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Magneto-optical Franz-Keldysh effect of an electron gas subjected to quantizing
magnetic fields and intense terahertz laser fields

W. Xu*
Department of Engineering Physics, University of Wollongong, Wollongong NSW 2522, Australia

�Received 22 February 2001; published 31 August 2001�

When a three-dimensional electron gas is subjected to quantizing magnetic fields and intense laser fields in
the Faraday geometry, the maximum electron density of states will be shifted by an energy Eem

�(eF0)2/�4m*(�2��c
2)� , where � and F0 are, respectively, the frequency and the electric-field strength of

the laser field and �c is the cyclotron frequency. This will result in a shift in the fundamental absorption edge
by Eem , known as the magneto-optical Franz-Keldysh effect �MOFKE�. In this paper, the MOFKE is studied
theoretically for a semiconductor-based electron gas system where terahertz free-electron lasers are employed
as intense laser radiation sources.

DOI: 10.1103/PhysRevB.64.113310 PACS number�s�: 78.20.Ls, 71.20.�b, 78.40.Fy

In recent years, there has been a rapid expansion in the
development of coherent, high-power, long-wavelength, and
frequency-tunable radiation sources such as terahertz �THz�
or far-infrared free-electron lasers �FEL’s�. The current gen-
eration of FEL’s can provide linearly polarized laser radia-
tion in the form of a pulsed and/or continuum wave. Since
1995, the THz FEL’s have been successfully applied in sci-
entific research into nonlinear transport and optical proper-
ties in different semiconductor devices.1 Motivated by the
development and application of these state-of-the-art laser
technologies, in this paper, I report on the theoretical study
of how electrons in a semiconductor response to linearly po-
larized intense THz laser fields in the presence of strong
static magnetic fields.

It is well known that when an electron gas is subjected to
a strong d.c. field, the electron density of states �DOS� will
be blueshifted by the energy of the electric field. As a con-
sequence, the fundamental absorption edge will also be blue-
shifted, which is known as the Franz-Keldysh effect �FKE�.2

A similar phenomena occurs when an intense laser field is
applied to an electron gas system, where the electron DOS
and the fundamental absorption edge are blueshifted3,4 by an
energy Eem�(eF0)2/(4m*�2), where m* is the effective-
electron mass and � and F0 are, respectively, the frequency
and the electric-field strength of the radiation field. This is
electrically analogous to the FKE and the effect has been
named as the dynamical Franz-Keldysh effect �DFKE�.5 Very
recently, the blueshift of the fundamental absorption edge by
Eem in GaAs-based two-dimensional electron gas �2DEG�
systems has been successfully observed experimentally using
THz FEL’s as intense laser radiation sources.6

A recently achieved experimental setup has made it pos-
sible to perform transport and optical measurements of a
semiconductor device in strong magnetic fields and THz FEL
fields.7 When we consider that an electronic system is sub-
jected simultaneously to quantizing magnetic fields and to
intense THz laser fields, we enter a regime with different
competing energies, such as the Fermi, cyclotron, photon,
plasmon, and phonon energies. These energies �frequencies�
can be of the order of meV �THz�. This offers us the possi-
bility of observing THz photon-induced novel quantum ef-
fects. In fact, the distinctive features of an electronic system

in high magnetic fields and intense laser fields have been
noticed in early theoretical work8 where the electronic struc-
ture and impurity states were investigated. In this paper, I
examine a rather simple phenomena that may be observable
using the state-of-the-art laser and high magnetic-field tech-
nologies.

As in other studies, in the investigation of electronic and
optical properties of an electron gas in strong magnetic fields
and intense laser fields, the electron DOS is one of the cen-
tral quantities required to determine and to understand al-
most all physically measurable properties. In the present pa-
per, I employ a nonperturbative approach to obtain the
electron DOS for an ideal three-dimensional electron gas
�3DEG� in the presence of strong magnetic fields and intense
laser fields in the Faraday geometry. I consider the situation
where a magnetic-field B and a laser field Ax(t) are applied
along the z axis of a 3DEG, and the laser field is polarized
linearly along the x direction. In this configuration �known as
the Faraday geometry�, the magnetic field couples to the la-
ser field and, as a result, cyclotron resonance �CR� effect can
be expected. In this case, the most convenient gauge for de-
scribing the two uniform fields is

��R,t ��0 and A�R,t ���Ax� t �,Bx ,0� , �1�

where R�(x ,y ,z). After using the dipole approximation for
the electromagnetic �EM� field, we can write Ax(t)
�A0 sin(�t), where � is the frequency of the radiation and
A0�F0 /� with F0 being the electric-field strength of the
EM field. Thus, the electron Hamiltonian can be written as

