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Neuron-adaptive higher order neural-network models for automated financial
data modeling

Abstract

Real-world financial data is often nonlinear, comprises high-frequency multipolynomial components, and
is discontinuous (piecewise continuous). Not surprisingly, it is hard to model such data. Classical neural
networks are unable to automatically determine the optimum model and appropriate order for financial
data approximation. We address this problem by developing neuron-adaptive higher order neural-network
(NAHONN) models. After introducing one-dimensional (1-D), two-dimensional (2-D), and n-dimensional
NAHONN models, we present an appropriate learning algorithm. Network convergence and the universal
approximation capability of NAHONNS are also established. NAHONN Group models (NAHONGS) are also
introduced. Both NAHONNs and NAHONGSs are shown to be "open box" and as such are more acceptable
to financial experts than classical (closed box) neural networks. These models are further shown to be
capable of automatically finding not only the optimum model, but also the appropriate order for specific
financial data.
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Neuron-Adaptive Higher Order Neural-Network
Models for Automated Financial Data Modeling

Ming Zhang Senior Member, IEEEShuxiang Xu, and John Fulch&enior Member, IEEE

Abstract—Real-world financial data is often nonlinear, com- » The neural networks function as “black boxes,” and are
prises high-frequency multipolynomial components, and is thus unable to provide explanations for their behavior (al-
discontinuous (piecewise continuous). Not surprisingly, it is hard though some recent successes have been reported with rule

to model such data. Classical neural networks are unable to . .
automatically determine the optimum model and appropriate . extraction from trr?uned ANNs [_10]’ [18]).
order for financial data approximation. We address this problem  This latter feature is viewed as a disadvantage by users, who

by developing neuron-adaptive higher order neural-network would rather be given a rationale for the simulation at hand.
(NAHONN) models. After introducing one-dimensional (1-D),  In an effort to overcome the limitations of conventional
two-dimensional (2-D), andn-dimensional NAHONN models, we - ANNs, some researchers have turned their attention to higher

present an appropriate learning algorithm. Network convergence
and the universal approximation capability of NAHONNS are also order neural network (HONN) models [14], [16], [21], [32].

established. NAHONNGroup models (NAHONGs) are also intro- HONN models are able to provide some rationale for the
duced. Both NAHONNs and NAHONGs are shown to be “open Simulations they produce, and thus can be regarded as “open
box” and as such are more acceptable to financial experts than box” rather than “black box.” Moreover, HONNs are able to
classical (closed box) neural networks. These models are further simylate higher frequency, higher order nonlinear data, and
shown to be capable of automatically finding not only the optimum consequently provide superior simulations compared to those
model, but also the appropriate order for specific financial data. . . L
produced by ANNs. Polynomials or linear combinations of
Index Terms—Financial modeling, higher order neural net- trigonometric functions are often used in the modeling of
works, neural-network groups, piecewise functions, polynomials.  financial data. Using HONN models for financial simulation
and/or modeling would lead to open box solutions, and hence
l. INTRODUCTION be more readily accepted by target users (i.e., financial experts).
- i . . . This was the motivation for developing thieolynomial
I\/I ODELING and predicting financial data using trad"HONNs (PHONNS) for economic data simulation [27]. This

tional statistical approaches has only been partialmea has been subsequently extended into Grstup PHONN
successful [4], [20]. Accordingly, researchers have turned QHONNG) models for financial data simulation [28], and
alternative approaches in recent times, most notably artific

condrigonometric PHONNGnNodels for financial prediction
neural networks (ANNS) [1]. The last few years have seen tlgg5 [26], [32]
eé, , [32].
e

_rise of specialist confgrgnce;, speqial jogrnal issu_es (andind al-world financial data often comprises high-frequency
journals), and books in intelligent financial modeling (e.g., [Z]multipolynomial components, and is discontinuous (or

23], [25]). . _ . ... piecewise continuous). Not surprisingly, it is difficult to auto-
Standard_ ANN models cann_ot dea_l with d_'s_cont'nu't'eﬁatically determine the best model for analyzing such financial

{f(x) # limaz—o f(z + Az)} in the input training data. 55 |t 3 suitable model can be found, it is still very hard to

Furthermore, they suffer from the following limitations [4], [5]'determine the best order for financial data simulation. Conven-

* They do not always perform well because of the comipnal neural-network models are unable to find the optimal
plexity (higher frequency components and higher ordefodel (and order) for financial data approximation. In order to
nonlinearity) of the economic data being simulated, andsplve this problem, autoselection financial modeling software

has been developed [21], likewise adaptive higher order neural
networks have also been studied [22], [23]. Neuron-adaptive
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nonpolynomial [13]. Park and Sandberg showed that radial baget exists for neural-network groups. It is therefore necessary
function (RBF) networks are broad enough for universal aps consider approximating a piecewise continuous function
proximation [20]. Leshno proved that FNNs can approximateith a single neural network (rather than a group). The third
any continuous function to any degree of accuracy if and onlyriotivation for this paper is thus to develop a methodology for
the network’s activation function is nonpolynomial [17]. Lastautomatically finding the optimal model (and appropriate order)
Chen explored the universal approximation capability of FNNer simulating high-frequency multipolynomial, discontinuous
to continuous functions, functionals and operators [8], [9].  (or piecewise continuous) financial data.
Two problems remain, however. Section | of this paper introduced the background to and mo-
tivations for this research. In Section I, neuron-adaptive higher

» The activation functions employed in these studies are Sigkq : -
i . . . . er neural network (NAHONN) models with neuron-adaptive
moid, generalized sigmoid, RBF, and the like. One chara, " work ( ) M ! pav

L S X . ~ “Hctivation functions are developed, in order to approximate any
teristic of such activation functions is that they are all fixe

ith no f i dth ¢ be adiusted ontinuous (or piecewise) function, to any degree of accuracy.
(with no ree parame ers), and thus cannot be adjuste CS?H‘ work differs from previous studies in the following ways.
adapt tadifferentapproximation problems.

« In real-world applications such as financial data simula- * An adaptive activation function learning algorithm is de-

tion, the function to be approximated can be a piecewise velope(_j i.n Section |ll, which is capable of automatically
continuous one. Aontinuousfunction approximation is determining both the optimal model and correct order for

unable to deal with nonlinear and discontinuous data, such  financial data modeling, and , ,
as that commonly encountered in economic data simula- * In SectionlV, we present a theoretical proof which shows
tion that a single NAHONN is able to approximate any piece-

_ _ _ ~wise continuous function, thereby guaranteeing better
To date there have been few studies which emphasize the setting modeling results and less error.

of free param_eters In the actlvafuon function. Net\(vorks whmﬁ order to simulate some specialized financial functions, we
employ adaptive activation functions seem to provide betterfﬁ'evelop NAHONN group models (NAHONGS) in Section V.
ting properties than classical architectures which use fixed 3F section VI. we present specialized NAHONN models
tivation function neurons. Vecci studied the properties of "’Wamely trigono,metric (T-NAHONN), polynomial and trigono-,
FNN which is able to adapt its activation function by Varyingnetric (PT-NAHONN) trigonometric exponent and sigmoid
the control points of a Catmull-Rom cubic spline [24]. Thei TES-NAHONN), as V\,/ell as their group counterparts. These
simulations confirm that this specialized learning mechanis ecialized NAHbNN models are appropriate for financial data

allows the effective use of the network’s free parameters. Chgi?nulation involvina hi : :
; : : : g higher frequency, higher order nonlinear,
and Chang adjust the real variableggain) andb (slope) in ultipolynomial, discontinuous, nonsmooth, and other such

the generalized sigmoid activation function during learning [7. eatures. Experimental results obtained using NAHONNs

