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Orthogonal Designs from Nega
y
li
 Matri
esKen Finlayson and Jennifer SeberryS
hool of IT and Computer S
ien
eUniversity of WollongongNSW 2522Australia19 Mar
h 2003Abstra
tWe study the use of nega
y
li
 matri
es to form orthogonal designs andhen
e Hadamard matri
es. We give results for all possible tuple for order12, all but 3 for order 20 and all but 3 for order 28.Key words and phrases: Orthogonal designs, nega
y
li matri
es, Hadamard ma-tri
es, variant Goethals-Seidel arrayAMS Subje
t Classi�
ation:1 Introdu
tionAn orthogonal design of order n and type (s1; s2; : : : ; sk) in variables x1; x2; : : : ; xk,denoted OD(n; s1; s2; : : : ; sk), is a matrix A of order n with entries in the setf0;�x1;�x2; : : : ;�xkg satisfyingAAT = ( kXi=1 six2i )In;where In is the identity matrix of order n. Alternatively, the rows of A areformally orthogonal and ea
h row has pre
isely si entries of the type �xi. In [1℄,where this was �rst de�ned, it was mentioned thatATA = ( kXi=1 six2i )Inand so our alternative des
ription of A applies equally well to the 
olumns of A.An Hadamard matrix H of order n is a square (1;�1) matrix having innerprodu
t of distin
t rows zero. Hen
e HHT = nIn. We note that n = 1; 2 orn � 0 (mod 4).A matrix A�I is skew-type if A has zero diagonal and AT = �A. A skew-typeHadamard matrix is said to be skew-Hadamard.Cir
ulant matri
es of order n are polynomials in the shift matrixS = 0BBBBBB� 0 1 0 � � � 00 0 1 0... ...0 0 0 11 0 0 0
1CCCCCCA :1



Nega
y
li
 matri
es of order n are polynomials in the negashift matrixN = 0BBBBBB� 0 1 0 � � � 00 0 1 0... ...0 0 0 1�1 0 0 0
1CCCCCCA :The ba
k-diagonal matrix R of order n is the matrix whose elements rij aregiven by rij = ( 1 if i+ j = n+ 1;0 otherwisewhere i; j = 1; : : : ; n. We note that if A;B are polynomial in S then A(BR)T =(BR)AT . We show below that the same is true if A;B are polynomial in N .Lastly, we de�ne the nonperiodi
 auto
orrelation fun
tion. LetX = ffa11; : : : ; a1ng; fa21; : : : ; a2ng; : : : ; fam1; : : : ; amnggbe m sequen
es of 
ommuting variables of length n. Then the nonperiodi
 auto-
orrelation fun
tion of the family of sequen
es X (denoted NX) is the fun
tionde�ned by NX(j) = n�jXi=1(a1;ia1;i+j + a2;ia2;i+j + � � �+ am;iam;i+j):2 Preliminary resultsWe note some properties of the negashift matrix N given above:(N i)T = �Nn�i and N iR = �RNn�i:Hen
e we have:Lemma 1 N i(N jR)T = (N jR)(N i)T .Proof. N i(N jR)T = N iR(N j)T = �N iRNn�j = N iN jR = N jN iR =�N jRNn�i = (N jR)(N i)T . 2Lemma 2 Suppose A;B are polynomial in S or N then A(BR)T = (BR)AT .Proof. The result for S, 
ir
ulant, 
an be found in Wallis [6℄. For N , nega
y
li
,we note A and B are polynomials in N so by repeated appli
ations of Lemma 1we have the result. 2We now develop some properties of nega
y
li
 matri
es.Theorem 1 Let Ri, Rj be two rows of a nega
y
li
 matrix of dimension n, where1 < i < j � n. Then RiRTj = R1RT1+j�i.
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Proof. Let i = 1 + s and j = 1 + s+ t. If we write R1 = (x1; : : : ; xn), we haveR1+s = (�xn�s+1; : : : ;�xn; x1; : : : ; xn�s)R1+t = (�xn�t+1; : : : ;�xn; x1; : : : ; xn�t)R1+s+t = (�xn�s�t+1; : : : ;�xn; x1; : : : ; xn�s�t)We note thatR1+s = ( sz }| {�xn�s; : : : ;�xn; tz }| {x1; : : : ; xt; xt+1; : : : ; xn�s)R1+s+t = (�xn�s�t+1; : : : ;�xn�t| {z }s ;�xn�t+1; : : : ;�xn| {z }t ; x1; : : : ; xn�s�t)Then RiRTj = R1+sRT1+s+t= xn�s+1xn�s�t+1 + � � � + xnxn�t � x1xn�t+1 � � � � � xtxn+ xt+1x1 + � � �+ xn�sxn�s�t= �x1xn�t+1 � � � � � xtxn + xt+1x1 + � � � + xn�sxn�s�t+ xn�s+1xn�s�t+1 + � � �+ xnxn�t= �x1xn�t+1 � � � � � xtxn + xt+1x1 + � � � + xnxn�t= R1RT1+t= R1RT1+j�i 2Corollary 1 For a nega
yli
 matrix of odd dimension n, there are only n innerprodu
ts of interest, i.e. ea
h row with the �rst. More pre
isely, for a nega
yli
matrix of odd dimension n, there are n+12 distin
t inner produ
ts, p1, p2, p3, : : :,pn+12 , where pi = R1RTi . The remaining n�12 inner produ
ts are related by theproperty that �pn+12 +q = pn+32 �q, for 1 � q � n�12 .Corollary 2 For a nega
y
li
 matrix of odd dimension n, R1RTi = �R1RTn�i+2for 1 < i � n.De�nition 1 Let L, M be two nega
y
li
 matri
es of dimension n. We say Land M are in the same inner produ
t equivalen
e 
lass if for every 1 � i; j � n,RiRTj of L equals RiRTj of M .Theorem 2 Let M be a nega
y
li
 matrix of dimension n, with �rst rowm1;m2; : : : ;mn:Then the nega
y
li
 matri
es with �rst rows�m1;�m2; : : : ;�mn and mn;mn�1; : : : ;m1(denoted �M and M� respe
tively) are in the same inner produ
t equivalen
e
lass as M . 3



