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Abstract. Using the Hilbert Uniqueness Method, we study the problem of exact
controllability in Neumann boundary conditions for problems of transmission of
the wave equation. We prove that this system is exactly controllable for all initial
states in LA(Q)x(H(Q))'.

1. Introduction. Throughout this paper, let Q2 be a bounded domain (open,
connected, and nonempty) in R”(n>1) with a boundary I'=3 Q of class C?, and
given with Q,CQ and I'; =9 ©; of class C2. Let 7> 0. Set 2, =Q—;, 0=Qx(0,7),
0,1=1x(0,T7), 0,=2x(0,T), 2=I'x(0,T), X;=T1x(0,T).

In [6], Lions studied the problem of exact controllability with Dirichlet bound-
ary conditions for problems of transmission of the wave equation by introducing the
Hilbert Uniqueness Method (HUM for short). Later, Nicaise [10-12] further con-
sidered this problem in R? with singularities.

In this paper, we consider the following Neumann boundary controllability
problem in R”: For suitable times T > 0 and every initial condition {y°, y '}, does there
exist a control function g such that the solution y=y(x,t;g) of the Neumann boundary
value problem

V' —A(x)Ay =0 in Q,
26,00 =)2(x), y(x, 0) =y'(x) inQ,
e (1.1
V=8 on %,
=y, a=PR=a%  on3,
satisfies
yx, T,9) =)V (x,T;2)=0 inQ? (1.2)

In (1.1), y1=ylg, y2=Yla, v is the unit normal of I" or I'; pointing towards the
exterior of € or €y, and A4(x) is given by

ay, Xx €,
a, X €,

A(x) = {

where a;, and a, are positive constants.
We will prove that if ©; is star-shaped and a,<a;, then for all initial states

000" e LA(Q) x (H'\(Q)),
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there exists a control function g such that the solution y=y(x,t,;g) of (1.1) satisfies
(1.2). Here and in the sequel, H%(R2) always denotes the usual Sobolev space for seR.
The plan for the rest of this paper is as follows. In Section 2, we present the
theorem about the existence and uniqueness of solutions of the problem of trans-
mission. The estimates for the solutions (i.e., the so-called “inverse inequality”) are
given in Section 3. The main theorems of this paper are established in Section 4.

2. Homogeneous boundary problems. Consider the following homogeneous
boundary problem

U — AX)Au=f in Q,

u(x, 0) = u’(x), '(x,0)=u'(x) ingQ,
I — 0 on X 2.

v ’

u = up, 012%202% on Xj,

where u; = u|g, and u, =ulg,. Set

HY(Q1, Q) ={u:ue H(Q) u; = ulg, € H(Q),i=1,2;

8u1 auz 8u2 (22)
—=a— on I';—=0on I
@ v = v ! av J
with the norm
Lt ey o0= LIl u g + 1| A 12q,) + 1| Auz (72,17 (2:3)

The well-posedness of (2.1) is by now well known ([3], Vol.5, Chap. XVIII] and
[4]). We have the following result.

THEOREM 2.1. (i) Suppose I and T'; are Lipschitz. Then, for any initial condition
(Wu! )eH' (Q)xL?(Q) and feL'(0,T;L*(2)), problem (2.1) has a unique weak
solution u with

ue C(0, T]; H(Q) N C'(0, T]; L*()). (2.4)

Moreover, there exists a constant C >0 such that for every t€[0,T]
(@) @) + 110 @< CLLE lme + 1u' g + 1L oo reel (225)
(i) Suppose T and T; are of class C?. Then for any initial condition

@ u")eH*(21,92:)x H\(RQ) and feL'(0,T;H' (X)), problem (2.1) has a unique strong
solution u with
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ue C(0, T); H (1, )N C'([0, T]; H'(R)). (2.6)

Moreover, there exists a constant C >0 such that for every t€[0,T]

() gy + I u(®) g0

/ . , 2.7)
<Cllu lme + v llme@.a) + 1 2o, 7m0

3. Basic inequalities. We adopt the notation used in [6,7] as follows.
Let x°cR", and set

m(x) =x —x = (x — ).

