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ASYMPTOTICS FOR GENERAL
FRACTIONALLY INTEGRATED
PROCESSES WITH APPLICATIONS
TO UNIT ROOT TESTS

QiviING WANG
Australian National University and
University of Wollongong

YAN-XIA LIN AND CHANDRA M. GULATI
University of Wollongong

In this papeyr functional limit theorems for general fractional processes are es-
tablished under quite weak conditiorishe results are then used to derive weak
convergence of general nonstationary fractionally integrated processes and to
characterize unit root distribution in a model with error being a fractional auto-
regressive moving average process or a nonstationary fractionally integrated
process

1. INTRODUCTION

Consider a fractionally integrated autoregressive moving avéaageegres-
sive fractionally integrated moving averag@®RFIMA) process{X;} defined

by

(1-B)"™X; =u,  #(B)u =0(Be, 1.1)
wherem = 0 is an integer and € (—3,3); B is a backshift operator ang are
independently and identically distributéid.d.) random variables with zero mean
and finite variancge (B) andé(B) are polynomial functions oB with orderp,
and g, respectivelyand both of them only have roots outside the unit circle
i.e., the ARMA(p,q) processy; is taken to be stationary and invertiblEhe

fractional difference operatdfl — B)” is defined by its Maclaurin serié®y its
binomial expansionif y is an integer.

The authors thank three referees and an associate editor for their detailed reading of this paper and valuable
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e T(—y+]j ) f s?le?ds ifz>0
1-B)” = E % B! wherel'(z) = 0
i=o L imyJHU o if 2=0.
(1.2)

If z< 0, I'(2) is defined by the recursion formula'(z) = T'(z+ 1).

Since model1.1) was introduced by Granger and Joy€i®80 and Hosk-
ing (1982, it has become very popular in applicatiofisnests the usual Box—
Jenkins autoregressive integrated moving avefagdMA ) model and has an
ability to capture both short-term dynamics and a wide variety of low-frequency
behavior at the same timAlso, there is considerable evidence on the success
of applying ARFIMA models to describe financial data such as forward premi-
ums interest rate differentialaind inflation rateslllustrations can be found in
survey and review papers of Robins@®94 and Baillie (1996.

Because of their applications in economics and finaAEFIMA processes
have been studied quite extensively in recent yearsnodel (1.1), it is well
known that the process is stationary and invertible wimen 0 (Hosking 1981,
Odaki 1993; whenm = 1, the process is nonstationaiy particular when
d =0 andm s an integerthe process becomes a usual unit root pracess
estimate of the parametek + m and other related statistical inferencée-
cause the literature is rather extensiwe here only refer to Hoskin¢1984),

Li and Mcleod (1986, Fox and Taqqu1986, Dahlhaus(1989, Giraitis and
Surgailis(1990, Beran(1995, Beran Bahnsalj and Ocker(1998), and Tanaka
(1999. For more resultssee the references cited in these papers and a review
book of Beran(1994.

As to the asymptotics of the ARFIMA process&dwell (1990 first derived
a result that the partial sum process of a simple fractional prdcessn = 0,
¢(B) = 6(B) = 1 in model(1.1)) converges weakly to a “type I” fractional
Brownian motiort on D[0,1] instead of a standard Brownian motiakle men-
tion that combined with the continuous mapping theore®owell’s result is
quite useful in characterizing limit distributions of the various statistics arising
from statistical inference in economic time series such as spurious regression
and testing for unit rootsHowever Sowell (1990 only provides a weak con-
vergence result on simple fractional proces3éss shortcoming limits the ap-
plicability of Sowell’s result to statistical inference in economic time series

Motivated by characterizing unit root distribution in a more general model
this paper extends the weak convergence result given by SG@8ID to gen-
eral fractional processemstead of assuming that the innovatiapsn model
(1.1) are an ARMA(p,q) processwe allow it to be a more general linear pro-
cess This means that this paper provides a unified treatment for previous stud-
ies on weak convergence for summable linear processes and fractional processes
The weak convergence results for summable linear processes can be found in
Hannan(1979, Phillips and Solo(1992, and Chan and Tsa§1996. Our re-
sults are then used to derive functional limit theorems for general nonstation-
ary fractionally integrated processes and to derive the limit distribution of the
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least square estimateSE) of the coefficient for a ARL) model when the true
coefficient is 1(i.e, the true model has a unit rgcand the error process is a
general fractional process or a general nonstationary fractionally integrated pro-
cess These results improve essentially the related results in the literetaee
Section 3 for more detailsand they also provide a unified treatment for unit
root tests with the error process being a summable linear proadssctional
processor a nonstationary fractionally integrated procelse main results of
this paper are given under quite weak moment conditions for the innovations
€;. For exampleweak convergence of general nonstationary fractionally inte-
grated processes and nonstationary unit root distribution are derived whenever
the innovationg, have finite second momerfbuch a condition is the best pos-
sible moment condition in the literature and it is of interest from a theoretical
point of view

