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An Algorithm to find Formulae and Values of Minors
for Hadamard matrices: II

C. Koukouvinos? E. Lappas * M. Mitrouli | and Jennifer Seberry!

Abstract

An algorithm computing the (n—j) x (n—j), j =1,2,... minors of Hadamard matrices
of order n is presented. Its implementation is analytically described step by step for several
values of n and j. For j = 7 the values of minors are computed for the first time. A formulae
estimating all the values of (n — j) x (n — j) minors is predicted.

Key words and phrases: Minors, Hadamard matrices, algorithm.
AMS Subject Classification: 65F05, 65G05, 20B20.

1 Minors of Hadamard matrices

Hadamard matrices of order n have determinant nz. Sharpe [7] observed that all the (n — 1) x
(n—1) minors of an Hadamard matrix of order n are zero or n> !, and that all the (n—2)x (n—2)
minors are zero or 2n2 ~2, and that all the (n — 3) X (n — 3) minors are zero or 4n2 3. We note
that the maximum determinant corresponds to having the submatrix

11 1 1 1
1 or 1 1 -
1 - 1

in the upper lefthand corner of the Hadamard matrix for n — 2 and n — 3 respectively.

Theorem 1 [}] The (n — 3) x (n — 3) minors of a Hadamard matriz of order n are zero or

4ns3,

Theorem 2 [{] The (n—4) X (n—4) minors of a Hadamard matriz of order n are zero, 8n% %

or 16n7 4.

Estimations for the values of (n—j) x (n—7j), 7 =1,2,3,4,5,6 minors of Hadamard matrices
of order n are also given in [5].
In [4] was outlined a method evaluating the (n —5), (n —6),...,(n —j) minors. Throughout the
paper the (n — j) x (n — j) minors are denoted by M,,_; whereas the symbols + and — denote
+1 and —1 respectively. For a given matrix A the symbol m;; denotes the inner product of its
rows ¢ and j.
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Lemma 1 The Distribution Lemma [}]
Let H be any Hadamard matriz, of order n > 2. Then for every triple of rows of H there
are precisely 7 columns which are

(a)
(b)
(c)
(d)

(LLDT or (== -)
(L1, )T or (=, —,1)
(L= DT or (=,1,-)7
(L= =)" or (= 1,1)

O

Corollary 1 Let H be any Hadamard matriz, of order n > 2. Let us denote with K a k x k
submatriz of H, of order k > 3. Then for every triple of rows of K there are at most 3 columns
of the form described in the Distribution Lemma.

O

If we are considering the (n — j) X (n — j) minors of an Hadamard matrix of order n, then
the first j rows, ignoring the upper lefthand j x j matrix, have 2/~! potentially different first
j elements in each column. Let gg 41 the vectors containing the binary representation of each
integer B+ 277! for  =0,...,27~! — 1. Replace all zero entries of ggﬂ by —1 and define the
j % 1 vectors

Up = Loj—1_f41; k= ]-7 s 72j_1 (1)

Let uy indicate the number of columns beginning with the vectors u;, k=1,...,2/7!, Let
U; be the submatrix containing the first j rows of the matrix and ignoring the upper lefthand
j % j matrix. Then

ul us Ugj—1_1 Ugj—1
~ = = ~ = ~ =
1.1 1.1 1...1 1...1
1...1 1.1 1...1 1...1
1.1 1.1 ———.— ==
Uj = (2)
1.1 1.1 ... 1...1 ——
1ol —m e

From the above distribution lemma we have

2i—1

Z u; =n — j. (3)
i=1

Then it can be proved that [4]

M,_; =n""?""“idetD (4)



where D is the following z x z, z = 2/~! matrix.

n—jurug(—wy - up) uz(—ugcug) oo un(—wg - uy)
| wmluw) n—gur o us(cug i) e ua(—up - u) 5)
u (=, wy) uo(—u, ) us(-u, uz) -+ n—ju
where (- ) denotes the inner product.
We note if n = 4¢, the orthogonality of the rows of the Hadamard matrix gives
t—g<ur+tus+...+ug-3<t, t—75< ug-s;q+...+uy-2<1
t—J < g2y +...FUg249i-3 <t t—j<uUgi-249i-347+...FuUy-1 <t
Each of these equations can be rewritten so the constraints become
Oét—ul—UQ—...—ugj_s S], 0§t—u2j_3+1—...—u2j_2 S]
0St—UQj—2+1_..._U2j—2+2j—3 S], OSt_UQj—2+2j—3+1—...—U2j—1 S]
In order to implement formulae (4) we must first compute the numbers u;, i =1,2,...,2/71
required in (5). In the present paper, we develop explicitly the algorithm computing M,,_;, j =
1,2,.... For the appropriate implementation of the algorithm the following notions are required.

