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Modulated, perfect reconstruction filterbanks with integer coefficients

Abstract

We present design methods for perfect reconstruction (PR) integer-modulated filterbanks, including
biorthogonal (low-delay) filterbanks. Both the prototype filter and the modulation sequences are
composed of integers, thus allowing efficient hardware implementations and fast computation. To derive
such filterbanks, we first start with the PR conditions known for cosine modulation and extend them to
more general, integer modulation schemes. For the design of biorthogonal PR integer prototypes, a lifting
strategy is introduced. To find suitable integer modulation schemes, new algebraic methods are
presented. We show solutions where the PR conditions on the prototype filters and the modulation
matrices are entirely decoupled and where some simple coupling is introduced. Both even and odd
numbers of channels are considered. Design examples are presented for both cases.
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Modulated, Perfect Reconstruction Filterbanks With
Integer Coefficients

Alfred Mertins Member, IEEEand Tanja KarpMember, IEEE

Abstract—In this paper, we present design methods for perfect filterbanks were designed via a subspace approach. Design
reconstruction (PR) integer-modulated filterbanks, including methods and implementation structures for PR filterbanks
biorthogonal (low-delay) filterbanks. Both the prototype filterand  \:iih integer modulation and integer prototypes have been

the modulation sequences are composed of integers, thus allowing . . .
efficient hardware implementations and fast computation. To de- presented in [9]-[12]. In [9], the integer modulation sequences

rive such filterbanks, we first start with the PR conditions known &€ deSigned_On the basis of the_ dyadic symmetry principle
for cosine modulation and extend them to more general, integer [13], and the filter lengthd. are restricted to the cade= 20,
modulation schemes. For the design of biorthogonal PR integer whereA/ is the number of bands. In [10] and [11], prototypes

prototypes, a lifting strategy is introduced. To find suitable integer \yith lengthsL > 2M are considered for evel. The work
modulation schemes, new algebraic methods are presented. We. FyAr Af f ; ;
show solutions where the PR conditions on the prototype filters in [12] considers the sum-of-powers-of-two implementation

and the modulation matrices are entirely decoupled and where Of the prototype and the cosine modulation. Further design
some simple coupling is introduced. Both even and odd numbers methods for integer DCT matrices suitable for use in integer
of channels are considered. Design examples are presented forfilterbanks have been presented in [14]. Thus far, all solutions

both cases. reported in the literature consider an even number of channels.

_Index Terms—Cosine modulation, filterbanks, interger coeffi- In this paper, we generalize the theory of integer-modulated

cients, integer modulation, low delay, perfect reconstruction. filterbanks to an arbitrary number of channels (odd and even)
and a delay of the forr = 2sM + 2M — 1 with an arbitrary

I. INTRODUCTION integers. For the design of biorthogonal PR integer prototypes,

a lifting strategy is introduced. To find suitable integer modu-

T O IMPLEMENT a filterbank on a processor with fi-|ation schemes, new algebraic methods are presented. We first

nite-precision arithmetic, one usually needs to quantizgply the method in [13] to the design of modulation matrices,
the filter coefficients. This, however, results in loss of the pegnd then, we present a projection-based method. We derive so-
fect reconstruction (PR) property. It is therefore of significanftions where the PR conditions on the prototype and the mod-
interest to design filterbanks directly in such a way that PRation are entirely decoupled and where some simple coupling
can be achieved with integer arithmetic. Moreover, filterbanks introduced. In the coupled case, the requirements on the pro-
operating with integer arithmetic allow for fast and efficienfotype and the modulation sequences can be traded off between
computation on signal processors and in dedicated hardwaf two, resulting in an increased design freedom compared with
For the case of two-channel filterbanks and associated wavelgtg, decoupled case. Design examples will be presented for both
integer filters have been widely studied during the last decad®en and odd numbers of channels.
Integer linear-phase, biorthogonal, two-channel filterbanks notation: I, and J,, denote theM x M identity and
and wavelets were found in [1] through the factorizatiogoynter identity matrices, respectively. The expressfdn
of certain integer halfband filters. Paraunitary two-channgknotes the ceiling operation. Similarly] means the floor
filterbanks with integer arithmetic were presented in [2]-[4bperations. The ternd; ;, denotes the Kronecker symbol.

More recently, a systematic design of two-channel filterbankgatrix entries are counted starting from zero, i[€]o. o is the
with integer arithmetic has been enabled by the lifting scheragment in the upper left corner of matiéx

presented in [5], [6]. For the case éf-channel modulated
filterbanks, however, only very few design methods have been
reported. The work in [7] presents solutions for the finite-pre-
cision implementation of the polyphase filters of paraunitary- Review of Perfect Reconstruction Conditions

cosine-modulated filterbanks based potations. In [8], in-  |n cosine-modulated filterbanks, the analysis and synthesis
teger-coefficient prototypes for paraunitary cosine-modulatggers hi(n) andgg(n), k = 0, ..., M — 1 are derived from
lowpass prototypes(n) andg(n) as
Manuscript received February 7, 2001; revised February 12, 2002. The asso-
ciate editor coordinating the review of this paper and approving it for publication hi(n) =p(n) el w(n), gu(n) = q(n)co x(n) Q)
was Dr. Masaaki lkehara. ’ ’

A. Mertins is with the School of Electrical, Computer, and Telecommuni- h d . iding th
cation Engineering, University of Wollongong, Wollongong, Australia (e-maiVNerec, 1(n) andcy, x(n) are cosine sequences providing the

mertins@uow.edu.au). . ‘modulation. The range for in (1) depends on the filter lengths

