to the normal of each transducer. We seek to derive these angles as a function of the target coordi-

nates,{r,θ}, the dimensions of the sonar headdT anddR, and the receiver splay angles,θ0R1 and

θ0R2.

The points appearing in FiguresH.1 andH.2 are listed below.

T is the transmitter.

TV is the image of the transmitter,T, reflected in the plane target.

R1, R2 are the left and right receivers (channels 1 and 2).

PT , PR1, PR2 are the intersection point of normals to the plane target drawn through the transducers

T, R1 andR2.

B1, B2 are the points at which the left and right sonar paths are reflected from the plane target,

obeying the law of specular reflection.

PHC is the point mid-way between the two receivers,R1 andR2.

A1 is a point completing the rectangle formed byTPTPR1A1. A similar pointA2 may be

defined to complete the rectangleTPTPR2A2.

The dimensions are
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Figure H.1: Diagram showing the sonar paths from the transmitter to the receivers. The outline of
the real sonar head is shown on the left, while the virtual sonar head is shown on the right. The
plane target is shown as a vertical line in the middle. Lines parallel toTTV are drawn through the
receivers,R1 andR2, to assist with the derivation. Further details are shown in FigureH.2.
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Figure H.2: Closeup of the sonar pathTB1R1, showing the angles subtended to the normals of the
transducers, and all of the details necessary to derive the relationship between them. The outline
of the sonar head is not shown on this diagram. See text for more information.
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dT , dR, the parameters of the sonar head as defined in Section7.3,

dTR, the distance between the transmitter and the receivers, defined bydTR =
√

d2
T +d2

R,

and

r, the range to the target, being the distanceTPT .

The angles are listed below.

θ is the angle between the normal of the transmitter and the normal of the target passing

through the transmitter,TPT . This is the observed angle to the target.

φ is the anglePHCR1T, calculated byφ = tan−1(dT/dR).

β1 is the anglePTTB1, which is geometrically equivalent toB1R1PR1 andTTVR1. A sim-

ilar angleβ2 is defined for the right channel. The angle 2β1 is the specular reflection

angle.

α1 is the angleA1R1T, which is defined byα1 = φ −θ . A similar quantityα2 = φ +θ is

defined for the right channel.

θ0R1 is the splay angle between the transmitter normal angle and the receiverR1 normal

angle. A similar angleθ0R2 is defined for the right channel.

θR1 is the angle between the left channel echo path and the receiverR1 normal angle. As

positive angle is anti-clockwise relative to the transducer normal, the quantity labelled

here has a negative sign. A similar quantityθR2 is defined for the path to the receiver

R2.

θT1 is the angle between the left channel echo pathTPB1R1 and the transmitterT normal

angle. A similar quantityθT2 is defined for the path to the receiverR2.

The triangleA1R1T can be used to compute the distancesA1R1 andA1T. The angleβ1 is then

found by applying the tangent function, tan, to the right triangleA1TVR1, yielding

tanβ1 =
dTRcos(φ −θ)

2r +dTRsin(φ −θ)
. (H.3)

The desired anglesθT1 andθT1 are

θT1 = θ +β1 (H.4)

and

θR1 = θ −β1−θ0R1. (H.5)

Similar working for the right channel pathTPB1R1 yields

tanβ2 =
dTRcos(φ +θ)

2r +dTRsin(φ +θ)
, (H.6)

θT2 = θ −β2 (H.7)
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Figure H.3: Plots showing the behaviour of the specular reflection anglesβ1 andβ2 as functions
of target ranger and bearingθ .

and

θR2 = θ +β2−θ0R2. (H.8)

This provides the exact path angles to the transducer normals as functions of the head geometry

and the target position.

Plots of the specular reflection anglesβ1 andβ2 for various target ranges are shown in Fig-

ure H.3. The dependence ofβ1 and β2 upon range indicates that theIPD model may require

compensation for target range in order to remain accurate at ranges other than the calibration

range. However, the variation withθ is much smaller and may potentially be ignored. The impact

of β1 andβ2 upon the accuracy of theIPD model have not been investigated.

H.3 Gaussian Products

This section demonstrates that the product of two Gaussian functions is itself a Gaussian function.

More importantly, it provides the algebraic relationship between the parameters of the resulting

Gaussian and the parameters of the two factors of which it is composed.

The Gaussian function used is equation (14.26), repeated here for convenience,

fgaus
(
θ ,a,θ0,b

)
= aexp

{
−
(

θ −θ0

b

)2
}

, (H.9)

wherea controls the height of the peak,b controls the peak width (the points of inflexion occur at

θ0±
√

2b), andθ0 controls the offset of the peak fromθ = 0.