(1) Hadamard submatriz

Let H be an n x n Hadamard matrix. Let us suppose that M is a matrix with entries £1,
of order j. We form the general matrix

N=[M U (6)

where U; is given from (2).
For every triple of rows (i,k,l), 1 <i <k <1< j of N, consider the submatrix N; formed
from them. Let vy, v9, v3,v4 be the number of columns starting correspondingly with:

(___

or (=, - -)
]-a ]-7 _)T or (_’ 71)
or

!

!

(_alv_)T

(d) (1,—,=)" or (-, 1, 1)
By the orthogonality of these three lines and relation (3) we form the equations:
vl +v2 —vU3 -V = —Myg
V] —Vy+V3— V4 = —Mmy
Ul — U2 —U3 T U4 = —Myy
V1 + vy +v3 +vq4 = n—j

This system can be solved uniquely



1 .
v = Z(n_]_mik_mil_mkl)
vy = i(n_j_mik‘i‘mil‘f‘mkl)
vy = i(n — J + mik — mip + mp) (7)
vy = i(n_j'*’mik'*’mil_mkl)

If the solution of the above system has integer coordinates and satisfies Corollary 1, then the
matrix N; is called a Hadamard submatriz.

(ii) Inner product equivalent matrices

Definition 1 (The inner product (IP) profile vector.)
Let us suppose that M is a matrix with entries £1, of order j. We call inner product (IP)
profile vector for a given matrix M, the vector

IP = (mi2,m13,...,M1j,M23, M4y .., M2, ..., Mj_1j)

d

Definition 2 Two matrices will be called inner product (IP) equivalent if they have the same
inner product (IP) profile vector.

Example 1 Let us consider the matrices

11 1 1 1 11 1 1 1 1 1 1 1 1
111 1 — 111 - 1 1 - 11
Ny=|111 - 1|,Npb=|111 1 —|,Ny=]11 — 1 1
111 — — 11 - — 1 1 — — 11
11 - 1 — 111 — — 1 — 1 1 —

Then the corresponding IP profile vectors are:
P, =(3,3,1,1,1,3,3,3,—1,1) , IP, = (3,3,1,1,1,3,3,—1,3,1) and IP; = (3,3,1,1,1,3,3,3,—1,1).

We note that although N, No, N3 are equivalent matrices only Ny and N3 are inner product
equivalent matrices, because 1P, = I Ps.

Definition 3 Two matrices with entries +1 are called column equivalent if one can be obtained
from the other by permuting columns and/or multiplying columns by —1.



O

Proposition 1 If two matrices are column equivalent then they are (IP) equivalent but not vice
versa.

O
Example 2 Let us consider the matrices
(111111' 11 1 1 1 17
1 - - - — 1 1 - - - — 1
1 - - - -1 1 - - - -1
M=l o g ™M= o D -
1 -1 - 1 - 1 -1 - 1 -
Ll—ll——J 111 - - 1 — |
Matrices Ny and Ny are (IP) equivalent since they have the same IP profile vector which is:
IP=(-2,-2,0,0,0,6,0,0,0,0,0,0,2,2,2).
We note that, although Ny, Ny are (IP) equivalent matrices, they are column inequivalent.
]

(11i) Reduction to the number of columns starting with the same vectors
Let us suppose that j = 5. Then the matrix Us of (2) will be of the form:

2 4
—— —— —— ——
W2 N N N N Ne N Ne
2 3 5 7
(3) (3) (3) (3) (3) (3) (3) (3) (3) (3) (3) (3) (3) (3) (3) (3)
Uy Uy~ Uz Uy " Us Ug = Uy Ug " Ug Ug Uiy Upp Uggy Uy Ups Ugg
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 — — — — — — — —
1 1 1 1 - - - - 1 1 1 1 - - - -
1 1 — — 1 1 — — 1 1 — — 1 1 — —
1 — 1 — 1 — 1 — 1 — 1 — 1 — 1 —

Considering the three first rows of Us we see that ugl), uél) , ugl),ugl) are the numbers of columns
starting respectively with: (1,1, )T, (1,1,-)T, (1,—-, 10T, (1,—,-)T.

