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The gate-controllable Ruderman-Kittel-Kasuya-Yosida 共RKKY兲 magnetic interaction between the
magnetic impurities embedded in one- and two-dimensional electron gas in the presence of Rashba
spin-orbit coupling was analyzed theoretically. By using the eigenfunctions of the single-particle
Rashba Hamiltonian as the basis of second quantization, we derived the RKKY interaction by fully
taking into account the spin-orbit interaction. The dependence of the RKKY magnetic interaction on
the Rashba spin-orbit coupling strength was obtained numerically. Our results clearly indicate that
the RKKY interaction can be significantly modified by an applied voltage via the Rashba spin-orbit
coupling. © 2007 American Institute of Physics. 关DOI: 10.1063/1.2817405兴
I. INTRODUCTION

The Ruderman-Kittel-Kasuya-Yosida 共RKKY兲 magnetic
interaction between nuclear spins and later between localized
spins in metals mediated by conduction electrons was intensively studied in the 1950s.1–4 In recent years, there has been
a renewed interest in the RKKY interaction as it plays an
important role in giant magnetoresistance in multilayer
structures5 and ferromagnetism in diluted magnetic
semiconductors.6 More recently, Craig et al. experimentally
demonstrated the gate-controllable RKKY interaction between the localized spins in two quantum dots, each in contact with two-dimensional electron gas.7 The two quantized
states of the spin of a single localized electron in a quantum
dot can be considered as a quantum bit, and the extended
nature of the controllable RKKY interaction between the
coupled local spins has the potential application in building
large-scale spin-based quantum computing and quantum
computers.8 It has stimulated the search for a different
mechanism for the gate-controlled magnetic interaction both
theoretically and experimentally.
The Rashba9 and Dresselhaus10 spin-orbit interactions in
low-dimensional electron systems are currently attracting
considerable interest due to their potential in controlling and
manipulating the electronic spin and charge degrees of freedom in low-dimensional materials, a field known as
spintronics.11 The Rashba spin-orbit interaction9 in twodimensional systems is caused by the structure inversion
asymmetry originating from an electric field perpendicular to
the plane of the systems. Experiments have confirmed that
the strength of the Rashba spin-orbit interaction can be tuned
by the gate voltage in InGaAs-based two-dimensional electron gas12,13 and GaAs-based two-dimensional hole gas.14
Through the gate-controllable Rashba spin-orbit interaction,
the gate-tunable RKKY magnetic interaction between the
magnetic impurities embedded in the Rashba spin-orbit
a兲
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coupled electron systems is expected to be realized. By using
Green’s function method, Imamura et al.15 analytically obtained a twisted RKKY interaction between two localized
spins of impurity in a two-dimensional electronic gas with
Rashba spin-orbit coupling in the limit qFr Ⰷ 1, where qF is
the Fermi wave vector and r is the distance between two
localized spins, in the twisted spin space where the spin
quantization axis of one localized spin is rotated. It was
pointed out that the twist angle can be controlled by gate
voltage via the Rashba spin-orbit coupling according to their
results. Without the above restriction of qFr Ⰷ 1, however,
there is no clear indication available whether the strength of
the Rashba spin-orbit coupling can significantly influence the
variation of the magnitude and sign of the RKKY interaction.
It is desirable to develop a different approach to treat the
spin-orbit interaction in RKKY theory and further explore
the effect of the Rashba spin-orbit coupling on the RKKY
magnetic interaction.
In this paper we propose a transparent and direct treatment of the spin-orbit coupling, i.e., using the eigenfunctions
of the single-particle Rashba Hamiltonian as the basis of second quantization, to calculate the RKKY interaction fully
taking into account the spin-orbit interaction. The dependence of the RKKY magnetic interaction on the Rashba spinorbit coupling strength was obtained numerically. Our theoretical results clearly indicate that the RKKY interaction can
be controlled by applied voltage via the Rashba spin-orbit
coupling.
The paper is organized as follows. In Sec. II, the RKKY
interaction mediated by one and two-dimensional spin-orbit
coupled electrons is derived. In Sec. III, we present and discuss the numerical results of the gate-tunable RKKY interaction in the presence of the Rashba spin-orbit interaction.
Finally, we conclude with a brief summary in Sec. IV.
II. FORMALISM

