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PHYSICAL REVIEW B

VOLUME 48, NUMBER 8

15 AUGUST 1993-11

Theory of the piezo-Zeeman effect for shallow acceptors in group-IV semiconductors

K. J. Duff
Department of Physics, University of Wollongong, Northfields Avenue, Wollongong, New South Wales 2522, Australia
(Received 30 November 1992)

Theory is presented for the energy splittings and transition intensities for a single hole system initially
of T, symmetry which is then subject to the simultaneous application of a uniaxial stress and uniform
magnetic field. Four combinations of stress and field directions are considered.

I. INTRODUCTION

It is axiomatic that semiconductors are of immense
technological significance, and that the scope of such ma-
terials derives from the introduction into the lattice of
controlled levels of impurities. It is therefore of consider-
able continuing experimental interest' to characterize the
states associated with the impurities, and one important
technique for accomplishing this is optical spectroscopy.
The discriminating factors used in the interpretation of
spectra are line splittings, intensity variations of spectral
components when perturbations of suitable symmetries
are applied, and intensity comparisons between polariza-
tions of the radiation. It is important that theory be
available relating the splittings and intensities to the pa-
rameters under experimental control. The simultaneous
application of a magnetic field and uniaxial stress is a
particularly powerful interpretive instrument,? and so it
is the purpose of this work to provide theory appropriate
to an impurity subject to both perturbations. It is as-
sumed that the impurity, in the absence of the perturba-
tions, occupies a site of T,; symmetry as befits a substitu-
tional impurity in the elemental semiconductors.

The literature to date carries two distinct but comple-
mentary streams of theoretical support for the experi-
mental studies of impurity spectra. The first relies on a
numerical/variational solution of the effective-mass equa-
tions to generate energy eigenvalues for ground and excit-
ed states. This procedure has been carried out with in-
creasing technical sophistication. Satisfactory results
have been obtained for a range of impurities in the unper-
turbed crystal,? for the crystal subject to uniaxial stress,*
for the crystal subject to a magnetic field,>® and for hy-
drostatic pressure.® Because the method yields wave
functions, transition amplitudes can be calculated, so in
some cases transition intensities were obtained. No cal-
culations of this kind have been reported for the com-
bined application of uniaxial stress and magnetic field.
The dominant advantage of this methodology is its prox-
imity to first principles.

The alternate procedure utilizes the principles of group
theory to predict relative splittings and relative intensities
for the various transitions and polarizations that are pos-
sible. The inputs to the theory are simply the assumed
site symmetry of the impurity under study, and the sym-
metry of the applied perturbations including that of the
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dipole moment operator appropriate to the radiation
field. Because this theory is not a “first-principles”
theory in the sense of the methodologies mentioned in the
previous paragraph, its predictions are given in terms of a
few material-dependent parameters which may be ob-
tained from the experimental data or from calculations of
the aforementioned kind. The strengths of this approach
are its portability from one system to another (subject to
the input of the appropriate set of material-dependent pa-
rameters), and its intrinsic inclusion within one formal-
ism of nonlinear effects arising from interactions under
perturbation among members of what in zero perturba-
tion constitutes a single manifold of states. The pro-
cedure can be extended’ to include interactions between
members of different manifolds, but this is not routinely
attempted. Application of such group-theoretical pro-
cedures have been made to impurity states in strained®’
semiconductors and also to the Zeeman effect.!%!!

The methodology presented here for the piezo-Zeeman
effect follows the second of the two schema. Each Hamil-
tonian is simply the sum of the Hamiltonians used for
stress in Ref. 8 and for the Zeeman effect in Ref. 10. The
stress Hamiltonians are linear in displacements, but the
Zeeman Hamiltonians have both linear and quadratic
terms. Four combinations of stress and field directions
have been chosen, in all four cases the stress and field be-
ing orthogonal to each other. In each case the combined
Hamiltonian is diagonalized exactly. The unitary trans-
formations thereby generated are then used in the stan-
dard manner to construct the transition amplitudes, and
intensities calculated.

Some of the results derived here have already been re-
ported,'? but without description of the procedure. Sub-
sequent to these reports, other work has been reported by
Villaret and Rodriguez'® in which similar methodology
has been used with some overlap in application with the
present work; however, they have not included terms
quadratic in field in their Zeeman Hamiltonian. Those
authors present results for stress and field parallel, and
this has not been attempted in the present paper, but
where they report results for stress and field orthogonal,
they do so for only one stress direction, whereas three
directions are reported here. Also, they have not given
consideration to an intensity parameter which is here
shown to be needed under certain observation conditions.
Thus, although there is some overlap, the two works are
largely complementary.

5127 ©1993 The American Physical Society
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II. THEORY

The states of interest here are classified according to
the double-valued representations of the group T, name-
ly T4, T';, and T, these being two-, two-, and four-
dimensional representations respectively. In the presence
of both uniaxial stress and uniform magnetic field, the
Hamiltonian is simply the sum of the separate Zeeman
and stress Hamiltonians. Bhattercharjee and Rodriguez!'®
have constructed the Zeeman Hamiltonians to second or-
der in magnetic field B, and these are

H(Zé)zl-‘»Bg(G)B'j+q(6)Bz , (1)
H(Z7)=}L5g(7)B'j+q(7)B2 , (2)

and
|

K. J. DUFF 48

HP=ppg B-I+upg) (B, J}+B,J}+B,J})+q,B?
+q,(B-3)*+q(BXJ:+B2J}+BX?) . 3)

In these equations pp is the Bohr magneton; the com-
ponents of j are j,, j,, and j,, the 2X2 angular momen-
tum matrices for j =1; the components of J are J,, Jys
and J,, the 4X4 angular momentum matrices for J =3;
8¢, g%, 854", 4", 41, 45, and g, are coupling pa-
rameters. The explicit forms of the angular momentum
matrices depend on the choices of phases for the basis
functions for the representations; the choices made in
Ref. 10 are used here and are listed in the Appendix. It
will frequently be convenient to treat perturbations to I'¢
and I'; states together, in which case a superscript (6,7)
will be used to indicate a choice may be made.

The piezo-Hamiltonian for the I'y states has been con-
structed by Rodriguez, Fisher, and Barra® using as basis
states functions that are compatible with those used for
the Zeeman Hamiltonian above. Their expression is

(8) — 7 ’ _ 2_ 2__
H=a'I(e,, +e,,+e,)+b e (J2— 2D +e, (J2— 3D +e, (J2—3D)]

+2d' V(T T, Ve, T, Yen {00, by ]

Here {J,J;} is $(J;J;+J;J;); a’, b', and d’ are the
(phenomenological) deformation-potential constants; I is
the 4X4 unit matrix; the srain tensor ¢;; is defined as

du;  du;

o, ox

_1
€.

l]__i‘ (l)] =X,y,2) ) (5)

where u(r) is the displacement induced by the stress.
Kramers’ theorem requires that there be no splitting of a
I'¢ or I'; level under the application of stress, so the
piezo-Hamiltonian for these states is simply a multiple of
the 2 X2 unit matrix, viz.

H®T=a®"] (e, +e,, +e,) . (6)

For general orientations of the stress and magnetic-
field axes, the theory is too cumbersome for convenient
study, so in this work a few directions of high symmetry
have been chosen. The theory uses the same methodolo-

J

[
gy for each of these selected combinations of field and
stress directions. In each case, the first step in the diago-
nalization of the Hamiltonian is to transform to a set of
states quantized with respect to the magnetic-field direc-
tion by the application of suitable rotation operators.
After this, the problem is no more difficult than the diag-
onalization of 2X2 matrices. For the I'g and I'; states,
Kramers’ theorem requires that the piezo-Hamiltonian be
a multiple of the 2 X2 unit matrix, so the construction of
the functions just mentioned is all that is required.

Relative intensities for optical transitions are calculat-
ed for the possible transitions, namely those derived from
the unperturbed transitions I's—T¢, I's—I';, and
I's—T'3. The starting point for each such calculation is
the relevant transition amplitude matrix as constructed
by previous workers®!? for transitions between unper-
turbed states. These amplitudes are given in Eqgs. (68),
(70), and (71) of Ref. 10.

