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Abstract
We study the use of negacyclic matrices to form orthogonal designs and

hence Hadamard matrices. We give results for all possible tuple for order
12, all but 3 for order 20 and all but 3 for order 28.
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1 Introduction

An orthogonal design of order n and type (s1, S2, . .., S) in variables x1, zo, .. . , Tk,
denoted OD(n; s, 82,...,Sk), is a matrix A of order n with entries in the set
{0,+z1, tz9,. .., Ltx;} satisfying

k
AAT = (Z six?)In,
i=1

where I, is the identity matrix of order n. Alternatively, the rows of A are
formally orthogonal and each row has precisely s; entries of the type +z;. In [1],
where this was first defined, it was mentioned that

k
ATA = (> sz,
i=1

and so our alternative description of A applies equally well to the columns of A.

An Hadamard matriz H of order n is a square (1, —1) matrix having inner
product of distinct rows zero. Hence HH" = nI,. We note that n = 1,2 or
n =0 (mod 4).

A matrix A+1 is skew-type if A has zero diagonal and A7 = —A. A skew-type
Hadamard matrix is said to be skew-Hadamard.

Circulant matrices of order n are polynomials in the shift matrix

010 ---0

0 01 0
S =

0 00 1

100 0



Negacyclic matrices of order n are polynomials in the negashift matrix

O 10 --- 0
0 0 1 0
N = : :
0 0 O 1
-1 0 0 0

The back-diagonal matriz R of order n is the matrix whose elements r;; are
given by

o itiej=nt,
Y7 ) 0 otherwise

where i, j = 1,...,n. We note that if A, B are polynomial in S then A(BR)T =
(BR)AT. We show below that the same is true if A, B are polynomial in N,
Lastly, we define the nonperiodic autocorrelation function. Let

X = {{alla' s 5a1n}a{a213' s aa2n}a---a{am1a--- aamn}}

be m sequences of commuting variables of length n. Then the nonperiodic auto-
correlation function of the family of sequences X (denoted Nx) is the function
defined by

n—j
Nx(j) = Y (aria1,irj + a2,i02i45 + - + Gm,itm,it)-
=1

2 Preliminary results

We note some properties of the negashift matrix N given above:
(N)T = —N"% and N'R= —RN" ‘.

Hence we have:

Lemma 1 NY(N’R)T = (N/R)(N)T.

Proof. N/(N'R)T = N'R(N/)T = —N'RN"J = N'N/R = N/N'R =
—NJ/RN" ' = (NIR)(NY)T. O

Lemma 2 Suppose A, B are polynomial in S or N then A(BR)" = (BR)A”.

Proof. The result for S, circulant, can be found in Wallis [6]. For N, negacyclic,

we note A and B are polynomials in IV so by repeated applications of Lemma, 1

we have the result. O
We now develop some properties of negacyclic matrices.

Theorem 1 Let R;, R; be two rows of a negacyclic matriz of dimension n, where
1<i<j<n. Then RZ-R].T = R1R1T+j,l-.



Proof. Leti=1+sand j =1+ s+t If we write Ry = (z1,...,%,), we have

Rits = (—Zn-sq1s-ery—Tpny @1y, Tp_g)
Rl—l—t = (_xn—t-l—la"'a_xnaxla"-axn—t)
Rl-l—s-l—t = (_xn—s—t+1a sy Ty Ty e axn—s—t)

We note that

S t
- N N —_—
Rits = (—Tn—sye ooy —Tny Ty e ey Lpy Tty e« s Ty—s)
R1+s+t = (\—IEH,S,,;H, ey —xn,,;,:$n,t+1, ey —Ilinl, Tlyee- ,In,s,t)
e T
Then
T T
RiR; = RipsRi,qy
= Tp s+1Tn—stt1 T F TnTpt — 1T 41— — Ty

T T T1+ o+ Ty sTp—s—t

= —T1Tp_t41 — —TTp T Tep1%1 + 0+ Tp—sTr_s—t
+ Tpos41Tn—s—t+1 T + TnTn—t

= TTITpog4l — T TpTn T Tp 1+ Ty

- R1R1T+t

= R1R1T+j—z‘

d

Corollary 1 For a negacylic matriz of odd dimension n, there are only n inner
products of interest, i.e. each row with the first. More precisely, for a negacylic

matriz of odd dimension n, there are ”TH distinct inner products, p1, p2, p3, - - -,
Put1, where p; = RlRiT. The remaining "T_l inner products are related by the
2

property that —Pntli, = Pats for1 <q< "T_l

Corollary 2 For a negacyclic matriz of odd dimension n, RlRiT = —RlR,Tl_H_Q
for 1 <i<n.

