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Abstract

Mathematical modelling of tumour invasion and cancer development has grown dramatically in

recent years, with mathematics being applied to understand more complex and specific tumour

mechanisms such as angiogenesis and metastasis. One such mechanism that has gained atten-

tion is aerobic glycolysis due to the association of this mechanism with increased tissue invasion,

increases in angiogenesis and metastasis and some evidence suggesting it causes an increase in

chemoresistance. Aerobic glycolysis is an altered metabolism that results in the extracellular tu-

mour environment becoming acidic. This acidity has been hypothesised to be a mechanism for

invasion termed the acid-mediation hypothesis. This is the hypothesis that the acidification of

the tumour and surrounding microenvironment causes destruction of normal tissue ahead of the

tumour-host interface, removing competitive forces and allowing the tumour to invade. This the-

sis looks to develop mathematical models and methods for examining tumour invasion with these

models and methods being applied to the acid-meditation hypothesis. Through the examination

we hope to gain a better understanding of the implications of the acid-mediation hypothesis and

potential methods that can be used to counteract this invasion. Our analysis will also provide a

greater insight in to certain models for invasion and their limitations, as well as providing methods

for the analysis of similar models.
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Chapter 1

Introduction

As at 2012, the global risk of dying from cancer before the age of 75 was 10.4% and the risk of

developing cancer before the age of 75 was 18.5% [103]. We can therefore see that cancer

represents a significant health challenge for the world and that is why in 2008 the World Health

Organization launched its Noncommunicable Disease Action Plan which includes cancer-specific

interventions [208]. One of the key points of the plan is to coordinate and conduct research on

the causes of human cancer and the mechanisms of carcinogenesis. Mathematical modelling has

the capability to generate data, guide new research and understanding that would not otherwise be

possible via traditional biological research techniques. Mathematics has the capability to inform

researchers about what drives certain biological processes as well as distinguish between different

control factors that cannot be determined by intuition or observation.

The amount of mathematical literature concerning the modelling of cancer and tumour growth

has increased significantly in recent years and also developed in its complexity. Much of the lit-

erature concerns itself with solid avascular tumour growth and there is also a growing amount of

articles concerned with modelling the growth of vascularised tumours, angiogenesis and metasta-

sis, a key factor in malignancy. These mechanisms, along with many other aspects of cancer have

generated interest from the mathematical community. However due to the complex nature and

number of variables associated with in vivo tumour growth, the task of mathematically modelling

cancer still remains a monumental challenge.

Due to the overwhelming diversity of cancer it is only possible to provide a selective review

of the biological aspects of this disease. As such we will confine our discussion to some of the

biological aspects of tumour growth and cancer that are of particular interest to mathematicians.

This discussion will be a basic overview of different stages of tumour growth and an explanation

1



CHAPTER 1. INTRODUCTION 2

of mechanisms that drive them. There will then be a discussion of past and current mathemati-

cal models that have been proposed to examine the diverse aspects of tumour growth as well as

some discussion of the challenges that still remain. A discussion of a selection of mathematical

techniques relevant to tumour modelling and this thesis will then be presented.

1.1 Tumours and their characteristics

In vivo cancer growth is a complex phenomenon involving many interrelated processes with dif-

ferent types of cancers utilising their own unique combinations of biological mechanisms. As a

result there are a multitude of important processes utilised by invading tumours that can be char-

acterised. Here, summaries of biological characteristics of tumours that have particular interest to

mathematicians will be presented.

1.1.1 Avascular and vascular tumours

An avascular tumour is one in which the cell population has no direct connection to the vascular

system and as a result obtains all nutrients through diffusion from a nearby blood vessel. Due to the

natural limitations resulting from obtaining nutrients from diffusion alone the growth of the tumour

is very limited in this stage. In fact, tumours do not grow beyond two millimetres in diameter in this

phase of growth due to this limitation [29]. The avascular growth phase is the early stage of tumour

growth [34] which can be effectively studied in vitro by culturing three-dimensional multicellular

spheroids from cancer cells [56, 192]. Avascular tumours typically develop to have three different

cell layers that have a small amount of blending at their respective boundaries. The tumour will

have an outer layer of proliferating cells that are exposed to the highest concentrations, available

in this stage of growth, of nutrients required for normal cellular function. Hence the growth of the

tumour is driven by this outer layer of proliferating cells. Note that the thickness of the outer layer is

often small in comparison to the radius of the tumour spheroid. Below this layer is a quiescent layer

consisting of cells that are in a static phase due to the reduced availability of nutrients as a result of

consumption of nutrients by the proliferating layer. These cells no longer divide to generate new

cells but rather their population only increases if a proliferating cell transition to this static state. In

the centre of these tumours there exists a necrotic core made up of dead tumour cells that result from

the nutrients available for live cells decreasing below a survival threshold or through mechanisms

such as apoptosis. The necrotic core can often account for a majority of the tumour cell mass.



3 1.1. TUMOURS AND THEIR CHARACTERISTICS

Note that cells can transition between being proliferative and quiescent in both directions whereas

clearly the transition to necrosis is unidirectional. In Figure 1.1 the cross-section of an avascular

multicellular tumour spheroid is shown that clearly displays the different cell layers.

Due to the natural limitations associated to the avascular stage of growth, tumours utilise mech-

anisms, that are discussed in the following section, to advance to vascular tumours. This stage of

growth is, as the name suggests, when the tumour has obtained a direct connection to the vascular

system and as such has an almost limitless and abundant supply of nutrients. Hence removing the

impediments of low levels of nutrients experienced in the avascular stage, so much so that a vascu-

lar tumour can grow up to 16000 times the avascular size [25]. Whilst vascularisation of a tumour

can result in almost exponential growth, it does not necessarily imply that the tumour is malignant.

A tumour becoming vascular is however an important step in enabling a tumour to achieve malig-

nancy as this is required for the process of metastasis [34], a common trait of malignant tumours.

Hence much research is focused on preventing the process that allows tumours to transition from

the avascular to vascular stage; this process is known as tumour-induced angiogenesis. It was noted

that avascular tumours can effectively be studied in vitrowhereas the same level of confidence can-

not be assigned to in vitro analysis of vascular tumours due to the complex nature of the many

processes required in vivo [36].

1.1.2 Tumour-induced angiogenesis

In Chaplain and Anderson [35] it is explained that primary tumour growth is initially as a result of

division of cells. As is discussed in the previous section, this growth is limited by the availability

of oxygen and nutrients diffused from nearby blood vessels. In fact, for cells located further than

100µm from a capillary blood vessel, normal cellular function, survival and growth is uncom-

mon [89]. Therefore this stage of growth provides significant growth barriers and as such tumours

require further mechanisms to enable growth within the surrounding tissue. One such mechanism

is the production of angiogenic substances to encourage the growth of blood vessels towards the

tumour in order to obtain a richer source of nutrients than that obtained through diffusion alone.

Angiogenesis is the process of sprouting new blood vessels from existing ones [90], this is in con-

trast to vasculogenesis which is the process of birth of new endothelial cells and their assembly

into vascular tubes. It should be noted that inducing angiogenesis is a trait that is not unique to

tumours and rather it is a normal cellular function, however in tumours the way angiogenesis is

characterised is unique. Inducing angiogenesis is also a key component for tumours to transition
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Figure 1.1: Hemotoxylin and Eosin staining of an avascular human neuroendocrine multicellular
tumour spheroid section (c by Monazzam et al. [143, Figure 9])

http://creativecommons.org/licenses/by/2.0/legalcode
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from the avascular stages of growth to the vascular stage and furthermore to achieve malignancy.

Angiogenesis is an evolution that occurs very early in the development of cancers. This has been

shown by analysis of premalignant lesions including dysplasias and in situ carcinomas revealing

early activation of angiogenesis [88, 170], however activation of the “angiogenic switch” can occur

at any stage of tumour development [18].

In normal cells the angiogenic switch is only turned on when required, meaning normal an-

giogenesis is a well-regulated and transitory process leading to a well-ordered vasculature. In

contrast, during tumour growth the angiogenic switch is almost always on. Therefore, as described

by Hanahan and Weinberg [90] and the references therein, tumour vasculature is marked by pre-

cocious capillary sprouting, complicated and excessive vessel branching, distorted and enlarged

vessels, abnormal blood flow, microhemorrhaging, leakiness, and unusual levels of endothelial

cell proliferation and apoptosis. One advantage, for the tumour, of this irregularity and leakiness

in the vasculature is that it enables metastasis by making it easier for metastatic cells to enter the

vasculature [46]. Now in the case of tumours, the angiogenic switch appears to be regulated by

encouraging mechanisms that induce angiogenesis and suppressing measures that oppose angio-

genesis. A prominent angiogenesis inducer is vascular endothelial growth factor-A (VEGF-A).

