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Abstract

We study the KMS states of the Toeplitz extension of the noncommutative
solenoids introduced by Latrémoliere and Packer. We demonstrate that noncom-
mutative solenoids cannot be constructed as a direct limit of C*-algebras arising
from inverse sequences of topological graphs associated to local homeomorphisms
of T. We employ a different approach, utilizing a topological analogue of higher
power graphs and Katsura’s factor maps to obtain a noncommutative solenoid as
a direct limit of topological graph algebras. This approach is compatible with
the Toeplitz algebra of topological graphs, and enables us to define a Toeplitz
extension of each noncommutative solenoid.

We expand on the results of KMS states of finite-graph Toeplitz-algebras, de-
veloping analagous results for the Toeplitz algebras of compact topological graphs.
This is done with the aim of understanding the KMS states of noncommutative
solenoids. The final chapter of the thesis deals with an attempt to characterise the
KMS states of Toeplitz noncommutative solenoids, under a positivity assumption.

We conclude with the conjecture that these KMS states are unique for g > 0.
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Chapter 1

Introduction

1.1 Introduction

A recent development in the theory of C*-algebras was the introduction of noncom-
mutative solenoids by Latrémoliere and Packer in 2011 [38], and studied further
in [37). Of particular interest is [38, Theorem 3.7], which describes a noncom-
mutative solenoid as a direct limit of rotation algebras, sometimes refered to as
noncommutative tori [7]. The objective of this thesis is to construct a Toeplitz
extension of a noncommutative solenoid, and study it’s collection of KMS states.

In 1980 Cuntz and Krieger introduced a class of C*-algebras associated to
{0, 1} matricies [9]. These are now called the Cuntz-Krieger algebras and were
the genesis of a whole raft of research in the field of operator algebras. The
first to generalise this approach to directed graphs were Enomoto and Watatani
[14], and this has inspired a whole range of research, starting with [32, 33]. See
the bibliography of [47] for an indication of the level of interest in the area in
the late 90s and early 2000s. A particularly appealing aspect of this area is the
rigid structure of graph C*-algebras. A consequence of this rigid structure is

that it restricts the number of examples that can be generated. For instance, all



simple graph C*-algebras are either AF or purely infinite [32], and the K-theory
is such that the Ky-group of a graph C*-algebra is always a free abelian group,
and the Kj-group of any graph C*-algebra is always torsion free [47]. This is
why generalisations were sought—be they higher dimensional [31] or continuous
[T1]. Katsura, utilizing work by Pimnser on the C*-algebras associated to C*-
correspondences [46], defined in a very natural way, a topological analogue of a
directed graph [25]. In a series of papers [25, 27, 28 29], he developed some
key structure theorems of topological graph C*-algebras, and showed that this
class of examples contains graph C*-algebras, Kirchberg algebras, homeomorphism
algebras, and every AF algebra. In particular, the noncommutative tori can be
realised as topological graph C*-algebras. This suggests that it may be possible
to construct a sequence of topological graphs such that the direct limit of their
C*-algebras provides a natural realisation of a noncommutative solenoid. One
advantage of this approach is that it suggests a natural Toeplitz extension of each
noncommutative solenoid. This is important for us from the point of view of KMS
states.

KMS-states were defined by Haag, Hugenholtz and Winnink [19] in 1967, based
on earlier work by Kubo [30], and Martin and Schwinger [40]. Despite the moti-
vation for this definition being deeply rooted in mathematical physics, the KMS
condition can be defined purely in terms of a C*-dynamical system (A, «), and a
great deal of interesting information can be gathered from these KMS states, even
when (A, «) is not a physical system. One such example is the number-theoretic
work of Bost and Connes [4], which relates the Riemann zeta function to noncom-
mutative geometry. There has also been a considerable amount of work done into
the KMS states of the Cuntz algebras and their various generalisations by the likes
of Enomoto, Fujii and Watatani [13] , Evans [15], Exel and Laca [16], Kajiwari

and Watantani [23], and Olesen and Pedersen [42]. Typically, the Toeplitz exten-



sions of graph C*-algebras and their analogues have a much richer supply of KMS
states, than the graph algebras we typically deal with [17,[34]. The KMS states on
Toeplitz algebras and on Cuntz-Krieger algebras are very similar, but they differ in
one critical aspect: the KMS states on the Toeplitz algebra satisfy a subinvariance
relation, whilst the those on the Cuntz-Krieger algebra satisfy a stronger invari-
ance relation [34, Theorem 2.5]. This subinvariance condition gives rise to a much
larger simplex of KMS states, that seem to illuminate some underlying structure
present in the C*-algebra: the extreme points of the simplex of KMS states of the
Toeplitz algebra of a finite directed graph are indexed by its verticies [2, Theorem
3.1], the simplex of KMS states of the Toeplitz algebra of a self-similar group is
isomorphic to the collection of traces on the group C*-algebra [35, Theorem 5.1],
and the simplex of KMS states of the Toeplitz algebra associated to a local home-
omorphism of a compact space X is isomorphic to the set of probability measures
on X [I, Theorem 5.1]. The invariance condition is much more rigid, however, and
often places strict requirements the KMS states must satisfy to factor through to
the Cuntz-Pimsner algebra |2, Theorem 4.3], [35, Proposition 7.1, Theorem 7.3],
[T, Theorem 6.1]. For example, the C*-algebra of a strongly connected finite graph
has a unique KMS state. This suggests that we should seek to construct a Toeplitz
extension of each noncommutative solenoid if we wish to see interesting structure
via KMS theory. We construct such an extension in Chapter 4 The final chapter
of this thesis deals the set of KMS states of Toeplitz noncommutative solenoids

assuming a positivity condition.

1.2 Outline of Results

In Chapter [2, we introduce the necessary background concepts used through-

out the thesis. Basing our exposition on [4§], we introduce Hilbert modules and



C*-correspondences (also called Hilbert bimodules) and some basic results about
them. This enables us to discuss the Toeplitz and Cuntz—Pimsner algebras of C*-
correspondences. Following on from this, in Section [2.2] we recall the topological
graphs and their associated C*-algebras introduced by Katsura in [25], and illus-
trate the ideas involved by discussing graph C*-algebras, and crossed products of
commutative C*-algebras by Z as examples. For example, we discuss the topolog-
ical graph Ejy with vertex set T, and one edge from each vertex z € T to the vertex
e*™ . Chapter [2| concludes with a section introducing the fundamentals of KMS
states of C*-algebras, and some well-known examples that served as motivation
for our investigation.

Chapter|3|is concerned with constructing projective limits of topological graphs,
and then investigating the resulting direct limits of Cuntz—Pimsner algebras. We
show that maps between topological graphs and homomorphisms between topo-
logical graph C*-algebras have a contravariant functorial relationship. This is
expressed most clearly in Theorem and Theorem Katsura does do
this in [27], but this was unknown to the author at the time, and we expand upon
the details provided in [27] for a number of results.

In Chapter , we show how to obtain the noncommutative solenoid Ay as
a direct limit of topological graph C*-algebras (Definition . This is more
complicated than it sounds. In particular, we are not able to realise A3 as the C*-
algebra of a projective limit of topological graphs of the form Ep,. Instead, we first

cover each Fjp, graph with the n-th power graph of Ey,, , inducing an inclusion of

j+1)
C*-algebras C*(Ep,;) — C’*(Eézl), as in the previous chapter. We then describe an
embedding of the Toeplitz algebra T (E™) into T (E) for an arbitrary topological
graph £, and provide a sufficient condition, which is satisfied by Ep, for this to
factor through to an inclusion of C*(E™) into C*(E). Composition of these maps

gives us an inclusion C*(Ey,) — C*(Ey,,,). We show that Ay is the direct limit



of the C*(Ejp,;) under these maps. Since each of these inclusions are inherited from
maps induced between Toeplitz algebras, we thereby define a Toeplitz extension
of a noncommutative solenoid, which we call a Toeplitz noncommutative solenoid
(Definition , whose KMS states we study in Chapter @

To do so, we first develop in Chapter [, an analysis of KMS states of C*-
algebras of topological graphs, and their Toeplitz extensions. As is consistent with
previous results about KMS states for graph algebras and their generalisations,
for any given topological graph E, the Toeplitz algebra T (F) has a much richer
supply of KMS states than C*(FE) does.

We begin with Theorem [5.1.3) which provides a necessary and sufficient con-
dition for a state of T(FE) to be a KMS state for the gauge action. In keeping in
with other results of the literature, every KMS state factors through the canonical
expectation onto the core of the C*-algebra. The KMS condition then implies
that any KMS state can be described in terms of what happens on a commuta-
tive subalgebra, which allows a characterisation of KMS states in terms of Borel
probability measures on compact spaces. A version of this theorem for Toeplitz
C*-algebras for arbitrary C*-correspondences was obtained independently and in
parallel to our work by Asfar, an Huef and Raeburn [I, Theorem 3.1] (see the
generous remark preceeding the theorem).

We also describe a subinvariance relation for measures giving rise to KMS states
on the Toeplitz algebras of topological graphs. We show that for KMS states that
factor through to C*(F), the subinvariance relation becomes invariance. We con-
clude that the boundary of the simplex of KMSg states of 7 (E) is homeomorphic
to the vertex set for large values of 5. We pay particular attention to graphs
of the form Fj as described in Chapter [2, whose C*-algebras are the building
blocks of noncommutative solenoids and their Toeplitz extensions in Chapter [4

We show that our results coincide with results concerning C*-algebras of finite



directed graphs [2] and C*-algebras associated to local homeomorphsisms [1]. We
conclude the chapter by examining the KMS states of a projective limit F., of
topological graphs E,,. We show that the maps induced between S, s(7T (E,)) and
Sas(T (E,11)) preserve extreme points, and hence the projective limit structure
of F.

Chapter [6] deals with the KMS states of Toeplitz noncommutative solenoids.
We begin by constructing an action a., of R on 7,7 that respects the direct limit
structure present in Definition [{.1.1] Interestingly, rather than being the lift to R
of an action of T, as in the Toeplitz algebras studied in Chapter |5 this action is
nonperiodic, so is not a lift of a circle action. We investigate the KMS states for
this action, which requires some intricate analysis. We show that, assuming the
linking transforms of M*!(T) induced by the inclusions of the direct sequences all
carry positive measures to positive measures, the boundary of the simplex of KMS
states is homeomorphic to the solenoid from classical topology. This sounds like an
intuitive result, however, the analysis is quite intricate, and the maps between the
boundaries of S, (7T (Ey,)) and S, (T (Ep,.,)) are not what one would expect.
In particular, they are not simply self coverings of T, that appears in the usual
description of the solenoid. We proceed to show that this positivity assumption is
false: we provide clear counter examples as to why this is the case. Nevertheless,
we have left in the original arguements which require this assumption, in place
(making clear where this assumption is required). We have done so because the
details are instructive, and we believe that the tools developed may provide useful
tools for future work. Our counterexamples seem to indicate that a KMS state
on a noncommutative solenoid must restrict to a sequence of states arising from
rotationally invariant measures on the approximating subalgebras in the direct
limit. This leads us to the concluding conjecture: that for § > 0, there exists a

unique KMS state on 7,7, when 6 is a sequence of irrational numbers.



Chapter 2

Background Material

2.1 Hilbert modules and Toeplitz algbras

The first two sections borrow heavily from [47]. Details have been added in some
places since material on Cuntz-Pimsner algebras in [47] was intended as summary.
We will assume some basic knowledge of C*-algebras. For background, see [41]
and [48].

First, we introduce Hilbert modules and develop some theory. We will use

these Hilbert modules to assign C*-algebras to topological graphs.

Definition 2.1.1 ([48, Definition 2.1]). Let A be a C*-algebra, and X a right

A-module. An A-valued inner product on X is a function
(da: X xX = A
such that for all x,y,z € X, a € A and o € C,
1. (x,ay + z) = alz,y) + (x, 2);
2. (x,x) 4 > 0 with equality only if x = 0;

3. <x7y>j§l = <y7x>A and



4. {x,y-a)s = (x,y)aa.

We call A the coefficient algebra of X. When the coefficient algebra of X is
clear from the context, it is common to drop it from the notation. However, later
we will be dealing with maps between Hilbert modules, so we will endeavour to
keep the coefficient algebra explicit in the notation when necessary.

Conditions and imply that (x,y) — (z,y)a is conjugate linear in the
first variable. Taking adjoints in gives the identity (z-a,y)a = a*(z,y)a.

We have a number of familiar looking norm properties — most importantly, a
variation of the Cauchy-Schwarz inequality. This will allow us to define a norm on
X.

To prove the following result, recall from [45, Proposition 1.3.5] and [48], Corol-
lary 2.22|, that given a C*-algebra A, and b,a € A such that a is positive,

b ab < ||al| b*b. (2.1)

Proposition 2.1.2 ([48, Lemma 2.5],[36, Proposition 1.1]). Let A be a C*-algebra,
and X a right A-module with an A-valued inner-product. Then for xz,y € X we

have

(2, y)" (2, y) < (=, 2) ]| {y, v)
We present a modified version of the proof of [36, Proposition 1.1].

Proof. Fix x,y € X. If x = 0 then the result is trivial, so we will suppose otherwise.

Then,

0<(z-(x,y) = [{z, 0)[|y, z - (z,9) = [I{z, 2} | )
= (z,9)" (@, 2)(z,y) = [[{z, ) || {z, 9)" (2, y) = [[{z, )] (y, 2) (2, y)
+ [z, 2) 1y, )
< e, @)l (2, )" (2, ) = 20, 2) | {,y) (@ y) + [z, )| (y,y) - by



= [l{z, 2)|I* v, ) — I, 2) | {2, y)" (2, ).

Since z # 0, we have ||{x,z)|| > 0, and so can divide through by ||{(z, x)| to
obtain (z,y)"(z,y) < [[{z, z)[| {y,y)

0
Proposition [2.1.2]is reminiscient of the Cauchy-Schwarz inequality, so naturally

this leads us define a norm on X
Proposition 2.1.3 ([48] Corollary 2.7]). Let X be a right inner-product A module
If for all x € X, we define
]l = 11z, 2|4, (2.2)
then || - || is a norm on X.

Proof. Let x,y € X and a € C. Then

0=zl & [[(z,2)]|> =0 & (z,2) =0 2 =0

Also,
1
laz|l = [[{aw, az)||> = [[@afe, )| = (la|[(z, 2)])? = |all;
and finally
lz +yllI* = I{z +y, 2+ y)l
= (=, 2) + (&, 9) + (¥, ) + (v, 9)l
< [z, )| + [[{z, )| + 1<y, 2) | + Iy, )l
< [z, 2) 1+ 1<y, vl
= llzlI* + llyll*,
so the triangle inequality holds, and hence || - || is a norm

OdJ
Each element h of a Hilbert space H is uniquely determined by the linear

functional k +— (k|h). The following proposition can be used to establish a similar
property for Hilbert modules (Definition [2.1.6])

9



Proposition 2.1.4 ([3, Proposition I1.7.1.9]). Let X be a right inner-product mod-

ule over A. For all x € X, we have

|zl = sup [[{z, y) -
lyll=1

If x,y € X are such that (x,z) = (y, z) for all z € X, then x = y.

Proof. Fix x € X. Then

2 * 2
sup |[(z,y)[|” = sup |[(z,y)"(z,9)[| < sup |z, z)| [[{y, ) = [lz[]"-
llyl=1 llyll=1 llyll=1

For the reverse inequality, we have

sup |[(z,y)|| > H<l‘7ﬁ>u = ||zl ,

lyll=1
which gives us the desired result. For the final assertion, observe that if (z,z) =

(y,z) for all z € X, then

|z —yll = Sup I{z =y, 2)|| = Sup, I{z, 2) = (y, 2)[| = 0.
That is, x —y = 0. O

Lemma 2.1.5 ([48] Corollary 2.7]). Let X be a right inner-product module over
a C*-algebra A. For x € X and a € A,

[l all < flz[[l|all-
Proof. Fix a € A and x € X. Then
|l - al® = {2 - a,2 - a)|| = [la*(z, z)al| < [|a]|*[|z]*
by submultiplicativity of the C*-norm. Hence ||z - a|| < ||z||||a]|. O

Definition 2.1.6 ([48, Definition 2.8]). Let A be a C*-algebra, and X a right
A-module, with an A-valued inner-product. If X is complete with respect to the

norm (2.2)), we say X is a right Hilbert A-module.

10



A right-Hilbert A-module X is commonly denoted by X 4.

Notation 2.1.7. We will use the convention that the inner-product on a Hilbert
space is linear in the first variable. This is different to our convention for A-valued
Hilbert modules. Following the convention of [[8] , to avoid confusion with these
conventions, we use the notation (-|-) to denote the left-linear inner product on a

Hilbert space, and (-,-) for right-linear inner-product over a C*-algebra.

Example 2.1.8 ([48, Example 2.9]). Consider the C*-algebra C. Let H be a
Hilbert space, with inner product (h, k) + (h|k) for all h,k € H. Define a right
action of C on #H by scalar multiplication, and (h, k) := (k|h) for all h,k € H.
Then H is a Hilbert C-module.

Notation 2.1.9. Let X be a locally compact Hausdorff space. For f: X — C, we

write

supp(f) = {z € X | f(z) # 0},

and call this set the support of f. We write
C(X):={f:X > C| [ is continuous}

for the collection of continuous functions on X. We denote the collection of com-

pactly supported functions by
Co(X) :={f € C(X) | supp(f) is compact}.
An element of the set
Co(X) :={f € C(X) | for alle > 0, the set {x € X : |f(z)| > €} is compact}
1s said to vanish at infinity. Finally, we denote by
CX)"={feCX)| f(x) >0 foralze X},
the collection of nonnegative functions.

11



When X is discrete topological space, C.(X) is the collection of functions with
finite support, and Cy(X) is the collection of functions that are arbitrarily small
off finite sets.

We take the following example from [I§]. The convention with regards to left

and right actions has been reversed however.

Example 2.1.10 ([I8, Example 1.2]). Let £ = (E° E',r,s) be a directed graph.
Then C.(E") is a right Cy(E°)-module under the right-action defined by

(- a)(e) = x(e)als(e))

for all z € C.(E'), a € Cy(E®) and e € E'. There exists a Cy(E°)-valued inner
product on C.(E") such that

@)= > wzeyle)
{e€E':s(e)=v}
for all x,y € C.(FE') and x € E°. (The sum is finite, because s7'(v) is a discrete
set, and x,y have compact support). The completion X (E) of C.(E') with respect

to the norm arising from the inner-product is a right A-Hilbert module. It follows

from [25] that

X(E) = {:c e C(X) | Z \:c(e)|2 < oo and v — H:c]s-l(v)HZ € CO(EO)}.

e€s~1(v)

Bounded linear operators on a Hilbert space automatically admit an adjoint,
but this is not the case for Hilbert modules — there exist some operators on a
Hilbert module with no adjoint — as we will see in Example It is for
this reason that we examine adjointable operators on Hilbert modules, which are

automatically bounded and linear.

Definition 2.1.11 ([48, Definition 2.17]). Let A be a C*-algebra and X a right
Hilbert A-module. An adjointable operator on X is a map T : X — X such

12



that there exists S : X — X satisfying

(T, y)a = (x,5y)
for all z,y € X. The set of adjoinable operators on X is denoted by L(X).

Lemma 2.1.12. Let X be a right Hilbert module over A. For T € L(X), there
exists a unique operator T* : X — X such that (Tx,y) = (x,T*y) for all z,y € X.
We call T* the adjoint of T. Moreover, T is bounded and linear, with ||T|| = || T7||.

Proof. Fix T € L(X), and suppose (z,Sy) = (Tx,y) = (x, Ry) for all z,y € X.
Fix z,y € X. Then

(R — Sz,y) = (Rx,y) — (Sz,y) = (z,Ty) — (z, Ty) = 0.

So, Proposition implies that R = S, so adjoints are unique. From here on,
we write T™ for the adjoint of 7.

Since
(T +y),2) = M, T*2) + {y, T*2) = MTx,2) +(Ty,z) = \Tx+Ty, z), (2.3)

the final statement of Proposition [2.1.4| shows that T is linear.
Now,

sup |7z = sup |(T"z,y)]|
Jall <1 Jall, yl<1

= sup |(z,Ty)|
2]l iyl <1

= sup |[(Ty,z)|
2]l iyl <1

= sup ||Ty]|
llyll<1
=71},
so T* is bounded, with ||T|| = ||| O

13



Example 2.1.13. We show that £(X) # B(X). Consider the C*-algebra M;(C),
as a right Hilbert module over itself, such that for A, B € My(C), the right action

and inner-product are given resectively by
A-B=ABand (A,B) = A*B.

Let T': My(C) — Ms(C) be such that for all a,b,¢,d € C,

a b d 0
T = .
c d 00
Then T is linear and ||T'|| = 1, so T € B(M(C)). Suppose that T has an adjoint.

Then there exist x,y, z,w € C such that
()-()
c d z w

AP I B L O W I O
T , = = , (2.4)

01 c d 0 0 c d 0 0

GG C)-00)
T = = . (2.5)

01 c d 01 z w zZ w

By considering the case where a = b = 1, we can see this is absurd. So T" cannot

Then

and

be adjointable.

Proposition 2.1.14 ([48, Proposition 2.21)). Let A be a C*-algebra, and X a

right-Hilbert A-module. Then L(X) is a C*-algebra under the operator norm.

Proof. Fix z,y € X, A € C, and S,T € L(X). The algebraic operations of
addition and multiplication (taken to be composition of operators) are clear, so we
check that adjoints behave as we expect i.e. (ST)* = T*S*, (AS+T)* = A\S* +T*
and S* = S. First,

(AS + T)z,y) = (ASz, ) + (T, y) = Ma, $y) + {2, T"y) = (2, (AS" + T*)y),

14



so (AS +T)* = A\S* + T*. Further,
((ST)z,y) = (SoTx,y) = (Tx,5"y) = (x,T" 0 S™y) = (x,(T"S")y),
so (ST)* =T*S*. Also,

(Sx,y) = (x,S™y) = (S™,y),

so S = 5"

All that remains is to check that £(X) is complete, and satisfies the C*-identity.
Since £(X) C B(X), which is complete, to show £(X) is complete, it suffices to
show that £(X) is closed. Fix a sequence {7} -, € £(X) such that T,, - T €
B(X). Then (T7)%, is a Cauchy sequence, since T' — T™* is isometric. Since B(X)
is complete, T converges to some S € B(X). Then for z,y € X,

(Tw,y) = lim (Toz,y) = lim (z, T7y) = (2, 5y).

n—oo

Hence, T is adjointable, and so £(X) is closed.
For the C*-identity, fix " € L£(X). Since B(X) is a Banach algebra under the
operator norm,

1T T| < |IT*HIT) = | T

We also have

I T*T|| = sup [[T"Tx]]

=<1

= sup [[(T"Tz,y)|

=l llyll<1

> sup [[(T"Tx, z)]|

[[=]I<1

= sup |[(Tz, Tz)||

=<1

= sup [T/’

=<1

15



2
= (sup 7))
llzll<1

2
= [T,

giving || 7T = || T O
Given T' € L(X), x € X and a € A, we have T'(z - a) = Tx - a, because

(T(z-a),y) =(x-a,Ty) = a™(z,Ty) = a(Tx,y) = (Tx - a,y).
Before investigating the next example, we require a lemma.
Lemma 2.1.15. Let A be a C*-algebra, and suppose a € A is self-adjoint. Then
la™]] = [la]"
for alln € N.

Proof. Since a = a*, then o(a) CR. For f € C(o(a)) and n € N,

III* = sup [f(z)[" = sup [f*(x)] = [/"],

x€o(a) z€o(a)

so the continuous functional calculus implies that ||a"|| = ||a||™. O

Example 2.1.16 ([48]). Let X be a right Hilbert A-module. For z,y,z € X,
define ©,,(z) =z - (y, z). For all z,y,z,w € X,

(O y(w), 2) = (z - (y, w), 2) = (w,y)(x, 2) = (w,y - (x,2)) = (W, Oyx(2)).
So O,, € L(X) with ©; , =6, . The closed span
K(X) =span{©,, : v,y € X}

of the O, , is a two sided-ideal in £(.X). To see this, fix T' € L(X) and z,y, 2z € X.
Then

T00,,(x) = T(e- (y,2) = T(x) - {4, 2) = Oy ()
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and
@x,y © T(Z> = @x,y(T’Z> =T <y7T(Z)> =T <T*(y>7 Z) = @:U,T*(y) (Z)
We claim that, ||©,.|| = ||z]*>. On one hand

2
1Oz = sup [|©..(y)|| = sup ||z (z,y)|| < sup [[z] [[{z,y)[| = ||z]
llyll=1 llyll=1 lyll=1

by Proposition [2.1.5] On the other hand,

10,0 > \

x 1 1
0n.(55)|| = o o el = o el
] ] ]
by Lemma [2.1.15] since (z, ) is self-adjoint. Hence, ||O, .| = ||z|*.

