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Bose’s Method of Differences Applied to Construct Bhaskar Rao
Designs

Jennifer Seberry
Department of Computer Science
University of Wollongong
Wollongong, NSW, 2500

Australia

R.C.Bose Memorial Conference on Statistical design and Related Combinatorics

Abstract

In this paper we show that BIBD(v,b,r, k, A), where v = pq or pq + 1, when written in
the notation of Bose’s method of differences may often be used to find generalized Bhaskar Rao
designs GBRD(p, b, r', k, A; ) where G is a group of order ¢ and vice versa.

This gives many new GBRDs including a GBRD(9,5,5; Z5) and a GBRD(13,7,7; Z7).

1 Introduction

Let G = {h1 =€, hy, ..., hy} be a finite group of order g with identity e. Form the matrix W

W =hiAi+ ... + hyA,

where Ay, ..., A, are v X b (0,1)-matrices such that the Hadamard product A+ A; = 0 for any
k#j. Let
Wt =(h'Ar+ ... + htA)T

and

N=A +4+ ... + A,

Then we say W is a generalized Bhaskar Rao design over GG denoted by GBRD(v,b, 7, k, X\; G),
or in abbreviated form GBRD(v,k, A\;G),if N satisfies

NNT = (r =X + M :
that is, N is the incidence matrix of the BIBD(v,k, A) and
WWT =rel + (Mg)(h1 + ... + hy)(J =1).

We say that the design W is based on the matrix NV or that N is signed over the group G

G BRD have been studied by the author and others, for example see [7, 8, 9, 14, 16, 21, 22].
We now illustrate the construction of the GBRD with some examples. For further examples the
reader is referred to [20].



To check whether a set of blocks (2%, yi, 2.) mod (v,g), each with k elements, are part of a

GBRD or a BIBD we check all the differences: (y — ), (x—y) o, (z—2) 1, (= 2)

-1y -1
(z — y)ib_1 and (y — 2); _,, where the subscripts such as bgb_l are from a group G of order |G|ac: g
and the subscripted elements such as (z — y)* come from a group V of order v.
If each non-zero-zero difference, that is differences other than 0p, including the differences 04,
-+, 04—1 occurs the same number of times, A, we will have a BIBD(v,k,X). If each non-zero
difference, that is not including the differences 0g, 01, - -+, 04—1, occurs the same number of times,
A, we will have a GBRD(v, k, \; G).

We also use a distinguished element oo which has the properties that

1 _
, and a; — o0 = —00y,

00 — a; = 00,
for any a; € V.
For a Bhaskar Rao design oo; and —oc; must occur A times. For a BIBD it is merely necessary

that the number of elements in the sets with oo is k& — 1.

Example 1 Consider the initial blocks

(117 617 02) (217 517 02) (317 417 02) (127 627 03) (227 527 03)
(327 427 03) (137 637 01) (237 537 01) (337 437 01) (017 027 03)

mod (7,3) which Bose gives as the initial blocks of a BIBD(21,3,1). Without the last block of
(01, 02, 03) we have a GBRD(7,3,9; Z3).

Example 2 The subscripts from Bose’s [4, p373, example (i)] BIBD(9,3,1)givea GBRD(3,3,9; Z5)
(the GBRD is the 3 x 9 array):

e
— N
N = =
N DN W
N W DN
W NN
Qo = W
— o W

1
3
3
Clearly, the differences from a single starting block also suffice to give all the differences, and hence
we have a GBRD(3,3,3; Z3).
Example 3 Consider the initial sets
(0o, 1o, 41) twice, (o0, 0o, 30), (o0, 01, 31) mod(5,2)

To develop the subscripts we note

07'=0, 17'=1, 0-17t'=1.0"'=1, 0-07t=1-1"t=0.

We now note that the set (0o, 0p, 3¢) means the differences oog and —oog each occur twice.
The set (00, 01, 31) means the differences ooy and —oo; also each occur twice.
When we check the non-oo differences we get

00—10240, 00—41 = 11, 10—41 221, twice )
10—002 10, 41—00241, 41—10231, twice 5
and 30 — 00 = 30, 00 — 30 = 20, 31 — 01 = 30, 01 — 31 = 20.



where 0, 1 are elements of the group, Z;, and - means the zero of the group ring so -

As we have each non-zero difference occurring twice we have a GBRD(6,3,4; Z3). Its incidence
matrix is

01 2 3 4 01 2 3 4 01 2 3 4 01 2 4

.o . .o . 11111 1 11 1

0 1 0 01 0 0 . 0 . 1 .1

0 01 0 01 o . 0 . 1 . .
0 01 0 01 . 0 . 0 . 1 1

. 0 01 . 0 01 0 . 0 . 1 . .

