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GENERALISED BHASKAR RAO DESIGNS. WITH BLOCK SIZE 3 

OVER Z4 

Warwick de Launey, Dinesh G. Sarvate, Jennifer Seberry*, 

Department of Computer Science 
University of Sydney 2006, 

sydney, N.S.W., Australia. 

ABSTRACT: We show that the necessary conditions 

(i) 2tv(v-l) _ O(mod 3) 

{iiJ v ~ 3 

(iii) t _ 1,5 (mod 6) ~> v # 3 

are sufficient for the existence of a GBRD(v,3,4t;Z41 except possibly 

when (v,t) = (27,1) or (39,1). 

Keywords: Bhaskar Rao designs, block designs, PBD-closed sets, 

group divisible designs. 

AMS classification: 05B20, 05805, 05830, 05B99, SlEDS. 

O. Introduction 

Although a considerable amount of work has been done on 

generalised Bhaskar Rao designs, little is known about the existence of 

these designs over groups which are not elementary abelian. This paper 

considers the group Z. and finds that designs exist for Z. for 

parameters for which they do not exist for Z2 x Z2 and vice versa. 

Suppose we have a matrix W with elements from an abelian group· 

• This research was partially supported by an ARGS grant . 
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G:: {hl ,h2, ••• ,hgL where W"" hlAl + h2A2 + ••. + hgAgi 

are v x b (0,1) matrices, and the Hadamard product A. 
1 

here AI' 

*A.(i,/­
J 

••• ,A 

j) is 

zero. Suppose (ail"" ,a
ib

) and (bjl , ••. ,bjb) are the ith and jth 

rows of W; then we define WW+ by 

with designating the scalar product. Then W is a generalised 

Bhaskar Rao deoign or aERD if 

(i) ww+ 

(ii) 

m 
rI + 1: (c.G)B. 

i=l l. l. 

satisfies NN
T 

= rl + 
m 

1: iBi' 
i=1 

g 

that is, N is the incidence matrix of a PBIBD(m), and (CiG) gives the 

number of times a complete copy of the group G occurs. 

such a matrix will be denoted by GBRDG(v,b,r,kiAl, .•. ,Am;cl, ••. ,cm)' 

In this paper we shall only be concerned with m = 1, c = A/g, and 

Bl = J - I. In this case N· is the incidence matrix of a PBIBD(l), that 

is,'a BIBD. Hence, the equations become 

(i) 
+ AG ww • rI + - (J - II 

g 

(ii) NN
T 

• (r-A) I + AJ. 

Thus W is a GBRDG(v,b,r,k,A). Since A(v-l) '" r(k-l) and bk vr, 

we sometimes use the notation GBRD(v,k,A;G). 

These matrices are generalisations of generalised weighing matrices 

and may be used in the construction of PBIBDs. 

We use the following notation for the initial blocks of a GBRD. We 

say (act ,b~, 

developed mod n 

ICy) is an initial block, when the Latin letters are 

and the Greek subscripts are the elements of the group, 

which will be placed in the incidence matrix in the positions indicated by 

the Latin letters. Thus we place ct in the (i,a-l+i)th position of 

the incidence matrix, B in the (i,b-l+i)th position, and so on. 

We form the difference table of the initial block (acx,bB, ••• ,cy > 

the element by placing in the position headed by 

(x-y) -1 where (x-y) is mod n 
On 

x and 
• -1 

and on 
by row 

is in the abelian group. 

A set of initial blocks will be said to form a GBR difference set 

(if there is one initial block) or GBR supplementaPy difference sets 
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tif more than one) if in the totality of elements 

(x-y) 1 (mod n f G) 
on-

each non-zero elbment a
9

• a(mod nl, 9 £ G, occurs A/!G! times. 

For any other definition or notation the reader is referred to de 

Launey and Seberry [1]. 

For a GBRD(v,k,A;G) to exist A ~ 0 (mod g) and there must exist 

a BIBD{v,k,),l. So the parameters V,k,A must satisfy the constraints, 

(i) v 2: k 

(ii) A _ 0 (mod g) 

(iii) ),(v-l) = 0 (mad(k-I» 

(iv) Av(v-l) = 0 (mod k(k-l». 

