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Exact formula for nondiagonal Green’s functions in condensed-matter physics

Tadashi Toyoda
Department of Physics, Tokai University, 1117 Kitakaname, Hiratsuka, Kanagawa, 259-12 Japan

Yasushi Takahashi
Theoretical Physics Institute, University of Alberta, Edmonton, Alberta, Canada T6G 2J1

Chao Zhang
Department of Physics, University of Wollongong, New South Wales 2522, Australia
(Received 18 August 1994)

An exact formula for the nondiagonal part of the one-particle temperature Green’s function is
obtained within the framework of the nonperturbative canonical formulation of the finite-temperature
generalized Ward-Takahashi relation. It is shown that the Landau-level Green’s function for two-
dimensional electrons has a nonvanishing nondiagonal part if the electron-electron interaction is

included.

One of the most successful and most commonly used
methods in studying many-particle systems is the Green’s
function formalism. A many-body Green’s function con-
tains most important physical information such as the
ground-state energy and other thermodynamic functions,
the energy and lifetime of excited states, and the linear
response to external perturbations. In the past decade,
the use of the Green’s function has been developed fur-
ther and generalized to systems of low-dimensionality, for
example, many-electron systems in semiconductor het-
erostructures and quantum wells. These low-dimensional
electronic systems manifest many interesting phenomena
related to many-body effects, especially at low tempera-
tures and under a strong magnetic field.! Most of these
many-body phenomena (e.g., collective excitation, mag-
netotransport, etc.) can be studied by employing the
Green’s function method. In this report, we shall pay
special attention to the nondiagonal part of the many-
body Green’s function. The result will be used to exam-
ine the Green’s function of a two-dimensional electron
gas in a magnetic field.

In quantum many-body theory,
Green’s function

Goyay(T1,72) = —(T‘r{ccxx (Tl)cjx; (t2) 1),

where cf () is the creation operator of a particle with the
quantum number « in the 7-Heisenberg picture,? is gen-
erally not diagonal with respect to a; and a;. Neverthe-
less, approximations assuming Gg,a, X 0a,q, are often
adopted in order to simplify many-body calculations.3™®
A typical example is the Landau level Green’s function
for a two-dimensional electron gas in a magnetic field. We
shall derive an exact formula for the nondiagonal part of
the Green’s function on the basis of the nonperturbative
canonical formulation of the finite-temperature general-
ized Ward-Takahashi relations (FTGWTR).2? Using the
formula we can straightforwardly check if the nondiag-
onal part vanishes. If the nondiagonal part exists, its
magnitude can also be estimated using the formula.

We consider a many-boson (fermion) system described

the one-particle
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in terms of the second-quantized Schrodinger field ¥(r)
and 9f(r) satisfying the equal-time (anti-)commutation
relation

Y(r)ypt () £ 9T )y(r) = 6(r — '), (1)

where the upper plus sign is for fermions and the lower
minus sign is for bosons. For simplicity the spin variables
are omitted. We assume the Hamiltonian of the system
is given as

H = Hy + Hjy:- (2)

The free Hamiltonian Hy contains the chemical potential
term. We define the field operators in the 7-Heisenberg
picture,?

Qr,7) = erH7Q(r)e n HT, (3)

where €(r) is any field operator in the Schrédinger pic-
ture. Introducing a set of eigenfunctions u,(r), we ex-
pand the field operators,

U(r, 1) =Y cp(T)up(r) (4)

P

and

$i(r,7) =Y ch(r)up(r). (5)

The quantum number p can be either discrete or con-
tinuous. If p is continuous, the notation Zp means an
integral. We define a global operator F(7),

F(r) =) &el(r)ep(T) (6)

where &, is a c-number function of p. This F(7) can
be Hy, the total momentum of the system, the total an-
gular momentum of the system, etc., depending on the
choice of u,(r) and §,. Now we follow the nonperturba-
tive canonical formulation of FTGWTR given in Ref. 2.
We start with the identity,

18 640 ©1994 The American Physical Society
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D ATAF()eps (1) epu (T}l (Fntn) -+, (7am)})
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=8(1 — (T {[F(7), cp, (T1)]p; (T2) - - - Cp,, (T,,)c;’,"H (Tnt1) -+ c;,,. (720)})
+6(7 — 72 )(Tr{cp, (T1)[F(7), cp, (T2)eps (73) - - - 5, (Tn)c;rz,.+1 (Tnt1) -+ c;‘;;,. (t2n)}) + -+
+8(7 = T20)(Tr{cp, (T1)Cpa (72)Cps (73) - - - €p, (Ta) e, (Tnt1) -+ [F(7), b, (720)]})