V3ER+i§) —22  (R—i¥) 0
QB#—=9=p, y A Ay Smre e | (7)
= 0 P(R+i¥) 22 iV3R—iy)

- N ‘/-/\ A A
ge-m=py| 0 v 2 ®
= —2z iV3E—i9) 0 — i (X+1¥)

0 —(D +2D")X+iy) —i(D—D"z V3D'R—i¥)

s | —DE=IF) 0 V3D'(R+i§) —i(D+3D")2 .
27 ip+3pe —VID'G—i9) 0 D&E+i§) ©

—V3D'(X+i¥) i(D—D')Z

(D +2D")&—i¥) 0
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In these matrices Dy, Dy, D, and D’ are complex ampli-
tude parameters. Ifq is the unit vector in the direction of
polarization of the radiation, the amplitude for any tran-
sition is found by taking the scalar product of § with the
indicated matrix element; q may describe circular polar-
ization if it has an imaginary component, for example, for
radiation propagating in the direction Z, left circular po-
larization has §, =(X+i§)/V2, and right circular polar-
ization is described by Gz =(X—i§)/V'2. The intensity
(strictly speaking, the transition probability) is, as usual,
the square modulus of the amplitude. In the tables of in-
tensities for I'y—I"g and I'y—1I'; transitions, only rela-
tive intensities of the various components are listed; the
overall normalization factor for the former is 2|Dg|? and
for the latter it is 2|Dg|%. For the I'y— Ty transitions,
the normalization factor is implicit in the definitions of
the intensity parameters used in the tables.

A. Case 1: stress parallel to [100],
magnetic field parallel to [001]

1. Energies and wave functions

The strain components for this orientation are
Exx =51 T, €,=¢€,=s,T, and g,,=¢,, =¢, =0, where
T is the stress and s;; and s, are the usual compliance
coefficients. The only crystal symmetry elements that are
common to both the applied stress and the applied mag-
netic field are E, E, C,, and C »» the latter being rotations
through 7 about the magnetic-field direction. Thus the
eigenfunctions belong to the group C,. The character
table for this group is listed in Table I. All representa-
tions are one dimensional, that is, all degeneracies are
lifted. The Hamiltonians are

H(6,7)='LLBg(6,7)BjZ +q(6,7)B21+a(6,7)(s“ +2S‘2)TI ,
(10)

(11)
(12)

Hp =ppB(g\J,+83J;)+Bq,+q,J}+4q3J7) ,
H®=a'(s),+25,)TI+b"(s;; —s5,)T(JZ—3I) .

Clearly H'®7) are diagonal, so the I'¢ (T;) and T'; (T;)
basis functions are the eigenfunctions in the presence of
the perturbations. The energy eigenvalues are

Ev(i6,17/)2 =q(6,7)BZ_|__a(6,7)(s11 +2S12 )T:t%pBg“'”B .
(13)

By considering a rotation through 7 about the z axis, the
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basis functions ¥{%;’ are seen to belong to I'; (C,), and

¥'®7), belong to Ty (C,).

Because the operators of the group C, are a subset of
the operators of the group T, the functions ¢L8) (T,)
used for the construction of the interaction Hamiltonians
of Egs. (11) and (12) are eigenfunctions of each of the
symmetry operators of the group C,. Because the func-
tions ¢L8) generate the angular momentum matrices, they

satisfy

LU =pyd (14)
and so, for the C, operation, we have
i, 1(8) — ipm(8)
e Y, =etTP, . (15)

Thus the character for this operation is e'M™ which for
p=2and —1is —iso ¢, and ¢®) , belong to T', (C,);
for u=1 and —3 the character is i, so ¢%, and ¢}, be-
long to T'; (C,). The Hamiltonian can only connect
states of like symmetry, so it necessarily has the structure
of two 2X2 on-diagonal matrices; however, with the
rows and columns corresponding to u in descending se-
quence, the 2 X2 matrices are interleaved as follows:

h,—h, 0 h,y 0
0 hy,+h, O R
(8) —
HY=hol+| . o h,—h, o ,
0 hi* 0 —h{—h,
(16)
where
h0=a’(s“+2312)T+Bz[q1+%(q2+q3)] , (17)
hy=ppB(jgi+3ig3), (18)
hy=21b'(sy;—s,)T —(q,+q;)B?, (19)
,_ V3
h3=h3=TbI(S12—SII)T’ (20)
hy=ppB (381 +485) . @1

In Eq. (16) the matrix has been displayed in a form which
is slightly more general than is here necessary, in order
that it also have validity for other cases to be considered.
Here &, is real. The unitary transformation that diago-
nalizes H® is

TABLE 1. Character table for the groups C, and C,.

C, E E C, C, Bases for C, Bases for C,
'S E E o g (case 1 or 2) (case 3 or 4)
r, 1 1 1 1 J, or z J, or x or y
r, 1 1 —1 —1 Jy or J, or x or y Jy or J, or z
I, 1 —1 l -1 (1%27) ¢§+1/2 or 1/J7—1/2
r, 1 -1 —i i V'), l/16—1/2 or ¥,
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cosO 0 —sinBei® 0 they are composed. Thus the fuqctions spgciﬁed by the
columns of S may be designated in sequence

_ 0 _ cosé’ 0 —sing'e’® Y4, Y3, Y4, Py, and the corresponding energy eigenvalues
sinfe ~'® 0 cosf 0 ’ are
0 singe 0 cost” Ey=ho+ 1k —hy+V/ (h,+hy—2h, P+ 4] , (262)
(22)
Es=ho+Li[h,—h +V (h,+h,+2h,)2+4|h%|?],
where
] bl el ™ (26b)
e'*=h,/|\hs|, e'*=h}/|h3|, (23)
30 ]| Ey=ho+1[h,—h,—V (h,+h,—2h,)*+4|h,|?] , (26c)
3
sin260= , - 1 — 2 7|2
Vi +hy— 2k, Pt 4lhy gy et VIt 20, 4lhs )
hy+hy—2h, (26d)
cos20= ,
V (h,+h,—2h,)2+4|h,|?
, 2. Intensities
sin26’' = 2183
n = . . .. .
2 2 We consider in turn transitions to final states derived
‘/(hl thy+2h, P4k 25) from the original I'g, I';, and I'y states, with the initial
g — hy+h,+2h, states constructed from a I'y manifold. For the unper-
cossti= V' (h +h,+2h, 244k, ) turbed transitions I's—I'¢ the transition amplitude ma-
1Ty 2 3

trix is shown in Eq. (7). In the presence of the magnetic
The eigenfunctions formed as linear combinations must field and stress there is no mixing of the I'¢ states, so the
have the same symmetry as the functions from which  transition amplitudes are found by constructing Q‘4~¢s.

|
V3(&+i9)cosd —2i% cos6’ —V3(X+i§)sind 2i% sin6’
+(X—i¥)sin6 +(X—i¥)cosO
(8—6)g —p
Q S =Dq 2% sind i(XR+i§)cos®’ 2% cosf —i(R+i§)sin®’ @7
+iV3(X—i§)sin€’ +iV3(R—i§)cosd’

The intensities are found from these amplitudes in the standard manner. Some examples are listed in Table II.

The procedure is now repeated for the I'y—I'; transitions, this time starting with the amplitude matrix of Eq. (8).
Once more there is no mixing of the final states in the presence of stress and field, so the transition amplitudes are ob-
tained from Q®~7's.

—(X—i¥)cosh 2iZ sin6’ (X—i¥)sinf 2iZ cosf’
+V3(X+i§)sinb +V3(X+i§)cosO
Q(8ﬁ7)S =D(l) . (28)
= —2Z cosf iV3(&—i¥)cost’ 2% sinf —iV3(&—i9)sin®’ |
—i(X+i§)sin6’ —i(X+i¥)cosd’

Intensities deduced from these amplitudes have been included in Table II.

