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ABSTRACT 

Teleoperation systems, characterized as bilateral and multilateral, allow an operator to 

perform complex tasks remotely via a slave manipulator. Such systems can extend 

human sensing, decision making and manipulation to a remote object and make the 

control system more flexible than a fully automated system.   

The performance of a teleoperation system is primarily assessed by two criteria, 

stability and transparency. High transparency provides an operator with the genuine 

feeling of the remote environment but may increase the closed-loop gain, thereby 

causing instability. Stability is also undermined by time delay in a teleoperation system. 

Achieving a trade-off between stability and transparency in the presence of time delay 

is a major challenge in teleoperation systems. This challenge is also present in 

multilateral teleoperation systems that use more than one user to remotely operate the 

slave robot as well as systems with multiple slaves that collaborate to perform a 

manipulation task.  

In this thesis we explore how passivity-based methods can be deployed to achieve 

simultaneous transparency and stability in bilateral and multilateral teleoperation 

systems under variable time delay. This will be an improvement to the passivity-based 

methods proposed in the literature that cannot produce high transparency in the 

presence of time delay.  

During the course of the thesis a number of novel passivity-based methods are 

proposed and validated. A new architecture that can address two intrinsic problems, 

wave reflection and position drift, is developed and applied to linear and nonlinear 

bilateral teleoperation systems. 

The reduced wave reflection architecture is further extended to a Single-Master-Multi-

Slave teleoperation system in order to allow one master robot to control multiple slave 

robots and simultaneously derive improved force reflection. 

A new approach that combines the wave variable method and Time Delay Passivity 

Approach (TDPA) with novel wave-based passivity observers and controllers is also 

proposed. Compared with other passivity-based methods, this approach can effectively 

enhance the system transparency and simultaneously maintain stability in the presence 

of time varying delays. The wave-based TDPA is then further extended with the 
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Prescribed Performance Control (PPC) method in order to achieve prescribed transient 

tracking behaviour of position, velocity and external force signals in the presence of 

time-varying delays. 

Innovative methods applying sliding-mode control, neural networks and fuzzy logic 

methods are also deployed to estimate and eliminate the dynamic uncertainties and 

enhance the system synchronization performance in finite time. 

The flexibility, stability and tracking accuracy of the multilateral teleoperation systems 

are also studied in this thesis. A dual-master-dual-slave teleoperation system with 

variable dominance factor is proposed to largely enhance the shared control training 

system’s flexibility. The dual-user system is further extended to multi-user shared 

control system that allows the mentor to simultaneously lead multiple trainees in 

different places with different time-varying delays to collaboratively perform the 

remote task. All of the proposed systems are validated through experimental work 

using platforms consisting of 1-DOF and 3-DOF manipulators. 
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1 INTRODUCTION 

1.1 Background and Motivation 

Teleoperation, in which a human operator interacts with the environment remotely, 

extends human sensing, decision-making and operation beyond direct physical contact. 

Since the 1940’s, teleoperation systems have been deployed in numerous domains 

ranging from space exploration [1]-[2], underwater operation [3], mining [4], nuclear 

reactor [5]-[6] where human operators are protected from dangerous situations, to 

medical training [7], rehabilitation [8]-[10] and minimally invasive surgery [11]-[14] 

where through key-hole surgery a patient suffers less trauma. [15]. A teleoperation 

system consists of five elements of the human operator, the master, communication 

channels, the slave and the environment. From the teleoperator’s point of view, a 

teleoperation system can be bilateral or multilateral.  

A bilateral teleoperation system, comprising single master and single slave, provides 

the operator with a sense of presence in the remote environment (haptic sensation) by 

feeding back the force signal from a slave robot to a master through a communication 

network, such as Ethernet or Internet. The performance of bilateral teleoperation 

system is evaluated in terms of three objectives: stability, feeling of presence, and 

transparency. System stability of passivity is the basis of a system to normally function. 

Feeling of presence is a subjective process, indicating the operator’s feeling of being 

present in the remote environment. Ideally, the operator should not fee any difference 

between present in a remote place and the real world. Compared to feeling of presence, 

transparency in a teleoperation system is an objective element, indicating that the 

technical medium between operator and environment is not felt, i.e. that the dynamics 

of master and slave are canceled out.  

Teleoperation controllers are designed to ensure stability of contact and to achieve a 

desired performance. Incorporation of force feedback, is a double-edged sword as it 

injects extra energy into the overall system and jeopardizes the system stability [16] in 

addition to providing force information to the operator. With the network technologies 

advancing at a staggering rate, teleoperation can be conducted by using commercially 
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available communication networks. When the local and remote platforms are 

connected via commercial networks, the forward and feedback control signals between 

the master and the slave will be inevitably associated with time delay. For the remote 

control and manipulation, without proper control algorithms, even a small time delay 

may destabilize and degrade the tracking performance of a teleoperation system. Due 

to sensitivity of bilateral teleoperation systems to time delay, even a small time delay 

can de-stabilize the system [17].  

Numerous methods have been proposed [18]-[21] to minimize the effect of time delay. 

A system designed by Lee and Spong uses direct position feedback to eliminate 

position drift [22]. Nunõ et al. use P-like, PD-like and scattering controllers to analyse 

the stability of the nonlinear teleoperation system with the classic assumptions of 

passivity [23]. In further development, they introduce a general Lyapunov-like 

function to unify stability analysis on the passivity-based control for the nonlinear 

teleoperation system [24]. An adaptive coordination control law based on the 

scattering approach is introduced by Chopra et al. to ensure position synchronization 

in the nonlinear teleoperation systems [25]. Yang et al. design a new fuzzy PD-like 

controller to deal with the system dynamics uncertainties [26]. However, all of the P-

like and PD-like system require pre-set dampers with constant gains relating to the 

value of the time delay to guarantee the system’s stability by reducing transparency. 

Due to different types of time delay, these method may be over-conservative in some 

situations. 

The passivity-based approaches aim to robustly guarantee the system passivity under 

time delay.  The idea of passivity characterized by mechanical energy, which uses 

force and velocity as efforts and flow variables, is an effective tool for establishing 

stability of bilateral teleoperation interaction. However, all of the passivity-based 

systems have a major challenge that is the largely reduced system transparency can 

seriously influence the system’s performances especially in the presence of large time 

delays. Therefore, enhancing transparency and meanwhile maintaining system 

stability under random time delays is the primary goal for the passivity-based system 

design.  
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Several applications, including rehabilitation, surgical training and signal modification 

require the teleoperation systems with more than one user to remotely operate the slave 

robot [27]-[29]. These applications can be more effective with the collaboration of 

multiple robots where a single robot does not have the required level of manipulation 

dexterity, mechanical strength, robustness to single point failure, or safety (e.g. 

distributed kinetic energy). Therefore, an emerging research area is multilateral 

cooperative telerobotics where multiple robots interact with each other to 

cooperatively perform the remote task in different environments. The slave robots can 

manipulate the environment through an intervening tool or directly. Depending on the 

application, diverse configurations of master and slave robots are structured to build a 

cooperative teleoperation system. 

The Single-Master-Multiple-Slave (SMMS) teleoperation system is a major direction 

of research in multilateral teleoperation. In SMMS teleoperation systems, a single 

operator collectively controls multiple slave robots. The slave robots are provided with 

local intelligence to avoid collision when performing a task. The applications of the 

SMMS teleoperation system include multi-finger grasping [30], tele-manipulation in 

remote or inaccessible environments [31], formation of a group of robotic agents [32], 

flexible and dexterous micro-assembling [33], and haptic guidance in tele-

micromanipulation with increased human operability [34]. 

The multi-user teleoperation system is another major direction in the multilateral 

teleoperation research. In a multi-user teleoperation system, multiple operators control 

the slave robot by providing control information. Each operator can feel the mixed 

dynamics of the environment and the other operators. Multi-user teleoperation systems 

have found applications in surgical training simulators [35]-[37], control of a 

kinematically redundant robot [38], and rehabilitation [39]. 

As an extension of bilateral teleoperation, multilateral teleoperation is another 

approach with control challenges similar to bilateral teleoperation. Especially, dealing 

with the trade-off between stability and transparency in the presence of random time 

delays is a major objective in multilateral teleoperation systems. In the work conducted 

in [40], it is demonstrated that the optimized controller gains can be set to maintain 

stability by sacrificing system transparency. Sirouspour extend the bilateral nonlinear 
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adaptive control architecture that proposed earlier for multilateral teleoperation 

systems using a 𝜇-synthesis based robust control [41]-[42]. Khademian et al. propose 

a four-channel controller for dual-master-single-slave teleoperation to achieve high 

transparency [43]. However, in the above works, two most important elements, i.e., 

the nonlinearity in the robot dynamics and time delays in the communication channels 

are ignored. Ghorbanian et al. explore the nonlinear trilateral teleoperation under time-

varying delays using proportion-differential plus damping (PD+d) control architecture 

[44]. Li et al. propose an adaptive fuzzy control scheme to eliminate the nonlinearities 

and dynamics uncertainties of the trilateral teleoperation system under random time 

delays [45]. A framework for force-velocity control architecture is proposed in [46] 

for the development of a stability-guaranteed network of multilateral teleoperation by 

introducing the notion of absolute k-stability. The issue of balancing the trade-off 

between transparency and stability in the presence of time delay is still the main 

problem faced by the multilateral teleoperation systems. 

1.2 Aims, Contributions and Publications of Thesis 

In this Section, the primary aim of the thesis is initially introduced. Then the original 

contributions of the work relative to the existing works are presented. Finally, the 

major publications produced on the outcomes of the thesis will be described. 

1.2.1 Aims 

The primary aim of this thesis has been to investigate how concurrent transparency 

and stability in the presence of time delay can be maintained in bilateral and 

multilateral teleoperation systems using passivity-based approach. Towards realising 

this aim, a number of objectives have been pursued. In particular, we have explored 

wave variable transformation architecture to solve two intrinsic problems in the 

conventional wave variable transformation, wave reflection and position drift. We 

have succeeded to develop a new controller that could significantly reduce wave 

reflections and eliminate position drift thereby enhancing the system transparency. As 

mentioned before, variable time delay has been a challenge in traditional wave variable 
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transformation. This issue has been studied in our research and novel techniques have 

been proposed to enhance the wave-based system’s performance in the presence of 

arbitrary time delay. Specifically, the methods developed in this thesis can improve 

system tracking accuracy in the worst case scenario where a system experiences large 

time delay at high rate. This approach can also enhance the system synchronization 

performance under time varying delays in finite time. The work has been further 

extended to guarantee the position, velocity and torque tracking of a bilateral system 

through novel control algorithm that can rapidly converge a system with a pre-defined 

boundary in the presence of random time delays. The uncertainties of the nonlinear 

dynamics are estimated and eliminated by deploying different methods. We have also 

studied multi-master multi-slave telerobotic systems. Multilateral systems can extend 

the human operational ability to remotely control more than one slave robot or allow 

multiple users to collaboratively drive the remote slave robot. In the thesis, the tracking 

accuracy, flexibility, synchronization and stability of multilateral teleoperation system 

in the presence of time varying delays are studied in order to further extend the 

multilateral robotic system capability and practicability. 

1.2.2 Contributions 

The major contributions of this thesis are as follows: 

1) We have developed a novel wave variable transformation for bilateral 

teleoperation system that unlike the conventional wave variable transformation can 

effectively reduce wave reflections as well as the related signal perturbations using 

a proposed position, velocity and force encoding method. By adding direct position 

signal transmission channels, position drift as another intrinsic problem of 

conventional wave-based systems is addressed. The proposed wave 

transformations can also robustly guarantee the passivity of the communication 

channels under constant time delay. 

2) An innovative wave-based system that can be effectively combined with the Time 

Delay Passivity Approach (TDPA) is proposed. The developed system can 

simultaneously enhance transparency while maintaining overall system stability in 

the presence of large constant and time-varying delays. This method can robustly 
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guarantee the channel passivity under constant delays. Moreover, the combined 

wave-based TDPA in this approach can address instability of wave-based system 

under time-varying delays and simultaneously enhance transparency of the overall 

system. 

3) An extended Prescribed Performance Control (PPC) approach is proposed to 

further extend the wave-based TDPA system and restrict the boundary of position, 

velocity and torque tracking errors with a pre-set value. Therefore, the new system 

can achieve highly accurate tracking performance in the presence of large time-

varying delays, compared with previous passivity-based systems. 

4) A novel sliding-mode control method deploying Radial Basic Function (RBF) 

neural networks and Fuzzy Logic (FL) control method is developed to estimate 

and eliminate the system dynamic uncertainties.  

5) A multilateral system applying the reduced wave-reflection architecture is 

proposed to allow one master robot to remotely control multiple slave robots under 

time-varying delays. Since the wave reflections are largely reduced, all of the slave 

robots can accurately follow the motion of the master robot. Moreover, the 

proposed algorithm provide the multilateral teleoperation system accurate torque 

tracking, which allows a single human operator to genuinely feel the mixed 

dynamics of the multiple slave robots. 

6) A Dual-Master-Dual-Slave (DMDS) teleoperation system with a series of variable 

dominance factors is designed to enhance the overall system’s flexibility in the 

presence of time-varying delays. With the variable dominance factors, the 

efficiency of the cooperation of the two users is enhanced. Moreover, as a flexible 

training system, the proposed algorithm allows one mentor to guide and evaluate 

the motion of a single trainee. 

7) A novel multi-user shared control teleoperation system with extended wave-based 

TDPA is proposed to allow one mentor to simultaneously lead multiple trainees in 

different location at different time delays in order to collaboratively perform the 

remote tasks. The proposed approach can robustly guarantee stability of multiple 

robots. High flexibility and accurate motion synchronization of multiple robots can 

also be achieved in this system. 
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1.2.3 Publications 

The research outcomes produced in this thesis have been published extensively in top 

tier journal and conferences. Here is the list of publications: 

 

a) Sun, D., Naghdy, F., & Du, H. (2014). Application of wave-variable control to 

bilateral teleoperation systems: A survey. Annual Reviews in Control, Vol. 38, 

No. 1, pp.12-31. 

b) Sun, D., Naghdy, F., & Du, H. (2014). Transparent four-channel bilateral 

control architecture using modified wave variable controllers under time delays. 

Robotica. 

c) Sun, D., Naghdy, F., & Du, H. (2015). Wave-variable-based Passivity Control 

of Four-channel Nonlinear Bilateral Teleoperation System under Time Delays. 

Mechatronics, IEEE Trans. on. Online-first. 

d) Sun, D., Naghdy, F., & Du, H. (2015) Enhancing Flexibility of the Dual-

Master-Dual-Slave Multilateral Teleoperation System. IEEE Multi conference, 

Sydney, accept. 

e) Sun, D., Naghdy, F., & Du, H. (2015). Stability Control of Force-Reflected 

Nonlinear Multilateral Teleoperation System under Time-Varying Delays. 

Journal of Sensors, 501, 682736. 

f) Sun, D., Naghdy, F., & Du, H. A Novel Approach for Stability and 

Transparency Control of Nonlinear Bilateral Teleoperation System with Time 

Delays. Control Engineering Practice, accept. 

g) Sun, D., Naghdy, F., & Du, H. Neural Network based Passivity Control of 

Teleoperation System under Time-Varying Delays. Cybernetics, IEEE Trans. 

on, under review. 

h) Sun, D., Naghdy, F., & Du, H. An Innovative Framework for Nonlinear Multi-

user Shared Control of Teleoperation System with Time-varying Delays. 

Industrial Electronics, IEEE Trans. on, under review. 
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i) Sun, D., Naghdy, F., & Du, H. Passivity Control for Nonlinear Networked 

Bilateral Teleoperation System with Prescribed Performance under Arbitrary 

Time Delays. Industrial Electronics, IEEE Trans. on, under review. 

 

1.3 Thesis structure 

This thesis is organized in 6 chapters as follows: 

Chapter 2 provides a review of the studies conducted on the wave variable control 

algorithms over the last 20 years. An analysis of the properties of the wave-variable 

control method is conducted and various approaches proposed for its improvement are 

evaluated. 

Chapter 3 introduces the proposed reduced wave reflections bilateral architectures. 

The proposed systems has a better performance in reducing wave reflection and 

eliminating position drift than compared to the previous work. 

In Chapter 4, the innovative wave-based TDPA systems are introduced. The proposed 

systems can have high transparency and robust stability in the presence of random time 

delays. 

In Chapter 5, Single-Master-Multi-Slave teleoperation system applying deploying the 

reduced wave reflections architecture, a flexible dual-user-dual-slave system, and a 

multi-user teleoperation system applying deploying the wave-based TDPA are 

introduced described and modelled and analysed. 

Chapter 6 draws some conclusions and provides an outline for the future work. 

The developed algorithms are validated in each chapter. 
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2 BACKGROUND 

2.1 Overview 

As one of the major passivity-based methods, wave variable control is quite unique as 

it provides a physical description of system passivity while it does not require the 

knowledge of the remote robot. The concepts associated with standard wave variable 

control were introduced around 20 years ago. Since then, various algorithms have been 

proposed to enhance the performance of wave variable control in bilateral 

teleoperation. In this chapter, a review of various applications of wave variable control 

in telerobotics is conducted and an evaluation of different methods proposed to 

compensate for intrinsic problems of the approach such as position drift, wave 

reflection and sensitivity to time varying delay is carried out. A critical analysis and 

evaluation of the advantages and disadvantages of the wave-variable control method 

will be conducted and various and different methods proposed in the literature for its 

improvement will be reviewed. 

2.2 Theoretical Foundations of the Wave Variable Method  

2.2.1 2-port Network 

Representing the effective relationship between force and velocity with voltage and 

current [47], a two-port network model of a teleoperation system can be represented 

as cascaded feedback interconnection of the component shown in Figure 2.1, where 

the models of the master, communication network and slave are represented by two 

ports, and the operator and environment by a single port [48]. 
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Figure 2.1. 2-port network model of a teleoperation system [142] 

The property of a 2-port system can be described by the relationship between effort 

and flow. In terms of a linear time-invariant single port system, this relationship can 

be defined by (2.1): 

𝐹(𝑠) = 𝑍(𝑠)𝑣(𝑠)                                                       (2.1) 

Where F(s) and v(s) are the Laplace transforms of effort F(t)  and flow v(t) , 

respectively. Z(s) is an impedance matrix defining the relationship between force and 

flow. For a linear time-invariant 2-port system, this relationship can be also presented 

by the hybrid matrix H(s): 

[
𝐹1(𝑠)
−𝑣2(𝑠)

] = [
ℎ11(𝑠) ℎ12(𝑠)
ℎ21(𝑠) ℎ22(𝑠)

] [
𝑣1(𝑠)
𝐹2(𝑠)

]  = 𝐻(𝑠) [
𝑣1(𝑠)

𝐹2(𝑠)
]                      (2.2) 

Where the properties of the output effort 𝐹1, the input effort 𝐹2, the input flow 𝑣1 and 

the output flow 𝑣2 are shown in Figure 2.2.  

 

Figure 2.2. 2-Port model [143] 
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In (2), Hybrid matrix H(s) is defined by [49], which can be interpreted as H(s) =

[
ℎ11(𝑠) ℎ12(𝑠)
ℎ21(𝑠) ℎ22(𝑠)

] = [
𝑍𝑖𝑛 𝐹𝑜𝑟𝑐𝑒 𝑠𝑐𝑎𝑙𝑙𝑖𝑛𝑔

𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦 𝑆𝑐𝑎𝑙𝑙𝑖𝑛𝑔 𝑍𝑜𝑢𝑡
−1 ], in which 𝑍𝑖𝑛 and 𝑍𝑜𝑢𝑡 

are the input and the output impedances, respectively. The hybrid parameters ℎ𝑖𝑗 , i, j =

1,2 are functions of the master and slave dynamics and the control parameters [49]. 

The main effect of H(s) is to present kinesthetic feedback between the human operator 

and the environment, and to build a relationship between force and velocity.  

According to the 2-port network model shown in Figure 2.1, the system’s hybrid 

matrix model can be written as: 

[
𝐹ℎ(𝑠)
−𝑥̇𝑠(𝑠)

] = [
ℎ11(𝑠) ℎ12(𝑠)
ℎ21(𝑠) ℎ22(𝑠)

] [
𝑥̇𝑚(𝑠)
𝐹𝑒(𝑠)

] = 𝐻(𝑠) [
𝑥̇𝑚(𝑠)

𝐹𝑒(𝑠)
]                      (2.3) 

Where 𝐹ℎ  and 𝐹𝑒  are the force applied by the operator and the interaction force 

between the slave and the environment, respectively. Since 𝑥 represents position, 𝑥̇ 

the differential of 𝑥, is the velocity. Therefore, 𝑥̇𝑚 and 𝑥̇𝑠 represent the velocities of 

master and slave. 

The 2-port network model provides a reference model for analysis of energy flow in 

teleoperation systems. Hence, it has been deployed as the default model in the 

subsequent application of passivity theory in teleoperation. 

2.2.2 Passivity Theory 

Passivity is a property presented in many physical systems (electronic systems, 

electromechanical system etc.). It reveals the system stability property from the 

input/output energy perspective, and has been developed as a general design approach 

and theory in system stability control. According to [50] and [51], passivity is a 

sufficient condition for the stability of a system. If a teleoperation system is passive, it 

is guaranteed to be stable. However, if a system is stable, it is not necessarily a passive 

system.  

Remark 1 [52]: the inner product of system input vector x and output vector y is the 

input power 𝑃𝑖𝑛, which is also equal to the sum of the variation of system storage 
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energy 𝐸𝑠𝑡𝑜𝑟𝑒  (lower-bounded) and the system dissipative power 𝑃𝑑𝑖𝑠𝑠 . This can be 

written as: 

𝑃𝑖𝑛 = 𝑥
𝑇𝑦 =

𝑑𝐸𝑠𝑡𝑜𝑟𝑒
𝑑𝑡

+  𝑃𝑑𝑖𝑠𝑠                                        (2.4) 

The power defined in this relationship is not the actual physical quantity. Therefore, 

this relationship is satisfactory when the dimensions of input/output vectors are 

appropriate. For instance, the input power of the 2-port model shown in Figure 2.2 can 

be defined as 𝑣𝑇F. 

Under the condition that the power is either stored or dissipated, the total energy 

supplied by the system up to time t, which corresponds to a negative energy transfer 

into the system, can be limited to the initial stored energy. That is, the energy transfer 

is lower bounded by the negative initial energy.  

∫ 𝑃𝑖𝑛

𝑡

𝑜

𝑑𝜏 = ∫ 𝑥𝑇y
𝑡

0

 𝑑𝜏 = 𝐸𝑠𝑡𝑜𝑟𝑒(𝑡)−𝐸𝑠𝑡𝑜𝑟𝑒(0) + ∫ 𝑃𝑑𝑖𝑠𝑠

𝑡

𝑜

𝑑𝜏 ≥ −𝐸𝑠𝑡𝑜𝑟𝑒(0)       (2.5) 

Remark 2 [52]: A control system is passive at any time if (2.5) is true. If the dissipated 

power 𝑃𝑑𝑖𝑠𝑠 is positive when the system storage energy 𝐸𝑠𝑡𝑜𝑟𝑒 does not reach its lower 

bound, the system can be defined strictly passive. If the dissipated power 𝑃𝑑𝑖𝑠𝑠 remains 

constantly zero, the system is lossless. 

Treating the system storage power 𝐸𝑠𝑡𝑜𝑟𝑒 as a Lyapunov-like function, it can be shown 

that in the absence of an external input, the passive system is stable and the strictly 

passive system is asymptotically stable [52]. 

A passivity-based system illustrates that the output energy of a system will not exceed 

the sum of the input energy and the initial stored energy of the system [27].   

It should be noticed that one of the major challenges for passivity maintenance of the 

teleoperation system is the largely unknown human and environment dynamics, both 

of which are part of the global control loop in Figure 2.1. Therefore, in most 

teleoperation control systems, the dynamics of the human operator and the 

environment are assumed to be passive. That is 𝐸ℎ = −∫ 𝑥̇𝑚
𝑇 𝐹ℎ

𝑡

0
𝑑𝜏 + 𝑘𝑚 ≥ 0, 𝐸𝑒 =



 

24 

 

 

 

∫ 𝑥̇𝑠
𝑇𝐹𝑒

𝑡

0
𝑑𝜏 + 𝑘𝑠 ≥ 0 (𝑘𝑚,𝑠 ∈ 𝑅+) , where 𝐸ℎ and 𝐸𝑒 denotes the energy of the human 

and the environment. [24] 

2.2.3 Scattering Approach 

Remark 3 [50]: 𝑅+ is a non-negative real number. 𝑅𝑛 is the n-dimensional Euclidean 

space. 𝐿2
𝑛(𝑅+) is the Hilbert space composed of Lebesque square integrable function f: 

𝑅+ → 𝑅𝑛, which is ‖𝑓‖2 ≜ (∫ |𝑓(𝑡)|2𝑑𝑡
∞

0
)
1
2⁄
>∞. If  operator T: 𝐿2

𝑛(𝑅+) → 𝐿2
𝑛
(𝑅+) has 

boundary (𝐿2
𝑛(𝑅+) is the Hilbert space of Lebesque measurable functions 𝑅+ → 𝑅𝑛), 

its norm can be defined as: 

2

2

( )
2

0

sup
nx L R

x

Tx
T

x




                                                              (2.6) 

where “sup” denotes supremum (the least upper bound).  

Remark 4 [18]: For ∀F, v ∈ 𝐿2
𝑛(𝑅+), scattering operator S: 𝐿2

𝑛(𝑅+) → 𝐿2
𝑛(𝑅+) is defined 

as: 

F − v = S(F + v)                                                     (2.7) 

From (2.7), the scattering operator S is deployed to map the sum of effort and flow 

into the difference between effort and flow. For linear time-invariant systems, 

scattering operator S can be represented by the scattering matrix S(s) in the frequency 

domain: 

F(s) − v(s) = S(s)[F(s) + v(s)]                                   (2.8) 

As to the two-port system, the scattering matrix can be derived from hybrid matrix 

H(s):  

[
𝐹1(𝑠) − 𝑣1(𝑠)

𝐹2(𝑠) + 𝑣2(𝑠)
] = [

1 0
0 −1

] ([
𝐹1(𝑠)

−𝑣2(𝑠)
] − [

𝑣1(𝑠)

𝐹2(𝑠)
]) = [

1 0
0 −1

] (𝐻(𝑠) − 𝐼) [
𝑣1(𝑠)

𝐹2(𝑠)
]   

      (2.9) 
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where I is the identity matrix. Likewise:  

[
𝐹1(𝑠) + 𝑣1(𝑠)

𝐹2(𝑠) − 𝑣2(𝑠)
] = [

𝐹1(𝑠)

−𝑣2(𝑠)
] + [

𝑣1(𝑠)

𝐹2(𝑠)
] = (𝐻(𝑠) + 𝐼) [

𝑣1(𝑠)

𝐹2(𝑠)
]          (2.10) 

Based on (2.8)-(2.10): 

S(s) = [
1 0
0 −1

] (𝐻(𝑠) − 𝐼)(𝐻(𝑠) + 𝐼)−1 = diag(1,−1)[[𝐻(𝑠) − 𝐼]𝐻(𝑠) + 𝐼]
−1

 

(2.11) 

Theory 1 [18]: the necessary and sufficient condition of passivity in teleoperation 

system (3) is that the norm of the scattering matrix (11) must not exceed 1. That is, 

‖𝑆‖ ≤ 1. It is also illustrated as 𝑠𝑢𝑝𝜆
1
2⁄ [𝑆∗(jω)S(jω)]  ≤ 1, where 𝜆

1
2⁄  represents 

the square root of the largest characteristic value. This theory is proved as follows [28]: 

Proof: ‖𝑆‖ ≤ 1 ⇔
‖𝐹−𝑣‖2

‖𝐹+𝑣‖2
≤ 1 ⇔ ‖𝐹 + 𝑣‖2 − ‖𝐹 − 𝑣‖2 ≥ 0 ⇔ ∫ (𝐹 + 𝑣)𝑇(𝐹 +

∞

0

𝑣) − (𝐹 − 𝑣)𝑇(𝐹 − 𝑣)dt ≥ 0 ⇔ 2∫ (𝑣𝑇𝐹 + 𝐹𝑇𝑣)𝑑𝑡
∞

0
≥ 0 ⇔ 4∫ (𝐹𝑇

∞

0
v)dt ≥ 0   

(2.12) 

The relationship (10) can be also presented in a form similar to (3): 

H(s)= [ 0 𝑒−𝑠𝑇

−𝑒−𝑠𝑇 0
] , where T is the communication time delay.  Thus, after 

substituting H(s) into (11), the scattering matrix of the system can be derived: S(s) =

[
−tanh (𝑠𝑇) sech (𝑠𝑇)

sech (𝑠𝑇) tanh (𝑠𝑇)
], then ‖𝑆‖=∞ can be proved [18]. 

‖𝑆‖ = 𝑠𝑢𝑝𝜔𝜆
1
2 ([

𝑗𝑡𝑎𝑛(𝜔𝑇) sec(𝜔𝑇)

sec(𝜔𝑇) 𝑗𝑡𝑎𝑛(𝜔𝑇)
] [
−𝑗𝑡𝑎𝑛(𝜔𝑇) sec(𝜔𝑇)

sec(𝜔𝑇) 𝑗𝑡𝑎𝑛(𝜔𝑇)
])

= 𝑠𝑢𝑝𝜔𝜆
1
2 ([

𝑡𝑎𝑛2(𝜔𝑇) + sec2(𝜔𝑇) 2𝑗𝑡𝑎𝑛(𝜔𝑇) sec(𝜔𝑇)

−2𝑗𝑡𝑎𝑛(𝜔𝑇) sec(𝜔𝑇) 𝑡𝑎𝑛2(𝜔𝑇) + sec2(𝜔𝑇)
])  

(2.13) 

Thus: 

‖𝑆‖ = 𝑠𝑢𝑝𝜔(|𝑡𝑎𝑛(𝜔𝑇) + sec (𝜔𝑇)|) = ∞                               (2.14) 
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As the scattering matrix norm S for direct transmission force and velocity variables is 

infinite, it is proved that the signal transmission model with time delay is not passive. 

2.2.4 Wave Variable and Wave Controller    

2.2.4.1 Wave Variables and Wave Transformation 

Based on the passivity theory and scattering approach, the concept of the wave 

variables approach as a notion of energy is introduced [52], which is a passive control 

algorithm. Its effect is to modify and extend the passivity theory in order to alleviate 

the negative effects of time delay in a control system. Scattering matrix maps the 

relationship between the velocity and force signals to the system. As this approach is 

mainly deployed in nonlinear systems manipulated in an unstructured environment, it 

has high potential in practical applications.  

The scattering operator is proved to be unbounded when there is time delay in a 

transmission channel. This influences the passivity of a teleoperation system. The 

wave variable method introduced by [52] compensates for this drawback to a great 

extent. 

If correction modules are added to the signal transmission module shown in Figure 2.1 

to render H(s) =  [
𝑏tanh (𝑠𝑇) −sech (𝑠𝑇)

sech (𝑠𝑇)
1

𝑏
tanh (𝑠𝑇)

], its scattering operator will be S(s) =

[ 0 𝑒−𝑠𝑇

𝑒−𝑠𝑇 0
] [18].  

Therefore, ‖𝑆‖ =  𝑠𝑢𝑝𝜆
1
2⁄ [S∗(jω)S(jω)] =  s𝑢𝑝𝜆

1
2⁄ ([ 0 𝑒𝑠𝑇

𝑒𝑠𝑇 0
] [ 0 𝑒−𝑠𝑇

𝑒−𝑠𝑇 0
]) =

𝑠𝑢𝑝𝜆
1
2⁄ ([
1 0
0 1

]) = 1.  Accordingly, the transmission module satisfies the 

passivity condition and becomes lossless after correction. For this purpose, the 

following wave variables are introduced: 

u =
bẋ + F

√2b
  v =

bẋ − F

√2b
                                          (2.15) 
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where b is defined as the characteristic impedance or wave impedance. This parameter 

can be a positive constant or a symmetric positive definite matrix and is the only 

adjustable parameter in the force and velocity model. Different values of b can prompt 

the system to have different properties from damping to freedom. Parameter u is the 

forward moving wave from master to slave, while v is the returning wave from slave 

to master. These two parameters are symmetrical relative to each other, which 

eliminates the difference between velocity and force.  

In the transmission module illustrated in Figure 2.3(a) (2.15), transformation from 

power variables to wave variables (( 𝑥̇, 𝐹 )→ (𝑢, 𝑣) ) is reversible. The inverse 

transmission as illustrated in Figure 2.3(b) can be written as: 

𝑥̇ =
1

√2𝑏
(𝑢 + 𝑣), F = √

𝑏

2
(𝑢 − 𝑣)                                (2.16) 

 

Figure 2.3. Wave variable transformation 

Therefore, the power in any part of the teleoperation system (Figure 2.1) can be 

re-defined by: 

P = 𝑥̇𝑇F =
1

2
𝑢𝑇𝑢 −

1

2
𝑣𝑇𝑣                                           (17) 

From (17), forward wave u provides power to the system, while backward wave 

v dissipates power from the system. 
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Substituting (17) into (5) results in ∫
1

2
𝑢𝑇𝑢

𝑡

0
𝑑𝜏 − ∫

1

2
𝑣𝑇𝑣

𝑡

0
𝑑𝜏 ≥ −𝐸𝑠𝑡𝑜𝑟𝑒(0). Thus, 

the passivity condition (5) can also be re-written as: 

∫
1

2

𝑡

0

𝑣𝑇𝑣𝑑𝜏 ≤ ∫
1

2

𝑡

0

𝑢𝑇𝑢𝑑𝜏+𝐸𝑠𝑡𝑜𝑟𝑒(0), ∀𝑡 ≥ 0                          (18) 

Wave variables, unlike physical entities such as velocity and force, have no intuitive 

physical significance and cannot be easily measured. The unit √𝑤𝑎𝑡𝑡  of wave 

variables is also quite unusual [29]. 

2.2.4.2 Conventional wave transformation 

The structure of the wave controller on the basis of the communication loop is shown 

as Figure 2.4. 

 

Figure 2.4. Structure of wave controller [52] 

 

Figure 2.5. Wave-based teleoperator [52] 
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As an example, the transfer function diagram of a 1-DOF teleoperation system, in 

which the slave side uses a PD-controller: 𝐹𝑠 = −𝐵(𝑥̇𝑠 − 𝑥̇𝑠𝑑) − 𝐾(𝑥𝑠 − 𝑥𝑠𝑑), where 

B and K are damping parameter and stiffness gain, respectively, is shown as Figure 

2.5.  

Based on (16), the wave transformation of the wave controller [52] can be defined by: 

𝑢𝑚(𝑡) =
𝑏𝑥̇𝑚(𝑡) + 𝐹𝑚𝑐(𝑡)

√2𝑏
, 𝑢𝑠(𝑡) =

𝑏𝑥̇𝑠𝑑(𝑡) + 𝐹𝑠𝑐(𝑡)

√2𝑏
                  (2.19) 

𝑣𝑚(𝑡) =
𝑏𝑥̇𝑚(𝑡) − 𝐹𝑚𝑐(𝑡)

√2𝑏
, 𝑣𝑠(𝑡) =

𝑏𝑥̇𝑠𝑑(𝑡) − 𝐹𝑠𝑐(𝑡)

√2𝑏
                   (2.20) 

Where 𝑥̇𝑚, 𝑥̇𝑠𝑑, 𝐹𝑚𝑐 and 𝐹𝑠𝑐 denote the master velocity, the desired slave velocity, the 

master control force and the slave control force, respectively. When the 

communication channel transmitting wave variables has a constant time delay T, the 

following relationship holds:  

𝑢𝑠(𝑡) = 𝑢𝑚(𝑡 − 𝑇), 𝑣𝑚(𝑡) = 𝑣𝑠(𝑡 − 𝑇)                                 (2.21) 

Assuming a two-port device as shown in Figure 2.2, the power flow P can be defined 

by P = 𝑥̇1
𝑇𝐹1 − 𝑥̇2

𝑇𝐹2 [52]. Based on scattering theory, the total power flow [52] in the 

communication link is: 

𝑃𝑖𝑛 = 𝑥̇𝑚
𝑇 𝐹𝑚 − 𝑥̇𝑠

𝑇𝐹𝑠 =
1

2
𝑢𝑚
𝑇 𝑢𝑚 −

1

2
𝑣𝑠
𝑇𝑣𝑠 −

1

2
𝑢𝑠
𝑇𝑢𝑠 +

1

2
𝑣𝑚
𝑇 𝑣𝑚           (2.22) 

After substituting (2.19)-(2.21) into (2.22) and then integrating (2.22), the energy 

casually stored during the wave transmission procedure is represented by: 

𝐸𝑠𝑡𝑜𝑟𝑒(𝑡) = ∫ (
𝑡

𝑡−𝑇

1

2
𝑢𝑚
𝑇 𝑢𝑚 +

1

2
𝑣𝑠
𝑇𝑣𝑠)𝑑𝜏 > 0                                 (2.23) 
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2.3 Properties of Standard Wave-variable-based 

Teleoperation System 

2.3.1 Indices of Teleoperation System 

2.3.1.1 Dissipativity and Finite Gain 𝐿2-Stability 

Involving the model knowledge of human and environment closed-loop dynamics into 

design of the teleoperation control system can enhance transparency but may degrade 

system stability [55]. Therefore, applying the approximate knowledge of the damping 

properties of the human operator, manipulators and environment can improve 

transparency without jeopardizing system stability. [56]-[60] denote these subsystems 

to be dissipative with a quadratic supply rate (QSR-dissipative). 

Theory 2 [56]: a control system is called QSR-dissipative if there exists a storage 

function V: R𝑛 → 𝑅+, which is positive-semidefinite, as follows: 

V(x(t)) − V(x(0)) ≤ ∫ [
𝑎
𝑦]
𝑇

𝑃
𝑡

0

[
𝑎
𝑦] 𝑑𝜏                                      (2.24) 

with the dissipativity matrix: P = [
𝑄 𝑆

𝑆𝑇 𝑅
] (𝑄 ∈ 𝑅𝑝×𝑝, 𝑅 ∈ 𝑅𝑞×𝑞 , 𝑆 ∈ 𝑅𝑝×𝑞) where x, 

a, y are the state, input and output vectors of the control system, respectively. [61] 

illustrates that input-feedforward-output feedback passive systems (IF-OFP), which is 

a subclass of the QSR-dissipative system, are represented by: P =

[
−𝛿𝐼

1

2
𝐼

1

2
𝐼 −𝜀𝐼

] (𝛿, 𝜀 ∈ 𝑅)  This system is lossless under the condition  𝛿 = 𝜀 = 0 , 

output-feedback strictly passive (OFP(𝜀 )) under the  condition 𝛿 = 0, 𝜀 > 0 , and 

input-feedforward strictly passive (IFP(𝛿)) under the condition 𝛿 > 0, 𝜀 = 0. Under 

the condition that one or both of 𝛿, 𝜀 are negative, the passivity of this system is not 

satisfied. 

Theory 3 [62]: a control system is called finite gain 𝐿2-Stable if there exists a positive-

semidefinite function V: R𝑛 → 𝑅+  and a scalar constant γ > 0  such that for each 

admissible a and each t ≥ 0 
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V(x(t)) − V(x(0)) ≤ ∫ 𝛾2𝑎𝑇𝑎 − 𝑦𝑇𝑦
𝑡

0

𝑑𝜏                               (2.25) 

‖𝑦𝑡‖𝐿2 ≤ 𝛾
2‖𝑢𝑡‖𝐿2 +√𝑉(𝑥(0))                                     (2.26) 

Where ‖𝑦𝑡‖𝐿2  denotes the 𝐿2 -norm of the truncated signal y. That is, ‖𝑦𝑡‖𝐿2 =

√∫ 𝑦(𝜏)𝑇𝑦(𝜏)
𝑡

0
. The smallest parameter 𝛾  in (26) is said to be the 𝐿2-gain of the 

control system. When 𝛾 ≤ 1, this system is called to own the small gain property. 

2.3.1.2 Transparency 

Transparency is an abstract concept because this index represents the property of a 

teleoperation system from the concept of ‘human feelings’. A teleoperation system is 

defined to be transparent if the human operator perceives the remote environment 

accurately and performs the remote task with ease [63].  

Specifically, transparency is also defined as the matching equality between operator-

perceived mechanical impedance 𝑍ℎ  and the environment impedance  𝑍𝑒  [64]-[65]; 

that is: 𝑍ℎ = 𝑍𝑒 . According to (1), the impedance of the human operator or the 

environment is the ratio between the effort (force, voltage) and the flow (velocity, 

current) in the Laplace domain. Transparency can be analyzed by a 2-port network 

model where the hybrid matrix is used to build the relationship between the forces and 

velocities of the master and slave as shown in (3) 

Also, from (1), the slave force can be derived using the environmental impedance 𝑍𝑒: 

F𝑠 = 𝑍𝑒𝑣𝑠                                                          (2.27) 

From (2.27) and (2.3), force 𝐹𝑚 on the master side can be derived as: 

𝐹𝑚 = (
ℎ12ℎ21
1 − ℎ22𝑍𝑒

𝑍𝑒 + ℎ11) 𝑣𝑚                                 (2.28) 

𝑃𝑟 and 𝑃𝑜can be defined by [66]: 



 

32 

 

 

 

𝑃𝑟 =
ℎ12ℎ21
1 − ℎ22𝑍𝑒

, 𝑃𝑜 = ℎ11                                     (2.29) 

Therefore, (2.28) can be rewritten as:  

𝐹𝑚 = (𝑃𝑟𝑍𝑒 + 𝑃𝑜)𝑣𝑚                                           (2.30) 

Where 𝑃𝑟 and 𝑃𝑜 denote reproducibility and operationality, which are two sub-indices 

of transparency. Reproducibility means the precision of the master side reproducing 

the environment while operationality means the degree of smoothness at which the 

human operator manipulates the master robot [146]. To achieve the ideal Transparency, 

reproducibility and operationality should satisfy |𝑃𝑟| = |
ℎ12ℎ21

1−ℎ22𝑍𝑒
| = 1 and 𝑃𝑜 = ℎ11 =

0, respectively [66]. Therefore, the following conditions should be maintained: 

ℎ11 = ℎ22 = 0, ℎ12ℎ21 = 1                                     (2.31) 

Accordingly, the hybrid matrix for the ideal transparency is 𝐻𝑖𝑑𝑒𝑎𝑙(𝑠) = [
0 1
−1 0

]. 

Considering the time delay, the best transparency is achievable when 𝑍ℎ = 𝑒
−𝑖𝑇𝑠𝑍𝑒, 

therefore, the hybrid matrix for the best transparency can be written as [64]: 

𝐻𝑖𝑑𝑒𝑎𝑙(𝑠) = [
ℎ11(𝑠) ℎ12(𝑠)
ℎ21(𝑠) ℎ22(𝑠)

] = [ 0 𝑒𝑇𝑠

−𝑒𝑇𝑠 0
]                       (2.32) 

Each element of the hybrid matrix H(s)  also has its own physical meaning. ℎ11 

denotes the input impedance in the free-motion condition while a non-zero value of 

ℎ11 means force feedback is still received on the master side even when the slave is in 

free motion, which offers the human operator a sticky feeling for the free motion. ℎ12 

and ℎ21 represent the measure of force scaling and velocity scaling, respectively. ℎ22 

denotes the output admittance of master locked in motion while non-zero values of 

ℎ22  means the slave robot keeps moving even when the master robot’s motion is 

stopped. 
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Trade-off between stability and transparency is an inherent problem in teleoperation 

systems. This is due to the property of the bilateral teleoperation contending with the 

system passivity as a result of the possible instabilities caused by force feedback [66], 

[67]. Hence, guaranteeing the system stability usually implies the degradation of 

transparency [50]. Since wave variable is a conservative approach to system stability 

that excessively pursues the passivity of the teleoperation system, the transparency of 

the standard wave-variable-based system is degraded. Additionally, this method has 

two intrinsic problems: wave reflection and position drift. Therefore, increasing 

transparency is a critical target for the design of wave-variable-based teleoperation 

systems. 

2.3.2 Intrinsic Problems of Wave-based System 

2.3.2.1 Wave Reflection 

Wave reflection occurs in the wave-based teleoperation systems when the junction 

impedance is not perfectly matched [68]. This can be revealed by analyzing the 

standard wave-based teleoperation architecture. According to a standard teleoperation 

system with wave controller, there are three independent signal feedback channels as 

shown in Figure 2.6: the straight feedback of the master (dashed line 1), the feedback 

from the slave (dashed line 2) and wave reflections (dashed line 3). 

In Channel 1, the signal returns in the form of the damping b𝑥̇𝑚 as (2.33) which is a 

transformation of (2.15): 

𝐹𝑚 = 𝑏𝑥̇𝑚 − √2𝑏𝑣𝑚                                               (2.33) 

For the human operator, this signal is like a signal damper, which is the only signal 

without time-delay. 

Channel 2 sends back the signal from slave to the local operator with the PD controller, 

and also provides the expected information. Both the free motion and environment 

contact will be described by the position and velocity of the slave, and presented in the 

tracking error. The force of the slave encodes this information in order to provide the 
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approximate representation of a practical contact force, and then feedback to the 

operator, which is also the main aim of a bilateral teleoperator.  

The phenomenon of wave reflection is shown as channel 3. Re-writing (2.19) and (2.20) 

results in: 

𝑢𝑚 = −𝑣𝑚 + √2𝑏𝑥̇𝑚 , 𝑣𝑠 = 𝑢𝑠 −√
2

𝑏
𝐹𝑆                                    (2.34) 

As can be seen from (2.34), each input wave 𝑣𝑚or 𝑢𝑠 will be reflected and returned, 

then left as the output wave 𝑢𝑚 and 𝑣𝑠. 

 

Figure 2.6. Three feedback channels of the wave-based system [69] 

In the 3-channel mode, the second channel contains important data which must be 

protected. The first channel produces a certain amount of damping to enhance the 

stability of the system at the expense of losing telepresence. However, the wave 

reflection of the third channel will result in significant problems and adversely affect 

the other two channels. Therefore, in practical applications of the wave variables 

approach, the influence of wave reflection must be eliminated. 

The other interpretation of wave reflection is on the basis of a standing wave 

phenomenon in which wave reflections on boundaries can superimpose and interfere 

in order to generate continual oscillations. The boundary conditions determine the 

particular resonant frequency. In addition, the operator may be forced by the slow 

decay of the wave reflections to wait for a long time before continuing manipulation 

[70].  
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In [71], wave reflection is analyzed in the frequency domain. Based on Figure 2.5, the 

dynamic model standard wave-based teleoperation architecture in the frequency 

domain can be written as [71]: 

G𝑚
−1𝑋𝑚 = 𝐹𝑚 − 𝐹𝑚𝑐                                                  (2.35) 

G𝑠
−1𝑋𝑠 = 𝐹𝑠 − 𝐹𝑒 , 𝐹𝑠 = 𝐶𝑣(𝑠)(𝑠𝑋𝑠𝑑 − 𝑠𝑋𝑠)                              (2.36) 

Where 𝐺𝑚 =
1

𝑀𝑚𝑠2
 and 𝐺𝑠 =

1

𝑀𝑠𝑠2
 are the transfer functions of the master and the slave. 

𝑀𝑚  and 𝑀𝑠  are the inertia masses of master and slave. 𝐹𝑚𝑐  and 𝑋𝑠𝑑  represent the 

desired force of the master and the desired slave position, respectively. 𝐶𝑣 =
𝐵𝑠+𝐾

𝑠
 is 

the slave velocity controller. B and K are the differential parameter and proportional 

parameter, respectively. The operator s is the Laplace operator.  

In addition, the reference signal in the frequency domain of this architecture can be 

derived based on (2.15), (2.16) and (2.21) in the presence of time delay 

F𝑚𝑐 = 𝐹𝑠𝑒
−𝑇2𝑠 + 𝑏(𝑠𝑋𝑚 − 𝑠𝑋𝑠𝑑𝑒

−𝑇2𝑠)                                     (2.37) 

𝑠𝑋𝑠𝑑 = 𝑠𝑋𝑚𝑒
−𝑇1𝑠 +

1

𝑏
(F𝑚𝑐𝑒

−𝑇1𝑠 − 𝐹𝑠)                                     (2.38) 

Where 𝑇1 and 𝑇2 are the time delays in the feed-forward and feedback path. 

Substituting (2.37) and (2.38) into (2.35) and (2.36), the dynamics model of master 

and slave can be re-written as: 

G𝑚
−1𝑋𝑚 = 𝐹𝑚 − 𝐹𝑠𝑒

−𝑇2𝑠 + 𝑏(𝑋𝑠𝑑𝑒
−𝑇2𝑠 − 𝑠𝑋𝑚)                          (2.39) 

G𝑠
−1𝑋𝑠 = 𝐶𝑣(𝑠)(𝑠𝑋𝑚𝑒

−𝑇1𝑠) − 𝑠𝑋𝑠 +
𝐶𝑣(𝑠)

𝑏
(F𝑚𝑐𝑒

−𝑇1𝑠 − 𝐹𝑠) − 𝐹𝑒        (2.40) 

Moreover, the dynamic model of master and slave can be expressed as: 

𝐹𝑚𝑐 = 𝐹𝑚 − G𝑚
−1𝑋𝑚                                                 (2.41) 

𝐹𝑠 = 𝐹𝑒 + G𝑠
−1𝑋𝑠                                                      (2.42) 
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s𝑋𝑠𝑑 =
G𝑠
−1𝑋𝑠 + 𝐹𝑒
𝐶𝑣(𝑠)

+ 𝑠𝑋𝑠                                             (2.43) 

Substituting (2.41), (2.42) and (2.43) into (2.39) and (2.40): 

G𝑚
−1𝑋𝑚 = (

𝑏G𝑠
−1

𝐶𝑣(𝑠)
− G𝑠

−1 + 𝑏𝑠)𝑋𝑠𝑒
−𝑇2𝑠 − 𝑏𝑠𝑋𝑚 − 𝐹ℎ − (1 −

𝑏

𝐶𝑣(𝑠)
) 𝐹𝑒𝑒

−𝑇2𝑠 (2.44) 

G𝑠
−1𝑋𝑠 = 𝐶𝑣(𝑠) (𝑠 −

G𝑚
−1

𝑏
)𝑋𝑚𝑒

−𝑇1𝑠 − 𝐶𝑣(𝑠) (𝑠 +
G𝑠
−1

𝑏
)𝑋𝑠 −

𝐶𝑣(𝑠)

𝑏
𝐹ℎ𝑒

−𝑇1𝑠

− (
𝐶𝑣(𝑠)

𝑏
+ 1)𝐹𝑒                                                                                 (2.45) 

After substituting (39) and (40) into (44) and (45), [71] finally results in: 

G𝑚
−1𝑋𝑚 = 𝑏 (

𝑒−(𝑇1+𝑇2)𝑠 − 1

𝑒−(𝑇1+𝑇2)𝑠 + 1
) 𝑠𝑋𝑚 − 𝐹ℎ −

2G𝑠
−1𝑋𝑠𝑒

−𝑇2𝑠

𝑒−(𝑇1+𝑇2)𝑠 + 1
−

2𝐹𝑒𝑒
−𝑇2𝑠

𝑒−(𝑇1+𝑇2)𝑠 + 1

= 𝑏(𝑒−(𝑇1+𝑇2)𝑠 − 1)𝑠𝑋𝑚 − 2G𝑠
−1𝑋𝑠𝑒

−𝑇2𝑠 − (𝑒−(𝑇1+𝑇2)𝑠 + 1)𝐹ℎ

− 2𝐹𝑒𝑒
−𝑇2𝑠 − G𝑚

−1𝑋𝑚                                                                      (2.46) 

G𝑠
−1𝑋𝑠 =

2𝐶𝑣(𝑠)𝑠𝑋𝑚𝑒
−𝑇1𝑠

𝑒−(𝑇1+𝑇2)𝑠 + 1
− 𝐶𝑣(𝑠)𝑠𝑋𝑠 +

𝐶𝑣(𝑠)

𝑏
(
𝑒−(𝑇1+𝑇2)𝑠 − 1

𝑒−(𝑇1+𝑇2)𝑠 + 1
)𝐹𝑒 − 𝐹𝑒

= 2𝐶𝑣(𝑠)𝑠𝑋𝑚𝑒
−𝑇1𝑠 − (𝑒−(𝑇1+𝑇2)𝑠 + 1)𝐹𝑒 − (𝑒

−(𝑇1+𝑇2)𝑠 + 1)𝐶𝑣(𝑠)𝑠𝑋𝑠

−
𝐶𝑣(𝑠)

𝑏
(𝑒−(𝑇1+𝑇2)𝑠 + 1)𝐹𝑒 − G𝑠

−1𝑋𝑠𝑒
−(𝑇1+𝑇2)𝑠                             (2.47) 

The relationships of (2.46) and (2.47) represent the delayed dynamics of the master 

G𝑚
−1𝑋𝑚𝑒

−(𝑇1+𝑇2)𝑠 and the slave G𝑠
−1𝑋𝑠𝑒

−(𝑇1+𝑇2)𝑠 in the master control and the slave 

control, respectively. They illustrate that the wave reflection phenomenon is caused by 

the oscillation in the response of the teleoperation system. 

Wave reflection does not contain any useful information, and gradually disappears 

after several loops. It can easily result in unpredictable disturbance and disorder, and 

even destabilize the whole system. Therefore, developing effective methods to deal 
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with wave reflection is one of the active research areas in wave-variable-based 

teleoperation systems. 

2.3.2.2 Position Drift 

In the conventional wave-variable-based system, data transmitted from master/slave is 

a combination of the wave signal and the implied information of velocity and force 

rather than the direct position feedback. Therefore, a slow position drift may be 

generated from the master/slave site due to discrete sampling rate, calculation error 

(the position information derived by integrating the velocity) and temporary loss of 

data, etc. 

In [71], the reason for this position drift in the frequency domain is identified through 

mathematical analysis. Re-considering (2.46), one can see that the position control of 

the master is expressed by the term 𝑏(𝑒−(𝑇1+𝑇2)𝑠 − 1)𝑠𝑋𝑚 − 2G𝑠
−1𝑋𝑠𝑒

−𝑇2𝑠. However, 

the existence of the bias term −(𝑒−(𝑇1+𝑇2)𝑠 + 1)𝐹ℎ − 2𝐹𝑒𝑒
−𝑇2𝑠 −

G𝑚
−1𝑋𝑚𝑒

−(𝑇1+𝑇2)𝑠 results in position drift.   

Furthermore, [72]-[74] interpret the position drift in the velocity dimension in the time 

domain. Considering the standard wave-variable-based architecture, the PD controller 

employed at the slave side and the reference velocity at the slave side are expressed in 

the time domain by (2.48) and (2.49) using (2.19)-(2.21) [72]-[74]: 

F𝑠𝑐(𝑡) = (𝑥̇𝑠𝑑(𝑡) − 𝑥̇𝑠(𝑡))⨂𝐿
−1 (

𝐵𝑠 + 𝐾

𝑠
)                             (2.48) 

𝑥̇𝑠𝑑(𝑡) = 𝐿
−1 (

𝜆

𝑠 + 𝜆
)⨂𝑥̇𝑚(𝑡 − 𝑇) −

1

𝑏
[F𝑠𝑐(𝑡) − 𝐿

−1 (
𝜆

𝑠 + 𝜆
)⨂𝐹𝑚𝑐(𝑡 − 𝑇)] (2.49) 

Where ⨂ denotes the convolution operation. 
𝜆

𝑠+𝜆
 is a low-pass filter where 𝜆 denotes 

the cut-off frequency. From (2.49), it can be seen that the desired velocity at the slave 

side 𝑥̇𝑠𝑑(𝑡) drifts away from the transmitted delayed master velocity 𝑥̇𝑚(𝑡 − 𝑇). As to 

the PD controller at the slave side shown in (2.48), 𝑥̇𝑠(𝑡) is expected to track the 

desired velocity 𝑥̇𝑠𝑑(𝑡). 

By transforming (2.48), 𝑥̇𝑠𝑑(𝑡) can be derived as: 
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𝑥̇𝑠𝑑(𝑡) = 𝐿
−1 (

𝑠

𝐵𝑠 + 𝐾
)⨂F𝑠𝑐(𝑡) + 𝑥̇𝑠(𝑡)                       (2.50) 

The actual velocity 𝑥̇𝑠(𝑡) can be achieved by substituting (2.50) into (2.49): 

𝑥̇𝑠(𝑡) = 𝐿
−1 (

𝜆

𝑠 + 𝜆
)⨂𝑥̇𝑚(𝑡 − 𝑇) −

1

𝑏
F𝑠𝑐(𝑡) +

1

𝑏
𝐿−1 (

𝜆

𝑠 + 𝜆
)⨂𝐹𝑚𝑐(𝑡 − 𝑇)

− 𝐿−1 (
𝑠

𝐵𝑠 + 𝐾
)⨂F𝑠𝑐(𝑡)                                                                  (2.51) 

It can be seen from (2.51) that the actual velocity 𝑥̇𝑠  drifts away from the master 

velocity 𝑥̇𝑚  by adding the bias term −
1

𝑏
F𝑠𝑐(𝑡) +

1

𝑏
𝐿−1 (

𝜆

𝑠+𝜆
)⨂𝐹𝑚𝑐(𝑡 − 𝑇) −

𝐿−1 (
𝑠

𝐵𝑠+𝐾
)⨂F𝑠𝑐(𝑡). The bias term arithmetically expresses the reason for position 

drift in a wave-based teleoperation system. Various analyses in frequency and time 

domains indicate that position drift is caused by asymmetry in the position controller. 

2.3.3 Influence on Communication Channels 

2.3.3.1 Time Delay 

Due to constraints such as signal transmission speed, and channel bandwidth, there is 

always time delay between the master and slave in a teleoperation system. Time delays 

of any duration may result in the instability of a system and disturb smooth bilateral 

teleoperation [50] -[54]. Re-considering the passivity condition (2.5), system passivity 

depends on the inner product of the system input and output variables. If the time delay 

exists in the output variable, the inner product will be influenced to the extent that the 

system passivity will be negatively affected. However, in condition (2.18), if the output 

variables have time delay, the power generated by the delay will be casually saved in 

the wave so that the system passivity will not be influenced.  

For instance, assume v(t) = u(t − T) , 𝐸𝑠𝑡𝑜𝑟𝑒(𝑡) = ∫
1

2

𝑡

𝑡−𝑇
𝑢𝑇𝑢𝑑𝜏 , which meets 

condition (2.5). Then, the input power during the time delay is saved as energy. 

Moreover, the dissipated power is 0 and the system is lossless. The communication 
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channel has become a temporary energy storage element by using the wave variable 

approach. Hence, when using wave variables to transmit the signals, the teleoperation 

system can maintain passivity and be stable for an arbitrary time delay [75]. It should 

be noted that the above analysis is based on constant time delay. However in practice, 

time delay in communication channels is asymmetric and time-varying. Therefore, the 

performance of the standard wave-variable-based teleoperation system under the 

condition of time-varying delay should be analyzed. 

In [76], the passivity of a wave-variable-based teleoperation system under time delay 

condition is investigated. It should be noted that (2.23), though true for a passive 

communication channel with arbitrary constant delays, robust passivity is no longer 

valid under the varying time delay condition T = T(t). Rewriting (2.22): 

E = ∫ 𝑃𝑖𝑛𝑑𝜏 =
1

2

𝑡

0

[∫ 𝑢𝑚
𝑇 𝑢𝑚𝑑𝜏 + ∫ 𝑣𝑠

𝑇𝑣𝑠𝑑𝜏 +
𝑡

𝑡−𝑇2(𝑡)

𝑡

𝑡−𝑇1(𝑡)

∫ 𝑢𝑚
𝑇 𝑢𝑚𝑑𝜏

𝑡−𝑇1(𝑡)

0

+∫ 𝑣𝑠
𝑇𝑣𝑠𝑑𝜏 − ∫ (𝑢𝑠

𝑇𝑢𝑠 + 𝑣𝑚
𝑇 𝑣𝑚𝑑𝜏)

𝑡

0

𝑡−𝑇2(𝑡)

0

]                                 (2.52)  

Where 𝑇1(𝑡) and 𝑇2(𝑡) denote the time varying delay of forward path and backward 

path. 

Rewriting (2.21), considering the time-varying delay condition: 

{
𝑢𝑠(𝑡) = 𝑢𝑚(𝑡 − 𝑇1(𝑡)) 

𝑣𝑚(𝑡) = 𝑣𝑠(𝑡 − 𝑇2(𝑡))
                                         (2.53) 

By substituting (2.53) and the following change of variable σ = τ − 𝑇𝑖(𝜏) = 𝑔𝑖(𝜏) 

into (2.52) where: 

𝑇𝑖
′(𝜎) =

𝑑𝑇𝑖
𝑑𝜏
|𝜏=𝑔−1(𝜎)                                              (2.54) 

Then, the total energy in the standard wave-variable-based teleoperation system can 

be expressed as [77]: 
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E = ∫ 𝑃𝑖𝑛𝑑𝜏 =
1

2

𝑡

0

[∫ 𝑢𝑚
𝑇 𝑢𝑚𝑑𝜏

𝑡

𝑡−𝑇1(𝑡)

+∫ 𝑣𝑠
𝑇𝑣𝑠𝑑𝜏 −

𝑡

𝑡−𝑇2(𝑡)

∫
𝑇1(𝜎)

1 − 𝑇1(𝜎)
𝑢𝑚
𝑇 𝑢𝑚𝑑𝜏

𝑡−𝑇1(𝑡)

0

−∫
𝑇2(𝜎)

1 − 𝑇2(𝜎)
𝑣𝑠
𝑇𝑣𝑠𝑑𝜏

𝑡−𝑇2(𝑡)

0

]                                                        (2.55) 

In (2.55), the last two integrals are passive if the value of the delay is increasing (𝑇𝑖
′ >

0) and the energy in the communication channels is generated rather that dissipated 

due to increased time delays. Accordingly, the passivity property of the wave-based 

system suffers degradation. From the term 
𝑇𝑖(𝜎)

1−𝑇𝑖(𝜎)
 in (2.55), it can be concluded that 

the standard wave-based teleoperation system can only be guaranteed to be passive 

during intervals of decreasing time delay. 

2.3.3.2 Data Loss 

Data loss is a condition generally occurring in Internet-based teleoperation systems. In 

networked teleoperation systems, UDP (User Datagram Protocol) is the most popular 

protocol. However, without acknowledgement, UDP protocol has the drawback of data 

loss for different teleoperation architectures including wave-based teleoperation 

systems [78]-[80]. In [81], the influence of data loss as well as time delay on different 

criteria for the standard wave-based scheme is studied. The results are illustrated in 

Table 2.1 

Free motion Restricted motion 

 

Transient 

position 

error 

Steady-state 

position 

error 

 

Steady-

state 

position 

error 

Perceived 

stiffness 

Mean 

force 

error 

Data loss ⤊ ⤊ Data loss ⤊ ⤋ − 

Delay ⤊ − Delay − ⤋ − 
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Table 2.1 effect of data loss and delay on different criteria 

In Table 2.1, the first column denotes different parameters such as data loss and delay. 

The first row denotes the criteria to be assessed. The symbol “⤊” means that a specific 

criterion increases proportional to a certain parameter while “⤋” means the 

opposite. The symbol " − " indicates that no conclusion could be drawn. 

Therefore, it can be concluded that the increasing data loss as well as delays can 

increase the position error in the wave-based systems since the standard wave 

variable method neither provides the explicit position feedback (wave variables 

contain velocity and force) nor compensates for data loss. In addition, the 

increasing data loss and time delay also degrade the performance of perceived 

stiffness. Accordingly, data loss and time varying delays are major barriers to 

achieve system transparency. 

2.3.3.3 Discrete Communication 

The passivity of the time delayed communication in a discrete wave-based system is 

studied in [82]. In the discrete wave-based system, during the transmission of the k𝑡ℎ 

samples, (2.22) can be re-written as E[k] =
𝑇𝑠

2
∑ 𝑃[𝑖]𝑘
𝑖=1 =

𝑇𝑠

2
∑ (𝑢𝑚

2 [𝑖] − 𝑢𝑠
2[𝑖] +𝑘

𝑖=1

𝑣𝑠
2[𝑖] − 𝑣𝑚

2 [𝑖]) , where 𝑖  is the sample instant at which the power enters the 

communication channel. 𝑇𝑠 is the sampling rate. For constant time delay (T = n𝑇𝑠), 

where 𝑢𝑠
2[𝑖] = 𝑢𝑚

2 [𝑖 − 𝑛] and 𝑣𝑚
2 [𝑖] = 𝑣𝑠

2[𝑖 − 𝑛], the energy in the communication 

channel is given as: 

𝑇𝑠
2
∑ (𝑢𝑚

2 [𝑖] − 𝑢𝑚
2 [𝑖 − 𝑛] + 𝑣𝑠

2[𝑖] − 𝑣𝑠
2[𝑖 − 𝑛])

𝑘

𝑖=1
=
𝑇𝑠
2
∑ (𝑢𝑚

2 [𝑖] + 𝑣𝑠
2[𝑖])

𝑘

𝑖=𝑘−𝑛+1

≥ 0                                                                                                           (2.56) 

Time 

varying 

delay 

⤊ ⤊ 

Time 

varying 

delay 

− ⤋ − 
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Based on (2.56), the system is passive, independent of the constant time delay. 

Considering data loss, a lost packet in a discrete system will result in an empty 

sampling instance. [82] states that the passivity of the communication channel is 

related to the strategy adopted by the controller to handle the  event. Applying the 

strategy assuming a null packet for an empty sampling instance on the slave side (𝑢𝑠 =

0), the energy in the communication channel can be expressed as: 

E[k] =
𝑇𝑠
2
∑ (𝑢𝑚

2 [𝑖] + 𝑣𝑠
2[𝑖])

𝑘

𝑖=𝑘−𝑛+1
+
𝑇𝑠
2
∑ (𝑢𝑚

2 [𝑖]𝛽𝐿𝑚[𝑖] + 𝑣𝑠
2[𝑖]𝛽𝐿𝑠[𝑖]) ≥ 0

𝑘−𝑛

𝑖=1
 

(2.57) 

Where 𝛽𝐿𝑚[𝑖], 𝛽𝐿𝑠[𝑖] = 0, if the packet is not lost or 1, otherwise. Based on (57), the 

controller adopting a null packet on an empty sampling instance can guarantee system 

passivity in the presence of constant time delay. On the other hand, taking the strategy 

that the controller reuse the previous packet’s value in this sample time, the energy is 

expressed as: 

E[k] =
𝑇𝑠
2
∑ (𝑢𝑚

2 [𝑖] + 𝑣𝑠
2[𝑖])

𝑘

𝑖=𝑘−𝑛+1

+
𝑇𝑠
2
∑ (𝑢𝑚

2 [𝑖] − 𝑢𝑚
2 [𝑖 − 1])𝛽𝐿𝑚[𝑖] +

𝑘−𝑛

𝑖=1
(𝑣𝑠
2[𝑖]

− 𝑣𝑠
2[𝑖 − 1])𝛽𝐿𝑠[𝑖]                                                                                (2.58) 

Since E[k] in (2.58) can be less than 0, the time delayed system passivity cannot be 

guaranteed by applying this strategy.  

Under time varying delays (T[k] = n[k]𝑇𝑠 ), the empty sampling instances can be 

caused by either data loss or the increasing time delay. Taking the strategy of adopting 

a null packet, the packet finally arrives, but not at its prearranged sampling instance. 

Accordingly, (2.57) can be rewritten as: 

E[k] =
𝑇𝑠
2
∑ (𝑢𝑚

2 [𝑖] + 𝑣𝑠
2[𝑖])

𝑘

𝑖=𝑘−𝑛[𝑘]+1
+
𝑇𝑠
2
∑ (𝑢𝑚

2 [𝑖]𝛽𝐿𝑚[𝑖] + 𝑣𝑠
2[𝑖]𝛽𝐿𝑠[𝑖])

𝑘−𝑛[𝑘]

𝑖=1

−
𝑇𝑠
2
∑ (𝑢𝑚

2 [𝑖]𝛽𝐴𝑚[𝑖] + 𝑣𝑠
2[𝑖]𝛽𝐴𝑠[𝑖])

𝑘−𝑛[𝑘]

𝑖=1
                                  (2.59) 



 

43 

 

 

 

Where 𝛽𝐴𝑚[𝑖], 𝛽𝐴𝑠[𝑖] = 1 when the assumed lost packet is delayed but not lost due to 

the increasing delay or 0 otherwise. Note: 
𝑇𝑠

2
∑ (𝑢𝑚

2 [𝑖]𝛽𝐿𝑚[𝑖] + 𝑣𝑠
2[𝑖]𝛽𝐿𝑠[𝑖])

𝑘−𝑛[𝑘]
𝑖=1 ≥

𝑇𝑠

2
∑ (𝑢𝑚

2 [𝑖]𝛽𝐴𝑚[𝑖] + 𝑣𝑠
2[𝑖]𝛽𝐴𝑠[𝑖])

𝑘−𝑛[𝑘]
𝑖=1 , E[k] in (2.59) is not less than 0. Hence, the 

system is guaranteed to be passive.  

On the other hand, applying the strategy that the controller repeats the value of the 

previous sample in the current empty instance, the energy flow in (2.60) can be 

expressed as: 

E[k] =
𝑇𝑠
2
∑ (𝑢𝑚

2 [𝑖] + 𝑣𝑠
2[𝑖])

𝑘

𝑖=𝑘−𝑛[𝑘]+1

+
𝑇𝑠
2
∑ (𝑢𝑚

2 [𝑖] − 𝑢𝑚
2 [𝑖 − 1])𝛽𝐿𝑚[𝑖] +

𝑘−𝑛[𝑘]

𝑖=1
(𝑣𝑠
2[𝑖]

− 𝑣𝑠
2[𝑖 − 1])𝛽𝐿𝑠[𝑖] −

𝑇𝑠
2
∑ (𝑢𝑚

2 [𝑖]𝛽𝐴𝑚[𝑖] − 𝑢𝑚
2 [𝑖 − 1]𝛽𝐴𝑠[𝑖])

𝑘−𝑛[𝑘]

𝑖=1
 

(2.60) 

Since E[k] cannot be guaranteed to be less than 0 in (2.60), the passivity can no longer 

be guaranteed in the discrete case. Therefore, based on the above analysis, the passivity 

of the wave-based system in the presence of time varying delay and data loss is highly 

dependent on the mechanism applied by the controller to handle the lost packets.  

Discrete scattering can be used to implement passive packet switching transmission 

line in the presence of time varying delays and data loss [83]. 

2.4 Applications of Wave Variable in Telerobotics 

2.4.1 Trajectory Tracking 

In wave-variable-based teleoperation systems, though steady-state tracking is ensured 

[84], the trajectory tracking is distorted due to the presence of bias terms. Distortion 

also increases in parallel with an increase in time delay. For many applications such as 

tele-surgery, the slave trajectory must strictly and closely follow the master trajectory.  

To enhance steady-state position tracking, [85] introduces a wave-based architecture 

which applies new channels to directly transmit position signal. Unlike [85], the bias 
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term compensation method is introduced in [74] which uses an extra term ∆u  to 

compensate for the second term in the right-hand side of (2.49) as shown in (2.61). 

∆u =
1

√2𝑏
[𝐹𝑠𝑐 − 𝐿

−1 (
𝜆

𝑠 + 𝜆
)⨂𝐹𝑚𝑐(𝑡 − 𝑇)]                               (2.61) 

This added term is inserted into the feed-forward path at the slave side to achieve: 𝑢𝑠 =

𝑢𝑚(𝑡 − 𝑇)⨂𝐿
−1 (

𝜆

𝑠+𝜆
) + ∆𝑢. Substituting (2.19) and (2.61) into the above equation 

gives: 

𝑢𝑠 =
1

√2𝑏
(𝑏𝑥̇𝑠𝑑 + 𝐹𝑠𝑐)

=
1

√2𝑏
𝐿−1 (

𝜆

𝑠 + 𝜆
)⨂(𝑥̇𝑚(𝑡 − 𝑇) + 𝐹𝑚𝑐(𝑡 − 𝑇))

+
1

√2𝑏
[𝐹𝑠𝑐 − 𝐿

−1 (
𝜆

𝑠 + 𝜆
)⨂𝐹𝑚𝑐(𝑡 − 𝑇)]

= 𝑢𝑚(𝑡 − 𝑇)⨂𝐿
−1 (

𝜆

𝑠 + 𝜆
) + ∆𝑢                                                (2.62) 

Therefore, the bias term of the velocity transmission is eliminated and the best 

trajectory tracking is derived as 𝑥̇𝑠𝑑(𝑡) = 𝐿
−1 (

𝜆

𝑠+𝜆
)⨂𝑥̇𝑚(𝑡 − 𝑇). 

Hu et al [72] make further improvement to (2.62). The corrected velocity for tracking 

the master in [74] is the reference velocity of slave 𝑥̇𝑠𝑑 but not the actual velocity 𝑥̇𝑠. 

The trajectory tracking is improved by adding a correction term for the actual slave 

velocity. Re-considering the computation of the actual slave velocity 𝑥̇𝑠 (2.51), the 

correction term is set as ∆U = √
1

2𝑏
𝐹𝑠𝑐(𝑠) − √

1

2𝑏

𝜆

𝑠+𝜆
𝐹𝑚𝑐(𝑠)𝑒

−𝑠𝑇 +√
𝑏

2
𝐹𝑠𝑐(𝑠)

𝑠

𝐵𝑠+𝐾
. 

Therefore, (2.63) in the frequency domain representing the best tracking from actual 

slave velocity to master velocity is derived by adding this correction term to (2.51): 
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√
𝑏

2
𝑋̇𝑠(𝑠) = √

𝑏

2

𝜆

𝑠 + 𝜆
𝑋̇𝑚(𝑠)𝑒

−𝑠𝑇 −√
𝑏

2
𝐹𝑠𝑐(𝑠)

𝑠

𝐵𝑠 + 𝐾
−√

1

2𝑏
𝐹𝑠𝑐(𝑠)

+ √
1

2𝑏

𝜆

𝑠 + 𝜆
𝐹𝑚𝑐(𝑠)𝑒

−𝑠𝑇 + ∆U(s) = √
𝑏

2

𝜆

𝑠 + 𝜆
𝑋̇𝑚(𝑠)𝑒

−𝑠𝑇         (2.63) 

Substituting (19) and (20) into the correction term ∆U, ∆U can be rewritten as: 

∆U(s) =
1

2
(𝑈𝑠(𝑠) − 𝑉𝑠(𝑠)) + √

𝑏

2
𝐹𝑠𝑐(𝑠)

𝑠

𝐵𝑠 + 𝐾
−
1

2
(𝑈𝑚(𝑠) − 𝑉𝑚(𝑠))

𝜆

𝑠 + 𝜆
𝑒−𝑠𝑇 

(2.64) 

In view of the added correction term, the passivity of the proposed system must be 

reexamined. The transfer functions of 𝑉𝑠(𝑠)/𝑈𝑠(𝑠)  and 𝑉𝑚(𝑠)/𝑈𝑚(𝑠)  are derived 

from [73] as follows: 

|𝐺𝑠𝑒(𝑠)| = |
𝑉𝑠(𝑠)

𝑈𝑠(𝑠)
| = |

𝑏𝐺𝑝𝑑(𝑠) + (𝑚𝑠 + 𝐺𝑒𝑛𝑣(𝑠)) (𝑏 − 𝐺𝑝𝑑(𝑠))

𝑏𝐺𝑝𝑑(𝑠) + (𝑚𝑠 + 𝐺𝑒𝑛𝑣(𝑠)) (𝑏 + 𝐺𝑝𝑑(𝑠))
| ≤ 1     (2.65) 

|
𝑉𝑚(𝑠)

𝑈𝑚(𝑠)
|

= |
(𝐵𝑠 + 𝐾)

(
𝑠
𝜆
+ 1) (𝐵𝑠 − 𝑏𝑠 + 𝐾)

1
𝐺𝑠𝑒(𝑠)

+ (
𝑠
𝜆
+ 1 − 𝑒−2𝑠𝑇) (𝐵𝑠 + 𝐾) + 𝑏𝑠(

𝑠
𝜆
+ 1)

| 

(2.66) 

Where 𝐺𝑝𝑑(𝑠) and 𝐺𝑒𝑛𝑣(𝑠) are the transfer functions of the slave PD controller and 

the environment, respectively. According to (66), if the parameter of the forward low-

pass filter 𝜆 is tuned properly, the transfer function 𝑉𝑚(𝑠)/𝑈𝑚(𝑠) can be smaller than 

1. Therefore, the passivity of the system is guaranteed.  
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In [86] and [87], it is shown that forward low-pass filter 
𝜆

𝑠+𝜆
 has a unity gain at steady 

state frequencies. Thus this filter is not able to guarantee system passivity at those 

frequencies, especially for stiff contact. Hence, in [86] and [87], a positive amplifying 

gain α is added to the force feedback channel of the structure proposed by Ye et al. 