This paper is organized as follows the next sectionwe derive weak con-
vergence of general fractional processes without proofs and compare them to
related results in the literatur@pplications of these results to general nonsta-
tionary fractionally integrated processes and testing for unit roots will be pre-
sented in Section.Finally in the Appendixwe give the proofs of the main
theorems in Section.2

We end this section with some notatioiwe denote lim_,.a,/b, = 1 by
a, ~ b,; C,C,,... are for positive constantsvhich may take on different val-
ues in different placesThe expressiom[0,1] denotes the space of functions
on [0,1] in which all elements are right continuous and have left-hand limits
endowed with the Skorohod topologgee Billingsley 1968 p. 111). Conver-
gence in distribution and weak convergence of probability measur&y @]
are denoted by->4 and =, respectively Finally, we define type | fractional
Brownian motions with—3 < d < 3 on D[0,1] as follows

1 0 t
Wd(t):mf [(t—S)“'—(—S)"]dW(S)JrfO (t—9)4dW(s),

whereW(s) is a standard Brownian motion and

0 1/2
A(d):<2dl+l+fo [(1+s)d—s°']2ds> .

Clearly Wy(t) is a self-similar Gaussian process with covariance
1
EW,(s)Wj(t) = > {stt2d 4 t1+2d _|g—t|1T2d) for0=st=1

A more general definition of fractional Brownian motions can be found in
Mandelbrot and Van Neg94968, Samorodnitsky and Taqqd994), and Mari-
nucci and Robinso1999.
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2. ASYMPTOTICS OF GENERAL ARFIMA PROCESSES

From here on we discuss the following general ARFIMA proces§
defined by

(1_ B)d+mxt = Uy, Ug = 2 l//j Et—j’ t= 1a2’-~-’ (21)
j=0

wherem= 0 is an integer and € (—3,3); (1 — B)? is defined by(1.2); ¢;,j =
0,+1,... are ii.d. random variables witlee, = 0, and{y;,j = 0} is a sequence
of real numbers to be specified later

The two theorems in this section derive results on weak convergence of gen-
eral stationary fractional process@hey provide a unified treatment for the
cases of fractional processes and summable linear processes

THEOREM 21. Let X satisfy (2.1) with m= 0 and lety;, ] = 0, satisfy

Dl <o and b=y #0. (2.2)
j=0 i=0
Assume that & < oo. Then, for0 = d < 3,
1 [nt]
W}ij = Wj(t), 0=t=1, (2.3)

wherex?(d) = [b7EefI'(1 — 2d)]/(1 + 2d)I'(1+ d)T'(1 — d) and Wi(t) is a
type | fractional Brownian motion on [D,1].

If, in addition, Hey|?"/1+2d) < o0 wheres > 0, then (2.3) still holds for
—3<d<0o.

For 0= d < %, Theorem 21 gives the result under the best possible moment
conditionEe? < co. If there is a slightly stronger restriction @, the moment
condition in Theorem 4 for —3 < d < 0 can be weakened 8| ,|?/* 29 <
co. Explicitly, we have the following theorem

THEOREM 22. Let X satisfy (2.1) with m= 0 and lety;, j = 0, satisfy

onl/zfd|¢j\<oo and bpzzazquﬁo. (2.4)
1= 1=

Assume that [eo|™®422/1+2d)} < oo Then (2.3) holds for & (—3,3).

The proofs of Theorems.2 and 22 are given in the Appendix

If u, is a process satisfyingg(B)u; = 6(B)e;, where polynomialsp(B)
and 6(B) with order p and g, respectively have only roots outside the unit
circle, Theorem 31.1.1 of Brockwell and Davig1987, p. 85) implies thatu, =
2ot with [gh] = Ca 8k = 0, wherea > 1 and>2 ¢ = 6(1)/$ (D).
Therefore the following corollary is a direct consequence of Theoreth 2
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COROLLARY 21. Let X satisfy (1.1) with m= 0. If E|eo|ma22/A+2d)} < o
then (2.3) follows with p= 6(1)/¢(1) for d € (—3,3).

We next give some remarks that compare our results to those in the literature

Remark 21. If ¢(B) = 6(B) = 1 in model (1.1), Corollary 21 reduces
to Theorem 2 of Sowell (1990, where the author derive®.3) provided
Ele|” < oo for r = max{4,—8d/(1 + 2d)}. If d = 0, thenX; = 2o €
with 370[¢;] < co. In this casex?(0) = bjEed and Wy(t) is a standard
Brownian motion orD[0,1]. Thus Hannan'’s resul{1979 becomes a special
case of Theorem.2 Theorem 3L.4 of Phillips and Solo(1992 and Theo-
rem 22.5 of Chan and Tsay1996 also give similar results but impose more
restrictions ony;. For further results on weak convergence of linear pro-
cessesrefer to Wang Lin, and Gulati(2002.