In view of these constraints a GBRD(v,3,4t;Z4) can exist only when 

one of the following is true, 

(a) t _ 0 (mod 3), v 2: 3, 

(b) t ~ 0 (mod 3), v ~ 0,1 (mod 3) and v 2: 3. 

Moreover a theorem of Drake [2,Theorem 1.10] ensures that no 

GBRD(3,3,4t;Z4) exists when t is odd. We show that, with the 

possible exception of the cases given in the abstract, these necessary 

conditions are also sufficient. 

§1. A Small Generating Set 

In this section and the next we make extensive use of Wilson's 

notation [6, Sections land 2J concerning PBD-closure theory. In the 

next section we will need a small generating set for 

V = {v > 31 v=-O, 1 (mod 3)} • 

Notation 1.1: Let 5 and K be sets of positive integers. 

Define 

[v ] 5 e K = {vi v == v s+k where s £ 5, k £ K and s;;>: k} • 
o 0 

Let a and b be integers. Then let denote the set 

{via 5 v 5 b} n 5 

The following theorem appears in de Launey and 5eberry 

[1, Theorem 1.2.14]. 

Theorem 1.2: Let v
O

;;>: 2 be an integer. Let 5 be an increasing 

infinite sequence such that fop all t € 5 thepe exists a TD(Vo+l,t). 

Let K be a set of positive integers containing Vo and vo+l. Let 
k ~ o min 

k,K 

{k} and suppose there exists a for some 
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not necessarily 

Ii) J3 [{tol " 

T {L E 

(ii) B ({t ) u 
. 0 

in s. Then 
5 votO+kO-1 

to 

[v ] s e K} • 
o to 

and 

where 

where 

o 

This theorem allows us to calculate small generating sets for sets of 

the form {v 2: k I v t U}, where K is a finite set of integers u 2: k 

[I, Lemma 1.2.16]. We extend the theorem so that we can calculate 

small generating sets for sets of the form {v 2: k I v ::: 0, I (mod 3), 

v t UJ. 

Now sliehtly altering a construction appearing in Wilson's paper 

[6, Lemma 5.1] we have the following result. 

Lemma 1.3: Let K be a set of positive integer's. Suppose there 

exists a GDO on v points with block sizes from {4,S} and group 

sizes from K. Then 

3v E JB ({3k I k EO: K}) u {4l) 

and 

3v+l to lB (Ok+ll k E K} u {4}) • o 
But the construction of the PBD's in the proof of Theorem 1.2 

[1, Theorem 1.2.14] in the first place relies on the construction of 

GOD's with block sizes from 

sVoto+ko-l u T uK u {to} 
to 

{vo,vo+l} 

in case (i) 

and group sizes from 

and from 

sVotO+kO-1 u U U K U {to} in case (ii). So putting Vo 
to 

4 we have 

we have the following result. 

Theorem 1.4: Let s be an increasing infinite sequence such that for 
all t E S there exists a TD(5,t). Let K be a set of positive 

integers. Let kO = min{k} and suppose there exists a TO(5,t
O

) 
koK 

for some to not necessarily in s. 

(i) {3v I v E [4] S Ql K} 5.. lB ({4} u 

and 

Then 

( I 4to+ko-l ) 
3v v € t S u T u K u {to} } 

o 

Ov+llv€ [4]S $ K} C lB ({4) u Ov+llv IS 
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where 

(ii) 

and 

whepe 

T :::: S \ ([4J S + K) 
to+kO to 

{3vlv 2: tlr. +k }cJB ({4}u {3vl3vlv E o 0 ~ 

We apply this theorem to prove the following result. 

Theorem 1.5: The foZZowing set inequaZities hoZd 

(i) {vlv::o (mod 3), v>3} c E ({4,IO} II (3vlv:::: 2,3, •.. ,1l,13,17}) 

(ii) {vlv::O,l(mod 3) and v>3} c E ({4,6,7,9,lO,12,15,18,19,24,27,30, 

39,Sllj 

Proof. We apply 'l'heorem 1.4 with 

S {4,S,7,8,9,1l,12,13,16,171 u (v _ ±l(mod 6) I v 2: 17} 

K {2,3,4,5,6,7, ... ,17} 

to :::: 4 • 

When v 2: 70, v - 4t E {2,3, ••. ,17} for some, t 2: 17, t E S. 

