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Abstract: A pair of matrices X and Y are said to be amicable if XY7 =
Y XT. In this paper, if X and Y are orthogonal designs, group generated or
circulant on the group G, these will be denoted 2—SAS(n; uy, us; G). Recently
Kharaghani, in “Arrays for orthogonal designs”, J. Combin. Designs, 8 (2000),
166-173, extended this concept to an amicable set, {4;}?",, of 2n circulant
matrices, which satisfy

(Aa(Qi—l)AZ(Qi) - Av(Qi)AZ(%—l)) =0

1

n
1=
In this paper we concentrate on constructing short amicable sets, which satisfy
the same equation but contain four, called short, or two, called 2-short, matri-
ces. We give a method of multiplying the order of 2-short circulant amicable
sets and thus we obtain many infinite classes of 2-short circulant amicable sets.
We give some constructions for infinite families of circulant amicable sets. We
then contrast by comparing with short block amicable sets which are block
circulant matrices and defined on a group G; x G.

AMS Subject Classification: 05B15, 05B20.

Key words and phrases: Orthogonal designs, amicable sets, short amica-
ble sets, short circulant amicable sets, short block amicable sets, sequences,
Williamson matrices, Kharaghani array, Hall polynomial.
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1 Introduction

An orthogonal design of order n and type (sq, So, ..., Sy) denoted OD(n; s1,
Sg,...,8y) in the variables x, z, ..., x,, is a matrix A of order n with entries
in the set {0, +z, £x,,. .., +x,} satisfying

u
AAT = (i) I,

i=1

where I, is the identity matrix of order n. Let B;, + = 1,2,3,4 be circulant

matrices of order n with entries in {0, +z, £2,, ..., +x,} satisfying
4 U
S BB = (six}) 1.

Then the Goethals-Seidel array

Bi  B:R BsR BiR
~B,R B, BIR -BIR

G=1 _BR -B'R B, BIR
“B,R BI'R -BIR B
where R is the back-diagonal identity matrix, is an OD(4n; s1, Sa, ..., Sy). See

page 107 of [3] for details.

A pair of matrices A, B is said to be amicable (anti-amicable) if ABT —
BAT =0 (ABT + BAT = 0). To be consistent in the notation of this paper we
will also denote these as 2 — SAS(n; sy, s2; G), where the group G is described
below. Following [9] a set {A;, As, ..., Ay, } of square real matrices is said to
be amicable if

(Asi1) ATai) = Aoy Arairy) = 0 (1)

n
=1

for some permutation o of the set {1,2,...,2n}. For simplicity, we will always
take (i) = i unless otherwise specified. So

n

> (Asia AL — AnAf ) =0, 2)
i=1
Clearly a set of mutually amicable matrices is amicable, but the converse is not
true in general. Throughout the paper R; denotes the back diagonal identity
matrix of order k.
A set of matrices { By, By, ..., B,} of order m with entries in {0, £z, +x,
..., tx,} is said to satisfy an additive property of type (si, sa,. .., 8y) if

u

iBiBiT = (six) L. (3)

=1
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Let {A4;}%_, be an amicable set of circulant matrices (or group devel-
oped or type 1) of type (si,82,...,8,) and order t. We denote these by
8 — AS(t; s1, S2, 3, S4, S5, S6, S7, S8; Zy) (or 8 — AS(t; 81, Sa, 83, S4, S5, Sg, 7, S8; G)
for group developed or type 1). In all cases, the group G of the matrix is such
that the extension by Seberry and Whiteman [11] of the group from circulant
to type 1 allows the same extension to R. Then the Kharaghani array [9]

Al A2 A4Rn ASRn AGRn ASRn A8Rn A7Rn
_A2 Al ABRn _A4Rn ASRn _AGRn A7Rn _ASRn
—-A4R, —As3R, Ay As -ArYR, ATR, AYR, -AT'R,
- —A3R, A4R, —As A ATR, AR, -ATR, -ATR,
= | —A¢R, —AsR, ATR, -ATR, A A, —ATR, ATR,
~AsR, AR, -ATR, —ATR, —4A, A, ATR, ATR,
—AgR, —A;R, —ATR, ATR, ATR, —-ATR, A, Ay
— AR, AsR., ATR, ATR, -—AIR, —-ATR, —A, A

is an OD(8t; 51, 89, ..., Sy).

The Kharaghani array has been used in a number of papers [5, 6, 7, 9, 10]
to obtain infinitely many families of orthogonal designs. Research has yet to
be initiated to explore the algebraic restrictions imposed an amicable set by
the required constraints.

A set {A;}L, is said to be a short amicable set of order m and type
(w1, ug, ug, uy), abbreviated as 4 — SAS(m; uy, ug, us, ug; G), if (2) and (3) are
satisfied for n = 4 and u < 4. 4 — SAS(m;uy, us, ug, us; G) can be used in
either the Goethals-Seidel array or the short Kharaghani array

A B CR DR
—-B A DR -CR
—CR —-DR A B
-DR CR —-B A

to form an OD(4m;uy, us, us, uy). In all cases, the group G of the matrices in
the amicable set is such that the extension by Seberry and Whiteman [11] of
the group from circulant to type 1 allows the same extension to R.

In general a set of 2n matrices of order m and type (sq,Ss,...,s,) that
satisfy equations (2) and (3) will be denoted as 2n — SAS(m; s1, sa, . . ., Su; G).
Moreover if these matrices are circulant they will be denoted as 2n—SCAS(m;
$1,89, -+ Su} Zm)-

Remark 1 Clearly

1. If there exists a 2 — SAS(n; sy, s9;G) and a 2 — SAS(n; s3, s4; G) then
there exists a 4 — SAS(n; s1, 9, 83, 54; G).

2. If there exists a 2—SAS(n; s1, $9;G), 2—SAS(n; s3, 54; G), 2—SAS(n; s,
s¢; G) and a 2—SAS(n; s7, sg; G) there exists an 8— AS(n; s1, S9, S3, S4, S5,
56, 57, 58; ().