Remark 22. Davydov(1970 and the later work by GorodetsKil977), Taqqu
(1975, Avram and Taqqu1987), and Mielniczuk(1997) give results on the
functional limit theorem for linear process with square summable weighto-
rems 21 and 22 derive essentially weak convergence of an infinite weighted
function of a linear process.e., a process such a§ = >~ ¢,_ Uy, Where
U = Ef‘;le €x—j- We note that this infinite weighted function is difficult to
rewrite as a linear process with explicit coefficients and therefore the results in
the papers cited previously can not be applied directly to our theoi®msghe
other handeven in the special case whegg = 1 andy = 0,k = 1, Theo-
rems 21 and 22 are not a direct consequence of the papers cited earlier as
their results are held under a higher moment condition for innovatignis
particular in the case that 3 < d < 0.

Remark 23. For the results on functional limit theorems for fractional pro-
cesses defined b§2.1) with other dependent innovations instead of a linear
processy, refer to Davidson and Jor{@000 and WangLin, and Gulati(2001).

3. APPLICATIONS

In this sectionwe apply the main results presented in Section 2 to several well-
known examplesnamely to derive functional limit theorems for general non-
stationary fractionally integrated processes and fractional unit root distributions
These have been studied by various authors in recent.yganwill be seen
later, the applications of Theorems12and 22 to the related statistics can lead
to better results under weaker conditions

3.1. General nonstationary fractionally integrated processes

In previous researclhe functional limit theorem for general nonstationary frac-
tionally integrated processes has been discussed in a very general framework by
Chan and Terrif1995 under the assumption that defined in(2.1) is a class
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of stationary Gaussian process€hle result of Chan and Terrii995 extends
the results of Chan and WEL988, Parks and Phillip$1988 1989, and Sims
Stock and Watsor(1990 from the domain of integem's (i.e., d = 0) to frac-
tional d + m's. More recently Liu (1998 has derived a functional limit theo-
rem for simple nonstationary fractionally integrated procesgsesthe process
X; defined by(2.1) with m = 1 andu; = ¢;) providedE|¢|" < oo for r =
max{4,—8d/(1+ 2d)}. Theorem 3L, which follows gives an essential improve-
ment of the results cited previously

For conveniencewe introduce the following conditions

Condition A ¢, j = 0 satisfy(2.2) andE|eg|P < oo, wherep=2,for0=d <
Lp=2+8)/1+2d) <o,6>0for—3<d<D0.

Condition B ¢;,j = 0 satisfy(2.4) and E|eo|m@422/(1+2d)} < o,

THEOREM 231. Let X satisfy (2.1) with n= 1. Let Condition A or Condi-
tion B hold. Then, fob =t = 1,

Wll/z““m Xinty = W m(t), 61
1 [nt]

K(d)n1/2+d+mzx :ff f W (t,) dt, dt,...dt,, (3.2)
1 (nt] t

Wzleﬁ JO [Wy m(9)]2 ds (3.3)

wherex(d), W(t) are defined as in Theorem 2.1 and

Wd(t), |fm:1,
W, t) = U (tma 1%
amlt) ff f W, (ty) dty dt,...dt, 5, if m=2.
0YO0 0

Proof We first assumen = 1. Put
Y =X — Xi_1, i=23.... (3.4)
By definition of the lag operatomwe have that
(1-B)%Y, = (1- B)9"X, = u,, t=23,... (3.5)

andX; = X, + 31, for j = 2. Now Theorems 2 and 22 imply that for
O0=t=1,

1 1 1 [nt]

x(d)n/2+d Xing = x(d)nt/2+d X+ (d)ni/2+d I=ZZY, = W;(1),
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and hencé3.1) holds By using(3.1) and the continuous mapping theoreme
obtain that(let 3! X, = 0 if s < 1/n)

1 [nt] t 1 t
c@nze 2% - [(gmrmma o) d5= [ wwat,

1 [nt] 5 t 1 2 t ,
e 2% :Jo<:<(d)n1/2+d_ X[ns]) ds= fo WE(ty) dt.

The relationg3.2) and(3.3) thus hold true fom = 1.
For generaim = 2, Theorem 31 follows by induction and details are omit-
ted This completes the proof of Theoremnil3 u

We next consider another application of our main results

3.2. Fractional unit root distribution
Let{y,} be a stochastic process generated according to
Yt = CYyt*l—’_)(t’ t:1’27"-’n9 (36)

wherey, = 0 and{X;} is a sequence of errarBenote the LSE ok by a,,. We
have that

n(a,—1) = {;1 Yee1 (Y — ytl)}/{n_l gl ytzl}' (3.7)