We wish to derive the product of two Gaussian functions. To begin, take

fprod = fgaus
(
θ ,a1,θ01,b1

)
· fgaus

(
θ ,a2,θ02,b2

)
. (H.10)

Substituting in the definition offgaus from (H.9) yields

fprod = a1exp

{
−
(

θ −θ01

b1

)2
}
·a2exp

{
−
(

θ −θ02

b2

)2
}

.
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Simplifying using the rules of exponentials yields

fprod = a1a2exp

{
−
(

θ −θ01

b1

)2

−
(

θ −θ02

b2

)2
}

.

Bringing the fractions over a common denominator gives

fprod = a1a2exp

{
−

b2
2

(
θ 2−2θθ01+θ 2

01

)
+b2

1

(
θ 2−2θθ02+θ 2

02

)
b2

1b2
2

}
.

Grouping terms in powers ofθ yields

fprod = a1a1exp

{
−
(
b2

2 +b2
1

)
θ 2−2

(
b2

2θ01+b2
1θ02

)
θ +b2

2θ 2
01+b2

1θ 2
02

b2
1b2

2

}
.

Dividing through the exponential term byb2
2 +b2

1 gives

fprod = a1a2exp

−θ 2−2b2
2θ01+b2

1θ02
b2

2+b2
1

θ + b2
2θ 2

01+b2
1θ 2

02
b2

2+b2
1

b2
1b2

2
b2

2+b2
1

 . (H.11)

At this point it is best to change variables. Fortuitous knowledge of the result suggests substituting

θ0c =
b2

2θ01+b2
1θ02

b2
2 +b2

1

(H.12)

and

b2
c =

b2
1b2

2

b2
2 +b2

1

(H.13)

and

c =
b2

2θ 2
01+b2

1θ 2
02

b2
2 +b2

1

. (H.14)

Performing these substitutions, equation (444) is simplified to

fprod = a1a2exp

{
−

θ 2−2θ0cθ +c

b2
c

}
.

Completing the square yields

fprod = a1a2exp

{
−
(
θ −θ0c

)2 +c−θ 2
0c

b2
c

}
.

Extracting the term which is independent ofθ from the exponential yields

fprod = a1a2exp

{
θ 2

0c−c
b2

c

}
·exp

{
−
(
θ −θ0c

)2

b2
c

}
.

Letting the factor which is independent ofθ beac gives the final form

fprod = fguas
(
θ ,ac,θ0c,bc

)
= acexp

{
−
(

θ −θ0c

bc

)2
}

, (H.15)
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which is in the same form as the Gaussian function (H.9).

The amplitude coefficientac may be found by substitutingθc, bc andc from (H.12), (H.13)

and (H.14) and simplifying to yield

ac = a1a2exp

{
−
(
θ01−θ02

)2

b2
1 +b2

2

}
. (H.16)

Therefore the product of two Gaussian functions (H.9) is given by (H.15), with the parameters

ac, bc andθ0c defined by (H.16), (H.13) and (H.12) respectively.

H.4 Modelling the Combined Beam Pattern

This section relates the Gaussian parameters of the left and right sonar paths to the Gaussian

parameters of each of the three transducers. The relationship is built incorporating a zero order

approximation of the angles of incidence,β1 andβ2, derived in SectionH.2.

Each of the three transducers,R1, R2 and T, is assumed to have a Gaussian beam pattern

fgaus
(
θ ,a,θ0,b

)
, as defined in Section14.2.2. The Gaussian has its centre at the transducer nor-

mal angle, defined byθ0. The angle at which the sonar beam enters or leaves the transducer

relative to the transducer normal, derived in SectionH.2, determines the response of the trans-

ducer. Assuming that the attenuation caused by the spreading loss and air absorption is common

to both left and right sonar paths, the difference between the transducer responses is the dominant

factor controlling the ratio of the echo power between the two channels. Thus, by determining the

angles of the sonar path, the relative powers of the left and right echoes can be determined.

Referring to FigureH.2 and following the pathTPB1R1, the received echo amplitude will be

fgaus
(
θ ,aL,θ0L,bL

)
= fgaus(θT1,aT ,0,bT) · fgaus(θR1,aR1,0,bR1) , (H.17)

whereθT1, andθR1 are defined by (H.4) and (H.5) respectively.

These formulae useθ in a nonlinear way. If (H.17) utilised θ with just an additive offset,

then it would be possible to use the Gaussian combination relationships derived in SectionH.3

to simplify (H.17). Seeking an approximation toβ1 which is independent ofθ , we define a zero

order approximationβ10 as

β10 =
dTRcos(φ)

2r +dTRsin(φ)
. (H.18)

Using this approximation allows (H.17) to be re-written as

fgaus
(
θ ,aL,θ0L,bL

)
= fgaus

(
θ +β10,aT ,0,bT

)
· fgaus

(
θ −β10−θ0R1,aR1,0,bR1

)
. (H.19)

Referring to the definition offgaus for simplification allows the additions toθ to be moved toθ0,

yielding

fgaus
(
θ ,aL,θ0L,bL

)
= fgaus

(
θ ,aT ,−β10,bT

)
· fgaus

(
θ ,aR1,θ0R1 +β10,bR1

)
. (H.20)