The genes that regulate VEGF-A work by encoding ligands that manage the development of new

blood vessel growth in embryonic and postnatal development, in endothelial survival and in phys-

iological and pathological situations in adulthood [90]. Such physiological and pathological sit-

uations in adulthood include tissue-repair and wound healing [7]. The VEGF gene expression is

commonly upregulated by hypoxia and oncogene signalling [32, 46, 65, 130] leading to high pro-

duction of ligands that promote angiogenesis in tumours. A common inhibitor of angiogenesis is

thrombospondin-1 (TSP-1) which works by binding endothelial cells’ receptors which causes sup-

pressive signals to counter the signals that promote angiogenesis. Experiments with cultured cells

from Li–Fraumeni patients show that tumour cells display a decline in TSP expression [86] and

hence a decrease in the suppressive angiogenic signalling. Hence it can be seen that a combination

of increased promotive and decreased suppressive chemical signals are produced to cause far more

unregulated blood vessel development in tumour populations to enable invasion through greater

availability of resources and increased ability to metastasize.
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1.1.3 Metastasis

Metastasis is the mechanism in which primary tumour colonies disseminate cancer cells to distant

tissues where those cells subsequently adapt to these foreign tissue microenvironments and form

secondary colonies at these sites. The process of invasion and metastasis is often described by a

series of distinct steps known as the invasion-metastasis cascade [193, 196]. The series of steps

starts with local invasion by the primary tumour, then intravasationa of cancer cells into nearby

blood and lymphatic vessels, then transport and survival from immune clearance of these cells

through these systems until the extravasationb of these cells into secondary tissue sites, the cells

then form small nodules of cancer cells (micrometastases) and then undergo the final step, known

as colonisation, in which the micrometastases grow into macroscopic tumours.

Successful colonisation does not necessarily follow from cell dissemination as in many pa-

tients micrometastases have successfully disseminated but never develop into secondary tumour

colonies [141, 193]. However some tumours produce suppression factors that make micrometas-

tases dormant as shown by the sudden metastatic growth after removal of the primary tumour [52].

Other forms of cancer may remain dormant for a period of decades until such time as the mi-

crometastases have adapted to the foreignmicro environment and successfully colonise [12]. Metastatic

dissemination is traditionally thought of as the final stage of tumour development, however there

is evidence of early stage tumours disseminating cells with premalignant lesions in both mice and

humans disseminating cells [39, 111]. Whilst there is evidence of early dissemination, the evidence

is lacking for the ability of these cells to colonise in secondary locations.

Most disseminated cancer cells are unlikely to be adapted to the microenvironment they travel

to and as such will need to develop adaptations if they are to colonise [87]. The adaptations will

be determined by the type of disseminated cell and the microenvironment to which the cells have

travelled. Certain disseminated cancers may be better adapted to certain tissue microenvironments

which contributes to why some cancers have a predisposition to form secondary colonies in partic-

ular sites, e.g. colorectal and pancreatic cancers typically metastasise in the liver and lungs [147].

These secondary tumours may then begin a process of metastasis and due to the specific adapta-

tions of the tumour cells may reseed the location of the primary tumour. As such the successful

progression of the primary tumour in this environment may not be from usual tumour invasion

mechanisms but rather from emigrants that have returned to the initial tumour location [109].

aThe invasion of cancer cells through the basal membrane into a blood or lymphatic vessel [196]
bEscape of cells from the lumina of blood or lymphatic vessels [90]
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Whilst the process of metastasis can be effectively described by this series of systematic steps

and the physical behaviours that occur are well understood, many of the underlying mechanisms

that govern metastasis are less well understood. This area of research represents what is still an

emerging field, however there have been some significant steps made in determining important

mechanisms governing metastasis.

1.1.4 Enhanced ability to sustain growth

Tumour cells utilise a combination of mechanisms that enable the populations to sustain acceler-

ated growth. This includes mechanisms that both increase creation of new cells and decrease cell

death. A fundamental trait of tumours is sustained proliferative signaling [90]. In normal cells the

production of growth promoting signals that instruct cells to begin a cell-division (mitosis) cycle

is a well-regulated process where cell growth has a high dependence on exogenous growth promo-

tion factors. Due to this external dependence the mechanisms controlling mitogenic signalling of

normal cells are poorly understood. Tumours deregulate this process to decrease their dependence

on external signals and subsequently produce many of their own growth promotion signals [89]

thus liberating them from their dependence on the normal tissue microenvironment. Furthermore,

these signals often influence other cellular properties such as cell survival and metabolism [90].

Interestingly, since the mitogenic signalling controlling tumour cells are far more internalised the

mechanisms underlying this are better understood [17, 61, 80, 101, 119].

Cancer cells achieve independent sustained proliferative signalling by utilising a number of

techniques. The tumour cells may produce the growth factor ligands themselves resulting in self

stimulation. Cells may also signal normal cells in the tumour stroma to produce growth promotion

factors that are supplied to the tumour [37]. Tumour cells may also increase the number of cell

surface receptors that respond to growth signalling making them far more responsive to lower

amounts of growth factor. Cancer cells also sustain proliferative signalling by disrupting negative-

feedback loops designed to dampen and regulate various types of signalling.

Sustained proliferative signalling is not without costs: studies suggest that excessive signalling

can provoke counter measures from cells such as inducing senescencea and apoptosisb [40, 129,

216]. Due to this response to excessive growth signalling, oncogenic signalling may represent

either a compromise or an optimisation between maximising mitogenic signalling and minimising

anti-proliferative responses [90]. Some tumours however avoid this requirement by reprogramming
aThe process of cell aging and degradation where cells enter into an irreversible non-proliferative state
bProgrammed cell death
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the mechanisms governing senescence and apoptosis.

The process of avoiding cell death is another mechanisms by which tumours enhance their

growth. Apoptosis is induced by stresses such as elevated oncogene signalling, DNA damage

and excessive proliferation [216]. By avoiding apoptosis a single tumour cell has the potential to

undergo far more cycles of mitosis thus generating a far greater number of daughter cells with the

same resistance to apoptosis. Hence this avoidance of apoptosis is often found in highly malignant

tumours that are resistant to therapy [1, 120, 129]. This avoidance of cell death is closely related

to cells becoming immortalised.

A further part of the story around tumour’s enhanced ability to sustain growth is to transition to

immortalisation. Most normal cells have a limited number of mitosis cycles, where this limitation

occurs as a result of senescence and apoptosis. Should cells reproduce excessively they first enter

into senescence and then, for cells that avoid this, they enter into apoptosis in which a large ma-

jority of the cell population dies. Should cells survive this crisis phase they can exhibit unlimited

mitogenic potential and are seen as having transitioned into immortalisation. This transition to

immortality is associated with the ability to protect telomeres on the ends of chromosomes which

in turn prevents damage to chromosomal DNA caused by end-to-end fusion [23, 41, 184].

Tumour cells not only enhance growth by increasing growth promotion signals, they also de-

crease and evade growth suppressing signals and mechanisms. Many of these growth suppression

programs are as a result of tumour suppressor genes that operate in various ways to limit cell growth

and proliferation. These suppressor genes encode proteins that operate as part of the cellular cir-

cuitry that controls the decisions to proliferate, or to activate senescence or apoptosis [90].

1.1.5 The Warburg effect

A common characteristic of observable solid tumours is a lowered extracellular pH when com-

pared to that of normal tissue [33, 158, 202, 203]. Normal tissue typically exhibits pH levels

of 7.4 [81, 191] whereas tumour tissue has been observed regularly with an extracellular pH as

low as 6.3 [33, 158]. It has been speculated that this lower than normal extracellular pH is a key

mechanical reason for the malignancy and morbidity associated with tumour development [203].

This lowered extracellular pH is caused by an increased reliance on the process of glycolysis (lysis

of glucose) for energy production. Normal cellular tissue relies primarily on the process of mi-

tochondrial oxidative phosphorylation (MOP) to generate adenosine 5’-triphosphate (ATP) which

corresponds to energy produced [200]. Whilst normal tissue can utilise the process of glycolysis for
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ATP production, MOP is favoured since this is a far more efficient mechanism than glycolysis with

complete MOP producing 36 ATP per glucose molecule whereas glycolysis produces only 2 ATP

per glucose molecule [73, 200]. As such normal tissue tends to only utilise glycolysis when rapid

energy production is required or there is insufficient oxygen to produce the energy requirements

such as during strenuous physical exercise. Glycolysis involves first the conversion of glucose to

pyruvate and then this is converted into lactic acid. In most mammalian cells, glycolysis is inhibited

by the presence of oxygen as this enables cell mitochondria to oxidize pyruvate to carbon dioxide

and water and hence not produce lactic acid. Conversion of glucose to lactic acid in the presence

of oxygen is known as aerobic glycolysis or the “Warburg effect”, named after Otto Warburg who

made the observation of the distinct metabolism of cancers in 1924 [203, 204]. See Figure 1.2 for

an illustration of MOP and glycolysis.

Interest in glycolysis and cancer metabolism has waned over the years since its initial discovery

however more recently there has been a resurgence in research and interest in this phenomenon.

A primary example of this is the inclusion of glycolysis as part of the “Hallmarks of Cancer”

described by Hanahan and Weinberg [90], noting that it was absent from the previous list provided

by the same authors 11 years earlier [89].

