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Abstract

The activated sludge process is one of the major processes used in the biological treatment of wastewater.

A significant drawback of this process is the production of excess sludge, the disposal of which can account

for 50-60% of the running costs of a plant.

We investigate a model for the activated sludge process in which the influent contains a mixture of

soluble and slowly biodegradable particulate substrate. Within the bioreactor the biodegradable particulate

substrate is hydrolyzed to form soluble substrate. In turn these are used for growth by the biomass. Biomass

decay produces slowly biodegradable substrate in addition to non-biodegradable particulates.

We use steady-state analysis to investigate how the amount of sludge formed depends upon the residence

time and the use of a settling unit. We show that when the steady-state sludge content is plotted as a

function of the residence time that there are three generic response diagrams, depending upon the value of

the effective recycle parameter. We find that if the effective recycle parameter is higher than a critical value

then sludge content is guaranteed to be greater than a target value. We investigate how this critical value

depends upon the chemical oxygen demand in the feed and how the chemical oxygen demand is partitioned

between its constitutive components.

Keywords activated sludge; modelling; recycling; settling unit; wastewater; water treatment.

1 Introduction

Historically waste products such as agricultural and industrial wastewaters and sewage were placed on fields,

where natural environmental processes broke them down. In 1913 Ardern and Lockett at Davyhulme (Manch-

∗Corresponding author. Phone: (61)-2-4221-4400. Fax: (61)-2-4221-4845. Email: nelsonm@member.ams.org.
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ester, UK) discovered the activated sludge process, which has since become the most common process for

treating sewage and industrial wastewater using air [17, page 4]. This process essentially uses two units, an

aerated biological reactor, where the pollutants are degraded by bacteria, and a settling unit (or clarifier) where

the activated sludge settles into the bottom of the unit. Activated sludge is recycled from the bottom of the

clarifier to the biological reactor.

The first models for bioreactors were developed in the 1960s [7, 8, 16]. These models assume that there is one

limiting substrate, one limiting microorganism and one rate-limiting biochemical reaction. Although biomass

death is included in the model none of the decay products are recycled into the substrate pool. This is the

’basic model’ for the activated sludge process. More detailed models have subsequently been devised, such as the

Activated Sludge models developed by the IWA [6, 9, 15]. These models have been extended to model processes

in membrane bioreactors [4, 14]. Recent developments in the mathematical modeling of the activated sludge

process are reviewed in [5, 11]. However, the ‘basic model’ remains attractive because it is easy to calibrate.

Chung and Neethling [3] extended the basic model in two ways. Firstly, they introduced a slowly biodegradable

substrate component which is hydrolysed to produce small soluble organic materials. (These are the limiting

substrate of the basic model). Secondly, they allowed a fraction of the dead biomass to be recycled back into

the soluble substrate pool. They calibrated their model against experimental steady-state data and used it to

estimate the fraction of the total volatile suspended solids that was due to biomass. They investigated how this

fraction varied as a function of the sludge age.

The model of Chung and Neethling has the advantage over the IWA models that it is amenable to mathematical

analysis, rather than relying on numerical simulations. In earlier work we analysed the Chung and Neethling

model [1]. In particular we studied how the ‘sludge response diagram’, which shows the steady-state sludge

content as a function of the residence time, changes as the effective recycle parameter, which characterizes the

operation of the recycle unit, is varied.

Here we change one of the assumptions in the Chung and Neethling model. Namely, instead of a fraction of the

dead biomass being recycled into the pool of soluble substrate we assume that it is instead recycled into the

pool of particulate substrate. Were appropriate we discuss where the results of these models agree and differ.

We find the steady-state solutions and determine their stability as a function of process parameters. These are

used to calculate the steady-state chemical oxygen demand and the steady-state volatile suspended solids as a

function of the residence time. We use the steady-state results to investigate the circumstances under which it

is possible to operate the reactor at, or below, a target value for the volatile suspended solids.

2 Biochemistry

In this section we discuss the biochemistry of the model. The three biological processes occurring in the model

are shown schematically in figure 1. These processes are described below.
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1. Biodegradable particulate substrate (Xs) is hydrolysed to give soluble substrate (S).

Xs
kh−→ S. (1)

2. Soluble organic materials (S) are used as substrates for energy and growth by the biomass (Xb).

S
µ(s)−−−→ αgXb, (2)

where αg is the yield factor for the growth of biomass.

3. The death of biomass adds to the pool of biodegradable particulate substrate (XS) and non-biodegradable

particulates (Xp).

Xb
kd−→ fpXp + (1− fp)Xs, (3)

where fp is the fraction of dead biomass converted to non-biodegradable particulate (0 ≤ fp ≤ 1).

The sequence of biological processes (1)− (3) converts slowly biodegradable substrate through biomass back to

slowly biodegradable particulate substrate. In addition to the variables identified above (S, Xb, Xp and XS)

we also allow for the possibility that the feed contains particulate inert material (Xi).

3 Equations

In this section we write down the model equations for the concentration of microorganisms, non-biodegradable

particulates, slowly biodegradable particulates, particulate inert material, and soluble substrate within a well-

stirred, well-aerated, bioreactor.

3.1 The dimensional model

The model equations in the bioreactor are given by.

The rate of change of soluble substrate

V
dS

dt
= F (S0 − S) + V khXs −

V Xbµ (S)

αg

. (4)

The rate of change of biomass

V
dXb

dt
= F (Xb,0 −Xb) +RF (C − 1)Xb + V µ (S)Xb − V kdXb. (5)

The rate of change of slowly biodegradable particulates.

V
dXs

dt
= F (Xs,0 −Xs) +RF (C − 1)Xs + V (1− fp) kdXb − V khXs. (6)
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The rate of change of non-biodegradable particulates

V
dXp

dt
= F (Xp,0 −Xp) +RF (C − 1)Xp + V fpkdXb. (7)

The rate of change of particulate inert material

V
dXi

dt
= F (Xi,0 −Xi) +RF (C − 1)Xi. (8)

The specific growth rate is

µ (S) =
µmS

Ks + S
. (9)

The residence time is

τ =
V

F
. (10)

The chemical demand oxygen (COD)

COD = S +Xs. (11)

Total Volatile Suspended Solids (VSS)

VSS = Xb +Xs +Xp +Xi. (12)

All parameters are defined in appendix A.

For a specific wastewater, a given biological community, and a particular set of environmental conditions, the

parameters Ks, kd, kh, αg and µm are fixed. The parameters that can be varied are S0, Xj,0(j = b, p, i, s), and

τ . The operation of the settling unit is characterised by the parameters C and R. In practice, a target value

for the VSS is set. We take the target value to be VSSt = 12000mg l−1 [18].

3.2 The dimensionless model

By introducing the dimensionless parameters and variables defined in appendix A the dimensional model,

equations (4)-(8), can be written in the dimensionless form.

dS∗

dt∗
=

1

τ∗
(S∗

0 − S∗) + αgk
∗

hX
∗

s − S∗X∗

b

1 + S∗
, (13)

dX∗

b

dt∗
=

1

τ∗
(

X∗

b,0 −X∗

b

)

+
R∗

τ∗
X∗

b +
X∗

bS
∗

1 + S∗
− k∗dX

∗

b , (14)

dX∗

s

dt∗
=

1

τ∗
(

X∗

s,0 −X∗

s

)

+
R∗

τ∗
X∗

s + (1− fp) k
∗

dX
∗

b − k∗hX
∗

s , (15)

dX∗

p

dt∗
=

1

τ∗
(

X∗

p,0 −X∗

p

)

+
R∗

τ∗
X∗

p + fpk
∗

dX
∗

b , (16)

dX∗

i

dt∗
=

1

τ∗
(

X∗

i,0 −X∗

i

)

+
R∗

τ∗
X∗

i . (17)
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The dimensionless chemical oxygen demand

COD
∗ = S∗ + αgX

∗

s . (18)

Dimensionless total volatile suspended solids

VSS
∗

t = X∗

b +X∗

s +X∗

p +X∗

i . (19)

Dimensionless total volatile suspended solids in the feed

VSS
∗

in = X∗

b,0 +X∗

s,0 +X∗

p,0 +X∗

i,0. (20)

From now on we assume that the growth medium fed into the bioreactor is sterile, i.e. there are no microor-

ganisms in the influent (Xb,0 = X∗

b,0 = 0). It is important to note for what follow that the effective recycle

parameter is bounded by: 0 ≤ R∗ ≤ 1.