[74] to minimize the steady state force tracking errors and to ensure passivity.  

The wave-based system with bias term compensation augmentation is a successful 

improvement of the standard wave-based architecture which enforces the trajectory 

tracking without affecting the system passivity. Hence, the trade-off between stability 

and transparency of the wave-based teleoperation is enhanced.   

 

Figure 2.7. Proposed wave-based architecture for trajectory tracking [72] 

2.4.2 Wave Integral 

As mentioned before, wave variables encode force and velocity signals rather than 

direct position information. Therefore, controller in the wave-based system does not 

receive the position feedback, which will result in slow position drift. In order to add 

position signal to wave variables, Niemeyer and Slotine propose the concept of wave 

integral [88].  

Wave integral, just as its name implies, is the integration of velocity and force 

information present in the wave variable. After integral of (2.15), the integrated wave 

variables are defined by (2.67): 
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U(𝑡) = ∫ 𝑢(𝜏)
𝑡

0

𝑑𝜏 =
𝑏𝑥 + 𝑝

√2𝑏
, 𝑉(𝑡) = ∫ 𝑣(𝜏)

𝑡

0

𝑑𝜏 =
𝑏𝑥 − 𝑝

√2𝑏
         (2.67) 

Where x and p are position and momentum, respectively. It is obvious from (2.67) that 

the wave integral method explicitly provides the teleoperator with direct position 

feedback and enforce position convergence between master and slave.  

Since time varying delays can cause wave distortion, the desired results cannot be 

achieved and the stability and performance of the wave-based system is degraded. 

Namely, either the wave integral which guarantees correct position tracking or the 

wave energy which determines system passivity will not be preserved. To deal with 

this problem, both the wave integral 𝑈𝑖𝑛 and the wave energy 𝐸𝑖𝑛 are designed to be 

transmitted through the communication channel instead of only transmitting the wave 

signal. That is: 

𝑈𝑑𝑒𝑙𝑎𝑦(𝑡) =  𝑈𝑖𝑛(𝑡 − 𝑇(𝑡)) = ∫ 𝑢𝑖𝑛(𝜏)
𝑡−𝑇(𝑡)

0

𝑑𝜏 

𝐸𝑑𝑒𝑙𝑎𝑦(𝑡) =  𝐸𝑖𝑛(𝑡 − 𝑇(𝑡)) = ∫ 𝑢𝑖𝑛
2 (𝜏)

𝑡−𝑇(𝑡)

0

𝑑𝜏

                      (2.68) 

Where 𝑈𝑑𝑒𝑙𝑎𝑦  and 𝐸𝑑𝑒𝑙𝑎𝑦  denote the delayed wave integral and energy signals. To 

achieve signal tracking, the output wave signal is designed to be reconstructed to track 

the delayed wave signal. Furthermore, to derive passivity, the output energy is 

designed to be less than the delayed energy. Therefore, a reconstruction filter is 

deployed to obtain a stable performance by preserving the passivity of the 

communication channel under time varying delays and data loss. This reconstruction 

filter is designed as: 

𝑢𝑜𝑢𝑡(𝑡) = {
𝛼
𝐸(𝑡)

𝑈(𝑡)
 (𝑈(𝑡) ≠ 0) 

0            (𝑈(𝑡) = 0)

                                         (2.69) 

Where 𝛼 is a tunable parameter. 
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In [81], the performance of a scheme based on wave integral with the reconstruction 

filter is examined. The overall performance of wave-integral-based scheme is better 

than the standard wave-based scheme under the condition of time delay and data loss 

since the wave-integral-based scheme directly compensates for position tracking and 

preserves system stability under the condition of time delay by employing a 

reconstruction filter. However, in the presence of time-varying delay, steady-state 

position error still exists in the wave-integral-based scheme even though it provides 

explicit position compensation. Moreover, time varying delay also increases the mean 

force error in this scheme as the integrated wave variables do not contain direct force 

reflection.  

Yokokohji and Yoshikawa improve the wave integral theory to deal with the problem 

of time varying delay by designing compensators on the feed-forward and feedback 

channels [89]-[91]. They analyze the position deviation by: 

𝑥𝑚(𝑡) − 𝑥𝑠(𝑡) =
1

√2𝑏
(∫ 𝑢𝑚(𝜏)𝑑𝜏 − ∫ 𝑣𝑠(𝜏)𝑑𝜏

𝑡

𝑡−𝑇2

𝑡

𝑡−𝑇1

)                 (2.70) 

Based on (2.70), a compensator is designed to achieve the corrected waveform 

𝑢𝑠
𝑐𝑜𝑟𝑟𝑒𝑐𝑡 as: 

u𝑠
𝑐𝑜𝑟𝑟𝑒𝑐𝑡(𝑡) = 𝑢̃𝑠(𝑡) + 𝐾 (∫ 𝑢𝑠

′
𝑡

0

(𝜏) − ∫ 𝑢𝑠

𝑡

0

(𝜏)𝑑𝜏)                        (2.71) 

where 𝑢̃𝑠(𝑡) and 𝑢𝑠
′(t)  are the distorted waveform and the ideal waveform, 

respectively. K represents a positive-diagonal feedback gain matrix. It should be noted 

that 𝑢𝑠
′(t) is equal to 𝑢𝑚(𝑡 − 𝑇1). At the time when the wave variable of the master 

side 𝑢𝑚(𝑡) is transmitted into the communication channel, the current time is stamped 

on the waveform, which is used to calculate the integral of 𝑢𝑠
′(t). Therefore: 

∫ 𝑢𝑠
′

𝑡

0

(𝜏)𝑑𝜏 = ∫ 𝑢𝑚(𝜏)𝑑𝜏
𝑡𝑚
𝑙𝑎𝑠𝑡(𝑡)

0

                                    (2.72) 
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where 𝑡𝑚
𝑙𝑎𝑠𝑡(𝑡) represents the last stamped time in the communication channel of the 

master side. Moreover, an online energy observer is employed in [91] to monitor the 

energy balance as well as to adopt correct actions based on the level of activity. Using 

the energy monitor, the transmitting wave flow can be controlled to guarantee the 

system passivity constantly. 

 

Figure 2.8. Wave-based architecture with wave integral compensator [90] 

As mentioned by Yokokohji and Yoshikawa, the system (Figure 2.8) can be well 

compensated for by tuning the positive-diagonal feedback gain matrix K. Accordingly, 

Zhang and Li include an on-line time delay identification algorithm to tune the wave 

integral gain K of the proposed compensator [92]. They find that the gain K must vary 

with the time-varying delay to achieve minimum error. This implies that K must be 

more negative when time delay becomes large and more positive when the time delay 

becomes small. Using the proposed time delay identification algorithm, the value of K 

is derived. 

2.4.3 Wave Prediction 

One of the limitations of wave variables is the degradation of their performance in the 

presence of increased time delay [76]. Therefore, a classic approach called ‘wave 

prediction’ is proposed to enhance the performance of wave-based teleoperation 

systems. 
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The concept of wave prediction was initially introduced by Niemeyer and Slotine [52], 

and then developed further by Munir and Book, with the aim of improving a wave-

based system under constant delay [93], where the predictor proposed in [93] is 

deployed to drive the slave model. Similar idea was also introduced by [95]. Different 

to [93], Arioui et al. propose a master-model based predictor to stabilize the bilateral 

teleoperation system and improve performance under a large delay constant. Later, 

Munir and Book extend the approach proposed in [93] to guarantee the system 

passivity in the presence of time varying delay [94].  

 

Figure 2.9. wave-based architecture using wave prediction algorithm [93] 

Wave prediction is based on the Smith predictor [96], with the key idea of installing 

the predictor on the master side between the wave variable controllers. Since the role 

of the Smith predictor is immediate feedback of the predicted response and the error 

of prediction after measuring the real response [57], the Smith predictor estimates the 

incoming wave variable without the entire time delay. 

Figure 2.9 shows the wave prediction architecture proposed in [94]. In this study, a 

Kalman filter is deployed to estimate the states of the entire right side 𝐺𝑅(𝑠) combined 

with the PD controller, the slave plant and wave transformation. The Kalman filter is 

an important element in this design, improving the prediction performance by 
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enhancing the accuracy of matching between the initial condition and the model of the 

entire right- hand plant. The estimated states are applied as the initial conditions of the 

predictor to predict the states after the entire transmission delay time 𝑇𝑇. As the initial 

conditions of the Smith predictor are delayed by 𝑇𝑇, the current state is predicted based 

on the previous states. Moreover, the present states of the slave estimated by the 

predictor are employed to compute a new current incoming wave variable which is 

used to compare with that value on the basis of the initial condition of the predictor. 

Accordingly, the predictor can be expressed as:  

𝑣𝑝 = (1 − 𝑒
−𝑠𝑇𝑇)𝐺𝑝(𝑠)𝑢𝑚                                              (2.73) 

Where 𝐺𝑝(𝑠) is the transfer function of the right side. 𝑣𝑝 is merged with the actual 

feedback 𝑣𝑎  to achieve 𝑣𝑚 . Assuming that the model used by the predictor is 

absolutely accurate to predict the present slave states, no transmission time delays can 

be seen by the master. 

Incorporating the correction 𝑣𝑝  derived by the Smith predictor into the feedback 

variable 𝑣𝑎  is a challenge in the wave prediction algorithm. Although a simple 

summation junction should theoretically suffice, the junction may generate energy and 

degrade the passivity of the system. Hence, an energy-reservoir-based regulator 

estimating 𝑣𝑚 as the sum of 𝑣𝑎 and 𝑣𝑝, is proposed in [94]: 

𝐸𝛾(𝑡) = ∫ [𝑣𝑎
2(𝜏) − 𝑣𝑚

2 (𝜏)]
𝑡

0

dτ                                       (2.74) 

The aim of the proposed regulator is to diminish the “distance-to-go”, which means 

integrating the difference between incoming and outgoing wave variable flow of the 

regulator (2.75). 

𝐷𝑡𝑔(𝑡) = ∫ [𝑣𝑎(𝜏) + 𝑣𝑝(𝜏) − 𝑣𝑚(𝜏)]𝑑𝜏
𝑡

0

                                (2.75) 

In order to converge 𝐷𝑡𝑔(𝑡) to zero, [93] and [94] set a control law to derive 𝑣𝑚 on the 

basis of the energy in the reservoir: 
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𝑣𝑚(𝑡) = 𝛼[1 − 𝑒
−𝛽𝐸𝛾(𝑡)]𝐷𝑡𝑔(𝑡)                                     (2.76) 

Where 𝛼 and 𝛽 are constant tuning parameters. The system passivity is obtained by 

[1 − 𝑒−𝛽𝐸𝛾(𝑡)]  as the energy reservoir since if the energy reservoir is completely 

drained, the regulator would shut down after driving the output wave variable 𝑣𝑚 to 0. 

Hence, if the value of 𝛽 is large for a given value of 𝐸𝛾, 𝑣𝑚 will not be severely choked 

by the regulator. On the other hand, the large value of α makes 𝑣𝑚 converge faster to 

the sum of 𝑣𝑎 and 𝑣𝑝. Suppose the system has been running for a certain time, and the 

energy reservoir is sufficiently large so that [1 − 𝑒−𝛽𝐸𝛾(𝑡)] ≈ 1. For the steady state 

condition: 

 lim
𝑡→∞

𝑣𝑝(𝑡) = 𝑙𝑖𝑚
𝑡→∞

𝑣0(𝑡) =0                                    (2.77) 

The regulator control law can be simplified to a stable first-order differential equation 

with 𝑣𝑚 as the variable (2.78). 

𝑑

𝑑𝑡
𝐷𝑡𝑔(𝑡) = −𝑣𝑚(𝑡)                                         (2.78) 

This will drive 𝐷𝑡𝑔 to zero. That is, the output wave variable 𝑣𝑚 will approach the 

corrected wave variable by the predictor. 

Nevertheless, keeping an upper limit on the energy reservoir is a prudent way to 

guarantee system performance, as it takes a long time for a large amount of energy 

accumulated in the reservoir to drain. This may violate the passivity of the regulator 

in the short term and may result in an unstable system. 

The wave prediction algorithm must be guaranteed by two prerequisites: constant time 

delay and accurate slave model. If either of these two requisites is not reached, position 

drift will occur in the wave-based architecture. In practice, an absolutely accurate 

model is impossible to obtain in the physical system. A predictor with an inaccurate 

model will produce an incorrect correction to the incoming wave variable which will 

cause the steady–state error. 
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To overcome the shortcoming of the wave prediction algorithm proposed by Munir 

and Book [93] [94], Ching and Book propose adaptive predictors [98].Since the 

predictor model introduced in [94] is determined beforehand and is a constant value, 

its accuracy of prediction is doubtful when the environment is changed because it is 

impossible for the single slave model 𝐺𝑝(𝑠) mentioned in (2.73) to reflect the changed 

environment precisely. With an inaccurate predictor model, wrong prediction of the 

returning wave will occur to the extent that the force feedback on the master side and 

the velocity command on the slave side will be adversely affected. Considering the 

above situation, [98] suggests a semi-adaptive predictor to provide more accurate force 

feedback to the human operator. Moreover, a fully adaptive predictor is employed to 

compensate for arbitrary environmental force. Using this approach, different types of 

environments can be modeled with more accuracy. In addition, considering the 

position drift, another wave compensation channel is proposed in [98] on the wave 

prediction architecture given in [94] to directly compensate for the position drift 

caused by time varying delay. 

In conclusion, the wave prediction algorithm deploys the Smith predictor to estimate 

the behavior of the slave and to compensate for the side-effects of time delays. In 

addition, a position-correcting input and an energy regulator are employed to mitigate 

the position error and limit the generated energy of the Smith predictor, respectively. 

In [81], the performance of the wave prediction architecture is evaluated by conducting 

several experiments. That is, the system stability employing this algorithm is robust as 

the proposed regulator guarantees the system passivity. Even with an explicit position 

compensation, time delay still affects the steady-state position error of the wave 

prediction system. The data loss also adversely affects the performance of this system. 

However, compared with standard wave-based architecture, the wave prediction 

architecture provides considerably better response under data losses and high delays 

at the expense of high computational complexity. 
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2.4.4 Perceptual Feedback 

The interaction between human and environment is extremely asymmetric. Although 

the frequency of human motion is usually less than 10Hz, the high frequency power 

from 10 Hz to 1 kHz is more important in the case of human’s perception of the 

environment [99]. Accordingly, high frequency haptic feedback, which provides 

information about macroscopic material properties and precise surface features, is 

particularly useful for teleoperation systems. Without high frequency haptic feedback, 

all remote objects manipulated by the human operator feels like soft, smooth foam. 

Hence, the operator has to rely on visual or auditory cues to perceive material 

properties [100].   

The majority of the proposed delay-capable controllers guarantee system stability 

under time delays by seriously restricting the system bandwidth [101]-[103]. The 

largest disadvantage of bandwidth restriction is depriving the human operator of 

significant high frequency feedback information. In both continuous and discrete time 

domains, the wave variable transformation suffers from performance degradation due 

to wave reflection and limited frequency content and the high frequency portions of 

the wave reflections can be very disruptive as it distracts from real interaction signals 

[104]. 

Considering that power flows are separated by the wave variable constructed into the 

distinct forward and reverse paths, Tanner and Niemeyer propose that different 

bandwidths can be set in the forward and reverse paths to allow high frequency 

feedback signals from the slave to provide a useful feedback to operators and enhance 

fidelity [105]. Therefore, feeding back the perceptual information, based on the 

property of human perception, the interaction between the teleoperation system and 

the environment is divided into two discrete bands: the manipulation band and the 

perception band [84]. The manipulation band, which contains the motion of low 

frequency and force signal, is bi-directional, while the perception band is unilateral 

where vibrations can only be derived rather than controlled or commanded. Therefore, 

when adding a unilateral channel of perspective feedback based on the traditional wave 

controller, it can actually feed the high frequency contact force back to the operator to 
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improve the telepresence of the remote environment and enhance the manipulation 

performance of the system.  

Inspired by the successful feedback of high frequency acceleration presented to the 

operator through vibro-tactile displays [106], Tanner and Niemeyer further extended 

their approach on perceptual feedback by feeding the high frequency acceleration 

information rather that the high frequency contact force back to the master [107]. A 

slave accelerometer is employed to measure the slave tip acceleration 𝑥̈𝑠 of any contact 

and scale the feedback to vary the operator’s experience. Then this signal is 

incorporated into the returning wave after passing through a scaling element M(s) set 

as the mass of the slave m(s) and a high-pass filer H(s). Wave impedance 1/√2𝑏 is 

used to scale the acceleration signal in order to match the signal against the units of 

the wave variables. Figure 2.10 shows the wave-based architecture with the 

augmentation of high frequency acceleration feedback. 

In Figure 2.10, the high-pass filter H(s) processes the equivalent force 𝐹𝑒𝑞 to isolate 

the perception band signals and avoid interference. However, high frequency energy 

will be injected by the augmentation of the additional feedback into the system, and as 

a result adversely affect the passivity of the integrated system. Since the extra energy 

must remain uni-directional without creating closed-loop instability, a forward low-

pass filter L(s) is added in the feed-forward channel to dissipate the high frequency 

energy. Therefore, by appropriately tuning the adversely affecting low-pass filter L(s), 

high pass filter H(s) and the scaling element M(s), system stability can be obtained 

with balanced energy amplification and dissipation. Moreover, to clearly separate the 

manipulation band and the perception band, both the high-pass filter and the low -pass 

filter are selected as second-order filters in which all poles are set at a non-dimensional 

frequency. 
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Figure 2.10. Wave-based architecture with high frequency acceleration feedback 

[107] 

2.4.5 Combination with 4-CH Architecture 

 

Figure 2.11. 4-CH architecture applying wave transmission [108] 

It is demonstrated that 4-CH architecture which possesses the extra “degrees of 

freedom” (control parameters) is the best teleoperation system from a transparency 

point of view under the condition of no time delay [50], [109]. Nevertheless, while 

achieving high transparency, the 4-CH system suffers the penalty of stability 

degradation in the presence of time delay. Considering that the largest advantage of 

the wave variable method is to guarantee system passivity, Aziminejad et al extend the 

wave transmission to the 4-CH architecture in order to improve the overall 

performance of the teleoperation system [108]. Similar architecture is also proposed 

in [110]. To combine the wave transmission with the 4-CH architecture, the 
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communication channel part of the extended Lawrence 4-CH system illustrated in [65] 

must be segregated as a two-port network, which is shown as Figure 2.11. 

In Figure 2.11, the nonphysical input and output effort and flow of the communication 

channel are expressed as: 

𝑉1 = 𝐶3𝐹ℎ + 𝐶1𝑥̇𝑚, 𝑉2 = 𝐹𝑒(1 + 𝐶5) + 𝑥̇𝑠(𝑀𝑠𝑠 + 𝐶𝑠)               (2.79) 

𝐼1 = 𝐹ℎ(1 + 𝐶6) − 𝑥̇𝑚(𝑀𝑚𝑠 + 𝐶𝑚), 𝐼2 = 𝐶2𝐹𝑒 + 𝐶4𝑥̇𝑠              (2.80) 

In this scheme, the wave variables can be written as: 

u =
𝑏𝐼 + 𝑉

√2𝑏
, v =

𝑏𝐼 − 𝑉

√2𝑏
                                                 (2.81) 

By extending the wave-variable method into the 4-CH architecture, the trade-off 

between stability and transparency of the bilateral teleoperation is enforced, compared 

with the conventional 4-CH architecture. 

The stability of the architecture shown in Figure 2.12 is guaranteed by the low-pass 

filters in the communication channel which can limit the system bandwidth and restrict 

high frequency information transmission. Yalcin and Ohnishi designed a 4-CH 

architecture based on the wave variable method to enhance the overall performance of 

the bilateral teleoperation in [111], [112]. Inspired by [107], Yalcin and Ohnishi also 

employed the high frequency acceleration to provide perceptual feedback in their 

proposed architecture. Moreover, they propose to employ direct rather than feedback 

force and position information of the master and slave robots to create the ‘acceleration’ 

waves, which is different from the combination of conventional wave transmission 

channels and the high frequency acceleration feedback proposed in [107]. Therefore, 

the feedback in communication channels shown in Figure 2.3 is canceled. Katsura et 

al state that the acceleration controller can provide satisfactory accuracy for position 

and force tracking in bilateral control [113]. Therefore, instead of the conventional PD 

controller used in the standard wave-based system, Yalcin and Ohnishi choose 

acceleration controllers for the master and slave robots in the acceleration dimension. 
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In [111] and [112], acceleration is presented in terms of position-dependent 

acceleration 𝑥̈𝑚
𝑝

 and force-dependent acceleration  𝑥̈𝑚
𝑓

. Force control 𝐶𝑓  relies on a 

force control gain 𝐾𝑓, while position control 𝐶𝑝 relies on acceleration 𝐾𝑎, velocity 𝐾𝑣 

and position 𝐾𝑝 (2.82). 

𝐶𝑝(𝑠) = 𝐾𝑎𝑠
2 + 𝐾𝑣𝑠 + 𝐾𝑝, 𝐶𝑓(𝑠) = 𝐾𝑓                               (2.82) 

Disturbance observers (DOB) and reaction force observers (RFOB) are also applied in 

[111] and [112]. DOB is widely used to attenuate the disturbance elements. A fast 

DOB structure based on acceleration is very beneficial as it can estimate and feedback 

the disturbance to the system in order to derive a more stable and robust structure [114]. 

RFOBs are applied in the proposed structure ([111], [112]) to replace force sensors as 

they possess more transmission bandwidth than force sensors [115], which is 

appropriate for this architecture with the privileged aim of improving user perception. 

RFOB is mainly used to estimate reaction force. By combining DOB and RFOB, the 

estimated master and slave forces 𝐹̂𝑚 and 𝐹̂𝑠 are derived with little disturbance.  

Considering that in the conventional wave-variable method, master and slave robots 

are treated as the sources of either force or velocity, a 4-CH data transmission scheme 

is introduced as both robots are the sources of force and velocity. That is, the scheme 

of velocity feed-forward and force feedback is superposed with that of force feed-

forward and velocity feedback by two asymmetric character impedances.  

The scaling parameters α and β of the proposed architecture in Figure 2.12 are applied 

to scale the accelerations in order to give the operator flexibility in control issues, e.g. 

to deal with drift problems during environmental contact. The arrows with dotted lines 

denote the cancelled feedback in the communication channels, which improve the 

system transparency at the expense of passivity degradation. Accordingly, the 

asymmetric dampers 𝑏1 and 𝑏2 are used to maintain the system stability. Hence, in the 

acceleration dimension, the wave variables with different character impedances are 

written as: 

𝑢𝑚1 =
𝑏1𝑥̈𝑚

𝑝 − 𝑥̈𝑚
𝑓

√2𝑏1
, 𝑢𝑚2

=
𝑏2𝑥̈𝑚

𝑝 + 𝑥̈𝑚
𝑓

√2𝑏2
                                     (2.83) 
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𝑣𝑠1 =
−𝑏1𝑥̈𝑚

𝑝
+ 𝑥̈𝑚

𝑓

√2𝑏1
, 𝑣𝑠2 =

−𝑏2𝑥̈𝑚
𝑝
− 𝑥̈𝑚

𝑓

√2𝑏2
                                    (2.84) 

In the end, the authors obtain the master and slave robot acceleration references 𝑥̈𝑚
𝑟𝑒𝑓

 

and 𝑥̈𝑠
𝑟𝑒𝑓

 with scaling in the presence of time delay as: 

𝑥̈𝑚
𝑟𝑒𝑓

= 𝐶𝑝(𝑥𝑠𝑒
−𝑠𝑇2 − 𝛽𝑥𝑚) − 𝐶𝑓(𝛼𝐹𝑚 + 𝐹𝑠𝑒

−𝑠𝑇2)                        (2.85) 

𝑥̈𝑠
𝑟𝑒𝑓

= 𝐶𝑝(𝛼𝛽𝑥𝑚𝑒
−𝑠𝑇1 − 𝛼𝑥𝑠) − 𝐶𝑓(𝛽𝐹𝑠 + 𝛼𝛽𝐹𝑚𝑒

−𝑠𝑇1)                   (2.86) 

Where the master and slave acceleration references 𝑥̈𝑚
𝑟𝑒𝑓

 and 𝑥̈𝑠
𝑟𝑒𝑓

 are the necessary 

parameters for the DOB and RFOB to derive position and force signals.  

 

Figure 2.12. Scaled 4-CH acceleration-wave transmission architecture [112] 

This architecture, combined with acceleration wave transmission, considerably 

enforces the trade-off between stability and transparency for the 4-CH architecture by 

properly tuning the scaling parameters  α  and  β . As shown by the result of their 

experiment, force and position tracking are achieved with high accuracy by applying 

a combination of acceleration controllers, DOBs and RFOBs. Without using force 

sensors, this architecture derives high system bandwidth and also provides the operator 

with more authentic perceptions of the remote environment by using acceleration wave 
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transmission to transmit high frequency information. Therefore, Yalcin and Ohnishi 

conclude that the higher the acceleration feedback and the better the perception of the 

environment, the higher transmission bandwidth and the more accurate high-frequency 

acceleration matching the system can be achieved.  

In conclusion, the combination of a wave variable approach with 4-CH architecture is 

a promising development direction for the wave variable method. Since the most 

notable property of 4-CH architecture is achieving high transparency and the wave-

variable method can provide systems robust passivity, the combination of these two 

methods can compensate for their respective shortcomings. 

2.4.6 Methods for Wave Reflection 

The phenomenon of wave reflection was initially discovered by Niemeyer and Slotine 

[68]. An approach proposed  to match the impedance of the master with that of the 

slave is to add damping elements R and D at both sides of the PD controller, as shown 

in Figure 2.6 [68]-[69], [116]. The two damping elements and the PD controller 

constitute an impedance controller whose parameters satisfy (2.87): 

𝐷 = 𝜆𝑚𝑠, 𝐵 = 𝜆𝑚𝑠, 𝐾 = 𝜆
2𝑚𝑠, , 𝑅 = 𝑏 − 𝜆𝑚𝑠                       (2.87) 

Where  λ  is the expected bandwidth of the slave PD controller. However, the 

predetermined damping elements are not able to deal with the unanticipated impedance 

changes of the operator and environment. In particular, when unknown changes appear 

in the task environment, the wave reflections can be reinstated.  

Niemeyer and Slotine introduce the method of wave filtering [88]. Then, the wave 

filtering method, the essence of which is adding a low-pass filter in the communication 

channels, is applied in numerous studies to process unknown impedance changes 

through restricting the teleoperation systems’ bandwidth [72]-[74], [84], [107], 

[108],[117]-[118].  

The integration of wave filtering and impedance matching can considerably suppress 

the wave reflections in which wave filtering and the impedance matching minimize 

the wave reflections from the human operator/task environment and in free space, 
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respectively. A notable drawback of wave filtering is that its property of teleoperator 

bandwidth restriction can impede the transmission of high frequency information. 

Furthermore, the predetermined wave filter needs the precise estimation of the 

communication time delay. 

Notably, when a teleoperation system is perfectly matched, the wave variable at the 

master side 𝑢𝑚 only contains velocity information while that at the slave side 𝑣𝑠 only 

possesses force information as follows: 

𝑢𝑚 =
𝑏𝑥̇𝑚

√2𝑏
, 𝑣𝑠 =

𝐹𝑠

√2𝑏
                                                        (2.88) 

In the wave teleoperator with perfect wave matching, the outgoing wave signals 

𝑢𝑚 and 𝑣𝑠 no longer comprise the incoming wave signals 𝑢𝑠 and 𝑣𝑚. Hence, the wave 

reflection problem can be successfully prevented. Nevertheless, [52] and [98] state that 

velocity tracking and force reflection will be corrupted by the additional impedance 

matching terms as shown in (2.89) and (2.90): 

𝑥̇𝑠(𝑡) =
𝑥̇𝑚(𝑡 − 𝑇)

2
−
𝐹𝑠(𝑡)

2𝑏
                                         (2.89) 

𝐹𝑚(𝑡) =
𝐹𝑠(𝑡 − 𝑇)

2
+
𝑏

2
𝑥̇𝑚(𝑡)                                        (2.90) 

To circumvent these problems, Bate et al propose a new scheme that does not require 

transcendental knowledge of the remote environment [132], which is later improved 

in [133]. Through decoupling force and velocity at the slave side, the velocity tracking 

and force reflection are derived as: 

𝑥̇𝑠(𝑡) = 𝑥̇𝑚(𝑡 − 𝑇) +
𝐹𝑠(𝑡 − 2𝑇) − 𝐹𝑠(𝑡)

𝑏
                        (2.91) 

𝐹𝑚(𝑡) = 𝑏𝑥̇𝑚(𝑡) + 𝐹𝑠(𝑡 − 𝑇)                                (2.92) 

Compared with conventional impedance matching teleoperation described by (2.89) 

and (2.90), (2.91) and (2.92) clarify that the proposed architecture provides an 
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improvement in velocity tracking and force feedback with little corruption under the 

condition of hard contact. However, this method has an obvious drawback. That is, in 

free motion and soft contact, the bias term 𝑏𝑥̇𝑚 in (2.92) will considerably influence 

the force tracking performance of this method. 

Furthermore, the main effect of this architecture is the circumvention of wave 

reflection. The wave variables of this architecture are derived by: 

𝑢𝑚(𝑡) =
𝑏𝑥̇𝑚(𝑡) + 𝐹𝑠(𝑡 − 𝑇)

√2𝑏
, 𝑣𝑠(𝑡) =

𝐹𝑠(𝑡)

√2𝑏
                       (2.93) 

Unlike the wave formulas in the standard wave variable method (2.19) and (2.20), in 

(2.93), the velocity information is not possessed by the new wave variable 𝑣𝑠  any 

longer. This means that the wave variable 𝑢𝑠 is no longer reflected at the junction of 

𝑣𝑠 . Using this method, the wave reflections are avoided by decoupling force and 

velocity at the slave side without the need for active modeling or impedance matching. 

2.4.7 Force Reflection 

Force reflection is a critical objective in teleoperation systems in which the human 

operator can kinesthetically couple to the remote environment to considerably enhance 

task performance. With the advantage of maintaining stability under arbitrary 

communication delays, wave-variable-based controllers can support the stable 

operation of force-reflecting operators. Nevertheless, transparency in the wave-based 

teleoperator always has to be compromised in order to maintain stability.  

Considering the standard teleoperator, the velocity feed-forward and force feedback 

are given by: 

𝑥̇𝑠𝑑(𝑡) = 𝑥̇𝑚(𝑡 − 𝑇), 𝐹𝑚𝑐 = 𝐹𝑠𝑐(𝑡 − 𝑇)                                (2.94) 

According to (2.94), the force transmission is ideal when the slave driving force is 

replicated at the master side. However, this system suffers from non-passivity [66]. 

The communication channel of the wave-based teleoperator obtains passivity. 

However, this conservative system achieves passivity at the expense of the biased 
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force feedback shown by (2.38). Accordingly, the bias term must be minimized in 

order to improve the force reflection of the wave-based system. 

Kawashima et al introduce a velocity scaling method to enhance the force tracking 

process. Normally the control parameters of the standard wave variable controllers 𝐹𝑚𝑐 

and 𝑥̇𝑠𝑑 are given as (2.37) and (2.38). To achieve better force tracking, [119] modifies 

the wave variable with velocity scaling: 

F𝑚𝑐 = 𝐹𝑠𝑒
−𝑇2𝑠 + √𝑏(𝑋̇𝑚 − 𝑋̇𝑠𝑑𝑒

−𝑇2𝑠)                               (2.95) 

𝑋̇𝑠𝑑 = 𝑋̇𝑚𝑒
−𝑇1𝑠 +

1

𝑏
(F𝑚𝑐𝑒

−𝑇1𝑠 − 𝐹𝑠)                                (2.96) 

By using √b to scale velocity, the bias term 𝑋̇𝑚 − 𝑋̇𝑠𝑑𝑒
−𝑇2𝑠 in (2.95) that affects the 

force tracking is diminished. As the characteristic impedance b is deployed to preserve 

the passivity of the wave-based system, changing this element may influence the 

system stability. Accordingly, the authors verify the passivity of the proposed system 

and show that the system passivity cannot be satisfied when b is too large. However, 

when the value of b is too small, the tracking error will be improved although the 

passivity condition is satisfied. Therefore, selecting a correct value of b is critical to 

ensure good force tracking and maintain passivity.  

Ye and Liu [117] adopt another measure of bias term compensation to improve wave 

reflection by adding an augmentation channel (Figure 2.13). 

Considering that the bias term is 
1

𝑏
(F𝑚𝑐𝑒

−𝑇𝑠 − 𝐹𝑠), the compensation term is derived 

as: 

∆𝑣𝑚 =
√𝑏/2𝜆

0.5𝑠 + 𝜆
(𝑥̇𝑚 − 𝑥̇𝑠𝑒

−𝑇𝑠)                                            (2.97) 

Hence, by adding 
𝜆

0.5𝑠+𝜆
, the bias term is partially eliminated, and the force reflection 

equation can be written as: 

𝐹𝑚𝑐(𝑠) = 𝐹𝑠𝑐(𝑠)𝑒
−𝑇𝑠 +

𝑏𝑠

0.5𝑠 + 𝜆
[𝑥̇𝑚(s) − 𝑥̇𝑠𝑑(s)𝑒

−𝑇𝑠]                 (2.98) 
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Figure 2.13. Cancelling force feedback bias term [117] 

The augmentation of the additional path will inevitably inject energy to degrade the 

system passivity. To guarantee passivity, the low-pass wave filter 
𝑠

0.5𝑠+𝜆
 is adopted to 

limit the energy inserted. As the bandwidth of the canceling effort 2λ is twice that of 

the wave variable in the feed-forward path, highly authentic force reflection is derived 

within the bandwidth 2λ. As to whether the augmentation will affect the system’s 

stability, the stability analyzed under constant delay can be achieved by properly 

tuning the parameter of the low-pass filter λ. 

These methods for force reflection are similar to high frequency feedback schemes 

introduced by Tanner and Niemeyer [84], [92], but their purpose is totally different. 

The method for improving force reflection is to minimize the inherent bias of the wave-

based system while [84] and [107] aim at enhancing the high frequency force feedback. 

However, these two purposes can be unified to further enforce the haptic perception in 

the wave-based system. 

2.4.8 Generalized Wave Variable Transformation 

Generalized wave variable transformation is applied to guarantee stability with 

communication unreliability , especially the finite gain 𝐿2-stability for the small gain 

operators, large time delays and data loss [120]-[122]. Like the notation in (2.19) and 

(2.20), the left-hand side and right-hand side generalized wave variables 𝑢𝑙, 𝑣𝑙, 𝑢𝑟, 𝑣𝑟 

are given as:  
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[
𝑢𝑙
𝑣𝑙
] = 𝑆𝐺 [

𝑥𝑚
𝐹𝑚𝑐

] , [
𝑢𝑟
𝑣𝑟
] = 𝑆𝐺 [

𝑥𝑠
𝐹𝑠𝑐
]                                       (2.99) 

where the matrix 𝑆𝐺 represents the generalized wave variable transformation, which is 

parameterized using a rotation matrix 𝑅𝜃 and a scaling matrix B (det 𝐵 ≠ 0): 

𝑆𝐺 = 𝑅𝜃𝐵 = [
𝑐𝑜𝑠𝜃𝐼 𝑠𝑖𝑛𝜃𝐼
−𝑠𝑖𝑛𝜃𝐼 𝑐𝑜𝑠𝜃𝐼

] [
𝑏11 0
0 𝑏22

]                            (2.100) 

Where 𝜃 ∈ [−
𝜋

2
,
𝜋

2
]. The parameters𝑏11, 𝑏22 > 0 are free tuning. 

Remark 5 [61]: For a teleoperation system consisting of the networked negative 

feedback of an OFP(𝜀𝑙 ) and an IFP(𝛿𝑟 ) system with 𝜀𝑙, 𝛿𝑟 > 0 , communication 

channels and the input-output transformation (2.100), the finite gain 𝐿2-stability can 

be guaranteed for any small gain operator in the network if and only if 𝜃 ∈ [𝜃𝑙 , 𝜃𝑟] for 

each B, where 𝜃𝑙 , 𝜃𝑟 are one of the solutions of  

cot2𝜃𝑖 =
𝜀𝐵𝑖 − 𝛿𝐵𝑖
2𝜂𝐵𝑖

, i ∈ (l, r)                                         (2.101) 

which simultaneously satisfies: 

a(𝜃𝑖) = 2𝜂𝐵𝑖𝑠𝑖𝑛𝜃𝑖𝑐𝑜𝑠𝜃𝑖 − 𝛿𝐵𝑖𝑐𝑜𝑠
2𝜃𝑖 − 𝜖𝐵𝑖𝑠𝑖𝑛

2𝜃𝑖 ≥ 0            (2.102) 

𝜖𝐵𝑖 and 𝛿𝐵𝑖 are given by the matrix 𝑃𝐵𝑖 

𝑃𝐵𝑖 = [
−𝛿𝐵𝑖𝐼 𝜂𝐵𝑖𝐼

𝜂𝐵𝑖𝐼 𝜖𝐵𝑖𝐼
] = 𝐵−𝑇𝑃𝑖𝐵

−1 =

[
 
 
 
 −

𝛿𝑖

𝑏22
2 𝐼

1

2𝑏11𝑏22
𝐼

1

2𝑏11𝑏22
𝐼 −

𝜖𝑖

𝑏11
2 𝐼 ]

 
 
 
 

, i ∈ (l, r)    (2.103) 

It should be noted that the standard wave variable transmission can be derived by 

setting 𝜃 = 45o, 𝑏11 = √𝑏 and 𝑏22 =
1

√𝑏
. 

The generalized wave variable transformation is applied to guarantee the stability with 

communication unreliabilities especially the finite gain 𝐿2-stability for any small gain 
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network operators, including the large time delays and the appropriately handled 

packet loss [55]. 

2.4.9 Multi-DOF Wave-Variable-based System 

To apply the wave variable method to a multi-DOF system, Niemeyer and Slotine [88] 

substitute the characteristic impedance b with a symmetric positive–definite 

impedance matrix. A geometric-based approach based on the geometric scattering 

variables is used in [123]. As in [123], a generalization of wave variables is proposed 

in [93], [94] to deal with the Multi-DOF case, which are re-written from (2.19) and 

(2.20) as follows: 

𝑢𝑚 = 𝐴𝑤𝑥̇𝑚 + 𝐵𝑤𝐹𝑚𝑐, 𝑢𝑠 = 𝐴𝑤𝑥̇𝑠𝑑 + 𝐵𝑤𝐹𝑠𝑐                                  (2.104) 

𝑣𝑚 = 𝐶𝑤𝑥̇𝑚 − 𝐷𝑤𝐹𝑚𝑐 , 𝑣𝑆 = 𝐶𝑤𝑥̇𝑠𝑑 − 𝐷𝑤𝐹𝑠𝑐                                 (2.105) 

where 𝐴𝑤 , 𝐵𝑤 ,  𝐶𝑤  and 𝐷𝑤  are defined as the n × n  scaling matrices (n −DOF). 

Substituting (2.104) and (2.105) into (2.22), the scaling matrices should hold the 

following requirement in order to guarantee system passivity: 

𝐶𝑤
𝑇𝐶𝑤 = 𝐴𝑤

𝑇 𝐴𝑤 , 𝐷𝑤
𝑇𝐷𝑤 =  𝐵𝑤

𝑇𝐵𝑤                                     (2.106) 

I = 𝐴𝑤
𝑇 𝐵𝑤 + 𝐶𝑤

𝑇𝐷𝑤                                              (2.107) 

To satisfy (2.106), the scaling matrices should be nonsingular and 𝐶𝑤 = 𝐴𝑤, 𝐷𝑤 = 𝐵𝑤. 

Therefore, (2.107) reduces to: 

I = 2𝐴𝑤
𝑇 𝐵𝑤                                                   (2.108) 

𝐴𝑤 is defined in [93] to be symmetric but not necessarily positive-definite. Moreover, 

the system stability is ensured by using the norm of the scattering matrix where 𝐵𝑤 =

1

2
𝐴𝑤
−1=

1

2
𝐴𝑤
−𝑇. (𝐴𝑤

−𝑇 is the inverse transposition  of 𝐴𝑤.) By replacing b with a positive-

definite matrix B, the scaling matrices are expressed as: 
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𝐴𝑤 = 𝐶𝑤 = √
𝐵

2
, 𝐵𝑤 = 𝐷𝑤 = √

1

2
𝐵                                   (2.109) 

[124] extends the family of the scaling matrices proposed in [93], [94] and summarizes 

the necessary and sufficient conditions for 𝐴𝑤, 𝐵𝑤, 𝐶𝑤 and 𝐷𝑤 as follows: 

1) The scaling matrix 𝐴𝑤 is nonsingular. 

2) 𝐵𝑤 =
1

2
(𝐼 + 𝑆𝑤)𝐴𝑤

−𝑇. (𝑆𝑤 is any n × n skew-symmetric matrix.) 

3) 𝐶𝑤 = 𝑄𝐴𝑤. (Q is any n × n orthogonal matrix.) 

4) 𝐷𝑤 =
1

2
𝑄(𝐼 − 𝑆𝑤)𝐴𝑤

−𝑇. 

Through defining the scaling matrices to satisfy the above four conditions, [85] has 

proved that the defined scaling matrices can robustly guarantee the passivity of the 

standard multi-DOF wave-based system. 

2.4.10 Time Varying Delay 

System performance under time varying delay is an inevitable criterion for a proposed 

wave-based method. Reconstruction filter is added in the wave-integral-based system 

proposed by Niemeyer et al to guarantee passivity and no drift under time varying 

delays [75]. The wave integral compensator proposed by Yokokohji et al is to 

minimize the performance degradation caused by variation of time delays [88]-[90]. 

Munir and Book extend their wave prediction approach to the Internet where time 

delay is unpredictable and fluctuating [94]. However, when the delay time becomes 

larger, the aforementioned methods may not guarantee system stability.  

Some studies directed at the time varying delay propose new approaches based on the 

wave-based method. As analyzing the system passivity is violated by the last two terms 

of (2.55) under time varying delay, Boukhnifer et al [76] modify the controller 

structure initially proposed by Niemeyer [75] by adding adaptive gains α  in the 

communication channels to preserve the passivity-performance trade-off. Therefore, 

the reflected waves are written as: 
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u𝑠(𝑡) = 𝛼1𝑢𝑚(𝑡 − 𝑇1(𝑡)), 𝑣𝑚(𝑡) = 𝛼2𝑣𝑠(𝑡 − 𝑇2(𝑡))                    (2.110) 

Therefore, [76] derives the total energy as: 

E = ∫ 𝑃𝑖𝑛𝑑𝜏 =
1

2

𝑡

0

[∫ 𝑢𝑚
𝑇 𝑢𝑚𝑑𝜏

𝑡

𝑡−𝑇1(𝑡)

+∫ 𝑣𝑠
𝑇𝑣𝑠𝑑𝜏 −

𝑡

𝑡−𝑇2(𝑡)

∫
1 − 𝑇1

′ − 𝛼1
1 − 𝑇1

′ 𝑢𝑚
𝑇 𝑢𝑚𝑑𝜏

𝑡−𝑇1(𝑡)

0

−∫
1 − 𝑇2

′ − 𝛼2
1 − 𝑇2

′ 𝑣𝑠
𝑇𝑣𝑠𝑑𝜏

𝑡−𝑇2(𝑡)

0

]                                                    (2.111) 

From (2.111), the total energy can be always positive for all delays by tuning the 

gains α to satisfy: 

𝛼𝑖
2 ≤ 1 −

𝑑𝑇𝑖
𝑑𝑡
 (𝑖 = 1, 2)                                             (2.112) 

By properly tuning the gains, system stability can be achieved under time varying 

delay. However, according to (2.110), velocity tracking and force tracking are 

inevitably degraded, which is the biggest drawback of this approach.  

Wave filtering is also a popular approach to handle time delay problems. Yang et al 

[125] add a second order filter in the forward and feedback paths of the communication 

link to derive a similar effect to the adaptive gains proposed in [76]. Apparently, such 

an approach limits the transmission bandwidth of the whole system so that the system 

transparency is violated. 

Hashemzadeh et al introduce an innovative idea for time varying delay control, where 

the time varying delay can be modeled as a constant time delay along with an additive 

disturbance [126]. Considering the communication channels, where u𝑠(𝑡) = 𝑢𝑚(𝑡 −

𝑇1(𝑡)), 𝑣𝑚(𝑡) = 𝑣𝑠(𝑡 − 𝑇2(𝑡)). 𝑇1(𝑡) and 𝑇2(𝑡) are the actual time varying delays: 

𝑢𝑠(𝑡) = 𝑢𝑚(𝑡 − 𝑇1𝑐) + 𝐷1(𝑡), 𝑣𝑚(𝑡) = 𝑣𝑠(𝑡 − 𝑇2𝑐) + 𝐷2(𝑡)          (2.113) 
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where 𝑇1𝑐  and 𝑇2𝑐  are the constant time delay. 𝐷1(𝑡) ≜ 𝑢𝑚(𝑡 − 𝑇1(𝑡)) − 𝑢𝑚(𝑡 −

𝑇1𝑐) and 𝐷2(𝑡) ≜ 𝑢𝑚(𝑡 − 𝑇2(𝑡)) − 𝑢𝑚(𝑡 − 𝑇2𝑐)  are defined as the disturbances. 

Then, a disturbance estimator is proposed in each of the feed-forward and feedback 

paths to estimate the distance in order to compensate for the time-varying delay effects 

in terms of force and velocity tracking performance. Since the disturbances are 

estimated, the time varying delays in the proposed system can effectively act as the 

constant delays. By using this method, the whole proposed system will have better 

stability and transparency. 

2.4.11 Data Loss 

Data loss, as the main unreliability of the communication channels, can not only 

destabilize the teleoperation system, but also distort the human haptic perception of 

the environmental objects [61]. Different methods have been proposed to deal with 

data loss. [82] introduces a buffering and interpolation scheme for packet switching in 

the communication network to preserve system passivity with communication 

unreliabilities. [83] proposes a strategy handling packet loss to allow power scaling 

based on the discrete scattering. Moreover, since high packet rate which stresses the 

underlying network resources can intensify data loss, decreasing data rate is one of the 

popular methods to deal with the data loss problem.  

The deadband approach, introduced in [127] and [128], is an effective method for 

reduction of the data rate in a packet-switched communication network. As a lossy 

perceptual coding approach, the deadband approach employs Weber’s Law of Just 

Noticeable Differences (JND) [129], [130] to exploit human haptic perception limits, 

the principle of which is to eliminate data considered to be unperceivable by human in 

order to reduce data rate.  

Using the deadband approach, data is sent only if the difference between the most 

recent sample x(t′)  and the current sample x(t)  is larger than a predetermined 

threshold ∆𝑥(𝑡′). That is: 

|x(t′) − x(t)| > ∆𝑥(𝑡′)                                              (2.114) 
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By using the insights of Weber’s law, this threshold is set to grow proportionally with 

the magnitude of the signal x: 

∆𝑥(𝑡′)= 𝒦|𝑥(𝑡
′)| > 0                                          (2.115) 

where 0 < 𝒦 < 1 is a factor which affects the size of the deadband [55] Hirche, S., & 

Buss, M. (2012). Human-oriented control for haptic teleoperation. Proceedings of the 

IEEE, 100(3), 623-647.. 

When the deadband method is applied to the wave-based teleoperator, the added 

coding scheme will not insert additional energy into the overall system to violate 

passivity. In [131], a deadband passifier is proposed to guarantee the passivity of the 

deadband coding scheme. By using the deadband approach, the packets rate is reduced 

and the data loss in the network-based teleoperator can be effectively alleviated. 

2.5 Discussion and Summary 

In Chapter 2, different properties of the wave-variable-based system have been 

reviewed. As a conservative method for passivity maintenance, the wave variable 

method is able to robustly guarantee the stability of the teleoperation system. This is 

useful for different practical industrial applications such as handling hazardous 

material, tele-surgery, underwater vehicles, space robots, etc. [66] However, two of 

the intrinsic problems of this method, i.e., wave reflection and position drift, are the 

major barriers to reach high transparency, especially under large time delays. 

Furthermore, time varying delay and data loss are also two main elements in the 

communication that influences passivity and work performance of the wave-variable-

based system. 

Among the studies reviewed in this chapter, some intend to enhance the performance 

of the wave-based systems in terms of trajectory and force tracking by transmitting 

high frequency information and minimizing wave reflection. Methods such as wave 

prediction and compensation for wave integral are proposed to deal with the time delay 

problem especially for variable time delay. Combining the wave variable method with 

4-CH architecture is also an effective way to optimize the trade-off between stability 



 

71 

 

 

 

and transparency. Based on the dissipativity theory, generalized wave variable 

transformation is applied to guarantee small gain 𝐿2 -stability in the presence of 

communication unreliabilities such as time delays and data loss. The multi-DOF wave-

based system is also surveyed in this Chapter.   

In spite of various methods proposed in the literature to enhance the performance the 

wave-based systems, a significant amount of research is still required. As mentioned 

earlier, wave reflection significantly influences the force feedback and limits 

frequency content of the rendered force to the user. Although high frequency 

information transmission has been explored by Niemeyer and Slotine applying wave 

filtering in [84], [107], restriction of bandwidth and incorrect force feedback under 

large time delays are the main drawbacks of this approach. Therefore, developing a 

wave reflection reducing controller like [132] for accurate force feedback and high 

frequency information transmission without using wave filtering is also a valuable 

future study. 

Secondly since most of the studies on the wave variable method are based on linear 

teleoperator dynamics, which is not suitable for complex multi-DOF teleoperators, a 

nonlinear wave-variable-based teleoperation system is a valuable direction for 

exploration. Some studies have theoretically proved that the wave variable method can 

guarantee the nonlinear teleoperation systems’ passivity [134], [135]. However, 

without practical experiments on complex multi-DOF system, transparency and work 

performance of the nonlinear multi-DOF systems using the wave variable method still 

need investigation and exploration. 

Thirdly, [108] demonstrates that a combination of the wave variable method and 4-CH 

architecture can enhance system transparency since extra human and environmental 

force sources are introduced into the system. However, [136] has pointed out that 

wave-based system stability can be destroyed by the extra force sources. Accordingly, 

the 4-CH wave-variable-based teleoperation system applying force observers [137] is 

considered to simultaneously guarantee system stability and transparency, which can 

also be used in nonlinear teleoperation systems. The force observer in [137] can derive 

highly accurate force signals and the Kalman filter applied in the observer also 

effectively suppress the measurement noises. 
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Fourthly, the conventional wave variable method can only guarantee passivity in the 

presence of time-varying delays. Most of the wave-based systems lack the capability 

of dealing with the time-varying delay issues. Several wave-based methods were 

proposed to guarantee passivity under time varying delays [25], [77]. However, these 

methods over-dissipate energy to guarantee the passivity of the teleoperation system 

by considering the worst-case scenario. Guaranteeing stability and simultaneously 

enhancing the system transparency in the presence of time-varying delays in still a 

challenging issue in the wave variable method. 

Finally, several applications, including rehabilitation, surgical training and signal 

modification require the teleoperation system with more than one user to remotely 

operate the slave robot [138]-[140]. These applications can be more effective with the 

collaboration of multiple robots where a single robot does not have the required level 

of manipulation dexterity, mechanical strength, robustness to single point failure, or 

safety (e.g. distributed kinetic energy) [141]. Therefore, Application of the wave 

variable method to maintain stability of the multilateral teleoperation systems such as 

the Single-Master-Multiple-Slave (SMMS) system and the multi-user system is also 

valuable direction of work. 
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3 REDUCED WAVE REFLECTION SYSTEMS 

3.1 Overview 

As mentioned in Chapter 2, decay of transparency is the main drawback of the 

passivity based systems. For a wave-based system, wave reflections and position drift 

are the two main issues that can seriously affect the system transparency. In this 

chapter, reduced wave reflection architectures for the linear system with constant time 

delay and for the nonlinear system with time-varying delays are proposed which can 

reduce the wave reflection and address the position drift issue, and eventually largely 

enhance the system transparency compared with previous wave-based systems. 

The proposed reduced wave reflection architecture for the linear system is 

implemented on a HILINK microcontroller board driving 4 one degree-of-freedom (1-

DOF) motors. The proposed reduced wave reflection architecture for the non-linear 

system is implemented on a teleoperation platform consisting of two three Degree-Of-

Freedom (3-DOF) haptic devices. More information about the experimental setups will 

be provided in this chapter. 

3.2 Review of Reduced Wave Reflection Architectures 

As reviewed in Chapter 2, a number of wave-based control systems are proposed in 

the literature for reduced wave reflections. While these systems can reduce wave 

reflections to some extent, they suffer from some deficiencies. 

The phenomenon of wave reflection is due to the imperfectly matched junction 

impedance. The standard wave-variable-based system shown in Figure 2.2 consists of 

three independent channels: the master’s direct feedback (dotted line 1), the wave-

variable-based reflections (dotted line 2) and the slave’s force feedback to master 

(dotted line 3). In channel 1, the master velocity signals directly return as the damping 

b𝑥̇𝑚, which can be treated as a simple damper. A certain amount of damping produced 

in channel 1 enhances the system stability via sacrificing transparency. Channel 3 

feeds force information back to the operator from the remote slave side. The 

phenomenon of wave-variable-based reflection occurs in the channel 2. According to 
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(2.34), each incoming wave variable  𝑣𝑚  and 𝑢𝑠  is reflected and returned as the 

outgoing wave variable 𝑢𝑚 and 𝑣𝑠. Wave-variable-based reflection lasts several cycles 

in the communication channels and then gradually disappears. This phenomenon can 

easily generate unpredictable interferences and disturbances that can destabilise the 

system. 

 

Figure 3.1. Wave-based reflection due to impedance junctions 

The velocity and force tracking of the standard wave -based system in Figure 3.1 are 

written as (2.37) and (2.38). The wave reflections in channel 2 adversely influence the 

transmitted force and velocity signals so that 𝐹𝑠𝑐(𝑠)  and 𝑥̇𝑚(𝑠)  are not equal to 

𝐹𝑚𝑐(𝑠)𝑒
−𝑠𝑇  and 𝑥̇𝑠𝑑(𝑠)𝑒

−𝑠𝑇 , respectively. Hence, the bias terms −
1

𝑏
[𝐹𝑠𝑐(𝑠) −

𝐹𝑚𝑐(𝑠)𝑒
−𝑠𝑇] in (2.37) and 𝑏[𝑥̇𝑚(𝑠) − 𝑥̇𝑠𝑑(𝑠)𝑒

−𝑠𝑇] in (2.38) can degrade the large 

delay based system’s transparency, especially during the transient state of the system. 

Under the ideal condition when the teleoperation system impedance is perfectly 

matched, the feed-forward wave variable 𝑢𝑚 and the feedback wave variable 𝑣𝑠 only 

contain velocity information and force information, respectively: 

𝑢𝑚(𝑠) =
𝑏𝑥̇𝑚(𝑠)

√2𝑏
, 𝑣𝑠(𝑠) =

𝐹𝑠𝑐(𝑠)

√2𝑏
                                    (3.1) 

When the impedance is perfectly matched, 𝑢𝑚 and 𝑣𝑠 will not be influenced by the 

input wave variables 𝑢𝑠  and 𝑣𝑚 . Hence, the wave reflections can be avoided. The 
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remaining problem is that the added impedance matching terms can significantly 

degrade the velocity and force tracking performance. Based on Figure 3.3, 𝑥̇𝑠 and 𝐹𝑚 

are expressed as: 

𝑥̇𝑠𝑑(𝑠) =
𝑏𝑥̇𝑚(𝑠)𝑒

−𝑠𝑇 − 𝐹𝑠(𝑠)

2𝑏
                                      (3.2) 

𝐹𝑚𝑐(𝑠) =
𝑏𝑥̇𝑚(𝑠) − 𝐹𝑠𝑐(𝑠)𝑒

−𝑠𝑇

2
                                    (3.3) 

Based on (3.2) and (3.3), if 𝐹𝑠 decays to zero, 𝑥̇𝑠 will be equal to 
𝑥̇𝑚

2
. On the other hand, 

if the master manipulator moves slowly and finally the master velocity decays to zero, 

𝐹𝑚  will converge to −
𝐹𝑠

2
. In this situation, the velocity and the force tracking 

performances will be largely degraded. 

Slave impedance matching is a method to deal with the wave-variable-based 

reflections by adding predetermined damping elements [147]. Nevertheless, the 

predetermined damping elements are not able to address the unknown impedance 

changes of the operator and the environment to the extent that the wave-variable-based 

reflections are reinstated. 

Another method to handle the unknown changes of the operator and the environment 

impedances is wave filtering through adding a low-pass filter to the feed-forward path 

[147]. Combined with impedance matching, either the wave-variable-based reflection 

in free space or the wave reflection brought about by the operator or the remote 

environment can be reduced to some extent. Nevertheless, this approach has the 

obvious disadvantage that the located low-pass filters can significantly restrict the 

bandwidth of the communication channel. 

A new scheme for reduced wave reflections is proposed in [132]. The outgoing wave 

variables of this scheme are expressed as (2.93).  

Unlike the conventional wave transformation, with containing no velocity information, 

the slave outgoing wave variable 𝑣𝑠 in (2.93) retains no information from the incoming 

wave variable 𝑢𝑠. Therefore, the wave-variable-based reflections can be circumvented. 

Based on (2.93), the velocity and force tracking equations are written as: 
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𝑏𝑥̇𝑠𝑑(𝑠) = 𝑏𝑥̇𝑚(𝑠)𝑒
−𝑠𝑇 + [𝐹𝑠𝑐(𝑠)𝑒

−2𝑠𝑇 − 𝐹𝑠𝑐(𝑠)]                 (3.4) 

𝐹𝑚𝑐(𝑠) = b𝑥̇𝑚(𝑠) + 𝐹𝑠𝑐(𝑠)𝑒
−𝑠𝑇                                      (3.5) 

According to (3.4), precise velocity tracking can be achieved under constant time delay 

or delay with slowly time varying condition. Under the completely hard environment 

contact condition (no movement of the master manipulator), (3.5) indicates that 

accurate force reflection can also be achieved. However, if master manipulator still 

has velocity during contact with the environment, this system will generate inaccurate 

force tracking due to the bias term b𝑥̇𝑚(𝑠) in (3.5). Furthermore, the inaccurate force 

tracking can also adversely affect the position tracking when contacting to the 

environment so that large position drift will occur in this architecture. 

It is demonstrated that the 4-CH architecture with the extra “degrees of freedom” 

(control parameters) is the best teleoperation system from a transparency point of view 

when the communication channels have no time delay [50]. Nevertheless, the 4-CH 

system suffers from stability degradation in the presence of time delays [27]. In order 

to guarantee the delay-based channels’ stability, Aziminejad et al [108] extend the 

wave transmission to the extended Lawrence 4-CH architecture in [65] as shown in 

Figure 2.11.  

In Figure 2.3, the nonphysical input and output effort and flow of the communication 

channel are expressed as (2.79)-(2.80) and in this scheme, the wave variables can be 

written as (2.81). By extending the wave-variable method into the 4-CH architecture, 

the trade-off between stability and transparency of the bilateral teleoperation is 

enforced, compared with the conventional wave-variable-based system. Since the 

application of the extended Laurence architecture allows for the transmission of the 

position signals, position drift problem of the wave-variable-based system can be 

reduced to some extent. In order to overcome the oscillatory behavior caused by the 

wave-variable-based reflection and guarantee the delay-based stability, [108] still 

applies the wave-filtering approach where the cutoff frequency 𝑓𝑐𝑢𝑡 of the first-order 

low-pass filters W(s) =
2𝜋𝑓𝑐𝑢𝑡

(𝑠+2𝜋𝑓𝑐𝑢𝑡)
 located at the transmission paths should be set as a 

small value. Therefore, the bandwidth of the communication channels is seriously 
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restricted. Moreover, even applying extra control parameters of the 4-CH architecture, 

the bias terms of the wave-variable-based system in (2.37) and (2.38) are still not 

thoroughly compensated. Substituting (2.79) and (2.80) into (2.81), the signal 

transmission in this system can be written as 

(1 + 𝐶5 + b𝐶2)𝐹𝑒

= (𝐶3 + b + b𝐶6)𝐹ℎ × 𝑒
−𝑠𝑇𝑊 + [(𝑀𝑠𝑠 + 𝐶𝑠 + b𝐶4)𝑥̇𝑠

− (𝐶1 − 𝑏𝑀𝑚𝑠 − 𝑏𝐶𝑚)𝑥̇𝑚 × 𝑒
−𝑠𝑇𝑊]                                                 (3.6) 

(𝑏𝑀𝑚𝑠 + 𝑏𝐶𝑚 + 𝐶1)𝑥̇𝑚

= (𝑀𝑠𝑠 + 𝐶𝑠 − 𝑏𝐶4)𝑥̇𝑠 × 𝑒
−𝑠𝑇𝑊

+ [(𝑏 + 𝑏𝐶6 − 𝐶3)𝐹ℎ × 𝑒
−𝑠𝑇𝑊 − (𝑏𝐶2 − 1 − 𝐶5)𝐹𝑒]                     (3.7) 

Based on (19) and (20), both the velocity and force tracking performance of the system 

in [108] are degraded by the bias terms [(𝑀𝑠𝑠 + 𝐶𝑠 + b𝐶4)𝑥̇𝑠 − (𝐶1 − 𝑏𝑀𝑚𝑠 −

𝑏𝐶𝑚)𝑥̇𝑚 × 𝑒
−𝑠𝑇𝑊]  and [(𝑏 + 𝑏𝐶6 − 𝐶3)𝐹ℎ × 𝑒

−𝑠𝑇𝑊 − (𝑏𝐶2 − 1 − 𝐶5)𝐹𝑒]  during 

the signal transmission between the master and the slave. Therefore, even with extra 

control parameters, it is impossible for the system in [108] to achieve ideal 

transparency in the presence of large time delays. 

3.3 Proposed Architecture for the Linear System under Constant Time Delays 

3.3.1 Design 

In this work, a new 4-CH linear system with modified wave variable transformation is 

proposed in Figure 3.2. The goal of the developed architecture is to reduce the wave-

based reflection, enhance the system transparency and simultaneously guarantee the 

system stability in the presence of constant time delays. 
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Figure 3.2. Proposed 4-CH Architecture with Modified Wave Controllers 

In Figure 3.2, two modified reduced wave reflection wave transformation schemes are 

applied to guarantee the stability of the delay-based communication channels. The 

wave controller with the characteristic impedance 𝑏1 is used to encode the controlled 

human operator’s force 𝑉𝐴1 and the controlled slave velocity 𝐼𝐴2. The wave variables 

in this wave controller are defined as: 

𝑢𝑚1(𝑠) =
𝑏1𝑉𝐴1(𝑠) + 𝐼𝐴2(𝑠)𝑒

−𝑠𝑇1

√2𝑏1
, 𝑢𝑠1(s) =

𝑏1𝑉𝐴2(𝑠) + 𝐼𝐴2(𝑠)

√2𝑏1
           (3.8) 

𝑣𝑚1 =
𝐼𝐴2(𝑠)𝑒

−𝑠𝑇2

√2𝑏1
, 𝑣𝑠1(𝑠) =

𝐼𝐴2(𝑠)

√2𝑏1
                                 (3.9) 

Since 𝑣𝑠1 in (3.9) no longer contains the force information so that the slave outgoing 

wave variable 𝑣𝑠1 does not retain any information from the incoming wave variable 

𝑢𝑠1. Therefore the wave-variable-based reflections in the first two channels can be 

circumvented. 

The controlled environmental force 𝑉𝐵2  and the controlled master velocity  𝐼𝐵1  are 

encoded by the wave controller with the characteristic impedance  𝑏2 . The wave 

variables in this wave controller are defined as: 

𝑢𝑚2(𝑠) =
𝑏2𝐼𝐵1(𝑠)

√2𝑏2
, 𝑢𝑠2(𝑠) =

𝑏2𝐼𝐵1(𝑠)𝑒
−𝑠𝑇1

√2𝑏2
                                  (3.10) 
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𝑣𝑚2(𝑠) =
𝑏2𝐼𝐵1(𝑠) − 𝑉𝐵1(𝑠)

√2𝑏2
, 𝑣𝑠2(𝑠) =

𝑏2𝐼𝐵1(𝑠)𝑒
−𝑠𝑇1 − 𝑉𝐵2(𝑠)

√2𝑏2
                (3.11) 

As shown in (3.10), the feed-forward wave variables 𝑢𝑚2 and 𝑢𝑠2 do not contain any 

force information to the extent that any information of the feedback wave variable 𝑣𝑚2 

are no longer included in the outgoing master wave variable 𝑢𝑚2. Therefore, since the 

proposed wave transform controller at the master side decouples the velocity and force 

information, circulating wave reflections in the last two channels can be prevented. 

The wave transmissions between the master and slave side in this system are expressed 

as (3.12). 

{
 
 

 
 𝑢𝑚1(𝑠)𝑒

−𝑠𝑇1 = 𝑢𝑠1(𝑠)

𝑣𝑚1(𝑠) = 𝑣𝑠1(𝑠)𝑒
−𝑠𝑇2

𝑢𝑚2(𝑠)𝑒
−𝑠𝑇3 = 𝑢𝑠2(𝑠)

𝑣𝑚2(𝑠) = 𝑣𝑠2(𝑠)𝑒
−𝑠𝑇4

                                          (3.12) 

Substituting (3.10)-(3.11) into (3.12), the controlled force and velocity transmission in 

the proposed system can be expressed by: 

𝑉𝐴2(𝑠) = 𝑉𝐴1(𝑠)𝑒
−𝑠𝑇1 +

1

𝑏1
[𝐼𝐴2(𝑠)𝑒

−𝑠(𝑇1+𝑇2) − 𝐼𝐴2(𝑠)]                  (3.13) 

𝐼𝐴1(𝑠) = 𝑏1𝑉𝐴1(𝑠) + 𝐼𝐴2(𝑠)𝑒
−𝑠𝑇2                                                (3.14) 

𝑉𝐵1(𝑠) = 𝑉𝐵2(𝑠)𝑒
−𝑠𝑇2 + 𝑏2[𝐼𝐵1(𝑠) − 𝐼𝐵1(𝑠)𝑒

−𝑠(𝑇1+𝑇2)]                (3.15) 

𝐼𝐵2(s) = 𝐼𝐵1(𝑠)𝑒
−𝑠𝑇1 −

1

𝑏2
𝑉𝐵2(𝑠)                                           (3.16) 

According to (3.13) and (3.15), since the effect of the wave-variable-based reflections 

is cancelled in the feed-forward and feedback controlled velocity transmission 

channels, the bias term 
1

𝑏1
[𝐼𝐴2(𝑠)𝑒

−𝑠(𝑇1+𝑇2) − 𝐼𝐴2(𝑠)]  and 𝑏2[𝐼𝐵1(𝑠) −

𝐼𝐵1(𝑠)𝑒
−𝑠(𝑇1+𝑇2)] is near zero. Under the constant time delay or time delay with slow 

variation condition, (3.13) and (3.15) show a highly accurate force tracking 

performance. This advantage allows the proposed teleoperator to handle different 

kinds of unknown environment and provide the operator accurate perception of the 
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remote environment. The major disadvantage of the two modified wave transform 

controllers is shown in (3.14) and (3.16) that the bias terms 𝑏1𝑉𝐴1(𝑠) and −
1

𝑏2
𝑉𝐵2(𝑠) 

can degrade the trajectory tracking performance especially during the environmental 

contact with a large force values of 𝑉𝐴1 and 𝑉𝐵2(𝑠). Therefore, position drift can occur 

if only using either of the two wave transform controllers in a 2-CH channel 

architecture. However, the bias terms 𝑏1𝑉𝐴1(𝑠) and −
1

𝑏2
𝑉𝐵2(𝑠) cannot be cancelled 

since they are treated as the dampers to guarantee the delay-based system stability. 

Accordingly, the controllers of the 4-CH architectures are applied to compensate for 

the bias terms and enhance the overall system’s transparency. 

On the master and slave side, 𝐺𝑚 =
1

𝑀𝑚𝑠
 and 𝐺𝑠 =

1

𝑀𝑠𝑠
 are the transfer functions of the 

master and slave manipulators where 𝑀𝑚  and 𝑀𝑠  are the masses of the slave and 

master, respectively. C2, C3, C5 and C6 are the force control gains and C1, C4, C𝑠 and 

C𝑚 are the velocity controllers. The dynamics of the slave and the master manipulators 

can be expressed as: 

(𝐺𝑚
−1 + 𝐶𝑚)𝑥̇𝑚(𝑠) = (1 + 𝐶6)𝐹ℎ(𝑠) − 𝐼𝐴1(𝑠) − 𝑉𝐵1(𝑠)                (3.17) 

(𝐺𝑠
−1 + 𝐶𝑠)𝑥̇𝑠(𝑠) = 𝐼𝐵2(s) + 𝑉𝐴2(𝑠) − (1 + 𝐶5)𝐹𝑒(𝑠)                 (3.18) 

Where  𝑉𝐴1(𝑠) =  C3𝐹ℎ(𝑠), 𝐼𝐵1(𝑠) = C1𝑥̇𝑚(𝑠), 𝐼𝐴2(𝑠) = C4𝑥̇𝑠(𝑠), 𝑉𝐵2(𝑠) = C2𝐹𝑒(𝑠). 

Substituting (3.13)-(3.16) to (3.17) and (3.18), the dynamic equations of the overall 

system can be expressed by (3.19) and (3.20): 

[𝐺𝑚
−1 + 𝐶𝑚 + 𝑏2C1(1 − 𝑒

−𝑠(𝑇1+𝑇2))]𝑥̇𝑚(𝑠)

= −C4𝑒
−𝑠𝑇2𝑥̇𝑠(𝑠) + (1 + 𝐶6 − 𝑏1C3)𝐹ℎ(𝑠)

− C2𝑒
−𝑠𝑇2𝐹𝑒(𝑠)                                                                                      (3.19) 

[𝐺𝑠
−1 + 𝐶𝑠 +

C4
𝑏1
(1 − 𝑒−𝑠(𝑇1+𝑇2))]𝑥̇𝑠(𝑠)

= C1𝑒
−𝑠𝑇1𝑥̇𝑚(𝑠) + C3𝑒

−𝑠𝑇1𝐹ℎ(𝑠) − (
C2
𝑏2
+ 1 + 𝐶5)𝐹𝑒(𝑠)         (3.20) 
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3.3.2 Transparency Analysis and Controller Parameters Setting 

A teleoperation system is defined to be transparent if the human operator perceives the 

remote environment by fidelity and can easily perform the remote tasks. The system 

transparency can be illustrated by the hybrid matrix H(s) of a bilateral teleoperation 

system given in (2.3). Based on (2.3), hybrid matrix H(s) is defined by [49], which can 

be interpreted as: H(s) = [
𝐻11(𝑠) 𝐻12(𝑠)

𝐻21(𝑠) 𝐻22(𝑠)
] =

[
𝑍ℎ 𝐹𝑜𝑟𝑐𝑒 𝑠𝑐𝑎𝑙𝑙𝑖𝑛𝑔

𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦 𝑆𝑐𝑎𝑙𝑙𝑖𝑛𝑔 𝑍𝑒
−1 ] . The hybrid parameters ℎ𝑖𝑗 , i, j = 1,2  are 

functions of the master and slave dynamics and the control parameters. The main effect 

of H(s) is to present kinesthetic feedback between human operator and environment, 

and build a relationship between force and velocity. 𝐻11(𝑠) and 𝐻22(𝑠) denote the 

operator impedance and environment admittance. In the ideal transparency condition, 

the technical medium between the operator and the environment is not felt. That is, 𝑍ℎ 

and 𝑍𝑒
−1 equal to zero. 𝐻12 and 𝐻21 represent the measure of force scaling and velocity 

scaling, respectively. In order to achieve the ideal transparency in a bilateral 

teleoperation system in the presence of time delay, the delayed kinematic 

correspondence and the delayed interaction force correspondence are expressed as 

𝑥̇𝑠(𝑠) = 𝑥̇𝑚(𝑠)𝑒
−𝑠𝑇  and 𝐹ℎ(𝑠) = 𝐹𝑒(𝑠)𝑒

−𝑠𝑇 , respectively. Accordingly, the hybrid 

matrix in the time-delay-based ideal transparency is expressed as: 

𝐻𝑖𝑑𝑒𝑎𝑙(𝑠) = [
0 𝑒𝑇𝑠

𝑒−𝑇𝑠 0
]                                        (3.21) 

After transformation, the dynamic equations (3.19) and (3.20) of the overall system 

can be expressed by (2.3) to demonstrate the transparency of the proposed system. The 

parameters of the hybrid matrix H(s) are shown in (3.22)-(3.26) where Den denotes 

the denominator of each term: 

𝐻11 = [𝐺𝑚
−1 + 𝐶𝑚 + 𝑏2C1(1 − 𝑒

−𝑠(𝑇1+𝑇2))][𝐺𝑠
−1 + 𝐶𝑠 +

C4
𝑏1
(1 − 𝑒−𝑠(𝑇1+𝑇2))]

+ C4C1𝑒
−𝑠(𝑇1+𝑇2)                                                                                    (3.22) 
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𝐻12 = −C4𝑒
−𝑠𝑇2 (

C2
𝑏2
+ 1 + 𝐶5) + C2𝑒

−𝑠𝑇2[𝐺𝑠
−1 + 𝐶𝑠 +

C4
𝑏1
(1 − 𝑒−𝑠(𝑇1+𝑇2))]  (3.23) 

𝐻21 = −(1 + 𝐶6 − 𝑏1C3)C1𝑒
−𝑠𝑇1

− C3𝑒
−𝑠𝑇1[𝐺𝑚

−1 + 𝐶𝑚 + 𝑏2C1(1 − 𝑒
−𝑠(𝑇1+𝑇2))]                              (3.24) 

𝐻22 = −C2C3𝑒
−𝑠(𝑇1+𝑇2) + (

C2
𝑏2
+ 1 + 𝐶5) (1 + 𝐶6 − 𝑏1C3)                      (3.25) 

Den = −C4C3𝑒
−𝑠(𝑇1+𝑇2) + (1 + 𝐶6 − 𝑏1C3)[𝐺𝑠

−1 + 𝐶𝑠 +
C4
𝑏1
(1 − 𝑒−𝑠(𝑇1+𝑇2))]  (3.26) 

According to (2.3), to achieve high transparency, the operator impedance and 

environmental admittance should be close to zero. To achieve highly accurate force 

and trajectory tracking at the presence of time delays, the force scaling and velocity 

scaling should be 𝑒𝑠𝑇 and 𝑒−𝑠𝑇, respectively. Under constant time delay or slow time 

varying delay condition, the characteristic of the time delay element 𝑒−𝑠𝑇  in the 

frequency domain is described as |𝑒−𝑠𝑇| = 1. 