Definition 1 Let L, M be two negacyclic matrices of dimension n. We say L
and M are in the same inner product equivalence class if for every 1 <i,57 <mn,
RiRjT of L equals RZ-R]-T of M.

Theorem 2 Let M be a negacyclic matriz of dimension n, with first row
mi1, M2y ..., Mp.
Then the negacyclic matrices with first rows
—mi,—Mmo,...,—my and My, Mp_1,..., M1

(denoted —M and M* respectively) are in the same inner product equivalence
class as M.



Proof. By Theorem 1, we need only consider the inner products of rows Ry,
Ryyjfor 1 <j <n—1. We observe that for the matrix M,

R1 = mi mo tee m]- m]‘+1 m]‘+2 tee mp

Riyj= —mp ji1 —mpji2 -+ —my My Mg o My j.
Likewise, for the matrix — M,

R1 = —m1 —ms9 e —mj —mj_|_1 —mj_|_2 e —mp
Riyj= mp ji1 mp ji2 -0 my —my —my o~y
J J J J

Similarly, for the matrix M*,

Ry = m, Mmp—-1 - Mp_jy1 Mp—5 Mp_j-1 - my
Riyj= -my —-mjy -+ —my mp Mp—1 =+ Mjt1.

The inner product of Ry with R ; is the same in all three cases, namely

T
RiRi,; = —mimp_ji1 —mMoMp_jio — -+ — mjmy
+mimji1 +momjio + -+ Mp_jmy
J n—j
= - Z MiMp—j+; + Z MM .
i=1 i=1

Hence M, —M and M* are in the same inner product equivalence class. O

Corollary 3 Given a negacyclic matriz M, the negacyclic matriz —M™ is in the
same inner product equivalence class as M.

Theorem 3 Let M be a negacyclic matriz with first row Ry = (mqy,...,my).
Then every negacyclic matriz M' with a first row R} equal to a negashift of Ry is
in the same inner product equivalence class as M. (There are 2n — 1 negashifts

Of Rl)
Proof. The 2n — 1 negashifts of R; are
Ry,...,R,,—Ry,...,— R,

where R; is the ith row of the matrix M.

By Theorem 2, the negacyclic matrix with first row equal to —R; is in the
same inner product equivalence class as M. Likewise, the negacyclic matrices
with first rows equal to —Ro, ..., —R,, are in the same inner product equivalence
class as the negacyclic matrices with first rows Ro,..., R, respectively. Thus
we need consider only the negacyclic matrices with first rows R} = R;, where
2 <i<n.

Let M’ be a negacyclic matrix with first row R} = R; for some i in the range
2 < i < n. By Corollary 1, M’ has only "T"'l distinct inner products, namely
Ry (R))T, for 2 < j < 25

Now, R} = R;, and

IN
3

; n+1
RIl:{Ri+nT—1 fOI'QSZST

i+t on for HTH <1
2



We consider the two cases in turn.
Case I: When 2 <i < ”TH, the rows R},..., R, are all from M. Then the
2

inner product R'I(R;-)T for 2 <j < 2 s

Ri(R)" = RiRL;
= RleT (by Theorem 1).

Thus the negacyclic matrices M’ with first row R| = R; for 2 < i < 2 are in
the same inner product equivalence class as M.

Case II: When "T‘"?’ < i < n, the rows R},..., R, _, ; are from M, and the
rows R}, ;. o,... ,R’n# are from —M. For 2 < j <n—i+1, R’l(R;-)T = RleT
nl

by the argument presented in Case I. For n —i 4+ 2 < 5 < , we have

Rll (Rg)T = RiRzE»jflfn

—RiR,_j12 (observei+j—1-—n<i
and then apply Theorem 1)

= RiR; (by Corollary 2).