We consider two magnetic impurities with the localized
spins Si 共i = 1 , 2兲 embedded in the InGaAs-based two102, 103910-1
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dimensional electron gas, where there exists the Rashba spinorbit interaction. The localized spins interact with the conduction electrons via the s-d coupling. The Hamiltonian
describing the above basic physics is written as
共1兲

H = H0 + Hs-d ,
N

H0 = 兺
i=1

冋

册

p2i

+ 共ix piy − iy pix兲 ,
*
2m
ប

Hs-d = − J 兺 i · Si ,

共2兲

共3兲

HRKKY = 兺
⌫

具⌫0兩Hs-d兩⌫典具⌫兩Hs-d兩⌫0典
,
E ⌫0 − E ⌫

where 兩⌫典 is the excited state with the energy E⌫, and 兩⌫0典 is
the ground state with the energy E⌫0. As usual, the excited
state is taken as one particle-hole excited state 兩⌫典
= cq† cq兩⌫0典, where q⬘ and q satisfy Eq⬘ ⬎ EF and Eq
⬘
⬍ EF, respectively. From Eqs. 共6兲 and 共7兲, we obtain the
effective Hamiltonian
HRKKY =

J2
兺 关+ 1k · S1k+2k⬘ · S2
A 2 k k k⬘
⬘

i=1,2

where the Rashba Hamiltonian H0 describes the noninteracting two-dimensional conduction electrons in the presence of
the Rashba spin-orbit interaction.9 The electrons are assumed
to be confined in the x-y plane. Hs-d is the s-d interaction
between the conduction electrons and the localized spin Si. 
and J are the Rashba spin-orbit interaction and the s-d interaction strengths, respectively. i is Pauli matrices and m* is
the effective mass of the conduction electrons.
The eigenvalue and eigenfunction of the single-particle
Rashba Hamiltonian are given by Ek = 共ប2k2 / 2m*兲
with
w共k兲 = 共ikx + ky兲,
and
⌿ k
+ 冑w共k兲w*共k兲
= k共x , y兲k with k共x , y兲 = 共1 / 冑A兲ei共kxx+kyy兲, and

 k =

1

冑2

冢

1

w*共k兲

冑w共k兲w*共k兲

冣

,

共4兲

where A is the area of the two-dimensional system and  is
the energy level quantum number,  = ± 1.
In order to fully take into account the spin-orbit interaction, we adopt a treatment where the eigenfunctions of the
single-particle Rashba Hamiltonian are taken as the basis of
the second quantization representation. This treatment of the
spin-orbit coupling was also used to study the charge transport in the spin-orbit coupled electron systems.16,17 Now, in
the second quantization presentation, we have the Hamiltonian H = H0 + Hs-d as follows:
H0 = 兺

Ekck† ck ,

Hs-d = −

J
兺 e−i共k⬘−k兲·rik+⬘ik · Sick† ⬘ck , 共6兲
A i=1,2,k k

k

共5兲

and

⬘

where ck†  and ck are the creation and annihilation operators
of the conduction electron with wave vector k and level index . ri is the position vector of the ith localized spin. It is
noted that the above formula can be generalized to include
the Dresselhaus spin-orbit interaction.10 Here, we only focus
on the effect due to the Rashba spin-orbit interaction.
Next, we derive the RKKY interaction by using the
second-order perturbation theory.18 The effective Hamiltonian of RKKY interaction is given by

共7兲

⫻ ei共k−k⬘兲·r + H.c.兴

f共Ek兲关1 − f共Ek⬘兲兴
E k − E k⬘

,

共8兲

where r is the relative distance vector between the two localized spins given by r = r1 − r2, f共Ek兲 is the Fermi-Dirac
distribution, and H.c. stands for the Hermitian conjugate.
After inserting Eq. 共4兲 into Eq. 共8兲 and simply taking r
along the x axis without loss of generality, the resulting effective RKKY Hamiltonian is derived as follows:
HRKKY = − ⌽共r兲S1 · S2 − ⌽1共r兲共Sx1Sx2 − S1y S2y + Sz1Sz2兲
− ⌽2共r兲共S1 ⫻ S2兲y ,