3. If there exists a 4 — SAS(n; sy, s, 3, 84; G) and a 4 — SAS(n; ss, Se, 57,
sg; G) there exists an 8 — AS(n; s1, Sa, S3, S4, S, Sg, 7, S8; G).

Thus we can obtain many classes of 4 — SAS(n; sy, s9, $3, 84; G) combining
together two pairs of the given 2 — SAS(n; s1, s9; G) and 2 — SAS(n; s3, s4; G).
Moreover, in Table , we give some 4 — SAS(m; uy, us, us, uy; Zy,) that can not
be constructed by this method.

Generally, unless we have other information regarding the structure, we
are unable to ensure that the matrix R with the desired properties for the
Kharaghani, Goethals-Seidel or short Kharaghani arrays exists unless the am-
icable sets have been group generated (circulant or type 1) or constructed from
blocks of these kinds. Thus if we have the required matrix R; for the group
Gi, 1 =1,2 then Rz = R; X Ry will be the required matrix for G = G X Gb,
(see [11]).

Al A2
AQ Al
Amicable sets made from 2n such block circulant matrices will be called
block amicable sets, short block amicable sets or 2-short block amicable sets,
2n — SBAS(2m; s1, 82, .., 84 G), n = 1,2,4, where, using R; for the back-
diagonal matrix of order ¢, G = Zy x Z,,, and Rg = Ry X R,,. Here, if A; and
Ay are circulant, then we use the backdiagonal matrix of the same order for R
ensuring A;(A;R)" = A;RAT. The required Rg = Ry x R.

A (1, —1) matrix of order n is called a Hadamard matrix if HHT = HTH =
nl,, where H” is the transpose of H and I, is the identity matrix of order
n. A (1,—1) matrix A of order n is said to be of skew type if A — I, is
skew-symmetric.

A matrix W = circ(wy, ..., w,), w; € {0,+1} which satisfies WWT = kI,
is called a circulant weighing matriz of order n and weight k or CW(n, k).

Four {+1} circulant and symmetric matrices X, X5, X3, X4 of order n are
called four Williamson matrices if they satisfy

Let A; and Ay be matrices of order m. We define circ(A;, Ag) =

XP+ X3+ X5+ X7 = 4nl,.

Four {#+1} matrices X, Xo, X3, X, of order n are called four Williamson
type matrices if they are pairwise amicable and satisfy

X XTI+ XoXT + X XT + X, XT = dnl,.

We denote the product Z,x Z,x- - -x Z,(r times) by EA(p") the Elementary
Abelian group. Moreover —a is denoted by a.

Throughought this paper we use the symbol 0,, to denote the sequence of
length m with all elements zero and the symbol O, to denote the ¢ x ¢ matrix
with all entries zero.



For the undefined terms we refer the reader to the book by Geramita and
Seberry [3].

Suppose C' = circ(co, ¢1, ..., y_1) is a circulant matrix of order n.
Let
01 00 ... 0
0010 ...0
0 00O0...1
1 00 0 ... 0

of order n, be the shift matrix. Then we can write C' = ¢ol + 11, + ...+
cn—1 T2t Note that 7" = I the identity matrix of order n. We say the Hall
polynomial of C'is 377 ¢;z'. The Hall polynomial of C7 is 77 c;z"~".
Given a set of £ sequences A; = {a;1,aj0,...,a;n}, j =1,...,¢, of length
n the non-periodic autocorrelation function, denoted NPAF, N4(s) is defined

as
£ n—s

NA(S) :ZZajiaj,Hs, s:(],l,...,n—l, (4)

j=1i=1

If Aj(2) = aji+ajz+...+aj,2" ! is the associated polynomial of the sequence
A;, then

{ n n { n-1
AR)AEY) =3 ajapz " = Na(0) + 3D Na(s)(2* +27%), 2 £ 0.
J=1i=1 k=1 j=1s=1

(5)
Given Ay, as above, of length n the periodic autocorrelation function, denoted
PAF| Py(s) is defined, reducing i + s modulo n, as

L n
Pi(s) =D Y ajiajiys, s=0,1,...,n—1. (6)

j=1i=1

We note NPAF sequences imply PAF sequences exist, the NPAF sequences
being padded at the end with sufficient zeros to make longer lengths. Hence
NPAF sequences can give more general results. If two NPAF sequences have
differing lengths then sufficient zeros are added to the end of each to make all
the sequences the same length. In all cases NPAF and PAF sequences can be
used to make circulant matrices satisfying the additive property (see [5, 9]);
if NPAF sequences of lengths n; and ny are used, then by padding, circulant
matrices for all orders n > maz(ny, ny) will exist; if PAF sequences of lengths
n are used, then circulant matrices of order n exist.



2 2-short circulant amicable sets

Definition 1 We define 2-short circulant amicable sets, abbreviated as 2 —
SCAS(n; uy,ug; Z,), to be two circulant matrices of order n with entries from
{0, £, +25} which satisfy

AlA{ + AgAg = (Ull'? + UQJ/‘;)ITL, AlAg - AQA{ == 0,
or with entries from {0, £1} which satisfy

A AT 4 A AT = k1, A AT — A,AT =0,
If Ay x Ay =0 then 1Ay + x9A5 form an OD(n; uy, us).

Example 1 1. A = circ(0,a,b,—a) and Ay = circ(0,a,0,a) is a 2 —
SCAS(4;1,4; Zy).

2. Ay = circ(a,—b,0,—b,a,b) and Ay = circ(b, a,0,a,b,—a) is 2—SCAS(6;
5,5; 7).

Theorem 1 Let Xy, Xy be {0,+1} circulant matrices of order { satisfying

X X!+ XoXT = kI, (7)
XXy — XoX[ =0 (8)
X1 * XQ =0 (9)

then there exists a 2 — SCAS(; k, k; Zy).

Proof. Set
A= aX1 + bX2 and B = —bX1 + GXQ.