Consider the first four rows of Us. Then we see that u(IZ),uéZ),u?),uf),ug),ug),u(f),ug),
respectively, are the numbers of columns starting with:

(1, ,,0", (1,1,1,-)", @,1,-,07, (1,1,-,9)7, 1,-,1,0)", a,-1,-)7 @a,-, -7
and (1, —, —, —)”. Finally, considering the whole five rows of Us; we see that uz(-?’), 1=1,2,...,16,
respectively, are the numbers of columns starting with the vectors given from formulae (1) for
j = 5. We see that the following relation connects the above numbers of columns:

gt G = uf 1=12, 20 s> (8)



2 The Algorithm computing the (n — j) X (n — j) minors of an
n x n Hadamard matrix.

Let H be a Hadamard matrix of order n. The following algorithm computes the values of
My_;, 7=12,....

Stepl: Generate all (IP) inequivalent +1 matrices M, of order j with first
row and column all +1.

Step2: Form the general matrix, N = [M Uj], of size j x n for the first j rows of an
n x n Hadamard matrix H, where U; is given from (2)

Step3: For each M test if it can be a Hadamard submatrix
Step 4: For each M specified in Step 3 do the following:
Set s =0
For k=3,4,...,j
Step 5 Take the first &k lines of IV

Set s=s5+1
Set ul(s) the number of columns starting with
the vectors u; = zok—1 ¢, I =1,... ,2k—1

Using the orthogonality and relation (3), form

(’;)-{—1 equations which have 2¢~1 variables ul(s)

satisfying Corollary 1. Search for all the feasible
solutions to the system of different equations produced,
taking into account relation (8).

Step 6 For each feasible solution found in Step 5, use the matrix D,
given from (5), to find all possible values of
the (n — j) x (n — j) minors.

Implementation of the algorithm
Step 1: Generate efficiently(IP) inequivalent matrices.

We create first all possible +1 matrices M of order j with first row and column all +1.
Instead of creating all 2/~! x 27~! matrices M, taking into account Proposition 1, we create only

. . . . .. . .. 271
the column inequivalent matrices M which are the combinations with repetition l i—1 =
242 : o : : :
9i-1_ 1 Since two column inequivalent matrices might be (IP) equivalent, we need

to check for different (IP) profile vectors after generating all column inequivalent matrices M.
For example let 5 = 6. Then the number of all possible matrices M is 225 = 33554432, but
the number of column inequivalent M is only 376992. Finally the number of (IP) inequivalent
matrices is 368672.

Step2:



For each j x j matrix M with elements +1 and first row and column all 1’s, we form matrix
N = [M.Uj]. For example if j = 5, the first five rows of matrix N are:

Uy U2 U3 U4 U5 Us U7 UL UG U0 Ul U2 U3 U4 U5 Ule

11 1 1 1 1 1 1 1 1 1 1 1 1 1 1
i1 1r 1 1 1 1 1 — — - - = - - =
M 11 1 1 - - - -1 1 1 1 - - - =
11 - - 1 1 - -1 1 - = 1 1 - =
1 -1 - 1 - 1 - 1 - 1 — 1 - 1 -
Recalling that uq,us,...,u1s are the number of columns of the kind indicated. From relation

(3) we have

16
Z u; =mn —5b. (9)
i=1

From Corollary 1 it holds that

0<u < (10)

n
1
Step 3: Specify when a matrix M can be a Hadamard submatriz.

For each M and for all possible triplets (there are (g) triplets) of rows, we test if M can be

Hadamard submatrix. More specifically, we consider all (g) subsets of three rows of N and use
the Distribution Lemma with Z?:ll u; =n — j to form a system of 4 equations in the variables
U1, ..., Ug—1 for each subset. If an integer solution satisfying Corollary 1 exists for this system,

then the matrix M can be a Hadamard submatrix. If a matrix M can not be a Hadamard
submatrix we reject it.

Step 4: Generate efficiently the required set of equations.