共9兲

where the magnetic coupling strengths are given by
⌽共r兲 = −

Re关ei共k−k⬘兲·r兴
J2
f共Ek兲关1 − f共Ek⬘兲兴, 共10兲
兺
A 2 k k E k − E k⬘
⬘

⌽1共r兲 =

Re关ei共k−k⬘兲·r兴
J2

2 兺
A k k E k − E k⬘
⬘

⫻

⌽2共r兲 = −

kxkx⬘
f共Ek兲关1 − f共Ek⬘兲兴,
kk⬘

共11兲

Im关ei共k−k⬘兲·r兴
J2
兺
A 2 k k E k − E k⬘

冉

⫻ 

⬘

冊

kx⬘
kx
−
f共Ek兲关1 − f共Ek⬘兲兴.
k⬘
k

共12兲

Here, k = 共kx , ky兲 = 共k cos  , k sin 兲, k⬘ = 共kx⬘ , k⬘y 兲 = 共k⬘ cos ⬘ ,
k⬘ sin ⬘兲, and 共k − k⬘兲 · r = kr cos  − k⬘r cos ⬘. The above
formulas are rigorous and can be applied to systems of arbitrary density and at any temperature. Equation 共11兲 does not
involve kyk⬘y in the factor kxkx⬘ / kk⬘. This is because the electronic motion perpendicular to the relative distance vector
between the two localized spins has no contribution to the
RKKY interaction, while the RKKY interaction originates
from the electronic motion along the relative distance vector.
It should be mentioned here that Eqs. 共9兲–共12兲 are derived by setting the vector r along the x axis. If we take the
vector r to be along an arbitrary direction, it is necessary to
transform the localized spins Si and the wave vector k from
the original coordinate system to another coordinate system
whose x axis is along the vector r. Then, we arrive at the
same result as that given by the above Eqs. 共9兲–共12兲, which
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are independent of the direction of the vector r. This also
gives the explanation that the RKKY interaction coupling
strengths Eqs. 共10兲–共12兲 are only dependent on the distance
of the two localized spins when there is Rashba spin-orbit
coupling.
From our results, we can give the twisted exchange interaction obtained in Ref. 15. By using the transformation
k + 共kR / k兲k = q, where kR = m* / ប2, one can get the same
exact twisted RKKY interaction in one dimension from Eqs.
共9兲–共12兲 as that of Ref. 15. Under the approximations kx / k
⬇ 1, kx⬘ / k⬘ ⬇ 1, and in the limit 2qFr Ⰷ 1, the twisted RKKY
interaction in two dimensions in Ref. 15 is also obtained
from our above formulas. Our treatment of the spin-orbit
interaction in RKKY theory allows us to give the general
formulation of the RKKY interaction in the presence of the
spin-orbit coupling.
To get more physical insight, we rewrite the RKKY
Hamiltonian Eq. 共9兲 as
HRKKY = − ⌽xz共r兲共Sx1Sx2 + Sz1Sz2兲 + ⌽y共r兲S1y S2y
− ⌽2共r兲共S1 ⫻ S2兲y ,