H� t ��
1

2m* ��px�eAx� t �	2��py�eBx �2�pz
2� ,

�2.1�

where m* is the effective electron mass and px��i
�/�x is
the momentum operator. The time-dependent Schrödinger
equation

i
���R,t �/�t�H� t ���R,t � �2.2�

can be solved analytically and the time-dependent electron
wave function is obtained as
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�N ,ky ,kz
�R,t ��ei�kyy�kzz �e�iEem
0� t �/
e�i�En�Ekz

�Eem�t/


��N�x�X �eix0�x�X �/l2. �3�

Here, ky is the electron wave vector along the y direction,
Ekz

�
2kz
2/2m*, X�X(t)��l2ky�x1(t) with l

�(
/eB)1/2 being the radius of the ground cyclotron orbit,
and EN�(N�1/2)
�c is the Landau level �LL� energy with
N�0,1,2,..., and �c�eB/m* being the cyclotron frequency.
Furthermore, in Eq. �3�

x0�x0� t ���
eF0

m*�

�c sin��t ��� sin��0t �

�2��c
2 ,

x1�x1� t ��
eF0

m*
cos��t ��cos��ct �

�2��c
2 ,


0� t ��
�c

2/�

�2��c
2 �3�c

2��2

2�c
2 sin�2�t ��

�

�c
sin�2�ct �

�4 sin��t �cos��ct �� ,
Eem�

�eF0�2

4m*��2��c
2�

,

is an energy induced by the radiation and magnetic fields,
and

�N�x ���2NN!� /2l ��1/2e��x/l �2/2HN�x/l �,

with HN(x) being the Hermite polynomials.
With the time-dependent electron wave function, we can

derive the retarded propagator or Green’s function for elec-
trons in (R,t)- or �space, time�-representation

G�R,t;R�,t����
i



�� t�t�� �

N ,ky ,kz

�N ,ky ,kz
* �R�,t���N ,ky ,kz

�R,t �, �4�

which satisfies

� i

�

�t
�H� t ��G�R,t;R�,t����� t�t����R�R��. �5�

The Green’s function in (K,t)- or �momentum, time�-
representation, G(K;t ,t�) with K�(kx ,ky ,kz), can be ob-
tained by the space Fourier transform of G(R,t;R�,t�). After
averaging G(K;t ,t�) over K, we obtain the Green’s function
in time representation

G� t ,t���G�
 ,T �

��
i




��
�

2�l2 �
N ,kz

e�i�EN�Ekz
�Eem�
/


�e�iAe�B/2LN�B�, �6�

where 
�t�t� is the time ‘‘relative coordinates,’’ T�(t
�t�)/2 is the time ‘‘center of mass,’’ LN(x) is the Laguerre
Polynomial,

A�
Eem


� � 2�c
2

�2��c
2�cos�2�T �� ,

and

B�
4Eem�c


�2 ��2��c
2

�2��c
2�cos�2�T ��sin2� �


2 � .

The Fourier transform �or average over time 
� of G(
 ,T) is
given by

G�E ,T ��
1

2�l2 �
N ,kz

�
m���

�
FNm�cos�2�T ��

E�EN�Ekz
�Eern�m
��i�

,

�7�

where an infinitesimal quantity i� has been introduced to
make the integral converge, E is the electron energy and

FNm�y ��
��1 �m

� �
0

�

dx cos�mx�C sin x �

�e�D�1�cos x �/4LN�D2 �1�cos x �� ,
with

C�
Eem


� � 2�c
2

�2��c
2�y � and D�

4Eem�e


�2 ��2��c
2

�2��c
2�y � .

In Eq. �7�, m is induced by the Fourier transform and corre-
sponds to emission and absorption of photons with energy
m
� . Therefore, m is an index for different optical channels,
i.e., m�0(m�0) for m-photon absorption �emission� and
m�0 for elastic optical process. By averaging T in Eq. �7�
over a period of the radiation field, the Green’s function in
spectrum representation is obtained as

G�E ��
1

2�l2 �
N ,kz

�
m���

�
FNm

E�EN�Ekz
�Eem�m
��i�

,

�8�

where FNm�(1/2�)�0
2�dxFNm�cos(2x)�.

The steady-state electron DOS is determined by the
imaginary part of the retarded Green’s function in spectrum
representation, which reads

D�E ��
�2m*/
2�1/2

2�2l2 �
N�0

�

�
m���

�

FNm

�
��E�EN�Eem�m
��

�E�EN�Eem�m
�
. �9�
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For the case of a high-frequency (��1) and/or a low-
intensity (F0	1) radiation field, entailing Eem→0, Eq. �9�
becomes that obtained in the absence of the radiation field.