Accordingly, based on (3.22), |𝐻11| = |(𝐺𝑚
−1 + 𝐶𝑚)(𝐺𝑠

−1 + 𝐶𝑠) + C4C1𝑒
−𝑠(𝑇1+𝑇2) | . 

Therefore, by setting the velocity controllers 𝐶4  and C1  as (3.27) and (3.28), the 

operator impedance 𝐻11 is close to 0. 

𝐶1 = 𝐺𝑚
−1 + 𝐶𝑚                                                     (3.27) 

𝐶4 = −𝐺𝑠
−1 − 𝐶𝑠                                                    (3.28) 

Where the velocity controller 𝐶𝑚 and 𝐶𝑠 are defined as 𝐶𝑚,𝑠 =
1

𝑠
𝑘𝑝 + 𝑘𝑣. 𝑘𝑝 and 𝑘𝑣 

are the position and velocity control gains, respectively. Hence, 𝐶1 and 𝐶4 is defined 

as: 𝐶1 =
1

𝑠
𝑘𝑝 + 𝑘𝑣 +𝑚𝑚𝑠 , 𝐶4 =

1

𝑠
𝑘𝑝 + 𝑘𝑣 +𝑚𝑠𝑠 , respectively. Accordingly, the 

controllers 𝐶1 and 𝐶4 allows position information transmission which will enhance the 

trajectory tracking performance of the proposed 4-CH system. 

Based on (3.25), the environmental admittance 𝐻22  is close to zero through the 

following equation: 



 

83 

 

 

 

𝐶3 = 1 + 𝐶6 − 𝑏1C3                                              (3.29) 

C2 =
C2
𝑏2
+ 1 + 𝐶5                                               (3.30) 

Substituting  (3.28), (3.29) and (3.30) into (3.23) and (3.26), the force scaling 𝐻12/𝐷𝑒𝑛 

can be simplified as 
𝐻12

𝐷𝑒𝑛
=
C2

C3
𝑒𝑠𝑇1. Therefore, highly accurate force tracking can be 

achieved via setting: 

C2 = C3                                                     (3.31) 

Normally, the force signals transmission controllers C2 and 𝐶3 are designed as: C2 =

 𝐶3 = 1. Therefore, (3.29) and (3.30) can be simplified as: 

𝐶6 = 𝑏1                                                     (3.32) 

𝐶5 = −
1

𝑏2
                                                 (3.33) 

Substituting (3.27)-(3.33) into (3.24), the velocity scaling 𝐻21/𝐷𝑒𝑛 can be simplified 

as: 
𝐻21

𝐷𝑒𝑛
= 𝑒−𝑠𝑇1. Hence, the main drawback of the modified wave transform controllers 

i.e., position drift can be eliminated to the extent that highly accurate trajectory 

tracking performance is achieved.  

Through setting the controller parameters to satisfy the above conditions, high 

transparency of the proposed architecture can be achieved at the presence of time delay. 

3.3.3 Stability Analysis 

This section analyzes the stability performance of the proposed 4-CH architecture in 

order to prove that this scheme is able to achieve high transparency without sacrificing 

system stability. Based on (3.13)-(3.16), the two modified wave transform controllers 

can be expressed in the form of the following hybrid matrixes: 



 

84 

 

 

 

[
𝑉𝐴1(𝑠)
−𝐼𝐴2(𝑠)

] = [
𝐻11(𝑠) 𝐻12(𝑠)
𝐻21(𝑠) 𝐻22(𝑠)

] [
𝐼𝐴1(𝑠)

𝑉𝐴2(𝑠)
] = [

1

𝑏1
[1 − 𝑒−𝑠(𝑇1+𝑇2)] 𝑒−𝑠𝑇2

−𝑒−𝑠𝑇1 𝑏1

] [
𝐼𝐴1(𝑠)

𝑉𝐴2(𝑠)
] 

(3.34) 

[
𝑉𝐵1(𝑠)
−𝐼𝐵2(𝑠)

] = [
𝐻11(𝑠) 𝐻12(𝑠)
𝐻21(𝑠) 𝐻22(𝑠)

] [
𝐼𝐵1(𝑠)

𝑉𝐵2(𝑠)
] = [

𝑏2[1 − 𝑒
−𝑠(𝑇1+𝑇2)] 𝑒−𝑠𝑇2

−𝑒−𝑠𝑇1
1

𝑏2

] [
𝐼𝐵1(𝑠)

𝑉𝐵2(𝑠)
] 

(3.35) 

Anderson and Spong [18] state that a teleoperation system is passive if and only if the 

norm of the scattering matrix S(s) is equal to or less than one, where S(s) is expressed 

as (2.11). Therefore, the scattering norm ‖𝑆‖ is influenced by the angular frequency 

ω (s = jω) from the time delay component 𝑒−𝑠𝑇1,2. The periodicity of 𝑒−𝑠𝑇1,2 indicates 

that the scattering norm ‖𝑆‖ is periodic. Since the angular frequency can be considered 

as a factor of the product of ω𝑇1,2, different time delay 𝑇1,2 can be treated as the gains 

of the angular frequency to influence the scattering norm by which the scattering norm 

‖𝑆‖ can be extended or compressed periodically. Accordingly, Figures 3.3 and 3.4 

display the values of the scattering norm ‖𝑆‖ with ω changing. As shown in Figures 

3.3 and 3.4, by setting the characteristic impedance 𝑏1 and 𝑏2 to be positive constants, 

the values of time delays only influence changes in the frequency of the waveform 

rather than the magnitude of the scattering norm. The vertex of the scattering norm 

remains unchanged. Accordingly, the scattering norm ‖𝑆‖ of the proposed scheme is 

uniformly no more than 1. Therefore, the passivity and stability of the communication 

channels in the proposed 4-CH architecture can be guaranteed. 

Assuming the impedances of human operator and environment are passive, [108] has 

already proved that the modal spaces of master and slave are stable in common cases 

when the passivity of the delay-based communication channels is guaranteed. To 

further improve the stability of the master side and slave side, the velocity damping 

approach can be alternatively applied, since velocity damping by local velocity 

feedback is able to enhance the stability of each modal space [148]. However, setting 

a velocity damping controller to be a constant value can also degrade the overall 
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system’s transparency. It is illustrated that the instability of the delay-based control 

system is caused by the time delay element 𝑒−𝑠𝑇in the high frequency area [21]. In 

order to eliminate the high frequency perturbations in the master and slave side without 

sacrificing the system transparency, the velocity damping controller is designed to be 

a high-pass filter rather than a constant gain. Accordingly, the local velocity feedback 

controllers 𝐶𝑚 and 𝐶𝑠 can be rewritten as: 

𝐶𝑚,𝑠 =
1

𝑠
𝑘𝑝 + 𝑘𝑣 +

𝑠2

(𝑠 + 𝑝)2
                                        (3.36) 

Where p is the cut-off frequency of the high-pass filter. The reason of choosing a 

second order high-pass filter is that its bandwidth is better than that of the first-order 

high-pass filter [144]-[145]. By applying the high-pass filters, the high frequency 

vibrations of force and trajectory tracking of the proposed 4-CH architecture in the 

transient state can be mitigated in the presence of large time delay. 

 

Figure 3.3. Scattering norm of the modified wave transform controller 1 with different 

time delays: A. 200 ms, B. 700 ms, C. 1000 ms, D. 2000 ms. 
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Figure 3.4. Scattering norm of the modified wave transform controller 2 with different 

time delays: A. 200 ms, B. 700 ms, C. 1000 ms, D. 2000 ms. 

3.3.4 Experimental Results 

This sub-section validates the proposed scheme through experimental work. Figure 3.5 

shows the experimental platform which is a bilateral teleoperation set up for the study 

of the developed algorithms. The HILINK microcontroller board [149] is interfaced to 

a computer to control a set of DC motors in both of the master and the slave sides. The 

control algorithms are developed in Matlab/Simulink and downloaded to HLINK 

boards. The communication channel between the master computers and the slave 

computer is the Internet. In order to test the proposed system’s work performance 

under larger time delays, the time delay blocks in the Simulink library are applied to 

the algorithms of the two computers. The time delay of these experiments is around 

200 ms (400 ms round trip time); comparable to the round trip transit time of an 

Internet user Datagram Packet from Australia to the U.S. [150].  

The four DC motors in Figure 3.5 represent the operator motor, the master motor, the 

slave motor and the environmental load motor. On the master side, the operator motor 

and the master motor are coupled mechanically so that the operator motor can act as 
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the human operator to physically control the master motor. Then, the Hilink board 

derives the velocity and force command signals generated from the master motor, and 

then the signals are transmitted to the computer on the slave side via the Internet. On 

the slave side, the slave motor and the environmental load motor are also mechanically 

coupled. The slave motor receives the velocity and force command signals and then 

moves accordingly. The environmental load motor can apply different environmental 

contact loads to the slave motor. Matlab/Simulink/Real-Time Workshop is the 

software applied for controlling the motors.  

In the proposed control system, the sampling period is 0.1 ms. The two wave 

characteristic impedances 𝑏1 and 𝑏2 are set as 2.5 Ns/m. position gain  𝑘𝑝 and velocity 

control gains 𝑘𝑣 are set as 4.7 N/m and 2.3Ns/m. the value of the constant force control 

gains 𝐶2, 𝐶3, 𝐶5 and 𝐶6 are 1, 1, -0.4 and 2.5, respectively. The parameter p of the 

high-pass filter is 1. 

In order to test the performance of the proposed 4-CH architecture in enhancing 

transparency, the force tracking, velocity tracking and position tracking of the 

proposed four-channel system are compared against two systems proposed in the 

previous work, the 4-CH architecture applying wave transformation [108] (system A) 

and the 2-CH reduced wave reflections teleoperation system in [132] (system B). The 

experiments are conducted for three scenarios of free space motion, hard contact with 

the environment, and high frequency contact with the environment. All gain values for 

the controllers and dynamics remain unchanged throughout the experiments. 
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Figure 3.5. Experiment set up 

3.3.4.1 Free Motion 

In this experiment, a square signal at a frequency of 0.5 rad/s is applied to the motor 

representing the operator with zero input into the motor representing the environment, 

implying the free space movement. The performance of the systems A and B and our 

proposed 4-CH system in free motion are shown in Figures 3.6, 3.7 and 3.8, 

respectively. In Figure 3.6, the value of the low-pass filters located in the 

communication channels of the system should be set to be a small value in order to 

reduce the oscillatory behavior caused by the time delays and wave reflections. 

However, in the presence of large time delays, the delay-based bias term 

[(𝑏 + 𝑏𝐶6 − 𝐶3)𝐹ℎ × 𝑒
−𝑠𝑇𝑊 − (𝑏𝐶2 − 1 − 𝐶5)𝐹𝑒]  in (3.7) causes signal variations 

and adversely influences the accuracy of trajectory tracking as shown in Figure 3.6B 

and 3.6C. As shown in Figure 3.7B and 3.7C, accurate trajectory tracking can be 

achieved since the wave-variable-based reflections are reduced in system B. However, 

since the master motor has a velocity during free motion, the bias term b𝑥̇𝑚(𝑠) in (3.5) 

adversely affects the force feedback so that the force signals in Figure 3.7A have large 
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variations. In Figure 3.8, the oscillatory behaviour caused by wave-variable-based 

reflections is eliminated as shown in Figure 3.8A and high accuracy of trajectory 

tracking performance is achieved in the proposed 4-CH architecture as shown in Figure 

3.8B and C. 

 

Figure 3.6. Free motion of the system A: A. Force tracking of master and slave motor, 

B. Velocity tracking of the master and slave motor, C. Position tracking of the master 

and slave motor (red curved-master, blue dotted-slave) 

 

Figure 3.7. Free motion of the system B: A. Force tracking of master and slave motor, 

B. Velocity tracking of the master and slave motor, C. Position tracking of the master 

and slave motor (red curved-master, blue dotted-slave) 
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Figure 3.8. Free motion of the proposed 4-CH system: A. Force tracking of master and 

slave motor, B. Velocity tracking of the master and slave motor, C. Position tracking 

of the master and slave motor (red curved-master, blue dotted-slave) 

3.3.4.2 Hard Environmental Contact 

During the hard contact with the environment, a square signal command with 0.5 rad/s 

frequency is applied to the motor representing the operator, and an opposite square 

signal command with the same magnitude and frequency is applied to the environment 

motor. Figures 3.9, 3.10 and 3.11 illustrate the performances of systems A and B and 

our proposed 4-CH system in hard contact with the environment, respectively. As 

shown in Figure 3.9, the applied extra control parameters of the extended Laurence 

architecture provide system A the accurate force tracking performance. However, 

since the wave-based reflections still exist, the force tracking still has small variations 

even applying wave filtering as shown in Figure 3.9A. The trajectory tracking is 

adversely affected by the bias terms of the applied conventional wave transform 

controllers as shown in Figure 3.9B and C so that the position drift occurs. In Figure 

3.10, during steady state contact with the environment, the velocities of the master and 

slave motors are zero. Therefore, the bias term b𝑥̇𝑚(𝑠) acts as a damping element to 

guarantee the accurate force tracking of system B. However, the bias term also leads 

to large position drift as shown in Figure 3.10C. Compared with these two systems, 

since the wave-based reflections are reduced and the bias terms of the modified wave 

transform controllers are compensated by the controllers in the master side and slave 

side, both of the trajectory tracking and force tracking of the proposed 4-CH system 

have better performance as shown in Figure 3.11. 
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Figure 3.9. Hard environmental contact of the system A: A. Force tracking of master 

and slave motor, B. Velocity tracking of the master and slave motor, C. Position 

tracking of the master and slave motor (red curved-master, blue dotted-slave) 

 

Figure 3.10. Hard environmental contact of the system B: A. Force tracking of master 

and slave motor, B. Velocity tracking of the master and slave motor, C. Position 

tracking of the master and slave motor (red curved-master, blue dotted-slave) 

 

Figure 3.11. Hard environmental contact of the proposed 4-CH system: A. Force 

tracking of master and slave motor, B. Velocity tracking of the master and slave motor, 

C. Position tracking of the master and slave motor (red curved-master, blue dotted-

slave) 

3.3.4.3 High Frequency Environmental Contact 

In this experiment, the human operator motor applies a constant force to the master, 

and at the same time, the environment motor applies an opposite force with high 

frequency vibration to the slave. 

As shown in Figure 3.12, due to the limited bandwidth, the high frequency force 

signals from the environment is seriously degraded by the low pass filters during the 

communication channels as shown in Figure 3.12B. Figure 3.13 illustrates the 
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performance of system B. Since high frequency signal causes vibration in the whole 

system, large variance occurs in the velocities of the three systems (Figures 3.12C, 

3.13C and 3.14C). Accordingly, the bias term b𝑥̇𝑚(𝑠) enlarges and distorts the master 

force signals of system B as shown in Figures 3.13A and 3.13B. Compared with these 

two systems, without using wave filtering, the proposed system has a satisfactory high 

frequency information transmission ability since accurate high frequency force 

tracking is achieved without distortion, magnification or degradation as shown in 

Figures 3.14A and 3.14B. Figures 3.14C and 3.14D illustrate that in spite of 

transmitting high frequency signals, the trajectory tracking performance of the 

proposed 4-CH system is not adversely affected by the high frequency perturbation. 

 

 

Figure 3.12. High frequency environmental contact of the system A: A. Force tracking 

of master and slave motor, B. Magnified drawing of the force signals C. Velocity 

tracking of the master and slave motor, D. Position tracking of the master and slave 

motor (red curved-master, blue dotted-slave) 

 

Figure 3.13. High frequency environmental contact of the system B: A. Force tracking 

of master and slave motor, B. Magnified drawing of the force signals, C. Velocity 

tracking of the master and slave motor, D. Position tracking of the master and slave 

motor (red curved-master, blue dotted-slave) 
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Figure 3.14. High frequency environmental contact of the proposed 4-CH architecture: 

A. Force tracking of master and slave motor, B. Magnified drawing of the force signals, 

C. Velocity tracking of the master and slave motor, D. Position tracking of the master 

and slave motor (red curved-master, blue dotted-slave) 

The experimental results strongly confirm the effectiveness of the proposed 4-CH 

system in achieving an optimal trade-off between stability and transparency by 

reducing the wave-variable-based reflections. Furthermore, the experiment results for 

different environment situations (free space movement, hard environmental contact 

and high frequency environmental contact) also illustrate that compared with systems 

A and B, the proposed 4-CH system has superior performance in complex, unknown 

environment. 

3.4 Proposed Architecture for the Non-linear System under Time-varying 

Delays 

3.4.1 Modeling the n-DOF Teleoperation System 

In Chapter 3.4, the proposed wave transformation architecture is extended to the non-

linear teleoperation system in the presence of time-varying delays. The local (master) 

and the remote (slave) robots are modeled as a pair of n-DOF serial links with revolute 

joints. Their corresponding nonlinear dynamics are modeled as: 

𝑀𝑚(𝑞𝑚)𝑞̈𝑚 + 𝐶𝑚(𝑞𝑚, 𝑞̇𝑚)𝑞̇𝑚 + 𝑔𝑚(𝑞𝑚) = 𝜏𝑚 + 𝜏ℎ                 (3.37) 

𝑀𝑠(𝑞𝑠)𝑞̈𝑠 + 𝐶𝑠(𝑞𝑠, 𝑞̇𝑠)𝑞̇𝑠 + 𝑔𝑠(𝑞𝑠) = 𝜏𝑠 − 𝜏𝑒                              (3.38) 

where i = m, s for the master and slave. q̈i , q̇i , qi ∈ R
n  are the joint acceleration, 

velocity and position, respectively. Mi(qi) ∈ R
n×n  are the inertia matrices, 
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Ci(qi, q̇i) ∈ R
n×n  are Coriolis/centrifugal effects. gi(qi) ∈ R

n  are the vectors of 

gravitational forces and τi are the control signals. In addition, the forces exerted on the 

end-effector of the master and slave robots are related to equivalent torques in their 

joints by:  

𝐹ℎ = 𝐽𝑚𝜏ℎ, 𝐹𝑒 = 𝐽𝑠𝜏𝑒                                              (3.39) 

where Ji is the Jacobean of the robots and Fj stand for the human and environment 

forces, respectively. Important properties of the above nonlinear dynamic model, 

which will be used in this thesis, are as follows [151], [152]: 

P1: The inertia matrix Mi(qi) for a manipulator is symmetric positive-definite which 

verifies: 0 < σmin (Mi(qi(t))) I ≤ Mi(qi(t)) ≤ σmax (Mi(qi(t))) I ≤ ∞, where I ∈

Rn×n  is the identity matrix. σmin  and σmax  denote the strictly positive minimum 

(maximum) eigenvalue of Mi for all configurations qi. 

P2: Under an appropriate definition of the Coriolis/centrifugal matrix, the matrix Ṁi −

2Ci is skew symmetric, which can also be expressed as: 

𝑀̇𝑖(𝑞𝑖(𝑡)) = 𝐶𝑖(𝑞𝑖(𝑡), 𝑞̇𝑖(𝑡)) + 𝐶𝑖
𝑇(𝑞𝑖(𝑡), 𝑞̇𝑖(𝑡))                    (3.40) 

P3: The Lagrangian dynamics are linearly parameterizable: 

𝑀𝑖(𝑞𝑖)𝑞̈𝑖 + 𝐶𝑖(𝑞𝑖, 𝑞̇𝑖)𝑞̇𝑖 + 𝑔𝑖(𝑞𝑖) = 𝑌𝑖(𝑞𝑖, 𝑞̇𝑖, 𝑞̈𝑖)𝜃𝑖                   (3.41) 

where θ𝑖  is a constant p-dimensional vector of inertia parameters and Y𝑖(qi, q̇i, q̈i) ∈

Rn×p is the matrix of known functions of the generalized coordinates and their higher 

derivatives. 

P4: For a manipulator with revolute joints, there exists a positive 𝐿 bounding the 

Coriolis/centrifugal matrix as: 

‖𝐶𝑖(𝑞𝑖(𝑡), 𝑥(𝑡))𝑦(𝑡)‖2 ≤ 𝐿
‖𝑥(𝑡)‖2‖𝑦(𝑡)‖2                            (3.42) 

P5: The time derivative of 𝐶𝑖(𝑞𝑖(𝑡), 𝑞̇𝑖(𝑡)) is bounded if 𝑞𝑖(𝑡) and 𝑞̇𝑖(𝑡) are bounded. 
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3.4.2 Modified Wave Transformation 

In this Sub-section, the proposed modified wave transformation schemes in Figure 3.2 

is further extended as shown in Figure 3.15. Its major purpose is to reduce the wave 

reflection, enhance the accuracy of signals transmission and meanwhile guarantee the 

communication channels’ passivity.  

The two wave-based schemes are applied to encode the feed-forward signals VA1 and 

VB1  with the feedback signals ZA2  and ZB2 , where VA1(t) =  D1τth(t), VB1(t) =

β(q̇m(t) + δqm(t)), ZA2(t) = −β(q̇s(t) + δqs(t)), ZB2(t) = D2τte(t) . D1,2 , β , δ 

are diagonal positive-definite matrices. τth  and τte  are the measured human and 

environmental torques. The wave variables in the two schemes are defined as follows: 

um1(t) =
bVA1(t) +

ϵ
λ
ZA2(t − T2(t))

√2b
, us1(t) =

bVA2(t) +
1
λ
ZA2(t)

√2b
        (3.43) 

vm1(t) =
ZA2(t − T2(t))

√2b
, vs1(t) =

ZA2(t)

√2b
                              (3.44) 

um2(t) =
bVB1(t)

√2b
, us2(t) =

bVB1(t − T1(t))

√2b
                         (3.45) 

vm2(t) =

b
λ
VB1(t) − ZB1(t)

√2b
, vs2(t) =

ϵb
λ
VB1(t − T1(t)) − ZB2(t)

√2b
          (3.46) 

where b and λ are the characteristic impedances, and T1(t) and T2(t) are the time-

varying delays. ϵ = √1 − ε .  ε  is the estimated upper bounds of ṪMAX  where 

TMAX(t) = T1(t) + T2(t). In this analysis, the time-varying delays are assumed not to 

increase or decrease faster than time itself, i.e. |Ṫ1,2(t)| < 1. Thus, the estimated upper 

bound ε is limited to be 0 ≤ 𝜀 ≤ 1. Therefore, 0 ≤ ϵ = √1 − ε ≤ 1.  
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Figure 3.15. Modified wave variable transformation 

Based on (3.43)-(3.46), the hybrid matrix H of the two schemes can be written as (3.47) 

and (3.48) in frequency domain, where HA and HB are the hybrid matrix of scheme 1 

and 2, respectively. 

[
ZA1(s)

−VA2(s)
] = [

H11
A (s) H12

A (s)

H21
A (s) H22

A (s)
] [
VA1(s)

ZA2(s)
]

= [
bλ e−sT2

−e−sT1
1

bλ
[1 − ϵe−s(T1+T2)]

] [
VA1(s)

ZA2(s)
]                                  (3.47) 

[
ZB1(s)

−VB2(s)
] = [

𝐻11
𝐵 (𝑠) 𝐻12

𝐵 (𝑠)

𝐻21
𝐵 (𝑠) 𝐻22

𝐵 (𝑠)
] [
VB1(s)

ZB2(s)
]

= [

b

λ
[1 − ϵe−s(T1+T2)] e−sT2

−e−sT1
λ

b

] [
VB1(s)

ZB2(s)
]                                        (3.48) 

Based on (2.11), A teleoperation system is defined to be passive, if and only if the 

norm of the scattering matrix S(s) is equal to or less than one.  Substituting (3.47) and 

(3.48) into (2.11), the angular frequency ω (s = jω) of the time delay component 
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e−sT1,2 influences the value of the scattering norm ‖S‖. The scattering norm ‖S‖ for 

the scheme 1 and 2 are derived as: 

‖S‖ 𝑓𝑜𝑟 𝑠𝑐ℎ𝑒𝑚𝑒1

=
|2𝑏𝜆𝑒−𝑠𝑇1,2| + |𝜆2𝑏2 + (𝜖𝑒−𝑠(𝑇1+𝑇2) − 1) + 𝑏𝜆(1 − 𝜖)𝑒−𝑠(𝑇1+𝑇2)|

|2𝑏𝜆 + 𝜆2𝑏2 + 1 − 𝜖𝑒−𝑠(𝑇1+𝑇2) + 𝑏𝜆(1 − 𝜖)𝑒−𝑠(𝑇1+𝑇2)|
 

        (3.49) 

‖S‖ 𝑓𝑜𝑟 𝑠𝑐ℎ𝑒𝑚𝑒2

=
|2𝑏𝜆𝑒−𝑠𝑇1,2| + |𝜆2 − 𝑏2 + 𝑏2𝜖𝑒−𝑠(𝑇1+𝑇2) − 𝑏𝜆(1 − 𝜖)𝑒−𝑠(𝑇1+𝑇2)|

|2𝑏𝜆 + 𝜆2 + 𝑏2 − 𝑏2𝜖𝑒−𝑠(𝑇1+𝑇2) + 𝑏𝜆(1 − 𝜖)𝑒−𝑠(𝑇1+𝑇2)|
 

         (3.50) 

According to the characteristic of the time delay element e−sT1,2 

|e−sT1,2| = 1                                                 (3.51) 

Applying (3.51), (3.49) and (3.50) can be simplified as: 

‖S‖ 𝑓𝑜𝑟 𝑠𝑐ℎ𝑒𝑚𝑒1 =
|2𝑏𝜆| + |𝜆2𝑏2 + (𝜖 − 1) + 𝑏𝜆(1 − 𝜖)|

|2𝑏𝜆 + 𝜆2𝑏2 + 1 − 𝜖 + 𝑏𝜆(1 − 𝜖)|
≤ 1         (3.52) 

‖𝑆‖ 𝑓𝑜𝑟 𝑠𝑐ℎ𝑒𝑚𝑒2 =
|2𝑏𝜆| + |𝜆2 − 𝑏2 + 𝑏2𝜖 − 𝑏𝜆(1 − 𝜖)|

|2𝑏𝜆 + 𝜆2 + 𝑏2 − 𝑏2𝜖 + 𝑏𝜆(1 − 𝜖)|
≤ 1          (3.53) 
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Figure 3.16. Scattering norm of scheme 1 with different time delays: A. 200 ms, B. 

500 ms, C. 700 ms, D. 1s. (b = 2.5 λ = 2.5 𝜖 = 1)  

 

Figure 3.17. Scattering norm of scheme 2 with different time delays: A. 200 ms, B. 

500 ms, C. 700 ms, D. 1s. (b = 2.5 λ = 2.5 𝜖 = 1) 

Noting 𝑏 and 𝜆 are positive and 0 ≤ 𝜖 ≤ 1, ‖S‖ in (3.52) and (3.53) is no larger than 

1. From (3.51), the value of e−sT1,2  is periodically changing with time delays. 

Therefore, the periodicity of e−sT1,2 determines that the scattering norm ‖S‖ is also 

periodic. Since the angular frequency can be considered as a factor of the product 

of ωT1,2, T1,2 can be treated as the gains of the angular frequency to influence the 

scattering norm by which the scattering norm ‖S‖ can be extended or compressed 

periodically. Hence, the changing values of the scattering norm ‖S‖ with varying ω 

are shown in Figures 3.16 and 3.17. The values of time delays only affect the 

waveforms’ frequency rather than the magnitude of the scattering norm through setting 

the impedances b  and λ  as positive constants. The vertex of the scattering norm 

remains unchanged which is no more than 1. Therefore, the passivity of the 

communication channels can be guaranteed. 

By applying the proposed wave transformation, the energy information such as torque, 

position and velocity signals can be transmitted through the communication channels 

without influencing the channel passivity. The control block diagram is shown as 

Figure 3.18.  



 

99 

 

 

 

 

Figure 3.18. Control block diagram of the system applying the modified wave 

transformation 

The control terms Em and Es are introduced as follows: 

𝐸𝑚(𝑡) = 𝐷3𝜏𝑡ℎ(𝑡) − 𝑍𝐴1(𝑡) − 𝑍𝐵1(𝑡) − 𝛽(𝑞̇𝑚(𝑡) + 𝛿𝑞𝑚(𝑡))

= (𝐷3 − 𝑏𝜆𝐷1)𝜏𝑡ℎ(𝑡) − 𝐷2𝜏𝑡𝑒(𝑡 − 𝑇2(𝑡))

+ 𝛽 (𝑞̇𝑠(𝑡 − 𝑇2(𝑡)) + 𝛿𝑞𝑠(𝑡 − 𝑇2(𝑡))) − 𝛽(𝑞̇𝑚(𝑡) + 𝛿𝑞𝑚(𝑡))

− (
𝑏

𝜆
𝛽(𝑞̇𝑚(𝑡) + 𝛿𝑞𝑚(𝑡))

−
𝜖𝑏

𝜆
 𝛽 (𝑞̇𝑚 (𝑡 − 𝑇1(𝑡) − 𝑇2(𝑡 − 𝑇1(𝑡)))

+ 𝛿𝑞𝑚 (𝑡 − 𝑇1(𝑡) − 𝑇2(𝑡 − 𝑇1(𝑡)))))                                            (3.54) 
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𝐸𝑠(𝑡) = 𝑉𝐴2(𝑡) + 𝑉𝐵2(𝑡) − 𝐷4𝜏𝑡𝑒(𝑡) − 𝛽(𝑞̇𝑠(𝑡) + 𝛿𝑞𝑠(𝑡)) = 𝐷1𝜏𝑡ℎ(𝑡 − 𝑇1(𝑡))

− (
𝜆𝐷2
𝑏
− 𝐷4) 𝜏𝑡𝑒(𝑡) + 𝛽 (𝑞̇𝑚(𝑡 − 𝑇1(𝑡)) + 𝛿𝑞𝑚(𝑡 − 𝑇1(𝑡)))

− 𝛽(𝑞̇𝑠(𝑡) + 𝛿𝑞𝑠(𝑡))

− (
𝛽

𝑏𝜆
(𝑞̇𝑠(𝑡) + 𝛿𝑞𝑠(𝑡))

−
 𝜖𝛽

𝑏𝜆
(𝑞̇𝑠 (𝑡 − 𝑇2(𝑡) − 𝑇1(𝑡 − 𝑇2(𝑡)))

+ 𝛿𝑞𝑠 (𝑡 − 𝑇2(𝑡) − 𝑇1(𝑡 − 𝑇2(𝑡)))))                                             (3.55) 

where D3,4 are diagonal positive-definite matrices. By defining new variables: 

 𝑟𝑖(𝑡) = 𝑞̇𝑖(𝑡) + 𝛿𝑞𝑖(𝑡)                                     (3.56) 

(3.54) and (3.55) can be simplified as (3.57) and (3.58). 

𝐸𝑚(𝑡) = 𝛽 (𝑟𝑠(𝑡 − 𝑇2(𝑡)) − 𝑟𝑚(𝑡)) + ((𝐷3 − 𝑏𝜆𝐷1)𝜏𝑡ℎ(𝑡) − 𝐷2𝜏𝑡𝑒(𝑡 − 𝑇2(𝑡)))

−
𝑏

𝜆
𝛽(𝑟𝑚(𝑡) − 𝜖𝑟𝑚(𝑡 − 𝑇1(𝑡) − 𝑇2(𝑡 − 𝑇1(𝑡)))                             (3.57) 

𝐸𝑠(𝑡) = 𝛽 (𝑟𝑚(𝑡 − 𝑇1(𝑡)) − 𝑟𝑠(𝑡)) + (𝐷1𝜏𝑡ℎ(𝑡 − 𝑇1(𝑡)) − (
𝜆𝐷2
𝑏
− 𝐷4) 𝜏𝑡𝑒(𝑡))  

−
𝛽

𝑏𝜆
(𝑟𝑠(𝑡) − 𝜖𝑟𝑠 (𝑡 − 𝑇2(𝑡) − 𝑇1(𝑡 − 𝑇2(𝑡))))                           (3.58) 

The main aim of the control laws is to provide a stable system with accurate position 

tracking and to enhance the force tracking during manipulations. The first terms in 

bracket of (3.57) and (3.58) represent accurate position transmissions. By setting 𝐷3 −

𝑏𝜆𝐷1 = 𝐷2 and 𝐷1 =
𝜆𝐷2

𝑏
− 𝐷4, accurate force tracking can also be achieved. When 

the rate of the time delay is small, the third terms in bracket of (3.57) and (3.58) can 

be ignored. When large time-varying delays exist, these two biased terms can 

adversely influence the tracking accuracy. Properly enhancing the value of λ  can 
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increase the system transparency. However, these two terms are necessary for system 

stability and cannot be cancelled, which will be analyzed later. 

The accurate position tracking is derived if 

𝑙𝑖𝑚
𝑡→∞

‖𝑞𝑚(𝑡 − 𝑇1(𝑡)) − 𝑞𝑠(𝑡)‖ = 𝑙𝑖𝑚
𝑡→∞

‖𝑞̇𝑚(𝑡 − 𝑇1(𝑡)) − 𝑞̇𝑠(𝑡)‖ =0        (3.59) 

𝑙𝑖𝑚
𝑡→∞

‖𝑞𝑠(𝑡 − 𝑇2(𝑡)) − 𝑞𝑚(𝑡)‖ = 𝑙𝑖𝑚
𝑡→∞

‖𝑞̇𝑠(𝑡 − 𝑇2(𝑡)) − 𝑞̇𝑚(𝑡)‖ =0        (3.60) 

We define the coordination position and velocity errors between the master and slave 

manipulators as follows: 

𝑒𝑝𝑚(𝑡) = 𝑞𝑚(𝑡 − 𝑇1(𝑡)) − 𝑞𝑠(𝑡), 𝑒𝑣𝑚(𝑡) = 𝑞̇𝑚(𝑡 − 𝑇1(𝑡)) − 𝑞̇𝑠(𝑡)      (3.61) 

𝑒𝑝𝑠(𝑡) = 𝑞𝑠(𝑡 − 𝑇2(𝑡)) − 𝑞𝑚(𝑡), 𝑒𝑣𝑠(𝑡) = 𝑞̇𝑠(𝑡 − 𝑇2(𝑡)) − 𝑞̇𝑚(𝑡)      (3.62) 

Combining the control terms (3.57)-(3.58) with the robots’ dynamics, the new control 

laws are designed as follows: 

𝜏𝑚 = 𝐸𝑚 − 𝑀̂𝑚(𝑞𝑚){𝛿𝑞̇𝑚} − 𝐶̂𝑚(𝑞𝑚, 𝑞̇𝑚){𝛿𝑞𝑚} + 𝑔̂𝑚(𝑞𝑚)         (3.63) 

𝜏𝑠 = 𝐸𝑠 − 𝑀̂𝑠(𝑞𝑠){𝛿𝑞̇𝑠} − 𝐶̂𝑠(𝑞𝑠, 𝑞̇𝑠){𝛿𝑞𝑠} − 𝑔̂𝑠(𝑞𝑠)                   (3.64) 

where 𝑀̂𝑖(𝑞𝑖) , 𝐶̂𝑖(𝑞𝑖, 𝑞̇𝑖) , 𝑔̂𝑖(𝑞𝑖)  are the estimates of 𝑀𝑖(𝑞𝑖) , 𝐶𝑖(𝑞𝑖, 𝑞̇𝑖) , 𝑔𝑖(𝑞𝑖) . 

Substituting (3.63) and (3.64) into (3.37) and (3.38) and considering Property 3 which 

states that the dynamics are linearly parameterizable, the new system dynamics is 

expressed as: 

𝑀𝑚(𝑞𝑚)𝑟̇𝑚 + 𝐶𝑚(𝑞𝑚, 𝑞̇𝑚)𝑟𝑚 = 𝐸𝑚 + 𝜏ℎ − 𝑌𝑚𝜃̃𝑚                       (3.65) 

𝑀𝑠(𝑞𝑠)𝑟̇𝑠 + 𝐶𝑠(𝑞𝑠, 𝑞̇𝑠)𝑟𝑠 = 𝐸𝑠 − 𝜏𝑒 − 𝑌𝑠𝜃̃𝑠                              (3.66) 

where 𝜃̃𝑖(𝑡) = 𝜃𝑖 − 𝜃𝑖(𝑡). 𝜃𝑖 are the estimates of the manipulators’ actual constant p-

dimensional inertial parameters given by θi . θ̃i  are the estimation errors. Let the 

estimates of the uncertain parameters evolve as: 
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𝜃̇𝑚(𝑡) = 𝜓𝑌𝑚
𝑇(𝑞𝑚, 𝑟𝑚)𝑟𝑚(𝑡), 𝜃̇𝑠(𝑡) = 𝛬𝑌𝑠

𝑇(𝑞𝑠, 𝑟𝑠)𝑟𝑠(𝑡)             (3.67) 

where ψ and Λ are constant positive definite matrices. 

3.4.3 Stability Analysis on Passive/Non-passive External Force 

Passive Human and Environmental forces: 

Assumption 1: The human and environment are passive and can be modeled as (3.68) 

and (3.69) which contain positions, velocities and accelerations. 

𝜏ℎ(𝑡) = −𝛼𝑚𝑟𝑚(𝑡) − 𝛼𝑚
′ 𝑟̇𝑚(𝑡)                                       (3.68) 

𝜏𝑒(𝑡) = 𝛼𝑠𝑟𝑠(𝑡) + 𝛼𝑠
′ 𝑟̇𝑠(𝑡)                                              (3.69) 

where αm, 𝛼𝑚
′ , αs and 𝛼𝑠

′  are positive constants. However, since acceleration signals 

with noises may significantly influence stability. Therefore, we use the extended active 

observer [137] to measure forces for transmission, which only contain position and 

velocity signals. That is: 

𝜏𝑡ℎ(𝑡) = −𝛼𝑚𝑟𝑚(𝑡)                                               (3.70) 

𝜏𝑡𝑒(𝑡) = 𝛼𝑠𝑟𝑠(𝑡)                                                  (3.71) 

Theorem 3.1. Consider the teleoperator in (3.65)-(3.66), controlled by (3.57)-(3.58). 

When the human and environmental forces satisfy (3.68)-(3.71), velocities, positions 

and the errors of positions and velocities are bounded, i.e. {𝑞𝑖(𝑡), 𝑟𝑖(𝑡) , 𝑞̇𝑖(𝑡), 

𝑟𝑠(𝑡 − 𝑇2(𝑡)) − 𝑟𝑚(𝑡),  𝑟𝑠(𝑡 − 𝑇2(𝑡)) − 𝑟𝑚(𝑡)} ∈ 𝐿∞ ∩ 𝐿2 , 

{𝑒𝑝𝑚(𝑡), 𝑒𝑝𝑠(𝑡), 𝑒𝑣𝑚(𝑡), 𝑒𝑣𝑠(𝑡)} ∈ 𝐿∞  Moreover, during free space movement 

𝜏ℎ(𝑡) = 𝜏𝑒(𝑡) = 0, velocities asymptotically converge to zero and position tracking is 

achieved: 𝑙𝑖𝑚
𝑡→∞

‖𝑞𝑚(𝑡 − 𝑇1(𝑡)) − 𝑞𝑠(𝑡)‖ = 𝑙𝑖𝑚
𝑡→∞

‖𝑞𝑠(𝑡 − 𝑇2(𝑡)) − 𝑞𝑚(𝑡)‖ =0. 

Proof.  

Consider a positive semi-definite function V(qi, q̇i, t) for the system as: 
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𝑉 =
1

2
[𝑟𝑚
𝑇(𝑡)𝑀𝑚(𝑞𝑚)𝑟𝑚(𝑡) + 𝑟𝑠

𝑇(𝑡)𝑀𝑠(𝑞𝑠)𝑟𝑠(𝑡) + 𝜃̃𝑚
𝑇𝛤−1𝜃̃𝑚 + 𝜃̃𝑠

𝑇𝛬−1𝜃̃𝑠]

+
𝛽

2

1

1 − 𝑇̇1(𝑡)
∫ 𝑟𝑚

𝑇(𝜂)𝑟𝑚(𝜂)𝑑𝜂
𝑡

𝑡−𝑇1(𝑡)

+
𝛽

2

1

1 − 𝑇̇2(𝑡)
∫ 𝑟𝑠

𝑇(𝜂)𝑟𝑠(𝜂)𝑑𝜂
𝑡

𝑡−𝑇2(𝑡)

+
𝑏𝛽

2𝜆
∫ 𝑟𝑚

𝑇(𝜂)𝑟𝑚(𝜂)𝑑𝜂
𝑡

𝑡−𝑇1(𝑡)−𝑇2(𝑡−𝑇1(𝑡))

+
𝛽

2𝑏𝜆
∫ 𝑟𝑠

𝑇(𝜂)𝑟𝑠(𝜂)𝑑𝜂
𝑡

𝑡−𝑇1(𝑡)−𝑇2(𝑡−𝑇1(𝑡))

+ 𝑟𝑚
𝑇(𝑡)𝛼𝑚

′ 𝛿𝑟𝑚(𝑡)

+ 𝑟𝑠
𝑇(𝑡)𝛼𝑠

′𝑟𝑠(𝑡) + 𝑞𝑚
𝑇 (𝑡)𝛼𝑚𝛿𝑞𝑚(𝑡) + 𝑞𝑠

𝑇(𝑡)𝛼𝑠𝛿𝑞𝑠(𝑡)

+
(𝐷3 − 𝑏𝜆𝐷1)𝛼𝑚

2
∫ 𝑟𝑚

𝑇(𝜂)
𝑡

𝑡−𝑇1

𝑟𝑚(𝜂)𝑑𝜂

+
(
𝜆𝐷2
𝑏
− 𝐷4) 𝛼𝑠

2
∫ 𝑟𝑠

𝑇(𝜂)
𝑡

𝑡−𝑇2

𝑟𝑠(𝜂)𝑑𝜂                                               (3.72) 

Applying property 3 and (3.67), the derivative of V can be written as: 

V̇ = ①+②+③, where 

① = −
𝛽

2
(𝑒𝑣𝑚(𝑡) + 𝛿𝑒𝑝𝑚(𝑡))

𝑇

(𝑒𝑣𝑚(𝑡) + 𝛿𝑒𝑝𝑚(𝑡)) −
𝛽

2
(𝑒𝑣𝑠(𝑡) +

𝛿𝑒𝑝𝑠(𝑡))
𝑇

(𝑒𝑣𝑠(𝑡) + 𝛿𝑒𝑝𝑠(𝑡)) − (𝑞̇𝑚
𝑇 (𝑡)𝛼𝑚𝑞̇𝑚(𝑡) + 𝑞𝑚

𝑇 (𝑡)𝛼𝑚𝛿
2𝑞𝑚(𝑡) +

𝑞̇𝑠
𝑇(𝑡)𝛼𝑠𝑞̇𝑠(𝑡) + 𝑞𝑠

𝑇(𝑡)𝛼𝑠𝛿
2𝑞𝑠(𝑡))                                                                        (3.73) 

② = −(
𝛽𝑏

2𝜆
(𝑟𝑚(𝑡) − 𝑟𝑚(𝑡 − 𝑇1(𝑡) − 𝑇2(𝑡)))

𝑇

(𝑟𝑚(𝑡) − 𝑟𝑚(𝑡 − 𝑇1(𝑡) − 𝑇2(𝑡))) −

𝛽

2

𝑇̇1(𝑡)

1−𝑇̇1(𝑡)
𝑟𝑚
𝑇(𝑡)𝑟𝑚(𝑡)) − (

𝛽

2𝑏𝜆
(𝑟𝑠(𝑡) − 𝑟𝑠 (𝑡 − 𝑇1(𝑡) − 𝑇2(𝑡 − 𝑇1(𝑡))))

𝑇

(𝑟𝑠(𝑡) −

𝑟𝑠 (𝑡 − 𝑇1(𝑡) − 𝑇2(𝑡 − 𝑇1(𝑡)))) −
𝛽

2

𝑇̇2(𝑡)

1−𝑇̇2(𝑡)
𝑟𝑠
𝑇(𝑡)𝑟𝑠(𝑡))                                (3.74) 
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③ = −(
(𝐷3−𝑏𝜆𝐷1)𝛼𝑚

2
𝑟𝑚
𝑇(𝑡)𝑟𝑚(𝑡) + 𝐷2𝛼𝑠𝑟𝑚(𝑡)𝑟𝑠(𝑡 − 𝑇2(𝑡)) +

(
𝜆𝐷2
𝑏
−𝐷4)𝛼𝑠(1−𝑇̇2(𝑡))

2
𝑟𝑠
𝑇(𝑡 − 𝑇2(𝑡))𝑟𝑠(𝑡 − 𝑇2(𝑡))) − (

(
𝜆𝐷2
𝑏
−𝐷4)𝛼𝑠

2
𝑟𝑠
𝑇(𝑡)𝑟𝑠(𝑡) +

𝐷1𝛼𝑚𝑟𝑚(𝑡 − 𝑇1(𝑡)) +
(𝐷3−𝑏𝜆𝐷1)𝛼𝑚(1−𝑇̇1(𝑡))

2
𝑟𝑚
𝑇(𝑡 − 𝑇1(𝑡))𝑟𝑚(𝑡 − 𝑇1(𝑡))) (3.75) 

The Lyapunov approach requires V̇ is negative semi-definite. According to (3.73), ① 

is absolutely negative. Since (𝑟𝑚(𝑡) − 𝑟𝑚(𝑡 − 𝑇1(𝑡) − 𝑇2(𝑡 − 𝑇1(𝑡))))
𝑇
(𝑟𝑚(𝑡) −

𝑟𝑚(𝑡 − 𝑇1(𝑡) − 𝑇2(𝑡 − 𝑇1(𝑡))))  and (𝑟𝑠(𝑡) − 𝑟𝑠(𝑡 − 𝑇1(𝑡) − 𝑇2(𝑡 −

𝑇1(𝑡))))
𝑇
(𝑟𝑠(𝑡) − 𝑟𝑠(𝑡 − 𝑇1(𝑡) − 𝑇2(𝑡 − 𝑇1(𝑡)))) can be simplified as 𝜁1rm

T (t)rm(t) 

and 𝜁2rs
T(t)rs(t)  where 𝜁1,2 ≥ 0 . ②  can be rewritten as: ② = −(

𝛽𝑏

2𝜆
𝜁1 −

𝛽

2

𝑇̇1(𝑡)

1−𝑇̇1(𝑡)
) 𝑟𝑚

𝑇(𝑡)𝑟𝑚(𝑡) − (
𝛽

2𝑏𝜆
𝜁2 −

𝛽

2

𝑇̇2(𝑡)

1−𝑇̇2(𝑡)
)𝑟𝑠
𝑇(𝑡)𝑟𝑠(𝑡). The terms 

𝛽𝑏

2𝜆
𝜁1 −

𝛽

2

𝑇̇1(𝑡)

1−𝑇̇1(𝑡)
 and 

𝛽

2𝑏𝜆
𝜁2 −

𝛽

2

𝑇̇2(𝑡)

1−𝑇̇2(𝑡)
 must be positive. That is: 

𝜁1
𝜆
𝑏
+ 𝜁1

≥ 𝑇̇1(𝑡),
𝜁2

1
𝑏𝜆
+ 𝜁2

≥ 𝑇̇2(𝑡)                                                (3.76) 

Since |Ṫ1,2| < 1, by setting 0 < λ ≤ b, b > 1, ② can be guaranteed to be negative. 

However, as analyzed, enhancing the value of λ can increase transparency. Therefore, 

when the time delays are not sharply varying (Ṫ1,2 are not close to 1), setting λ = b 

can achieve the optimized trade-off between stability and transparency. 

In (3.75), the sufficient conditions for a negative ③ are: 

𝐷2
2

(𝐷3 − 𝑏𝜆𝐷1) (
𝜆𝐷2
𝑏
− 𝐷4)

1

1 − 𝑇̇2
≤ 𝛼𝑠

−1𝛼𝑚                           (3.77) 

𝐷1
2

(𝐷3 − 𝑏𝜆𝐷1) (
𝜆𝐷2
𝑏
− 𝐷4)

1

1 − 𝑇̇1
≤ 𝛼𝑚

−1𝛼𝑠                            (3.78) 
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As analyzed, setting 𝐷3 − 𝑏𝜆𝐷1 = 𝐷2 and 𝐷1 =
𝜆𝐷2

𝑏
− 𝐷4 can achieve accurate force 

tracking. In the presence of time-varying delays, increasing the value of 𝐷3  and 

decreasing the value of 𝐷4 can relax the requirement of (3.74). By satisfying (3.76)-

(3.78), V̇ is negative and the system stability is guaranteed. 

Integrating both sides of (3.73), we get: 

+∞ > 𝑉(0) ≥ 𝑉(0) − 𝑉(𝑡)

≥ ∫ (
𝛽

2
(𝑒𝑣𝑚(𝑡) + 𝛿𝑒𝑝𝑚(𝑡))

𝑇

(𝑒𝑣𝑚(𝑡) + 𝛿𝑒𝑝𝑚(𝑡))
𝑡

0

+
𝛽

2
(𝑒𝑣𝑠(𝑡) + 𝛿𝑒𝑝𝑠(𝑡))

𝑇

(𝑒𝑣𝑠(𝑡) + 𝛿𝑒𝑝𝑠(𝑡)) + 𝑞̇𝑚
𝑇 (𝑡)𝛼𝑚𝑞̇𝑚(𝑡)

+ 𝑞𝑚
𝑇 (𝑡)𝛼𝑚𝛿

2𝑞𝑚(𝑡) + 𝑞̇𝑠
𝑇(𝑡)𝛼𝑠𝑞̇𝑠(𝑡) + 𝑞𝑠

𝑇(𝑡)𝛼𝑠𝛿
2𝑞𝑠(𝑡)) 𝑑𝑡  (3.79) 

Since V is positive semi-definite and 𝑉̇  is negative semi-definite, therefore, lim
t→∞

𝑉 

exists and is finite. Thus, 𝜃̃𝑖(𝑡) ∈ 𝐿∞, {𝑒𝑝𝑖(𝑡) + 𝑒𝑣𝑖(𝑡), 𝑞𝑖(𝑡), 𝑟𝑖(𝑡), 𝑞̇𝑖(𝑡)} ∈ 𝐿∞ ∩

𝐿2 . Therefore, it is easily derived that {𝑞𝑠(𝑡) − 𝑞𝑚(𝑡), 𝑞𝑚(𝑡) − 𝑞𝑠(𝑡)} ∈ 𝐿∞ ∩ 𝐿2 , 

Rewriting 𝑞𝑚(𝑡 − 𝑇1(𝑡)) − 𝑞𝑠(𝑡) as 𝑞𝑚(𝑡 − 𝑇1(𝑡)) − 𝑞𝑠(𝑡) = 𝑞𝑚(𝑡) − 𝑞𝑠(𝑡) +

𝑞𝑚(𝑡 − 𝑇1(𝑡)) − 𝑞𝑚(𝑡) , and 𝑞𝑠(𝑡 − 𝑇2(𝑡)) − 𝑞𝑚(𝑡)  as 𝑞𝑠(𝑡 − 𝑇2(𝑡)) − 𝑞𝑚(𝑡) =

𝑞𝑠(𝑡) − 𝑞𝑚(𝑡) + 𝑞𝑠(𝑡 − 𝑇2(𝑡)) − 𝑞𝑠(𝑡) . Factually, 𝑞𝑚(𝑡 − 𝑇1(𝑡)) − 𝑞𝑚(𝑡) =

−∫ 𝑞̇𝑚(𝜂)𝑑𝜂
𝑡

𝑡−𝑇1(𝑡)
≤ √max (𝑇1(𝑡))‖𝑞̇𝑚(𝑡)‖2  and 𝑞𝑠(𝑡 − 𝑇2(𝑡)) − 𝑞𝑠(𝑡) =

−∫ 𝑞̇𝑠(𝜂)𝑑𝜂
𝑡

𝑡−𝑇2(𝑡)
≤ √max (𝑇2(𝑡))‖𝑞̇𝑠(𝑡)‖2  (using Schwartz’s inequality), we can 

conclude that 𝑒𝑝𝑠(𝑡) = 𝑞𝑠(𝑡 − 𝑇2(𝑡)) − 𝑞𝑚(𝑡)  and 𝑒𝑝𝑚(𝑡) = 𝑞𝑚(𝑡 − 𝑇1(𝑡)) −

𝑞𝑠(𝑡) ∈ 𝐿∞ . Since 𝑒𝑝𝑖(𝑡) + 𝑒𝑣𝑖(𝑡) ∈ 𝐿∞ ∩ 𝐿2  and 𝑒𝑝𝑖(𝑡) ∈ 𝐿∞ , it can be seen that 

𝑒𝑣𝑖(𝑡) ∈ 𝐿∞. 

 In free motion, the system’s dynamic model (3.65) and (3.66) can also be written as:  

𝑞̈𝑖 = 𝑀𝑖
−1[𝐸𝑖 − 𝑌𝑖𝜃̃𝑖 − 𝐶𝑖𝑟𝑖 ± 𝜏𝑗] − 𝛿𝑞̇𝑖                                      (3.80) 

Differentiating both sides of (3.80): 
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𝑑

𝑑𝑡
𝑞̈𝑖 =

𝑑

𝑑𝑡
(𝑀𝑖

−1)[𝐸𝑖 − 𝑌𝑖𝜃̃𝑖 − 𝐶𝑖𝑟𝑖 ± 𝜏𝑗] + 𝑀𝑖
−1
𝑑

𝑑𝑡
[𝐸𝑖 − 𝑌𝑖𝜃̃𝑖 − 𝐶𝑖𝑟𝑖 ± 𝜏𝑗] − 𝛿𝑞̈𝑖 

(3.81) 

For the first term of the right side of (3.81), we have [153]: 

𝑑

𝑑𝑡
(𝑀𝑖

−1) = −𝑀𝑖
−1𝑀̇𝑖𝑀𝑖

−1 = −𝑀𝑖
−1(𝐶𝑖 + 𝐶𝑖

𝑇)𝑀𝑖
−1                       (3.82) 

According to Properties 1 and 4, 
𝑑

𝑑𝑡
(𝑀𝑖

−1) is bounded. Based on Property 5, the terms 

in bracket of (61) are also bounded. Therefore, 
𝑑

𝑑𝑡
𝑞̈𝑖(𝑡) ∈ 𝐿∞ and q̈i(t) are uniformly 

continuous (∫ 𝑞̈𝑖(𝜂)𝑑𝜂 = 𝑞̇𝑖(𝑡) − 𝑞̇𝑖(0)
𝑡

0
). Since q̇i(t) → 0, it can be concluded that 

q̈i(t) → 0 based on Barbǎlat’s Lemma. 

 

Active Human and Environmental Forces: 

Assumption 2: In the case of non-passive human forces and environmental forcer, the 

human and environment can be modeled as: 

𝜏ℎ(𝑡) = 𝛼0(𝑡) − 𝛼𝑚𝑟𝑚(𝑡) − 𝛼𝑚
′ 𝑟̇𝑚(𝑡)                           (3.83) 

𝜏𝑒(𝑡) = 𝛼1(𝑡) + 𝛼𝑠𝑟𝑠(𝑡) + 𝛼𝑠
′ 𝑟̇𝑠(𝑡)                                 (3.84) 

𝜏𝑡ℎ(𝑡) = 𝛼0(𝑡) − 𝛼𝑚𝑟𝑚(𝑡)                                                 (3.85) 

𝜏𝑡𝑒(𝑡) = 𝛼1(𝑡) + 𝛼𝑠𝑟𝑠(𝑡)                                                   (3.86) 

where 𝛼0(𝑡) and 𝛼1(𝑡) are bounded positive variables, which generate energy as an 

active term.  

Theorem 3.2. The proposed system is stable and all signals in this system are 

ultimately bounded, when the human and environmental forces satisfy (3.83)-(3.86). 

Proof. We define 𝑥̅𝑐 = [𝑞𝑚, 𝑞𝑠, 𝑞̇𝑚, 𝑞̇𝑠]
𝑇 and 𝑥𝑐 = [𝑞𝑚, 𝑞𝑠, 𝑟𝑚, 𝑟𝑠]

𝑇. There is a linear 

map between the two vectors [25]: 

𝑥̅𝑐 = 𝛤𝑐𝑥𝑐                                                           (3.87) 
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where 𝛤𝑐  is a non-singular constant matrix. By choosing the previous Lyapunov 

function V, the new derivative V̇∗ can be written as: 

𝑉̇∗ = 𝑉̇ + 𝑟𝑚
𝑇[(𝐷3 − 𝑏𝜆𝐷1)𝛼0 + 𝛼0 − 𝐷2𝛼1] + 𝑟𝑠

𝑇 [𝐷1𝛼0 − (
𝜆𝐷2
𝑏
− 𝐷4) 𝛼1 − 𝛼1] 

(3.88) 

Note that  

𝑟𝑚
𝑇|(𝐷3 − 𝑏𝜆𝐷1)𝛼0 + 𝛼0 − 𝐷2𝛼1| ≤ 𝑛

𝑇‖𝑥𝑐‖|(𝐷3 − 𝑏𝜆𝐷1)𝛼0 + 𝛼0 − 𝐷2𝛼1|  (3.89) 

𝑟𝑠
𝑇 |𝐷1𝛼0 − (

𝜆𝐷2
𝑏
− 𝐷4) 𝛼1 − 𝛼1| ≤ 𝑛

𝑇‖𝑥𝑐‖ |𝐷1𝛼0 − (
𝜆𝐷2
𝑏
− 𝐷4) 𝛼1 − 𝛼1|   (3.90) 

Therefore (3.88) can be rewritten as:   

𝑉̇∗ ≤ 𝑉̇ + 2‖𝑥𝑐‖𝑎𝑐                                                             (3.91) 

where 𝑎𝑐 = 𝑛
𝑇 (|(𝐷3 − 𝑏𝜆𝐷1)𝛼0 + 𝛼0 −𝐷2𝛼1| + |𝐷1𝛼0 − (

𝜆𝐷2

𝑏
− 𝐷4) 𝛼1 − 𝛼1|) >

0. (3.92) is true: 

𝑉̇ ≤ −(𝑞̇𝑚
𝑇 (𝑡)𝛼𝑚𝑞̇𝑚(𝑡) + 𝑞𝑚

𝑇 (𝑡)𝛼𝑚𝛿
2𝑞𝑚(𝑡) + 𝑞̇𝑠

𝑇(𝑡)𝛼𝑠𝑞̇𝑠(𝑡) + 𝑞𝑠
𝑇(𝑡)𝛼𝑠𝛿

2𝑞𝑠(𝑡))

≤ −𝛶𝑐‖𝑥̅𝑐‖
2                                                                                            (3.92) 

where 𝛶𝑐 is the smallest eigenvalue of 𝛼𝑚, 𝛼𝑚𝛿
2, 𝛼𝑠, 𝛼𝑠𝛿

2. Substituting (3.92) into 

(3.91) and 0 < μ𝑐 < 1: 

𝑉̇∗ ≤ −𝛶𝑐‖𝑥̅𝑐‖
2 + 2‖𝑥̅𝑐‖

= −𝛶𝑐(1 − 𝜇𝑐)‖𝛤𝑐‖
2‖𝑥𝑐‖

2 − 𝛶𝑐𝜇𝑐‖𝛤𝑐‖
2‖𝑥𝑐‖

2 + 2‖𝑥𝑐‖𝛼𝑐         (3.93) 

(3.93) can be simplified as: 

V̇∗ ≤ −𝛶𝑐(1 − 𝜇𝑐)‖𝛤𝑐‖
2‖𝑥𝑐‖

2, ∀‖x‖ ≥
2𝛼𝑐

Υμ‖Γ‖2
                          (3.94) 
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If the values of x are set to be large which satisfy ‖x‖ ≥
2α

Υμ‖Γ‖2
, the derivative V̇∗ is 

negative semi-definite. Hence, x and x̅ are bounded, which means ri, qi, q̇i are also 

bounded. 

3.4.4 Sliding Mode Control (SMC) 

In (3.65) and (3.66), the existence of the uncertain parameters 𝑌𝑖𝜃̃𝑖  and the 

immeasurable elements ±𝛼𝑖
′ṙi(t)  of the external force τj  may reduce the system 

transparency. In this study,a sliding mode control algorithm is applied to compensate 

for these terms. Adding a sliding-mode control term 𝜏𝑐𝑖, the dynamic models (3.65) 

and (3.66) can be re-written as (3.95). The aim is to use the sliding mode compensation 

terms τci to omit −𝑌𝑖𝜃̃𝑖 − 𝛼𝑖
′𝑟̇𝑖 in (3.95). 

𝑀𝑖(𝑞𝑖)𝑟̇𝑖 + 𝐶𝑖(𝑞𝑖, 𝑞̇𝑖)𝑟𝑖 = 𝐸𝑖 + 𝜏𝑐 − 𝛼𝑖𝑟𝑖 − 𝛼𝑖
′𝑟̇𝑖 − 𝑌𝑖𝜃̃𝑖                 (3.95) 

The proposed algorithm sets the sliding surface ϖ as:  

𝜛 = 𝑀𝑖(𝑞𝑖)𝑟𝑖(𝑡) − ∫ (𝐶𝑖
𝑇(𝑞𝑖 , 𝑞̇𝑖)𝑟𝑖(𝜂) + 𝐸𝑖(𝜂) − 𝛼𝑖𝑟𝑖(𝜂))

𝑡

0

𝑑𝜂         (3.96) 

Using property 2, (3.96) can be expressed as: 

𝜛 = ∫ (𝑀𝑖(𝑞𝑖)𝑟̇𝑖(𝜂) + 𝐶𝑖(𝑞𝑖 , 𝑞̇𝑖)𝑟𝑖(𝜂) − 𝐸𝑖(𝜂) + 𝛼𝑖𝑟𝑖(𝜂))
𝑡

0

𝑑𝜂         (3.97) 

Based on (3.95), if the sliding surface ϖ converges to zero, the terms −𝛼𝑖
′ṙi(t) − Yiθ̃i  

can be compensated for by τci. Building a Lyapunov function for the sliding mode 

controller: 

𝑉1 =
1

2
𝜛𝑚
𝑇𝜛𝑚 +

1

2
𝜛𝑠
𝑇𝜛𝑠                                                 (3.98) 

Therefore, the derivative of (3.98) will result in: 
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𝑉̇1 = (𝜏𝑐𝑚 + 𝛼𝑚
′ 𝑟̇𝑚 + 𝑌𝑚𝜃̃𝑚)

𝑇𝜛𝑚 + (𝜏𝑐𝑠 + 𝛼𝑠
′ 𝑟̇𝑠 + 𝑌𝑠𝜃̃𝑠)

𝑇𝜛𝑠                  (3.99) 

The sliding control input is designed as: 

𝜏𝑐 = −𝐾𝑠𝑙𝑖𝑑𝑖𝑛𝑔𝜛𝑖 − 𝐵𝑠𝑙𝑖𝑑𝑖𝑛𝑔𝑠𝑖𝑔(𝜛𝑖)
𝛩                                      (3.100) 

where  

𝑠𝑖𝑔(𝜗)𝛩 = [|𝜗1|
𝛩1𝑠𝑖𝑔𝑛(𝜗1) |𝜗2|

𝛩2𝑠𝑖𝑔𝑛(𝜗2)… |𝜗𝑛|
𝛩𝑛𝑠𝑖𝑔𝑛(𝜗𝑛)]

𝑇 . 𝜗 =

[𝜗1 𝜗2… 𝜗𝑛]
𝑇 ∈ 𝑅𝑛 , 𝛩1 , 𝛩2 , …, 𝛩𝑛 > 0 , and sign(. )  is the standard signum 

function. By tuning 𝐾𝑠𝑙𝑖𝑑𝑖𝑛𝑔  and 𝐵𝑠𝑙𝑖𝑑𝑖𝑛𝑔  as large values, V̇1  is negative semi-

definite and ϖ  will converge to zero. Therefore, the proposed SMC will not 

influence the system stability. 

Moreover, under the condition of passive human and environmental input, the system 

of (3.95) with the sliding surface 𝜛𝑖 can stay stable in finite time. 

Lemma 1 [67]: Consider the dynamics model 𝑥̇ = 𝑓(𝑥), 𝑓(0) = 0 (𝑥 ∈ 𝑅𝑛). If there 

is a positive-definite scalar function 𝑉1 such that (3.101) is satisfied: 

𝑉̇1(𝑥) ≤ −𝐴𝑉1(𝑥) − 𝐵𝑉1
Ξ(𝑥)                                        (3.101) 

Where 𝐴, 𝐵 > 0 , 0 < 𝛯 < 1 , the system is finit-time stable, and the settling time 

satisfy (3.102): 

𝑇𝑐 ≤
1

𝐴(1 − 𝛯)
𝑙𝑛
𝐴𝑉1

1−𝛯(𝑥0) + 𝐵

𝐵
                                           (3.102) 

Lemma 2 [67]: Note 𝑙1,2 > 0 and 0 < 𝑝 < 1, (3.103) is true: 

(𝑙1 + 𝑙2)
𝑝 ≤ 𝑙1

𝑝 + 𝑙2
𝑝                                                                     (3.103) 

Reconsider the Lyapunov function 𝑉1 in (3.98) and its derivative is given in (3.99). By 

choosing large values of 𝐾𝑠𝑙𝑖𝑑𝑖𝑛𝑔 and 𝐵𝑠𝑙𝑖𝑑𝑖𝑛𝑔, there definitely exist positive constants 

𝐾𝑠𝑙𝑖𝑑𝑖𝑛𝑔
′  and 𝐵𝑠𝑙𝑖𝑑𝑖𝑛𝑔

′  so that  
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|−𝐾𝑠𝑙𝑖𝑑𝑖𝑛𝑔
′ 𝜛𝑖 − 𝐵𝑠𝑙𝑖𝑑𝑖𝑛𝑔

′ 𝑠𝑖𝑔(𝜛𝑖)
𝛩|

≤ |−𝐾𝑠𝑙𝑖𝑑𝑖𝑛𝑔𝜛𝑖 − 𝐵𝑠𝑙𝑖𝑑𝑖𝑛𝑔𝑠𝑖𝑔(𝜛𝑖)
𝛩 + 𝛼𝑖

′𝑟̇𝑖 + 𝑌𝑖𝜃̃𝑖|                    (3.104) 

Therefore, (3.99) can be rewritten as: 

𝑉̇1 = (𝜏𝑐𝑚 + 𝛼𝑚
′ 𝑟̇𝑚 + 𝑌𝑚𝜃̃𝑚)

𝑇𝜛𝑚 + (𝜏𝑐𝑠 + 𝛼𝑠
′ 𝑟̇𝑠 + 𝑌𝑠𝜃̃𝑠)

𝑇𝜛𝑠

≤ −𝐾𝑠𝑙𝑖𝑑𝑖𝑛𝑔
′ 𝜛𝑚

𝑇𝜛𝑚 − 𝐵𝑠𝑙𝑖𝑑𝑖𝑛𝑔
′ 𝜛𝑚

𝑇𝑠𝑖𝑔(𝜛𝑚)
𝛩 − 𝐾𝑠𝑙𝑖𝑑𝑖𝑛𝑔

′ 𝜛𝑠
𝑇𝜛𝑠

− 𝐵𝑠𝑙𝑖𝑑𝑖𝑛𝑔
′ 𝜛𝑠

𝑇𝑠𝑖𝑔(𝜛𝑠)
𝛩                                                                       (3.105) 

According to Lemma 1 and 2, we get 

𝑉̇1 ≤ −2𝐾𝑠𝑙𝑖𝑑𝑖𝑛𝑔
′ 𝑉1 − 2𝐵𝑠𝑙𝑖𝑑𝑖𝑛𝑔

′ 𝑉1

1+𝛩
2                                              (3.106) 

Therefore, the settling time is derived as: 

𝑇𝑐 ≤
1

2𝐾𝑠𝑙𝑖𝑑𝑖𝑛𝑔
′ (1 −

1 + 𝛩
2 )

𝑙𝑛
2𝐾𝑠𝑙𝑖𝑑𝑖𝑛𝑔

′ 𝑉1
1−
1+𝛩
2 (𝑥0) + 2𝐵𝑠𝑙𝑖𝑑𝑖𝑛𝑔

′

2𝐵𝑠𝑙𝑖𝑑𝑖𝑛𝑔
′         (3.107) 

When the system uncertainty is fully eliminated, the system dynamics of (3.95) can be 

written as: 

𝜛̇𝑖(𝑡) = −𝐾𝑠𝑙𝑖𝑑𝑖𝑛𝑔
′ 𝜛𝑖 − 𝐵𝑠𝑙𝑖𝑑𝑖𝑛𝑔

′ 𝑠𝑖𝑔(𝜛𝑖)
𝛩                                 (3.108) 

where 𝜛𝑖0 = 𝜛𝑖(0) is the terminal attractor of the system (3.108). Based on [158], the 

finite time 𝑇𝑠 that is taken to travel from 𝜛𝑖(0) to 𝜛𝑖(0 + 𝑇𝑠) is given by 

𝑇𝑠 = −
1

𝐾𝑠𝑙𝑖𝑑𝑖𝑛𝑔
′ ∫

𝑑𝜛𝑖
𝜛𝑖

0

𝜛𝑖0

−
1

𝐵𝑠𝑙𝑖𝑑𝑖𝑛𝑔
′ ∫

𝑑𝜛𝑖
𝑠𝑖𝑔(𝜛𝑖)𝛩 

0

𝜛𝑖0

=
1

𝐾𝑠𝑙𝑖𝑑𝑖𝑛𝑔
′ ln(|𝜛𝑖0|) +

1

𝐵𝑠𝑙𝑖𝑑𝑖𝑛𝑔
′ (1 − 𝛩)

|𝜛𝑖0|
1−𝛩                         (3.109) 
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Therefore, the stability and synchronization performance of the teleoperation system 

can be achieved in finite time and the exact convergence time is  

𝑇𝑓𝑖𝑛𝑖𝑡𝑒 = 𝑇𝑐 + 𝑇𝑠                                                      (3.110) 

 

3.4.5 Experiment Validation 

In this sub-section, a series of experimental results are carried out to validate the 

proposed nonlinear teleoperation system. The experiments are performed on two 3-

DOF Phantom manipulators: Phantom Omni and Phantom Desktop (Sensable 

Technologies, Inc., Wilmington, MA) as shown in Figure 3.19. The control loop is 

configured as a 1 kHz sampling rate. The controller parameters are given as:𝑏 =

2.5, 𝜆 = 2.5, 𝜖 = 0.9, 𝐷1 = 𝐷2 = 1,𝐷3 = 3.5, 𝐷4 = 0.4, 𝛿 = 1, 𝛽 = 2.5, 𝐾𝑠𝑙𝑖𝑑𝑖𝑛𝑔 =

𝐵𝑠𝑙𝑖𝑑𝑖𝑛𝑔 = 1, 𝛩 =
1

3
.  

 

Figure 3.19. Experimental setup 

3.4.5.1 Experimental Work using 1-DOF 

In this section, the proposed 4-CH wave-based architecture is compared against two 

linear wave-based systems in the literature, the 4-CH architecture applying the 
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conventional wave transformation [108] (System A) and the modified wave-based 

system for reduced 

 wave reflections [132] (System B). Since the wave-based systems for comparison are 

stable only under constant delays, this experiment uses a virtual constant time of 300 

ms (one way). The experiments are conducted for three scenarios, free space motion, 

hard contact, and soft contact. The experiments are conducted using joint 1 of the two 

robots in Figure 3.19. Joint 2 and 3 are fixed which do not influence the experimental 

results. All gain values for the controllers and dynamics remain unchanged throughout 

the experiments. 

Figure 3.20 shows the velocity and position tracking performances of the three systems 

in free motion. The position tracking errors in System A is caused by the bias term in 

(20) 

The cut-off frequency of the low-pass filter in System A should be set low to restrict 

the band-width of the communication channel and suppress the oscillatory behavior 

caused by wave reflections. By reducing the wave reflections, the signal perturbations 

are reduced in System B. However, since this system has no direct position information 

transmission, position drift can slowly occur. Compared with the two systems, the 

oscillatory behavior caused by wave reflections is eliminated and highly accurate 

trajectory tracking is achieved in the proposed system. 

In the next experiment, the slave robot is controlled by the three wave-based systems 

to contact with a solid wall from around the 3rd second to the 17th second. In this 

situation, the speed of the slave robot quickly converges to zero. Figure 3.21 illustrates 

the torque tracking ( τth ↔ τte ) and position tracking performances of the three 

systems. When contacting the solid wall, even applying low-pass filters, both of 

position and torque tracking still have small signal variations caused by wave 

reflections in System A. The biased term in (3.7) also interrupt the system to achieve 

accurate position tracking even applying the 4-CH architecture. Since the robot has no 

movement in the steady state, the biased term bẋm(t) in (3.5) quickly converges to 

zero, which does not affect the force tracking of System B. Therefore, accurate force 

tracking performance can be achieved in System B with little signal variation. Without 

direct position tracking, large position drift occurs in System B. Unlike the two 
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systems, the force signals and the trajectory signals of the proposed three-channel 

system quickly track in the transient state without signals variations and position drift. 

During the soft environmental contact, the slave robot is controlled by the three wave-

based systems in contact with a soft sponge from the 3rd second to the 17th second. In 

this situation, the slave robot is still moving and its speed slowly converges to zero. 

Figure 3.22 shows the torque tracking (τth ↔ τte) and position tracking of the three 

systems in soft contact. Due to the biased term in (19), System A cannot achieve 

accurate force tracking and as a result large signal variations still occur. Since the 

biased term b𝑥̇𝑚 in (3.5) has a large value in this situation, inaccurate force tracking is 

achieved in System B where the slave robot’s force tracks the master robot’s force in 

a very slow speed. The two systems also cannot achieve accurate position tracking 

during soft contact. Compared with the two systems, in the proposed system, the forces 

quickly track each other without signal perturbations in the steady state and the high 

accuracy of position tracking is also achieved. 

 

Figure 3.20. Free motion – 1 DOF (red – q̇m & qm, blue – q̇s & qs) 
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Figure 3.21. Hard contact – 1 DOF (red – τth & qm, blue – τte & qs) 

 

Figure 3.22. Soft contact – 1 DOF (red –τth & qm, blue –τte & qs) 

3.4.5.2 Experimental test using 3-DOF 

This Sub-section validates the system’s task performance in 3-DOF. Two computers 

are used to control the two haptic devices and the communication channel is the 

Internet. The time delay (one way) varies between 440 ms ~ 560 ms. In the first 

experiment, the performance of our system is compared with the nonlinear wave-based 

system proposed in [23] (System C) in free motion. System C adds two additional 

channels for direct position signals transmission to the traditional wave transformation 

in order to enhance the trajectory tracking in free motion. System C also uses 

additional velocity dampers to guarantee the system stability under time-varying 

delays. Figure 3.23 illustrates the torque tracking (τm ↔ τte) and position tracking 

performances of System C, where the control signal τm is the feedback torque felt by 

the operator. Due to the wave reflections, the slave robot’s motion varies when 
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tracking the master robot although the additional direct position signals transmission 

enhances the accuracy of the trajectory tracking. Moreover, the velocity dampers used 

to guarantee system stability decrease the system transparency and the operator can 

still feel feedback torque during free motion. Figure 3.24 shows the torque tracking 

(τm ↔ τte) and position tracking of our system without the proposed SMC. In this 

system, the wave reflection is eliminated to the extent that the signals do not have the 

large signals variations. However, due to the parameter uncertainties, the position 

tracking still has small tracking errors. Moreover, the system using the proposed wave 

transformation is still damped due to the effect of time delays so that the operator can 

also feel the feedback torque. By adding the SMC, the control signal fed back to the 

master robot is no longer τm, but the sum of τm and the control torque τcm from the 

SMC. Figure 3.25 shows the torque tracking (τm + τcm ↔ τte) and position tracking 

of our system with the proposed SMC. Since the parameter uncertainties are 

compensated for by the SMC, highly accurate position tracking can be achieved. The 

torque felt by the operator is nearly zero as shown in Figure 3.25. 