A and B are both circulant matrices and a straightforward calculation shows
AAT + BBT=(ka® + kb*)I,,
and
ABT — BAT=(.
Thus A and Bisa 2 — SCAS(¢; k, k; Zy). O

Remark 2 Using the sequences given in Table 1 with theorem 1, the matrices
given in example 1 and lemma 1, we have that there exist 2-short circulant
amicable sets for orders and types which are described in Table 2.



Order | Weight Sequences Zero
n>1 X1 ;5 Xo
n 1 1:;0 NPAF
2n 2 1,0 ;0,1 NPAF
4n 4 0,1,0,1 ; 1,0,-1,0 NPAF
6n 4 0,0,1,0,0,1 ; 0,-1,0,0,1,0 NPAF
6n 5 0,1,0,-1,0,1 ; 0,0,1,0,1,0 NPAF
™m 4 0,0,1,0,1,1,-1 ; 0,0,0,0,0,0,0 PAF
8n 8 1,1,1,0,-1,1,-1,0 ; 0,0,0,1,0,0,0,1 NPAF
10n 9 0,1,0,1,0,-1,0,1,0,1 ; 0,0,1,0,-1,0,-1,0,1,0 PAF
12n 8 0,1,1,0,1,0,0,-1,1,0,-1,0 ; 0,0,0,0,0,1,0,0,0,0,0,1 PAF
13n 9 0,0,1,0,1,1,1,-1,-1,0,1,-1,1 ; 0,0,0,0,0,0,0,0,0,0,0,0,0 PAF
14n 8 0,0,1,0,1,0,-1,0,0,0,0,0,1,0 ; 0,0,0,0,0,1,0,0,0,1,0,1,0,-1 PAF
14n 10 1,0,0,0,0,0,0,0,1,0,0,0,1,0 ; 0,1,0,-1,0,1,0,1,0,-1,0,-1,0,-1 | NPAF
14n 13 0,1,0,1,0,-1,0,1,0,-1,0,1,0,1 ; 0,0,1,0,1,0,-1,0,-1,0,1,0,1,0 PAF

Table 1: Disjoint amicable circulant matrices can be constructed from the
above sequences.

order | type || order | type || order | type || order | type
n | (L,1)| 6n | (4,4) ] 10n | (4,4) | 14n | (8,8)
2n | (2,2) 6n | (5,5) | 10n |(9,9) | 14n | (10,10)
dn | (L,4) || Tn | (4,4) | 12n | (8,8) | l4n | (13,13)
dn | (4,4) 8n | (8,8) | 13n | (9,9)

Table 2: Order and type for small 2-short circulant amicable sets for all n > 1.

Remark 3 We observe that although we carried out an exhaustive computer
search for orders up to 15, we could not find appropriate sequences of orders
3,5,9,11, 15 satisfying equations (7), (8) and (9) and having weights greater
than 1 (see table 1). We observe from Horton and Seberry [8] that the type
(4,9) did not arise satisfying even equation (7) using circulant matrices and
lengths 7, 9, 10, 11, 13, 15, 17, 23, or 25. However (4,9) satisfying (7) but not
equations (8) and (9) exist for lengths 19 and 21. We conjecture that for odd
lengths the only weights that will occur are squares and they will only exist
for lengths for which there are circulant weighing matrices [1, 2].

Lemma 1 Let A = circ(ag, a1, ..., am—1) and B = circ(bg, by, ..., by_1) where
ai,b; € {0, £a, £b},i=0,1,...,m—1 be 2—SCAS(m;uy, us; Zp,) (i.e. AAT +
BBT = (uja® + ugb?)1I,, and ABT — BAT = 0). Then there erists a 2 —
SCAS(l;uy,uq; Zp) where £ = 0(mod m), £ = mi.

Proof: Let i be a constant integer. We map 7", used to define A and B to
Sk =Tk used to define A; and A, below. Set

mi

m—1 ) m—1 )
/h,: E:(%Eg and AQZZ E:bj55
7=0 7=0



Now

m—1m-—1
(Za]TJ) ZakT = (a]akTJ k)

7=0 k=0

m—1m-—1
(Zb TJ) Zbk = (bt T3 %)

=0 k=0

—1m—1
AAT + BBT = Z > ((ajax + b]bk)Tg;’“) = (ua® + upb?) I,

7=0 k=0
Thus we have that

(i) If mis odd then the coefficients of 7.7, 0 = —(m—1),...,—1,1,...,m—1
are zero, and the coefficient of T\ is uja® + ugb?. That means
m—1 m—1
(ajar +bjbe) =0 and Y (a} +07) = wa® + upb®. (10)
J k= 7=0
j—k=o0

(ii) If m is even, m = 2n then we have that 7)) = T, ™ and so the coefficients
of T, 0 =—-2n-1),...,—(n+1),—(n—-1),...,-1,1,...,n—1,n+
1,...,2n — 1 are zero, the coeflicient of T)" plus the coefficient of 7,." is

7€ero and the coefficients of TC is u;a® + uyb?. That means

—_

m— m—1
(ajar + bjby) =0, (ajar + bjby) = 0
j’ k — 0 ], k 0
j—k=o0 j—k==%n (11)
o # +n
m—1
and ) ( a? 4+ 0%) = ura® + usb?.
7=0
Also
m—1 m—1 m—1m—1
ABT e a]Tgn, (Z ka_k> = (a]kagl_k) )
j=0 k=0 J=0 k=0
m—1 m—1 m—1m—1
pa” = (So1) (Lart) = £ 5 ().
§=0 k=0 =0 k=0
—1m-—1 ) m—1m—1 )
ABT — BAT Z (arbyT57*) = ((ajbr — axb;)T5*) = 0.
§j=0 k=0 §=0 k=0

