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Induced charge-density oscillation under a quantizing magnetic field
and intense terahertz radiation
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The time-dependent Schrödinger equation for a two-dimensional electron gas in a strong magnetic field and
an intense terahertz laser field is solved by constructing unitary transformations. We calculate the charge-
density fluctuation under a weak probing potential. It is found that the induced charge density oscillates rapidly
in time with two characteristic frequencies, the cyclotron frequency and the laser frequency.

DOI: 10.1103/PhysRevB.67.075105 PACS number�s�: 71.10.Ca, 71.70.Di

I. INTRODUCTION

Terahertz frequency resonantly matches with virtually all
characteristic energies in low-dimensional semiconductors,
such as quantum wells and quantum wires. Because of this
energy resonance, terahertz radiation plays an important role
in understanding the electronic and optical properties of low-
dimensional semiconductor systems and many optoelectronic
devices. Recently there has been a rapid development of tun-
able terahertz �THz� laser sources based on semiconductor
structures,1,2 and a widely tunable continuous-wave terahertz
�THz� generation was achieved experimentally in strained
Ge.3 These radiation sources can provide linearly polarized
laser radiation in the terahertz regime.4–11 THz lasers have
been applied to an experimental investigation of nonlinear
transport and optical properties in electron gases such as
low-dimensional semiconductor systems. Many interesting
terahertz phenomena have been investigated, including reso-
nant absorption,4 the photon enhanced hot-electron effect,7

THz photon-induced impact ionization,8 the LO-phonon
bottleneck effect,9 THz photon assisted tunneling,10 THz cy-
clotron resonance,11 and the Thz switching effect in resonant
tunneling diodes.12–14

The problem of an electron subjected simultaneously to a
quantizing magnetic field and an intense terahertz laser is of
particular interest due to the interplay between terahertz pho-
tons and cyclotron orbits. In the previous work,15,16 we cal-
culated the electronic states using unitary transformations for
a free electron in a magnetic field. If the laser field is polar-
ized in the y direction and the Laudau gauge is used for the
static magnetic field, these unitary transformations depend
on t, x, and px .

In this work, we study the problem of electronic proper-
ties of a two-dimensional electron moving in a weak poten-
tial V(x ,y) under a quantizing magnetic field and an intense
laser. We first construct the unitary transformations that
eliminate the laser field. For a weak potential V(x ,y), the
problem can be solved with two different approaches. In the
first approach, one constructs the unitary transformations in
the absence of V(x ,y) and obtains the exact wave function in
the presence of the magnetic field and the laser field. One

then use this time-dependent wave function as the base state
to calculate the wave function to the lowest order in V(x ,y).
In the second approach, one constructs unitary transforma-
tions in the presence of V(x ,y), such transformations will be
dependent on all dynamical variables t ,x ,px ,y , and py . Af-
ter eliminating the laser field, the potential V(x ,y) becomes
time dependent, V�x(t),y(t)� . One can then obtain the ap-
proximate wave function to the first order of this time-
dependent potential. These two approaches are equivalent for
the single electron states. However, the statistical properties
of many electron systems cannot be easily defined in the first
approach because the base states are not formed by eigen-
functions. This problem can be avoided in the second ap-
proach. In this work we shall use the second approach to
calculate the density fluctuation due to V(x ,y).

II. UNITARY TRANSFORMATIONS

We consider a two-dimensional electron gas under a uni-
form static magnetic field and an intense laser radiation. We
choose the static magnetic field to be along the z direction
and the laser electric field to be along the y direction, E(t)
�E sin(�t)ey , where E and � are the amplitude and fre-
quency of the laser field. We use the following vector poten-
tials for the static magnetic field Ab and the time-dependent
laser field Ae(t):

A�Ab�Ae� t �, �1�

Ab�Bxey , �2�

Ae� t ��A� t �ey�
Ec

�
cos��t �ey , �3�

where B is the magnetic flux density. Then the Hamiltonian
for the Schrödinger equation,

i�
�

�t
�	� t �
�H� t ��	� t �
, �4�

is given as
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H� t ��
1

2m*
p̂x

2�
1

2m*
� p̂ y�

e

c
Bx̂�

e

c
A� t � � 2

�V� x̂ , ŷ �,

�5�

where m* is the electron effective mass and e is the electron
charge. The last term in the Hamiltonian is an external po-
tential with an explicit dependence on the spatial coordi-
nates. Following Refs. 12 and 16, we define the unitary
transformation