The next experiment demonstrates the ability of the proposed system to deal with the 

transient environment. Our system is compared with the nonlinear wave-based system 

[25] (System D). The slave robot is controlled to contact to a “reverse wall” which is 

like the scenario of a needle puncture as might be experienced in medical applications 

[154]. Figures 3.26 and 3.27 show the torque tracking (τth − τte) and position tracking 

of the two systems. The slave start to contact with the remote wall in the 3rd second. 

After hard contact for several seconds, the wall is suddenly removed in the 8th second 

allowing the slave end effector to move in free space. System D uses the conventional 

impedance matching approach to diminish the wave reflections, which works fine in 

the steady-state environment. However, as analyzed, when the impedance of human 

and environment suddenly changes, the impedances will mismatch and the wave 

reflections are reinstated. Therefore, large signals variations and position drift occur 

as shown in Figure 3.26. Unlike System D, the proposed system with direct position 

and force transmission is less affected by the unpredictable changes of the human and 

environmental impedances. Highly accurate force and position tracking are still 

achieved in the sudden changing environment as shown in Figure 3.27. 
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Figure 3.23 Free motion – 3 DOF (System C, red –qm & τm, blue – qs & τte) 

 

Figure 3.24 Free motion without SMC – 3 DOF (Our system, red –qm & τm, blue –

qs & τte) 

 

Figure 3.25. Free motion with SMC – 3 DOF (Our system, red –qm & (τm + τc), blue 

–qs & τte) 
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Figure 3.26. Contacting with a reverse wall – 3 DOF (System D, red –qm & τth, blue 

–qs & τte) 

 

Figure 3.27. Contacting with a reverse wall – 3 DOF (Our system, red –qm & τth, blue 

–qs & τte) 

3.5 Summary 

In Chapter 3, a novel wave transformation scheme for reduced wave-based reflections 

is applied to the 4-CH linear system to achieve high delay-based transparency and 

simultaneously guarantee system stability at the presence of constant time delays. The 

proposed wave transformation scheme is also extended to the non-linear teleoperation 

system to derive high transparency and robust stability in the presence of time-varying 

delays. A sliding mode control algorithm is also designed to reduce the adverse effect 

of the internal parameter uncertainties and promote the system synchronization 

performance in finite time. The delay-based stability and conditions for realizing high 



 

118 

 

 

 

transparency are analytically studied in this chapter. The HILINK microcontroller 

board with a set of DC motors is applied to conduct the experiment of the linear 

teleoperation system and the experimental platform consisting of two 3-DOF Phantom 

manipulators is applied to conduct the experiment of the non-linear teleoperation 

system. The experimental results for different environment situations confirm that the 

proposed systems can achieve superior performance over the previous work in 

achieving the optimal trade-off between transparency and stability in the presence of 

different time delays.  
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4 BILATERAL TELEOPREATION SYSTEM WITH 

WAVE-BASED TDPA 

4.1 Introduction 

Time Domain Passivity Approach (TDPA) is another passivity-based method for 

guaranteeing the channel passivity in the presence of time delays. Unlike the 

conservative wave-based methods [25] that guarantee the time delayed channels’ 

passivity by over-dissipating energy, TDPA,  which consists of two main components: 

a passivity observer and a passivity controller, can adaptively dissipate energy and 

meanwhile the energy over-dissipation are circumvented [51]. The passivity observer 

and the passivity controller are used to monitor the system passivity and to dissipate 

the active energy, respectively. Therefore, higher transparency can be achieved. TDPA 

was first introduced by Hannaford et al [51] in 2004. This method is extended in [47] 

to deal with the time-varying delay issues. In [155], this approach is simplified to a 

power-based TDPA which dissipates energy as soon as any active energy is produced. 

The power-based TDPA proposed in [155] is extended in [156] to deal with the 

position drift issues. However, although the above TDPA-based system can guarantee 

system stability under time-varying delays, transparency degradation is also its main 

drawback, even in the presence of small constant or no time delay where high 

transparency can be easily derived by many non-passivity based schemes.  

This Chapter introduces an innovative wave-based TDPA applied to a 4-CH nonlinear 

teleoperation system that can derive higher transparency than previous passivity-based 

systems in the presence of arbitrary time delays. A PPC system is proposed in 

combination with an extended wave-based TDPA to restrict the synchronization errors 

of the position and the velocity of the master and the slave and the measured human 

and environmental torques, and simultaneously guarantee the passivity of the whole 

system. Furthermore, a new wave-based TDPA distinct from the original one with new 

passivity observers and controllers to further improve the whole system’s transparency, 

especially, in the worst cases where large time delays exist and their rate are large than 
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one. RBF neural network is also applied to deal with the nonlinear system’s dynamic 

uncertainties. 

4.2 Review of TDPA 

In a conventional TDPA-based control system, the system passivity can be defined as 

[155], [156]: 

𝑃(𝑡) = 𝜏𝑚(𝑡)𝑞̇𝑚(𝑡) − 𝜏𝑠(𝑡)𝑞̇𝑠(𝑡)

=
1

2𝑏
𝜏𝑚
𝑇 (𝑡)𝜏𝑚(𝑡) −

1

2𝑏
(𝜏𝑚(𝑡) − 𝑏𝑞̇𝑚(𝑡))

2
+ 𝑏𝑞̇𝑠

𝑇(𝑡)𝑞̇𝑠(𝑡)

−
1

2𝑏
(𝜏𝑠(𝑡) + 𝑏𝑞̇𝑠(𝑡))

2
−
1

2𝑏
𝑇̇2(𝑡)𝜏𝑚

𝑇 (𝑡)𝜏𝑚(𝑡) −
𝑏

2
𝑇̇1(𝑡)𝑞̇𝑠

𝑇(𝑡)𝑞̇𝑠(𝑡)

+
𝑑𝐸

𝑑𝑡
= 𝑃𝑑𝑖𝑠𝑠 +

𝑑𝐸

𝑑𝑡
                                                                                 (4.1) 

𝐸(𝑡) =
1

2𝑏
∫ 𝜏𝑠

𝑇(𝜂)𝜏𝑠(𝜂)
𝑡

𝑡−𝑇2(𝑡)

𝑑𝜂 +
𝑏

2
∫ 𝑞̇𝑚

𝑇 (𝜂)𝑞̇𝑚(𝜂)
𝑡

𝑡−𝑇1(𝑡)

𝑑𝜂               (4.2) 

Similar to the wave impedance, b in the TDPA-based system is a positive constant that 

relates to the unit of torque and velocity. 

Since 𝑃𝑑𝑖𝑠𝑠 is not observable at any single port of the TDPN, in order to facilitate real-

time monitoring of TDPN passivity, Pdiss can be written as: 

𝑃𝑑𝑖𝑠𝑠(𝑡) = 𝑃𝑑𝑖𝑠𝑠
𝑚 (𝑡) + 𝑃𝑑𝑖𝑠𝑠

𝑠 (𝑡)                                                 (4.3) 

where 𝑃𝑑𝑖𝑠𝑠
𝑚 (𝑡)  and 𝑃𝑑𝑖𝑠𝑠

𝑠 (𝑡)  are the power dissipation components which are 

observable at the master and slave ports, respectively. 

𝑃𝑑𝑖𝑠𝑠
𝑚 (𝑡) =

1

𝑏
𝜏𝑚
𝑇 (𝑡)𝜏𝑚(𝑡) −

1

2𝑏
(𝜏𝑚(𝑡) − 𝑏𝑞̇𝑚(𝑡))

2
−
1

2𝑏
𝑇̇2(𝑡)𝜏𝑚

𝑇 (𝑡)𝜏𝑚(𝑡)    (4.4) 

𝑃𝑑𝑖𝑠𝑠
𝑠 (𝑡) = 𝑏𝑞̇𝑠

𝑇(𝑡)𝑞̇𝑠(𝑡) −
1

2𝑏
(𝜏𝑠(𝑡) + 𝑏𝑞̇𝑠(𝑡))

2
−
𝑏

2
𝑇̇1(𝑡)𝑞̇𝑠

𝑇(𝑡)𝑞̇𝑠(𝑡)         (4.5) 
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In this Chapter, the time-varying delays are assumed not to increase or decrease faster 

than the time itself, i.e. |Ṫ1,2(t)| < 1. 𝑇̇1,2 is replaced by a constant parameter 𝜖 in [155] 

and [156]. Its value is set to be the upper bound of  𝑇̇1,2. The passivity observers on the 

master and the slave side can be written as: 

𝑃𝑜𝑏𝑠
𝑚 (𝑡) =

1

𝑏
𝜏𝑚
𝑇 (𝑡)𝜏𝑚(𝑡) −

1

2𝑏
(𝜏𝑚(𝑡) − 𝑏𝑞̇𝑚(𝑡))

2
−
1

2𝑏
𝜖𝜏𝑚
𝑇 (𝑡)𝜏𝑚(𝑡)        (4.6) 

𝑃𝑜𝑏𝑠
𝑠 (𝑡) = 𝑏𝑞̇𝑠

𝑇(𝑡)𝑞̇𝑠(𝑡) −
1

2𝑏
(𝜏𝑠(𝑡) + 𝑏𝑞̇𝑠(𝑡))

2
−
𝑏

2
𝜖𝑞̇𝑠

𝑇(𝑡)𝑞̇𝑠(𝑡)              (4.7) 

By applying the passivity observers, the power flows can be detected in each port. Two 

passivity controllers attached at each port are activated when 𝑃𝑜𝑏𝑠
𝑚  and 𝑃𝑜𝑏𝑠

𝑠  are 

negative so that 𝑃𝑐𝑡𝑟
𝑚 = −𝑃𝑜𝑏𝑠

𝑚  and 𝑃𝑐𝑡𝑟
𝑠 = −𝑃𝑜𝑏𝑠

𝑠  where 𝑃𝑐𝑡𝑟
𝑚  and 𝑃𝑐𝑡𝑟

𝑠 are the dissipated 

power from the passivity controllers. By using the two passivity controllers, the torque 

perceived by the operator 𝜏𝑚
′ (𝑡) and the command velocity of slave 𝑞̇𝑠

′(𝑡) can be 

derived as [155]: 

𝜏𝑚
′ (𝑡) = 𝜏𝑠(𝑡 − 𝑇2(𝑡)) + 𝜏𝑃𝐶(𝑡)                                   (4.8) 

𝑞̇𝑠
′(𝑡) = 𝑞̇𝑚(𝑡 − 𝑇1(𝑡)) − 𝑞̇𝑃𝐶(𝑡)                                  (4.9) 

where τPC(t) is the output of the master side passivity controller and q̇PC(t) is the 

output of the slave side passivity controller.  

Unlike the wave-based system, TDPA using the passivity observers and passivity 

controllers can robustly guarantee the passivity of the communication channels in the 

presence of time varying delays. However, as a conservative method for system 

passivity, this method can largely degrade the system’s transparency in the presence 

of the constant time delays or even no delay (ϵ = 0). During the free space movement 

(𝜏𝑚,𝑠 = 0 ), (17) can be simplified as 𝑃𝑜𝑏𝑠
𝑚 (𝑡) = −

𝑏

2
𝑞̇𝑚
2 (𝑡) , and during the hard 

environmental contact (q̇m,s = 0), (18) can be simplified as 𝑃𝑜𝑏𝑠
𝑠 (𝑡) = −

1

2𝑏
𝜏𝑚
2 (𝑡). 

Under these conditions, 𝑃𝑜𝑏𝑠
𝑚 (𝑡) and 𝑃𝑜𝑏𝑠

𝑠 (𝑡) are negative to the extent that accurate 
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torque and trajectory tracking performances cannot be achieved due to the adverse 

effect of the passivity controllers. 

4.3 Proposed Wave-based TDPA System 

The wave-based TDPA proposed in this analysis exhibits three novel characteristics 

compared to the previous work:  

(1) Under constant time delays, the proposed wave transformation guarantees the 

passivity of the communication channels and ensures that the passivity dissipation 

detected by the proposed observer is positive so that the proposed passivity 

controllers do not affect the torque and trajectory tracking like (2.37)-(2.38). The 

proposed system can achieve higher transparency than the conventional TDPA-

based system in [155], [156]. 

(2) In the presence of arbitrary time-varying delays, the proposed wave-based TDPA 

takes effect by observing the negative power Pdiss to robustly guarantee the system 

passivity and is not as over-conservative as the conventional wave-based 

controllers in [25]. 

(3) The consistent problems of the wave-based system, i.e. wave-based reflections and 

position drift are simultaneously solved in the proposed system. 

4.3.1 Proposed Wave Variable Transformation 

Figure 4.1 shows the modified wave variable transformation proposed in this section. 

The modified wave variable transformation is applied to encode the feed-forward 

signals Vm
′  with the feedback signals Is

′ . The wave variables in this controller are 

defined as follows: 

𝑢𝑚(𝑡) =
𝑏𝑉𝑚

′ (𝑡) + 𝐼𝑚(𝑡)

√2𝑏
, 𝑢𝑠(𝑡) =

𝑏𝑉𝑠(𝑡) + 𝐼𝑠
′(𝑡)

√2𝑏
                              (4.10) 

𝑣𝑚(𝑡) =
𝐵𝐼𝑚(𝑡) − 𝑏𝑉𝑚

′ (𝑡)

√2𝑏
, 𝑣𝑠(𝑡) =

𝐵𝐼𝑠
′(𝑡) − 𝑏𝑉𝑠(𝑡)

√2𝑏
                         (4.11) 
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where b and B are positive wave characteristic impedances (b, B > 1). By applying 

impedance matching to reduce the wave-based reflections, 𝑉𝑚
′  and 𝐼𝑠

′ are derived as: 

𝑉𝑚
′ (𝑡) = 𝑉𝑚(𝑡) −

1

𝑏
𝐼𝑚(𝑡)                                            (4.12) 

𝐼𝑠
′(𝑡) = 𝐼𝑠(𝑡) +

𝑏

𝐵
𝑉𝑠 (𝑡)                                             (4.13) 

where 

𝑉𝑚(𝑡) = 𝛼1𝑘𝑎𝜏ℎ(𝑡) + 𝛽(𝑞̇𝑚(𝑡) + 𝛿𝑞𝑚(𝑡))                           (4.14) 

𝐼𝑠(𝑡) = 𝛼2𝑘𝑏𝜏𝑒(𝑡) − 𝛽(𝑞̇𝑠(𝑡) + 𝛿𝑞𝑠(𝑡))                              (4.15) 

 

Figure 4.1. Proposed wave-based transformation 

𝜏ℎ  and 𝜏𝑒  are measured human and environmental torques. 𝑞𝑚,𝑠  are the master and 

slave’s positions. 𝛼1, 𝛼2, 𝑘𝑎, 𝑘𝑏, 𝛽 and 𝛿 are positive constants. According to (4.14) 

and (4.15), since the four signals of torque and position signals of the master and the 

slave, are transmitted through the communication channels, the system applying the 

proposed wave controller is called 4-CH wave-based teleoperation system. 

Substituting (4.14) and (4.15) into (4.12) and (4.13), the proposed wave variables can 

be written as: 

𝑢𝑚(𝑡) =
𝑏

√2𝑏
𝑉𝑚(𝑡), 𝑢𝑠(𝑡) =

(𝑏 +
𝑏
𝐵)𝑉𝑠

(𝑡) + 𝐼𝑠(𝑡)

√2𝑏
                            (4.16) 
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𝑣𝑚(𝑡) =
(𝐵 + 1)𝐼𝑚(𝑡) − 𝑏𝑉𝑚(𝑡)

√2𝑏
, 𝑣𝑠(𝑡) =

𝐵

√2𝑏
𝐼𝑠(𝑡)                          (4.17) 

As shown in (4.16)-(4.17), since the outgoing wave variable 𝑢𝑚(𝑡)  and 𝑣𝑠(𝑡)  no 

longer contain components of the incoming wave variables 𝑢𝑠(𝑡)  and 𝑣𝑚(𝑡) , the 

circulating wave-based reflections can be prevented. In addition, based on (4.14)-

(4.17), since the sign of 𝜏ℎ(𝑡)  is opposite to that of 𝜏𝑒(𝑡) , 𝑉𝑚,𝑠(𝑡) , 𝑢𝑚,𝑠(𝑡)  have 

opposite signs to  Im,s(t), vm,s(t). In the communication channel, based on Figure 3, 

the incoming wave variables 𝑢𝑠(𝑡) and 𝑣𝑚(𝑡) are derived as: 

𝑢𝑠(𝑡) = (
1

𝐵
+ 1) 𝑢𝑚(𝑡 − 𝑇1(𝑡)) +

1

𝐵
𝑣𝑠(𝑡)                              (4.18) 

𝑣𝑚(𝑡) = (
1

𝐵
+ 1) 𝑣𝑠(𝑡 − 𝑇2(𝑡)) − 𝑢𝑚(𝑡)                               (4.19) 

Substituting (4.16) and (4.17) into (4.18) and (4.19), the feed-forward and feedback 

signals transmission in the modified wave controller can be derived as: 

𝑉𝑠(𝑡) = 𝑉𝑚(𝑡 − 𝑇1(𝑡))                                                  (4.20) 

𝐼𝑚(𝑡) = 𝐼𝑠(𝑡 − 𝑇2(𝑡))                                                  (4.21) 

Compared with the conventional wave controller, the biased term in (2.37) and (2.38) 

are thoroughly compensated for in the proposed wave-based system. Thus, highly 

accurate tracking performances can be achieved. The following equations can be 

derived based on (4.16)-(4.19): 

𝐼𝑚(𝑡) =
√2𝑏

1 + 𝐵
(𝑢𝑚(𝑡) + 𝑣𝑚(𝑡)), 𝑉𝑚(𝑡) = √

2

𝑏
𝑢𝑚(𝑡)                (4.22) 

𝐼𝑠(𝑡) =
√2𝑏

𝐵
𝑣𝑠(𝑡), 𝑉𝑠(𝑡) =

𝐵√2𝑏

𝐵𝑏 + 𝑏
(𝐵𝑢𝑠(𝑡) − 𝑣𝑠(𝑡))                 (4.23) 

Hence the power flow into the TDPN using the modified wave controller can be 

expressed as:  

𝑃(𝑡) = 𝑉𝑚(𝑡)𝐼𝑚(𝑡) − 𝑉𝑠(𝑡)𝐼𝑠(𝑡) 
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=
2

1 + 𝐵
(𝑢𝑚(𝑡) + 𝑣𝑚(𝑡))𝑢𝑚(𝑡) −

2

𝐵(1 + 𝐵)
(𝐵𝑢𝑠(𝑡) − 𝑣𝑠(𝑡))𝑣𝑠(𝑡) 

=
2

1 + 𝐵
𝑢𝑚
𝑇 (𝑡)𝑢𝑚(𝑡) +

2

𝑀(1 + 𝐵)
𝑣𝑚
𝑇 (𝑡)𝑣𝑚(𝑡)

−
1

𝑀(1 + 𝐵)
(𝑣𝑚(𝑡) − 𝑀𝑢𝑚(𝑡))

𝑇
(𝑣𝑚(𝑡) − 𝑀𝑢𝑚(𝑡))

−
1

𝑀(1 + 𝐵)
(𝑣𝑠

𝑇(𝑡)𝑣𝑠(𝑡) − 𝑣𝑚
𝑇 (𝑡)𝑣𝑚(𝑡)) +

2

𝐵(1 + 𝐵)
𝑣𝑠
𝑇(𝑡)𝑣𝑠(𝑡)

+
2𝑀

1 + 𝐵
𝑢𝑠
𝑇(𝑡)𝑢𝑠(𝑡)

−
1

𝑀(1 + 𝐵)
(𝑣𝑠(𝑡) + 𝑀𝑢𝑠(𝑡))

𝑇
(𝑣𝑠(𝑡) + 𝑀𝑢𝑠(𝑡))

−
𝑀

1 + 𝐵
(𝑢𝑚

𝑇 (𝑡)𝑢𝑚(𝑡) − 𝑢𝑠
𝑇(𝑡)𝑢𝑠(𝑡)) 

=
2

1 + 𝐵
𝑢𝑚
𝑇 (𝑡)𝑢𝑚(𝑡) +

2

𝑀(1 + 𝐵)
𝑣𝑚
𝑇 (𝑡)𝑣𝑚(𝑡)

−
1

𝑀(1 + 𝐵)
(𝑣𝑚(𝑡) − 𝑀𝑢𝑚(𝑡))

𝑇
(𝑣𝑚(𝑡) − 𝑀𝑢𝑚(𝑡))

−
1

𝑀(1 + 𝐵)
𝑇̇2𝑣𝑚

𝑇 (𝑡)𝑣𝑚(𝑡) +
2

𝐵(1 + 𝐵)
𝑣𝑠
𝑇(𝑡)𝑣𝑠(𝑡)

+
2𝑀

1 + 𝐵
𝑢𝑠
𝑇(𝑡)𝑢𝑠(𝑡)

−
1

𝑀(1 + 𝐵)
(𝑣𝑠(𝑡) + 𝑀𝑢𝑠(𝑡))

𝑇
(𝑣𝑠(𝑡) + 𝑀𝑢𝑠(𝑡))

−
𝑀

1 + 𝐵
𝑇̇1𝑢𝑠

𝑇(𝑡)𝑢𝑠(𝑡) +
𝑀

1 + 𝐵
∫ 𝑢𝑚

𝑇 (𝜂)𝑢𝑚(𝜂)𝑑𝜂
𝑡

𝑡−𝑇1(𝑡)

+
1

𝑀(1 + 𝐵)
∫ 𝑣𝑠

𝑇(𝜂)𝑣𝑠(𝜂)𝑑𝜂
𝑡

𝑡−𝑇2(𝑡)

= 𝑃𝑑𝑖𝑠𝑠(𝑡) +
𝑑𝐸

𝑑𝑡
(𝑡)                                                                               (4.24) 

𝐸(𝑡) =
𝑀

1 + 𝐵
∫ 𝑢𝑚

𝑇 (𝜂)𝑢𝑚(𝜂)𝑑𝜂
𝑡

𝑡−𝑇1(𝑡)

+
1

𝑀(1 + 𝐵)
∫ 𝑣𝑠

𝑇(𝜂)𝑣𝑠(𝜂)𝑑𝜂
𝑡

𝑡−𝑇2(𝑡)

 (4.25) 
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𝑃𝑑𝑖𝑠𝑠(𝑡) =
2

1 + 𝐵
𝑢𝑚
𝑇 (𝑡)𝑢𝑚(𝑡) +

2

𝑀(1 + 𝐵)
𝑣𝑚
𝑇 (𝑡)𝑣𝑚(𝑡)

−
1

𝑀(1 + 𝐵)
(𝑣𝑚(𝑡) − 𝑀𝑢𝑚(𝑡))

𝑇
(𝑣𝑚(𝑡) − 𝑀𝑢𝑚(𝑡))

−
1

𝑀(1 + 𝐵)
𝑇̇2𝑣𝑚

𝑇 (𝑡)𝑣𝑚(𝑡) +
2

𝐵(1 + 𝐵)
𝑣𝑠
𝑇(𝑡)𝑣𝑠(𝑡)

+
2𝑀

1 + 𝐵
𝑢𝑠
𝑇(𝑡)𝑢𝑠(𝑡)

−
1

𝑀(1 + 𝐵)
(𝑣𝑠(𝑡) + 𝑀𝑢𝑠(𝑡))

𝑇
(𝑣𝑠(𝑡) + 𝑀𝑢𝑠(𝑡))

−
𝑀

1 + 𝐵
𝑇̇1𝑢𝑠

𝑇(𝑡)𝑢𝑠(𝑡)                                                                          (4.26) 

where M is a positive constant which relates the unit of 𝑢𝑚,𝑠 and 𝑣𝑚,𝑠. According to 

(4.25), the net energy flow in the TDPN is absolutely positive to guarantee passivity 

of the TDPN. Based on the definition of passivity and assuming 𝐸(0) = 0, the energy 

flow is derived as [156]: 

𝐸𝑓𝑙𝑜𝑤(𝑡) = ∫ 𝑃(𝜂)𝑑𝜂
𝑡

0

= ∫ (𝑃𝑑𝑖𝑠𝑠(𝜂) +
𝑑𝐸

𝑑𝑡
(𝜂))𝑑𝜂

𝑡

0

= 𝐸(𝑡) − 𝐸(0) + ∫ 𝑃𝑑𝑖𝑠𝑠(𝜂)𝑑𝜂
𝑡

0

≥ ∫ 𝑃𝑑𝑖𝑠𝑠(𝜂)𝑑𝜂
𝑡

0

                                                                                    (4.27) 

Therefore, under the condition that Pdiss(η) ≥ 0, based on (4.27), the energy flow 

Eflow(t) is more than zero and the passivity of the TDPN can be achieved. Pdiss(t) in 

(4.26) can also be defined as the sum of master power dissipation components Pdiss
m (t) 

and slave power dissipation components Pdiss
s (t): 

𝑃𝑑𝑖𝑠𝑠
𝑚 (𝑡) =

2

1 + 𝐵
𝑢𝑚
𝑇 (𝑡)𝑢𝑚(𝑡) +

2

𝑀(1 + 𝐵)
𝑣𝑚
𝑇 (𝑡)𝑣𝑚(𝑡)

−
1

𝑀(1 + 𝐵)
(𝑣𝑚(𝑡) − 𝑀𝑢𝑚(𝑡))

𝑇
(𝑣𝑚(𝑡) − 𝑀𝑢𝑚(𝑡))

−
1

𝑀(1 + 𝐵)
𝑇̇2𝑣𝑚

𝑇 (𝑡)𝑣𝑚(𝑡)                                                                 (4.28) 
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𝑃𝑑𝑖𝑠𝑠
𝑠 (𝑡) =

2

𝐵(1 + 𝐵)
𝑣𝑠
𝑇(𝑡)𝑣𝑠(𝑡) +

2𝑀

1 + 𝐵
𝑢𝑠
𝑇(𝑡)𝑢𝑠(𝑡)

−
1

𝑀(1 + 𝐵)
(𝑣𝑠(𝑡) + 𝑀𝑢𝑠(𝑡))

𝑇
(𝑣𝑠(𝑡) + 𝑀𝑢𝑠(𝑡))

−
𝑀

1 + 𝐵
𝑇̇1𝑢𝑠

𝑇(𝑡)𝑢𝑠(𝑡)                                                                         (4.29) 

Based on (4.28) and (4.29), since Pdiss
m (t)  and Pdiss

s (t)  only contain the signals 

observed at the master and slave ports, respectively, the proposed passivity observer 

can observe the power dissipation components in real time. The proposed wave-based 

system aims to guarantee the passivity of the communication channels in the presence 

of constant delays. Accordingly, Pdiss
m (t) and Pdiss

s (t) are required to be no less than 0 

under the condition 𝑇̇1,2=0. Therefore, (4.28) and (4.29) can be simplified as: 

𝑃𝑑𝑖𝑠𝑠
𝑚 (𝑡) = (2 −𝑀)𝑢𝑚

𝑇 (𝑡)𝑢𝑚(𝑡) +
1

𝑀
𝑣𝑚
𝑇 (𝑡)𝑣𝑚(𝑡) + 2𝑣𝑚(𝑡)𝑢𝑚(𝑡) ≥ 0       (4.30) 

𝑃𝑑𝑖𝑠𝑠
𝑠 (𝑡) = (

2

𝐵
−
1

𝑀
)𝑣𝑠

𝑇(𝑡)𝑣𝑠(𝑡) + 2𝑀𝑢𝑠
𝑇(𝑡)𝑢𝑠(𝑡) − 2𝑣𝑠(𝑡)𝑢𝑠(𝑡) ≥ 0        (4.31) 

According to (4.20)-(4.31) and noting that 𝑢𝑚,𝑠(𝑡) have opposite sign to 𝑣𝑚,𝑠(𝑡), the 

condition for 𝑃𝑑𝑖𝑠𝑠(𝑡) ≥ 0 in the presence of constant time delays can be derived as: 

{
 
 

 
 
2√
(2 −𝑀)

𝑀
≥ 2 ⇒ 1 ≥ 𝑀 > 0

2

𝐵
−
1

𝑀
≥ 0 ⇒ 2𝑀 ≥ 𝐵 > 1

                                     (4.32) 

Normally, M and B can be set to be 1 and 2, respectively. When (4.32) is satisfied, the 

passivity of the communication channels can be robustly guaranteed by the proposed 

wave variable transformation.  
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4.3.2 Extended power-based TDPA 

 

Figure 4.2. Time delay differential estimator 

According to (4.28)-(4.29), Ṫ1,2 are hard to measure in real time. One option is like the 

conventional TDPA [68] that conservatively estimates a parameter ϵ (ϵ ≤ 1) which is 

equal to the upper bound of Ṫ1,2. Additionally, a time delay differential estimator is 

proposed in this thesis as shown in Fig.4. When this estimator is used, the integral of 

um(t)  and vs(t)  should be sent outside the wave transformation. The proposed 

passivity observer is derived as: 

𝑃𝑜𝑏𝑠
𝑚 (𝑡) =

2

1 + 𝐵
𝑢𝑚
𝑇 (𝑡)𝑢𝑚(𝑡) +

2

𝑀(1 + 𝐵)
𝑣𝑚
𝑇 (𝑡)𝑣𝑚(𝑡)

−
1

𝑀(1 + 𝐵)
(𝑣𝑚(𝑡) − 𝑀𝑢𝑚(𝑡))

𝑇
(𝑣𝑚(𝑡) −𝑀𝑢𝑚(𝑡))

−
1

𝑀(1 + 𝐵)
𝜀1𝑣𝑚

𝑇 (𝑡)𝑣𝑚(𝑡)                                                                (4.33) 

𝑃𝑜𝑏𝑠
𝑠 (𝑡) =

2

𝐵(1 + 𝐵)
𝑣𝑠
𝑇(𝑡)𝑣𝑠(𝑡) +

2𝑀

1 + 𝐵
𝑢𝑠
𝑇(𝑡)𝑢𝑠(𝑡)

−
1

𝑀(1 + 𝐵)
(𝑣𝑠(𝑡) + 𝑀𝑢𝑠(𝑡))

𝑇
(𝑣𝑠(𝑡) + 𝑀𝑢𝑠(𝑡))

−
𝑀

1 + 𝐵
𝜀2𝑢𝑠

𝑇(𝑡)𝑢𝑠(𝑡)                                                                     (4.34) 
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where 

𝜀1,2 = {
𝑇̇1,2
𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒 , 𝑖𝑓 𝑇̇1,2

𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒 ≤ 1

1, 𝑒𝑙𝑠𝑒, 𝑖𝑓  𝑇̇1,2
𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒 > 1

                                  (4.35) 

By using the passivity observer, we design the passivity controller to be:  

𝐼𝑚(𝑡) = 𝐼𝑚(𝑡) + 𝛤1(𝑡)𝑉𝑚(𝑡)                                           (4.36) 

𝑉̂𝑠(𝑡) = 𝑉𝑠(𝑡) + 𝛤2(𝑡)𝐼𝑠(𝑡)                                           (4.37) 

where 𝐼𝑚(𝑡)  and 𝑉̂𝑠(𝑡)  are the final control signals to master and slave after 

modification by the passivity controllers. The Coefficients Γ1(𝑡) and Γ2(𝑡) are derived 

as: 

𝛤1(𝑡) = {
0,   𝑖𝑓 𝑃𝑜𝑏𝑠

𝑚 (𝑡) > 0

−𝑃𝑜𝑏𝑠
𝑚 (𝑡)(𝑉𝑚

𝑇(𝑡)𝑉𝑚(𝑡))
−1
,   𝑒𝑙𝑠𝑒, 𝑖𝑓 |𝑉𝑚(𝑡)| > 0

               (4.38) 

𝛤2(𝑡) = {
0,   𝑖𝑓 𝑃𝑜𝑏𝑠

𝑠 (𝑡) > 0

𝑃𝑜𝑏𝑠
𝑠 (𝑡)(𝐼𝑠

𝑇(𝑡)𝐼𝑠(𝑡))
−1
,   𝑒𝑙𝑠𝑒, 𝑖𝑓 |𝐼𝑠(𝑡)| > 0

                      (4.39) 

Theorem 4.1. The designed passivity controller (4.36)-(4.39) can ensure the passivity 

of the TDPNs in the presence of arbitrary time delays. 

Proof. 

𝑃∗(𝑡) = 𝑉𝑚(𝑡)𝐼𝑚(𝑡) − 𝑉̂𝑠(𝑡)𝐼𝑠(𝑡)

= (𝐼𝑚(𝑡) + 𝛤1(𝑡)𝑉𝑚(𝑡))𝑉𝑚(𝑡) − (𝑉𝑠(𝑡) + 𝛤2(𝑡)𝐼𝑠(𝑡))𝐼𝑠(𝑡)

= (𝑉𝑚(𝑡)𝐼𝑚(𝑡) − 𝑉𝑠(𝑡)𝐼𝑠(𝑡)) + 𝛤1(𝑡)𝑉𝑚
𝑇(𝑡)𝑉𝑚(𝑡) − 𝛤2(𝑡)𝐼𝑠

𝑇(𝑡)𝐼𝑠(𝑡)

= (𝑃𝑑𝑖𝑠𝑠(𝑡) +
𝑑𝐸(𝑡)

𝑑𝑡
) + 𝛤1(𝑡)𝑉𝑚

𝑇(𝑡)𝑉𝑚(𝑡) − 𝛤2(𝑡)𝐼𝑠
𝑇(𝑡)𝐼𝑠(𝑡)

= (𝑃𝑜𝑏𝑠
𝑚 (𝑡) + 𝛤1(𝑡)𝑉𝑚

𝑇(𝑡)𝑉𝑚(𝑡)) + (𝑃𝑜𝑏𝑠
𝑠 (𝑡) − 𝛤2(𝑡)𝐼𝑠

𝑇(𝑡)𝐼𝑠(𝑡))

+
𝑑𝐸(𝑡)

𝑑𝑡
= 𝑃𝑑𝑖𝑠𝑠(𝑡) +

𝑑𝐸

𝑑𝑡
(𝑡)                                                           (4.40) 
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Based on the definition of the coefficients Γ1(t) and Γ2(t) in (4.38) and (4.39), Pdiss
∗  

can be ensured to be non-negative. Therefore, in the presence of time-varying delays, 

the proposed wave-based TDPA takes effect to guarantee the passivity of the 

communication channels when Pobs
m (t) and Pobs

s (t) are negative. Unlike the TDPA-

based system in previous work, in the presence of constant and decreasing time delays, 

highly accurate tracking performances can be achieved in the proposed system. Only 

when the time delays are increasing, the system passivity is maintained by reducing 

transparency. 

4.3.3 Control Laws 

The dynamic models of the master and slave apply (3.37) and (3.38) in Section 3. By 

applying the modified wave controller, the passivity observer and the passivity 

controller, the energy information such as torque, position and velocity signals are 

expected to be transmitted through the communication channels without influencing 

the system passivity. Two control terms 𝑆𝑚 and 𝑆𝑠 in the master and slave side are 

introduced as follows: 

𝑆𝑚(𝑡) = 𝛼2𝜏𝑡ℎ(𝑡) − 𝛽(𝑞̇𝑚(𝑡) + 𝛿𝑞𝑚(𝑡)) − 𝐼𝑚(𝑡)

= 𝛼2 (𝜏𝑡ℎ(𝑡) − 𝑘𝑏𝜏𝑡𝑒(𝑡 − 𝑇2(𝑡)))

+ 𝛽 (𝑞̇𝑠(𝑡 − 𝑇2(𝑡)) + 𝛿𝑞𝑠(𝑡 − 𝑇2(𝑡))) − 𝛽(𝑞̇𝑚(𝑡) + 𝛿𝑞𝑚(𝑡))

− 𝛤1(𝑡) (𝛼1𝑘𝑎𝜏𝑡ℎ(𝑡) + 𝛽(𝑞̇𝑚(𝑡) + 𝛿𝑞𝑚(𝑡)))                                (4.41) 

𝑆𝑠(𝑡) = 𝑉̂𝑠(𝑡) − 𝛽(𝑞̇𝑠(𝑡) + 𝛿𝑞𝑠(𝑡)) − 𝛼1𝜏𝑒(𝑡)

= 𝛼1 (𝑘𝑎𝜏𝑡ℎ(𝑡 − 𝑇1(𝑡)) − 𝜏𝑡𝑒(𝑡))

+ 𝛽 (𝑞̇𝑚(𝑡 − 𝑇1(𝑡)) + 𝛿𝑞𝑚(𝑡 − 𝑇1(𝑡))) − 𝛽(𝑞̇𝑠(𝑡) + 𝛿𝑞𝑠(𝑡))

+ 𝛤2(𝑡) (𝛼2𝑘𝑏𝜏𝑡𝑒(𝑡) − 𝛽(𝑞̇𝑠(𝑡) + 𝛿𝑞𝑠(𝑡)))                                 (4.42) 

By defining new variables 𝑟𝑖(𝑡) = 𝑞̇𝑖(𝑡) + 𝛿𝑞𝑖(𝑡), (4.41) and (4.42) can be simplified 

as (4.43) and (4.44). 
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𝑆𝑚 = 𝛼2𝜏ℎ(𝑡) − 𝛽𝑟𝑚(𝑡) − 𝐼𝑚(𝑡)

= 𝛼2 (𝜏ℎ(𝑡) − 𝑘𝑏𝜏𝑒(𝑡 − 𝑇2(𝑡))) + 𝛽 (𝑟𝑠(𝑡 − 𝑇2(𝑡)) − 𝑟𝑚(𝑡))

− 𝛤1(𝑡)(𝛼1𝑘𝑎𝜏ℎ(𝑡) + 𝛽𝑟𝑚(𝑡))                                                        (4.43) 

𝑆𝑠 = 𝑉̂𝑠(𝑡) − 𝛽𝑟𝑠(𝑡) − 𝛼1𝜏𝑒(𝑡)

= 𝛼1 (𝑘𝑎𝜏ℎ(𝑡 − 𝑇1(𝑡)) − 𝜏𝑒(𝑡)) + 𝛽 (𝑟𝑚(𝑡 − 𝑇1(𝑡)) − 𝑟𝑠(𝑡))

+ 𝛤2(𝑡)(𝛼2𝑘𝑏𝜏𝑒(𝑡) − 𝛽𝑟𝑠(𝑡))                                                           (4.44) 

Based on (4.43)-(4.44), the diagram of the proposed 4-CH system can be configured 

as Figure 4.3. 

 

Figure 4.3. Diagram of the proposed 4-CH system 

The human operator and the environment are assumed to be passive and are modeled 

as (3.68) and (3.69). Since acceleration signals with noises may significantly influence 

stability, we use the force observer to measure torques for transmission which only 

contain position and velocity signals. The transmitted force signals are modeled as 

(3.70)-(3.71) 

Theorem 4.2. Consider the proposed nonlinear bilateral teleoperation system where 

the applied and measured operator torque and environmental torque are assumed to be 

passive as (3.68)-(3.69). During this scenario, for all initial conditions, all signals in 

this system are bounded and the master and slave manipulators state synchronized in 

the sense of (3.59) and (3.60).  

Proof. Consider a positive semi-definite function V(qi, q̇i, t) for the system as: 
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𝑉 =
1

2
[𝑟𝑚
𝑇(𝑡)𝑀𝑚(𝑞𝑚)𝑟𝑚(𝑡) + 𝑟𝑠

𝑇(𝑡)𝑀𝑠(𝑞𝑠)𝑟𝑠(𝑡) + 𝜃̃𝑚
𝑇𝜓−1𝜃̃𝑚 + 𝜃̃𝑠

𝑇𝛬−1𝜃̃𝑠]

+
𝛽

2

1

1 − 𝑇̇1(𝑡)
∫ 𝑟𝑚

𝑇(𝜂)𝑟𝑚(𝜂)𝑑𝜂
𝑡

𝑡−𝑇1(𝑡)

+
𝛽

2

1

1 − 𝑇̇2(𝑡)
∫ 𝑟𝑠

𝑇(𝜂)𝑟𝑠(𝜂)𝑑𝜂
𝑡

𝑡−𝑇2(𝑡)

+
𝛼2𝛼𝑚
2

∫ 𝑟𝑚
𝑇(𝜂)

𝑡

𝑡−𝑇1(𝑡)

𝑟𝑚(𝜂)𝑑𝜂

+
𝛼1𝛼𝑠
2
∫ 𝑟𝑠

𝑇(𝜂)
𝑡

𝑡−𝑇2(𝑡)

𝑟𝑠(𝜂)𝑑𝜂 + 𝑞𝑚
𝑇 (𝑡)𝛼𝑚𝛿𝑞𝑚(𝑡) + 𝑞𝑠

𝑇(𝑡)𝛼𝑠𝛿𝑞𝑠(𝑡)

+ 𝑟𝑚
𝑇(𝑡)𝛼𝑚

′ 𝛿𝑟𝑚(𝑡) + 𝑟𝑠
𝑇(𝑡)𝛼𝑠

′𝑟𝑠(𝑡)                                                    (4.45) 

Since V is the sum of several quadratic terms, V is positive semi-definite. Applying 

property 3, the derivative of V are derived as: 

𝑉̇ = 𝑟𝑚
𝑇(𝑡)𝑆𝑚(𝑡) + 𝑟𝑠

𝑇(𝑡)𝑆𝑠(𝑡) − 𝑟𝑚
𝑇(𝑡)𝛼𝑚𝑟𝑚(𝑡) − 𝑟𝑠

𝑇(𝑡)𝛼𝑠𝑟𝑠(𝑡)

+
1

1 − 𝑇̇1(𝑡)
𝑟𝑚
𝑇(𝑡)

𝛽

2
𝑟𝑚(𝑡) − 𝑟𝑚

𝑇(𝑡 − 𝑇1(𝑡))
𝛽

2
𝑟𝑚(𝑡 − 𝑇1(𝑡))

+
1

1 − 𝑇̇2(𝑡)
𝑟𝑠
𝑇(𝑡)

𝛽

2
𝑟𝑠(𝑡) − 𝑟𝑠

𝑇(𝑡 − 𝑇2(𝑡))
𝛽

2
𝑟𝑠(𝑡 − 𝑇2(𝑡))

+ 𝑟𝑚
𝑇(𝑡)

𝛼2𝛼𝑚
2

𝑟𝑚(𝑡)

−
𝛼2𝛼𝑚
2

(1 − 𝑇̇1(𝑡)) 𝑟𝑚
𝑇(𝑡 − 𝑇1(𝑡))𝑟𝑚(𝑡 − 𝑇1(𝑡)) + 𝑟𝑠

𝑇(𝑡)
𝛼1𝛼𝑠
2
𝑟𝑠(𝑡)

−
𝛼1𝛼𝑠
2
(1 − 𝑇̇2(𝑡)) 𝑟𝑠

𝑇(𝑡 − 𝑇2)𝑟𝑠(𝑡 − 𝑇2) + 𝑞̇𝑚(𝑡)2𝛼𝑚𝛿𝑞𝑚(𝑡)

+ 𝑞̇𝑠(𝑡)2𝛼𝑠𝛿𝑞𝑠(𝑡) 
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= −
𝛽

2
(𝑒𝑣𝑚(𝑡) + 𝛿𝑒𝑝𝑚(𝑡))

𝑇

(𝑒𝑣𝑚(𝑡) + 𝛿𝑒𝑝𝑚(𝑡))

−
𝛽

2
(𝑒𝑣𝑠(𝑡) + 𝛿𝑒𝑝𝑠(𝑡))

𝑇

(𝑒𝑣𝑠(𝑡) + 𝛿𝑒𝑝𝑠(𝑡))

− (𝑞̇𝑚
𝑇 (𝑡)𝛼𝑚𝑞̇𝑚(𝑡) + 𝑞𝑚

𝑇 (𝑡)𝛼𝑚𝛿
2𝑞𝑚(𝑡) + 𝑞̇𝑠

𝑇(𝑡)𝛼𝑠𝑞̇𝑠(𝑡)

+ 𝑞𝑠
𝑇(𝑡)𝛼𝑠𝛿

2𝑞𝑠(𝑡))

− ((
𝛼2𝛼𝑚
2

+ 𝛽𝛤1(𝑡) − 𝛼1𝛼𝑚𝑘𝑎𝛤1(𝑡) −
𝑇̇1(𝑡)𝛽

2 − 2𝑇̇1(𝑡)
) 𝑟𝑚

𝑇(𝑡)𝑟𝑚(𝑡)

+ 𝛼2𝑘𝑏𝛼𝑠𝑟𝑚
𝑇(𝑡)𝑟𝑠(𝑡 − 𝑇2(𝑡))

+
𝛼1𝛼𝑠
2
(1 − 𝑇̇2(𝑡)) 𝑟𝑠

𝑇(𝑡 − 𝑇2(𝑡))𝑟𝑠(𝑡 − 𝑇2(𝑡)))

− ((
𝛼1𝛼𝑠
2

+ 𝛽𝛤2(𝑡) − 𝛼2𝛼𝑠𝑘𝑏𝛤2(𝑡) −
𝑇̇2(𝑡)𝛽

2 − 2𝑇̇2(𝑡)
) 𝑟𝑠

𝑇(𝑡)𝑟𝑠(𝑡)

+ 𝛼1𝑘𝑎𝛼𝑚𝑟𝑠
𝑇(𝑡)𝑟𝑚(𝑡 − 𝑇1(𝑡))

+
𝛼2𝛼𝑚
2

(1 − 𝑇̇1(𝑡)) 𝑟𝑚
𝑇(𝑡 − 𝑇1(𝑡))𝑟𝑚(𝑡 − 𝑇1(𝑡))) ≤ 0       (4.46) 

In order to derive a negative semi-definite V̇, the last two terms of (4.46) must be no 

more than zero. A sufficient condition is derived as: 

√(α2αm + 2βΓ1(t) − 2α1αmkaΓ1(t) −
Ṫ1(t)β

1 − Ṫ1(t)
)α1αs (1 − Ṫ2(t)) ≥ α2αs kb 

(4.47) 

√(α1αs + 2βΓ2(t) − 2α2αskbΓ2(t) −
Ṫ2(t)𝛽

1 − Ṫ2(t)
)α2αm (1 − Ṫ1(t)) ≥ α1αmka  

(4.48) 

To make (4.47) and (4.48) true, 𝛼2𝛼𝑚 + 2𝛽Γ1(𝑡) − 2𝛼1𝛼𝑚𝑘𝑎Γ1(𝑡) −
𝑇̇1(𝑡)β

1−𝑇̇1(𝑡)
 and 

𝛼1𝛼𝑠 + 2𝛽Γ2(𝑡) − 2𝛼2𝛼𝑠𝑘𝑏Γ2(𝑡) −
𝑇̇2(𝑡)𝛽

1−𝑇̇2(𝑡)
 must be non-negative. That is: 
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α2αm + 2βΓ1(t) − 2α1αmkaΓ1(t) −
Ṫ1(t)𝛽

1 − Ṫ1(t)
≥ 0                      (4.49) 

α1αs + 2βΓ2(t) − 2α2αskbΓ2(t) −
Ṫ2(t)𝛽

1 − Ṫ2(t)
≥ 0                      (4.50) 

In the presence of constant or decreasing time delays (Ṫ1,2 ≤ 0), the passivity of the 

communication channels are guaranteed by the proposed wave controller and 

Γ1,2(𝑡) = 0 . Resulting in (4.47) and (4.48) to be true. When the time delays are 

increasing, Γ1(𝑡) is positive and Γ2(𝑡) is negative. The terms 
𝑇̇1(𝑡)

1−𝑇̇1(𝑡)
 and 

𝑇̇2(𝑡)

1−𝑇̇2(𝑡)
 can be 

seen as the energy generated by the increasing time delays which can be dissipated by 

the passivity controllers as analyzed in Section 3. By setting 

𝛼2𝑘𝑏𝛼𝑠 ≥ 𝛽 ≥ 𝛼1𝑘𝑎𝛼𝑚                                        (4.51) 

(4.49) and (4.50) are true. Since the terms Γ1(𝑡) and Γ2(𝑡) can compensate for the 

effects of time-varying delays, (4.52) and (4.53) can be simplified as: 

𝑘𝑏
2 ≤ 𝛼1𝛼2

−1𝛼𝑚𝛼𝑠
−1                                                  (4.52) 

𝑘𝑎
2 ≤ 𝛼2𝛼1

−1𝛼𝑠𝛼𝑚
−1                                                   (4.53) 

Therefore, it is derived that ka,b ≤ 1. With an appropriate selection of α1  and α2 , 

choosing ka and kb close enough to 1 will result in a nearly perfect torque tracking. 

Since the value of the position control gain β is not influenced by the former analyzed 

stability condition, highly accurate position tracking can be achieved in the presence 

of constant or slow-varying time delays (𝑇̇1,2 → 0). In the presence of sharp-varying 

time delays (𝑇̇1,2 → 1), due to the large effect of 𝛤1,2(𝑡), both torque tracking and 

trajectory tracking will be degraded in order to guarantee the stability of the system.  

By satisfying (4.52) and (4.53), V̇  is guaranteed to be negative semi-definite. 

Integrating both sides of (4.46), we get: 
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+∞ > 𝑉(0) ≥ 𝑉(0) − 𝑉(𝑡)

≥ ∫
𝛽

2
(𝑒𝑣𝑚(𝑡) + 𝛿𝑒𝑝𝑚(𝑡))

𝑇

(𝑒𝑣𝑚(𝑡) + 𝛿𝑒𝑝𝑚(𝑡))
𝑡

0

+
𝛽

2
(𝑒𝑣𝑠(𝑡) + 𝛿𝑒𝑝𝑠(𝑡))

𝑇

(𝑒𝑣𝑠(𝑡) + 𝛿𝑒𝑝𝑠(𝑡))

+ (𝑞̇𝑚
𝑇 (𝑡)𝛼𝑚𝑞̇𝑚(𝑡) + 𝑞𝑚

𝑇 (𝑡)𝛼𝑚𝛿
2𝑞𝑚(𝑡) + 𝑞̇𝑠

𝑇(𝑡)𝛼𝑠𝑞̇𝑠(𝑡)

+ 𝑞𝑠
𝑇(𝑡)𝛼𝑠𝛿

2𝑞𝑠(𝑡))

+ ((
𝛼2𝛼𝑚
2

+ 𝛽𝛤1(𝑡) − 𝛼1𝛼𝑚𝑘𝑎𝛤1(𝑡) −
𝑇̇1(𝑡)

2 − 2𝑇̇1(𝑡)
) 𝑟𝑚

𝑇(𝑡)𝑟𝑚(𝑡)

+ 𝛼2𝑘𝑏𝛼𝑠𝑟𝑚
𝑇(𝑡)𝑟𝑠(𝑡 − 𝑇2(𝑡))

+
𝛼1𝛼𝑠
2
(1 − 𝑇̇2(𝑡)) 𝑟𝑠

𝑇(𝑡 − 𝑇2(𝑡))𝑟𝑠(𝑡 − 𝑇2(𝑡)))

+ ((
𝛼1𝛼𝑠
2

+ 𝛽𝛤2(𝑡) − 𝛼2𝛼𝑠𝑘𝑏𝛤2(𝑡) −
𝑇̇2(𝑡)

2 − 2𝑇̇2(𝑡)
) 𝑟𝑠

𝑇(𝑡)𝑟𝑠(𝑡)

+ 𝛼1𝑘𝑎𝛼𝑚𝑟𝑠
𝑇(𝑡)𝑟𝑚(𝑡 − 𝑇1(𝑡))

+
𝛼2𝛼𝑚
2

(1 − 𝑇̇1(𝑡)) 𝑟𝑚
𝑇(𝑡 − 𝑇1(𝑡))𝑟𝑚(𝑡 − 𝑇1(𝑡)))                 (4.54) 

Due to the positive semi-definite storage functional V and its negative semi-definite 

differential V̇ , lim
t→∞

V  exists and is finite. Also, ri(t), θ̃i(t) ∈ L∞ , evi(t), epi(t), qi , 

q̇i ∈ L∞ ∩ L2. Since a square integrable signal with a bounded derivative converges to 

the origin [25], lim
t→∞

epm(t) = lim
t→∞

evm(t) = lim
t→∞

eps(t) = lim
t→∞

evs(t) = 0 . Therefore, 

the master and slave manipulators state synchronize in the sense of (3.59) and (3.60). 

The system’s dynamic model (3.37) and (3.38) can also be written as: 

𝑞̈𝑖(𝑡) = 𝑀𝑖
−1[𝑆𝑖 − 𝑌𝑖𝜃̃𝑖 ± 𝜏𝑗(𝑡) − 𝐶𝑖𝑟𝑖(𝑡)] − 𝛿𝑞̇𝑖(𝑡)                    (4.55) 

Differentiating both sides of (4.55): 
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𝑑

𝑑𝑡
𝑞̈𝑖(𝑡) =

𝑑

𝑑𝑡
(𝑀𝑖

−1)[𝑆𝑖 − 𝑌𝑖𝜃̃𝑖 ± 𝜏𝑗(𝑡) − 𝐶𝑖𝑟𝑖(𝑡)]

+ 𝑀𝑖
−1
𝑑

𝑑𝑡
[𝑆𝑖 − 𝑌𝑖𝜃̃𝑖 ± 𝜏𝑗(𝑡) − 𝐶𝑖𝑟𝑖(𝑡)] − 𝛿𝑞̈𝑖(𝑡)                           (4.56) 

For the first term of the right side of (4.56), we have [153]: 

𝑑

𝑑𝑡
(𝑀𝑖

−1) = −𝑀𝑖
−1𝑀̇𝑖𝑀𝑖

−1 = −𝑀𝑖
−1(𝐶𝑖 + 𝐶𝑖

𝑇)𝑀𝑖
−1                       (4.57) 

According to Properties 1 and 4, 
𝑑

𝑑𝑡
(𝑀𝑖

−1) is bounded. Based on Property 5, the terms 

in bracket of (4.56) are also bounded. Therefore, 
𝑑

𝑑𝑡
𝑞̈𝑖(𝑡) ∈ 𝐿∞  and 𝑞̈𝑖(𝑡)  are 

uniformly continuous ( ∫ 𝑞̈𝑖(𝜂)𝑑𝜂 = 𝑞̇𝑖(𝑡) − 𝑞̇𝑖(0)
𝑡

0
). Since q̇i(t) → 0 , it can be 

concluded that q̈i(t) → 0 based on Barbǎlat’s Lemma [25]. 

When manipulating the robots to move through the desired path, the human operator 

can generate energy as well as damping energy. Therefore, in normal conditions, the 

human forces are not passive. Considering this situation, the human and environment 

are modeled as (3.83)-(3.86) 

where α0 is a bounded positive variable, which generates energy as an active term. 

Define 𝑥̅𝑑 = [𝑞𝑚, 𝑞𝑠, 𝑞̇𝑚, 𝑞̇𝑠]
𝑇  and 𝑥𝑑 = [𝑞𝑚, 𝑞𝑠, 𝑟𝑚, 𝑟𝑠]

𝑇 . There is a linear map 

between the two vectors x̅𝑑(t) = ς𝑑x𝑑(t), where ς is a non-singular constant matrix.  

Theorem 4.3. The proposed system is stable and all signals in this system are 

ultimately bounded. 

Proof. By choosing the previous Lyapunov function V and applying (3.83) and (3.86), 

the new derivative V̇∗ can be written as: 

𝑉̇∗ = 𝑉̇ + 𝑟𝑚
𝑇[𝛼2𝛼0 + 𝛼0 − 𝛤1𝛼1𝑘𝑎𝛼0] + 𝑟𝑠

𝑇[𝛼1𝑘𝑎𝛼0]               (4.58) 

Note that  

𝑟𝑚
𝑇[𝛼2𝛼0 + 𝛼0 − 𝛤1𝛼1𝑘𝑎𝛼0] ≤ 𝑛

𝑇‖𝑥‖|𝛼2𝛼0 + 𝛼0 − 𝛤1𝛼1𝑘𝑎𝛼0|      (4.59) 

𝑟𝑠
𝑇[𝛼1𝑘𝑎𝛼0] ≤ 𝑛

𝑇‖𝑥‖|𝛼1𝑘𝑎𝛼0|                                              (4.60) 
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where vector n = [1 1…1]T. Therefore (4.81) can be rewritten as: 

V̇∗ ≤ V̇ + 2‖x‖μ𝑑                                                        (4.61) 

where μ𝑑 = n
T|α2α0 + α0 − Γ1α1kaα0 + α1kaα0| > 0. (4.62) is true: 

𝑉̇ ≤ −(𝑞̇𝑚
𝑇 (𝑡)𝛼𝑚𝑞̇𝑚(𝑡) + 𝑞𝑚

𝑇 (𝑡)𝛼𝑚𝛿
2𝑞𝑚(𝑡) + 𝑞̇𝑠

𝑇(𝑡)𝛼𝑠𝑞̇𝑠(𝑡) + 𝑞𝑠
𝑇(𝑡)𝛼𝑠𝛿

2𝑞𝑠(𝑡))

≤ −𝛶𝑑‖𝑥̅‖
2                                                                                             (4.62) 

where Υ𝑑 is the smallest eigenvalue of αm, αmδ
2, αs, αsδ

2. Setting 0 < ξ𝑑 < 1: 

V̇∗ ≤ −Υ𝑑‖x̅𝑑‖
2 + 2‖x𝑑‖μ

= −Υ𝑑(1 − ξ𝑑)‖ς𝑑‖
2‖x𝑑‖

2 − Υ𝑑ξ𝑑‖𝜍𝑑‖
2‖𝑥𝑑‖

2 + 2‖𝑥𝑑‖μ𝑑    (4.63) 

(4.63) can be simplified as: 

V̇∗ ≤ −Υ𝑑(1 − ξ𝑑)‖ς𝑑‖
2‖x𝑑‖

2, ∀‖x𝑑‖ ≥
2μ𝑑

Υ𝑑ξ𝑑‖𝜍𝑑‖2
                            (4.64) 

Based on (4.64), for large value of x𝑑 satisfying ‖x𝑑‖ ≥
2μ𝑑

Υ𝑑ξ𝑑‖𝜍𝑑‖
2, the derivative V̇∗ is 

negative semi-definite. Hence, x and x̅ are bounded, which means 𝑟𝑖 , 𝑞𝑖 , 𝑞̇𝑖  are also 

bounded. 

4.3.4 Experiment results 

A series of experiments are carried out to validate the proposed passivity-based 

teleoperation system. The bilateral teleoperation platform consists of two 3-DOF 

Phantom haptic devices: Phantom Omni and Phantom Desktop (Sensable 

Technologies, Inc., Wilmington, MA) as shown in Figure 3.19. During the 

experimental process, the control loop is configured as a 1 kHz sampling rate. The 

wave impedance b is set as 2.5. As discussed in Section 3, the impedances B and M 

are 2 and 1, respectively. δ is set to be 1. Setting large value of the position controller 

β can achieve accurate position tracking. However, if it is too large, the system can be 

felt over-damped and large variations may occur. Based on the experimental results, 
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setting β to be 2 can achieve highly accurate position tracking without large variation. 

ka and kb are set to be 0.9. Thus, α1 and α2 are set to be 1.9 and 2.3, respectively. 

4.3.4.1 Experimental Validation using 1-DOF 

In this sub-section, the performance of the proposed system is compared with the 

TDPA-based systems proposed in [155] and [156] under different conditions: free 

motion and hard contact. Three experiments have been done in this subsection, where 

the first two are done under 200ms constant delays (one way) and the final one is done 

under 500ms time delays with 200ms variations. The experiments in this sub-section 

use joint 2 of the master and slave robots as shown in Fig.5 where the gravity takes 

effect. Gravity compensation is applied in all of the systems. The parameters of the 

conventional TDPA-based system are set as recommended in [155] and [156]. 

During free motion, the position tracking between the master and the slave robot, the 

observed power Pobs
m (t) and Pobs

s (t), the human felt torque 𝜏𝑚 and environment torque 

𝜏𝑒 of the system in [156], the system in [155] and the proposed system are shown in 

Figures 4.4, 4.5 and 4.6, respectively. In Figures 4.4 and 4.5, since [155] and [156] 

apply similar passivity observers, even the upper bound of Ṫ1,2 is 0, Pobs
m (t)  is still 

negative as analyzed in Section 2 and the passivity controllers are launched to reduce 

the control signals as (4.8)-(4.9). Therefore, the operator can still feel feedback force 

and the slave robot cannot accurately track the master robot during free motion. Unlike 

the systems in [155] and [156], since the passivity of the proposed system is guaranteed 

by the proposed wave controller, 𝑃𝑜𝑏𝑠
𝑚 (𝑡) and 𝑃𝑜𝑏𝑠

𝑠 (𝑡) are positive and the passivity 

controller will not take effect. Accurate position tracking can be derived and the torque 

felt by the human operator is nearly zero as shown in Figure 4.6. 
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Figure 4.4. Position tracking, observed power, and torque tracking (𝜏𝑚 and 𝜏𝑒) of the 

system in [156] during free motion 

 

Figure 4.5. Position tracking, observed power, and torque tracking (𝜏𝑚 and 𝜏𝑒) of the 

system in [155] during free motion 
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Figure 4.6. Position tracking, observed power, and torque tracking (𝜏𝑚 and 𝜏𝑒) of the 

proposed system during free motion  

During hard contact, the slave robot is controlled in contact with a solid wall. As shown 

in Figures 4.7 and 4.8, both of Pobs
m (t) and Pobs

s (t) are negative in the systems in [155] 

and [156], and the accuracy of the torque tracking between τh and τe is significantly 

affected by the conventional TDPA. On the contrary, the observed power in the 

proposed system is still positive and highly accurate torque tracking is achieved as 

shown in Figure 4.9. It can be concluded that by applying the proposed wave 

transformation to guarantee the system passivity, the proposed system has high 

performance under constant time delays. When the time delay varies, the upper 

bound ϵ of the differential of the time delay is set to be 0.2 in the three systems. Figures 

4.10-4.12 show the torque tracking of the three systems in the hard contact situation. 

As shown in Figures 4.10 and 4.11, according to (4.6)-(4.7), the upper bound ϵ 

increases the negative values of the observed powers in the systems [155] and [156]. 

Therefore, large torque tracking errors caused by the passivity controllers occur during 

the hard contact. By using the proposed passivity observer which is as not conservative 

as that in [155] and [156], the amplitude of the observed power in the proposed system 
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is not reduced as large as that in the systems in [155] and [156]. Hence, the tracking 

errors are smaller than that in the other two systems. 

 

Figure 4.7. Torque tracking (𝜏ℎ, 𝜏𝑚 and 𝜏𝑒) and observed power of the system in [156] 

during hard contact (constant delay) 
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Figure 4.8. Torque tracking (𝜏ℎ, 𝜏𝑚 and 𝜏𝑒) and observed power of the system in [155] 

during hard contact (constant delay) 

 

Figure 4.9. Torque tracking (𝜏ℎ , 𝜏𝑚  and 𝜏𝑒 ) and observed power of the proposed 

system during hard contact (constant delay) 
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Figure 4.10. Torque tracking (𝜏ℎ, 𝜏𝑚 and 𝜏𝑒) and observed power of the system in [156] 

during hard contact (time-varying delay) 

 

Figure 4.11. Torque tracking (𝜏ℎ, 𝜏𝑚 and 𝜏𝑒) and observed power of the system in [155] 

during hard contact (time-varying delay) 
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Figure 4.12. Torque tracking (𝜏ℎ , 𝜏𝑚  and 𝜏𝑒) and observed power of the proposed 

system during hard contact (time-varying delay) 

4.3.4.2 Experimental Validation using 2-DOF 

In this sub-section, the slave robot is controlled to draw a pentacle “☆” on a table. 

Joint 1 and joint 3 of the master and slave robots are deployed to validate the 

experiment. Friction exists between the manipulators and the table. Figure 4.13 shows 

the pentacle “☆” drawn by our proposed system (A), system in [108] (B), the system 

in [74] (C), and the system in [132] (D) in the presence of constant time delays. The 

time delay (one way) is 500ms.  As analyzed in Section 2, in spite of using 4-ch 

architecture, the system in [108], cannot compensate for the biased terms of the 

conventional wave transformation in spite of the extra control parameters. Hence, the 

position tracking is seriously influenced by the presence of large time delays. The 

system in [74] partially compensates for the biased term to enhance the velocity 

tracking of the wave-based system. However, since the torque reflection is not 

improved and the wave reflections exist, the operator feels a damped system when 

driving the master/slave and it is hard to control a slave robot to draw a perfect pentacle 

“☆”. As analyzed before, the torque reflection in the system in [132] is affected 

by b𝑥̇𝑚(𝑡), and the velocity tracking is also affected by Fs(t − T1 − T2) − Fs(t), the 

motion of the slave robot is still influenced although the wave reflections are reduced. 

Compared with the three systems, the proposed system has the most accurate position 

tracking. Moreover, by matching impedance, the proposed system is not over-damped 

and can offer the operator good feelings for the remote environment. Therefore, the 

proposed system can draw the most standard pentacle “☆”. Figure 4.14 shows the 

pentacle “☆” drawn by A. our proposed system, B. system in [155], C. the system in 

[156], D. the system in [25] in the presence of time-varying delays. The time delays 

(one way) are 500ms with approximate 200ms variation. Figure 4.15 shows 𝑇̇1,2 

derived by the time delay differential estimator. In [25], the extra energy caused by 

time-varying delays is eliminated by applying the scaling gain √1 − 𝜖 in the forward 
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and backward communication paths.The upper bound ϵ is set to be 0.2 in the systems 

in [155], [156] and [25]. 

 

 

Figure 4.13. Drawing pentacle “☆” under constant time delays, A. our system, B. 

system in [108], C. system in [74], C. system in [132] 
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Figure 4.14. Drawing pentacle “☆” under time-varying delays, A. our system, B. 

system in [155], C. system in [156], D. system in [25] 

Under time-varying delays, the pentacle “☆” drawn by the slave robots using the four 

systems shrink due to the use of the passivity controller and the scaling gain. Pobs
m (t) 

and Pobs
s (t) observed in the proposed system are shown in Figure 4.16, which is still 

not totally negative. It means the proposed scheme is not as conservative as the 

conventional TDPA. Therefore, the proposed system can draw the pentacle “☆” with 

good shape. The system in [155] has the worst performance since the passivity 

controller seriously affects the work performance and operator’s feelings for the 

remote environment. Moreover, without direct position transmission, this system can 

be easily affected by position drift. Since [156] is an extension of [155] to deal with 

position drift, the system in [156] has better trajectory tracking than the system in [155]. 

However, since its passivity observer is as conservative as [155], its trajectory tracking 

is also reduced. Although using impedance matching to reduce wave reflections, the 

slave motion of the wave-based system in [25] is affected by the biased terms of the 

wave transformation and the scaling gain √1 − ϵ. 



 

147 

 

 

 

 

Figure 4.15. Estimated 𝑇̇1,2 

 

Figure 4.16. Observed power in the proposed system in the presence of time-varying 

delays 

4.3.4.3 Experimental Validation using 3-DOF 

The experiment in this section demonstrates the ability of the proposed system in 

dealing with the transient environment. The slave robot is controlled by two nonlinear 

systems to make contact with a “reverse wall” which is like the scenario of a needle 

puncture as might be experienced in medical applications [154]. In this scenario, the 
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slave end effector freely moves into a solid wall during the first 2 seconds. After hard 

contact for seconds, the wall is suddenly removed allowing the slave end effector to 

move in free space. The configuration parameters of the comparison system are set as 

recommended in [25]. The position and torque tracking of the two systems are shown 

in Figs.20 and 21. The time delay is set to be 500 ms with 100 ms variation. Figure 

4.17 shows the estimated 𝑇̇1,2. 

 

Figure 4.17. Estimated 𝑇̇1,2 

The system in [25] uses the conventional impedance matching approach to diminish 

the wave reflections. The torque and trajectory tracking in [25] can be written as: 

𝑟𝑠(𝑡) =
𝑟𝑚(𝑡 − 𝑇1(𝑡))

2
−
𝜏𝑠(𝑡)

2𝑏
                                                (4.65) 

𝜏𝑚(𝑡) =
𝜏𝑠(𝑡 − 𝑇2(𝑡))

2
+
𝑏𝑟𝑚(𝑡)

2
                                             (4.66) 

where 𝜏𝑚,𝑠(𝑡) are closely related to the impedances of human and environment.  

Figure 4.18 clearly shows one evident drawback of the conventional impedance 

matching. That is, if the impedances of human and environment suddenly change, the 

impedances will mismatch and the wave-based reflections are reinstated. Therefore, 

large signal variations and position drift will occur as shown in Figure 4.18. 
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Figure 4.18 Contact with a reverse wall using the system presented in [25]: position 

tracking and torque tracking (𝜏ℎ and 𝜏𝑒) 

 

Figure 4.19. Contact with a reverse wall using the proposed system: position tracking 

and torque tracking (τh and τe) 
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Figure 4.20. Contact with a reverse wall-position tracking 

 

Figure 4.21. Contact with a reverse wall-torque tracking 
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In the proposed system, by using the modified impedance matching approach, perfect 

torque and trajectory tracking can be achieved. Moreover, by using the 4-CH 

transmission, the control signals Im,s(t)  and Vm,s(t)  are less affected by the 

unpredictable changes of the human and environmental impedances. Therefore, highly 

accurate torque tracking between τh and τe and position tracking are still achieved in 

the sudden changing environment as shown in Figure 4.19. The position tracking and 

torque tracking in fig.21 are shown in 3D figures as Figures 4.20 and 4.21. 

Another advantage of the proposed system is its reasonable performance in the worst 

case when Ṫ1,2 → 1 as shown in Figure 4.22. In this experiment, the time delays are 

set as 2s with 1s variations. Under this condition, the scaling gain √1 − ϵ used in [25] 

is too conservative which is equal to zero and the slave robot are uncontrollable. In 

this situation, we use the proposed system to draw a letter “O” in free space as shown 

in Figure 4.23. The proposed wave-based TDPA guarantee the system’s stability by 

reducing transparency in the presence of sharp-varying time delays. Reasonable 

performance can still be achieved in the worst scenario, although signals variations are 

caused by the time-varying delays and the shape of “O” drawn by the slave is shrunk 

by the passivity controller. 

 

Figure 4.22. Estimated Ṫ1,2 



 

152 

 

 

 

 

Figure 4.23. Drawing letter “O” using proposed system 

4.4 Prescribed performance control with extended wave-based TDPA 

Our proposed wave-based TDPA in Section 4.3 can significantly enhance the system 

transparency compared with the previous approaches in the presence of arbitrary time 

delays. However, it is only proposed to guarantee the passivity of communication 

channels. In practice, the control algorithms in the master side and the slave sides can 

also insert extra energy into the system especially when the measured external force 

signals are involved, to the extent that the overall system’s passivity may still be easily 

jeopardized without proper control parameters. Further exploration for of the TDPA 

based control researches is still needed. 

Traditionally, the transient-state control performance is the main criterion in a control 

system [159]. Ilchmann et al. further analyse the tracking control for the nonlinear 

system and introduces the prescribed performance control (PPC) to obtain the 

prescribed desired transient behaviour [160].. The principal purpose of the PPC is to 

restrict the boundary of the tracking error to a randomly predefined small residual set 

with a convergence speed below a prescribed value, exhibiting a maximum overshoot 

less than a prescribed specified constant [161]. Xie et al. propose a new control 
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algorithm combined with neural network for a robot system to assure the system’s 

tracking error to be restricted by a prescribed decreasing boundary [162]. Bechlioulis 

et al. propose a new neuro-adaptive force/position control algorithm [163]. The 

performance of error evolution within prescribed bounds in both problems of 

regulation and tracking in robotic system is achieved in [164]. Kostarigka et al. analyse 

the pre-set performance control problem for a flexible joint robot with unknown and 

possibly variable elasticity [165]. In the bilateral teleoperation research, Yang et al 

firstly apply the PPC to enhance the position synchronization performance [166]-[167] 

of the master and the slave robots. However, their approach primitively primarily has 

two major shortcomings. First, their proposed PPC approaches methods can only 

guarantee the position synchronization in the presence of constant time delays. 

Secondly, they only consider the case of free space movement without the effect of 

human and environmental forces is considered. In [168], they treat the external forces 

as disturbances that are eliminated by using fuzzy logic controllers, whereas in the real 

application in the environmental contact, the external forces are non-removal. In fact, 

force tracking also plays a crucial role in the application of bilateral teleoperation that 

can largely enhance perception of the operator of the remote environment.  

In this section, we have further extended the wave-based TDPA in section 3.3 to 

guarantee the passivity of the overall system by introducing new passivity observers 

and controllers to monitor the passivity of the master side and the slave side. 

Furthermore, we apply the PPC algorithm to achieve prescribed transient tracking 

behaviour of the position, velocity and external force signals. By combining the 

extended wave-based TDPA and PPC algorithms, the proposed system can achieve 

reasonable position, velocity and force tracking performances in the presence of 

arbitrary time delays.  

4.4.1 Problem formulation 

We define the new synchronization variables as 𝑟𝑖(𝑡) = 𝑞̇𝑖(𝑡) + 𝛿𝑞𝑖(𝑡) where 𝛿 is a 

positive constant. The primitive objective of a bilateral teleoperation is to have the 

positions of the slave accurately synchronized to the position of the master. In the 
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presence of time-varying delays, the position and velocity synchronization errors 

between the master and the slave can be defined as (3.61)-(3.62) 

In this section, the unsymmetrical time delays 𝑇1(𝑡) and 𝑇2(𝑡) are assumed not to 

increase or decrease faster than the time itself. That is, |Ṫ1,2(t)| ≤ μ̅1,2 < 1, where μ̅1,2 

are the upper bounds of Ṫ1,2(t). 

A secondary objective of the bilateral teleoperation is that the operator can genuinely 

feel the remote environment, which is predicated on the accurate force tracking 

between the two robots. In this section, the measured human and environmental 

torques are modeled as (15)-(16) which contains position and velocity signals [28]-

[29], [157]. The measured external torques are acquired by using the extended active 

observer [50]. 

𝜏ℎ(𝑡) = −𝛼𝑚𝑟𝑚(𝑡)                                                  (4.67) 

𝜏𝑒(𝑡) = 𝛼𝑠𝑟𝑠(𝑡)                                                        (4.68) 

where αm  and αs  are positive constants. Therefore, the torque tracking errors are 

defined as (17)-(18) where 𝑘1−2 are positive definite diagonal matrices. 