共13兲

with ⌽xz共r兲 = ⌽共r兲 + ⌽1共r兲 and ⌽y共r兲 = ⌽1共r兲 − ⌽共r兲. It is very
clear that the rewritten RKKY Hamiltonian consists of twodimensional Heisenberg interaction in the x-z plane, Ising
interaction along the y direction, and the y component of the
well-known Dzyaloshinsky-Moriya19,20 interaction. The
Dzyaloshinsky-Moriya interaction disappears if the two localized spins are paralleled or antiparalleled.
In the absence of the Rashba spin-orbit coupling, i.e.,
 = 0, Eq. 共10兲 is reduced to ⌽cl共r兲 = −4J2 / A2兺k⬘k(兵cos关共k
− k⬘兲 · r兴其 / 共Ek − Ek⬘兲)f共Ek兲关1 − f共Ek⬘兲兴, and the other coupling
strengths Eqs. 共11兲 and 共12兲 disappear. It follows that the
Hamiltonian Eq. 共9兲 is reduced to the conventional RKKY
cl
= −⌽cl共r兲S1 · S2. The
interaction with spin degeneracy, HRKKY
first term in the RKKY Hamiltonian Eq. 共9兲 is the direct
extension of the conventional RKKY interaction, and the
presence of the other terms is due to the spin-orbit coupling.
The sums in Eqs. 共10兲–共12兲 involve two Fermi wave vectors,
which directly depend on the Rashba spin-orbit coupling
strength
given
by
kF± = ⫿ 共m* / ប2兲
*
2
2
*
2
4
+ 冑共2m / ប 兲EF + 共 m / ប 兲, where EF is Fermi energy. As a
result, the present RKKY magnetic interactions Eqs. 共9兲–共12兲
can be adjusted by the Rashba spin-orbit coupling strength,
and further by the applied voltage across the twodimensional electron system.
For the one-dimensional situation, the spinor part of the
wave functions of the single-particle Rashba Hamiltonian is
independent of the conduction electron momentum. From
Eqs. 共9兲–共12兲, the one-dimensional effective RKKY Hamil1D
x x
= −⌽1D共r兲S1 · S2 − ⌽1D
tonian is given by HRKKY
1 共r兲共S1S2
1D
1D
y y
z z
1D
− S1S2 + S1S2兲 − ⌽2 共r兲共S1 ⫻ S2兲y where the ⌽ 共r兲, ⌽1 共r兲,
and ⌽1D
2 共r兲 are the corresponding results of Eqs. 共10兲–共12兲
with the one-dimensional length L instead of the area A, ky
= 0, kx = k, and kx⬘ = k⬘.
III. RESULT AND DISCUSSION

Now, we present our numerical results of the dependence
of the RKKY interaction on the Rashba spin-orbit coupling

FIG. 1. Indirect RKKY magnetic interaction energies vs the distance between two localized spins at several different Rashba spin-orbit coupling
strengths in two dimensions.

strength in two dimensions at zero temperature. We chose the
following typical material parameters: m쐓 = 0.052me, n = 1.0
⫻ 1012 cm−2 appropriate for two-dimensional electron gas in
the inverted InxGa1−xAs/ InyAl1−yAs heterostructure with the
Rashba spin-orbit coupling.12 Also, we used J = 1.0 eV nm2
for the s-d coupling strength. In the figure we take kFr as the
dimensionless distance between the two localized spins,
where kF is the Fermi wave vector without the spin-orbit
interaction. The RKKY interaction energies ⌽共r兲, ⌽1共r兲, and
⌽2共r兲 vs kFr at different Rashba spin-orbit coupling strengths
are plotted in Fig. 1.
For a system without any spin-orbit coupling, the numerical results show that ⌽共r兲 is deduced to the conventional
RKKY interaction energy and ⌽1共r兲 and ⌽2共r兲 disappear,
which are in agreement with the analytical results given in
Eqs. 共10兲–共12兲. In the small Rashba spin-orbit coupling
strength region, the energy coupling strength ⌽共r兲 oscillates
and decays with the relative distance of two coupled local
spins like the behavior of the conventional RKKY interac-
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FIG. 2. Indirect RKKY magnetic interaction energies vs the distance between two localized spins at the Rashba spin-orbit coupling strength obtained in Ref. 12 in two dimensions.

