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ABSTRACT 
This paper presents a new model that describes the 
behaviour of optical feedback self-mixing interferometry 
(OFSMI).  Compared to the existing model, the proposed 
one does not suffer from the multiple value ambiguity 
problems.  The proposed model is a dynamic one that 
gives a unique relationship between the external target 
moving law and the self-mixing signal (SMS) waveform 
(SMS) when other parameters are given.  A computer 
simulation tool for OFSMI has been implemented to 
generate SMS waveforms and its effectiveness has been 
verified by experimental data. 

1 INTRODUCTION 
The optical feedback self-mixing interferometric effect 

(OFSMIE) occurs when a small fraction of the light 
emitted by a semiconductor laser (SL) is backscattered or 
reflected by an external target and re-enters the laser active 
cavity, resulting in the modulation of both the amplitude 
and the frequency of the laser oscillating field.  Since the 
modulation carries information about the external target as 
well as the SL, the observed emitted power, also called the 
self-mixing signal (SMS), can be used to measure the 
metrological quantities [1,2] as well as the parameters of 
the SL’s itself [3,4].    

The key issue that governs the use of OFSMIE on 
measuring various parameters is the theoretical model that 
describes the relationship between the light phase of the 
external cavity and the self-mixing signals.  In the cases of 
weak optical feedback, the existing model can fully 
describe the OFSMI effect.  In the situations of moderate 
optical feedback, the existing model suffers from multiple 
value ambiguity problems, which yields many possible 
modes for the laser oscillations and the model does not tell 
which mode will actually occur.  However, in practice, 
this uncertainty does not exist as only one stable mode can 
be excited at one time due to modes competition in a SL.  
The above mentioned problems have dampened the use of 
the model for SMS processing and parameter estimation 

based on OFSMI.  
In this paper we will develop a new model that is in 

accordance with the practical reality.  When the 
displacement of external target and the values of other 
parameters associated with the OFSMI are given, the 
waveform of SMS can be obtained based on the new 
model.  The proposed model can be used in the following 
ways.  Firstly, it can be used to simulate the behavior of 
OFSME, which is significant as until now there is still not 
an effective tool to simulate the SMS waveform at the 
moderate feedback yet.  Secondly, the model can be used 
for date-to-model fitting in order to achieve accurate 
estimation of the target movement as well as the 
parameters such as the linewidth enhancement factor (LEF) 
and the optical feedback level factor (OFLF). 

The paper is organized as follows: Section 2 briefly 
reviews the theory of self-mixing optical feedback 
interferometric effect, where a set of well-known 
mathematical models is presented and described.  Then in 
Section 3 the improved model is proposed, in which 
multiple value ambiguity problem is eliminated.  
Computer simulations on the proposed model are 
presented Section 4 in order to show the effectiveness of 
the new model.  Finally Section 5 concludes the paper. 

2 EXISTING THEORETICAL MODEL 
The OFSMI effect has been studied extensively, 

resulting in a well-known mathematical model. There are 
two alternative and equivalent methods for the analysis of 
OFSMI effects: the Long and Kobayashi equations based 
approach[5] and the three-mirror cavity based 
approach[6].  Both approaches yield the same description 
about the behavior of a single-mode SL with optical 
feedback, given by the following equations:  

])(sin[)()( 0 kC FF +⋅−= τφτφτφ                      (1) 

( ) ( )[ ])(1)( 0 τφτφ FF mGPP +=                             (2) 

( ) ( ))(cos)( τφτφ FFG =                                          (3) 
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where )arctan(α=k  and α is the LEF, τωτφ 00 )( =  

and ττωτφ )()( FF = , where ω0 and )(τω F  are the 
angular frequencies of the SL without and with feedback 

respectively; c
L2=τ  , where L is the length of the 

external cavity and c the speed of light;   C is the OFLF. 
In Equation (2) ( ))(τφFP  and P0 are the power 

emitted by the SL with and without the external cavity 
respectively.  It is seen that with the external cavity, the 
emitted power deviated from P0 by a factor of 

( )( )τφFmG  where m is called modulation index (typical 

m=10-3), and ( )( )τφFG  is called the interferometric 
function which gives the effect of the external cavity 
length to the emitted power.  With a self-mixing 
experimental set-up, the emitted power ( )( )τφFP  can be 
observed with respect to different values of τ .  By 
intentionally varying the length of external cavity, a trace 
of ( )( )τφFP  with respect to τ  (and hence time) can be 
obtained which is referred to as self-mixing signal (SMS).   

Equations (1)-(3) describe the relationship between the 
observed self-mixing signals, parameters α and C, and the 
length of external cavity, which implies that the observed 
self-mixing signal contains information about the 
parameters and the external cavity length.  Many 
applications have been implemented based on this 
principle, such as the LEF measurement [3,4] and other 
metrological quantity measurements [1,2, 5, 7].   