Figure 1.2: Mammalian cell glucose metabolism (Reprinted by permission from Macmillan Pub-
lishers Ltd: Nature Reviews Cancer [73], copyright 2004)

http://www.nature.com/nrc/index.html
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Due the fact that glycolysis is far less efficient at ATP production per glucose molecule than

MOP it seems, on the surface, counter intuitive that tumours would have such an increased reliance

on glycolysis to meet their ATP production requirements. However as noted in [204] the rate of

MOP in cancer cells remains within a standard error to that of normal tissue and rather the rate of

aerobic glycolysis can be up to ten times higher than that of the normal tissue such that for every 13

glucose molecules taken up one is used forMOP and the rest are processed using glycolysis causing

an additional 24 ATP to be produced in the same time period. This results in a large uptake of glu-

cose which allows cancerous tissue to be imaged by positron-emission tomography (PET) using the

glucose analogue tracer fluorodeoxyglucose (FdG) [68, 91, 199, 205]. As a result of this behaviour

a definitive explanation of the Warburg effect still eludes the biological community. The primary

speculation for the cause of the Warburg effect is that it provides an evolutionary advantage to that

of the neighbouring cells that utilise primarily MOP. This speculation is made as carcinogenesis

can be describe by somatic evolution in which phenotypical adaptations occur due to factors such

as barriers present in the microenvironment [24, 26, 61, 74, 75, 118, 190]. Various hypotheses have

been provide as to what evolutionary advantage this provides and as to the conditions that form this

evolution. Gatenby along with other authors have proposed that this evolution to aerobic glycolysis

is the result of an adaptation to intermittent hypoxia in pre-malignant lessions [73, 74, 78]. This

hypothesis suggests that this evolution initially occurs as a result of lowered oxygen conditions in re-

gions of the host tissue and as such cells that have a greater capacity to utilise glycolysis will survive

and therefore this trait will be passed on to subsequent daughter cells. After subsequent repetitions

of this process the cells that are left represent cells that exhibit the Warburg effect. Gatenby further

hypothesised that due to the production of lactic acid as a byproduct of glycolysis, the cells that

have evolved require a resistance to apoptosis caused by acidosis, giving a competitive advantage

over cells without this resistance to acid in the extracellular environment [71, 73, 74]. Furthermore,

the lactic acid produced by aerobic glycolysis diffuses into the surrounding normal tissue creating

an inhospitable environment for normal cells, which subsequently causes the destruction of these

normal cells. Hence, this reduces population competition for the tumour cells resistant to acid and

allows cellular invasion, this is known as the acid-mediation hypothesis [60, 63, 71, 140].

The proposed hypothesis that theWarburg effect is caused by intermittent hypoxia is challenged

by Vander Heiden et al. [200] since cancers have been shown to develop this unique metabolism

prior to exposure to hypoxic conditions. Examples of this include leukemic cells that reside within

the bloodstream at high oxygen levels yet are still glycolytic [58, 83] and lung tumours in the air-
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ways in highly aerobic conditions which still exhibits the Warburg effect [38, 148]. Due to these

observations it has lead to the hypothesis that aerobic glycolysis is utilised to meet the energy re-

quirements for cell proliferation [200]. This hypothesis is derived from noting that many unicellular

organisms utilise fermentation, the microbial equivalent of aerobic glycolysis, in order to prolif-

erate thus demonstrating the capability for aerobic glycolysis to meet the energy requirements for

proliferation. Vander Heiden et al. [200] provide an alternative hypothesis based on the biomass

requirements for cell proliferation. It is noted that in order to produce two viable daughter cells at

mitosis a cell must replicate its entire cellular contents causing a large requirement for nucleotides,

amino acids and lipids. For most mammalian cells only glucose and glutamine are utilised in sig-

nificant quantities hence these molecules must supply most of the components required for cell

growth and division. Considering this, Vander Heiden et al. [200] note that the complete oxidation

of glucose via MOP is counter to the needs of the proliferating cell. Aerobic glycolysis allows for

the diversion of the components required to produce the required biomass and therefore partially

explains the selective advantage of the Warburg effect.

Whilst the hypotheses vary to the cause of the Warburg effect the common trait still remains in

that there is increased extracellular acidification. Hence there is still the requirement for these cells

to also have an increased resistance to apoptosis caused by acidosis and therefore an evolution-

ary advantage. This increased acidification results in further benefits such as enabling mutagenesis

and clastogenesis [144], resistance to anthracyclinesa as a result of greater phenotypic diversity [64]

which is enabled by the mutagenic/clastogenic effect of acidosis. We also note that there have been

several articles that have noted a link between increased acidity and decreased efficacy of host

immune functions, e.g. [113, 117, 127, 128, 173–175, 183]. Examples include decreased lysis

function of cytotoxic T lymphocyte (CTL) cells [175], decreased lymphocyte motility in highly

acidic environments [173, 174] and inhibition of IL-2-stimulated lymphocyte proliferation [128].

Acidosis has also been shown to accelerate malignant invasion [60, 71, 135] and stimulate metas-

tasis [180, 182].

1.1.6 Treatment methods

There exist two sides to the treatment of cancer and tumours. The first side is the treatment that

looks to eradicate or manage the disease itself and the second side looks to treat issues associ-

ated with the health problems caused by the disease and often the treatment for the disease itself.

aA class of chemotherapy drug that prevents DNA replication during mitosis
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This review will look at the former of these, however the latter topic does present many problems

worth considering. Treatment methods for cancer are almost as diverse as cancer itself with meth-

ods that include targeted radiation therapies [57, 124, 154], surgical methods [185, 206], cytotoxic

chemotherapy [22, 42, 57], immunotherapy [55, 186], antiangiogenic drugs [46, 176] and other cel-

lular function specific treatments [165, 184, 213]. For the purpose of this review, immunotherapy

and chemotherapy will be discussed as they are the most relevant to the mathematical modelling

of treatment methods and the aims of this thesis.

Current and developing immunotherapies try to utilise the host’s own immune system to man-

age the cancer and as such are an attractive means of treatment due to their potential for low tox-

icity to normal cells. A popular method for immunotherapy focuses on the activation/creation

of antigen-specific T cells (T lymphocytes) through the use of bacterial and viral vectors or with

DNA-based vaccines [55]. The bacterial and viral vectors work by loading vectors with a specific

antigen, unique to the cancer, to be targeted, which then infects certain cells where a proportion of

which undergo cell death. The cellular debris and the antigens contained within are taken up by

antigen-presenting cells (APCs) which when activated present these antigens to T cells [55]. One

drawback of using viral and bacterial vectors is the immune systemmay react to the presence of the

vector rather than the antigen the vector is trying to deliver and as a result prime the immune system

to attack the vectors rather than the cancers with the specific antigen [43, 55]. Another antigen-

specific method is to use DNA-based vaccines as strains of DNA are able to be easily synthesised

making it simple to target any antigen required [177]. The difficulty with DNA-based vaccines is

that they have low immunogenicitya compared to viral and bacterial vectors. This is compensated

for by incorporating molecules in the DNA-based vaccines that illicit a response from the immune

system such as Toll-like receptorb antagonists that activate APCs.

Cytotoxic chemotherapy is a systemic treatment that involves the use of drugs that are admin-

istered either orally or intravenously which aim to kill cancer cells. The drugs target cells that

rapidly divide and as such utilising cancers enhanced ability to grow [164]. Different cytotoxic

drugs achieve this in different ways: anthracyclines and epipodophyllotoxins prevent DNA repli-

cation during mitosis; alkylating agents damage DNA and interfere with mitosis; antimetabolites

which prevent cells from obtaining the nutrients they require to reproduce; plant alkaloids prevent

mitosis by binding to proteins necessary for cell division; antitumour antibiotics bind to DNA to

interfere with replication and transcription of DNA. Since these cytotoxic drugs target cells during
aThe ability of a particular substance to provoke an immune response
bClass of proteins that recognise microbes and then activate immune cell responses [2]
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cell division they also affect normal cells resulting in a level of toxicity that needs to be balanced

when considering dosages. In particular, the cells affected most are those that divide most fre-

quently such as bone marrow, gastrointestinal mucosa, hair follicles and gonads [42]. A common

problem that can occur with chemotherapy is that of chemoresistance, which is a preexisting or

acquired resistance of tumour cells to the cytotoxic drugs used [42]. Mechanisms for drug resis-

tance include reduced drug uptake, up-regulation of DNA repair and enhanced detoxification by

the cells [53]. An increased understanding of these mechanisms and ways to overcome them are

an important and developing area of research.

1.2 Mathematical modelling of tumour growth

Given the above review of the biological characteristics of tumour growth, tumour invasion and

methods for treatment this reviewwill now proceed to discuss significant contributions to the math-

ematical modelling of these aspects of tumour growth. It will not be possible to provide a review of

mathematical modelling of cancer that can do the field of research justice, however excellent sum-

maries of work conducted in the area include Araujo and McElwain [6], Bellomo and Adam [13]

and Preziosi [168].

1.2.1 Early growth models

The first models to consider the growth of tumours focused purely on the growth dynamics. In

an article by Mayneord [138] the effect of X-radiations on the growth of the Jensen’s rat sarcoma

was observed. It was noticed that a linear law governed the rate of growth and that a necrotic core

developed inside a thin proliferating outer shell of the tumour that could explain this linear rate of

growth. The effect of this necrotic core was considered byMayneord by developing a mathematical

model for the growth of a tumour that considered the effect of different distributions of proliferating

cells. It was shown that if the entire tumour was proliferating then exponential growth would be

observed and as the region of proliferating cells was reduced to an outer shell the rate of growth also

reduced. Studies of the effects of radiation on tumour cells were undertaken that lead to a paper

by Gray et al. [84] in which the effect of the concentration of dissolved oxygen on radiotherapy was

investigated. The articled resulted in radiotherapy being attempted at increased oxygen pressures.