The C*-algebras we are interested in are built from Hilbert modules with some
extra structure. Some of the C*-algebras generated in this way coinicide with

graph algebras the reader may be familiar with.

Definition 2.1.17 ([47, Chapter 8]). A C*-correspondence X over a C*-
algebra A is a right Hilbert A-module X, together with a homomorphism ¢ : A —
L(X).

Given a C*-correspondence X over A, we think of the homomorphism ¢ :
A — L(X) as determining a left action of A on X4 and write a - z := ¢(a)z for
a€ AxeX.

Since ¢ is a homomorphism of C*-algebras, we have ¢(a*) = ¢(a)*. This forces

(a-z,y) = (p(a)r,y) = (z,d(a)"y) = (z,a" - y)

for all x,y € X and a € A.
Sometimes a C*-correspondence X over a C*-algebra A is called a Hilbert
bimodule over A, or a correspondence over A. It is possible to have different

C*-algebras acting on the left and right of the module, and the standard notation
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in the literature for this is g X 4. However, we will only consider the case where a
single C*-algebra acts on the left or the right of a module X, and so, refer to it as
a C*-correspondence over A, and simply denote the pair by X 4.

Example 2.1.18 ([I8, Example 1.2]). Let E be a directed graph, and consider the
right Hilbert Cy(E°)-module X (E) described in Example 2.1.10} For z € C.(E')
and a € Cy(E®), we define a function a-x : E' — C by a - z(e) = a(r(e))z(e). We

claim this function satisfies [|a - x|y ) < [lal|, ]y z)- We have

||a'$||X(E) = {a-z,a-2)|,

= sup [(a-x,a-z)(v)]
veEEY

—sup | > alr(@)a(@alr(e))z(e)

veE” s(e)=v
> ale)le)

s(e)=v

< llallo sup
= llallo 2]l x (&)
Hence, there is a unique function ¢(a) : z — a - x on X (E), such that for e € E?,
a-x(e) = a(r(e))z(e). Since the algebraic operations are defined pointwise, for
a,b € Co(E®), a € C we have ¢(aa+b) = ag(a) + ¢(b) and ¢(ab) = ¢(a)p(b). We

have

(a-z,y)(v) =) alr(e)a(e)yle) = Y a(e) alr(e))y(e) = (z,a" y)(v).

s(e)=v s(e

Hence ¢(a) is adjointable with ¢(a*) = ¢(a)*. We call X (E) the graph correspon-
dence of L.

v

Graph correspondences are useful, as they can be used to construct several
C*-algebras that we will study over the course of this document. We first consider
the Toeplitz algebra. We will then develop the necessary theory to discuss Cuntz-
Pimsner algebras, which will be of more use in the context of topological graphs,

and will feature more in later chapters.
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Definition 2.1.19. Let X be a C*-correspondence over A. A Toeplitz repre-
sentation of X in a C*-algebra B is a pair (1, ) such that ¥ : X — B is linear

and 7 : A — B is a homomorphism of C*-algebras satisfying
1. Y(a- ) = m(a)y(z)
2. m((2,9)) = (@) P(y)
3. (x - a) = y(x)m(a)

forallx,y € X and a € A.

Condition implies that ¢ is bounded. In fact, given a C*-correspondence

over A and a Toeplitz representation (i, ) of X in B, we have

@)1 = Ie(@) (@)l = lln((z, 2))I| < [z, 2)]| = el (2.6)

for x € X. If m is injective, this forces equality throughout (2.6, and so v is

isometic, and hence injective.

Theorem 2.1.20 ([46, Theorem 3.4][18, Proposition 1.3]). Let X be a C* - cor-
respondence over A. Then there exists a Toeplitz representation (tx,ta) into a
C*-algebra T (X) which is universal in the following sense: for any other Toeplitz
representation (¢, m) : X4 — B, there ezists a homomorphism (Y xm) : T(X) — B

such that (1 x m)oux =1 and (Y X ™) ory =T.

We illustrate the importance of Theorem [2.1.20] by outlining a few key exam-

ples.

Example 2.1.21. Let E be a directed graph as in Example 2.1.10] and let X (E)
be as defined in Example . Consider the Hilbert space H = (*(E*), where
E* is the set of all paths of finite length in E (for those unfamiliar with this
terminology, see Definition in Section [2.2)). So the basis elements of H are
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8, for some pu € E*. Since E°, E' are discrete, Co(E°) and X (E) are spanned by

point mass functions. For v € E° e € E! and pu € E*, let

5.(6,) = Oep if s(e) =1r(p) and Py(5,) = 6, ifr(p)=v

0  otherwise, 0 otherwise.
The set {P, | v € E°} is a set of mutually orthogonal projections. There exist
functions v : X (F) — B((*(E*)) and 7 : Cy(E°®) — B(¢*(E*)) such that () =
Se and 7(d,) = P,.

Routine calculations show that (i, 7) is a Toeplitz representation in B(¢%(E*)).
Condition of Definition implies that S}S. = Py), which implies that
{S. | e € E'} is a collection of partial isometries. These conditions are reminiscient
of the Cuntz-Krieger relations for directed graphs, except that

<PU -y SeS:>5v =4,

r(e)=v

for v € E° so P, > > r(e)=v OS¢ This means the Toeplitz algebra 7 (X (E))
associated to the graph correspondence X (F) is larger than the Cuntz-Krieger
algebra C*(FE), in the sense that C*(E) is the quotient by the non-zero ideal
generated by the projections (P, — > ()= S.S7) for v such that 0 < [r~*(v)| <
oo. In the remainder of the section, we will discuss Katsura’s construction of
a C*-algebra Ox from a C*-correspondence X, such that when X is the C*-
correspondence of Example[2.1.10]associated to a directed graph E, the C*-algebra
Ox(g) is the Cuntz-Krieger algebra of £, C*(E).

Example 2.1.22 (|36, Chapter 4],[26, Section 4]). Let X, Y be C*-correspondences
over A, and denote the algebraic tensor product by X ® Y. Then for a € A, the

formula
(z,y) = (2,9 - a)
defines a bilinear map on X x Y, and hence induces a linear map on X ® Y, and

so a right action of A on X ® Y. That is to say, X ® Y is a right A-module.
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Fix 9 € X, yo € Y. Then the map

(@1,91) = (Y2, (22, 1) - 1) (2.7)

defines a bilinear map on X xY (because (-,-) : X x X — Aand (-,-) : Y XY — A

are linear in the second variable), and so induces a linear map on X ®Y. Similarly,

(z1,91) = (Y1, (21, 72) - Y2)" (2.8)

also defines a bilinear map, and so induces a linear map on X ® Y. Combining

(2.7) and (2.8) we obtain a sesquilinear form on X ® Y/,

(21 ® Y1, 22 @ y2) = (21 @ Y1, T2 @ Y2) = (Y1, (T1, T2) - Y2).

Now, for a € A, x1,29 € X and y;,y2 € Y,

and

(11 @ Y1, T2 @ y2)~ Y1, (1, T2) - y2)~

<£C17372> ~y2,y1>

=
=
= (Y2, (x2, 1) - 1)

= (T2 ® Yo, 11 ® Y1),

s0 () XOY x X OY — A satisfies and of Definition [2.1.1] However,

we have

(rra)@y—r®(a y),(r-a)@y—r(a-y))
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=((z-a)®y,(z-a)@y) —((z-a) ®y,z & (a-y))
—(z®(a y),(r-a)@y)+{z®(a-y),z® (@ y))

=z a,z-a) y,y) - ((z,x-a) y,a-y)
—((z-a,x)-(a-y),y) + (z,2) - (a-y), (a-y))

= (a™(z,z)a - y,y) — (a*(z,z)a - y,y)
—(a(z,z)a - y,y) + (a’(z,7)a - y,y)

:O,

so (-, -) has nontrivial kernel, and so is not an A-valued inner-product. Let
N:=span{zye XY | (z@yw®z)=0foralu®zec XOY},

then (-,-) descends to an A-valued inner-product on (X ® Y)/N. We denote the
completion of (X ® Y)/N in the norm coming from the A-valued inner-product
by X ® Y, and call it the balanced tensor product of X and Y. In addition,
the left action of A on X determines a left action of A on X ®Y in the same way

as discussed above. Further, for xy, 2o € X and y;,y2 € Y we have

(a-(r1@uy1), T2 @y2) = ((a-21) R Y1, T2 @ Yo)

yh(a $1;$2> y2>

1 @Y1, (@ - T2) ® ya)

{
=
= (y1, (x1,0" - 32) - o)
=
= (11 ®y1,a" - (22 @ y2)).

So the left action of A on X®Y is adjointable. Hence, X®Y is a C*-correspondence
over A.

Let X®' = X, and for n > 2, we recursively define a C*-correspondence by
X% .= X @ X®"=D_ Define X% = A as a C*-correspondence over A, with left

and right actions given by multiplication and (a, b) = a*b.
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We then define the Fock space of X to be the C*-correspondence

o0

F(X) = xen

n=0

That is,

F(X) = {(:En)flo:o | 2; € X7, Z(xn,xn) converges in A}.

n=0

We claim that F(X) is a right-Hilbert module over A, with inner-product and

right action such that

o0

(v) =3 () and -0 = (1, - )32,

n=0
for n = (Nn)22 0, v = (1)22, € F(X). To do this, we follow the program outlined
in [52.

The first thing we should do is check the formula makes sense. By definition,
for n,v € F(X), the sums Y .2 (0:, 1), Do Vi, Vi) are Cauchy. So for € > 0, there
exists N € N such that for m,n > N, || > (i, m) ||, | Do ieo (v, vi)|| < €. Suppose

without loss of generality that m < n. Then,

HZ<7]7L7V1 Z 77@7Vz
=0 =0

5

1=n-+1

< H Z (15, i) H Z (vi,v;)|| by Proposition [2.1.2]
i=n+1 i=n+1

< 62.

Hence (n,v) = > 277 (n;, vi) € A. Also, since

> miam-a)y =Y a’ nz,nza—a<z iy 7 )aEA,
=0 =0 =0
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we have - a = (1; - @)%, € F(X). All that remains is to check (I)), (2), and
of Definition m Firstly,

oav 4 €)= i ave &) = almr) + () = aln) + (),
n=0 =0
so (-, -) is linear in the second variable. Further,
(n,m) = i(nnﬂm) =0
n=0
if and only if n, = 0 for all n € N, so holds. We also have
(nv)" = i(nnwn)* = i(%nn) = (v,m)
n=0 n=0
and . .
(mv-a) = (s (vn-a)) =D (nu,va)a = (n,v)a,
n=0 n=0

0 and also hold.

We show that F(X) is complete with respect to the norm coming from the
inner-product. Fix a Cauchy sequence {a™}>°_ = {(z]")20}2_, € F(X). Since
the map ¢ : (2,)0%, — x is norm decreasing for each k& € N, the sequence
(z)2°_, converges in X®F. Let xj, = lim,,, o0 27, and @ = (23)52,. We claim that
r € F(X). Fix € > 0, and choose m € N such that for [ > m, ||z™ — 2| < e. For
each N € N,
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Since our choice of N € N was arbitrary, the sequence (Ziv:()(wn — a:nm>> is a
NeN

bounded nondecreasing sequence of positive elements of A, and hence convergent
in A ([52, Page 237]). Hence z € F(X) and 2™ — z. So, F(X) is a Hilbert
module. Define ¢ : A — F(X) by

a-§= (a'ﬁn)iio

for a € A and £ € F(X). Then for all a € A, ¢(a) € L(F(X)) since for {,n €
F(X),

(@(@)&m) = {a-&umm) =Y (€ a” ) = (€, Bla”)n);

this also shows that ¢(a)* = ¢(a*). It is routine to check that ¢ : A — F(X) is a
homomorphism. Again, we denote ¢(a) = a - € for £ € F(X).
For x € X and ¢ € F(X), let ¥(x)¢ be
0 ifi=0
mi=1 x-& ifi=1
r & ifi>2.

Then ¢ (z)¢ € (F(X)), because

Il = [ oo &) + Y (r@ 6z 0 &)
n=1

_ H@ oo &) +i<£m (@, ) - &)

[e.9]

> (6nr6a)

n=1

< llz - &ll* + ll=l*llg]*,

<z &l + [l

which is finite. This also shows that ¢ (x) : € — ¥(x) € B(F(X)). Further, ¢(z)
is adjointable, with adjoint satisfying

@) = ((0,601) 62 ® - @ 6un)

n—
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when § =61 ®---®¢&,. Let a,b € Aand z,y € X. Let £ € F(X), and 7 = ¢.
Then for : € N we have

0 ifi=0

((a-z-b)E)i=1 (a-z-b)-& ifi=1

(a-z-b)®&— ifi>2

0 ifi=20

=4 (a-z-b)-& ifi=1

(a-z)®@b-& 4 ifi>2

= m(a)(z)m(b)E,

so m(a)y(z)w(b) = ¢ (a-z-b). Hence (¢, ) satisfies (1) and (3)) of Definition [2.1.19]
Let v = ¢(x)§, and n = ¥(y)*v. Then n; = (y,z) - § for all i € N. Hence

U(y)*Y(z) = 7((y,x)), which is of Defintion [2.1.19] So (¢, 7) is a Toeplitz
representation of X on B(F(X)). Since 7 is injective, it is injective on (¢ (F(X)))*,

so [18, Theorem 2.1] states that 1) x 7 is injective.

For n € N, there exists a linear map ¢®" : X®" — L(F (X)) such that

PN (@1 @ @ ) = (@) -+ 1) (@),

with the convention that ¢®*° = 7. For elementary tensors z € X®™, y € X%,

2 € X® and w € X%, we have

O (@)= (y) YR () (w)”
PE(2)T((y, 21 @ -+ ® 2o )T (2041 @ -+ @ )Y (w)* ifn <k
P (@)Y (Y1 @ - Q) T (11 @ -+ @ Yk, 2))PF (w)* itk <n
YEMHE (g (2 ® @ 2p) @ Zpy1 @ - © )Y (w)* ifn < k
PEM (@) (W (2,1 @) @ Y1 @ - D yn)* ik <

Hence

T(X) = span{¢®™(z)¢*"(y)* : m,n >0,z € X*™ y € X®"}.
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Theorem 2.1.23. ([46, Corollary 3.7], [I8, Proposition 1.6], [47, Proposition
8.11]) Let X be a C*-correspondence over A, and suppose that (v, m) is a Toeplitz
representation in a C*-algebra B. Then there exists a faithful homomorphism
(¢, 7)Y K(X) — B, such that

(©,m) D (O4y) = v(x)(y)*,
forz,y € X. If ¢ : B — C is a homomorphism of C*-algebras, then ¢o (¢, 7)) =

(porh,pom) .

Given a C*-algebra A, and an ideal I of A, we denote
I":={acA:ab=0forallbe I}.
Observe that I+ is itself an ideal of A.

Definition 2.1.24. Let X be a C*-correspondence over A, with left action denoted
by ¢, and let (1, 7) be a Toeplitz representation of X4 onto B. We say that (¢, )

is covariant if
(v, )" (¢(a)) = 7(a)
for all a € ¢~ (K(X)) Nker(¢)*.

Given a C*-correspondence X over A, we refer to the ideal of 7(X) generated
by {(tx,t4)V(d(a)) — ta(a) s a € ¢7H(K(X)) Nker(¢)*} as the Katsura ideal,
and denote it by Jx.

Definition 2.1.25 ([46, Theorem 3.13]). Let X be a C*-correspondence over a

C*-algebra A. The Cuntz-Pimsner algebra Ox is given by
Ox =T(X)/Jx.

A consequence of the universality of Tx is that Oy is the universal C*-algebra

generated by covariant representations of X.
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The following example illustrates why we are preoccupied with Cuntz-Pimsner

algebras, which will become more apparent next chapter.

Example 2.1.26 ([47, Example 8.13], [I8] Proposition 4.4]). Let E be a directed
graph. Let (1, 7) be a Toeplitz representation as in Example [2.1.21 with the
additional hypothesis that (¢, 7) is covariant. For v € EY, we have

gb(av) = 6’0 or = Z ®6f’6f7 (29)
r(f)=v

and so ¢(0,) € K(X(F)) = span{©s, 5, : e, f € E'} if [r7'(v)] < oo. Suppose
that v receives infinitely many edges. Since X (F) = span{d, : ¢ € E'}, for any
K € K(X(FE)), there exists a finite F C E' and scalars ¢, ; € C such that

HK— Z Ce,feée,éf

e, fEF

<
L

Since r~1(v) is infinite, there exists ¢ € E' \ F such that 7(g) = v. Then

Héb((%) - Ce,fQJe,af‘ = sup H(qb(f;u) -y Ce,feae,af)(x)H
F e,feF

e lell=1

> HGZS(‘Sv)(‘Sg) - Z Ce,f95e75f(5g)

e,fEF
Og — Z Ce,f0e * (07, 0g)
e, fEF

= (15,

=1,

so ¢(d,) ¢ K(X(F)). Hence 6, € ¢~ (K(X(E))) if and only if [r~*(v)| < oo.
We have

ker(¢) = {a € Co(E°) :aor =0} = {a € Co(E®) : a(v) = 0 for v € r(E")},
so it follows that
ker(¢)" = {a € Co(E°) : a(v) =0 for all v € E*\ r(E")}. (2.10)
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Combining (2.9) and (2.10)), we see that ¢~ (K(X(E)) Nker(¢)* is the ideal gen-
erated by {4, : 0 < |[r~!(v)| < oo}. Hence, for v € E° such that 0 < [r~!(v)| < oo,

we have

P, = 7T(6U>
= (¥, ™) ((0y))

= (@b,w)(l)( Z @66,&;)

r(e)=v

= D (0w (s

r(e)=v

= ) S.S:

r(e)=v
So {5, P} is a Cuntz-Krieger E-family ([47, Chapter 1]). Hence C*(FE) is generated

by a covariant Toeplitz-representation of X (F). By the universal properties of

C*(E) and Ox(g), we conclude that C*(E) = Ox(g).

2.2 Topological Graphs

We use the definition of topological graphs introduced by Katsura in [25]. We
start by defining some essential parts of topological graphs analogous to parts of

directed graphs. Our aim is to build on the theory established in [25, 27, 28], 29].

Definition 2.2.1 ([25, Definition 2.1]). A topological graph E is a quadruple
E = (E° E')r,s), where E°, E' are locally compact Hausdorff spaces, and r :

E' — E° is continuous, and s : E* — E° is a local homeomorphism.

Topological graphs are in some respects similar to a directed graphs. We think
of E° as the set of verticies and E' as the set of edges of E, and the maps r and

s giving the directions of the edges.
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Example 2.2.2 ([25, Chapter 2]). Let E°, E! be countable sets equipped with the
discrete topology, and take r,s : E' — E° Then F = (E° E',r, s) is a directed

graph, and also a topological graph.

Example 2.2.3. Let r : T — T be the function r : z + %2 for some 6 € [0, 1).

Then the quadruple Ey = (T, T, r,idr) is a topological graph.

Example 2.2.4. The requirement that s is a local-homeomorphism can be quite
deceptive. The quadruple F = (E° = [-1,1], E* = [0,1],7 : 2 = 2,8 : 2 > 2)
where E°, B! have the induced topology from R, is not a topological graph. The
map § : z + 2 is not a local homeomorphism, since s([0,1]) = [0,1] € E° is not

open, so s is not an open map and therefore not a local homeomorphism.

Definition 2.2.5 ([39]). Let E = (E° E',r,s) be a topological graph. We call an

open set U C E' an s-section if s|y is a homeomorphism.

Definition 2.2.6. A topological graph E is said to be compact if E°, E' are

compact.

Observe that if E is a compact topological graph, then r, s are proper maps.

We use the following terminology and notation reminiscent of directed graphs.

Notation 2.2.7 ([25, Definition 2.6]). Let E be a topological graph. Then we
define
E° = E"\r(EY).

sce

We refer to elements of E°, as sources. The collection of essentially finite

recetvers is denoted by

E]%n = {v € E° | There exists a compact neighbourhood

V of v such that r—(V) is compact} .
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Finally, the regular verticies are elements of the set

E) = Ej, \ EY,

sce*

For a topological graph E, each of the sets E° E?m and Ef)g are open. The

sce)

claim that E?_ is open is self-evident. For the other two, it suffices to show that
EY,, is open. Fix v € EY;,. Let U be a precompact neighbourhood of v such that
r~1(U) is compact. For each w € U, w € U, and so U C EY,,. Hence E};, is a

neighbourhood of each of its points, and is open.

Definition 2.2.8 ([25, Section 2], [47, Chapter 9]). Let E be a topological graph.
A path is a sequence of edges = pips - - pin such that s(u;) = r(pip1) for
1=1,2,--- ;n—1.

For a path g = pyps -+, in a topological graph, we denote the length by
|11| = n. We use the convention that for all v € E, |v| = 0. The collection of paths

of length n is denoted by E™, and E* := |, .y E". Given pn = pypg - - - puy € E,

neN
we may define a range and source of p by (1) = r(p1) and s(p) = s(pjp)-

Quite shamelessly, we steal the following notation from the literature of k-
graphs ([43]). For v € E°, we denote the set of paths of length n, with source v
by E"™v. The collection of paths of length n with range v by vE™. Again, we use

E*v and vE* for paths of arbitrary length. We also combine the two conventions

to obtain wE"v := {p € wE" N E"v}.

Proposition 2.2.9 ([47, Chapter 8]). Let E be a topological graph. Then E™ is a

closed subset of the product space TI7_; E*.

Proof. Fix p = pypin - -+ pt, € I EY\ E™. Our aim is to find an open neighbour-

hood of p whose intersection with E™ is empty. Since p ¢ E™, there exists i < n

such that r(u;41) # s(pi)-
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Choose disjoint open sets A, B such that r(u;11) € A and s(u;) € B. Let U be

an s-section containing p; and s(U) € B. Then
Uns '(A) =0.
Since (1) # s(u;), we have
privy € 7 (r (i) but pigs & 7 (s())-

Since E' is locally compact and Hausdorff (hence regular), there exist open disjoint

C,D C E' such that u;,; € C and 7 *(s(u;)) € D. Then
we Z(U,i) N Z(Cyi + 1),
where Z(U, i) == {(p;)32, € 112, E' : iy € U}. However,
(Z(U,i)ynZ(C,i+1))NE" =0,

as we aimed to show. U
As one might expect, we aim to assign C*-algebras to topological graphs, and
we do this via Katsura’s construction of Cuntz-Pimsner algebras. In order to do

this we need to assign a Hilbert module to each topological graph.

Proposition 2.2.10 ([25, Lemma 1.5, Lemma 1.7, Proposition 1.10 & Remark
1.18]). Let E be a topological graph. Then for allv € E°, e € E', x,y € C.(E")
and a € Co(E®)

(a - a)(e) = z(e)als(e)) and (z,y)(v) = Y w(e)y(e)

define a Co(E)-valued inner-product over C.(EY). The completion of C.(E"),

which we will denote X (E) is a Hilbert-module, and is equal to

{z € C(EY) | (z,2) € Co(E”)}. (2.11)
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Furthermore, there exists a homomorphism ¢ : Co(E®) — L(X(F)) such that for
r € X(E),a € Cy(E°) and e € E',

¢(a)(z)(e) = aor(e)x(e)
turning X (E) into a C*-correspondence over Cy(EY).

Proof. First, we show that the sum in the definition of (x,y)(v) is finite. Fix
x,y € C.(E'). Since supp(x) is compact, we can cover it with finitely many
s-sections U;. Then for any v € s(supp(z))

(wy)= Y (zo(slu))yols

wes(U;)

Uz))

is a finite sum of continuous functions, so (z,y) is continuous at v. If v ¢
s(supp(z)), then there exists a neighbourhood U of v such that UNs(supp(z)) = 0,
and so (z,y)|y =0, so (z,y) is continuous at v. Now, if v € supp((z,y)), then
0# (z.y)(v) = > z(e)yle),
eeEly
so s~ (v) Nsupp(x) Nsupp(y) # 0. Hence, supp((z,y)) < s(supp(x) N supp(y)),
and so is compact. Hence (z,y) € C.(E?).