A similar expression for the path to the right receiver is found to be

fgaus
(
θ ,aR,θ0R,bR

)
= fgaus

(
θ ,aT ,β20,bT

)
· fgaus

(
θ ,aR2,θ0R2−β20,bR2

)
, (H.21)
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whereβ20 = β10 identically. These formulae equate a Gaussian to the product of two Gaussian

functions. SectionH.3 demonstrated that these forms are equivalent, and provided a relationship

between the parameters of the three Gaussian functions. For the left sonar path the combined

effect is

aL = aTaR1exp

{
−
(
−2β10−θ0R1

)2

b2
T +b2

R1

}
, (H.22)

θ0L =
b2

T

(
θ0R1 +β10

)
−b2

R1β10

b2
T +b2

R1

(H.23)

and

b2
L =

b2
Tb2

R1

b2
T +b2

R1

. (H.24)

An equivalent set of equations can be found for the right channel by substitutingR for L subscripts

andR1 for R2 subscripts and negating all terms involvingβ10.

Thus the parameters of the Gaussian function representing the amplitude of the left and right

paths may be determined from knowledge of the Gaussian functions representing the beams of the

three transducers.

H.5 Solving For Transducer Gaussian Parameters

This section provides a method of solving for the Gaussian parameters of the transmitter and the

two receivers from the Gaussian parameters fitted to the left and right channel paths in SectionH.1.

The solution is performed by inverting equations (H.22), (H.23) and (H.24) derived in the previous

section. This procedure requires some additional information or assumptions to obtain a unique

solution.

The experimental data shown in Figure14.17provides values for
{

aL,θ0L,bL

}
and

{
aR,θ0R,bR

}
.

To model the Gaussian functions of the transmitter and the two receivers for arbitrary targets, it

is necessary to calculate values of
{

aT ,θ0T ,bT

}
,
{

aR1,θ0R1,bR1

}
and

{
aR2,θ0R2,bR2

}
from the

values measured from the left and right paths. There are six known parameters and nine unknown

variables, so there are three degrees of freedom. Three assumptions are made:

1. The transmitter pointing angle is assumed to be 0◦, i.e. θ0T = 0.

2. The transmitterT and receiverR1 beam widths are equal, i.e.bT = bR1. The left receiver is

chosen arbitrarily.

3. The transmitter power is equal to that of the leftIPD curve, i.e.aT = aR1.

These assumptions reduce the number of degrees of freedom to 0 and uniquely determine the

solution. Other assumptions may lead to a different solution. The assumptions which are made are

not important as long as theIPD curve which is produced by the separately modelled transducers

matches the one which is determined experimentally.
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Combining equations (H.22), (H.23) and (H.24) with the assumptions described above, and

solving for the transmitterT beam parameters in terms of the known variables yields

aT =√aL exp

{(
β10+θ0L

)2

2b2
L

}
, θ0T = 0, bT =

√
2bL. (H.25)

Solving the equations for the left receiverR1 parameters yields

aR1 =√aL exp

{(
β10+θ0L

)2

2b2
L

}
, θ0R1 = 2θ0L, bR1 =

√
2bL, (H.26)

while solving for the right receiver R2 parameters obtains

aR2 =
aR√
aL

exp

{(
β10−θ0R

)2

2b2
L−b2

R

−
(
β10+θ0L

)2

2b2
L

}
, (H.27)

θ0R2 =
2β10

(
b2

L−b2
R

)
+2b2

Lθ0R

2b2
L−b2

R

(H.28)

and

b2
R2 =

2b2
Lb2

R

2b2
L−b2

R

.

These results allow suitable beam functions to be estimated for the transmitter and both of the

receivers using only the observed experimental curves obtained during theIPD calibration proce-

dure in Section14.2.2. These Gaussian models may be utilised to model the relative echo power

between the two channels which will be detected from a target.

H.6 Conclusion

A more complete echo power model could be built by incorporating the effects of air absorp-

tion and spreading loss. A full echo power model, combined with the geometrical model of Ap-

pendixD, would allow echoes to be verified against known targets, and echoes from unknown

targets identified. However, this model was developed expressly to test the correspondence solver

in Chapter15, and hence only the echo power variation with target bearing was required to be

modelled.
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Appendix I

Curve Fitting with Error Analysis

This appendix initially, in SectionI.1, describes the nature of experimental errors, and shows

how they may be represented. SectionI.2 describes the calculation of the error in the output of

a function whose inputs are themselves measured parameters with associated errors. SectionI.3

describes how curves may be linearised and fitted to experimental data points, including the use

of unequal weights where some points are known more precisely than others. This section also

provides theVariance CoVariance (VCV)matrix of the fit parameters, which describes the preci-

sion with which the fit is known. SectionI.4 describes a method of interpreting theVCV matrix.