Thus we have that



(i) if m odd, then the coefficients of T2, 0 = —(m —1),...,m — 1 are zero.
That means

m—1
(Cljbk - akbj) =0 (12)
Ji k=0
j—k=o0
(i) if m even, m = 2n then the coefficients of 77, 0 = —(2n—1),...,—(n+
1),—(n—=1),...,n—1,n+1,...,2n — 1 are zero and the coefficient of
T plus the coefficient of T," is zero. That means
m—1 m—1
(a]bk — akbj) =0 and (ajbk — akb]) =0 (13)
7, k=0 J. k=0
j—k=o0 j—k==%n
o#+n
Now
14114¥1 = Z a]Sg (Z ak53k> = (ajakak) s
j=0 k=0 J=0 k=0
m—1 ) m—1 m—1m—1 f
A AT = | S° 0,8 (Zbks;k> = (bibrSi7") |
j=0 k=0 J=0 k=0
m—1m—1 )
AA] + AT = 303 ((ajar + bibe) ST
7=0 k=0
We have that the coefficients of S7 are equal to the coefficients of 777 for all
o=—(m—1),...,m—1, and so using equations (10) or (11) we obtain
AlA{ + AQA; == (UlCLQ + UQbQ)ImZ‘ = (u1a2 + UQbQ)Ig. (14)
Further
m—1 ) m—1 m—1m—1 )
AlAg = Z CLng (Zb;ﬂ[’“) (ajbksg_k) s
j=0 k=0 j=0 k=0
m—1 ) m—1 m—1m-—1 )
14214¥1 = Z b]Sg (Z ak53k> = (akbijk) s
j=0 k=0 J=0 k=0
m—1m-1 - m—1m-1 -
AAT = AT =30 % (ab;ST) = (a;b, — axb;)SI*.
j=0 k=0 j=0 k=0



We have that the coefficients of S7 are equal to the coefficients of 777 for all

o=—(m—1),...,m —1 and so using equations (12) or equations (13) we
obtain

Equations (14) and (15) show that A; and Ay are 2 — SCAS(¢;uy, us; Zy)
where £ = 0(mod m), { =mi, i=1,2,.... O

Example 2 There exist 2 — SCAS(¢;1,4; 7)) where £ = 0(mod 4) (i.e. £ =
47). Using case 1 of example 1 we set A, = 01, + aT} + bT} — aT}' = aT} +
VI — aT}', Ay = 01y + aT} + 0TF + aT}" = aT} + aT}'. Then

AAY = a1y + abT) — ®T} + a®T;7% + abT[ ' — a1y,

Ay AT = a1, + abT;" — a*T;7% + a*TP + abT} — d°1,.
Now since ¢ = mi = 2n then T, " = T}* we have that 4; AT — A, AT = 0. So
we obtain our 2 — SCAS(¢;1,4; 7)) where £ =44, i =1,2,.... O

Example 3 There exist 2 — SCAS(¢;5,5; Z;)) where £ = 0(mod 6) (i.e. ¢ =
6i). Using case 2 of example 1 we set

Ay =aly — VT, + 0T} = bI} + oT," + bT}" = aly — bT; — bT}" + aT}" + bT}",

Ay = bl + aT} + 0T} + aT}" + bT," — aT}' = bl, + aT} + aT}" + bT," — aT}".

Then by simple calculation and the fact that ¢ = 2n is even we have A; Al —
Ay AT = 0. Thus we have our 2— SCAS((;5,5; Z;)) where £ = 6i, i = 1,2,....
O

3 Short circulant amicable sets

Theorem 2 Suppose X,Y are two disjoint {0, +1} sequences of length n and
weight k with zero PAF (or zero NPAF). Then there are two different con-
structions of 4 — SCAS(n; k, k, k,k; Z,) (or 4 — SCAS(s > n; k, k, k, k; Zs) ).

Proof. Suppose ta,+b, +¢, £d are commuting variables. Let

Ay =aX +b0Y  (or Ay = {aX +0Y,05 ,,})
Ay =dX +¢Y  (or Ay = {dX + ¢V, 0,_0))
Ay = —bX +aY (or Ay = {—bX + aY,0,_n)})
Ay=cX —dY  (or Ay = {cX —dY,0,_,})

10



and
Ay =aX +b0Y or Ay = {aX +bY,0,_,})

(
Ay =—dX +¢Y (or Ay ={—dX +¢Y,0,_,,})
A3 = —bX +aY (or A3 ={-0X +aY,0, ,})
Ay=cX +dY  (or Ay ={cX +dY,05 ,}).

Then Ay, As, Az, Ay are the required 4—SCAS (n; k, k, k, k; Z,,) (or 4—SCAS(s >
nyk, k k k; Zy)). a

Example 4 Let X; = {1,0,0,0,0,0,1,0,—1,0,—1} and X, = {0,1,0,1, 1,0,
0,1,0,—1,0} be two disjoint sequences of length 11, weight 9 and zero PAF. Us-
ing these sequences set A, B, C, D as in theorem 2 to obtain 4 — SC AS(11;9,9,
9, 9, le)-

Corollary 1 Suppose C = {cy,¢a,...,¢,}, D ={dy,da,...,d,} are two {0,£1}
sequences of length n and weight k with zero NPAF. Then there exists a
4—SCAS(s;k,k,k,k; Zg), s > 2n.

Proof.
Set X; = circ{cy,co,. .. cn, 05—y} and Xy = {05y, d1,do, ..., d,} and use
theorem 2. a

Example 5 Let C = {1,0,1} and D = {1,1, —1} be two sequences of length 3
and weight 5. Using these sequences set in corollary 1 we obtain 4—SCAS(s; 5,
5,5,5; Zs), s > 6.

Corollary 2 Suppose C, D are two {0,+1} sequences of length n and weight
k with zero PAF. Then there exists a 4 — SCAS(s;k, k, k, k;Z,), s = (m +
n, m> 1.

Proof.
Set X7 = {C10,,} = {c1,0m,¢2,0m,...,¢n, 0} and Xy = {0,,|D} = {0, dy,
Om, day ..., O, dy} and use theorem 2. O

Example 6 Let C = {1,-1,-1,1,1,1,1,-1,-1} and D = {0,-1,1, -1, -1,
—1,—1,1,—1} be two {0,%1} sequences of length 9 and weight 17. Using
corollary 2 we obtain 4 — SCAS(9(m + 1);17,17,17,17; Zy(m+1y), m > 1.