Compared with classical FNNs in modeling static and dynarg—nd NAHONGs are presented in Section VI, and finally in
ical systems, they showed thataaptivesigmoid leads to im- Section VIl we present brief conclusions '

proved data modeling. Campolucci showed that a neuron-adap-

tive activation function built using a piecewise approximation

with suitable cubic splines can have arbitrary shape, and further- II. NAHONN

more Iegds to reduc_ed _neural-network size [6].. In _other wo_rdA%., One-Dimensional (1-D) NAHONN Definition
connection complexity is traded off against activation function
complexity. Other authors have also studied the properties of_et

neural networks with neuron-adaptive activation functions [15], ¢th neuron in layers;
[24]. The development of a new neural-network model which kth layer of the neural networl&(will be used later
utilizes an adaptive neuron activation function, and then uses in the learning algorithm proof);
this new model to automatically determine both the best model hth term in the Neural-network Activation Function
and appropriate order for different financial data is the second (NAF);
motivation of this paper. s maximum number of terms in the NAF;

While Hornik and Leshno proved the approximation ability first neural-network input;
of FNNs for any continuous function, Zhang established second neural-network input;
neural-network group models to approximate piecewise comet; j input or internal state of thé&h neuron in thekth
tinuous functions (as a means of simulating discontinuous layer;
financial data) [28]. A neural-network group is a generalized; ; weight that connects thggh neuron in layek — 1
neural-network set in which each element is a neural network, with the ith neuron in layek 5 will be usedin the
and for which product and addition of any two elements have two—dimensional NAHONN formula
been defined. Herein lies a problem though: if the piecewisg;, value of the output from thé&th neuron in layer#.

continuous function to be approximated comprisesndinite  The 1-D NAF is defined as

number of sections of continuous functions, then the neural-net-

work group will need to contain aimfinite number of neural s

networks! This makes the simulation very complicated, be- NAF: U, ;(net; ) = 0; r(net; 1) = quk,h(neti,k).
cause each continuous section would have to be approximated L=1

independently and separately. Moreover, no learning algorithm (2.1)
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Suppose
Output
s=4 (summing unit)
fz,k,l( eti) = alip - sin® i+ (bli - (nety i) Hidden units
s ko(net; ) = a2y, - et (etin) }E;mﬁ;(z.1))
1
fira(net; ) = adi - 1+ o bBix-(met: )
fz k 4(11(31)Z k) = CL4Z ko (lleti7k)b4i’k. (22) Input (no
actlvz_mon
The 1-D NAF then becomes function)
U, r(net; x) Fig. 1. 1-D NAHONN structure.
= Z firen(net; x) where
=al;y- sin®Lix (bli7k . (neti7k)) + a2 - e b2in-(neti k) alip,blin, clix, a2; g, b2; k., a3d; 1,03 k., a4 g, bdi x
1
3ik - 4; 1, - (nety g4 : . :
T adik 1 4 ¢~ b3in-(netix) adip - (meti) are free parameters which can be adjusted (as well as weights)
(2.3) during training.
Where The network structure of a 1-D NAHONN is the same as that

of a multilayer FNN. That is, it consists of an input layer with
aly g, bl k, cli ke, 024 g, 024 1, a3k, 03i 1, adi g, bdi k one input-unit, an output layer with one output-unit, and one
hidden layer consisting of intermediate processing units. A typ-

are free parameters which can he adjusted (as well as We'gfﬁa 1-D NAHONN architecture is depicted in Fig. 1. Now while
during training. there is no activation function in the input layer and the output

Let neuron is a summing unit only (linear activation), the activation
net; x = W; o - . function in the hidden units is the 1-D neuron-adaptive higher
" v order neural-network NAF defined by (2.1). The 1-D NANONN
The 1-D NAHONN is defined as is described by (2.4).
Nﬁ‘HONN (1-D): B. Two-Dimensional (2-D) NAHONN Definition
Z Wi 1 - Vi p(Wigp - ) Let
; net; » x = input of thex neuron in thekth layer;
= Z Wa ikt 1 Z Jikn(Wigp-x). (24) net,, , = input of they neuron in thekth layer.
h=1
Let The 2-D NAF is defined as
s=4

NAF: \I/i7k(neti7m7k, neti7y7k)

fiskp(netig) = al;y - sin™* (bl g - (net;x)) = 07‘ x(net; . p,net; , )

)=
firp(net; ) = a2y, - ¢ P2wmetic)
1 = ,(net; , 1, net; 2.7
fir3(net; 1) =a3; - 1+ c—b3ik-(oetiy) hz_: Jien(n€bi 0k i) 2.7)
fina(netig) = ad; - (net; ,)"4+ (2.5) Suppose

NAHONN (1-D):
n = 4
= Z w11 - Vi k(net; ) ) = itk
i=0 fi1(net; o net; 1) = ali g -sin® “* (bl; . - (net; 4 1))
-cost o (dl; g - (net; 1))

= 72% Wz 4 k41 hz:l fz,k,}L(TUz,ac,k .’L') fi7k72(neti7x7k, neti7y7k) _ a/2i,k . C_bQi,k'(neti,a:,k)
n . Cfin,y(neti,I,k)
) . 1
; S alz . Sln (blz b (w%w?k x)) fi,k,?)(neti,m,ka neti,y,k‘) = CL37‘,,k ' 1+ 6_b3i,k'(neti,a:,k)
+a2z L e —02; k(Wi 0 k-T) ' 1
1 1 +e—d3i,k'(n9ti,y,k)
+ CL37‘,7]C ' 14 e~ b3k (Wi e k-m) fi7k74(neti7,;7k, neti7y7k) = a4i7k . (neti7m7k)b4f*’“

+ a4i7k . (lleti7k)b4i’k) (26) . (lleti7y7k)d4i’k . (28)
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The 2-D NAHONN then becomes
\I/i k(neti k)

- Zfzkh netzwkanetzyk)

h=1
= ali7k . Sillcli’k (blz,k . (netm,k))
- COSeli”" (dli7k - (neti7y7k))
+a2; - 6—b2i1k~(net7-@1k) e
7 1 . 1
1+ e b3in-(netior) 1 4 e—d3ik-(netsy )
(2.9)

_in,k'(neti,y,k)

+ a3i,k .
+ adi g - (neti o p )"0 - (met y p) H0F

where
alin, blik, clik, dlik, elik, a2ik, 0241, d2; ),
a3i ks b3i ks d3i k> 0di ks bdi ks ddi i

191

Output
(summing unit)

Hiddel units
with NAF

Input units
(no activation
function)

Fig. 2. 2-D NAHONN structure.

where
alip, blig, cli g, dli g, elix, a2 g, b2; g, d2;
adi 1, b3k, d3; &

are free parameters which can be adjusted (as well as weights)
during training.

are free parameters which can be adjusted (as well as weightsfhe network structure of the 2-D NAHONN is the same as

during training.
Let
net; » x = Wiz k&
Nebiyk = Wiyk " Y-

The 2-D NAHONN is defined as
NAHONN (2-D):

n
Z Wkl - ¥

—5 Wz i k+1 ° 5 f7kh Wi,k ~ Ly Wiy k- y)

h=

i k(net; » x,net; , 1)

(2.10)
Let
s§=3
ik (net g net; y x) = ali g . gin®Li-k (01; - (net; o 1))
- costlik (dli s - (net; , 1))
fir2(net; o pomnet; 1) = a2; g - e 22wt
) G_inﬁk-(netg,a;,k)
1
1+ e—b3ia-(neti o i)
1
. 1 + e_dghk.(net;,y,k)

Jik,3(net; o net; yx) = ad;x -

(2.11)
NAHONN (2-D)

n
Z Wy ikl - ¥

_§ Wz i k+1 " E fzkh wzxk Ly Wi oy k * y)

h=1
= sz,i,k+l . <<a1i7k -si11‘:1fv'v(b1i7k Awi zi - x))
1=0

HCOS (i g - (Wi g y)) + a2 - TR ()
e 920k Wiy koY) +a3; x
1 1

1 + =830k (wip k) 1 + =Bk (Wiy k) ))
(2.12)

i k(net; » x,net; , 1)

that of a multilayer FNN. That is, it consists of an input layer
with two input-units, an output layer with one output-unit, and
one hidden layer consisting of intermediate processing units. A
typical 2-D NAHONN architecture is depicted in Fig. 2. Again,
while there is no activation function in the input layer and the
output neuron is a summing unit (linear activation), the activa-
tion function for the hidden units is the 2-D NAHONN defined
by (2.7). The 2-D NANONN is described by (2.10).