SectionI.5 describes how to calculate the error iny, incorporating the error from both the stated

error,∆x, in x, and the fitted curve. SectionI.6 describes how the reverse procedure may be per-

formed, calculating∆x from the curve fit parameters and∆y. SectionI.7 describes how to evaluate

the fit which has been achieved by the fitted curve, through examination of the residuals. Finally,

SectionI.8 describes how to perform a weighted average between two measurements whose mean

and standard deviation are known.

I.1 The Nature of Errors

Experiments with real quantities involve errors from various sources, that is, instead of measuring

the true valueX, the measurement consists of

X + εx, (I.1)

whereεx is the error in a single measurement. These errors may be classified as either systematic

or random in nature. Systematic errors are constant from one measurement to the next, e.g. using

a rule with an inaccurate zero. We attempt to eliminate systematic errors from our experiments

by careful design of the experiment and by using methods of measurement which are designed to

eliminate the possibility of systematic error. On the other hand, random errors may be less than or

greater than 0, and do not have a constant offset.

Consider a set of independent measurements of our quantityx. We obtain measurements

x1,x2,x3, . . . ,xn. Each measurement may be considered to be the true valuex with some unknown

additional error

xi = X + εxi
.

We can use the standard methods of statistics to calculate the meanεx and standard deviationσεx

of εx. Since we have eliminated any systematic error which would lead toεx 6= 0, we shall assume

449
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that εx = 0. We shall assume that a measure ofσεx is available. Furthermore, we shall assume

thatεx is a random variable, and that it is normally distributedN
(
0, σ2

)
. If we have only a single

measurement ofx, then we must use the precision of our measuring equipment as an estimate of

σεx. If we take a set of measurements and average them to find our estimate,x̂, of the true value,

X, then we should use the square of the standard error in the mean,σm, as our estimate ofσεx,

σ
2
εx

= σ
2
m = σmm=

σ2

n
, (I.2)

in as much as this does not exceed the accuracy of the measurement procedure [124, Section

3.4]. The notation of a double subscript shall be used henceforth to denote a variance. Where the

subscript consists of two different variables, this denotes a covariance between the two random

variables.

The final result for a measurement is normally quoted as

x±∆x, (I.3)

where the error bound,∆x, is calculated from

∆x = cint ·σx = cint ·σεx, (I.4)

wherecint is the statistical confidence interval. Using a value ofcint = 1 gives a 66% probability

of the errors being within the error bounds,cint = 2 gives 96%, and so on according to the normal

distribution modeln(0, 1). If the measurement is a single observation, half the quantisation of the

measuring instrument is used.

I.2 Error Analysis of Multi-Parameter Functions

Now we analyse the error in the output of a multi-parameter function,g, due to the errors present

in each of the parameters,µi , which are determined from experimental data. The function is

y = g
(
µ1, µ2, µ3, . . .

)
. (I.5)

Since theµi are derived from measurements, each will be composed of the true valueMi and some

measurement error:

µi = Mi + εµi
.

The measurement error is a 0-mean random variable, as discussed previously. The standard devia-

tion, σε
µ i

, of the error,εµi
, is the same asσµi

, and may be found from the quoted error bound,∆µi ,

and confidence interval,cint , for the measurement, as described in SectionI.1. For some particular

measurement using (I.5), we have:

y+ εy = g
(
µ1 + εµ1

,µ2 + εµ2
,µ3 + εµ3

, . . .
)
.
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As an intermediate step to findingεy, we use a Taylor series expansion about the point
(
µ1,µ2,µ3, . . .

)
:

y+ εy = g
(
µ1,µ2,µ3, . . .

)
+

∂g
∂ µ1

εµ1
+

∂g
∂ µ2

εµ2
+

∂g
∂ µ3

εµ3
+ . . .

+
∂ 2g
∂ µ2

1

(
εµ1

)2 +
∂ 2g
∂ µ2

2

(
εµ2

)2 +
∂ 2g
∂ µ2

3

(
εµ3

)2 + . . .

+ . . . (I.6)

For mathematical convenience, we discard the terms involving∂ 2g
∂ µ2

i

(
εµi

)2
and higher orders. This

is justified by assuming that
(
εµi

)2� εµi
, such that the contributions of the higher order terms are

negligible. This is usually the case. Subtracting (I.5) from (I.6), we arrive at the approximation

εy≈
∂g

∂ µ1
εµ1

+
∂g

∂ µ2
εµ2

+
∂g

∂ µ3
εµ3

+ . . . . (I.7)

We now consider a set of measurements, each with its own value for{εµ1
, εµ2

, εµ3
, . . . , εy}.

Each of these variables is a random variable, of the formn
(
0,σ2

)
, having a mean and a standard

deviation. As discussed before, we expect thatεµi
= 0. This implies, through (I.7), thatεy = 0 as

well.