So {vlv2::70} c [4]t S Ell K. It is then a Simple matter to check that 

[4]t S Ell K ~ {v 2: lsi vel 21,26,27,28,29} . 
o 

So U:::: {21,26,27,28,29} and hence 

{3vlv:2: IS} ~ lB ({4} u {Jvlv:::: 2,3, ... ,17,21,26,27,2S,29} • 

Now 3v E lB ({4,6,9}) for v E {12,14,15,16,21,26,27,2S} (see 

Appendix A), while 

{3vlv::o (mod 

Now {3v+llv2:4} 

87 E lB ({6,9,IO}) (use TD(10,9)). Thus 

3), v>31.=.]3 ({4,lO} u (3vlv '" 2,3, ... ,1l,13,17}) 

]3 {4,7,1O,19} and 21, 33 E lB ({4,6,9}) (add 

o 

suitable blocks and points to TD(4,5) and TD(4,8) respectively), so 

{vlv::O,l (mod 3), v>3} c ]3 ({4,6,7,9,10,12,15,18,19,24, 

27,30,39,SU) • 

Because we do not as yet have designs for v E {27,39} we prove 

the followino:' theorerr .. 

Tileorer' 1. -..: The foUowing Bet inequaUty hoZds 
{vlv:;O,l (mod 3), v>31\{27,3SI} c.: E ({ ... ,,-,,7,~,IO,12,15,1[.,19,24, 

30,S1l1 
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Proof. Apply Theorem 1.4 with 

5 = {4,S,7,8,1l,12,16,17} u {v:: ± (mod 6) I v;?: 17} 

K {2,3,. _. ,8,10,11,12,14, ... ,li,21,2S} 

to = 4 . 

When v ~ 70 there exists a k E {2,3, ... ,8,10,11,12,14, ... , 

17,21,2S} and t E 5 such that 

except when 

(i) v = 4t + 9 

(ii) v = 4t + 13 

v " 4t + k 

and 

and 

t 

t 

17, 23 or 29 

19. 

t 2: k 

When 18 $ v $ 70, v € [4] 5 e K except when 

v E {21,26,27,28,29,41,42,43,45,57,61,62,63,6S} 

50 u = {21,26,27,28,29,41,42,43,4S,57,61,62,63,65,77,89,101,125} 

But using the designs given in Appendix A 

{3vjV€U} C lB ( 4,6,7,9,lO,12,13,15,18,19,21,31}) 

C E 4,6,7,9,10,12 ,IS ,18,19}) .......... (1.1) 

Note that 21 , lB ({4,6}) (add a point to TD(4,5) ) and that 

31 , :B ({4,lOJl [6, see the proof of Theorem 5.1(H)J. 

Let V = {vlv :: 0 (mod 3), v> 3, v ~ 27,39} and apply Theorem 1.4(ii). 

Then V::" E ({4) u (3v I v E {2,3, ... ,8,10,11,12,14, •.• ,17,21,2S}} U U). 

But then, by (1.1), 

V c: :B ({4,6,7,9,1O,12,15,18,19,2l,24,30,33,36,42, ••• ,Sl,63,75}) 

Finally {36,42,45,48,63}::.. E ({4,6,9,l2,15}) (Table 1, Appendix A) , 

21, 33 E lB ({4,6,9}) (see the proof of Theorem 1.5), 75 E B ({4,lS}) 

(Appendix Al, and {3v+11 v 2: I} ='lB ({4,7,lO,19}). The result then 

follows. 0 

§2. The Constructions 

Lemma 2.1: There exists a GBRD(v,3,4;Z4) for all v _ 0,1 (mod 3), 

v 2: 4 except possibly when v = 27,39. 