C. m-Dimensional NAHONN Definition
Them- dimensional NAF is

zk netzk Zfzkh netzlkvnetZka-"vneti,rn,k)-
h=1
(2.13)
Let
net; 1 p = Wik - 21
net; o p = Wy 2k - L2
neti,n,k = Wi m,k * Tm-
Them-dimensional NAHONN is defined as
NAHONN (m-Dimensional):
n
Z W k1 - Wi n(net; 1 g, net; ok, ... n€t; 1)
i=

= szﬂ,k—l—l Z f7 k,h

h=1
X (wz,l,k XL, W2k T2 ...,

(2.14)

The network structure of am-dimensional NAHONN is the
same as that of a multilayer FNN. That is, it consists of an input
layer withm input-units, an output layer with one output-unit,
and one hidden layer consisting of intermediate processing units.
Atypical 2-D NAHONN architectureis depicted in Fig. 2. Again,
while there is no activation function in the input layer and the
output neuronis asumming unit (linear activation), the activation
function for the hidden units is the:-dimensional neuron-
adaptive higher order neural network NAF defined by (2.13).
Them-dimensional NANONN Fig. 3 is described by (2.14).

Wi m ke 'Trn)-
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Output
(summing unit)

W ikl

Hidden units
with NAF

Wi 1.k (Equation (2.13))

.... Input units (no
I Xz—l | X |Activalion function)

[x ]

Fig. 3. m-dimensional NAHONN structure.

D. Multi m-Dimensional NAHONN Definition
Themulti m-dimensional NAHONN is defined as follows:

n

Oj1 = ij,i,k-i—l' C Y, p(net; 1k, n€bi 2 g, - - - N€Y; o 1)
i=0
n
= Z Wy k+1
i=0
S
: Z fi,k,h(wi,l,k T, W2kt T2, Wim k '$m)
h=1
(2.15)
where
l: output layer;
7 jth output in the output layer;

O; ;- one output of the multin-dimensional NAHONN.
The structure of the multin-dimensional NAHONN is shown
in Fig.4.

I11. NAHONN L EARNING ALGORITHM

Our learning algorithm is based on the steepest descent gra-

EEE TRANSACTIONS ON NEURAL NETWORKS, VOL. 13, NO. 1, JANUARY 2002

Output O,

Hidden
units with
NAF
(Equation
(2.15))

Input X
(no activation
function)

Fig. 4. Multim-dimensional NAHONN structure.
The 1-D NAF is defined as

NAF: \I/i7k(lleti7k) = Oi7k(lleti7k) = Z fi7k7jb(lleti7k).
h=1

(3.1)

First of all, the input—output relation of thigh neuron in the:th
layer can be described by

net; p = Z[wi,j,koj,kfl] — bk (3.2)
J
wherej is the number of neurons in laygr— 1, and
Ok = \I/(netiyk) = a].i7k - Sinch’k(l)li’k - netijk)
b2, pnet; x a3;
+ a2y T TR 4 T o metin
+ adj g, - (net; )P4k (3.3)

To train the NAHONN, the following energy function is
adopted:

m

1
E= 5 Z(dj — Oj71)2.

j=1

(3.4)

dient rule [22]. However, as the variables in the hidden Iay% is the sum of the squared errors between the actual network

activation function are able to be adjusted, NAHONN provide
more flexibility and more accurate approximation than tradf—

tional higher order (and indeed NAHONN includes tradition
higher order FNN (fixed activation function) FNNs as a speci

case).

We use the following notations:

net; x input or internal state of thih
neuron in thekth layer;

Wi k weight that connects thgth
neuron in layett — 1 with the
ith neuron in layek;

Oi k value of the output from thih

neuron in layer;

adjustable variables in the acti-
vation function;

threshold value of theith
neuron in thekth layer;

jth desired output value;
iteration number;

learning rate;

total number of output layer
neurons;

total number
layers.

al,bl, cl,a2,b2,a3,b3, a4, bd

of network

&Jtput and the desired output for all input patterns. In (3:4),
the total number of output layer neurons, dnd the total

ﬁumber of constructed network layers (héte 3). The aim of

arning is to minimize this energy function by adjusting both
the weights associated with various interconnections, as well as
the variables in the activation function. This can be achieved
by using the steepest descent gradient rule expressed as follows
[22]:

wly = w3 g (3.5

o) =00 Y+ ”aae—i (3.6)
alf) = al{7 4+ ajf - 3.7)
b1 = b1 a?f - (3.8)
Ay =e1{ V4 aff - (3.9)
a2 = 207 4 832Ei (3.10)
b2y = b2 + aif (3.11)



ZHANG et al.: NEURON-ADAPTIVE HIGHER ORDER NEURAL-NETWORK MODELS 193

a3 = a3l Y + n% (3.12)
B30 = B30V 4 8(55, - (3.13)
adl?) = adl;7V + ajf,k (3.14)
MET’? - b4§j’k‘1) * naizi . (3.15) Fig. 5. NANONN with one output.

To derive the gradient of’ with respect to each adjustable paypije
rameter in (3.5)—(3.15), we define

OF aa% = CL].Z‘JC . b]-i,k . C]-i,k . Sillcli’k_l(b].i?k . lleti7k)
——— =ik (3.16) peA 2
aneti,k ’ X COS(b].Z‘?k . neti7k) - CLQUC . b2i,k LT bZinmet
oF _ 5 N (3 17) a3i,k . b3i,k . e—b3i1k-neti1k
aoi7k a ' + (]_ + C*b3i,k'neti,k)2
Now, from (3.2), (3.3), (3.16) and (3.17), we have the partial + ad; kb4 g (net; g )P4t (3.30)
derivatives of E with respect to the adjustable parameters asd
follows: Sz P = {21 6*,k+1wj,i,k+la if 1 < k< l; (3 31)
OF OE  Ouet o Lo —di itk =1.
w; ; - dnet; , Ow; ; 1 = 0ik0j k-1 (3-18) \ve summarize the procedure for performing the above algo-
OFE 9F Onet rithm as follows.
50 x — Smenir 0rr —bi (3.19) oo0: DetErmine the number of hidden units for the net-
; ’ ’ work.
0B = OF Do =&k -sin(bl; i - net; 1) (3.20) 10: Initialize all weightsw; ; », threshold valued®; ;
Oaliy  Ooiy dalip and parameters1,bl,cl,a2,b2, a3, b3, a4, b4 of
OF _ 9E doiy _ Eix-alip - net; the hidden units’ activation functions.
Obliy  Goip ObL; ’ ’ ’ 20: Input a learning example from the training data and
-cos(bl; - net; 3 (3.21) calculate the actual outputs of all neurons using the
OFE  OF 0o present parameter values, according to (3.2) and
8c1i7k o aoi7k 8c1i7k (33)
= &1 al;p - sinte (b1, - net, ) 30: Evaluate, ;. andé; ;. from (3.29), (3.30), (3.31) and
) ' ' then the gradient values from (3.18)—(3.28).
~Infsin(bl; g - nety )] (3:22) . Adjust the parameters according to the iterative for-
OF _ OF Ooin _ o —2ipme, (3.23) mulas in (3.5)~(2.15).
da2iy oy a2y 7T 50: Input another learning pattern, go to step 20.