P(x ") ={xel:mx) - wx)=mx) - v(x) > 0}
F(x") =T -Tx"={rel:mx) - vx) < 0)
Sx9=Trx%x(0,7)

2.(x ) =Tu(x ") x (0, T)

2,1
R(x % = max__-|m(x)| = max e |¥p_(xk — xg) 2.

xe2

where v denotes the outward unit normal to I.
We define the energy of the solution u of (2.1) by

B() = %j [ Ge, D + AW Vul ] d.
Q

If /=0, then we have the classical result (see [6,9])

E(1) = E(0).

The following identities are essential for establishing the follow-up inverse
inequalities.

LEMMA 3.1. Let q=(q;) a vector field in [CY(Q)]". Suppose u is the strong
solution of (2.1) in the sense of (ii) of Theorem 2.1. Then the following identity
holds:
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1 /
EJQka( w5 = a2l Vour|*)d=
by
( ) J ou dqy du
—dxdt
( . a (¥ )Bx, 0x; 0
(Y]
1 aqk 2 5
(== — A4
+ 5 J oy (|U | (x)] Vu | )dxdz G.1)
9]
—a (1 — ﬂ) J qr k| %Fdz
a av
P
J qeviaz| Viy [P — ay| Vuy [P)dE — qu
ot 0
where e Bu ;
( W, 4 (k)) = [w a0 0
Q

and Vs u={cju}i= denotes the tangential gradient of u on I". (See [6, p.137].)

REMARK 3.2. If n=1, then (3.1) becomes

1 ’
quw u [>ds

b
ou
= (w00 )i+ [acor 3 P S asa
%
(3.1)
1 [ 9q 12 W a1 duy o
+2J8x (l u'|©— A(x)| o | )dxdl a1<1 az) qu| a0 |[cd%
0 Pl
1 5 ) ou
=5 | 9v (@l Vip |7 — a1] Vuy |))dE - qadedﬁ
=i 0

This is a generalisation of the identity in Remark 1.5 of [6].
Proof. Multiplying (2.1) by g 3~ 3” - and integrating on Q, we have

_ J ou
= | gk P
0

fdxdt. (3.2)

ou
"dxdt —
qu axk ! v JQk
0 0

Integrating by parts, we obtain
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0
J Gk ad u"dxdt
Ok

0
u(t) 1 ’ 1 86]k ’
< (1), gk ™ )IOT—2 J Giviel u 1|2arz+E J o, | u'||*dxdt
1 3 (3.3)
+§ J qrvi| ub?ds — J qrvr| u b2 dE 4 = J q/& u b Pdxdt
P = 0>
u(r) 1 ) 1 2
= < (1), gk k)|0 —EJC]/CU/LI ub a?E—k2 ™ klu |“dxdt,
and
0
J A(X)qr il Audxdt
8xk
0
31/[1 Bul 8u1 ad 1
= — g —dX — —— dxdt
Jal av 1 0 J oy, ;0 (q 8xk) v (3.4)
% 01
3u2 3142 31/{2 ad 3142
- ——qk—dX — —— | g — |dxdt.
J “ %0 T ox, J oy, ox; (q" 8xk> 3
2 [} )
But,
3141 321/!]
————dxdt
J IR ox; o
[
1 0 )
= 5 J a]quk| VU]' dxdt (35)
01
1 1 gk
=3 J arqivi| Vi | dE — 3 J ai| Vup |? 83; dxdt,
Z 0
and
J auz 0 Uz X
29k dox; Oy 0x;
0> '
== J a i| Vus P dxdt
=5 | “4k o 2
o | (3.6)
=3 J arqivi| Vi |*dE +§J02kak| Vup |*dE
P )
1 2 0qk
—= Vuy|* —dxdt.
3 J a| Vus| ™ X

0,

Noting that |Vu,|>=|Vs u»|? on X, it follows from (3.4), (3.5), and (3.6) that
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u
A — Audxdt
J (X)qx o udx
9]
0 0 0 ou 0qy. 0
= J a ﬂqk a8\ gs JA(X)—M Tk U ixdt
ov oxr  0xy 0x; 0x; 0xy
12‘ ¢ (3.7)
+3 J grve(ar| Vuo|* — ai| Vuy|*)dE
P