𝑒𝑡𝑚(𝑡) = 𝑘1𝜏ℎ(𝑡) + 𝑘2𝜏𝑒(𝑡 − 𝑇2(𝑡))                                (4.69) 

𝑒𝑡𝑠(𝑡) = −𝑘1𝜏ℎ(𝑡 − 𝑇1(𝑡)) − 𝑘2𝜏𝑒(𝑡)                               (4.70) 

Based on the position, velocity and torque tracking errors 𝑒𝑝𝑖, 𝑒𝑣𝑖 and 𝑒𝑡𝑖 on the slave 

and the master sides, we can define the total errors for tracking of the transmission 

signals: 

𝑒𝑚(𝑡) = 𝑒𝑣𝑚(𝑡) + 𝛿𝑒𝑝𝑚(𝑡) + 𝑒𝑡𝑚(𝑡)

= 𝑟𝑠(𝑡 − 𝑇2(𝑡)) − 𝑟𝑚(𝑡) + 𝑘2𝛼𝑠𝑟𝑠(𝑡 − 𝑇2(𝑡)) − 𝑘1𝛼𝑚𝑟𝑚(𝑡)   (4.71) 

𝑒𝑠(𝑡) = 𝑒𝑣𝑠(𝑡) + 𝛿𝑒𝑝𝑠(𝑡) + 𝑒𝑡𝑠(𝑡)

= 𝑟𝑚(𝑡 − 𝑇1(𝑡)) − 𝑟𝑠(𝑡) + 𝑘1𝛼𝑚𝑟𝑚(𝑡 − 𝑇1(𝑡)) − 𝑘2𝛼𝑠𝑟𝑠(𝑡)  (4.72) 
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Considering the effect of the time-varying delays, 𝑒̇𝑖(𝑡) can be written as: 

𝑒̇𝑚(𝑡) = (1 − 𝑇̇2(𝑡))𝑟̇𝑠(𝑡 − 𝑇2(𝑡)) − 𝑟̇𝑚(𝑡) + (1 − 𝑇̇2(𝑡))𝑘2𝛼𝑠𝑟̇𝑠(𝑡 − 𝑇2(𝑡))

− 𝑘1𝛼𝑚𝑟̇𝑚(𝑡)                                                                                    (4.73) 

𝑒̇𝑠(𝑡) = (1 − 𝑇̇1(𝑡)) 𝑟̇𝑚(𝑡 − 𝑇1(𝑡)) − 𝑟̇𝑠(𝑡) + (1 − 𝑇̇1(𝑡)) 𝑘1𝛼𝑚𝑟̇𝑚(𝑡 − 𝑇1(𝑡))

− 𝑘2𝛼𝑠𝑟̇𝑠(𝑡)                                                                                      (4.74) 

where 𝑟̇𝑖(𝑡) = 𝑞̈𝑖(𝑡) + 𝛿𝑞̇𝑖(𝑡) contains the velocity and acceleration signals. 

The prescribed performance consists of the minimum convergence velocity, the 

maximum steady state error and the maximum allowed overshoot are set to be a priori. 

Considering the tracking errors 𝑒𝑖  in (4.73)-(4.74), the prescribed performance is 

achieved if 𝑒𝑖 are restricted in a predefined region bounded by a decaying function of 

time. The prescribed performance can be expressed as: 

{
−𝐻𝑖𝐴𝑖(𝑡) < 𝑒𝑖(𝑡) < 𝐴𝑖(𝑡),   𝑖𝑓 𝑒𝑖(0) ≥ 0

−𝐴𝑖(𝑡) < 𝑒𝑖(𝑡) < 𝐻𝑖𝐴𝑖(𝑡),   𝑖𝑓 𝑒𝑖(0) ≤ 0
                                (4.75) 

where 0 < 𝐻𝑖 < 1 and 𝐴𝑖(𝑡) is defined as: 

𝐴𝑖(𝑡) = (𝐴𝑖0 − 𝐴𝑖∞)𝑒
−𝐿𝑖𝑡 + 𝐴𝑖∞                                       (4.76) 

where 𝐴𝑖0 , 𝐴𝑖∞  and 𝐿𝑖  are positive constants. 𝐴𝑖0 = 𝐴𝑖(0)  and 𝐴𝑖∞ =

𝑙𝑖𝑚𝑡→∞𝐴𝑖(𝑡). 𝐴𝑖0 is the initial value of 𝐴𝑖(𝑡), 𝐿𝑖 is the minimum convergence velocity 

and 𝐴𝑖∞ is the maximum allowed steady state error. 

Define 

𝜖𝑖(𝑡) = 𝑅𝑖(
𝑒𝑖(𝑡)

𝐴𝑖(𝑡)
)                                                         (4.77) 

where 𝜖𝑖(𝑡) is the error vector via transformation. 𝑅𝑖 is a smooth, strictly increasing 

function shown as follows: 
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𝑅𝑖 (
𝑒𝑖(𝑡)

𝐴𝑖(𝑡)
) =

{
 
 
 

 
 
 
𝑙𝑛

𝑒𝑖(𝑡)
𝐴𝑖(𝑡)

+ 𝐻𝑖

𝐻𝑖 − 𝐻𝑖
𝑒𝑖(𝑡)
𝐴𝑖(𝑡)

,   𝑖𝑓 𝑒𝑖(0) ≥ 0

𝑙𝑛
𝐻𝑖
𝑒𝑖(𝑡)
𝐴𝑖(𝑡)

+ 𝐻𝑖

𝐻𝑖 −
𝑒𝑖(𝑡)
𝐴𝑖(𝑡)

,   𝑖𝑓 𝑒𝑖(0) < 0

                             (4.78) 

The derivative of 𝜖𝑖(𝑡) can be written as: 

𝜖𝑖̇(𝑡) = 𝜕𝑅𝑖 (𝑒̇𝑖(𝑡) −
𝐴̇𝑖(𝑡)𝑒𝑖(𝑡)

𝐴𝑖(𝑡)
)                                  (4.79) 

where 𝜕𝑅𝑖 =
𝜕𝑅𝑖

𝜕𝑒𝑖/𝐴𝑖

1

𝐴𝑖
. 

Since 𝑅𝑖  is a smooth strictly increasing function and satisfies: 𝑅𝑖: (−𝐻𝑖, 1) →

(−∞,+∞), 𝑒𝑖(0) ≥ 0 and 𝑅𝑖: (−1,𝐻𝑖) → (−∞,+∞), 𝑒𝑖(0) < 0 based on (4.75), by 

guaranteeing the boundedness of 𝜖𝑖(𝑡), (4.75) can be achieved. When 𝜖𝑖(𝑡) converges 

to zero, 𝑒𝑖 will also converges to zero to the extent that the accurate position, velocity 

and torque tracking can be achieved. Based on equation (4.78), the following 

inequalities are true 

{
 
 
 
 

 
 
 
 −𝐿𝑖 <

𝐴̇𝑖(𝑡)

𝐴𝑖(𝑡)
< 0

|𝜖𝑖(𝑡)| >
4

(𝐻𝑖 + 1)𝐴𝑖(𝑡)
|𝑒𝑖(𝑡)|

𝜕𝑅𝑖 >
4

(𝐻𝑖 + 1)𝐴𝑖(𝑡)
>

4

(𝐻𝑖 + 1)𝐴𝑖0
> 0

𝑒𝑖
𝑇(𝑡)𝜕𝑅𝑖𝜖𝑖(𝑡) ≥ (

4

(𝐻𝑖 + 1)𝐴𝑖0
)
2

‖𝑒𝑖‖
2

                                  (4.80) 
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4.4.2 Control algorithm design 

The master-slave teleoperation system can be described by the pairs of power-

conjugated variables, force, position and velocity at each terminal. Equation (4.81) 

describes the power flow 𝑃(𝑡) to the bilateral teleoperation. 

𝑃(𝑡) = 𝑉𝑜𝑢(𝑡)𝐼𝑖𝑛(𝑡) − 𝑉𝑖𝑛(𝑡)𝐼𝑜𝑢(𝑡)

= (𝑉𝑜𝑢(𝑡)𝐼𝑖𝑛(𝑡) − 𝑉𝑚(𝑡)𝐼𝑚(𝑡))⏟                  
𝑃𝑚−𝑚𝑎𝑠𝑡𝑒𝑟

+ (𝑉𝑚(𝑡)𝐼𝑚(𝑡) − 𝑉𝑠(𝑡)𝐼𝑠(𝑡))⏟                
𝑃𝑐𝑜𝑚−𝑐𝑜𝑚𝑚.  𝑐ℎ𝑎.

+ (𝑉𝑠(𝑡)𝐼𝑠(𝑡) − 𝑉𝑖𝑛(𝑡)𝐼𝑜𝑢(𝑡))⏟                
𝑃𝑠−𝑠𝑙𝑎𝑣𝑒

                                                          (4.81) 

where 𝑉𝑜𝑢(𝑡), 𝐼𝑖𝑛(𝑡), 𝑉𝑖𝑛(𝑡) and 𝐼𝑜𝑢(𝑡) are output signal from the master, input signal 

into the master, input signal into the slave and output signal from the slave. 𝑉𝑚(𝑡), 

𝐼𝑚(𝑡) , 𝑉𝑠(𝑡)  and 𝐼𝑠(𝑡)  are the transmission control signals for the communication 

channels. From (4.81), only when the passivity of the master, the communication 

channels and the slave are simultaneously maintained, can the overall system’s 

passivity be guaranteed. 

 

Figure 4.24. Total block diagram 

The total block diagram of the proposed system is shown in Fig.3, where 

𝑉𝑜𝑢(𝑡) = −𝑟𝑚(𝑡) + 𝑘1𝜏ℎ(𝑡) 

𝐼𝑜𝑢(𝑡) = 𝑟𝑠(𝑡) + 𝑘2𝜏𝑒(𝑡) 
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𝑉𝑚1(𝑡) = −𝑉𝑜𝑢(𝑡) 

𝑉𝑚2(𝑡) = −𝑉̇𝑜𝑢(𝑡) = 𝑟̇𝑚(𝑡) − 𝑘1𝜏̇ℎ(𝑡) 

𝐼𝑠1(𝑡) = −𝐼𝑜𝑢(𝑡) 

𝐼𝑠2(𝑡) = −𝐼𝑜̇𝑢(𝑡) = −𝑟̇𝑠(𝑡) − 𝑘2𝜏̇𝑒(𝑡)                               (4.82) 

𝑉𝑚1(𝑡)  and 𝑉𝑚2(𝑡) , 𝐼𝑠1(𝑡)  and 𝐼𝑠2(𝑡)  are separately transmitted via the wave 

transformation in Fig.2 for their further application in PPC controllers. Therefore, the 

power flow 𝑃𝑐𝑜𝑚  in the communication channels can be expressed as: 𝑃𝑐𝑜𝑚(𝑡) =

 𝑃𝑐𝑜𝑚1(𝑡) + 𝑃𝑐𝑜𝑚2(𝑡) = (𝑉𝑚1(𝑡)𝐼𝑚1(𝑡) − 𝑉𝑠1(𝑡)𝐼𝑠1(𝑡)) + (𝑉𝑚2(𝑡)𝐼𝑚2(𝑡) −

𝑉𝑠2(𝑡)𝐼𝑠2(𝑡)). we design the passivity observers for the communication channels as 

(𝑗 = 1,2): 

𝑃𝑐𝑚𝑗(𝑡) =
2

1 + 𝐵
𝑢𝑚𝑗
𝑇 (𝑡)𝑢𝑚𝑗(𝑡) +

2

𝑀(1 + 𝐵)
𝑣𝑚𝑗
𝑇 (𝑡)𝑣𝑚𝑗(𝑡)

−
1

𝑀(1 + 𝐵)
(𝑣𝑚𝑗(𝑡) − 𝑀𝑢𝑚𝑗(𝑡))

𝑇

(𝑣𝑚𝑗(𝑡) − 𝑀𝑢𝑚𝑗(𝑡))

−
1

𝑀(1 + 𝐵)
𝜀2𝑣𝑚𝑗

𝑇 (𝑡)𝑣𝑚𝑗(𝑡)                                                              (4.83) 

𝑃𝑐𝑠𝑗(𝑡) =
2

𝐵(1 + 𝐵)
𝑣𝑠𝑗
𝑇 (𝑡)𝑣𝑠𝑗(𝑡) +

2𝑀

1 + 𝐵
𝑢𝑠𝑗
𝑇 (𝑡)𝑢𝑠𝑗(𝑡)

−
1

𝑀(1 + 𝐵)
(𝑣𝑠𝑗(𝑡) + 𝑀𝑢𝑠𝑗(𝑡))

𝑇

(𝑣𝑠𝑗(𝑡) + 𝑀𝑢𝑠𝑗(𝑡))

−
𝑀

1 + 𝐵
𝜀1𝑢𝑠𝑗

𝑇 (𝑡)𝑢𝑠𝑗(𝑡)                                                                        (4.84) 

Based on (4.83) and (4.84), since 𝑃𝑐𝑚(𝑡)  and 𝑃𝑐𝑠(𝑡)  only have the information 

observed at the master and slave terminals, respectively, 𝑃𝑐𝑚(𝑡)  and 𝑃𝑐𝑠(𝑡)  can 

observe the power dissipation components in real time. The proposed wave 

transformation aims to guarantee the passivity of the communication channels in the 

presence of constant delays. When 𝑇̇1,2 ≥ 0, 𝑃𝑐𝑚(𝑡) and 𝑃𝑐𝑠(𝑡) are required to observe 

non-negative power information so that the passivity controllers will not be launched 

to affect the system transparency. As analysed in Section 4.3, by setting 2√
(2−𝑀)

𝑀
≥
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2 ⇒ 1 ≥ 𝑀 > 0  and 
2

𝐵
−

1

𝑀
≥ 0 ⇒ 2𝑀 ≥ 𝐵 > 1 , 𝑃𝑐𝑚𝑗(𝑡)  and 𝑃𝑐𝑠𝑗(𝑡)  can surely 

observe non-negative power information when 𝑇̇1,2 ≥ 0. 𝜀1,2 in (4.82)-(4.83) are the 

measured differential of time delays using the Time delay differential estimator in 

Fig.4.2. The measured 𝑇̇1,2 can be applied to the proposed passivity observers and the 

PPC controllers. 

We design the passivity controllers for the communication channels as: 

𝐼𝑚𝑗(𝑡) = 𝐼𝑚𝑗(𝑡) + 𝛤𝑐𝑚𝑗(𝑡)𝑉𝑚𝑗(𝑡)                                  (4.85) 

𝑉̂𝑠𝑗(𝑡) = 𝑉𝑠𝑗(𝑡) + 𝛤𝑐𝑠𝑗(𝑡)𝐼𝑠𝑗(𝑡)                                    (4.86) 

where 

𝛤𝑐𝑚𝑗(𝑡) = {
0,   𝑖𝑓 𝑃𝑐𝑚𝑗(𝑡) > 0

−𝑃𝑐𝑚𝑗(𝑡) (𝑉𝑚𝑗
𝑇 (𝑡)𝑉𝑚𝑗(𝑡))

−1

,   𝑒𝑙𝑠𝑒, 𝑖𝑓 |𝑉𝑚𝑗(𝑡)| > 0
        (4.87) 

𝛤𝑐𝑠𝑗(𝑡) = {
0,   𝑖𝑓𝑃𝑐𝑠𝑗(𝑡) > 0

𝑃𝑐𝑠𝑗(𝑡)(𝐼𝑠
𝑇(𝑡)𝐼𝑠(𝑡))

−1
,   𝑒𝑙𝑠𝑒, 𝑖𝑓 |𝐼𝑠(𝑡)| > 0

                        (4.88) 

Moreover, to observe the power flow on the master and slave sides, we also design the 

passivity observers to be: 

𝑃𝑚(𝑡) = 𝑉𝑜𝑢(𝑡)𝐼𝑖𝑛(𝑡) − 𝑉𝑚1(𝑡)𝐼𝑚1(𝑡) − 𝑉𝑚2(𝑡)𝐼𝑚2(𝑡)                 (4.89) 

𝑃𝑠(𝑡) = 𝑉𝑠1(𝑡)𝐼𝑠1(𝑡) + 𝑉𝑠2(𝑡)𝐼𝑠2(𝑡) − 𝑉𝑖𝑛(𝑡)𝐼𝑜𝑢(𝑡)                     (4.90) 

The passivity controllers for the master and the slave side are designed as: 

𝐼𝑖𝑛(𝑡) = 𝐼𝑖𝑛(𝑡) + 𝛤𝑚(𝑡)𝑉𝑜𝑢(𝑡)                                      (4.91) 

𝑉̂𝑖𝑛(𝑡) = 𝑉𝑖𝑛(𝑡) + 𝛤𝑠(𝑡)𝐼𝑜𝑢(𝑡)                                      (4.92) 

where 
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𝛤𝑚(𝑡) =

{
 
 

 
 

0,   𝑖𝑓 𝑃𝑚(𝑡) > 0

(−𝑃𝑚(𝑡) +∑𝛤𝑐𝑚𝑗(𝑡)𝑉𝑚𝑗
𝑇 (𝑡)𝑉𝑚𝑗(𝑡)

2

𝑗=1

)(𝑉𝑜𝑢
𝑇 (𝑡)𝑉𝑜𝑢(𝑡))

−1
,

𝑒𝑙𝑠𝑒, 𝑖𝑓 |𝑉𝑜𝑢(𝑡)| > 0

            (4.93) 

𝛤𝑠(𝑡) =

{
 
 

 
 

0,   𝑖𝑓𝑃𝑠(𝑡) > 0

(𝑃𝑠(𝑡) +∑𝛤𝑐𝑠𝑗(𝑡)𝐼𝑠𝑗
𝑇 (𝑡)𝐼𝑠𝑗(𝑡)

2

𝑗=1

)(𝐼𝑜𝑢
𝑇 (𝑡)𝐼𝑜𝑢(𝑡))

−1
,

𝑒𝑙𝑠𝑒, 𝑖𝑓 |𝐼𝑜𝑢(𝑡)| > 0

                    (4.94) 

𝐼𝑖𝑛(𝑡) and 𝑉̂𝑖𝑛(𝑡) can be seen as the final inputs to the master and the slave robots. 

Based on (4.87)-(4.88) and (4.93)-(4.94), it is noticeable that 𝛤𝑐𝑚𝑗(𝑡) ≥ 0, 𝛤𝑐𝑠𝑗(𝑡) ≤

0, 𝛤𝑚(𝑡) ≥ 0, 𝛤𝑠(𝑡) ≤ 0. 

Theorem 4.4. The designed passivity controllers (43)-(52) can ensure the passivity of 

the whole master-slave system in the presence of arbitrary time delays. 

Proof.  

𝑃∗(𝑡) = 𝑉𝑜𝑢(𝑡)𝐼𝑖𝑛(𝑡) − 𝑉̂𝑖𝑛(𝑡)𝐼𝑜𝑢(𝑡)  

= (𝑉𝑜𝑢(𝑡)𝐼𝑖𝑛(𝑡) − 𝑉𝑚1(𝑡)𝐼𝑚1(𝑡) − 𝑉𝑚2(𝑡)𝐼𝑚2(𝑡)) + (𝑉𝑚1(𝑡)𝐼𝑚1(𝑡) −

𝑉̂𝑠1(𝑡)𝐼𝑠1(𝑡) + 𝑉𝑚2(𝑡)𝐼𝑚2(𝑡) − 𝑉̂𝑠2(𝑡)𝐼𝑠2(𝑡)) + (𝑉̂𝑠1(𝑡)𝐼𝑠1(𝑡) + 𝑉̂𝑠2(𝑡)𝐼𝑠2(𝑡) −

𝑉̂𝑖𝑛(𝑡)𝐼𝑜𝑢(𝑡))  

= (𝑉𝑜𝑢(𝑡)(𝐼𝑖𝑛(𝑡) + 𝛤𝑚(𝑡)𝑉𝑜𝑢(𝑡)) − ∑ 𝑉𝑚𝑗(𝑡) (𝐼𝑚𝑗(𝑡) + 𝛤𝑐𝑚𝑗(𝑡)𝑉𝑚𝑗(𝑡))
2
𝑗=1 ) +

∑ (𝑉𝑚𝑗(𝑡) (𝐼𝑚𝑗(𝑡) + 𝛤𝑐𝑚𝑗(𝑡)𝑉𝑚𝑗(𝑡)) − (𝑉𝑠𝑗(𝑡) + 𝛤𝑐𝑠𝑗(𝑡)𝐼𝑠𝑗(𝑡)) 𝐼𝑠𝑗(𝑡)) +
2
𝑗=1

(∑ (𝑉𝑠𝑗(𝑡) + 𝛤𝑐𝑠𝑗(𝑡)𝐼𝑠𝑗(𝑡)) 𝐼𝑠𝑗(𝑡)
2
𝑗=1 − (𝑉𝑖𝑛(𝑡) + 𝛤𝑠(𝑡)𝐼𝑜𝑢(𝑡))𝐼𝑜𝑢(𝑡))  
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= (𝑃𝑚 − ∑ 𝛤𝑐𝑚𝑗(𝑡)𝑉𝑚𝑗
𝑇 (𝑡)𝑉𝑚𝑗(𝑡)

2
𝑗=1 + 𝛤𝑚(𝑡)𝑉𝑜𝑢

𝑇 (𝑡)𝑉𝑜𝑢(𝑡)) + ∑ (𝑃𝑐𝑚𝑗(𝑡) +
2
𝑗=1

𝑃𝑐𝑠𝑗(𝑡) +
𝑑𝐸𝑗(𝑡)

𝑑𝑡
+ 𝛤𝑐𝑚𝑗(𝑡)𝑉𝑚𝑗

𝑇 (𝑡)𝑉𝑚𝑗(𝑡) − 𝛤𝑐𝑠𝑗(𝑡)𝐼𝑠𝑗
𝑇 (𝑡)𝐼𝑠𝑗(𝑡)) + (𝑃𝑠 +

∑ 𝛤𝑐𝑠𝑗(𝑡)𝐼𝑠𝑗
𝑇 (𝑡)𝐼𝑠𝑗(𝑡)

2
𝑗=1 − 𝛤𝑠(𝑡)𝐼𝑜𝑢

𝑇 (𝑡)𝐼𝑜𝑢(𝑡))  

= 𝑃𝑚
∗ (𝑡) + 𝑃𝑑𝑖𝑠𝑠

∗ (𝑡) +
𝑑𝐸

𝑑𝑡
(𝑡) + 𝑃𝑠

∗(𝑡)  

Based on the definitions of the passivity controllers, 𝑃𝑚
∗ (𝑡), 𝑃𝑑𝑖𝑠𝑠

∗ (𝑡) and 𝑃𝑠
∗(𝑡) are 

ensured to be non-negative, which is the sufficient condition for guaranteeing the 

passivity of the master-slave system. 

The outputs of the PPC controllers are given as: 

𝐼𝑝𝑚(𝑡) = 𝑑𝑚𝜕𝑅𝑚𝜖𝑚(𝑡) + 𝐼𝑝̅𝑚(𝑡) − 𝛤𝑐𝑚2(𝑡)𝑉𝑚2(𝑡)                   (4.95) 

𝐼𝑝𝑠(𝑡) = 𝑑𝑠𝜕𝑅𝑠𝜖𝑠(𝑡) + 𝐼𝑝̅𝑠(𝑡) − 𝛤𝑐𝑠2(𝑡)𝐼𝑠2(𝑡)                            (4.96) 

where 

𝐼𝑝̅𝑚(𝑡)

=

{
 
 

 
 (𝐼𝑚1(𝑡) − 𝑘1𝜏ℎ(𝑡) −

1
𝑑𝑚
𝑒̇𝑚(𝑡)) 𝑑𝑚𝜕𝑅𝑚𝜖𝑚(𝑡)𝑟𝑚(𝑡)

‖𝑟𝑚(𝑡)‖2
, 𝑖𝑓 ‖𝑟𝑚(𝑡)‖

2 > 0

0,   𝑖𝑓 ‖𝑟𝑚(𝑡)‖
2 = 0

  (4.97) 

𝐼𝑝̅𝑠(𝑡) =

{
 
 

 
 (𝑘2𝜏𝑒(𝑡) − 𝑉𝑠1(𝑡) −

1
𝑑𝑠
𝑒̇𝑠(𝑡))𝑑𝑠𝜕𝑅𝑠𝜖𝑠(𝑡)𝑟𝑠(𝑡)

‖𝑟𝑚(𝑡)‖2
, 𝑖𝑓 ‖𝑟𝑠(𝑡)‖

2 > 0

0,   𝑖𝑓 ‖𝑟𝑠(𝑡)‖
2 = 0

  (4.98) 

𝑑𝑚 and 𝑑𝑠 are positive definite diagonal matrices. 

By using the extended TDPA and PPC algorithms, the control terms 𝑆𝑚(𝑡) and 𝑆𝑠(𝑡) 

can be finally designed as: 
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𝑆𝑚(𝑡) = 𝐼𝑖𝑛(𝑡) = 𝛽 (−𝑉𝑚1(𝑡) − 𝐼𝑚1(𝑡)) + 𝐼𝑝𝑚(𝑡) + 𝛤𝑚(𝑡)𝑉𝑜𝑢(𝑡)

= 𝛽 (𝑟𝑠(𝑡 − 𝑇2(𝑡)) − 𝑟𝑚(𝑡)) + 𝛽 (𝑘1𝜏ℎ(𝑡) + 𝑘2𝜏𝑒(𝑡 − 𝑇2(𝑡)))

− 𝛤𝑐𝑚1(𝑡)(𝑟𝑚(𝑡) − 𝑘1𝜏ℎ(𝑡)) + 𝑑𝑚𝜕𝑅𝑚𝜖𝑚(𝑡) + 𝐼𝑝̅𝑚(𝑡)

− 𝛤𝑐𝑚2(𝑡)(𝑟̇𝑚(𝑡) − 𝑘1𝜏̇ℎ(𝑡)) − 𝛤𝑚(𝑡)(𝑟𝑚(𝑡) − 𝑘1𝜏ℎ(𝑡))            (4.99) 

𝑆𝑠(𝑡) = 𝑉̂𝑖𝑛(𝑡) = 𝛽 (𝑉̂𝑠1(𝑡) + 𝐼𝑠1(𝑡)) + 𝑑𝑠𝜕𝑅𝑠𝜖𝑠(𝑡) + 𝐼𝑝̅𝑠(𝑡) − 𝛤𝑐𝑠2(𝑡)𝐼𝑠2(𝑡)

+ 𝛤𝑠(𝑡)𝐼𝑜𝑢(𝑡)

= 𝛽 (𝑟𝑚(𝑡 − 𝑇1(𝑡)) − 𝑟𝑠(𝑡)) − 𝛽 (𝑘1𝜏ℎ(𝑡 − 𝑇1(𝑡)) + 𝑘2𝜏𝑒(𝑡))

− 𝛤𝑐𝑠1(𝑡)(𝑟𝑠(𝑡) + 𝑘2𝜏𝑒(𝑡)) + 𝑑𝑠𝜕𝑅𝑠𝜖𝑠(𝑡) + 𝐼𝑝̅𝑠(𝑡)

+ 𝛤𝑐𝑠2(𝑡)(𝑟̇𝑠(𝑡) + 𝑘2𝜏̇𝑒(𝑡)) + 𝛤𝑠(𝑡)(𝑟𝑠(𝑡) + 𝑘2𝜏𝑒(𝑡))         (4.100) 

4.4.3 Stability analysis 

This section analyzes stability and position and torque tracking performances of the 

system in Section 4.4 using Lyapunov functions. 

Theorem 4.5. Considering the bilateral teleoperation described in (3.37)-(3.38) and 

control laws in (4.99)-(4.100), then with the human and environmental torques 

modeled as (4.67)-(4.68), the errors of position, velocity and torque are bounded and 

the prescribed synchronization performance is guaranteed. 

Proof. Consider a positive semi-definite function 𝑉 = 𝑉1 + 𝑉2 + 𝑉3 for the system as: 

𝑉1 =
1

2
[𝑟𝑚
𝑇(𝑡)𝑀𝑚(𝑞𝑚)𝑟𝑚(𝑡) + 𝑟𝑠

𝑇(𝑡)𝑀𝑠(𝑞𝑠)𝑟𝑠(𝑡) + 𝜃̃𝑚
𝑇𝛤−1𝜃̃𝑚 + 𝜃̃𝑠

𝑇𝛬−1𝜃̃𝑠]  (4.101) 
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𝑉2 =
𝛽

2

1

1 − 𝑇̇1(𝑡)
∫ 𝑟𝑚

𝑇(𝜂)𝑟𝑚(𝜂)𝑑𝜂
𝑡

𝑡−𝑇1(𝑡)

+
𝛽

2

1

1 − 𝑇̇2(𝑡)
∫ 𝑟𝑠

𝑇(𝜂)𝑟𝑠(𝜂)𝑑𝜂
𝑡

𝑡−𝑇2(𝑡)

+
𝛽𝑘1𝛼𝑚
2

1

1 − 𝑇̇1(𝑡)
∫ 𝑟𝑚

𝑇(𝜂)
𝑡

𝑡−𝑇1(𝑡)

𝑟𝑚(𝜂)𝑑𝜂

+
𝛽𝑘2𝛼𝑠
2

1

1 − 𝑇̇2(𝑡)
∫ 𝑟𝑠

𝑇(𝜂)
𝑡

𝑡−𝑇2(𝑡)

𝑟𝑠(𝜂)𝑑𝜂 + 𝑞𝑚
𝑇 (𝑡)𝛼𝑚𝛿𝑞𝑚(𝑡)

+ 𝑞𝑠
𝑇(𝑡)𝛼𝑠𝛿𝑞𝑠(𝑡) + 𝑞̇𝑚

𝑇 (𝑡)𝛤𝑐𝑚2(𝑡)𝛿𝑞̇𝑚(𝑡)

+ 𝑞̇𝑚
𝑇 (𝑡)𝑘1𝛼𝑚𝛤𝑐𝑚2(𝑡)𝛿𝑞̇𝑚(𝑡) + 𝑞̇𝑠

𝑇(𝑡)(−𝛤𝑐𝑠2(𝑡))𝛿𝑞̇𝑠(𝑡)

+ 𝑞̇𝑠
𝑇(𝑡)(−𝑘2𝛼𝑠𝛤𝑐𝑠2(𝑡))𝛿𝑞̇𝑠(𝑡)                                                        (4.102) 

𝑉3 =
1

2
𝜖𝑚
𝑇 𝜖𝑚 +

1

2
𝜖𝑠
𝑇𝜖𝑠                                           (4.103) 

The derivative of 𝑉1 with the adaptive tuning laws and the definitions of 𝑒𝑖 and 𝑒̇𝑖 is 

given by 

𝑉̇1 = 𝑟𝑚
𝑇(𝑡) [𝛽 (𝑟𝑠(𝑡 − 𝑇2(𝑡)) − 𝑟𝑚(𝑡)) + 𝛽 (𝑘1𝜏ℎ(𝑡) + 𝑘2𝜏𝑒(𝑡 − 𝑇2(𝑡)))

− 𝛤𝑐𝑚1(𝑡)(𝑟𝑚(𝑡) − 𝑘1𝜏ℎ(𝑡)) − 𝛤𝑐𝑚2(𝑡)(𝑟̇𝑚(𝑡) − 𝑘1𝜏̇ℎ(𝑡))

− 𝛤𝑚(𝑡)(𝑟𝑚(𝑡) − 𝑘1𝜏ℎ(𝑡)) + 𝜏ℎ(𝑡)]

+ 𝑟𝑠
𝑇(𝑡) [𝛽 (𝑟𝑚(𝑡 − 𝑇1(𝑡)) − 𝑟𝑠(𝑡))

− 𝛽 (𝑘1𝜏ℎ(𝑡 − 𝑇1(𝑡)) + 𝑘2𝜏𝑒(𝑡)) − 𝛤𝑐𝑠1(𝑡)(𝑟𝑠(𝑡) + 𝑘2𝜏𝑒(𝑡))

+ 𝛤𝑐𝑠2(𝑡)(𝑟̇𝑠(𝑡) + 𝑘2𝜏̇𝑒(𝑡)) + 𝛤𝑠(𝑡)(𝑟𝑠(𝑡) + 𝑘2𝜏𝑒(𝑡))] − (𝑑𝑚𝑒𝑚(𝑡)

+ 𝑒̇𝑚(𝑡))𝜕𝑅𝑚𝜖𝑚(𝑡) − (𝑑𝑠𝑒𝑠(𝑡) + 𝑒̇𝑠(𝑡))𝜕𝑅𝑠𝜖𝑠(𝑡)                     (4.104) 

The time derivatives of 𝑉2 are given as 



 

164 

 

 

 

𝑉̇2 =
𝛽

2
(𝑟𝑚

𝑇(𝑡)𝑟𝑚(𝑡) − 𝑟𝑚
𝑇(𝑡 − 𝑇1(𝑡))𝑟𝑚(𝑡 − 𝑇1(𝑡)) +

𝑇̇1(𝑡)

1 − 𝑇̇1(𝑡)
𝑟𝑚
𝑇(𝑡)𝑟𝑚(𝑡))

+
𝛽

2
(𝑟𝑠

𝑇(𝑡)𝑟𝑠(𝑡) − 𝑟𝑠
𝑇(𝑡 − 𝑇2(𝑡))𝑟𝑠(𝑡 − 𝑇2(𝑡))

+
𝑇̇2(𝑡)

1 − 𝑇̇2(𝑡)
𝑟𝑠
𝑇(𝑡)𝑟𝑠(𝑡))

+
𝛽𝑘1𝛼𝑚
2

(𝑟𝑚
𝑇(𝑡)𝑟𝑚(𝑡) − 𝑟𝑚

𝑇(𝑡 − 𝑇1(𝑡))𝑟𝑚(𝑡 − 𝑇1(𝑡))

+
𝑇̇1(𝑡)

1 − 𝑇̇1(𝑡)
𝑟𝑚
𝑇(𝑡)𝑟𝑚(𝑡))

+
𝛽𝑘2𝛼𝑠
2

(𝑟𝑠
𝑇(𝑡)𝑟𝑠(𝑡) − 𝑟𝑠

𝑇(𝑡 − 𝑇2(𝑡))𝑟𝑠(𝑡 − 𝑇2(𝑡))

+
𝑇̇2(𝑡)

1 − 𝑇̇2(𝑡)
𝑟𝑠
𝑇(𝑡)𝑟𝑠(𝑡)) + 2𝑞𝑚

𝑇 (𝑡)𝛼𝑚𝛿𝑞̇𝑚(𝑡) + 2𝑞𝑠
𝑇(𝑡)𝛼𝑠𝛿𝑞̇𝑠(𝑡)

+ 2𝑞̇𝑚
𝑇 (𝑡)𝛤𝑐𝑚2(𝑡)𝛿𝑞̈𝑚(𝑡) + 2𝑞̇𝑚

𝑇 (𝑡)𝑘1𝛼𝑚𝛤𝑐𝑚2(𝑡)𝛿𝑞̈𝑚(𝑡)

+ 2𝑞̇𝑠
𝑇(𝑡)(−𝛤𝑐𝑠2(𝑡))𝛿𝑞̈𝑠(𝑡) + 2𝑞̇𝑠

𝑇(𝑡)(−𝑘2𝛼𝑠𝛤𝑐𝑠2(𝑡))𝛿𝑞̈𝑠(𝑡)   (4.105) 

Applying (4.77) and (4.80), the derivative of 𝑉3 can be expressed as 

𝑉̇3 = 𝜖𝑚
𝑇 (𝑡)𝜖𝑚̇(𝑡) + 𝜖𝑠

𝑇(𝑡)𝜖𝑠̇(𝑡)

= 𝜖𝑚
𝑇 (𝑡)𝜕𝑅𝑚 (𝑒̇𝑚(𝑡) −

𝐴̇𝑚(𝑡)𝑒𝑚(𝑡)

𝐴𝑚(𝑡)
)

+ 𝜖𝑠
𝑇(𝑡)𝜕𝑅𝑠 (𝑒̇𝑠(𝑡) −

𝐴̇𝑠(𝑡)𝑒𝑠(𝑡)

𝐴𝑠(𝑡)
)

≤ 𝜖𝑚
𝑇 (𝑡)𝜕𝑅𝑚𝑒̇𝑚(𝑡) + 𝜖𝑚

𝑇 (𝑡)𝜕𝑅𝑚𝐿𝑚𝑒𝑚(𝑡) + 𝜖𝑚
𝑇 (𝑡)𝜕𝑅𝑚𝑒̇𝑚(𝑡)

+ 𝜖𝑚
𝑇 (𝑡)𝜕𝑅𝑚𝐿𝑚𝑒𝑚(𝑡)                                                                       (4.106) 

With (4.104)-(4.106) and applying (4.80), 𝑉̇ can be derived as: 
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𝑉̇ ≤ ((
𝛽𝑘1𝛼𝑚
2

+ 𝛤𝑐𝑚1(𝑡) + 𝑘1𝛼𝑚𝛤𝑐𝑚1(𝑡) + 𝛤𝑚(𝑡) + 𝑘1𝛼𝑚𝛤𝑚(𝑡) −
𝑇̇1(𝑡)𝛽

2 − 2𝑇̇1(𝑡)

−
𝑇̇1(𝑡)𝛽𝑘1𝛼𝑚

2 − 2𝑇̇1(𝑡)
) 𝑟𝑚

𝑇(𝑡)𝑟𝑚(𝑡) − 𝛽𝑘2𝛼𝑠𝑟𝑚
𝑇(𝑡)𝑟𝑠(𝑡 − 𝑇2(𝑡))

+
𝛽𝑘2𝛼𝑠
2

𝑟𝑠
𝑇(𝑡 − 𝑇2(𝑡))𝑟𝑠(𝑡 − 𝑇2(𝑡)))

− ((
𝛽𝑘2𝛼𝑠
2

+ 𝛤𝑐𝑠1(𝑡) + 𝑘2𝛼𝑠𝛤𝑐𝑠1(𝑡) − 𝛤𝑠(𝑡) − 𝑘2𝛼𝑠𝛤𝑠(𝑡)

−
𝑇̇2(𝑡)𝛽

2 − 2𝑇̇2(𝑡)
−
𝑇̇2(𝑡)𝛽𝑘2𝛼𝑠

2 − 2𝑇̇2(𝑡)
) 𝑟𝑠

𝑇(𝑡)𝑟𝑠(𝑡)

− 𝛽𝑘1𝛼𝑚𝑟𝑠
𝑇(𝑡)𝑟𝑚(𝑡 − 𝑇1(𝑡)) +

𝛽𝑘1𝛼𝑚
2

𝑟𝑚
𝑇(𝑡 − 𝑇1(𝑡))𝑟𝑚(𝑡 − 𝑇1(𝑡)))

− 𝑞̈𝑚
𝑇 (𝑡)𝛤𝑐𝑚2(𝑡)𝑞̈𝑚(𝑡) − 𝑞̇𝑚(𝑡)𝛤𝑐𝑚2(𝑡)𝛿

2𝑞̇𝑚(𝑡)

− 𝑞̈𝑚
𝑇 (𝑡)𝑘1𝛼𝑚𝛤𝑐𝑚2(𝑡)𝑞̈𝑚(𝑡) − 𝑞̇𝑚(𝑡)𝑘1𝛼𝑚𝛤𝑐𝑚2(𝑡)𝛿

2𝑞̇𝑚(𝑡)

− 𝑞̈𝑠
𝑇(𝑡)(−𝛤𝑐𝑠2(𝑡))𝑞̈𝑠(𝑡) − 𝑞̇𝑠(𝑡)(−𝛤𝑐𝑠2(𝑡))𝛿

2𝑞̇𝑠(𝑡)

− 𝑞̈𝑠
𝑇(𝑡)(−𝑘2𝛼𝑠𝛤𝑐𝑠2(𝑡))𝑞̈𝑠(𝑡) − 𝑞̇𝑠(𝑡)(−𝑘2𝛼𝑠𝛤𝑐𝑠2(𝑡))𝛿

2𝑞̇𝑠(𝑡)

−
𝛽

2
(𝑒𝑣𝑚(𝑡) + 𝛿𝑒𝑝𝑚(𝑡))

𝑇

(𝑒𝑣𝑚(𝑡) + 𝛿𝑒𝑝𝑚(𝑡))

−
𝛽

2
(𝑒𝑣𝑠(𝑡) + 𝛿𝑒𝑝𝑠(𝑡))

𝑇

(𝑒𝑣𝑠(𝑡) + 𝛿𝑒𝑝𝑠(𝑡))

− (𝑞̇𝑚
𝑇 (𝑡)𝛼𝑚𝑞̇𝑚(𝑡) + 𝑞𝑚

𝑇 (𝑡)𝛼𝑚𝛿
2𝑞𝑚(𝑡) + 𝑞̇𝑠

𝑇(𝑡)𝛼𝑠𝑞̇𝑠(𝑡)

+ 𝑞𝑠
𝑇(𝑡)𝛼𝑠𝛿

2𝑞𝑠(𝑡)) − (𝑑𝑚 − 𝐿𝑚) (
4

(𝐻𝑚 + 1)𝐴𝑚0
)
2

‖𝑒𝑚(𝑡)‖
2

− (𝑑𝑠 − 𝐿𝑠) (
4

(𝐻𝑠 + 1)𝐴𝑠0
)
2

‖𝑒𝑠(𝑡)‖
2                                           (4.107) 

In order to derive a negative semi-definite V̇, the first two terms of (4.107) must be 

non-positive. A sufficient condition is derived as: 
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(𝛽𝑘1𝛼𝑚 + 2𝛤𝑐𝑚1(𝑡) + 2𝑘1𝛼𝑚𝛤𝑐𝑚1(𝑡) + 2𝛤𝑚(𝑡) + 2𝑘1𝛼𝑚𝛤𝑚(𝑡) −
𝑇̇1(𝑡)𝛽

1 − 𝑇̇1(𝑡)

−
𝑇̇1(𝑡)𝛽𝑘1𝛼𝑚

1 − 𝑇̇1(𝑡)
) ≥ 𝛽𝑘2𝛼𝑠                                                                 (4.108) 

(𝛽𝑘2𝛼𝑠 + 2𝛤𝑐𝑠1(𝑡) + 2𝑘2𝛼𝑠𝛤𝑐𝑠1(𝑡) − 2𝛤𝑠(𝑡) − 2𝑘2𝛼𝑠𝛤𝑠(𝑡) −
𝑇̇2(𝑡)𝛽

1 − 𝑇̇2(𝑡)

−
𝑇̇2(𝑡)𝛽𝑘2𝛼𝑠

1 − 𝑇̇2(𝑡)
) ≥ 𝛽𝑘1𝛼𝑚                                                                 (4.109) 

According to Section 3, when the time delays are varying, the terms 
Ṫ1(t)

1−Ṫ1(t)
 and 

Ṫ2(t)

1−Ṫ2(t)
 

can be seen as the energy generated by the increasing time delays which can be 

dissipated by the passivity controllers as analyzed in Section 3. By treating the terms 

𝛤𝑐𝑚1(𝑡), 𝛤𝑐𝑠1(𝑡), 𝛤𝑚(𝑡), 𝛤𝑠(𝑡), 
𝑇̇1(𝑡)

1−𝑇̇1(𝑡)
, 
𝑇̇2(𝑡)

1−𝑇̇2(𝑡)
 to be zero, (4.108) and (4.109) can be 

simplified as 

𝑘1𝛼𝑚 = 𝑘2𝛼𝑠                                                       (4.110) 

To guarantee −(𝑑𝑚 − 𝐿𝑚) (
4

(𝐻𝑚+1)𝐴𝑚0
)
2
‖𝑒𝑚(𝑡)‖

2 − (𝑑𝑠 −

𝐿𝑠) (
4

(𝐻𝑠+1)𝐴𝑠0
)
2
‖𝑒𝑠(𝑡)‖

2 to be negative semi-definite, (4.111)-(4.112) should be 

satisfied. 

𝑑𝑚 ≥ 𝐿𝑚                                                             (4.111) 

𝑑𝑠 ≥ 𝐿𝑠                                                              (4.112) 

By satisfying (4.111)-(4.112), 𝑉̇ is guaranteed to be negative semi-definite. Integrating 

both sides of (4.107), we get 



 

167 

 

 

 

+∞ > 𝑉(0) ≥ 𝑉(0) − 𝑉(𝑡)

≥ ∫ 𝑞̈𝑚
𝑇 (𝑡)𝛤𝑐𝑚2(𝑡)𝑞̈𝑚(𝑡) + 𝑞̇𝑚(𝑡)𝛤𝑐𝑚2(𝑡)𝛿

2𝑞̇𝑚(𝑡)
𝑡

0

+ 𝑞̈𝑚
𝑇 (𝑡)𝑘1𝛼𝑚𝛤𝑐𝑚2(𝑡)𝑞̈𝑚(𝑡) + 𝑞̇𝑚(𝑡)𝑘1𝛼𝑚𝛤𝑐𝑚2(𝑡)𝛿

2𝑞̇𝑚(𝑡)

+ 𝑞̈𝑠
𝑇(𝑡)(−𝛤𝑐𝑠2(𝑡))𝑞̈𝑠(𝑡) + 𝑞̇𝑠(𝑡)(−𝛤𝑐𝑠2(𝑡))𝛿

2𝑞̇𝑠(𝑡)

+ 𝑞̈𝑠
𝑇(𝑡)(−𝑘2𝛼𝑠𝛤𝑐𝑠2(𝑡))𝑞̈𝑠(𝑡) + 𝑞̇𝑠(𝑡)(−𝑘2𝛼𝑠𝛤𝑐𝑠2(𝑡))𝛿

2𝑞̇𝑠(𝑡)

+
𝛽

2
(𝑒𝑣𝑚(𝑡) + 𝛿𝑒𝑝𝑚(𝑡))

𝑇

(𝑒𝑣𝑚(𝑡) + 𝛿𝑒𝑝𝑚(𝑡))

+
𝛽

2
(𝑒𝑣𝑠(𝑡) + 𝛿𝑒𝑝𝑠(𝑡))

𝑇

(𝑒𝑣𝑠(𝑡) + 𝛿𝑒𝑝𝑠(𝑡))

+ (𝑞̇𝑚
𝑇 (𝑡)𝛼𝑚𝑞̇𝑚(𝑡) + 𝑞𝑚

𝑇 (𝑡)𝛼𝑚𝛿
2𝑞𝑚(𝑡) + 𝑞̇𝑠

𝑇(𝑡)𝛼𝑠𝑞̇𝑠(𝑡)

+ 𝑞𝑠
𝑇(𝑡)𝛼𝑠𝛿

2𝑞𝑠(𝑡)) + (𝑑𝑚 − 𝐿𝑚) (
4

(𝐻𝑚 + 1)𝐴𝑚0
)
2

‖𝑒𝑚(𝑡)‖
2

+ (𝑑𝑠 − 𝐿𝑠) (
4

(𝐻𝑠 + 1)𝐴𝑠0
)
2

‖𝑒𝑠(𝑡)‖
2                                          (4.113) 

Due to the positive semi-definite storage functional V and its negative semi-definite 

differential 𝑉̇ , 𝑙𝑖𝑚
𝑡→∞

𝑉  exists and is finite. Also, 𝑟𝑖(𝑡), 𝜃̃𝑖(𝑡), 𝜖𝑖(𝑡) ∈ 𝐿∞ . Based on 

(4.113), 𝑒𝑖(𝑡), 𝑒𝑣𝑖(𝑡) + 𝛿𝑒𝑝𝑖(𝑡), 𝑞𝑖, 𝑞̇𝑖, 𝑞̈𝑖 ∈ 𝐿∞ ∩ 𝐿2. Therefore, 𝑒𝑝𝑖, 𝑒𝑣𝑖, 𝑒𝑡𝑖 ∈ 𝐿∞ ∩

𝐿2. The prescribed synchronization performance is obtained. Moreover, the position, 

velocity and torque synchronization errors asymptotically converge to zero when time 

tends to infinity based on the definition of PPC. 

In this study, time-varying delays and modeled human and environmental torques are 

considered. By using the extended wave-based TDPA and prescribed performance 

control algorithms, the prescribed synchronization control performance of position, 

velocity and torque can be ensured and the system’s passivity is guaranteed in the 

presence of arbitrary time delays. 

4.4.4 Experimental results 
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This section demonstrate a series of experiments to validate the proposed system. The 

applied experimental platform consists of two 3-DOF Phantom haptic devices: 

Phantom Omni and Phantom Desktop (Sensable Technologies, Inc., Wilmington, MA) 

as shown in Fig.3.19. During the experimental process, the control loop is configured 

as a 1 kHz sampling rate. The Internet is applied as the communication channels in the 

experiment, and to tune the values of the time delays, extra Simulink time-delay 

models are also used.  The wave impedance b is set as 2.5 and the impedances B and 

M are 2 and 1, respectively.  𝛿 = 0.5 , 𝑘1 = 𝑘2 = 1 , 𝛼𝑚 = 𝛼𝑠 = 1.5  𝛽 = 4 , 𝑑𝑚 =

𝑑𝑠 = 1.5, 𝐿𝑚 = 𝐿𝑠 = 0.7, 𝐴𝑚(0) = 𝐴𝑠(0) = 2, 𝐴𝑚(∞) = 𝐴𝑠(∞) = 0.4. 

4.4.4.1 Constant time delays 

The initial experiments are conducted under constant time delays. The values of time 

delay are around 600 ms. The first experiment demonstrates the system’s performance 

during free motion. Figs.4.25-4.27 show the position, velocity and torque of the two 

robots and their related tracking errors during free motion. Under constant time delays, 

the system passivity are guaranteed by the wave transformation and the passivity 

controllers are not launched to affect the system transparency. Moreover, the 

application of PPC algorithm guarantees the errors of the position, velocity and torque 

to have small variance (no more than 0.1). 

Then, the slave robot is controlled to have contact with a solid wall. The position, 

velocity and torque of the master and the slave and their tracking errors are shown in 

Fig. 4.28-4.30. As shown in Fig. 4.30, the proposed algorithm can provide an accurate 

torque tracking and the torque tracking errors of zero when the slave is in contact with 

the solid wall from the 3rd second to the 6th second. Moreover, the proposed PPC 

algorithm also guarantees the convergence of the position tracking errors to a small 

value during hard contact so that the problem of position drift is largely reduced. 
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Figure 4.25. Position tracking during free motion (constant time delay) 

 

Figure 4.26. Velocity tracking during free motion (constant time delay) 

 

Figure 4.27. Torque tracking during free motion (constant time delay) 
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Figure 4.28. Position tracking during hard contact (constant time delay) 

 

Figure 4.29. Velocity tracking during hard contact (constant time delay) 

 

Fig.4.30. Torque tracking during hard contact (constant time delay) 

4.4.4.2 Time-varying delays 

n this subsection, the system’s performance in the presence of large time delays with 

large variations are demonstrated. The values of time delays are around 1 second with 

a variation of 500 ms. Figs. 4.31-4.33 show the position, velocity and torque 

information of the master and the slave and the related tracking errors during free 
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motion. In the presence of such a large and fast varying time delays, the passivity 

controllers are directly launched to guarantee the system passivity, activated by the 

negative powers from the passivity observers. Therefore, the system transparency is 

reduced and the tracking errors of the position, velocity and torque are enlarged. 

However, the proposed PPC algorithm restrict these tracking errors within a reasonable 

range (no more than 0.4). Also, by combining the passivity approaches and PPC, the 

slave’s motion can track the master’s motion without any variation even in the 

presence of large time-varying delays as shown in Fig.4.31. 

In the next experiments the tracking performance of the algorithm during hard 

environmental contact is demonstrated. Figs.4.34-14.36 show the position, velocity 

and torque information and their tracking errors. From the 3rd second to the 6th second, 

the slave robot is controlled while in contact with a solid wall. With the PPC algorithm, 

the position tracking errors are restricted to be no more than 0.4 and the torque tracking 

errors are no more than 0.1. After the 6th second, the slave robot is controlled by the 

master robot to lose contact from the solid wall and to return to the origin. All of the 

signals including position, velocity and torque quickly converge to zero. Reasonable 

tracking performances are still achieved in the presence of large time varying delays. 

Based on the results obtained under constant and varying delays, it can be concluded 

that the proposed control laws with extended wave-based TDPA and PPC can achieve 

accurate position, velocity and torque tracking and robust system stability. 

 

Figure 4.31. Position tracking during free motion (time-varying delay) 



 

172 

 

 

 

 

Figure 4.32. Velocity tracking during free motion (time-varying delay) 

 

Figure 4.33. Torque tracking during free motion (time-varying delay) 

 

Fig.4.34. Position tracking during hard contact (time-varying delay) 
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Figure 4.35. Velocity tracking during hard contact (time-varying delay) 

 

Figure 4.36. Torque tracking during hard contact (time-varying delay) 

4.5 Neural network-based teleoperation system applying modified wave-based 

TDPA 

In recent times, the neural networks (NN) have received much attention due to their 

prominent properties such as learning capability mapping and parallel processing. 

Deployment of NNs in the control of robot systems has significantly improved their 

performance [170]-[171]. In bilateral teleoperation research, a control system with 

acceleration measurement is designed in [169] using NN to estimate nonlinear 

uncertainties. In [167], the NN is applied in a prescribed performance control system. 

A terminal sliding mode control system with NN is also designed in [172]. 

Unfortunately, these systems are extremely restricted by constant time delays and are 

established under the assumption that the external force is zero, which is against reality. 

In [173], the neural network based system is applied to a system under time-varying 

delay. As a drawback, the system should have the precise knowledge of external forces 
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including the coefficient values of mass and damping. [174] and [175] extend the 

application of neural networks to multilateral teleoperation. It is assumed that the 

disturbances should be restricted by large velocity signals, and the rate of time delays 

should be less than one. [176] surveys the currently state-of-the art in application of 

NNs in control systems. 

In Section 4.3 and 4.4, we proposed the wave-based TDPA system to more accurately 

observe the power flow during different time delay scenarios. However, the strict 

restriction of the rate of time delays and degraded position and torque tracking owning 

to passivity controllers in the presence of sharply-varying delays are its two principal 

weaknesses of the approach.  

In section 4.5, we proposed a new wave-based TDPA system to guarantee the whole 

system’s stability and achieve high tracking performance in the presence of the time-

varying delays without rate restrictions. Compared with the previous power-based 

TDPA, the proposed wave-based TDPA can more efficiently monitor the power flow 

under the condition of arbitrary time delays. The proposed passivity controllers do not 

influence position and force tracking. NN is applied to the proposed system to estimate 

and eliminate the dynamic uncertainties. The proposed control algorithm is deployed 

in the absence of the knowledge of the upper bound of the neural network 

approximation error and external disturbance. 

4.5.1 System formulation 

In this section, more complex dynamic models of the teleoperator are applied, which 

deployed: 

𝑀𝑚(𝑞𝑚)𝑞̈𝑚 + 𝐶𝑚(𝑞𝑚, 𝑞̇𝑚)𝑞̇𝑚 + 𝐹𝑚𝑞̇𝑚 + 𝑓𝑐𝑚(𝑞̇𝑚) + 𝑔𝑚(𝑞𝑚) − 𝐹𝑚
∗

= 𝜏𝑚 + 𝜏ℎ                                                                                             (4.114) 

𝑀𝑠(𝑞𝑠)𝑞̈𝑠 + 𝐶𝑠(𝑞𝑠, 𝑞̇𝑠)𝑞̇𝑠 + 𝐹𝑠𝑞̇𝑠 + 𝑓𝑐𝑠(𝑞̇𝑠) + 𝑔𝑠(𝑞𝑠) − 𝐹𝑠
∗ = 𝜏𝑠 − 𝜏𝑒              (4.115) 

where 𝑖 = 𝑚, 𝑠  for the master and slave. 𝑞̈𝑖(𝑡) , 𝑞̇𝑖(𝑡) , 𝑞𝑖(𝑡) ∈ 𝑅
𝑛×1  are the joint 

acceleration, velocity and position, respectively. 𝑀𝑖(𝑞𝑖(𝑡)) ∈ 𝑅
𝑛×𝑛  are the inertia 
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matrices, 𝐶𝑖(𝑞𝑖(𝑡), 𝑞̇𝑖(𝑡)) ∈ 𝑅
𝑛×𝑛 are Coriolis/centrifugal effects. 𝑔𝑖(𝑞𝑖(𝑡)) ∈ 𝑅

𝑛 are 

the vectors of gravitational forces and 𝜏𝑖 are the control signals. 𝜏ℎ(𝑡) and 𝜏𝑒(𝑡) are 

the actual human and environmental torques applied to the robots. 𝐹𝑖𝑞̇𝑖(𝑡) denote the 

viscous friction and 𝑓𝑐𝑖(𝑞̇𝑖(𝑡))  denote the Coulomb friction. 𝐹𝑖
∗(𝑡) ∈ 𝑅𝑛×1  are the 

bounded unknown disturbances. It is assumed that the Coulomb friction function 

𝑓𝑐𝑖(𝑞̇𝑖(𝑡))  in the master and slave sides are bounded and piecewise continuous 

functions. 

In this section, the external human and environmental torques are modelled as (5) and 

(6), where 𝜏ℎ,𝑒
∗ (𝑡) stand for, respectively, the positive and bounded human operator 

and the environment exogenous input. 𝐾ℎ,𝑒, 𝐵ℎ,𝑒 and 𝑀ℎ,𝑒 represent the non-negative 

constant scalars corresponding to the mass, damping and stiffness of human and 

environment. ∆𝑘ℎ,𝑒, ∆𝑏ℎ,𝑒, ∆𝑚ℎ,𝑒 are the unknown bounded variables relating to 𝐾ℎ,𝑒, 

𝐵ℎ,𝑒 and 𝑀ℎ,𝑒. 𝛿 is a positive constant. Moreover, we use the extended active observer 

(EAOB) to measure the human and environmental torques [70], and simultaneously 

derive the acceleration signals. Compared with other force observers, EAOB possesses 

the advantage of external noises suppression by applying Kalman filter, and is fit for 

application of nonlinear systems. 

𝜏ℎ(𝑡) = 𝜏ℎ
∗(𝑡) − (𝐾ℎ + ∆𝑘ℎ)𝛿𝑞𝑚(𝑡) − (𝐵ℎ + ∆𝑏ℎ)𝛿𝑞̇𝑚(𝑡)

− (𝑀ℎ + ∆𝑚ℎ)𝛿𝑞̈𝑚(𝑡)                                                                       (4.116) 

𝜏𝑒(𝑡) = 𝜏𝑒
∗(𝑡) + (𝐾𝑒 + ∆𝑘𝑒)𝛿𝑞𝑠(𝑡) + (𝐵𝑒 + ∆𝑏𝑒)𝛿𝑞̇𝑠(𝑡) + (𝑀𝑒

+ ∆𝑚𝑒)𝛿𝑞̈𝑠(𝑡)                                                                                      (4.117) 

The main advantage of the NNs is that it has the ability to approximate any smooth 

nonlinear function with arbitrary precision owing to their inherent approximate 

capabilities. The Radial Basis Function (RBF) NN is applied to approximate a 

continuous function 𝑓(𝑋): 𝑅𝑞 → 𝑅𝑝 expressed as follows: 

𝑓(𝑋) = 𝑊𝑇Φ(𝑋) + 𝜉(𝑋)                                        (4.118) 
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where 𝑋 ∈ Ω𝑥 ⊂ 𝑅
𝑞  is the input vector. 𝑊 ∈ 𝑅𝑛×𝑝  is the weight matrix. n is the 

number of the neurons. 𝜉(𝑋) is the approximation errors.  

𝛷(𝑋) = [𝛷1(𝑋),𝛷2(𝑋),… ,𝛷𝑘(𝑋),… ,𝛷𝑛(𝑋)] , where 𝛷𝑘(𝑋)  is the RBF Gaussian 

function: 

𝛷𝑘(𝑋) = exp (−
1

2Η𝑘
2
‖𝑋 − 𝐶𝑘‖

2)                                      (4.119) 

Where 𝐶𝑘  and Η𝑘  are the center and the width of the k-th neuron, respectively. 

According to the universal approximation property of NNs, for any continuous 

function f(X), there exists an NN such that 

𝑓(𝑋) = 𝑊∗𝑇Φ(𝑋) + 𝜉∗(𝑋), ‖𝜉∗(𝑋)‖ ≤ 𝜉𝑢𝑝
∗                                (4.120) 

where 𝑊∗ and 𝜉∗(𝑋) are the ideal weight and error in the approximation, respectively. 

𝜉𝑢𝑝
∗  is 𝜉∗(𝑋) ’s upper bound. The dynamic functions of the manipulaters can be 

considered to be piecewise continuous functions due to the existing friction and 

backlash. Assume that 𝑓(𝑋) is a piecewise function which can be written as: 𝑓(𝑋) =

𝑓1(𝑋) + 𝑓2(𝑋) , where 𝑓1(𝑋)  is the continuous part and 𝑓2(𝑋)  is the bounded 

piecewise term, respectively. Therefore: 

𝑓(𝑋) = 𝑊∗𝑇Φ(𝑋) + 𝜉∗(𝑋) + 𝑓2(𝑋) = 𝑊
∗𝑇𝛷(𝑋) + 𝜉̅∗(𝑋)         (4.121) 

where 𝜉̅∗(𝑋) = 𝜉∗(𝑋) + 𝑓2(𝑋) , 𝜉̅∗(𝑋) ≤ 𝜉𝑢̅𝑝
∗ . 𝜉𝑢̅𝑝

∗  is the upper bound of the 

approximation error. 

Remark 1. In this section, the unsymmetrical time delays 𝑇1(𝑡)  and 𝑇2(𝑡)  are 

assumed to be bounded by μ̅1,2. That is, |Ṫ1,2(t)| ≤ μ̅1,2. Moreover, the time-varying 

delays 𝑇1,2(𝑡) are considered to be the sum of the constant time delays 𝑇̅1,2 with their 

bounded perturbations ∆𝑇1,2(𝑡) . That is, 𝑇1,2(𝑡) = 𝑇̅1,2 + ∆𝑇1,2(𝑡) ≤ 𝑇̅1,2 + 𝜀1̅,2 =

𝑇1,2
𝑚𝑎𝑥, where 𝜀1̅,2 are the upper bounds of the perturbations and 𝑇1,2

𝑚𝑎𝑥 are the upper 

bounds of the 𝑇1,2(𝑡). 

Fig.4.37 shows the proposed 4-CH wave variable transformation which contains two 

wave transformation schemes. 
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Figure 4.37. 4-CH wave variable transformation 

The two wave transformation schemes are applied to encode the feed-forward signals 

𝑉𝐴1  and 𝑉𝐵1  with the feedback signals 𝐼𝐴2  and 𝐼𝐵2 , where 𝑉𝐴1(𝑡) = 𝛽𝛿𝑞𝑚(𝑡) +

𝛼𝛿𝑞̇𝑚(𝑡), 𝑉𝐵1(𝑡) =   𝛼1𝛿𝑞̇𝑚(𝑡), 𝐼𝐴2(𝑡) =  𝛼1𝛿𝑞̇𝑠(𝑡), 𝐼𝐵2(𝑡) = −𝛽𝛿𝑞𝑠(𝑡) −

𝛼𝛿𝑞̇𝑠(𝑡). 𝛼, α1 and 𝛽 are diagonal positive-definite matrices. 𝛿 are positive constants. 

In this system, position and velocity are transmitted between the two robots. 

The wave variables in the two schemes are defined as follows: 

𝑢𝑚1(𝑡) =
𝑏1𝑉𝐴1(𝑡) +

1
𝜆1
𝐼𝐴2(𝑡 − 𝑇2(𝑡))

√2𝑏1
, 𝑢𝑠1(𝑡) =

𝑏1𝑉𝐴2(𝑡) +
1
𝜆1
𝐼𝐴2(𝑡)

√2𝑏1
    (4.122) 

𝑣𝑚1(𝑡) =
𝐼𝐴2(𝑡 − 𝑇2(𝑡))

√2𝑏1
, 𝑣𝑠1(𝑡) =

𝐼𝐴2(𝑡)

√2𝑏1
                          (4.123) 

𝑢𝑚2(𝑡) =
𝑏2𝑉𝐵1(𝑡)

√2𝑏2
, 𝑢𝑠2(𝑡) =

𝑏2𝑉𝐵1(𝑡 − 𝑇1(𝑡))

√2𝑏2
                   (4.124) 

𝑣𝑚2(𝑡) =

𝑏2
𝜆2
𝑉𝐵1(𝑡) − 𝐼𝐵1(𝑡)

√2𝑏2
, 𝑣𝑠2(𝑡) =

𝑏2
𝜆2
𝑉𝐵1(𝑡 − 𝑇1(𝑡)) − 𝐼𝐵2(𝑡)

√2𝑏2
         (4.125) 
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where 𝑏1,2  and λ1,2  are the positive characteristic impedances. After equations 

transformation, the following equations can be derived based on (4.122)-(4.125): 

𝑉𝐴1(𝑡) = √
2

𝑏1
(𝑢𝑚1(𝑡) −

1

𝜆1
𝑣𝑚1(𝑡)) , 𝑉𝐴2(𝑡) = √

2

𝑏1
(𝑢𝑠1(𝑡) −

1

𝜆1
𝑣𝑠1(𝑡)) (4.126) 

𝐼𝐴1 = 𝜆1√2𝑏1𝑢𝑚1(𝑡), 𝐼𝐴2(𝑡) = √2𝑏1𝑣𝑠1(𝑡)                        (4.127) 

𝑉𝐵1(𝑡) = √
2

𝑏2
𝑢𝑚2(𝑡), 𝑉𝐵2(𝑡) = 𝜆2√

2

𝑏2
𝑣𝑠2(𝑡)                  (4.128) 

𝐼𝐵1 = √2𝑏2 (
1

𝜆2
𝑢𝑚2(𝑡) − 𝑣𝑚2(𝑡)) , 𝐼𝐵2 = √2𝑏2 (

1

𝜆2
𝑢𝑠2(𝑡) − 𝑣𝑠2(𝑡))   (4.129) 

Therefore, the control signals after transmission in Fig.1 can be derived as 

𝐼𝐴1 = 𝛼1𝛿𝑞̇𝑠(𝑡 − 𝑇2(𝑡)) + 𝑏1𝜆1(𝛽𝛿𝑞𝑚(𝑡) +  𝛼𝛿𝑞̇𝑚(𝑡))              (4.130) 

𝐼𝐵1 = −𝛽𝛿𝑞𝑠(𝑡 − 𝑇2(𝑡)) −  𝛼𝛿𝑞̇𝑠(𝑡 − 𝑇2(𝑡))

+
𝑏2𝛼1
𝜆2

(𝛿𝑞̇𝑚(𝑡) − 𝛿𝑞̇𝑚 (𝑡 − 𝑇1(𝑡) − 𝑇2(𝑡 − 𝑇1(𝑡))))          (4.131) 

𝑉𝐴2(𝑡) = 𝑉𝐴2(𝑡)

= 𝛽𝛿𝑞𝑚(𝑡 − 𝑇1(𝑡)) +  𝛼𝛿𝑞̇𝑚(𝑡 − 𝑇1(𝑡))

−
𝛼1
𝑏1𝜆1

(𝛿𝑞̇𝑠(𝑡) − 𝛿𝑞̇𝑠 (𝑡 − 𝑇2(𝑡) − 𝑇1(𝑡 − 𝑇2(𝑡))))               (4.132) 

𝑉𝐵2(𝑡) = 𝛼1𝛿𝑞̇𝑚(𝑡 − 𝑇1(𝑡)) +
𝜆2
𝑏2
(𝛽𝛿𝑞𝑠(𝑡) + 𝛼𝛿𝑞̇𝑠(𝑡))               (4.133) 

Define 𝑇𝑙1(𝑡) = 𝑇2(𝑡) + 𝑇1(𝑡 − 𝑇2(𝑡))  and 𝑇𝑙2(𝑡) = 𝑇1(𝑡) + 𝑇2(𝑡 − 𝑇1(𝑡)) . Also, 

𝑇̇𝑙1(𝑡) ≤ 𝜇̅1, 𝑇̇𝑙2(𝑡) ≤ 𝜇̅2. 
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The proposed 4-CH wave variable transformation can actually be seen as the 

combination of two 2-port network. Therefore, the power flow in the 4-CH wave 

variable transformation can be defined as: 

𝑃4𝐶𝐻(𝑡) = 𝑃1(𝑡)[𝑠𝑐ℎ𝑒𝑚𝑒1] + 𝑃2(𝑡)[𝑠𝑐ℎ𝑒𝑚𝑒2] 

𝑃1(𝑡) = 𝑉𝐴1(𝑡)𝐼𝐴1(𝑡) − 𝑉𝐴2(𝑡)𝐼𝐴2(𝑡)  

= 2𝜆1𝑢𝑚1
𝑇 (𝑡)𝑢𝑚1(𝑡) +

2

𝜆1
𝑣𝑠1
𝑇 (𝑡)𝑣𝑠1(𝑡) − 2(𝑢𝑚1

𝑇 (𝑡)𝑣𝑚1(𝑡) + 𝑢𝑠1
𝑇 (𝑡)𝑣𝑠1(𝑡))  

= 𝜆1(𝑢𝑚1
𝑇 (𝑡)𝑢𝑚1(𝑡) − 𝑢𝑠1

𝑇 (𝑡)𝑢𝑠1(𝑡)) +
1

𝜆1
(𝑣𝑠1

𝑇 (𝑡)𝑣𝑠1(𝑡) − 𝑣𝑚1
𝑇 (𝑡)𝑣𝑚1(𝑡)) +

1

𝜆1
(𝑣𝑚1(𝑡) − 𝜆1𝑢𝑚1(𝑡))

𝑇
(𝑣𝑚1(𝑡) − 𝜆1𝑢𝑚1(𝑡)) +

1

𝜆1
(𝑣𝑠1(𝑡) − 𝜆1𝑢𝑠1(𝑡))

𝑇
(𝑣𝑠1(𝑡) −

𝜆1𝑢𝑠1(𝑡))  

=
𝑑

𝑑𝑡
∫ 𝜆1
𝑡

𝑡−𝑇1(𝑡)
𝑢𝑚1
𝑇 (𝜂)𝑢𝑚1(𝜂)𝑑𝜂 +

𝑑

𝑑𝑡
∫

1

𝜆1

𝑡

𝑡−𝑇2(𝑡)
𝑣𝑠1
𝑇 (𝜂)𝑣𝑠1(𝜂)𝑑𝜂 +

1

𝜆1
(𝑣𝑚1(𝑡) −

𝜆1𝑢𝑚1(𝑡))
𝑇
(𝑣𝑚1(𝑡) − 𝜆1𝑢𝑚1(𝑡)) +

1

𝜆1
(𝑣𝑠1(𝑡) − 𝜆1𝑢𝑠1(𝑡))

𝑇
(𝑣𝑠1(𝑡) − 𝜆1𝑢𝑠1(𝑡)) −

𝜆1𝑇̇1(𝑡)𝑢𝑠1
𝑇 (𝑡)𝑢𝑠1(𝑡) −

1

𝜆1
𝑇̇2(𝑡)𝑣𝑚1

𝑇 (𝑡)𝑣𝑚1(𝑡)  

=
𝑑𝐸1(𝑡)

𝑑𝑡
+ 𝑃1

𝑑𝑖𝑠𝑠(𝑡)                                                                                                    (4.134) 

𝐸1(𝑡) = ∫ 𝜆1

𝑡

𝑡−𝑇1(𝑡)

𝑢𝑚1
𝑇 (𝜂)𝑢𝑚1(𝜂)𝑑𝑡 + ∫

1

𝜆1

𝑡

𝑡−𝑇2(𝑡)

𝑣𝑠1
𝑇 (𝜂)𝑣𝑠1(𝜂)𝑑𝑡           (4.135) 

𝑃1
𝑑𝑖𝑠𝑠(𝑡) =

1

𝜆1
(𝑣𝑚1(𝑡) − 𝜆1𝑢𝑚1(𝑡))

𝑇
(𝑣𝑚1(𝑡) − 𝜆1𝑢𝑚1(𝑡))

+
1

𝜆1
(𝑣𝑠1(𝑡) − 𝜆1𝑢𝑠1(𝑡))

𝑇
(𝑣𝑠1(𝑡) − 𝜆1𝑢𝑠1(𝑡))

− 𝜆1𝑇̇1(𝑡)𝑢𝑠1
𝑇 (𝑡)𝑢𝑠1(𝑡) −

1

𝜆1
𝑇̇2(𝑡)𝑣𝑚1

𝑇 (𝑡)𝑣𝑚1(𝑡)                       (4.136) 

and 

𝑃2(𝑡) = 𝑉𝐵1(𝑡)𝐼𝐵1(𝑡) − 𝑉𝐵2(𝑡)𝐼𝐵2(𝑡)  

=
2

𝜆2
𝑢𝑚2
𝑇 (𝑡)𝑢𝑚2(𝑡) + 2𝜆2𝑣𝑠2

𝑇 (𝑡)𝑣𝑠2(𝑡) − 2(𝑢𝑚2
𝑇 (𝑡)𝑣𝑚2(𝑡) + 𝑢𝑠2

𝑇 (𝑡)𝑣𝑠2(𝑡))  
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=
1

𝜆2
(𝑢𝑚2

𝑇 (𝑡)𝑢𝑚2(𝑡) − 𝑢𝑠2
𝑇 (𝑡)𝑢𝑠2(𝑡)) + 𝜆2(𝑣𝑠2

𝑇 (𝑡)𝑣𝑠2(𝑡) − 𝑣𝑚2
𝑇 (𝑡)𝑣𝑚2(𝑡)) +

𝜆2 (𝑣𝑚2(𝑡) −
1

𝜆2
𝑢𝑚2(𝑡))

𝑇

(𝑣𝑚2(𝑡) −
1

𝜆2
𝑢𝑚2(𝑡)) + 𝜆2 (𝑣𝑠2(𝑡) −

1

𝜆2
𝑢𝑠2(𝑡))

𝑇

(𝑣𝑠2(𝑡) −
1

𝜆2
𝑢𝑠2(𝑡))  

=
𝑑

𝑑𝑡
∫

1

𝜆2

𝑡

𝑡−𝑇1(𝑡)
𝑢𝑚2
𝑇 (𝜂)𝑢𝑚2(𝜂)𝑑𝜂 +

𝑑

𝑑𝑡
∫ 𝜆2
𝑡

𝑡−𝑇2(𝑡)
𝑣𝑠2
𝑇 (𝜂)𝑣𝑠2(𝜂)𝑑𝜂 + 𝜆2 (𝑣𝑚2(𝑡) −

1

𝜆2
𝑢𝑚2(𝑡))

𝑇

(𝑣𝑚2(𝑡) −
1

𝜆2
𝑢𝑚2(𝑡)) + 𝜆2 (𝑣𝑠2(𝑡) −

1

𝜆2
𝑢𝑠2(𝑡))

𝑇

(𝑣𝑠2(𝑡) −

1

𝜆2
𝑢𝑠2(𝑡)) −

1

𝜆2
𝑇̇1(𝑡)𝑢𝑠2

𝑇 (𝑡)𝑢𝑠2(𝑡) − 𝜆2𝑇̇2(𝑡)𝑣𝑚2
𝑇 (𝑡)𝑣𝑚2(𝑡)  

=
𝑑𝐸2(𝑡)

𝑑𝑡
+ 𝑃2

𝑑𝑖𝑠𝑠(𝑡)                                                                                                     (4.137) 

𝐸2(𝑡) = ∫
1

𝜆2

𝑡

𝑡−𝑇1(𝑡)

𝑢𝑚2
𝑇 (𝜂)𝑢𝑚2(𝜂)𝑑𝜂 + ∫ 𝜆2

𝑡

𝑡−𝑇2(𝑡)

𝑣𝑠2
𝑇 (𝜂)𝑣𝑠2(𝜂)𝑑𝜂          (4.138) 

𝑃2
𝑑𝑖𝑠𝑠(𝑡) = 𝜆2 (𝑣𝑚2(𝑡) −

1

𝜆2
𝑢𝑚2(𝑡))

𝑇

(𝑣𝑚2(𝑡) −
1

𝜆2
𝑢𝑚2(𝑡))

+ 𝜆2 (𝑣𝑠2(𝑡) −
1

𝜆2
𝑢𝑠2(𝑡))

𝑇

(𝑣𝑠2(𝑡) −
1

𝜆2
𝑢𝑠2(𝑡))

−
1

𝜆2
𝑇̇1(𝑡)𝑢𝑠2

𝑇 (𝑡)𝑢𝑠2(𝑡) − 𝜆2𝑇̇2(𝑡)𝑣𝑚2
𝑇 (𝑡)𝑣𝑚2(𝑡)                        (4.139) 

According to (4.135) and (4.138), the net energy flows are absolutely positive to 

guarantee passivity of the communication network. Based on the definition of passivity 

and assuming 𝐸1(0) = 𝐸2(0) = 0, the energy flow is derived as: 
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𝐸𝑓𝑙𝑜𝑤(𝑡) = ∫ 𝑃4𝐶𝐻(𝜂)𝑑𝜂
𝑡

0

= ∫ (𝑃1
𝑑𝑖𝑠𝑠(𝜂) + 𝑃2

𝑑𝑖𝑠𝑠(𝜂) +
𝑑𝐸1
𝑑𝑡

(𝜂) +
𝑑𝐸2
𝑑𝑡

(𝜂))𝑑𝜂
𝑡

0

= 𝐸1(𝑡) + 𝐸2(𝑡) − 𝐸1(0) − 𝐸2(0) + ∫ 𝑃1
𝑑𝑖𝑠𝑠(𝜂) + 𝑃2

𝑑𝑖𝑠𝑠(𝜂)𝑑𝜂
𝑡

0

≥ ∫ 𝑃1
𝑑𝑖𝑠𝑠(𝜂) + 𝑃2

𝑑𝑖𝑠𝑠(𝜂)𝑑𝜂
𝑡

0

                                                            (4.140) 

Therefore, in the situation that 𝑃1
𝑑𝑖𝑠𝑠(t) + 𝑃2

𝑑𝑖𝑠𝑠(t) ≥ 0 , according to (4.140), the 

energy flow 𝐸𝑓𝑙𝑜𝑤(𝑡) is no less than zero and the passivity of the time delayed network 

can be guaranteed. 