Proof. By Theorem 1, we need only 
onsider the inner produ
ts of rows R1,R1+j for 1 � j � n� 1. We observe that for the matrix M ,R1 = m1 m2 � � � mj mj+1 mj+2 � � � mnR1+j = �mn�j+1 �mn�j+2 � � � �mn m1 m2 � � � mn�j:Likewise, for the matrix �M ,R1 = �m1 �m2 � � � �mj �mj+1 �mj+2 � � � �mnR1+j = mn�j+1 mn�j+2 � � � mn �m1 �m2 � � � �mn�j:Similarly, for the matrix M�,R1 = mn mn�1 � � � mn�j+1 mn�j mn�j�1 � � � m1R1+j = �mj �mj�1 � � � �m1 mn mn�1 � � � mj+1:The inner produ
t of R1 with R1+j is the same in all three 
ases, namelyR1RT1+j = �m1mn�j+1 �m2mn�j+2 � � � � �mjmn+m1mj+1 +m2mj+2 + � � �+mn�jmn= � jXi=1mimn�j+i + n�jXi=1mimi+j :Hen
e M , �M and M� are in the same inner produ
t equivalen
e 
lass. 2Corollary 3 Given a nega
y
li
 matrix M , the nega
y
li
 matrix �M� is in thesame inner produ
t equivalen
e 
lass as M .Theorem 3 Let M be a nega
y
li
 matrix with �rst row R1 = (m1; : : : ;mn).Then every nega
y
li
 matrix M 0 with a �rst row R01 equal to a negashift of R1 isin the same inner produ
t equivalen
e 
lass as M . (There are 2n � 1 negashiftsof R1.)Proof. The 2n� 1 negashifts of R1 areR2; : : : ; Rn;�R1; : : : ;�Rnwhere Ri is the ith row of the matrix M .By Theorem 2, the nega
y
li
 matrix with �rst row equal to �R1 is in thesame inner produ
t equivalen
e 
lass as M . Likewise, the nega
y
li
 matri
eswith �rst rows equal to �R2; : : : ;�Rn are in the same inner produ
t equivalen
e
lass as the nega
y
li
 matri
es with �rst rows R2; : : : ; Rn respe
tively. Thuswe need 
onsider only the nega
y
li
 matri
es with �rst rows R01 = Ri, where2 � i � n.Let M 0 be a nega
y
li
 matrix with �rst row R01 = Ri for some i in the range2 � i � n. By Corollary 1, M 0 has only n+12 distin
t inner produ
ts, namelyR01(R0j)T , for 2 � j � n+12 .Now, R01 = Ri, andR0n+12 = ( Ri+n�12 for 2 � i � n+12�Ri+n�12 �n for n+32 � i � n.4