Thus the negacyclic matrices M’ with first row Ry = R; for 43 < 4§ < are in

the same inner product equivalence class as M. ’

Hence the 2n—1 negacyclic matrices which have a first row equal to a negashift
of the first row of M are all in the same inner product equivalence class as M.
O

We note from Wallis and Whiteman [7] that circulant can be replaced by
group-type or type 1 in abelian groups so that all results that follow for circulant
also follow for group-type or type 1. Similarly we observe that group-type or
type 1 negacyclic can be used instead of negacyclic and the corresponding results
hold. So we have, modifying Goethals-Seidel construction [6]:

Theorem 4 Suppose there exist four negacyclic (1,—1) matrices A, B,C,D of
order mn. Further, suppose

AAT + BBT + ¢CT + DDT = 4n1,.

Then
A BR CR DR
—BR A D'R —-CTR
SF = —-CR -DTR A BTR (1)
-DR CTR -BTR A

is an Hadamard matriz of order 4n of SF type. (Here R is the back diagonal
matriz.) If A is of skew-type, then SF is skew-Hadamard.

3 Our results

Definition 2 A set of four negacyclic matrices A, B, C, D is said to be suitable

if
AAT + BBT + cCT + DDT = fI

for some f.



Theorem 5 If there exist four sequences with zero mon-periodic autocorrelation
function, then there exist four suitable negacyclic matrices.

Proof. Let there be four sequences of length n, denoted

X = {{al,GQ,--- aan}a{blaan"'5bn}a{015023' o acn}a{dlaan' o 1dn}}a

with zero non-periodic autocorrelation function. We now treat each of these
sequences as the first row of a negacyclic matrix. The matrices generated in this
way are denoted A, B, C, D respectively. We consider the sum

AA" + BB" + ¢cc" + DD".
For a negacyclic matrix M, the element (i, 5) of the product M M7 is equal to

RiRjT, where R;, R; are the ith and jth rows of M respectively. By Theorem 1,

it is sufficient to consider only the products R1R1T+j, for1 <j<n-—1. Werecall
that

J n—j
T . o P
RlRH_]- = — E MMy jyi + E MMy j
i=1 =1

(as shown in the proof of Theorem 2).
Thus the sum of the products R1R1T+j of A, B,C and D, for 1 < j<n-1,
is equal to
J
= (@ian—jti + bibp_jti + Cicn_jyi + didn_j1i)
i=1
n—j
+ Z(aiaiﬂ- + bibprj + CiCitj + didi+j)
i=1

— —Nx(n— ) + Nx(j)
= 0

By Theorem 1, the off-diagonal element (i,5), where i # 5, of the sum AAT +
BBT + CC" + DD?, is equal to element (1,1 + j —i). As has just been shown,
these elements all equal to 0. Thus all off-diagonal elements of the sum are 0.
Lastly, we consider the diagonal elements. It is clear that element (j,j) =
" (a2 + b2 + ¢ + d?) for 1 < j < n. Write this sum as f. Thus we have

AAT + BBT + cC” + DDT = fI
and so the negacyclic matrices A, B, C', D are suitable. O

Corollary 4 The four suitable negacyclic matrices A, B, C, D that were con-
structed in the last proof satisfy

AAT + BBT + cc” + DD = 4nI,,.

Hence, by Theorem /4, we can produce an Hadamard matriz of order 4n of SF-
type.

We have found that suitable negacyclic matrices are not limited to those
generated from sequences with a zero non-periodic autocorrelation function. The
appendix contains a listing of negacyclic sequences of order n = 3,5,7 which
are suitable, and so yield SF-type Hadamard matrices and orthogonal designs of
order 4n.
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A Negacyclic sequences with zero autocorrelation func-
tion