In an attempt to model the initial exponential growth and then eventual exponential retardation

of a tumour, Laird [115] applied the Gompertzian equation given by (1.2.1). Originating from an
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actuarial model developed by Gompertz [82], Laird applied the model to tumour growth of primary

and implanted tumours in the mouse, rat and rabbit. The model was shown to have great success

modelling the observed tumour growth over a large range of tumour sizes. The Gompertz model

considers the tumour population, N(t), as a function of time, t, and is governed by:

dN

dt
= rN ln(N/K), N(0) = N0, (1.2.1)

where r is the static growth rate, K is the carrying capacity and N0 is the initial population size.

Other popular phenomenological models for the dynamic growth of tumours include the logistic

equation and the von Bertalanffy equation [25, Chapter 8].

Some of the early models of avascular tumour growth that considered the effect of the dis-

tribution of nutrients are attributed to Burton [28] and Greenspan [85]. Burton considered the

development of tumours when nutrients are supplied to the tumour cells by diffusion from the pe-

riphery. Burton showed through this model that a necrotic core develops at a critical radius. It

was further shown that under “diffusion-limitation”, retardation of growth is experienced and that

tumour growth fits the Gompertzian prediction.

Greenspan [85] developed a model for the nutrient concentration within a tumour and the sur-

rounding tissue coupled with the internal pressure on the cells within the tumour. This model was

for a three-dimensional tumour of an arbitrary shape, with proliferating, quiescent and necrotic lay-

ers. Greenspan formed a model that was given by a system of partial differential equations (PDEs)

withmoving boundary, whichwas then reduced to a system of ordinary differential equations (ODEs)

by assuming that the tumour was spherically symmetric. From this reduction, an ODE was also

found for the moving boundary which was investigated by a steady-state analysis. This article also

considered a perturbation analysis to determine under what conditions a tumour slightly perturbed

from spherical symmetry would return to a sphere. Greenspan did not continue to develop a gov-

erning equation for the motion of a point on the surface of an arbitrary tumour, and this still appears

to be an open problem.

1.2.2 Angiogenesis

Angiogenesis has been consideredmathematically inmany articles, prominent examples include [34,

105, 132, 166] in which various factors responsible for this mechanism are analysed. Chaplain [34]

focused on the effect of the migration of endothelial cells and of the concentration profile between
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a tumour and nearby blood vessel of a tumour angiogenesis factor secreted by the tumour. Jones

and Sleeman [105] looked at angiogenesis in general, not specifically for tumour growth, in an

attempt to gain a better understanding of this normal bodily function. They modelled the response

of endothelial cells to growth factors, the motion of the endothelial cells through the idea of re-

inforced random walks and capillary sprouting angiogenesis due to it being the predominant type

of angiogenesis involved in tumourigenesis. Mantzaris et al. [132] and Plank and Sleeman [166]

conducted a thorough review of the processes involved in tumour-induced angiogenesis and some

mathematical models are presented in Mantzaris et al. [132]. Angiogenesis is significant as not

only does it enable tumours to grow beyond the limitations of diffusion-limited growth but it is

also a key factor in invasion and enabling tumours to reach the metastatic stage of growth.

The research into tumour-induced angiogenesis is still developing and is an area of research in

which significant contributions can be made.

1.2.3 Metastasis

The mechanism of metastasis represents an important and challenging area of research. It is re-

ceiving ever increasing focus from those in the field of cancer and moreover, in the mathematical

community. Recognition of this phenomenon was noted as early as 1829 with work conducted

by Cruveilier [44], however mathematical models for this phenomenon only began to appear in

the 1970s; some examples include [125, 126, 181]. The article by Saidel et al. [181] produced a

model for the haematogenous metastatic process from a solid tumour. A compartmental model was

considered that contained five subpopulations: tumour cells, vascular surfaces, invading tumour

cells on the inner vessel surface, viable tumour cells arrested in pulmonary vessels and pulmonary

metastatic foci. This framework developed by Saidel et al. [181] was extended by Liotta et al. [126]

to a diffusion model which attempted to describe temporal changes in tumour cell and blood vessel

radial distributions. A set of coupled diffusion equations with source and sink terms, in a spheri-

cally symmetric system, was proposed to describe both tumour density and surface area of tumour

vessels as functions of time and radius.

More recent articles considering metastasis focus on specific aspects of the metastatic cascade.

In the articles by Anderson et al. [5] and Orme and Chaplain [150] the assumption that tumour

cells react to presence of blood vessels and move up a blood vessel gradient was considered. The

assumption is also made that a necrotic core will develop as a result of overcrowding of tumour

cells and a resulting collapse of blood vessels. Gerisch and Chaplain [79] examined the process of
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cell invasion of tissue by considering cell–cell and cell–matrix adhesion. Painter [155] considered

tumour invasion through the extracellular matrix by cellular shape changes and remodelling of the

matrix.

Similarly to tumour induced angiogenesis, the mathematical modelling of metastasis is an

emerging area of research which presents many challenges for mathematics.

1.2.4 Warburg effect and the acid-mediation hypothesis

Mathematical modelling related to the Warburg effect has been primarily concerned with examin-

ing the consequences of the Warburg effect rather than the Warburg effect itself. In one of the first

models to examine these consequences, Gatenby and Gawlinski [71] proposed a set of reaction-

diffusion (RD) equations to model the growth of tumours that produce excess H+ ions, as a result

of the Warburg effect, to create an acidic region that destroys surrounding healthy tissue. This then

gives a region devoid of normal tissue into which the tumour can grow and thus acts as a mecha-

nism for invasion. This process of invasion is called the acid-mediation hypothesis. This has been

observed experimentally [60] and the model in [71] aimed to examine the effect of this mechanism

on the growth of the tumour. An example of this effect is displayed in Figure 1.3.

Figure 1.3: Tumour displaying Warburg effect and invasion (Reprinted from [71, p. 5750] with
permission from AACR)

This mechanism has also been considered by Smallbone et al. [187] in which a model is de-

rived similar to that of Greenspan [85] to consider the effect of a layer of excess H+ ions at the
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tumour surface. The acid-mediation hypothesis was examined by Patel et al. [159] with a cellular

automaton based model that considered the effect vascular densities and tumour metabolism had in

determining optimal conditions for tumour invasion. Interaction of the extracellular matrix andma-

trix metalloproteinases was considered in [134] where it was suggested there exists an optimal level

of tumour aggressiveness. Other interesting articles modelling this phenomenon include Bianchini

and Fasano [21], Fasano et al. [63] and Smallbone et al. [188]. Gatenby and Gawlinski’s model

consists of a system of three coupled RD equations that determines the spatial distribution and

temporal evolution of three fields: the density of normal tissue N1(x, t), the density of tumour

tissue N2(x, t) and the concentration of excess H+ ions L(x, t) [71]. The model considers that

N1 and N2 are governed by logistic growth, with a population competition relationship, as well

as diffusion of the respective tissue particles with a diffusion coefficient that is determined by the

other respective tissue density. The model accounts for loss of normal tissue due to interaction with

the H+ ions produced by the tumour tissue. The H+ ions are considered to be produced relative to

the density of the tumour tissue and to diffuse chemically. An uptake term is incorporated to take

account of mechanisms for increasing pH. The model proposed in [71] is given by

∂N1

∂t
= r1N1

(
1− N1

K1
− α12

N2

K2

)
− d1LN1 +∇ · [DN1(N2)∇N1],

∂N2

∂t
= r2N2

(
1− N2

K2
− α21

N1

K1

)
+∇ · [DN2(N1)∇N2],

∂L

∂t
= r3N2 − d3L+DL∇2L,

where r1 and r2, andK1 andK2, are the logistic growth rates and carrying capacities ofN1 andN2,

respectively; α12 and α21 are the population competition parameters of N1 and N2, respectively;

d1 is the death rate due to H+ ions-normal tissue interaction; DN1 and DN2 are the diffusion

coefficients ofN1 andN2, respectively; r3 is the production rate of H+ ions; d3 is the reabsorption

rate of the H+ ions; and DL is the diffusion coefficient of the H+ ions.

Gatenby and Gawlinski [71] examined this model for α12 = α21 = 0 by a combination of

numerical and analytical approximation techniques and found for certain parameter values an in-

terstitial gap developed, that is, an area of high H+ ion concentration almost entirely devoid of

tumour and normal tissue. The existence of an interstitial gap was confirmed experimentally and

can be seen in Figure 1.3. This model was further analysed by Fasano et al. [63] where an asymp-

totic analysis was performed in which it was found the model admits a fast wave solution and a slow

wave solution. The fast wave solution was found to be linearly stable for all parameter values. The
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slow wave solution predicted the existence of an interstitial gap and from this solution an estimate

for the size of the gap was found. McGillen et al. [139] further extended this model to consider the

effect of an acid buffer, such as sodium bicarbonate, on the advancement of the tumour. In a further

article, McGillen et al. [140] considered the model in [71] with the assumption that tumour cells

are also destroyed by the presence of acid but at a smaller rate than the acid destroys normal cells.