Obviously Equations (1)-(3) play a crucial role in the 
above applications.  It is desired that Equations (1)-(3) are 
sufficient to accurately describe behavior of the self-
mixing effect.  For this reason we revisit these equations 
as follows. 

In order to get deeper understanding of the existing 
model, let us rewrite Equation (1) as follows: 

]sin[ kyCxy +⋅−=                                            (4) 

where )(0 τφ=x  and )(τφFy = .  Logically y (the 
phase with feedback) is a function of x (the phase without 
feedback).  However, the mapping from x to y may not be 
unique.  Hence we consider the following relationship: 

]sin[ kyCyx +⋅+=                                                 (5) 
Firstly we look at the gradient of x with respect to y as 
follows: 

]cos[1 kyC
dy
dx

+⋅+=                                              (6) 

By letting the above gradients to zeros we can show that 
there are two possible maximum or minimum points for x 
within each of the interval [ ]ππ )1(2,2 +mm  for y, where 
m=0, 1, 2, ….: 

kmym −+= 01, 2 φπ                                                   (7) 

kmym −−+= 02, )1(2 φπ                                         (8) 

where ⎟
⎠
⎞

⎜
⎝
⎛−=

C
1arccos0φ  and πφ << 00 .  The values 

of x at these two points are: 

kCmxm −−++= 12 2
01, φπ                             (9) 

kCmxm −−−−+= 1)1(2 2
02, φπ                  (10) 

In order to see the nature of these two points, we derive 
the second order gradients of x with respect to y at those 
points as follows: 

01]sin[ 2
1,2

2

1,

<−−=+⋅−=
=

CkyC
dy

xd
m

yy m

   (11) 

01]sin[ 2
2,2

2

2,

>−=+⋅−=
=

CkyC
dy

xd
m

yy m

   (12) 

Hence x exhibits a maximum at  and a minimum 

at .  
1,my

2,my
The above analysis also reveals the possible excited 

modes of the SL.  When C<1, for any specific x there is a 
unique solution for y, that is, there is only a single mode in 
this situation.  However, with the increase of C there may 
be multiple possible solutions for y for a specific value of 
x as can be seen from the following: 

Three possible excited mode region: It is seen that 
there may be three possible solutions for y when 

 and 2,01,0 xx > 2,11,0 xx < .  implies that  

C>1.  From 
2,01,0 xx >

2,11,0 xx <  we have: 

kCkC −−−−<−−+ 141 2
0

2
0 φπφ        (13) 

or 

πφ 212
0 <−+ C                                                   (14) 

solving the inequity for C gives: 
                             6.4<C                                           (15) 

Hence we conclude that there are three modes for SL 
when 1<C<4.6, which is consistent with the results 
reported [5].  We call the situation a moderate feedback 
range.  

Five possible excited mode region: Also there can be 
five possible solutions for y when the first maximum is 
greater than the second minimum (i.e. C>4.6) but smaller 
than the third minimum i.e.  which means: 2,21,0 xx <

kCkC −−−−<−−+ 161 2
0

2
0 φπφ       (16) 

or 

πφ 312
0 <−+ C                                                (17) 

Solving (17) for C gives 
                              79.7<C                                       (18) 
 Hence we can say that there are five possible modes 
when 79.76.4 << C .  

Similarly if we increase C further, there are seven 
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possible modes when .   However, the 
OFSMIE effect may not exist in these cases. 

95.1079.7 << C

3 THE NEW MODEL 
Section 2 reveals that at the weak optical feedback where 
C<1, there is a unique mode for the resulting phase, and 
hence equations (1)-(3) are sufficient to describe the 
OFSMI.  At the moderate or strong feedback, there are 
multiple possible excited modes.   Hence it is necessary to 
work out a theoretical model that is consistent to what 
happens in practice. 

In the cases that 1<C<4.6, there are the following 
different situations: 

1. when  there is an unique y 
which implies a single  model for the SL; 

2,11, +<< mm xxx

2. when , there are three solutions 
for Equation (1), that is, three possible  modes; 

1,2, mm xxx <<

There is no problem with the single mode region. 
However, in the three modes regions, the model in 
Equation (1) does not specify which model will occur in 
practice.  In other words, Equation (1) is not able to fully 
describe the behaviour of the SL.  Hence it is necessary to 
build an improved model that complete describes what 
happens in practice.  

In addition to the existing model in Equations (1)-(3), 
extensive experimental work has been done during the 
past years and it is well-known that although there are 
three solutions for Equation (1), only one mode will be 
excited in any specific situation, and the excited mode can 
be determined according to the following rules: 

1. when x increases, y will also tend to increase. In 

other words, 0≥dx
dy ; 

2. when x varies continuously, y will also tend to 
vary continuously, unless there is nowhere to go 
to keep the continuity; 

By combing the two rules above to Equation (1), we 
have the new model described by systematic block 
diagram in Figure 1. 
 