Lemma 2 Let p = 1(mod 4) be a prime power. Then there exists a 4 —
SCAS(st(p+1)ip+1,p+1Lp+1,p+1:Z;) s=(m+1i(p+1), m>1.

Proof. Use the circulant symmetric (1), matrices of order 3(p+1) , P and
S found by Goethals and Seidel [4] in corollary 2. O

11



Theorem 3 Let Ay, Ay, Az, Ay be four circulant matrices of order n with ele-
ments from {0, £1} satisfying

A AT + A AT + A3 AT + AL AT = 4k, (16)
MAT = A, AT and A3AT = A, AT, (17)
Ay :2|: A, and As £+ A4 are also {0,£1} circulant matrices.  (18)
Then there exists a 4 — SCAS(n; 2k, 2k; Z,).
Proof. Set

Then X, XTI + XoXT + X5 XT + X, XT = 2kI,,. Furthermore X; * X, = 0 and
X1X2T = XQXIT and X3 * X4 =0 and )(3)(}1 == )(4)(??1
Let

Bl = aX1 + bXQ, BQ = CLXQ — le, Bg = an + bX4, B4 = CLX4 — bX3
Then
4 2
> B;B] =2k(a®*+b*)I, and Y (By_1Bj; — ByBj,_;) =0.
i=1 1=1
Thus By, By, By, By is a 4 — SCAS(n; 2k, 2k; Z,,). O
Corollary 3 Let Ay, Ay, A3, Ay be circulant Williamson matrices of order n
which satisfy AT = A;, i =1,2,3,4. Then there exists a 4—SCAS(n; 2n,2n; Zy,).
Proof. Observe that A, Ay, A3, Ay satisfy the equations (16), (17) and (18)
with & = n and so from theorem 3 we have the result. O
Example 7 Let
Ay =cire(—1,1,1,1,1), Ay =cire(—1,1,1,1,1),
Az =cire(1,1,—-1,-1,1), Ay =cire(1,-1,1,1,-1)
be circulant Williamson matrices of order 5. Then
Xy =cire(-1,1,1,1,1), X, = ¢ire(0,0,0,0,0),
X3 = cire(1,0,0,0,0), X4 = cire(0,1,—1,—-1,1)

and thus
B, = cire( a,a,a,a,a), By = circ

(
Bs = circ(a, b, b,b,b), By = circ(b,a,a,a,a)
isad4— SCAS(5;10,10; Z5).

12



A As Zero

Type Agy Ay Order

(1,1,2.8) (0,2, a,c) (0,2,b,7) NPAF
(0,¢,b,¢) (0,¢,d,c) 4n

(1,1,4,4) (a,b,a) (a,0,a) NPAF
(¢,0,¢) (e, d,c) 3n

(1,1,5,5) (¢,a,c,0) (d,b,d,0) NPAF
(c,d,c,0) (d,c,d,0) 4n

(1,1,8,8) ,¢,d,a,d,c) (0,¢,d,0,d, c) NPAF
,¢,d,0,d,c) (0,¢,d,b,d, c) 6n

(2,2,8,8) ,a,d, e b,c) (d,a,d,c,b,ec) NPAF
,0,¢,d,0,d) (c,0,¢,d,0,d) 6n

(1,1,5) (@, a, a) (a,0, ) NPAF
(¢,0,0) (0,b,0) 3n

(3.,3) (a,b) (b, @) NPAF
(a,0) (b,0) 2n

(5,5) (a,a,a) (a,0,a) NPAF
(b,b,b) (b,0,b) 3n

(6,6) (a,b,a) (a,a,a) NPAF
(b,a,b) (b, b, b) 3n

(6,6,12) ¢,a,c,b, ¢, a) a,c,a,c,a) NPAF
¢,b,¢,a,c,b) b,c,b,¢,b) 6n

(13,13) ¢, ¢ ¢ 0,0,cc) ,¢,¢,c,0,0,¢) | NPAF
d,d,d,0,0,d,d) ,d,d,d,0,0,d) | 9n

(14,14) ,b,b,b,b,a,a) ,b,a,b,b,b) NPAF
,a,a,a,a,b,b) ,a,b,a,a,a) ™m

(17,17) | (a,a,a,a,a,a,a,a,0) ¢, G, C ¢, C, ¢, ¢, C0) PAF

(¢,é,¢,¢ 00,00, 0) ,a,a,a,a,d,a) In

Table 3: 4 — SCAS(n; uy, ug, ug, ug; Zy), n small, n > 1.
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4 Some constructions for short block and
circulant amicable sets

Theorem 4 (Doubling the order and the type) Let {A;}7™ be a 2m —
SAS(t; 81,82, .., Su; G). Then there exist a 2m—SBAS(2t;2s1,28s, . .., 28y; ZaX
G).

Proof. Set

Byi 1 = circ(Agi—1, Ay) = ( 22,1 A2-21> ’

By = circ(—Agi—1, Ag) = <_A2i1 A ) yi=1,...,m.

AQi _A2i—1
2m m
Now ZBZBZT = Z {BQi—lBgi—l + BQZB%;} =
_ in: Asig Ay; Ag;_l Ag; n —Asi Ay; —Ag;_l Ag; _
P Ay Agiy A%} A%;_l Ay; —Asi Ag; —Ag;_l
- 2(Agi1 AT + Ay AT) 0 _ 2 2
= Z; { ( 0 N(Ass 1 AT+ AniAT)) [ = (25127 + ... + 25,7, ) [y

Moreover » {BQHB%; - B%BQTZ._I} =

i=1
_ Xm: Asiq Aoy -AT AT (A Az; AT, AT -0
N i—1 AQi AQi—l Ag; _Ag;'_l AQi _AQi—l Ag; Ag;'_l e
Thus {B;}?™ is a 2m — SAS(2t; 251,289, ..., 25y; Za X G). O

Corollary 4 Suppose there ezists a 2 — SAS(t; s1, s9; G) then there exists a
2 — SBAS(Qt/ 281, 282; ZQ X G)

Proof. We use Theorem 4 with m =1 and u = 2. O

Corollary 5 Suppose there exists a 2 — SAS(t; s1, s9; G) then there exists a
2 — SBAS(2°t;2%s1, 2°s9; EA(2°) X G) for s =0,1,2,... .