Proof. The necessary conditions give v _ 0,1 (mod 3). Drake's 

theorem [2,Theorem 1.10J ensures that v;?: 4 but since the number of 

blocks, 2v(v-l)/3, is divisible by 4 the Seberry, Street, Rodger 

theorem [theorem 1,4; or see S) gives no new conditions. 

By Theorem 1. 6 we need to establish existence for 

ve {4,6,7,9,10,12,15,18,19,24,30,51} 
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The required designs for v = 4,6,9,10 and 15 are given in 

Appendix B. ThO? designs for v = 7,12",18 and 30 can be obtained 

by developiny the initial blocks indicated: 

v = 7 develop the initial blocks 

(01,11,6 i ), (0I,2_ I ,s_i)' (01'\'\)' (01,1_
1

,3_
1

) {mod 7,Z4)j 

v 12 develop the initial blocks 

(ool,3 1 ,9 i ), (ool,6_ 1 ,7
i
l, (l1,3 1,4_

i
), (3_ 1 ,5_ 1 ,9 1), (11,4 1,sl)' 

v 18 develop the initial blocks 

(01 ,aI' (l7-a) i) , 

(Ol,b l' (l7-b) -i) , 

a = 1,3,5,7, 

b 2,4,6,8, 

(01,2
1

,6
1
), (°

1
,3_

1
,8

1
), (00

1 
,°

1
,1_

1
), 

v 30 develop the initial blocks 

(00,0.,7 .)(mod 17~ Z4); , -, 

(01,a
1

,(29-al
i
), a = 1,3, ... ,13 (odd numbers), 

(O,b , (29-b) .), b = 4,6, ... ,14 (even numbers), 
1 _1 -1 

{01,2_
1
,lS 1}, (°1,2

1
,1°1)' (°1,3_

1
,12

1
), (01,4 1 ,11_

1
), (° 1 ,1_

1
,6

1
), 

(mod 29,Z ) 
4 

Finally 19 = 6 (4-1) + 1, 24 = 4 x 6 and 51 = 10 (6-1) + 1. 

So a composition theorem applies [l,Theorem 1.1.3] to give designs for 

v = 19, 24 and 51. 

Theorem 2.2: There exists a GBRD(v,3,BjZ4) for all v ~ 3. 

Proof. By Hanani's theorem (see proposition 5.1 of [6]) and the 

construction of Theorem 2.2 of Lam and 5eberry [3] we only need to 

establish the existence of GBRD(v,3, 8jZ4) for " " 3,4,6. The 

design for " " 3 is 

[~ 
1 1 1 III 

~] i 1 i - i -

1 i - 1 i -

and the designs for v = 4 and 6 are two copies of the suitable 

designs with A = 4 given in Appendix B. Hence we have the result 0 
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Theorem 2.3: There exists a GBRD(v,3,12;Z4) for all v ~ 4. 

Proof. By Or.-.kc's Theorem [1, Theorem 1.10]we cannot obtain this 

design for v ~ 3. Now combining Hanani's Theorem (as stated in 

[I, Curo11ary 1.1.2(ii)]) with Theorem 2.2 of Lam and 5eberry [3] we 

only need to establish existence for v € K~ = {4,5,6,7,8,9,10,11,12, 

14,15,18,19,22,23}. Now these designs can be obtained in the following 

manner: 

v Construction 

3 copies of design for 4 A = 4 

5 

6 

7 

B 

9 

10 

Use 5BIBO(5,4,3) and 

3 copies of design for 

3 copies of design for 

Use BIBO(S,4,3) with 

3 copies of design for 

3 copies of design for 

GBRD{4,3,4;Z4) in Theorem 2.2 of [3] 

, 4 

4 

GBRD(4,3,4;Z4) 

A := 4 

4 

Use SBIBD(11,6,3) and 11 GBRD{6,3,4;Z4) 

12 3 copies of design for A = 4 

14 Remove one row of 5818D(15,7,3) to obtain a PBD({7,6},14,3), 

use with GBRD(u,3,4;Z4)' u € {6,7} 

15 3 copies of design for A 

GBRD(7,3,4;Z4) 

4 or use 5B180(15,7,3) and 

18 Use PBD{{6,9},18,3) (found from an SBI8D(25,12,3) by 

de Launey and Seberry [1], Lemma 1.3.7, by removing the first 

seven rows) with GBRD{u,3,4;Z4)' u € {6,9}. 