1 0 0 1 0 0 0 0 1 1

R,
To change these sets into starting blocks for a BI BD we would also need to have the difference

07 occur twice. This can be done but not in a straight forward way.
This clearly shows that Bhaskar Rao designs are not another representation of BIB Ds.

—1=-, and

a

Example 4 To illustrate how a design developed from blocks using differences can be shown to
be a BIBD or GBRD we consider the initial blocks

(00, Lo, 20) (00, 11, 21) (01, 20, 31) (00, 21, 41) (0o, 20, 01) (0g, 01, 41) mod(5,—)

So the differences are

4o

0¢

To
2
30
29
31
4

1o

30
4
31
14
01
0¢

49
31
29
30
2
14

This means each of the differences 04, 1o, 11,20, 21, 30,31, 40,41 occurs 4 times, that is 2 times
corresponding to each difference where the direction it is taken in is considered. Hence we have, after
developing the initial blocks modulo 5, exactly Bose’s example (iv) [4, p370] for a BIBD(10,3,2).

1 1 1 0 0 1 0 0 0 O 0 0 1 0 O 1 0 0 0 O 1 0 1 0 0 1 0 0 0 O
0 1 1 1 0 0 1 0 0 O 0 0 0 1 0 0 1 0 0 O 0 1 0 1 0 0 1 0 0 O
0 0 1 1 1 0 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 1 0 1 0 0 1 0 O
1 0 0 1 1 0 0 0 1 0 1 0 0 0 O 0 0 0 1 0 1 0 0 1 0 0 0 0 1 0
1 1 0 0 1 0 0 0 0 1 0 1 0 0 O 0 0 0 0 1 0 1 0 0 1 0 0 0 0 1
0 0 0 0 O 0 1 1 0 0 1 0 0 1 0 0 0 1 0 1 1 0 0 0 O 1 0 0 0 1
0 0 0 0 O 0 0 1 1 0 0 1 0 0 1 1 0 0 1 0 0 1 0 0 0 1 1 0 0 0
0 0 0 0 O 0 0 0 1 1 1 0 1 0 0 0 1 0 0 1 0 0 1 0 O 0 1 1 0 0
0 0 0 0 O 1 0 0 0 1 0 1 0 1 0 1 0 1 0 0 0 0 0 1 0 0 0 1 1 0
0 0 0 0 O 1 1 0 0 0 0 0 1 0 1 0 1 0 1 0 0 0 0 0 1 0 0 0 1 1
It has GBRD type incidence matrix for the last three sets of

0 1 .1 0or . 0 . 01 . 1

o0 . 1 . 0or . 0 . 1 01 .

.10 .1 . 01 . 0 1 01 .

1 . 1 0 . 0 . 01 . 1 01 .

1 10 0 01 1 01



It is not a GBRD as the difference 07 occurs 4 times. This is represented by the “01” in the above
incidence matrix. However the first four blocks give a GBRD(6,3,6; Z3)

(007 107 20) (007 117 21) (017 207 31) (007 217 41) mOd(57Z2)7

which has incidence matrix:

00 0 . . 01 1 . 0O . 0 1 . o . 1 .1

0 00 01 1 . 0 . 01 10 . 1 .
. 0 00 . 01 1 1 .0 .0 .10 .1
0 . 0 0 1 . 01 o1 . 0 . 1 . 1 0 .
00 0 11 0 01 . 0 o1 10

Example 5 David Glynn [12] has found the only GW (v, k,G) known to the author where G is
not an abelian group. Consider the multiplication table for S5

1 2 3 4 5 6

1{1 2 3 4 5 6 1—e

212 3 1 5 6 4 2 — (123)(456)
313 1 2 6 4 5 3 — (132)(465)
414 6 5 1 3 2 4 — (14)(26)(35)
515 4 6 2 1 3 5 < (15)(24)(36)
616 5 4 3 2 1 6 — (16)(25)(34)