  𝑃1
𝑑𝑖𝑠𝑠(t) + 𝑃2

𝑑𝑖𝑠𝑠(t)  can also be defined as the sum of master power dissipation 

components 𝑃𝑑𝑖𝑠𝑠
𝑚 (𝑡)  and slave power dissipation components 𝑃𝑑𝑖𝑠𝑠

𝑠 (𝑡)  based on 

(4.134) and (4.137). 

Pdiss
m (t) =

1

𝜆1
(𝑣𝑚1(𝑡) − 𝜆1𝑢𝑚1(𝑡))

𝑇
(𝑣𝑚1(𝑡) − 𝜆1𝑢𝑚1(𝑡))

+ 𝜆2 (𝑣𝑚2(𝑡) −
1

𝜆2
𝑢𝑚2(𝑡))

𝑇

(𝑣𝑚2(𝑡) −
1

𝜆2
𝑢𝑚2(𝑡))

−
1

𝜆1
𝑇̇2(𝑡)𝑣𝑚1

𝑇 (𝑡)𝑣𝑚1(𝑡) − 𝜆2𝑇̇2(𝑡)𝑣𝑚2
𝑇 (𝑡)𝑣𝑚2(𝑡)                     (4.141) 

Pdiss
s (t) =

1

𝜆1
(𝑣𝑠1(𝑡) − 𝜆1𝑢𝑠1(𝑡))

𝑇
(𝑣𝑠1(𝑡) − 𝜆1𝑢𝑠1(𝑡))

+ 𝜆2 (𝑣𝑠2(𝑡) −
1

𝜆2
𝑢𝑠2(𝑡))

𝑇

(𝑣𝑠2(𝑡) −
1

𝜆2
𝑢𝑠2(𝑡))

− 𝜆1𝑇̇1(𝑡)𝑢𝑠1
𝑇 (𝑡)𝑢𝑠1(𝑡) −

1

𝜆2
𝑇̇1(𝑡)𝑢𝑠2

𝑇 (𝑡)𝑢𝑠2(𝑡)                           (4.142) 

According to (4.141) and (4.142), the proposed passivity observers can observe the 

power dissipation components in real time, as Pdiss
m (t) and Pdiss

s (t) only contain the 

signals observed at the master and slave ports, respectively. The proposed 4-CH wave 

transformation is proposed to guarantee the passivity of the communication channels 

in the presence of constant delays so that the Pdiss
m (t) and Pdiss

s (t) are required to be 
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positive when 𝑇̇1(𝑡) = 𝑇̇2(𝑡) = 0 . Therefore, in the constant time delay situation, 

(4.141) and (4.142) can be simplified as: 

𝑃𝑑𝑖𝑠𝑠
𝑚 (𝑡) =

1

𝜆1
(𝑣𝑚1(𝑡) − 𝜆1𝑢𝑚1(𝑡))

𝑇
(𝑣𝑚1(𝑡) − 𝜆1𝑢𝑚1(𝑡))

+ 𝜆2 (𝑣𝑚2(𝑡) −
1

𝜆2
𝑢𝑚2(𝑡))

𝑇

(𝑣𝑚2(𝑡) −
1

𝜆2
𝑢𝑚2(𝑡))         (4.143) 

𝑃𝑑𝑖𝑠𝑠
𝑠 (𝑡) =

1

𝜆1
(𝑣𝑠1(𝑡) − 𝜆1𝑢𝑠1(𝑡))

𝑇
(𝑣𝑠1(𝑡) − 𝜆1𝑢𝑠1(𝑡))

+ 𝜆2 (𝑣𝑠2(𝑡) −
1

𝜆2
𝑢𝑠2(𝑡))

𝑇

(𝑣𝑠2(𝑡) −
1

𝜆2
𝑢𝑠2(𝑡))           (4.144) 

(4.143) and (1.143) are definitely non-negative. Therefore, the communication 

channels’ passivity can be guaranteed by the proposed 4-CH wave transformation and 

the passivity controllers will not be launched to degrade the system transparency. 

The value of 𝑇̇1,2 can be measured by using the time delay differential estimator in 

Fig.4.2. When this estimator is used, the integral of um1(t) and vs1(t) should be sent 

outside the wave transformation. The passivity observers are designed as: 

𝑃𝑜𝑏𝑠
𝑚 (𝑡) =

1

𝜆1
(𝑣𝑚1(𝑡) − 𝜆1𝑢𝑚1(𝑡))

𝑇
(𝑣𝑚1(𝑡) − 𝜆1𝑢𝑚1(𝑡))

+ 𝜆2 (𝑣𝑚2(𝑡) −
1

𝜆2
𝑢𝑚2(𝑡))

𝑇

(𝑣𝑚2(𝑡) −
1

𝜆2
𝑢𝑚2(𝑡))

−
𝑇̂̇2
𝜆1
𝑣𝑚1
𝑇 (𝑡)𝑣𝑚1(𝑡) − 𝜆2𝑇̂̇2𝑣𝑚2

𝑇 (𝑡)𝑣𝑚2(𝑡)                                     (4.145) 

𝑃𝑜𝑏𝑠
𝑠 (𝑡) =

1

𝜆1
(𝑣𝑠1(𝑡) − 𝜆1𝑢𝑠1(𝑡))

𝑇
(𝑣𝑠1(𝑡) − 𝜆1𝑢𝑠1(𝑡))

+ 𝜆2 (𝑣𝑠2(𝑡) −
1

𝜆2
𝑢𝑠2(𝑡))

𝑇

(𝑣𝑠2(𝑡) −
1

𝜆2
𝑢𝑠2(𝑡))

− 𝜆1𝑇̂̇1𝑢𝑠1
𝑇 (𝑡)𝑢𝑠1(𝑡) −

𝑇̂̇1
𝜆2
𝑢𝑠2
𝑇 (𝑡)𝑢𝑠2(𝑡)                                        (4.146) 
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𝑇̂̇1,2 = {
𝑇̇1,2
𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒 , 𝑖𝑓 𝑇̇1,2

𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒 < Μ̅1,2

𝛭̅1,2, 𝑒𝑙𝑠𝑒, 𝑖𝑓  𝑇̇1,2
𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒 ≥ 𝛭̅1,2

                                (4.147) 

where 𝛭̅1,2 are constants and satisfies 𝛭̅1,2 > 𝑇̇1,2. In this section, we set 𝛭̅1 = 𝛭̅2 =

2. 

By using the passivity observer, we design the passivity controller to be: 

𝑉̂𝑠(𝑡) = 𝑉𝐴2(𝑡) − 𝑉𝐵2(𝑡) − 𝛤2(𝑡)                                        (4.148) 

𝐼𝑚(𝑡) = −𝐼𝐴1 − 𝐼𝐵1 − 𝛤1(𝑡)                                             (4.149) 

where V̂s(t) and Îm(t) are the output control signals from the passivity controllers in 

the slave side and master side, respectively. 𝛤1(𝑡) and 𝛤2(𝑡) are designed as (4.150)-

(4.152), where 𝜎1,2 are positive constants. 

𝛤1(𝑡) = {
0,   𝑖𝑓 𝑃𝑜𝑏𝑠

𝑚 (𝑡) ≥ 0 𝑜𝑟 𝑞̇𝑚(𝑡) = 0
𝛼𝜇̅2𝛿𝑞̇𝑠

𝑇(𝑡−𝑇2(𝑡))𝑞̇𝑠(𝑡−𝑇2(𝑡))

2𝑞̇𝑚(𝑡)
+ (

𝛽𝜆2(𝜀̅1+𝜀̅2)+𝑏2𝛼𝜇̅2𝜎1

2𝜆2
) 𝛿𝑞̇𝑚(𝑡), 𝑒𝑙𝑠𝑒

           (4.150) 

𝛤2(𝑡) = {
0,   𝑖𝑓 𝑃𝑜𝑏𝑠

𝑠 (𝑡) ≥ 0 𝑜𝑟 𝑞̇𝑠(𝑡) = 0
𝛼𝜇̅1𝛿𝑞̇𝑚

𝑇 (𝑡−𝑇1(𝑡))𝑞̇𝑚(𝑡−𝑇1(𝑡))

2𝑞̇𝑠(𝑡)
+ (

𝛽(𝜀̅1+𝜀̅2)

2
+
𝛼𝜇̅1𝜎2

2𝑏1𝜆1
) 𝛿𝑞̇𝑠(𝑡), 𝑒𝑙𝑠𝑒

             (4.151) 

4.5.2 Design and analysis of the proposed teleoperation system 

 

Based on the external force models (4.116)-(4.117), the teleoperation dynamics can be 

rewritten as the following form: 

𝑀𝑚(𝑞𝑚)𝛿𝑞̈𝑚 + 𝐶𝑚(𝑞𝑚, 𝑞̇𝑚)𝛿𝑞̇𝑚

= 𝜏𝑚 + 𝜏ℎ
∗(𝑡) − 𝐵ℎ𝛿𝑞̇𝑚(𝑡) − 𝑀ℎ𝛿𝑞̈𝑚(𝑡) + 𝐹𝑚

∗ − 𝑓𝑚(𝑋𝑚)   (4.152) 

𝑀𝑠(𝑞𝑠)𝛿𝑞̈𝑠 + 𝐶𝑠(𝑞𝑠, 𝑞̇𝑠)𝛿𝑞̇𝑠

= 𝜏𝑠 − 𝜏𝑒
∗(𝑡) − 𝐵𝑒𝛿𝑞̇𝑠(𝑡) − 𝑀𝑒𝛿𝑞̈𝑠(𝑡) + 𝐹𝑠

∗ − 𝑓𝑠(𝑋𝑠)            (4.153) 

where 𝑋𝑖(𝑡) = [𝑞̈𝑖
𝑇(𝑡), 𝑞̇𝑖

𝑇(𝑡), 𝑞𝑖
𝑇(𝑡)]𝑇. 𝑓𝑖(𝑋𝑖) are defined as: 
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𝑓𝑖(𝑋𝑖) = 𝐹𝑖𝑞̇𝑖 + 𝑓𝑐𝑖(𝑞̇𝑖) + 𝑔̃𝑖(𝑞𝑖) + 𝑀𝑖(𝑞𝑖)(1 − 𝛿)𝑞̈𝑖 + 𝐶𝑖(𝑞𝑖, 𝑞̇𝑖)(1 − 𝛿)𝑞̇𝑖 + (𝐾ℎ,𝑒

+ ∆𝑘ℎ,𝑒)𝛿𝑞𝑖 + ∆𝑏ℎ,𝑒𝛿𝑞̇𝑖 + ∆𝑚ℎ,𝑒𝛿𝑞̈𝑖                                         (4.154) 

where 𝑔̃𝑖(𝑞𝑖) = 𝑔𝑖(𝑞𝑖) − 𝑔̂𝑖(𝑞𝑖). 𝑔̂𝑖(𝑞𝑖) are the estimated model of 𝑔𝑖(𝑞𝑖). 

According to NNs approximation property, the functions 𝑓𝑖(𝑋𝑖) are applied in this 

section to approximate 𝑓𝑖(𝑋𝑖) with 

𝑓𝑖(𝑋𝑖) = 𝑊̂𝑖
𝑇𝛷𝑖(𝑋𝑖)                                              (4.155) 

where 𝑊̂𝑖  are the NN adaption parameters and 𝛷𝑖(𝑋𝑖) are the NN basis functions. 

Define 

𝑓𝑖(𝑋𝑖) = 𝑓𝑖(𝑋𝑖) − 𝑓𝑖(𝑋𝑖) = (𝑊̂𝑖
𝑇 −𝑊𝑖

∗𝑇)𝛷𝑖(𝑋𝑖) = 𝑊̃𝑖
𝑇𝛷𝑖(𝑋𝑖) + 𝜉𝑖̅

∗(𝑋)         (4.156) 

Due to the piecewise continuous function 𝑓𝑐𝑖(𝑞̇𝑖), we assume that 𝜉𝑖̅
∗(𝑋) are made up 

of 𝜉𝑖
∗ and 𝑓𝑐𝑖(𝑞̇𝑖). 

Combine the proposed wave-based TDPA control method and the neural network 

control method, the control laws of the overall teleoperation systems are given as 

follows: 

𝜏𝑚(𝑡) = 𝑓𝑚(𝑋𝑚) + 𝐼𝑚(𝑡) − (𝛼 − 𝛼1)𝛿𝑞̇𝑚(𝑡) − (1 − 𝑏1𝜆1)𝛽𝛿𝑞𝑚(𝑡) − 𝑌𝑚(𝑡) =

𝑓𝑚(𝑋𝑚) − 𝐼𝐴1 − 𝐼𝐵1 − 𝛤1(𝑡) − (𝛼 − 𝛼1)𝛿𝑞̇𝑚(𝑡) − (1 − 𝑏1𝜆1)𝛽𝛿𝑞𝑚(𝑡) − 𝑌𝑚(𝑡)  

= 𝑓𝑚(𝑋𝑚) + 𝛽 (𝛿𝑞𝑠(𝑡 − 𝑇2(𝑡)) − 𝛿𝑞𝑚(𝑡)) + (𝛼 − 𝛼1) (𝛿𝑞̇𝑠(𝑡 − 𝑇2(𝑡)) − 𝛿𝑞̇𝑚(𝑡))

−
𝑏2𝛼1
𝜆2

(𝛿𝑞̇𝑚(𝑡) − 𝛿𝑞̇𝑚(𝑡 − 𝑇𝑙2(𝑡))) − 𝑏1𝜆1𝛼𝛿𝑞̇𝑚(𝑡) − 𝛤1(𝑡)

− 𝑌𝑚(𝑡)                                                                                                                                  (4.157) 

𝜏𝑠(𝑡) = 𝜏𝑠(𝑡) = 𝑓𝑠(𝑋𝑠) + 𝑉̂𝑠(𝑡) − (𝛼 − 𝛼1)𝛿𝑞̇𝑠(𝑡) − (1 −
𝜆2

𝑏2
)𝛽𝛿𝑞𝑠(𝑡) − 𝑌𝑠(𝑡) =

𝑓𝑠(𝑋𝑠) + 𝑉𝐴2(𝑡) − 𝑉𝐵2(𝑡) − 𝛤2(𝑡) − (𝛼 − 𝛼1)𝛿𝑞̇𝑠(𝑡) − (1 −
𝜆2

𝑏2
)𝛽𝛿𝑞𝑚(𝑡) − 𝑌𝑠(𝑡)  
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= 𝑓𝑠(𝑋𝑠) + 𝛽 (𝛿𝑞𝑚(𝑡 − 𝑇1(𝑡)) − 𝛿𝑞𝑠(𝑡)) + (𝛼 − 𝛼1) (𝛿𝑞̇𝑚(𝑡 − 𝑇1(𝑡)) − 𝛿𝑞̇𝑠(𝑡))

−
𝛼

𝑏1𝜆1
(𝛿𝑞̇𝑠(𝑡) − 𝛿𝑞̇𝑠(𝑡 − 𝑇𝑙1(𝑡))) −

𝜆2𝛼

𝑏2
 𝛿𝑞̇𝑠(𝑡) − 𝛤2(𝑡)

− 𝑌𝑠(𝑡)                                                                                                  (4.158) 

where 𝜎, 𝜎1,2 are positive constants. 𝑌𝑚(𝑡) and 𝑌𝑠(𝑡) are the designed adaptive control 

laws as: 

𝑌𝑖(𝑡) = {

𝛿𝑞̇𝑖(𝑡)

‖𝛿𝑞̇𝑖(𝑡)‖
Θ̂𝑖(𝑡),   𝑖𝑓‖𝑞̇𝑖(𝑡)‖ ≠ 0 

0,   𝑖𝑓‖𝑞̇𝑖(𝑡)‖ = 0

                           (4.159) 

Θ̇̂𝑖(𝑡) = ‖𝑞̇𝑖(𝑡)‖                                            (4.160) 

Remark 2. The adaptive control laws 𝑌𝑖(𝑡)  are mainly used to deal with the 

approximation error, external positive input and unknown disturbance. Θ̂𝑖 (t) are 

applied to estimate the upper bounds Θ𝑖 the sum of NN approximate error, the bounded 

external disturbance 𝐹𝑖
∗ and the exogenous input 𝜏ℎ,𝑒

∗ (𝑡). That is, Θ𝑖 ≥ ‖𝜉𝑖̅
∗(𝑋) + 𝐹𝑖

∗ ±

𝜏ℎ,𝑒
∗ ‖.  

In the ideal situation where 𝑓𝑖(𝑋𝑖) = 0, the adaptive controllers can be considered as 

damping terms which may influence transparency. However, by setting 0 < 𝛿 < 1, 

the adverse influence can be effectively reduced.  

Based on the control laws (4.157)-(4.158), 𝑓𝑖(𝑋𝑖) and 𝑌𝑖(𝑡) are used to diminish the 

side effects of system uncertainties as well as external disturbance and input. We now 

analyze the remaining parts of the control laws −𝑏1𝜆1𝛼𝛿𝑞̇𝑚(𝑡)  and −
𝜆2𝛼

𝑏2
 𝛿𝑞̇𝑠(𝑡) 

applied to guarantee the system’s stability. The two terms −
𝑏2𝛼1

𝜆2
(𝛿𝑞̇𝑚(𝑡) −

𝛿𝑞̇𝑚(𝑡 − 𝑇𝑙1(𝑡)))  and −
𝛼1

𝑏1𝜆1
(𝛿𝑞̇𝑠(𝑡) − 𝛿𝑞̇𝑠(𝑡 − 𝑇𝑙2(𝑡)))  can strengthen tracking 

performances and system stability. Under small time delays, these two terms are close 

to zero. When large time delays exist, these two terms can be treated as dampers that 

can enhance stability. Also setting small value for 𝛼1 can efficiently reduce the values 

of the two terms. The remaining parts are to derive accurate position and velocity 
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signals tracking. When large and sharply varying delays occur, 𝛤1,2(𝑡)  will be 

immediately launched to guarantee the whole system’s stability. More details on 

setting control parameters will be introduced later. The total block diagram of the 

proposed teleoperation system is shown in Fig.4.38. 

 

Figure 4.38. Total block diagram 

Theorem 4.6. Consider the teleoperation system (1)-(2). If the control laws are 

constructed by (4.157) and (4.158), the NN adaptive laws are  

𝑊̇̂𝑖 = Ω𝑖𝛷𝑖(𝑋𝑖)𝛿𝑞̇𝑖                                               (4.161) 

where Ω𝑖 are the positive definite matrices. The position and velocity tracking errors 

will asymmetrically converge to zero in the presence of arbitrary time delays. 

Proof. Consider a positive semi-definite function V(t) for the system as: 

V(t) = 𝑉1(𝑡) + 𝑉2(𝑡) + 𝑉3(𝑡) + 𝑉4(𝑡) + 𝑉5(𝑡) 

where 
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𝑉1(𝑡) =
1

2
𝛿𝑞̇𝑚

𝑇 (𝑡)𝑀𝑚(𝑞𝑚(𝑡))𝛿𝑞̇𝑚(𝑡) +
1

2
𝛿𝑞̇𝑠

𝑇(𝑡)𝑀𝑠(𝑞𝑠(𝑡))𝛿𝑞̇𝑠(𝑡)

+
1

2
𝑡𝑟(𝑊̃𝑚

𝑇Ω𝑚
−1𝑊̃𝑚) +

1

2
𝑡𝑟(𝑊̃𝑠

𝑇𝛺𝑠
−1𝑊̃𝑠)                                      (4.162) 

𝑉2(𝑡) =
𝛽

2
 (𝛿𝑞𝑚(𝑡) − 𝛿𝑞𝑠(𝑡))

𝑇
(𝛿𝑞𝑚(𝑡) − 𝛿𝑞𝑠(𝑡)) +

1

2
(𝛩𝑚 − 𝛩̂𝑚(𝑡))

2

+
1

2
(𝛩𝑠 − 𝛩̂𝑠(𝑡))

2
                                                                              (4.163) 

𝑉3(𝑡) =
𝛽

2
∫ ∫ 𝛿2𝑞̇𝑚

𝑇 (𝜂)𝑞̇𝑚(𝜂)𝑑𝜂𝑑𝛾
𝑡

𝑡+𝛾

0

−𝑇1(𝑡)

+
𝛽

2
∫ ∫ 𝛿2𝑞̇𝑠

𝑇(𝜂)𝑞̇𝑠(𝜂)𝑑𝜂𝑑𝛾
𝑡

𝑡+𝛾

0

−𝑇2(𝑡)

                                              (4.164) 

𝑉4(𝑡) =
𝛼 − 𝛼1
2

∫ 𝛿2𝑞̇𝑚
𝑇 (𝜂)𝑞̇𝑚(𝜂)𝑑𝜂

𝑡

𝑡−𝑇1(𝑡)

+
𝛼 − 𝛼1
2

∫ 𝛿2𝑞̇𝑠
𝑇(𝜂)𝑞̇𝑠(𝜂)𝑑𝜂

𝑡

𝑡−𝑇2(𝑡)

+
𝑏2𝛼1
2𝜆2

∫ 𝛿2𝑞̇𝑚
𝑇 (𝜂)𝑞̇𝑚(𝜂)𝑑𝜂

𝑡

𝑡−𝑇1(𝑡)−𝑇2(𝑡−𝑇1(𝑡))

+
𝛼1
2𝑏1𝜆1

∫ 𝛿2𝑞̇𝑠
𝑇(𝜂)𝑞̇𝑠(𝜂)𝑑𝜂

𝑡

𝑡−𝑇2(𝑡)−𝑇1(𝑡−𝑇2(𝑡))

                                (4.165) 

𝑉5(𝑡) = 𝛿
2𝑞̇𝑚
𝑇 (𝑡)

𝑀ℎ
2
𝑞̇𝑚(𝑡) + 𝛿

2𝑞̇𝑠
𝑇(𝑡)

𝑀𝑒
2
𝑞̇𝑠(𝑡)                   (4.166) 

Using property 2 in Section 2, the control laws (4.157) and (4.158), the modelled 

human and environmental torques (4.116) and (4.117), and the NNs adaptive laws 

(4.161), the time derivative of 𝑉1(𝑡) can be written as: 
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𝑉̇1(𝑡) = 𝛿𝑞̇𝑚
𝑇 (𝑡) (𝑓𝑚(𝑋𝑚) − 𝑓𝑚(𝑋𝑚) − 𝐵ℎ𝛿𝑞̇𝑚(𝑡) − 𝑀ℎ𝛿𝑞̈𝑚(𝑡) + 𝜏ℎ

∗(𝑡) + 𝐹𝑚
∗

+ 𝛽 (𝛿𝑞𝑠(𝑡 − 𝑇2(𝑡)) − 𝛿𝑞𝑚(𝑡))

+ (𝛼 − 𝛼1) (𝛿𝑞̇𝑠(𝑡 − 𝑇2(𝑡)) − 𝛿𝑞̇𝑚(𝑡)) − 2𝑏1𝜆1𝛼𝛿𝑞̇𝑚(𝑡)

−
𝑏2𝛼1
𝜆2

(𝛿𝑞̇𝑚(𝑡) − 𝛿𝑞̇𝑚(𝑡 − 𝑇𝑙2(𝑡))) − 𝛤1(𝑡) −
𝛿𝑞̇𝑚(𝑡)

‖𝛿𝑞̇𝑚(𝑡)‖
𝛩̂𝑚(𝑡))

+ 𝛿𝑞̇𝑠
𝑇(𝑡) (𝑓𝑠(𝑋𝑠) − 𝑓𝑠(𝑋𝑠) − 𝐵𝑒𝛿𝑞̇𝑠(𝑡) − 𝑀𝑒𝛿𝑞̈𝑠(𝑡) + 𝐹𝑠

∗ − 𝜏𝑒
∗(𝑡)

+ 𝛽 (𝛿𝑞𝑚(𝑡 − 𝑇1(𝑡)) − 𝛿𝑞𝑠(𝑡))

+ (𝛼 − 𝛼1) (𝛿𝑞̇𝑚(𝑡 − 𝑇1(𝑡)) − 𝛿𝑞̇𝑠(𝑡)) −
2𝜆2𝛼

𝑏2
𝛿𝑞̇𝑠(𝑡)

−
𝛼1
𝑏1𝜆1

(𝛿𝑞̇𝑠(𝑡) − 𝛿𝑞̇𝑠(𝑡 − 𝑇𝑙1(𝑡))) − 𝛤2(𝑡) −
𝛿𝑞̇𝑠(𝑡)

‖𝛿𝑞̇𝑠(𝑡)‖
𝛩̂𝑠(𝑡) )

− 𝑡𝑟(𝑊̃𝑚
𝑇𝛷𝑚(𝑋𝑚)𝛿𝑞̇𝑚(𝑡)) − 𝑡𝑟(𝑊̃𝑠

𝑇𝛷𝑠(𝑋𝑠)𝛿𝑞̇𝑠(𝑡))                   (4.162) 

Also, the time derivative of 𝑉2(𝑡) is given by 

𝑉̇2(𝑡) = 𝛽𝛿𝑞̇𝑚
𝑇 (𝑡) (𝛿𝑞𝑚(𝑡) − 𝛿𝑞𝑠(𝑡 − 𝑇2(𝑡)))

+ 𝛽𝛿𝑞̇𝑠
𝑇(𝑡) (𝛿𝑞𝑠(𝑡) − 𝛿𝑞𝑚(𝑡 − 𝑇1(𝑡))) − 𝛽𝛿𝑞̇𝑚

𝑇 (𝑡)∫ 𝛿𝑞̇𝑠(𝜂)𝑑𝜂
𝑡

𝑡−𝑇2(𝑡)

− 𝛽𝛿𝑞̇𝑠
𝑇(𝑡)∫ 𝑞̇𝑚(𝜂)𝑑𝜂

𝑡

𝑡−𝑇1(𝑡)

+ (𝛩̂𝑚(𝑡) − 𝛩𝑚)𝛩̇̂𝑚(𝑡)

+ (𝛩̂𝑠(𝑡) − 𝛩𝑠)𝛩̇̂𝑠(𝑡)                                                                       (4.163) 

After algebraic manipulations, time derivative of 𝑉3(𝑡) is found to satisfy 

𝑉̇3(𝑡) ≤ 𝑇1
𝑚𝑎𝑥𝑞̇𝑚

𝑇 (𝑡)
𝛽𝛿2

2
𝑞̇𝑚(𝑡) −

𝛽

2
∫ 𝛿2𝑞̇𝑚

𝑇 (𝜂)𝑞̇𝑚(𝜂)𝑑𝜂
𝑡

𝑡−𝑇1(𝑡)

+ 𝑇2
𝑚𝑎𝑥𝑞̇𝑠

𝑇(𝑡)
𝛽𝛿2

2
𝑞̇𝑠(𝑡) −

𝛽

2
∫ 𝛿2𝑞̇𝑠

𝑇(𝜂)𝑞̇𝑠(𝜂)𝑑𝜂
𝑡

𝑡−𝑇2(𝑡)

        (4.164) 
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The time derivative of 𝑉4(𝑡) can also be written as 

𝑉̇4(𝑡) =
𝛼 − 𝛼1
2

(𝛿2𝑞̇𝑚
𝑇 (𝑡)𝑞̇𝑚(𝑡) − 𝛿

2𝑞̇𝑚
𝑇 (𝑡 − 𝑇1(𝑡))𝑞̇𝑚(𝑡 − 𝑇1(𝑡))

+ 𝑇̇1(𝑡)𝛿
2𝑞̇𝑚
𝑇 (𝑡 − 𝑇1(𝑡))𝑞̇𝑚(𝑡 − 𝑇1(𝑡)))

+
𝛼 − 𝛼1
2

(𝛿2𝑞̇𝑠
𝑇(𝑡)𝑞̇𝑠(𝑡) − 𝛿

2𝑞̇𝑠
𝑇(𝑡 − 𝑇2(𝑡))𝑞̇𝑠(𝑡 − 𝑇2(𝑡))

+ 𝑇̇2(𝑡)𝛿
2𝑞̇𝑠
𝑇(𝑡 − 𝑇2(𝑡))𝑞̇𝑠(𝑡 − 𝑇2(𝑡)))

+
𝑏2𝛼1
2𝜆2

(𝛿2𝑞̇𝑚
𝑇 (𝑡)𝑞̇𝑚(𝑡) − 𝛿

2𝑞̇𝑚
𝑇 (𝑡 − 𝑇𝑙2(𝑡))𝑞̇𝑚(𝑡 − 𝑇𝑙2(𝑡))

+ 𝑇̇𝑙2(𝑡)𝛿
2𝑞̇𝑚
𝑇 (𝑡 − 𝑇𝑙2(𝑡))𝑞̇𝑚(𝑡 − 𝑇𝑙2(𝑡)))

+
𝛼1
2𝑏1𝜆1

(𝛿2𝑞̇𝑠
𝑇(𝑡)𝑞̇𝑠(𝑡) − 𝛿

2𝑞̇𝑠
𝑇(𝑡 − 𝑇𝑙1(𝑡))𝑞̇𝑠(𝑡 − 𝑇𝑙1(𝑡))

+ 𝑇̇𝑙1(𝑡)𝛿
2𝑞̇𝑠
𝑇(𝑡 − 𝑇𝑙1(𝑡))𝑞̇𝑠(𝑡 − 𝑇𝑙1(𝑡)))                                    (4.165) 

The differential of 𝑉5(𝑡) is 

𝑉̇5(𝑡) = 𝑞̇𝑚
𝑇 (𝑡)𝛿2𝑀ℎ𝑞̈𝑚(𝑡) + 𝑞̇𝑠

𝑇(𝑡)𝛿2𝑀𝑒𝑞̈𝑠(𝑡)                  (4.166) 

By setting 𝜎1−2 to make sure 

𝜎1𝑞̇𝑚
𝑇 (𝑡)𝑞̇𝑚(𝑡) > 𝑞̇𝑚

𝑇 (𝑡 − 𝑇𝑙2(𝑡))𝑞̇𝑚(𝑡 − 𝑇𝑙2(𝑡))                 (4.169) 

𝜎2𝑞̇𝑠
𝑇(𝑡)𝑞̇𝑠(𝑡) > 𝑞̇𝑠

𝑇(𝑡 − 𝑇𝑙1(𝑡))𝑞̇𝑠(𝑡 − 𝑇𝑙1(𝑡))                 (4.170) 

using the following inequalities from Lemma 1 in [177] 

−2𝑞̇𝑚
𝑇 (𝑡)∫ 𝑞̇𝑠(𝜂)𝑑𝜂

𝑡

𝑡−𝑇2(𝑡)

−∫ 𝑞̇𝑠
𝑇(𝜂)𝑞̇𝑠(𝜂)𝑑𝜂

𝑡

𝑡−𝑇2(𝑡)

≤ 𝑇2
𝑚𝑎𝑥𝑞̇𝑚

𝑇 (𝑡)𝑞̇𝑚(𝑡) 

−2𝑞̇𝑠
𝑇(𝑡)∫ 𝑞̇𝑚(𝜂)𝑑𝜂

𝑡

𝑡−𝑇1(𝑡)

−∫ 𝑞̇𝑚
𝑇 (𝜂)𝑞̇𝑚(𝜂)𝑑𝜂

𝑡

𝑡−𝑇1(𝑡)

≤ 𝑇1
𝑚𝑎𝑥𝑞̇𝑠

𝑇(𝑡)𝑞̇𝑠(𝑡) 

and with the adaptive law (4.160), it can be derived that 
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V̇(t) < −𝛿𝑞̇𝑚
𝑇 (𝑡) (𝑏1𝜆1𝛼 −

𝛽

2
(𝑇̅1 + 𝑇̅2 + 𝜀1̅ + 𝜀2̅)) 𝛿𝑞̇𝑚(𝑡)

− 𝛿𝑞̇𝑠
𝑇(𝑡) (

𝜆2𝛼

𝑏2
−
𝛽

2
(𝑇̅1 + 𝑇̅2 + 𝜀1̅ + 𝜀2̅)) 𝛿𝑞̇𝑠(𝑡)

−
𝛼 − 𝛼1
2

(𝛿𝑞̇𝑚(𝑡) − 𝛿𝑞̇𝑠(𝑡 − 𝑇2(𝑡)))
𝑇

(𝛿𝑞̇𝑚(𝑡) − 𝛿𝑞̇𝑠(𝑡 − 𝑇2(𝑡)))

−
𝛼 − 𝛼1
2

(𝛿𝑞̇𝑠(𝑡) − 𝛿𝑞̇𝑚(𝑡 − 𝑇1(𝑡)))
𝑇

(𝛿𝑞̇𝑠(𝑡) − 𝛿𝑞̇𝑚(𝑡 − 𝑇2(𝑡)))

−
𝑏2𝛼1
2𝜆2

(𝛿𝑞̇𝑚(𝑡) − 𝛿𝑞̇𝑚(𝑡 − 𝑇𝑙2(𝑡)))
𝑇

(𝛿𝑞̇𝑚(𝑡) − 𝛿𝑞̇𝑚(𝑡 − 𝑇𝑙2(𝑡)))

−
𝛼1
2𝑏1𝜆1

(𝛿𝑞̇𝑠(𝑡) − 𝛿𝑞̇𝑠(𝑡 − 𝑇𝑙1(𝑡)))
𝑇

(𝛿𝑞̇𝑠(𝑡) − 𝛿𝑞̇𝑠(𝑡 − 𝑇𝑙1(𝑡)))

+
(𝛼 − 𝛼1)𝑇̇1(𝑡)𝛿

2

2
𝑞̇𝑚
𝑇 (𝑡 − 𝑇1(𝑡))𝑞̇𝑚(𝑡 − 𝑇1(𝑡))

+
(𝛼 − 𝛼1)𝑇̇2(𝑡)𝛿

2

2
𝑞̇𝑠
𝑇(𝑡 − 𝑇2(𝑡))𝑞̇𝑠(𝑡 − 𝑇2(𝑡))

+
𝛼1𝜎1𝑇̇1(𝑡)𝛿

2

2
𝑞̇𝑚
𝑇 (𝑡)𝑞̇𝑚(𝑡) +

𝛼1𝜎2𝑇̇2(𝑡)𝛿
2

2
𝑞̇𝑠
𝑇(𝑡)𝑞̇𝑠(𝑡)

− 𝛿𝑞̇𝑚
𝑇 (𝑡)𝛤1(𝑡) − 𝛿𝑞̇𝑠

𝑇(𝑡)𝛤2(𝑡) − 𝛿𝑞̇𝑚
𝑇 (𝑡)𝐵ℎ𝛿𝑞̇𝑚(𝑡)

− 𝛿𝑞̇𝑠
𝑇(𝑡)𝐵𝑒𝛿𝑞̇𝑠(𝑡)

+ 𝛿𝑞̇𝑚
𝑇 (𝑡) (𝜉𝑚̅

∗ (𝑋) + 𝜏ℎ
∗(𝑡) + 𝐹𝑚

∗ −
𝑞̇𝑚(𝑡)

‖𝑞̇𝑚(𝑡)‖
𝛩̂𝑚(𝑡))

+ 𝛿𝑞̇𝑠
𝑇(𝑡) (𝜉𝑠̅

∗(𝑋) − 𝜏𝑒
∗(𝑡) + 𝐹𝑠

∗ −
𝛿𝑞̇𝑠(𝑡)

‖𝛿𝑞̇𝑠(𝑡)‖
𝛩̂𝑠(𝑡))

+ (𝛩̂𝑚(𝑡) − 𝛩𝑚)‖𝛿𝑞̇𝑚(𝑡)‖ + (𝛩̂𝑠(𝑡) − 𝛩𝑠)‖𝛿𝑞̇𝑚(𝑡)‖               (4.171) 

Substituting the upper bounds 𝛩𝑖 of ‖𝜉𝑖̅
∗(𝑋) + 𝐹𝑖

∗ ± 𝜏ℎ,𝑒
∗ ‖ into (4.171) 
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V̇(t) < −𝛿𝑞̇𝑚
𝑇 (𝑡) (𝑏1𝜆1𝛼 −

𝛽

2
(𝑇̅1 + 𝑇̅2 + 𝜀1̅ + 𝜀2̅)) 𝛿𝑞̇𝑚(𝑡)

− 𝛿𝑞̇𝑠
𝑇(𝑡) (

𝜆2𝛼

𝑏2
−
𝛽

2
(𝑇̅1 + 𝑇̅2 + 𝜀1̅ + 𝜀2̅)) 𝛿𝑞̇𝑠(𝑡)

−
𝛼 − 𝛼1
2

(𝛿𝑞̇𝑚(𝑡) − 𝛿𝑞̇𝑠(𝑡 − 𝑇2(𝑡)))
𝑇

(𝛿𝑞̇𝑚(𝑡) − 𝛿𝑞̇𝑠(𝑡 − 𝑇2(𝑡)))

−
𝛼 − 𝛼1
2

(𝛿𝑞̇𝑠(𝑡) − 𝛿𝑞̇𝑚(𝑡 − 𝑇1(𝑡)))
𝑇

(𝛿𝑞̇𝑠(𝑡) − 𝛿𝑞̇𝑚(𝑡 − 𝑇2(𝑡)))

−
𝑏2𝛼1
2𝜆2

(𝛿𝑞̇𝑚(𝑡) − 𝛿𝑞̇𝑚(𝑡 − 𝑇𝑙2(𝑡)))
𝑇

(𝛿𝑞̇𝑚(𝑡) − 𝛿𝑞̇𝑚(𝑡 − 𝑇𝑙2(𝑡)))

−
𝛼1
2𝑏1𝜆1

(𝛿𝑞̇𝑠(𝑡) − 𝛿𝑞̇𝑠(𝑡 − 𝑇𝑙1(𝑡)))
𝑇

(𝛿𝑞̇𝑠(𝑡) − 𝛿𝑞̇𝑠(𝑡 − 𝑇𝑙1(𝑡)))

+
(𝛼 − 𝛼1)𝑇̇1(𝑡)𝛿

2

2
𝑞̇𝑚
𝑇 (𝑡 − 𝑇1(𝑡))𝑞̇𝑚(𝑡 − 𝑇1(𝑡))

+
(𝛼 − 𝛼1)𝑇̇2(𝑡)𝛿

2

2
𝑞̇𝑠
𝑇(𝑡 − 𝑇2(𝑡))𝑞̇𝑠(𝑡 − 𝑇2(𝑡))

+
𝛼1𝜎1𝑇̇1(𝑡)𝛿

2

2
𝑞̇𝑚
𝑇 (𝑡)𝑞̇𝑚(𝑡) +

𝛼1𝜎2𝑇̇2(𝑡)𝛿
2

2
𝑞̇𝑠
𝑇(𝑡)𝑞̇𝑠(𝑡)

− 𝛿𝑞̇𝑚
𝑇 (𝑡)𝛤1(𝑡) − 𝛿𝑞̇𝑠

𝑇(𝑡)𝛤2(𝑡) − 𝛿𝑞̇𝑚
𝑇 (𝑡)𝐵ℎ𝛿𝑞̇𝑚(𝑡)

− 𝛿𝑞̇𝑠
𝑇(𝑡)𝐵𝑒𝛿𝑞̇𝑠(𝑡)                                                                          (4.172) 

The Lyapunov approach requires 𝑉̇(𝑡) to be negative semi-definite. In the presence of 

constant time delays, 𝑇̇1,2(𝑡) and 𝜀1̅,2 are zero. Also, the passivity controllers do not 

take effect so that 𝛤1(𝑡) and 𝛤2(𝑡) are zero, 𝑉̇(𝑡) can be guaranteed to be negative 

semi-definite by properly tuning 𝑏1,2, 𝜆1,2, 𝛼 and 𝛽 to make sure 

𝑏1𝜆1𝛼 +
𝑏2𝛼1
2𝜆2

𝜁𝑎 ≥
𝛽

2
(𝑇̅1 + 𝑇̅2)                                        (4.173) 

𝜆2𝛼

𝑏2
+

𝛼1
2𝑏1𝜆1

𝜁𝑏 ≥
𝛽

2
(𝑇̅1 + 𝑇̅2)                                          (4.174) 

When the time delay is varying, the passivity controllers are launched by the passivity 

observers, the biased terms 
𝛽

2
(𝜀1̅ + 𝜀2̅)𝛿

2𝑞̇𝑚
𝑇 (𝑡)𝑞̇𝑚(𝑡) +

𝛽

2
(𝜀1̅ + 𝜀2̅)𝛿

2𝑞̇𝑠
𝑇(𝑡)𝑞̇𝑠(𝑡) +
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(𝛼−𝛼1)𝑇̇1(𝑡)𝛿
2

2
𝑞̇𝑚
𝑇 (𝑡 − 𝑇1(𝑡))𝑞̇𝑚(𝑡 − 𝑇1(𝑡)) +

(𝛼−𝛼1)𝑇̇2(𝑡)𝛿
2

2
𝑞̇𝑠
𝑇(𝑡 − 𝑇2(𝑡))𝑞̇𝑠(𝑡 −

𝑇2(𝑡)) +
𝛼1𝜎3𝑇̇1(𝑡)𝛿

2

2
𝑞̇𝑚
𝑇 (𝑡)𝑞̇𝑚(𝑡) +

𝛼1𝜎4𝑇̇2(𝑡)𝛿
2

2
𝑞̇𝑠
𝑇(𝑡)𝑞̇𝑠(𝑡) caused by the time varying 

delays in (4.174) are directly compensated by −𝛿𝑞̇𝑚
𝑇 (𝑡)𝛤1(𝑡) − 𝛿𝑞̇𝑠

𝑇(𝑡)𝛤2(𝑡). No extra 

parameters need to be tuned when the time delays vary and V̇(𝑡) is still negative semi-

definite. 

Integrating both sides of (4.172), we get: 

+∞ > 𝑉(0) ≥ 𝑉(0) − 𝑉(𝑡)

> ∫ (
𝛼

2
(𝛿𝑞̇𝑚(𝑡) − 𝛿𝑞̇𝑠(𝑡 − 𝑇2(𝑡)))

𝑇

(𝛿𝑞̇𝑚(𝑡) − 𝛿𝑞̇𝑠(𝑡 − 𝑇2(𝑡)))
𝑡

0

+
𝛼

2
(𝛿𝑞̇𝑠(𝑡) − 𝛿𝑞̇𝑚(𝑡 − 𝑇1(𝑡)))

𝑇

(𝛿𝑞̇𝑠(𝑡) − 𝛿𝑞̇𝑚(𝑡 − 𝑇2(𝑡)))

+
𝑏2𝛼1
2𝜆2

(𝛿𝑞̇𝑚(𝑡) − 𝛿𝑞̇𝑚(𝑡 − 𝑇𝑙2(𝑡)))
𝑇

(𝛿𝑞̇𝑚(𝑡) − 𝛿𝑞̇𝑚(𝑡 − 𝑇𝑙2(𝑡)))

+
𝛼1
2𝑏1𝜆1

(𝛿𝑞̇𝑠(𝑡) − 𝛿𝑞̇𝑠(𝑡 − 𝑇𝑙1(𝑡)))
𝑇

(𝛿𝑞̇𝑠(𝑡) − 𝛿𝑞̇𝑠(𝑡 − 𝑇𝑙1(𝑡)))

+ 𝛿𝑞̇𝑚
𝑇 (𝑡)𝐵ℎ𝛿𝑞̇𝑚(𝑡) + 𝛿𝑞̇𝑠

𝑇(𝑡)𝐵𝑒𝛿𝑞̇𝑠(𝑡))𝑑𝑡                              (4.175) 

Therefore, from 𝑉(𝑡) ≥ 0 and V̇(𝑡) ≤ 0, it is true that 𝑊̃𝑚 and 𝑊̃𝑠 ∈ 𝐿∞, 𝑞̇𝑚(𝑡) and 

𝑞̇𝑠(𝑡) ∈ 𝐿2 . (𝑞̇𝑚(𝑡) − 𝑞̇𝑠(𝑡 − 𝑇2(𝑡))) , (𝑞̇𝑠(𝑡) − 𝑞̇𝑚(𝑡 − 𝑇2(𝑡))) ,  (𝑞̇𝑚(𝑡) − 𝑞̇𝑚(𝑡 −

𝑇𝑙2(𝑡))),(𝑞̇𝑠(𝑡) − 𝑞̇𝑠(𝑡 − 𝑇𝑙1(𝑡))) ∈ 𝐿2. Using the fact that 𝑞𝑚(𝑡) − 𝑞𝑠(𝑡 − 𝑇2(𝑡)) =

𝑞𝑚(𝑡) − 𝑞𝑠(𝑡) + ∫ 𝑞̇𝑠(𝑡)𝑑𝑡
𝑡

𝑡−𝑇2(𝑡)
, 𝑞𝑠(𝑡) − 𝑞𝑚(𝑡 − 𝑇1(𝑡)) = 𝑞𝑠(𝑡) − 𝑞𝑚(𝑡) +

∫ 𝑞̇1(𝑡)𝑑𝑡
𝑡

𝑡−𝑇1(𝑡)
 and using Cauchy-Schwarz inequality ∫ 𝑞̇𝑠(𝑡)𝑑𝑡

𝑡

𝑡−𝑇2(𝑡)
≤

√𝑇2(𝑡)𝑞̇𝑠(𝑡)  and ∫ 𝑞̇𝑚(𝑡)𝑑𝑡
𝑡

𝑡−𝑇1(𝑡)
≤ √𝑇1(𝑡)𝑞̇𝑚(𝑡) , we can get 𝑞𝑚(𝑡) − 𝑞𝑠(𝑡 −

𝑇2(𝑡)), 𝑞𝑠(𝑡) − 𝑞𝑚(𝑡 − 𝑇1(𝑡)) ∈ 𝐿∞.  

The system’s dynamic model in (4.116)-(4.117) can also be written as: 

𝛿𝑞̈𝑖 = 𝑀𝑖
−1(𝑞𝑖)[𝜏𝑖 ± 𝜏ℎ,𝑒

∗ (𝑡) − 𝐵ℎ,𝑒𝛿𝑞̇𝑖(𝑡) −𝑀ℎ,𝑒𝛿𝑞̈𝑖(𝑡) + 𝐹𝑖
∗ − 𝑓𝑖(𝑋𝑖)

− 𝐶𝑖(𝑞𝑖, 𝑞̇𝑖)𝛿𝑞̇𝑖]                                                                                 (4.176) 
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Differentiating both sides of (4.176): 

𝑑

𝑑𝑡
𝛿𝑞̈𝑖 =

𝑑

𝑑𝑡
(𝑀𝑖

−1(𝑞𝑖)) [𝜏𝑖 ± 𝜏ℎ,𝑒
∗ (𝑡) − 𝐵ℎ,𝑒𝛿𝑞̇𝑖(𝑡) − 𝑀ℎ,𝑒𝛿𝑞̈𝑖(𝑡) + 𝐹𝑖

∗ − 𝑓𝑖(𝑋𝑖)

− 𝐶𝑖(𝑞𝑖, 𝑞̇𝑖)𝛿𝑞̇𝑖]

+ 𝑀𝑖
−1(𝑞𝑖)

𝑑

𝑑𝑡
[𝜏𝑖 ± 𝜏ℎ,𝑒

∗ (𝑡) − 𝐵ℎ,𝑒𝛿𝑞̇𝑖(𝑡) − 𝑀ℎ,𝑒𝛿𝑞̈𝑖(𝑡) + 𝐹𝑖
∗ − 𝑓𝑖(𝑋𝑖)

− 𝐶𝑖(𝑞𝑖, 𝑞̇𝑖)𝛿𝑞̇𝑖]                                                                                    (4.177) 

For the first term of the right side of (4.177), we have 
𝑑

𝑑𝑡
(𝑀𝑖

−1) = −𝑀𝑖
−1𝑀̇𝑖𝑀𝑖

−1 =

−𝑀𝑖
−1(𝐶𝑖 + 𝐶𝑖

𝑇)𝑀𝑖
−1. According to Properties 1 and 3, 

𝑑

𝑑𝑡
(𝑀𝑖

−1) is bounded. Based on 

Property 4, the terms in bracket of (4.181) are also bounded. Therefore, 
𝑑

𝑑𝑡
𝑞̈𝑖(𝑡) ∈ 𝐿∞ 

and q̈i(t) are uniformly continuous (∫ 𝑞̈𝑖(𝜂)𝑑𝜂 = 𝑞̇𝑖(𝑡) − 𝑞̇𝑖(0)
𝑡

0
). Since 𝑞̇𝑖(𝑡) → 0, it 

can be concluded that 𝑞̈𝑖(𝑡) → 0 based on Barbǎlat’s Lemma. 

4.5.3 Experimental results 

The teleoperation system for the experiments consist of two 3-DOF Phantom 

manipulators: Phantom Omni and Phantom Desktop (Sensable Technologies, Inc., 

Wilmington, MA) as shown in Fig.3.19 The two haptic devices are connected by two 

computers which are directly connected via a network cable and network cards. The 

Matlab software is applied to establish the proposed control system. To further enlarge 

and tune the value of the time delays, Simulink time delay blocks are also applied. 

During the experimental process, the control loop is configured as a 1 kHz sampling 

rate. The general control parameters are configured as: 𝑏1 = 𝑏2 = 2 , α =

[15, 15, 15]𝑇 , β = [15, 15, 15]𝑇 , γ = [10, 10, 10]𝑇  𝛿 = 0.2 , Ω𝑠 = Ω𝑚 =

[25, 25, 25]𝑇. 𝜎1 = 𝜎2 = 2. The neurons of the neural network in the experiment are 

seven. Since the experimental platform is 3-DOF experiment and 𝑋𝑖(𝑡) =

[𝑞̈𝑖
𝑇(𝑡), 𝑞̇𝑖

𝑇(𝑡), 𝑞𝑖
𝑇(𝑡)]𝑇, the centre of the RBF is set as 𝐶 = 0.5 × 𝑜𝑛𝑒𝑠(9,7) and the 

width of the RBF is set as 𝐻 = 0.1 × 𝑜𝑛𝑒𝑠(7,1). The parameters relating to the time 

delays will be introduced in each experiment. 
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4.5.3.1 Innovative passivity observers 

The intention of the experiments in this sub-section is to display the novelty of the 

proposed passivity observers. The proposed system is compared with a novel TDPA-

based system in [156]. The time delays are constant and 𝑇1 is 200 ms, 𝑇2 is 100 ms. 

We set 𝜆1 = 0.075，𝜆2 = 0.3, 𝜇̅1 = 𝜇̅2 = 𝜀1̅ = 𝜀2̅ = 0. In the system in [156], the 

slave PD controllers are chosen as 𝐾𝑝 = 10 and 𝐾𝑑 = 5. 𝑏 in their passivity observers 

is 2.5. 

Fig.4.39 shows the position tracking, tracking errors and observed power of the two 

systems. Even under small constant time delays whilst the rate of the time delays are 

zero, the power observed on the master side is still non-positive so that the passivity 

controllers are still launched to reduce tracking performance. As shown in Fig.4.39, 

the slave cannot quickly and closely track the master in the presence of such small 

delays in the system in [156]. Unlike [156], the power signals observed on the master 

and the slave sides of the proposed system are positive owning to the designed wave-

based passivity observer, and the passivity controllers are not launched. Therefore, the 

tracking error is close to zero.  

On the other hand, Fig.4.40 displays the torque tracking, tracking errors and observed 

power signals of the two systems. The power observed on the slave side in the system 

in [156]  

is definitely non-positive. Therefore, large torque tracking errors are caused by the 

passivity controllers. By contrast, the power signals observed in the proposed system 

are non-negative so that the torque tracking error is guaranteed at the range of ±0.05. 

From these two figures, we can see that the proposed wave-based passivity observers 

facilitate our system to be not as conservative as the conventional power-based system 

and guarantee the system high tracking performance in the presence of constant time 

delays. 
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Figure 4.39. Free motion under constant time delays (Comparison between [156] and 

our system) 

 

Figure 4.40. Hard contact under constant time delays (Comparison between [156] and 

our system) 

4.5.3.2 Eliminating wave reflection 

In this sub-section, we compare our system with the wave-based system proposed in 

[25] in order to show the novelty of wave reflections elimination in the proposed 

system.Fig.4.41 and 4.42 show the position and torque tracking and their relating 

tracking errors in contacting a reverse wall. The time delays in this experiment are 

around 900 ms with 100 variations, and its rate is around 0.2. Fig.4.43 shows the values 

of the forward and backward time delays. we set 𝜆1 = 0.45, 𝜆2 = 1.8， 𝜇̅1 = 𝜇̅2 =

0.2 , 𝜀1̅ = 𝜀2̅ = 0.2 . The wave-based system in [25] uses a traditional wave 

transformation with impedance matching to encode the velocity and position signals. 

Based on their recommendation, we set 𝐾𝑚 = 𝐾𝑠 = 𝑏 = 4. The extra energy caused 
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by time-varying delays in their system is eliminated by applying the scaling gain 

√1 − 𝜇̅1,2. 

 

Figure 4.41. Contact to a reverse wall under slowly varying delays (wave-based system 

in [25]) 

 

Figure 4.42. Contact to a reverse wall under slowly varying delays (our system) 

 

Figure 4.43. Time delays 

Before the 4th second, the slave robot in the two systems are controlled to conduct a 

free motion at first, and we can see that both of the two systems have accurate position 



 

197 

 

 

 

tracking. Then the slave robot contacts to reverse wall and accurate torque tracking is 

also achieved in this two systems. Therefore, both of the two system have good 

performance on steady state. However, after hard contact for less than 2 seconds, the 

wall is suddenly removed thereby transiently changing the environment. Even the 

system in [25] has impedance matching approaches, due to the sudden changing 

environment, the impedances of the system is mismatched and the wave-reflections 

reinstate so that large perturbations occur and the system’s position and torque tracking 

performances are adversely influenced. By contrast, based on the designed wave 

variables, the outgoing signals do not contain necessary signals and the wave 

reflections are eliminated. Therefore, the proposed system has better performance on 

the transient state and the position error directly returned to zero after removing the 

wall. 

4.5.3.3 Performance in the presence of time-varying delays 

Since velocity and position signals are the main control elements, our proposed system 

has similarity to a PD+d system. Therefore, in this subsection, we compare our system 

with the classical PD+d system proposed in [24] in order to show the novelty for 

dealing with the time-varying delays in the proposed system. The time delays in this 

experiment are approximately 1 s with 500 ms variations, and the rate is around 0.5. 

The time delays’ pattern in this experiment is shown in Fig.4.44. We set 𝜆1 = 0.5, 

𝜆2 = 2，𝜇̅1 = 𝜇̅2 = 0.5, 𝜀1̅ = 𝜀2̅ = 0.5.  

 

Figure 4.44. Time delays 
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In order to guarantee stability, the parameters in the system in [24] are required to 

satisfy 4𝐵𝑟𝐵𝑙 > (𝑇1
𝑚𝑎𝑥2 + 𝑇2

𝑚𝑎𝑥2)𝐾𝑙𝐾𝑟, 𝐵𝑟 ≥ 𝐵𝑙 and 𝐾𝑟 ≥ 𝐾𝑙. Therefore, we set the 

differential gain 𝐾𝑑 = 3, the proportional gains 𝐾𝑟 = 𝐾𝑙 = 3. Hence, 𝐵𝑟 = 𝐵𝑙 = 3.5. 

The PD+d system in [24] also uses the scaling gain √1 − 𝜇̅1,2  for the velocities 

transmission. It is noticeable that when 𝜇̅1,2 ≥ 1, this approach is too conservative and 

velocities are not possible to be transmitted. Figs.4.45 and 4.46 demonstrate position 

tracking, position errors and torque tracking of the two systems. The key element in a 

PD+d system is the velocity damper which can guarantee the system’s stability but, 

instead, degrade the system’s transparency. 

As shown in Fig.4.45, in such a large time delays, the velocity damper 𝐵𝑟 and 𝐵𝑙 in 

the system in [24] have to be set large enough to guarantee stability, and √1 − 𝜇̅1,2 

also affect the velocity transmission in a certain degree to the extent that the position 

tracking is affected and large position errors occur. Also, the operator feels the system 

over-damped and achieves large feedback forces even under free motion. 

By contrast, the velocity dampers in our system are varying predicated on the observed 

power signals at each port. Based on Fig.4.46, the observed power signals are not 

definitely negative, so that the passivity controllers keep varying between activation 

and deactivation modes. Therefore, the proposed system is not as conservative as the 

classical PD+d system in [24] and can achieve more accurate position tracking 

performance under large time-varying delays. In addition, since the proposed system 

is not over-damped, the feedback force felt by the operator is not as large as that in the 

system in [24]. 
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Figure 4.45. Free motion under time varying delays (PD+d system in [24]) 

 

Figure 4.46. Free motion under time varying delays (our system) 

4.5.3.4 Performance in the presence of fast-varying delays 

 

Figure 4.47. Free motion and hard contact under sharply-varying delays (system in 

Section 4.3) 
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Figure 4.48. Free motion and hard contact under sharply-varying delays (proposed 

system) 

The Novelty of the proposed system is also reflected in dealing with the sharply-

varying delays. In this subsection, we compare the new system with the system 

previously designed in Section 4.3. The time delays for the experiment of the new 

system are set to be a very large value (around 2s with 1s variations) and with a large 

rate (around 1.5). We set 𝜆1 = 1, 𝜆2 = 4，𝜇̅1 = 𝜇̅2 = 1.5, 𝜀1̅ = 𝜀2̅ = 1. The slave 

robot in these two systems is controlled to conduct a free motion at first and then come 

in contact with a solid wall in the reverse direction. Figs.4.47 and 4.48 show the 

position and torque tracking as well as the related tracking errors of the two systems. 

The pattern of the time delays for the new system are shown in Fig.4.49.  

The system we proposed in Section 4.3 suffered from two deficiencies . Firstly, the 

parameters configuration in Section 4.3 are seriously restricted by the assumption that 

𝑇̇1,2(𝑡) ≤ 1. If 𝑇̇1,2(𝑡) > 1, the stability of the whole system cannot be guaranteed. The 

time delays of the system in [19] are set as 2s with 1s variations but with a rate of 0.9. 

The pattern of the time delays for the system in Section 4.3 are shown in Fig.4.50 and 

the related parameters are set as recommended in Section 4.3. 
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Figure 4.49. Time delays for our new system 

 

Figure 4.50. Time delays for system in Section 4.3 

In addition, the second drawback mainly epitomizes the passivity controllers of the 

system in Section 4.3, where the passivity controllers guarantee system’s stability by 

largely reducing the position and torque signals. As shown in Fig.4.47, the slave robot 

cannot closely and rapidly track the master robot during free motion, and large torque 

tracking errors exist during hard environmental contact.  

In contrast, the passivity controllers in our new system are actually velocity dampers 

with the value varying according to the observed powers. Therefore, according to 

Fig.4.48, even with the higher rate of time delays, the position tracking in free motion 

and torque tracking in hard contact are still better that those of the system in Section 

4.3. The experiment illustrates that our new system is more practical than system 

proposed in Section 4.3 in the worst-case scenario. 
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4.6 Summary 

In Chapter 4, new wave-based TDPA systems are proposed to achieve high 

transparency and stability in the presence of random. Compared with the passivity-

based systems of previous work, the proposed systems can achieve higher transparency 

and simultaneously maintain stability under random time delays. Neural networks are 

applied to eliminate the system uncertainties. The system stability in different 

environment is proved. The performance of the proposed algorithm was validated 

using 3-DOF teleoperation system.  
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5 MULTILATERAL TELEOPERATION SYSTEMS 

5.1 Introduction 

The main advantage of the passivity-based systems introduced in Chapters 3 and 4 is 

simultaneously achieving high transparency and robust stability in the presence of 

random time delays. With this advantage, the systems introduced in Chapters 3 and 4 

are suitable to be deployed in the multilateral teleoperation.  In this Chapter, the 

reduced wave reflections nonlinear system introduced in Chapter 3 is extended to a 

Single-Master-Multi-Slave teleoperation system to guarantee accurate position 

synchronization and force reflection of all the robots in the presence of time-varying 

delays. The wave-based TDPA architecture in Chapter 4.3 is also extended to a flexible 

dual-user-dual-slave teleoperation system with variable dominance factors. An 

innovative multi-user shared control teleoperation system is developed to allow the 

mentor to guide multiple trainees in order to collaboratively drive the slave robot and 

perform the remote task. The stability of the proposed nonlinear teleoperation systems 

is analyzed using Lyapunov functions. The experimental results based on a 

teleoperation platform consisting of multiple haptic devices show that the proposed 

systems can effectively perform different tasks. 

5.2 SMMS System applying Reduced Wave Reflections Architecture 

5.2.1 Modeling the n-DOF Multi-lateral Teleoperation System 

In Chapter 5.2, the master robot and the n-slave robots are modeled as a pair of multi-

DOF serial links with revolute joints. The nonlinear dynamics of such a system can be 

modeled as: 

𝑀𝑚(𝑞𝑚)𝑞̈𝑚 + 𝐶𝑚(𝑞𝑚, )𝑞̇𝑚 + 𝑔𝑚(𝑞𝑚) = 𝜏𝑚 + 𝜏ℎ                         (5.1) 
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{

𝑀𝑠1(𝑞𝑠1)𝑞̈𝑠1 + 𝐶𝑠1(𝑞𝑠1, 𝑞̇𝑠1)𝑞̇𝑠1 + 𝑔𝑠1(𝑞𝑠1) = 𝜏𝑠1 − 𝜏𝑒1
𝑀𝑠2(𝑞𝑠2)𝑞̈𝑠2 + 𝐶𝑠2(𝑞𝑠2, 𝑞̇𝑠2)𝑞̇𝑠2 + 𝑔𝑠2(𝑞𝑠2) = 𝜏𝑠2 − 𝜏𝑒2

……
𝑀𝑠𝑛(𝑞𝑠𝑛)𝑞̈𝑠𝑛 + 𝐶𝑠𝑛(𝑞𝑠𝑛, 𝑞̇𝑠𝑛)𝑞̇𝑠𝑛 + 𝑔𝑠𝑛(𝑞𝑠𝑛) = 𝜏𝑠𝑛 − 𝜏𝑒𝑛

                (5.2) 

where i = m, s, m – master, s – slave. q̈ij , q̇ij , qij ∈ R
n  are the joint acceleration, 

velocity and position, respectively and m denots the master and sj denotes the j-th slave. 

j ∈ 1,2, … n  denotes the number of slave robots. Mij(qij) ∈ R
n×n  are the inertia 

matrices, Ci(qi, q̇i) ∈ R
n×n  are Coriolis/centrifugal effects. gij(qij) ∈ R

n  are the 

vectors of gravitational forces and τij are the control signals. The forces applied on the 

end-effector of the master and slave robots are related to equivalent torques in their 

joints by: 

𝐹ℎ = 𝐽𝑚
𝑇 𝜏ℎ, 𝐹𝑒𝑛 = 𝐽𝑠𝑛

𝑇 𝜏𝑒𝑛                                               (5.3) 

where 𝐽𝑚 , 𝐽𝑠𝑛  are the Jacobean of the master robot and the n-th slave robot, 

respectively. 𝐹ℎ and 𝐹𝑒𝑛 stand for the human and environment forces, respectively. 

Important properties of the above nonlinear dynamic model, which will be used in this 

section, are as follows: 

P1: The inertia matrix 𝑀𝑖𝑗(𝑞𝑖𝑗) for a manipulator is symmetric positive-definite which 

verifies:0 < σmin (Mij (qij(t))) I ≤ Mij (qij(t)) ≤ σmax (Mij (qij(t))) I ≤ ∞, where 

I ∈ 𝑅𝑛×𝑛 is the identity matrix. σmin and σmax denote the strictly positive minimum 

(maximum) eigenvalue of Mij for all configurations 𝑞𝑖𝑗. 

P2: Under an appropriate definition of the Coriolis/centrifugal matrix, the matrix Ṁij −

2Cij is skew symmetric, which can also be expressed as: 

Ṁij(qij(t)) = Cij(qij(t), q̇ij(t)) + Cij
T(qij(t), q̇ij(t))                          (5.4) 

P3: The Lagrangian dynamics are linearly parameterizable: 

Mij(qij)q̈ij + Cij(qij, q̇ij)q̇ij + gij(qij) = Y(qij, q̇ij, q̈ij)                    (5.5) 
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where θ  is a constant p-dimensional vector of inertia parameters and 

Y(qm,s, q̇m,s, q̈m,s) ∈ 𝑅
𝑛×𝑝  is the matrix of known functions of the generalized 

coordinates and their higher derivatives. 

P4: For a manipulator with revolute joints, there exists a positive Ζ bounding the 

Coriolis/centrifugal matrix as: 

‖Cij (qij(t), x(t)) y(t)‖
2
≤ Ζ‖x(t)‖2‖y(t)‖2                           (5.6) 

P5: The time derivative of Cij (qij(t), x(t)) is bounded if qij(t) and q̇ij(t) are bounded. 

5.2.2 Control Laws 

In order to guarantee the passivity of the time delayed communication channels 

between the master robot and each slave robot, the modified wave variable 

transformation introduced in Chapter 3 is applied in this section as shown in Figure 

5.1. The main advantage of the modified wave controllers is the efficient reduction in 

the wave-based reflections while simultaneously guaranteeing channels’ passivity. 

 

Figure 5.1. Modified wave-variable controllers 
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The wave variables in the two controllers are defined as follows: 

𝑢𝑚1(𝑡) =
𝑏𝑉𝐴1(𝑡) +

1
𝜆
𝐼𝐴2 (𝑡 − 𝑇𝑓(𝑡))

√2𝑏
, 𝑢𝑠1(𝑡) =

𝑏𝑉𝐴2(𝑡) +
1
𝜆
𝐼𝐴2(𝑡)

√2𝑏
            (5.7) 

𝑣𝑚1(𝑡) =
𝐼𝐴2(𝑡 − 𝑇𝑏(𝑡))

√2𝑏
, 𝑣𝑠1(𝑡) =

𝐼𝐴2(𝑡)

√2𝑏
                                    (5.8) 

𝑢𝑚2(𝑡) =
𝑏𝑉𝐵1(𝑡)

√2𝑏
, 𝑢𝑠2(𝑡) =

𝑏𝑉𝐵1(𝑡 − 𝑇𝑓(𝑡))

√2𝑏
                              (5.9) 

𝑣𝑚2(𝑡) =

𝑏
𝜆
𝑉𝐵1(𝑡) − 𝐼𝐵1(𝑡)

√2𝑏
, 𝑣𝑠2(𝑡) =

𝑏
𝜆
𝑉𝐵1(𝑡 − 𝑇𝑓(𝑡)) − 𝐼𝐵2(𝑡)

√2𝑏
               (5.10) 

where b and 𝜆 are the characteristic impedances.  

In the proposed SMMS teleoperation system in which one master robot is used to 

control multiple slave robots, the main objective is to have the positions of all the slave 

robots accurately synchronized to the position of the master robot. A secondary 

objective is that all the robots should have accurate force tracking with each other, 

which means when one slave robot comes in contact with the remote environmental 

object during free motion, it will immediately feedback the force information to all of 

other robots to signal them to stop. Via reaching the two targets, all the slave robots 

will precisely follow the human operator in different environmental scenarios. By 

applying the two wave controllers, the energy information such as torque, position and 

velocity signals can be transmitted through the communication channels without 

influencing the system passivity. By setting  VA1(t) =  C1τh(t), IB1(t) = β(q̇m(t) +

δqm(t)), IA2(t) = −β(q̇s(t) + δqs(t)), VB2(t) = C2τe(t), a new state variables 𝐸𝑚 

for the master robot is introduced as follows: 
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𝐸𝑚 =∑{(𝐶3𝑗 − 𝑏𝑗𝜆𝑗𝐶1𝑗)𝜏ℎ(𝑡) − 𝐶2𝑗𝜏𝑒𝑗 (𝑡 − 𝑇𝑏𝑗(𝑡))

𝑛

𝑗=1

+ 𝛽𝑗 (𝑞̇𝑠𝑗 (𝑡 − 𝑇𝑏𝑗(𝑡)) + 𝛿𝑞𝑠𝑗 (𝑡 − 𝑇𝑏𝑗(𝑡))) − 𝛽𝑗(𝑞̇𝑚(𝑡) + 𝛿𝑞𝑚(𝑡))

− (
𝑏𝑗

𝜆𝑗
𝛽𝑗(𝑞̇𝑚(𝑡) + 𝛿𝑞𝑚(𝑡))

−
𝑏𝑗

𝜆𝑗
𝛽𝑗 (𝑞̇𝑚 (𝑡 − 𝑇𝑓𝑗(𝑡) − 𝑇𝑏𝑗(𝑡))

+ 𝛿𝑞𝑚 (𝑡 − 𝑇𝑓𝑗(𝑡) − 𝑇𝑏𝑗(𝑡))))}                                                      (5.11) 

where 𝐶1−4, β, 𝛿 are diagonal positive-definite matrices. In the slave sides, each slave 

robot receives control signals from the master robot and the other slave robots. The 

new master-control state variable 𝐸𝑠𝑛
∗  for the n-th slave robot is written as follows: 

𝐸𝑠𝑛
∗ = 𝐶1𝑛𝜏ℎ (𝑡 − 𝑇𝑓𝑛(𝑡)) − (

𝜆𝑛𝐶2𝑛
𝑏𝑛

− 𝐶4𝑛) 𝜏𝑒𝑛(𝑡)

+ 𝛽𝑛 (𝑞̇𝑚 (𝑡 − 𝑇𝑓𝑛(𝑡)) + 𝛿𝑞𝑚 (𝑡 − 𝑇𝑓𝑛(𝑡)))

− 𝛽𝑛(𝑞̇𝑠𝑛(𝑡) + 𝛿𝑞𝑠𝑛(𝑡))

− [
𝛽𝑛
𝑏𝑛𝜆𝑛

(𝑞̇𝑠𝑛(𝑡) + 𝛿𝑞𝑠𝑛(𝑡))

−
𝛽𝑛
𝑏𝑛𝜆𝑛

(𝑞̇𝑠𝑛 (𝑡 − 𝑇𝑓𝑛(𝑡) − 𝑇𝑏𝑛(𝑡))

+ 𝛿𝑞𝑠𝑛 (𝑡 − 𝑇𝑓𝑛(𝑡) − 𝑇𝑏𝑛(𝑡)))]                                                       (5.12) 
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𝐸𝑠𝑛 = 𝐶1𝑛𝜏ℎ (𝑡 − 𝑇𝑓𝑛(𝑡)) − (
𝜆𝑛𝐶2𝑛
𝑏𝑛

− 𝐶4𝑛) 𝜏𝑒𝑛(𝑡)

+ 𝛽𝑛 (𝑞̇𝑚 (𝑡 − 𝑇𝑓𝑛(𝑡)) + 𝛿𝑞𝑚 (𝑡 − 𝑇𝑓𝑛(𝑡)))

− 𝛽𝑛(𝑞̇𝑠𝑛(𝑡) + 𝛿𝑞𝑠𝑛(𝑡))

− [
𝛽𝑛
𝑏𝑛𝜆𝑛

(𝑞̇𝑠𝑛(𝑡) + 𝛿𝑞𝑠𝑛(𝑡))

−
𝛽𝑛
𝑏𝑛𝜆𝑛

(𝑞̇𝑠𝑛 (𝑡 − 𝑇𝑓𝑛(𝑡) − 𝑇𝑏𝑛(𝑡)) + 𝛿𝑞𝑠𝑛 (𝑡 − 𝑇𝑓𝑛(𝑡) − 𝑇𝑏𝑛(𝑡)))]

+∑{√1 − 𝑇̇𝑠𝑗(𝑡) (𝛽𝑠𝑗 (𝑞̇𝑠𝑗 (𝑡 − 𝑇𝑠𝑗(𝑡)) + 𝛿𝑞𝑠𝑗 (𝑡 − 𝑇𝑠𝑗(𝑡)))

𝑛−1

𝑗=1

− 𝛽𝑠𝑗(𝑞̇𝑠𝑛(𝑡) + 𝛿𝑞𝑠𝑛(𝑡)))}

−∑{√1 − 𝑇̇𝑠𝑗(𝑡)𝑘𝑐𝑗𝜏𝑒𝑗 (𝑡 − 𝑇𝑠𝑗(𝑡))}

𝑛−1

𝑗=1

                                 (5.13) 

 

Figure 5.2 Network of the proposed teleoperation system 

In order to prevent the position drift between the slave robots, each slave robot should 

also transmit its position information to the other slave robots. Furthermore, In order 
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to achieve the secondary objective which is the accurate force tracking, each slave 

robot’s environmental force information is also transmitted via slave-slave 

communication channels to the other slave robots. The channels’ passivity is 

guaranteed when the wave variable transformation is applied to encode the y-th slave 

robot’s position signals with the transmitted z-th slave robot’s control environmental 

force (y and z denote the arbitrary two slave robots in the n slave robots). Therefore, 

the final control variable 𝐸𝑠𝑛 of the n-th slave robot is expressed as (5.13) 

where 𝑇𝑠𝑗 (j ∈ (1,2…n)) denote the time-varying delays in the forward slave-slave 

communication channels, and 𝑘𝑐𝑗 are diagonal positive-definite matrices. The second 

last term provides the position control between every two slave robots and the last 

terms provide force control between every two slave robots. By defining new variables 

rij(t) = q̇ij(t) + δqij(t)) (5.11) and (5.13) can be simplified as (5.14) and (5.15). 