For the I'y—I'; transitions, in the presence of the stress and the magnetic perturbations, both the initial and the final
states have become mixtures of the unperturbed states, so the transition amplitudes are given by S ;Q 885, where S,
and S, each have the structure displayed in Eq. (22). For convenience of notation the parameters 6 and €’ are retained

for S, but are replaced by ¢ and ¢’, respectively, for S,. A compact representation of the result follows from the intro-
duction of some convenient definitions, viz.

f5(6,6)=i[(D +3D")cosOsing— (D —D')sinb cosd] , (29)
f1(6,6)=D sin@ sing +V 3D’ (sinf cos¢ —cosf sing) — (D +2D")cosd cos , (30)
F(3,5;0,6)=3f,(0,6)+bf (—6,—¢) . 31)

With these definitions, the amplitude matrix in the presence of both stress and magnetic field is
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Z2f5(6,0) F(,i§;0',¢) 2fp(0+7/2,8)
F(i§,—%;,0—m/2,¢' —7/2) 2fp(0'—7/2,¢'—7/2) F(i§,—%;0,¢'—7/2)

F(R,iy;0'+7/2,¢)
2fp(0',¢'—1/2)
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tH(8—8)g —
520 S 2fp(6,0+7/2)

F(i§,—%;,0—m/2,4")

The intensities for these transitions are generally expresse

F(&,iy;0',¢+7/2)
2fp(60'—m/2,¢")

d8,10

2f(0+7/2,0+7/2) F(R,iy;6'+7/2,0+7/2) (32)

F(i§,—%;0,¢") 2fp(6',¢")

in terms of a normalization N and two real parameters

u and v which may be defined in terms of the complex amplitude parameters through the relationships

|D+D'|*=IN(1—u),
|D —D'[*=1IN(1+2v),
|D +3D']?=1iN(1—2v) .

(33)
(34)
(35)

For polarization parallel to the magnetic field, the intensities are conveniently tabulated by expressing | fz|? in terms

of N, u, and v. For radiation polarized parallel to stress, If T

|f5(9,¢)|2=%{1—cos(20—2¢)+2u §in26 sin26 +2v [cos2¢ —c0s260]} ,

2

|fr(0,8)2= 1+cos(20+2¢)+2u sin

8

| 2

29+% sin

T
26—
¢ 3

is needed in terms of the same variables.

(36)

] . (37

U

+
cos 3

—2v |cos 20+§ 26—

TABLE II. Relative intensities for I'y—I'¢ and I's—I'; transitions. Angles 26 and 26’ are defined in
terms of field, stress, and coupling parameters in Egs. (24) and (25), respectively. Radiation with circu-
lar polarization is assumed to be propagating parallel to the magnetic field. All entries are valid for the
case of B||[001] with T||[100]. The entries for linear polarization parallel to the magnetic field, and for
circular polarization also apply to the case of BJ||[001] with T||[110], provided that the application of

Eqgs. (24) and (25) for 20 and 26’ uses the set of parameters (84)—(88).

T, C, r, j Iy
(a) Radiation polarized parallel to stress
e(1) ) 1+cos(20—7/3) 0 1—cos(20—7/3) 0
Te(—1) r, 0 1—cos(20'+m/3) 0 1+cos(26'+m/3)
(1) I; 1—cos(20—m/3) 0 1+cos(26—/3) 0
r—4) Ty 0 1+cos(20'+7/3) O 1—cos(20'+m/3)
(b) Radiation polarized parallel to magnetic field
Te(3) T, 0 1+cos26’ 0 1—cos26’
Fe(—3) Ty 1—cos26 0 1+cos26 0
(1) r, 0 1—cos26’ 0 1+cos26’
r(—1) Ty 1+cos268 0 1—cos26 0
(c) Radiation with left circular polarization
Te(1) I;  (1—cos26)/2 0 (14+co0s26)/2 0
Ce(—1) T, 0 3(1—cos26')/2 0 3(1+co0s26')/2
(1) I;  (14+cos26)/2 0 (1—cos26)/2 0
r(«—4 r, o 3(1+cos26')/2 0 3(1—cos26')/2
(d) Radiation with right circular polarization

Te(3) | 3(1+cos26)/2 0 3(1—cos20)/2 0
Te(—1) r, 0 (14co0s26') /2 0 (1—cos26')/2
(5 Iy 3(1—cos26)/2 0 3(1+co0s26)/2 0
r(—4 r, 0 (1—cos26')/2 0 (1+cos26')/2
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These expansions suffice for listing the intensities
where the radiation is linearly polarized parallel to one of
the coordinate axes, and results for the field and stress
directions are listed in Table III. However, if the polar-

K. J. DUFF

4=Xcosny+§siny ,

then

ization is in the x-y plane but not parallel to a coordinate

axis, interference occurs between the amplitudes f(6,¢)
and fr(—6,—¢) and another parameter is needed, here
designated w. It is defined through the relation

DD'*—D*D'=2iwN .

G-F(%,iy;60,¢)

(38) and

J

[q-F(R,i¥;6,6)|>= cos®n| f1(6,¢)12+sin’y| fr(— 8, —$)|?

+%sin2n[f;(9,¢)fr(—6,—¢)—fT(9,¢)f}‘(—9,—¢)] .

Let the polarization direction be

=cosnfr(0,¢)+isinnfr(—6,—4¢),

(40)

TABLE III. Prototype display for I'y—T'g (T,;) transitions under combined stress and magnetic field. (a) For case 1 (BJ|[001],
T||[100]) the amplitude parameters f, fr, f—, and f are defined in Egs. (29), (30), (45), and (46), respectively, and their square
magnitudes expanded in terms of their arguments and the traditional parameters » and v in equations (36), (37), (47), and (48), respec-
tively. (b) For case 2 (B||[001], T||[110]), the amplitudes f5, f7, f—, and f should be replaced by fz, f7, f—, and f’, defined in
Egs. (55), (56), (61), and (62), with square magnitude expansions given in Egs. (63), (64), (70), and (71), and redefinition (52) replaces

Eq. (20).
w(Ty) C, T, g T, Ty
(a) Radiation polarized parallel to stress
3and -1 T, O |fr(0,¢) 0 Ifr(0+m/2,4)?
2 2
T s B ™ ’
zand —3 T fr|5705—¢ ’ 0 fr|=6,5—¢ l 0
3 and —1 r, O |fr(0,0+m/2)|? 0 |fr(0+7/2,0+7/2)|?
2
1and -3 | g fr 127——9 —¢'] 0 | fr(—6,—¢")|? 0
(b) Radiation polarized parallel to magnetic field

3 and —} T, |f5(6,8)]% 0 | fa(0+m/2,4)| 0
land -3 T, 0 |fs(0—m/2,¢' —m/2)? 0 |fp(0,¢"—m/2)|?
3 and —1 T |fs(0,0+m/2)|? 0 |[fa0+m/2,0+mw/2)> 0O
yand —3 T3 0 |f5(0'—7/2,4")] 0 |fa(6,¢")

(c) Radiation with left circular polarization
3and —3 T, 0 If-(o, ) 0 lf-(o'+m/2,4)
tand —% Ty |fe(0—m/2,¢'—m/2)> 0O |fe(6,¢"—m/2)|? 0
3 and —1 | ¥ 0 |f-(0,p+m/2)|? 0 |f_(&+7/2,6+1/2)|?
land -3 Ty If+(0—7/2,8")|2 0 If4(6,8") 0

(d) Radiation with right circular polarization
$and —1 T, 0 If+(6,¢) 0 |lfe(0+m/2,8)?
L and —3 r, | f_(8—m/2,¢'—7/2)|? 0 |f_(8,¢'—m/2)|? 0
3and -4 Ty O [f+(0,0+m/2)) 0 |f(@+7/2,0+7/2)
Land =% T, lf_(6—m/2,¢")|? 0 |f-(6,4") 0
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Use of definitions (30) and (38) leads directly to the coefficient of w in Eqgs. (43) and (44) would vanish.
. Together, Eqgs. (43) and (44), perhaps with some
i[f7(6,)fr(—6,—¢)—fr(6,4)f7(—6,— )] guidance from the matrix of Eq. (32), allow the extension

=2V3wN (sin20—sin2¢) , (42) of the relevant results of Table III to any plane polariza-

tion in the x-y plane. If the polarization has a component

so that parallel to the magnetic field, there is no additional in-
Rl FR,i9:0,6)2 terference between the amplitudes, simply a resolution
I into components with the intensities given by the forego-

= cos?y| fr(6,8)|2+sin’y| fr(—6, —$)|? ing considerations. . .
] ) ) For radiation propagating parallel to the magnetic
+V3wN sin27(sin20 —sin2¢) (43)  field, the intensities for circular polarization can be ex-

pressed in terms of N, u, and v without any need for w.

and For convenience in tabulation, we define two more ampli-
|§-F(i§, —%;0,¢)|? tude functions:

= sin’n|f1(6,8)|* +cos’y| f(—6, =) f_(9,¢)=71§—[fT(6,¢)—fT(—0,—¢)], @5)

+V/3wN sin27(sin26 —sin2¢) . (44)
Thus, provided sin 26 and sin 2¢ are sufficiently different, f+(0,0)= %[fr(9,¢)+fr( —0,—¢)] . (46)
w is accessible to measurement. For sin 20 and sin 20’ to 2
be nonvanishing, 45 and thereby the stress must be non- Then
vanishing, with similar considerations for ¢ and ¢’, so for ~ o o . »
this case a minimum condition for w to be observed is the 4, -F(%,i§;6,4)1>=|1_(6,4)|
presence of stress. It is easily seen that a magnetic field =3 Null— 20—2 47
must also be present, for if it were not, each of sin 26 and o Vul cos( $)1, “7)
sin 2¢ would be equal to V'3 /2 independent of stress, and and
|
14z ‘F(%,i3;6,4)1°=1/,(6,4)|
_ N 3u u . .
=% 1— e [1+cos(20+2¢)]1— Es1n29 sin2¢ —v (cos26+cos2¢) | . (48)

Also,

|a, -FG§, —%;6,8)1*=|f 1 (6,4)] 49)
and

[ag “F(i§, —%;6,8)*=|/_(6,¢)]* . (50)

Intensities for circular polarization have been included in Table III.