Note that the target value for volatile suspended solids is

VSS
∗

target =
VSStarget

αgKs

=
12000

αgKs

= 3.4510. (21)

3.3 Model simplification

The differential equations (16) & (17) are not coupled to the other equations. In fact equation (17) is a linear

first-order autonomous differential equation which is readily integrated to obtain the time dependent solution.

Equation (16) is a linear first-order non-autonomous differential equation, in which time appears implicitly

through the variable X∗

b (t
∗). It is possible to write down a formal solution to this differential equation using an

integrating factor. As we are interested in the long-time behaviour of the system we put both of the variables

X∗

i and X∗

p equal to their steady-state values. In the limit of large time the system (13)− (17) reduces to

dS∗

dt∗
=

1

τ∗
(S∗

0 − S∗) + αgk
∗

hX
∗

s − S∗X∗

b

1 + S∗
, (22)

dX∗

b

dt∗
=

1

τ∗
(

X∗

b,0 −X∗

b

)

+
R∗

τ∗
X∗

b +
X∗

bS
∗

1 + S∗
− k∗dX

∗

b , (23)

dX∗

s

dt∗
=

1

τ∗
(

X∗

s,0 −X∗

s

)

+
R∗

τ∗
X∗

s + (1− fp) k
∗

dX
∗

b − k∗hX
∗

s ., (24)

X∗

i =
X∗

i,0

1−R∗
, (25)

X∗

p =
X∗

p,0

1−R∗
+

fpk
∗

dX
∗

b τ
∗

1−R∗
. (26)

4 Results

In steady-state diagrams we follow the standard convention and indicate stable and unstable solution branches

by solid and dotted lines respectively. We use a square to denote a transcritical bifurcation, denoting the highest

residence time at which process failure occurs.
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4.1 Steady-state solution branches

The steady-state solutions are found by putting the derivative equal to zero in equations (22)–(24) and then

solving the resulting system of equations. The steady-state solutions are given by

Washout branch.

S∗ = S∗

w = S∗

0 +
αgk

∗

hX
∗

s,0τ
∗

1−R∗ + k∗hτ
∗
, (27)

X∗

b = 0, (28)

X∗

s = X∗

sw =
X∗

s,0

1−R∗ + k∗hτ
∗
, (29)

X∗

p = X∗

pw =
X∗

p,0

1−R∗
, (30)

X∗

i =
X∗

i,0

1−R∗
, (31)

COD∗

w = S∗

0 +
(1 + k∗hτ

∗)αgX
∗

s,0

1−R∗ + k∗hτ
∗

, (32)

VSS∗

w =
X∗

s,0

1−R∗ + k∗hτ
∗
+

X∗

p,0

1−R∗
+

X∗

i,0

1−R∗
. (33)

The washout branch corresponds to process failure due to removal of all the biomass (X∗

b = 0). The steady-state

expressions for the washout branch are equivalent to the expressions when dead biomass is recirculated into

the pool of soluble substrate [1]. This is unsurprising as the biochemistry of the two models are identical when

there is no biomass present in the reactor (X∗

b = 0).

Differentiating equation (27) with respect to the residence time we see that the soluble substrate concentration

along the no-washout branch is an increasing function

dS∗

w

dτ∗
=

αgk
∗

hX
∗

s,0 (1−R∗)

(1−R∗ + k∗hτ
∗)2

> 0. (34)

No-washout branch.

S∗ = S∗

nw =
1−R∗ + k∗dτ

∗

R∗ − 1 + (1− k∗d) τ
∗
, (35)

X∗

bnw =

(

aS∗2
nw + bS∗

nw + c
)

[R∗ − 1 + (1− k∗d) τ
∗]

(a1τ∗2 + b1τ∗ + c1) τ∗
, (36)

X∗

s = X∗

snw =
X∗

s,0 + (1− fp) k
∗

dXbnwτ
∗

1−R∗ + k∗hτ
∗

, (37)

X∗

p = X∗

pnw =
X∗

p,0 + fpk
∗

dXbnwτ
∗

1−R∗
, (38)

X∗

i =
X∗

i,0

1−R∗
, (39)

COD∗

nw =
1−R∗ + k∗dτ

∗

(1− k∗d) τ
∗ − 1 +R∗

+
αgX

∗

s,0 + (1− fp)αgk
∗

dX
∗

bnwτ
∗

1−R∗ + k∗hτ
∗

, (40)

VSS∗

nw =

[

1 +
fpk

∗

dτ
∗

1−R∗
+

(1− fp) k
∗

dτ
∗

1−R∗ + k∗hτ
∗

]

X∗

b,NW +
X∗

s,0

1−R∗ + k∗hτ
∗
+

X∗

p,0

1−R∗
+

X∗

i,0

1−R∗
. (41)
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The coefficients are

a = 1−R∗ + k∗hτ
∗ ≥ 0, a1 = − [1− (1− fp)αg] k

∗

hk
∗

d < 0,

b = (1−R∗) (1− S∗

0 ) +
(

1− S∗

0 − αgX
∗

s,0

)

k∗hτ
∗, b1 = (R∗ − 1) (k∗h + k∗d) < 0,

c = − (1−R∗)S∗

0 −
(

S∗

0 + αgX
∗

s,0

)

k∗hτ
∗ < 0, c1 = − (R∗ − 1)

2 ≤ 0.

It is interesting to observe that the expression for the substrate concentration is identical to that when the dead

biomass is recycled into the soluble substrate pool [1]. Indeed they are both identical to the expression in the

basic model [12]. However, the expressions for all other equivalent state variables are not identical.

The conditions for the no-washout branch to be physically meaningful are established in Appendix C. When

the no-washout branch is not physically meaningful then the only stable steady state is the washout solution.

In this circumstances process failure must occur. This case can therefore be ignored.

Differentiating equation (35) with respect to the recycle parameter we obtain

dS∗

NW

dR∗
=

−τ∗

[(1− k∗d) τ
∗ − 1 +R∗]

2 < 0.

Hence the substrate concentration is a decreasing function of the effective recycle parameter (R∗).

Differentiating equation (35) with respect to the residence time we obtain

dS∗

NW

dτ∗
=

R∗ − 1

[(1 − k∗d)τ
∗ − 1 +R∗]2

(42)

which is a strictly monotonically decreasing function of the residence time, i.e. the lowest effluent concentration

is obtained at an infinite residence time. (It follows from the analysis in appendix C that the no-washout branch

is not defined at the vertical asymptote of equation (42).)

For a flow reactor with idealized recycle or an idealized membrane reactor (R∗ = 1), the substrate concentration

is independent of the residence time and is given by

S∗ (R∗ = 1) =
k∗d

1− k∗d
.

4.2 Transcritical bifurcation

By comparing the identities (27)–(33) with the identities (35)–(41) we see that the washout branch and the

no-washout branch are identical when

S∗

w = S∗

nw,

⇒S∗

0 +
αgk

∗

hX
∗

s,0τ
∗

1−R∗ + k∗hτ
∗
=

1−R∗ + k∗dτ
∗

(1− k∗d) τ
∗ − 1 +R∗

.