+<T{3§—§) (1) Cpu (Ta)ch, o (Tnt1) -+ b, (m)}> : G

where (---) is the average over the grand canonical ensemble.? Integrating the both sides from 0 to Bh, where

B = 1/kpT, with respect to 7 and taking into account the cyclic invariance of the trace,

{gm +-t £pn - £pu+1

2 we obtain

— s = Epa HTr{ep (12) -+ Cp (Tn)Ch, (Tat1) - -+ (T2n) )

=A”w<ﬂ{

OF (1)

ar Cp1 (Tl) **Cpa (Tn)c;rz,....l (Tn+1) e c;,,, (T2n) }> ) (8)

where we have used [F'(7), cp(7)] = —&pcp(7) and [F(7),c}(1)] = &pc} (7). Now we rewrite (8) in terms of the n-particle

Green’s function,

Gopyr..cbniPrsresb2n (T1y s Tn3 Tty oy Tan) = (_l)n(T‘r{cpl (11) - cp, (.,-n)clf)"ﬂ (Tng1) -+~ c;{z,,. (T2n) 1), (9)

to get the FTGWTR,?

{£P1 + - +£Pn _Epn-u -

If F(7) commutes with the Hamiltonian,

OF(r) _ 1
ar  h
then (10) yields

{£P1 +- 4+ £Pn - Epn+1

[H,F(7)] =0, (11)

_"'—£P2n}

XGPI!'-wpn;Pn-Fls'“’PZn (7-17 <3 Tns Tn+1, "'7TZn) =0. (12)

This equation shows that the Green’s function conserves
the quantity &, that is,

GPly---,Pn;Pn+1,~--,P2u (Tl’ vy Tns Tn4ls ony Tzn)

O(J(EJH +"'+£Pn _gp..+1 _"'_ngn)7 (13)

where (- - -) is either a Kronecker’s § or a § function. In
practical calculations, a linear &,

=ap+tc, (14)

where a and c are constant parameters, is the most use-
ful. Then Eq. (13) simply gives the conservation of the
quantum number p,

GPx.m,Pn;PnH ~~~~~ P2n (7-1’ vy Ty T+l "'77-2'!)

°‘5(P1+"'+Pn—Pn+1—"'—P2n)- (15)

Tt Epzn }GP1,~--,Pn;Pn+1,-~,P2n (Tl’ sy Ty Tl oeey Tzn)

zbqylmm<ﬂ{

OB ey (7)o (F)eh s () =y (720) }> o)

[
If we choose the total momentum

P(r) = /dﬂ/)”(r,’r)(—ihV)z/J(r,T) (16)

for F(7), we get the well-known result for the Green’s
functions,

GP:;P: & 6(p1 ’ Pz) (17)
and

GPle;PaPc & 6(])1 + PpP2,Ps + P4)y (18)

if the Hamiltonian commutes with P.

Now we shall examine the right-hand side of (10),
which is responsible for the nondiagonal parts of the
Green’s function. @~ We consider particularly a two-
dimensional electron gas in a magnetic field, whose
Hamiltonian is assumed to be

H=H0+Hint=H0+H1+H2 (19)
with
Hy = /drqpf(r, T) [2—115 (—2hV + eA/c)2 _ l‘} P(r,7),

(20)

H = / dr Vi (£)91 (5, ) (x, 7) (21)
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H,= / drdr'y (v, 7)91 ¢/, 7)Var—a(r — 1)

xy(r', 7)P(r, 7). (22)
Adopting the Landau gauge, where the vector potential
is given as A = (0, Bz,0) with B the magnitude of the
magnetic field, we can diagonalize Hy in terms of the

Landau level operators, ¢y, and c}vk that correspond to
the eigenfunctions

’U.Nk(l‘) = eiky(ﬁN(:L' — lsz), (23)
where Ip = (hc/eB)/? is the magnetic length and
1 2
on(z) = e /M5 Hy(z/l). (24)

w1/4(1g2N N1)1/2
The operators ¢y and c}vk satisfy

eNkChi + Chienk = Snnid(k — k). (25)
The free Hamiltonian can be written as

Ho =Y {(n+1/2)hw. — p} clypcne (26)
N,k

We assume this Ho(7) for F(7) in the FTGWTR given
|
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by (10). If we put n = 1 and F (1) = Ho(7) in (10), we
get

hwc(N — NG Nenk (T, 7")