T. Karp is with the Department of Electrical and Computer Engithat may be different for the analysis and synthesis sides and are,
neering, Texas Tech University, Lubbock, TX 79409-3102 USA (e-mail; L ind d f the del fth . vsis/
tanja karp@ttu.edu). in general, independent of the delay of the entire analysis/syn-
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Fig. 1. Cosine-modulated filterbank. (a) Structure. (b) Prototype frequency responses. (c) Frequency responses of analysis and synthesis filters

filterbank and illustrates the frequency responses of the filtefer k. =0,1, ..., M —1,n=0,1,...,2M — 1, and

Various modulation schemes and filter design strategies have 2

been proposed in the literature, including FIR and lIR solutions, ~ Po(z") [Po(—2%), ..., Pr—1(—27)]

cLiticaI Tampling a_md overdsabr_npli:g, eveln Ianddoclid nfl_JImbberskof Q,(#*) =diag [QJ\lfl(_v ), e Qo( )]

channels, paraunitary, and biorthogonal, low-delay filterbanks P.(z?) = diag [P]w(_22)7  Porsi(— 2)]

[15]-[21]. A reason for the popularity of cosine-modulated fil- 5

terbanks is the fact that they can be implemented very efficiently ~ @1(2”) =diag [Qanr1 (=2 )’ o Qui=2N)] . (8)

in polyphase structure [15]. i
In this paper, we consider critical subsampling and a geneg_% r?etﬁ:;ng;tgle) apocigt’ (2 e)zsm (6) are the type-1 polyphase com

number of channels){) that may be even or odd, and the fol- P P yp

lowing definition of cosine sequences [21]: Pi(z) = Z p(20M + §) 2

c1, 1(n) =2cos {M <k+ )(n—§>+(—1)kﬂ/4} Qi(2) = z[: q(20M + )2t j=0,....,2M—1. (7)

£

o ™ 2 1 D e /4
02, (n) =2 cos AGEY D] —(=D)"r/ With E(z) and R(z), the conditions for perfect reconstruction
k=0... M-—1. @ \[leé? a delayD = 2sM + 2M — 1 can now be formulated as

The overall delay D) of the analysis/synthesis system is as-

_ —2s—1
sumed to be of the form R(2)E(z) = » I 8)
D=2sM+2M —1 (3) Using the fact that
wheres is an integer. N . Cro, = oM (=1 Iy +Jm 0 ©)
To explain the PR conditions, the polyphase matriegs) 0 (=)L — J
andR(z) of the analysis and synthesis filterbanks are introduced
as [21] and by substitution of for —z2, the PR constraints (8) can be
rewritten as [21]
Po(ZQ)
E(z):Cl[ -1 2 } 1,
zPy(z7) Qu(?) Pap—1-1(2) + Qurgr(2) Py—1-x(2) = -

R(z) = [27'Q:(2%), Qu()] C3 (4) k=0,...,M -1 (10)

with Qu(z) = M2 Pu(2),  Quisn(2) = M 27 Paryi(2)

[Cili,n =c1,k(n), [Colr2m—1-n =c2,k(n)  (5) k=0,...,M—-1 (11)
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To obtain contiguous prototypes, we assume the delays be By taking the properties (14), (15), (17), and (18) into ac-
zero. By combining (10) and (11), we then obtain the conditiom®unt, one can see that the cosine sequences can be derived

. through symmetric, antisymmetric, and periodic extensions of
A[Pu(2) Part—1-1(2) + Praga(2) Pu—ioi(2)] = 5oz 27> thevaluesi g(n)forn = i, p+1, ..., p+ M —1.The ma-

2M (12) tricesC; andC5 can thus be described as

on the analysis prototype, which need to be satisfied:fes
0,...,[M/2] — 1.1 Given an analysis prototype that satisfies
(12), the synthesis prototype is to be constructed according\,\t]ﬂh
(12).

Note that (12) shows the PR conditions on the prototype for
critically sampled, biorthogonal, cosine-modulated filterbanks
with the delay in (3). In the special case of paraunitary filte{yhereY, are sparsé/ x 2M matrices with entries=1 and 0,
banks, a linear phase (symmetric) prototype is required, angose purpose is to symmetrically extend the columns of the
needs to be used for both analysis and synthesis. Equations ({0} a7 matrix V*.

and (11) then lead to the following conditions on paraunitary Equation (19) can also be seen as a key to a fast implemen-

C,=VY,, Cy=V°Y, (19)

V0, n =1 k(0 + 1), k,bn=0,1,..., M -1 (20)

prototypes: tation of the modulation within a polyphase realization of the
1 filterbank. Polyphase realizations have, e.g., been discussed in
Pu(2)Pe(z™1) 4 Pyyan(2)Parar(z71) = ===, [15] and [22]. For example, for the realization of the analysis fil-
2M . o :
terbank in polyphase form, the factorization (19) requires only
k=0,..., [%w _1 (13) the multiplication pf the polyphg_se filter outputs Wit_h the sparse
2 matrix Y; (requiring only additions and subtractions) and a

multiplication with theAd x M cosine matrixV° instead of

a multiplication with theAdd x 2Af matrix C. The same effi-

ciency can be obtained on the synthesis side.