This model demonstrated that the acid prevents the tumour population from obtaining the carrying

capacity and furthermore, should the normal cell competition and destruction of tumour cells as a

result of acid interaction be sufficiently strong, the tumour can be removed from the system. This

suggests that the level of acidity, that established tumours develop, represents either a compromise

or an optimisation to ensure the greatest chance of successfully invading. The solutions for the

concentration of excess H+ ions obtained in the models of Fasano et al. [63], Gatenby and Gawl-

inski [71] and McGillen et al. [140] present as a fronts due to the assumption of production of

acid as a linear function of the tumour cell density. These solutions suggest that the concentration

of acid will be highest inside the tumour, with an almost homogeneous concentration, rather than

at the tumour-host interface. Tumours tend to present with very spatially heterogeneous acid pro-

files [92, 117] and there are experimental observations of higher acid concentration near the region

of the interstitial gap [51, 92, 133]. Hence it still remains to consider a RD model that captures this

nonuniform acid production, the resulting acid profile and the affect this has on the growth of the

tumour.

We remark that the majority of articles that consider the acid-mediation hypothesis have exam-

ined the process as a relatively closed system, that is, without considering some form of external

intervention such as treatment of the tumour with chemotherapy. An exception to this is McGillen

et al. [139] that incorporates the effect of an acid buffer such as sodium bicarbonate into the model

of Gatenby and Gawlinski [71]. Due to this gap in the literature we wish to propose and subse-

quently analyse a model for acid-mediated tumour invasion whilst treatment for the tumour is being

administered.

1.2.5 Treatment

Mathematical modelling of treatment mechanisms largely focuses on the host’s immune cells and

on drug therapies such as cytotoxic chemotherapy. An immune response will usually utilise CTL

and natural killer cells [49, 114, 136]. There are many models that consider the interaction between

this aspect of the immune system and the corresponding effect on the growth of solid tumours.
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Continuummodels have been proposed in which the dynamics of total cell populations (i.e. tumour,

normal and immune cell populations) have been considered by employing the use of ODEs, some

examples include [14, 15, 48, 49, 114, 137]. These models, among other important results, showed

that the immune response can explain both short-term and long-term variations in the growth of

tumours such as oscillations and tumour relapse. Mallet and de Pillis [131] proposed a model

that was a hybrid cellular automata–partial differential equation model to describe the interactions

between a growing tumour near a nutrient source and the host immune system. Amore recentmodel

utilising a similar method was a hybrid agent based–delay differential equation model examined

by Kim and Lee [110] that considered the effect of immune cell signalling to recruit further immune

cells to attack the target tumour. Matzavinos et al. [136] considered a spatio-temporal model of

the response of CTL cells to the growth of a solid tumour. This model included the dynamics of

chemokine production that induces an immune response which includes the infiltration of T-cells

capable of rejecting immunogenic tumours. Modelling of tumour-macrophage dynamics has been

considered in spatio-temporal models proposed in [151–153]. These models attempt to display the

effect that macrophages have on both the promotion and inhibition of the growth of tumours at the

early stages of development.

There are many models that consider chemotherapy and the corresponding effect on the growth

of solid tumours. Continuum models have been consider in which the dynamics of total cell

populations and average chemotherapy drug concentration have been examined by employing the

use of ODEs, some examples include [30, 31, 47, 157]. The example considered by Byrne [30]

partly extends an earlier model by Tyson and Novak [198] to consider the dynamics of a tumour

growing under the influence of a cytotoxic treatment that is administered periodically. There are

other models that consider the addition of an immune response in a tumour cell and chemotherapy

model [47, 49, 50] encouraged by experimental results suggesting an important impact of the host

immune response on the effectiveness of a chemotherapy treatment. The model considered in [50]

is an optimal control problem, similar to [27, 67, 156], designed to determine the optimal treatment

given that the treatment was considered to have an adverse effect on immune cells.

It is noted that the effects of normal cell populations in models that consider chemotherapy have

largely been neglected. Noted in Section 1.1.5 is a link between increased acidity and decreased

efficacy of host immune functions, however there has yet to be a mathematical model considered to

examine these observations, hence this has the potential for examination. Moreover, as mentioned

in Section 1.1.5, highly acidic tumours have been shown to be resistent to anthracyclines as a result



CHAPTER 1. INTRODUCTION 20

of greater phenotypic diversity; this chemoresistance remains to be examined theoretically through

the use of a mathematical model.

1.3 Mathematical methods

Here we present a brief description of some of the mathematical methods relevant to mathematical

modelling of tumour invasion and to this thesis.

1.3.1 ODE models, steady-state solutions and periodic solutions

Ordinary differential equations regularly arise in the modelling of tumour growth; several examples

have already been mentioned. These equations often arise when modelling average concentrations

and densities or when it is assumed that the populations being considered are spatially homoge-

neous (i.e. are well mixed). Typically many of the models considered are first-order nonlinear

systems, that is, of the form
du

dt
= F(t,u),

where u : R+ → Rm and F : R+ × Rm → Rm. Should this system be autonomous (i.e. F

has no dependence on t), then a standard method for examining the properties of the solutions is a

steady-state (SS) analysis in which the solutions for u are found that correspond to the derivative

of u being zero, that is, when the solution is fixed (i.e. constant). Hence these solutions are found

by solving F(u) = 0. A stability analysis is carried out to determine under what conditions these

solutions are attractors or repellers to ascertain what the long-term behaviour of solutions to this

system will be.

Should the system be periodic (i.e. F(t+ T, ·) = F(t, ·) for some T > 0 and for all t ∈ R+),

then a standard method for analysis is to look for periodic solutions, where the period is that of the

function F (i.e. u(t+ T ) = u(t) for all t ∈ R+). In an analogous fashion to a SS analysis, it can

then be determined under what conditions these solutions are attractors or repellers. For further

information on SS analysis or periodic solutions see [62, 201] and the references therein.

1.3.2 Reaction-diffusion models and travelling waves

Systems of RD equations are popular in the modelling of ecology, biology, chemistry and physics

to name a few. This is due to the fact that these equations combine the dynamics associated to the
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interaction of relevant populations/substances within the model as well as the spatial motility that

these populations/substances possess.

Consider u : R+ × Rn → Rm which represent state variables at time t ∈ R+ and position

x ∈ Rn. A general system of RD equations is of the form

∂u

∂t
= Lu + F (t,x,u),

where L is a second order elliptic operator. As can be seen the system considered by Gatenby and

Gawlinski [71], discussed in Section 1.2.4, is a system of RD equations. Other well known RD

equations include the Fisher–KPP equation [66, 112], the equations for the Belousov–Zhabotinskii

reaction [197], the Fitzhugh–Nagumo RD equations [178], the diffusive Lotka–Volterra equa-

tions [69, 106] and the time-periodic competition-diffusion equations [3, 10].

Autonomous system

Many of the RD systems that are considered are autonomous, that is, there are no terms in the

governing equations that are explicit functions of time and position. An example of this is the

Fisher–KPP equation given by

∂u

∂t
= η

∂2u

∂x2
+ βu(1− u). (1.3.1)

Autonomous systems are commonly observed to have travelling wave (TW) solutions. In the sim-

plest case, a TW solution is a function of the form u(x, t) = ϕ(x − θt), which is fixed profile

that propagates along the real line with constant speed θ, where the sign of θ determines the di-

rection the wave travels. Moreover, SSs of the corresponding reaction system form the boundary

conditions (BCs) for the system. Knowledge of the properties of these SSs enables us to predict

the direction in which the respective waves will travel and enables potential estimation and bounds

on the speed at which these waves can propagate.

The Fisher–KPP equation is perhaps the most famous RD equation to exhibit TW solutions.

The equation given by (1.3.1) has a solution of the form u(x, t) = ϕ(x − θt) for θ ≥ 2
√
ηβ,

where ϕ(−∞) = 1 and ϕ(∞) = 0. The TW solution for the Fisher-KPP equation is known as

a “front”; these occur when the BCs of the solution are different. Should a TW solution have the

same values for the BCs then the solution is known as a “pulse”; examples of a front solution and

a pulse solution can be seen in Figures 1.4a and 1.4b, respectively. Note that fronts and pulses are
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only particular cases of travelling waves; depending on the nature of the underlying biological or

physical problem and the space dimension involved, one could also consider “target”, “spiral” and

“scroll” waves [108, 207].

Non-autonomous time-periodic coefficients

Another particular class of RD equations that are popular for modelling invasion of species are sys-

tems of RD equations with time-periodic coefficients. These arise as many processes vary season-

ally, such as births, or are artificially performed in repeated cycles, such as treatment for diseases.

A particular example of such a RD system is the time-periodic Lotka–Volterra RD system given

by

∂u1
∂t

= d1(t)
∂2u1
∂x2

+ u1[a1(t)− b1(t)u1 − c1(t)u2],
∂u2
∂t

= d2(t)
∂2u2
∂x2

+ u2[a2(t)− b2(t)u1 − c2(t)u2],

where ai, bi, ci, di for i = 1, 2 are Hölder continuous and are T -periodic (i.e. (ai, bi, ci, di)(t) =

(ai, bi, ci, di)(t+ T ) for all t ∈ R+ and some T > 0, for i = 1, 2).