We now check that (-,-) satisfies (1)), (2), and of Fix z,y €
C.(EY),a € Cy(E®) and v € E°. Then

(z,2)(0) = ) a(e)a(e) = Y |e(e)] 20,

ecElv ecElv
and clearly (z,z) = 0 only if x = 0, so (22) is satisfied.
For , we have

()W) = > (@le)yle) = Y z(e)yle) = (y,2)(v).
We also have

(@,y-a)(v)= Y w(e)y-ale)
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= ) z(e)yle)a(s(e))

ecEly

= Y (@(e)y(e)a(v)

ecElv

= ((z,9)a)(v),

so (4) holds. So (-,-) is a Cy(E®)-valued inner-product.
Fix z,y € C(FE') satisfying Equation (2.11). Then, by Proposition [2.1.2} we
have

[z, )™ (e, ) | < (1, ) [y, w) || < oo,

s0 ||, lyll < oo.

Fix f € Cy(s(E'))T. We aim to find a sequence of tuples (z,,4,) € C.(E')T x
Co(EY)T such that || f — (zs, yn)|| < L for all n € N. Since C.(s(E")) = Co(s(EY)),
1

there exists a sequence g, € C.(E°)" such that for all n € N, || f — g,|| < +. Since

for each n € N, s7!(supp(g,)) is compact, there exist finitely many s-sections
covering s~ *(supp(g,)), which we will denote {Um}Z Let &, be a partition of

unity subordinate to {U,;}. For e € E', define z,;(e) := \/gn(s(€))&(e). Then
for e € E1,

(s Taid(0) = Y Tnal)anile) = D gu(v)énile).

ecEw ecEWw
Hence,
1
|7 = >t wna)| < -
, n
(2

for each n € N. Since the inner-product (-, -) is sesquilinear the result extends to

Co(s(E")). Hence
X(E)={z € C(E"): (z,z) € Co(E")}.

Given a € Cy(E°), the map a — aor is a homomorphism since it takes values

in Cy(E'). Fora € Cy(E®),z € X(F) and e € E', define (¢(a)x)(e) = aor(e)z(e).
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For z,y € X(E), a € Co(E°) and v € E°,

($la)a,y)(v) = Y aor(ea(e)yle) = Y z(e)(aor(e)y(e)) = (x,d(a")y)(v),

ecElv ecElv
so ¢(a) is adjointable with adjoint ¢(a*). So X (F) equipped with the homomor-

phism ¢ is a C*-correspondence over Cy(E"). u

Example 2.2.11. We note that the Hilbert-module norm on X (FE) is not the
same as the supremum norm on functions on E'. Consider the topological graph,
E = (T, T,idy, s), where s(z) = 22 for all z € T. Consider the function 1 € C(T)
such that 1 : z — 1. We have

1% iy = 10, D)l 0y = Sup (L, 1)(v)| =2,
2
but |[1[% = 1.

Notation 2.2.12. Let E be a topological graph. Reminiscient of the notation used
in the directed graph case, we use C*(E) to denote the universal Cuntz-Pimsner

algebra Ox(gy. Using the convention introduced by Katsura in [25], we use T (E)
for the C*-algebra T (X (F)).

We seek a characterisation of the Katsura ideal.

Theorem 2.2.13 (|25, Proposition 1.24], [47, Proposition 9.2]). Let E be a topo-
logical graph, and let f € Co(E®) be such that supp(f) C E%n. Then the left action
of f on X(E) is by compact operators. Moreover, there exist v;, & € C.(E') such
that for x € X(E),

fro= Z@vai(m)'
=1

Further, f-x =0 for all v € X(F) if supp(f) C E?

sce’

Proof. Fix a compact K C Ef . Then there exist finitely many {v;}, € EJ.

with precompact neighbourhoods V; such that v; € V;, r=1(V}) is compact for all
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i, and K C J_, V;. Then J;_, 7~ '(V;) is compact, and r~'(K) C U, r*(V3),
so must be compact. Hence, for supp(f o r) is compact. For e € supp(f or), let
U. be an precompact s-section containing e, in the sense that U, is a compact set.

Observe that J (for) Ue 1s an open cover for supp(f o r), so we may choose

e€supp

finitely many e; such that U; := U,, cover supp(f or). Choose a partition of unity
{g:};_, such that supp(g;) C U;, and for e € supp(f or) take

vi(e) = for(e)\/gi(e) and &(e) = 1/gi(e).

For all e € E', we have

n n n

for(e)=for(e)Y gle)=2_ for(e)Vale)yaile) =) wile)éle).

=1 =1 =1

Since supp(g;) € U; and s is injective on U;, we have v;(e)&;(f) = 0 when e # f
and s(e) = s(f). Fix x € C.(E") and e € E'. Observe that v;, & € C.(E') for all
. Then

Y Ougl)(e) =) (vil&,2))(e)

i=1

i=1

e X @)

This extends by continuity of the action from C.(E') to X(FE).

Now choose f € Co(E"), such that f-x = 0 for all x € X(FE). Then we
have f - z(e) = for(e)z(e) = 0 which implies f or(e) =0 for all e € E*. Hence
supp(f) C E°\ r(E') = E} O

sce*
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Corollary 2.2.14. Let E be a topological graph, and ¢ : Co(E°) — L(X(E)) be
the left action of Coy(E®) on X(E). Then Jx (g is the ideal generated by

{(txmy, LCU(EO))(l)(¢(f)) — Loy (f) € Co(E®) such that supp(f) C Egg}.

Proof. This follows from the fact that EY, = EZ \ EQ,. O
The following is a variation of the guage invariant uniqueness theorem of an
Huef and Raeburn. It is an extremely useful theorem for determining the universal

C*-algebras of graphs.

Theorem 2.2.15 ([25, Theorem 4.5]). Let E be a topological graph, and let (¢, )
be a covariant representation of X (F) in a C*-algebra A, such that w is injective.

Then ¢ xm : C*(E) — A is injective if and only if there exists a strongly continuous

action B : T — Aut(A) such that B,(V®™(x)) = 2"p®"(x) for x € X(E)®".

In addition to a variant of the guage-invariance uniqueness theorem, we seek a

Cuntz-Krieger uniqueness theorem.

Definition 2.2.16 (25, Definition 5.3]). Let E be a topological graph. A path
p € E*\ E® is said to be a eycle if r(p) = s(w), and p; # w; for distinct i,7 < |ul.
A cycle i is said the have an entrance if there exists e € E' such that e # yi;

fori <|p|, and r(e) = r(w;) for some i < |ul.

Definition 2.2.17 (|25, Definition 5.4]). A topological graph is said to be topo-
logically free if the set

{v € E°| every cycle through v has an entrance.}

is dense in E°.

The following is a variant of the Cuntz-Krieger uniqueness theorem for directed

graphs.
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Theorem 2.2.18 (|25, Theorem 5.12]). Let E be a topologically free topological
graph. Suppose that (¢, ) is a Cuntz-Pimsner convariant representation of the
graph correspondence X (E) in a C*-algebra A. If w is injective, then the homo-

morphism ¢ x 7w : C*(E) — A is injective.

Theorem 2.2.19 ([27, Theorem 7.1]). Let E be a topological graph. Then C*(E)

is unital if and only if E° is compact.

We use the following alternate construction of C*-algebras of topological graphs,
established in [39]. As we will see, these conditions, though numerous, are actually

quite easy to check in practise.

Definition 2.2.20 ([39, Definition 2.10]). Let E be a topological graph, and let
(¢, ) be a Toeplitz representation of X(E) in a C*-algebra B. We say that (¢, )
is covariant representation of E if there exists a collection of non-negative
functions G € Co(Ey,) that generate Co(Ey,), such that for each f € G, there exists
a finite cover Ny of r—(supp(f)), by s-sections, and a collection of non-negative

continuous functions {gf, : U € Ny} such that
1. supp(gl)° € U Nr~(supp(f))
2
2 Lvew, () = for

3. w(f) = ZUeNf wwé)wgé)*'

Not surprisingly, there exists a universal C*-algebra associated to these repre-

sentations, and they are exactly what you would expect.

Theorem 2.2.21 (|39, Theorem 2.12]). Let E be a topological graph. There exists
a covariant representation (jx(gy, joo(r0)) of E into a C*-algebra A that is universal
in the sense that if there exists another covariant representation (¢, w) of E into a
C*-algebra B, there exists a homomorphism ¢ : A — B, such that ¢ o jix(g)) = ¥
and ¢ o Joy(goy = m. Moreover, the C*-algebra A is isomorphic to C*(E).
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We begin with a few examples that demonstrate how nice this definition actu-

ally is, despite the heavy looking assumptions.

Example 2.2.22. We will show that in the instance F is a directed graph,
Definition [2.2.20] are equivalent the Cuntz-Krieger relations. As we saw earlier,
v, — S, and 7 : Jd, — P, is a Toeplitz representation, where S, and P, are
partial isometry associated to and edge e, and the projection associated to a vertex

v respectively. Since (¢, ) is a Toeplitz representation

SeSe = (0e) "9 (0e) = m((0e, 0c)) = T(0s(e) = Pice)-

We have G = span {6,|v € EJ }. Fix v € E°. Then for 6,, Nj, = {{e} : (e) = v},
which is a collection of s-sections, and {0, : {e} € N, } is a collection of continuous
functions that satisfy of Definition [2.2.20, Also, 6, or = Z{e}eNgv e, SO is

satisfied. Finally, if (¢, 7) is covariant, we have
Py=n(6) = > (Vo )u(Vo) = D S8,
{e}eNs, ecvE!

which coincides with the Cuntz-Krieger relations.

Example 2.2.23 ([25, Example 2]). Let E = (X, X, r,idx), where X is a locally

compact space, and r : X — X is a homeomorphism. Suppose that (1c,(x),tz) is

the covariant representation of (Cy(X),Z, a), where « is the action a(f) = for—1.

For f € Co(X), let ¢(f) = tz(1)tcyx)(f) and w(f) = toy(x)(f). Then, for z,y €
X(E), f € Cy(X) we have

Y(@)m(f) = tz(1)icex) () tcox) (f) = z(Dicyx) (2 f) = ¥(x - f).
Moreover,
V(@) Y(y) = (z(Dicyx) (@) 1z(1)cy(x) ()
= 10y (x) (T) Loy (x) (V)
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= tcy(x)(TY)

=7((z,9)),

and finally

U(f - x) = 1z(Dicex)(f - )
(f o7)icyx) ()

= 1z(1)tz(=1)ecyx) (f)ez(—1)"toyx) (2)
(

Dty x) (@)

= 1z(1)ico(x)

= [/CO(X)(f)[’Z
= m(f)Y(z).

So (1, m) is a Toeplitz representation of X (F).

Since r is a homeomorphism, EY, = X. Fix a non-negative f € Cy(X). Let

g = for. Then supp(g) C r*(supp(f)), so and of Definition [2.2.20| are

satisfied. Now we have

PV (V9)" = tz(D)icox)(V9)tcox) (V) (1)
= 1z(1)tey(x)(9)tz(1)"
= tepx)(gor)
= Leyx)(foror™)
= Leo(x) ()

Hence (1, ) is a covariant representation of X (£). By universality of both C*(E)
and Cy(X) x4 Z, we have

C*(E) = Co(X) % Z.

Example 2.2.24. Following on from Example [2.2.23] for Fj as described in Ex-
ample 2.2.3] we have C*(Ep) = C(T) x,, Z.
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2.3 An introduction to KMS-states

KMS-states are studied in the context of mathematical physics because they pro-
vide a generalisation for the Gibbs states in the infinite dimensional context. This
means KMS states give a good description of equilibrium phenomena. However,
we are interested in them from a purely C*-algebraic perspective. We can think
of these KMS states as being traces twisted by a strongly continuous action of the
reals.

In this chapter we recall the definition of KMS states, and discuss the elements
of the theory that we will require to understand the KMS states of noncommutative
solenoids. We recall the basics for the uninitiated, and then examine some exam-
ples of historical signifiance in the context of operator theory/symbolic dynamics.
These examples serve as a heuristic for the following chapter.

Given a C*-algebra A, we use S(A) to denote the state space of A.

Definition 2.3.1. A dynamics a over A is a pair (A,«), where A is a C*-

algebra, and o : R — Aut(A) is a strongly continuous group homomorphism.

Definition 2.3.2. Given a dynamics o over A, we say that a € A is a-analytic

if the map z — «,(a) extends to an analytic function from C to A.

If the dynamics is clear from the context, then given an a-analytic element a,

it is common to drop the a and refer to such an element as analytic.

Lemma 2.3.3 ([5, Proposition 2.5.22]). Let a be a dynamics over A. The set of

analytic elements of A are dense in A.

Definition 2.3.4. Let o be a dynamics over A, and fix B € R. If ¢ € S(A) is
such that for all analytic a,b € A,

o(ab) = ¢(bays(a)) (2.12)
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then ¢ is said to satisfy the KMS condition at inverse temperature 3. For

a given € R and (A, «), we denote

Sap(A) == {¢ € S(A) : ¢ satisfies (2.12))} .

If the value of 8 is unknown or arbitrary, then we refer to ¢ satisfying
as a KMS state. If the value of /5 is fixed, we write either ¢ € S, 3(A) or ¢ is a
KMSs-state. In the instance 5 = 0, we take S, 0(A) to be the set of a-invariant
traces on A.

Luckily, we don’t have to check condition on all analytic elements of a
C*-algebra A — it suffices to check for all a, b in some collection of analytic
elements that span a dense subset of A. Before proving this however, we require

some analytic properties, most importantly a-invariance, of KMS-states.

Lemma 2.3.5 ([6l Proposition 5.3.3]). Let « be a dynamics over A, and suppose
that there exists § € R\ {0} such that ¢ € S, (A). Then for all analytic a € A,

¢(a) = ¢(au(a)),

and the map z — a.(a) is bounded in the strip {z € C|Im(z) € [0, 8]}.
Further,

H(ab) = B - (B)avs (0)

for all analytic a,b € A.

Proof. Fix an analytic a € A, and ¢ € S, 3(A). Let F: C — C be the function
given by F(z) = ¢(a,(a)). Since a is analytic, F' is holomorphic. Further, if we

denote the approximate identity {ey}rca, we have
F(2) = ol (a)) = lim o(a (a)ex) = lim o(excsiis(a)) = 6(0sip(a)) = F(z +36),
so F'is periodic with period 3. Moreover, for z € C,

[F(2)] = [¢(az(a))] = [6(aimm(z) © Ore() (@))] = [@(itm(z) (@))];
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so F'(z) depends only on Im(z). Since F' is continuous, F' is bounded on the strip
{z € C : Im(z) € [0,0]}, and hence bounded on C. Loiville’s Theorem ([50],
Theorem 10.23) then implies F' is a constant function.

Since ¢ € S, 5(A), for analytic a,b € A, ¢ satisfies ¢(ab) = ¢(ba;g(a)). Since

¢ is a-invariant, we then have

B(ab) = 9(bss(a)) = B(or-ss (basa(a))) = Hlavss (D)avss (@),
giving us the second part of the lemma. U

Lemma 2.3.6. Let a be a dynamics over A, and fix € R. Suppose that F C A
is a collection of analytic elements such that span(F) = A. If ¢ € S(A) is such
that (2.12) holds for all a,b € F, then ¢ € S, 5(A).

Proof. Fix analytic a,b € A, and let ¢ € S(A) be such that ¢ satisfies (2.12)) for
all x,y € F. For n € N, let a, = 21&1 cprr and b, = Zfi”l dyy;, for ¢, d; € C,

and xy, y, € F, such that |la — a,| <  and [|b — b,|| < . Then

lall + [16n]]
e

|¢(ab) — ¢(anbn)| < |p(ab) — ¢aby)| + [@(abn) — d(anbn)| < (2.13)

Now, consider the map F,, : R — A where F,(t) = at(a) — a4(a,). Note that
since a, a, are analytic in A, then F, has an analytic extension to C such that
F.(z) = a,(a)—a.(ay). Since ay(a)—ai(an) = ar(a—ay,) for all t € R, and analytic
continuations are unique, then F,(2) = a.(a—a,); so, a.(a) —a.(a,) = a,(a—ay,)
for all z € C. Further, since « is bounded on the strip {z € C : Im(2) € [0, #]} by
Lemma [2.3.5, we may assume that [a;s|| < M for some M € R. Hence

|0(bncig(an)) — d(baig(a))| < |¢(bnvig(an)) — P(bncip(a))|
+ ¢ (bncig(a)) — ¢(baig(a))|
1bn[l|evig(an) — ig(a)ll + [laig(a)l[]|bn — b

< = (IallM + ass(a)])-

IN
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Combining this with (2.13]), we obtain

|#(ab) — d(baig(a))] < [d(ab) — Panbn)| + |¢(bnctig(an))d(bais(a))]

1
< —(llall + Ionll + Ml + lass(@l)

which tends to 0 as n — co. Hence ¢(ab) = ¢(ba,s(a)) for all analytic a,b € A, so
o€ Sap(A). O

Proposition 2.3.7 ([6, Proposition 5.3.23]). Let « be a dynamics over a unital
C*-algebra A. Let (Bx)aea € R be a net converging to f € R, and ¢ € S, 5, (A)
be such that o — ¢. Then ¢ € S, p(A).

Proof. Since S(A) is closed, ¢ is a state, so it suffices to show that ¢ satisfies (2.12)).
For analytic a € A, the map z — a.(a) is analytic and therefore continuous. Hence

a;p, (a) = a;p(a). Then, for analytic a,b € A,
6(ab) = lim 6 (ab) = i 6 (b, (@) = 6 (bays(a),
50 ¢ € Su5(A). O

Theorem 2.3.8 ([0, Proposition 5.3.30]). Let « be a dynamics over A, and fix
peR. Then S, p(A) is a choquet simplex.

Given that S, g(A) is a choquet simplex, its set of extreme points 0S, g(A) has
the property that for any ¢ € S, 5(A), there exists a unique m € M (9S8, 5(A))
such that

o(a) = / Or®

for all a € A. We occasionally write ¢ = f DS 5(A) & dm when this happens.

It should be noted that KMS-states need not exist for all values of S.

Example 2.3.9 ([15, Proposition 2.2], [42]). Fix n € N. Let X = {1,2,--- ,n},
and let X* denote the set of words of arbitrary but finite length over the alphabet
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X. Consider the Hilbert space £2(X*), and for j < n and p € X*, write S;0,, = d;,,
where ju is the concatination of j, and the word p € X*. Given this convention,

if we have 1= pipio -+ - py € X*, we define S, := 5,5, -~ Sy -

For p € X* and
k,l <n we have

53510, = 0k10,.
Similar calculations reveal that for u,v € X*,

Sy ifv =/,
SpS, = St it p=wi, (2.14)
0  otherwise.

Let 7O, be the C*-algebra generated by {S; : j < n}. Calculations similar
to (2.14) show that 7O, = span{S,S; : p,v € X*, pyu = v}. The C*-algebra

T O,, carries a natural action of T, such that for z € T,
Vz(SuS;) — z'“"‘”'Squ
for p,v € X*. We lift this to R in search of KMS states. For t € R, let
;(S,9;) = it (S,5;) = =g =

Suppose that there exists § € R such that there exists ¢ € S, (7 O,,). Then
for u,v € X*,

$(8,S5) = d(Spaia(Sy)) = e Me(S55,) = 6,6 . (2.15)

So, we aim to find a state ¢ satisfying (2.15]) for some value of §. Consider the

sum Y LeX- e Pl and suppose it converges. We have

|Xk+1| =H{zi:x € XF e X} = n|Xk] = nktl

SO ZueX* e Pl = 3% ne Pk = l_i,ﬁ only if 8§ > Inn. Fix f > Inn. Then for

¢ﬂ(a) = Z 676|#|(a5#|5u)-

pEX*
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So ¢z satisfies (2.15). Further, ¢3 € S, (T O,) is unique, since, if there exists
another ¢ € S, (T O,,) then, for u,v € X*, by (2.15) we have

¢B(SMS;) = 5M,V€_B|M| = ¢5(SMS;)7

which forces ¢g and 1z to agree on a dense subspace of 7O,,. Now, if we choose
a sequence of numbers Sy — Inn such that gy > Inn for all k, then there exists
a convergent subsequence fj, such that ¢/3kl converges to some state ¢ as [ — oo.

Then

n

. QT3 . Q) T3 o —Br, __ o —Ilnn __
o(1 Zl S;8%) = llirglo gy, (1 Zl S;5%) = llirglo 1 —ne ™ =1—ne = 0.
= =

Hence ¢ € Squmn(TO,). Suppose there exists § < Inn such that there exists
¢ € Sap(TO,). We have, by (ZI5).

$(1—) 5;8) =1—ne” <0,
j=1

which contracts the assertion that ¢ € S, 3(70,,) C S(TO,,), and is hence posi-
tive. So, for § < Inn, we have S, 3(TO,,) = 0.

For the following example, we require a lemma.

Lemma 2.3.10 ([I, Lemma 6.2]). Let a be a dynamics over A, and let J be an
ideal in A generated by a set of positive elements P that are fixed by o. Denote
the quotient map from A to A/J by q. Suppose that there is a family of analytic
elements F such that span{F} = A, and for each analytic element in a € F, there
is a scalar valued analytic function f, satisfying a.(a) = fo(2)a. If ¢ € Sap(A),
and ¢(p) = 0 for all p € P, then ¢ factors through to some ¢ € S, 3(A/J).

Example 2.3.11. Let X = {1,2,--- ,n}. We denote by X* the words of arbitrary
finite length, as in Example [2.3.9] the set of infinite words X = {pypg---: p; €
X}, and consider the Hilbert space £2(X>°). For u € X*,v € X let T, be the
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isometry such that 7,0, = d,, where uv € X* is the concatination of words p
and v. Then for p,v € X*, TJT, collapses in a calculation similar to . Let
O, =span{1,T; : p,v € X*}. Similarly to 7O, O,, carries a natural action =y of
T, such that for z € T,

12(5,57) = s,

We lift v to R by defining oy = 7.i. Since O,, is isomorphic to the quotient of
T O, by the ideal generated by the projection (1 — 7, 5;57) ([8, Proposition
3.1]), to understand the KMS states arising from the action a, we aim to apply

Lemma 2.3.100 We have
ol =D TT}) =1- WY TT=1-3 TT},
j=1 j=1 j=1

so (1 =275 T;T7) is fixed by a, and for p,v € X*, the function fr,7:(2) =
e#n=") is analytic and is such that fr,7:(2)T,T; = a.(T,T}). Hence, it suffices
to find some 3 € R and ¢ € S, 5(TO,) such that ¢(1 — 377 | T;T}) = 0. From
Example , we know that the simplex Sy nn(7O,) consists of a single state,
which we shall denote by ¢, and is such that ¢(1 — Z?Zl T;T7) = 0. So ¢ €
Sann(TO,,) factors through to Sy mn(O,) by Lemma . For 3 # Inn,
implies that

n n

S(1=Y T =1 o(TiT;) =1-> e P$(T;Tj) =1 —ne? #0,
j=1

j=1 =1
50 Sa.5(0,) =0 for 5 # Inn.

We finish with this classical result due to Enomoto, Fujii and Watatani.

Example 2.3.12 ([13]). Let A € M, ({0,1}), and let X = {1,2,--- ,n}. Let Oy

be the universal C*-algebra generated by partial isometries {s; : j < n} subject to
L 1=37" 5585,
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2. spsk =5 Ak, 7)s;s;.

The universal property of Q4 means that there is an action a : R — Aut(O,4) such
that a,(s;) = e's; for all j <n. We then have s, = 5,5, -5, for p € X*. It
is straightforward to show that elements of the form s,s; are analytic.

Now, ¢ € S,3(04) if and only if there exists a non-negative vector v such
that Av = ePv. If A is irreducible and not a permutation, then this happens only
when 8 = In p(A), where p(A) is the spectral radius of A. Hence, there is a unique
KMS-state on Q4.