19 6(4-1)+1 and so Theorem 3 of 5eberry [4J applies 

22 7(4-1)+1 and so Theorem 3 of Seberry [4] applies 

23 Develop the following initial blocks 

(Ol,(2t+l)1,(22-2t)i)' (Ol,(2t)_1,(23-2t)_i)' t = 1, ... ,5 all 

thrice, (OJ,l .• 2 ,} thrice, (0 1 ,5_1 ,7_ 1) three times, 
-~ -~ 

(01,L 1,lL 1) twice, (°1,3_
1

,9_
1

) twice, (° 1 ,1_ 1 ,9_ 1), 

(°1,3_ 1 ,11_ 1), (OI,4 1 ,SI)' (°1,4 1 ,1°1) (ll'Od 23,24), 

Hence we have the result. 0 
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Note: A straightforward construction for GBRD(27,3,12;Z4) can be 

obtained by using the PBD{{6,9},27,3) of Lemma 1.3.5 of de Launey 

and Seberry and GP.J<D(u,3,4;Z4} 

Theorem 2.4: The ne('essapy aond1:tions 

2tv(v-l) ~ a (mod 3) 

t ~ 1,5 (mod 0) ~> v # 3 

ape sufficient Jar' Ute existence of a GJ3RD (v, 3, 4t; Z4) except possib~y 

f'or' (v,t) = (27,1) and (39,l). 

Proof. The necessary conditions follow from the necessary conditions 

for block designs and the non-existence for v = 3, t = 1,5 (mod 6) 

from Drake's Theorem [2J. 

To establish existence we distinguish four cases: 

1. 2%t, 3jt then the necessary condition is v = 0,1 (mod 3) and 

the result follows, except for v = 27 or 39 by taking multiple 

copies of the designs given in Theorem 2.1. For v = 27 or 39 we 

note GBRD(v ,3,8;Z4) and GBRD(v ,3,12;Z4) exist and so multiple 

copies give the designs for v = 27 or 39 and t > 1; 

2. 21t, 3%t then the necessary condition is v = 0,1 (mod 3), v ~ 3, 

but this is established in Theorem 2.2; 

3. 2jt, 31t then the necessary condition is v ~ 4 (by Drake's 

Theorem [2, 'I'heorem 10.1] and this is established in Theorem 2.3; 

4. 21t, 31t, here there is no condition of v. By part 2. of this 

theorem we only have to consider the cases v = 3 and A = 12s, 

s even hut these can be obtained using multiples of the 

GBRD(3,3,8;Z4) of part 3. 

lience ~Ie have t;h'! result. 

Appendix A 

Notation. By TD(r,t) we denote a tpansvepsa~ design on r groups 

each of size t. 

Table 1 gives designs needed for Theorem 1.5. In particular 

o 

o 

it lists GDD's which have been constructed to satisfy Lemma 1.3. See 

Street and Rodger for the construction involving GBRD's. The 

constructions involving point and block removals from certain designs 

are quite standard -'(6, Remarks 3.5 and 3.6]. Table 2 gives PBD 

designs needed in Theorem 1.6. Any references given in a table give a 

place where a design used in a construction can be found. The reader 

should note MacNeish's Theorem [6, Theorem 3.2]. 
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Table 1. (GDD's on 3v points satisfying Lemma 1.3.) 

V 

12 Obtair, a GOD by removing a point from 5BI80(13,4,1). 

14 Use GBRD(7,4,2;Zz) de Launey and Seberry [1,Theorem 4.1.1]. 

15 GBRD(5,4,3;Z3) [I, Lemma- 5.1.1]. 

16 Use TO(4,4). 

21 

'6 
27 

0000 1111 

I 0 

I " 
I ,3 

I , 
I I 

where I [' 
GBRD(13,4,2;ZZ) 

GBRD(9,4, 3iZ 3) 