In this section, we analyze the periodicities and symmetriesTo describe the matriceg,, # = 1, 2 and the properties of

found in the cosine sequences(n), £ = 1, 2 and describe y jn detail, we will have to distinguish between even and odd
how these properties can be utilized to construct and implemegt and s.

the cosine matrice€, £ = 1,2 in an efficient manner. In Sec- Even M and arbitrary s. For evenM, one finds that
tion Ill, this description will then be used to derive more general

B. Periodicities and Symmetries of Cosine Sequences

modulation schemes. Y, = (=1°Jngye Inge O 0
Using the propertiesos(¢) = cos(y + #2), x € Z, and 0 0 In; —(=1)°Jnye
cos(¢p) = —cos(p + ), it follows from (2) that the cosine Y, =(-1)°Y; 1)

sequences have the following periodicities:
andV* satisfiesV°|*v° = 2M 1.
ce,k(n + wdM) =c¢ 1 (n) (14) Odd M and evens. To describe’’; andY » for odd M, it is
ce k(n + RAM + 2M) = —cq p(n) (15) convenient to express the matrices element wise. They are

for ¢ = 1, 2 andx € Z. Obviously, (14) means that the cosinel¥ ik =¥zl

sequences have peridd/, and (15) shows that the sequences i, ks k=0,...,p

have half periods that are equal up to the sign. Both properties i h—pes E=p+1 ... M+pu—1
(14) and (15) have already been taken into account when for- =

mulating the PR conditions in Section II-A. 0, k=M+p
To describe symmetries within the sequences, we first define =i oMtp—k, F=M+p+1,...,2M -1
the value (22)
= {%J ) (16) Withi =0,..., M — 1. The matrixV* satisfies[V<]*Ve =
2 oMdiag2, 1, ..., 1].

For evenM, one can infer from (2) that Odd M and odd s. We have

—0i, p—k—1, k=0,...,pup—1
CLk(TL—i—[J):(—1)56[7k(u—71—1) (17) 0 k:H
Yiliw = 7
and for oddM, one obtains bi k—p—1, E=p+1,..., M+pn
8 oMap—k—1, k=M+p+1,...,2M -1
ce,k(n+p) = (=1)cen(p — n). (18) Y,=-Y, (23)

INote that the conditions for = [A4/2], ..., M — 1 are included in the .
ones fork = 0, ..., [M/2] — 1. fori=0,..., M —1and[V°]'V® =2M diad]1, ..., 1, 2].
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Remark: An alternative way to describ@,; andCs is given By relaxing the condition (8) to perfect reconstruction up to a

by scale factory
C,=UX,, Cy=UX, (24) R(2)E(z) = 2~ # v 1u, (29)
with the conditions (12) on the prototype become
Xy =y +(=1)°Ing, Iy — (=1)°T ] Me[Pr(2)Papr—1-1(2) + Prgr(2) Pr—i—i(2)] = 3275
Xy =(-1)°X; (25) o [%w L (30)
wherel* is theM x M DCT-IV matrix [15]. This way of repre- ]2

sentingC’, andC; has been used in [23] to relax the conditions rhe comparison with the properties of the cosine matrices

on the modulation and in [10] to design certain integer-moddpows that’ then needs to satisfy (27) wilh, as specified in
lated filterbanks. However, for the implementation@f and e following.

C,, it is advantageous to use (19) instead of (24) because thgyen A7 and arbitrary s
multiplication withY’, requires fewer operations than the mul-
tiplication with X, £ = 1, 2. ' =cly. (31)

Odd M and evens
Ill. PR CONDITIONS FORGENERAL MODULATION SEQUENCES

In this section, we discuss possibilities of replacingitie I'=¢-diag2, 1,..., 1]. (32)
2M cosme-modulatlon_ matriceS’; and_CQ in (4)_V\_/|th more 0Odd M and odd s
general transform matricgs, and7’; while maintaining PR. In
other words, the cosine sequenegs,(n) andc; (n) get re- I =¢-diagl, ..., 1, 2]. (33)

placed with more general sequenegs(n) andts «(n), where ) . _ _
[T1] = t1.1(n), and[To]k. 2071 —n = to,x(n). We will first Note that the use of integer modulation matrices and integer

look at solutions where the PR conditions on the prototype afiier coefficients makes the introduction of scale factoend
the modulation are completely decoupled, as it is the case witfi€cessary. From (27) and (31) wikthbeing an integer matrix,
the original cosine modulation. The prod@§T’; then has to it is clear thatk is an integer. To have PR with integer f||ten§;,
be equal to the right-hand side of (9) up to a scale factor. A mdi@d~/ must also be integers. The valugsdo not necessarily
general formulation that couples the requirements on the modigve to be integers, as long A¢z) and()(=) have integer co-
lation matrices and the prototype filters in a simple way will bgfficients. o _

described in Section I1I-B. This approach has the advantage ofRemark: The parameterization &y andT’; in the form

increasing the design freedom. T, =UX,, T>=UX, (34)
The proposed design methods #or andT’; are based on the
factorizations similar to (24) yields the requirement
T, =VY,, T>=VY, (26) UTU = %IM (35)

which correspond to the factorizations of the cosine matrices irh 9i int It to show that all matri
(19). The matriXy contains the free parameters to be optimize erec/ IS an Integer. 11 1S easy to show that all ma ”@s
= 1, 2 designed according to (34) can alternatively be imple-

in order to meet certain design criteria such as a desired fre- d with the f ization (26). For this. qivéh andT:
quency response of the modulated filters and/or integer—valur@(‘jmte with the factorization (26). For this, givéh andT>,

_ + +
transform matrices. The condition dican be formulated as  °"¢ has to constru_@_f, asy = T[Y ’ wtlereY[_ IS the pseudo
inverse ofY’,. Explicit expressions fo¥’;” are listed in the fol-

Viv=r (27) lowing. Because of (35), however, integer matrigeslesigned
eaccording to (26) can only be implemented in the form (34) if
€/2 is an integer.