The variance,σyy, is defined to be (Mendenhall [91])

σ
2
y = σyy = E

{
(εy− εy)

2
}

(I.8)

whereE{ } is the expected value operator. Asεy = 0, (I.8) reduces to

σyy = E
{

ε
2
y

}
. (I.9)

Substituting (I.7) into (I.9) gives

E
{

ε
2
y

}
= E

{(
∂g

∂ µ1
εµ1

+
∂g

∂ µ2
εµ2

+
∂g

∂ µ3
εµ3

+ . . .

)2
}

=

∂g
∂ µ1

∂g
∂ µ1

E
{

εµ1
εµ1

}
+ ∂g

∂ µ1

∂g
∂ µ2

E
{

εµ1
εµ2

}
+ ∂g

∂ µ1

∂g
∂ µ3

E
{

εµ1
εµ3

}
+ . . .

+ ∂g
∂ µ2

∂g
∂ µ1

E
{

εµ2
εµ1

}
+ ∂g

∂ µ2

∂g
∂ µ2

E
{

εµ2
εµ2

}
+ ∂g

∂ µ2

∂g
∂ µ3

E
{

εµ2
εµ3

}
+ . . .

+ ∂g
∂ µ3

∂g
∂ µ1

E
{

εµ3
εµ1

}
+ ∂g

∂ µ3

∂g
∂ µ2

E
{

εµ3
εµ2

}
+ ∂g

∂ µ3

∂g
∂ µ3

E
{

εµ3
εµ3

}
+ . . .

+ . . .

Substitutingσµi µ j
= E

{
εµi

εµ j

}
and re-writing in matrix form, we have

σyy =
[

∂g
∂ µ1

∂g
∂ µ2

∂g
∂ µ3

. . .
]
·


σµ1µ1

σµ1µ2
σµ1µ3

· · ·
σµ2µ1

σµ2µ2
σµ2µ3

· · ·
σµ3µ1

σµ3µ2
σµ3µ3

· · ·
...

...
...

...

 ·


∂g
∂ µ1
∂g

∂ µ2
∂g

∂ µ3
...

 (I.10)

This may be re-written as

σyy = GGGΣΣΣµGGGT, (I.11)

where the matrices are listed below:
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ΣΣΣµ is theVariance CoVariance (VCV)matrix of the function parameters,µi . The sub-

script is used to reflect the variable or variables theVCV refers to.

GGG is the design matrix corresponding to the functiong of equation (I.5).

The contents of these matrices may be identified from (I.10). The terms,σµi µi
, along the diagonal

of ΣΣΣ are variances, while the off-diagonal terms,σµi µ j
, i 6= j, are the covariances. In the case where

the covariances are 0, i.e. random variablesµi andµ jare statistically independent, (I.10) reduces

to

σyy =
(

∂g
∂ µ1

)2

σ
2
µ1

+
(

∂g
∂ µ2

)2

σ
2
µ2

+
(

∂g
∂ µ3

)2

σ
2
µ3

+ . . . , (I.12)

which appears in Squires [124, Section 4.1].

The stated error,∆y, may now be determined using the standard deviation,σy, and the confi-

dence interval,cint , as in (I.4).

I.3 Curve Fitting

The problem of curve fitting assumes that there are some parametersξ0, ξ1, ξ2, . . . , ξn which we

may control, and one dependent variabley. The problem is to find linear parameters,βi , which

satisfy the relationship

y = β0ξ0 +β1ξ1 +β2ξ2 + . . .+βnξn, (I.13)

assuming that such a linear relationship exists. Note that a non-linear function, such asy = x2,

may be linearised in the parameters,ξi , using a polynomial basis,

ξ0 = 1, ξ1 = x, ξ2 = x2, . . . , ξn = xn, (I.14)

up to whatever ordern is necessary, giving

y = β0 +β1x+β2x2 + . . .+βnxn. (I.15)

Thus a polynomial fit is formed. It is further possible to have multiple input variables by adding

extra polynomial terms in a different parameter. It is also possible to linearise the fit by substituting

functions such asξ0 = log10x.

If we have a set ofmmeasurements of parameters,xi , which are assumed to have no significant

measurement error, and measurementsyi and associatedσyi
, we can write (I.15) in matrix form as

YYY = AAAβββ +EEE. (I.16)

The measurements,(xi , yi), are represented by the vectors and matrix

YYY =


y0

y1

y2
...

yn

 , AAA =


1 x1 x2

1 . . . xn
1

1 x2 x2
2 . . . xn

2

1 x3 x2
3 . . . xn

3
...

...
...

...
...

1 xm x2
m . . . xn

m

 , βββ =


β0

β1

β2
...

βn

 , EEE =


e1

e2

e3
...

em

 ,

The matrices are listed below.
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Figure I.1: A first ordern = 1 polynomial fit showing the measured data points, the fitted curve,
and the errors of each point from the fitted curve.

YYY contains theyi values of the measurements.

AAA is the design matrix. The rows are derived from the data points,xi , by equation (I.14).

βββ is a vector of the fit parameters.