B. Case 2: stress parallel to [110], magnetic field parallel to [001]

1. Energies and wave functions

As for case 1, the symmetry group is C,, and the identification of the symmetry labels for the states under perturba-
tion are as previously derived. The Zeeman Hamiltonians are the same as for the previous case, and the piezo-
Hamiltonians for the s (T;) and I'; (T,) states are also unaltered, although there is change for the I'g states. For this

case the strain components are €, =s;T, €, =€,, =+(s1; +51,)7T, €,,=;7Ts4, and g, =¢,, =0. The Iy piezo-
Hamiltonian is
dl
H,fs’=a’(s”+2s12)TI—%b'(s”—slz)T(Jzz—%I)+—2—\/T3s44T{Jny} . (51

The explicit matrix expression for the sum of the stress and Zeeman Hamiltonians is as shown in Eq. (16) subject to
the single redefinition

h3=h§=iS44Td,/4 . (52)

The unitary transformation that diagonalizes the interaction Hamiltonian is again that of Eq. (22). The definitions of a,
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TABLE IV. I'y— I and I'y— I, transitions. Relative intensities for magnetic field parallel to [001]
and stress parallel to [110]. The radiation is polarized parallel to the stress. Angles 20 and 26’ are
defined in terms of field, stress, and coupling parameters in Egs. (24) and (25), respectively, but the pa-
rameter h; entering those definitions is redefined in Eq. (52). For radiation polarized parallel to the
magnetic field, and for left and right circular polarization, see the entries of Table II.

T, C, T, r, T, Ly

1"6(—12-) I, 1+cos(20+1/3) 0 1—cos(20+1/3) 0

1"6(—%) | A 0 1—cos(20'—m/3) 0 1+cos(26'—m/3)
(1) I, 1—cos(26—m/3) O 1+cos(26—m/3) O

(-4 1, o 14cos(20'+7/3) 0 1—cos(20' +7/3)

a’, 0, and @' given in Egs. (23)-(25), and the energies of Egs. (26a)—(26d), are appropriate here provided that on each
appearance hy and hj are replaced by the redefined values of Eq. (52).

2. Intensities

a. T'3— Ty transitions. As before, we proceed by constructing Q(S_’mS where these factors are given in Egs. (7) and
(22), respectively, to obtain

V3(R+i§)cos —2i% cost’ —iV3(X+i§)sin6 —2% sin6’
—i(X—iy)sin6 +(X—i¥)cosb
Q¢~%s =D, P e o " R e (53)
= —2iZsin6@ i (X+iy)cosO 2Z cosf iV3(X—iy)cosd
+V3(8—i§)sin®’ +(X+i§)sin®’

For linear polarization parallel to the stress, the intensities arising from these amplitudes are listed in Table IV. For
polarization parallel to the magnetic field and for circular polarization, the entries of Table II are applicable subject to
the change in the definition of the parameter 4.

b. T'y— T transitions. The amplitude matrix is formed by using Egs. (8) and (22), yielding

—(X—i§)cosb 2Z sin6’ i(X—i§)sind 2iZ cost’
. —iV3(X+i§)sin0 +V3(X+i§)cosb
Q®#=7s =D ~ e , . = a e (54)
= —2Z cosf iV'3(R—i¥)cosb 2iZ sinf V'3(X—i¥)sind
—(X+i§)sind’ —i(X+iy)cosd’

The intensities arising from these amplitudes are incorporated in Table IV.

¢. I'y—Tg transitions. Once more the procedure for forming the transition amplitudes must recognize that, in con-
trast to the I'y—T'¢ and I'y—T'; transitions, both the bra and the ket states have been mixed in the presence of the
stress and magnetic field, so S ;(¢,¢')28”8S 1(6,0') must be constructed; in both sets of parameters the redefinition (52)
applies. It is convenient to introduce some amplitude parameters analogous to those of Egs. (29)—(31). These are

f5(6,6)=(D +3D")cosO sing + (D —D’')sin6 cosé , (55)

f7(6,¢)=D sin6 sing — V3D’ (sin6 cosd + cosb sing) — (D +2D")cosh cosé , (56)
and

F'(3,5;0,6)=211(0,6)+bfr(—6,—¢) . (57)

Also, it is useful to specify symbols for two unit vectors orthogonal to the magnetic-field direction Z, one of them paral-
lel to the stress. These are

>”<>
SJ”‘

&+9) (58)

and

pﬁ)
51‘*‘

(§—%) . (59

The amplitudes are as follows:



(60)

A

(X,iY;0'+7/2,4)

e 3[77/4F1

(0+7/2,¢)

~i2f;

eiﬂ/4F:

;60',9)

(0 —7/2,6'—1/2)

&
<<

ei1r/4F!(

’

B

3(0,8)
Y, —X;0—7/2,¢'—7/2)

—3f

(0',¢")

'

(0',¢'—m/2)
B

S

(X,iY;0+7/2,6+7/2)

Z

’

/3

A
I1Z
A

ei‘lr/4Fl

X;6,4")

A
A

e -‘i7r/4Fl(iY, _

(iY,-X;0,6'—7/2)

—Zfp(0+7/2,¢+7/2)

(0'—m/2,4")

"(X,iY;0',0+7/2)

A

’

—i2f,

f

Z

A
e—[ﬂ'/4F

A

(0,0+m/2)

(iY,-X;0—7/2,4')

’

/3

A
WA
1Z
e —3117/4Fl

e—i‘n’/4Fl

28_}881 —

+
2
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Apart from the overall phase factors, there is strong
formal similarity between these amplitudes and those of
Eq. (32). It follows that the intensities of Table III are
applicable here provided that the amplitudes fz and fr
used therein are replaced, respectively, by fp and fr
defined in Egs. (55) and (56), and definitions analogous to
those of Egs. (45) and (46) are introduced to describe cir-
cular polarization for the present case, replacing those
used in Table III.

f'_<0,¢>=7/%[f'7<e,¢>—f;(—e,—¢>] , 61)

f’+(9,¢)=;/1—§—[f'r(e,¢)+f;(—e,—¢)] . (62)

The intensities for linear polarization are expressed in
terms of |f3|% and | f}|?, the explicit expansions of which
are as follows:

lf,;(e,¢)lz=%’{ 1—cos(20+2¢)—2u sin20sin2é
+2v [cos2¢ —cos26]} , (63)

Lf(6,4)2= %[1+cos(ze+z¢>]

- %[cos29+cos2¢ +13sin(20+24)]

+ %[ 45in20 sin2¢ — 3 c0s26 cos2¢

+v/3(sin20+sin24)] . (64)

Again the parameter w appears for linear polarization in
the XY plane neither parallel nor orthogonal to the stress.
Thus if the polarization is

=X cosn-i-? siny , (65)
then
[§-F(X,iY;0,4)
= cos’n|f7(6,)1>+sin’n|f7(—6, —¢)|?
—V3wN sin(20+2¢)sin27 , (66)
1§-F(iY, —X;6,0)|2
= sin’y| f1(60,8)|*+cos*n|f1(— 6, —)|?
—V/3wN sin(26+2¢)sin27 . (67)

If stress is absent, both 6 and ¢ are zero, so the coefficient
of w in Eqgs. (66) and (67) is likewise zero. If the magnetic
field is zero, then the states occur in degenerate pairs, and
in the sum of intensities for equal-energy transitions there
is a cancellation of the terms containing w. Thus again,
both stress and field are needed for w to be observed.