In the examples presented, the KMS states are supported on a commutative
sub-C*-algebra. This is a recurring theme we will see throughout the next chapter,
and it will feature heavily in our description of the sets of KMS states we will
encounter. We will also see that Toeplitz algebras give a much richer theory of
KMS states than their Cuntz-Pimsner counterparts. This is due to the quotient

imposing strict conditions on the KMS states.
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Chapter 3

Maps Between Topological
Graphs and Homomorphisms

Between Their C*-Algebras

3.1 Maps between Topological Graphs

The purpose of this chapter is to develop some theory analagous to projective
limits of topological spaces, and extend it to the theory of C*-algebras of topolog-
ical graphs. Obviously, there is a little more machinery we have to be careful of
here, since our aim is to preserve both the graph structure and C*-correspondence
structure. Morphsims of topological graphs were described in [27] and [12]. The
treatment of this chapter is based on and generalises the covering maps introduced
in [12]. Tt was unknown to the author at the time that a more general definition
and theory are developed in [27]; we will show that in some situations, these two

approaches coincide.
Definition 3.1.1. Let E = (E°, E',rp, sg) and F = (F°, F' rp, sp) be topological

graphs. An s-injective graph morphism between topological graphs is a pair
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p= (" p'): E— F such that
p’ B — F® and p' - E' — F!

are proper surjective local homeomorphisms such that for v € E° and e € E!

satisfy
1. porg(e) =rpopl(e) and p° o sp(e) = sp o pl(e);
2. p! is locally injective, in the sense that

p'isg (v) = sp ("(v))

18 1njective.

If p° and p* are homeomorphisms, we say that p is a graph isomorphism,

and the topological graphs E and F' are isomorphic.

A pair of maps (not necessarily proper local homeomorphisms) that only sat-
isfies is said to be a graph morphism.

Given an s-injective graph morphism p : E — F, we define p’-sections and
pl-sections in a similar way to s-sections; for i € {0,1}, a p'-section is an open
set U such that p’|y is a homeomorphism.

Our hypothesis that the maps p® and p' are proper is motivated by the C*-
algebras of topological graphs, and will be discussed in Section [3.2] The assump-
tion that these maps are surjective is not strictly necessary, but it simplifies the
situation and cover the examples that we will study later in the thesis.

Katsura, in [27] introduced a similar notion for topological graphs. His ap-
proach seems somewhat different from ours, but we will show the equivalence
of these two definitions (given that we are working with surjective local homeo-

morphsims). For the following definition, given a graph F, we will use the notation
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E to denote the graph E = (EO,E~1,F, 5), where E' is the one-point compactifi-
cation of £, and 7 is the function such that 7|z = r, and 7(co0) = oo, and § is

defined similarly.

Definition 3.1.2 (|27, Definition 2.1]). Let E, F' be topological graphs. Then a

0

factor map m = (m°,m') from E to F is a pair of continuous maps m’" : E;, — F,

such that m'(co) = oo, and satisfies

0

1. m®org(e) = rpomli(e) and m® o sp(e) = spom!(e) fore € E;

2. ifv € E° and f € F*' satisfy m°(v) = sp(f), then there exists a unique
e € E' such that sp(e) = v and m'(e) = f.

We refer to (2)) of Definiton as path lifing.

Lemma 3.1.3. Let E, F be topological graphs. Let p = (p°,p') be an s-injective
graph morphism from E to F. Then p°, p* have extensions p°, p* where pi(co) = 0o
fori € {0,1}, such that p = (p°,p*) is a factor map.

0

Moreover, if m = (m° mt) is a factor map from E to F such that m° m*

0

are surjective local homeomorphisms, then q = (¢° = m°|go,q' = ml|p1) is an

s-ingjective graph morphism.

Proof. For i = 0,1, p' is a local homeomorphism, and hence continuous. Choose
v € E° and f € F' such that p°(v) = sp(f). Since is surjective and locally
injective, there exists a unique e € (p')~!(f) such that sg(e) = v.

For the second part of the lemma, fix ¢ € {0,1}. Fix a compact set K C
F'. Then K is closed, and (¢/)"'(K) = (m!)~"Y(K) C E' is closed, and hence
a compact set, so ¢’ is proper. We show local injectivity by a contrapositive
argument. Suppose ¢! is such that ¢ does not satisfy . That is, there exists
some v € B such that there are distinct e, f € s3'(v) such that ¢'(e) = ¢'(f).
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Now, ¢°(v) = sp o ¢'(e) and sg(e) = v. Also ¢°(v) = sp o q'(f) and sg(f) = v.
Hence, ¢ does not have the path lifting property. O
An s-injective graph morphism between topological graphs F = (E°, E',rg, sg)

and F = (F° F',rp, sp) gives the following commuting diagram.

1

E! P F!
TE rp
E° d FO°
SE Sp
B! Fl
!

Example 3.1.4. Using the notation introduced in Example [2.2.3] consider the
topological graphs Fy and E,, for some 6 € [0,1). Let p® = p' : 2 — 2" Then

p=(p°p'): Es — Ejis an s-injective graph morphism.

Proposition 3.1.5 ([27, Lemma 2.7]). Let p : E — F be an s-injective graph
morphism. Then Fy,, C p°(Ey,.), p°(Ey,) € Fj, and Fy, C p°(Ey,).

sce sce

Proof. Tt suffices to show F2, C p°(E2,) and p°(EY,) C FY.. Let v € rg(E'). Then
implies v € E2.. We show FY_ C p°(E°.) by

sce”’ sce sce

p’(v) € rr(F'). Hence p°(v) € F2

sce

a contrapositive argument. Fix v € rg(E!). Then

p'(v) € P(ru(EY)) = rp(p(EY)) = rp(F1).

Hence, if v ¢ p°(EZ,.) then p°(v) ¢ FO..
Let v € E?g. Then there exists a compact neighbourhood V' of v, such that
1z (V) is compact. Then p°(V) is a compact neighbourhood of p°(v). Since

ret (P°(V)) = p'(rg' (V) which is compact, p°(v) € F). O

52



Proposition 3.1.6 ([27, Proposition 2.4]). Let E, F and G be topological graphs.
Let g : E — F and p : FF — G be s-injective graph morphisms. Then p o q :=

(P o ptoqt): E— G is an s-injective graph morphism.

Proof. First, we show that p° o ¢" is a local homeomorphism. Fix v € E°, and
choose an open neighbourhood W of v such that p° |y is a homeomorphism. Choose
an open neighbourhood V' of ¢"(v), such that ¢°|y is a homeomorphism. Then
W N (¢°)~1(V) is an open neightbourhood of v, and p® o ¢°|yn(g0)-1(v) is a home-
omorphism. Further, p° o ¢° is proper, since both p° and ¢° are proper. A similar
argument shows that p' o ¢! is a proper local homeomorphism.

Fix e € E'. Then
P’ oq’(ru(e)) = p°(re(q'(e)) = ra(p' o ¢'(e)).

Similarly, p° o ¢°(s(e)) = sa(p' 0 ¢'(e)).
Finally, for all v € E°, the map

plogq' :sg'(v) = sgt(p° 0 ¢’ (v))

is injective, since it is the composition of injective maps. 0
Since s-injective graph morphisms behave well with respect to composition,
we can form projective sequences of these morphisms. We will investigate the

implications of this throughout the chapter.

Definition 3.1.7 (|27, Definition 4.1]). A projective system of topological
graphs is a pair of sequences (Ey,pn)e, such that each p, : E,y1 — E, is an

s-injective graph morphism.

A projective sequence of Topological graphs can be visualised as a commuting

diagram.

23



1 1 1 1
Ey Eq E En+1
To (&1 Tn Tn+1
0 0
p(] pn
0 0 0 0
Ey Ej E, En+1
S0 S1 Sn Sn+1
1 1 1 1
Ly 1 Ly T L, 1 B
p(] pn

Figure 3.1: A Projective Sequence of Topological Graphs

Example 3.1.8. Let X = {0,1}, forn € N, X" = II" ) X, and X* = [J,, .y X"
Let w: X* — X* be the map such that

lag - oy if ag =0
w(aoal e an) =
Ow(ay - ay) if ag = 1.
For each n € N, let E,, = (X", X" w,id). Then E, is a directed graph when X"
is equipped with the discrete topology. For example, when n = 2, we obtain [3.2]

T
00 10

11 01
~_

Figure 3.2: The Graph Ej

We let p? : X" — X™ be the map such that p, : ap- - @1 — g - Q.

Then for ag - - -y, € X we have
w o pp(ap -+ antng1) = wl(ag o) = ppow(ag - anany1),
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and

idop,(ag- - apani1) = pplag -+ apag1) =1id o py(ao -+ - Q).

Since each F is finite and equipped with the discrete topology, each p,, is a proper,
local homeomorphism, and hence continuous. Further, each p, is surjective, and

has the path lifting property. Hence p,, = (pn, pn) is an s-injective graph morphism,

o0

o, Is a projective sequence of topological graphs.

and so (Ey,, pn)

o
o

5 = g
IH\O = 2 S H/(}

o
e}

e}

\

[t

5 Tn o o&

=
>

1 10
\
11 11
\
11
N Ey E

Figure 3.3: An Example of a Projective Sequence of Topological Graphs

In Figure [3.3] the edges in each E; graph are denoted by a blue edge, and the

maps between verticies by black edges. The verticies are mapped in an obvious
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way: the source of a black arrow is sent to the range of the arrow. Under these
graph morphisms, an edge in E;,; is sent to the edge in F; whose source is the
image of the source of the original vertex. The sequence continues on in this

fashion.

Example 3.1.9. Fixn € Nand 0§ € [0,1)\ Q. Let (‘gi)@io be such that 6y = 6 and
inductively define nf;, = 0;+k; for some k; € {0,---n—1}. Let p; : By, — Ey, .,
be the pair of maps (p9, pj) such that p}(z) = 2. Observe that p! is proper and
surjective for 4 = 0,1. Then (Ej},p;)jen is a projective sequence of topological

graphs. A slightly modified version will be discussed in great detail in Section [4.1]

As one might expect, the idea of a projective system of topological graphs
is accompanied by a limiting structure, which mirrors the projective limits of

topological spaces.

Definition 3.1.10. Let (E,,p,) be a projective system of topological graphs. A
projective limit is a pair (E, P;) such that E is a topological graph and (P;)$2,

1s a sequence of s-injective graph morphisms such that P; = p; o P;yq for alli € N.

Another way of expressing this relationship is the following commuting dia-

gram.

E, E; 7 Ejn E

Theorem 3.1.11 ([27, Propositions 4.3 & 4.5]). Let (E;, pi)2, be a sequence of

topological graphs. Suppose that Ef 15 second countable for each v € N and j €

26



{0,1}, then

En = (im(E?, p2), Bm(EL, pl), (r) 0, (5)750)
is a topological graph. If (E;,p;)52, is a sequence of compact topological graphs,
then E s a compact topological graph. If each r; is proper and surjective, then

(r:)ien s proper and surjective.

Remark 3.1.12. For the sake of simplicity, we use the notation E°, = @(E?,pg)
and E! = l&n(E},pll) We also use the notation ro for (r;)2, and similarly

S0 = (81)2.

Proof of Theorem[3.1.11. By [44, Corollary 3.3], the product space 115, EY is
locally compact, since each EY is a locally compact, Hausdorff, second countable
topological space and the product is countable. Since E is a closed subset of
1 EY | then E? is also locally compact. Similarly, E. is locally compact. If
each F, is compact, then F. is compact by Tychonoft’s Theorem.

Now we show that r., is continuous. Since the topology on E2 is the relative
topology inherited from 115, EY | the cylinder sets form a base for the topology.
Fix n € N, and let U C E? be open. Then

r N Z(U,n)NEY) = Z(r ' (U),n)N E.

n (ool

which is open, so 7., is continuous.

Fix e = (e,)22, € EL. We aim to prove that s, is a local homeomorphism,
so we must find a neighbourhood W of e such that s..|w is a homeomorphism.
Fix an open neighbourhood U of e; such that si|y is a homeomorphism. Let
f = (/)29 = (g2)2, € Z(U, 1) N EL, be such that so(f) = so(g). Then
f1 = g1, since fi, g1 € U. Now, we have sy(f2) = s2(go) and pi(f2) = pl(g2). Hence,
fo = go since pHS;(SQ(fQ)) is injective. Proceeding by induction we find f; = g¢;

for all i € N. Hence, soo|zw,1) is injective. It then follows that s..(Z(U,1)) =
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Z(s1(U),1). Similarly, for an s;-section V' C E?, s..(Z(U,1)) = Z(s;(U;,1)), which
is open. Since {Z(U, i) | U C E? is an S—section} is a subbase for the topology
on EY | the map s, is open. Since s, is open and locally injective, it is a local
homeomorphism.

For the remainder of the proof, we will assume that each r; is proper and
surjective. Fix v = (v;)2, € E%. Since ry is surjective, we can choose e; € F}
such that ri(e;) = v;. Since pl is surjective, there exists es € Ei such that
r2(€e2) = vy and pj(ez) = e;. Proceeding in this fashion, we let for each i > 1, ¢;
be an element of ((p}_;)~*(e;—1)) Nri_1(v;). Then e = (¢;)2; belongs to E. such
that 7o (€) = v, and so 7+, is surjective.

We show that r, is proper. Fix a compact set V' C E% . Since the projection
maps 7, : (v;)72, — v, are continuous for all n, the 7, (V') are compact. Since r,, is
proper for all n, the r,, (7, (V)) are also compact, and so, by Tychonoff’s Theorem,
11227, Y (m, (V) is compact. Our aim is to show that r }(V) C 11227, H(m.(V))
is closed. To do this, we show that for each e € TI22,r (7, (V)) \ r}(V),
there exists an open neighbourhood W of e such that W Nr (V) = @. Fix
e € I r (m, (V) \ 7t (V). Then there exists i € N such that pl(e; 1) # e;.
Since p} is proper, (p})~!(e;) is compact, and so there are open disjoint U,V C EL
such that (p})~'(e;) C U and e;4; € V. Now, choose an open B C E} such that
pi(eir1) € B and e; € B. Then e € Z(U,i+ 1) N Z(B,i) but

(Z(U,i+1)NZ(B,i)))Nr (V) =0,

as required. O
We refer to E, as the projective limit. The following theorem justifies why

we use a definite article to refer to it.

Theorem 3.1.13. Let (E,,p,)52, be a projective system of topological graphs,
with projective limit E., as in Theorem |3.1.11. Suppose that Z = (Z°, Z ', rz, sz)
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1s a topological graph and for each n € N, ¢, : Z — E, is an s-injective graph
morphism such that 1,1 = p, o Y¥,. Then there exists a graph morphism ¥
consisting of local homeomorphisms (not necessarily s-injective) V : Z — Eo,. If

Z is compact, then V is an s-injective graph morphism.

Proof. Observe that for i € {0,1} (Z%,¢") is a projective limit for the projective
system of topological spaces (E',p!). Hence, by Theorem there exists a
pair of continuous maps W/ : Z/ — EJ_ for j € {0,1}. Fix e € Z'. Then,

roo 0 Wh(e) = (ri 0 i(e))i2y = (] orz(e))iZy = ¥ orz(e)

and
S0 0 Wh(e) = (550 4i(€))32) = (¥ 0 52(€))2) = V2 0 55(e).

Hence ¥ = (¥° ¥!) is a graph morphism. Further, for i € {0,1} and z € Z*, we

have for each n € N,

Py oW (z) = P, ((¢5(2))5Z0) = ¥n(2)-

So P, oWV =1, for all n € N.

Fix n € N, z € Z° and an open U C Z° such that ¢°|y is a homeomor-
phism. Fix an open neighbourhood V of ¥%(2) such that %]y is a homeomor-
phism. Then U N (¥?)~(V) is an open nesighbourhood of z, and ¢ |ynwo)-1(v) =
(WTOLO\IIO)UQ(\I;O)—I(V) is a homeomorphism. Hence W goy-1(y) is a homeomorphism,
and so, U0 is a local homeomorphism. A similar argument shows that ¥! is a local
homeomorphism too.

For the final part of the proof, we show that ¥ is locally injective in the sense of
Definition [3.1.1] For v € Z° and f € Z'v, we have s 0 UL(f) = (s; 0901 (f))2 =
(¥ 0 57(f))2y = ¥O(v). Hence ¥!(Z'w) C EL ¥O(v). For f,g € Z'(v) such that
U(f)=U(g), we have

(i ()20 = (i (9)Zo-
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In particular, ¥ (f) = ¢1(g). Since @Z)HS;(U) is injective, this forces g = f. O

Example 3.1.14. Consider the projective sequence described in Example [3.1.8|
Then E2 = X* = E! | where

X = {(Cvi)fio | a; € {0, 1}}>

equipped with the product topology. The set X*° is homeomorphic to the Cantor
middle thirds set [49, Page 81]. The range map 7, satisfies
10[1&2"' ifCYO:O

roo(aoala2...> =
Oreo (g -+ ) if g = 1.

That is, 74 is the odometer action. The source map is s, = idx, since s,, = idxn.
So
Eoo = (Xoo, Xoo’ Tooy idXoo)

is the binary adding machine.

This example makes it clear as to why it is necessary to consider topological
graphs to deal with projective sequences of graphs: we started out with a sequence
(E,, pn) of discrete graphs, objects whose vertex and edge sets were finite, and
contained very little topological information. We finished with a graph E., that
is not a directed graph, and whose edge and vertex sets contain a rich topological

structure.

Example 3.1.15. Consider the projective sequence of Example[3.1.8 Then (Z, )

is a projective limit for (E;, p;)$2,, where
Z=N,N,p:n—n+1,idy)
and 9; = ( ?,@/)Jl) : Z — Ej such that @D? = @Z)Jl and

w](n) = QpQq ~aj,
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where apo - - - o5 is the unique element of X* such that n mod 27 = Zf;; a; - 20

The map U° : Z° — EY is not surjective. To see this, fix n € N. Choose
j € N such that 27 > n. Then ¥¥(n) = ag - a;. Then for k > j, we have
U(n) = ag---a;00---0. Hence, ()2, such that a; = 1 for all i € N is not in
the image of U°. Hence W° is not surjective, and so ¥ is not an s-injective graph

morphism.

3.2 (‘*-algebras associated to projective sequences
of Topological graphs

Our aim for this section is to examine the relationship between the C*-algebras of
topological graphs, and the projective limit construction discussed in the previous

section.

Definition 3.2.1. Let X andY be C*-correspondences over A and B respectively.
A correspondence map from X — Y is a pair (p,k) such that p: X =Y isa

linear map and k : A — B is a homomorphism satisfying

3. (p(x), p(y)) B = K({z,y) )

foralla€e A and x,y € X.

Example 3.2.2. Let E, I’ be topological graphs, and let p : FF — FE be a s-
injective graph morphism. Then p induces a pair of maps p* = ((p°)*, (p!)*) such
that

L. (p")*(a)(v) = aop(v) for all a € Cy(E®),v € F?,
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2. (PH*(x)(f) =z o p!(f) for all x € C.(EY), f € F*.

Since addition and multiplication of functions are defined pointwise, it is simple
to check that (p°)* is a homomorphism, and (p')* is linear. Further, since p°, p! are
proper, then (p°)*(f) = fop® € Co(FP) for all f € Cy(E) and (p')*(z) =zop' €
C.(F1) for all x € C.(E") (the need for this assumption will be made explicit in
Example [3.2.3). Since both p® and p' are surjective, it follows that ((p°)*, (p!)*)
is a pair of injective homomorphisms. In particular, (p°)* : Co(E®) — Co(F°) is
isometric. Now we check , and of definition m Fix a € Cy(E®),z,y €
C.(E') and v € F° f € F'. Then

(p")"(a-2)(f) = (a- 2)(p'(f))

—
&
)
g
[en]
=
2
>
n
o
£
@
3
<
@

A similar calculation shows (p')*(z - a)(f) = ((p')*

and . For ,

= (2, 4) co(m0) (P"(v))
= (1°) (=, ¥) () (v).
For z € C.(F"), we have
1) (@) 1P = K" (), @) (@) = Iz, z) o p°[| = [z, z)[| = [l2?]],
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so (p')* is isometric and hence bounded, and therefore extends to X (F).

As discussed earlier, the assumption that p is proper is necessary. This is
to ensure we get a map between the assigned C*-correspondences and coefficient
algebras, rather than preserving the structure of the graph. The following example

illustrates this.

Example 3.2.3. Let £ = (T, T,idr,idr), ' = (R,R,idg,idr), and let p : F — E
be the pair p® = p! :  + €. Observe that the p°, p' are not proper maps. Let
1Ip : T — C be the constant function such that 1p(z) = 1, and similarly for 1.

Note that 1t € C(T), X(F). Then for ¢ € {0,1}
(") (1) = Iy op’ = g,
which is not an element of either Cy(E°) or X (E).

We aim to show that p* gives an injective homomorphism between the C*-
algebras of topological graphs. First, we must show there exists maps between

Toeplitz algebras.

Proposition 3.2.4. Let X and Y be C*-correspondences over A and B respec-
tively, with a correspondence map (p,k) : X — Y. Let (Yy,ng) be a Toeplitz
representation of Y in a C*-algebra D. Then (Yy o p,mp o k) is a Toeplitz repre-

sentation of X in D. In particular, (ty o p,tp o k) is a Toeplitz representation of

X in T(Y).

Proof. Fix x,y € X and a € A. Then

Yy o p(x - a) =Yy (p(z - a))
= Py (p(z)k(a))
= (Vy (p(2)))(7p(k(a)))
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= (v o p(2))(mp © K(a)),

and a similar argument shows that iy o p(a - x) = 7 o k(a)y o p(x). We also

have
T 0 k((z,y)a) = TE((p(2), p(¥)) B) = Yy © p(z) Py © p(y).

Hence (¢py o p,mp o k) is a Toeplitz representation of X in D. If ¢y = 1y and

Tp = g, we obtain the Toeplitz representation (¢y o p,mgo k) of X in 7(Y). O

Proposition 3.2.5. Let X, Y be C*-correspondences over A, B respectively, and
let (p,k) : X — Y be a bimodule map. Then there exists a homomorphism
(ty o p) x (tg o k) :T(X) = T). If k is injective, (ty o p) X (L 0 K)

18 1njective.

Proof. By proposition m (ty o p,ip o k) is a Toeplitz representation of X in
T(Y). The universal property of 7(X) implies there exists a homomorphism
(ty o p) x (tp o k) : T(X)—= T(Y). If k is injective, then tp o k is injective, it
follows that (ty o p) X (1o k) is injective by [I8, Theorem 2.1]. O

If (¢x,m4) is a Toeplitz representation of X in a C*-algebra C, and (¢¥y,7p)
is a Toeplitz representation in a C*-algebra D, we obtain Figure [3.4, by Proposi-
tion |3.2.4] and Proposition [3.2.5]
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T(X) T(Y)
(tx,ta) (ty; i)
b X T4 X4 25) Y by X T
(Vx,7a) (Yy,7B)
C D

Figure 3.4: Propositions [3.2.4] and [3.2.5

Corollary 3.2.6 ([27, Proposition 2.3]). Let E, F be topological graphs such that
p: E — F is an s-injective graph morphism. Then p induces an injective homo-

morphism p* : T(F) — T(FE), such that for x € X(F'), a € Co(F?),
P (ex ) (@) = txm)(x 0 p') and p*(ioy o)) (a) = toymoy(a o p°).
Proof. Apply Proposition to Example [3.2.2] O

Corollary 3.2.7 ([27, Proposition 2.4]). Let E, F, G be topological graphs, and let

p:E—F, m:F — G be s-injective graph morphisms. Then
(mop)" =p om”: T(G) = T(E),
such that for x € X(G) and a € Cy(G°)
p*om (tx@)(@) = txm) (om0 p') and p*(1cycn)(a) = toyzoy(aom” o p’).

Proof. Applying Corollary to Proposition [3.1.6] gives the homomorphism
(m o p)*: T(G) — T(E). Then, for x € X(G) and a € Cy(G®) we have

(m o p)*(tx(e)(x)) = tx(m(z om' op’)
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= p*(tx(r)(w om'))

=p om*(tx)(x)),

and

(m © p)*(LCO(G0)<Cl)) = LCO(EO)(a omVo po)
= p*(LCO(FO)(a o mo))
= p* (@) m*(LCO(GO)(CL)).

Since (mop)* = p*om* on the sets tx () (X (G)) and vy (coy(Co(G°)) which generate
T(G), the result follows. O

Corollary 3.2.8. Let E, F be topological graphs, and p: E — F a graph isomor-
phism. Then p* : T(F) — T(E) as defined in Corollary[3.2.6 is an isomorphism
of C*-algebras.