Proof. We use s times Corollary 4. O

Example 8 (i) A; = [a] and Ay = [b] is a 2 — SCAS(1;1,1;Z;). Using
corollary 5 we obtain 2 — SBAS(2%;25%, 2% EA(2°) x Z;) for s =0,1,2. ..

14



(ii) A, = circ(0,b,a,b) and Ay = circ(0,b,0,b) is a 2 — SCAS(4;1,4; Zy).
Using corollary 5 we obtain 2— SBAS(25%2; 2% 2572; FA(2%) x Z,) for all
s=0,1,2... .

(iii) A, = circ(a,b,0,b,a,b) and Ay = circ(b, a,0, a,b,a)is a 2—SCAS(6;5, 5;
Zg). Using corollary 5 we obtain 2—SBAS(2571.3; 25.5,25.5; EA(2%) x Zg)
forall s =0,1,2...

Corollary 6 If Ay, Ay, A3, Ay is a 4 — SBAS(t; s1, S, S3, S4; G) then there ex-
ists a 4 — SBAS(2t; 2s1, 289,283, 254; Zo X G).

Proof. We use Theorem 4 with m = 2 and u = 4. O

Corollary 7 If Ay, Ay, A3, Ay is a 4— SAS(t; s1, So, S3, 84; G) then there exists
a4 — SBAS(2%t; 2%51,2%59, 2553, 2°54: EA(2°) x G).

Proof. We use s times Corollary 6. a

Example 9 (i) A; = circ(0,¢,a,¢), Ay = cire(0,¢,b,¢), A3 = cire(0,¢, b, ¢)
and Ay = cire(0,¢,d,c) isad— SCAS(4;1,1,8,8; Z;). From corollary 7
we obtain 4—SBAS(2512;28 28 25%3 2543, FA(2%)x Z,) for s = 0,1,2...

(ii) Ay = cdrce(a,a,a), Ay = circ(c,0,0), A3 = cire(a,0,a) and Ay = cire(0,b,
0)isad—SCAS(3;1,1,5; Z3). From corollary 7 we obtain 4— SBAS(2°-
3:25,95 95 .5 EA(2°) x Z4) for s = 0,1,2... .

Corollary 8 If Al, AQ, Ag, A4, A5, AG; A7, Ag s a 8 — SBAS(t, S1, S92, S3, S4,
S5, Sg, 7, Sg; G) then there exists a 8 — SBAS(2t; 251,289, 253, 284, 285, 256, 257,
288; ZQ X G)

Proof. We use Theorem 4 with m =4 and u = 8. O

Corollary 9 If Ay, A, Az, Ay, As, Ag, A7, Ag is a 8 — SBAS(t; s1, Sa, S3, 4, S5,
Se, S7, 833 G) then there exists a 8 — SBAS(2%t;2%s1, 2559, 2°s3, 2554, 255, 2%,
2%57,2%s8; EA(2°) X G).

Proof. We use s times Corollary 8. O

Example 10 A, = circ(g, g,9,0,9,¢,e), Ay = circ(h,h, h,0,h,d, f), Ay =
CiTC(g,Q,Z],O,Q,C, 6): Ay = CiTC(h; i_l; i_l; 07}_7“7 d, f); As = CiTC(f, b, f,0,0,0,0),
Ag = circ(e, ¢,e,0,0,0,0), A; = cire(f,d, £,0,0,0,0) and Ag = circ(e, a, €,
0,0,0,0)isa8—SCAS(7;1,1,3,3,6,6,8,8; Z;). Corollary 9 gives 8—SBAS(2*
7:95,25,253, 253, 25713 25+13 2553 9543 B A(2%) x Z;) for s = 0,1,2... .
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Theorem 5 (Double the order and the type) Let {4;}?™ be a 2m—
SAS(t;s1,89, ..., su;G). Suppose the matriz R which ensures A;(A;R)T =
A;RAT exists. Then for m = 1,2,4 there exists an OD(4mt; 2s1, 259, . .., 25,;
Zy x Q).

Proof. Theorem 4 ensures the required 2m—SBAS(2t; 251,289, . . ., 28y; Za X
G) exists. We use these SBAS with Rz,«¢ = Ry X Rg in the appropriate
Kharaghani or Goethal-Seidel array to obtain the result.

Theorem 6 (Doubling the order but not the type) Let {A;}2™ be a 2m—
SAS(t; 81,82, ..., Su; G) Then there exist a 2m — SBAS(2t; s1, Sg, . .., Su; Za X
G). Furthermore Byj*By; 1 =0, i = 1,2,...,m, where * denotes the Hadamard
product.

Proof. Set
Bgi_l = CiTC(AQi_l, Ot), BQZ‘ = CiTC(Ot, AQ,‘), 1= 1, ...,

It is easy to see that By;_; * By; =0, i =1,...,m. Now

2m m
ZBZBZT - Z {321—135;_1 + BQlBg;} ==
i=1 i=1
_ f‘: Asici O\ (A5 O N Op Az (Or ARV _
i—1 Ot AQi—l Ot A%;'_l A2i Ot A%; Ot
- [ (g g AT+ Ag AT o _
= 2 { < 2 Olt 2 (A%_lAg;_l n AQZAg;)> } = (811‘% +...+ suxi)bt

Moreover » {BgzelBg; - BZiB?Ti—l} -
i=1

_ i Asicr Oy Oy AL\ (O Ax\ (A5, O —0.
p Oy Ay ) \AL Oy Ay Oy O, A%,
Thus {B;}?™ is a 2m — SBAS(2t; 51, 8, .. ., Su; Z3 X G). 0

Corollary 10 If Ay, Ay is a 2 — SAS(t;s1,52;G) then there exists a 2 —
SBAS(2t; s1,89; Z5 X G).