For left and right circular polarization, the polariza-
tion vectors §, and Gy can be written

A =&+i§)/V2=e "X +iY) (68)
and
Ar=F—i9)/ V2= "4R—iY). (69)

The intensities for circular polarization are then
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4, F(X,iY;6,4)>=|4x F(i¥, —X;6,4)2
=|f"(6,¢)?
=2 Nu[l—cos(260+2¢)], (70)
lag - F(X,i¥;6,0)2=1q, -F(i¥Y, —X;0,¢)|2
=6,
=-4A1[ 1——%‘ [1+cos(26+2¢)]——g—sin203in2¢—v(cosZO+cosZ¢) . (71)

C. Case 3: stress parallel to [001],
magnetic field parallel to [110]

1. Energies and wave functions

The strain components for the present case are
€, =S T, &xx =€), =s,T, and g,,=¢ , =¢,, =0, and the
magnetic field is B=B(§—%)/V2. The only crystal
symmetry elements shared by both the stress and the
magnetic field are E, E, o, and @, so the symmetry group
is C;. The piezo-Hamiltonians are analogs of those used
for case 1, and the Zeeman Hamiltonians are obtained

directly from Egs. (2) and (3); these are

HS"=a'%T(s,, +25,)TI , (72)
H®=a'(s), +25,))TI +b'(s;; —5,)T(J}—3I) , (73)
H(26’7)=#Bg(6’7)3 U, _jx)/\/§+q(6,7)321 , (74)
and

B ’ ’
HP'= pp = 1810, =) g5 (Jy =I3)]

2
+37[qu g5, — T P+ g5 (T2 +TD)] (75)

Suitable rotated functions for the initial state of diago-
nalization of the combined piezo-Hamiltonians and Zee-
man Hamiltonians are achieved in two convenient steps,
first a rotation by 7 /2 about the y axis, then a second ro-
tation of 37 /4 about the z axis. This is all that is re-
quired for the T'¢ (T,;) and T'; (T,) states. The resulting

)
a3 —iV3a73
R P
—iGasa, —itaa,_ 1 |TiV3a a
€ ¢ 272 | —V3a —ia
ia® —V3a3

with @ =e>™%, The symmetries of these functions may

be determined by consideration of a reflection in a plane
perpendicular to the magnetic field. For p=3, 1, —1,
and —3 the symmetries of these functions in sequence
are I';, [y, T3, and Ty, and so they are respectively desig-

nated 3, ¥,, ¥y, and ¥,. The transformed Hamiltonian

[

functions, their symmetries and energy eigenvalues are as
follows.

For T'5(C),

\P(s):%[eisw/slp(f)l/z_*_e—i31r/8¢<16/)2] , (76a)
E(W®)=a'%sy, +25,,)T +uBg‘6’§ +q“B*  (76D)
\I,(s')z%[eisﬂ/s,pg)l/z_e—i37/8¢§7/)2] , (77a)
E(\lf‘”):a‘”(sn+2s12)T—#Bg(7)g+‘1(7)Bz . (71v)
For T'y(C,),

\P“”z%[e””sgb(ﬂﬂ—e_i3”/8¢(1t3/)2] , (78a)
E(\v“”)=a‘6)(s“+2s12)T—,uEg‘6’§ +q'“B*,  (78b)
\I,w):‘/Li[emn/si/}(_ﬂl/z_,,e—i31r/8¢,<17/>2] , (79a)
E(W*)=aP(s); +2s,)T +,“’Bg(7)§ +¢'"B?. (790)

For TI'y states, suitable rotated functions for the first
stage of diagonalization are

iG], ~ilm/2),

v, =3 ¢ le Lo » (80)
"
where
—v3q73 ia 3
—ia7!  —V3g7! &)
—a —iv3a |
—iV3a? a’
|
is
ei(rr/2).1yei(31r/4)Jz(H(zg)+H!§8))e—i(31r/4)Jze—i(ﬂ/Z)Jy 82)

and has the form given in Eq. (16), where the parameters
used therein are here redefined as follows:
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ho=a'(s;;+25,)T +B*[q, +3(q,+q3)], (83)
hy=uppB(381+3g3), (84)
hzz%b’(sll—Slz)T—(q2+%q3)Bz N (85)
V73 V73 V3
h3=T3b’(s12—s“)T+3—83~yBg’2B +T3q3B2, (86)
,_V3 Vi oo, V3
hy= 3 b,(sll—sll)T_LiﬂBng +—3q3B2 , (87)
2 8 4
hy=ppB(Lgi+3g)). (88)

It follows that the energy eigenvalues are similar to those
of Egs. (26a)-(26d), but they must be given the correct
symmetry labels for the situation at hand:

Eys=ho+i[hy—hy+V (h +h,—2h,?+4h3 ], (89a)

Ey=ho+ilhy—h,+V (h +h,+2h,?+(2h5)*],
(89b)

Ey=ho+ihy—h,—V (h +h,—2h,)?+4h% ], (89c)

Ey=ho+i[hy—h,—V (h +h,+2h,)*+(2h%)] .
(89d)

The unitary transformation completing this diagonaliza-
tion is of course that of Egs. (22)—(25), with the parame-
ters entering the relations being redefined by Egs.
(83)—(88).

2. Intensities

Again it is convenient to describe the polarization vec-
tors in terms of an orthogonal set of unit vectors, one of
which is parallel to the magnetic field, and another paral-
lel to the stress, thus

X=z, (90)
Y=+9)/v2, 91)
Z=3-%)/V2. (92)

Standard procedures applied to matrices (7), (8), and (9)
yield the transition amplitudes.

a. T'3— Ty transitions. The 2X4 transition amplitude
matrix arising from Eq. (7) is the following:

V3(X+iY)cosd 2iZ cosd’ —V3(X+iY)sin6 —2iZ sin6’
+(X—i¥)sin6 +(X—i¥)cosd 03
—Do —22 sin@ i(f(-*—i?)cos@’ —22 cosf ——i()A(-H?)sinG’

+iV3(X—i¥)sing’

+iV3(X—i¥)cose’

The angles 6 and 6’ defined in Egs. (24) and (25) are computed from the set of parameters (83)—(88). Intensities calcu-

lated from these amplitudes are listed in Table V.

b. T'y—TI'; transitions. The 2 X4 transition amplitude matrix constructed from Eq. (8) by use of the appropriate uni-

tary transformations is the following:

iZcos(6—m/3)
+iY sin®’
—iX cos(0+m/3) Zsin(0'+m/3)
—¥ cosb

2D},

Intensities arising from these amplitudes are listed in Table V.
necessary  matrix

c¢. Ty—TIg transitions. The

iX sin(6+17/3)
+¥ sind

elements are

Xsin(0'—7/3) —iZsin(0—m/3) Xcos(6'—m/3)

+i¥ cos®’

Z cos(0'+m/3 ) 04

obtained by the construction of

SI(¢,¢')ei(”/zvye“3”/4)122‘8—’8)e TR, ~”WWVSI(G, 6') in the standard manner. The listing of the results is again
assisted by the introduction of some convenient functions, the definitions of which are local to the case being con-
sidered.
fp=—i[(D+D")cos(0+¢)+V3D'sin(0+¢)—D'cos(6—p+m/3)], (95)
fr=—(D+D')sin(60+¢—m/3)—2D’'sin(6—¢) , (96)
f}zi[D’sin(0+¢—7r/3)+\/§D’cos(9—¢)—(D +D")sin(6—¢)] , 97)
F(3,5;6,4)=311(6,4)+bf1(6,9) . 08)

The transition amplitude matrix expressed in terms of these functions is the following:
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F(X,Y;6,4) Zf5(60,6) F i,?;9+§,¢ Zfs 0’+%,¢
Zfp |0+ T, -+ | FIX,-Y;—0+Z,—¢'+Z | Zfp|-6,—¢+Z| F|X,—¥;—0,—¢+T
2 2 2 2 2 2
F |[X,Y;0,6+ Z2f5 |00+ F (X, Y0+ 2,6+ L Zfs O+ Z ¢+ 2
2 2 2 2 2 2
Zfs —e+§,—¢'] F f(,—?;~9’+12’—,—¢'] Zfs(—6,—¢" FX,—Y;—6,—¢")

99)

The intensities for linear polarization require the quantities |f|% |f7|% and |f;|?, which are now listed in terms of
their arguments and the standard intensity parameters N, u, and v.

|f5(6,0)|>= %{1+cos(29+2¢)+v[cos(29+1r/3)+cos(2¢—'n'/3)—\/§ sin(26+2¢)]}

V3Nu
64

+ %[6(cos2¢—cos29)+ 13 5in20 sin2¢ — 15 c0s20 cos2¢ ] — [25in26+2 sin2¢+sin(20—24)] ,

(100)

TABLE V. I's—T¢ and T'y—T; transitions. Relative intensities for B||[110] with T||[001]. Angles 26 and 26’ are defined in
terms of field, stress, and coupling parameters in Eqgs. (24) and (25), respectively, but the parameters h, -k, entering those definitions
are those defined in Egs. (84)—(88). The functions indicated in the column headed 7, are rotated so that the axis of quantization is
parallel to the magnetic field, becoming the functions listed in the column headed C;.