Proof. Since p = (p°,p') is a pair of homeomorphisms, h := ((po)*l,(pl)*l) :
F — E is a graph isomorphism. By Corollary [3.2.6] p, h induce injective homo-
morphisms p* : T(F) — T(E) and h* : T(E) — T(F). Then for z € X(F) and

a € Co(E"), we have

p o h*(ux(e)(x) = txmy(wo (p') " op') = txp(2),

and

-1 opl) = LCO(EO)((J/>.

p* o W (tey(e0y) (@) = top(moy(ao (p')
So p* o h* = idy(g). Similar calulations show that h* o p* = idr(f). O

Proposition 3.2.9. Let E be a topological graph, and fiz f € C.(E'). Then there
exist finitely many s-sections K; covering supp(f) and functions g; € Co(K;) such

that Y. g; = f. Moreover, on each K;, we have
I ez = 11 [loo-
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Proof. For x € supp(f), let U, be an neighbourhood of z that is an s-section, and
let V, be a precompact neighbourhood of . Then let

K, =U,NV,.

Then K, is a precompact s-section. Since supp(f) is compact, there exist a finite
set I such that for i € I, there exists x; € supp(f) so that K,, cover supp(f).
Denote K; := K,,. Let {5,} be a partition of unity such that &; is subordinate to
K;. Then define

gi(e) := f(e)&i(e)

for e € E'. Then Y, ; g; = f. Finally, for i € I,

||9z‘||,2><(E) = [[{9i, 9i) || s

= sup |(gi, g:) (v)]

veEEO
2
= sup Z |gi(e)‘ )
veR? ecFly
= llgill%
as claimed. O

Proposition 3.2.10. Let (E;, p;)2, be a projective sequence of topological graphs.
For e >0 and f € C.(EL), there exists ann € N and g € C.(E}) such that

IF = (B) @ <e

Moreover, ||f — (P,,?)*(g)HX(EOO) < €.

Proof. Fix e > 0. Cover supp(f) with finitely many precompact s-sections {Ul}z o
for some finite set I. Let {fl} be a partition of unity subordinate to U;, and for

e € B!, define
gi(e) == fle)&(e).

67



Then Y 0= /.

Since supp(g;) € U;, which is compact, we many cover it with finitely many
{Z (Vis mk)}, such that V,, C E%lk is open. The Stone-Weierstrass Theorem implies
that

LU B0 11 012y and s () 0) < T7)

=0
is dense in Cy(Uj;), for each i € I. Hence, we can find h; € C.(E}, ), such that

lg: = (Fn)" (Ra)l| < 77
Let M = max{m; :i € I}. Then

|7 - 2 (o) ) = | o= (P) o o) o (o) ()

gi = (Par)" e (Phrea) oo (o) (o)

Moreover, since soo\supp(gi) for each ¢ € I, we have
[r =3 )
i€l

by Proposition [3.2.9] U

<€

Theorem 3.2.11. Let (E;,p;)2, be a projective sequence of topological graphs.
Then

X(Ex) = (PO (X (Ew)

Proof. Fix f € X(E) and € > 0. Then choose g € C,(EL,) such that || f—g|| < 5.
By Proposition [3.2.9) we can find {g;}ie; € C.(EL), where [ is a finite set, such
that S |supp(g,) 15 @ homeomorphism and g = .., ;. By Proposition for
each g;, there exists n; € N, h; € CC(E}“) such that ||g, — (sz)*(hZ)H < ﬁ
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Then

RGN

el 1€

which proves the claim. O

We now prove that, given a projective sequence of topological graphs, we obtain
a direct sequence of the Toeplitz algebras of topological graphs, and this satisfies a
relationship with 7 (Fs) that is analagous to Theorem for commutative C*-
algebras. We will then prove that this isomorphism factors through to the direct

sequence of Cuntz-Pimsner algebras, and we obtain a similar result for C*(E.,)

(Theorem [3.2.19)).

Theorem 3.2.12 ([27), Proposition 4.6]). Let (E;, p;)2, be a projective sequence of
topological graphs. Then Figure commutes, and the homomorphism P, induced
by the universal property of li_n;l(T(Ej),p;) is an isomorphsim of @E(T(Ej),p;)
onto T (Ew).
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T (Eo)

Figure 3.5: Direct Limit of Toeplitz Algebras of Topological Graphs

Proof. By Theorem [3.1.11] (Ew, P;) is a projective limit for (E;,p;)%,, and so
induces a sequence of injective homomorphisms P} : T(FE;) — T(F) such
that P = P}, op; for all j € N. Hence, there exists a homomorphism Py, :
lim (T(E:),p;) = T(Ex), such that P = Py o ®;, and so Figure [3.5] commutes.
We claim P, is a bijection.

By [18, Theorem 1.3], T(Ey) is generated as a C*-algebra by tx g, )(X(Ex))
and tcy(po,) (Co(EY)). Fix 2 € X(Ey) and € > 0. By Theorem [3.2.11] there exists
m € N and y € X(E,,) such that ||z — (P%)*(y)HX(EOO) < 5. Then there exists
f € C.(E) such that Hy — f”x( < £. Then

Em) 2
|ex(B) () = Poc 0 @0 f)]]
= ||ex () () = Pr(f)]]
< |ex ey (@) = ex ) (Po) W) + | P (ex ) (@) — P (ex e ()|

< €.
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S0 tx (5. (X (Fx)) is in the range of Py. A similar argument shows that the range
of Py, contains tc,(po y(Co(EY,)), so P is surjective. O

We now shift our attention to C*-algebras of topological graphs. In order to
prove that we obtain a map between the Cuntz-Pimsner algebras, we need to
obtain a map from the ideal Jx to Jy. To do this, we show that a bimodule
map induces a homomorphism between the compact operators. This requires a
few technical lemmas first. We use the notation M, (C) to denote the set of n x n
matricies with complex entries.

This lemma was asserted in the proofs of [22 Proposition 1.18] and [21], Lemma

2.1}, and has been included for the sake of completeness.

Lemma 3.2.13 ([21], 22]). Let A be a C*-algebra, and X be a right-Hilbert A-
module. Then X @ C" is a right-Hilbert A @ M,,(C)-module and

L(X)®C=L(X®Ch,

via the isomorphism
a—a®l
for a € L(X).
Proof. The fact that X @ C" is a right-Hilbert A ® M,,(C)-module follows from
the fact that X is a right A-module and C” is a right M,,(C)-module.

Fix T'e L(X ® C"). We aim to show that 7" can be represented as a matrix.

Since

XC"= span{x ®e;:x € X,1 <n and ¢; is a standard basis vector for (C"},
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it suffices to show that this is true for x ® e;, where x € X, e; € C™" are fixed. Now,

01 (Tl’)l
02 (T{L')Q
Tx®e)=T : = : = (Tx)Z ® e,
T (T'z); =1
On (Tz),

where the subscript on the matrix entries denotes the position (we will use this
convention for the remainder of the proof), and (Tx); € X. Since the formula
x+— (Tx); ® e; is linear, it follows that each of the (T'x); is linear.

Now suppose that 7" has a matrix representation, say

a1 0 Qinp
Ar =
p1 - Apn
Then
a1,;X
A2 ;T
AT<LL’ &® 61‘) = )

Ap T

So, by comparing operators, we obtain (T'z); = ayx for all x € X, (Tx)s = agx
for all z € X, and so on. We let a;; € L(X) ® C be such that a;,z := (Tx); for
all x € X.

Since T' is adjointable, T has a matrix representation Ars, say

AT*: 5



where by, € L(X) @ C for all k,m <n. Fix y € X, and j <n. Then
by

bz, iy
Ar-(y ® €5) = !

bn,jy
Since T' € L(X ® C™), we have
(T(x ®e€:),y ® €;) agmnc) = (T ® €, T"(y @ €;)) Ao, (C)-

Hence
(Ar(z ® €:),y ® €j) g, (c) = (T @ i, Ap-(y ® €5)) Ao, (©)-

So, our aim is to perform these calculations and compare entries in the resulting

matricies.
We have
(Ar(z @),y @ €j>A®Mn((C) - <<<AT($ @) (v @ 6j)l>A>k I=1
0 -+ A(arz,y)a -+ 0
0 Aapmy)a o 0
0o --- <an,’ixay>A o 0

where the (ay;z,y)a occur in the jth column for £ < n. Now,

n

(@i A (49 ) sopr o = ((# @ e, (Ar-(y @ e))1),)

k=1
0 0

= | (@, bi9)a (2,b29)a - (2,00;y)a
0 .. 0
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=D,

where the (z, by ;y)4 occur in the ith row for & < n. By comparing C' and D we

find
<ak,im7 y>A = <£7 bk,]y>A =0
for k # i and m # j. Since the only entry C' and D both have non-zero entries is
the 7, j-th coordinate, we find
(aiiz,y)a = (T,bj;9)a

for all 4,5 < n. Hence, (a;;)* = b,; for all 7,7 < n. This forces a;; = ay, for all

i,k <mn, so
a 0 0
0 a 0
Ar =
0 a

for some a € L(X) ® C with adjoint

a0 0
0 a 0
Age = A =
0 - --- g

Therefore, £(X) ® C is isomorphic to £(X ® C™) via the map

a 0 --- 0
O a O
a— _ . _ =a®l
0 a
for a € L(X) ® C. O

A proof was first presented in [2I]. Details that were missing from the original

proof have been added for clarity.
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Lemma 3.2.14 (|21, Lemma 2.1]). Let A be a C*-algebra, and X a right Hilbert

A-module. Then, for x1,To, - Tn, Y1, Y2, - , Yo € X we have

n
1320
=1

where the norm on the right is the C*-norm on M, (A).

- H((<$z‘a%‘)A)Zj:l)%((@i’yﬂ‘)f‘)zjzl)%)

Proof. For x,y € X we have

[
- ”9%19%”

*
vayex’y ||

= ||9y'<x7x>x47y H

= ||€y_(<x’m>A)%7y_(<x’m>A)% H by the Continuous Functional Calculus

y- ((2,0)4)7,y - ((2,2)4)2) a]

Now consider Y = XX @ - X = X ®C" as a right A® M, (C) module. For

x:(xlv"' 7xn>7y:(y17"' 7yn) EY, Weput

(,9) aemnc) = (T3, 95) A)7 j=1-

Let ©,4(2) = 2 - (y, 2) agm,(c) for all z,y,2 € Y. Then

IS o)

by Lemma [3.2.13] Therefore, we have

n
=1

e

= [z
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= |[{z, 2) a1, ©) Y ¥) Aot ©)|

(((yi;yj>A)2j:1)%||7

~—~
—
—~
8
<
8
<.
~
b
S~—
S3
[
I
—_
~—
I

as required. O
The following lemma follows from a [46, Lemma 3.2] and [21, Lemma 2.2]. The

full statement of the result, however, appears in [24].

Lemma 3.2.15 ([24], Proposition 2.1]). Suppose (p, k) is a bimodule map from X 4
to Y. Then there is a homomorphism (p, k) : K(X) — K(Y) satisfying

(P, “)(1)(927,7;) = Op@)ov)
forall x,y € X.

Sometimes this homomorphism is denoted by either £M or p(V), but the author
feels this is inappropriate, as a bimodule map is a pair of maps, so the homomor-

phism is induced from a pair, and as such, should reflect that.

Proof of Lemma|3.2.15. First, we show

H Z O p(u:)
i=1

By Lemma |3.2.13| we have

H > Ootw)otw)
n=1

= || (Cp(a), pl3)) (o), p (i) 5,
= || sttt @is) ® (sl )y,
= {|/(Cnn))sm) 26 (i) )
= [|r (i)t (ewis=) ) |

< [ o) () |

n
<[t
n=1

by Lemma |3.2.13

by Continuous Functional Calculus
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by Lemma |3.2.13|

e

as we aimed to show. We claim

Therefore, Z?:l Op(z) oty || < ” Zz=1 O

this implies there is a unique homomorphism such that

(0, ) (05) = Ope) (1)

First, we check the formula is well defined. Suppose that

n m
E :Hxi:yi = E :ewj,zj'
i=1 j=1

Our aim is to show
n

> Oowrptw) = D Optwy)pic)-
j=1

i=1
Let a; = x; for © < n and a; = —w;_,, for n +1 < i < n 4+ m. Similarly define

bj=vy; fort <mnand b, =—z_, forn+1<i<n-+m. Then

n+m

n m
0= E ewi,yi - E :ewj7zj = E :eai,bi
i1 j=1 i=1

Hence

n m n+m n+m
H D Onteptw) = D Ootuwy)ate) || = H > Outapteo|| < H > ba
i=1 j=1 i=1 i=1

S0, Ory = 042),p() is Well-defined. Since we have shown this map is bounded, it

=0.

extends to a continuous map, which we check is a homomorphism.
Fix o« € C, S,T € K(X), and choose sequences Sy, T, converging to S and T’
respectively, such that S, T, € span{6,, : z,y € X} for all n. Then

(p, k)P (aS +T) = lim (p, ) V(aS, +T,,)

n—oo

= lim a(p, “)(1)(571) + (p, ’f)(l)(Tn)

n—oo

= a(p,#)V(S) + (p, &) (T).
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Now, fix x,y,z,w € X. Then

(s K) D (O 0,2) = (0, 5) (G0, w),2)
- 99p<z>,p<y>(p(w))7p(z)

= p(@),00) Op(w).p(2)
= (p, "3)(1)<9:c,y)(Pa /‘5>(1)(‘9w72)'

Also,
(p, &) (0:,) = (p.5) D (0y.0)
= Op(y).p(a)
= 050).0(0)
= (p,5) V(o)
completing the proof. O

Lemma 3.2.16 (|27, Proposition 2.9]). Let p : E — F be an s-injective graph

morphism. Then p induces an injective homomorphism of C*-algebras
PO (F) = CH(E),
such that for x € X(F), a € Co(F?),
P o jxr) () = jxm)(z o p') and p* o joroy(a) = joomoy(a o p’).

Moreover, Figure commutes, where qg and qp are the quotient maps of their

respective algebras.
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T(F) T(E)
qr qE
C*(F) - C*(E)

Figure 3.6: Lemma

Proof. We begin by showing that (jxr) o (p*)", ooy © (2°)7) is a covariant
representation of X (F) in C*(E). By Proposition [3.2.4, (jx(r) o (p')"s jco(ro) ©
(p°)7) is a Toeplitz representation. Fix a € Co(Fy). Then
Jeoroy © (1°) (@) = joyroy(a o p’)

= (jx(®), Jooro)) V(a0 p’ o rp)

= (jX(E)ajCO(FO))(l)(a orpop')

=p (jX(E)7jCo(F0))(1)(a orp) by Lemma

= (p" 0 jx(m), D" © jey(mo)) P (aorr).
So (j X(F)© (pl)*, JCo(F0) © (po)*) is a covariant Toeplitz representations. Moreover,
since (po)* is injective, SO jg,(Foy © (po)* is injective. Hence, by Theorem ,
p* is injective. For z € X (F) and a € Cy(E"), we have

P o qr (tx(r)(2)) = jx) (@ o p') = qe o p* (1x(r)(2)),
and
7 0 qr (tey(en) (@) = jxm(aop®) = qm o p (teymo) (@),

so Figure [3.6 commutes. U

Corollary 3.2.17 ([27, Proposition 2.10]). Let E, F,G be topological graphs, and

letp: E— F and m: F — G be s-injective graph morphisms. Then



Proof. Applying Lemma|[3.2.16]to Proposition[3.1.6] we obtain the homomorphism
((m o p)*)” : C*(G) — C*(E). For z € X(G) and a € Cy(G®), we have

((mop) ) Uixe) () = jxm(zom' op')

= " (jx(r)(z om'))

and

((mop)* ) x) (x) = jxm)(@om! op')
= §*(jx(r) (@ om"))

= }5* @) m*(jco(go)(a)).

Since ((m o p)*)” = p* o m* on the sets jx() (X(G)) and jcygoy(Co(G®)) which
generate C*(G), the result follows. d

Corollary 3.2.18. Let E and F' be topological graphs, such that p : E — F'is a
graph isomorphism. Then p* : C*(F) — C*(E) is an isomorphism.

Theorem 3.2.19 ([27, Proposition 4.13]). Let (E;, p;)2, be a projective sequence
of topological graphs. Then the homomorphism P., of Theorem descends to

an isomorphism oflig (C*(Ej),ﬁj) onto C*(Ey).

Proof. For j € NU {oo}, we denote the quotient map by ¢; : T(E;) — C*(E;).
By Corollary [3.2.17], the projective sequence (E;, p;) the commuting diagram Fig-
ure 3.7
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C*(Eo) C*(Ej)

Figure 3.7: Direct sequences induced by (E;, p;)52,

We denote by ®; : T(E;) — lim (T(E;),p;) the homomorphisms such that
ling (T(E;), pf) = UZo ®(T(Ey)). Similarly, ¥; : C*(E;) — lim (C*(E;), p;) are
the homomorphisms such that lim (C*(E:),p;) = U, Wi(C*(E;)). Since Fig-

ure commutes, the universal property of 1‘113 (C’*(Ej), ﬁ;) implies there exists
a homomorphism P, : lig (C*(Ey),p;) — C*(Ex) such that ]5]* = P, oV, for

each 7 € N. Since each 153* is injective, P is injective. For each j € N, we have

Wj0q; = (\I/j+loqj+1)op;f, and so there exists ¢ : lim (T(Ej),pj) — lim (C’*(Ej),ﬁ;)
such that go ®; = W; o g; for all j € N. This yields the commuting diagram of

Figure [3.8
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ling (T°(E;), p}) T(Ex)

liy (C*(E;), p})

é‘uz

Figure 3.8: The Relationship Between the Direct Limits

Since ¢, is surjective, it follows that P is surjective, and therefore an isomor-

phism of C*-algebras. O

Example 3.2.20. Consider the projective sequence of directed graphs (E,, p,)3>
of Example [3.1.8] and the projective limit E,, of Example [3.1.14] Then for each
n €N, p, : CE,) — C*(E,s1) is such that for x € X" p,(S;) = Sw0 +
Sz1 and p*(P,) = Py + P,. By Theorem , Ey = (X, X% ry,id), so
Example then implies that C*(Ey) = C(X*°) x,-1 Z. The homomorphisms
P C*(E,) = C*(Ex) are such that P} (S;) = tz(1)tc(x~)(x(Z(x,n))), where
(te(xoe), tz) is the universal covariant representation of (C(X*),Z, 7).

We present an alternative description of C*(E,,). We make use of the result
that C*(E,) = M. (C(T)) = Msn(C) ® C(T) ([47, Example 2.14]). We denote by
©;,; the element of M, (C) such that (@m)Z;:lo = 0;x0;;. Let 1,0 € C(T) be the
functions such that 1 : z+— 1 and ¢ : z +— z. For n € N, My (C(T)) is generated
by ©;;®1 fori,j € {0,1,---,2" '} and I ®., since C(T) is generated by ¢. Then
Pl t Man (C(T)) = Man+1(C(T)) is such that

Pa(Bi; ©1) = 0;; @1+ Oiyon jion @1

for 7,7 € {0,1,---,2" — 1}, and
QTL

(I ®1) = Z<@i+2",i @1+ 0490 ® 1),

1=0
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which are the homomorphsims of [10, Chapter V.3]. Hence, C*(E,) = B({2"}),
the Bunce-Deddens algebra of type 2.

The consequence of this is B({2"}) = C(X*°) x,-1 Z, which is precisely what
[10, Theorem VIII.4.1] states.

83



Chapter 4

Construction of Noncommutative
Solenoids via Topological Graph
C*-algebras

4.1 Construction of Noncommutative Solenoids
via Topological graph C*-algebras

For 6 € [0,1), we write Ay for the universal C*-algebra generated by unitaries Uy

and Vj subject to
UpVy = e*™V,Uy. (4.1)

We call Ay the rotation algebra of . If § ¢ Q, we call Ay an irrational
rotation algebra. For further reading, see [10, Chapter VI]. Using the topological
graph

Ey:= (T,T,rg: 2z *2 idy : 2 — 2),
from Example[2.2.3] by [10, Example VIII.1.1] and Example[2.2.24|we have C*(Ey) =

Ay. Where it is unambiguous, we write U for Uy, and V for V.
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We dedicate this chapter to the construction of noncommutative solenoids [38,
Definition 3.1]. The way we shall do this is via the direct limit of rotation algebras,

as shown in [38, Theorem 3.7]. Given the results of Chapter |3, most notably

Theorems|3.1.11and [3.2.19] and the fact that there exist topological graphs E such

that C*(E) = Ay, it seems possible that we could find a sequence of topological
graphs and s-injective graph morphisms (E,,, p,) such that the C*-algebra C*(E)
is a noncommutative solenoid. Given that we have description of noncommutative
solenoids as a direct limit of topological graph algebras (Definition , and a
theory of direct limits of topological graph C*-algebras, it hints at a method to
this construction.

The following definition comes from [38]. The original definition presented was

different, but was shown to agree with the following construction.

Definition 4.1.1 ([38, Theorem 3.7]). Fiz 6y € [0,1), and let N be an integer
such that N > 2. Let (k,)>2, be such that k,, € {0,1,--- ,N*>—1} for eachn € N,

and let § = (0,)2° be such that N?0,41 = 0, + ky,. Let 1, : Ap, — Aq,,, be the
homomorphism such that
w : Ugn — UQJXH
‘/077, = ‘/QJXJA'

We denote Ay = @(Agn,¢n).

The C*-algebra Ay is called the noncommutative solenoid of 0.

We then have the following commuting diagram.

¢0,oo
¢k,oo
77Z)k—|-1,o<>
Ay, T Ag, Uk A9k+1 'Agﬂ
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We begin by examining what possible graph homomorphisms we can find.

Theorem 4.1.2. Fiz 0 € [0,1) and let o € [0,1) be such that p : Eg — E, is an
s-injective graph morphism. Then p° = p' : e*™ — ™) for some continuous
surjective f : R/Z — R/Z, subject to f(t+0) = f(t) + 0.

Moreover, if 8 € [0,1)\ Q, then f(t) = at + b for some b € [0,1) such that
a=2LeZ\ {0}

Proof. Suppose that p® : €% — e27/(1) and p! : 2™ s 2791 for some continu-

ous surjective f,g: R/Z — R/Z. We then have
€2i7rf(t) _ pO o idT(e%Trt) = idy Op1(62i7rt) _ 62i7rg(t)'
Hence, f = g. We also have

e2z’7rf(t+0) _ 27Z7rt) 1(62i7rt) _ e?iﬂ(f(t)-l—a)’

PP org(e®™) =r,0p

giving us f(t+6) = f(t)+o. Since for all z € T, id"'(2) = {2z}, and id ™' (p°(2)) =
{p°(2)}, so p* : idH(z) — id'(p°(2)) must be injective. Hence (p°p') is s-
injective.

For the remainder of the proof we require 6 € [0,1)Q (we make use of the fact
that {nf : n € N} is dense in T). For n € Z, f(nf) = f(0) + no. Hence, for

n,m € 7
f(n0) + f(mb) =no +mo+2f(0) = (n+m)o+2f(0) = f((m+n)d)+ f(0).

So, for z,y € [0,1) with z + y < 1, fix sequences n;, m; of natural numbers such
that n;6 (mod 1) — z and m;# (mod 1) — y as i — oo. Continuity of f then

implies

Fla+y) = lim f((ni+mi)8) = lim f(n.0) + f(mi6) — F(0) = F(x) + f(u) — F(0).
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Soif f': R/Z — R/Z is the function such that f'(x) = f(x)— f(0) then f’ satisfies

fle+y) = flx+y) = f(0) = flz)+ fly) —2f(0) = f'(z) + f'(y).

Hence f' is affine with f/(0) = 0, so f(t) = at + b for some «,b € R. Continuing

from our calculation previously, we find that
fE+0)=ft) +o<=at+0)+b=at+0 <= ab =0 —b.

The continuity of f forces f(z,) — f(0) as x, — 1, so a € Z\ {0} since p°, p* are
surjective. Hence 2% € Z\ {0}. O

We seek a pair of elements a,b € C*(FEy) that generate Ay as a C*-algebra.

Proposition 4.1.3. Fiz 0 € [0,1), and let (jx(g,), jocr)) be the universal covariant
Toeplitz representation of X (Ey) into C*(Ey) = Ay. Let 1,1 € C(T) be such that
1:z—=1andt:z— 2z forall z € T. Then (jx(g,(1),jcm(t)) is a pair of

unitaries satisfying [A.1)), and C*(jx (g, (1), jom (1)) = As.
Proof. Since jo(r) is a homomorphism, we have
jem(Wicm ()" = jom(2) = jom)(1) =1 = jom (@) = jom) (L) Jem(v),
s0 jo(m(¢) is unitary. Also,
IxE) (1) x5, (1) = jom (1, 1)) = jom) (1) = 1.
Since (jx(g,), jo(r)) is covariant, we have
Jx @) (D)ix ) (1) = (ix o) Jom) ™M (Ora) = jem(@(1) =1
hence jx(g,)(1) is also unitary. Finally,

Jem (W)ix @) (1) = dxy) (b 1) = jx(e,) (€1 - 1) = ™ jx (g, (1)jom) (1),
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which is , as claimed. Since ¢ generates the C*-algebra C(T), Jo(r) 1s generated
by jeey(t). Then, for any f € C(T), jx gy (1)jcm) (f) = jx ) (L f) = dx(s)(f)-
Hence, the pair (jx(g,)(1),jo(m(¢)) generate the images of jx(g,) and jo(r), and
therefore C*(£y). Hence C*(jx(g,)(1), jom (t) = Ag. O

Proposition shows that one of the two generators comes from the Hilbert
module, the other from the coefficient algebra. This is the source of the issues we

will encounter.