tion, and its amplitude decreases with the Rashba spin-orbit
interaction strength. However, for large values of the spinorbit coupling strength, for example,  = 20⫻ 1011 eV m, the
⌽共r兲 loses the decaying character and becomes nearly oscillatory with the distance in the regime of 2 ⬍ kFr ⬍ 6. This is
a quite different behavior as compared to that of the conventional RKKY interaction. We explain this anomalous behavior as follows: The conventional RKKY interaction is an
oscillating and decaying function of 2kFr and only involves
one Fermi wave vector due to spin degeneracy. Its spatial
dependence is proportionable to sin共2kFr兲 / 共2kFr兲2 in two dimensions when 2kFr Ⰷ 1.4,21 In the presence of the spin-orbit
coupling, the band of conduction electrons splits and at some
k value, the spin degeneracy is left. There are two Fermi
wave vectors kF+ and kF− associated with the sum of ⌽共r兲, and
⌽共r兲 has four different terms. Each of them is a decaying
function with its own oscillating behavior. Thus, the contributions of the different oscillation functions to ⌽共r兲 result in
the enhancement or the suppression of amplitude at different
values of the distance between the two localized spins for the
strong spin-orbit coupling strengths. In Fig. 1, ⌽1共r兲 and
⌽2共r兲 become stronger with increasing the spin-orbit coupling strength in the regimes of kFr ⬍ 3.5 and kFr ⬍ 1.5, respectively. The similar enhanced and suppressed behavior
also occurs in ⌽1共r兲 at kFr ⬎ 3.5 and in ⌽2共r兲 at kFr ⬎ 1.5,
where their amplitude is small. Though there is the enhancement of amplitude, the long-distance behavior of ⌽共r兲,
⌽1共r兲, and ⌽2共r兲 has the tendency of decay as that of the
usual RKKY interaction. Another important feature is that
the magnitudes of ⌽1共r兲 and ⌽2共r兲 has their maximum at
kFr ⬃ 1, where the effect of the spin-orbit coupling reaches
saturation.
In Fig. 2 we plotted the RKKY magnetic coupling
strengths ⌽共r兲, ⌽1共r兲, and ⌽2共r兲 vs kFr at the Rashba spinorbit coupling strength  = 1.0⫻ 10−11 eV m experimentally
obtained in Ref. 12. In this situation, the results show that
⌽2共r兲 does emerge; however, ⌽共r兲 has almost no change
compared with the conventional RKKY interaction and
⌽1共r兲 does not appear obviously. The observed maximum
values of the Rashba spin-orbit coupling are about 4
⫻ 10−11 eV m as reported in Ref. 22, which was used in Fig.
1. Since the Rashba spin-orbit coupling strength available

now does not saturate in the applied gate voltage range in the
present experiment, it will be possible to obtain a larger
Rashba spin-orbit coupling strength.23 Therefore, our theoretical results shown in Figs. 1 and 2 can be useful.
The variation of the amplitude and the sign of ⌽共r兲,
⌽1共r兲, and ⌽2共r兲 with gate-tunable Rashba spin-orbit coupling strength clearly indicates that the RKKY interaction
can be significantly controlled by applied voltage via the
Rashba spin-orbit coupling. This gate-controllable RKKY interaction has a different mechanism from that of two spins
localized in two quantum dots, as reported in Ref. 7. The
latter is realized by changing the gate-controlled electron
number in the quantum dot and the gate-controlled coupling
of the quantum dot to the two-dimensional electron gas.
In addition, the RKKY interaction mediated by onedimensional electrons with Rashba spin-orbit coupling was
numerically calculated. The amplitude and the sign of
1D
⌽1D共r兲, ⌽1D
1 共r兲, and ⌽2 共r兲 are still sensitive to the Rashba
spin-orbit coupling strength, and the enhancement and suppression of amplitude become acute compared with the twodimensional situation.
Finally, we pay attention to the magnetic structure. In
comparison to the usual RKKY interaction, i.e., Heisenberg
coupling, the present RKKY interaction has Heisenberg,
Ising, and Dzyaloshinsky-Moriya coupling. This can lead to
rich magnetic structures due to the presence of the Rashba
spin-orbit coupling.
IV. SUMMARY

We presented a different approach to derive the RKKY
interaction in the presence of the spin-orbit coupling by taking the eigenfunctions of the single-particle Rashba Hamiltonian as the basis of second quantization representation. Our
theoretical results demonstrate that the RKKY magnetic interactions can be significantly controlled by the applied voltage via the Rashba spin-orbit coupling. The experimental
observation of the above effect can be performed in the
magnetic impurities embedded in the InGaAs-based twodimensional electron gas or the GaAs-based twodimensional hole gas with Rashba spin-orbit coupling.
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