This intersection point corresponds to a transcritical bifurcation. After some algebra we find that this is true

when the residence time satisfies the quadratic equation Q (τ∗) = 0, where

Q (τ∗) = a2τ
2∗ + b2τ

∗ + c2, (43)
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and the coefficients are

a2 =
[(

S∗

0 + αgX
∗

s,0

)

−
(

1 + S∗

0 + αgX
∗

s,0

)

k∗d,
]

k∗h,

= [COD∗

in − (1 + COD∗

in) k
∗

d] k
∗

h, (44)

b2 = − (1−R∗)
[

(1 + S∗

0 ) (k
∗

h + k∗d) + k∗hαgX
∗

s,0 − S∗

0

]

,

= − (1−R∗) [k∗h (1 + COD∗

in) + k∗d − (1− k∗d)S
∗

0 ] (45)

c2 = − (1−R∗)
2
(1 + S∗

0 ) < 0. (46)

It it useful to note that equations (43)–(46) are identical to equations (76)–(79) in appendix C. It follows from

the analysis in appendix C that that transcritical bifurcation point is physically meaningful only when a2 > 0

and that it is defined by

τ∗+ = (1−R∗) τ∗cr (R
∗ = 0) , (47)

where

τ∗cr (R
∗ = 0) =

b3 +
√

b23 + 4a2c3
2a2

, (48)

b3 = [k∗h (1 + COD∗

in) + k∗d − (1− k∗d)S
∗

0 ] , (49)

c3 = (1 + S∗

0 ) . (50)

The condition a2 ≥ 0 is

k∗d ≤ COD∗

in

1 + COD∗

in

. (51)

The critical value of the decay rate, equation (51), only depends upon the value of the chemical oxygen demand

in the feed. However, the expression for the critical value of the residence time, equation (48), depends upon how

the chemical oxygen demand is partitioned into its components, as shown in the expressions for the coefficients

of b3 and c3. Expressions (48) & (51). are identical to those in the model where the dead biomass is recycled

into the substrate pool [1].

4.3 Stability of the steady-state solutions

The Jacobian matrix is given by

J (S∗, X∗

b , X
∗

s ) =











− 1
τ∗

− X∗

b

(1+S∗)2 − S∗

1+S∗
αgk

∗

h

X∗

b

(1+S∗)2
R∗

−1
τ∗

+ S∗

1+S∗
− k∗d 0

0 (1− fp) k
∗

d
R∗

−1
τ∗

− k∗h











.
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4.3.1 Stability of the washout branch

The Jacobian matrix evaluated at the washout steady-state solution is given by

J (S∗

w, 0, X
∗

sw) =











− 1
τ∗

− S∗

w

1+S∗

w

αgk
∗

h

0 R∗

−1
τ∗

+
S∗

w

1+S∗

w

− k∗d 0

0 (1− fp) k
∗

d
R∗

−1
τ∗

− k∗h











.

The eigenvalues of this matrix are

λ1 = − 1

τ∗
< 0,

λ2 =
(1−R∗)

τ∗
− k∗h < 0, (recall that 0 ≤ R∗ ≤ 1),

λ3 =
R∗ − 1

τ∗
+

S∗

w

1 + S∗

w

− k∗d.

The stability of the washout branch depends upon the sign of λ3.

We now show that there is a critical value (k∗d,cr,∞) such that the washout branch is always stable when

k∗d,cr,∞ < k∗d ≤ 1. The eigenvalue λ3 will be negative when

k∗d ≥ k∗d,cr =
S∗

w

1 + S∗

w

=
S∗

0 (1−R∗) +
(

S∗

0 + αgX
∗

s,0

)

k∗hτ
∗

(1 + S∗

0 ) (1−R∗) +
(

1 + S∗

0 + αgX∗

s,0

)

k∗hτ
∗
.

Note that

dk∗d,cr
dτ∗

=
αgX

∗

s,0k
∗

h (1−R∗)
[

(1 + S∗

0 ) (1−R∗) +
(

1 + S∗

0 + αgX∗

s,0

)

k∗hτ
∗

]2 ≥ 0.

Thus k∗d,cr has a minimum value S∗

0/ (1 + S∗

0 ) when τ∗ = 0 and a maximum value
(

k∗d,cr,∞

)

when

k∗d,cr,∞ = lim
τ∗

→∞

S∗

0 (1−R∗) +
(

S∗

0 + αgX
∗

s,0

)

k∗hτ
∗

(1 + S∗

0 ) (1−R∗) +
(

1 + S∗

0 + αgX∗

s,0

)

k∗hτ
∗
,

=
S∗

0 + αgX
∗

s,0

1 + S∗

0 + αgX∗

s,0

.

=
COD∗

in

1 + COD∗

in

. (52)

If k∗d ≥ k∗d,cr,∞ then the washout branch is always stable.

We now consider the case k∗d < k∗d,cr,∞ and show that there is a critical value of the residence time, τ∗cr, such

that if τ∗ < τ∗cr then the washout solution is locally stable.

After some algebra we find that the eigenvalue λ3 can be written

λ3 =
−Q (τ∗)

B
,

where Q (τ∗) is defined by equation (43) and the coefficient B is given by

B = − (1−R∗) (1 + S∗

0 ) τ
∗ −

(

1 + S∗

0 + αgX
∗

s,0

)

k∗hτ
∗2 < 0. (Recall that 0 ≤ R∗ ≤ 1).
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The denominator B is always negative. Hence the problem of establishing λ3 < 0 reduces to determining when

−Q (τ∗) is positive, i.e. when the quadratic Q (τ∗) is negative. We only need to consider the case k∗d < k∗d,cr,∞.

This condition implies that the coefficient a2 is positive. From the analysis in appendix C we deduce that the

inequality Q (τ∗) ≥ 0 is only true if 0 < τ∗ < τ∗+, where τ∗+ is defined by equation (47).

4.3.2 Stability of the no-washout branch

In appendix D we show that when the no-washout branch is physically meaningful it is stable.

4.4 Asymptotic solutions

In this section we obtained asymptotic solutions for large residence times. The case k∗d = 1 is not allowed in the

asymptotic formula, because the no-washout branch is not physically meaningful for k∗d = 1. At large residence

times, we have

S∗

nw ≈ k∗d
1− k∗d

+
(1−R∗)

(1− k∗d)
2
· 1

τ∗
+O

(

1

τ∗2

)

, (53)

X∗

b,nw ≈ a0 ·
1

τ∗
+O

(

1

τ∗2

)

, (54)

X∗

s,nw ≈
X∗

s,0 + (1− fp) k
∗

da0

k∗h
· 1

τ∗
+O

(

1

τ∗2

)

, (55)

X∗

p,nw ≈
X∗

p,0 + fpk
∗

da0

1−R∗
+ (b0 + a0c0) ·

1

τ∗
+O

(

1

τ∗2

)

, (56)

X∗

i ≈
X∗

i,0

1−R∗
, (57)

COD
∗

nw ≈ k∗d
1− k∗d

+

{

(1−R∗)

(1− k∗d)
2 +

[

X∗

s,0 + (1− fp) k
∗

da0
]

αg

k∗h

}

· 1

τ∗
+O

(

1

τ∗2

)

, (58)

VSS
∗

nw ≈
X∗

i,0

1−R∗
+

X∗

p,0 + fpk
∗

d

1−R∗
a0 +

{

b0 + a0

[

1 + c0 +
X∗

s,0 + (1− fp) k
∗

d

k∗h

]}

· 1

τ∗
+O

(

1

τ∗2

)

, (59)

where

a0 =
COD

∗

in (1− k∗d)− k∗d
k∗d (1− k∗d) [(1− (1− fp)αg]

, (60)

b0 =
fp

[

S∗

0 (1− k∗d)
2 − k∗d (1− k∗d)− k∗h

]

(1− k∗d)
2
[1− (1− fp)αg] k∗h

, (61)

c0 =
−fp (k

∗

d + k∗h)

[1− (1− fp)αg] k∗h
. (62)

Note that the effluent concentration can not be reduced below the limiting value

lim
τ∗

→∞

S∗

nw =
k∗d

1− k∗d
> 0

and that the biomass concentration is independent of the value of the effective recycle factor (R∗).
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The leading order term for the chemical oxygen demand is identical to both that in our earlier model [1] and

in the basic model [12]. The leading order term for the volatile suspended solids is also identical provided that

there are no non-biodegradable particulates in the feed, i.e. X∗

p,0=0.