oF oF 8oi7k

_ The training examples are presented cyclically until all parame-
8b2i7k aoi7k 8b2i7k

ters are stabilized, i.e., until the energy functigrior the entire

= —&i k- a2; k- net; i

o= b2ikemet? (3.24) training set is acceptably low and the network converges.
oF oF aoi7k 1
0.~ Doip 0aB. s ik - ppp ey (3.25)  IV. UNIVERSAL APPROXIMATION CAPABILITY OF NAHONN
8E _ 8E 8oi7,; In this section the variablesl, b1, cl, a2, b2, a3, b3, a4, b4
b3, . Oo; 1 Ob3; 1 are set as piecewise constant functions which will be adjusted
’ " 8. k net, 5, - o b3k et (as well as weights) during training.
=&ik- Z’(l T eib3i,k~neti,k)2 (3.26) Now because a mapping
OF OE Do i :R*— R™
P g neti) 327) o

8@4% - aoi7k 8a4i7k
oF oF aoi7k

8b4i7k o 8oi7k 8b4i7k

(wheren andm are positive integers) can be computedrby
=& k- a4¢yk(neti7k)b4i*’“ In(net; ) mappings

(3.28) fi:B" =R
and for (3.16) and (3.17) the following equations can be corf¥nerej = 1,2,...,m), itis theoretically sufficient to focus on
puted: networks with one output-unit only. Such a network is depicted
in Fig. 5.
oF OE  0Oo; do; In Fig. 5, the weights-vector and the threshold value associ-

ik

=&k : (3.29)

- dnet,; 1 - 9o, 1, Onet, 1. Jnet; j, ated with thejth hidden layer processing unit are denoted
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and ©;, respectively. The weights-vector associated with the “Consider a neuron-adaptive higher order neural-network
single output-unit is denoted;. The input-vector is denoted group (NAHONG), in which each element is a standard

x = (x1,...,Tpn)- multilayer higher order neural network with adaptive neu-
Using these notations, we see that the function computed by rons, and which has locally bounded, piecewise continuous
an NAHONN is (rather than polynomial) activation function and threshold.
k Each such group can approximatey kind of piecewise
flz) = Zﬁj\p(wj cx—0;) (4.1) continuous function, and tanydegree of accuracy”.
j=1

wherek is the number of hidden layer processing units, &nd VI. NANONN AND NANONG EXAMPLES
is defined by (3.1). A. T-NAHONN Model

Lemma 4.1: An NAHONN with a neuron-adaptive activa-
tion function (3.1) can approximate any piecewise continuous

function with infinite (countable) discontinuous points to any a2 =02 =d2; = a3} = b3,k = d3;
degree of accuracy (see Appendix A for proof of this theorem). =adi, =bd; 1 =dd; ;= 0.
V. NAHONNG Tr_le 2-D NNAF (2.9) becomes the 2-D trigonometric polyno-
mial NAF

A. Neural-Network Group 4

The ANN set is a set in which every element is an ANN [29]. W x(net; ) = Z Jikp(net; o g, net; y z)
The generalized ANN setNN—is the union of the product set h=1
NN* and the additive SeNN™. = alip - sin®r (b g - (nety o )

A nonempty setV is called aneural-network groupif N C -cos®li# (dl; g - (net; uk)) (6.1)

NN (the generalized neural-network set as described in [12]
with the productn;n; or with additionn; + n; is defined for WNere
every two elements;,n; € N, and for which the group pro-
duction conditions or group addition conditions hold [29].

An ANN group sets a set in which every element is an arare free parameters which can be adjusted (as well as weights)
tificial neural-network group. The symb& € NNGS means  during training.
NNGS is an ANN group set anl, which is one kind of artifi- Let
cial neural-network group, is an element of set NNGS.

In general, the neural-network group set can be written as

NNGS = {N,,N,,...,N;,...} (5.1)

al;n, bl x, clip, dl; g, eli g

net; » x = Wiz k&

net; yx = Wiy kY-
The 2-D trigonometric polynomial NAHONN is defined as
T-NAHONN (2-D):
B. NAHONG Neural-Network Group Models "

zik+1 - Vi k(net; ok, net; g
The NAHONG is one kind of neural-network group, in which ;w e Mtz by k)
each element is an NAHONIZ, ) [29]. We have: ’

whereN; is one kind of neural-network group.

n 3
NAHONG = {Z1,22,Z3,...,Z;,...,Zn}  (5.2) = weigsr Y i Wi T Wik Y)
=0 h=1
C. NAHONG Neural-Network Group Feature = Zwmykﬂ ((al; p -sin“lfw’“(bli,k (W ok - )
:=0

Hornik proved the following general result:

“Whenever the activation function is continuous, bounded

and nonconstant, then for an arbitrary compact subsetere

X C R", standard multilayer feedforward networks can

approximate any continuous function &narbitrarily well ali g, bl g, clijk, dlip, €lik

with respect to uniform distance, provided that sufficientl

many hidden units are available” [13]. : .
during training.

A more general result was proved by Leshno: T-NAHONN is an open-box model, which is capable of han-
“A standard multilayer feedforward network with a locallyg|ing high-frequency nonlinear data.

bounded piecewise continuous activation function can ap-

proximateany continuous function to any degree of accuB. PT-NAHONN Model

racy if and only if the network’s activation function is not \ynan

a polynomial” [17].
Furthermore, since NAHONG comprises artificial neural net- ~ @2ik = 02 = d2; = a3, = 03;x = d3;, =0
works, we can infer the following from Leshno: a2y =02, =d2; s = a3, =03, , =d3; 5, =0

ccos® i r(dL g - (Wi k- Y))) (6.2)

¥re free parameters which can be adjusted (as well as weights)
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the 2-D NAF (2.9) becomes the 2-D polynomial and trigonaare free parameters which can be adjusted (as well as weights)
metric polynomial NAF during training.

\I/i k(neti k) Let
net; p = Wi g kT
—Zfzkh netzwkanetzyk) ’ w
h=1 The 1-D TES NAHONN is defined as
= ali7k . Sindi’k(bli’k . (netm,k)) n
-Coselfv’“(dlijk -(net; 1)) + adi g - (netm,k)b4fv’“ TES- NAHONN (1-D)= Z Wy i k1 - Wi p(net; x)
. (netijyyk)d‘“*’“ (6.3) i=0
where = Zw~7z7k+1 Z fz k,h wz ke -T)
alz kvblz kvclz kvdlz kvelz k7a4z k7b4z k7d4zk =0 h=1
are free parameters which can be adjusted (as well as weights) = Zwé ik <a1i7k sin(bl; g - (W gk - T)) + a2, 1
during training. i=0
Let e*bQi,k'('wi,m,k'l‘) +a3; - 1 )
net; y x = Wig kT Tl 4 e BBk (i ne)

6.6

neti,y,k = Wiyk Y ( )
The 2-D polynomial and trigonometric polynomial NAHONNWhere
is defined as

ali g, blix, a2k, b2k, a3; x, b3i k
PT-NAHONN (2-D}
" are free parameters which can be adjusted (as well as weights)
Z Wi k41 - Ui p(ne€bi ok, nety y 1) during training.
‘ The TES-NAHONN model is suitable for modeling data
comprising discontinuous and piecewise continuous functions.