Even M and arbitrary s:

wherel is a diagonal matrix that will be further specified in th
following.2 Due to sparseness and the special entrié$,othe
matricesl’y, £ = 1, 2 can also be implemented more efficiently

in factored than in direct form. Y= %Y1T7 Y= %Y;
A. Decoupled Conditions Odd M,evens,i=0,...,2M —1,k=0, ..., M — 1:

The PR conditions on the prototype and the modulation se- , i=pu, k=0
quences remain decoupled, as for cosine modulatid#, &nd Y liv=¥3lix= { LIy ]rs, otherwise
T, satisfy 2 17 Lk o '

T _ (_1)SIJ\I+J]\4 0 OddM,OddS,'L:O,...,2M—1,I€IO,...,M—1:
T2T1 =& 0 (_1)51 -J . (28) + +
MM YTlix =—[Y7]ix

2To obtain a more general approach, one may use different matrices for the 1, i=M+pu k=M-—1
analysis and synthesis sides and deffhe= VY, (=1, 2 with VIV, = —
T. However, we will conside¥, = V'; throughout this paper. % [Y1]x,:, otherwise.
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Remark: Due to the parameterization (26) 6 andT’,, the The productl’ T, takes on the form (37) witlA as in (41).
modulation sequences (n) andt, (n) are derived though The PR conditions on the prototype remain the same as in (39).
a periodic extension of length# sequences stored in the rows The introduction of the factors; gives us increased de-
of V. Thus, (26) describes a complete parameterization for aljn freedom compared with the decoupled conditions in Sec-
general (including integer) modulation sequences that obey tien I1I-A because it allows scale factors to be traded off between
same symmetry rules as the cosine sequences, which aretke&-prototype and the modulation.
pressed in (17) and (18). Alternatively, one may de&grand
T directly to satisfy (28). In this case, half periods of the se-1V. DESIGN OFINTEGER COEFFICIENT PROTOTYPEFILTERS
quenceg; x(n) would be designed directly without addition- USING A LIFTING SCHEME

ally imposing symmetries and antisymmetries. This may in-

: . : : . In this section, we discuss a new method for the design of in-
crease the design freedom for integer solutions, but it also I - . : . .
e%er-coefflment prototypes in general, including low-delay in-

creases the imp lementation cos_t because sparse factorizz_;\tio? r-modulated filterbanks. The method principally yields pro-
In (26) or (34), is no Ion.ger possmle_. For this reason, we will nQ types for biorthogonal filterbanks. For the design of linear-
pursue such a design in the following. phase integer prototypes, see [8]. The conditions (30) for the
decoupled and (39) for the coupled design can be interpreted as
] ) ) PR conditions on two-channel filterbanks without subsampling;
We consider the formulation f&F; andT’; in (26) and relax gee Fig. 2(a). Itis well known that such structures can be realized
the conditions oV in (27) to a more general matrR. Again, ysing lifting schemes [5]. Fig. 2(b) shows the equivalent lifting
to further specifyl’, we need to distinguish between even angkrycture. Each lifting step in the analysis filterbank in Fig. 2(b)
odd M ands. consists of a possible delay py ; samples and a multiplication
Even M and arbitrary s: For evenM, we definel" as with a scalara;. ; in the upper branch; then, a filtered version
of the lower branch is added to the upper branch, and the lower
branch is also weighted by the factgy ;. Finally, the lower and
where the valuesy, are arbitrary, nonzero, real-valued numberdPper branches are crossed, which allows for the use of a single
that need to be finally specified in accordance with the proté¢pe of lifting, instead of requiring lifting and dual lifting steps
types’ properties. Witl" as in (36), the produdt’ T, takes on @s in [5]. The corresponding lifting step in the synthesis filter-

B. Coupled Conditions

I = diag[w(r/2)—1, -- -, Wo, Wo, - .., wnyz—1]  (36)

the form bank implements the inverse operation, except for the scaling.
i The polyphase filters then are expressed as
17T, = A[(=1) I + I ] 0 }
2 0 A[(—l)sljw — J]w] |: Pk(z) :|
with Prrs(2)
ud 0 1 akylz_”kﬁl BkJ(Z) 1 43
A:diag[wo, ...,w(]\/[/g)_l,w(]\/[/g)_l,...,wo]. (38) _II[l<|:1 0:| |: 0 ak,l :|> |:1:| ( )

Following the same derivation as in Section Il, we obtainthe [p,), | _;(2) Py_1_x(2)]
following PR conditions on the prototype:

1
W e 1))
s =[1 1 ' ’ . 44
Wi Ak [Pi(2) Panvi—1-1(2) + Prga(2) Par—1-x(2)] = 72~ [ ]g <{ 0 apgz "] [1 0 (44)
k=0,..., [%w -1 (39) It can be easily verified that
The factorsw, need to be found during a joint design of protof P, ,;_; _1.(2) Py_1_1(2)] [ Fi2) }
types and modulation matrices such that both (36) and (39) are Prrii(2)
satisfied. e, e
Odd M and evens: For this case we choose =2 H a2 "™ (45)
=1
I = diag[2win/o)s winyzj-1s - To satisfy the PR constraints (30) or (39), the valuegforand
wo, wo, - Wnr/2)—1] - (80) qy 1 k=0,...,[M/2] = 1,1=1, ..., v have to fulfil
Again, the produci’} T’ takes on the form (37) but, now, with v
. Pr,1 =S5
A =diag [wo, ceey WIM/2| -1 WM/2] =1
wiaa/a)-1; oo wol - (A1) v %, for the uncoupled design
EAL
The PR conditions on the prototype remain the same as in (39). 2 H aiyl = ,;‘ _ (46)
Odd M and odd s: We choose =1 W for the coupled design.
I' = diag[w|as2) -1 - -, wo, wo, - - The system function®;. ;(z) can be freely chosen. They in-

WM /2] —15 2w|_M/2J] . (42) fluence the frequency response and the length of the prototype
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Pi(2) Porr1.1(2)

(@)

()

Fig. 2. Equivalent structures for expressing the PR conditions. (a) Direct structure. (b) Lifting structure. Both structures need to havé sgstewefahction
(v/eAx)z* for the decoupled anfly/w; A, )z~ for the coupled case.

filter but not the PR behavior. In additioa,, ; andpy, ; are free then, we outline a novel projection-based method. The focus
design parameters, but they need to satisfy (46). is on finding matrices that contain very small integers, thus
Quantization of the coefficients @, ;(») does not alter the allowing for low-cost implementations and applications like
PR property as long as it is applied in the same way in the anklssless compression. Other techniques such as the use of
ysis and synthesis filterbank because apart from sign changairo rotations [14], [24] or Householder matrices [10], [15]
the same coefficients occur on the analysis and synthesis sidggicturally guarantee PR, but they usually lead to integer
Using only integer values for the coefficients B, ;(z) and matrices with extremely large entries.
the factorsa;, ; automatically yields integer coefficient proto-
type filters. A. Integer Modulation That Resembles Cosine Modulation
To obtain a set of integer coefficients, we apply the following

. From the perfect reconstruction point of view, it is sufficient
algorithm.

L o to find an integer matriXy” satisfying (27) with a matrix,

Step 1) Setup the structure in Fig. 2 with integervalugs  gepending on the given case. However, for the performance
and delaysx, , satisfying (46). The choice afi,, ot 4 filterbank, it is of crucial importance that the modulation
and py.,, is arbitrary within the framework set by gequences properly shift the prototype filters’ frequency re-
(46). i sponses to the appropriate center frequencies, as demonstrated

Step 2) Ch_oose_the lengths of _ﬁlte&%l’(z) such that the in Fig. 1(c), without corrupting the frequency selectivity of the
desired final prototype filter length can be met. a5 |y the following, we accomplish this by creating integer

Step 3) Using numerical optimization, find the Coeﬁ'C'entgequences that have the same periodicities and symmetries as

of By .(z) such that the prototype’s stopband atten[(]]e original cosine sequences.

uation or the coding gain of the resulting modulate We consider the equation x(m) = 1. o(n) With ¢; 1 (m)

filter bank is maximized. . N .
dD ding to (2) and (3), tively, and solve it/f
Step 4) Round the coefficients &, ,.(z) to the nearest in- '?'rt:is yii(l:((j:gr ing to (2) and (3), respectively, and solve itfor

tegers. From the lifting structure with integer fac-
torsay ,, and systems;, . (), obtain the polyphase
components of the final integer prototype.
The size of the filter coefficients obtained with the above prq
cedure is not explicitly controlled. It is mainly governed by th
size of factorsy;, ,.. Generally, to obtain filters with small in-
teger coefficients, the numbets, ,, should be small.

n = m(2k+1)—k(2sM+2M —1)—M/2+(—1)*M/2. (47)

i is easy to see that is an integer ifin is an integer, which
8hows that the sequencas,(m)fork=1,2,..., M —1lare
permuted versions af; ¢(n). As a consequence, all elements

) : : : V®)x,» for & > 0 can be derived fromiV ]y ,, through per-
. Reme_lrk. When implementing t_he p(_)lyp_hase f||ter_s, one ca ugations, sign changes, and the posnsﬁible]z introduction of addi-
either directly use the structure given in Fig. 2(b) or implement : c
them as transversal filters with the coefficients obtained fro%onal Zeros (only required for oddi/). The structure oV is
Step 4) easily derived from (20) and (47) under consideration of the pe-
’ riodicity properties (14) and (15). Fig. 3 depicts the structure of
V¢ for variousM and evers. The structures for odd are the
left-right flipped versions of the ones for even
In this section, we present different methods for designing To construct a matri¥/ that resembles the original cosine
integer modulation schemes. First, we look at solutions thatatrix V°, we choose the valug¢¥1o ,,,» =0, ..., M —11in

resemble the symmetry properties of cosine modulation, asdch a way that they follow the shape[#], ,, as closely as

V. DESIGN OFINTEGERMODULATION SCHEMES
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Fig. 3. Structure oV« for M = 3, 4, 5, 6, 7, 8 for evens. The structures for ods are the left-right flipped versions of the ones for esen

possible and construdf by using the given construction prin- Form a matrixC from a subset of columns & and
ciple of V. To guarantee PR, the constructed ma¥must express the vectar,; as
satisfy (27) withI" depending on the case under consideration.