4.5 Steady-state diagram

Figure 2 shows the steady state diagrams for the four main state variables. (A steady-state diagram is not

provided for inert matter, it is a horizontal line). In figure 2 (a) the soluble substrate increases along the

washout branch, as shown by equation (34), as additional soluble substrate is produced by the hydrolysis of

the insoluble substrate and there is no biomass to consume it. After the transcritical bifurcation the soluble

substrate is a decreasing function of the residence time, as shown by equation (42). From equation (53) the

soluble substrate concentration approaches the limiting value S∗ = k∗d/ (1− k∗d).

Figure 2 (b) shows the steady-state biomass concentration. After the transcritical bifurcation it increases sharply

from its zero value along the washout branch to reach a maximum value, X∗

b,max = 8.3789 when τ∗max = 4.0546.

Thereafter it decreases towards its limiting value at infinite residence time, give by equation (54): X∗

b = 0.

Figure 2 (c) shows that the insoluble substrate concentration decreases with the residence time towards the

limiting value zero.

Figure 2 (d) shows the non-biodegradable particulates. Along the washout branch their value is equal to the

influent value, in this case zero. After the transcritical bifurcation it increases due to the decay of biomass.

From equation (56) the limiting value when the residence time approaches infinity is
(

X∗

p,0 + fpk
∗

da0
)

/ (1−R∗).

This has two components, the first due to the inflow whilst the second is due to the death of biomass.

4.6 The chemical oxygen demand

Figure 3 shows the chemical oxygen demand as a function of the residence time when there is no recycle. The

chemical oxygen demand is constant along the washout branch (τ∗ < τ∗cr = 1.2020).

COD
∗

W (R∗ = 0) = S∗

0 +
(1 + k∗hτ

∗)αgX
∗

s,0

1−R∗ + k∗hτ
∗

= S∗

0 + αgX
∗

s,0 = COD
∗

in = 10.1790.

Along the no-washout branch the chemical oxygen demand is a decreasing function of the residence time. From

equation (58) it has limiting value when the residence time approaches infinity (τ∗ → ∞) given by

lim
τ∗

→∞

COD
∗

NW =
k∗d

1− k∗d
= 0.0732. (63)

The efficiency at which the chemical oxygen demand is removed can be defined by

ECOD∗ =
COD

∗

in −COD
∗

out

COD
∗

in

.

From equation (63) it follows that the efficiency can not be increased over the limiting value

ECOD∗

NW
(τ∗ = ∞) = 0.9928.
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Thus it is impossible to remove more that 99.28% of the chemical oxygen demand flowing into the reactor.

When ECOD∗ = 0.90, the chemical oxygen demand in the effluent has been reduced to 90% of the value in the

influent. The required value of the residence time is τ∗ = 3.6291 (16.5 days).

In order to reduce the chemical oxygen demand in the effluent to 1% of the value in the influent (ECOD∗ =

0.99) the required value of the residence time is τ∗ = 192.0100 (872.8 days). Thus in practice an efficiency

(ECOD∗=0.99) can not be achieved with a single reactor.

When the effective recycle parameter takes its theoretical maximum (R∗=1) then the residence time to achieve

an efficiency ECOD∗=0.99 is reduced to τ∗ = 170.2187 (773.7 days). This is still too large for practical purposes.

4.7 The volatile suspended solids

4.7.1 The case R∗ = 0

Figure 4 shows a steady state diagram for the volatile suspended solids as a function of the residence time when

there is no recycle. Along the washout branch (0 < τ∗ < τ∗cr) we have

VSS
∗

W (R∗ = 0) =
X∗

p,0 +X∗

i,0

1−R∗
+

X∗

s,0

1−R∗ + k∗hτ
∗
= X∗

p,0 +X∗

i,0 +
X∗

s,0

1 + k∗hτ
∗
, (64)

which is a decreasing function of the residence time. The volatile suspended solids decrease as insoluble substrate

is converted to soluble substrate. The maximum value is when the residence time is zero.

VSS
∗

W,max (R
∗ = 0) =

X∗

p,0 +X∗

i,0 +X∗

s,0

1−R∗
= X∗

p,0 +X∗

i,0 +X∗

s,0 = 12.2142. (65)

Along the washout branch the volatile suspended solids intersects the target value once. The value of the resi-

dence time at this intersection point is τ∗i,w == 0.5080. (See section 5.1.1). At the transcritical bifurcation (47)

the volatile suspended solids has decreased to VSS
∗

W (τ∗ = τ∗cr) = 1.7432.

After the transcritical bifurcation the volatile suspended solids is given by equations (41) & (36). The volatile

suspended solids increases to a local maximum, VSS
∗

nw,max = 9.2834 when τ∗ = 3.2167. Thereafter it decreases

toward its limiting value at infinite residence time. From equation (59) we have

VSS
∗ (τ∗ = ∞, R∗ = 0) ≈

X∗

i,0

1−R∗
+

X∗

p,0 + fik
∗

d

1−R∗
a0 = X∗

i,0 +X∗

p,0 + fik
∗

d = 2.1085,

which is below the target value specified by equation (21).

The values of the residence time at the intersection points along the no-washout branch are τ∗i,nw1 = 1.2336

(5.6 days) and τ∗i,nw2 = 193.6117 (880 days). (See section 5.1.2 for how these values are calculated). Thus the

volatile suspended solids is guaranteed to be below the target value when τ∗ > τ∗i,nw2 = 193.6117. This value is

very large in practical terms.

The volatile suspended solids is also lower than the target value if the residence time is between the intersection

point on the washout branch and the first intersection point on the no-washout branch. The values of the
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chemical oxygen demand at these intersection points are 10.1790 and 8.4075, corresponding to COD efficiencies

of 0 and 0.1740. Thus it is undesirable to operate in this window of residence times.

The key features of figure 4 are: there are three intersection points, one on the washout branch and two on the

no-washout branch; the target value is between the maximum value of the volatile suspended solids along the

no-washout branch and the asymptotic value along the no-washout branch. In practice a wastewater treatment

plant would have to operate with the residence time larger than the second intersection point on the washout

branch to ensure that the volatile suspended solids is below the target value. Using the nomenclature of our

earlier work, this response diagram is ‘type three’ [1].

4.7.2 The case R∗ > 0

We now investigate how the volatile suspended solids response diagram changes as the value of the effective

recycle parameter is varied over the range 0 ≤ R∗ < 1. The mathematical analysis underpinning this discussion

is provided in section 5.2.