For the case where mode3.6) has a unit rooti.e, the null hypothesigx = 1
holdg, the limit distribution ofn(&, — 1) was first considered by Dickey and
Fuller (1979 under the assumption tha§ are ii.d. random variablesSince
then considerable attention has been focused on weakeningi theassump-
tion. Here we only cite Said and Dicke¥L984), Phillips (1987), Hall (1989,
and Chan and Tsag1996. In these papershe unit root distribution is ob-
tained but only for the situation where the error process is a short memory
processsuch as an ARMA procesBor similar resultsmore references can be
found in Phillips and Xiad1998, where the authors present a survey of unit
root theory with an emphasis on testing principles and recent developments
On weakening the assumption dtd. errors another important contribution
is made by Sowel{(1990. By assuming that the error process is a simple frac-
tional procesdi.e., o = 1,4 = 0, j = 1, andm = 0 in model(2.1)), Sowell
(1990 establishes a well-known fractional unit root distribuficand points
out that the asymptotics in this case significantly differ from those in the case
of short memory errotsThe results of Sowel(1990 have been extended to
nonstationary fractionally integrated processes by Chan and T@9®b and
Tanaka(1999. With a Gaussian innovatigiChan and Terrif1995 study the
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general unstable AR unit root testhich extends those in Chan and W&988,
Parks and Phillipg1988 1989, and Sims et al(1990 to fractional cases

In Theorem 2, which follows as an application of Theoremsl22.2, and
3.1, we derive the limit distribution oh(&, — 1) while the error procesX;
satisfies(2.1). Under quite weak moment conditigrtlis result provides a uni-
fied treatment of the previously most cited results particular we point out
that the limit distribution oh(&, — 1) is free to the choice of the weighdg of
theu, in model(2.1) if d + m> 0.

THEOREM 32. Let X satisfy (2.1) with n= 0 and y satisfy model (3.6).
Let Condition A or Condition B hold.

(@ lfm=1orm=0and0 < d< 3, then

1 1
n<&n—1>:5[wd,m+1<1)]2/ [ W er(o12 0 (3.8)
0

where W n, is defined as in Theorem 3.1.
(b) f m=0and d= 0, then

1 1
(-1 = 3 w2 =1/ [ i s @9
0

wherey = 22 o 42/b;.
(c) f m=0and de (—3,0), then
M(d,
(d, ) (3.10)

22(d) f (W ()12 ds

nt+2d(q, — 1) = —

wherek?(d) is defined as in Theorem 2.1 and
Ee2 (™ o B ) . i .
M(d, ) = —f [1— e[y (e”™)|2dr, withy(e ™) =2 ypee™™
27 J_ . k=0
Proof By noting
n 1.2 1 1.0
2 VeV —ye) = S ZAW v - ()t = S - 5 2 X
t=1 t=1 j=1
we can rewriten(&,, — 1) as

. 1 2 Ny 1§ B | S ’
"= = @z | 5% /ﬁtzl c(d)n?2 e ) |

(3.11)
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Becausey; = E}lej, whereX; satisfy(2.1), it follows from Theorem 3L that

1 2
(W y[m]) = [Wy mia(D)]% form=0; (3.12)
1 n—1 Vi 2 1 5
H §<W> = fo [Wd,mﬂ(s)] ds form=0; (3.13)

1 [nt]

t
W 2 ij = fo [Wd’m(S)]z ds form=1. (3.14)
j=1

Because 0f3.14), it is clear that ifm = 1, then
1 n

nl+2(d+m) j;

X?— 0, in probability (3.15)

On the other handf m= 0 in (2.1), it follows from Lemma 33 in the Appen-
dix that{X;,t = 1} is a stationary linear process with

2

Ee . ) ) ) ad :
EX2 = 2—; f |1—e*| 2|y (e )[2dr < o, wherey(e )= ek
o k=0

Because stationary linear processes are ergbgliasing the stationary ergodic
theorem(see Stouyt1974 p. 181), we obtain that

1 n
- > X? > EXZ=M(d,¢) < oo, as. asn-— co. (3.16)
j=1

In particular we point out thatEX? = Ee2 X o2 < o if d = 0. Because
(3.16) implies (3.15 whenm = 0 and 0< d < 3, the relation(3.8) follows
immediately from(3.11)—(3.13), (3.15), (3.16) and the continuous mapping
theorem

Similarly, the relation(3.9) and(3.10) follow easily from(3.11)—(3.13), (3.16),
and the fact that\j 1(s) = Wy(s) andWy(s) = W(s). This completes the proof
of Theorem 2. |

NOTES

1. A definition can be found later in this sectiolRor a correction of Sowell's Theorem2 see
Theorem 21.1 of Liu (1998.

2. The fractional Brownian motion used as limiting process is insufficiently defined in Sowell
(1990. For a correction of Sowell's Theorem13 see Marinucci and Robinsd2000. Also, it can
be found in Theorem.2 which follows
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APPENDIX: PROOFS OF THEOREMS.2 and 22

We first give several preliminary lemmashich are also interesting in their own right

Let{v;,j = 0,+1,...} be a sequence of random variablgs, .k = 0,£1,+2,...} be
a triangular array of constantndA; = .2 a2 . For reading convenienceve give
the following basic assumptions

Assumption 1. The sequencév?} is uniformly integrable
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Assumption 2. E(vj| 1) =0, E(v}|F_,) = 0% as, forj=0,+1,..., whereF is
the o-field of events generated Hy;, i = j}.