A search over integers in the range Vit = Cp (49)
where p is a vector of integers that yields
Vo n € {le[V 9]o,n]l =B ..., [a[V]o n] + B} Ui Uky1 = €, With w4 containing integers.

The vectoruy41 is automatically orthogonal td.

By gathering only a linearly independent subset of
the columns oB in C, the length of and, thus, the
number of unknowns can be reduced. The condition
vj, Uky1 = € is usually met for a number of
integer parameter vectopsso that a solution can be
chosen that leads to a close match betwegn and
one of the columns of/e/2M [V°]*. To reduce
the search effort, initial guesspsan be computed
asp = round a[CTC|~1CT w5, ). Herews,  is a
column of [V°]T that is to be approximated, and

is a scale factor that ensures thaC” Cp ~ «.

To designV satisfying (27), we start with a single arbitrary Step 3) Setd := [A, vx41], and letk == kE + 1. If k& =
vectorv; that contains integer values and that will form one of M — 1, the procedure is finished, afld = A”.
the columns ofV?". The vectomw; may be an integer approxi- Otherwise, go to Step 2).
mation of one of the columns gf’=/2M [V°]*". During the de- ~ Modifications for Odd M: In Step 2), if M is odd, then
sign procedure, we successively design integer veeigre = Method 1cannot be applied, antethod 2 must be used

with a suitable scalar and a small intege# is used to find the
required values.

Compared with optimizing the matri¥ directly, which
would result in a search ovel/? variables, by taking into
consideration the structure of the mat#X, we were able to
reduce the search spaceltd entries. In addition, the integer
modulation matrix is more likely to follow the waveform of the
cosine modulation.

B. Projection-Based Matrix Design

2, 3, ... M,which are orthogonal tothe sets ..., vi_;. The throughout the algorithm. In addition, because of the require-

procedure will first be described for eva#i, and then, the mod- ments in (32) and (33), one needs to fifdl — 1 vectors with

ifications for oddA/ will be outlined. energyes and one with energyge. This can be achieved by
Design procedure for eveni : first designing theldd — 1 vectors with equal energy and then
Step 1) Let = v¥v,. Setk = 1 andA = v;. changing the requirement v, = 2¢ for the last vector.

Alternatively, the algorithm can be used to first design a matrix
0, vT, 1 = e and contains only integers. Forl/ satisfyir!gUTU = (g/2)1. U can then be used to construct
this, one of the two following methods can be used! * &ccording to (34), an¥ can be found a¥ = T\Y7, as
Method 1: Set iy = Zw, With Z = outlined in the remarks in Section llI-A. _
Jy diagl, —1, ..., 1, —1]. Note that this method Combined Method: When aiming to design a matriX with
the method in Section V-A and only/, < M rows can be

found that follow the symmetry of the cosine sequences and
are orthogonal, then the method in this section may be used to

1 obtain the remaining{ — M, orthogonal vectors (rows) that
B=1y —A[ATA7'A" = 1), — - AAT.  (48) gare required to complete the matii

Step 2) Find avectar,; that hasthe propertieé;Tkar]L =

can only be used during every second iteration.
Method 2:Compute the projection matrix
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TABLE |
PROTOTYPEFILTER COEFFICIENTS FOREIGHT-CHANNEL FILTER BANKS WITH EQUAL ANALYSIS AND SYNTHESIS PROTOTYPES “pu” M EANS PARAUNITARY AND
“bi” STANDS FOR BIORTHOGONAL

Filter No. Parameters Filter Coefficients p(n) = g(n)
1 M=8,pu,L=32,D=31 | {-6,-4,0,-6,7,0,8,17, 24, 33,41, 48, 56, 62, 66, 68,
68, 66, 62, 56,48, 41, 33,24, 17,8,0,7, —6, 0, —4, —6}
2 M =8,bi,L =32,D=15 | {32, 40, 48, 56, 71, 76, 74, 76, 96, 88, 80, 72, 55, 44,
42,28,8,8,0,0,0,0,2,3, -8, -8,0,0,0,0, 2, 3}
3 M=8,pu,L=16,D=15| {1,1,1,1,2,2,2,2,2,2,2,2,1,1,1,1}
VI. DESIGN EXAMPLES agraphis 0 dB. As the plots show, the frequency selectivity and

This section presents design examples for paraunitary lqrband attenuation of the integer filters are in the same range

biorthogonal filterbanks with even and odd numbers of channég for th?.ELT' . : _
and compares filterbanks in an image coding example. The co-ln add't'.on .to the stopband a_ttenuatllon, the coding gain is an
efficient size of prototypes and modulation sequences are snigjportant indication qf the quahty ofa f||tgrpank [26], [r27]' For
to moderate to obtain a low implementation cost. Typically, fid" AR(l) process with co_rrelatlon ¢ oefficient = (.)'9.‘)’ the
terbanks with larger coefficients result in better performanc‘é(,)dlng gain of th? abovg filterbank is 9.06 dB. Th's IS _sllghtly
and the aim is to design the prototype and modulation with bé8f"® than the gain obtained by a real-valued eight-point DCT,
performance for the given bit length. The bit length should alé%h!Ch weld§ 8.83 dB and almost as much as that of the ELT,
be taken into account when comparing the performance of dWh'Ch provides a gain of 9.39 dB [25].

ferent filterbanks in a given application. B. Example 2—Biorthogonal Low-Delay Filterbafk = 8,