In the original Chen and Neethling model as the recycle parameter is increased the ‘type three’ response diagram

becomes ‘type four’, in which there is only one intersection point on the no-washout branch [1]. In the current

model this transition does not occur. Instead, the asymptotic value for the volatile suspended solids at infinite

residence time increases through the target value. This leads to a response diagram, type six, containing two

intersection points: one on each of the washout and no-washout branches. This response diagram is illustrated

in figure 5. The intersection points are at τ∗ = 0.5981 and τ∗ = 0.6624. Figure 5 (a) shows that that

volatile suspended solids at the transcritical bifurcation is below the target value whilst 5 (b) indicates that the

asymptotic value is higher than the target value.

In type six diagrams the volatile suspended solids can only be maintained below the target value if the reactor

is operated at residence times between the two intersection points. However, the corresponding values of the

chemical oxygen demand in the effluent at the intersection points, 11.2190 and 10.9734, correspond to COD

efficiencies of -0.1022 and -0.0780. Thus in practice excess sludge formation can not be avoided.

In the original model the final transition, from type four to case five, corresponded to the asymptotic value

of the volatile suspended solids at infinity increasing through the target value [1]. In the new model the final

transition corresponds to the value of the volatile suspended solids at the transcritical bifurcation increasing

through the target value. This leads to the ‘type five’ response diagram shown in figure 6. There are now no

intersection points and the volatile suspended solids can never be reduced below the target value.

The location of the different regions as a function of the effective recycle parameter is shown in table 1. The

calculation of the transition values is explained in section 5.2.

To summarise, only in the type three response diagram can the volatile suspended solids be kept below the

target value whilst simultaneously significantly reducing the chemical oxygen demand. However, it has the twin

disadvantages of both requiring a large value for the residence time and restricting the value of the effective
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recycle parameter to: 0 ≤ R∗ < 0.3890.

5 Discussion

In section 5.1 we explain how the intersection points of the volatile suspended solids with the target value along

the washout and no-washout branches are determined. In section 5.2 we describe how the critical values of the

effective recycle parameter are determined, representing the transitions from case three to case six and case six

to case five. In section 5.3 we investigate how the volatile suspended solids response diagram depends upon both

the effective recycle ratio and the chemical oxygen demand in the feed. We show that if the chemical oxygen

demand in the feed is sufficiently high, then the volatile suspended solids is always higher than the target value.

5.1 Where does the volatile suspended solids equal the target value?

5.1.1 Intersection points on the washout branch

From equation (64) the value of the residence time when the target value is reached on the washout branch is

τ∗i,w =
(1−R∗)

[

X∗

p,0 +X∗

i,0 +X∗

s,0 −VSS
∗

t (1−R∗)
]

[

VSS
∗

t (1−R∗)−
(

X∗

p,0 +X∗

i,0

)]

k∗h
. (66)

This value is physically meaningful only if it is positive and if the target value is lower than the maximum value

along the washout branch, which is found by substituting τ∗ = 0 into equation (64), and greater than the value

at the washout branch, which is found by substituting τ∗ = τ∗cr in equation (64).

5.1.2 Intersection point on the no-washout branch

Intersection points along the no-washout branch happens when expression (41) is equal to the target value.

Using equations (35), (36) and (41) intersection points are found to solve the cubic equation

aVSSτ
∗3 + bVSSτ

∗2 + cVSSτ
∗ + dVSS = 0, (67)

where the coefficients are

aVSS = k∗hk
∗

d

(

k∗dfp + (1− k∗d)
{[

X∗

i,0 +X∗

p,0 −VSS∗target (R
∗ − 1)

]

[(1− fp)αg − 1]− fp
[

S∗

0 + αgX
∗

s,0

]})

,

bVSS = (1−R∗)
{[

VSS∗target (1−R∗)−X∗

i,0 −X∗

p,0

]

{{[(1− fp)αg − 2] k∗d + 1} k∗h + (1− k∗d) k
∗

d}

+
[(

1 + S∗

0 + αgX
∗

s,0

)

(1 + fp) k
∗

d − S∗

0 − αgX
∗

s,0

]

k∗h +
[(

S∗

0 +X∗

s,0

)

(−1 + k∗d) + k∗d
]

k∗d
}

,

cVSS = (1−R∗)
2 {[

S∗

0 +X∗

i,0 +X∗

p,0 −VSS∗target (1−R∗)
]

(−1 + k∗h + 2k∗d) +X∗

s,0 (2k
∗

d + k∗hαg − 1)

+k∗h + 2k∗d} ,

dVSS = (1−R∗)3
[

1 + S∗

0 +X∗

i,0 +X∗

p,0 +X∗

s,0 −VSS∗target (1−R∗)
]

.
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For a given value of the effective recycle parameter, R∗, equation (67) is readily solved to find the corresponding

values for the intersection points. These values are only physically meaningful if they are larger than the value

of the residence time at the transcritical bifurcation point (τ∗cr).

The use of equations (66) and (67) to find the physically meaningful intersection points identified in section 4.7.1,

with regard to figures 4–6, is shown in by table 2. This table shows all the intersection points, including the

physically non-meaningful points.

5.2 Volatile suspended solids: identifying the critical values of R∗

In this section we explain how to determine the values of the effectively recycle parameter at which the volatile

suspended solids response diagram changes.

5.2.1 The transition from case three to case six (R∗

3,6 = 0.3890).

This transition occurs when the response diagram changes from having one intersection point along the washout

branch and two along the no-washout branch, as in figure 4, to having a single intersection point on both the

washout and no-washout branches, as in figure 5, It occurs when the value of the volatile suspended solids in

the limit of infinitely large residence time equals the target value. Setting the leading term of equation (59)

equal to the target value we find that this transition occurs when

R∗

3,6 =
VSS∗t −X∗

i,0 − fpk
∗

da0

VSS∗

t

= 0.3890, (68)

where the coefficient a0 is given by equation (60).

It is interesting to observe that the transitional value R∗

3,6 only depends upon the total chemical oxygen demand

in the feed (COD∗

in) and not on the particular values of the soluble substrate (S∗

0 ) and slowly biodegradable

particulates (X∗

0 ) in the feed. This follows from the fact that the coefficient a0 only depends upon the total

chemical oxygen demand in the feed, see equation (60). This result make sense because the transition from case

three to case six is governed by the behaviour at infinite residence time and at large residence time almost all

of the insoluble substrate is converted to the soluble substrate, see equation (55).

5.2.2 The transition from case six to case five
(

R∗

6,5 = 04949
)

.

This transition occurs when the response diagram changes from having a single intersection point along both

of the washout and no-washout branches, as in figure 5, to having no intersection points, as in figure 6. The

transition occurs when the value of the volatile suspended solids at the transcritical bifurcation is equal to the

target value
[

VSS∗
(

τ∗+
)

= VSS∗

t

]

.

To calculate the value of the volatile suspended at the transcritical bifurcation, as a function of the effective

recycle parameter, we first determine the residence time at the transcritical bifurcation using equations (47)
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and (48). This value is then substituted into equation (64) to determine the value for the volatile suspended

solids at the transcritical bifurcation. Equating the resulting expression to the target value we find that the

transition occurs when either

R∗

6,5 = 1 or

R∗

6,5 =

[

VSS∗t −
(

X∗

i,0 +X∗

p,0

)2
]

[1 + k∗hτ
∗

cr (R
∗ = 0)] +X∗

s,0

VSS∗t [1 + k∗hτ
∗

cr (R
∗ = 0)]

= 0.4949. (69)

Note that the solution R∗

6,5 = 1 is invalid because equation (64) is not defined for this value.

As opposed to the value of the effective recycle parameter at the transition from case three to case six (R∗

3,6),

the critical value for the transition from case six to case five depends upon how the chemical oxygen demand in

the feed is partitioned into its two constitutive components. This follows from the definition of the transcritical

bifurcation when there is no recycle, see equations (45) & (46).