Assumption 3. 0 < A, < o for each fixedn = 1, and asn — oo, A, — o0 and
maxc|an k| /An — O.

Assumption 4. There exists a positive consta@itsuch that

1 [e/e]
sup— X la,;—a,;-a/ =C. (A1)

n=1 nj=—oo

LEMMA 3.1. Let Assumptions 1-4 hold; X% o4; # 0, and 37| ;| < oo. Then,
as n— oo,

1 2
— 2 ¥ Y > N(0,1) and o2~ AZ b3, (A.2)

Oh j=0

where Y = 3 ani—j, 07 = Var(S 2ot Yy), and by = o 2704
Proof. BecauseX”|¢;| < o, there exists a sequence of positive increasing con-
stantsA, such that

Iyl =AZ¥2,  n=12,... (A.3)

n

[M8

j

For thisA,, we rewrite

[eo] /\n [ee]
E‘//anj:Elﬂanj"' > i Y-
j=0 j=0 j=Ant1

By a simple calculationto prove(A.2), it suffices to show that

o) 2
E(_ >y Ynj> = o(1), (A.4)
j=Apt+1

1 2
— %wj Y —a N(0,1), (A.5)

n Jj=
and

An
o= Var< Y, m) ~ A2 3. (A.6)

Note that relatior(A.4) also implies thal” ;¢; Y,; is well defined almost surely
We next give the proofs dfA.4)—(A.6). It can be easily show(cf. Chow 1965 that

EYi=0? E a2, forj=01.2,.... (A7)

k=—o00
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By Holder’s inequalityit follows from (A.3) and(A.7) that

oo 2 oo oo
E( > |¢qvnj> = Xyl 2 wlEYS
]

j=At+1 =Ant+1 j=An+1
> 2
<02Aﬁ< > w) = o?A.%
j=Apt1

This implies(A.4) becausé\, — oo from Assumption 3
To prove(A.5) and(A.6), put

Ap
E bnk: Wherebnk_ E lﬁj n, k+j *

k=—o0

We have that for each fixed = 1 (recalling thatY,; are well defined,

/\n )\n oo
> Yo = > i > AnkVk-—j
i—o =0 ki—oo

[ee] /\I’| [ee)
2 Uy 2 Yian ke = 2 vy b,
k= j=0 k=—co

[}

ml?x\ bnk|/Bn = 2 |l/jj | mkaxlan,k‘/Bn

and similar to(A.7)

An
o2 = Var( > m> o2B2.

155

(A.8)

(A.9)

(A.10)

(A.11)

Because ofA.9)—(A.11) and Assumptions 1-3racing the proof of Lemma.3 given

in Robinson(1997), (A.5) and(A.6) hold if we prove asn — oo,

O_ZBZ_ b2A2
n—20n —0, ie,o2=0%B2~A2n2.
AL

Because Holder’s inequality implies that for eatk: 1,i,j = 0,

o %}

> [@n ki @n ksj| = > aﬁ,k<00’

k=—o0 Kk=—o00

elementary calculation shows that

[ee] An
2 2 Uit an i n ket

k=—coi,j=0

o) An

An
:_20 E ank+| nkﬂ 2 lpll//] E an kank+] i
i,j=

k—foo k=—o00

(A.12)
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Write

An

bg = 2 l/fi and T = An/ml?x‘ an,k"
i=0
It follows that

A2_ E wll/fj 2 an, k(an k+j— |_an,k)

i,j=0 k=—o0

2 + E >‘//i¢’jk§ an,k(an,kﬂ—i_an,k)

<\j*i\>nn li=il=nn
=Anp + Ay, say (A.13)

In view of Assumptions 3 and,4ve haven, — o and

oo 1/2 oo 1/2
[Ap| = 2 ¢il/ﬁ|<k2 aﬁ,k) (kZ |an,k+ji_an,k|2>

[i=i1>mn

<4E I%IEI{MI E ai = 0(A2). (A.14)

i=mn k=—o0

Taking account of the following inequality
Mn
max |an k+j—i ar*|,k| = E |an,k+t - an,k+t—1|,
[i—i[=mn t=—mnn
max|an k| = A,/n2, and Assumption 4we have

‘An2|S 2 |11[jll//J| Z |ank| 2 ‘ank+t nk+171|

[i—il=m, t=—mq,

<<_20|l//i> 2 maxlank| 2 lan it = Anket-1l

t=—mn

o 2 ©
= 277n1<2|d’i|) AnkE |an,k7an,k71| :O(Aﬁ)' (A15)
i=0 =—o0

Therefore using (A.13)—(A.15), we obtain that

BZ _ b*2A2
”T“ -0, i.e,02B2~02bi2A2, (A.16)
n

Now, (A.12) follows immediately from(A.16) and
|b§ — o?bg?| = 202 Z [ 2 [ = o(D).
j=An

This also completes the proof of Lemma.3 u
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LEMMA3.2. Letg =T(d+ k)/T'(d)I'(k+ 1) fork= 0and g = 0 for k < 0, where
—1<d< i Then,

=1  ¢=Cki¥%y fork=1; (A.17)
n
mkaxE Cx = Cymax{1,nd}, ford = 0; (A.18)
i=1
[Chik — Gl =3Cnk?2 forall1=n=k; (A.19)
o [nt] 2 n1+2dl-(1 _ Zd)(t _ S)l+2d
E < E i k> -~ — s (A-ZO)
k=—o0 \ j=[ns]+1 (1+ Zd)r(l+ d)F(l d)

for0O=s<t=1.