EEE represents the residual errors between each measured point and the fitted curve.

We can also see that the rows of the design matrix,AAA, are the derivative of (I.15) with respect to

the fit parameters,βi , i.e. [
∂g
∂β1

∂g
∂β2

∂g
∂β3

. . . ∂g
∂βn

]
This gives one row ofAAA. When this is applied to a set of measurements, we obtain the full matrix

AAA.

The fitted curve parameters,βββ , can be represented graphically for a first order polynomial fit

(straight line) in FigureI.1.

I.3.1 Weighted Measurements

If we know the relative errors of each measurement in they direction (not the fit errors), e.g.

∆∆∆YYY =
[

∆y1 ∆y2 ∆y3 . . . ∆ym

]T
,

then we may take that information into account by using the following procedure. Use the stated

error,∆yi , for each measurement, along with the confidence interval,cint , to form the measurement

variance covariancematrix using (I.4) to calculateσyiyi
:

ΣΣΣy =


σy1y1

0 0 . . . 0

0 σy2y2
0 . . . 0

0 0 σy3y3
. . . 0

...
...

...
...

...

0 0 0 . . . σymym

 ,
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where the covariances between separate measurements are assumed to be 0, i.e. the measurements

are independent. Then the observationVCV, ΣΣΣy, is inverted to form a weights matrix,PPP:

PPP = ΣΣΣ−1
y .

When theVCV matrix is diagonal, it may be inverted simply by inverting its elements (Anton [6]).

The weight matrix is applied to the fit equation (I.16) as

PPPYYY = PPPAAAβββ +EEE. (I.17)

When no estimate of the measurement uncertainty is provided, we may use (I.16) instead of (I.17).

I.3.2 Curve Fitting Solution

The process of curve-fitting is to find the parameters,βββ , which minimise the sum of squared errors,

SSE= EEET ·EEE, which when expanded gives

SSE=
[

e1 e2 e3 . . .
]
·


e1

e2

e3
...

 .

The fit parameters vector,βββ , which minimises the sum of squared errors,SSE, may be estimated in

the least squares sense using the Moore-Penrose pseudo-inverse (Weisstein [137]) to solve (I.17).

The estimate,̂ , of the fit parameters,βββ , is

β̂ββ =
(
AAATPPPAAA

)−1
AAATPPPYYY. (I.18)

It is necessary to havem≥ n to obtain a solution. SettingPPP = III , whereIII is the identity matrix, in

(I.18) obtains the solution to (I.16), which is used when weighting is not desired.

Now we must measure our confidence in the fit parametersβ̂ββ . This is done by first estimating

the residual errorŝEEE, obtained by solving (I.16) for EEE:

ÊEE = YYY−AAAβ̂ββ .

This allows us to calculate an estimate of the standard deviation of the measurements in they

direction, by weighting the errors

σ̂
2 =

ÊEE
T
PPPÊEE

m−n
.

The estimated fit parametersvariance covariancematrix, Σ̂ΣΣ
β
, is calculated from

Σ̂ΣΣ
β

=
ÊEE

T
PPPÊEE

m−n

(
AAATPPPAAA

)−1

and looks like

Σ̂ΣΣ
β

=



σ̂
β1β1

σ̂
β1β2

σ̂
β1β3

. . . σ̂
β1βn

σ̂
β2β1

σ̂
β2β2

σ̂
β2β3

. . . σ̂
β2βn

σ̂
β3β1

σ̂
β3β2

σ̂
β3β3

. . . σ̂
β3βn

. . . . . . . . .
...

...

σ̂
βnβ1

σ̂
βnβ2

σ̂
βnβ3

. . . σ̂
βnβn


.
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Figure I.2: Ellipsoid of Standard Deviation forΣΣΣ
β
.

Since the relationship between covariances is symmetrical,σ
βiβ j

= σ
β j βi

. This in turn leads to the

fit parameterVCV matrix Σ̂ΣΣ
β

being symmetrical.

I.4 Meaning of the Variance Covariance Matrix

An interpretation of the fit parameterVariance CoVariance (VCV)matrix Σ̂ΣΣ
β

may be found as

follows (after Hamilton [53, Section 4.2]). The quadratic equation below is parameterised by the

elements ofβββ , and evaluates to a scalar:

S0 =
(

βββ − β̂ββ

)T
Σ̂ΣΣ

β

−1(
βββ − β̂ββ

)
.

For convenience, we write∆∆∆ =
(

βββ − β̂ββ

)
, where∆∆∆ =

[
∆β0 ∆β1 ∆β3 . . .

]T
, thus

S0 = ∆∆∆TΣ̂ΣΣ
β

−1
∆∆∆

The locus of points∆∆∆ which satisfies this equation forms a hyper-ellipsoid centred at∆∆∆ = 000. When

using a straight line fit,∆∆∆ =
[

∆β0 ∆β1

]T
. A graph of the locus (obtained using a contour plot

atS0 = 1) for theVCV matrix Σ̂ΣΣ
β

corresponding to the data set in FigureI.1 is shown in FigureI.2.