L =32

To reduce the delay of the filterbank in Example Zlc= 15
ile keeping the filter length constant, a biorthogonal proto-
type has been designed with the method in Section IV. The ob-

prototype filter has to be linear phase, the delapis= 31, "= . ) N . )
which corresponds te = 1. The integer coefficients of the Jective function used during optimization was the coding gain.
T|1e coefficients are listed in Table I, Filter 2.

tot h b found using [8] and listed in Tabl
prototype have been found using [8] and are listed in Table We use the flipped version of (50) as the first row ¥6f

asUFs”itnegr tlﬁe method in Section V-A, we find the following in—ar?d this time, we have to consider the symmetries for even
teger values for the first row df that results in PR: sin Flg._ 3. The frequency responses of the modu'Iated filters
are depicted in Fig. 5. The comparison between Figs. 4 and 5
{5, 9, 14, 19, 23, 24, 28, 27}. (50) shows that the reduction in delay comes at the cost of a slightly
decreased stopband attenuation. The coding gain for the same
The matrixV is constructed according to the symmetries giveRR(1) process as in Example 1 is 8.91 dB. Thus, the coding

in Fig. 3 for M = 8 ands odd and becomes gain is slightly reduced, compared with Example 1.

V =

A. Example 1—Paraunitary Filter Banlkl = 8, L = 32

The first example considers an eight-channel, paraunitar
filter bank with a prototype filter of lengtlh. = 32. Since the

C. Example With Very Small Filter Coefficients

) 9 14 19 23 24 28 277
9 23 927 24 14 -5 —19 -—928 In this example, we consider a paraunitary filter bank where
—14 —927 —19 9 28 93 -5 —24 both the modulation matrix and the prototype filter coefficients
19 —-24 9 27 5 —928 —14 23 have very small integer numbers, thus resulting in implementa-
23 14 —-928 —5 27 _—9 _—924 19|  tions with small word lengths. This filterbank can be applied to
24 —5 —923 928 —9 —19 27 —14 lossless coding since it only slightly increases the wordlength of
98 19 -5 —14 94 —927 23 —9g the subband signals compared with the input signal. The proto-
|27 98 —24 23 —-19 14 -9 5 type is listed as number 3 in Table I. Using the method in Sec-

_(51) tion V-B, V has been found as

o1 1 1 1 3 3 37

. . i . 3

To allow a comparison with the original cosine mat¥iX, the _3 _3 _3 _s3 1 1 1 1
3
1

first row of V° has been scaled by a factersuch thath:0
. - n=0 1 1 -1 -1 -3 -3 3
a[V9o,» — [V]o,» = 0 and rounded to two digits, resulting in 3 3 -3 -3 1 1
{2.86, 8.48, 13.77, 18.53, 22.58, 25.76, 27.95, 29.07}. The V = e B . (52)
) . ; 1 -1 -1 1 3 -3 -3
maximum difference betweefV*“y ,, and [V]o , then turns
’ ’ -3 3 3 -3 1 -1 -1 1
out to be 2.14.
) . -1 1 -1 1 3 =3 3 =3
The frequency responses of the modulated filters are depicted 3 3 _3 3 _1 1 1 1
in Fig. 4, together with the ones for the ELT filters according to B N
[25]. To enable easier comparisons, the gains of the filters haliee frequency responses of the modulated filters are depicted
been adjusted so that the average maximum gain of all filtersimFig. 6. Note that seven of the modulated filters exactly have
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Fig. 4. Normalized frequency responses of integer-modulated, paraunit@iy. 6. Normalized frequency responses. Paraunitary filterddnk 8, L =
eight-channel filterbanks with filter length = 32 and delayD = 31. 16, D = 15, prototype number 3 in Table | withf, as in (52).
Prototype number 1 of Table | afid constructed from the sequence in (50).
The dotted lines show the frequency responses of the ELT filters of [25]. . . . L
A suitable matrixV’ has been found using a combination of the

methods in Sections V-A and V-B, as outlined in the remark in
Section V-B. The matrix is

30 30 25 16 9
-30 —-16 9 30 25
V=|-32 0 30 0 -30]. (53)
30 —-16 -9 30 —25
30 =30 25 —-16 9

10,

Note that all rows oV in (53), except the third one, resemble the
symmetries found in the corresponding cosine mdifix The
frequency responses of the resulting analysis filtersifoe= 5
are depicted in Fig. 7.

E. Example of Coupled Filterbank Design

' We consider a four-channel filter bank with symmetric, pa-
normalized frequency raunitary prototype of length = 8. Using the method in Sec-

tion V-A, a modulation matri¥” has been found as
Fig. 5. Normalized frequency responses of integer-modulated, biorthogonal

eight-channel filterbanks with filter length = 32 and delayD = 15. 10 10 5 2
Prototype number 2 of Table | arid constructed from (50) and Fig. 3 with 11 6 ] 3
evens. The dotted lines show the frequency responses of the ELT. V= 9 10 101" (54)

5

-3 8 —6 -11

zero mean, which means that the dc behavior is perfect. The =~ _ _

maximum coefficient of the final modulated filters is 6, and th¥ satisfiesV™ V' = diad234, 225, 225, 234], which means that

coding gain is 8.1 dB. The stopband attenuation of most filteté = 225, w1 = 234. A suitable prototype is given by

is around 6 dB, which is quite high for such small filter coeffi-

ey quite hig p(n) = {1,3,4,5,5, 4,3, 1}. (55)
It is easy to see that (39) is satisfied with = 1, £ = 0, 1,