_szzk-f—l Zfzkhwzack Ty Wiy k * y)
k=1 D. NAHONG Models
= sz,i,kﬂ ((al; g - sin® ok (b1 g - (w5 g - 7)) NAHONG is one kind of neural-network group, in which
; each element is an NAHONRKZ; ) [29]. We have

. elik o (s . - ) bdi i
cos™ M (i - (wiy k- )+ adik - (Nt k) NAHONG = {Z:,Z.Zs,.... Zj, ..., Zn}

+(nety 1)) (6.4) If Z; = TPT- NAHONN;, then this becomes the
where trigonometric polynomial NAHONG
al; p,blix,cli g, dl; i, el x, ad; g, b4 1, d4i i If Z; = - NAHONN;, then this becomes the
are free parameters which will be adjusted (as well as weights) polynomial and trigonometric polynomial
during training. NAHONG.

PT-NAHONN is appropriate for modeling data which com-

. ) i . If Zr = TES-NAHONN;, then this b th
bines both polynomial and trigonometric features. ! N, then this becomes the

trigonometric/exponent/sigmoid

C. TES-NAHONN Model po|ynomia| NAHONG
When NAHONG models are useful for modeling some special piece-
clix=1 adjr=0bdip=ddip =0 wise continuous functions.
the 1-D NAF (2.3) becomes the 2-D TES NAF. The NAHONG structure is shown in Fig. 6.

The 1-D TES NAF is

VII. FINANCIAL DATA MODELING RESULTS
Vs r(net; )

A. T-NAHONN Model Results

= Zfi,k,h(neti,k) QwikNet and Qnet are two products available for the
financial software market (http://www.kagi.com/cjensen/)
= al; i - sin(bl; & - (net; ) + a2 .7 b2i ke (neti k) and (www.gnet97.com), respectively. Both are powerful, yet
1 easy-to-use, ANN simulators. For the purposes of the present
Tadik- 1 + e—b3ik-(nety k) (6.5) study, the authors developed tHASFinancesoftware package
where in order to simulate nonlinear high-frequency real-word

data, comprising multipolynomial components. This practical
al j,0lik, 024 1, 024 1, a3 1, 03 1 implementation of NAHONN models was developed using
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NAHONG COMPARATIVE ANALYSIS SUMIJI—QRBYL(ET-:\IAHONN, QwikNetanDd Qne)
Data File Data Feature T-NAHONN QwikNet Qnet
Average Error Average Error | Average Error
IRIS4-1 Step 0.029 0.055 0.005
IRIS4-3 Step 0.028 0.071 0.001
SINCOS Linear 0.011 0.038 0.005
Z Zo | e . 7 R Z, XOR XOR 1.62E-14 0.078 6.1E-5
XOR4SIG XOR + nonlinear 1.62E-14 0.037 0.350
T T T T T T T T SP500 Nonlinear 0.02 0.014 0.021
SPIRALS Nonlinear 0.031 0.395 0.270
Fig. 6. NAHONG model. High Frequency
SECURITY |Nonlinear 0.018 0.045 0.023
Xviewunder Solaris. The main featuresMASFinancean be Very High
summarized as follows: Frequency

Graphical display of dataBoth training and test data are

d|splgyed as 3-D curved surfaces. We compared all three programs on each set of input data files
Creating NAHONNS. The number of layers, number ofi, o nendently, with the results being summarized in Table I.
neurons per layer and neuron type can all be specified (ana:irst, comparing T-NAHONN wittQwikNetreveals that the
saved as net files in the system). former yielded smaller simulation errors in the majority of cases
Graphical display of neural networksThe NAHONN (especially so in the case bR andSPIRALS

structure can be _displayed exh.ibit .graphically., V\{ith Second, comparing T-NAHONN an@net reveals similar
dn‘fergnt neurons (|..e., neurons with dnfferent aCt'V_at'OBerformance, with both outperformir@uikNet(especially so
functions) marked with different colors; display of weightsyith xor). These results indicate that polynomial neural net-
(connections between neurons) is optional. _ works perform better than trigonometric neural networks for this
Display of simulation resultsAn interpolation algorithm i of input data.

is invoked to smooth simulation results, prior to display. | summary, the T-NAHONN model works well for non-
Display of learned neuron activation functielNAF. After  inear, high frequency, and higher order functions. The reason
training, the NAF parameters are showninthe mainwindoygr this is that T-NAHONN is able t@automaticallydetermine

Display of simulation error graphThe updated averagethe optimum order (either integer or real number) for such high
error can be dynamically displayed as training proceedgequency data.

For a well-convergent model, the error plot approaches the
z-axis over time (i.e., the auto-scaled number of epochsB. PT-NAHONN Results

Setting other.parameteré'raining times and parameters The network architecture of PT-NAHONN combines both
such as learning rate and momentum can be easily set fﬁqg characteristics of PHONN [27] and THONN [25], [26],

qu'ﬂEd' Itonly takes 5 min for 10(_) 000 epachs when da ]. It is a multilayer network that consists of an input layer
points are less than 100. A well-trained model can be sa h input-units, output layer with output-units, and two hidden
as a net file, and the output result saved as a performangea s consisting of intermediate processing units. After the
file. PT-HONN simulator was developed, tests were undertaken to
We now proceed to compare the performance of T-NAHONNyove it worked well withreal-world data. Subsequently, its
QwikNet andQnet In order to perform this comparison, weperformance was compared with other artificial neural-network
need to establish some ground rules, namely: models. More specifically, comparative financial data simu-
« QwikNetdemonstration data files are used in all threltion results were derived using Polynomial Higher Order
programs. There are eight files in total, these beirfgeural Network PT-NAHONN, PHONN, and Trigonometric
IRIS4-1.TRN, IRIS4-3.TRN, SINCOS.TRN, XOR.TRp@lynomial Higher Order neural-network (THONN). Particular
XOR4SIG.TRN, SP500.TRN, SPIRALS.ERNSECU- attention is paid here on the degree of the accuracy of the error.
RITY.TRN (Remark it is possible thatQwikNet's data Once again, certain ground rules were adopted to ensure
files have been optimized for that particular program) testing consistency, namely:
 “Learning Rate’sof all three programs are set to the same ¢ programs were operated within the same environment;
value. Usually, the higher the learning rate, the faster the ¢ average percent error was the metric used for comparison
network learns. The valid range is between 0.0 and 1.0. purposes;
A good initial guess is 0.1 when training a new network. * the same test data and environmental parameters (such
If the learning rate is too high the network may become  as learning rate and number of hidden layers) were used
unstable, at which time the weights should be randomized throughout.
and training restarted. Representative results obtained are shown in Table II. From
* “Maximum # Epochis set to 100 000. these results we see that the PT-NAHONN model always
» The number of “Hidden Layers” is set to one. performs better than both PHONN and THONN. For example,
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TABLE I

PT-NAHONN, PHONN,AND THONN COMPARISON RESULTS

Data

PHONN

Average |error|%

THONN

Average |error|%

PT-NAHONN

Average |error|%

All Banks - Liabilities and Assets
on  NonResidents of Total
Liabilities between 96.8- 97.5
(Reserve  Bank of Australia

Bulletin 1999.7 Page S3)

1.9895%

2.0976%

1.9375%

All Banks — Credit Card Lending
on Total Number of Accounts
between 96.8- 97.6 (Reserve Bank
of Australia Bulletin 1999.7 P.
S18)

1.8927%

0.9717%

0.5208%

Exchange Rate on Japanese (yen)
between 96.8 - 97.6 (Reserve Bank
of Australia Bulletin 1999.7 Page
§53)

2.3452%

2.2780%

0.9130%

Exchange Rate on United States
(dollar) between 96.8 - 97.6
(Reserve  Bank of Australia

Bulletin 1999.7 Page S553)