1 1 g
— —Jazquk| Vo o|*dE + —JA(x)l Vu P25 gy,
2 2 8xk

2 0
Since
3141 8u2
a— =ay— and oju; = orur, on Xy,
av av
and
3141 31/{1 8u2 3142
=V -+ oruy, —— = Vi —+ 0Okl
X av X} av

it follows from (3.2), (3.3), and (3.7) that

0
Jka—udxdt
8xk
Y]
/ 8M(Z) T 1J 72 ljaqk 72
= 1), - = . dXx+ - | — dxdt
<u()Qk Bxk>|° 2Zq/cvk|u2| +2Q3Xk|u| X
a ouy ou dq du
— 1 —— —|°d= A(x)— ——dxdt
Ja‘< a2>quk| o | +J (x)axj ox; dxg
2

1 1
5 J qevi(a| Viol* — ai| Vui|*) + EJazqukl Voo |*dX
s >
1 d
- —JA(x)| Vu 12 2 g,
2 8xk
0
This is (3.1).

LeEMMA 3.3. Suppose there exists x%e Q such that m(x) - v(x)>0 on 'y where v
is directed towards the exterior of 2,. Assume a, < a; and T > %. Then for all
weak solutions u of (2.1) with initial conditions (u®, u') € H'(Q) x L*(Q) and f=0,
there exists C(T')> 0 such that
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Jmkvk( lub? — az| Vo un]?)dE + Jmkvk( u2(0)* + | ux(T ) |*)dl
B r (3.8)
> ) (I Py + 1 ' ae))-

In the case n=1, the term a,| Vsu,|? on the left-hand side of (3.8) disappears.

REMARK 3.4. If @ is star-shaped (see [14], p.294), then the condition on €, in
the lemma is fulfilled.

Proof. We prove the lemma only in the case of n> 1. We omit the proof in the
case of n=1 because it is just a combination of the following proof with Lemma 1.4
of ([6], chap. 3, p. 142).

Taking g, =my in Lemma 3.1, we have

jmkvk(w WP — ol Vo wsf?)dE
>

((z) a”(l?> JA(x)| Vu Pdxdt
o

N =

d
| u'|? — A(x)| Vu |2)dxdt —a <1 — ﬁ) J vk ﬂ|2dZ]
a av

P

mpv(aa| Vio|* — ay| Vg |)ds

+§J(
0
)

(3.9)

= ( (1), my. ;’(’)>|0 3 IJ( lu'l* — A(x)| Vu |*)dxdt
0

+ | Boydr — a1 =4 J e 2 s
a ov

2

m~ o

J myvi(az| Vo |* — ay| Vg |H)d.
N

Multiplying (2.1) by u and integrating over Q, we obtain

)
0=(u’, u)|OT— J| u'l> = J a %uldﬁ + J ay| Vuy |Pdxdt
v
0 P 01

0
+ J az%uzdx + J as| V| dxdt.

% 0>
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The transmission conditions give

u'(0), u(@)|f = J(| u'l> — A(x)| Vu |*)dxdt.
0
Therefore, (3.9) becomes

1
—Jmkvk(l uh* — | Vour|?)dx

2
X
du(t
= (w0 G040 )+ 7EO)
(3.10)
—a (1 —ﬂ> J mkvk|%|2d2
a av
)

1
2 J mvg(az] Vol — ay| Vi |?)dx.

P}

To prove (3.8), we have to estimate the right hand of (3.10). First, from the Cauchy-
Schwarz’s inequality we have

(vom et to)
xk
RO [ o a ) n—1 G.11)
< 2\/a“2J|u 6] dx+2R(x°)\/EJ|Mk ™ +— u(?) Pdx.
@ Q
Moreover,
ou(t)
Jl my. o
Q

2
= J| mk%de—}-%Jl u(n)>dx + (n — 1)(mk ™ u(t))

Q Q
Since

mk_(| w(1)|Pdx

vl (OPdr — " J | (DlPdx
Q

e 0 ——y

1 1
) myvy| ua(f)*dl +§Jmkvk| up ()2l
Iy r
n
—3 | ur(t)*dx
Q
1 2 n 2
=5 myvi| ua(t)7dll — 7 | u(f)|~dx,

r Q
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then,

J [ Lo P

5 =
J ”(Z) 2P+ 4” J| ()P
Q Q
n—

1
+ Jmkvk| ur()*dl
r
< jo J| u(n)2dx
Q Q
+ " ; ! Jmlcvlc| u(l)|2dF

r

Thus, (3.11) becomes

(0 45 0)