This particular locus, whereS0 = 1, is called the ellipsoid of standard deviation.

The estimatedVCV for the fit to this particular data set was

Σ̂ΣΣ
β

=

[
3.30941 −2.42152

−2.42152 2.30621

]
,

which gives

σ
β0

=
√

σ
β0β0

= 1.82, σ
β1

=
√

σ
β1β1

= 1.52.
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Figure I.3: A family of ellipsoids of standard deviation demonstrating the effect of changing the

correlation coefficientc
β0β1

= σ
β0β1

/
(

σ
β0

σ
β1

)
(and hence covarianceσ

β0β1
) through the range

-1. . . 1. The standard deviationsσ
β0

andσ
β1

are kept constant.

Figure I.2 shows that the ellipsoid of standard deviation is bounded by a rectangle whose side

lengths are equal to two standard deviations along each side, according to the standard deviation

of each axis. The effect of the covarianceσ
β0β1

is shown in FigureI.3. Whenσ
β0β1

< 0, the

ellipsoid slopes to the left. This indicates that a positive error inβ0 is very likely to be associated

with a negative error inβ1. Whenσ
β0β1

= 0, there is no correlation between the errors inβ0 and

β1. Whenσ
β0β1

> 0, the ellipse slopes to the right. This indicates that a positive error inβ0 is very

likely to be associated with a positive error inβ1.

It is convenient to define the correlation coefficient,c
β0β1

, to be

c
β0β1

=
σ

β0β1

σ
β0

σ
β1

,

as this quantity describes the skewness of the ellipsoid of standard deviation in a normalised man-

ner. Legitimate values of the correlation coefficient,c
β0β1

, fall in the range -1. . . 1. A correlation

coefficient of -1 or 1 will produce a singularVCV matrix.

I.5 Forward Error Calculation

In this section we consider how to use the fitted curve to calculatey±∆ygivenx±∆x, the estimated

curve fit parameters,̂βββ , and the curve fitVCV matrix, Σ̂ΣΣ
β
. This procedure will also take into

account the error associated with the curve fit. We shall only consider the case of a single parameter

straight line fit (polynomial of order one). Higher orders can be similarly derived. The value fory

is calculated from

y = β0 +β1x. (I.19)
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Figure I.4: Error bounds on the fitted line for∆x = 0, incorporating covariances betweenβ0 and
β1.

The stated error inx, ∆x, must be converted to a varianceσxx using (I.4). The variance iny, σyy, is

calculated according to (I.11), where

GGG =
[

∂y
∂x

∂y
∂β0

∂y
∂β1

]
=
[

β1 1 x
]

and

ΣΣΣ =

 σxx 0 0

0 σ
β0β0

σ
β0β1

0 σ
β1β0

σ
β1β1


The variance iny, beingσyy, may be converted to the stated error,∆y, using (I.4). Thus we have

calculatedy±∆y incorporating errors from all sources.

FigureI.4 shows the error in the fitted curve from our example data shown in FigureI.1. The

narrowest point of the error band is atx, andσ
β0

is the width of the error band atx = 0. The effect

of the covariancesσ
β0β1

is to shift the narrowest point of the error band away from the origin.

Knuth [83] describes some efficient methods for computing polynomials, which are useful for

evaluating (I.19), especially for large polynomial orders.

I.6 Reverse Error Calculation

A reverse error calculation allows us to calculatex±∆x giveny±∆y, the fit parameters,̂βββ , and

the fit parameterVCV matrix, Σ̂ΣΣ
β
. For a single parameter straight line fit, the principal value,x,

can be found in terms ofy by solving (I.19):

x =
y−β0

β1
.

The stated error,∆x, must be converted to the varianceσxx using (I.4). The information needed to

calculate (I.11) is

GGG =
[

∂x
∂y

∂x
∂β0

∂x
∂β1

]
=
[

1
β1

−1
β1

β0−y
β 2

1

]
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Figure I.5: The error boundsx±∆x for a reverse estimation.

and

ΣΣΣ =

 σyy 0 0

0 σ
β0β0

σ
β0β1

0 σ
β1β0

σ
β1β0

 .

Subsequent application of (I.11) yieldsσxx, and∆x may be found using (I.4). These error bounds

are plotted in FigureI.5. Whereas FigureI.4 shows the error lines displaced vertically from the

line of best fit, FigureI.5 shows the error lines displaced horizontally.

Application of the technique to a reverse error calculation of a quadratic is a little trickier,

because there are two possible roots in this case. There is also the possibility that one or both of

the roots do not exist. The forward formula is

y = β0 +β1x+β2x2. (I.20)

The well known quadratic formula for obtaining the roots of this equation is

x =−
β1±

√
β 2

1 +4(y−β0)β2

2β2
, (I.21)

which may have between 0 and 2 real solutions. The design matrixGGG is

GGG =
[

∂x
∂y

∂x
∂β0

∂x
∂β1

∂x
∂β2

]
.