1.6057%

1.6969%

1.3283%

Labour Force on Labour between
97.8 — 98.6 (Reserve Bank of
Australia  Bulletin  1999.7 Page
563)

4.0252%

5.3549%

3.9827%

Share Price Indices — United States
on Dow Jones industrial between
1998.8- 99.6 (Reserve Bank of
Australia  Bulletin  1999.7 Page
§50)

3.5730%

3.5755%

3.4853%

197

Using All Banks-Credit Card Lending on Total Number of Let us simulate this piecewise continuous time series using a
Accounts data between 96.8-97.6 (Reserve Bank of Ausingle NAHONN with piecewise NAF. There are 30 data points
tralia Bulletin 1999.7 P. S18), the error of the PT-NAHONNR the training data set in this particular sample. After training,
model was 0.5208%. By comparison, the PHONN error wage learned NAF for the NAHONN becomes

1.8927%, and the THONN error 0.9717%. As it happens, the
All Banks-Credit Card Lending on Total Number of Accounts
data is a mixture of polynomial and trigonometric polynomial.
The PHONN model can only simulate polynomial functions

A3
\I/(.’L') = Al . Sln(Bl . .’L') + A2 . C_BQ"T + W

z€[1,12]U[13,30] (7.3.1)

well, whereas THONN is only able to simulate trigonometric

functions well. Moreover, PT-NAHONNMNautomaticallyfinds where

the optimum model (in this case, combined polynomial and

trigonometric polynomial function), and correct order (real Al — {004, z € [1,12]
number order), for modeling this data. 12.56, x € [13,30]
L N 3.25, =z €[l1,12]
C. Finding the Best Model and Order for Financial Data Bl = {_0.99 € [13,30]
Using TES-NAHONN ’ ’
] ) ) ) ) 5.33, z € [1,12]
Our next experiment was to simulate nonlinear discontinuous A2 = { —0.09, =€ [13,30]
financial data using NAHONN with NAF (7.3.1) as the neuron 4 56’ cell ’12]
activation function. Reserve Bank of Australia data (Lending B2 = { . !
to Persons July 1994 to Dec 1996) is shown in Fig. 7. We ob- 21, @ € [13,30]
serve that there is a sudden jump between 06/95 and 07/95 A3 — {2-157 z € [1,12]
(from 32.383 to 36.464). We therefore assume that discontin- 5.42, =z € [13,30]
uous points exist here, and accordingly divide the entire time B3 — { —6.88, z€[1,12]
series into two continuous portions. 1142, x€]13,30].
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Fig. 7. Single NAHONN with piecewise NAF used to simulate discontinuous data of Reserve Bank of Australia lending to persons July 1994 to December 1996
(Reserve Bank of Australia Bulletin, 1997).

TABLE 1l
COMPARISON OFSINGLE TES-NAHONN WTH THONN AND PHONN
Higher-Order Neural Network Model # Data # Hidden # Epochs RMS Error
Points Layer
Neurons

TES-NAHONN with piecewise NAF 30 4 6,000 0.01513
TES-NAHONN with nonlinear NAF 30 9 20,000 0.76497
THONN 30 9 20,000 1.13525
PHONN 30 9 20,000 1.20193

With only four hidden processing units and 6000 trainingolynomial model must also use an integer number, resulting
epochs, this NAHONN with piecewise NAF reaches a rootn inferior performance. Our results show that the best model
mean-square (rms) error of only 0.015 31 (see Table Ill).  for this data must be a mixture of trigonometric, exponential,
We also tried approximating this financial data set usingnd sigmoid functions (for other data, variable al in (2.1)
a single NAHONN with nonlinear continuous NAF. Aftermight be zero, and the trigonometric function would not
training, the learned nonlinear NAF for the TES-NAHONNoe chosen). Furthermore, the orders asal numbers. In

becomes summary, TES-NAHONN can adjust the activation function
and automatically chose the best model and correct order for
- - 962 2.33 financial modeling.
U(z) = 0.09sin(1.73z) — 5.06¢12967 + T 9

(7.3.2) D. NAHONG Results

In the following experiments we consider three kinds of
With nine hidden units and 20000 training epochs, thiseural-network group, and compare their approximation
TES-NANONN with nonlinear NAF reached an rms error oproperties:
0.76497. « traditional fixed sigmoid FNN group (FNNG) in which

With the same numbers of hidden units and training epochs, each element is a traditional FNN [28];

the rms errors for PHONN and THONN were 1.20193 and « Neuron-adaptive FNN group (NAFG) in which each ele-
1.13525, respectively. Using the TES-NAHONN model, we  ment is a neuron-adaptive FNN [31];
found that (7.3.2) best modeled the data, provided we use as NAHONG.
nonlinear continuous NAF. Moreover, the optimum order wasome special functions (such as the Gamma-function) pos-
12.96 for exponent and-1.21 for sigmoid function. Using sess significant properties and find application in engineering
PHONN, we would need to choose a polynomial model withnd physics. These special functions, defined by integration
integer order. Thus PHONN cannot model such data veryr power series, exist as the solutions to some differential
well. Similarly, using THONN means that the trigonometri@quations that emerge from practical problems, and cannot be
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Fig. 9. The learned NAl(x).

Fig. 8. Gamma-function.

expressed by elementary functions. As the Gamma-function is
basically a piecewise continuous function, in this section we
attempt to approximate it using neural-network groups. The
Gamma-function (with real variables) is defined as in Fig. 8

F(a:)z/ et dt g
0 T

MNz+1)= / e dt = [—e | + a:/ et dt
0 0

= a:/ et dt = al(z).
0

(=]

Fig. 10. The learned NAF ().

It is readily seen from Fig. 8 that the Gamma-function is a
piecewise continuous function and therefore can be approxi-
mated to any degree of accuracy using neural-network groups.

For the sake of simplicity, we only consider the above function
over the range{2, 4], i.e., three continuous parts.

The best approximation result using NAHONG was achieved
with 3000 epochs of training and two hidden units in each %
neuron-adaptive higher order neural network. The learned
NAFs for the hidden layers are (Figs. 9—11)

<
IS

Fig. 11. The learned NAB3(zx).

o1(x) = 4.35sin(—1.77x) + 1.16¢ 793
0.05 TABLE IV

1+ ¢—0.662 T 0.6 z,y € (=2,-1) FNN Group, NAF Group, AND NAHONN GROUP COMPARISON
02(37) = 6.9 Sin(1.82$) — 0.6l 3% Model Hidden Unites Epochs RMS
4.28 FNNG 12 30,000 0.986034
— o ©YE(=10)
14 =090 NAFG 5,000 0.009327
o3(z) = 9.125in(0.28z) — 3.33¢ 7146~ NAHONG 2 3,000 0.001324
0.51
1+6_1'98m ‘T7y E (074)

tomatically find the best model and correct order, but can also

A comparison between FNN group, NAF group, and NAHONI{pOdel higher frequency, multipolynomial, discontinuous, and

groups is given in the Table IV, from which we see that thBIECEWISE functions.
overall rms error for the NAHONG was only 0.001 324.

The results of our experiments confirm that NAHONGS pos-
sess the most outstanding approximation properties—namelyn this paper, we have presented NAHONN models with
fastest learning, greatly reduced network size, and most acoeuron-adaptive activation functions to automatically model
rate fitting for piecewise functions, compared with FNNG andny continuous function (or any piecewise continuous func-
NAFG. The reason for this is that NAHONG can not only aution), to any desired accuracy. A learning algorithm was derived

VIIl. CONCLUSION



200

IEEE TRANSACTIONS ON NEURAL NETWORKS, VOL. 13, NO. 1, JANUARY 2002

to tune both the free parameters in the neuron-adaptive actiga;, and real numbersil, ;, a2y j,a31 j, a4y 5,011 5,621 4,
tion function, as well as the connection weights between thd, ;, b4, ;,cl; ; such that

neurons. We proved that a single NAHONN can approximate
any piecewise continuous function, to any desired accuracy.;
Experiments with function approximation and financial data !
simulation indicate that the proposed NAHONN models
offer significant advantages over traditional neural networks
(including much reduced network size, faster learning, and
smaller simulation error). Our experiments also suggest that a
single NAHONN model can effectively approximate piecewise
continuous functions, and offer superior performance compared
with neural-network groups.