5.2.3 Model simplification

If we assume that there is neither any inert material nor non-biodegradable particulates in the feed, common

assumptions, then equations (68) & (69) simplify to give

R∗

3,6 = 1− fik
∗

da0
VSS∗t

= 0.3893

and

R∗

6,5 = 1 +
X∗

s,0

VSS∗

t [1 + k∗hτ
∗

cr (R
∗ = 0)]

≥ 1.

Note that in the basic model the degradation products from biomass decay are ignored. This corresponds to

setting (fi = 0). In this case
(

R∗

3,6 = 1
)

. When X∗

i,0 = X∗

p,0 = 0 the value for the effective recycle parameter at

the transition from case six to case five is no longer physically meaningful (R∗

6,5 > 1).

5.3 The effect of changing the chemical oxygen demand in the feed (COD∗
in
)

Figure 7 shows how the volatile suspended solids response diagram depends upon the values of the effective

recycle parameter and the chemical oxygen demand in the feed. In the following we show how the regions

are determined, this investigation is aided by the methods developed to obtain the critical values obtained in

section 5.2.

We introduce a parameter A and write

S∗

0 = AS∗

0,old,

X∗

s,0 = AX∗

s,0,old,

⇒ COD∗

in = ACOD∗

in,old, (70)
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where S∗

0,old and X∗

s,0,old are the default values for the soluble and insoluble substrate, i.e. S∗

0,old = 1.9961 and

X∗

s,0,old = 12.2133.

We first note that there is a critical value of A, below which process failure occurs for all residence times. Using

equations (70) & (51) we find that

Acr =
1

COD∗

in,old

(

k∗d
1− k∗d

)

= 0.0072.

Thus process failure occurs for all residence times when

COD∗

in ≤ AcrCOD∗

in,old = 0.0072(0.9105) = 0.0066.

We first note that for sufficiently small value for A there are two additional response diagrams. In the type

one response diagram the target value is larger than the maximum value along the washout branch. Thus

the volatile suspended solids concentration in the effluent is always below the target value, i.e. there are no

intersection points. In type two the target value is lower than the maximum value along the no-washout branch

but higher than the maximum value along the washout branch. Thus there is only one intersection point, which

is on the washout branch. The volatile suspended solids at any point on the no-washout branch is below the

target value. These response diagrams, shown in figures 8 (a) & 8 (b), are of limited practical interest as they

only occur for low values of the chemical oxygen demand.

From equation (64) the transition from case one to two happens when

VSS
∗

t =
1

1−R∗

(

X∗

i,0 +X∗

p,0 +AX∗

s,0

)

,

⇒ A12 =
VSS∗t (1−R∗)−X∗

i,0

X∗

s,0,old

.

This transition is marked by line 1 in figure 7.

The transition from case two, where there is one intersection along the washout branch, to case three, when

there is one intersection along the washout branch and two intersections along the no-washout branch, occurs

when the target value is equal to the maximum value of the volatile suspended solids along the no-washout

branch. To find this transition (A23) we write

G = VSS∗nw −VSS∗

t

and solve the system

G = 0,
dG

dτ∗
= 0.

This transition is marked by line 2 in figure 7

The transition from case three, where there is one intersection point along the washout branch and two along

the no-washout branch, to case six, where there is a single intersection point on each branch, was investigated
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in section 5.2.1. It occurs when the volatile suspended solids on the no-washout branch at infinite residence

time is equal to the target value. Applying the same argument as in section 5.2.1 we find that

A36 =
(1− k∗d)

[

(1−R∗)VSS∗t −X∗

i,0

]

[1− αg (1− fp)] + fpk
∗

d

fp (1− k∗d)
(

S∗

0 + αgX∗

s,0

) .

This transition is marked by line 3 in figure 7. The case three and case six response diagrams are shown in

figures 4 & 5 respectively.

The transition from case six, where there are two intersection points, one along both the washout and no-

washout branches, to case five, where there are no intersection points, was investigated in section 5.2.2. It

occurs when the suspended solids along the no-washout branch at the critical value of the residence time is

equal to the target value of the volatile suspended solids. Applying the same arguments as in section 5.2.2 we

find that

A65 =

[

(1−R∗)VSS∗

t −X∗

i,0

]

[1 + k∗hτ
∗

cr (R
∗ = 0)]

X∗

s,0

,

where τ∗cr(R
∗ = 0) is defined in (48). This transition is marked by line 4 in figure 7. The case 5 response

diagram is shown in figure 6.

Case six is the ‘worst scenario’, as the volatile solids are above the target value for all values of the residence

time. If the chemical oxygen demand in the feed is sufficiently high, this happens for even in the absence of

recycle. Substituting R∗ = 0 into the previous equation we find

A65,cr =

[

VSS∗t −X∗

i,0

]

[1 + k∗hτ
∗

cr (R
∗ = 0)]

X∗

s,0

.

6 Conclusion

In this paper we analysed an extension of the basic activated sludge model which include additional biochemistry.

The additional biochemistry has two components. Firstly, insoluble substrate is included which is hydrolyzed to

give soluble substrate. Secondly, the products of biomass decay are included. These comprise slowly biodegrad-

able particulate substrate and non-biodegradable particulate matter. In addition particulate inert matter may

be included in the feed. This system contains five equations, rather than two in the basic model. For analysis

of the long term behaviour the system of equations can be reduced to three.

We found two steady state solutions corresponding to washout and no-washout branches and determined their

stability as a function of the residence time. The washout branch corresponds to process failure and has to be

avoided. We showed that if the decay rate is sufficiently high then the process failure is automatic. For values

of the decay coefficient below this critical value there exists a critical value of the residence time, corresponding

to a transcritical bifurcation. Below this value process failure occurs, above this value the no-washout solution

branch is both physically meaningful and stable. From our expression for the solutions along the no-washout

branch we obtained asymptotic expressions in the limit of high residence time.
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The steady-state expressions were used to investigate how the reactor performance depends upon process pa-

rameters. We examined the chemical oxygen demand in the effluent and the volatile suspended solids. Our

main interest was the latter and we investigated how it depends upon the effective recycle parameter, the total

chemical oxygen demand in the feed and how the chemical oxygen demand in the feed is partitioned between

its two components.

For the default parameter values we found that there are three generic response diagrams for the steady-state

concentration of volatile suspended solids. In the first case (called case three to be consistent with our analyse of

a related model [1]) it is possible to ensure that the suspended solids are below the target value by operating at

sufficiently high residence times. However, the required minimum value of the residence time may be unpalatable

in practice. In the second case (case six), it is only possible to ensure that the suspended solids are below the

target value by operating the reactor in a very restrictive range of residence times. Over this range there is

effective no removal of chemical oxygen demand. Thus this scenario is not of practical interest. In the final case

(case five) for any value of the residence time the volatile suspended solids are always above the target value.

For the model considered in this paper it seems inevitably, except for very dilute wastewaters, that for practical

values of the residence time that the suspended solids will eventually exceed the target value. When this happens

plant operation must cease, so that the sludge can be removed from the reactor. Is it possible to prevent this

from happening by operating a sludge disintegration unit in situ? We have investigated this possibility for the

original Chen and Neethling model and some results along these lines are available [2].

The model investigated here is much simpler than those developed by the IWA [6]. It has the advantage that it

is possible to obtain analytic expression for the steady-state expressions. In turn these allow gain considerable

insight to be obtained into its generic behaviour. It is hoped that these insights will be informative in the study

of the various IWA models, where analytic expressions for the steady-states are unavailable and purely numerical

techniques must be deployed. A start on investigating ASM-1 using continuation methods is presented in [13].
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A Nomenclature

Subscripts nw and w indicate properties along the no-washout and washout branches respectively.