�	� t �
�U� t ���� t �
, �6�

with the unitary operator

U� t ��exp� i

�
u1� t � � exp� i

�
u2� t �x̂ � exp� i

�
u3� t � p̂x�

�exp� i

�
u5� t � p̂ y � . �7�

Now we require that the Schrödinger equation for the state
��(t)
 does not contain the A(t) term, i.e.,

i�
�

�t
��� t �
�
H0�V� x̂�u3� t �, ŷ�u5� t ������ t �
 �8�

with

H0�
1

2m*
p̂x

2�
1

2m*
� p̂ y�

e

c
Bx̂ � 2

. �9�

This requirement leads to the following differential equations
for the ui(t)’s:

� u̇1� u̇2u3�
1

2m*
� eB

c
u3�

e

c
A� t � � 2

�
1

2m*
u2

2 , �10�

� u̇2�
�eB

m*
� eB

c
u3�

e

c
A� t � � , �11�

� u̇3�
1

m*
u2 , �12�

� u̇5�
1

m*
� eB

c
u3�

e

c
A� t � � . �13�

To solve these differential equations we impose the initial
condition that

u1�0 ��u2�0 ��u3�0 ��u5�0 ��0. �14�

The solutions are

u1� t ��
e2E2

2m* � 1

�c
2��2� 2� �c

3

2�2
sin�2�ct �

�
�

4 � 3�c
2

�2
�1 � sin�2�t ��� �c

2��2

2 � t

�
�c

3

�2

sin���c���t��sin���c���t��� , �15�

u2� t ��eE� �c

�c
2��2� ���c

�
sin��ct ��sin��t �� , �16�

u3� t ��
eE

m*

�c

� � 1

�c
2��2� ��cos��ct ��cos��t �� ,

�17�

u5� t ��
eE

m* � 1

�c
2��2� ��c

�
sin��ct ��sin��t �� . �18�

We note that the electron charge density is unchanged
under these unitary transformation, i.e., �	�2��U��2.

III. CHARGE FLUCTUATION

The function � now satisfies Eq. �8�. To solve this equa-
tion, we make use of the fact that V is a weak perturbation
even in the oscillatory system. Therefore, we solve the wave
function � to the lowest order in V. The solutions for V
�0 are given by Laudau levels �nky

,

�nky
�x ,y ,t ��

1

�L
eikyy�n�x�x0�e�(i/�)�nt, �19�

where L is the size of the sample, x0�ky /(eB)�kyl2 is the
center coordinator, and l is the magnetic length, �n�(n
�1/2)��c (�c�eB/m) is the cyclotron energy, and � is the
wave function for a linear harmonic oscillator.

We now employ this time-dependent wavefunction to cal-
culate the electronic state in the potential V. The wave func-
tion of an electron under a local potential can be expanded
using the Landau states

�nky
�x ,y ,t �� �

n�ky�

�n�n�k

y�ky
�an�k

y�
� t ��eiky�y

���x�x0��e�(i/�)�n�t. �20�

The coefficient anky
(t) can be obtained using the time-

dependent perturbation method. Let us write the local poten-
tial as

V�x�u3� t �,y�u5� t ��

�� dq�eiqx�[x�u3(t)]eiqy�(y�u5(t))V�q��. �21�
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Making using of the generating function of the Bessel
function,

ei� sin x��
m

Jm���eimx, ei� cos x��
m

imJm���eimx,

�22�

where Jm is the Bessel function of the first kind, the potential
can be written as