_ R E() + W—Z(l s J | w()|Pdx

=@ 8R(x )
Q
+ % J my V| uz(l‘)|2dr.
r

Secondly, we estimate the last two terms of (3.10). Since

2
ou
2 1 2 2 24 2
| V| :‘av +| Vo g, | V| —| | | Vo 2|,

and Vg u; =Vg u; on X, we deduce that

a ou 1
—ai (1 =2 | mpwl T2 PdE — = | mpvi(aal Vi — a1] Vi %)
a oy 2

% P

9
— —a1<1 — ﬂ) J e 2L 2ds
a ov

1 af‘ (3.12)
_EJmkvk[<a_2_ )l—l + (a2 —a)| Vo “1|i|
>z

— 0 -
_ala —a) J mkwfl%lzdil +A-% J myvi| Vo ur|*dE > 0,
%

P P
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since a;<a, and m; v >0 on I'y. Therefore, it follows from (3.10), (3.11), and (3.12)
that

1
—Jmkvku ubl* — a| Vo r]?)ds

2
)
5 2R(x 9 Jar(l —n?) ,
= TEO -2 E(O)‘WJ' u(0)dx
Q

Y [l @) R
r

This implies (i).
Note that there exists C >0 such that

J (u(O)P + | u(T)P)dr < C j (u'P + uP)ds.

I(x %) (x %)

This is because
T T
J T | w(T))*dl’ = J Ju2dzdr+ J Jlduzdr‘
r(x©) r(x%) 0 r(x%) 0

<(T+1) J (u'P + | u)d,

S(x 0)
and

T T
J T | u(0))?dr = J Juzdtdl“+ J J(t—T)duzdF
I(x ) r'(x% 0 r'(x%0

<@+ | GuP Pz

2(x %)

Therefore, Lemma 3.3 gives the following result.

LemMA 3.5. (Inverse inequality) Suppose there exists x°eQ; such that
m(x) © v (x) = 0 on T'y> where v is directed towards the exterior of Q. Assume
a, <a,and T > 2%;:) Then for all strong solutions u of (2.1) with initial conditions
@’ u'ye H(Q) x L*(Q) and f=0, there exists a constant C(T) >0 such that

J(|u;|2+|uz|2)d2+ j IV, up*dE

(x ) Z(x )

= (14 gy + 1 Ire))-
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4. Main theorem. The main theorem of this paper is as follows.
THEOREM 4.1. Suppose there exists x °eQ; such that m(x) - v(x)>0 on 'y, where ,,

. 0 :
is directed towards the exterior of 2. Assume a,<a, and T > &\/;%)' Then for all
initial states

oy e 2@ x (H'(Q),
there exists a control function
_Jg on=(x?),
7 e o2,
with go€ (H' (Z(x9)))’ and g, € (H'(Z«(x°)))’ such that the solution y=y(x,t;g) of

(1.1) satisfies (1.2).

Proof. We apply HUM. To do so, we consider the problem:

u”" — Ax)Au=20 in Q,

u(x,0)=u'x), u'(x,0)=ul(x) in Q,
oy 0 (41)
5= [ ; on X,
uy = uy, al%:az% onEl.

For any{u*, u '} € (C®(Q) N H*(2, 2,)) x C*(R), by Theorem 2.1, problem (4.1)
has a unique solution u with

C ([0, T}; H*(Q1, @) N C ([0, T]; H'(Q)).
Define

172

D) = J(|u’2|2+|uz|2)d2+ J |V, 2T

2(x %) 2(x0)

which is a norm on (C®(Q) N H*(Q1, ,)) x C®(L), due to Lemma 3.5. Let F be the
completion of (C*®(Q) N H*(Q1, 1)) x C®(R) with respect to the norm | - || Then
Lemma 3.5 implies that

Fc H'(Q) x LX(Q),

consequently
(H'(Q) x L*(Q) C F'.
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According to the definition of F, we have for any {u%u'}€F,

u'):(x 0)» u /|E(x 0 € L2(E(X 0))7 Vau|):*(x 0y € (LZ(E*(X 0)))'1'

To apply the HUM, we need to consider the backward problem:

0" — A(X)Ap =0 inQ,
H)=0'(T)=0 in ©,
o=, @ =a on i, (4.2)

[ +%u’2 on X(x %),
dv Ar, xoyta  on Tu(x )

For the definition of the operator Ar (x?), see [6, p.138]. The solution of (4.2) can be
defined by the transposition method (see [8]) as follows.