We further introduced specialized NAHONN models, in-
cluding trigonometric polynomial NAHONN (T-NAHONN),
polynomial and trigonometric polynomial NAHONN
(PT-NAHONN), trigonometric/exponent/sigmoid polyno-
mial NAHONN (TES-NAHONN), and NAHONN group
(NAHONG) models. These NAHONN and NAHONG models
are open box, convergent models, are able to handle high-
frequency data, model multipolynomial data, simulate dis-
continuous data, and are capable of approximating any kind
of piecewise continuous function, to any degree of accu-
racy. Experimental results obtained using a NAHONN and
NAHONG were presented, which confirm that both models ate &

k1
(@)= Brj¥(w; -z —61)
j=1

k1

=Y hij

L ainClg . . .
{all,g -sin® (bl - (wj - @ — 61 5))
=1
+ay ;- b e=b5)”
a3y,

1 + 67b31,j~(w1,j~a;701,j)

+

+ a417j(w17j X — 917j)b41’j

k1

= {ﬂl’j caly - sin™ (bl wyj - @ — bly
j=1
. 917]') =+ /317]» . a217j . G_bQI’j(wlvj'm_el,j)z

Prj-adu,
1 + 67(1}317]‘~’wlvj~$7b317j~917j)

+ /317]' - a417j(w17j - — 917j)b41’j (Al)

desired approximation tf (z),z € Si1, wherek; is the

also capable of automatically finding the optimum model ar{&quired number of hidden units atids the (piecewise) neuron

appropriate order for financial data modeling.
Having defined neuron-adaptive higher order
networks, there remains considerable scope for further chara

neural

terization and development of appropriate algorithms. Resear¢
into hybrid neural-network group models also represents a
promising avenue for future investigation. Neuron-adaptive fg
higher order neural-network models hold considerable promise
for both the understanding and development of complex fi-
nancial systems. Neuron-adaptive higher order neural-network
group research remains open-ended, and holds considerable
potential for developing neural-network group-based models
for complex financial systems.

APPENDIX A

Proof of Lemma 4.1:Let us first consider a piecewise
discontinuous functiorf(z) defined on a compact sétC R"
and with only one discontinuous point, which dividgéz)
into two continuous partsf;(z) and f2(z), i.e., (see (4.2) at
the bottom of the page). Now, each of the continuous parts can
be approximated (to any desired accuracy) by an NAHONN
(according to Leshnet al. [17]). In other words, forf;(z),

adaptive activation function.

On the other hand, fof2(z), there exist weight vectap, ;,
weights 3, ;, thresholdsf, ;, and real numbergl, ;, a2 ;,
%J, a427j, 5127]', 5227]', 5327]', 5427]', 6127]' such that

ko
(;Ij) = 2/327]'\11(1112,]' L= QQJ)
j=1

ko
. 1 .
=D By {“1% ST (g - (wo,j - & — 6a,5))
j=1
+ a/22,j . 6—[)221]"(’11121_7".’13—021_7')2

adz,j
1 + e—b327j-('w27j-a}—027j)

+ ady,j(wa, - @ — by )"

k2
=1

- .. p— . 2
. 92,j) + /32,j . a/22,j . C_bQQ’J(lUQ’J 7= ;)

P2, - 32,4
1 + C—(bgzyj-’w2,j-$—1)32,j-02,j)

{/327]. caly - sin® (bly cwa - — bla;

- . e bz
there exist weight—vectons; ;, weights /3, ;, thresholds t By - adaj(wa @ = 02 (A-2)
. zE€S CR
fla) = {ﬁgg e g S1US=S SinS =4 (4.2)
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wherek, is the required number of hidden units afrds the a2y j, x €5
(piecewise) neuron adaptive activation function, is a desired ap- A2; =q a2 ;, w€S5
proximant tofs(x), z € Ss. 0, T €Sy, j=ki—ke
Now our aim is to prove that botli (x) and f2(x) can be b2, €S
approximated arbitrarily well using a single neural network. In B2; =< b2, €5
order to do this, we rewritg>(z) as 0, T €Sy, j=ki—ke
a317j, Tz €8
ko A3, =< a3, ., z€ So
N 3y -~ alo ; J 2,50 .
fola) = [“Jﬁ—“ 0. w8 j=h-k
j=1 L b317j, T €S
) fblo cwe - B3, =< b3, . S
clp 2,9 2,3 . T € D2
. G| /=L &) e —blo ;-6 J 2,5
o < wiyow TR 2”) 0" w8y j=h—k
/3271 . a227j —(%vwld-x—sz,jﬂz,j) a41,j7 & e Sl
AL ’ Adj=q ady;, €S
2] /32 B a32 //31 ) O7 x € 527 ] = k'l — k‘g
+ 7(6327;227]--3; 7:) -~x7ib3 62 ) b417j, T € Sl
1+e wy @ 1.5 2,5°Y2,5 B4j = 1)4/27‘]7 T € SQ
By ;- ada ; bda g 0, £ €Sy, j=k—k
+/2J ado ; [ wo ; x~w17j~a:—927j 2 1 2
[317]' wy,j T 917]', r €S
(A.3) @j = 9/27]», x € 8o
0, .I’ESQ, j:kl_kQ
6117]', r €S
Ifwe let Cly=4 2%, z€5,
0, .’L’ESQ, j:kl_kQ
a1,2 /327]» . CL]_QJ7 b1/2 = b127j Tw2 T
2J B 2J wy T
0 — Poj - a2 ; by — b2s 5 -wa ;- then (A.2) and (A.4) can be combined as
“ Py wj
a3/2 = [327j . a327j’ b3/2 = b32,j . wQ,j - .
! Br,; ’J Wy T 2 . Cl;
’ ! f(.’]j):Zﬁlj Alj-sm JBlj(wlj-a:—@j)
/ w5 T P B j - ads . ’ ,
92 = 92 s a42 L= j=1
2J w ;- T , 2J B
/ 7 / 7 + A2, . B2 w0 | A3;
bdy; =bdaj, cly;=cla; e 1+ e¢ B3(wi o9,
+ A4j(w17j - — @j)B4j
then (A.3) can be rewritten as k
=> BV wr; -z — ©)) (A.5)
ko j=1
fa@) =", |:a1/2,j -sin®t2 b1 ;(wy ;@ — 65 ;)
j=1
’ , b2 (wr w6 ) wherex € S andk = k.
+a2, . -¢ 2,;\W1,5- =05 ; . . . . . .
2, ) It is obvious that (A.5) is a desired approximation fttr),
a3, and that it represents an NAHONN withhidden units, weight
1 4 ¢80 (wi g r=03 ;) vector w, ;, weights; ;, thresholds®;,j = 1,...,k, and
, N piecewise adaptive activation functioh. This demonstrates
+ ady j(wy - — )7 (A4)  that a piecewise continuous function with one discontinuous

point can be approximated arbitrarily well by an NAHONN.
Next, suppose that a piecewise continuous funcfigiz)