V�x�u3� t �,y�u5� t ��

�� dqeiqxxeiqyyV�q� �
m1 ,m2

im1�m2Jm1
�qx�b�c /��

�Jm2
��qx�b�c /��ei(m1�c�m2�)t

� �
m3 ,m4

Jm3
��qy�b�c /��Jm4

�qy�b�ei(m3�c�m4�)t,

�23�

where �b�eE/�m*(�c
2��2)� . We assume that the local po-

tential is weak and use the time-dependent perturbation to
calculate the change of electronic state. The first order cor-
rection can be written as

an�k
y�
� t ��

1

i�� dqV�q� �
m1 ,m2

im1�m2Jm1
�qx�b�c /��

�Jm2
��qx�b�c /�� �

m3 ,m4

�Jm3
��qy�b�c /��Jm4

�qy�b�

��
��

t

dt�e (i/�)(�n���n)t�ei(m1�c�m2�)t�

�ei(m3�c�m4�)t�
1

L

�� dye�i(ky��ky�qy)yM n�n�qx ,ky� ,ky�. �24�

The integration over x and y yields

M n�n�qx ,ky� ,ky�

�� dx�n��x�x0��eiqxx�n�x�x0�

�exp� �
l2q2

2 � exp� il2kyqx�exp� i

2
l2qxqy � � 2n�n�!

2n�n�!
�

1
2

�ln��n���qy�iqx�n��n�Ln�

n��n�� l2q2

2 � . �25�

Here n�(n�) is the larger �smaller� of (n ,n�). Combining
these results, we obtain

an�k
y�
� t ���� dqV�q��k

y� ,ky�qy�
m�
I�
m�,qx ,qy�

�Dn�n�
m��E�
m�,t ��e (i/�)(�n���n)t

�M n�n�qx ,ky�qy ,ky�, �26�

where we have defined

�

m�

��
m1

�
m2

�
m3

�
m4

, �27�

I�
m�,qx ,qy��im1�m2Jm1� qx�b�c

� � Jm2� �qx�b�c

� �
�Jm3� �qy�b�c

� � Jm4
�qy�b�, �28�

E�
m�,t ��ei(m1�m3)�ct�i(m2�m4)�t, �29�

and

Dn�n�
m���
1

�n���n��m1�m3���c��m2�m4���
.

�30�

Now the wave function up to the first order is given as

�nky
�r,t ���nky

�r,t �� �
n�ky�

an�k
y�
� t ��n�k

y�
�r,t �

�
1

�L
eikyye�

i
� �nt� �n�x�l2ky��� dqV�q��


m�

�I�
m�,qx ,qy��E�
m�,t �eiqyy�n�x�x0��

��
n�

M n�n�qx ,ky�qy ,ky�Dn�n�
m��� , �31�

where x0��(ky�qy)2. The fluctuation of charge distribution
�induced charge density� can now be calculated:

�nky
�r,t ���e
�U�nky

�r,t ��*U�nky
�r,t �

��U�nky
�r,t ��*U�nky

�r,t ��. �32�

Neglecting high order terms in V, we obtain
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�nky
�r,t ��

�e

L
�n�x�x0�u3� t ��� dqV�q�

��

m�

I�
m�,qx ,qy��
n�

Dn�n�
m��

��n��x�x0��u3� t ���M n�n�qx ,ky�qy ,ky�

�E�
m�,t �eiqy[y�u5(t)]��� �m1�m2M n�n
*

��qx ,ky�qy ,ky�E*�
m�,t �e�iqy[y�u5(t)]� .

�33�

We now take the Fourier transformation, �nky
(q,t)

��dre�iq"r�nky
(r,t),

�nky
�q,t ��

�e

L � dq�V�q���

m�

I�
m�,q���
n�

Dn�n�
m��

�e�iqx�u3(t)�M n�n��qx� ,ky�qy ,ky�M n�n

��qx ,ky�qy ,ky�E�
m�,t �e�iqyu5(t)�q
y� ,qy

��� �m1�m2M n�n��qx� ,ky�qy ,ky�M n�n
*

��qx ,ky�qy ,ky�E*�
m�,t �eiqyu5(t)�q
y� ,�qy

� .