T, C, I, r, Iy Ty
(a) Radiation polarized parallel to stress
Tg(1) T 1+cos(26—7/3) 0 1—cos(260—/3) 0
1‘6(_%) I, 0 1—cos(26’'+7/3) 0 1+cos(20'+7/3)
r;(4) T, 0 1+cos(20'+/3) 0 1—cos(260'+7/3)
r7(_%) r, 1—cos(260—7/3) 0 1+cos(260—1/3) 0

(b) Radiation polarized parallel to magnetic field

Ts(4) r, 0 1+cos26’ 0 1—cos26’
Te(—3) r, 1—cos26 0 1+cos26 0

(L) r, 1—cos(20+7/3) 0 1+cos(20+1/3) 0

(=1 r, 0 1+cos(20'—m/3) 0 1—cos(26'—m/3)

(c) Radiation with left circular polarization

Le(1) T, (1—cos20)/2 0 (1+cos26)/2 0

Ts(—1) T, 0 3(1—c0s26')/2 0 3(1+cos26') /2

ry(d) T, 0 [14+cos(20'—7/3)]/2 0 [1—cos(20'—m/3)]/2
(-3 T3 3[1+4cos(20+w/3)]/2 0 3[1—cos(20+m/3)]/2 0O

(d) Radiation with right circular polarization

e(1) r, 3(1+4c0s20)/2 0 3(1—co0s26)/2 0
T(—1) r, 0 (1+cos26')/2 0 (1—cos26')/2
r7(3) r, 0 3[1—cos(26'—7/3)]/2 0 3[1+cos(26'—7/3)]/2

ry(—1) T, [1—cos(20+7/3)]1/2 0 [1+cos(260+7/3)]/2 0
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IfT(0,¢)|2=%{ 1+cos(20+2¢+m/3)+u [cos(20+2¢—7/3)—cos(20—2¢)]

’ 2___i
| 76,0 1€ [2+

+4v[cos(260—m/3)—cos(2¢—7/3)]} ,

v— 3u cos2¢— |v + 3u cos20— |2— A5u cos26 cos2¢
2 2 4
+v73 [ {v + % sin2¢— v — 2 [sin20+ |20 — % $in20 cos24
u . 13u | . .
- |2v+ "y cos26sin2¢ | — [2— e sin260sin2¢ | .
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(10D)

(102)

For linear polarization in the Xy plane, the parameter w defined in Eq. (37) again makes an appearance. Let the polar-
ization be

4=X cosn+ ¥ siny ,

(103)

TABLE VI. I'y—T (T;) transition intensities for BJ|[T10], T||[001]. The amplitude functions f5, fr, f-, and f are defined in
Eqgs. (95), (96), (107), and (108), respectively, and their square magnitudes expanded in terms of their arguments and the traditional
parameters u and v and normalization N in Egs. (100), (101), and (109)-(111), respectively. The calculation of the angles 8, ¢, ¢, and
¢' via Egs. (24) and (25) require the use of the parameters defined in (84)—(88).

ul Ts) C I ry 'y Iy
(a) Radiation polarized parallel to stress
2 and —1 I |fr(6,0)]? 0 |fr(0+m/2,8)|? 0
2 2
m y T ’ y T ’
+and —3 r, 0 fr 7—9,?-45 0 fr —6,?—45 I
3and =1 Ty |fr(6,6+7/2)? 0 [fr(0+7/2,6+7/2)| 0
2
1 and —3 | ¥ 0 fr %“9',—#] 0 |fr(—6,—¢")]?
(b) Radiation polarized parallel to magnetic field
2 and —1 | 0 |f5(6,¢)|? 0 |fa(0 +m/2,0)|?
land -3 T, |felm/2—6,m/2—¢")> 0O |fa(—6,m/2—¢")|? 0
3 and —} ry O |fa(0,¢+m/2) 0 |fa(@+m/2,¢+m/2)|2
1 and —3 'y |fa(m/2—6,—¢")|? 0 lfs(—6,—¢)|? 0
(c) Radiation with left circular polarization
2 and —1 | If-(6,8) 0 |f—(0+7/2,0)|? 0
2 2
m y T ’ y T ’
land =3 T, 0 fi 7—9,;—¢] 0 I+ ~0,7—¢]
3 and —1 | g |f—(6,6+7/2)2 0 |f_(0+m/2,6+m/2)|2 0O
2
land =3 Ty 0 I+ %—9',—:»'] 0 (=0, =)
(d) Radiation with right circular polarization
3 and —1 I, |f+(6,0)]? 0 |f+(0+7/2,8)2 0
2 2
m y T ’ y T ’
% and —% r, 0 f- 7—0,?"(]5 0 f- l‘e,?_(ﬁ ]
3 and —1 s |f+(8,0+7/2)|? 0 |f+(8+7/2,0+7/2)|? 0
2
land =3 T, o0 f %—9’,—¢" 0 If(—6,—a")]?
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then
[q-F(X,¥;6,6)2=cos’n| f(6,8)|>+sin’n| f1(0,4) 1>+ L sin2n(f 5 f 7+ frf7*) (104)
where
fifr+frfr= l%Al { —6+3[cos20+cos2h+cos26 cos2¢ ]+ 5 sin20 sin2¢ — V'3[ sin260+sin24 —sin(20+2¢)]} .
(105)

If B=0, both 26 and 2¢ are /3 and the expression on the right of (105) vanishes. Unlike the other cases already con-
sidered, in the absence of stress the term in w may persist; this was implicit in the work of Ref. 8.
The polarization vectors for left and right circular polarization are, respectively,

@ =X+i¥)/V2 and Gr=X—-iV)/V2.

(106)

Once more the tabulation of intensities is convenient in terms of amplitudes

f-(0.9)= = f1(0,6)=if1(6,6)]
and

F(0.9)= = f1(0,0)+if7(6,6)] .

The intensities for circular polarization are then

la, F(X,¥;6,6)>=Iaz ‘FX, —¥;6,¢)
=lf+|2

=LfrlPH I P Hilf i fr—frf 1}

and
ldz - F(X,Y;6,4)2=1q4, -F(X, - ¥;6,¢)|
=|f_|

=3P+ PP =il 2 fr—frf 1)

where

Frfe—frfre="Nlcos(26—m/3)—cos(20—7/3)]+ ”g

4

__iNv

A succinct tabulation of the intensities for individual
transitions for selected polarizations is given in Table VI.