D. Example of Filterbank With an Odd Number of Channels resulting in

This example demonstrates the design of biorthogonal filter- 5 5 5 5 on
banks with an odd number of channels. The chosen number ofY = @o (P°(0) +p*(3)) = w1 (p*(1) +p*(2)) = 5850.

channels is\/ = 5, the overall system delay 8 = 9, and the g5, i5e of equal values fag, & = 0, 1, the same prototype is
prototype filter length '_SL = 20. With the method .des.cnbed to be used for analysis and synthesis. The frequency responses
in Section |V, the following low-delay prototype satisfying (30t the resulting filters are depicted in Fig. 8. One can see that
has been found: the filters have very good frequency selectivity. Interestingly,
the entire filterbank is paraunitary, although the malfiis not
p(n) = {10, 20, 30, 40, 50, 52, 53, 49, 41, 34, 20, 12, 0 orthogonal, and the prototype cannot be used for a paraunitary
—4, =5, =8, —6, 0, —2, —2}.  cosine-modulated filterbank.
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10 ' y y " TABLE I
PSNRs FORCODING THE GOLDHILL IMAGE WITH DIFFERENTFILTER BANKS
AT VARIOUS BIT RATES

Bit Rate [bits per pixel]
Filterbank | 0.125 | 0.25 0.5 1
MLT 26.51 | 29.13 | 32.07 | 35.52
ELT 26.16 | 28.91 | 31.84 | 3528

Section VI-A | 25.96 | 28.35 | 31.15 | 34.77
Section VI-C | 25.72 | 28.01 | 30.62 | 33.92

As could be expected, the best performance is obtained with the
¥ Ny W N Y MLT and ELT using real arithmetic, followed by the filterbank
(o 0.1 0.2 0.3 0.4 0.5 of Section VI-A with moderately sized integers. However, even
normalized frequency X . R
the filterbank of Section VI-C, which has extremely small coef-
Fig. 7. Normalized frequency responses of integer-modulated, five-chanﬂ@l'emsl performs remarkably well.
filter bank with filter lengthZ, = 20 and delayD = 9. The dotted lines show

the frequency responses of the ELT, which has filter ledgtis 20 and delay VIl. COMPUTATIONAL COMPLEXITY
D = 19.

When comparing the proposed integer-modulated filterbanks

10 , . . . with cosine-modulated filterbanks in terms of computational

5 " complexity, their main advantage is the use of fast integer mul-
tiplications instead of more complex floating-point multiplica-
tions. In addition, since the coefficients are generally small and,
thus, have a small number of ones in their binary representation,
the integer multiplications can be replaced by shift and add op-
erations.

However, the integer-modulated filterbanks with the modula-
tion matrices designed according to Section V do not have a fast
realization for the transform, resulting in a computational cost
of orderOQ(M?) compared withO (M log M) for the fast DCT
of a cosine-modulated filterbank. They are therefore best suited
for filterbanks with a small to moderate number of subbands.
L Ll A Integer modulation matrices with computational cost of the
—40— R e orderO(M log M) can be designed as in [14] and [24]. Their
0 0.1 0.2 0.3 0.4 0.5 ) ; . ;

normalized frequency drawback is that they typically contain extremely large integers.
On the other hand, these approaches can be used to design mod-
Fig. 8. Normalized frequency responses of integer-modulated, four-chanpghtion matrices for very largé when the construction prin-
g'ftf{] ga,\;'ﬁTV‘;'ifPefsoz?'[‘;‘i]c‘ies'gn' The dotted lines show the frequency res"o”ﬁ‘?ﬁleg described in Section V become computationally too ex-
pensive.
The prototype design method described in Section IV can
F. Image Compression Results easily be used for any/ so that this prototype design, in con-

To demonstrate an application of the proposed integer-mddoction with a modulation design as in [14] and [24], allows
ulated filterbanks, we consider the problem of image compré§e design of integer filterbanks for a large number of bands that
sion. The test configuration is as follows. A testimage has beBAve both the advantage of integer arithmetic and a fast modu-
decomposed with 2-D, 64-channel, separable filterbanks dation with a cost of orde©(M log M).
rived from 1-D, eight-channel, modulated filterbanks. For lossy
compression of the transform coefficients an algorithm known VIII. CONCLUSIONS

as set partitioning in hierarchical trees (SPIHT) [28] with the \We have derived the PR conditions for general (noncosine)
virtual extension of [29] has been used. The SPIHT algorithmodulated filterbanks including paraunitary and low-delay,
is one of the best compression algorithms for wavelet-basgidrthogonal filterbanks. The presented conditions hold for
coders, but as demonstrated in [30], it can equally well be usegen and odd numbers of channels and include designs where
to compress the coefficients of uniform transforms such &se conditions on the prototype and the modulation are either
cosine-modulated filterbanks. decoupled or coupled. A lifting scheme has been introduced

Tests have been carried out for the filterbanks presentedfon the design of biorthogonal prototypes. New algebraic
Sections VI-A and VI-C and for the eight-channel MLT andnethods have been presented for the construction of suitable
ELT [22]. Table Il shows the coding results for the test imagaodulation sequences. Design examples were presented that
“Goldhill” of size 512 x 512. The distortion of the lossy codershow filterbanks with excellent properties and extremely small
is measured in form of the peak signal-to-noise ratio (PSNRi)teger coefficients.
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