In an analogous fashion to many autonomous systems of RD equations permitting TW solu-

tions, RD equationswith time-periodic coefficients often permit time-periodic travellingwave (TPTW)

solutions. A TPTW is a fixed surface that can be parameterised above a cylinder of infinite length;

the surface propagates in the direction of the real line z = x − θt with constant speed θ, where

the sign of θ determines the direction the wave travels. Moreover, TPTWs connect periodic solu-

tions of the corresponding spatially homogeneous system, which is analogous to how TWs connect

the SS solutions of a corresponding kinetic system. Hence knowledge of the periodic solutions to

the spatially homogeneous system enables predictions to be made about the direction in which the

respective waves will travel and the speed of propagation. The time-periodic Lotka–Volterra RD

system is a particular system that permits TPTW solutions, as was confirmed recently in [10, 212].

1.3.3 Parameter estimation

It has been commonplace for many years to use ODEs to model the physical world. The practice

of using these models to predict and determine the behaviour of certain state variables is prolific in

mathematical and scientific literature. The inverse problem of predicting the parameter values that

appear in an ODE, based on observed data, has been studied considerably less and traditionally
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z

U(z)

(a) An example of a “front” wave

z

U(z)

(b) An example of a “pulse” wave

Figure 1.4: Comparison of typical profiles of “front” and “pulse” TW solutions
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only a few methods have been used, many of which approach the problem via a least squares (LS)

fit method (see for example, [8, 11, 93, 121] and the references therein). The ability to estimate

parameters accurately and efficiently is very important for areas such as tumour modelling as the

future behaviour and treatment of a tumour is determined by various parameter values. We also

note the ability to effectively estimate parameters is useful for the analysis of RD equations in

which TW solutions arise. Travelling wave solutions transform the governing system of PDEs into

a system of ODEs with an introduced paramater which needs to be determined. Using a parameter

estimation technique and the solution obtained from solving the PDE system, with a sufficiently

large time domain, the introduced parameter can be estimated.

The LS fit methods are based on minimising the distance between the observed data and values

predicted by the model at discrete points in time. If the model can be solved analytically, then the

exact solution is used to generate a distance function which is minimised with respect to the system

parameters. Since many of these equations have many local minima, an algorithm must be used

to find the global minimum [59]. Alternatively, when the model can only be solved numerically, a

trial set of parameters is used to generate a solution in which the LS distance is calculated between

the solution and the data. A trajectory is then found by altering the parameters and resolving the

system numerically and comparing the LS distances. This method can be very inefficient and is not

guaranteed to return the global minimum, hencemuch of the focus is on creating stable and efficient

algorithms to optimise this approach [59, 172]. More recently some statistical based methods

have been considered. These include a hierarchical Bayesian approach which is used to estimate

dynamic parameters in HIVmodels [9, 100, 169], as well as a local kernel smoothing-basedmethod

to estimate constant parameters considered in [122]. Estimation of dynamic parameters was also

considered in [171] using a technique known as principal differential analysis. This technique

involves taking discrete data obtained from several sources and fitting a spline to each data set, then

the approximations are substituted into an ODE and the dynamic parameters are then found by a

LS procedure. A spline-based smoothing approach has also been considered in [172] to estimate

constant parameters. An approach based on integrator theory has been considered in [160] in which

a condition is placed on the integral of a particular function within the ODE to ensure convergence

to the true parameter values.
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1.4 Aims of thesis

This thesis aims to develop and extend both mathematical models and mathematical techniques for

the study of tumour growth and invasion. The modelling will focus primarily on developing further

understanding of the effects of the tumour metabolism on the interaction between tumour cells and

normal cells. Moreover, it is an aim to develop understanding of how a tumour’s metabolism can

alter the effectiveness of a cytotoxic chemotherapy agent for treatment of an invading tumour. The

thesis aims to develop and provide a reference for how asymptotic techniques can be utilised in the

modelling of invasion. Moreover, a novel parameter estimation technique will be developed that

can be used for the estimation of what are often difficult parameters to obtain.

In Chapter 2 a model for acid-mediated tumour invasion (AMTI) will be developed based on

the work of Gatenby and Gawlinski [71] that considers the production of acid from the tumour

metabolism as a nonlinear function of the tumour cell densitya. The model will be given by a

system of autonomous RD equations for which we will look for TW solutions. The system will by

analysed utilising both numerical and asymptotic techniques in a similar fashion to [63].

Chapter 3 will see the development of a model for AMTI with the addition of a cytotoxic

treatment responseb. This model will assume well mixed populations and consider the infusion of

a cytotoxic drug as a function of time leading to a non-autonomous system of ODEs. This model

will be considered using steady-state analysis techniques and techniques for periodic solutions such

as those provided in [62].

The work of Chapter 4 will extend the model developed in the previous chapter by removing

the assumption that the populations are well mixed, leading to a model given by a system of RD

equationsc. By utilising the results of Chapter 3, the model will be analysed to try determine when

it exhibits TW and TPTW solutions. The model will be analysed using a combination of numerical

and asymptotic techniques.

A novel and computationally efficient parameter estimation technique will be developed and

tested in Chapter 5d. The technique will utilise integration methods to provide estimates for pa-

rameters that arise in a class of systems of ODEs from discrete observations of the state variables.

A summary of the results and findings of the thesis will be presented in Chapter 6. This chapter

will also contain discussions of potential further work.

aThe content of Chapter 2 is based on the work of Holder et al. [98]
bThe content of Chapter 3 is based on the work of Holder and Rodrigo [96]
cThe content of Chapter 4 is based on the work of Holder and Rodrigo [97]
dThe content of Chapter 5 is based on the work of Holder and Rodrigo [95]





Chapter 2

Acid-mediated tumour invasion with

nonlinear acid production term

2.1 Introduction

Mathematical modelling of tumour growth has steadily increased in popularity in recent

years with a range of growth mechanisms being considered through the application of

various modelling techniques. One such technique is the use of RD equations due to their ability

to capture invasive processes. Here we will utilise this technique to derive a model for tumour

invasion.

In Chaplain and Anderson [35] it is explained that primary tumour growth is initially a result

of division of cells. However once a critical size is reached, tumours require a further mechanism

to enable growth within the surrounding tissue. One such mechanism, discussed in Chapter 1, is to

alter the standard cellular metabolism to utilise glycolysis in aerobic conditions to increase energy

production and the availability of the components required for mitosis and cell survival. This

altered metabolism was first observed by Warburg [202] and has since been termed the “Warburg

effect”.

Recall from Chapter 1 that the Warburg effect causes acidification of the tumour and surround-

ing microenvironment, which is hypothesised to facilitate local invasion by destroying normal tis-

sue at the tumour-host interface allowing the tumour to invade in the vacant region. This is termed

the acid-mediation hypothesis and was first examined using a RD model by Gatenby and Gawlin-

ski [71, 72]. The situation considered by Gatenby and Gawlinski [71, 72] corresponds to a one-

dimensional setting and was later extended to consider higher-dimensional geometries, as well as

27
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the occurrence of necrotic cores [187], glucose dynamics [21] and tumour cell death due to the

acidic environment [140]. A key feature of their model is that for certain parameters an “intersti-

tial gap” is observed, i.e. a region practically depleted of cells located right ahead of the invading

tumour front. This phenomenon has been observed experimentally and was also discussed in [71].

The Gatenby and Gawlinski [71] model produced TW solutions in which the tumour invades the

region occupied by normal tissue. The model’s solution for the concentration of excess H+ ions

presents as a front [63, 71], which suggests that the concentration of acid will be highest inside

the tumour, with an almost homogeneous concentration, rather than at the tumour-host interface.

Tumours tend to present with very heterogeneous acid profiles [92, 117] and there is experimental

observations of higher acid concentration near the region of the interstitial gap [51, 92, 133]. A

cause for this pH gradient could be a large region of necrosis [71]. This localised acid concentra-

tion phenomenon has also been predicted mathematically in [188]. Therefore we propose to model

the acid concentration as a pulse. In this way it will then be possible for the highest concentration

of H+ ions to be observed at or close to the tumour-host interface. Should we observe an inter-

stitial gap in which the concentration of H+ ions is greatest in or near this region, we would have

a solution in line with experimental results and thus confirm the validity of this as an alternative

model to that of Gatenby and Gawlinski for acid-mediated tumour invasion.

This chapter is organised as follows. In Section 2.2 we provide the details of the formulation of

the model. In Section 2.3 we consider fast TWs and derive leading-order asymptotic formulas for

these waves and analyse their stability. In Section 2.4 we look at slow TWs and derive asymptotic

formulas for these waves. We also estimate the width of the interstitial gap. Section 2.5 shows

the results of numerical simulations where we compare the solution of the RD system with our

asymptotical formulas. Finally, we give some brief concluding remarks in Section 2.6. To keep

the flow of our main arguments, the proofs of several results needed in Sections 2.3 and 2.4 are

postponed to 2.A and 2.B at the end of the chapter.

2.2 Model formulation

We will now describe our model in detail. Let the populations at time s (in s) and position y (in

cm) be denoted by:

• N1(y, s), normal cell density (in cells cm−3);

• N2(y, s), tumour cell density (in cells cm−3);
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• L(y, s), excess H+ ion concentration (in M).