D. Case 4: stress parallel to [111],
magnetic field parallel to [110]

1. Energies and wave functions

As for case 3, the crystal symmetry elements common
to the stress and the magnetic field are E, E, o, and T, so

U

(107)

(108)

(109)

(110)

{3[cos(26—m/3)—cos(2¢ —m/3)]—V 3sin(20 —24)}

{2+3[cos26+cos2¢—sin20sin2¢ ]

—5c0s20 cos2¢—V/3[sin26+sin2¢ —sin(20+24)]} .
(111)

the symmetry group is again C,. The magnetic field is
the same as for case 3, so the Zeeman Hamiltonians are
identical to those of Egs. (74) and (75). The stress Hamil-
tonians are constructed from the general forms, Egs. (4)
and (6), by use of the strain components e,, =¢,
=g, =1T (s, +25,,) and €,, =€, =¢,, =+ Ts4. For the
I'4 and I'; states, the form is unaltered from that of case
3, so in total for these states there is no change in the in-
teractions, and the energies, eigenfunctions, and sym-
metries are identical to those of Egs. (76)-(79).
For the I’y states the stress Hamiltonian is
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ng8>: a'(s;;+2s,)— \/3ds44 TI
+ :\/T SaalToHd, T, . (112)

The first stage of the diagonalization procedure is identi-
cal to that used for case 3. The intermediate functions
are those of Eqs. (80) and (81). Using these functions the
full piezo-Zeeman Hamiltonian becomes that indicated in
Eq. (82) and has the form given in Eq. (16), where the
values of the parameters are now as follows:

ho=a'(s\;+25,,)T +B[q,+3(g,+q3)],  (113)

hy=ppB(3gi+3g3), (114)
d'T
hy= 473 a4 —(g2+493)B% (113)
hy (1+12\/2) s44+ 3‘8/3u3g§B +¥an2,
(116)
d'T wv3 o, V3
hy=(14+i2V2) sy — = upgsB +—=4;B7
(117)
hy=upB(lgi+3g3). (118)
|
V3(X+i¥)cosbe® 5
3(X+iY)cosBe 2i7 cosd’

_p, | H(X=i¥)singe i etP
0 i(X+iY)costed

- 7 si 6 —ia — A A
2Zsinbe iV3(X—i¥)sin0'e

—ita'+p)

The energy eigenvalues and symmetry identifications are
those of Egs. (89a)-(89d), with Egs. (22)-(25) supplying
the coefficients of the intermediate functions in full ex-
pansions of the eigenfunctions.

2. Intensities

The three orthogonal directions useful for the expres-
sion of the transition amplitudes for the present case are
obtained in elementary fashion, and are

X=@+3+2)/V3, (119)
Y=&+9—22)/V56, (120)
Z=3—%)/V2 (121)

The display of some transition amplitudes is assisted by
defining angle 3 through the relation

V3eP=1+iv2 . (122)

a. T'3—TI'y transitions. The eigenfunctions derived
from the T'¢ (T, ) states were formed by rotating the orig-
inal functions, and those derived from the 'y (T,;) states
used a rotation and a further unitary transformation. If
all of these transformations are applied in the appropriate
manner to the matrix of Eq. (7), the amplitude matrix is
obtained for the transitions in the presence of the stress
and magnetic field as

(X —i¥)cosfe 8 5 o id
— VK +i¥)singe’ =P T2Zsinge
iV3(X—iY)coso'e P
—i(X+iY)singe!@*P

(123)

—27 cosb

Intensities derived from these amplitudes are listed in Table VII.

b. T'y—T; transitions. The procedure leading from Eq. (7) to amplitude matrix (94) is now applied to Eq. (8) and
produces the following matrix of relative transition amplitudes.

iV3sinfe "2 V'2[cos®' —sinb'e ~ V1Y iV3cosbZ [sinf'e’® — V3 cosO'e ~2AIX
, +i cos6Z —[cos®’ +V3sing'e ~¥IX —i sinfe’*Z —V2[sin0'e'® +cosb'e ~FIY
Do i[V'3 cosfe2P+sinfe ~i*|X sind'e "1@Z i[cos@—V3sinfe®]X cos6'Z (124)
+iV2[cosBeP—sinfe ~1*]¥ +v3cos6'Z —iV2[cosO+sinbe " ¥ —V3singe@?

Symbols used in the matrix are y =a+f3, §=a+2B, y'=a’'+, and 8’ =a’+2B. Intensities arising from these ampli-
tudes for selected polarizations are included in Table VII.

¢. I's— g transitions. The method of constructing the unitary transformation needed to diagonalize the Hamiltoni-
an has been described already, and must be applied to both bra and ket manifolds. The consequent transformation of
Eq. (9) then yields the appropriate amplitudes. For the cases previously considered, the parameters a and a’ defined in
Eq. (23) have not made an explicit appearance as symbols in transition amplitudes because they had simple numeric
values. For the present case such symbols must be retained; however, for the bra states they will be replaced by 1 and
n’, respectively, together with the replacement of 6 and 6’ by ¢ and ¢’, respectively.

As in Eqgs. (32), (60), and (99), the amplitude matrix separates naturally for polarization components parallel to and
orthogonal to the magnetic field. The amplitudes for components parallel to the magnetic field are
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TABLE VII. I'y—T¢ and I';—TI'; transitions. Relative intensities for B||[110] with T||[111]. Angles 26 and 26’ are defined in
terms of field, stress, and coupling parameters in Eqgs. (24) and (25), respectively, but the parameters 4, -h, entering those definitions
are those defined in Eqs. (114)—(118). The angle B is defined in Eq. (122). The functions indicated in the column headed 7T, are rotat-
ed so that the axis of quantization is parallel to the magnetic field, becoming the functions listed in the column headed C,.

T, C, r, T, Ty T,
A. Linear polarization
(a) Radiation polarized parallel to stress
Ts(1) r;  1+1cos26 0 1—1 cos26 0
o —

+ T3 sin26 cos(a+2pB) — —\—/21 sin26 cos(a+2f3)

Te(—1) r, 0 1— 1 cos2¢’ 0 1+ 1 cos26’
+ % sin26'cos(a’ +2) - l/zi sin26@’cos(a’ +2)
(1) T, 0 1— 1 cos26’ 0 1+ 1 cos26’
+ 1/2—3— sin26’'cos(a’+2) - —‘/51 sin26@’cos(a’ +283)
ry—%) T3  1+}cos26 0 1—1 cos26 0
7 —
+—73— sin26 cos(a+2p3) -—%sinZGcos(a-f—ZB)
(b) Radiation polarized parallel to the magnetic field

Fs(%) r, 0 1+cos26’ 0 1—cos26’
Te(— zi) r, 1—cos28 0 1+cos26 0
ry(1) I, 1—Llcos26 0 141 cos20 0

+ !2~3sin29 cosa - —‘;—3— sin26 cosa
r(—4) r, 0 1+ 1 cos26’ 0 1—1 cos26¢’

+ % sin26’'cosa’ - —‘;—3 sin26’'cosa’
B. Circular polarization
(a) Radiation with left circular polarization
De(1) r, 1(1—cos26) 0 1(1+cos26) 0
Ty(—1) r, 0 3(1—cos26") 0 3(1+cos26")
(4 r, O 3+ cos26’ 0 1— % cos26’
+ ? sin26@'cosa’ - %3— sin26’cosa’

(—%) Ty 3+3cos26 0 3—3cos260 0

—(3v/3/4)sin26 cosa +(3v/3/4)sin26 cosa

(b) Radiation with right circular polarization
Te(3) I, 2(1+cos26) 0 2(1—cos20) 0
Te(—3) T4 O 1(1+cos26") 0 1(1—cos26")
r,(4) I, 0 3 —3 cos26’ 0 3+ 3 cos26’
—(3V3/4)sin26'cosa’ +(3v/3/4) sin26'cosa’

ry(—1) I, 1—1cos26 0 1+ 1cos26 0

+ —‘%3 sin26 cosa

v
— T3 sin26 cosa
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Fild,m;6,0)=X-F($,7;0,a)

2%3{ [V3(D +D’")+iV'6D"|cos¢ cosd—[D +5D’+iV'2(2D +D’)]cos¢ sinfe @

I

—[D —3D'—iV2(2D +3D’)]sing cosfe'"—[V3(D +D')—i3V'6D’' Jsing sinfe @ T M} .

(128)
For left circular polarization the prototype amplitude is
Foldmb,a)=— (X +i¥)-F(4,m:6,0)
V2
1
= —‘/1—5"— ”D cos¢ cosf+ \/13 (D —4D’)cosé sinfe'*—~V3D sing cosfe " — (D +4D")sing sinfe’(*+ 7
(129)
and for right circular polarization the prototype amplitude is
f_($,m;6,a)= —~_2-(§( iY)-F(¢,7;6,0)
=1L, (D +2D’')cosd[cosd—V 3 sinfe '?]
2 |v2
+ —‘}—E(D +6D’)sing cosfe "+ (2D’ — D)sing sinfe (@M | | (130)

Should it be needed, fy(¢,n;0,a), the amplitude for linear polarization orthogonal to both stress and field, can be ob-
tained by subtraction using Egs. (129) and (130), but for the sake of economy of space it has been omitted here.