Proof. We use Theorem 6 with m =1 and u = 2. O

Corollary 11 If Ay, Ay is a 2—SAS(n;uy, us; G) then there are 2—SBAS(2°n;
uy, ug; EA(2%) X G) for s =0,1,2,... .
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Proof. We use s times Corollary 10. a
Example 11 (i) A, = [a] and Ay, = [b] is a 2 — SCAS(1;1,1; Z;). From
corollary 11 we obtain 2 — SBAS(2%;1,1; EA(2%)) for s =0,1,2... .

(ii) A, = circ(0,b,a,b) and Ay = cire(0,b,0,b) is a 2 — SCAS(4;1,4; Zy).
From corollary 11 we obtain 2 — SBAS(25721,4; EA(2%) x Z,) for s =
0,1,2....

(iii) A, = circ(a, b,0,b,a,b) and Ay = circ(b, a,0, a,b, a) is a 2—SCAS(6; 5, 5;
Zg). From corollary 11 we obtain 2 — SBAS(25%" - 3;5,5; EA(2%) x Zs)
fors=0,1,2....

Corollary 12 If Ay, Ay, A3, Ay is a 4—SAS(1; s1, S2, 83, S4; G) then there exists
a4 — SBAS(2t; s1, S, 83, 84; Z2 X G).

Proof. We use Theorem 6 with m = 2 and u = 4. O

Corollary 13 If Ay, Ay, A3, Ay is 4 — SAS(t; s1, S92, 83, S4; G) then there exists
a 4 — SBAS(25t; s1, So, 83, 84; EA(2%) x G).

Proof. We use s times Corollary 12. O
Example 12 (i) A; = cire(0,¢,a,c¢), Ay = cire(0,¢,b,c), A3 = circ(0,¢, b, ¢)

and Ay = cire(0,¢,d,c) is a4 — SCAS(4;1,1,8,8; Z;). From corollary
12 we obtain 4 — SBAS(25%2; 1, 1,8,8; EA(2%) x Z) for s = 0,1,2... .

(ii) Ay = circ(a,a,a), Ay = cire(c,0,0), Az = circ(a,0,a) and Ay = cire(0, b,
0)isad—SCAS(3;1,1,5; Z3). From corollary 12 we obtain 4—SBAS(2%-
3;1,1,5; FA(2°) x Z3) for s =0,1,2. ...

Corollary 14 If Al, AQ, A3, A4, A5, AG, A7, Ag 15 a8 — SAS(t S1, S2, S3, S4, S5,
Se, S7, S; G) then there exists a 8 — SBAS(2t; s1, Sa, S3, S4, S5, Se, S7, Sg; Zo X G).

Proof. We use Theorem 6 with m =4 and u = 8. O

Corollary 15 If Al, AQ, A3, A4, A5, AG, A7, Ag 15 a8 — SAS(t S1, S2, S3, S4, S5,
Se, S7, Sg; G) then there exists a 4—SBAS(2°t; s1, 9, S3, S4, S5, Sg, S7, Sg; EA(2°) X
G).

Proof. We use s times Corollary 14. O
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, Ay = circ(h,h,h,0,h,d, f), A3 =
,B,d,f), As = circ(f,b, f,0,0,0,0),
, £,0,0,0, U)andAg—czrc(e a,e, 0,0,
;Z7). From corollary 15 we obtain
Zq) for s =0,1,2..

Example 13 A; = cire(g,9,9,0, 9,
cire(g,9,9,0,9,c,e), Ay = circ(h, h, ,
Ag = circ(e, ¢,e,0,0,0,0), A; = circ

0,0) is a 8 — SCAS(7,1,1,3,3,6,6, ,
8 — SBAS(2°-7:1,1,3,3,6,6,8,8; EA(2°

v
X

Theorem 7 (Doubling the order but not the type) Let {A;}?™ be a 2m—
SAS(t; 81,82, ..., Su;G). Then for m = 1,2, 4 there exists an OD(4mt; sq, So,
- Suy Za X G).

Proof. Theorem 6 ensures the required 2m — SBAS(2t; 51, Sg, ..., Su; Za X
G) exists. We use these SBAS with Rz,«¢ = Rs X Rg in the appropriate
Kharaghani or Goethal-Seidel array to obtain the result.

Lemma 3 Let C = X +1iY, where i = —1, be a complex Hadamard matriz
of order c. Then X andY is 2 — SAS(¢;c;G).

Proof. Since C is a complex Hadamard matrix CC* = cI, = (X +iYV ) (X" —
Y1) = XXT4+YYT +i(YXT - XYT). Thus XYT — Y XT =0 and so X and
Y are a disjoint set of 2 — SAS(c; ¢; G). 0

Corollary 16 Let C = X + 1Y, where i> = —1, be a complexr Hadamard
matrixz of order c. Define

Ay 1 =2, X +y;YV and Ayy=y;X —2;Y, j=1,2,....n
where z;, y;, J=1,2,...,n are commuting variables. Then,
2n T n
2 2
= (S o00)
j=1 i=1

and
A2j_1A%;- - AQjA%;-_I = 0, for all ] = 1, 2, B

and thus A;, j=1,2,...,2n is a 2n — SAS(c;c,c,...,¢; Q)
—_——

2n

Proof. Since C is a complex Hadamard matrix X X7 + YY? = ¢I, and
XYT —YXT = 0. Now simple arithmetic gives the result. O

Remark 4 Although we have established the existence of 2n — SAS we do
not know any appropriate R is this case.

The next theorem is a generalization of theorem 1.
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Theorem 8 Let X1, Xy be {0, +1} matrices of order ¢ satisfying

X XTI+ XoXT = kI, (19)
XX — Xo X! =0 (20)
X1 * XQ =0 (21)

(i.e. 2—SAS(l; k;Gh)) and Y1,Ya, ..., Yo, be a2n—SAS(m; sy, Sa, ..., Su; Ga).
Then there exists a 2n — SBAS(m; ksy, ksg, ..., ksy; G1 X Gg).