Order 12
Design A B ¢ D
(1,1,1,1) a 0 O b 0 O c 0 O d 0 O
(1,1,1,4) a 0 O b 0 O c d d 0 d-d
(1,1,1,99). a d d b d d ¢ d d d-d d
(1,1,2,2) a 0 0 b 0 0 c-d 0 c d O
(1,1,2,8) a d d b d d -c-d d c-d d
(1,1,4,4) a d d b ¢ c 0 -c c 0-d d
(1,1,5,5) a d d b ¢ c d -¢c c -¢c -d d
(1,2,2,4) 0 d-d a d d b ¢ O b-c O
(1,2,3,6) a d-d c d d c a-d c-a d
(2,2,2,2) a b 0 a-b 0 ¢ d 0 c-d O
(2,2,4,4) a b b d b-b ¢ dd -b d-d
(3,3,3,3) a b c b-c d c d-a d a-b
Order 20
Design A, C B, D
(1,1,1,1) a 0 0 0 O b 0 0 0 O

c 0 0 0 O d 0 0 0 O
(1,1,1,4) a 0 0 0 O b 0 0 0 O

c 0 4d 4 O 0 0 d-d O
(1,1,1,9)). a 0 d d 0 b 0 d d O

c d 0 0d d-d d 0 0
(1,1,2,2) a 0 0 0 O b 0 0 0 O

c-d 0 0 O d ¢ 0 0 O



b 0 d d O

a 0 d4d d4d 0

(1,1,2,8)

0 d-d O -¢c 0 d-d O
0 0

C

=C

C

a 0
b 0 4d 4 O

(1,1,4,4)

0 0 d-d O
b 0 d d O

d -d

0 d d O
0 -d

a
a

(1,1,4,9)

c -c -d

0 b 0 d d O
-d 0

0 d-d O

(1,1,5,5)

C

C

b -¢c -d -d -c
0 -c-d d

b-d -¢c ¢ -d
-d -d d-d d

d d -c
d

=C

a

(1,1,8,8)

C

C

-d

=C

-¢c d d -c
c

a

(1,1,9,9)

C

-C

-C —C

0 0 d-d O

0 d d O

a
b

(1,2,2,4)

b 0 0 O
d-d d 0 O

0 0 O c
a-d 0 O

=C

-d

(1,2,2,9)

d d 0 c b 0-d-d

0 d d O

=C

0-d O

0-d d O

b -c
b -c
d

a

(1,2,3,6)

C

c 0 4 0

0 d d 0
b 0-d 4 0
a -d

d -d -c

a

(1,2,4,8)

d

d-d d-c -c
b

c -d

C

(1,2,8,9)

c -c -d -d

C

c-b 4 d

0 0 b-b O

0 -c
-d -c

a 0 b b O

(1,4,4,4)

d -d -c
0 0
b

c

-d
c-d b b d
a -b

b

d d
a-d 0 O

=C

C

(1,4,5,5)

-b -c

0 -c
-c-b d d b

-d-d d-d d

c -b
c -c -d

C

(1,5,5,9)

-d

a 0 0 O

b
d

a-b 0 0 O
c-d 0 0 O
a-d b d O

(2,2,2,2)

0 0 O
a d-b-d 0

C

(2,2,2,8)

0-d 0 -d
a 0 0 O

c
b

0 d 0 d
a-b 0 0 O

C

(2,2,4,4)

d d c 0 -c d-d -c
a-b d d O a b d d O
0 -d d -d
a -d

b
b
-b

=C

(2,2,4,9)

c -c -d
c -d

-c -d
-d

-d
-d

c
-d

0 0
c -c -d
a-d-d b

d
d -d -¢c -c¢

a d -c
b c

-C

(2,2,8,8)

d
0
d

-c
c -a -d

b -d -a
0 -d

0
c

a

(2,3,4,6)

C

-C

b
-b

(2,3,6,9)

d

C

-C

-d -d

0 b-d d c 0 b d-d

c
b

(2,4,4,8)

-c d d
d -d -c
d d

a

-d

-a -c -d

=C

a
-b -c

c-b d d b

-a -b d

(2,5,5,8)

[¢]

-b

-d

a b 0-d O

c 0 O

a -b

(3,3,3,3)

c d 0 O

0-c d O b

0 -d -a -c -b

a

(3,3,6,6)

-c d d ¢
b

a

-¢c d -d -c

0 -a

-a

-b

a 0 -a

b b
d d

(4,4,4,4)

d -d -c

0 -c

C

=C

d -c

a -a -d

0 -d
-c-d b b d

-b -a

C

(4,4,5,5)