DEFINITION 4.2. ¢ is said to be a weak solution of (4.2) if there exist {p',—p°}eF’
such that ¢ satisfies

dewlxdt — (" + (0 )
(¢
= J (Gouy + 6 /zu /2)d2 + J V0,V dX,

=(x 0) Z.(x0)

(4.3)

for any {6°,0'}€eF, feL'(0,T;H'(2,0)), and where 0 is the solution of the following
problem:

0" —A(X)AO=f  inO,
0(0)=6°60'0)=6" ing,

%:0 on X,
91:92, al%zag% on El.

4.4

We define ¢(0)=p°, ¢'(0)=p'.

LEMMA 4.3. Problem (4.2) has a unique solution in the sense of Definition 4.2
satisfying

¢ € L=(0, T; (H'(R,0))),

{¢(0), —p(0)} € F'.
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Moreover, there exists C >0 such that
I {"(0), —(O)} < C | {u® u'} |l (4.5)

We admit this lemma for the moment. We now define a linear operator A by

Au® u'y = {¢(0), —¢(0)) (4.6)

Taking /=0 in (4.3), we find

(AMu® u'), (w®uly)
=(3'(0),u’) — (#(0),u")
= J<|u§|2+|u2|2)d2+ J | Vo2 dE.

Z(x %) Z.(x0)

(4.7)

Lemma 3.5, Lemma, 4.3, and the Lax-Milgram Theorem show that A is an iso-
morphism from F to F’. This means that for all {y',—y°}eF’, the equation

Au’uy ="' %

has a unique solution {u#°u'}. With this initial condition we solve problem (4.1),
and then solve problem (4.2). Then we have found the control function

7= —up —i—%u 5 on X(x 0y
Ar, xoyuz,  on Ty(x 0).

with go=—w+2u’ e (H(Z(x?)) and g = Ar o € (H(Z4(x?)) such
that

V(x, 18) = P(x, 1; 2)

is the solution of (1.1) satisfying (1.2). Thus, we have proved Theorem 4.1 provided
we can prove Lemma 4.3.

Proof of Lemma 4.3. The solution 6 of problem (4.4) can be written as 0=v+w,
where v and w are, respectively, solutions of the following problems:

v’ — A(x)Av=0 in Q,
u(x,0) =0%x),v'(x,0) =0 (x) inQQ,
v — on X, (4.8)

ov
Ju Ju.
Ul =1, a5 =%k on X,
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and
w’” — A(x)Aw = f in Q,
wx,0)=u’(x,00=0 inQ,
"5‘]) =0 on X, (4.9)
awg o

Wi =wy, argl=a%r on X
Since {0°,6}eF, we have

1000 Ir = j(|v;|2+|uZ|2)dz+ J CANLS)
2(x ) Tu(x 0)

On the other hand, by Theorem 2.1 and the trace theorem (see [7, Chapter 1]), we

have
172

J(|W§|2+|Wz|2)d2+ J IVowaPdZ | < C Il f o rmne) -

=(x 9) Zu(x9)

Therefore,

|jf¢dxdz— 6" +(p'.00)
0

=| J (Oruz + 0 yu b)dE + J V0, Vot d3|

=(x 0) Z.(x )
(4.10)

<| (voup + v /21,{ ’2)d2 + J Ve Vi dX|

2(x0) (x9)

+ | (Wauy + whu 5)dE + J arVowr Vs d|
=(x 0) Zu(x0)
<C(1{0% 0" I+ I f o raney) I {u®u'}llr.

Thus, there exist ¢peL>(0,T:(H'(2,0))’) and {p°%—p!}eF’ such that (4.3) holds.
That is, ¢ is a weak solution of (4.2) and {¢(0),—¢'(0)}eF’. Taking f=0, (4.10) gives
(4.5).

REMARK 4.4. If Q is star-shaped with respect to x°, then Z«(x%)=¢. In this case,
we obtain a control function g with g € (H'(0, T; L*(I"))) .
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