𝐸𝑚 =∑{(𝐶3𝑗 − 𝑏𝑗𝜆𝑗𝐶1𝑗)𝜏ℎ(𝑡) − 𝐶2𝑗𝜏𝑒𝑗 (𝑡 − 𝑇𝑏𝑗(𝑡))

𝑛

𝑗=1

+ 𝛽𝑗 (𝑟𝑠𝑗 (𝑡 − 𝑇𝑏𝑗(𝑡)) − 𝑟𝑚(𝑡))

−
𝑏𝑗

𝜆𝑗
𝛽𝑗 (𝑟𝑚(𝑡) − 𝑟𝑚 (𝑡 − 𝑇𝑓𝑗(𝑡) − 𝑇𝑏𝑗(𝑡)))}                          (5.14) 

𝐸𝑠𝑛 = (𝐶1𝑛𝜏ℎ (𝑡 − 𝑇𝑓𝑛(𝑡)) − (
𝜆𝑛𝐶2𝑛
𝑏𝑛

− 𝐶4𝑛) 𝜏𝑒𝑛(𝑡))

+ 𝛽𝑛 (𝑟𝑚 (𝑡 − 𝑇𝑓𝑛(𝑡)) − 𝑟𝑠𝑛(𝑡))

−
𝛽𝑛
𝑏𝑛𝜆𝑛

[𝑟𝑠𝑛(𝑡) − 𝑟𝑠𝑛 (𝑡 − 𝑇𝑓𝑛(𝑡) − 𝑇𝑏𝑛(𝑡))]

+∑ {𝛽𝑠𝑗 (√1 − 𝑇̇𝑠𝑗(𝑡)𝑟𝑠𝑗 (𝑡 − 𝑇𝑠𝑗(𝑡)) − 𝑟𝑠𝑛(𝑡))}

𝑛−1

𝑗=1

−∑{√1 − 𝑇̇𝑠𝑗(𝑡)𝑘𝑐𝑗𝜏𝑒𝑗 (𝑡 − 𝑇𝑠𝑗(𝑡))}

𝑛−1

𝑗=1

                                (5.15) 
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The main aim of the controller design is to provide a stable multilateral system with 

accurate position tracking and to enhance the force tracking during manipulations. The 

position synchronization is derived if 

lim
t→∞

∑‖qm (t − Tfj(t)) − qsj(t)‖

n

j=1

= lim
t→∞

∑‖q̇m(t − Tfn(t)) − q̇sj(t)‖

n

j=1

=0  (5.16) 

lim
t→∞

∑‖qsj (t − Tbj(t)) − qm(t)‖

n

j=1

= lim
t→∞

∑‖q̇sj (t − Tbj(t)) − q̇m(t)‖

n

j=1

=0 

(5.17) 

lim
t→∞

∑‖qsj (t − Tsj(t)) − qsn(t)‖

n

j=1

= lim
t→∞

∑‖q̇sj (t − Tsj(t)) − q̇sn(t)‖

n

j=1

=0 

(5.18) 

where ‖∙‖ is the Euclidean norm of the enclosed signal. We define the position errors 

epmn , epsn  and velocity errors evmn , evsn  between the master and the n-th slave 

manipulators as follows: 

epmn(t) = qm(t − Tfn(t)) − qsn(t)                                 (5.19) 

evmn(t) = q̇m(t − Tfn(t)) − q̇sn(t)                                (5.20) 

epsn(t) = qsn(t − Tbn(t)) − qm(t)                               (5.21) 

evsn(t) = q̇sn(t − Tbn(t)) − q̇m(t)                               (5.22) 

epssn(t) = qsj (t − Tsj(t)) − qsn(t)                               (5.23) 

evssn(t) = q̇sj (t − Tsj(t)) − q̇sn(t)                              (5.24) 
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The new control laws for the single master robot and the n-th slave robot are designed 

as follows: 

τm = Em − M̂m(qm){δq̇m} − Ĉm(qm, q̇m){δqm} + ĝm(qm)               (5.25) 

τsn = Esn − M̂sn(qsn){δq̇sn} − Ĉsn(qns, q̇sn){δqsn} + ĝsn(qsn)         (5.26) 

where M̂i(qi), Ĉi(qi, q̇i), ĝi(qi) are the estimates of Mi(qi), Ci(qi, q̇i), gi(qi). (i ∈

(m, 𝑠1, 𝑠2, … 𝑠𝑛)) Substituting (5.25) and (5.26) into (5.1) and (5.2) and considering 

Property 3 which states that the dynamics are linearly parameterizable, the new system 

dynamics can be expressed as: 

Mi(qi)ṙi + Ci(qi, q̇i)ri = Ei − Yiθ̃i                                    (5.27) 

Where 

θ̃i(t) = θi(t) − θ̂i(t)                                                 (5.28) 

θ̂i are the time-varying estimates of the master’s and the n-th slave’s actual constant 

p-dimensional inertial parameters given by θi. θ̃i are the estimation errors. The time-

varying estimates of the uncertain parameters satisfy the following conditions: 

θ̇̂m = ψYm
T (qm, rm)rm, θ̇̂sn = ΛnYsn

T (qsn, rsn)rsn                 (5.29) 

5.2.3 Stability Analysis 

5.2.3.1 Free Motion Strategy 

Theorem 5.1. Consider the proposed nonlinear multi-lateral teleoperation system in 

free motion where the human-operator force τh and the environmental force τe can be 

assumed to be zero (𝜏ℎ ≡ 𝜏𝑒 ≡ 0). For all initial conditions, all signals in this system 

are bounded and the master and all of the slave manipulators state are synchronized in 

the sense of (5.16)-(5.17). 

Proof.  
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Based on (5.14) and (5.15), 𝐸𝑚  and 𝐸𝑠𝑛  have the terms ∑ −
bj

λj
βj (rm(t) −

n
j=1

rm (t − Tfj(t) − Tbj(t))) and −
βn

bnλn
[rsn(t) − rsn(t − Tfn(t) − Tbn(t))], respectively. 

These two terms can be expressed as ∑ −
bj

λj
βjrm(s)(1 − e

−s(Tfj(s)+Tbj(s)))n
j=1  and 

−
βn

bnλn
rsn(s)(1 − e

−s(Tfn(s)+Tbn(s)))  in frequency domain. According to the well-

known characteristic of the time delay element |e−sTf,b| = 1 . It is true that 

(1 − e−s(Tfj
(s)+Tbj(s))) ∈ [0,2] in the presence of large time-varying delays. It means 

rm(t) − rm (t − Tfj(t) − Tbj(t)) ∈ [0,2rm(t)]  and rsn(t) − rsn(t − Tfn(t) −

Tbn(t)) ∈ [0,2rsn(t)]  which are varying according to the time delays. Therefore, 

(rm(t) − rm (t − Tfj(t) − Tbj(t)))  and (rsn(t) − rsn(t − Tfn(t) − Tbn(t)))  can be 

expressed as the varying dampings ζrm(t) and ζrsn(t) where 𝜁 varies between 0 and 

2. The values of ζrm(t) and ζrsn(t) are scaled by the characteristic impedances 𝑏 and 

λ  of the applied modified wave controllers. Therefore, (5.14) and (5.15) can be 

expressed as: 

Em =∑{(C3j − bjλjC1j)τh(t) − C2jτej (t − Tbj(t)) + βj (rsj (t − Tbj(t)) − rm(t))

n

j=1

−
bj

λj
βjζrm(t)}                                                                                       (5.30) 

Esn = (C1nτh(t − Tfn(t)) − (
λnC2n
bn

− C4n) τen(t)) + βn(rm(t − Tfn(t)) − rsn(t))

−
βn
bnλn

ζrsn(t) +∑{βsj (√1 − Ṫsj(t)rsj (t − Tsj(t)) − rsn(t))}

n−1

j=1

−∑{√1 − Ṫsj(t)kcjτej (t − Tsj(t))}

n−1

j=1

                                           (5.31) 

Define a storage functional V, where 
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V =
1

2
[rm
T (t)Mm(qm)rm(t) +∑rsj

T(t)Msj(qsj)rsj(t)

n

j=1

+ θ̃m
T ψ−1θ̃m +∑θ̃sj

TΛj
−1θ̃sj

n

j=1

]

+∑{
βj

2

1

1 − Ṫfj
∫ rm

T (η)rm(η)dη
t

t−Tfj

}

n

j=1

+∑{
βj

2

1

1 − Ṫbj
∫ rsj

T(η)rsj(η)dη
t

t−Tbj

}

n

j=1

+ n∑{
βsj

2
∫ rsj

T(η)rsj(η)dη
t

t−Tfj

}

n−1

j=1

+∑{qm
T (t) (

bjζβj

λj
−

Ṫfjβj

2 − 2Ṫfj
) δqm(t)}

n

j=1

+∑{qsj
T (t) (

βjζ

bjλj
−

Ṫbjβj

2 − 2Ṫbj
)δqsj(t)}

n

j=1

                                        (5.32) 

In order to make V positive semi-definite, 
bjζβj

λj
−

Ṫfjβj

2−2Ṫfj
≥ 0 and 

βjζ

bjλj
−

Ṫbjβj

2−2Ṫbj
≥ 0 (j ∈

1, 2, … n) should be satisfied, which can be simplified as: 

Ṫfj ≤
2ζ

λj
bj
+ 2ζ

                                                         (5.33) 

Ṫbj ≤
2ζ

bjλj + 2ζ
                                                    (5.34) 

Due to the assumption that |Ṫf,b| < 1, by setting a small value of λ𝑗, (43) and (44) can 

be easily satisfied. By using the dynamic equations and Property 3, the derivative of V 

can be written as: 
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V̇ = rm
T (t)Em(t) +∑rsj

T(t)Esj(t)

n

j=1

+∑{
βj

2
rm
T (t)rm(t) −

βj

2
rm
T (t − Tfj(t)) rm (t − Tfj(t))

n

j=1

+
βjṪfj

2 − 2Ṫfj
rm
T (t)rm(t)}

+∑{
βj

2
rsj
T(t)rsj(t) −

βj

2
rsj
T (t − Tbj(t)) rsj (t − Tbj(t))

n

j=1

+
βjṪbj

2 − 2Ṫbj
rsj
T(t)rsj(t)}

+ n∑{
βsj

2
rsj
T(t)rsj(t)

n−1

j=1

− (1 − Ṫsj(t))
βsj

2
rsj
T (t − Tsj(t)) rsj (t − Tsj(t))}

+∑{q̇m
T (t)2(

bjζβj

λj
−

Ṫfjβj

2 − 2Ṫfj
) δqm(t)}

n

j=1

+∑{q̇sj
T (t)2(

βjζ

bjλj
−

Ṫbjβj

2 − 2Ṫbj
) δqsj(t)}

n

j=1

= −∑{
βj

2
(evmj(t) + δepmj(t))

T

(evmj(t) + δepmj(t))}

n

j=1

−∑{
βj

2
(evsj(t) + δepsj(t))

T

(evsj(t) + δepsj(t))}

n

j=1

− n∑{
βj

2
(evssj(t) + δepssj(t))

T

(evssj(t) + δepssj(t))}

n−1

j=1

−∑{q̇m
T (t) (

bjζβj

λj
−

Ṫfjβj

2 − 2Ṫfj
) q̇m(t)

n

j=1
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+ qm
T (t) (

bjζβj

λj
−

Ṫfjβj

2 − 2Ṫfj
) δ2qm(t)

+ q̇sj
T (t) (

βjζ

bjλj
−

Ṫbjβj

2 − 2Ṫbj
) q̇sj(t)

+ qsj
T (t) (

βjζ

bjλj
−

Ṫbjβj

2 − 2Ṫbj
) δ2qsj(t)} ≤ 0                                     (5.35) 

Based on (5.35), the differential of the functional V is negative semi-definite. 

Integrating both sides of (5.35), we get: 

+∞ > V(0) ≥ V(0) − V(t)

≥ ∫ {∑{
βj

2
(evmj(t) + δepmj(t))

T

(evmj(t) + δepmj(t))}

n

j=1

t

0

+∑{
βj

2
(evsj(t) + δepsj(t))

T

(evsj(t) + δepsj(t))}

n

j=1

+ n∑{
βj

2
(evssj(t) + δepssj(t))

T

(evssj(t) + δepssj(t))}

n−1

j=1

+∑{q̇m
T (t) (

bjζβj

λj
−

Ṫfjβj

2 − 2Ṫfj
) q̇m(t)

n

j=1

+ qm
T (t) (

bjζβj

λj
−

Ṫfjβj

2 − 2Ṫfj
) δ2qm(t)

+ q̇sj
T (t) (

βjζ

bjλj
−

Ṫbjβj

2 − 2Ṫbj
) q̇sj(t)

+ qsj
T (t) (

βjζ

bjλj
−

Ṫbjβj

2 − 2Ṫbj
)δ2qsj(t)}}dt                                        (5.36) 

Since V is positive semi-definite and V̇ is negative semi-definite, lim
𝑡→∞

𝑉 exists and is 

finite. Also, based on (42)-(46), rm(t), rsj(t), θ̃m(t), θ̃sj(t) ∈ L∞ , evmj(t) ,  epmj(t) , 

 evsj(t), epsj(t) , qm(t), qsj(t), evssj(t), epssj(t), q̇m(t), q̇sj(t) ∈ L∞ ∩ L2 . Since a 

square integrable signal with a bounded derivative converges to the origin, 

lim
t→∞

epmj(t) = lim
t→∞

evmj(t) = lim
t→∞

epsj(t) = lim
t→∞

evsj(t) = lim
t→∞

epssj(t) = lim
t→∞

evssj(t) =
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0. Therefore, the master and slave manipulators state synchronize in the sense of 

(5.16)-(5.18). 

In free motion, the system’s dynamic model (5.27) can also be written as:  

q̈i(t) = Mi
−1[Ei(t) − Yiθ̃i − Cirm(t)] − δq̇i(t)                        (5.37) 

Differentiating both sides of (5.37): 

d

dt
q̈i(t) =

d

dt
(Mi

−1)[Ei(t) − Yiθ̃i − Ciri(t)] + Mi
−1
d

dt
[Ei(t) − Yiθ̃i − Ciri(t)]

− δq̈i(t)                                                                                                    (5.38) 

For the first terms of the right sides of (5.38), we have: 

d

dt
(Mi

−1) = −Mi
−1ṀiMi

−1 = −Mi
−1(Ci + Ci

T)Mi
−1                    (5.39) 

According to Properties 1 and 4, 
d

dt
(Mi

−1) are bounded. Based on Property 5, the terms 

in bracket of (5.38) are also bounded. Therefore, 
d

dt
q̈i(t) ∈ L∞ and q̈i(t) are uniformly 

continuous (∫ q̈i(η)dη = q̇i(t) − q̇i(0)
t

0
). Since q̇i(t) → 0, it can be concluded that 

q̈i(t) → 0 based on Barbǎlat’s Lemma. 

5.2.3.2 Environmental Contact with Passive Human Force 

Assume the human and environmental force are passive and can be modeled as: 

τh(t) = −αmrm(t)                                                  (5.40) 

τej(t) = αsjrsj(t)                                                    (5.41) 

where αm and αsj are positive constant matrices and are the properties of the human 

and the environment, respectively. 
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Theorem 5.2. The multi-lateral nonlinear teleoperation system is stable and all signals 

in this system are ultimately bounded, when the human and environmental forces 

satisfy (5.40) and (5.41). 

Proof. Consider a positive semi-definite function V′ for the system as: 

V′ = V +∑{
(C3j − bjλjC1j)αm

2
∫ rm

T (η)rm(η)dη
t

t−Tfj

}

n

j=1

+∑

{
 

 (
λjC2j
bj

− C4j) αsj

2
∫ rsj

T(η)rsj(η)dη
t

t−Tbj
}
 

 n

j=1

+ n∑{
αsj

2n
∫ rsj

T(η)rsj(η)dη
t

t−Tsj

}

n−1

j=1

                                                     (5.42) 

The derivative of V′ can be written as: 

V̇′ =∑

{
 
 

 
 

−

(

 
 (C3j − bjλjC1j)αm

2
rm
T (t)rm(t) + 𝐶2𝑗αsjrm

T (t)rs(t − Tbj)

n

j=1

+

(
λjC2j
bj

− C4j) αsj

2
(1 − Ṫbj)rsj

T(t − Tbj)rsj(t − Tbj)

)

 
 

}
 
 

 
 

+∑

{
 
 

 
 

−

(

 
 
(
λjC2j
bj

− C4j) αsj

2
rs
T(t)rs(t) + C1jαmrs

T(t)rm(t − Tfj)

n

j=1

+
(C3j − bjλjC1j)αm

2
(1 − Ṫfj)rm

T (t − Tfj)rm(t − Tfj)

)

 
 

}
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+n∑{−(
𝛼𝑠𝑛
2n
rsn
T (t)rsn(t) + √1 − Ṫsj(t)kcjαsjrsn

T (t)rsj(t − Tfj) +
αsj

2n
(1

n−1

j=1

− Ṫsj)rsj
T(t − Tsj)rsj(t − Tsj))} − αmrm

T (t)rm(t) + V̇  (5.43) 

The Lyapunov approach requires 𝑉̇′ to be negative semi-definite. Based on the first 

three terms of the right side of (5.43), the sufficient conditions to satisfy this 

requirement are that: 

1

1 − Ṫbj

C2j
2

(
λjC2j
bj

− C4j)(C3j − bjλjC1j)

I ≤  (αmαsj
−1)

T
                     (5.44) 

1

1 − Ṫfj

C1j
2

(
λjC2j
bj

− C4j)(C3j − bjλjC1j)

I ≤  (αsjαm
−1)

T
                     (5.45) 

kcj
T kcj ≤ 

1

n2
(αsnαsj

−1)
T

                                     (5.46) 

By enlarging the values of C3j and decreasing the values of kcj, (5.44)-(5.46) can be 

satisfied. Hence, V̇′ will be negative semi-definite and lim
t→∞

V′ exists and is finite. 

5.2.3.3 Environmental Contact with Non-passive Human Force 

The human operator can not only dampen energy but also generate energy in order to 

manipulate the robots to move through the desired path. Therefore, in the common 

case, the human forces are not passive. In this situation, the human and environment 

can be modeled as: 

τh = α0 − αmrm                                              (5.47) 

τej = αsjrsj                                                    (5.48) 
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where 𝛼0 is a bounded positive constant vector, which generates energy as an active 

term. We define x̅j = [qm, qsj, q̇m, q̇sj]
T
 and xj = [qm, qsj, rm, rsj]

T
. There is a linear 

map between 𝑥̅𝑗 and 𝑥𝑗: x̅j(t) = Γjxj(t), where Γ𝑗 are non-singular constant matrices.  

Theorem 5.3. The proposed system is stable and all signals in this system are 

ultimately bounded, when the human and environmental forces satisfy (5.47)-(5.48). 

Proof.  

By choosing the previous Lyapunov function 𝑉′, the new derivative 𝑉̇∗ can be written 

as: 

V̇∗ = V̇′ +∑rm
T [(C3j − bjλjC1j)α0 + α0]

n

j=1

+∑rsj
T [(

λjC2j

bj
− C4j)α0]

n

j=1

   (5.49) 

Note that  

∑rm
T [(C3j − bjλjC1j)α0 + α0]

n

j=1

≤∑hT‖xj‖[(C3j − bjλjC1j)α0 + α0]

n

j=1

       (5.50) 

∑rsj
T∑rsj

T [(
λjC2j

bj
− C4j)α0]

n

j=1

n

j=1

≤∑hT‖xj‖∑rsj
T [(

λjC2j

bj
− C4j)α0]

n

j=1

n

j=1

    (5.51) 

where vector hT = [1,1, … 1] has the same ranks as rm, rsj. Therefore, it is true that: 

V̇∗ ≤ V̇′ +∑2‖xj‖αj

n

j=1

                                         (5.52) 

where αj = (C3j − bjλjC1j)α0 + α0 + (
λjC2j

bj
− C4j) α0 > 0. When the system satisfies 

(5.44)-(5.46): 



 

220 

 

 

 

V̇∗ ≤ −∑{q̇m
T (t) (

bjζβj

λj
−

Ṫfjβj

2 − 2Ṫfj
) q̇m(t) + qm

T (t) (
bjζβj

λj
−

Ṫfjβj

2 − 2Ṫfj
) δ2qm(t)

n

j=1

+ q̇sj
T (t) (

βjζ

bjλj
−

Ṫbjβj

2 − 2Ṫbj
) q̇sj(t)

+ qsj
T (t) (

βjζ

bjλj
−

Ṫbjβj

2 − 2Ṫbj
) δ2qsj(t)} ≤∑−Υj‖x̅j‖

2
n

j=1

                 (5.53) 

where Υ𝑗  is the smallest eigenvalue of (
βjζ

bjλj
−

Ṫbjβj

2−2Ṫbj
) , (

βjζ

bjλj
−

Ṫbjβj

2−2Ṫbj
) δ2 , (

bjζβj

λj
−

Ṫfjβj

2−2Ṫfj
), (

bjζβj

λj
−

Ṫfjβj

2−2Ṫfj
) δ2. Substituting (5.53) into (5.52) and setting 0 < 𝜇 < 1: 

V̇∗ ≤∑{−Υj‖x̅j‖
2
+ 2‖xj‖αj}

n

j=1

=∑{−Υj(1 − μ)‖Γj‖
2
‖xj‖

2
− Υjμ‖Γj‖

2
‖xj‖

2
+ 2‖xj‖αj}

n

j=1

     (5.54) 

(5.54) can be simplified as: 

V̇∗ ≤∑{−Υj(1 − μ)‖Γj‖
2
‖xj‖

2
}

n

j=1

, ∀‖xj‖ ≥
2αj

Υjμ‖Γj‖
2             (5.55) 

Based on (5.55), for large values of xj , the Lyapunov functions is decreasing. 

Therefore, xj  and x̅j  are bounded, which means rm , rsj  qm , qsj , q̇m , q̇sj  are also 

bounded. 

5.2.4 Experimental Validation 

In this section, the performance of the proposed nonlinear multilateral teleoperation 

system is validated by a series of experiments. The algorithm is applied to three 

Phantom manipulators. The 6-DOF PHANToM (TM)* model 1.5 manipulator 
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(Sensable Technologies, Inc., Wilmington, MA) is chosen to be the master robot which 

remotely controls a 3-DOF Phantom Omni (Slave 1) and a 3-DOF Phantom Desktop 

(Slave 2) via the Internet as shown in Figure 5.3. The three haptic devices have 

different dynamics and initial parameters.  

The control loop is configured as a 1 kHZ sampling rate. Based on the controllers 

analysis in Section 4, the controller parameters are given as: b1 = b2 = 2.5, λ1 =

λ2 = 0.5, C1 = C2 = 1, C3 = 2 C4 = 1.2, δ = 1.2, β1 = 5, β2 = 3 , βs = 2, kc=1. The 

communication channel of the experimental platform is the Internet. In order to test 

the performance of the proposed system in the presence of large time-varying delays, 

the time delay blocks in the Simulink library are applied to introduce the overall system 

time delays. The one-way delay between the master and the slave sides is from 650 ms 

to 750 ms. Theoretically, in the real applications, the slave robots are close to each 

other, so the time delays between two slave robots are not large and not significantly 

different. The one-way delay between the two slave robots is set as around 100 ms in 

this experiment.  

 

Figure 5.3. Experimental setup 

In the first experiment, the system performance in free motion is demonstrated. During 

free motion, the master manipulator is guided by the human operator in the task space 

and the two slave robots are coupled to the master robot using the proposed system. 

Figure 5.4 demonstrate the position synchronization performances of the proposed 
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teleoperation system. Since the wave reflections are eliminated, the slave robots can 

closely track the master robot without large vibration and signals distortion. The 

remaining slight signal perturbations in Figure 5.4 are caused by the time-varying 

delays. The two slave robots can perform exactly the same actions during free motion. 

In the presence of large time-varying delays, although the dynamic models of the 

master and slaves are quite different and affected by uncertain parameters, both of the 

slave robots can reasonably track the master robot’s trajectory with little errors. The 

root mean square errors (RMSE) for position tracking between every two robots in 

Figure 5.4 are shown in Table 5.1. Therefore, it can be concluded that the main 

objective: accurate position tracking of the proposed teleoperation system is achieved. 

Free motion Master & Slave 1 Master & Slave 2 Slave 1 & Slave 2 

Position joint 1 0.0353 0.0429 0.0465 

Position joint 2 0.0434 0.0444 0.035 

Position joint 3 0.0453 0.038 0.0431 

Table 5.1. RMSE (free motion) 

In the next experiment, the two slave robots are driven by the master robot to draw a 

letter “O” and a triangle “△” on a table as shown in Fig.8. Friction exists between the 

manipulators and the table. The RMSEs for position tracking between every two robots 

in Figure 5.5 are shown in Table 5.2. Due to the effect of the friction, the RMSE are 

larger than that of free motion. The proposed algorithm still makes all of the robots 

have reasonable trajectory tracking without large signals distortion. 
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Figure 5.4. Free motion 

 

Figure 5.5. Drawing a letter “O” and a triangle “△” 
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Drawing a letter “O” Master & Slave 1 Master & Slave 2 Slave 1 & Slave 2 

X axis 0.1351 0.1587 0.1265 

Y axis 0.1739 0.1704 0.2302 

Drawing a triangle 

“△” 
Master & Slave 1 Master & Slave 2 Slave 1 & Slave 2 

X axis 0.1043 0.0996 0.112 

Y axis 0.1539 0.1425 0.1053 

Table 5.2. RMSE (drawing) 

In the next experiment, slave manipulators 1 and 2 are guided by the master 

manipulator to come in contact with different the remote environment as shown in 

Figure 5.6. The master robot firstly drives the two slave robots to perform the free 

motion in the first 2 seconds. Then, from the 2nd to the 5th second, Slave 1 starts to 

contact with a solid wall while Slave 2 is still in free motion. Slave 1 immediately 

feeds the contact force back to the master robots and Slave 2. The master robot keeps 

applying force to the two slave robots, but Slave 2 also stops moving to make the 

motion synchronized with Slave 1 even no environmental force is applied to its 

manipulator. In the 5th second, the solid wall is suddenly removed. It can be observed 

that both of the two slave robots quickly track the master robot’s position with little 

variation, which proves that the proposed algorithm can deal with the sudden changing 

environment and the wave reflections will not reinstate. The RMSEs for position 

tracking between every two robots and the RMSEs for force tracking between the 

master robot and Slave 1 in Figure 5.6 are shown in Tables 5.3 and 5.4. 
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Figure 5.6. Slave 1 contacting to a reverse wall 

Contacting with a 

reverse wall 
Master & Slave 1 Master & Slave 2 Slave 1 & Slave 2 

Position joint 1 0.308 0.2709 0.0856 

Position joint 2 0.2507 0.2444 0.0379 

Position joint 3 0.2442 0.2378 0.0801 

Table 5.3. RMSE - position (Slave 1contacting with a reverse wall) 

Contacting with a reverse wall Master & Slave 1 

Force joint 1 0.0639 

Force joint 2 0.0962 

Force joint 3 0.0852 

Table 5.4. RMSE – force (Slave 1contacting with a reverse wall) 

In the final experiment, the two slave robots are driven by the master robot to 

simultaneously contact with a solid wall. The position and force tracking are shown in 

Figure 5.7. Under the condition of hard contact, both of the two slave robot feed the 

environmental forces back to the master robots and the human operator can feel the 

mixed forces from the two slave robots. Figure 5.7 demonstrate that accurate force 
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tracking between all of the three robots are achieved. The RMSEs of position and force 

tracking between every two robots are shown in Table 5.5. 

 

Figure 5.7. Both of the two slave robots contacting to a solid wall 

Hard contact Master & Slave 1 Master & Slave 2 Slave 1 & Slave 2 

Position joint 1 0.2501 0.2510 0.0229 

Position joint 2 0.2545 0.2587 0.0342 

Position joint 3 0.2533 0.2549 0.0247 

Force joint 1 0.0678 0.0706 0.025 

Froce joint 2 0.0712 0.0698 0.0496 

Force joint 3 0.0831 0.0845 0.0737 

Table 5.5. RMSE (hard contact of the two slave robots) 

5.3 Enhancing Flexibility of the Dual-Master-Dual-Slave Multilateral 

Teleoperation System 

In a good multilateral system, control relationships are built between any two robots 

so that cooperation of different robots can be enforced and the operators can have 

different feelings of the dynamics of different slave robots and the other operators. 

However, the control relationship may also become an interruption that hinder the 

slave robots to follow the desired motion or disturb the feelings of the operators for 
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the experiment. Dealing with the control relationships effectively is also a challenge. 

A multilateral teleoperation system is assessed by the following four criteria: 

Stability: The proposed system must maintain stability in the presence of random time 

delays in different scenarios (e.g. free motion, contacting with different environments), 

which is a major confronting problems for many multilateral systems. 

Transparency: In an ideal transparent condition, the motion trajectory of the slave 

robots can accurately follow that of the master robots, and the environmental contact 

forces also highly match with the operators’ applied force. When one operator is 

performing the task alone, the operator can fully feel the dynamics of the remote 

environment. When muliple operators perform the task together, they should feel the 

mix dynamics of different environments. 

Flexibility: The system must offer each operator large freedom to the extent that the 

slave robots can be separated to do different tasks, or they can cooperate to perform 

the same task. Either of the master robots can pointedly control either of the slave 

robots or both of them. Proper control laws must be deployed to make sure the robots 

can collaboratively perform the specified task rather than causing interruption to each 

other. 

Correctiveness: When one operator performs the task alone, the other operator has the 

ability to correct the motion of the slave robots motion when necessary. 

In this section, an innovative dual-master-dual-slave (DMDS) system with variable 

dominance factor is designed to enhance the system flexibility. An innovative wave-

based TDPA (Time Delay Passivity Approach) is proposed to guarantee the 

communication channels’ passivity under random delays. The approach will be 

validated based on a 3-DOF teleoperation system consisting of four haptic devices 

performing different complex tasks. 

5.3.1 Proposed DMDS architecture 

In a DMDS teleoperation system, two master robots driven by two operators cooperate 

to remotely control the two slave robots to collaboratively perform the remote tasks. 

Fig.5.8 shows the proposed DMDS teleoperation system. The most significant 

property of the proposed system is using variable dominance factors 𝐸1−16(𝑡)  to 
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determine the control relationships between every two robots. In Fig.5.8 the hybrid 

signals 𝑟𝑖𝑗(𝑡) are encoded by the velocities 𝑞̇𝑖𝑗(𝑡) and the positions 𝛿𝑞𝑖𝑗(𝑡). 

𝑟𝑖𝑗(𝑡) = 𝑞̇𝑖𝑗(𝑡) + 𝛿𝑞𝑖𝑗(𝑡)                                                (5.56) 

where 𝛿 is the positive constant gain. (𝑖 = 𝑚, 𝑠, 𝑗 = 1, 2). 𝜏ℎ𝑠𝑗 and 𝑟ℎ𝑠𝑗 are the slave 

feedback signals to the master robots. 𝜏𝑒𝑚𝑗  and 𝑟𝑒𝑚𝑗  are the master feed-forward 

signals to the slave robots.  In the proposed DMDS teleoperation system, the operator 

are in the same work space where time delays do not exist between the two master 

robots. The two slave robots are in different work spaces from the master side so that 

asymmetric time-varying delays exist between the master and the slave sides and 

between the two slave robots. 𝑇𝑓𝑗(𝑡) and 𝑇𝑏𝑗(𝑡) are the forward and backward time 

delays between the master side and the slave j, and 𝑇𝑠𝑗(𝑡) are the time delays between 

the two slave robots. The control strategy illustrate in can be formulated as follows 

 

Figure 5.8 Proposed dual-master-dual-slave system 
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𝜏𝑒𝑚1(𝑡) = 𝐸1 (𝑡 − 𝑇𝑓1(𝑡)) 𝜏ℎ1 (𝑡 − 𝑇𝑓1(𝑡))

+ 𝐸2 (𝑡 − 𝑇𝑓1(𝑡)) 𝜏ℎ2 (𝑡 − 𝑇𝑓1(𝑡))                                                  (5.57) 

𝑟𝑒𝑚1(𝑡) = 𝐸1 (𝑡 − 𝑇𝑓1(𝑡)) 𝑟𝑚1 (𝑡 − 𝑇𝑓1(𝑡))

+ 𝐸2 (𝑡 − 𝑇𝑓1(𝑡)) 𝑟𝑚2 (𝑡 − 𝑇𝑓1(𝑡))                                               (5.58) 

𝜏𝑒𝑚2(𝑡) = 𝐸3 (𝑡 − 𝑇𝑓2(𝑡)) 𝜏ℎ1 (𝑡 − 𝑇𝑓1(𝑡))

+ 𝐸4 (𝑡 − 𝑇𝑓2(𝑡)) 𝜏ℎ2 (𝑡 − 𝑇𝑓2(𝑡))                                                 (5.59) 

𝑟𝑒𝑚2(𝑡) = 𝐸3 (𝑡 − 𝑇𝑓2(𝑡)) 𝑟𝑚2 (𝑡 − 𝑇𝑓2(𝑡))

+ 𝐸4 (𝑡 − 𝑇𝑓2(𝑡)) 𝑟𝑚2 (𝑡 − 𝑇𝑓2(𝑡))                                                 (5.60) 

𝜏ℎ𝑠1(𝑡) = 𝐸5(𝑡)𝐸9(𝑡)𝜏𝑒1(𝑡 − 𝑇𝑏1(𝑡)) + 𝐸5(𝑡)𝐸10(𝑡)𝜏𝑒2(𝑡 − 𝑇𝑏2(𝑡))

+ 𝐸6(𝑡)𝜏ℎ2(𝑡)                                                                                         (5.61) 

𝑟ℎ𝑠1(𝑡) = 𝐸5(𝑡)𝐸11(𝑡)𝑟𝑠1(𝑡 − 𝑇𝑏1(𝑡)) + 𝐸5(𝑡)𝐸12(𝑡)𝑟𝑠2(𝑡 − 𝑇𝑏2(𝑡))

+ 𝐸6(𝑡)𝑟ℎ2(𝑡)                                                                                         (5.62) 

𝜏ℎ𝑠2(𝑡) = 𝐸7(𝑡)𝐸9(𝑡)𝜏𝑒1(𝑡 − 𝑇𝑏1(𝑡)) + 𝐸8(𝑡)𝐸10(𝑡)𝜏𝑒2(𝑡 − 𝑇𝑏2(𝑡))

+ 𝐸8(𝑡)𝜏ℎ1(𝑡)                                                                                         (5.63) 

𝑟ℎ𝑠2(𝑡) = 𝐸7(𝑡)𝐸13(𝑡)𝑟𝑠1(𝑡 − 𝑇𝑏1(𝑡)) + 𝐸7(𝑡)𝐸14(𝑡)𝑟𝑠2(𝑡 − 𝑇𝑏2(𝑡))

+ 𝐸8(𝑡)𝑟ℎ2(𝑡)                                                                                         (5.64) 

𝜏𝑒𝑠1(𝑡) = 𝐸15(𝑡)𝜏𝑒1(𝑡 − 𝑇𝑠1(𝑡))                                          (5.65) 

𝑟𝑒𝑠1(𝑡) = 𝐸15(𝑡)𝑟𝑠1(𝑡 − 𝑇𝑠1(𝑡))                                         (5.66) 

𝜏𝑒𝑠2(𝑡) = 𝐸16(𝑡)𝜏𝑒2(𝑡 − 𝑇𝑠2(𝑡))                                         (5.67) 

𝑟𝑒𝑠2(𝑡) = 𝐸16(𝑡)𝑟𝑠2(𝑡 − 𝑇𝑠2(𝑡))                                         (5.68) 
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In the proposed system, the dominance factors 𝐸1−14(𝑡) ,  𝐸15(𝑡)  and 𝐸16(𝑡)  are 

deployed respectively on the master side, slave 2 side and slave 1 side. The positive 

dominance factors 𝐸1−16(𝑡) varying between 0 and 1 are defined as follows: 

𝐸1(𝑡) = 𝐸3(𝑡) = 𝐸5(𝑡) = 𝐸8(𝑡) = 𝐸11(𝑡) = 𝐸13(𝑡)

=

1
2𝛼𝜏ℎ1

2 (𝑡) +
1
2
|𝛼𝜏ℎ1(𝑡)𝜏ℎ2(𝑡)|

1
2 𝛼𝜏ℎ1

2 (𝑡) + |𝛼𝜏ℎ1(𝑡)𝜏ℎ2(𝑡)| +
1
2 𝜏ℎ2

2 (𝑡)
                                     (5.69) 

𝐸2(𝑡) = 𝐸4(𝑡) = 𝐸6(𝑡) = 𝐸7(𝑡) = 𝐸12(𝑡) = 𝐸14(𝑡)

=

1
2 𝜏ℎ2

2 (𝑡) +
1
2
|𝛼𝜏ℎ1(𝑡)𝜏ℎ2(𝑡)|

1
2 𝛼𝜏ℎ1

2 (𝑡) + |𝛼𝜏ℎ1(𝑡)𝜏ℎ2(𝑡)| +
1
2 𝜏ℎ2

2 (𝑡)
                                    (5.70) 

𝐸9(𝑡) =
𝜏𝑒1
2 (𝑡 − 𝑇𝑏1(𝑡))

𝜏𝑒1
2 (𝑡 − 𝑇𝑏1(𝑡)) + 𝜏𝑒2

2 (𝑡 − 𝑇𝑏2(𝑡))
                                        (5.71) 

𝐸10(𝑡) =
𝜏𝑒2
2 (𝑡 − 𝑇𝑏2(𝑡))

𝜏𝑒1
2 (𝑡 − 𝑇𝑏1(𝑡)) + 𝜏𝑒2

2 (𝑡 − 𝑇𝑏2(𝑡))
                                     (5.72) 

E15(t) = E16(t) = 1                                                     (5.73) 

where 𝛼 is a positive constant tuning gain. The purpose of this system is to allow the 

trainer to train the trainee to simultaneously control the two slave robots so that the 

trainee can follow the desired motion and perform the task. The proposed system 

contains the following three modes:  

Training mode: The trainee does not apply force to master 2 (𝜏ℎ2 = 0), and master 1 

driven by the trainer leads the slaves and master 2 to perform the desired motion. The 

dominance factor 𝐸1(𝑡) = 𝐸3(𝑡) = 𝐸5(𝑡) = 𝐸8(𝑡) = 𝐸11(𝑡) = 𝐸13(𝑡) = 1 . 

Therefore, the trainer can fully control the slave robot and feel the dynamics of the 

environment. When setting 𝛼 ≫ 1, the trainee has little influence on the slave robots, 

which can guarantee the training mode not to be disturbed by the trainee’s accidentally 

applied force. 
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Guidance mode: Both of the two users apply forces to the master robots. Each of the 

users feels the mixed dynamics of environment and the other user in this mode. 

Evaluation mode: The trainer does not apply force to master 1 ( 𝜏ℎ1 = 0 ). The 

dominance factor 𝐸1(𝑡) = 𝐸3(𝑡) = 𝐸5(𝑡) = 𝐸8(𝑡) = 𝐸11(𝑡) = 𝐸13(𝑡) = 0 . Hence, 

the trainee can fully feel the environmental dynamics and can perform the whole task 

alone. If the trainee does not follow the required motion and has the risk of failing the 

task, the trainer can immediately apply force to correct the motion of the slaves. 

In this section, the corresponding nonlinear dynamics of the dual-user-multi-slave 

teleoperation system are modeled as: 

𝑀𝑚𝑗(𝑞𝑚𝑗)𝑞̈𝑚𝑗 + 𝐶𝑚𝑗(𝑞𝑚𝑗 , 𝑞̇𝑚𝑗)𝑞̇𝑚𝑗 + 𝑔𝑚𝑗(𝑞𝑚𝑗) = 𝜏𝑚𝑗 + 𝜏ℎ𝑙𝑗      (5.74) 

𝑀𝑠𝑗(𝑞𝑠𝑗)𝑞̈𝑠𝑗 + 𝐶𝑠𝑗(𝑞𝑠𝑗 , 𝑞̇𝑠𝑗)𝑞̇𝑠𝑗 + 𝑔𝑠𝑗(𝑞𝑠𝑗) = 𝜏𝑠𝑗 − 𝜏𝑒𝑙𝑗               (5.75) 

where 𝑀𝑖(𝑞𝑖) ∈ 𝑅
𝑛×𝑛  are the inertia matrices, 𝐶𝑖(𝑞𝑖, 𝑞̇𝑖) ∈ 𝑅

𝑛×𝑛  are 

Coriolis/centrifugal effects. 𝑔𝑖(𝑞𝑖) ∈ 𝑅
𝑛 are the vectors of gravitational forces, 𝜏𝑖 are 

the control signals. 𝜏ℎ𝑙𝑗 , 𝜏𝑒𝑙𝑗  denotes the local human and environmental torques 

applied to the manipulators. New control terms 𝑆𝑚1,2 for master robots are introduced 

as: 

𝑆𝑚1 = 𝜏ℎ1(𝑡) + 𝐸6(𝑡)𝜏ℎ2(𝑡) − 𝐸5(𝑡)𝐸9(𝑡)𝜏𝑒1(𝑡 − 𝑇𝑏1(𝑡))

− 𝐸5(𝑡)𝐸10(𝑡)𝜏𝑒2(𝑡 − 𝑇𝑏2(𝑡)) + 𝐸6(𝑡)𝛽𝑟𝑚2(𝑡) − 𝛽𝑟𝑚1(𝑡)

+ 𝐸5(𝑡)𝐸11(𝑡)𝛽𝑟𝑠1(𝑡 − 𝑇𝑏1(𝑡))

+ 𝐸5(𝑡)𝐸12(𝑡)𝛽𝑟𝑠2(𝑡 − 𝑇𝑏2(𝑡))                                                        (5.76) 

𝑆𝑚2 = 𝜏ℎ2(𝑡) + 𝐸8(𝑡)𝜏ℎ1(𝑡) − 𝐸7(𝑡)𝐸9(𝑡)𝜏𝑒1(𝑡 − 𝑇𝑏1(𝑡))

− 𝐸7(𝑡)𝐸10(𝑡)𝜏𝑒2(𝑡 − 𝑇𝑏2(𝑡)) + 𝐸8(𝑡)𝛽𝑟𝑚1(𝑡) − 𝛽𝑟𝑚2(𝑡)

+ 𝐸7(𝑡)𝐸13(𝑡)𝛽𝑟𝑠1(𝑡 − 𝑇𝑏1(𝑡))

+ 𝐸7(𝑡)𝐸14(𝑡)𝛽𝑟𝑠2(𝑡 − 𝑇𝑏2(𝑡))                                                      (5.77) 

In the slave sides, the new control terms 𝑆𝑠1,2 for the slave robots are written as follows: 
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𝑆𝑠1 = (𝐸1 (𝑡 − 𝑇𝑓1(𝑡)) 𝜏ℎ1 (𝑡 − 𝑇𝑓1(𝑡)) + 𝐸2 (𝑡 − 𝑇𝑓1(𝑡)) 𝜏ℎ2 (𝑡 − 𝑇𝑓1(𝑡))

− 𝜏𝑒1(𝑡))

+ 𝛽 (𝐸1 (𝑡 − 𝑇𝑓1(𝑡)) 𝑟𝑚1 (𝑡 − 𝑇𝑓1(𝑡))

+ 𝐸2 (𝑡 − 𝑇𝑓1(𝑡)) 𝑟𝑚2 (𝑡 − 𝑇𝑓1(𝑡)) − 𝑟𝑠1(𝑡))

+ 𝛽𝐸16(𝑡) (𝑟𝑠2(𝑡 − 𝑇𝑠2(𝑡)) − 𝑟𝑠1(𝑡)) − 𝐸16(𝑡)(𝜏𝑒1(𝑡)

+ 𝜏𝑒2(𝑡 − 𝑇𝑠2(𝑡)))                                                                              (5.78) 

𝑆𝑠2 = (𝐸3 (𝑡 − 𝑇𝑓2(𝑡)) 𝜏ℎ1 (𝑡 − 𝑇𝑓2(𝑡)) + 𝐸4 (𝑡 − 𝑇𝑓2(𝑡)) 𝜏ℎ2 (𝑡 − 𝑇𝑓2(𝑡)) −

𝜏𝑒1(𝑡)) + 𝛽 (𝐸3 (𝑡 − 𝑇𝑓2(𝑡)) 𝑟𝑚1 (𝑡 − 𝑇𝑓2(𝑡)) + 𝐸4 (𝑡 − 𝑇𝑓2(𝑡)) 𝑟𝑚2 (𝑡 −

𝑇𝑓2(𝑡)) − 𝑟𝑠1(𝑡)) + 𝛽𝐸15(𝑡) (𝑟𝑠1(𝑡 − 𝑇𝑠1(𝑡)) − 𝑟𝑠2(𝑡)) − 𝐸15(𝑡)(𝜏𝑒2(𝑡) + 𝜏𝑒1(𝑡 −

𝑇𝑠2(𝑡)))                                                                                                                               (5.79)                                                               

The new control laws for the proposed multilateral teleoperation system are designed 

as follows: 

𝜏𝑖𝑗 = 𝑆𝑖𝑗 − 𝑀̂𝑖𝑗(𝑞𝑖𝑗){𝛿𝑞̇𝑖𝑗} − 𝐶̂𝑖𝑗(𝑞𝑖𝑗 , 𝑞̇𝑖𝑗){𝛿𝑞𝑖𝑗} + 𝑔̂𝑖𝑗(𝑞𝑖𝑗)                  (5.80)  

where 𝑀̂𝑖𝑗(𝑞𝑖𝑗) , 𝐶̂𝑖𝑗(𝑞𝑖𝑗, 𝑞̇𝑖𝑗) , 𝑔̂𝑖𝑗(𝑞𝑖𝑗)  are the estimates of 𝑀𝑖𝑗(𝑞𝑖𝑗) , 𝐶𝑖𝑗(𝑞𝑖𝑗 , 𝑞̇𝑖𝑗) , 

𝑔𝑖𝑗(𝑞𝑖𝑗).  

Therefore, the new system dynamics can be expressed as: 

𝑀𝑚𝑗(𝑞𝑚𝑗)𝑟̇𝑚𝑗 + 𝐶𝑚𝑗(𝑞𝑚𝑗 , 𝑞̇𝑚𝑗)𝑟𝑚𝑗 = 𝑆𝑚𝑗 + 𝜏ℎ𝑙𝑗                     (5.81) 

𝑀𝑠𝑗(𝑞𝑠𝑗)𝑟̇𝑠𝑗 + 𝐶𝑠𝑗(𝑞𝑠𝑗 , 𝑞̇𝑠𝑗)𝑟𝑠𝑗 = 𝑆𝑠𝑗 − 𝜏𝑒𝑙𝑗                           (5.82) 
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5.3.2 Experimental results 

In this section, a series of experiments are carried out to validate the proposed dual-

user-dual-slave teleoperation system. Two computers are applied to control the two 

masters and the two slaves. The communication channel between the two computers 

is the Internet. During the experimental process, the control loop is configured as a 1k 

Hz sampling rate. The wave impedance b, B and M are set as 2.5, 2, 1, respectively. δ 

is set to be 1. The position controller β is set to 2. Time delay modules of Simulink are 

also used to enlarge the time delay between the robots. The time delays between the 

two computers are around 500 ms (one way) with 200 ms variation. Virtual time delay 

between the two slave robots is set to be 100 ms constant delay. In all of the figures of 

the experimental results, the colors representing the robots are blue – Master 1 (trainer), 

red – Master 2 (trainee), green – Slave 1, black – Slave 2. 

In the first experiment, the four robots are controlled to draw a circle “○” on a table 

as show in Fig.5.9, where the three figures represent training, guidance and evaluation 

modes. In the training mode, the trainee does not apply force and the trainer drives the 

master 1 to control the other three robot to draw the circle. In the guidance mode, the 

two users cooperate to drive the four robot to draw the circles. Since time-varying 

delays exist, the letters drawn by the slave robots have small variations, but the 

trajectories closely track the master robots. 

In the evaluation mode, the trainee drives the master 2 to control the three robots and 

the trainer does not apply any force at first. Then, the trainee loosens his grip on the 

manipulator of the master 1 after finishing half of the circle “○”. Meanwhile, the 

trainer immediately holds the master 2’s manipulator to finish the remaining task. The 

trainer can correct the slave robots’ motion at any time when the trainee is working 

alone. 

The next experiment proves that the proposed system can directly finish the whole 

training procedure online without the need for changing any parameters. In this 

experiment, the two slave robots are controlled to lift a soft sponge three times as 

shown in Fig.6. The two slave robots apply forces to each other via the soft sponge in 

the middle. The three times’ lifting motions represent the three modes, training mode, 
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guidance mode and evaluation mode. The trainer uses the master 1 to perform the task 

alone in the first lifting motion, and then cooperates with the trainee in the second 

lifting motion. Finally, the trainee performs the task alone using master 2 in the third 

lifting motion. Fig.5.10 shows the position and torque tracking. The reason of the 

steady-state errors of position is that the users keep applying force to the master robots 

while the two slave robots are applying force to restrict the motion of each other. After 

finishing the task, the force and position signals of all the robots converge to zero and 

the errors disappear. 

 

Figure 5.9 Drawing a circle “○” (blue – Master 1 (trainer), red – Master 2 (trainee), 

green – Slave 1, black – Slave 2) 

 

Figure 5.10 Lifting a soft sponge (blue – Master 1 (trainer), red – Master 2 (trainee), 

green – Slave 1, black – Slave 2) 
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5.4 Nonlinear multi-user shared control of teleoperation system 

Along with the development of the teleoperation application, the multi-user 

teleoperation control has also been as new direction to investigate. In some application 

such as rehabilitation and tele-surgery, the main doctor drives the main master robot 

to remotely conduct the operation while the multiple assistants in different places are 

required to drive the other master robots to provide necessary assistance. Consider this 

scenario, multi-user teleoperation becomes significant to be investigated and 

developed.  In this section, a novel multi-user shared control teleoperation control 

system is proposed that allows the mentor to guide multiple trainees to collaboratively 

control the remote slave robot. Time-varying delays between every two robots are 

considered. A new 4-CH wave-based time delay passivity approach is applied to 

guarantee the time delayed system’s stability. The FLs are applied to compensate for 

the nonlinear dynamic uncertainties. New adaptive controllers are designed to deal 

with the input saturation problem.  

5.4.1 System formulation 

In this section, the Multi-master/Single-slave system includes multiple operators that 

collaboratively control the remote slave robot by means of the corresponding master 

robots. The authority of the master robots over the slave robot is regulated by pre-

setting dominance factors. Each robot is connected with other robots through time 

delayed communication networks. The time delays among the channels between the 

master and the slave and the channels between every two masters can influence the 

system’s stability. The master robots and the slave robot are modeled as a pair of n-

DOF serial links with revolute joints. Their corresponding nonlinear dynamics are 

modeled as: 

𝑀𝑚𝑗(𝑞𝑚𝑗)𝑞̈𝑚𝑗 + 𝐶𝑚𝑗(𝑞𝑚𝑗 , 𝑞̇𝑚𝑗)𝑞̇𝑚𝑗 + 𝐹𝑚𝑗𝑞̇𝑚𝑗 + 𝑓𝑐𝑚𝑗(𝑞̇𝑚𝑗) + 𝑔𝑚𝑗(𝑞𝑚𝑗) − 𝐹𝑚𝑗
∗

= 𝜏𝑚𝑗 + 𝜏ℎ𝑗                                                                                             (5.83) 

𝑀𝑠(𝑞𝑠)𝑞̈𝑠 + 𝐶𝑠(𝑞𝑠, 𝑞̇𝑠)𝑞̇𝑠 + 𝐹𝑠𝑞̇𝑠 + 𝑓𝑐𝑠(𝑞̇𝑠) + 𝑔𝑠(𝑞𝑠) − 𝐹𝑠
∗ = 𝜏𝑠 − 𝜏𝑒       (5.84) 
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where 𝑖 = 𝑚, 𝑠  for the master and slave. 𝑞̈𝑖(𝑡) , 𝑞̇𝑖(𝑡) , 𝑞𝑖(𝑡) ∈ 𝑅
𝑛×1  are the joint 

acceleration, velocity and position, respectively. 𝑀𝑖(𝑞𝑖(𝑡)) ∈ 𝑅
𝑛×𝑛  are the inertia 

matrices, 𝐶𝑖(𝑞𝑖(𝑡), 𝑞̇𝑖(𝑡)) ∈ 𝑅
𝑛×𝑛 are Coriolis/centrifugal effects. 𝑔𝑖(𝑞𝑖(𝑡)) ∈ 𝑅

𝑛 are 

the vectors of gravitational forces and 𝜏𝑖 are the control signals. 𝜏ℎ(𝑡) and 𝜏𝑒(𝑡) are 

the actual human and environmental torques applied to the robots. 𝐹𝑖𝑞̇𝑖(𝑡) denote the 

viscous friction coefficients and 𝑓𝑐𝑖(𝑞̇𝑖(𝑡)) denote the Coulomb friction coefficients. 

𝐹𝑖
∗(𝑡) ∈ 𝑅𝑛×1 are the bounded unknown disturbances. In the section, the Coulomb 

friction function 𝑓𝑐𝑖(𝑞̇𝑖(𝑡)) in the master and slave sides are bounded and piecewise 

continuous functions. 

Fuzzy logic control algorithms can be applied to universally approximate the model 

uncertainties of the dynamics systems. A fuzzy system is a collection of fuzzy IF-

THEN rules of the form 

𝑅𝑘: 𝐼𝐹 𝑧1 𝑖𝑠 𝐴1
𝑘  𝑎𝑛𝑑 …𝑎𝑛𝑑 𝑧𝑛 𝑖𝑠  𝐴𝑛

𝑘 , 𝑇𝐻𝐸𝑁 𝑦 𝑖𝑠 𝐵𝑘 

where 𝑧 = [𝑧1, 𝑧2, … , 𝑧𝑛]
𝑇 ∈ Ω𝑧  and 𝑦 ∈ 𝛺𝑦  are the linguistic variables associated 

with the input and output of FLS, respectively. 𝑅𝑘 is the k-th rule. Fuzzy sets 𝐴1
𝑘 …𝐴𝑛

𝑘  

and 𝐵𝑘  are associated with the membership functions 𝜇
𝐴𝑙
𝑘(𝑧𝑙)  and 𝜇𝐵𝑘 . The FLS 

applies the strategy of singleton fuzzification, product inference and center-average 

defuzzification while the output is expressed as: 

𝑦(𝑧(𝑡)) =
∑ 𝑦𝑘 (∏ 𝜇

𝐴𝑙
𝑘(𝑧𝑙(𝑡))

𝑛
𝑙=1 )𝑚

𝑘=1

∑ ∏ 𝜇𝐴𝑙
𝑘(𝑧𝑙(𝑡))

𝑛
𝑙=1

𝑚
𝑘=1

                                       (5.85) 

where 𝑦𝑘  is the point in 𝑅  at with 𝜇𝐵𝑘  can achieve its maximum value (assuming 

𝜇𝐵𝑘(𝑦
𝑘) = 1). The FLS can be represented as (5.86) by introducing the concept of the 

fuzzy basic function vector 𝜍(𝑧(𝑡)): 

𝑦(𝑧(𝑡)) = 𝜃𝑇(𝑡)𝜍(𝑧(𝑡))                                             (5.86) 

where the weight factor 𝜃(𝑡) = [𝑦1(𝑡), 𝑦2(𝑡), … , 𝑦𝑚(𝑡)]𝑇  and the fuzzy basic 

function vector 𝜍(𝑧(𝑡)) = [𝜍1(𝑧(𝑡)), 𝜍2(𝑧(𝑡)), … , 𝜍𝑚(𝑧(𝑡))], where 
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𝜍(𝑧(𝑡)) =
∏ 𝜇

𝐴𝑙
𝑘(𝑧𝑙(𝑡))

𝑛
𝑙=1

∑ ∏ 𝜇𝐴𝑙
𝑘(𝑧𝑙(𝑡))

𝑛
𝑙=1

𝑚
𝑘=1

                                    (5.87) 

According to the universal approximation theorem, the optimal approximation 

parameter 𝜃∗ exist and 𝜃∗𝑇(𝑡)𝜍(𝑧(𝑡)) can estimate a nonlinear function 𝐺(𝑧(𝑡)) over 

a compact set to any degree of accuracy where 𝜃∗ can be defined as: 

𝜃∗ = 𝑎𝑟𝑔 min
𝜃∈Ω𝜃

(𝑠𝑢𝑝𝑧∈𝛺𝑧|𝜃
𝑇(𝑡)𝜍(𝑧(𝑡)) − 𝐺(𝑧(𝑡))|)                             (5.88) 

where Ω𝜃 and 𝛺𝑧 are the sets of suitable bounds on 𝜃(𝑡) and 𝑧(𝑡), respectively. The 

minimum approximation error satisfies 

𝐺(𝑧(𝑡)) = 𝜃∗𝑇𝜍(𝑧(𝑡)) + 𝜖(𝑧(𝑡))                                      (5.89) 

and the positive constants 𝜖∗ exists such that ‖𝜖(𝑧(𝑡))‖ ≤ 𝜖∗ over the compact set 𝛺𝑧. 

Due to the existing friction and backlash, the robots’ dynamic functions can be seen as 

piecewise continuous functions. Supposing 𝐺′(𝑧(𝑡))  is also a piecewise function 

where  

𝐺′(𝑧(𝑡)) = 𝐺1(𝑧(𝑡))(𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑝𝑎𝑟𝑡) + 𝐺2(𝑧(𝑡))(𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑝𝑖𝑒𝑐𝑒𝑤𝑖𝑠𝑒 𝑡𝑒𝑟𝑚) 

Therefore, 

𝐺′(𝑧(𝑡)) = 𝜃∗𝑇𝜍(𝑧(𝑡)) + 𝜖(𝑧(𝑡)) + 𝐺2(𝑧(𝑡)) = 𝜃
∗𝑇𝜍(𝑧(𝑡)) + 𝜖(̅𝑧(𝑡))       (5.90) 

where 𝜖(̅𝑧(𝑡)) = 𝜖(𝑧(𝑡)) + 𝐺2(𝑧(𝑡)) . 𝜖̅∗ is defined as an upper bound of the 

piecewise function approximation error 𝜖̅∗ ≥ ‖𝜖(̅𝑧(𝑡))‖. 

To guarantee the communication channels passivity in the presence of constant time 

delays, we extend the wave variable transformation in Fig.4.37 to the multi-user 

shared-control architecture under time-varying delays shown as Fig.5.11. Master 1 

driven by the mentor leads the other master robots (Master 2…N) that are driven by 

the trainees to cooperatively control the remote slave robot. We define the dominance 

factors 𝐹1…𝑁  and 𝐸1…𝑁  such that 0 ≤ 𝐹1…𝑁 , 𝐸1…𝑁 ≤ 1. The 𝐸1  factor determines the 
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authority of trainer over the other trainees and 𝐸2…𝑁 imply the supremacy of trainees 

over the trainer. 𝐹1…𝑁 illustrate the supremacy of all the users over the slave robot. The 

dominance factors 𝐸1…𝑁 and 𝐹1…𝑁 satisfy the following conditions: 

∑𝐸𝑗

𝑁

𝑗=1

= 1,∑𝐹𝑗

𝑁

𝑗=1

= 1                                            (5.91) 

𝐹1 =
𝐸1
2

𝐸1
2 + ∑ 𝐸𝑗(1 − 𝐸1)

𝑁
𝑗=2

, 𝐹𝑗,𝑗≠1 =
𝐸𝑗(1 − 𝐸1)

𝐸1
2 +∑ 𝐸𝑗(1 − 𝐸1)

𝑁
𝑗=2

                       (5.92) 

This system can be separated into three mode: the training mode, the guidance mode 

and the evaluation mode. In the training mode (𝐸1 = 1, 𝐹1 = 1), the master-1 fully 

controls the slave robot as well as other masters. The trainees can only feel the 

dynamics of the master 1. In the guidance mode (0 < 𝐸1, 𝐹1 < 1), all of the users 

cooperate to perform the remote task. Master 1 receives the mixed dynamics of the 

slave and the other masters while Master-j (𝑗 ≠ 1) receives the mixed dynamics of the 

slave and the master 1. In the evaluation mode (𝐸1 = 0, 𝐹1 = 0), Master 1 cannot 

control other robots. The mentor evaluates the other users’ performances based on the 

received mixed dynamics of the other masters. 



 

239 

 

 

 

 

Figure 5.11 Total block diagram of the proposed multi-user architecture 

Remark 1. In this section, the unsymmetrical time delays 𝑇𝑓
𝑚𝑗−𝑠

(𝑡) , 𝑇𝑏
𝑚𝑗−𝑠

(𝑡) , 

𝑇𝑓
𝑚1−𝑚𝑗

(𝑡), 𝑇𝑏
𝑚1−𝑚𝑗

(𝑡) are assumed not to increase or decrease faster than the time 

itself. That is, |𝑇̇𝑓,𝑏
𝑚𝑗−𝑠

(𝑡)| ≤ 𝜇̅𝑓,𝑏
𝑚𝑗−𝑠

< 1  and |𝑇̇𝑓,𝑏
𝑚1−𝑚𝑗

(𝑡)| ≤ 𝜇̅𝑓,𝑏
𝑚1−𝑚𝑗

< 1  where 

𝜇̅𝑓,𝑏
𝑚𝑗−𝑠

 and 𝜇̅𝑓,𝑏
𝑚1−𝑚𝑗

 are the upper bounds of the differentials of the time delays. 

Moreover, the time-varying delays 𝑇𝑓,𝑏
𝑚𝑗−𝑠

(𝑡), 𝑇𝑓,𝑏
𝑚1−𝑚𝑗

(𝑡) are considered to be the sum 

of the constant time delays 𝑇̅𝑓,𝑏
𝑚𝑗−𝑠

, 𝑇̅𝑓,𝑏
𝑚1−𝑚𝑗

 with their bounded perturbations 

∆𝑇𝑓,𝑏
𝑚𝑗−𝑠(𝑡) , ∆𝑇𝑓,𝑏

𝑚1−𝑚𝑗(𝑡) . That is, 𝑇𝑓,𝑏
𝑚𝑗−𝑠

(𝑡) = 𝑇̅𝑓,𝑏
𝑚𝑗−𝑠

+ ∆𝑇𝑓,𝑏
𝑚𝑗−𝑠(𝑡) ≤ 𝑇̅𝑓,𝑏

𝑚𝑗−𝑠
+

𝜀𝑓̅,𝑏
𝑚𝑗−𝑠

= 𝑇̿𝑓,𝑏
𝑚𝑗−𝑠

, 𝑇𝑓,𝑏
𝑚1−𝑚𝑗

(𝑡) = 𝑇̅𝑓,𝑏
𝑚1−𝑚𝑗

+ ∆𝑇𝑓,𝑏
𝑚1−𝑚𝑗(𝑡) ≤ 𝑇̅𝑓,𝑏

𝑚1−𝑚𝑗
+ 𝜀𝑓̅,𝑏

𝑚1−𝑚𝑗
=

𝑇̿𝑓,𝑏
𝑚1−𝑚𝑗

,where 𝜀𝑓̅,𝑏
𝑚𝑗−𝑠

 , 𝜀𝑓̅,𝑏
𝑚1−𝑚𝑗

 are the upper bounds of the perturbations and 𝑇̿𝑓,𝑏
𝑚𝑗−𝑠

, 

𝑇̿𝑓,𝑏
𝑚1−𝑚𝑗

 are the upper bounds of the time delays. 

The feed-forward control signals from the robots are set as: 𝑉𝐴1
𝑚1−𝑠(𝑡) =

𝑉𝐴1
𝑚1−𝑚𝑗(𝑡) = 𝛼𝑞̇𝑚1(𝑡) , 𝑉𝐵1

𝑚1−𝑠(𝑡) = 𝑉𝐵1
𝑚1−𝑚𝑗(𝑡) = −𝛽𝑞𝑚1(𝑡) ,  𝑉𝐴1

𝑚𝑗−𝑠(𝑡) =
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𝛼𝑞̇𝑚𝑗(𝑡) ,  𝐼𝐵2
𝑚1−𝑚𝑗(𝑡) = −𝛼𝑞̇𝑚𝑗(𝑡) ,  𝑉𝐵1

𝑚𝑗−𝑠(𝑡) = 𝐼𝐴2
𝑚1−𝑚𝑗(𝑡) = −𝛽𝑞𝑚𝑗(𝑡) , 

𝐼𝐴2
𝑚𝑗−𝑠

(𝑡) = −𝛽𝑞𝑠, 𝐼𝐵2
𝑚𝑗−𝑠

(𝑡) = −𝛼𝑞̇𝑠. 

The power flow 𝑃(𝑡) in the whole network can be expressed as: 

𝑃(𝑡) =∑(𝑉𝐴1
𝑚𝑗−𝑠(𝑡)𝐼𝐴1

𝑚𝑗−𝑠(𝑡) + 𝑉𝐵1
𝑚𝑗−𝑠(𝑡)𝐼𝐵1

𝑚𝑗−𝑠(𝑡) − 𝑉𝐴2
𝑚𝑗−𝑠(𝑡)𝐼𝐴2

𝑚𝑗−𝑠(𝑡)

𝑁

𝑗=1

− 𝑉𝐵2
𝑚𝑗−𝑠(𝑡)𝐼𝐵2

𝑚𝑗−𝑠(𝑡))

+∑(𝑉𝐴1
𝑚1−𝑚𝑗(𝑡)𝐼𝐴1

𝑚1−𝑚𝑗(𝑡) + 𝑉𝐵1
𝑚1−𝑚𝑗(𝑡)𝐼𝐵1

𝑚1−𝑚𝑗(𝑡)

𝑁

𝑗=2

− 𝑉𝐴2
𝑚𝑗(𝑡)𝐼𝐴2

𝑚𝑗(𝑡) + 𝑉𝐵2
𝑚𝑗(𝑡)𝐼𝐵2

𝑚𝑗(𝑡))                                                 (5.93) 

(5.93) can be further written as: 

𝑃(𝑡) =
𝑑𝐸(𝑡)

𝑑𝑡
+ 𝑃𝑑𝑖𝑠𝑠(𝑡) 

where 
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𝑑𝐸(𝑡)

𝑑𝑡
=∑ {

𝑑

𝑑𝑡
∫ 𝜆1𝑢𝑚𝐴

𝑚𝑗−𝑠𝑇(𝜂)𝑢𝑚𝐴
𝑚𝑗−𝑠(𝜂)𝑑𝜂

𝑡

𝑡−𝑇
𝑓
𝑚𝑗−𝑠(𝑡)

𝑁

𝑗=1

+
𝑑

𝑑𝑡
∫

1

𝜆2
𝑢𝑚𝐵
𝑚𝑗−𝑠𝑇(𝜂)𝑢𝑚𝐵

𝑚𝑗−𝑠(𝜂)𝑑𝜂
𝑡

𝑡−𝑇
𝑓
𝑚𝑗−𝑠(𝑡)

}

+∑ {
𝑑

𝑑𝑡
∫ 𝜆1𝑢𝑚𝐴

𝑚1−𝑚𝑗𝑇(𝜂)𝑢𝑚𝐴
𝑚1−𝑚𝑗(𝜂)𝑑𝜂

𝑡

𝑡−𝑇𝑓
𝑚1−𝑚𝑗(𝑡)

𝑁

𝑗=2

+
𝑑

𝑑𝑡
∫

1

𝜆2
𝑢𝑚𝐵
𝑚1−𝑚𝑗𝑇(𝜂)𝑢𝑚𝐵

𝑚1−𝑚𝑗(𝜂)𝑑𝜂
𝑡

𝑡−𝑇
𝑓
𝑚1−𝑚𝑗(𝑡)

}

+∑ {
𝑑

𝑑𝑡
∫

1

𝜆1
𝑣𝑠𝐴
𝑚𝑗−𝑠𝑇(𝜂)𝑣𝑠𝐴

𝑚𝑗−𝑠(𝜂)𝑑𝜂
𝑡

𝑡−𝑇
𝑏
𝑚𝑗−𝑠(𝑡)

𝑁

𝑗=1

+
𝑑

𝑑𝑡
∫ 𝜆2𝑣𝑠𝐵

𝑚𝑗−𝑠𝑇(𝜂)𝑣𝑠𝐵
𝑚𝑗−𝑠(𝜂)𝑑𝜂

𝑡

𝑡−𝑇𝑏
𝑚𝑗−𝑠(𝑡)

}

+∑ {
𝑑

𝑑𝑡
∫

1

𝜆1
𝑣𝑠𝐴
𝑚1−𝑚𝑗𝑇(𝜂)𝑣𝑠𝐴

𝑚1−𝑚𝑗(𝜂)𝑑𝜂
𝑡

𝑡−𝑇𝑏
𝑚1−𝑚𝑗(𝑡)

𝑁

𝑗=2

+
𝑑

𝑑𝑡
∫ 𝜆2𝑣𝑠𝐵

𝑚1−𝑚𝑗𝑇(𝜂)𝑣𝑠𝐵
𝑚1−𝑚𝑗(𝜂)𝑑𝜂

𝑡

𝑡−𝑇𝑏
𝑚1−𝑚𝑗(𝑡)

}                      (5.94) 

𝑃𝑑𝑖𝑠𝑠(𝑡) =∑ {
1

𝜆1
(𝑣𝑚𝐴

𝑚𝑗−𝑠(𝑡) − 𝜆1𝑢𝑚𝐴
𝑚𝑗−𝑠(𝑡))

𝑇

(𝑣𝑚𝐴
𝑚𝑗−𝑠(𝑡) − 𝜆1𝑢𝑚𝐴

𝑚𝑗−𝑠(𝑡))
𝑁

𝑗=1

+ 𝜆2 (𝑣𝑚𝐵
𝑚𝑗−𝑠(𝑡) −

1

𝜆2
𝑢𝑚𝐵
𝑚𝑗−𝑠(𝑡))

𝑇

(𝑣𝑚𝐵
𝑚𝑗−𝑠(𝑡) −

1

𝜆2
𝑢𝑚𝐵
𝑚𝑗−𝑠(𝑡))}

+∑ {
1

𝜆1
(𝑣𝑠𝐴

𝑚𝑗−𝑠(𝑡) − 𝜆1𝑢𝑠𝐴
𝑚𝑗−𝑠(𝑡))

𝑇

(𝑣𝑠𝐴
𝑚𝑗−𝑠(𝑡) − 𝜆1𝑢𝑠𝐴

𝑚𝑗−𝑠(𝑡))
𝑁

𝑗=1

+ 𝜆2 (𝑣𝑠𝐵
𝑚𝑗−𝑠(𝑡) −

1

𝜆2
𝑢𝑠𝐵
𝑚𝑗−𝑠(𝑡))

𝑇

(𝑣𝑠𝐵
𝑚𝑗−𝑠(𝑡) −

1

𝜆2
𝑢𝑠𝐵
𝑚𝑗−𝑠(𝑡))} 



 

242 

 

 

 

+∑{
1

𝜆1
(𝑣𝑚𝐴

𝑚1−𝑚𝑗(𝑡) − 𝜆1𝑢𝑚𝐴
𝑚1−𝑚𝑗(𝑡))

𝑇

(𝑣𝑚𝐴
𝑚1−𝑚𝑗(𝑡) − 𝜆1𝑢𝑚𝐴

𝑚1−𝑚𝑗(𝑡))

𝑁

𝑗=2

+ 𝜆2 (𝑣𝑚𝐵
𝑚1−𝑚𝑗(𝑡) −

1

𝜆2
𝑢𝑚𝐵
𝑚1−𝑚𝑗(𝑡))

𝑇

(𝑣𝑚𝐵
𝑚1−𝑚𝑗(𝑡) −

1

𝜆2
𝑢𝑚𝐵
𝑚1−𝑚𝑗(𝑡))}

+∑{
1

𝜆1
(𝑣𝑠𝐴

𝑚1−𝑚𝑗(𝑡) − 𝜆1𝑢𝑠𝐴
𝑚1−𝑚𝑗(𝑡))

𝑇

(𝑣𝑠𝐴
𝑚1−𝑚𝑗(𝑡)

𝑁

𝑗=2

− 𝜆1𝑢𝑠𝐴
𝑚1−𝑚𝑗(𝑡))

+ 𝜆2 (𝑣𝑠𝐵
𝑚1−𝑚𝑗(𝑡) −

1

𝜆2
𝑢𝑠𝐵
𝑚1−𝑚𝑗(𝑡))

𝑇

(𝑣𝑠𝐵
𝑚1−𝑚𝑗(𝑡) −

1

𝜆2
𝑢𝑠𝐵
𝑚1−𝑚𝑗(𝑡))}

−∑ {𝜆1𝑇̇𝑓
𝑚𝑗−𝑠(𝑡)𝑢𝑠𝐴

𝑚𝑗−𝑠𝑇(𝑡)𝑢𝑠𝐴
𝑚𝑗−𝑠(𝑡)

𝑁

𝑗=1

+
1

𝜆2
𝑇̇𝑓
𝑚𝑗−𝑠(𝑡)𝑢𝑠𝐵

𝑚𝑗−𝑠𝑇(𝑡)𝑢𝑠𝐵
𝑚𝑗−𝑠(𝑡)}

−∑ {𝜆1𝑇̇𝑓
𝑚1−𝑚𝑗(𝑡)𝑢𝑠𝐴

𝑚1−𝑚𝑗𝑇(𝑡)𝑢𝑠𝐴
𝑚1−𝑚𝑗(𝑡)

𝑁

𝑗=2

+
1

𝜆2
𝑇̇𝑓
𝑚1−𝑚𝑗(𝑡)𝑢𝑠𝐵

𝑚1−𝑚𝑗𝑇(𝑡)𝑢𝑠𝐵
𝑚1−𝑚𝑗(𝑡)}

−∑ {
1

𝜆1
𝑇̇𝑏
𝑚𝑗−𝑠(𝑡)𝑣𝑚𝐴

𝑚𝑗−𝑠𝑇(𝑡)𝑣𝑚𝐴
𝑚𝑗−𝑠(𝑡)

𝑁

𝑗=1

+ 𝜆2𝑇̇𝑏
𝑚𝑗−𝑠(𝑡)𝑣𝑚𝐵

𝑚𝑗−𝑠𝑇(𝑡)𝑣𝑚𝐵
𝑚𝑗−𝑠(𝑡)}

−∑ {
1

𝜆1
𝑇̇𝑏
𝑚1−𝑚𝑗(𝑡)𝑣𝑚𝐴

𝑚1−𝑚𝑗𝑇(𝑡)𝑣𝑚𝐴
𝑚1−𝑚𝑗(𝑡)

𝑁

𝑗=2

+ 𝜆2𝑇̇𝑏
𝑚1−𝑚𝑗(𝑡)𝑣𝑚𝐵

𝑚1−𝑚𝑗𝑇(𝑡)𝑣𝑚𝐵
𝑚1−𝑚𝑗(𝑡)}                               (5.95) 

Since 𝑃𝑑𝑖𝑠𝑠 is not observable at any terminal of the network, in order to facilitate real-

time monitoring of the network’s passivity, Pdiss can be written as: 

𝑃𝑑𝑖𝑠𝑠(𝑡) =∑ 𝑃𝑑𝑖𝑠𝑠
𝑚𝑗−𝑠(𝑡)

𝑁

𝑗=1
+∑ 𝑃𝑑𝑖𝑠𝑠

𝑚1−𝑚𝑗(𝑡)
𝑁

𝑗=2
+∑ 𝑃𝑑𝑖𝑠𝑠

𝑚𝑗−𝑚1(𝑡)
𝑁

𝑗=2

+∑ 𝑃𝑑𝑖𝑠𝑠
𝑠−𝑚𝑗(𝑡)

𝑁

𝑗=1
                                                                                (5.96) 
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where 

𝑃𝑑𝑖𝑠𝑠
𝑚𝑗−𝑠(𝑡) =

1

𝜆1
(𝑣𝑚𝐴

𝑚𝑗−𝑠(𝑡) − 𝜆1𝑢𝑚𝐴
𝑚𝑗−𝑠(𝑡))

𝑇

(𝑣𝑚𝐴
𝑚𝑗−𝑠(𝑡) − 𝜆1𝑢𝑚𝐴

𝑚𝑗−𝑠(𝑡))

+ 𝜆2 (𝑣𝑚𝐵
𝑚𝑗−𝑠(𝑡) −

1

𝜆2
𝑢𝑚𝐵
𝑚𝑗−𝑠(𝑡))

𝑇

(𝑣𝑚𝐵
𝑚𝑗−𝑠(𝑡) −

1

𝜆2
𝑢𝑚𝐵
𝑚𝑗−𝑠(𝑡))

−
1

𝜆1
𝑇̇𝑏
𝑚𝑗−𝑠(𝑡)𝑣𝑚𝐴

𝑚𝑗−𝑠𝑇(𝑡)𝑣𝑚𝐴
𝑚𝑗−𝑠(𝑡)

− 𝜆2𝑇̇𝑏
𝑚𝑗−𝑠(𝑡)𝑣𝑚𝐵

𝑚𝑗−𝑠𝑇(𝑡)𝑣𝑚𝐵
𝑚𝑗−𝑠(𝑡)                                              (5.97) 