-c
-d

b -b
-d

-c
a-b b

a —c —c

(5,5,5,5)

-c-d d b b

a

-C

C

0 -c -c

a —cC -¢c -c —c¢C

b

(1,1,13)

0 0 -c

=C

-C

C

a -c -c -c -c b -c -c

(1,2,17)



a

(1,2,11)

-¢ 0 -¢c ¢
0
0 b

[¢

-b -c

C

b 0 -c -c

—-C

C

a —C -¢c -Cc —-cC

(1,3,14)

c -CcC —¢C

c -b -c
a -c -c -c -c

=C

-C

0 -c -c

b -c
c

(1,4,13)

c -c -b

b

b -b -c

—-C

-C

-b

=C

-¢c b b -c
c
a -c -b

a

(1,6,11)

-c
-b
-c

b -b -c
c

-C —C

-C

(1,8,11)

c -b

a

b
-a

C

b b 0
b 0 —-c

-c
0 -b

0
-c

c -c -c
b-b 0
0 -b
a -b

(2,5,7)

0

C

0
-c

—-a

C

b
0

Cc

(3,6,8)

b ¢ b -c

-C a

-C

(7,10)

a

b 0 b b

b

a

Order 28

Design

b 0 0 0 0 0 O
d 0 0 0 0 0 O
b 0 0 00O 0 O
d 0 d 0 0 0 O
d-b-d 0 0 0 O
d 0 d 0 d 0 O
b 0d 0 0 d O

0 0 0 0 0O
0 0 0 0 0O
0 0 0 0 0O
d-c-d 0 0 0 O
d-a-d 0 0 0 O

d

a

(1,1,1,1)

C

a

(1,1,1,4)

(1,1,1,9)

0-d 0 O

C

0

a-d d d d d-d

(1,1,1,16)

0-d d d d-d d

b
-d

0 d 0 0 d O
a-d d d d d-d

C

-d d 4d 4 d-d
-d d-d d-d d

(1,1,1,25)

c-d d d d d-d

b 0 0 0 0 0 O

0 0 0 0 0O
c-d 0 0 0 0 O
d-a-d 0 0 0 O

a
d

(1,1,2,2)

d 0 0 0 0 O

d-b-d 0 0 0 O

c
d

(1,1,2,8)

d 0 0 0 O c d 0 0 0 O

-C

-b c-b b b b b-b
-d-b b 0 b 0 O

a-b b b b b
d-b b 0 b 0 0

(1,1,2,18)

b 0 0 0 0 0 O

0 0 0 0 0O

a

(1,1,4,4)

0 0 O
0-d d 0 4d 0 O

-c -c
0 0 0 -c

d -d

-cd d4d 0 0 O
a-d d d d d-d
b 0 0 -c -c

C

(1,1,4,9)

0 0

C

0 0

b 0 b 0 b 0 b b 0 b-a-b 0 -b
b

b-c-b 0-b -c

(1,1,4,16)

-b

C

-c-b-d b

b

b 0 0 0 0 0 O

0 0 0 0 0O

a
c-c-c-d 0-d O

(1,1,5,5)

-d ¢ O
c

d -d
-c-d b d

0

0
0

0 0
0

a d -c

c -d

(1,1,8,8)

c-d 0-d c 0 c d 0 d c
a

b

d
-a-b b 0 b 0 O

(1,1,13,13) -a -b b -a

-C

(1,1,9,9)

0-d d 0 4d 0 O
c-b b b b b

b
-b

-d d d d4d d-d

-b

a a a a -a

—-a

(1,1,10,10)

-a

-a-b b

a -a -b

-a a

b

-a d-b b b b b-b

a

b-a-b 0 0 0 O
c-d 0 0 0 0 O
a-d d d d d-d

b 0O b 00 0 O

(1,2,2,4)

d 0 0 0 0 O

0-d d 0 d 0 O

C

(1,2,2,9)

c 0 0 0 0 O
b 0 d-c

b

0 0 0 0 O
a-d d d d d-d
b 0 d
a -b

b

-C

b

0 d 0

(1,2,2,16)

0-d d d d-d d

0 d O
0 0 0 O
a b 0 0 0 O

C

-¢c 0 0 0 O
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