In the nonperturbative approach developed here in obtain-
ing the Green’s function for electrons and the electron DOS,
the effects of the magnetic and radiation fields are included
exactly. In an electronic system, when magnetic field couples
to the radiation field, the CR effect should be present. This
can be seen in the time-dependent electron wave function
�Eq. �3��, the Green’s function for electrons �Eqs. �4�, �6�–
�8�� and in the electron DOS �Eq. �9��. In the presence of the
radiation fields, electrons in the system can interact with the
radiation field via absorption and emission of photons, in-
cluding multiphoton processes. This has been reflected in the
Green’s function �Eq. �8�� and in the electron DOS �Eq. �9��,
where a factor FNm plays a role in switching different optical
channels for different LL’s. Furthermore, the coupling of the
magnetic and radiation fields to the electronic system results
in the energy of the system being shifted by the energy Eem .
This implies that for a 3DEG subjected to a strong magnetic
field and an intense laser field, the maximum electron DOS
will be shifted by the energy Eem and, as a result, the funda-
mental absorption edge will also be shifted by Eem . Thus, for
the present situation, the Franz-Keldysh effect should be ob-
served through the shift of the fundamental absorption edge
by an energy Eem�(eF0)2/�4m*(�2��c

2)� . Since this ef-
fect occurs in the presence of coupled magnetic and laser
fields and is fundamentally different from those observed in
the absence of the magnetic field, we call it here as magneto-
optical Franz-Keldysh effect �MOFKE�.

In contrast to the DFKE observed in the absence of a
magnetic field, where only a blueshift can be observed, the
presence of the magnetic field will lead to a phenomenon
that both blue (���c) and red (���c) shifts can be mea-
sured in the MOFKE. When the condition of the CR is sat-

isfied, i.e., ���c , the electronic transitions are mainly
achieved via inter-LL transition events and the shift of the
MOFKE cannot be measured.

Now I will discuss numerical results obtained for a GaAs-
based 3DEG system. In Fig. 1, the contribution from differ-
ent optical channels to the electron DOS is shown for the
lowest LL N�0 at a fixed magnetic field and a fixed radia-
tion field. It should be noted that �1� the maximum electron

FIG. 1. Contribution from different optical channels to electron
density of states �DOS� for the Landau level (LL)N�0 at a fixed
magnetic field and a fixed radiation field. The solid curve is the total
DOS for the 0th LL, m�0(m�0) corresponds to a channel for
m-photon absorption �emission�, and Ec�
�c .

FIG. 2. Electron DOS for the 0th LL at a fixed magnetic field for
different radiation fields: �1� f �1.5 THz and F0�5 kV/cm �solid
curve�; �2� f �2.6 THz and F0�5 kV/cm �dashed curve�; and �3�
F0�0 �dotted curve� corresponds to the case in the absence of the
radiation field and the maximum DOS appears at E�Ec/2. Ec

�
�c .

FIG. 3. Fermi energy, measured from the energy Eem , versus
magnetic field at a field radiation frequency for different radiation
intensities. Ne is the electron density and EN is the Nth LL energy.
Note that the cyclotron resonance effect occurs at �c�� .
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DOS appears when a channel for elastic optical scattering
�i.e., m�0� opens up; �2� in the presence of the radiation
field, the electron DOS can be present in the lower and even
negative energy regime, due to the presence of channels for
optical emission; and �3� a step increase in the DOS can be
observed when an optical channel for m-photon absorption
or emission opens up. In Fig. 2, the electron DOS for the 0th
LL is shown at a fixed magnetic field for different radiation
fields. F0�0 �dotted curve� corresponds to the case in the
absence of the radiation field. We see that at a fixed radiation
intensity F0 , red �solid curve� and blue �dashed curve� shifts
of the DOS can be achieved via varying the radiation fre-
quency. We can determine the Fermi energy of the system by
introducing the electron DOS into the condition of electron
number conservation. The Fermi energy, measured from the
energy Eem , is plotted in Fig. 3 as a function of magnetic
field at a fixed radiation frequency for different radiation
intensities. Here it is noted that �i� with increasing radiation
intensity, a stronger CR effect is observed in Fermi level; �ii�
when �c��(�c��) the Fermi energy increases �decreases�

with increasing F0 ; and �iii� some fine structures induced by
different optical processes can also be observed in the Fermi
energy.

In this paper, I have demonstrated that when an electron
gas is subjected to intense laser fields and to strong magnetic
fields, the maximum electron DOS and, as a result, the fun-
damental absorption edge will be shifted by an energy Eem
�(eF0)2/�4m*(�2��c

2)� . In contrast to the DFKE ob-
served at B�0 where only a blueshift can be seen, I predict
that in the presence of the strong magnetic fields, both red
and blue shifts of the MOFKE can be measured. For a semi-
conductor system, the MOFKE can be observed when B
�1 T, F0�10 kV/cm and ��1 THz. The radiation condi-
tion has been realized by the current generation of the THz
FEL’s. I therefore hope that the phenomena predicted in this
paper will be verified experimentally.

The author is a Research Fellow of the Australian Re-
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