Proof. For the proof of(A.17), see Theorem 1 in Hoskindg981). The proof of(A.18)
follows easily from(A.17). By notingI'(z + 1) = zI'(z) for all z, we have that for &=
n=kandd € (-%,3),

(k+n+d-1)...(k+ d))

—_ = 1_
|Chik — Ckl Ck( (k+n)...(k+1)

_ ( 7(k+d)(k+d+1)>
Tk (kK+n)(k+n—1)
Ck

= e {(k+n)? = (k+ d)?} = 3Cnkd2

which implies(A.19).
To prove(A.20), let {, k= 0,£1,+2,..., be ii.d. N(0,1) random variables ang =
Sk-0Ckj—« Becauseg, = 0 for k < 0 and hence

[nt] o0 [nt]
> Y= NS Gk
j=[ns]+1 k=—co  j=[ns]+1
clearly we have thatforé&es<t=1
0 [nt] 2 [nt] 2
k=—o0o \ j=[ns]+1 j=[ns]+1

By noting thaty;,j = 1 are stationary random variab)assing Theorem 4 of Sowell
(1990, we obtain

[nt] 2 [nt]—[ns] 2 nl+2d1- 1-2d t_sl+2d
E<2Yj>_E<ZY1_> ( )(t—9)

=1 S ) aradra+dra-d’

where we use the estimatgnt] — [ns])/n ~ t — s. Thus (A.20) follows. This also
completes the proof of LemmaZ u
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LEMMA 3.3. Let X satisfy (2.1) with m= 0 and¢;, j = O satisfy (2.2). If EZ < oo,
then

(@ X = kE Ce—k U = E%Zt i (A.21)
where g is as in Lemma 3.2 and;Z > Ce€i— -
(b) {X;,t =1} is a strictly stationary random sequence with zero mean and

Ee2 (7 . .
EX2 = 2—60 f 11— e*|~2d |y (e 11)[2dA < oo, (A.22)
77 —aT

wherey (e 1) = 32 o yr.e ™ in particular, EX? = EeZ2 S o2 < coif d = 0.

Proof of Lemma 3.3. Writing X; = ¥(B)e;, we have¥(z) = (1 — 2)%(z), where
¥(2) = 370 ;7). Since X7 o[h;| < oo, similar to the proof of Theorem 2 paf#)
given by Hosking(1981), the power series expansion wf z) converges for allz| = 1
whend < 3. Thus if —% < d < %, we have

= (1-B)%(B)e; = ¥(B)(1 - B)%:.

Now (A.21) follows from the binomial expansion ¢l — z)¢ (cf. Hosking 1981).

As is well-known(e.g., see Hosking1981), {Z;,t = 1} is a strictly stationary random
sequence with 0 meatit follows from Theorem 3.3 of Stout(1974 p. 170 thatX; =
220 #h; Z; has the same properties &s To prove(A.22), letf,(.) be a spectral density
of {Z,}. According to Theorem 12.1 in Brockwell and Davig1987, p. 466),

Ee2 :
f,(A) = - [1—e"|2d for—m=A=m.

This, together with the second equality 04.21) and (4.4.3) in Brockwell and Davis
(1987 p. 121), shows thafX;} has a spectral densify(.) andfx(A) = | (e™)[?f2(A),
wherey (e') = 37 ™. In terms of 22 o[ 4;| < oo, we obtain

E 2 2 rm .
EXl— — |1—e”|2d|z/f(e”)|2d)\<2—e<21/1,) f [1—e"[2dA < co.
w T

If d = 0, the result is obvious sincX; = X~ o €. The proof of Lemma 3 is
complete |

After these preliminariesve now give the proof of the main results

Proof of Theorem 2.1.If d = 0, X; reduces to summable linear procesdasthis
case (2.3) follows from Hannan1979. Sa we assume thal # 0 in the sequelPut

1 [nt] 1
Voll) = —izmg 2%, Ba(S1) = S {sth20 4 11020 —[s— g2},
j=1

In view of part(b) of Lemma 33, X; is a strictly stationary random sequence with zero
mean Now, using the usual method in the proof of weak convergence for stationary
random sequencef. Taqqu 1975 Theorem 21), it suffices to show that
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(i) for each fixedl = 1 and real constants @ t; #t, #---# t, = 1,
T Va(ty) +-- 4 7 Vo(ty) =4 N(O,07), (A.23)

wherery,7,,...,7 are any real constants ang = Kz(d)E, =177 Ba(ti, )
(ii) for somea > 1/(1+ 2d),

ES;=0(n*"?") and E[S,[**=O((ES)?), (A.24)
whereS§, = 3 X;.