Then the circulant matrix

0 5 1 4 01 16 5 6 0 4 07
005140116 5 6 04
40 05 1 40116 560
04005 140116 56
6 04 0 05 1 40116 5
56 04 005 1 4011F®6
6 5 6 04005 14011
1 6 56 040051401
116 56 04005 140
01 16 5 6 04005 1 4
4 01 16 56 040051
1 40116 56 0400 5

15 1 401 16 5 6 040 0|

is a generalized weighing matrix GW(13,9; 55).
In set notation this can be written as

(15 21 34 61 71 86 95 106 124) mod (13,53)

There are two inequivalent circulant GW (13, 9; Z5) (see Seberry and Wehrhahn [23]) and a total
of eight inequivalent GW(13,9; Z3) (Ohmori [15]) but the existence of GW(13,9;G) for G = Z3 or
Zg is not yet resolved.

Another interesting possibility occurs if there are parallel classes associated with a subdesign.
For example the GBRD(13,9,6; 53) given by developing the above block mod (13) can be embedded
inan SBIBD(91,10,1) which also has an SBIBD(13,4, 1) embedded (see the construction in [19]).
a



In this paper we show that BIBD(v,b,r k,\), where v = pq or pg + 1, when written in the
notation of Bose’s method of differences may often be used to find generalized Bhaskar Rao designs

GBRD(p,b',r", k,\; G) where (G is a group of order ¢.

Theorem 1 Let G be a group. A GBRD(v,k,\; G), where | G | is A, is equivalent to a BIBD(vA, k, 1)
when both are written using starting blocks developed mod(X). (The most common case has G a
cyclic group but it is possible to develop a theory with other groups.)

Proof. Suppose we have initial blocks

aq Cq

for the GBRD. Then the equivalent starting blocks for the BIBD are:

(9551?7 Zg)) (wz(zli){—lv Zijl-l) (wgzi)q-k—lv Zgl-k—l) (09, 01, +++ 0k—1) mod(v,A).
The differences of the type (JC((IZ,) - y(gi)), a; = 0, ---, A yield the product elements of type

(20D — y(i))aiaﬂ) which must occur once each for the GBRD and once each arising from each a;
for the BIBD.
(1) (?))

The differences of type (24, —y,."), @; =0, ---, X, a; # b;, yield the product elements of type

7

(x(i) — y(i))aibﬂ which must occur equally often for the GBRD and hence occur equally often for

the BIBD. The block with zeros completes the differences for the BIBD.
O

See the case k = 3 in the next section for an example of how this theorem works.

When we have a BIBD((k—1)v+1,k,k—1) developed mod (v, k—1) with a special element oo
we seek to form a GBRD(v,k,(k — 1)%;G) where ( is a group of order k — 1. Again the converse,
that the GBRD in this case gives a BIBD, has been observed previously (see [19]).

Theorem 2 Let G be a group. If the initial blocks

1 2 k
(x((lll)v $1(122)7 ceey x((llz)) (3/151)7 ylEQ)v sy y[gk))(zg)v Zé?v teey Zgj))
give a GBRD(v, k. k — 1;G) where | G |= k — 1, then the initial blocks
1 2 k 1 2 k 1 2 k
(x((ll)‘Fi’ xgz))_l_i, .. 7961(1;3%-2) (yéll_i, y£22|_2», .. yékl_l) .. '(Zill-iv 2£22H», .. '7Z£k2|—i) (00, 01, Oz, ..., Ok_1)
i=0, ---, k=2, givea BIBD((k—1)v+1,k,1), where i =0,1,....k — 1. The converse is also

true. (The most common case has G a cyclic group but it is possible to develop a theory with other
groups.)

Proof. The proof follows by noticing that the mixed non-zero differences occur the same number
of times. The extra block makes sure the zero elements occur the appropriate number of times. O

See the case k = 4 in the next section for an example of how this theorem works.

Comment. In some sense Bose’s theorem implies that the subscripts are from a cyclic group.
However the formulation in terms of GBRD indicates clearly that any group will suffice.

The construction with non-cyclic groups can be visualized by replacing the 0 element of the
GBRD by a (k—1) X (k—1) zero matrix and the other elements by their right (left) regular matrix
representation. Finally, the extra k — 1 blocks corresponding to (0o 01 03...05_1) are added.



