
University of Wollongong University of Wollongong 

Research Online Research Online 

Faculty of Informatics - Papers (Archive) Faculty of Engineering and Information 
Sciences 

January 1999 

Exact Neumann boundary controllability for problems of transmission of Exact Neumann boundary controllability for problems of transmission of 

the wave equation the wave equation 

W. Liu 
University of Wollongong 

G. H. Williams 
University of Wollongong, ghw@uow.edu.au 

Follow this and additional works at: https://ro.uow.edu.au/infopapers 

 Part of the Physical Sciences and Mathematics Commons 

Recommended Citation Recommended Citation 
Liu, W. and Williams, G. H.: Exact Neumann boundary controllability for problems of transmission of the 
wave equation 1999. 
https://ro.uow.edu.au/infopapers/428 

Research Online is the open access institutional repository for the University of Wollongong. For further information 
contact the UOW Library: research-pubs@uow.edu.au 

https://ro.uow.edu.au/
https://ro.uow.edu.au/infopapers
https://ro.uow.edu.au/eis
https://ro.uow.edu.au/eis
https://ro.uow.edu.au/infopapers?utm_source=ro.uow.edu.au%2Finfopapers%2F428&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/114?utm_source=ro.uow.edu.au%2Finfopapers%2F428&utm_medium=PDF&utm_campaign=PDFCoverPages


Exact Neumann boundary controllability for problems of transmission of the Exact Neumann boundary controllability for problems of transmission of the 
wave equation wave equation 

Abstract Abstract 
Using the Hilbert Uniqueness Method, we study the problem of exact controllability in Neumann boundary 
conditions for problems of transmission of the wave equation. We prove that this system is exactly 
controllable for all initial states in L2(Omega) x (H1(Omaga))'. 

Disciplines Disciplines 
Physical Sciences and Mathematics 

Publication Details Publication Details 
This article was originally published as Liu, W and Williams, GH, Exact Neumann boundary controllability 
for problems of transmission of the wave equation, Glasgow Mathematical Journal, 41, 1999, 125-139. 
Copyright Glasgow Mathematical Journal Trust. Original journal available here. 

This journal article is available at Research Online: https://ro.uow.edu.au/infopapers/428 

http://journals.cambridge.org/
https://ro.uow.edu.au/infopapers/428


EXACT NEUMANN BOUNDARY CONTROLLABILITY FOR
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NSW 2522, Australia

e-mail: w.liu@uow.edu.au; ghw@uow.edu.au
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Abstract. Using the Hilbert Uniqueness Method, we study the problem of exact
controllability in Neumann boundary conditions for problems of transmission of
the wave equation. We prove that this system is exactly controllable for all initial
states in L2(
)�(H1(
))0.

1. Introduction. Throughout this paper, let 
 be a bounded domain (open,
connected, and nonempty) in Rn(n�1) with a boundary ÿ=@ 
 of class C2, and 
1

given with �
1�
 and ÿ1=@ 
1 of class C
2. Let T>0. Set 
2=
ÿ
1, Q=
�(0,T ),

Q1=
1�(0,T ), Q2=
2�(0,T ), �=ÿ�(0,T ), �1=ÿ1�(0,T ).
In [6], Lions studied the problem of exact controllability with Dirichlet bound-

ary conditions for problems of transmission of the wave equation by introducing the
Hilbert Uniqueness Method (HUM for short). Later, Nicaise [10±12] further con-
sidered this problem in R2 with singularities.

In this paper, we consider the following Neumann boundary controllability
problem in Rn: For suitable times T>0 and every initial condition {y 0, y 1}, does there
exist a control function g such that the solution y=y(x,t;g) of the Neumann boundary
value problem

y00 ÿ A�x��y � 0 in Q;
y�x; 0� � y0�x�; y0�x; 0� � y1�x� in 
;

@y2
@� � g on �;

y1 � y2; a1 � @y1
@� � a2

@y2
@� on �1;

8>><>>: �1:1�

satis®es

y�x;T; g� � y0�x;T; g� � 0 in 
 ? �1:2�

In (1.1), y1=yj
1
, y2=yj
2

, � is the unit normal of ÿ or ÿ1 pointing towards the
exterior of 
 or 
1, and A(x) is given by

A�x� � a1; x 2 
1;
a2; x 2 
2;

�

where a1, and a2 are positive constants.
We will prove that if 
1 is star-shaped and a2�a1, then for all initial states

fy0; y1g 2 L2�
� � �H1�
��0;
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there exists a control function g such that the solution y=y (x,t;g) of (1.1) satis®es
(1.2). Here and in the sequel, Hs(
) always denotes the usual Sobolev space for s2R.