Proposition 4.1.4. Fiz 0 € [0,1), and let 0 = nf for somen € N. Let p: Ey —
E, be an s-injective graph morphism. Then

P (ix (e (1)) = jx(e,) (1)
Morover, if p° : z — 2", then

n

P (Jom (1) = jom ()"

Proof. Firstly, we have

P (Jxe)(1) = jxn (Lo p') = jxs,)(1). (4.2)

Now, if p°(z) = 2" for all z € T, then ¢t o p°(2) = +(2") = 2™. So

p*(om (1) = jom (Lo p°) = jom ()™,

as claimed. U
If we consider the case where p® = p' : z +— 2" and denote by Uy := jx(g,)(1)

and Vp := jer)(t), we get

Up — U,

Vo — VI,

and it becomes apparent that the linking maps in Definition do not cor-

*

p

respond to any s-injective graph morphism p : Ey — FE,. In particular, Equa-
tion (4.2)) shows that for any s-injective graph morphism p : Ey — E,, the in-
duced homomorphism p* : C*(E,) — C*(Ejp) carries jx(g,) (1) to jx(g,)(1). That
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is, the homomorphism p*(Uy) = U,. We require a more subtle approach. Since
one of the generating unitaries is associated to the edge set, we require some

method of manipulating it so that we can obtain a homomorphism ¢ such that
D(Jx(5s) (1)) = Jx(E,)(1)".
Notation 4.1.5. Fix N € N, and a topological graph E. We denote the N-th

higher power graph by

EWN) = (E° EN rN sV

Y

where the range and source maps are given by vV : ejes---ey r(e1) and sN

eres - - ey — s(ey) respectively.

Lemma 4.1.6. Fiz § € [0,1), N € N and let k € {0,1--- N — 1}. Then
h=(n,hY): ESY) — Ey where
N

Yz z and bt : 2129 - 2n — 2N,
s a graph isomorpism.

Proof. That h°, h' are homeomorphisms because ry, idy are homeomorphisms. Fix

2129+ 2y € EN. Straightforward calculations yield

hO ) 7"%(2122 .. 'ZN> =790 hl(leQ .. 'ZN)a

and
ho @) SJQ\{‘_J (2122 s ZN) = ld'ﬂ‘ @) hl(zlzg cee ZN).
N
The s-injectivity follows from the fact that s, is homeomorphism. O
N

Lemma 4.1.7. Let E be a topological graph, and let E* denote its path space.
There exists a linear map \' : X(E) — B((*(E*)) and a homomorphism \° :
Co(E®) — B(*(E™)) such that for all x € X(E), f € Co(E®) and u € E*,

N(@)d, = 3 2(e)d, and ()5, = f(r(1))5,.

e€Elr(u)
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Then the pair (A\',\°) is a Toeplitz representation of X(E) onto B((*(E*)), and
the homomorphism A' x \° : T(E) — B((*(E*)) is faithful.

Proof. We first check that \° is well-defined. Fix f € Cy(E°) and a finite set I.
For each i € I, let a; € C and p; € E*. Then

e (i) |- HZ% < Sl

so A’ is norm decreasing on finite sums and hence well-defined. For f,g €

Co(E®), p € E* and « € C, we have

N(af +9)0, = (af +9)(r(w)d, = (a(f(r(n) +g(r(1)))du = (@A (f) +2°(9))d,-

Moreover,

N (£9)0u = (f9)(r(1)du = (£ (r(mw)) (9(r(1)))du = A°(F)X*(9)d.-

Hence \Y is a homomorphism.

Fix x € X(F), and for a finite set I, and for each ¢ € I, let o; € C and p; € E*.
Then

“Al(ﬂﬁ)(Zai‘Sui)Hz - Z <O‘i/\1($)5ui %Al(ﬁ)‘sﬂJ ‘
iel i,5€l
= Z ozzoz]( Z $(€)5em x(f)(sfu]) ’
ijel e€Elr(u;) feEEIr(uy)

=12 2 2 mou(@a(f) .,

0,5€1 e Elr(u;) fEEYr(uy)

=Dl D Ja(e)l’

el e€EE (1)

o DI ZREREIE

el

<Dl

el
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Hence x + A!(z) is norm decreasing and well-defined. Further, for finitely many

x; € X(E) and p € E*,

EYOIEDL:

Z Z eu|5fu)

,j e, feEr(

-3 EEZ( )x,(em(e)
= o) (1)

< Z (e

< Z el

hence z — \!(z) is well-defined. Further, for z,y € X(E), u € E* and a € C,

Moz + Y)d, = Z (ax +y)(e)dey

e€E*r(u)
N S S
ecE*r(u) e€E*r(u)

= (@A (@) + A (y))d,
so Al is linear and hence \!(x) € B((*(E*)) for x € X (FE), with adjoint

x(e)d, if |p| > 1 and p= ey

A ()6, = _
0 if |u| = 0.

Finally, we check that (A',\°) is a Toeplitz representation. Fix z,y € X(FE),
f € Co(E®) and pu € E*. Then

M (@)X ()0 = N () (f (r(1))d)



= Z z - f(e)dey

e€Elr(u)
= A(z- f)d,.

Also,

M@ M@)o, = Y A@) y(e)de

e€Elr(p)

= Z wy(e)%

ecElr(u)

= (2, 9) (r(1))d,
= A ((z,9)) -

For the final part of the calculation, we have

N(HAN @)= Y A(f)a(e)den

e€B r(p)

= Y flen)ale)dy

e€Elr(p)

= Y fr(@)a()s

e€Elr(p)

= Y (fa)(e)d,

e€Elr(p)
= \'(f-2)d,.

Hence (A!, \°) is a Toeplitz representation.

For the final part of the proof, we claim that the homomorphism A! x \° is
injective. By [I8, Proposition 1.6], it suffices to show that A°|p(p- is faithful.
Suppose that f, g € Cy(E®) are such that A\°(f) = A(g). Then, for all v € E°, we

have

Hence f =g. g
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Corollary 4.1.8. Fiz N € N, and let E be a topological graph, and EW) be its
N-th higher power graph. Let (tx(g),tcy(r0)) be the universal Toeplitz represen-
tation of X(E) into T(E), and similiarly let (LX(E(N)),LgO(ED)) be the universal
Toeplitz representation of X (EW)) into T(E™)). Then there exists an injective

homomorphism

¢:T(EM) = T(E)

such that for x € X(E™)) and a € Cy(E),

¢ o ixmmy(x) = L?}J(VE) (x) and ¢ o LgO(EO)(a’) = toy(e0)(a)-

Proof. Given that X(E)®N = X(E®N) by [47, Proposition 9.7], and X (E®V) =
X(EW), we have X (EM) = X(E)®V,
In a similar method as in Lemma [4.1.7] we can define a Toeplitz representation

(p', p°) of X(EW)) into B(F2((E™)*)), where

pl(f>5u = Z fleg--- €N)5e1--~ezvp and po(g)éﬂ = 9<T(N))6ﬂ

e1-eNEENT(p)
for all f € C.(E™) and g € Cy(E®). Then the map p' x p° : T is injective.
The pair (L;@}](VE), Loo(evy) 18 a Toeplitz representation of X (E™)) into T(E) (the
properties for this follow from the fact that (.x(g),tco(r0)) is a Toeplitz repre-

sentation). We claim that ¢ := L?}](VE) X Loy @ T(EW)) — T(E) is the desired
homomorphism. To show injectivity, we show (A x )\O)O(L?}](VE) Xtoy(p0y) = (p'xp°).

Fixr=2,® - ®@xy € X(E™) and y € E*. Then

(N5 X0) 0 (1505 % 18 o)) (505 (23 = (A % N) (i) - x(y (2)5,

N (1) N (),
= Z z(er- - en)leienp
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= ((p' x p") o L?}](VE) (2))du

Moreover, for a € Cy(E®) we have

(XL 5 X% 0 (185 X 15 o)) (015 0 (@) = (),
p(a)d,

1

= (p % %) o LgO(EO)(‘I)(Su-

Hence, the subspace (2((E™))*) of (2(E*) is invariant under the map (A! x A%) o

(tx o) X gymoy) = p' x p°. Hence ¢ is injective. 0

Corollary 4.1.9. Let E be a topological graph such that v is a homeomorphism,
and fir N € N. Let ¢ : T(EWN) — T(E) be the injective homomorphism
described in Corollary [{.1.8 Then ¢ descends to an injective homomorphism
¢ : C(EM)) = C*(E).

Proof. We show that the image of the Katsura ideal Jxgv)) under ¢ is contained

within Jx(g). By Proposition [2.2.13) LgO(EO)(CL) € Jgw if and only if supp(a) C
EY and a # 0. Since r is a homeomorphism, we have E, = (E™)) . Hence

Lep(0) (@) € Jx(my if and only if ¢y o) (a) € Jpen. O

Proposition 4.1.10. Fiz 0 € [0,1), N € N such that N > 2, and ki, ks €

{0,1,--- N —1}. Let p: Eosry, — Ey be the s-injective graph morphism where
N

p? = pt iz 2N, Let h be the graph isomorphism described in Lemma |4.1.6, and

¢ as described in Corollary .

Then ¢ = ¢ o h* o p* : C* (Ep) — C* <E6+Nk1+k2> satisfies
N2

N
Up U0+Nk1 + ko
— QN

v "

N
‘/b — V€+Nk'1+k'2
N2

where Uy, Viy generate C*(Ey), and similarly for Uesni +ky , Vorne +ry and C* <E6+Nkl+k2 ) :
N2 N2 N2
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Proof. Let (jx(g,), jc(r)) be the covariant representation generating C*(Ey). By
Proposition m, it suffices check the images of jx(g,)(1) and jeo(r)(¢) under 1.
We have

b0 jix (g (1) = ¢ o h* o p* o jxim, (1)

)(ﬂopl)

I
=

oh*on(

Eotk,
N

o o] (1)

I
=

% (B0, )
© (T (e ) D & @, (D)

¢
(jX(EHNk1+k2)<n>)N,

N
and
¥ o jom (1) = ¢ o h* o p* o jormy(t)
= (50 h* O,jC(’]I‘)(L Opo)
=¢oh'o jem (™)
=¢o <jC(1r)(LN)>
. N
= (em®)
which is the required homomorphism. O

Proposition [4.1.10| can be expressed as the following commuting diagram.
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C* (Ey) v C* (Bostyzus )

N2

p ok <E(£[21+k2 )
N2

h*

C*(Busw)

We make use of this in the following theorem.

Theorem 4.1.11. Fiz an integer N such that N > 2, and 6y € [0,1). Let § =
(0.)22, where NO,11 = 0,, + k,, for some k, € {0,1,--- /N —1} forn € N. Let

VY + C*(Ep,,) = C*(Ep,,,,,) be the homomorphism ¢ in Proposition|4.1.10, Then
li(C*(En,, ), Bn) = A7

Proof. Repeated applications of Proposition [4.1.10] gives us the sequence as de-

scribed in Definiton {.1.1| It follows that lim(C*(Ey,, ), ) = A7 O

¢0,00

On

C( Eéi\(fiﬂ))

Pn
hn

cr (E92n+1)
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Since the maps used respect the Toeplitz algebras involved, we get the follow-
ing that we will make use of in Chapter [(] The reader will notice that we do
change convention slightly between the Toeplitz noncommutative solenoid and the
noncommutative solenoid. This is not done with malice, but rather to make later

chapters more legible (see Chapter @

Definition 4.1.12. Fiz an integer N such that N > 2 and 6y € [0,1). Let

k, € {0,1,--- ,N*—1} forn € N, and 0 = (0,)°, where N*6,,1 = 0, + k,. Let

pn = (P°, pl) - Eéanl — Ey, be the s-injective graph morphism such that

pgzzl—>zN andpl:zle'--zNHz]]\\;,

and let ¢, be the homomorphism of Corollary[{.1.8 Let 1, = ¢y, o p’;. We denote
by T;” = @(T(Egn),qﬁn), called the Toeplitz noncommutative solenoid.

This will be of particular importance in Chapter [0 in the context of KMS-

states.
V0,00
T (Eg,) T (Ep,) - T(Epn) —— T
v, on
T(EY))

Remark 4.1.13. The maps 1; = ¢; o p; of Definition are injective, since
¢; is injective by Corollary[{.1.8, and p; is injective by Corollary[3.2.6,

Remark 4.1.14. Let io,mg (f) € Jx(8,,)- Then
J

by 045 (ecyieg ) () = U licueg ) (1)
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= jC()(Eg])(f Op)
= Qj+1(LCO(Egj)(f op))

=dj+1° 1/}j(LCo(Egj)(f))‘

Combining this with Proposition gives the following commuting diagram.

Ix(E,) i IX(By,, )
L L
T(Ey) " T(E, )
d; qj+1
C*(Ey;) ——— C*(Ey,,,)

(05

Hence Ay is a proper quotient of T;” .
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Chapter 5

The KMS-States of Compact
Topological Graph C*-Algebras

5.1 The KMS states of a Topological Graph al-
gebra

In this section we investigate the KMS states of topological graph C*-algebras, and
the inverse temperatures 8 for which they exist. We are motivated by applications
to KMS states of noncommutative solenoids in the next chapter. It is for this
reason we will occasionally forsake generality for practical and concrete examples.

To begin, we need an appropriate dynamics over either C*(E) and T (E). The
obvious candidate is the gauge action, since (7 (E), T,~) is a C*-dynamical system,
in the sense of [54]. However, this is not a dynamics over R, so we require a slight

modification.

Notation 5.1.1. Let E be a topological graph, and let v : T — Aut(T(E)) be the
gauge action described in [2.2.15. Then define o : R — Aut(T(E)) by ay = 7eu
for t € R. It should be clear that oy o oy = s from the definition. Further,
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given that t — € is continuous, then « is continuous, as it is the composition of
continuous functions.
We then obtain a dynamics o on T (E). Similarly, we obtain a dynamics also

denoted by o on C*(E).

To get some KMS states from these systems though, we need a set of elements
of T(F) that span a dense subspace of T(FE) and that are a-analytic. Given
Example [2.1.22] we have an obvious place to start looking.

Proposition 5.1.2. Let E be a topological graph. Let o : R — Aut(T(E)) such
that fort € R, ay = ~.ie. Then the set

{150 (@) W) | k1> 0 and x € X(E)**,y € X(E)*'}

consists of elements that are a-analytic.

Proof. Since ay (15 (215 (g (¥)") = e“(m_”)L;@}TE)(x)L?}’ZE) (y)*, and z — € is an-

alytic, the map z ~ (") X () (0) 1% (y)" is a T(E) valued analytic function.
0

We now turn our hand to an algebraic characterisation of the KMS condition
for topological graph algebras. We will use this throughout the chapter.
This theorem also appears in a more general form in [I, Proposition 3.1]. It

was proved independently by both parties.

Theorem 5.1.3. Let E be a topological graph, ¢ € S(T(E)), and fix f > 0. Then
¢ € Sap(T(E)) if and only if

(5 () (0) 5y (1)) = Gmane™ "6 (1m0 (Y, ) (5.1)

for x € X(E)®™ y € X(E)®" such that m,n > 0.
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Proof. First, suppose that ¢ € S, 3(T(£)). Then ¢ is invariant under « by
Lemma [2.3.5] So, for z € X(E)®™,y € X(E)®"

0 (i (0°) = [ 000 @i 0)7) i
- / "G () (0)°) 2
= 5m,n¢(L§TE)( )L?}T(ZE)(ZJ)*>~
Combining this with the KMS condition implies that
(K ()15 ()
— S (1L (1) 12 (2)) = e (1 (11 2))

as claimed.

Now suppose that ¢ satisfies (5.1]). We must show that ¢ satisfies
¢(L§TE)<@L§?E) (?/)*L?}](E)W)L?;?E (b))

= e (1) ()R iy ()0 ) ()X ey (0))

for v € X(E)*™ y € X(E)®",a € X(E)® and b € X(E)®*. By Example [2.1.22

(5.2)

we have

L?}TE) (x)b?}?E) (y)*é?}(E) (a)b?}]fE)(b)* = L?}?E)W)L?}qw)(z)*
where p — ¢ = m —n + j — k. So, both sides of (5.2) are 0 unless m —n =k — j,
so we will assume this for the remainder of the proof.

Since ¢ € S(T(E)), we have ¢(c) = ¢(c*) for all ¢ € T(E). We see that

is equivalent to
k ®, * @m n *
¢(L§(E)(b)LXJ(E)(a> L?}(E)(x)b?}@)(y) )

o J)(b(bx E)< )L ®7(1E)(y)*b?}’zE)(b)L?}J(E)(@*)-

The case where k < m (which implies j < n) is then equivalent to the case where
m < k (which implies n < j). It therefore suffices to consider the case where

m < k, and hence n < j.
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Since each X (E)®' =span{z,® - Q@ : x; € X(E)}, and n—j, k—m > 0, we
have a = a; ®ay € X (E)*"@ X (E)®" 7, and b = by @by € X (E)®™ @ X (E)®F™.
Then

L%ZZE) ("E)L?E?E)(y)*L?}J(E)(a)L;@}IZE)@)* L?}TE—SJ "z @ (y,ar) - a2)L§IZE)(b>* (5.3)
Similarly,

L?}J(E) (Q)L?}TE)@)*L?}T(YLE) (x)b?}?E)(w* = L?}{E)<G>L?}?E)Tn+k( (z,01) @b2)" (5.4)

In the following calculations we will make use of the identity
(W1 @ wa, 21 @ 22) = (wa, (w1, 21) - 22) (5.5)

for wy, 21 € X(E)®%, wq, 20 € X(E)®', and s,t > 0. We have

(%) (@) ey () 1Ky (@) iy (0)7)
= o(1X(m (@ @ (y, a1) - a2)eig (0)7) Dy (B3)
= e ¢(Lco(E0 (b,x @ (y,a1) - a2)))
O (Lo (b1 @ be, x @ (y, a1) - az)))
(ba, (br,z) - ((y, a1) - a2)))) by
( )
( )

= _/Bkgb LC()(EO) z, bl b27 yval >

(
7 (100
= 6_5%(600(130 (
(tco(mo)
— Pk gf)(LCO(Eo ({(y @ (z,by) - by, a1 @ ag ) by
= " (1ep(m0) ((y @ (2, b1) - ba, a)))
= e_ﬁ(m_”)gb(L?}](E) (a)a?}?g)k "™(y @ (x,b1) - b))
— B (@ (61 (i (4)°) By D),
which is . This completes the proof. U
Calculating these KMS states is actually quite difficult in general, so we will
restrict ourselves to a nice, well behaved class of examples — the set of compact
topological graphs (in the sense of Definition — with the intention of better

understanding the noncommutative solenoid.
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Proposition 5.1.4. Let E be a compact topological graph. For f € C(E°), there
exists a function s(f) : E° — C such that

S(f)w) == D for(e) (5.6)

For all f € C(EY), <(f) € C(E").
Moreover, if f € C(E°)", there exist a finite set I, s-sections U;,i € I and
functions g! € Co(U;) € C(E") such that
> (ol al)=<(). (5.7)
icl

For f € C(E*)*\ {0}, we have

toon () > ix (9] )ex (g])" (5.8)

il
Proof. Since s is a local homeomorphism and E' is compact, each E'v is finite,
and so defines a function ¢(f) : E° — C. Since the inner-product in X (F)
takes values in C'(E"), Equation will guarantee that ¢(f) € C'(E°) whenever
[ is positive, and it will follow that ¢(f) € C(E?) for all f € C(E"), since C'(E")
is spanned by positive elements, and the formula ¢(f) is linear in f.

Fix f € C(E°)". Since E is compact, r is proper, so r~(supp(f)) is compact.
Choose a finite set I such that for 7 € I there exists an open s-section U; such that
r~ (supp(f)) € Uic; Ui- Let {&}ier be a partition of unity such that & is based
in U;. Then, for e € E', define

gl(e) ==/ or(e)&(e).

For v € EY,
D (ol g} ) =3 3 for(ele) = Y for(e) =<(f))

Hence holds, and so ¢(f) € C(E") for all f € C(EV).
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To show (/5.8]), it suffices to find a Toeplitz representation (¢, 7) of X (E) such
that for all f € C(E°)T,

)= > (ghvts!

iel
Let (¢, 7) be the Toeplitz representation of Lemma4.1.7] Let f € C(E°)". Then,
for u € E* such that p = ey’ for some e € EY, i € E*,

( = ]! ) D8~ 3 gl (e)u(g!

el el

5 - Z Z gz z (ng>6€/l/

1€l e’eElr(y)

5 - Z Z |gz | 66/1,

i€l e'eElr(p)

but for v € E°,

( =D vlahuly] ) = f(r(p)dy — 0= f(r(p))d.

el

So, for h € (*(E*), we have

(=) =D w(eh)wle)In1h) = 3 Fwihf?

i€l veE0

giving 7(f) > Zzelw(glf)@b(glf)*, with equality only if f = 0. O
Denote the set of regular unsigned Borel measures of E° by M(E). We use

the notation

MY (X)) ={m e M(X):m(X)=1}.
Let Ag : M(E) - M(E) be the measure transformation defined by
Ap(m)(©) = [ <) dm
B
for all Borel sets U C E°.
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We recall a theorem that we will make use of throughout the remaining chap-

ters.

Theorem 5.1.5 ([50, Theorem 6.19]). Let X be a locally compact Hausdorff space.

Then for any ¢ € S(Co(EY)), there exists a unique measure m?® € M'(X) such

f>=/dem¢

Given Theorem[5.1.5] if E is a compact topological graph, and ¢ € S, s(T (E)),
then ¢ o to(poy € S(C(E?)), and so there exists m? € M'(E") such that

that

for all f € Cy(X).

¢ O LC(EO)<f) = /L;;O f dm¢ (59)
for all f € C(E").

Theorem 5.1.6. Let E be a compact topological graph, and ¢ € S, 5(T(E)) for

some 3 € R. Then the measure m? associated to ¢ as in (5.9) satisfies

. fd(Apm?®) <éf . fdm? (5.10)

for all f € C(E°)T.

Proof. Fix f € C(E°)". By Theorem we have

fdm¢* P(LoEoy(f))

(be (9])ex(m) (7 ))by E3),
Ze ( gz,gﬁ))
= e "o(s(f))

:eﬁ/ s(f) dm?
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fd(Apm?)

o0
as claimed. O

We call condition subinvariance. It is a recurring theme in the theory of
KMS states and the Toeplitz C*-algebras of dynamical systems, (see [34, Theorem
2.1]). When we take a quotient to obtain a Cuntz-Pimsner algebra, we obtain
something much more restrictive (similarly, see [34, Theorem 2.5]). We call this

condition invariance (|5.11]).

Theorem 5.1.7. Let E be a compact topological graph. A state ¢ € Sa5(T(E))
factors through to S, 5(C*(E)) if and only if
fd(Agm?) =¢° [ fdm? (5.11)
EO EO

for all f € C(Ep)*.