2 Examples and Constructions

We now give some examples of these methods. The GBRD are new.

k=3: To illustrate
(017 107 40)7 (017 207 30) mOd(57 ZB)
give a GBRD(5,3,3; Z3). The blocks

(017 10740) (01720730) (00702703) mOd (573)
(02711741) (02721731)
(00712742) (00722732)

give a BIBD(15,3,1). That the GBRD in this case gives a BIBD, has been observed previously
(see [19]).
In Lemma 3 this method is applied to BIBD(3v,3,1) and GBRD(v,3,3; Zs) for all odd v.

k=4: The initial blocks for the BIBD(28,4,1),7 =0, 1, 2, are

[(21)i; (01)5 (12)ig1, (10)iga]s [(20)i; (02)i5 (22)i41, (00)i41] and [o0, (00)o, (00)1,(00)o].

The first two blocks, with ¢ = 0, give a GBRD(9,4,3; Z3). The elements work modulo (3,3) and
suflixes modulo 3.

k=5: The initial blocks of a BIBD(45,5,1) are

[(01 05 (02)07 (10)27 (20)27 (00)1]7
[(21)o, (12)0. (22)2, (11)2, (00)4]
and [(00)0, (00)1, (00)2, (00)3, (00)4]

The first two blocks give a GBRD(9,5,5; Z5) which is new. The elements work modulo (3,3) and
suffixes modulo 5.

k=6: Denniston [10] has given a BIBD(66,6,1) design. This design is rewritten in a convenient
way as follows:

(03, 23, 30, B2, 62, 100), (03, l4, 40, 6o, 71, 1132),
(04, 14, 32, 92, 111, 123), (03, 34, 51, 7o, 82, 127),
(04, lo, 34, 72, 90, 100), (23, 44, 53, 63, 104, 124),
(04, 11, 31, 41, 80, 94), (0s, 20, 41, Bg, 63, 91),
(03, 12, 29, B3, 61, 123), (03, 22, 81, 94, 104, 11g),
(OO7 00, 01, 02, 03, 04),

all blocks developed mod(13,5). We note that the first 10 of these blocks also givea GBRD(13, 6, 25;
Z5). If we knew how to sign the blocks {256 78 11} and {1 34 9 10 12}, which develop mod(13)
to give a BIBD(13,6,5), we would have a GBRD(13,6,5; Z5).

k=7: The following three sets of initial blocks from Bhat-Nayak and Kane [1, 2] give initial blocks
for a BIBD(91,7,1):



Solution 1:
[607 707 1117 217 857 557 02]7

[1017 317 907 407 1257 157 02]
and [00701702703704705706]-

Solution 2:
[647 747 1137 237 867 567 02]7
[1037 337 947 447 1267 167 02]
and [00701702703704705706]‘
Solution 3:

[647 747 1137 237 867 567 02]7
[1017 317 907 407 1257 157 02]
and [00701702703704705706]‘

In each case the first two blocks mod (13, 7) are initial blocks for a GBRD(13,7,7; Z7). These

are new.
One typical result illustrates many possible theorems arising from constructions for BIBD
using Bose’s method of differences.

Lemma 3 The starting blocks
(Lo, 2to, 01) (20, (2t —1)o, 01) ... (to, (t+ 1), 01) (0o, 01, 05) mod (2t +1,3)
were used by Bose [4, p373, equation 4.22] to form a BIBD(3(2t + 1),3,1). The starting blocks
(lo, 2tg, 01) (20, (2t —1)g, 01) ... (o, (t+ 1)o, 01) mod (2t 4+ 1, 7Z3)
form a GBRD(2t 4+ 1,3,3; Zs).

Proof. A simple check shows all the differences for the GBRD, {1, ---, 2t}, are obtained with
each subscript 0, 1, 2. This immediately gives the GBRD(2t + 1,3,3; Z3).

It remains to notice that the starting blocks for the BIBD are the same as for the GBRD
with the exception of the last. This means we have the required number of pairs both with the
subscripts 7 and ¢,7 = 0, 1, 2 and with cross subscripts ¢ and j,¢ # j, ¢, j = 0, 1, 2. This gives the
result after noting the block (0g, 01, 03) guarantees the remaining differences which are needed.

Acknowledgement The author wishes to thank the referee for carefully reading the paper and
improving the exposition.
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