The two solutions, where they exist, are given by

GGG1 =



1√
β 2

1 +4(y−β0)β2
−1√

β 2
1 +4(y−β0)β2

β1√
β2
1+4(y−β0)β2

−1

2β2

y−β0

β2

√
β 2

1 +4(y−β0)β2

− −β1+
√

β 2
1 +4(y−β0)β2

2β 2
2



T
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and

GGG2 =



−1√
β 2

1 +4(y−β0)β2
1√

β 2
1 +4(y−β0)β2
−β1√

β2
1+4(y−β0)β2

−1

2β2

β0−y

β2

√
β 2

1 +4(y−β0)β2

+
β1+
√

β 2
1 +4(y−β0)β2

2β 2
2



T

.

We shall use aVCV matrix which incorporates the variance ofx:

ΣΣΣ
β

=


σxx 0 0 0

0 σ
β0β0

σ
β0β1

σ
β0β2

0 σ
β1β0

σ
β1β1

σ
β1β2

0 σ
β2β0

σ
β2β1

σ
β2β2

 ,

which remains the same for both solutions to (I.21).

Extension of the reverse error calculation technique to polynomials of order greater than 2 is

not trivial, due to the number of solutions available to choose from (0. . .n, wheren is the order of

the polynomial). Sometimes there may be no real solutions to choose from - the non-real solutions

will be complex. Explicit formulae for the roots of a polynomial of orders 3 and 4 are available

(Abramowitz [1, Section 3.8]), but the formulae become quite complicated. Roots of higher order

polynomials are usually determined numerically, so a numerical approximation to the derivatives

must also be obtained in such a case. It must be pointed out that there exist matrix techniques

for efficiently finding the roots of large polynomials, by finding the eigenvalues of the companion

matrix (Golub [45, Section 7.4]). This technique will producen roots for an ordern polynomial,

although some (or all) roots may be complex.

Only polynomials of order 1 and 2 have been used for reverse error estimation in this thesis,

so the formulae mentioned previously suffice for this work. The companion matrix root finding

technique has not been applied in the context of reverse error calculation, but appears to be a non-

trivial extension due to the requirement of calculating the derivatives which are not provided by

the numerical technique.

I.7 Significance of the Regression

Once a curve has been fitted to the data, it is important to check whether the curve matches the data

well, or whether a different curve should have been used. This can be assessed by plotting the fit

errorsEEE on a graph, and determining if there is a pattern in the errors. If the errors appear to follow

a pattern, then the wrong function was used for the fit, and another one should be selected. When

the errors appear similar to random noise, a satisfactory fit has been obtained. This technique is

illustrated well in the Using Matlab guide [130, Chapter 6].

A more formal mathematical description of the above technique is described by Draper [35,

Section 1.3].
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I.8 Weighted Averaging

Weighted averaging is used to combine two statistical measurements of a quantity,
{

µ1, σ11

}
and{

µ2, σ22

}
, whereµi represents the mean of the sample andσii represents the variance. These two

measurements can be combined by using a weighted average

µc =
∑i wiµi

∑i wi
=

w1µ1 +w2µ2

w1 +w2
, (I.22)

wherew1 andw2 are the weights. The more precise measurements, i.e. those with smallerσii ,

may be given more importance by using the weighting function

wi =
1

σii
. (I.23)

Substituting (I.23) back into (I.22) yields an expression forµc in terms of known quantities:

µc =
σ22µ1 +σ11µ2

σ11+σ22
. (I.24)

This is the best combined value. Now the variance of the combined measurement is calculated

from (I.11), where the design matrix is

GGG =
[

∂ µc
∂ µ1

∂ µc
∂ µ2

]
=
[

σ22
σ11+σ22

σ11
σ11+σ22

]
(I.25)

and thevariance covariancematrix is

ΣΣΣ =

[
σ11 σ21

σ12 σ22

]
. (I.26)

Multiplying out the matrices and simplifying yields

σ
2
c =

σ11σ22(σ11+2σ12+σ22)

(σ11+σ22)
2 (I.27)

for the general case where the measurements are correlated. When the measurements are uncorre-

lated (σ12 = 0) this simplifies to

σ
2
c =

σ11σ22

σ11+σ22
. (I.28)

Thus we may use (I.24) to find the best combined mean of two normal distributions. The variance

is found by (I.27) for correlated distributions, and by (I.28) for uncorrelated distributions. The

combined variance will be larger for correlated measurements than for uncorrelated measurements.

I.9 Conclusion

The techniques of curve fitting and error analysis were widely utilised throughout this thesis to

analyse and interpret the results, by fitting the expected models to the experimental data. The

technique of weighted averages was used in Section15.4 to combine theIDD andIPD bearing

measurements.
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