�34�

Integrating over ky results in a delta function �(qx�qx�) for
the first term in the square bracket and �(qx�qx�) for the
second term. Now for the second term in the square bracket,
we change mi to �mi (i�1,2,3,4) and make use of the fact,
J�m(x)�(�1)mJm(x). We obtain the following result for
the density fluctuation:

�n�q,t ��
�2�e

l2
V�q�e�iqxu3(t)e�iqyu5(t)

��
n�

Cnn�� t ��

m�

I�
m�,q�E�
m�,t �

�� 1

�n���n��m1�m3���c��m2�m4���

�
1

�n���n��m1�m3���c��m2�m4���
� ,

�35�

where

Cnn��q ��
n�

n�
exp��Y �Y (n��n�)�Ln�

n��n��Y ��2, �36�

with Y�(1/2)(ql)2.
Now the total density fluctuation of the system is given as

��q,t ���
n

f n�n�q,t �, �37�

where f n��exp((�n���E�)/kBT)�1��1 is the Fermi distri-
bution function. Here E��2�b� is the energy of the laser
field, � is the chemical potential and kB is the Boltzmann
constant. Substituting Eq. �32� into Eq. �33�,

��q,t ���eV�q�e�iqxu3(t)e�iqyu5(t)

��

m�

I�
m�,q�E�
m�,t ���q ,
m��, �38�

where �(q ,
m�) is defined as

��q ,
m���
2�

l2 �
nn�

Cnn��q �

�
f n� f n�

�n���n��m1�m3���c��m2�m4���
.

�39�

If the electric field E�0, only J0 can survive. In this case we
recover the known result

��q���eV�q���q ,0�. �40�

IV. DISCUSSIONS

It can be seen that the induced charge density oscillates in
time with two characteristic frequencies, the frequency of the
THz laser, � , and the the cyclotron frequency �c . This be-
havior is rather interesting. In the absence of the laser field,
the induced density in a magnetically quantized system due
to a static potential V is not time dependent, i.e., it is not
oscillating in time with the cyclotron frequency. Now we
apply a time-dependent laser field. It is expected that all
physical quantities of the system will oscillate with the laser
frequency and it higher multiples. What is interesting here is
that the induced density is oscillating with a frequency which
is the sum of the multiple of the laser frequency and the
multiple of the cyclotron frequency. When the magnetic ap-
proaches zero, the oscillation in the electronic states and the
induced charge density is dominated by the laser frequency.
On the other hand, if the magnetic field is high such that
�c�� , the electronic states and the induced charge density
oscillate very rapidly with the frequency �c . Therefore, even
a slow varying time-dependent electrical field and can lead to
a rapid oscillatory behavior in electronic properties with a
frequency corresponding to the natural energy gap of the
system, (�c in the present case�. Such oscillation can only
survive if the intensity of the laser field is strong. It should be
noted that while there is a rapid oscillation with frequency
�c in the limit of �	�c , there is also a slow oscillation
with frequency � . Furthermore, as � decreases, the argu-
ments of all Bessel functions increase rapidly and thus the
amplitude of the oscillation also decreases very rapidly as
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�→0. In the limit of ��0, the amplitudes of all oscillations
go to zero regardless of the oscillating frequencies. In this
case the density fluctuation of the system becomes time in-
dependent.

The density fluctuation also oscillates with the electric
field at fixed magnetic field and laser frequency. This oscil-
lation is due to the oscillatory behavior of various Bessel
functions. We notice that the argument of the Bessel function
can be written as qy�b�c /��(eEl/��)(qyl)/(1��2/�c

2).
The parameter r�eEl/�� is the ratio of the energy gained
by an electron in the laser field over the distance equivalent
to the magnet length to the energy of the photon. For small r
or high � , the dominant contribution is from J0. In this
limit, the density fluctuation is approximately given as
�(E)��(E�0)�r2. For large r or small �c

2��2,
Jm(��b)��2/���b cos(��b�m�/2��/4). While the den-
sity fluctuation oscillates with the electric field, the ampli-
tude goes to zero as the electric field increases. This is a
rather interesting result which indicates that as the electrical
field increases, the induce charge density decreases. This re-
duction of the induced charge density under a strong electri-
cal field may have the some origin as the experimentally

observed suppression of the dc conductivity under an intense
laser.4,7 Finally we comment on the difference between the
case of strong field and the case of near resonance (�
��c). While both cases can cause an increased �b , these
two are fundamentally different. A strong E directly causes a
strong electron-photon interaction. The situation of �→�c
represents an electron-photon resonant state. The quantities
that affect the density response are u3 and u5. At resonance,
u3 is linear in t and u5 is quadratic in t. This will lead to a
quite different time dependence of the induced charge den-
sity.
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