We 
onsider the two 
ases in turn.Case I: When 2 � i � n+12 , the rows R01; : : : ; R0n+12 are all from M . Then theinner produ
t R01(R0j)T for 2 � j � n+12 is:R01(R0j)T = RiRTi+j�1= R1RTj (by Theorem 1):Thus the nega
y
li
 matri
es M 0 with �rst row R01 = Ri for 2 � i � n+12 are inthe same inner produ
t equivalen
e 
lass as M .Case II: When n+32 � i � n, the rows R01; : : : ; R0n�i+1 are from M , and therows R0n�i+2; : : : ; R0n+12 are from �M . For 2 � j � n� i + 1, R01(R0j)T = R1RTjby the argument presented in Case I. For n� i+ 2 � j � n+12 , we haveR01(R0j)T = RiRTi+j�1�n= �R1Rn�j+2 (observe i+ j � 1� n < iand then apply Theorem 1)= R1Rj (by Corollary 2):Thus the nega
y
li
 matri
es M 0 with �rst row R1 = Ri for n+32 � i � n are inthe same inner produ
t equivalen
e 
lass as M .Hen
e the 2n�1 nega
y
li
 matri
es whi
h have a �rst row equal to a negashiftof the �rst row of M are all in the same inner produ
t equivalen
e 
lass as M .2 We note from Wallis and Whiteman [7℄ that 
ir
ulant 
an be repla
ed bygroup-type or type 1 in abelian groups so that all results that follow for 
ir
ulantalso follow for group-type or type 1. Similarly we observe that group-type ortype 1 nega
y
li
 
an be used instead of nega
y
li
 and the 
orresponding resultshold. So we have, modifying Goethals-Seidel 
onstru
tion [6℄:Theorem 4 Suppose there exist four nega
y
li
 (1;�1) matri
es A;B;C;D oforder n. Further, supposeAAT +BBT + CCT +DDT = 4nIn:Then SF = 26664 A BR CR DR�BR A DTR �CTR�CR �DTR A BTR�DR CTR �BTR A 37775 (1)is an Hadamard matrix of order 4n of SF type. (Here R is the ba
k diagonalmatrix.) If A is of skew-type, then SF is skew-Hadamard.3 Our resultsDe�nition 2 A set of four nega
y
li
 matri
es A, B, C, D is said to be suitableif AAT +BBT +CCT +DDT = fIfor some f . 5



Theorem 5 If there exist four sequen
es with zero non-periodi
 auto
orrelationfun
tion, then there exist four suitable nega
y
li
 matri
es.Proof. Let there be four sequen
es of length n, denotedX = ffa1; a2; : : : ; ang; fb1; b2; : : : ; bng; f
1; 
2; : : : ; 
ng; fd1; d2; : : : ; dngg;with zero non-periodi
 auto
orrelation fun
tion. We now treat ea
h of thesesequen
es as the �rst row of a nega
y
li
 matrix. The matri
es generated in thisway are denoted A, B, C, D respe
tively. We 
onsider the sumAAT +BBT + CCT +DDT :For a nega
y
li
 matrixM , the element (i; j) of the produ
tMMT is equal toRiRTj , where Ri, Rj are the ith and jth rows of M respe
tively. By Theorem 1,it is suÆ
ient to 
onsider only the produ
ts R1RT1+j, for 1 � j � n� 1. We re
allthat R1RT1+j = � jXi=1mimn�j+i + n�jXi=1mimi+j(as shown in the proof of Theorem 2).Thus the sum of the produ
ts R1RT1+j of A, B, C and D, for 1 � j � n� 1,is equal to � jXi=1(aian�j+i + bibn�j+i + 
i
n�j+i + didn�j+i)+ n�jXi=1(aiai+j + bibi+j + 
i
i+j + didi+j)= �NX(n� j) +NX(j)= 0By Theorem 1, the o�-diagonal element (i; j), where i 6= j, of the sum AAT +BBT + CCT +DDT , is equal to element (1; 1 + j � i). As has just been shown,these elements all equal to 0. Thus all o�-diagonal elements of the sum are 0.Lastly, we 
onsider the diagonal elements. It is 
lear that element (j; j) =Pni=1(a2i + b2i + 
2i + d2i ) for 1 � j � n. Write this sum as f . Thus we haveAAT +BBT +CCT +DDT = fIand so the nega
y
li
 matri
es A, B, C, D are suitable. 2Corollary 4 The four suitable nega
y
li
 matri
es A, B, C, D that were 
on-stru
ted in the last proof satisfyAAT +BBT + CCT +DDT = 4nIn:Hen
e, by Theorem 4, we 
an produ
e an Hadamard matrix of order 4n of SF-type.We have found that suitable nega
y
li
 matri
es are not limited to thosegenerated from sequen
es with a zero non-periodi
 auto
orrelation fun
tion. Theappendix 
ontains a listing of nega
y
li
 sequen
es of order n = 3; 5; 7 whi
hare suitable, and so yield SF-type Hadamard matri
es and orthogonal designs oforder 4n. 6
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y
li
 sequen
es with zero auto
orrelation fun
-tionOrder 12Design A B C D(1,1,1,1) a 0 0 b 0 0 
 0 0 d 0 0(1,1,1,4) a 0 0 b 0 0 
 d d 0 d -d(1,1,1,9) a d d b d d 
 d d d -d d(1,1,2,2) a 0 0 b 0 0 
 -d 0 
 d 0(1,1,2,8) a d d b d d -
 -d d 
 -d d(1,1,4,4) a d d b 
 