Abbreviation Explanation Unit

C The recycle concentration factor (–)

COD Chemical oxygen demand. (|S|)
COD = S +XS
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COD
∗ Scaled chemical oxygen demand. (–)

COD
∗ = S∗ + αgX

∗

s

COD
∗

in Chemical oxygen demand in the feed. (—)

COD
∗

in = S∗

0 + αgX
∗

s,0

E∗

COD
Chemical oxygen demand removal efficiency (—)

E∗

COD
= (COD

∗

in −COD
∗) /COD

∗

in

F Flow rate through bioreactor (dm3 hr−1)

Ks Monod constant (|S|)
R Recycle ratio based on volumetric flow rates (–)

R∗ Effective recycle parameter (–)

R∗ = (C − 1)R

S Substrate concentration within the bioreactor (|S|)
S∗ Dimensionless substrate concentration (–)

S∗ = S/Ks

S0 Concentration of substrate in the feed (|S|)
S∗

0 Dimensionless feed concentration (–)

S∗

0 = S0/Ks

V Bioreactor volume (dm3)

VSS Volatile suspended solids (|S|)
VSS = Xb +Xs +Xp +Xi

VSS
∗ Scaled volatile suspended solids (–)

VSS
∗ = X∗

b +X∗

s +X∗

p +X∗

i

VSStarget Target value of the volatile suspended solids (|S|)
VSS

∗

t Scaled target value (—)

VSS
∗

target = VSStarget/ (αgKs)

Xb Concentration of biomass (|S|)
Xi Concentration of particulate inert material (|S|)
Xs Concentration of slowly biodegradable particulate (|S|)
Xp Concentration of non-biodegradable particulate (|S|)
Xj,0 Concentration in the feed (j=b,s,p,i) (|S|)
X∗

j,0 Scaled Concentration in the feed (j=b,s,p,i) (|S|)
X∗

j,0 = Xj,0/ (αgKs)

X∗

j Dimensionless concentration (j=b,s,p,i) (–)

X∗

j = Xj/ (αgKs)

Xt Total volatile suspended solids (|S|)
fp The fraction of dead biomass converted to non-biodegradable particulate (–)

kd Death coefficient (hr−1)

k∗d Dimensionless decay coefficient (–)
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k∗d = kd/µm

kh Hydrolysis rate of insoluble organic compounds (hr−1)

k∗h Dimensionless hydrolysis rate (–)

k∗h = kh/µm

t Time (hr−1)

t∗ Dimensionless time (–)

t∗ = µmt (–)

αg Yield factor for growth of biomass (|S||S|−1)

βi Conversion efficiency from non-biodegradable particulates to readily

biodegradable (soluble) substrate, (–)

µ (S) Specific growth rate model (hr−1)

µm Maximum specific growth rate (hr−1)

τ Residence time (hr)

τ∗ Scaled residence time (—)

τ∗ = µmτ

We take the units of soluble substrate to be: |S| = g CODdm−3.

We assume that C ≥ 1, as otherwise recycle leads to a decrease in reactor performance.

The cases R∗ = 0, 0 < R∗ < 1 and R∗ = 1 represent a flow reactor without recycle, a flow reactor with

non-idealized recycle, and a flow reactor with idealized recycle, respectively.

B Values of parameters

Typical dimensional parameter values are taken from [19]. Ks = 5, 190 |S|, S0 = 10, 360 |S|, VSStarget =

12, 000 |S|. Xb,0 = 0 |S|, Xi,0 = 3 |S|, Xp,0 = 0 |S|, Xs,0 = 42, 469.20 |S|, fp = 0.08 , kd = 0.015 day−1,

kh = 1.1 day−1, αg = 0.67, µm = 0.22 day−1.

The dimensionless parameter values are: S∗

0 = 1.9961, VSS
∗

t = 3.4510. X∗

b,0 = 0, X∗

i,0 = 0.0009, X∗

p,0 = 0,

X∗

s,0 = 12.2133, fp = 0.08, k∗d = 0.0682, k∗h = 5.

C When is the no-washout branch physically meaningful?

The no-washout branch is physically meaningful only when the substrate and cellmass concentrations are positive

(S∗

nw ≥ 0 and X∗

bnw ≥ 0). We have

S∗

nw =
1−R∗ + k∗dτ

∗

R∗ − 1 + (1− k∗d) τ
∗
, X∗

bnw =

(

aS∗2
nw + bS∗

nw + c
)

[R∗ − 1 + (1− k∗d) τ
∗]

(a1τ∗2 + b1τ∗ + c1) τ∗
, (71)
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where the coefficients are

a = 1−R∗ + k∗hτ
∗ ≥ 0, a1 = [(1− fp)αg − 1] k∗hk

∗

d < 0, (72)

b = (1−R∗) (1− S∗

0 ) +
(

1− S∗

0 − αgX
∗

s,0

)

k∗hτ
∗, b1 = (R∗ − 1) (k∗h + k∗d) < 0, (73)

c = (R∗ − 1)S∗

0 −
(

S∗

0 + αgX
∗

s,0

)

k∗hτ
∗ < 0, c1 = − (R∗ − 1)

2
< 0. (74)

The substrate concentration is positive only when its denominator is positive. This gives the condition

τ∗ > τ∗pm,1 =
1−R∗

1− k∗d
, (75)

where we also require

0 ≤ k∗d < 1. Recall that (0 ≤ R∗ ≤ 1).

We now investigate the condition for the biomass concentration to be positive. We write the biomass concen-

tration in the form

X∗

bnw =
Q (S∗

nw)

B (τ∗)
· A
τ∗

,

A = R∗ − 1 + (1− k∗d) τ
∗,

B (τ∗) =
(

a1τ
∗2 + b1τ

∗ + c1
)

τ∗,

Q (S∗

nw) = aS∗2
nw + bS∗

nw + c,

where the coefficients a1, b1 and c1 are given by equations (72)–(74).

Inequality (75) establishes that A > 0. We now note that from equations (72)–(74) the coefficients a, b and c

are all negative. As we need only consider positive values for the residence time (τ∗ > 0) we conclude that the

quadratic function B (τ∗) is negative. Thus the condition for the biomass concentration to be positive is

Q (S∗

nw) < 0.

We now consider the quadratic function

Q (S∗

nw) = aS∗2
nw + bS∗

nw + c,

where the coefficients are defined in equations (72)–(74). We have

Q (S∗

nw = 0) = c < 0.

As a > 0 the quadratic equation Q = 0 has real solutions

S∗

nw = S∗

nw,− < 0 and S∗

nw = S∗

nw,+ > 0.

As only positive values for S∗

nw are physically meaningful, the condition for the biomass concentration to be

positive is given by

0 ≤ S∗

nw ≤ S∗

nw,+ =
−b+

√
b2 − 4ac

2a
.
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Substituting for the steady-state soluble substrate concentration, equation (71), we find, after some algebra,

that the condition for the biomass concentration to be positive is given by

Q (τ∗) = q2τ
∗2 + q1τ

∗ + q0 ≥ 0, (76)

q2 =
[

(1− k∗d)
(

S∗

0 + αgX
∗

s,0

)

− k∗d
]

k∗h, (77)

q1 = − (1−R∗)
[(

S∗

0 + αgX
∗

s,0

)

k∗h − (1− k∗d)S
∗

0 + k∗d + k∗h
]

, (78)

q0 = − (1−R∗)
2
(1 + S∗

0 ) . (79)

Note that

Q (τ∗ = 0) = q0 < 0. (80)

It can be shown that the biomass concentration is not physically meaningful if a2 ≤ 0. When a2 > 0 the

quadratic equation has roots τ∗ = τ∗
−
< 0 and τ∗ = τ∗+ > 0. We have not considered inequality (75). We have

Q
(

τ∗ = τ∗pm,1

)

=
(k∗d − k∗h) [1 +R∗ (R∗ − 2)]− (R∗ − 1)

2

(1− k∗d)
2 ,

< Q1 =
k∗d [1 +R∗ (R∗ − 2)]− (R∗ − 1)

2

(1− k∗d)
2 .