Let us suppose that j = 6. We write N = [M, Ug] where Ug =

UTU2U3U4LUS U UTUSUIUIOUTITIUI2U13UI4UI5UI6UITUISUIIU20U21 U22U23U24U25U26U27U28U20U30U31 U32
++++++++++ + + + + + + + + + + + + + + + + + + + +
++++++++++ ++++++ - --- - - - - = - - = = - — =

_|_
_|_

b b T T T T e T T
t++t————F+ + + - - — -+ + A+t - — — —+ + + A+ - = — -
tt——Ft——F+ - -+ + - -+ + - —+ + - —+ + - =+ + — -
ot —F—F—F -+ —+ —+ — + —F — + —+ —+ — + — + — + —
Recalling that wy,us, ..., u3s are the number of columns of the form (1) for j = 6. M is the

6 x 6 submatrix that will be removed in forming the (n — 6) x (n — 6) minors.

(I) k=3
Let us consider the matrix



M(1:3,:)

that contains the three first rows of N. M (1 : 3,:) is the matrix containing the three first rows

of M. Since 221:1 uz(-l) =mn — 6 and by the orthogonality we form the equations:

ugl) + uél) - u:(),l) - uil) —mi2
ugl) - uél) + ugl) - ugl) = —m3
ugl) - uél) - u:(),l) + ugl) = —ma3
ugl) + uél) + uél) + ugl) = n—6

Ugl) = i(n — 6 —mi2 — miz — ma3)
ul) = i(n — 6 — mi2 + mi3 + ma3)
Ugl) = i(n—ﬁ-i-mm — mi3 + ma3) (11)
ugl) = i(n — 6+ mi2 + mi3 — mag3)

Corollary 1 gives that 0 < uz(l) <% 4=123,4 and ul(l) must be integer. Since in the

next step for £ = 4 we will have 7 equations with 8 unknowns we need one coordinate of the
solution ugl), 1 =1,2,3,4 according to which we will express the range of values of one of the
8 unknowns variables of the next step, following relation (8) . Let us suppose that for each (IP)

(1)

we keep the coordinate u, .

(I1) k=4
Similarly to (I) let us create the matrix

2 .2 2 (2 ) @ 2 (2)

Up ™ Uy” Uzt Uy Uég Ug ~ U7 Ug

1 1 1 1 1 1 1 1

M(1:4,:) 1 1 1 _ _ _ _

1 1 — - 1 1 - -

1 - 1 - 1 — 1 -
that contains the four first rows of N. M(1 : 4,:) contains the first four rows of M. Using the
orthogonality and since Z?:l uz(-2) = n—6 we create a system of 7 equations with 8 unknowns. We
solve the system symbolically and we suppose that the solution ul(-Z),i =1,2,...,8 is expressed

as a function of the variable ug).
u(12) = 1/4-(n—6—m23—m24—m34) —Ug)



(2)

uéZ) = 1/4 ms34 — M3 + mo4 — mlg) + us

n— 6 — mag + mia + mi3) —Ug)

-
u:(),Z) = 1/4-(m34 — mig + maz — m12) + Ugf)
u? = 174+ (n— 6 — mas +maz +mug) — u? (12)
uég) = 1/4-(mos — mig + mag — my3) + “g)
uéQ) = 1/4-(n -6 —mas +mi2 +m1a) — Ug)
-

u(72) = 1/4

Each uz(-2) is a positive integer satisfying 0 < uz(-2) <%, i=12,...,8 For all possible (IP)

and the solution uil) as found from (11) we must specify the possible values of the parameter

ug2). Since u(72) + uéZ) = ufll) and thus uéZ) = ugl) - u(72) < ufll) (u(72) is always a non negative
(2)

number) the range of values for ug’ is from 0 to ugl). We now compute, for all the possible

values of ug) the integer values of the remaining ul(-Z) satisfying Corollary 1. Since in the next

step for ¥ = 5 we will have 11 equations with 16 unknowns we need four coordinates of the

solution uz(-2), 1 =1,2,...,8 according to which we will express the range of values of four of
the 16 unknowns variables of the next step, following relation (8). Let us suppose that for each

(IP) we keep the coordinates uf), uéZ),u(72),ug2).