The plan for the rest of this paper is as follows. In Section 2, we present the
theorem about the existence and uniqueness of solutions of the problem of trans-
mission. The estimates for the solutions (i.e., the so-called ``inverse inequality'') are
given in Section 3. The main theorems of this paper are established in Section 4.

2. Homogeneous boundary problems. Consider the following homogeneous
boundary problem

u00 ÿ A�x��u � f in Q;
u�x; 0� � u0�x�; u0�x; 0� � u1�x� in 
;

@u2
@� � 0 on �;

u1 � u2; a1 � @u1
@� � a2

@u2
@� on �1;

8>><>>: �2:1�

where u1=uj
1
and u2=uj
2

. Set

H2�
1;
2� � fu : u 2 H1�
�; ui � uj
i
2 H2�
i�; i � 1; 2;

a1
@u1
@�
� a2

@u2
@�

on ÿ1;
@u2
@�
� 0 on ÿg

�2:2�

with the norm

k u kH2�
1;
2�� � k u k2H1�
� � k �u1 k2L2�
1� � k �u2 k2L2�
2��1=2: �2:3�

The well-posedness of (2.1) is by now well known ([3], Vol.5, Chap. XVIII] and
[4]). We have the following result.

Theorem 2.1. (i) Suppose ÿ and ÿ1 are Lipschitz. Then, for any initial condition
(u0,u1)2H1(
)�L2(
) and f2L1(0,T;L2(
)), problem (2.1) has a unique weak
solution u with

u 2 C��0;T �;H1�
�� \ C1��0;T �;L2�
��: �2:4�

Moreover, there exists a constant C>0 such that for every t2[0,T ]

k u�t� kH1�
� � k u0�t� kL2�
�� C � k u0 kH1�
� � k u1 kL2�
� � k f kL1�0;T;L2�
��: �2:5�

(ii) Suppose ÿ and ÿ1 are of class C2. Then for any initial condition
(u0,u1)2H2(
1,
2)�H1(
) and f2L1(0,T;H1(
)), problem (2.1) has a unique strong
solution u with
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u 2 C��0;T �;H2�
1;
2�� \ C1��0;T �;H1�
��: �2:6�

Moreover, there exists a constant C>0 such that for every t2[0,T ]

k u 0�t� kH1�
� � k u�t� kH2�
1;
2�
� C � k u1 kH1�
� � k u0 kH2�
1;
2� � k f kL1�0;T;H1�
���:

�2:7�

3. Basic inequalities. We adopt the notation used in [6,7] as follows.
Let x02Rn, and set

m�x� � xÿ x 0 � �xk ÿ x0k�:

ÿ�x 0� � fx 2 ÿ : m�x� � ��x� � mk�x� � �k�x� > 0g

ÿ��x 0� � ÿÿ ÿ�x 0� � fx 2 ÿ : m�x� � ��x� � 0g

��x 0� � ÿ�x 0� � �0;T �

���x 0� � ÿ��x 0� � �0;T �

R�x 0� � max
x2 �

jm�x�j � max

x2 �

j�n

k�1�xk ÿ x0k�2j
1
2:

where � denotes the outward unit normal to ÿ.
We de®ne the energy of the solution u of (2.1) by

E�t� � 1

2

�



� ju 0�x; t�j2 � A�x�jruj2 � dx;

If f=0, then we have the classical result (see [6,9])

E�t� � E�0�:

The following identities are essential for establishing the follow-up inverse
inequalities.