The function Q1 is maximised when R∗ = 1. Thus

Q
(

τ∗ = τ∗pm,1

)

< Q1 (R
∗ = 1) = 0.

From this we deduce that

0 < τ∗pm,1 < τ∗+.

Thus the conditions that the no-washout branch be physically meaningful are

τ∗ ≥ τ∗+ =
−q1 +

√

q21 − 4q2q0
2q2

,

q2 > 0.

D Stability of the no-washout branch

We are only interested in the stability of the no-washout branch when it is physically stable. Hence we assume

that: S∗

nw > 0, X∗

bnw > 0, and X∗

snw > 0.

The Jacobian matrix for the no-washout branch is given by

J (S∗

nw, X
∗

bnw, X
∗

snw) =











f1 f2 f3

g1 0 0

0 h2 h3











. (81)
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The coefficients in the Jacobian matrix are

f1 = − 1

τ∗
− X∗

bnw

(1 + S∗

nw)
2
< 0, g1 =

X∗

bnw

(1 + S∗

nw)
2
> 0,

f2 = − S∗

nw

1 + S∗

nw

< 0, h2 = (1− fp) k
∗

d > 0,

f3 = αgk
∗

h > 0, h3 =
R∗ − 1

τ∗
− k∗h < 0.

The characteristic polynomial of the Jacobian matrix (81) is given by

λ3 + d1λ
2 + d2λ+ d3 = 0, (82)

d1 = − (h3 + f1) > 0,

d2 = − (g1f2 − h3f1) > 0,

d3 = g1 (f2h3 − h2f3) .

By the Routh-Hurwitz criteria [10] the polynomial (82) has negative real roots when

d1 > 0, d3 > 0 and d1d2 − d3 > 0.

Consider the first condition d1 > 0. We have

d1 = − (h3 + f1) ,

= −
(

R∗ − 1

τ∗
− k∗h − 1

τ∗
− X∗

bnw

(1 + S∗

nw)
2

)

> 0.

Consider the second condition d3 > 0. We have

d3 = g1 (f2h3 − h2f3) .

As g1 > 0 the condition d3 > 0 becomes

d3 > 0 ⇒ f2h3 − h2f3 > 0 ⇒ S∗

nw

1 + S∗

nw

(

1−R∗

τ∗
+ k∗h

)

− (1− fp) k
∗

dαgk
∗

h > 0.

After some work we have

f2h3 − h2f3 > 0 ⇒ −
(

i1τ
∗2 + j1τ

∗ + k1
)

τ∗2
> 0,

where

i1 = −k∗dk
∗

h [1− (1− fp)αg] < 0, as (1− fp)αg ≤ 1

j1 = − (k∗d + k∗h) (1−R∗) < 0,

k1 = (1−R∗)2 > 0.
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The condition d3 > 0 reduces to showing when

Q1 (τ
∗) = −

(

i1τ
∗2 + j1τ

∗ + k1
)

> 0.

As i1 > 0, j1 > 0, k1 > 0 this is always true.

Now we consider the final condition d1d2 − d3 > 0. We have

d1d2 − d3 = (h3 + f1) (g1f2 − h3f1) + g1 (h2f3 − f2h3) ,

= g1 (f1f2 + h2f3)− f1h3 (f1 + h3) ,

=
(1− fp) k

∗

dαgk
∗

hX
∗

bnw

(1 + S∗

nw)
2 +

[

1

τ∗
+

X∗

bnw

(1 + S∗

nw)
2

]

+

[(

2−R∗

τ∗
+

X∗

bnw

(1 + S∗

nw)
2
+ k∗h

)(

1−R∗

τ∗
+ k∗h

)

+
S∗

nwX
∗

bnw

(1 + S∗

nw)
3

]

> 0,

Hence, the no-washout solution branch is always stable when it is physically meaningful.
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R∗ Type Figure

0 < R∗ < R∗

3,6 = 0.3890 Type three Figure 4

R∗

3,6 < R∗ < R∗

6,5 = 0.4949 Type six Figure 5

R∗

6,5 < R∗ Type five Figure 6

Table 1: The generic behavior of the reactor as a function of the effective recycle parameter.

R∗ τ∗+ τ∗i,w τ∗i,nw

0 1.2020 0.5080 1.2336, 193.6117, -0.300

0.45 0.6611 0.5981 0.6624, -0.1559, -836.0853

Table 2: The value of the critical value of the residence time (τ∗+) and the intersection points along the washout

and the no-washout branch found using equations 66 and (67) respectively.
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Figure 1: Overview of biochemical processes. Nomenclature: S is the concentration of soluble substrate, Xb

is the concentration of biomass, Xp is the concentration of non-biodegradable particulate material, Xs is the

concentration of slowly biodegradable particulate substrate, µ(s) is the specific growth rate, kd is the death

coefficient, kh is the hydrolysis rate of insoluble organic compound (Xs) and µ(s) is the specific growth rate.
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(a) Soluble substrate (S∗) (b) Biomass (X∗

b
)

(c) Slowly biodegradable substrate (X∗

s ) (d) Non-biodegradable particulates (X∗

p )

Figure 2: Steady-state diagrams showing the variation of dimensionless substrate concentration (S∗), biomass

concentration (X∗

b ), slowly biodegradable particulates concentration (X∗

s ), and non-biodegradable particulates

concentration (X∗

p ) as a function of the dimensionless residence time (τ∗). Parameter value R∗ = 0.

Page 29 of 32

http://mc.manuscriptcentral.com/apjce

Asia-Pacific Journal of Chemical Engineering

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



For Peer Review

Analysis of an activated sludge model 30

Figure 3: Steady state diagram for the chemical oxygen demand. Parameter value R∗ = 0. The horizontal line

correspond to a chemical oxygen demand removal efficiency of 90%.

(a) 0 ≤ τ∗ ≤ 5 (b) 0 ≤ τ∗ ≤ 250

Figure 4: Steady state diagram for the volatile suspended solids (type three). Parameter values R∗ = 0, τ∗cr =

1.2020. The horizontal line denotes the target value of the volatile suspended solids (VSS
∗

target = 3.5410).
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(a) 0 ≤ τ∗ ≤ 1 (b) 0 ≤ τ∗ ≤ 1000

Figure 5: Steady state diagram for the volatile suspended solids (type six). Parameter value R∗ = 0.45, τ∗cr =

0.6611. The horizontal line denotes the target value of the volatile suspended solids.

Figure 6: Steady state diagram for the volatile suspended solids (type five). Parameter value R∗ = 0.6,

τ∗cr = 0.4808. The horizontal line denotes the target value of the volatile suspended solids.
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Figure 7: The location of the volatile suspended solids response diagrams in the effective recycle Parameter

chemical oxygen demand parameter plane, where COD∗

in = A·COD∗

in,old. The dotted line represent the minimum

value A=0.0072.

(a) Case one. Parameter values: R∗=0.1 and A=0.1. (b) Case two. Parameter values: R∗=0.2 and A=0.3.

Figure 8: Steady-state diagrams showing the volatile suspended solids as a function of the dimensionless res-

idence time (τ∗). The horizontal dash line denotes the target value of the volatile suspended solids and the

horizontal dotted line denotes the asymptotic value. Cases one and two.
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