 0 -
 
 0 -d d(1,1,5,5) a d d b 
 
 d -
 
 -
 -d d(1,2,2,4) 0 d -d a d d b 
 0 b -
 0(1,2,3,6) a d -d 
 d d 
 a -d 
 -a d(2,2,2,2) a b 0 a -b 0 
 d 0 
 -d 0(2,2,4,4) a b b d b -b 
 d d -b d -d(3,3,3,3) a b 
 b -
 d 
 d -a d a -bOrder 20Design A, C B, D(1,1,1,1) a 0 0 0 0 b 0 0 0 0
 0 0 0 0 d 0 0 0 0(1,1,1,4) a 0 0 0 0 b 0 0 0 0
 0 d d 0 0 0 d -d 0(1,1,1,9) a 0 d d 0 b 0 d d 0
 d 0 0 d d -d d 0 0(1,1,2,2) a 0 0 0 0 b 0 0 0 0
 -d 0 0 0 d 
 0 0 07



(1,1,2,8) a 0 d d 0 b 0 d d 0
 0 d -d 0 -
 0 d -d 0(1,1,4,4) a 0 
 
 0 0 0 
 -
 0b 0 d d 0 0 0 d -d 0(1,1,4,9) a 0 d d 0 b 0 d d 00 -d 
 -
 -d d -d 
 
 d(1,1,5,5) a 0 
 
 0 b 0 d d 0
 0 d -d 0 -d 0 
 -
 0(1,1,8,8) a -
 d d -
 b -
 -d -d -
0 -
 d -d 
 0 -
 -d d 
(1,1,9,9) a -
 d d -
 b -d -
 -
 -d-
 -
 
 -
 
 -d -d d -d d(1,2,2,4) a 0 d d 0 0 0 d -d 0b -
 0 0 0 
 b 0 0 0(1,2,2,9) a -d 0 0 -d d -d d 0 0b -
 d d 0 
 b 0 -d -d(1,2,3,6) a 0 d d 0 b -
 0 -d 0b 
 0 d 0 
 0 -d d 0(1,2,4,8) a 0 d d 0 b -
 d -d -
b 0 -d d 0 d d 
 0 
(1,2,8,9) a -d 
 
 -d d -d d -
 -

 -b d d 
 b 
 -
 -d -d(1,4,4,4) a 0 b b 0 0 0 b -b 00 -
 d d 
 0 -
 d -d -
(1,4,5,5) a -d 0 0 -d -d -
 0 0 

 -d b b d 0 -
 b -b -
(1,5,5,9) a -b 
 
 -b -
 -b d d bb -d 
 -
 -d -d -d d -d d(2,2,2,2) a -b 0 0 0 b a 0 0 0
 -d 0 0 0 d 
 0 0 0(2,2,2,8) a -d b d 0 a d -b -d 0
 0 d 0 d 
 0 -d 0 -d(2,2,4,4) a -b 0 0 0 b a 0 0 00 -
 d d 
 0 -
 d -d -
(2,2,4,9) a -b d d 0 a b d d 00 -d 
 -
 -d d -d 
 
 d(2,2,8,8) a -d 
 -d -
 a d -
 d 
b -
 -d -
 d b 
 d 
 -d(2,3,4,6) b -d a 0 0 b -d -a 0 0-b -d 
 
 d 0 -d 
 -
 -d(2,3,6,9) b -d 
 -a -d a -d -d b -
-b -d -d -
 
 d -d -
 -
 d(2,4,4,8) 
 0 b -d d 
 0 b d -db -a -
 -d -d b a -
 d d(2,5,5,8) 
 -b d d b a -
 d -d -
-a -b d -d -b -b -
 d d 
(3,3,3,3) a -b 
 0 0 a b 0 -d 0a 0 -
 d 0 b 
 d 0 0(3,3,6,6) 0 -d -a -
 -b 0 -d a 
 -bb -
 d -d -
 a -
 d d 
(4,4,4,4) 0 -a b b a 0 -a b -b -a0 -
 d d 
 0 -
 d -d -
(4,4,5,5) d -
 a a 
 0 -d a -a -d0 -
 b -b -
 -
 -d b b d(5,5,5,5) a -b b -d -d -b -a a -
 -
d -
 
 a a -
 -d d b b(1,1,13) a -
 -
 -
 -
 0 -
 -
 
 -
b -
 0 0 -
 0 -
 
 -
 0(1,2,17) a -
 -
 -
 -
 b -
 -
 
 -
b 
 
 -
 
 
 