Lemma 3.1. Let q=(qk) a vector ®eld in [C1( �
)]n. Suppose u is the strong
solution of (2.1) in the sense of (ii) of Theorem 2.1. Then the following identity
holds:
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1

2

�
�

qk�k ju 02j2 ÿ a2jr�u2j2
ÿ �

d�

� u 0�t�; qk @u�t�
@xk

� �
jT0 �

�
Q

A�x� @u
@xj

@qk
@xi

@u

@xk
dxdt

� 1

2

�
Q

@qk
@xk
ju 0j2 ÿ A�x�j ru j2ÿ �

dxdt

ÿ a1 1ÿ a1
a2

� � �
�1

qk�kj @u1
@�
j2d�

ÿ 1

2

�
�1

qk�k�a2j ru2 j2 ÿ a1j ru1 j2�d�ÿ
�
Q

qk
@u

@xk
fdxdt;

�3:1�

where
u 0�t�; qk @u�t�

@xk

� �
�
�



u 0�t�qk @u�t�
@xk

dx;

and rs u={sju}j=1
n denotes the tangential gradient of u on ÿ. (See [6, p.137].)

Remark 3.2. If n=1, then (3.1) becomes

1

2

�
�

q�j u 02 j2d�

� u 0�t�; qk @u�t�
@x

� �
jT0 �

�
Q

A�x�j @u
@x
j2 @q
@x

dxdt

� 1

2

�
Q

@q

@x
j u 0 j2 ÿ A�x�j @u

@x
j2

� �
dxdtÿ a1 1ÿ a1

a2

� � �
�1

q� j @u1
@�
j2d�

ÿ 1

2

�
�1

q� �a2j ru2 j2 ÿ a1j ru1 j2�d�ÿ
�
Q

q
@u

@x
fdxdt:

�3:10�

This is a generalisation of the identity in Remark 1.5 of [6].

Proof. Multiplying (2.1) by qk
@u
@xk

and integrating on Q, we have

�
Q

qk
@u

@xk
u 00dxdtÿ

�
Q

qk
@u

@xk
A�x��udxdt �

�
Q

qk
@u

@xk
fdxdt: �3:2�

Integrating by parts, we obtain
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�
Q

qk
@u

@k
u 00dxdt

� u 0�t�; qk @u�t�
@xk

� �
jT0 ÿ

1

2

�
�1

qk�kj u 01j2d�� 1

2

�
Q1

@qk
@xk
j u 01j2dxdt

� 1

2

�
�1

qk�kj u 02j2d�ÿ 1

2

�
�

qk�kj u 02j2d�� 1

2

�
Q2

@qk
@xk
j u 02j2dxdt

� u 0�t�; qk @u�t�
@xk

� �
jT0 ÿ

1

2

�
�

qk�kj u 02j2d�� 1

2

�
Q

@qk
@xk
j u 0j2dxdt;

�3:3�

and �
Q

A�x�qk @u
@xk

�udxdt

�
�
�1

a1
@u1
@�

qk
@u1
@xk

d�ÿ
�
Q1

a1
@u1
@xj

@

@xj
qk
@u1
@xk

� �
dxdt

ÿ
�
�1

a2
@u2
@�

qk
@u2
@xk

d�ÿ
�
Q2

a2
@u2
@xj

@

@xj
qk
@u2
@xk

� �
dxdt:

�3:4�

But, �
Q1

a1qk
@u1
@xj

@2u1
@xk@xj

dxdt

� 1

2

�
Q1

a1qk
@

@xk
j ru1j2dxdt

� 1

2

�
�1

a1qk�kj ru1j2d�ÿ 1

2

�
Q1

a1j ru1j2 @qk
@xk

dxdt;

�3:5�

and �
Q2

a2qk
@u2
@xj

@2u2
@xk@xi

dxdt

� 1

2

�
Q2

a2qk
@

@xk
j ru2j2dxdt

� ÿ 1

2

�
�1

a2qk�kj ru2j2d�� 1

2

�
�

a2qk�kj ru2j2d�

ÿ 1

2

�
Q1

a2j ru2j2 @qk
@xk

dxdt:

�3:6�

Noting that jru2j2=jrs u2j2 on �, it follows from (3.4), (3.5), and (3.6) that
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�
Q

A�x�qk @u
@xk

�udxdt

�
�
�1

a1
@u1
@�

qk
@u1
@xk
ÿ @u2
@xk

� �
d�ÿ

�
Q

A�x� @u
@xj

@qk
@xj

@u

@xk
dxdt

� 1

2

�
�1

qk�k�a2j ru2j2 ÿ a1j ru1j2�d�

ÿ 1

2

�
�

a2qk�kj r� u2j2d�� 1

2

�
Q

A�x�j ru j2 @qk
@xk

dxdt:

�3:7�

Since

a1
@u1
@�
� a2

@u2
@�

and �ku1 � �ku2 on �1;

and

@u1
@xk
� �k @u1

@�
� �ku1; @u2

@xk
� �k @u2

@�
� �ku2;

it follows from (3.2), (3.3), and (3.7) that

�
Q

fqk
@u

@xk
dxdt

� u 0�t�; qk @u�t�
@xk

� �
jT0 ÿ

1

2

�
�

qk�kj u 02j2d�� 1

2

�
Q

@qk
@xk
j u 0j2dxdt

ÿ
�
�1

a1 1ÿ a1
a2

� �
qk�kj @u1

@�
j2d��

�
Q

A�x� @u
@xj

@qk
@xj

@u

@xk
dxdt

ÿ 1

2

�
�1

qk�k�a2j ru2j2 ÿ a1j ru1j2� � 1

2

�
�

a2qk�kj r�u2j2d�

ÿ 1

2

�
Q

A�x�j ru j2 @qk
@xk

dxdt:

This is (3.1).

Lemma 3.3. Suppose there exists x 02 
1 such that m(x) . n (x)�0 on ÿ1 where n

is directed towards the exterior of 
1. Assume a2 � a1 and T > 2R�x0�����
a2
p . Then for all

weak solutions u of (2.1) with initial conditions �u 0; u 1� 2 H1�
� � L2�
� and f=0,

there exists C(T )>0 such that
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�
�

mk�k ju 02j2 ÿ a2j r� u2j2
ÿ �

d��
�
ÿ

mk�k ju2�0�j2 � j u2�T � j2
ÿ �

dÿ

� C�T � k u 0 k2H1�
� � k u1 k2L2�
�
� �

:

�3:8�

In the case n=1, the term a2j rsu2j2 on the left-hand side of (3.8) disappears.

Remark 3.4. If 
1 is star-shaped (see [14], p.294), then the condition on 
1 in
the lemma is ful®lled.

Proof. We prove the lemma only in the case of n>1. We omit the proof in the
case of n=1 because it is just a combination of the following proof with Lemma 1.4
of ([6], chap. 3, p. 142).

Taking qk=mk in Lemma 3.1, we have

1

2

�
�

mk�k ju 02j2 ÿ a2j r� u2j2
ÿ �

d�

� u 0�t�;mk
@u�t�
@xk

� �
jT0 �

�
Q

A�x�j ru j2dxdt

� n

2

�
Q

j u 0j2 ÿ A�x�j ru j2ÿ �
dxdtÿ a1 1ÿ a1

a2

� � �
�1

mk�kj @u1
@�
j2d�

ÿ 1

2

�
�1

mk�k�a2j ru2j2 ÿ a1j ru1j2�d�

� u 0�t�;mk
@u�t�
@xk

� �
jT0 �

nÿ 1

2

�
Q

j u 0j2 ÿ A�x�j ru j2ÿ �
dxdt

�
�T
0

E�t�dtÿ a1�1ÿ a1
a2
�
�
�1

mk�kj @u1
@�
j2d�

ÿ 1

2

�
�1

mk�k�a2j ru2j2 ÿ a1j ru1j2�d�:

�3:9�

Multiplying (2.1) by u and integrating over Q, we obtain

0 � �u 0; u�jT0 ÿ
�
Q

j u 0j2 ÿ
�
�1

a1
@u1
@�

u1d��
�
Q1

a1j ru1j2dxdt

�
�
�1

a2
@u2
@�

u2d��
�
Q2

a2j ru2j2dxdt:
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The transmission conditions give

�u 0�t�; u�t��jT0 �
�
Q

j u 0j2 ÿ A�x�j ru j2ÿ �
dxdt:

Therefore, (3.9) becomes

1

2

�
�

mk�k j u 02j2 ÿ a2j r� u2j2
ÿ �

d�

� u 0�t�;mk
@u�t�
@xk
� nÿ 1

2
u�t�

� �
jT0 � TE�0�

ÿ a1 1ÿ a1
a2

� � �
�1

mk�kj @u1
@�
j2d�

ÿ 1

2

�
�1

mk�k�a2j ru2j2 ÿ a1j ru1j2�d�:

�3:10�

To prove (3.8), we have to estimate the right hand of (3.10). First, from the Cauchy-
Schwarz's inequality we have

u 0�t�;mk
@u�t�
@xk
� nÿ 1

2
u�t�

� ����� ����
� R�x 0�

2
�����
a2
p

�



j u 0�t�j2dx� a2
2R�x 0� �����

a2
p

�



j mk
@u�t�
@xk
� nÿ 1

2
u�t� j2dx:

�3:11�

Moreover,�



j mk
@u�t�
@xk
� nÿ 1

2
u�t� j2dx

�
�



j mk
@u

@xk
j2dx� �nÿ 1�2

4

�



j u�t�j2dx� �nÿ 1� mk
@u

@xk
; u�t�

� �
:

Since

mk
@u

@xk
; u�t�

� �
� 1

2

�



mk
@

@xk
�j u�t�j2dx

� 1

2

�
ÿ1

mk�kj u1�t�j2dÿÿ n

2

�

1

j u1�t�j2dx

ÿ 1

2

�
ÿ1

mk�kj u2�t�j2dÿ� 1

2

�
ÿ

mk�kj u2�t�j2dÿ

ÿ n

2

�

2

j u2�t�j2dx

� 1

2

�
ÿ

mk�kj u2�t�j2dÿÿ n

2

�



j u�t�j2dx;
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then, �



j mk
@u�t�
@xk
� nÿ 1

2
u�t�j2dx

�
�



j mk
@u�t�
@xk
j2dx� 1ÿ n2

4

�



j u�t�j2dx

� nÿ 1

2

�
ÿ

mk�kj u2�t�j2dÿ

� R2
0

�



j ru�t�j2dx� 1ÿ n2

4

�



j u�t�j2dx

� nÿ 1

2

�
ÿ

mk�kj u�t�j2dÿ:

Thus, (3.11) becomes

u 0�t�;mk
@u�t�
@xk
� nÿ 1

2
u�t�

� ����� ����
� R�x 0������

a2
p E�t� �

�����
a2
p �1ÿ n2�
8R�x 0�

�



j u�t�j2dx

�
�����
a2
p �nÿ 1�
4R�x 0�

�
ÿ

mk�kj u2�t�j2dÿ:

Secondly, we estimate the last two terms of (3.10). Since

j ru1j2 � @u1
@�

���� ����2�j r� u1j2; j ru2j2 � j @u2@� j2 � j r� u2j2;
and rs u1=rs u2 on �1, we deduce that

ÿ a1 1ÿ a1
a2

� � �
�1

mk�kj @u1
@�
j2d�ÿ 1

2

�
�1

mk�k�a2j ru2j2 ÿ a1j ru1j2�

� ÿa1 1ÿ a1
a2

� � �
�1

mk�kj @u1
@�
j2d�

ÿ 1

2

�
�1

mk�k
a21
a2
ÿ a1

� �
j @u1
@�
j2 � �a2 ÿ a1�j r� u1j2

� �
d�

� a1�a1 ÿ a2�
2a2

�
�1

mk�kj @u1
@�
j2d�� a1 ÿ a2

2

�
�1

mk�kjr� u1j2d� � 0;

�3:12�
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since a1�a2 and mknk�0 on ÿ1. Therefore, it follows from (3.10), (3.11), and (3.12)
that

1

2

�
�

mk�k j u 02j2 ÿ a2j r� u2j2
ÿ �

d�

� TE�0� ÿ 2R�x 0������
a2
p E�0� ÿ

�����
a2
p �1ÿ n2�
8R�x 0�

�



j u�0�j2dx

ÿ
�����
a2
p �nÿ 1�
4R�x 0�

�
ÿ

mk�k j u�0�j2 � ju�T �j2
ÿ �

dÿ:

This implies (i).
Note that there exists C>0 such that�

ÿ�x 0�

�j u�0�j2 � j u�T �j2�dÿ � C

�
��x 0�

�j u 0j2 � juj2�d�:

This is because �
ÿ�x 0�

T j u�T�j2dÿ �
�

ÿ�x 0�

�T
0

u2dtdÿ�
�

ÿ�x 0�

�T
0

tdu2dÿ

� �T� 1�
�

��x 0�

�j u 0j2 � j uj2�d�;

and �
ÿ�x 0�

T j u�0�j2dÿ �
�

ÿ�x 0�

�T
0

u2dtdÿ�
�

ÿ�x 0�

�T
0

�tÿ T�du2dÿ

� �T� 1�
�

��x 0�

�j u 0j2 � j u j2�d�:

Therefore, Lemma 3.3 gives the following result.