Proof. We use the notation implemented in the proof of Proposition [5.1.4. For
any f € C(EY,)", each gl is supported on an s-section, and for e € E°,
9 2
> (@)e) =3 (VIer@&le) = for(e)
iel iel

Hence, by Theorem [2.2.21} a state ¢ € S, 3(T(E)) factors through C*(E) if and

only if
Ot () = 3 txae (o] (9] ) =0 (5.12)
el
for all f € C(EJ,)*. We show that for all f € C(E})", (5.12) holds if and

only if (Agm®)(U) = e’m?(U) for all Borel U C E?g. Fix f € C(E,)*, and
¢ € Sap(T(F)). Then
81w () = Y xim (9)x (a!)7)
icl

P(omo)( Z¢ Lx(E 91 LX( )(ng)*)

el
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= ¢(Lomn(f) —e” Z ¢(LC(E0)(<95> 95)))

= ¢(to)(f)) = ¢ o (o) (s(f)))
= fdm¢—e_B/Og(f)dm(ZS

EO
= fdm® —e? | fd(Agm?).
O O
Hence ¢<LC(E0)(f) — D er LX(E)(gf)LX(E)(gZ)*> =0 for all f € C(E},) if and only
if e’m®(U) = Apm?(U) for all Borel U C Ep,. O

Remark 5.1.8. We will be interested in computing the operator (1 — e P Ag)~!
for suitable values of 3, so we need to calculate the spectral radius of Ag, which
we will denote p(Ag). This will tell us for which values of B the set S, 5(T(E)) is
nonempty. Since p(Ag) = lim, 0 ||A% |7, we start by calculating |Ag|. We have

[Ag]l = sup [[Apm]

[[m]|=1

= sup / g(XE‘))dm‘
meMi(E9) | J o

= swp | [ Y (o)) dmo)
memi(p0) ' Jpo T

= sup |E*v| dm(v)|.

meMI(EY) ' JEO
Since E° is compact, there exists vy € E° such that |s™*(vg)| > |s71(v)| for all
v € E° Observe that for all m € M'(E°),

‘/ |E| dm(v)‘ < ‘/ | Bt dm‘ < |E'vo| = ‘/ |E'o| dévo(v)‘.
O fou fou
Since 6,, € M*(E), we have
_ 1] -1
|1 Apl = max [ Eto| = max |s™ (v)].

Hence each || A%|| = max,epo |s7"(v)|, and so

p(Ag) = lim max|s‘"(v)|%.

n—oo pe EO
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Example 5.1.9. Consider the following graph.
e —— @

Calculating the spectral radius from the vertex matrix gives us p(Ag) = 1.

The formula given in Remark gives us

p(Ap) = lim (n+ 1)w =1,

n—o0

as expected.

Theorem 5.1.10. Let E be a compact topological graph, and fix B > In(p(Ag)).
For each e € M(E") satisfying

/ > e ide(v) =1, (5.13)

nEE*
there exists ¢. € So (T (E)) such that for x € X(E)®*, y € X(E)®
0@ (0)7) = s [ 37 ) o)) ). (5.14)
peE*y
Proof. Again, we let (1, 7) be the Toeplitz representation of X (F) onto B(¢*(E*))
used in Lemma [4.1.7} Let e € M(E°) satisfy (5.14). For each z,y € X(E)®*, the

map v > > cpe, e Pel{y, ) (r(u)) is continuous and bounded by the convergent

SUIL Y o, e~ Pl (y, z)||, and hence integrable. For a € span{LX(E)( )L?QI(E) (v)*}
the map
U= Z 'BM (x5 E)(x)b?yz ()")0,0,,) (5.15)
pneE*y

is then continuous, and therefore integrable. The map (5.15)) is also bounded.
When k # [, we have

(W x ™) (1% ()05 ) (1) )0l 0,s) =
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In the case where k = [,
[ (% m i )i 0)7)6,18,) delw) |
HEE*v
Y (W X m) (5 (@)K () )8,15)

S /
EY peEE*v

<[ % lalde

neE*y

de(v)

= [I{y, 2)|I-

For a € T(E), ¢(a) is the pointwise limit of integrable functions, and therefore

integrable, and |p(a)| < ||a]|.
All that remains is to show that ¢ satisfies Equation (5.1)). First,

Plecanpa)) = [ 30 M) (rn) deto)

neE*y

Now,

A @1 0) = [ 30 @@t w)8,6,) deto)

pneE*v

B /E > eI () 0l (@) 0) de(v)

pneEE*y

_ /E Y G defo)

pneE*y
n'eE*r(n)

—e Y e o)

pneE*y
WERRr ()

—e [ S M) deo)

peE*v

= 6_/8k§0(LC(EO)(<y7 .CE))),

completing the proof. O
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Given a compact topological graph, for v € E°, we use the notation

Pv = D5, ey ey 15, € Sap(T(E)). (5.16)

That is, ¢, is the unique KMSg state arising from the Dirac measure based at v,

and satisfying the hypothesis of Theorem [5.1.10}

Theorem 5.1.11. Let E be a compact topological graph, and fix f > In(p(Ag)).
Then the map 2 — @q where

pala) = [ oula)an)
for all a € T(E) is an affine isomorphism of M (E®) onto S, (T (E)).

Proof. Fix ¢ € S,5(T(E)), and denote by m® the probability measure on E°

associated to ¢, so that

O(eowo)(f) = [ fdm?

O
for all f € C(E®). Denote € := (1 — e PAg)m®, and let U C E° be a Borel set.

Then
(1—ePAp) e(U)=(1—ePAp) 11 — e PAp)m®(U) = m®(U).
It follows that for x € X(E)®™, y € X(E)®",

0 @i (1)7) = B [ 3 (0 0) e

peE*y
= 5m7n6_6m/ {y,z) dm?
5o
= O "G00 ((y, 7))
= (1Y) ()X (y)") by Equation (5.1).
Since ¢ and ¢, agree on a dense subset of 7 (F), they coincide by continuity.

Equation (5.14) implies that € — ¢, is injective, and continuous with respect
to the weak* topology. Observe that {e¢ € M(E) | € satisfies (5.14) } is a closed
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subset of a compact set, and therefore compact. Since the topology on the state
space is Hausdorff, the map € + ¢, is a homeomorphism.
It now suffices to show that the map 2 — ¢q € S, 5(T (E)) is surjective, since
it is clearly continuous and injective. Fix e € M(E") satisfying Equation ,
and denote the KMSy state associated to € be ¢.. Define Q € M*(EY) by
QU) = / > e de(v).
U peE*v

Then for x € X(E)®™, y € X(E)®" we have
Pa(tX () (@)t (1)) = /Eo S "D (1) ((y, ))) dQ(v)

=G [ My (3 ) a0)

pneE*v veE*v
:%WM/ S ey, 1) (r(1)) de(v)
E° pneE*v

= ¢E(L§TE) (x)L?}?E)(y)*)a
so 2 — pgq is surjective onto S, s(T (£)), and hence a homeomorphism. O

Proposition 5.1.12. For a compact topological graph E, Sawm(pap)(T(E)) # 0.
For each ¢ € Spim(pan)(T(E)), the measure m? associated to ¢ satisfies
fd(Agm?) < p(Ag) | fdm?
EO EO

for all f € C(E")".

Proof. Fix a sequence {f3,} converging to In(p(Ag)) from above. Theorem [5.1.10
implies that there exists ¢, € S,p,(T(E)) for each n € N. Since S(T(E)) is
compact, there exists a subsequence converging to a state, say ¢,, — ¢ as j — oc.

For z € X(E)®",y € X(E)®, we have

¢(L?}IZE) (x)b?él(E) (»)*) = lim ¢nj(b?}lz}3) (@L?}I(E) (¥))

J—00
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= ]liglo 5k7l€75njk¢nj (LC'(EO)«ya l‘>))
= 5k’lp<AE)_k¢<LC(EO)(<y7 1]>))

implying ¢ € Sy in(p(ap)) (T (£)) by Theorem m The final assertion follows from
Theorem [B.1.6] O

Theorem 5.1.13. Let E be the topological graph E = (X, X, h, id), where X is a
compact Hausdorff, and h : X — X is a homeomorphism. Then S,o(T(E)) # 0,

and for ¢ € Sao(T(E)), the measure associated to ¢ is invariant for h.

Proof. We have p(Ag) = 1 by definition. So Propostition [5.1.12] shows that
Sao(T(E)) # 0. Fix ¢ € Sao(T(E)), and let m? € M (E°) be the associated
probability measure. Then, Proposition [5.1.12| shows that for Borel U C E°,

/ <) dm < ! / Yo dm = m(U),
X

X

and hence
m(U) = /X s(xv)dm = m(s(r~'(U))) = m(h™"(U)).

Let {U,}ien be a covering of X by disjoint Borel sets. Then

which forces equality throughout the calculation. Further, since m(h=1(U;)) <
m(U;) for each i, this forces equality for each 7. That is, m is invariant with

respect to h. U
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Corollary 5.1.14. Fiz § € [0,1) \ Q. Then Soo(T(Ey)) consists of a single
element ¢ which factors through to the unique element of Su.0(C*(Ep)).

Proof. By Theorem there exists ¢ € S, 0(T (Ey)), and associated to ¢ is a
measure m?® that is invariant with respect to the range map ry. Since there exists
a unique rotationally invariant measure on T, the Haar measure, there exists a
unique ¢ € Sao(T(Ep)). Observe that the Haar measure satisfies (5.11]), and
therefore factors through to S, 0(C*(Ey)). O

Proposition 5.1.15. Fiz 6 € [0,1), and let 8 < 0. Then S, 5(T(Eg)) = 0.

Proof. We prove the contrapositive statement. Suppose that S, (7 (Ep)) # 0,
and fix ¢ € S, (T (Ep)). Since 1 € C(E°)*, Equation (5.10)) gives

1= @(te@mn (1 o)) = ¢leemn(s(1) < e’diomn (1) = €.

So 5> 0. O

5.2 Constructions and Examples

We begin by testing our formula derived in Theorem [5.1.11] against results present

in the literature.

Example 5.2.1. Let E be a finite directed graph. Let A denote the vertex matrix,
that is, A(v,w) = [vE'w| for v,w € EY, and A"(v,w) = [vE™w|. Fix p,v € E*,
£ > In(p(A)), and let s, = L?}l(‘g)(éu). Further, let ¢ € M(E") be such that
me:= (1—ePAg)~te € MY(E). For v € E° let ¢, = ¢({v}) and m¢ := m({v}).
Theorem [5.1.10| gives a state ¢. € S, (T (£)) satisfying
sust) = [ 37 NG5 (N) defo)
0

E \eErv

=G [ 30 M) dete)

AEE*Y
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= G MY TN e G ) (r(A))e({u})

veEEO AeE*v

= 5,0 P Z Z e P s(p) E™vle,

veE0 n=0

= 0,,e Z Z e A (s(), v)e,

veEY n=0

= §,,,e A ( i o Bn Ang)
n=0

= 5#7Vefﬁlu|((1 _ e’BA)’le)S(M)

s(p)

_ 5u,u€7ﬂ|“|m§(u)
which is precisely the formula derived in [2, Theorem 3.1(b)]

Example 5.2.2. Let X be a compact topological space, and h : X — X a
surjective local homeomorphism. Consider the topological graph E = (X, X id, h).
Then
In(p(Ag)) = In lim max |3_"(U)|%
n—oo veX

= lim n ' Inmax|s " (v)]
n—00 veX

= limsupn ' Inmax|s " (v)],
n—00 ve

which is precisely the number 5. of [I, Theorem 4.2]. Now fix 5 > ., and choose
€ € M(X) such that A\ := (1 — e PAg)~te € MYX). For v € X(E)®*, y €
X(E)®! we have

00 @Sy ) = g™ [ 3 () o)

neE*y

= 5,{7,65]“/ (y,x) d( i e*B”A%e)
X n=0

= 5k7le_6k /X<y, x)d((1— e_’BAE)_le)
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= 5k,l€_5k/ (y, ) dA,
b
which is the formula (5.1) of [I, Theorem 5.1].

The following example will provide us with a template to follow for Chapter [6]
Given the topological graph E., associated to a projective sequence of compact
topological graphs (E,,p,), our aim is to examine 0S8, 3(T (E)), from the per-

spective of the underlying projective sequence.

Example 5.2.3. Let (FE,,p,) be a projective sequence of compact topological
graphs, with projective limit F,. Let P, : F, — E, the s-injective graph mor-
phisms described in Theorem Fix 8 > In(p(Ag,)). For n € NU {co}
and v € E?, we write ¢! € S,5(T(E,)) for the state corresponding to € :=
(2 emo e PlEh=15, in Theorem. Fixv € EY ,and n € N. For z € X(E,,)®*
and y € X(E,)®,

¢y o P;(L?}?En)(xﬁ?}lwn)(y)*)

= 5k716_6k¢50(LC(Eg0)(<ya z) o PY))

=g [ 3 gy P d( 30 e ) s,

o pebi w veE} v
-1

P / S ey 0Py (Y M) s,

Ego NEE&;U} VGE;O’U

-1

= e (D0 ) ST ey ) o mu(Pi(w))

veE% v peEEX v

-1

S (3 e ey ) ()

vEE:(PI(v)) HEES (PR (v))

= Oae” " Pipo (Lo ) (Y, 7))
= ¢7115’,9(v)(L?}?En)(z)L?}l(En)<y)*)'
Further, for v € EY,, and z,y as above we have
O 0 P (X () (01K 0 (1)) = D) (161 ()X ) () ).
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So, the projective limit structure is such that the extreme points of the simplex

Sas(T(E,)) are sent to the extreme points of S, 5(T (Ent1)) and Sa (7T (Ex)).

T(En) T (Ens1)
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Chapter 6

The KMS-States of

Noncommutative Solenoids

6.1 The KMS states of Noncommutative Solenoids

We now return to the example of the noncommutative solenoid Ay and its Toeplitz
extension T;”, first presented in Chapter . As we saw in Chapter , the Toeplitz
algebra of a topological graph has a much richer supply of KMS states than it’s
Cuntz-Pimsner counterpart. This would seem to indicate that 7,7 has a much
risher supply of KMS states than A7". In Theorem we show that under a
positivity assumption, the boundary of the simplex of KMS states is homeomorphic
to a solenoid. First we need some machinery, given that we have not described 7;”
as a topological graph C*-algebra. We will attempt to use the program outlined
in Example [5.2.3] however, quickly run into some issues.

Firstly, to save the reader flipping back, we recall the notation used in Chap-

ter [4 We will use it thoughout the remainder of the section.

Notation 6.1.1. Fiz an integer n > 2, and 6y € [0,1). Fiz a sequence of integers
ki € {0,1,---,n* — 1}, and inductively define 0,11 € R by n*0;41 = 0; + kj.
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Let 0 = (0;)32,. We let pj Engrl — Egj and p; Ey ., — Eole be such that
pY(2) = 2" and p*(z1 -+ 2p) = 2n-

We denote by T;” the direct limit hﬂ(T(Egj),i/Jj), where 1p; : T(Ey,) —
T (Ey,.,) is the injective homomorphism from Definition such that for
a € C(T) and x € X(Ey,),

e { LX(Eej)(x) = LX(EGjﬂ)(x © pﬂl)
'
tem(a) = emlaop)),

as in Chapter[4).

To study KMS states, we need an action o of R on 7;”. A natural approach
would be to try ay 0 1 = ) © Vjeit, Where 7; is the guage action on T (Ej,),
but this fails since 7,41, 0 ¥; # 1; 0 v;,. However, we can modify this idea to
constuct a “gauge like” action on 7,7, in the sense that it resticts to a rescaled

gauge action on each of the approximating subalgebras.

Proposition 6.1.2. There exists a dynamics a., on T;” such that

Qoo t (V)00 (L?}%E) ($)L§Z(E) (y)") =en (wj,oo(b?}]zE) (x)L?}l(E) (¥)")

for all v € X (Ey,)®%, y € X(Ey,)*".

Proof. We construct a., from gauge acions. For ¢t € R, define o, € Aut(7 (Ey,))
by

0 (180, () 007) = 71 (1880 () (07
We claim that the diagram
V;
T (Ep,) s T (Ey,) T(Eo,..)
al,t Oéj,t Oéj+17t
T(Eol) T T(Eﬁj) T(E'9j+1)

J
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commutes.

To see this, fix j € N. For z € X(Ey,)®*, y € X(Ey,)®

Yj 0 aj,t(b?}’EE(,j)(x)L?}l(Ee (y)") = 7/’3’('76% L?}lz 91)(@@?@9 )(y)*)

it(k=1) .
= ;e L?}]EEQ )(x)b?}l(p;e )(?J) )

it(k‘ ) kn n
= e 7 X, @ oP)XE, o)

it(kn—In)
— Y| ®kn ®in *
=€ M lx(E, +1)(x °© p])LX(Eg )(y ° pj)

n in *
= O‘j+1,t(LX(E9H1)($ ° pg)b?é(Eg )(y © pjl) )

= Q41,6 © ¢j(L§(Eej)<x)L§l(Ee )(?J)*)

By the universal property of 7,7, we obtain a homomorphism au; : 7,7 — T;”.
For s,t € R,

* zs(k ) "
Qoo © Qoo s <77Z)j,oo (L-Q)?IE‘EQ )(x)L?}l(E(,j)(y) )) =e 7 Pjco (LX (Eq. )(x)b?}l(E(,j)(y) )

7,(t+s)(k 3}

= Voo (15 )(aj)b?}l(Egj)(y)*)

= Qoo t+s (%’,oo (L?}?Ee )(m)é?}l(Egj)(y)*))

So the map ¢ — @+ is a group homomorphism. Moreover, for all ¢ € R,
Qoo © Qoo = id%y = Qoo,—t O Qo y- Hence ooy is an isomorphism of 7"95” onto
itself, and so aw s € Aut(7;7).
All that remains is to show ¢ — a4 is strongly continuous. Fix e > 0, ¢ € R
and a € T;”. There exists a finite sum ag = S0, 41, 00 (LX(EG )(xh)a?}l(Ee () )
with ), € X (Ey,)®*, y, € X (Ey,)®" and ¢, € C satisfying |la — ao|| < §. Choose

zt(kh lp) is(kp—lp)
s € R such that for h < N, i —e Then

<

3||tz I

oo 1(@) = oo s(a) |

< [lass (@) = oo t(@o)| + [[atos,t(@0) — toos(@o) || + [[too,s (@0) — ctoo,s(@)|
2¢ N it(kp—lp) is(kp—1p) ok,
<37 HZ ((6 oome )C’””j’ (LX<E S (@) ))H
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2¢  elaoll

3 3laol
=€
Hence oy, is a dynamics over 7,7 . 4

Proposition can be expressed in the following commuting diagram.

¢0,oo

w(),oo

Figure 6.1: The dynamics oy, over 7,7

By construction we have
k I x Lidtaet) k I x
aoo,t<wj,W(L§(E9j)(x)L?é(Egj)(y) )) =e W Yjeo (L?}(Eej)(l")b?}(Eej)(y) )

Each «; is periodic with period 2n/7, since it is the lift of an action of T. However,

the action ., is not periodic, and thus not a lift of T. It is a genuine R-action.

Proposition 6.1.3. The set
{wj,oou?;’z,;gj)(xﬂ?;’zEej)(y)*) k>0 and x € X(Ey,)®,y € X(Eej)®l}
consists of as-analytic elements.
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Proof. By construction, for any t € R, j,k,l € N,z € X(Ep,)*" and y € X (Ey,)%,

we have

k l * k ! *
Q00 © Vo0 (L?}(Eej)(x)b?}(;g@j)(y) ) = Pjoo O it (L?}(Eej)(x)b?}(;g@j)(y) )

end

Since elements of the form L?}?Eej)(x)ge}l( Eej)(y)* are aj-analytic, they must also be
Qso-analytic by Lemma [2.3.3] O

Proposition 6.1.4. Fiz 8 > 0, and for each j € N, let 5; = nﬁ Suppose that

(¢j)320 is a sequence such that ¢; € S, p,(T(Ey,)) for each j € N, and ¢; =
Gjr1 0 for all j. Then there exists oy € Sa., s(T57), such that ¢ 0 V; oo = ;
for all j.

Proof. Let k,l € N, and without loss of generality, assume that & > [. For
a € T(Ep,) and b € T (Ep,) such that ¢y, o(a) = 9;(b), we have

dr(a) — ¢u(b) = dr(a) — ¢ 0 Yy -+ 0 hy(b) = dp(a — ty—1--- 01y (b)).  (6.1)

Since 1); is injective (Remark |4.1.13) for all j, 1, o is injective for all j. We have

la = 1o y(b)|| = [dr(a — p_1 -+ 0P (b))]| = |doo(Vr0(a) — 10 (b)) =0,

and so (6.1)) gives ¢r(a) = ¢(b). Hence there exists a well-defined map ¢o, :
UjeN Vjoo(T(Ep;)) — C such that ¢ 01 = ¢;. Observe that

|00 ($j00(@))] = |5(a)] < lall;

as ¢; is a state, so ¢, is bounded, and hence extends to 7;”. We now check
that is satisfied. It suffices to check this on analytic a,b € T (£y,), since if
a € T(Ep,) and b € T(Ey,) for k < j, we have p;_ o ---o¢y(a) € T(Lp,). Fix
analytic a,b € T (Ejp,). We have

Poo (V.00 (@) 1j.00 (D)) = Poo (V)00 (ab))
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= ¢;(ab)

= ¢ (baip ;(a))

= Poo (V)00 (0)¥j00 © @18, (a))

= Poo (Y00 (D) toc,ig © Yj0(@)) by Figure [6.1]

which is precisely the KMS condition. U

Proposition 6.1.5. Let a be a dynamics over A, and take ¢ € S, 5(A). Let B be
a a-invariant C*-subalgebra of A. Then ¢|p € Sap(B).

Proof. Fix analytic ¢,d € B. Then ¢, d are analytic in A, and

¢l(cd) = ¢led) = ¢(dais(c)) = ¢lp(dais(c))

which is precisely the KMS condition. U

For each j € N, the subalgebra 9; (T (Ep;)) is an au-invariant subalgebra of
T5”. So, for ¢uos € Sare 5(T37)s oo © Vkoo € Sap, (T(Es,)) where 8; = £ since
T(Eo;) = j00(T(Ep,)). From Section 5.1, we already understand S, (7 (Ej,)),
and we will use this to investigate S, 5(7;”), making use of Propositions
and The obvious place is to start with finding appropriate values of .

Corollary 6.1.6. For 3 <0, S.._(T;”) = 0.

Proof. Fix 8 € R, and suppose that ¢, € S, 5(7;”). For j € N, let ; = n’%
Then ¢o 0 V)0 € Sap, (T(Ey,)). By Proposition [5.1.15, 3; > 0, which implies
B=nig; > 0. 0

Given Propositions [6.1.4/and [6.1.5] we can think of each KMSg state on T;” as

a sequence of KMSg, states. We use the following lemma to define such a sequence

of KMS states that we will make use of in Theorem [6.1.9]

Lemma 6.1.7. Let (X, M) be a compact Borel measurable space. Let h : X — X

be a surjective local homeomorphism. Let {Ij}évzl be a disjoint family of Borel sets
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such that h : I; — X is a bijection onto X for each j. If m,n are measures on X
such that m = n(h='()), and n(U) = n(U N I;) for some j and all Borel U, then

moh =n.

Proof. Fix 7 < N, and a Borel U C I;. Then
m o h(U) = n(h™"(h(U))) = n(h™ (h(V)) N I;) = n(U),

as claimed. O

Given 8 > 0, each ¢o, € S, 5(7;”) restricts to a sequence ¢; := ¢o, 0 Vj o0 €
Sa,5,(T(Ep,)) such that ¢j41 01 = Gos 0 j41,00 0 V) = hoo © Voo = ¢;. In light
of Theorem this sequence corresponds to a sequence of probability measures
{m;}32y on T satisfying m; = m;1(p~'(-)). By Lemma|6.1.7, we can characterise
mj+1 based on mj;.

Using the characterisation of the KMS states of T (Ejp,) in terms of an ¢; €

M(Eq) as in Theorem [5.1.11 we obtain
(1—ePAp, ) e =1 —e P A )7 e ().
Hence,

er(p7() =1 —e P Ap )(1- B_ﬂjAEej)_lﬁj

[e.e]

k=0

Since the Ap, pairwise commute, we also have
J

&= —ePmAg )1 —eiAg, e ()
n?—1
= (1= HmAg, ) 1Ay, (S e trrar e ()
k=0

[y

= YA a7 ()

0j+1
0

3

i
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i
L

=D e (T () o (6.2)
0

i

For j € N, we define
27
I = {z € T: Arg(z) € [0, H) } (6.3)

We also use the notation

I'&n(’ﬂ‘,p) = {(2j)jen | z; € T and z; = p(z;11) for all j € N}.

This, of course, is the topological solenoid.
We will prove in Theorem that this space is homeomorphic to the bound-

ary of S, 5(7T;”), assuming a positivity condition.

Notation 6.1.8. Fir z = (z)i2y € Im(T,p). Let {€21}rey De the sequence of
measures such that

€0 :=(1— 6_50)5%,

where 0, 1s the Dirac measure based at zy; and for k > 1, €, is the measure on

T such that
ex(U) = Z <€_606370 o r&j(U Nz ) — e PtPie qorto TO_j(U Nz, - ]k)>
=0

for all measurable U C T.