We first prove parti). From part(a) of Lemma 33, we have that

X, = X #,Z;, wherezZ, = >, ceey (A.25)
j=0 k=0
andc, are defined as in Lemma® Letm, = [nt],i =1,...,1. It follows from (A.25)
that
1
Tlvn(tl) teet 7'IV (tl 1/2+d 2 T 2 Xt l/2+d z lﬂ, nj» (A26)

where by an elementary calculatiamecallingc, = 0 if k < 0),

3

M-

Ynj = Zt*j
i=1 t=1
| LLL ) | m; oo
=27 > Gk j =272 > Ct—k€k—j
i=1 t=1k=0 i=1 t=1k=—oo
= k; P k€ (A.27)

with by = SioaTi S0 Gk
To apply Lemma 3 to (A.26), we first show that

nt2dp(1 - 2d
Br%E 2 br%,k ( )
£ 1+2d)r@+d)r@a-d;

k=—o0

Z 77 Ba(ti, ). (A.28)

In fact, (A.28) follows immediately from Lemma.2 (see(A.20)) and

- 3 (Se)(Sen)
- %ijz_:lTiTj[<§1Csk> + (i(:[k) - <§)ﬂ csk> }



160 QIYING WANG ET AL.

From Lemma 2 (i.e,, (A.17)—(A.19)), on the other handve have that fod # O,

| n
ml?x‘ bl = 2 I7i] mgXE |c—i| = Cmax{1,n}; (A.29)
i-1 =0

[}

% | = By 1l = > iﬂ(% Ctk_[mElctk+1>

k=—o0 k=—o0o | i=1

<E|T.‘ 2 [C1-k = Coy—k1l

k=—o00

I
= nl { > (e Kl lCmr1kl) + 2 [ m,+k+1|}
i-1

[k|=n k=n+1

I oo
= Z'Ti{cmax{l,nd}+cln > kdz}
i-1

k=n+1

= C, max{1,n}. (A.30)

In view of (A.28)—(A.30), conditions of Lemma 3 hold for by, \ defined in(A.26) and
(A.27). By applying(A.26), (A.28), and Lemma 3., we obtain that

B70g 2 2 ;Yo =a N(O1), (A.31)

I m; 2 I
E(Z D> X;) ~BZb§ ~n'"24%2(d) X 77 Byt ). (A.32)

i=1 j=1 ij=1
The relation(A.31), together with(A.26) and (A.32), implies (A.23). This completes
the proof of parf(i).

We next prove partii). By applying (A.26) and (A.27) with | = 7, = t; = 1, we
obtain that

n 0
31: 2 2 n]’ WhereYn]_ 2 b ,k€k—j

j=1 k=—o0

with b, x = 2L, ¢« Furthermoreit follows from (A.32) that

E~b2 3 b2, ~nt"2dk2(d), (A.33)

k=—o00

Thus the first relation ofA.24) holds

If 0 < d < %, the second relation dfA.24) is obvious by lettinga = 1. To establish
the second relation ofA.24) for —2 < d < 0, we let 2a = (2 + §)/(1 + 2d). Obvi-
ously we have thata > 1/(1 + 2d) > 1 andE|e|?® < oo whend < 0. By the
Marcinkiewicz—Zygmund inequalityalso Burkholder’s inequalitysee Hall and Heyde
198Q p. 23) and Hdolder’s inequalitythere exists a constaft, depending only ora
such that for all integersands < h,
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h 2a h a
E k2€kbn,k+j SCaE<2e nk+1>
=s

=

=S

h a
= CaE< 2 Ef‘ bn, K+j |2/a| bn,k+j (2a2)/a>

h h a—1
E{Eszab§k+j<2 bnz,k+j) }
k=s k=s

( > b2 k> €l (A.34)

k=—o0

I

Because ofA.33) and(A.34), it follows from the Fatou lemma that for gll

oo 2a
2a _—
E|Yn‘ “=E E Ekbn,k+j
k=—o0
h 2a 0 2a
=C,E|lim X by iij| +C.E|lIM > €y
h—oco =1 SO® k=—g
h 2a ] 2a
= C,limsupE E €kbnisj| + CalimsupE| X ecby s
h— oo k= S—o0 k=—s

- c(ki b§k> — O(ED)).