(z € a compact seb,,, € R"™) with m discontinuous points

can be arbitrarily approximated by an NAHONN. We proceed

Suppose that; > k, (without loss of generality), if we define

alij, x€5 to prove that a piecewise continuous function witht+ 1 dis-
/ . .
Alj=qaly;, x €5, continuous points
0, .I’ESQ, j:kl_kQ
5117]', r €S

B]_J = b1/2,j7 T € SQ f(.%‘) - fnl(l’), T € Srn c R?
07 HARS 527 J = kl - k2 B frn—l—l(x)v T € Srn-l—l C Rn
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can also be approximated to any desired accuracy by an NA-Qur aim is to prove that botlf,,,(x) and f,,+1(x) can be

HONN. approximated using a single neural network. To do this, let us
Suppose thaf,,(z) can be approximated by an NAHONNTrewrite fm+1(az) as

with k,, hidden units, weight vectotv,, ;, weights 5, ;,

thresh.olds_@m,],.and piecewise agaptlve activation function B ! - Brnitj - lpmi1; . i s
¥, with piecewise constant functionsl,, ;, B1,, ;, A2, ;, frg1(x) = E Prm.j —/3 ) - s
. = m,J
B2rn,j7 A3rn,j7 B3rn,j7 A4rn,j7 B4rn,j7 O]-rn,jvj = 17 ey krn- =1
In other words,f,,,(x) can be approximated to any degree of % <b1m+1,j CWmtlg bl ,
m,j m+1,j
accuracy by Wyn,j * T

Brn-l—l,j ) CL2rn-|—l,j
em—l—l,j - 5

K ﬁrn,j
o 2,11 W1,
fm(x) = ﬁm,j\ljm(wm,j T @m,j) . C—(%'wm,j'w—b2m+1,j'9m+1,j)
i=1
Jk + ﬁrn-l—l,j . a3rn+l,j //3771,]'
- Ol (B L e LG s e )
= ﬁrn,j Alrn,j 1Y B]-rn,j(wrn,j 1+e W, g 7 7 7
J=1 + ﬁrn+l,j ) CLzllrn-f—l,j
e e — . 2 .
T — @m,j) + AQmJ . G_BQM’J(wm’J 2=Om ;) ﬁm,]
b, s
A37n7j N wrn—l—l,j - w e 9 ' +1,5
14 e=B3m,i(wm ;:3=04 ;) Wynj & I m+1,j
B4
+ A47n:j (w"l:j L= ®"lyj)nl,j' (A6) (Ag)
If we define

On the other handf,.+1(x) can be approximated arbitrarily
we!l by an NAHONN. In cher words, fof,,,+1(x) there exists v  Bgi  0lmgr
weight vectorw,, 41 ;, weights3,,+1 ;, threshold#,,,; ;, and Almt1,; = B

real numbersalnl+l,j7 a2rn+l,j7 a3rn+l,j7 b17n+1,j7 b2rn+l,j7 , b]-rn-l—l j o Wmtl,j T
b3m+17j, a4m+17j, b4m+17j, Clm+17j such that blm-l—l,j = W -
m,j
a2 o ﬁm+1,j i a2m+17j
. Kont1 Ml ﬂrn,j
Fn1(@) = D Bngtj U (Wing 15 T = Omgr ) b V21 Wi T
j=1 m+1l,5 .
; Wi, j* T
Som-1 [j Cead .
. X / _ Mm+1l,y a m—+1,j
=D Pmtry [almﬂ,j (N Wt = 8.,
= Wi v
’ _ Wm4ly Wm0 L
(Wmt1,5 - T = Omt15)) b3m+1,j =
Wm,j * &

b2t 1,5 (Wt 1,5 F g 1,5)°
a2 e +1,5 +1,5 +1.5
t almy1, _ Bmt1y 04me1j

/
a3rn—|—l,j a4"l+1:j [3 .
m,
14+ e—b3m+1,j'(’wm+1,j'90—9m+1,j) +J

/ — .
b4rn+l,j - b4"l+1:]
bdmt1,j

+a4rn+l,j(wrn+l,j L — ern—l—l,j) / o W, - T .0 )
m+1l,7 — A m—+1,j
Wm41,5 - &
kzywl I M—al ;
B |:[37n+1 Jj alrn-l—l i SiHCIm+l’j m+l,j5 — m+1,j
=1

then (A.8) can be rewritten as
X (b1, - W1, & — blimg1j - Ot ) (A-8)

+ B, - 02mi1,5 ¢ P21 (Wt T Orng1,5)” . Kt 1
Bt @3mg1y fmt1(x) = Z Bm.j |:a1;n+l,j -sin®tmrt bl;n+l,j
14 e B3mir jwmpr j@—b3m i1 j-0mi ;) i=1 /
bois X (W @ — m+1,j)
+ Brt1,j04mt 1, (Wit 1,5 - T — Omgr ) N + a2;n+1 i =21 (wm jw—6 Ly )?
(A.7) N a3;n+17j
14+ e VB s Wm gz =00 1 )

wherek,,, 11 is the required number of hidden units ads the
neuron adaptive activation function, is a desired approximant to
fm+1 (x), T € Sm+1- (A.9)

/

/ b4’ .
+ a4nl+l,j(w"lzj L= rn—l—l,j) Al
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Now, if k,,, > kie1, we define

AlmJ, r €S,

A].j = CL].;n_H’j, x € Sm_|_1
07 T € Srn+17 J = krn - krn-f—l
B]-rn,jv UARS] Srn

Bl; = bl;n-i—l,jv x € Sm+1
07 T € Srn+17 J = krn - krn-f—l
A2m7j, z € S

A2j = a2§n+17j, T € Sm+1
Oa HARS Srn-l—la J = krn - krn-l—l
B2rn,j7 VS Srn

B2; = b2:n+l,j7 T € Spyt
Oa HARS Srn-l—la J = krn - krn-l—l
A3rn,j7 LS Srn

A3j = a3§n+17j, T € Sm_|_1
07 T € Srn—l—lv 7 = krn - krn—l—l
B3rn,j7 LS Srn

B3j = b3;n+1,j’ x € Sm+1
07 T € Srn—l—lv 7 = krn - krn—l—l
A4m,,ja r €S,

Adj=qad, 5 TE€Smp
07 T € Srn—l—lv 7 = krn - krn—l—l
B4m,,ja r €S,

Bij= Qb5 € Smin
0, T € Sm-i—la J = K — km-l—l
®rn,j7 T € Srn

©; =9 Oty T E Smyt ‘

0, T € Sm-i—la J = Ky — km-l—l
Clrn,jv HAS] Srn

Olj = Cl;n,-l—l,ﬁ x € Sm_|_1
07 T € Srn+17 J = krn - krn-f—l

(In the case ofk,, < k41, SetAl;, Bl;, A2;, B2;, A3,
B3, A4;, B4;,C1;,0; all to zero whery > min(k1, £2) and
z € S,,.) Then (A.6) and (A.9) can be combined as

k
f(x) = Zﬁm,j

|:A1j . SinCIj Blj(wmﬂ' X — @J)
j=1

A3;

- —B2; (wm, -~ac—@')2
+ A2; P j EE 1 o= 3 (wmy=07)

+ A4j(wm7j - T — @j)B4j:|
k
= iU -z — 0;). (A.10)
j=1

wherez € S = S,,, U S,,41 andk = max(k,,, kmg1)-
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It can be readily seen that (A.10) is a desired approximatioﬁ?“]

to f(x), and that it represents an NAHONN witthidden units,

weight vectorw,, ;, weightsg,, ;, threshold®;,; =1,...,k,

[25]

and piecewise adaptive activation functinThis demonstartes [,

that a piecewise continuous function with+ 1 discontinuous

points can be approximated arbitrarily well by an NAHONN. [27]

Thus, by induction, this completes the proof of Lemma 4.1.
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