(II1) k=5
Similarly to (I),(IT) we create the matrix containing the first five rows of N. By orthogonality,
the relation }21 u§3) = n — 6 and by expressing symbolically, as a function of the variables

3) ) (3)  (3) (ié)

ug Uy, Uyy , Ujs » Ujg » the solution of the 11 equations produced with 16 unknowns we get:

u’ = 1/2-(n—6) —1/4- (mus + mos + m3gs — mi5 — miz + maz — M3
3 3 3 3 3
+m24+m34—m14)—u§)—u§2)—u(14)—u§5)—3-u(16)
3
Ug) = —1/4-(n—6—mys — maos — M35 + my5 + miz + M3 + mi4)

+u§3) + ug) + “(13:1) +2- “(1%)
u3 = —1/4-(n—6—m45+m15+m12+m13—m24—m34+m14)

—i—ug?’) + ug) + ug? +2- ug‘?

uf’) = 1/4-(n—6—my5 + mi5 +mia) — ué3) — ug) - ug?é)
Ug?)) = —1/4-(n—6—m35 +mi5 + mia — ma3 + M1z — M34 + M14)
g +ufy) oy 420wy (13)
ué?’) = 1/4-(n—6—m35 +mi5 +mi3) — ug(f) — ug? - ufg}
u = /4 (06— mas+maz +mag) —ug) —ull) - uly
Us(33) = —1/4-(n—6—ma5 + mi5 + miz + miz — Moz — Mag + Mm1a)

—i—ug) + uﬁ) + ug? +2- ug‘?

ujg = 1/4-(n—6+4mi5 — mos +mia) — Ug) - Uﬁ) - “g?



(3) (3) (3)

uﬁ) = 1/4-(n—6+m14—mg4+m12)—ulQ — Uiy — Uyg

u%) = 1/4 . (n -6+ mi3 — Moz + m12) - uﬁ) - ug? — ug?
It holds that ugi’ll + ug) = ul(-Z), 1 =1,2,...,8, where each “5‘3) is a positive integer satisfying
0< ul(-3) <%, i=12,...,16. For each (IP) and the coordinates uf),ug),u?),ug) found

from (12), we specify the possible values of the parameters ug?’),ug), u(li),u%). These are in the

following range 0 < ué3) < uf), 0 < ug) < ué?), 0< uﬁ) < u(72) and 0 < ug?é) < uéQ). Since

u%) + ufé) = ug) and thus “(1:? = ug) - ufé), the range of values of u%) is specified from ug?.

In the sequel, for all the possible values of ug?’),ug), “(13:1)7“%) and “(1%) we compute the integer

(3)
2

equations with 32 unknowns, we need eleven coordinates of the solution u§3), 1=1,2,...,16
according to which we will express the range of values of ten out of the 32 unknowns variables of
the next step, following relation (8). Let us suppose that for each (IP) we keep the coordinates

3 3 3 3 3 3 3 3 3 3 3
ué(l ),ué )’ u(7 )7ug )’ u(l(])vugl)vugga u(13),u§4), u(15)’ u(lﬁ)'

values of the rest u;”’ satisfying Corollary 1. Since in the next step for K = 6 we will have 16

(IV) k=6
Similarly to (I),(II),(III) let us create the matrix containing the first six rows of N. By

orthogonality, the relation $32, u§4)

= n — 6, and by solving symbolically the system of the
(4) (4 (4) (4  (4) (4) (4) (4) (4)

produced equations as a function of the variables ug’, ujy, ujs, ujs , Ujg , Usg s Usg s Ugs  Ugy , and
4 .
WV i =26,27,...,32 we get:

1
UYI) = (n—6)+1/2- (miz + mis +mis + mig + mi2) + 1 (—ma3 — mag

—Ma25 — M2g — M34 — M35 — M36 — M45 — M4 — m56)

(4) 4 _, @ _ @) (4 @ _, @ _ @ _ @ )

—Ugg —Ug T Upg — Uy — Uy — Ugg — Ugz — Ugy — Uyy — Ugg
4 4 4 4 4 4
—3(“(16) - “:(’,1) - “54) - ugo) - Ugs)) - 6“%2)
4 1
ué) = —1/2 . (n — 6+m16) + Z . (—m13 — M4 — M15 + Mog + M3 + Mag + Msg —m12)

tug) +uly) + by Fuly) +uly) +udy + 2y + uly + uly +ul) + 3uly
1
uy’ = —1/2-(n—6—my5)+ 1 (—=miz — mig — mig + mas + M35 + mas + Msg — M12)
tug” +uly) + ull by +uly +ub) 200ty 4 ul) by +uly) + 3uly
(4 _ 1 (4) (4) (4) (4) (4) (4) (4)

Uy = Z-(n—6+m15+m16—m56)—u8 —Ujg T Ujg T Uyy T Ugy — Ugg — Usg
4) 1 1
us = _5'(n_6_m14)+1'(_m13_m15_m16+m24+m34+m45+m46_m12)

tug) +ul) +uly o uly) +uly) by + 2y + uby +uly +uly) + 3uly

T Y L QU O N T
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1
Uy’ = _5‘(n_6+m13)+1'(_m14_m15_m16+m23+m34+m35+m36_m12)