28 Use TD(4,7). 

Table 2. (PB-design on 

V 

123 TO(IO,13) , 123 

126 TD(IO,13) , 126 

129 TD(10,13) , 129 

171 TO(9,19) , 171 

183 To(l0,19) , 183 

186 TD(10,19) , 186 

189 TO(1O,19) , 189 

195 TD(7,31) , 195 

0000 0000 0000 

I , ,3 

0 I , 
" 0 I 

,3 
" 0 , ,3 

" 
1 1 ,] and 

[1, Theorem 4.1.1] 

[1, Lemma 5.1.1] 

v paints) 

lB ({6,9,IO,13}). 

lB ((9,lD,l3». 

l!3 ({9,10,12,13}) . 

lB ({9,19}) . 

J3 ({9,10,12,19}) . 

lB ({9,10,15,19}). 

lB ({9,10,18,19}). 

lB ({6,7,9,31}). 

0000 

" ,3 

, 
I 

0 

( 1 

1 

1 '1 , 

o 
Finally 75 and 135 E: J8 ({4,15}). There exist a GBRD{4,4,5,ZS) 

[1, Theorem 2.2(11i) (b)] and a GBRD(u,4,3;Z3) for U E: {5,9} 

[1, Theorem 5.Llj so there exists a GBRD(u,4,15;ZlS) for u E: {5,9} 

and hence a GDD with u groups of size 15 and with all blocks 

of size 4. It follows that 75 and 135 E: lB ({4,15}). 
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Appendix B 

We use the notation - for -1 and i for -i, e ~ (l,l,l) and 

[~ 
1 

~l T ~ 0 
0 

Then the following designs exist: 

GBRD(4,3,4;Z4} 

1 1 1 1 1 1 0 0 

1 0 i -i 0 1 

1 0 i 0 -i 1 i 

0 1 0 i -i i i 

GBRD(6,3,4iZ4 ) 

1 1 1 1 1 1 1 1 1 1 

1 0 i 0 i 0 0 0 0 1 1 1 1 1 1 

1 0 0 0 0 0 i i 0 0 0 i i 0 

0 1 0 0 i 0 0 0 i 1 i 0 0 0 i 

0 1 0 0 0 i i 0 0 0 1 0 i 0 

0 0 1 0 0 0 0 i i 0 0 i i 0 1 

GBRD{9,3,4;Z4) 

l~ 
I 0 B I I I iI I I i1 I I iIJ A I B I -I -iI T -T i'1' -I T' iT2 T' 

0 A B I iT T -T' i1 -I I _iT2 -T' T 

GBRD (10,3,4; Z4) 

e -e ie -e e -ie 

I I i1 i1 A I 0 B I I i1 I I iI I I 

I I T' T' o A I B -I -iT T -T iT -I T' iT2 

I I T T lOA B iT T -T 2 i1 -I I -iT2 -T' 

[ 1 

~J [: 
1 

~J where A 0 and B ~ " 
1 
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GBRD(15,3,4;Z4l has blocks with Z4 = (l,2,3,4) 

'1 'I 3 1 '1 6 3 8, 'I 3, 41 21 8, 14, 3 1 5, "1 

'1 2, 41 '1 6
4 9, 'I 3

3 "1 'I 9, 10
1 

3
1 53 "1 

I, , ; 5 
1 '1 7, 10

3 21 " "1 'I 9
3 

13 , \ 5, 15
3 

'1 
, 6

1 
1 \ ", , 4 5 2 9 15 3 6, 11 , 1 1 , 1 1 , 1 1 , 

\ 3 7 '1 8
3 12, 

, 4 12 21 10 13 \ 6
3 

14 
2 1 1 3 , , 3 1 

1 3 8 1 8 13, 'I 5 6 , 10 14 3 6 15 
1 3 1 1 , 2 1 1 3 , 1 , , 

1 3 9 1 9
3 14, 2 5 15 21 10

4 
15 \ 71 ", 1 4 1 1 1 4 , 3 

1 4 10
1 

1 9 15 'I 6
3 

7 2 11 " 3
1 

7 13
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1
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6
1 9, 13 8 10 12 12 14 15

3 4 4 1 , 1 4 , 1 , 
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