 -
 
 -
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(1,2,11) a 0 
 
 0 b 0 
 
 -
b 0 -
 -
 
 0 -
 0 -
 
(1,3,14) a -
 -
 -
 -
 -b -
 
 -
 0
 -
 
 -b -
 
 -
 -
 0 b(1,4,13) a -
 -
 -
 -
 0 -
 -
 
 -
0 -
 b -b -
 b -
 
 -
 -b(1,6,11) a -
 b b -
 
 -
 b -b -

 b 
 -
 0 
 0 
 
 b(1,8,11) a -
 -b -b -
 -
 -
 b -b -

 b 
 -
 b 
 -b 
 
 b(2,5,7) 
 -
 -
 0 -a a -
 b b 0b -b 0 -
 0 
 b 0 -
 0(3,6,8) 0 -b 
 b -
 0 -b 
 -a 
a -b -
 0 -
 a b 
 b -
(7,10) 0 -a a b -b b -a a a a0 -a a a b b 0 b b aOrder 28Design A, C B, D(1,1,1,1) a 0 0 0 0 0 0 b 0 0 0 0 0 0
 0 0 0 0 0 0 d 0 0 0 0 0 0(1,1,1,4) a 0 0 0 0 0 0 b 0 0 0 0 0 0d -
 -d 0 0 0 0 d 0 d 0 0 0 0(1,1,1,9) d -a -d 0 0 0 0 d -b -d 0 0 0 0d 0 
 0 -d 0 0 d 0 d 0 d 0 0(1,1,1,16) a -d d d d d -d b 0 d 0 0 d 0
 0 d 0 0 d 0 0 -d d d d -d d(1,1,1,25) a -d d d d d -d b -d d d d d -d
 -d d d d d -d -d -d d -d d -d d(1,1,2,2) a 0 0 0 0 0 0 b 0 0 0 0 0 0
 -d 0 0 0 0 0 
 d 0 0 0 0 0(1,1,2,8) d -a -d 0 0 0 0 d -b -d 0 0 0 0d -
 d 0 0 0 0 d 
 d 0 0 0 0(1,1,2,18) a -b b b b b -b 
 -b b b b b -bd -b b 0 b 0 0 -d -b b 0 b 0 0(1,1,4,4) a 0 0 0 0 0 0 b 0 0 0 0 0 0
 -
 d d 0 0 0 d -d -
 -
 0 0 0(1,1,4,9) a -d d d d d -d 0 -d d 0 d 0 0b 0 0 -
 -
 0 0 0 0 0 -
 
 0 0(1,1,4,16) b 0 b 0 b 0 b b 0 b -a -b 0 -bb -
 -b 0 -b -
 b b -
 -b -d b 
 -b(1,1,5,5) a 0 0 0 0 0 0 b 0 0 0 0 0 0
 -
 -
 -d 0 -d 0 d -d -d 
 0 
 0(1,1,8,8) 
 -d a d -
 0 0 -
 -d b d 
 0 0
 -d 0 -d 
 0 0 
 d 0 d 
 0 0(1,1,9,9) a -
 
 
 
 
 -
 0 -
 
 0 
 0 0b -d d d d d -d 0 -d d 0 d 0 0(1,1,10,10) d -a a a a a -a 
 -b b b b b -b-a -b b 0 b 0 0 b -a a 0 a 0 0(1,1,13,13) -a -b b -a b -a a -b a -a -b -a -b b
 -a a a a a -a d -b b b b b -b(1,2,2,4) b -a -b 0 0 0 0 b 0 b 0 0 0 0
 -d 0 0 0 0 0 
 d 0 0 0 0 0(1,2,2,9) a -d d d d d -d 0 -d d 0 d 0 0b -
 0 0 0 0 0 b 
 0 0 0 0 0(1,2,2,16) a -d d d d d -d b 0 d -
 0 d 0b 0 d 
 0 d 0 0 -d d d d -d d(1,2,3,6) a -b 
 0 0 0 0 a -b -
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