(4)

tuly) +uly +uly) +uls +uly +ubg + 2uly + s+l + ) + 3ul
U%) = % (n = 6+ my3 + myg — mag) — uly —uly - U%) - Ugé-) - “gg - “:(;(1]) - Ugé)
W) = T 6 mis —ms) 0~ — ) ) ) o) ol
uf = 6t —me) ) —ufd ) ) ) ) ol
uﬁ) = —% - (n—6+4+mi2) + i - (=mi3 — mis — M5 — M1 + Ma3 + Mag + Mas + Mmag)
sy + uby 4+ uby +uby +usy +udy + 2 (uby) + uly +uly +ul) + 3uly)
uf = =6 —mag iy — uff) — g — ) — ) — ) ) — D)
W = 36 —mag iz~ — ) — o) ) ) — ) — o
u) = T 6 may iz —ulf) ) — oy — ) ) — o) — D)
w) = 16y —mag iz —ulf) — ) — ol ) ) o) — ul?)
It holds that uéﬁl + ugzl-) = ul@), 1=1,2,...,16, where each ugl) is a positive integer satisfying
0<wu, <%, k=1,2,...,32 For each (IP) and u513),u(73),ué3),u§%),u(l?i),ug),u(l?g),u(li),ug?,u(l?é)

found from (13) we specify the possible values of the parameters of (14). The following inequal-
ities hold:
A =l ) and 0 <uld

(4) (3) (4) “4) .0

Uyg =uUjy —uzy and 0 <wuzy < uyy

ugl?) = u(l?jl) — ugé) and 0< ugl) < uﬁ)

0 < ufg <uf

) =l okl and 0 <0l <o)

0< ug;) < uﬁ)

0 < ujy < ufy

(3)
)
)
)

VAN VAN
<

ué =ug’ —uy and 0< ugé)
0 < uf
0 < ufy
0< ugl)

VAN VAN

8

u®
U(3
U(3

6
4

IN
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3 Conclusions and open problems

The results obtained from the proposed algorithm, after testing it up to the (n—7) case, produced
the values of minors presented in the following table:

order Values of Minors

n-1 0, n2-!

n-2 0, oz

n-3 |0, 4nz 3

n-4 |0, 8nz~% 16n2~*

n-5 |0, 16n2°°, 32n2 70, 48p7°

n-6 |0, 32n7°6 64n5_6 96n——6 128n——6 160n——6

n-7 |0, 64nT 7, 128n% *7 192n 2 *7 256m 2 *7 320nz 7, 384n2 7, 448n% 7,
512n3 7, 576n——7

Table 1

Remark 1 We see that as the value of n — j decreases the range of values of the corresponding
minors M,,_; increases. We notice that the following formulae holds:

M,_j=0, or p-n27J, j=0,1,2,...
where for the evaluation of the coefficient p the following procedure is adopted:

Set p = 2/~1
Set s = max|det(A)|
where A an j X 7 matrix with all elements +1’s.

Set k=1
repeat
p=k-p
k=k+1
until
p =Ss.

Actually, as we can see from the above Table 1, the coefficients of the last value of each minor
are 1, 2, 4, 16, 48, 160, 576 which are the maximum values of the determinants of the £1
matrices of orders 1, 2, 3,4, 5, 6, and 7 respectively, see for example [3] and the references therein.

Thus the number of the values appearing for each M;_; will be 57%r. We conjecture that the

n — 8 minors can take the values k - 27 - 8, k=1,2,..., 43?6 = 32 since the maximum

determinant of an 8 x 8 matrix with all elements +1’s is 4096, which is the determinant of a
Hadamard matrix of order 8.

The algorithm theoretically can proceed to the computation of any n — j minor. As j increases
a difficult step of the algorithm concerns the construction of all possible j x j matrices M with
entries +1. An efficient procedure to construct all the inequivalent +1 matrices M is under

12



investigation. A parallel implementation of the above algorithm is also under research. If we
can manage to implement the algorithm up to the n — 15 case, then we can get an estimation of
the maximum determinant of the 15 x 15 matrix with all elements +1’s, which is an unsolved
problem. However, it has been conjectured in [1] that this maximum determinant should be
214 .35 .35, and an example of such a matrix attaining this value was also given in [1].
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