Lemma 3.5. (Inverse inequality) Suppose there exists x 02
1 such that

m(x) . n (x) � 0 on ÿ1
, where n is directed towards the exterior of 
1. Assume

a2 � a1 and T > 2R�x0�����
a2
p . Then for all strong solutions u of (2.1) with initial conditions

�u 0; u 1� 2 H1�
� � L2�
� and f=0, there exists a constant C(T )>0 such that

�
��x 0�

�j u 02j2 � j u2j2�d��
�

���x 0�

jr� u2j2d�

� C�T� k u 0 k2H1�
� � k u 0 k2L2�
�
� �

:
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4. Main theorem. The main theorem of this paper is as follows.

Theorem 4.1. Suppose there exists x 02
1 such that m(x) . � (x)�0 on ÿ1, where �
is directed towards the exterior of 
1. Assume a2�a1 and T > 2R�x 0�����

a2
p . Then for all

initial states

fy 0; y 1g 2 L2�
� � �H1�
��0;

there exists a control function

g � g0 on ��x 0�;
g1 on ���x 0�;

�

with g02 (H1 (�(x 0))) 0 and g12 (H1(�*(x
0))) 0 such that the solution y=y(x,t;g) of

(1.1) satis®es (1.2).

Proof. We apply HUM. To do so, we consider the problem:

u 00 ÿ A�x��u � 0 in Q;
u�x; 0� � u 0�x�; u 0�x; 0� � u 1�x� in 
;

@u2
@� � 0 on �;

u1 � u2; a1
@u1
@� � a2

@u2
@� on �1:

8>><>>: �4:1�

For anyfu 0; u 1g 2 �C1�
� \H2�
1;
2�� � C1�
�, by Theorem 2.1, problem (4.1)
has a unique solution u with

C ��0;T�;H2�
1;
2�� \ C ��0;T�;H1�
��:

De®ne

k fu 0; u 1g kF �
�

��x 0�

�j u 02j2 � j u2j2�d��
�

���x 0�

j r� u2j2d�

0B@
1CA

1=2

;

which is a norm on �C1�
� \H2�
1;
2�� � C1�
�, due to Lemma 3.5. Let F be the
completion of �C1�
� \H2�
1;
2�� � C1�
� with respect to the norm k . kF. Then
Lemma 3.5 implies that

F � H1�
� � L2�
�;

consequently

�H1�
��0 � L2�
� � F 0:
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According to the de®nition of F, we have for any {u 0,u 1}2F,

uj��x 0�; u 0j��x 0� 2 L2���x 0��; r�uj���x 0� 2 �L2����x 0���n:

To apply the HUM, we need to consider the backward problem:

� 00 ÿ A�x��� � 0 in Q;
��T� � � 0�T � � 0 in 
;

�1 � �2; a1
@�1
@� � a2

@�2
@� on �1;

@�
@� �

ÿu2 � @
@t u
0
2 on ��x 0�;

�ÿ��x 0�u2 on ���x 0�:
�

8>>>><>>>>: �4:2�

For the de®nition of the operator �ÿ*
(x 0), see [6, p.138]. The solution of (4.2) can be

de®ned by the transposition method (see [8]) as follows.

Definition 4.2. � is said to be a weak solution of (4.2) if there exist {�1,ÿ�0}2F 0
such that � satis®es

�
Q

f�dxdtÿ ��0; �1� � ��1; �0�

�
�

��x 0�

��2u2 � � 02u 02�d��
�

���x 0�

a2r��2r�u2d�;

�4:3�

for any {� 0,� 1}2F, f2L1(0,T;H1(
,0)), and where � is the solution of the following
problem:

� 00 ÿ A�x��� � f in Q;
��0� � � 0; � 0�0� � �1 in 
;

@�2
@� � 0 on �;

�1 � �2; a1
@�1
@� � a2

@�2
@� on �1:

8>><>>: �4:4�

We de®ne �(0)=� 0, � 0(0)=�1.