𝑃𝑑𝑖𝑠𝑠
𝑚1−𝑚𝑗(𝑡) =

1

𝜆1
(𝑣𝑚𝐴

𝑚1−𝑚𝑗(𝑡) − 𝜆1𝑢𝑚𝐴
𝑚1−𝑚𝑗(𝑡))

𝑇

(𝑣𝑚𝐴
𝑚1−𝑚𝑗(𝑡) − 𝜆1𝑢𝑚𝐴

𝑚1−𝑚𝑗(𝑡))

+ 𝜆2 (𝑣𝑚𝐵
𝑚1−𝑚𝑗(𝑡) −

1

𝜆2
𝑢𝑚𝐵
𝑚1−𝑚𝑗(𝑡))

𝑇

(𝑣𝑚𝐵
𝑚1−𝑚𝑗(𝑡) −

1

𝜆2
𝑢𝑚𝐵
𝑚1−𝑚𝑗(𝑡))

−
1

𝜆1
𝑇̇𝑏
𝑚1−𝑚𝑗(𝑡)𝑣𝑚𝐴

𝑚1−𝑚𝑗𝑇(𝑡)𝑣𝑚𝐴
𝑚1−𝑚𝑗(𝑡)

− 𝜆2𝑇̇𝑏
𝑚1−𝑚𝑗(𝑡)𝑣𝑚𝐵

𝑚1−𝑚𝑗𝑇(𝑡)𝑣𝑚𝐵
𝑚1−𝑚𝑗(𝑡)                                       (5.98) 

𝑃𝑑𝑖𝑠𝑠
𝑚𝑗−𝑚1

=
1

𝜆1
(𝑣𝑠𝐴

𝑚1−𝑚𝑗(𝑡) − 𝜆1𝑢𝑠𝐴
𝑚1−𝑚𝑗(𝑡))

𝑇

(𝑣𝑠𝐴
𝑚1−𝑚𝑗(𝑡) − 𝜆1𝑢𝑠𝐴

𝑚1−𝑚𝑗(𝑡))

+ 𝜆2 (𝑣𝑠𝐵
𝑚1−𝑚𝑗(𝑡) −

1

𝜆2
𝑢𝑠𝐵
𝑚1−𝑚𝑗(𝑡))

𝑇

(𝑣𝑠𝐵
𝑚1−𝑚𝑗(𝑡) −

1

𝜆2
𝑢𝑠𝐵
𝑚1−𝑚𝑗(𝑡))

− 𝜆1𝑇̇𝑓
𝑚1−𝑚𝑗(𝑡)𝑢𝑠𝐴

𝑚1−𝑚𝑗𝑇(𝑡)𝑢𝑠𝐴
𝑚1−𝑚𝑗(𝑡)

−
1

𝜆2
𝑇̇𝑓
𝑚1−𝑚𝑗(𝑡)𝑢𝑠𝐵

𝑚1−𝑚𝑗𝑇(𝑡)𝑢𝑠𝐵
𝑚1−𝑚𝑗(𝑡)                                     (5.99) 

𝑃𝑑𝑖𝑠𝑠
𝑠−𝑚𝑗(𝑡) =

1

𝜆1
(𝑣𝑠𝐴

𝑚𝑗−𝑠(𝑡) − 𝜆1𝑢𝑠𝐴
𝑚𝑗−𝑠(𝑡))

𝑇

(𝑣𝑠𝐴
𝑚𝑗−𝑠(𝑡) − 𝜆1𝑢𝑠𝐴

𝑚𝑗−𝑠(𝑡))

+ 𝜆2 (𝑣𝑠𝐵
𝑚𝑗−𝑠(𝑡) −

1

𝜆2
𝑢𝑠𝐵
𝑚𝑗−𝑠(𝑡))

𝑇

(𝑣𝑠𝐵
𝑚𝑗−𝑠(𝑡) −

1

𝜆2
𝑢𝑠𝐵
𝑚𝑗−𝑠(𝑡))

− 𝜆1𝑇̇𝑓
𝑚𝑗−𝑠(𝑡)𝑢𝑠𝐴

𝑚𝑗−𝑠𝑇(𝑡)𝑢𝑠𝐴
𝑚𝑗−𝑠(𝑡)

−
1

𝜆2
𝑇̇𝑓
𝑚𝑗−𝑠(𝑡)𝑢𝑠𝐵

𝑚𝑗−𝑠𝑇(𝑡)𝑢𝑠𝐵
𝑚𝑗−𝑠(𝑡)                                     (5.100) 
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Since the differentials of the time delays are hard to measure in real time, they can be 

replaced by their upper bounds defined in Remark 1. The POs are designed as: 

PO-mj-s: 𝑃𝑜𝑏𝑠
𝑚𝑗−𝑠(𝑡) =

1

𝜆1
(𝑣𝑚𝐴

𝑚𝑗−𝑠(𝑡) − 𝜆1𝑢𝑚𝐴
𝑚𝑗−𝑠(𝑡))

𝑇

(𝑣𝑚𝐴
𝑚𝑗−𝑠(𝑡) − 𝜆1𝑢𝑚𝐴

𝑚𝑗−𝑠(𝑡)) +

𝜆2 (𝑣𝑚𝐵
𝑚𝑗−𝑠(𝑡) −

1

𝜆2
𝑢𝑚𝐵
𝑚𝑗−𝑠(𝑡))

𝑇

(𝑣𝑚𝐵
𝑚𝑗−𝑠(𝑡) −

1

𝜆2
𝑢𝑚𝐵
𝑚𝑗−𝑠(𝑡)) −

1

𝜆1
𝜇̅𝑏
𝑚𝑗−𝑠

𝑣𝑚𝐴
𝑚𝑗−𝑠𝑇(𝑡)𝑣𝑚𝐴

𝑚𝑗−𝑠(𝑡) − 𝜆2𝜇̅𝑏
𝑚𝑗−𝑠

𝑣𝑚𝐵
𝑚𝑗−𝑠𝑇(𝑡)𝑣𝑚𝐵

𝑚𝑗−𝑠(𝑡)                              (5.101) 

PO-m1-mj: 𝑃𝑜𝑏𝑠
𝑚1−𝑚𝑗(𝑡) =

1

𝜆1
(𝑣𝑚𝐴

𝑚1−𝑚𝑗(𝑡) − 𝜆1𝑢𝑚𝐴
𝑚1−𝑚𝑗(𝑡))

𝑇

(𝑣𝑚𝐴
𝑚1−𝑚𝑗(𝑡) −

𝜆1𝑢𝑚𝐴
𝑚1−𝑚𝑗(𝑡)) + 𝜆2 (𝑣𝑚𝐵

𝑚1−𝑚𝑗(𝑡) −
1

𝜆2
𝑢𝑚𝐵
𝑚1−𝑚𝑗(𝑡))

𝑇

(𝑣𝑚𝐵
𝑚1−𝑚𝑗(𝑡) −

1

𝜆2
𝑢𝑚𝐵
𝑚1−𝑚𝑗(𝑡)) −

1

𝜆1
𝜇̅𝑏
𝑚1−𝑚𝑗

𝑣𝑚𝐴
𝑚1−𝑚𝑗𝑇(𝑡)𝑣𝑚𝐴

𝑚1−𝑚𝑗(𝑡) −

𝜆2𝜇̅𝑏
𝑚1−𝑚𝑗(𝑡)𝑣𝑚𝐵

𝑚1−𝑚𝑗𝑇(𝑡)𝑣𝑚𝐵
𝑚1−𝑚𝑗(𝑡)                                                                        (5.102) 

PO-mj-m1: 𝑃𝑜𝑏𝑠
𝑚𝑗−𝑚1(𝑡) =

1

𝜆1
(𝑣𝑠𝐴

𝑚1−𝑚𝑗(𝑡) − 𝜆1𝑢𝑠𝐴
𝑚1−𝑚𝑗(𝑡))

𝑇

(𝑣𝑠𝐴
𝑚1−𝑚𝑗(𝑡) −

𝜆1𝑢𝑠𝐴
𝑚1−𝑚𝑗(𝑡)) + 𝜆2 (𝑣𝑠𝐵

𝑚1−𝑚𝑗(𝑡) −
1

𝜆2
𝑢𝑠𝐵
𝑚1−𝑚𝑗(𝑡))

𝑇

(𝑣𝑠𝐵
𝑚1−𝑚𝑗(𝑡) −

1

𝜆2
𝑢𝑠𝐵
𝑚1−𝑚𝑗(𝑡)) − 𝜆1𝜇̅𝑓

𝑚1−𝑚𝑗
𝑢𝑠𝐴
𝑚1−𝑚𝑗𝑇(𝑡)𝑢𝑠𝐴

𝑚1−𝑚𝑗(𝑡) −

1

𝜆2
𝜇̅𝑓
𝑚1−𝑚𝑗

𝑢𝑠𝐵
𝑚1−𝑚𝑗𝑇(𝑡)𝑢𝑠𝐵

𝑚1−𝑚𝑗(𝑡)                                                                             (5.103) 

PO-s-mj: 𝑃𝑜𝑏𝑠
𝑠−𝑚𝑗(𝑡) =

1

𝜆1
(𝑣𝑠𝐴

𝑚𝑗−𝑠(𝑡) − 𝜆1𝑢𝑠𝐴
𝑚𝑗−𝑠(𝑡))

𝑇

(𝑣𝑠𝐴
𝑚𝑗−𝑠(𝑡) − 𝜆1𝑢𝑠𝐴

𝑚𝑗−𝑠(𝑡)) +

𝜆2 (𝑣𝑠𝐵
𝑚𝑗−𝑠(𝑡) −

1

𝜆2
𝑢𝑠𝐵
𝑚𝑗−𝑠(𝑡))

𝑇

(𝑣𝑠𝐵
𝑚𝑗−𝑠(𝑡) −

1

𝜆2
𝑢𝑠𝐵
𝑚𝑗−𝑠(𝑡)) −

𝜆1𝜇̅𝑓
𝑚𝑗−𝑠

𝑢𝑠𝐴
𝑚𝑗−𝑠𝑇(𝑡)𝑢𝑠𝐴

𝑚𝑗−𝑠(𝑡) −
1

𝜆2
𝜇̅𝑓
𝑚𝑗−𝑠

𝑢𝑠𝐵
𝑚𝑗−𝑠𝑇(𝑡)𝑢𝑠𝐵

𝑚𝑗−𝑠(𝑡)                             (5.104) 

Then, we set the output of the PCs to be: 
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PC-mj-s: 𝐼𝑚1−𝑠(𝑡) = −𝐼𝐴1
𝑚𝑗−𝑠

− 𝐼𝐵1
𝑚𝑗−𝑠

− 𝛤𝑚𝑗−𝑠(𝑡)                                               (5.105) 

PC-m1-mj: 𝐼𝑚1−𝑚𝑗(𝑡) = −𝐼𝐴1
𝑚1−𝑚𝑗

− 𝐼𝐵1
𝑚1−𝑚𝑗

− 𝛤𝑚1−𝑚𝑗(𝑡)                                (5.106) 

PC-mj-m1: 𝑉̂𝑚1−𝑚𝑗(𝑡) = 𝑉𝐴2
𝑚1−𝑚𝑗

− 𝑉𝐵2
𝑚1−𝑚𝑗

− 𝛤𝑚𝑗−𝑚1(𝑡)                                (5.107) 

PC-s-mj: 𝑉̂𝑚𝑗−𝑠(𝑡) = 𝑉𝐴2
𝑚𝑗−𝑠(𝑡) − 𝑉𝐵2

𝑚𝑗−𝑠(𝑡) − 𝛤𝑠−𝑚𝑗(𝑡)                                      (5.108) 

where 

𝛤𝑚𝑗−𝑠(𝑡) =

{
 

 0,   𝑖𝑓 𝑃𝑜𝑏𝑠
𝑚𝑗−𝑠(𝑡) ≥ 0

(
𝜇̅𝑓
𝑚𝑗−𝑠

𝛼

2 − 2𝜇̅𝑓
𝑚𝑗−𝑠

+ 𝜀𝑓̅
𝑚𝑗−𝑠 𝛽

2
+ 𝜀𝑏̅

𝑚𝑗−𝑠 𝛽

2
) 𝑞̇𝑚𝑗 ,   𝑖𝑓 𝑃𝑜𝑏𝑠

𝑚𝑗−𝑠(𝑡) < 0
   (5.109) 

𝛤𝑚1−𝑚𝑗(𝑡)

=

{
 

 0,   𝑖𝑓 𝑃𝑜𝑏𝑠
𝑚1−𝑚𝑗(𝑡) ≥ 0

(
𝜇̅𝑓
𝑚1−𝑚𝑗

𝛼

2 − 2𝜇̅𝑓
𝑚1−𝑚𝑗

+ 𝜀𝑓̅
𝑚1−𝑚𝑗 𝛽

2
+ 𝜀𝑏̅

𝑚1−𝑚𝑗 𝛽

2
) 𝑞̇𝑚1,   𝑖𝑓 𝑃𝑜𝑏𝑠

𝑚1−𝑚𝑗(𝑡) < 0
        (5.110) 

𝛤𝑚𝑗−𝑚1(𝑡)

= {

0,   𝑖𝑓 𝑃𝑜𝑏𝑠
𝑚𝑗−𝑚1(𝑡) ≥ 0

(
𝜇̅𝑏
𝑚1−𝑚𝑗

𝛼

2 − 2𝜇̅𝑏
𝑚1−𝑚𝑗

+ 𝜀𝑓̅
𝑚1−𝑚𝑗 𝛽

2
+ 𝜀𝑏̅

𝑚1−𝑚𝑗 𝛽

2
) 𝑞̇𝑚𝑗 ,   𝑖𝑓 𝑃𝑜𝑏𝑠

𝑚𝑗−𝑚1(𝑡) < 0
        (5.111) 

𝛤𝑠−𝑚𝑗(𝑡) = {

0,   𝑖𝑓 𝑃𝑜𝑏𝑠
𝑠−𝑚𝑗(𝑡) ≥ 0

(
𝜇̅𝑏
𝑚𝑗−𝑠

𝛼

2 − 2𝜇̅𝑏
𝑚𝑗−𝑠

+ 𝜀𝑓̅
𝑚𝑗−𝑠 𝛽

2
+ 𝜀𝑏̅

𝑚𝑗−𝑠 𝛽

2
) 𝑞̇𝑠,   𝑖𝑓 𝑃𝑜𝑏𝑠

𝑠−𝑚𝑗(𝑡) < 0
      (5.112) 

Practically, the problem, input saturation, usually appears in an industrial control 

system, which can be presented as follows: 

𝜏𝑖𝑗(𝑡) = {
𝜏𝑖̅𝑗(𝑡), 𝑖𝑓 |𝜏𝑖𝑗| ≤ Α𝑖𝑗

𝛢𝑖𝑗 , 𝑖𝑓|𝜏𝑖𝑗| > 𝛢𝑖𝑗
                                         (5.113) 
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where Α𝑖𝑗 are the allowable maximum controller output. 𝜏𝑖̅𝑗(𝑡) are the output of the 

proposed new control laws. 

To compensate for the input errors Δ𝜏𝑖𝑗(𝑡) = 𝜏𝑖𝑗(𝑡) − 𝜏𝑖̅𝑗(𝑡)  caused by the input 

saturation problem, the following adaptive controllers are introduced: 

𝑈𝑖𝑗(𝑡) = 𝑐𝑖𝑗ℎ𝑖𝑗(𝑡) + 𝑐𝑖𝑗𝑞̇𝑖𝑗(𝑡)                                        (5.114) 

ℎ̇𝑖𝑗(𝑡) = −𝑐𝑖𝑗ℎ𝑖𝑗(𝑡) −
‖Δ𝜏𝑖𝑗(𝑡)‖

2

𝑐𝑖𝑗‖ℎ𝑖𝑗(𝑡)‖
2 ℎ𝑖𝑗(𝑡) − Δ𝜏𝑖𝑗(𝑡)               (5.115) 

where 0 < 𝑐𝑖𝑗 < 1. 

The control laws of the overall teleoperation system are given as follows: 

𝜏𝑚̅1(𝑡) = 𝐺̂𝑚1(𝑍𝑚1) + 𝐸1𝐼𝑚1−𝑠(𝑡) +∑ 𝐸𝑗𝐼𝑚1−𝑚𝑗(𝑡)
𝑁

𝑗=2
− 𝛼𝑞̇𝑚1(𝑡) − 𝛽𝑞𝑚1(𝑡)

− 𝑌𝑚1(𝑡)

= 𝐺̂𝑚1(𝑍𝑚1) + 𝛽𝐸1 (𝑞𝑠(𝑡 − 𝑇𝑏
𝑚1−𝑠(𝑡)) − 𝑞𝑚1(𝑡))

+∑ 𝛽𝐸𝑗 (𝑞𝑚𝑗 (𝑡 − 𝑇𝑏
𝑚1−𝑚𝑗(𝑡)) − 𝑞𝑚1(𝑡))

𝑁

𝑗=2

+ 𝛼𝐸1 (𝑞̇𝑠(𝑡 − 𝑇𝑏
𝑚1−𝑠(𝑡)) − 𝑞̇𝑚1(𝑡))

+∑ 𝛼𝐸𝑗 (𝑞̇𝑚𝑗 (𝑡 − 𝑇𝑏
𝑚1−𝑚𝑗(𝑡)) − 𝑞̇𝑚1(𝑡))

𝑁

𝑗=2
− 𝑏1𝜆1𝛼𝑞̇𝑚1(𝑡)

+
𝑏2𝛽𝐸1
𝜆2

(𝑞𝑚1(𝑡) − 𝑞𝑚1 (𝑡 − 𝑇𝑓
𝑚1−𝑠(𝑡) − 𝑇𝑏

𝑚1−𝑠 (𝑡 − 𝑇𝑓
𝑚1−𝑠(𝑡))))

+∑
𝑏2𝛽𝐸𝑗

𝜆2
(𝑞𝑚1(𝑡)

𝑁

𝑗=2

− 𝑞𝑚1 (𝑡 − 𝑇𝑓
𝑚1−𝑚𝑗(𝑡) − 𝑇𝑏

𝑚1−𝑚𝑗
(𝑡 − 𝑇𝑓

𝑚1−𝑚𝑗(𝑡)))) − 𝐸1𝛤𝑚1−𝑠(𝑡)

−∑ 𝐸𝑗𝛤𝑚1−𝑚𝑗(𝑡)
𝑁

𝑗=2
− 𝑈𝑚1(𝑡) − 𝑌𝑚1(𝑡)                                   (5.116) 
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𝜏𝑚̅𝑗(𝑡) = 𝐺̂𝑚𝑗(𝑍𝑚𝑗) + (1 − 𝐸1)𝐼𝑚𝑗−𝑠(𝑡) + 𝐸1𝑉̂𝑚1−𝑚𝑗(𝑡) − 𝛼𝑞̇𝑚𝑗(𝑡) − 𝛽𝑞𝑚𝑗(𝑡)

− 𝑌𝑚1(𝑡)

= 𝐺̂𝑚𝑗(𝑍𝑚𝑗) + (1 − 𝐸1)𝛽 (𝑞𝑠 (𝑡 − 𝑇𝑏
𝑚𝑗−𝑠(𝑡)) − 𝑞𝑚𝑗(𝑡))

+ 𝛽𝐸1 (𝑞𝑚1 (𝑡 − 𝑇𝑓
𝑚1−𝑚𝑗(𝑡)) − 𝑞𝑚𝑗(𝑡))

+ (1 − 𝐸1)𝛼 (𝑞̇𝑠 (𝑡 − 𝑇𝑏
𝑚𝑗−𝑠(𝑡)) − 𝑞̇𝑚𝑗(𝑡))

+ 𝛼𝐸1 (𝑞̇𝑚1 (𝑡 − 𝑇𝑓
𝑚1−𝑚𝑗(𝑡)) − 𝑞̇𝑚𝑗(𝑡)) − (1 − 𝐸1)𝑏1𝜆1𝛼𝑞̇𝑚𝑗(𝑡)

−
𝐸1𝜆2𝛼

𝑏2
𝑞̇𝑚𝑗(𝑡)

+
(1 − 𝐸1)𝑏2𝛽

𝜆2
(𝑞𝑚𝑗(𝑡)

− 𝑞𝑚𝑗 (𝑡 − 𝑇𝑓
𝑚𝑗−𝑠(𝑡) − 𝑇𝑏

𝑚𝑗−𝑠
(𝑡 − 𝑇𝑓

𝑚𝑗−𝑠(𝑡))))

−
𝐸1𝛽

𝑏1𝜆1
(𝑞𝑚𝑗(𝑡)

− 𝑞𝑚𝑗 (𝑡 − 𝑇𝑏
𝑚1−𝑚𝑗(𝑡) − 𝑇𝑓

𝑚1−𝑚𝑗
(𝑡 − 𝑇𝑏

𝑚1−𝑚𝑗(𝑡))))

− (1 − 𝐸1)𝛤𝑚𝑗−𝑠(𝑡) − 𝐸1𝛤𝑚𝑗−𝑚1(𝑡) − 𝑈𝑚𝑗(𝑡) − 𝑌𝑚𝑗(𝑡)          (5.117) 

𝜏𝑠̅(𝑡) = 𝐺̂𝑠(𝑍𝑠) + 𝑉̂𝑚𝑗−𝑠(𝑡) − 𝛼𝑞̇𝑠(𝑡) − 𝛽𝑞𝑠(𝑡) − 𝑌𝑠(𝑡)

= 𝐺̂𝑠(𝑍𝑠) +∑ 𝐹𝑗𝛽 (𝑞𝑚𝑗 (𝑡 − 𝑇𝑓
𝑚𝑗−𝑠(𝑡)) − 𝑞𝑠(𝑡))

𝑁

𝑗=1

+∑ 𝐹𝑗𝛼 (𝑞̇𝑚𝑗 (𝑡 − 𝑇𝑓
𝑚𝑗−𝑠(𝑡)) − 𝑞̇𝑠(𝑡))

𝑁

𝑗=1
−
𝜆2𝛼

𝑏2
𝑞̇𝑠(𝑡)

−∑
𝐹𝑗𝛽

𝑏1𝜆1
(𝑞𝑠(𝑡) − 𝑞𝑠 (𝑡 − 𝑇𝑏

𝑚𝑗−𝑠(𝑡) − 𝑇𝑓
𝑚𝑗−𝑠

(𝑡 − 𝑇𝑏
𝑚𝑗−𝑠(𝑡))))

𝑁

𝑗=1

−∑ 𝛤𝑠−𝑚𝑗(𝑡)
𝑁

𝑗=1
− 𝑈𝑠(𝑡) − 𝑌𝑠(𝑡)                                                (5.118) 

where 𝑌𝑚𝑗(𝑡) and 𝑌𝑠(𝑡) are the designed adaptive control laws as: 
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𝑌𝑖𝑗(𝑡) = {

𝑞̇𝑖𝑗(𝑡)

‖𝑞̇𝑖𝑗(𝑡)‖
Θ̂𝑖𝑗(𝑡),   𝑖𝑓‖𝑞̇𝑖𝑗(𝑡)‖ ≠ 0 

0,   𝑖𝑓‖𝑞̇𝑖𝑗(𝑡)‖ = 0

                   (5.119) 

Θ̇̂𝑖𝑗(𝑡) =
‖𝑞̇𝑖𝑗(𝑡)‖

2

‖𝑞̇𝑖𝑗(𝑡)‖
, ‖𝑞̇𝑖𝑗(𝑡)‖ ≠ 0                                (5.120) 

where Θ̂𝑖𝑗(t) are applied to estimate the upper bounds Θ𝑖𝑗 the sum of FLs approximate 

error and the bounded external disturbance 𝐹𝑖𝑗
∗ . That is, Θ𝑖𝑗 ≥ ‖𝜖𝑖̅𝑗(𝑍𝑖𝑗) + 𝐹𝑖𝑗

∗‖.  

5.4.2 Stability analysis 

Theorem 1. Consider the multi-user teleoperation system (5.83)-(5.84) with the 

passive human and environment torques modeled as (5.121)-(5.122) which contain 

position, velocity and acceleration information. 

𝜏ℎ𝑗(𝑡) = −𝐾ℎ𝑗𝑞𝑚𝑗(𝑡) − 𝐵ℎ𝑗𝑞̇𝑚𝑗(𝑡) − 𝑀ℎ𝑗𝑞̈𝑚𝑗(𝑡)                  (5.121) 

𝜏𝑒(𝑡) = 𝐾𝑒𝑞𝑠(𝑡) + 𝐵𝑒𝑞̇𝑠(𝑡) + 𝑀𝑒𝑞̈𝑠(𝑡)                              (5.122) 

where 𝐾ℎ𝑗,𝑒, 𝐵ℎ𝑗,𝑒, 𝑀ℎ𝑗,𝑒 are positive constants corresponding to mass, damping and 

stiffness of human operator and external environment. If the control laws are 

constructed by (5.116)-(5.118), and FLs adaptive laws are  

𝜃̇𝑖𝑗 = 𝛬𝑖𝑗𝜍𝑖𝑗(𝑍𝑖𝑗)𝑞̇𝑖𝑗                                               (5.123) 

where 𝛬𝑖𝑗 are the positive definite matrices. The position and velocity tracking errors 

will asymmetrically converge to zero in the presence of arbitrary time delays. 

Proof. Consider a positive semi-definite function 𝑉(𝑡) for the system as: 

V(t) = 𝑉1(𝑡) + 𝑉2(𝑡) + 𝑉3(𝑡) + 𝑉4(𝑡) + 𝑉5(𝑡) 

where 
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𝑉1(𝑡) =
1

2
(𝐸1

2 +∑𝐸𝑗(1 − 𝐸1)

𝑁

𝑗=2

) 𝑞̇𝑠
𝑇(𝑡)𝑀𝑠(𝑞𝑠)𝑟𝑠(𝑡)

+
1

2
∑𝐸𝑗𝑟𝑚𝑗

𝑇 (𝑡)𝑀𝑚𝑗(𝑞𝑚𝑗)𝑟𝑚𝑗(𝑡)

𝑁

𝑗=1

+
1

2
∑ 𝐸𝑗𝑡𝑟(𝜃̃𝑚𝑗

𝑇 𝛬𝑚𝑗
−1 𝜃̃𝑚𝑗)

𝑁

𝑗=1

+
1

2
(𝐸1

2 +∑𝐸𝑗(1 − 𝐸1)

𝑁

𝑗=2

)𝑡𝑟(𝜃̃𝑠
𝑇𝛬𝑠

−1𝜃̃𝑠)                               (5.124) 

𝑉2(𝑡) =
𝛽𝐸1

2

2
 (𝑞𝑚1(𝑡) − 𝑞𝑠(𝑡))

𝑇
(𝑞𝑚1(𝑡) − 𝑞𝑠(𝑡))

+∑
𝛽𝐸𝑗(1 − 𝐸1)

2
(𝑞𝑚𝑗(𝑡) − 𝑞𝑠(𝑡))

𝑇

(𝑞𝑚𝑗(𝑡) − 𝑞𝑠(𝑡))
𝑁

𝑗=2

+∑
𝛽𝐸1𝐸𝑗

2
(𝑞𝑚1(𝑡) − 𝑞𝑚𝑗(𝑡))

𝑇

(𝑞𝑚1(𝑡) − 𝑞𝑚𝑗(𝑡))
𝑁

𝑗=2

+∑
1

2
𝐸𝑗(𝛩𝑚𝑗 − 𝛩̂𝑚𝑗(𝑡))

2𝑁

𝑗=1

+
1

2
(𝐸1

2 +∑𝐸𝑗(1 − 𝐸1)

𝑁

𝑗=2

)(𝛩𝑠 − 𝛩̂𝑠(𝑡))
2

+∑
1

2
𝐸𝑗ℎ𝑚𝑗

𝑇 (𝑡)ℎ𝑚𝑗(𝑡)
𝑁

𝑗=1

+
1

2
(𝐸1

2 +∑𝐸𝑗(1 − 𝐸1)

𝑁

𝑗=2

)ℎ𝑠
𝑇(𝑡)ℎ𝑠(𝑡)                                        (5.125) 
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𝑉3(𝑡)

=
𝛽𝐸1

2

2
∫ ∫ 𝑞̇𝑚1

𝑇 (𝜂)𝑞̇𝑚1(𝜂)𝑑𝜂𝑑𝛾
𝑡

𝑡+𝛾

0

−𝑇𝑓
𝑚1−𝑠(𝑡)

+
𝛽𝐸1

2

2
∫ ∫ 𝑞̇𝑠

𝑇(𝜂)𝑞̇𝑠(𝜂)𝑑𝜂𝑑𝛾
𝑡

𝑡+𝛾

0

−𝑇𝑏
𝑚1−𝑠(𝑡)

+∑ {
𝛽𝐸𝑗(1 − 𝐸1)

2
∫ ∫ 𝑞̇𝑚𝑗

𝑇 (𝜂)𝑞̇𝑚𝑗(𝜂)𝑑𝜂𝑑𝛾
𝑡

𝑡+𝛾

0

−𝑇𝑓
𝑚𝑗−𝑠(𝑡)

𝑁

𝑗=2

+
𝛽𝐸𝑗(1 − 𝐸1)

2
∫ ∫ 𝑞̇𝑠

𝑇(𝜂)𝑞̇𝑠(𝜂)𝑑𝜂𝑑𝛾
𝑡

𝑡+𝛾

0

−𝑇𝑏
𝑚𝑗−𝑠(𝑡)

}

+∑ {
𝛽𝐸1𝐸𝑗

2
∫ ∫ 𝑞̇𝑚1

𝑇 (𝜂)𝑞̇𝑚1(𝜂)𝑑𝜂𝑑𝛾
𝑡

𝑡+𝛾

0

−𝑇
𝑓
𝑚1−𝑚𝑗(𝑡)

𝑁

𝑗=2

+
𝛽𝐸1𝐸𝑗

2
∫ ∫ 𝑞̇𝑚𝑗

𝑇 (𝜂)𝑞̇𝑚𝑗(𝜂)𝑑𝜂𝑑𝛾
𝑡

𝑡+𝛾

0

−𝑇
𝑏
𝑚1−𝑚𝑗(𝑡)

}

+
𝑏2𝛽𝐸1

2

2𝜆2
∫ ∫ 𝑞̇𝑚1

𝑇 (𝜂)𝑞̇𝑚1(𝜂)𝑑𝜂𝑑𝛾
𝑡

𝑡+𝛾

0

−𝑇𝑓
𝑚1−𝑠(𝑡)−𝑇𝑏

𝑚1−𝑠(𝑡−𝑇𝑓
𝑚1−𝑠(𝑡))

+∑
𝑏2𝛽𝐸1𝐸𝑗

2𝜆2
∫ ∫ 𝑞̇𝑚1

𝑇 (𝜂)𝑞̇𝑚1(𝜂)𝑑𝜂𝑑𝛾
𝑡

𝑡+𝛾

0

−𝑇𝑓
𝑚1−𝑚𝑗(𝑡)−𝑇𝑏

𝑚1−𝑚𝑗
(𝑡−𝑇𝑓

𝑚1−𝑚𝑗(𝑡))

𝑁

𝑗=2

+∑
𝑏2𝛽(1 − 𝐸1)𝐸𝑗

2𝜆2
∫ ∫ 𝑞̇𝑚𝑗

𝑇 (𝜂)𝑞̇𝑚𝑗(𝜂)𝑑𝜂𝑑𝛾
𝑡

𝑡+𝛾

0

−𝑇𝑓
𝑚𝑗−𝑠(𝑡)−𝑇𝑏

𝑚𝑗−𝑠
(𝑡−𝑇𝑓

𝑚𝑗−𝑠(𝑡))

𝑁

𝑗=2

+∑
𝛽𝐸1𝐸𝑗

2𝑏1𝜆1
∫ ∫ 𝑞̇𝑚𝑗

𝑇 (𝜂)𝑞̇𝑚𝑗(𝜂)𝑑𝜂𝑑𝛾
𝑡

𝑡+𝛾

0

−𝑇𝑏
𝑚1−𝑚𝑗(𝑡)−𝑇𝑓

𝑚1−𝑚𝑗
(𝑡−𝑇𝑏

𝑚1−𝑚𝑗(𝑡))

𝑁

𝑗=2

+
𝛽𝐸1

2

2𝑏1𝜆1
∫ ∫ 𝑞̇𝑠

𝑇(𝜂)𝑞̇𝑠(𝜂)𝑑𝜂𝑑𝛾
𝑡

𝑡+𝛾

0

−𝑇
𝑏
𝑚𝑗−𝑠(𝑡)−𝑇

𝑓
𝑚𝑗−𝑠

(𝑡−𝑇
𝑏
𝑚𝑗−𝑠(𝑡))

+∑
𝛽𝐸𝑗(1 − 𝐸1)

2𝑏1𝜆1
∫ ∫ 𝑞̇𝑠

𝑇(𝜂)𝑞̇𝑠(𝜂)𝑑𝜂𝑑𝛾
𝑡

𝑡+𝛾

0

−𝑇
𝑏
𝑚𝑗−𝑠(𝑡)−𝑇

𝑓
𝑚𝑗−𝑠

(𝑡−𝑇
𝑏
𝑚𝑗−𝑠(𝑡))

𝑁

𝑗=2
  (5.126) 
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𝑉4(𝑡)

=
𝛼𝐸1

2

2

1

1 − 𝑇̇𝑓
𝑚1−𝑠(𝑡)

∫ 𝑞̇𝑚1
𝑇 (𝜂)𝑞̇𝑚1(𝜂)𝑑𝜂

𝑡

𝑡−𝑇𝑓
𝑚1−𝑠(𝑡)

+
𝛼𝐸1

2

2

1

1 − 𝑇̇𝑏
𝑚1−𝑠(𝑡)

∫ 𝑞̇𝑠
𝑇(𝜂)𝑞̇𝑠(𝜂)𝑑𝜂

𝑡

𝑡−𝑇𝑏
𝑚1−𝑠(𝑡)

+∑ {
𝛼𝐸1𝐸𝑗

2

1

1 − 𝑇̇𝑓
𝑚1−𝑚𝑗(𝑡)

∫ 𝑞̇𝑚1
𝑇 (𝜂)𝑞̇𝑚1(𝜂)𝑑𝜂

𝑡

𝑡−𝑇𝑓
𝑚1−𝑚𝑗(𝑡)

𝑁

𝑗=2

+
𝛼𝐸1𝐸𝑗

2

1

1 − 𝑇̇𝑏
𝑚1−𝑚𝑗(𝑡)

∫ 𝑞̇𝑚𝑗
𝑇 (𝜂)𝑞̇𝑚𝑗(𝜂)𝑑𝜂

𝑡

𝑡−𝑇
𝑏
𝑚1−𝑚𝑗(𝑡)

}

+∑ {
𝛼𝐸𝑗(1 − 𝐸1)

2

1

1 − 𝑇̇𝑓
𝑚𝑗−𝑠(𝑡)

∫ 𝑞̇𝑚𝑗
𝑇 (𝜂)𝑞̇𝑚𝑗(𝜂)𝑑𝜂

𝑡

𝑡−𝑇
𝑓
𝑚𝑗−𝑠(𝑡)

𝑁

𝑗=2

+
𝛼𝐸𝑗(1 − 𝐸1)

2

1

1 − 𝑇̇𝑏
𝑚𝑗−𝑠(𝑡)

∫ 𝑞̇𝑠
𝑇(𝜂)𝑞̇𝑠(𝜂)𝑑𝜂

𝑡

𝑡−𝑇𝑏
𝑚𝑗−𝑠(𝑡)

}                         (5.127) 

𝑉5(𝑡) =∑ 𝑞𝑚𝑗
𝑇 (𝑡)

𝐾ℎ𝑗

2
𝑞𝑚𝑗(𝑡)

𝑁

𝑗=1
+ 𝑞𝑠

𝑇(𝑡)
𝐾𝑒
2
𝑞𝑠(𝑡) +∑ 𝑞̇𝑚𝑗

𝑇 (𝑡)
𝑀ℎ𝑗

2
𝑞̇𝑚𝑗(𝑡)

𝑁

𝑗=1

+ 𝑞̇𝑠
𝑇(𝑡)

𝑀𝑒
2
𝑞̇𝑠(𝑡)                                                                           (5.128) 

Using the control laws, the modeled human and environmental torques, the FLs 

adaptive laws defined in this section, and considering the following inequalities, 

−2𝑞𝑚
𝑇 (𝑡)∫ 𝑞̇𝑠(𝜂)𝑑𝜂

𝑡

𝑡−𝑇2(𝑡)

−∫ 𝑞̇𝑠
𝑇(𝜂)𝑞̇𝑠(𝜂)𝑑𝜂

𝑡

𝑡−𝑇2(𝑡)

≤ 𝑇2
𝑚𝑎𝑥𝑞𝑚

𝑇 (𝑡)𝑞𝑚(𝑡) 

−2𝑞𝑠
𝑇(𝑡)∫ 𝑞̇𝑚(𝜂)𝑑𝜂

𝑡

𝑡−𝑇1(𝑡)

−∫ 𝑞̇𝑚
𝑇 (𝜂)𝑞̇𝑚(𝜂)𝑑𝜂

𝑡

𝑡−𝑇1(𝑡)

≤ 𝑇1
𝑚𝑎𝑥𝑞𝑠

𝑇(𝑡)𝑞𝑠(𝑡) 

the time derivative of 𝑉(𝑡) can be written as: 

V̇(t) ≤ −𝑞̇𝑚1
𝑇 (𝑡) (𝐸1

2𝑏1𝜆1𝛼 −
𝛽𝐸1

2

2
(𝑇̅𝑓

𝑚1−𝑠 + 𝑇̅𝑏
𝑚1−𝑠 + 𝜀𝑓̅

𝑚1−𝑠 + 𝜀𝑏̅
𝑚1−𝑠)𝐼) 𝑞̇𝑚1(𝑡) −

∑ 𝑞̇𝑚1
𝑇 (𝑡) (𝐸1𝐸𝑗𝑏1𝜆1𝛼 −

𝛽𝐸1𝐸𝑗

2
(𝑇̅𝑓

𝑚1−𝑚𝑗
+ 𝑇̅𝑏

𝑚1−𝑚𝑗
+ 𝜀𝑓̅

𝑚1−𝑚𝑗
+𝑁

𝑗=2
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𝜀𝑏̅
𝑚1−𝑚𝑗

)𝐼) 𝑞̇𝑚1(𝑡) − ∑ 𝑞̇𝑚𝑗
𝑇 (𝑡) ((1 − 𝐸1)𝐸𝑗𝑏1𝜆1𝛼 −

𝛽(1−𝐸1)𝐸𝑗

2
(𝑇̅𝑓

𝑚𝑗−𝑠
+ 𝑇̅𝑏

𝑚𝑗−𝑠
+𝑁

𝑗=2

𝜀𝑓̅
𝑚𝑗−𝑠

+ 𝜀𝑏̅
𝑚𝑗−𝑠

)𝐼) 𝑞̇𝑚𝑗(𝑡) − ∑ 𝑞̇𝑚𝑗
𝑇 (𝑡) (

𝜆2𝛼𝐸1𝐸𝑗

𝑏2
−
𝛽𝐸1𝐸𝑗

2
(𝑇̅𝑓

𝑚1−𝑚𝑗
+ 𝑇̅𝑏

𝑚1−𝑚𝑗
+𝑁

𝑗=2

𝜀𝑓̅
𝑚1−𝑚𝑗

+ 𝜀𝑏̅
𝑚1−𝑚𝑗

)𝐼) 𝑞̇𝑚𝑗(𝑡) − 𝑞̇𝑠
𝑇(𝑡) (

𝜆2𝛼𝐸1
2

𝑏2
−
𝛽𝐸1

2

2
(𝑇̅𝑓

𝑚1−𝑠 + 𝑇̅𝑏
𝑚1−𝑠 + 𝜀𝑓̅

𝑚1−𝑠 +

𝜀𝑏̅
𝑚1−𝑠)𝐼) 𝑞̇𝑠(𝑡) − ∑ 𝑞̇𝑠

𝑇(𝑡) (
𝜆2𝛼(1−𝐸1)𝐸𝑗

𝑏2
−
𝛽(1−𝐸1)𝐸𝑗

2
(𝑇̅𝑓

𝑚𝑗−𝑠
+ 𝑇̅𝑏

𝑚𝑗−𝑠
+ 𝜀𝑓̅

𝑚𝑗−𝑠
+𝑁

𝑗=2

𝜀𝑏̅
𝑚𝑗−𝑠

)𝐼) 𝑞̇𝑠(𝑡) −
𝛼𝐸1

2

2
(𝑞̇𝑚1(𝑡) − 𝑞̇𝑠(𝑡 − 𝑇𝑏

𝑚1−𝑠(𝑡)))
𝑇

(𝑞̇𝑚1(𝑡) − 𝑞̇𝑠(𝑡 −

𝑇𝑏
𝑚1−𝑠(𝑡))) −

𝛼𝐸1
2

2
(𝑞̇𝑠(𝑡) − 𝑞̇𝑚1 (𝑡 − 𝑇𝑓

𝑚1−𝑠(𝑡)))
𝑇

(𝑞̇𝑠(𝑡) − 𝑞̇𝑚1 (𝑡 −

𝑇𝑓
𝑚1−𝑠(𝑡))) − ∑

𝛼𝐸1𝐸𝑗

2
(𝑞̇𝑚1(𝑡) − 𝑞̇𝑚𝑗 (𝑡 − 𝑇𝑏

𝑚1−𝑚𝑗(𝑡)))
𝑇

(𝑞̇𝑚1(𝑡) − 𝑞̇𝑚𝑗 (𝑡 −
𝑁
𝑗=2

𝑇𝑏
𝑚1−𝑚𝑗(𝑡))) − ∑

𝛼𝐸1𝐸𝑗

2
(𝑞̇𝑚𝑗(𝑡) − 𝑞̇𝑚1 (𝑡 − 𝑇𝑓

𝑚1−𝑚𝑗(𝑡)))
𝑇

(𝑞̇𝑚𝑗(𝑡) − 𝑞̇𝑚1 (𝑡 −
𝑁
𝑗=2

𝑇𝑓
𝑚1−𝑚𝑗(𝑡))) − ∑

𝛼(1−𝐸1)𝐸𝑗

2
(𝑞̇𝑚𝑗(𝑡) − 𝑞̇𝑠 (𝑡 − 𝑇𝑏

𝑚𝑗−𝑠(𝑡)))
𝑇

(𝑞̇𝑚𝑗(𝑡) − 𝑞̇𝑠 (𝑡 −
𝑁
𝑗=2

𝑇𝑏
𝑚𝑗−𝑠(𝑡))) − ∑

𝛼(1−𝐸1)𝐸𝑗

2
(𝑞̇𝑠(𝑡) − 𝑞̇𝑚𝑗 (𝑡 − 𝑇𝑓

𝑚𝑗−𝑠(𝑡)))
𝑇

(𝑞̇𝑠(𝑡) − 𝑞̇𝑚𝑗 (𝑡 −
𝑁
𝑗=2

𝑇𝑓
𝑚𝑗−𝑠(𝑡))) +

𝐸1
2𝑇̇𝑓

𝑚1−𝑠(𝑡)α

2−2𝑇̇𝑓
𝑚1−𝑠(𝑡)

𝑞̇𝑚1
𝑇 (𝑡)𝑞̇𝑚1(𝑡) + ∑

𝐸1𝐸𝑗𝑇̇𝑓
𝑚1−𝑚𝑗(𝑡)𝛼

2−2𝑇̇𝑓
𝑚1−𝑚𝑗(𝑡)

𝑞̇𝑚1
𝑇 (𝑡)𝑞̇𝑚1(𝑡)

𝑁
𝑗=2 +

∑
(1−𝐸1)𝐸𝑗𝑇̇𝑓

𝑚1−𝑠(𝑡)α

2−2𝑇̇𝑓
𝑚1−𝑠(𝑡)

𝑞̇𝑚𝑗
𝑇 (𝑡)𝑞̇𝑚𝑗(𝑡)

𝑁
𝑗=2 + ∑

𝐸1𝐸𝑗𝑇̇𝑏
𝑚1−𝑚𝑗(𝑡)𝛼

2−2𝑇̇𝑏
𝑚1−𝑚𝑗(𝑡)

𝑞̇𝑚𝑗
𝑇 (𝑡)𝑞̇𝑚𝑗(𝑡)

𝑁
𝑗=2 +

𝐸1
2𝑇̇𝑏

𝑚1−𝑠(𝑡)𝛼

2−2𝑇̇𝑏
𝑚1−𝑠(𝑡)

𝑞̇𝑠
𝑇(𝑡)𝑞̇𝑠(𝑡) + ∑

(1−𝐸1)𝐸𝑗𝑇̇𝑏
𝑚𝑗−𝑠(𝑡)𝛼

2−2𝑇̇𝑏
𝑚𝑗−𝑠(𝑡)

𝑞̇𝑠
𝑇(𝑡)𝑞̇𝑠(𝑡)

𝑁
𝑗=2 − 𝐸1

2𝑞̇𝑚1
𝑇 (𝑡)𝛤𝑚1−𝑠(𝑡) −

∑ 𝐸1𝐸𝑗𝑞̇𝑚1
𝑇 (𝑡)𝛤𝑚1−𝑚𝑗(𝑡)

𝑁
𝑗=2 −∑ (1 − 𝐸1)𝐸𝑗𝑞̇𝑚𝑗

𝑇 (𝑡)𝛤𝑚𝑗−𝑠(𝑡)
𝑁
𝑗=2 −

∑ 𝐸1𝐸𝑗𝑞̇𝑚𝑗
𝑇 (𝑡)𝛤𝑚𝑗−𝑚1(𝑡)

𝑁
𝑗=2 − 𝐸1

2𝑞̇𝑠
𝑇(𝑡)𝛤𝑠−𝑚1(𝑡) − ∑ (1 − 𝐸1)𝐸𝑗𝑞̇𝑠

𝑇(𝑡)𝛤𝑠−𝑚𝑗(𝑡)
𝑁
𝑗=2 −

∑ 𝑞̇𝑚𝑗
𝑇 (𝑡) (𝐵ℎ𝑗 −

𝑏2𝛽

2𝜆2
) 𝑞̇𝑚𝑗(𝑡)

𝑁
𝑗=1 − 𝑞̇𝑠

𝑇(𝑡) (𝐵𝑒 −
𝛽

2𝑏1𝜆1
) 𝑞̇𝑠(𝑡) − ∑ 𝐸𝑗 (

‖∆𝜏𝑚𝑗(𝑡)‖
2

2𝑐𝑚𝑗
−𝑁

𝑗=1

𝑞̇𝑚𝑗
𝑇 (𝑡)∆𝜏𝑚𝑗(𝑡) +

𝑐𝑚𝑗𝑞̇𝑚𝑗
𝑇 (𝑡)𝑞̇𝑚𝑗(𝑡)

2
) − ∑ 𝐸𝑗 (

𝑐𝑚𝑗ℎ𝑚𝑗
𝑇 (𝑡)ℎ𝑚𝑗(𝑡)

2
+ 𝑐𝑚𝑗𝑞̇𝑚𝑗

𝑇 (𝑡)ℎ𝑚𝑗(𝑡) +
𝑁
𝑗=1

𝑐𝑚𝑗𝑞̇𝑚𝑗
𝑇 (𝑡)𝑞̇𝑚𝑗(𝑡)

2
) − (𝐸1

2 + ∑ 𝐸𝑗(1 − 𝐸1)
𝑁
𝑗=2 ) (

‖∆𝜏𝑠(𝑡)‖
2

2𝑐𝑠
− 𝑞̇𝑠

𝑇(𝑡)∆𝜏𝑠(𝑡) +
𝑐𝑠𝑞̇𝑠

𝑇(𝑡)𝑞̇𝑠(𝑡)

2
) −

(𝐸1
2 + ∑ 𝐸𝑗(1 − 𝐸1)

𝑁
𝑗=2 ) (

𝑐𝑠ℎ𝑠
𝑇(𝑡)ℎ𝑠(𝑡)

2
+ 𝑐𝑠𝑞̇𝑠

𝑇(𝑡)ℎ𝑠(𝑡) +
𝑐𝑠𝑞̇𝑠

𝑇(𝑡)𝑞̇𝑠(𝑡)

2
) +
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∑ 𝐸𝑗𝑞̇𝑚𝑗
𝑇 (𝑡) (𝜖𝑚̅𝑗(𝑍𝑚𝑗) + 𝐹𝑚𝑗

∗ −
𝑞̇𝑚𝑗(𝑡)

‖𝑞̇𝑚𝑗(𝑡)‖
𝛩̂𝑚𝑗(𝑡))

𝑁
𝑗=1 + (𝐸1

2 + ∑ 𝐸𝑗(1 −
𝑁
𝑗=2

𝐸1))𝑞̇𝑠
𝑇(𝑡) (𝜖𝑠̅(𝑍𝑠) + 𝐹𝑠

∗ −
𝑞̇𝑠(𝑡)

‖𝑞̇𝑠(𝑡)‖
𝛩̂𝑠(𝑡)) + ∑ 𝐸𝑗(𝛩̂𝑚𝑗(𝑡) − 𝛩𝑚𝑗)

‖𝑞̇𝑚𝑗(𝑡)‖
2

‖𝑞̇𝑚𝑗(𝑡)‖

𝑁
𝑗=1 +

(𝐸1
2 + ∑ 𝐸𝑗(1 − 𝐸1)

𝑁
𝑗=2 )(𝛩̂𝑠(𝑡) − 𝛩𝑠)

‖𝑞̇𝑠(𝑡)‖
2

‖𝑞̇𝑠(𝑡)‖
                                                    (5.129) 

Substituting the upper bounds 𝛩𝑖 of ‖𝜖𝑠̅(𝑍𝑠) + 𝐹𝑖
∗‖ into (5.129), the final four terms 

are zero. The Lyapunov approach requires 𝑉̇(𝑡) to be negative semi-definite. In the 

presence of constant time delays, 𝑇̇𝑓,𝑏
𝑚𝑗−𝑠

(𝑡) , 𝑇̇𝑓,𝑏
𝑚1−𝑚𝑗

(𝑡) , 𝜀𝑓̅,𝑏
𝑚𝑗−𝑠

 , 𝜀𝑓̅,𝑏
𝑚1−𝑚𝑗

are zero. 

Also, the passivity controllers do not take effect so that 𝛤𝑚𝑗−𝑠(𝑡) , 𝛤𝑚1−𝑚𝑗(𝑡) , 

𝛤𝑚𝑗−𝑚1(𝑡), 𝛤𝑠−𝑚𝑗(𝑡) are zero, 𝑉̇(𝑡) can be guaranteed to be negative semi-definite by 

properly tuning 𝑏1,2, 𝜆1,2, 𝛼 and 𝛽 to make sure 

𝑏1𝜆1𝛼 ≥
𝛽

2
(𝑇̅𝑓

𝑚𝑗−𝑠
+ 𝑇̅𝑏

𝑚𝑗−𝑠
)                                                    (5.130) 

𝑏1𝜆1𝛼 ≥
𝛽

2
(𝑇̅𝑓

𝑚1−𝑚𝑗
+ 𝑇̅𝑏

𝑚1−𝑚𝑗
)                                                (5.131) 

𝜆2𝛼

𝑏2
≥
𝛽

2
(𝑇̅𝑓

𝑚1−𝑚𝑗
+ 𝑇̅𝑏

𝑚1−𝑚𝑗
)                                                  (5.132) 

𝜆2𝛼

𝑏2
≥
𝛽

2
(𝑇̅𝑓

𝑚𝑗−𝑠
+ 𝑇̅𝑏

𝑚𝑗−𝑠
)                                                     (5.133) 

𝐵ℎ𝑗 ≥
𝑏2𝛽

2𝜆2
                                                                      (5.134) 

𝐵𝑒𝑗 ≥
𝛽

2𝑏1𝜆1
                                                                   (5.135) 

When the time delay is varying and the channels passivity is not guaranteed by the 

wave variable transformation, the PCs are launched by the POs, the positive biased 

terms caused by the time varying delays in (5.129) are directly compensated by the 

PCs. No extra parameters need to be tune when the time delays vary and V̇(𝑡) is still 

negative semi-definite. 

Integrating both sides of (5.129), we get: 
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+∞ > 𝑉(0) ≥ 𝑉(0) − 𝑉(𝑡)

≥ ∫ (
𝛼𝐸1

2

2
(𝑞̇𝑚1(𝑡) − 𝑞̇𝑠(𝑡 − 𝑇𝑏

𝑚1−𝑠(𝑡)))
𝑇

(𝑞̇𝑚1(𝑡)
𝑡

0

− 𝑞̇𝑠(𝑡 − 𝑇𝑏
𝑚1−𝑠(𝑡)))

+
𝛼𝐸1

2

2
(𝑞̇𝑠(𝑡) − 𝑞̇𝑚1 (𝑡 − 𝑇𝑓

𝑚1−𝑠(𝑡)))
𝑇

(𝑞̇𝑠(𝑡)

− 𝑞̇𝑚1 (𝑡 − 𝑇𝑓
𝑚1−𝑠(𝑡)))

+∑
𝛼𝐸1𝐸𝑗

2
(𝑞̇𝑚1(𝑡) − 𝑞̇𝑚𝑗 (𝑡 − 𝑇𝑏

𝑚1−𝑚𝑗(𝑡)))
𝑇

(𝑞̇𝑚1(𝑡)
𝑁

𝑗=2

− 𝑞̇𝑚𝑗 (𝑡 − 𝑇𝑏
𝑚1−𝑚𝑗(𝑡)))

+∑
𝛼𝐸1𝐸𝑗

2
(𝑞̇𝑚𝑗(𝑡) − 𝑞̇𝑚1 (𝑡 − 𝑇𝑓

𝑚1−𝑚𝑗(𝑡)))
𝑇

(𝑞̇𝑚𝑗(𝑡)
𝑁

𝑗=2

− 𝑞̇𝑚1 (𝑡 − 𝑇𝑓
𝑚1−𝑚𝑗(𝑡)))

+∑
𝛼(1 − 𝐸1)𝐸𝑗

2
(𝑞̇𝑚𝑗(𝑡) − 𝑞̇𝑠 (𝑡 − 𝑇𝑏

𝑚𝑗−𝑠(𝑡)))
𝑇

(𝑞̇𝑚𝑗(𝑡)
𝑁

𝑗=2

− 𝑞̇𝑠 (𝑡 − 𝑇𝑏
𝑚𝑗−𝑠(𝑡)))

+∑
𝛼(1 − 𝐸1)𝐸𝑗

2
(𝑞̇𝑠(𝑡) − 𝑞̇𝑚𝑗 (𝑡 − 𝑇𝑓

𝑚𝑗−𝑠(𝑡)))
𝑇

(𝑞̇𝑠(𝑡)
𝑁

𝑗=2

− 𝑞̇𝑚𝑗 (𝑡 − 𝑇𝑓
𝑚𝑗−𝑠(𝑡))) +∑ 𝑞̇𝑚𝑗

𝑇 (𝑡) (𝐵ℎ𝑗 −
𝑏2𝛽

2𝜆2
) 𝑞̇𝑚𝑗(𝑡)

𝑁

𝑗=1

+ 𝑞̇𝑠
𝑇(𝑡) (𝐵𝑒 −

𝛽

2𝑏1𝜆1
) 𝑞̇𝑠(𝑡)) 𝑑𝑡                                           (5.136) 

Therefore, from 𝑉(𝑡) ≥ 0  and V̇(𝑡) ≤ 0 , it is true that 𝜃̃𝑖𝑗 ∈ 𝐿∞ , 𝑞̇𝑖𝑗(𝑡) ∈ 𝐿2 . 

𝑞̇𝑚𝑗(𝑡) − 𝑞̇𝑠 (𝑡 − 𝑇𝑏
𝑚𝑗−𝑠(𝑡)) , 𝑞̇𝑠(𝑡) − 𝑞̇𝑚𝑗 (𝑡 − 𝑇𝑓

𝑚𝑗−𝑠(𝑡)) , 𝑞̇𝑚𝑗(𝑡) − 𝑞̇𝑚1 (𝑡 −

𝑇𝑓
𝑚1−𝑚𝑗(𝑡)) , 𝑞̇𝑚1(𝑡) − 𝑞̇𝑚𝑗 (𝑡 − 𝑇𝑏

𝑚1−𝑚𝑗(𝑡)) ∈ 𝐿2 . Using the fact that 𝑞𝑚(𝑡) −

𝑞𝑠(𝑡 − 𝑇2(𝑡)) = 𝑞𝑚(𝑡) − 𝑞𝑠(𝑡) + ∫ 𝑞̇𝑠(𝑡)𝑑𝑡
𝑡

𝑡−𝑇2(𝑡)
, 𝑞𝑠(𝑡) − 𝑞𝑚(𝑡 − 𝑇1(𝑡)) =
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𝑞𝑠(𝑡) − 𝑞𝑚(𝑡) + ∫ 𝑞̇1(𝑡)𝑑𝑡
𝑡

𝑡−𝑇1(𝑡)
 and using Cauchy-Schwarz inequality 

∫ 𝑞̇𝑠(𝑡)𝑑𝑡
𝑡

𝑡−𝑇2(𝑡)
≤ √𝑇2(𝑡)𝑞̇𝑠(𝑡)  and ∫ 𝑞̇𝑚(𝑡)𝑑𝑡

𝑡

𝑡−𝑇1(𝑡)
≤ √𝑇1(𝑡)𝑞̇𝑚(𝑡) , we can get 

𝑞𝑚𝑗(𝑡) − 𝑞𝑠 (𝑡 − 𝑇𝑏
𝑚𝑗−𝑠(𝑡)) , 𝑞𝑠(𝑡) − 𝑞𝑚𝑗 (𝑡 − 𝑇𝑓

𝑚𝑗−𝑠(𝑡)) , 𝑞𝑚𝑗(𝑡) − 𝑞𝑚1 (𝑡 −

𝑇𝑓
𝑚1−𝑚𝑗(𝑡)), 𝑞𝑚1(𝑡) − 𝑞̇𝑚𝑗 (𝑡 − 𝑇𝑏

𝑚1−𝑚𝑗(𝑡)) ∈ 𝐿∞.  

This system’s dynamic model can also be written as: 

𝑞̈𝑖𝑗 = 𝑀𝑖𝑗
−1(𝑞𝑖𝑗)[𝜏𝑖𝑗 ± 𝜏ℎ𝑗,𝑒 + 𝐹𝑖𝑗

∗ − 𝐺𝑖𝑗
′ (𝑍𝑖𝑗) − 𝐶𝑖𝑗(𝑞𝑖𝑗, 𝑞̇𝑖𝑗)𝑞̇𝑖𝑗]          (5.137) 

Differentiating both sides of (5.137): 

𝑑

𝑑𝑡
𝑞̈𝑖𝑗 =

𝑑

𝑑𝑡
(𝑀𝑖𝑗

−1(𝑞𝑖𝑗)) [𝜏𝑖𝑗 ± 𝜏ℎ𝑗,𝑒 + 𝐹𝑖𝑗
∗ − 𝐺𝑖𝑗

′ (𝑍𝑖𝑗) − 𝐶𝑖𝑗(𝑞𝑖𝑗, 𝑞̇𝑖𝑗)𝑞̇𝑖𝑗]

+ 𝑀𝑖
−1(𝑞𝑖)

𝑑

𝑑𝑡
[𝜏𝑖𝑗 ± 𝜏ℎ𝑗,𝑒 + 𝐹𝑖𝑗

∗ − 𝐺𝑖𝑗
′ (𝑍𝑖𝑗) − 𝐶𝑖𝑗(𝑞𝑖𝑗 , 𝑞̇𝑖𝑗)𝑞̇𝑖𝑗] (5.138) 

For the first term of the right side of (5.138), we have 
𝑑

𝑑𝑡
(𝑀𝑖𝑗

−1) = −𝑀𝑖𝑗
−1𝑀̇𝑖𝑗𝑀𝑖𝑗

−1 =

−𝑀𝑖𝑗
−1(𝐶𝑖𝑗 + 𝐶𝑖𝑗

𝑇)𝑀𝑖𝑗
−1. According to Properties 1 and 3, 

𝑑

𝑑𝑡
(𝑀𝑖𝑗

−1) is bounded. Based 

on Property 4, the terms in bracket of (5.138) are also bounded. Therefore, 
𝑑

𝑑𝑡
𝑞̈𝑖𝑗(𝑡) ∈

𝐿∞  and 𝑞̈𝑖𝑗(𝑡)  are uniformly continuous ( ∫ 𝑞̈𝑖𝑗(𝜂)𝑑𝜂 = 𝑞̇𝑖𝑗(𝑡) − 𝑞̇𝑖𝑗(0)
𝑡

0
). Since 

𝑞̇𝑖𝑗(𝑡) → 0, it can be concluded that 𝑞̈𝑖𝑗(𝑡) → 0 based on Barbǎlat’s Lemma. 

5.4.3 Experimental results 

In this section, a series of experiments are carried out to validate the proposed 

multilateral teleoperation systems. The teleoperation platform consists of four 

Phantom haptic devices as shown in Figure 5.12 The four devices are connected by 

two computers that are connected via the Internet. The network environment can be 

set in the network-simulation block. The Matlab software is applied to establish the 

proposed control system.  
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Figure 5.12 Experimental setup for the multi-user system 

The first experiment test the training mode of the proposed multi-user teleoperation 

system, where Master 1 operated by the mentor fully controls the other three robots to 

conduct a free motion. The dominance factor 𝐸1  is 1, 𝐸2  and 𝐸3  are 0, 𝐹1 =

𝐸1
2

𝐸1
2+∑ 𝐸𝑗(1−𝐸1)

𝑁
𝑗=2

= 1, 𝐹2 = 𝐹3 = 0. In this experiment, the time delays between every 

two robots are set to be 400 ms with 10 ms slight variations. The position tracking 

(𝑞𝑚1, 𝑞𝑚2, 𝑞𝑚3, 𝑞𝑠) and the torque tracking (𝜏𝑚1, 𝜏𝑚2, 𝜏𝑚3, 𝜏𝑒) of the three joints of 

each robot are shown in Fig.5.13. 𝜏𝑚𝑗 is the control input of the j-th master which 

represents the torque felt by the operator. After the 2 seconds, Master 1 starts to freely 

move, and the other robot closely tracks its motion. During free motion, the 

environmental torque is zero so that torque felt by the users are also close to zero.  

Then, we did the same experiment without the FL controllers. The position tracking 

(𝑞𝑚1, 𝑞𝑚2, 𝑞𝑚3, 𝑞𝑠) and the torque tracking (𝜏𝑚1, 𝜏𝑚2, 𝜏𝑚3, 𝜏𝑒) of the three joints of 

each robot are shown in Fig.5.14 Due to the non-ignorable system uncertainty and 

model errors, the system is damped and the position tracking has larger tracking errors 

than that in Fig.4, especially in joints 2 and 3 where the gravity model errors take 

adverse effects. The un-eliminated system uncertainties also affect torque tracking so 

that the operators can still feel large feedback forces during free motion. 

The following experiment tested the guidance mode of the proposed multi-user 

teleoperation system. In this mode, Master 1 leads the other two robots to 

collaboratively control the slave robot. In this experiment, the time delays between 

every two every two robots are enhanced to 500 ms with 200 ms variations. The 
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dominance factor 𝐸1 is 0.5, 𝐸2 and 𝐸3 are set to be 0.25, 𝐹1 =
𝐸1
2

𝐸1
2+∑ 𝐸𝑗(1−𝐸1)

𝑁
𝑗=2

= 0.5, 

𝐹2 = 𝐹3 = 0.25. The position tracking (𝑞𝑚1, 𝑞𝑚2, 𝑞𝑚3, 𝑞𝑠) and the torque tracking 

(𝜏𝑚1, 𝜏𝑚2, 𝜏𝑚3, 𝜏𝑒) of the three joints of each robot are shown in Fig.6. After 2 seconds, 

the users start to drive the three robots to conduct free motion, and after 5 seconds, the 

slave robot comes in contact with the remote solid wall for four seconds. Then, all 

master robots are driven back to the original position. In this experiment, the position 

of the slave robot is controlled by the mixed signal of the three master robot’s position. 

Due to the presence of time-varying delays, the PCs are launched by the POs to 

guarantee the system stability by dampening the robots. Therefore, the position 

tracking errors appear during free motion. The users can also feel feedback forces 

during free motion because of the damping effects of the PCs. During hard contact, 

accurate force tracking is derived as shown in Fig.5.15. The trainees felts the mixed 

force of Master 1 and the slave robot. 

The final experiment tests the evaluation mode of the proposed multi-user 

teleoperation system, and the time-varying delays are further increased to 800 ms with 

500 ms variation between every two robot. The dominance factor 𝐸1 is 0, 𝐸2 and 𝐸3 

are set to be 0.5, 𝐹1 = 0 , 𝐹2 = 𝐹3 = 0.5 . In this experiment, Master 1 is fully 

controlled by the mixed signals from the other two master robots. The position tracking 

(𝑞𝑚1, 𝑞𝑚2, 𝑞𝑚3, 𝑞𝑠) and the torque tracking (𝜏𝑚1, 𝜏𝑚2, 𝜏𝑚3, 𝜏𝑒) of the three joints of 

each robot are shown in Fig.5.16. After 2 seconds, Master 2 and 3 control Master and 

the slave robot to conduct a free motion first and during the 7th second to the 12th 

second, the slave robot comes in contact with a solid wall. After 12 seconds, all of the 

robots move back to the origin. Due to the time-varying delays, large position tracking 

errors are shown in Fig.7, and the users also feels large feedback forces during free 

motion. The torque tracking during hard contact is still reasonable in Fig.5.16. When 

all of the robots go back to the original locations and stop moving, all of the tracking 

errors disappear. 
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Figure 5.13. Position and torque tracking in training mode (red – Master 1, blue – 

Master 2, green – Master 3, Black – Slave) 

 

Figure 5.14. Position and torque tracking in training mode without FLs (red – Master 

1, blue – Master 2, green – Master 3, Black – Slave) 
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Figure 5.15. Position and torque tracking in guidance mode (red – Master 1, blue – 

Master 2, green – Master 3, Black – Slave) 

 

Figure 5.16. Position and torque tracking in evaluation mode (red – Master 1, blue – 

Master 2, green – Master 3, Black – Slave) 

5.5 Summary 

In chapter, the proposed passivity-based approach was applied to multilateral 

teleoperation systems. The reduced wave reflections architecture was applied to a 

SMMS system to achieve accurate position synchronization and reasonable force 

tracking. The wave-based TDPA was extended to guarantee the channel passivity of 

the multilateral teleoperation systems in the presence of random time delays. A DMDS 

system was proposed with variable dominance factors to enhance the system flexibility. 
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A multi-user teleoperation system was proposed to allow one mentor to simultaneously 

train multiple trainees in different locations to collaboratively control a slave robot. 

Lyapunov functions were used to analyse the stability of the multilateral teleoperation 

systems. The developed algorithms were validated by applying them to a multilateral 

teleoperation platform consisting of multiple haptic devices. 
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6  CONCLUSIONS AND FUTURE WORK 

6.1 Overview 

In the study reported in this thesis, a number of innovative passivity-based control 

architectures for bilateral and multilateral teleoperation systems were developed. The 

primary aim pursued was to simultaneously achieve high transparency and system 

stability in the presence of arbitrary time delays. The stability and transparency of the 

proposed method were analysed using passivity algorithms and Lyapunov functions. 

The performance of the developed methods were validated using 1-DOF and 3-DOF 

experimental platforms under different conditions. The major achievements of the 

work are reviewed in this Chapter. 

6.2 Reduced Wave Reflections Architecture Design  

In Chapter 3, the properties of different wave-based systems reported in literature were 

analysed and compared. Most of the wave-based systems developed previously had 

two main drawbacks, wave reflections and position drift. Wave reflections caused by 

imperfectly matched junction impedance can may send transfer useless information 

back to the communication channels to and introduce signal cause disturbance and 

vibration in the systems. Position drift happens when no position information is 

transmitted in the wave-based systems. Hence, an innovative wave variable 

transformation architecture was for the 4-CH linear teleoperation system was 

developed to solve wave reflections and position drift. In the proposed wave variable 

transformation, the outgoing wave variables do not contain any unnecessary 

information from the incoming wave variables to the extent that the signal variations 

caused by wave reflections can be effectively eliminated. By adding the hybrid signals 

transmission containing position and velocity information, the position drift issues can 

also be solved. The passivity analysis has been introduced to prove that the proposed 

wave variable transformation architecture can robustly guarantee channel passivity 

under arbitrary constant time delays. Compared with the wave transformation schemes 
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in literature, the proposed wave transformation architecture does is not adversely 

affected by the biased terms and can have higher time-delay-based transparency. 

Unlike the previous wave-based systems, the proposed system can also accurately 

transmit high frequency information. Most of the wave-based architectures reported in 

literature do not work effectively under to deal with time-varying delay issues.  

In this chapter, the proposed wave variable transformation architecture was further 

extended to nonlinear teleoperation systems in the presence of time-varying delays. A 

sliding mode algorithm was also applied to compensate for the dynamic uncertainties 

in order to enhance transparency and guarantee the synchronization in finite time. The 

optimal balance between system stability and transparency was achieved by the 

proposed bilateral teleoperation system applying the deploying innovative wave 

variable transformation in the presence of time-varying delay. 

6.3 Wave-based Time Delay Passivity Approach Design  

The main drawback of the passivity-based approaches proposed in the literature is low 

transparency due to over-pursuing passivity under time delays, particularly in the wave 

variable method. Those methods over-dissipate energy to guarantee the passivity of 

the teleoperation system by considering the worst-case scenario. TDPA is a new 

method with a superior performance compared the wave variable method in balancing 

the trade-off between passivity and transparency in the presence of random time delays. 

Although, the TDPA-based systems could guarantee system stability, largely reduced 

transparency is their main drawback that cannot be ignored. Even under small constant 

or no time delay where ideal transparency could be easily achieved by many non-

passivity based schemes, TDPA-based systems have large errors in tracking position 

and force. 

In Chapter 4, a novel wave-based TDPA with new passivity observers and passivity 

controllers was applied to the 4-CH nonlinear bilateral teleoperation system. The 

proposed system had three main contributions.  

Firstly, under constant time delays, the approach could maintain the passivity of the 

communication channels and ensure that the energy dissipation detected by the 

proposed observer was positive so that the proposed passivity controllers had no 
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influence on the torque and trajectory tracking. The new wave transformation also had 

no biased terms by matching impedances so that the proposed system could achieve 

higher transparency than the previous TDPA-based systems and wave-based systems 

proposed in the literature. 

Secondly, in the presence of arbitrary time-varying delays, the proposed passivity 

observers could observe negative energy dissipation according to different time delays 

and robustly guarantee the system passivity. The new wave-based TDPA could 

adaptively dissipate energy to the extent that the proposed system was not as over-

conservative as the conventional wave-based systems. 

Thirdly, the consistent problems of the wave-based system, i.e. wave-based reflections 

and position drift were simultaneously solved in the proposed system. 

Therefore, the proposed wave-based TDPA teleoperation system proved to have a 

better performance than previous wave-based systems and TDPA systems in achieving 

transparency and stability in the presence of arbitrary time-varying delays. 

Moreover, since the original wave-based TDPA was mainly used to guarantee the 

channel passivity and knowing that without proper control algorithm, extra energy still 

could be injected into the master and slave side to jeopardize stability, the original 

wave based TDPA was extended to guarantee the overall system’s passivity. This 

method was also combined with an extended PPC to enhance the position, velocity 

and torque tracking performances and to restrict the tracking errors in a pre-set 

boundary. 

The proposed wave-based TPDA principally had two main drawbacks as it could 

seriously degrade the position and torque tracking during worst-case scenarios with 

large and sharply varying delays. Also, restriction on the rate of the time delays 

significantly undermined the practicability of the proposed system.  Therefore, a new 

wave-based TDPA system was proposed with distinct passivity observers and 

controllers to largely enhance the system’s tracking performance in the worst-case 

where the rate of time delays were larger than one. Neural networks were also deployed 

to eliminate the system’s uncertainty. 
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6.4 Control Algorithm Design for Multilateral Teleoperation Systems 

In Chapter 5, the concept introduced the multilateral teleoperation systems was studied 

and a number of control algorithms for different configurations were developed.  

Deploying the reduced wave reflections architecture, a SMMS teleoperation system 

with characteristics of motion synchronization and force reflections under time delays 

was developed. With the reduced wave reflections architecture, the slave robots could 

accurately follow the master robot’s motion without large vibrations. Control force 

signals were exchanged among all of the robots that could enforce the motion 

synchronization.  In the proposed system, in the event of sudden change in the motion 

of one of the slave robots, the rest could be directly controlled using reflecting control 

force information guaranteeing accurate motion synchronization. 

A DMDS system was proposed with variable dominance factors to enhance the 

flexibility of shared-control trainings. The variable dominance factors provided the 

system with two main characteristics. That is, 1) the system provided the ability for a 

second operator to correct the motion of the slave robots when necessary. 2) The three 

mode of training guidance and evaluation could be freely interchanged dynamically 

without the need to turn any parameter on or off. 

A multi-user teleoperation system deploying the modified wave-based TDPA was 

introduced in Chapter 5. The main purpose of the development was to allow one 

mentor to lead multiple trainees in different remote locations to perform the remote 

tasks in the presence of different time delays. The proposed system contained three 

modes depending on the different values of the dominance factors, the training mode, 

the guidance mode and the evaluation mode. In the training mode, the mentor’s master 

robot fully controlled the slave robot as well as other master robots. The trainees could 

only feel the dynamics of the mentor so that they could be trained by the motion of the 

mentor’s master robot. In the guidance mode, all of the users cooperated to 

collaboratively perform the remote task. The mentor received the mixed dynamics of 

the slave robot and the other master robots while the trainees received the mixed 

dynamics of the slave and the mentor. In the evaluation mode, the mentor’s robot was 

fully controlled by the mixed control information of other master robots so that the 

mentor could evaluate the performance of other users according to the received mixed 
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dynamics of other master robots. Fuzzy logic algorithm was also used to deal with the 

system uncertainties. An adaptive controller was designed in this system to address the 

problem of input saturation.  

6.5 Future Work 

The work presented in this thesis can be continued in the following directions: 

i) The proposed algorithms in this thesis are applied to the 4-CH teleoperation 

system where force information is transmitted in the communication channel. 

The force signals containing acceleration information and noise can seriously 

affect the system stability. Therefore, methods to strengthen the external force 

transmission can be further explored and a less conservative stability condition 

can also be considered. 

ii) In a telerobotic system the loss of data loss is a major drawback of the 

communication channel that can seriously affect the system performance. 

Unfortunately, there is no control method developed to effectively address this 

issue. In the work conducted in this thesis, the loss of data in the 

communication channels is ignored. As another extension of the current work, 

the development of an effective method to analyze and control the data loss in 

the communication channel can be considered.. 

iii) In Chapter 5, multi-user teleoperation systems was designed and implemented 

with enhanced user interaction featuring dominance factors that could adjust 

the control of the mentor over the trainee in execution of a task. The dominance 

factor is set manually based on the identified skills of the trainees. An online 

scheme that quantify the skill of the trainee and adjust the dominance factor 

automatically over the training period can improve the performance of a 

telerobotic system. It was suggested in Chapter 5 that variable dominance 

factors can enhance the flexibility of the system. Designing a variable 

dominance factors that can simultaneously guarantee flexibility and accuracy 

can be another important extension of this research. 
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iv) Balancing the optimal trade-off between transparency and stability is always 

the top priority in the passivity-based teleoperation research. However, it is 

difficult to further enhance the system transparency without sacrificing 

stability in the passivity-based teleoperation research. Future work can be 

considered to combine the passivity-based approaches with other methods to 

improve system transparency in the presence of arbitrary time delays. 
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