Equation (1)
x(n)

Decision

delay delay

+
-

+

y(n)

 
Figure 1.  The systematic block diagram  for determing the excited 

mode of the model   

 

In Figure 1 and  denote the values of )(nx )(ny
)(0 τφ  and )(τφF  at the time instance n respectively. 

The decision block is implemented to select the correct 
 from the three possible solutions of Equation (1), 

which is described as follows: 

)(ny

Step 1: We use y1, y2 and y3 to save the three possible 
solutions for Equation (1).  If Equation (1) has only one 
solution y1, set y2=INF and y3=INF; If it has two 
solutions y1 and y2, we will make y1<y2 and set the third 
one y3=INF; if it has three solutions, we will make 
y1<y2<y3.  Here INF is a very large number which is not a 
possible solution of  for any given . )(ny )(nx

Step 2: Check the three solutions against the condition 
yi ≠ INF (for i=1,2,3) discard the ones if the condition is 
not met;  

Step 3: Check the three solutions against the condition 

0≥
= yiydx

dy  (for i=1,2,3) and discard the ones if the 

condition is not met.   In the case of three solutions, the 
middle one will be discarded, and we will rearrange the 
two solutions and save them as y1 and y2; 

Step 4:  If only y1 is left after Steps 2 and 3, we 
have 1)( yny = , go the Step 1 for next input sample;  If  
y1 and y2 are left after Steps 2&3, go to Step 5; 

Step 5: if 0)1()( >−− nxnx  (i.e. increases) we 
choose 

)(nx
yiny =)(  if  and 0)1( >−− nyyi

)1()1( −−<−− nyyjnyyi  for 2,1, =ji  and 

ji ≠ .   If 0)1()( <−− nxnx  (i.e.  decreases)  
we choose 

)(nx
yiny =)(  if 0)1( <−− nyyi  and 

)1()1( −−<−− nyyjnyyi  for 2,1, =ji  and 

ji ≠ .    
The model in Figure 1 gives unique relationship 

between the moving law of the external target and the 
SMS waveform when α and C are given.  Obviously the 
multiple value ambiguity problem has been eliminated.  

4 SIMULATION RESULTS 
A computer simulation tool for OFSMI has been 

developed based on the model in Figure 1.  The input 
arguments for the tool are a, C as well as the variance of 
the external cavity length with time .  With the 
software tool SMS waveforms incorporating various 
parameter values of a and C have been generated.  In order 
to verify the effectiveness of the proposed model we 
compared the results with experimental SMS data 
recorded in our laboratory.  The SMOFI experimental 
setup used for generating SMS is shown in Figure 2. The 
SL is biased with dc current; a lens is used to focus the 
light emitted by the SL on the target.  A metal plate is used 
as the target, which is made to vibrate harmonically by 
positioning it close to a loudspeaker driven by a sinusoidal 
signal.  The SMS is detected by the monitor photodiode 
(PD) and is amplified by a trans-impedance amplifier.  
The amplified signal is then acquired by personal 
computer via an A/D card with sampling frequency of 
20KHz. 

)(nx
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Figure 2. The experimental OFSMI system  

 

 
(a) 

 
(b) 

Figure 3 Recorded SMS Waveforms: (a) weak 
optical feedback level a=3.71 , C=0.5； (b) 

moderate optical feedback level a=3.71 , C=2.4  

 

 
(a) 

 
(b) 

Figure 4 Simulated SMS Waveforms: (a) weak 
optical feedback level a=3.71 , C=0.5； (b) 

moderate optical feedback level a=3.71 , C=2.4  

We recorded various SMS waveforms and estimated the 
values of a and C using the approaches developed in [7].  
Figure 3 gives two SMS waveforms in the cases of weak 
and moderate feedback respectively.  For comparison 

purpose, the simulated SMS waveforms with the same 
parameter values are depicted in Figure 4.  It is seen that 
the simulated SMS waveforms are very close to the actual 
ones.  Hence we can say that the proposed model is able to 
describe the OFSMI.   

It should be mention that with the proposed model, 
various data fitting techniques can be developed for 
measuring the values of a and C as well as the 
displacement or movement of the external target. 

5 CONCLUSION 
This paper has presented a new systematic model for the 

OFSMI systems.  Compared to the existing model, the 
proposed one is a dynamic one in which the multiple 
solution ambiguity problem is totally eliminated.  The 
model gives a clear and unique relationship between the 
variance of external cavity length and the SMS waveforms 
when parameters a and C are given.  The model can be 
used as a simulation tool to study the effect of these 
parameters to the SMS waveforms, and it can also be used 
to develop various parameter estimation and meterological 
quantities based on OFSMI systems. 
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