We denote by ¢. o the element of Sa.. 5(T;”) such that ¢ o 00 = @, ,, for
¢Ez,k = Sa,ﬁk (T(E9k))

We will assume that for z € I‘Ln(']l‘,p), the sequence of measures (€,1)5, s a

sequence of positive measures. We will call this the positivity assumption.

We will proceed with the analysis as if the sequences of measures in question
were positive, and clearly state where this assumption is being used. By construc-

tion of Notation |6.1.8} for 2 € @(T,p) and j € N, we have

(,bz,oo © zbj,oo = ¢ez,j = ¢ez7j+1 © wj-
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;‘;0 satisfy the hypothesis of Proposition |6.1.4}

SO’ (qbez,j)

We are now ready to state the main theorem of this thesis. In an attempt

to make the statement self-contained, so we will explicitly recall all the standing

notation we have been using, and state all assumptions.

Theorem 6.1.9. Fix n € N such that n > 2, and let p : T — T be the map
p(z) = 2". Fiz a sequence (k;);2, such that k; € {0,1,--- ,n* —1}. Fiz 6y € [0,1)
and inductively define n*0;,1 = 0; + k; for all j € N. Let o; : T(Ep,) — T (Ep,.,)
be as in Notation and let T;” denote the direct limit li_n}('T(Egj), V;). Let a
be the dynamics on T;” described in Proposition . Assume that the positivity
assumption of Notation holds.

Fix > 0. There exists a continuous injection I : @(T,p) — Su 5(T57) such
that

[(2) = 20,

where ¢, o 15 the KMSs state introduced in Notation under the positivity

assumption. Moreover, I' is a homeomorphism of the solenoid onto the boundary

8804007/3(7;y) .

Before we prove this theorem, we require some technical estimates. It should
be noted that the measure m in the following lemma may not be rotationally

invariant.

Lemma 6.1.10. Let f € C(T)". Let m be a finite measure on T, and for
w € T, let R, be the map z — wz. Suppose that there exists C' € R such that

UTfORwdm| < C forallw e T. Then
- — —B; 1—|—@_BJ'
/de((l — e ﬁoAEeo) (1—e BJAEQj)m) = 1—efbo

Proof. Using the series expansion of (1 — e ?Ag)~!, we have

(1 _ e_ﬁjAEej)(l i e_BOAEQO)_lm — Z 6_50kA%90m _ e_(ﬂj+60k)AlE‘goAE9jm'
k=0
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We also have

/fdA%gm:/forl_kdm

Since 7"[ = R 2ixe,, , our hypothesis implies that for [ € N, we have ‘ fT f dAEe m‘

e nl

C'. Similarly, we have ‘ Jo f dAg,, AEelm‘ < C. Therefore,

[ rat = eban )0 - b ag,)
< Z < —Fok

< Z e~ Pokr 1 o= (Bit+Bok)
k=0
14+e b

T 1-—eh

/fd (A%, '—i—e (B -+bok)

/fd AE Ag, m >D

as we aimed to show. O
We require another approximation (see Lemma [6.1.12)), which also requires

some preliminary technical results.

Proposition 6.1.11. Let X be a compact Hausdorff space, and let m be a finite
Borel measure on X. Then there exists a sequence {m,}°°, of finite linear combi-

nations of Dirac measures such that m, — m, in the sense that for all f € C(X)

/demn—>/xfdm.

Proof. 1f m(X) = 0, the statement is trivial, so we will suppose otherwise. Fix
a sequence f; € C(X), such that {f;:7 € N} = C(X). For each z € X, let
B(f(z), #(X)) denote the open ball centred around f(x) of radius —==, and de-
note Uy := i<y i (B(f(2); #(X))) Since X is compact, we can choose finitely
many x; such that X = U‘](” Up;m- Let Vo = Usym \ U Uy, n- By construc-
tion, the V., are disjoint Borel sets and cover X. Let m,, := Z (Ti) m(V n)éxj.

Then

J(n) J(n)
() = 3 m(Vey) = (U Vi) = m(X)



We have for each n € N, i <n and j,

frdma— [ fidm| <

2
| m(Va,0)
Vajn Vajn m(X)n

SO

J(n)
‘/Xfi dmn_/Xfi dm‘ < ;ﬁm(‘/@j,n) = %

Fix € > 0, and let ¢ € C(X). Then there exists some ¢ € N such that

g — filloo < Fmc5y- Choose n € N such that n > max{2,i}. Then

‘/ngm—/xgdmn S’/ngm—/xfidm)+‘/Xfidm—/xfidmn
+ /Xfl-dmn—/ngmn

3 n 3

Hence m,, — m as claimed. |

Lemma 6.1.12. Let E be a topological graph, fix § > In(p(Ag)), ¢ € Sas(T(E)),
ai,---a; € T(E), and C > 0. For each v € E°, let ¢, be the state of Fqua-
tion (5.16). Then there ezists a finite set V. C E° and scalars {c, : v € E°}
satisfying oy o = 1 such that

(sb(az-) =) cvdu(a)|< C (6.4)

veV

fori<j.

Proof. Fix C' > 0. For each 7 < j, there exists a finite collection of elements x;; €
X(E)®™i y; € X(E)® such that F, = S 1L§Té (ml,)bi(E)(y“)* satisfies
la; — F|| < §. Let J; := {l : my; = ny;}. If J; = 0, then ¢(F;) = 0 for all
¢ € Sup(T(E)) by Theorem [5.1.3] Suppose that J; # 0.
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By Theorem [5.1.11], there exists a unique Borel measure ¢ on E° such that
¢ = ¢.. The operator (1 — e PAg)~! has finite norm since it is invertable. By
Proposition there exists a finite set V C E° and a set of scalars {c, v €
V and ¢, € [0,1]} with >~ i, ¢, = 1 such that

)/Eo<yl’i’xl’i> de — Z/EO (Yuis 1) d<cv< Z e—ﬂ|u|>—151]>

pneE*v

- C
3|1 = Ag)~H|[ i

for each ¢« < jand [ € J,.

Now, we have

[9(a) = > cuular)

veV
S ‘Qs(az) - Cv¢v Cv¢v z - ch¢v(ai)
veV
<2|la; = Bl + |o(F) —chcm(F (6.5)
veV
20 —Bmy ;i
< ? + € " ¢(LC(E°)(<yl,i7 $lz>)) - Z Cv¢v(LC(E0)(<yl,z‘, xlﬁ))‘
led; veV
< _ + Z _5ml i
led;
<C,

as claimed. If J; = (), we have |¢(a;) — Y oy codu(@)| < 2|la; — F|| < % from
Equation (6.5]). O

The following lemma is required to prove surjectivity of I' onto 98, 5(7;”),
given the positivity assumption of Notation [6.1.8] The implication here is the

boundary of a simplex is not unique — which should raise some eyebrows.

Lemma 6.1.13. Assume positivity assumption of Notation[6.1.8 holds. Take w €
T =FEy, k€N and fir > 0. Let ¢, € Sap,(T(Eg,)) be as in Equation (5.16)).
There exists J € N, such that for each j < J, there exists z; € I'Ln('ﬂ‘,p) and
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{c;}_1 €10,1] satisfying Z;']:1 ¢j =1 such that

J

Z CjF(Zj) © 1/}k,<>0(a) = gbw(a)

J=1

for all a € T(Ey,).

Proof. For w € @(T,p), [(w) 0 ¥j00 € Sap, (T(Ep,)) for each j € N. Let m; €
MY(T) be such that for all f € C(T)*, ['(w) o ¥;oc(tem(f)) = Jp fdm;. Let
€j = (1 — e‘ﬁjAon)mj.

From Equation (6.2)), we find

nk—1

Q=Y e PIAL am ().
j=0

Now, if €, = (1 — e~#%)§, for some z € T, then

nk—1

(1—e” Ze'gwé () o

Choose w € p~*({z}). Then §,, = §.(p~*). Hence,

nk—1
€0 = Z (e—b’kj e Br(+1) )6, 0 Tk
nkfl
= (e —Bri _ e_ﬁk(]+1))5ri(w)
j=0

n®—1 i ;

B (e—ﬁkj _ e—ﬁk(ﬁ'l)) 3

- el Gl L)
=0

Choose z; = (21)2y € Jm(T, p) such that z; = 7 (w) and z € 24 - I;. Then

k_ . .

Z 1 — e—Fo F(ZJ) © 1/}16,00 = ¢(17e*3k)62 =¢. € Sa,ﬂk (T(E9k>)7

J=0

which is what we wanted. O
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Proof of Theorem[6.1.9. Suppose that z = (z;)32,,w = (w;)2, € Wm(T, p) are
distinct. Then there exists k € N such that 2z, # wy. Hence €, # €, since the
set I}, of Notationsatisﬁes 2k I # wi- Iy, Therefore ¢, o 0V 0o # P00 ©WVk 00
by Theorem [5.1.11} So I' is injective.

To show that I is continuous, fix § > 0, z = (2;)32, € @(T,p) and a € T;”.
Let zp = (21,)72 — 2z as k — co. Choose finitly many z; € X(Ep, )®" and y; €
X (Ep,)®" such that F := Y, ¥k (L?}}(LEGK)<xl>L§i(lE9K)<yl>*) satisfies [ja — F|| < .

Let J = {l : hy = i;}, and for each [ € J let F; := ¢K,oo(bc(EgK)(<yl,$l>)>-
Linearity and the triangle inequality imply that

G20 (F) = Gaoa(F)| < e P

leJ

Ouno( 1) = 620 (1)

We assume that J # (). The case where J = () is a special case to be discussed
later in the proof. Since T is compact, (y,2;) is a uniformly continuous function
for each [ € J. Then, for each [ € J, there exists x; > 0 such that for any z,w € T
satisfying |z — w| < x; we have

(1 —e )25
6(1 4 ePx)|J|

[(y, 1) (2) = (yo, w) (w)] <

Let k = min{k; : [ € J}, and for w € T, let R, : T — T be the rotation map such
that R,(z) = wz. Since z; — z pointwise, there exists L € N such that for k > L,
|20 — z0%| < K, and hence |R,(20) — Ry(20%)| < k for all w € T. So, for k > L,

(1 —eP0)%5
(1+ePx)|J|

(6.6)

/<yl7xl> o Rw d<€zk,0 - 62,0) < 6
T

for all w € T. The measure ex satisfies

oo
“Ky _ —foj —j | —(Bx+Boj "
) _ (6 /3036270 ory? 4 e (B 60])€Z70 org? org )

j=0

from Equation (6.2). Hence for each Borel U C T,

ex0(rg”) (0" (U N2k - I))

M

Il
=)

EzjK(U) =

J
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+ e OtNe, o (rg? (r) (0™ (U N 2k - Ii))
1—67[30 <25J(Zo UﬂZK [K))
+ e*(ﬁKJrﬁOJ)&Tg(TK(ZO))(pK<U N zf - [K))>

For f € C(T), we then have

—Boj § . (5K+5 )
/deZK = /ZK » f op d ( Z ( 0]57“6(20) v 5”( TO(ZO))>>

Jj=0

B —Bojs . —(Br+Poj) .
/fd(l e ) Z(e 0]67“6(20)+6 K+Poj 5TK(T(J)(20))>>

=0
= < —Boj / f o R6217r0 dez ,0 + e ﬁK—i_BOJ / f o R e2im(05+0 ) dEZ 0)
7=0

Hence, for [ € J,

¢z,oo(E) - ¢(zk,w(E)’
[ o) s = e
T

<Z( —Boh

+ e—(50h+ﬂk)

/ Yr, 1) © Rezinon d(1 — e*BKAEGK)(EZ@ —€,.0)

/H:<yl7 'Tl> o R€2i-rr(9h+n2LK) d(l — 6_5KAE9K)(€z,O - Ezk,O)

).

(1—e=P0)2§

We know from Equation . ) that UT@l’ x7) d(ez0 — ezk,0)| < Sy PRy SO ap-
plying Lemma |6.1.10{ with C' = %?)Iil we obtain

[ A1 = e A5, ) (1= An ) e = )

< Z e Poh + e*(ﬁothﬁK)C'
h=0
2C
S{_oho
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Hence

2 1+ePx (1 —e )25
l—efo 1—ebo 6(1+ebx)|]|
4
REE

¢z,oo(E> - (,bzk,oo(E) <

by Lemma [6.1.10 Then

‘¢z,oo<Q) - (bzk,m(a)‘
< 92,00(@) = G200 ()] + (92,00 (F) = Py o0 (F)| + @200 (F) — 2y 00(a)|
<2lla=Fll+ 3 e o, oo (F) = 6-el(F)

leJ
e~ Brhi§

2
<3 T3

leJ

< 4.

In the case where J = (), we have |¢, o(F) — ¢, (F)| = 0, so the above calcula-
tion yields |¢ 00(a) — ¢z, 00(a)] < 2 < 4, so the map T is continuous. Since T" is
injective and 1'&1(']1‘, p) is compact, I' is a homeomorphism onto its range.

Next we show for any ¢ € S, 5(7;”), there exists a sequence {¢;}jen €
conv(F(l'&n(T,p))) such that ¢; — ¢ pointwise.

Fix ¢ € Sa.p. Since each T(Ep,) is separable, there exists a sequence
(aij)20 € T (Ejy,;) such that {a;;: 1 €N} = T (Ejp,;). Given that we have a count-
able collection of dense sequences in (2, ¥j00(7 (Ep,)), a standard diagonal ar-
gument then shows that there exists a sequence (a;)72 € Uyen Yr,oo (T (E)) such
that {a; : j € N} = 7;7. For each j € N, there exists N; such that aj,--- ,a; €
¢Nj,oo(7-(E9Nj )). Applying Lemmato the preimages of ay, - -+ ,a; € T(EQN]_)
and Lemma we see that there exist z,; € Im(T,p) and ¢;; € [0,1] with
Y. ¢ij = Lsuch that ¢; := ). ¢; ;I'(2; ;) satisfies

1
’(bw(al) - ¢j(al)| < ;
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for [ < 5.
Fix a € T;7 and § > 0. Since {a; : j € N} is dense, there exists J € N such

that |la — as|| < 2. Now, for j > max{J, 3},

|05 (a) = &(a)] < [Puc(a) = duo(as)| + |¢oc(as) — @j(as)| + |¢5(as) — ¢;(a)

< 2|la—ay| + [¢o(as) — ¢j(as)|

LI
3 J
< 0.

Hence, ¢; — ¢ pointwise.

We have just shown S, 5(7,”) = W(F(@(T,p))). By the Krien-Milman
Theorem ([51, Theorem 3.23]), S, 5(7;”) = conv(9S... 5(T;”)), so it suffices to
show that for each z € @(T, p), the image I'(z) is an extreme point.

Fix z € @(T,p), and suppose that for all a € T;7, we have ['(2)(a) =
flgl(T,p) ['(w)(a) dQ(w) for some Q2 € Ml(l'&n('ﬂ',p)). We then have

0= / (T(w) = T(2))(a) dQ(w).
Yo (T.p)

for all @ € 7,;7. In particular,

0= /IE(T7P)<F(w> - F(z))(wj,oo(b?é’EEgj)(:c)L?;l(Eej)@)*)) dQ(w)

—al
— [ (@) = TE)Bae ™ b ecn((:2) 4
Ym(T,p)
for all j € N, x € X(Ep,)®", y € X(Ey,)®". In particular, this happens for all
f € C(T)". Hence Q = 6,. Hence I'(z) € 88, 4(7;”), and so I'(im(T, p)) =

Corollary 6.1.14. Resume the notation of Theorem[6.1.9, including the positivity
assumption of Notation[6.1.8.
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1. For B >0, I induces an affine isomorphism I, : Ml(@(T,p)) = S s(T77)
such that

r.(Q)(a) = / 6o o(a) ADU2).

Yo (T.p)
for Q e M%l'&n('ﬂ',p)) and a € T, .

2. If Oy & Q, then S, o(T”) consists of a single trace.
3. For 3<0, Sa.s5(T;7)=0.

4. For B #0, Su_s(A7) = 0. If 6y € [0,1)\ Q, then there exists a unique
¢ € Suo(T;”) that factors through to Ay .

Proof. We begin by showing (). Fix Q € Ml(@(’ﬂ‘,p)). Then for analytic
a,be T,

I()(ab) = / L fuecla) 40:)

= / (bz,m(baiﬂ,oo(a)) dQ(Z)
Yo (T.p)

= F*(Q)(baw,oo(a))a

which is the KMSg-condition of . Since integrals are linear, I, is affine.

By Proposition , So0(T;”) # 0. When 6, is irrational, for each j € N,
0; ¢ Q, and so S, (7 (Ly,)) contains a unique trace by Corollary . Hence
Sa.0(T;”) consists of a unique trace ¢, and so (2)) holds. Moreover, for each j € N,
b; € Sao(T (Ey,)) factors through to S, (A, ), so ¢ factors through to Son0(AY),
which is .

Finally, since S, 3(C*(Ep,)) = 0 for § # 0, Sa5(A7) = 0 for 3 # 0 by
Proposition , as claimed in . U

Observation 6.1.15. It has come to the author’s attention that the sequences of

measures in Notatz'on are not positive. To see this, fix z = (2;)32, € I'&D(T,p),
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and fiz 0y € [0,1)\Q. Inductively define 0 = (0;)52, as described in Notation|6.1.1]
Then
€1 ({2 Z ( be00re ({2 20} N 2 - 1)
7=0
e BRI o ol ({20} ) 2 - ]k)>
=0—e M

= ¢,

Hence, the measure €, is not positive. So, the sequences of measures in Nota-
tion[6.1.8 are not sequences of positive measures. Example will demonstrate

why this is such an important property.

Example 6.1.16. Let E be the following directed graph.

Fix 8 > In(p(Ag)) = 0. Consider the measure € on E° such that e({w}) = 1 and
e({v}) = e #. Then

-1

(1—ePAg)te= = ,
—e 1 —e P 0

which is a probability measure on E°. Hence, for pu,v € E*,

3e(S,82) 1=, e P ((1 _ e’ﬂAE)’le>

s(w)

is a linear functional on 7 (F) such that ¢.(1) = 1. However, if ¢ was a KMS state,
then the resulting state would satisfy the subinvariance condition of Theorem|5.1.6]

However,

0 1
A NECINE
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where the inequality denotes the operation applied pointwise, and so are not subin-

variant. Hence ¢, ¢ So (7T (E)).

Obervation [6.1.15] seems to indicate that if S, 5(7;”) is nonempty, then we
require that the KMSg state restricts to a sequence of rotationally invariant mea-
sures. Of course, there is only one invariant measure on T — the Haar measure.

This leads us to the following conjecture.

Conjecture 6.1.17. Resume the notation of Theorem[0.1.9, except for the posi-
tivity assumption of Notation . For 8> 0, Sa.5(T;”) consists of a unique
state ¢, such that for j € N, x € X(Ep,)*", y € X (Ey,)®",

6 005 (1 @0k 007 = Bt [ Sy} (#0) 41 = € )m(o),

=0

where m s the Haar measure.

It appears that the analysis required to prove this result is vastly different from

the course undertaken, and will be a project for future inverstigation.
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Appendix A

Projective Limits and Direct

Limits

A.1 Projective limits and Direct Limits

In this section we provide a brief overview of projective sequences of locally com-
pact Hausdorff spaces, as well as direct limits of commutative C*-algebras. We
include the necessary notation to follow Chapter [3] For a more detailed approach,
to projective limits, see [20, 53], and for more on direct limits of C*-algebras, see

[41], 48]

Definition A.1.1 ([53, Definition 29.9]). A projective sequence is a pair of
sequences (X;,1;)2,, such that for each i € N, X; is a locally compact Hausdorff

space, and V; : X;11 — X; is continuous.

Definition A.1.2. Let (X, ;)2 be a projective sequence. A projective limit
is a pair (X, V), where X is a nonempty topological space and U = (V;)°, is

a sequence of continuous maps V; : Xo — X; such that U; = 1p; o W, 4.
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Theorem A.1.3 ([53, 29 C], [20, §24 Proposition 14]). Let (X;, 1), be a pro-

jective sequence. Then define
Nm (X, ;) = {(ifz')fio | zi € X; such that x; = %’(%‘H)};

and for each i € N, U, : @(Xi,wi) — X; by \I/Z((x]);’ozo) = x;. Then the pair
(l'&n(Xi, V), V) is a projective limit for (X;,1;)2,. Sets of the form

Z(U,n) == {(2:)2 | U C X,, is open and z,, € U}

form a base for the topology on l'&n(Xi7 Y;). The pair (lgl(Xz,%), \I/) is universal

in the sense that if (X, ®) is another projective limit for (X;,1;)2,, then there

exists a continuous map m: Xy — ELH(X@ V), such that Firgure commutes.
If ¢ is a sequence of continuous surjections, and X., 1S compact, ™ 1S a con-

tinuous surjection.

Figure A.1: Theorem

We call (@(Xi,z/zi),‘ll) the projective limit of (X;,;), because of the

universal property.
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Proposition A.1.4 ([20, §24 Proposition 13]). Let (X;,1;)2, be a projective se-
quence of Hausdorff spaces. The space @n(Xi, W) is closed in the induced topology
inherited from 1152, X;.

Theorem A.1.5 ([53, Theorem 29.13]). Let (X;,1)2, be a projective sequence
such that for each 1 € N, X; is compact and ; is surjective. Then @(Xz’ﬂ/}i) 18
compact. Suppose that (X, @) is another projective limit of (X;,1;)2,, in which
each ¢; : Xoo — X; is surjective. If X is compact, then w: X — @(Xi,wi) is

a surjection.

Definition A.1.6 ([41, Chapter 6]). A directed sequence (A,-,wi)zozo of C*-

algebras consists of a sequence of C*-algebras (AZ)Z and a sequence of homomor-

0
phisms ; : A; — Ajiq.
A direct limit is a pair (A, V) consisting of a C*-algebra A, and a sequence

of homomorphisms (V)32 such that V; = W;,, o1, for all j € N.

Theorem A.1.7 ([41, Theorem 6.1.2]). Let (A;,1)2, be a direct sequence of C*-
algebras. Then there exists a direct limit (ligl(Ai, i), \IJ) such that ligl(Ai, Vi) =
Uiz Vi(As), that is universal in the sense that given another direct limit (A, ®),
then there exists a homomorphism P : h_l’l;l(Ah ;) = Ao such that ®; = 05

for all j € N.

Proposition A.1.8 (|20, §66 Theorem 8|). Let X, Y be locally compact spaces, and
f: X =Y be continuous. Then f induces a homomorphism f* : Co(Y) — Co(X).
Moreover, if ¢ : Co(Y) = Co(X) is a homomorphism, then ¢ induces a continuous
map Y* : X =Y.

If X,Y, Z are locally compact spaces and f : X — Y and g :' Y — Z are
continuous, then (go f)* = f*og* : Co(Z) — Co(X). Similarly, if ¢ : Co(Z) —
Co(Y) and ¢ : Co(Y) — Co(X), then (Yo d)* =¢p* o)™ : X — Z.
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Theorem A.1.9. Let (X;,1;)2, be a projective sequence of locally compact spaces.

Then (Co(X5),¥7)2, is a direct sequence of commutative C*-algebras, and

Co(@(Xi, Y)) = hgﬂ(co(xi)ﬂﬁ)-

Proof. By Proposition [A.1.8] (Co(X;), 9;)2, is a direct sequence of commutative
C*-algebras, and has direct limit (lig(C’o(Xi),w;*), ®). Hence lig(C’o(Xi),w;*) is
a commutative C*-algebra, and therefore isomorphic to Cy(€2), for some locally
compact €2, by the Gelfand Naimark Theorem [41, Theorem 2.1.10]. By Proposi-
tion|A.1.8] each ®; induces a continuous map ®; : 2 — X, such that ®; = 0@},
for all ¢ € N. Then (Q,®*) is a projective limit for (X;,v;)2,. Hence, by
Theorem , there exists a continuous map 7 : 2 — l'&n(Xi,q/Ji), such that
¢ = U, om. So 7 induces a homomorphism of C*-algebras, 7* : CO(@(Xi, v;)) —
Co(£2), such that 7* o W% = &;. We have

_ * * * .
Qj=m"oW; =7" oWy 0Py,

for all j € N. Since |J;—, ®;(Co(X;)) is dense in hﬂ(C’o(Xi),zﬁ), 7 is an isomor-
phism. That is to say, Figure commutes. O
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Co(Xo) Co(Xj) —— Co(Xj1) —— -+ lim (Co (X), ¥7)

Figure A.2: Theorem
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