Proof. Set
Zoi—1 = Xy X Yo 1+ Xo X Yo, Zoj = =Xy X Yo + XoX Yoy, i=1,2,...,n.

Now
Znim1 Z3; 1 =(X1 X Yoy + Xo x Yo ) (X] x Yoi_ + X7 x Yyi) =
=X X7 x Yo (Vi + X0 XT x Vo Vol + XoXT x Vo,V
+Xo X5 X Yo Yy)

Zi Zgi=(—X1 X Yai + Xo X Yo 1)(=X{ x Yo + XJ x Y5/ ) =
XX VY X X Ve XX X Ya Y
+X X5 X Vo Yo

Thus

n

2n
Z(Zgi_lZ;";_l + ZQZZg;):(XleT + XQXQT) X Z}/ZY;T =
=1 (22)

=k, x (Zsm?) I, (stlaf) Iim
i=1 i=1

=1

Znio1Zg;=(X1 x Yajq + Xy X ¥oi) (= X7 x Voi + X5 x Vo) =
=— X1 XT X Yy 1Yo + X1 XT X Yo Yyh | = XoXT x Yy, Y3,
+XoXT X Vo Yy 4
Z9iZ3; 1 =(—=X1 X Yo + Xo x Yo 1) (X x Y5f | + XJ x Yy)) =
==X XT X Yo, Y5 + XoXT X Yo 1Yol | — X0 XJ x YY)
+Xo X7 X Yo 1 Y5
Zni1Z5; — ZoiZigy ==X XT % (Yo1 Yo — YoiYyy )
FXoXT X (YoiYoi_y — Y1 Y5))
Now
(Z2i-1 25 — 2025 ) =—Xo XT x 3 (Yo Vi — YV ) +
1 =1

+XoXT % Y (YaVoloy = Yo Vi) =
=1
:—XleT x 0 +X2X2T x0=0

n
1=

(23)
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Thus from equations (22) and (23) we have that the {Z;, i =1,2,...,2n}
is a 2n — SAS(m; ksy, kso, ... ksy; G X Gy). a

Some matrices (circulant) satisfying conditions (19), (20) and (21) can be
found in table 1.

Corollary 17 Let X1, X5 be {0, +1} matrices of order { satisfying equations
(19), (20) and (21) on the group Gy and Y1,Ys be 2—SAS(m; sy, s9; Ga). Then
there exists a 2 — SBAS(¢m; ksy, kso; G X Gs)

Proof. Use theorem 8 with n =1 and u = 2. O

Remark 5 Again, although we have established the existence of 2m — SBAS
we do not know any appropriate R in this case. So at the moment we are not
in a position to construct orthogonal designs using these matrices. This needs
further investigation.

Remark 6 Using Hadamard, weighing and complex Hadamard matrices with
the following 2 — SC AS(order; type; group) we obtain many infinite classes
(from infinite classes of weighing, Hadamard and complex Hadamard matrices)
of block 2—SBAS (order; type; group) There exists 2—SCAS (order; type; group)
for orders, types and group which are described in Table 4.

order | type | group || order | type | group
n 1,1 Zn 6n 4,4 Zen
2n 2,2 | Zoy 6n 5,5 Zen
4in 1,4 | Z, ™m 4,4 L
4in 4,4 | Zy, 8n 8,8 Zsn

order | type | group || order | type | group
10n | 4,4 | Zion 14n 8,8 Zan
10n | 9,9 | Zion 14n | 10,10 | Zi4n
12n 8, 8 Zl2n 14n 13, 13 Zl4n
13n 9, 9 Zlgn

Table 4: Order and type for small 2-short amicable sets for all n > 1.

Example 14 For the construction of weighing matrices which are used in this
example, see [3]. Suppose there exists Y7,Y; any 2 — SAS(m; sq, $9; G). Now
CW(13,9), W(15,9) and W (18,17) all exist. Set

1. X1 = CW(13,9) and X2 = Og,
2. X1 = W(15,9) and XQ == 015 and
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3. X; =W(18,9) and X, = Oqs.
Hence by corollary 17 there exists
1. 2 — SAS(13m;9s1,9s9; Z13 X G),
2. 2 — SAS(15m;9s1,9s9; G5 X G) and
3. 2— SAS(18m;17s1,17s9; Gis X G).

Corollary 18 Let Xy, X, be {0, +1} matrices of order ¢ on group Gy satisfying
equations (7), (8) and (9) and Y1,Y5, Y3, Yy be a 4 — SAS(m; s1, S, S3, 54; Ga).
Then there exists a 4 — SAS(¢m; ksy, kso, kss, kss; G1 X Gs).

Proof. We use theorem 8 with n = 2 and u = 4. O
The next theorem is a modification of theorem 2 to be used for the con-
struction of SBAS.

Theorem 9 Suppose X,Y are two disjoint {0,+1} matrices of order n on
the group G and weight k satisfying XXT + YY" = kI,. Then there exists a
4 — SBAS(n; k, k, k, k;G).

Proof. Suppose t+a,+b, +¢, +£d be commuting variables. Let

Al =aX + bY
AQ =dX +cY
A3 = —bX +aY
A4 =cX —dY
Then Aj, Ay, Az, Ay are the required 4 — SBAS(n; k, k, k, k; G). O

Corollary 19 Let D = 21X, + 22Xy be an OD(n;uq, up) on the group G.
Then there exists a 4 — SBAS(n; uy + ug, uy + ug; G).

Proof. Since D = u; X + us Xy, X, X5 are two disjoint {0, 1} matrices of
order n on the group G and weight k = u; +uy satisfying X, XI + X, XT = kI,
and can be used in corollary 19 to obtain the result. a

Corollary 20 Let D = 21X, + x2X5 be an OD(n;uq,u3) on the group G.
Suppose there exists an R so that X;(XoR)T = (XoR)XT. Then there exists
an OD(4n; uy + ug, uy + ug; G).
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