The intensities for the separate transitions arising from these amplitudes are much too cumbersome to display even in
tabular form, so only the prototype intensities are listed here. Intensities for the individual transitions may be deduced

from the prototypes by the use of elementary trigonometrical relationships with reference to the angles shown as argu-
ments of the elements of matrices (125) and (127):

|fB(¢,7];9,a)|2=%]—{l+cos2¢ cos20—sin2¢ sin26 cos(n+a)}

+ % { 6cos2¢—6cos20— 15 cos2¢ cos26— V3[(2—c0s26)sin2¢ cosn + (2 + cos2¢)sin26 cosa |

+[Z cos(n—a)+ Ycos(n+a)]sin20 sin2¢}

+ & {cos2¢ +c0s20+V3[(1—2 cos28)sin2¢ cosn —(1+2 cos24)sin26 cosa ]}

+ Nw { V3[(2+cos2¢)sin20 sina + (2 — cos26)sin2¢ sinn ] —2 sin20 sin2¢ sin(n+a)} , (131)
|fx(,m;0,0)|2= _IAL 3(cos20+cos2$)— t 1 cosa+ %sina sin26 cos2¢+ |4 cosy+ —‘}%sim} sin2¢ cos26

1 .
—3 c0s26 cos2¢— |2 cos(n—a)+Zcos(n+a)t+—=sin(y+a)

V2

sin2¢ sin26 ]
+ %{ cos26 cos2dp+[ L cos(n—a)+ 7 cos(p+a)+V2sin(n+a)lsin2é sin26
—3(cos20+cos2¢)+V3[sin26(2 +cos2¢ (4 cosa+V2 sina)

+sin2¢(2+cos20)(L cosn+ V2 sinm) ]}

+ %\/—% {sin2¢ cos26(sinn — 2v2 cosn)+ 2V/2 sin( N7 —a)—sin20 cos2¢(sina — 2v2 cosa) }

N
6\/w?. {12—6(c0s20+cos2¢ —cos20 cos2¢) —[3 cos(n—a)+7 cos(n+a)+4V2sin(n+a) )]sin2¢ sin26

+v/25in26(1—c0s26 (V6 cosa + 8 sina) + V2 sin2¢( 1 —c0s20)(V'6 cosy + 8 siny)]
(132)
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|f—($,m;6,0)|*= N+ [1-2 g cos2¢— 1—3% 4y lcos20— L [1-3% s, cos2¢ cos26
16 4 4 2 4
+-N _(1+c0s20) | |1+ % —3v |cosn+ 16w sing | sin26
873 4 K K
——=(1—cos2¢) | [1— 1ou —v |cosa— 32w sina |sin26
8\/3 4
‘/—
+-u(1—cos20) l—zf—l—v cos”n — 16w siny |sin2¢
3
%( 1+cos2¢) [1— %Tu —v |cosa sin26
N Tu u . . .
iy 1—T+v cos(n+a)+ 1+Z_3U cos(n—a) | —4wN cosn sina {sin20sin2¢ ,
(133)
|f 4 (¢,7;0,a)>= TNg [2+v + 1-245+2u cos26— [1—==F—v cos2¢—— {1—%+5v cos2¢ cos26 }
+§‘—/— {1+0082¢] [1+%+3v cosa— 16w sina |sin26
——=(1—cos20) I—EE-FU cosn+ 32w sinm |sin2¢
sv 4 K K
+—N—@—(1—0052¢) l—l:——v cosa+ 16w sina |sin26
_%3—(14“00829) 1—-%+v cos7 sin2¢
N Tu u . . .
15 1— 4 —v [cos(n+a)+ |1+ y +3v {cos(p—a) | +4wN cosa siny {sin26sin2¢ . (134)
{
If it is desired to calculate the intensities for polariza- Set
tions other than those indicated, the amplitudes are con- ,
r=|D'|/|D| . (136)

structed by the use of Egs. (125)—(130), and the intensities
deduced in terms of the intensity parameters u, v, and w
by application of the defining relations (33)—(35).

III. THE SIGNIFICANCE OF w

For transitions between two manifolds of I'y states,
group theory permits two, and only two, independent
complex matrix elements, designated here and in other
works as D and D’. Apart from the overall normaliza-
tion factor N, in previous studies these have given rise to
just two intensity parameters, designated here and else-
where as u and v. Why then was it necessary to introduce
a third intensity parameter designated above as w?
Indeed, how is it possible?

Let D and D’ be expressed in terms of their amplitudes
and phases:

D=|Dle’*, D'=|D'|e*. (135)

The defining relations for u, v, and w, Egs. (33), (34), (35),
and (38), then become

IDI2[1+72+2r cos(A—A")]=LN(1—u), (137
IDI?[1+r2—=2r cos(A—A")]=LN(1+2v) , (138)
IDI*[1+9r*+6r cos(A—A")]=1N(1—2v),  (139)
|D|?r sin(A—A")= (140)

It is clear from these relationships that measurements
of u and v can yield the value of cos(A—A') and thereby
the magnitude of the relative phase difference between D
and D', but only a measurement of w can yield its sign.
Thus w is not an independent parameter of the theory,
and therefore its use does not conflict with the require-
ments of group theory, but it does contain new informa-
tion, namely the sign of the relative phase. No measure-
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ments of w have been reported for any system. With
known values of u and v, Egs. (137)-(140) can be used to
compute its magnitude, and this may assist in the reduc-
tion of data to yield the value of w including its sign. The
foregoing theory provides a range of combinations of
directions of field, stress, and polarization which should
offer convenience in the determination of w, and with it
potentially useful new information.

IV. CONCLUSION

Since the procedures described here employ an exact
diagonalization of the Hamiltonians, the validity of the
theory is limited only by the validity of the Hamiltonians
employed. It is unlikely that quadratic terms would need
to be introduced into the stress Hamiltonians, and quad-
ratic terms have been explicitly included in the Zeeman
Hamiltonians. Thus the only point of possible vulnerabil-
ity of the predictions is interaction that could arise be-
tween adjacent manifolds of states. Application of some
of these results have already been made and reported else-
where.!? For boron, gallium, and thallium impurities in
germanium, the fit of the experimental data to the energy
expressions were described as “excellent,” although some
excited states gave some indication of interaction between
neighboring manifolds. Consistency in the g factors de-
duced from different orientations of the field was ob-
tained. It is therefore reasonable to conclude that the re-
sults presented here strengthen the application of piezo-
Zeeman spectroscopy in the task of characterization of
impurity states in semiconductors.

APPENDIX

" Following details given in Ref. 10, basis functions
which can generate the angular momentum matrices and
the representations of T, that are relevant to the present
work are as follows:

¢h=roMla), ¢ ,=ro(rIB),

where f,(r) is a normalized s function, |a) and |B) are
the spin-1 spinors, and the functions ¢{%, and ¢®) , be-
long to I’ (T,). Functions transforming as I'; (T;) can
be generated from normalized p functions, X =xf(r),
Y =yf(r), and Z =zf(r), together with |a) and |B).
These are

(A1)

$h=—5 X +iTIB) +2Zle)] (a2)
1 .
¢(—7)1/2=T/§[(X—1Y)|a>—zlﬁ>] . (A3)
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The I'g and T'; functions each generate the following
forms for the j = angular momentum matrices:

o1 01 o1 0 —i
Jx~—2—10v]y_5i o |

(A4)
1 10
27500 1"

Functions which generate I'y (T;) are

dEL=(1/V2)X +iY)|a) , (AS)
#=0/VE)N(X +iV)|B)—2Z|a)], (A6)
#%) ,=(1/VE)[(X —iV)|a)+2ZIB)], (A7)
$®),,=(i /V2)X —iY)|B) . (A8)

The J=32 angular momentum matrices generated by

these functions are

0 V3 o0 0
S -3 0 2 0
x~5%21 0 -2 o0 V3|
0 0 —V3 0
0 V3 0o o0
1|v3 0 2 o
hT210 2 0 V3| (A9)
0 0 V3 o
and
30 0 0
1101 0 o0
.= 100 -1 o0
00 0 -3

There are other basis functions which transform the
same way as the ones shown here, and these have been
listed in Appendix D of Ref. 10. The functions ¢{*, 37,
and 1/;&“ used in the main text in the present work are tak-
en to be in the most general form, that is, they are as-
sumed to be linear combinations of functions drawn from
the available sets of functions, and thus they have greater

generality than the functions shown above.
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