We present the following hypotheses to govern our model:

(i) Both normal and tumour cells are governed by logistic growth in the absence of any kind of

intervention [49, 71];

(ii) A population competition relationship exists between the normal and tumour cells [71];

(iii) The normal and tumour cells undergo cell diffusion and are assumed to have a diffusion

coefficient proportional to the other respective cell density, i.e. the diffusion coefficients for

the normal tissue and tumour tissue are D1(N2) and D2(N1), respectively [71];

(iv) The tumour tissue producesH+ ions as a result of aerobic glycolysis [71] at a rate proportional

to a function of the tumour cell density;

(v) The normal tissue interacts with the excess H+ ions, leading to a death rate proportional to

the concentration of H+ ions [71, 140];

(vi) The excess H+ ions diffuse chemically and are produced at a rate proportional to the tumour

cell density until the latter reaches a threshold, after which the production rate decreases as

the tumour tissue attains its carrying capacity. Moreover, an uptake term is included to take

account of mechanisms for increasing extracellular pH [71].

The above hypotheses lead to the following system of partial differential equations:

∂N1

∂s
= ∇ · [D1(N2)∇N1]︸ ︷︷ ︸

cell movement

+ r1N1

(
1− N1

K1
− a1

N2

K2

)
︸ ︷︷ ︸

logistic growth with cellular

competition

− d1LN1︸ ︷︷ ︸
normal cell

death by acid

, (2.2.1)

∂N2

∂s
= ∇ · [D2(N1)∇N2]︸ ︷︷ ︸

cell movement

+ r2N2

(
1− N2

K2
− a2

N1

K1

)
︸ ︷︷ ︸

logistic growth with cellular

competition

, (2.2.2)

∂L

∂s
= D3∇2L︸ ︷︷ ︸

acid diffusion

+ r3N2

(
1− N2

K2

)
︸ ︷︷ ︸

acid production

− m3L︸︷︷︸
acid uptake

. (2.2.3)
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As in [71], with a slight abuse of notation, we let the diffusion coefficientsD1 andD2 be given by

D1(N2) = 0, D2(N1) = D2

(
1− N1

K1

)

where D2 (in cm2 · s−1) is constant. The convention has been used of the subscripts for each pa-

rameter corresponding to the relevant equation: r represents growth rate; K represents carrying

capacity; a represents population competition strength; d represents rate of decrease due to inter-

action; D is diffusion coefficient; m represents decrease through system mechanisms. We will

make the assumption that the competition coefficient a2 = 0 as we wish to consider a system in

which a tumour is invading. Hence it is reasonable to assume that the death of tumour cells due

to interaction with normal tissue will be negligible, provided the tumour is not less efficient at

consuming available nutrients than the nearby normal tissue as a consequence of acid resistance.

Note that Gatenby and Gawlinski [71] assumed that both a1 = 0 and a2 = 0. A recent article

by McGillen et al. [140] considered a generalisation of the Gatenby and Gawlinski model with

non-zero competition parameters and a destruction term for the tumour by the presence of acid.

Gatenby and Gawlinksi also assumed that the excess H+ ions are produced at a rate proportional

to the tumour cell density throughout, i.e. in (2.2.3) they had the term r3N2 instead of the logistic-

type term r3N2(1−N2/K2). This represents a notable difference in our approach to that used in

the models considered by Gatenby and Gawlinski [71] and McGillen et al. [140]. For simplicity

we will consider the system given by (2.2.1)–(2.2.3) only in one spatial dimension, i.e. y = y ∈ R.

The parameters used in the model, their interpretation and potential values/range of values have

been provided in Table 2.1.

Making the substitutions

u1 =
N1

K1
, u2 =

N2

K2
, u3 =

d1
a1r1

L, t = r1s, x = y

√
r1
D3

and letting

δ1 = a1, β2 =
r2
r1
, β3 =

d1r3K2

r21a1
, η2 =

D2

D3
, δ3 =

a1m3r1
d1r3K2

,
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Table 2.1: Table of parameters and estimated values for (2.2.1)–(2.2.3)

Parameter Units Description Value Source

r1 s−1 normal cell growth rate O(10−6) [49, 71]
r2 s−1 tumour cell growth rate O(10−6) [49, 71]
r3 M cm3 s−1cells−1 H+ ion production rate 2.2× 10−17 [133]
d1 M−1 s−1 fractional normal cell kill by

H+ ions
O(1) [71]

m3 s−1 H+ ion removal rate O(10−4) [71]
K1 cells cm−3 normal cell carrying capacity 5× 107 [195]
K2 cells cm−3 tumour cell carrying capacity 5× 107 [195]
D2 cm2 s−1 tumour cell diffusion coeffi-

cient
2× 10−10 [45]

D3 cm2 s−1 H+ ion diffusion coefficient 5× 10−6 [123]
a1 none fractional normal cell death

due to tumour cell
O(1) chosen freely

we obtain the non-dimensionalised form of (2.2.1)–(2.2.3) given by

∂u1
∂t

=u1(1− u1)− δ1u1(u2 + u3), (2.2.4)

∂u2
∂t

= η2
∂

∂x

[
(1− u1)

∂u2
∂x

]
+ β2u2(1− u2), (2.2.5)

∂u3
∂t

=
∂2u3
∂x2

+ β3[u2(1− u2)− δ3u3]. (2.2.6)

In the quantitative discussions presented in [71], η2 was assumed to be a small parameter, i.e.

0 < η2 � 1, (2.2.7)

an assumption which is to be retained throughout this chapter. The motivation for (2.2.7) comes

from the fact that η2 is shown to be of the form η2 = D2/D3, whereD2 andD3 are the respective

static diffusion coefficients of the tumour tissue and H+ ions. It is therefore natural to assume

that D3 is much larger than D2. The parameter δ1 in (2.2.4) measures the destructive influence

of tumour tissue and the H+ ions on the healthy tissue, and therefore its value can be taken as

an indicator of tumour aggressiveness. Note that unlike the system examined by Gatenby and

Gawlinski [71], invasion is still possible if the acid concentration is sent to zero due to population

competition. This is possible provided the tumour cell density is non-zero everywhere or if the

normal cell density is below its respective carrying capacity due to the nonlinear diffusion term in

(2.2.4). Whilst invasion is possible through competition alone, we wish to focus on the implications

of acid-mediation on the system due to the increased ability to invade as a result of removal of the
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aforementioned restrictions and effective increase in tumour aggressiveness. The parameter β2

measures the growth rate of tumour tissue relative to the growth rate of the normal tissue. Hence,

having β2 > 1 implies tumour cells reproduce faster than normal cells and β2 < 1 implies the

converse. The parameter β3 can be thought of as a production rate ofH+ ions, with a large value for

β3 representing a high production of acid. Lastly, the parameter δ3 can be thought of as representing

the strength of the uptake mechanisms for increasing extracellular pH relative to the production rate

of the H+ ions. The uptake of acid is mainly through the vasculature, so δ3 changes primarily as

a result of the density and proximity of blood vessels in and around the tumour and normal tissue.

A summary of potential non-dimensional parameter values/range of values and interpretation of

their meaning has been provided in Table 2.2.

Table 2.2: Table of non-dimensionalised parameters (2.2.4)–(2.2.6)

Parameter Interpretation Value/Range

δ1 tumour aggressiveness O(1)
δ3 relative strength of pH uptake O(10−1)
η2 relative tumour-H+ ion diffusion rate O(10−5)
β2 relative tumour growth rate 1.0
β3 relative H+ ion production rate O(102)

The set of equations (2.2.4)–(2.2.6) is a RD system, and it should be noted that this type of

system typically has TW solutions connecting some of their steady-states. This is especially true

here since we are considering invasive processes. Let

(u1, u2, u3)(x, t) = (ϕ1, ϕ2, ϕ3)(z)

where z = x − θt is a real number and θ is the wave speed. Substituting into (2.2.4)–(2.2.6) we

obtain

0 = θϕ′1 + ϕ1(1− ϕ1)− δ1ϕ1(ϕ2 + ϕ3), (2.2.8)

0 = η2[(1− ϕ1)ϕ
′′
2 − ϕ′1ϕ′2] + θϕ′2 + β2ϕ2(1− ϕ2), (2.2.9)

0 =ϕ′′3 + θϕ′3 + β3[ϕ2(1− ϕ2)− δ3ϕ3], (2.2.10)
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where ( )′ represents differentiation with respect to z. Since we are modelling invasion we note

that θ > 0 and we are solving (2.2.8)–(2.2.10) with respect to the BCs

(ϕ1, ϕ2, ϕ3)(−∞) = (0, 1, 0), (ϕ1, ϕ2, ϕ3)(∞) = (1, 0, 0) (2.2.11a)

when δ1 ≥ 1, and

(ϕ1, ϕ2, ϕ3)(−∞) = (1− δ1, 1, 0), (ϕ1, ϕ2, ϕ3)(∞) = (1, 0, 0) (2.2.11b)

when 0 < δ1 < 1. These BCs are obtained by observing that (1, 0, 0), (0, 1, 0) and (1 − δ1, 1, 0)

(when 0 < δ1 < 1) are the relevant steady-states of the associated kinetic system.

2.3 Fast travelling waves

2.3.1 Leading-order approximations

We consider the case of the fast TW solution, i.e. θ = O(1) as η2 → 0+. Define

(ϕ10, ϕ20, ϕ30)(z) = (ϕ1, ϕ2, ϕ3)(z; 0).