Hence by Holder’s inequality agairwe obtain that

[}

2a
E|sn|2asE(2¢<Za vz | v )

=
0 2a—1 oo

S(E{)%) ZI%IEI 122 = O((ESD)?),
e

which implies the desired resulthis also completes the proof of Theoremi.2 N

Proof of Theorem 2.2. We only need to consider the case whergé < d < 0. In
this casebecause, are ii.d. random variables witlEeq = 0 andE|eg| %29 < oo, by
applying Komlés Major, and Tusnady1975 1976 (also see Cséfgand Horvath1993
Corollary 11), on a suitable probability spade}, 7, P), we can construci, k =
0,+1,+2,..., which are ii.d. N(0, E€2) random variables such that as— o

m m
max | > g — >, m| = o(n¥?*Y), as, (A.35)
1=m=n | j=1
m m
max | X e ;— > n| =o(n¥?"9), as (A.36)
1=m=n j=0 =0
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Let Y, satisfy
1-B)?Y, =u, U= dn, t=12..,
j=0

where—3 < d < 0 andyy satisfies(2.4). Becausey are ii.d. N(0, Ee2), by applying
Theorem 21, we have thatfor0 =t =1,

1 [nt]
W 2 = W(1). (A.37)

In view of (A.37) and Theorem 4.1 of Billingsley (1968, to prove Theorem .2, it
suffices to show that
[nt] [nt]

Z X; — EY‘ = op(n¥/279), (A.38)
i= ]

sup
o=t=1

whereop(.) denotes convergence in probability
By applying part(a) of Lemma 33, for anym = 1, we can write

El(Xj -Y) = 2 2 s Z Ci(€—k—s— Mj—k-s)
i=

m o) e}
= Z Z /8 E Ces(€-k = mj—K)
= AT+ AL+ AT+ AT, (A.39)

wherec, =T'(d + k)/T'(d)I'(k + 1) for k= 0 andc, = 0 for k < 0O;

2 E l/fsECk (& k= Mj—k)s

j=1s=n+1

m _
2n

2n
E C— s(Ejfk_nj—k)v

I
M3
HM:

3

n

gqn = 2 2 2 Ck 5(6] k njfk)y

j=1s=0 k 2n+1

Ms
Ms

an = ; Cu—s(€—k = Mj—k)-

)

Il
[
)

Il

0 k=n2+1
Clearly, (A.38) follows if

max |Af| = op(n¥/2*9), forj=1,23,4. (A.40)
1=m=n

We next prove(A.40). Write

Viis = 2 Ceos(€-k = Mj—i)-
k=
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By noting ¢, = 0 and|c,| = Ck?* for k = 1 (see Lemma ), it can be easily shown
that for alll = s= 0 andj = 1,

M8

1/2
E|V| i J= (EV2 )1/2 = C( |%5> = C, min{1,1 d—l/z}'

k=l

Therefore it follows that

E max |AT, |<Z Z |ihs| E|Vgj ol = Cn¥2He > s¥27d|y | (A.41)
1=m=n j=1s=n+1 s=n+1

Similarly, we obtain that

n n
E max |AR,| = X X |ihs| E[Vi2,q ) o = Cn(n?)?-2 E lips| = Cyn (A.42)
1=m=n j=1s=0 s=0
In view of (2.4), (A.41), (A.42), andd < 0, Markov's inequity implies thatA.40) holds
forj =1 andj = 4.
On the other handt follows from (A.35) and(A.36) that

m
max |AZ,| = E stlE lesl max | > (€ — 1)
=0 k=s o=k=2n | 171
2k
sC(max E(e +max Z(Ejnj)D
1=m=n j= -

= o(nv?*Y), as.

This implies that(A.40) holds forj = 2.
We now prove(A.40) for j = 3. For conveniencewrite S, = E!‘zo(e,i - 7n_i). We
have that

2’!’5 E CKSE(S( S(]l)

s=0 k=2n+1
n n?
= 2 lyl’s 2 Ckfs(sxfl - Sxfmfl)' (A43)
s=0 k=2n+1
Clearly; it follows that
n2
E Ckfs(S<71 - Snfmfl)
k=2n+1
n?-1 n?—m-1
= Z Ck+1fsS»<_ 2 Ck+1+mfsS<
k=2n k=2n—m
n?-1 2n—1 n?—m-1
= 2 Cr1-sSc— 2 Crr1rm-s T 2 (Cer1-s— Crrrem-)
k=n?—m k=2n—m k=2n

I]T1s+ |2ns+ |3"r‘,s, say (A44)
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Recalling(A.36), |c] = Ck9~%, andd < 0, we get that

n?-1
max |l =C 3 (k—m*t max|S]
0=s=n k=n®-n
<= Cn(nZ)dfl(nz)l/Zer — o(nl/2+d)’ as. (A.45)

Similarly, we have

max |1 = o(n¥?7Y), as. (A.46)

1=m=n
O=s=n

On the other handoy applying Lemma 2, we know that(notingm =< k — s)
‘Ck+1fs - Ck+1+m75| =Cm(k— S)diz'

Therefore it follows from (A.36) that (recallingd < 0)

n2

max [I5] = Cn X (k—n)4?kY>4=0(n¥?*9), as. (A.47)

0<§n k=2n

In view of (A.43)—(A.47), we have that

n
max |Am | = max (“lns| + “2ns‘ + ||3ns|) 2 “ﬁs‘ - O(n1/2+d) as.

1=m=n 1=m=n
0=s=n s=0

This implies(A.40) for j = 3. This also completes the proof of Theoren2.2 n
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