Lemma 4.3. Problem (4.2) has a unique solution in the sense of De®nition 4.2
satisfying

� 2 L1�0;T; �H1�
; 0��0�;

f� 0�0�;ÿ��0�g 2 F 0:
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Moreover, there exists C>0 such that

k f� 0�0�;ÿ��0�g kF 0� C k fu 0; u 1g kF : �4:5�

We admit this lemma for the moment. We now de®ne a linear operator � by

�fu 0; u 1g � f� 0�0�;ÿ��0�g �4:6�

Taking f=0 in (4.3), we ®nd

h�fu 0; u 1g; fu 0; u 1gi
� �� 0�0�; u 0� ÿ ���0�; u 1�
�

�
��x 0�

�j u 02j2 � j u2j2�d��
�

���x 0�

a2jr�u2j2d�:
�4:7�

Lemma 3.5, Lemma, 4.3, and the Lax-Milgram Theorem show that � is an iso-
morphism from F to F 0. This means that for all {y1,ÿy0}2F 0, the equation

�fu 0; u 1g � fy 1;ÿy 0g

has a unique solution {u 0,u 1}. With this initial condition we solve problem (4.1),
and then solve problem (4.2). Then we have found the control function

g � ÿu2 � @
@t u
0
2; on ��x 0�

�ÿ��x 0�u2; on ���x 0�:
�

with g0 � ÿu2 � @
@� u

0
2 2 �H1���x 0���0 and g1 � �ÿ��x 0�u2 2 �H1����x 0���0 such

that

y�x; t; g� � ��x; t; g�

is the solution of (1.1) satisfying (1.2). Thus, we have proved Theorem 4.1 provided
we can prove Lemma 4.3.

Proof of Lemma 4.3. The solution � of problem (4.4) can be written as �=�+w,
where � and w are, respectively, solutions of the following problems:

� 00 ÿ A�x��� � 0 in Q;
��x; 0� � � 0�x�; � 0�x; 0� � �1�x� in 
;

@�2
@� � 0 on �;

�1 � �2; a1
@�1
@� � a2

@�2
@� on �1;

8>><>>: �4:8�
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and

w 00 ÿ A�x��w � f in Q;
w�x; 0� � u 0�x; 0� � 0 in 
;

@w2

@� � 0 on �;

w1 � w2; a1
@w1

@� � a2
@w2

@� on �1:

8>><>>: �4:9�

Since {� 0,� 1}2F, we have

k f� 0; � 1g kF �
�

��x 0�

�j� 02j2 � j�2j2�d��
�

���x 0�

jr��2j2d�:

0B@
On the other hand, by Theorem 2.1 and the trace theorem (see [7, Chapter 1]), we
have

�
��x 0�

�jw 02j2 � jw2j2�d��
�

���x 0�

jr�w2j2d�

0B@
1CA

1=2

� C k f kL1�0;T;H1�
�� :

Therefore,

j
�
Q

f�dxdtÿ �� 0; � 1� � �� 1; � 0�j

� j
�

��x 0�

��2u2 � � 02u 02�d��
�

���x 0�

a2r��2r�u2d�j

� j
�

��x 0�

��2u2 � � 02u 02�d��
�

���x 0�

a2r��2r�u2d�j

� j
�

��x 0�

�w2u2 � w 02u
0
2�d��

�
���x 0�

a2r�w2r�u2d�j

� C k f� 0; � 1g kF � k f kL1�0;T;H1�
��
ÿ � k fu 0; u 1g kF :

�4:10�

Thus, there exist �2L1(0,T;(H1(
,0)) 0 ) and {� 0,ÿ� 1}2F 0 such that (4.3) holds.
That is, � is a weak solution of (4.2) and {�(0),ÿ� 0(0)}2F 0. Taking f=0, (4.10) gives
(4.5).

Remark 4.4. If 
 is star-shaped with respect to x0, then �*(x
0)=�. In this case,

we obtain a control function g with g 2 �H1�0;T;L2�ÿ���0:
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