Bh
= ——/ d’r<TT{8I(190(T) cNk(Tl)cIv,k,(T')}> - (27)
0 T

Noting
OHT) _ L11(r), Ho(r)) = (Ho(r) + Hisa(r). Ho(r)]
= [Hinu(7), Ho(r)]
= [Hine (), Ho(r) + Hine ()] = - 22ilT) | (35)

we can also write (27) as

hwc(N - N’)GNkler(T, T’)

ph -
-/ df<rrr{——~»—aﬂg;‘ )c~k<n)c§w(7')}>. (29)

Because Hi,(7) contains only the density operator
p(r,7) = ¥1(r,7)y(r, ), the second formula (29) is most
convenient. For the nondiagonal parts Eq. (29) gives

oh - (r
GNkN:k:(T,T’) = WN—,)/O dT<T,{(—9—I%;(—l X cNk('rl)c}v,k,(T')}> (N # N'). (30)

To examine OH;pn(7)/07 we first rewrite Hin(7) given
by (21) and (22) in terms of p(r, 7)

H, = /drVimp(r)p(r, T), (31)

H,= / drdr'Ve_a(r — r')p(r', 7)p(r, 7)

—% /drV(O)p(r,T). (32)

Because the total Hamiltonian commutes with
fdrp(r,T), from Ho(7) we can define the current den-
sity J(r,7) such that

%p(r,r) =-V-J(r,7). (33)
By virtue of this “continuity equation,” we get
OM\(T) _ / de [V Vimp(r)] - 3(r, 7) (34)
or
and
OHa(r) 1 / drdr'Vey_ai(r — ¢')[{V - J(r,7)}
or 2

xp(r',7) + p(r, 7){V"- I(r', 7)}] (35)

= % /drdr'VVel-e‘(r —r') - [J(x,7)p(r',T)
+p(r,7)J(r', 7)) (36)

[

The second term on the right-hand side of (32) does not
contribute to 8Hz(7)/07.

Equations (34) and (36) show that the Green’s func-
tion G NNk Will have nonvanishing nondiagonal parts if
electron-impurity or electron-electron interactions are in-
cluded in the Hamiltonian. The average over the random
impurity configuration may restore the translational in-
variance and allows one to neglect the nondiagonal parts
of the Green’s function,® GNrN'x X NenN'k- However,
the effect of the electron-electron interaction is always
present. A similar technique such as configuration av-
eraging over the impurity distribution cannot be used to
treat the electron-electron interaction, and, therefore, the
Green’s function for a magnetically quantized electron
gas always has a nondiagonal part. Such an effect should
become more important in samples with a weak electron-
impurity interaction, and a lower electron density where
the electron-electron interaction strength exceeds that of
the electron-impurity interaction. In these systems, it is
not sufficient to simply include the diagonal part of the
self-energy correction to evaluate the mass shift and life-
time, but one must also include the contribution of the
nondiagonal part of the Green’s function and the self-
energy.

This work is supported in part by the Australian Re-
search Council (C.Z.) and by the Natural Science and
Engineering Research Council of Canada (Y.T.).



50 BRIEF REPORTS 18 643

'For various reviews on two-dimensional systems under a 4C. Zhang and G. Gumbs, Ann. Phys. (N.Y.) 224, 193 (1993).
strong magnetic field, see The Quantum Hall Effect, edited 5G. Gumbs, D. Huang, C. Zhang, and M. O. Manasreh, J.
by R. E. Prange and S. M. Girvin (Springer-Verlag, New Appl. Phys. 75, 902 (1994).

York, 1990). 8C. Zhang and R. R. Gerhardts, Phys. Rev. B 41, 12850
2T. Toyoda, Ann. Phys. (N.Y.) 173, 226 (1987). (1990).
3A. Isihara, Solid State Phys. 42, 271 (1989).



	Exact formula for nondiagonal Green's functions in condensed-matter physics
	Recommended Citation

	C:\Documents and Settings\nkeene\Local Settings\Application Data\Mozilla\Firefox\Profiles\xmz0r3o5.default\Cache\AA75AB28d01.pd