Letting η2 → 0+ in (2.2.8)–(2.2.10) yields the system of equations

0 = θϕ′10 + ϕ10(1− ϕ10)− δ1ϕ10(ϕ20 + ϕ30), (2.3.1)

0 = θϕ′20 + β2ϕ20(1− ϕ20), (2.3.2)

0 =ϕ′′30 + θϕ′30 + β3[ϕ20(1− ϕ20)− δ3ϕ30],

with BCs given by (2.2.11). We see that (2.3.2) is a Bernoulli equation and can be solved explicitly

to give

ϕ20(z) =
1

2

(
1− tanh

β2z

2θ

)
. (2.3.3)

Note that the boundary conditions ϕ20(−∞) = 1 and ϕ20(∞) = 0 are satisfied. To fix the phase

of the TW, we assume that ϕ20(0) = 1/2 without loss of generality. For later use we observe that

ϕ20(z)[1− ϕ20(z)] =
1

4
sech2β2z

2θ
. (2.3.4)
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Invoking Lemma 2.A.1 in Appendix 2.A, and recalling (2.3.4), we have

ϕ30(z) =
1

4

β3
%1 − %2

[∫ ∞
z

e%1(z−s)sech2β2s

2θ
ds+

∫ z

−∞
e%2(z−s)sech2β2s

2θ
ds

]
, (2.3.5a)

where

%1 =
−θ +

√
θ2 + 4δ3β3
2

, %2 =
−θ −

√
θ2 + 4δ3β3
2

. (2.3.5b)

We also obtain from Lemma 2.A.3 in Appendix 2.A that

ϕ10(z) =
θΦ0(z)∫∞

z Φ0(s) ds
, Φ0(z) = e−

∫ z
0 [1−δ1ϕ20(s)−δ1ϕ30(s)]/θ ds. (2.3.6)

Therefore we have the following result:

Proposition 2.3.1. Suppose that θ = O(1) as η2 → 0+. Then, to leading order, we have

ϕ1(z; η2) '
θΦ0(z)∫∞

z Φ0(s) ds
,

ϕ2(z; η2) '
1

2

(
1− tanh

β2z

2θ

)
and

ϕ3(z; η2) '
1

4

β3
%1 − %2

[∫ ∞
z

e%1(z−s)sech2β2s

2θ
ds+

∫ z

−∞
e%2(z−s)sech2β2s

2θ
ds

]
,

where

Φ0(z) = e−
∫ z
0 [1−δ1ϕ20(s)−δ1ϕ30(s)]/θ ds.

Note that we have a regular perturbation problem since the solution of the reduced system

satisfies all of the BCs [16]. Plots of the fast TW solutions for particular parameter values are

displayed in Figures 2.1a and 2.1b. Note the pulse-like nature of the acid variable.

2.3.2 Stability

We now show that the solution (2.3.3), (2.3.5) and (2.3.6) is linearly stable. Let

(u1, u2, u3)(x, t; η2) = (ϕ̃1, ϕ̃2, ϕ̃3)(z, τ ; η2),
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Figure 2.1: Fast TW solutions given by (2.3.3)–(2.3.6): (a) A solutionwith BCs given by (2.2.11b).
(b) A solution with BCs given by (2.2.11a)

where z = x− θt, τ = t and θ > 0 is a fixed wave speed. Noting that

∂

∂t
=

∂

∂z

∂z

∂t
+

∂

∂τ

∂τ

∂t
= −θ ∂

∂z
+

∂

∂τ
,

∂

∂x
=

∂

∂z

∂z

∂x
=

∂

∂z

and substituting this into (2.2.4)–(2.2.6), we obtain

∂ϕ̃1

∂τ
= θ

∂ϕ̃1

∂z
+ ϕ̃1(1− ϕ̃1)− δ1ϕ̃1(ϕ̃2 + ϕ̃3), (2.3.7)

∂ϕ̃2

∂τ
= η2

∂

∂z

[
(1− ϕ̃1)

∂ϕ̃2

∂z

]
+ θ

∂ϕ̃2

∂z
+ β2ϕ̃2(1− ϕ̃2), (2.3.8)

∂ϕ̃3

∂τ
=
∂2ϕ̃3

∂z2
+ θ

∂ϕ̃3

∂z
+ c[ϕ̃2(1− ϕ̃2)− δ3ϕ̃3]. (2.3.9)

We look for a solution of (2.3.7)–(2.3.9) of the form

ϕ̃1 =ϕ1(z; η2) + εe−λτφ1(z) + . . . , (2.3.10)

ϕ̃2 =ϕ2(z; η2) + εe−λτφ2(z) + . . . , (2.3.11)

ϕ̃3 =ϕ3(z; η2) + εe−λτφ3(z) + . . . . (2.3.12)

Here, 0 < ε � 1, (ϕ1, ϕ2, ϕ3) is the TW solution with fixed speed θ for (2.2.8)–(2.2.11) and

(φ1, φ2, φ3) represent eigenfunctions. Substitute (2.3.10)–(2.3.12) into (2.3.7)–(2.3.9) and gather

up theO(1) terms. Since the leading order terms of (2.3.10)–(2.3.12) depend only the spatial vari-

able z, the O(1) terms give a system equivalent to (2.2.8)–(2.2.10), and thus (ϕ1, ϕ2, ϕ3) satisfies
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this automatically. Collecting the O(ε) terms gives the system

θφ′1 + [1 + λ− 2ϕ1 − δ1(ϕ2 + ϕ3)]φ1 = δ1ϕ1(φ2 + φ3), (2.3.13)

θφ′2 + [β2(1− 2ϕ2) + λ]φ2 =− η2[(1− ϕ1)φ
′
2 − ϕ′2φ1]′, (2.3.14)

φ′′3 + θφ′3 − (δ3β3 − λ)φ3 =− β3(1− 2ϕ2)φ2. (2.3.15)

We assume for the BCs that

φi(±∞) = 0 for i = 1, 2, 3.

If we can find a nontrivial solution (φ1, φ2, φ3) for some λ > 0 to the eigenvalue problem (2.3.13)–

(2.3.15), then the fast TW solution will be linearly stable as the small perturbation will decay to

zero.

Assume that λ = O(1) as η2 → 0+ and define

(φ1,0, φ2,0, φ3,0)(z) = (φ1, φ2, φ3)(z; 0).

Setting η2 = 0 in (2.3.13)–(2.3.15) gives

θφ′1,0 + [1 + λ− 2ϕ10 − δ1(ϕ20 + ϕ30)]φ1,0 = δ1ϕ10(φ2,0 + φ3,0), (2.3.16)

θφ′2,0 + [β2(1− 2ϕ20) + λ]φ2,0 = 0, (2.3.17)

φ′′3,0 + θφ′3,0 − (δ3β3 − λ)φ3,0 = − β3(1− 2ϕ20)φ2,0. (2.3.18)

Before continuing, it is easy to see that

∫ z

0
[1− 2ϕ20(s)] ds =

∫ z

0
tanh

β2s

2θ
ds =

2θ

β2
ln cosh

β2z

2θ
.

As (2.3.17) is a first-order separable equation we can solve it explicitly to give

φ2,0(z) = Ce−λz/θsech2β2z

2θ
=

C

[e(λ+β2)z/(2θ) + e(λ−β2)z/(2θ)]2

where C is an arbitrary constant. If 0 < λ < b, then we have φ2,0(±∞) = 0. So for any C 6= 0

this represents a nontrivial solution for φ2,0(z).

We can now solve (2.3.18) by noting that it is in the form of (2.A.1) in Lemma 2.A.1 in

Appendix 2.A, where κ = δ3β3 − λ and f(s) = −β3[1 − 2ϕ20(s)]φ2,0(s). We can see that
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f(±∞) = 0. Thus if we set 0 < λ < δ3β3, then I1(±∞) = I2(±∞) = 0 and φ3,0(±∞) = 0,

where

φ3,0(z) =
β3

ρ1 − ρ2

{∫ ∞
z

eρ1(z−s)[1− 2ϕ20(s)]φ2,0(s) ds

+

∫ z

−∞
eρ2(z−s)[1− 2ϕ20(s)]φ2,0(s) ds

}

and

ρ1 =
−θ +

√
θ2 + 4(δ3β3 − λ)

2
, ρ2 =

−θ −
√
θ2 + 4(δ3β3 − λ)

2
.

We now consider (2.3.16) and note that it is a first-order linear ODE with solution given by

φ1,0(z) = −δ1
θ

∫∞
z ϕ10(s)[φ2,0(s) + φ3,0(s)]Φ(s) ds

Φ(z)
, (2.3.19)

where

Φ(z) = e−
∫ z
0 [2ϕ10(s)+δ1ϕ20(s)+δ1ϕ30(s)−1−λ]/θ ds.

We now find the positive values for λ that allows (2.3.19) to be consistent with the BCs. Applying

Lemma 2.A.2 in Appendix 2.A with

g(s) =
1

θ
[2ϕ10(s) + δ1ϕ20(s) + δ1ϕ30(s)− 1− λ]

we have g(∞) = (1− λ)/θ. If we set 0 < λ < 1, then g(∞) > 0 and Φ(∞) = 0; hence we need

to apply L’Hôpital’s Rule to obtain the value for φ1,0(∞):

lim
z→∞

φ1,0(z) =
δ1
θ

lim
z→∞

ϕ10(z)[φ2,0(z) + φ3,0(z)]Φ(z)

−g(z)Φ(z)
= 0.

To find φ1,0(−∞) we need to consider cases. When δ1 > 1 we have g(−∞) = (δ1 − 1 − λ)/θ.

Hence if 0 < λ < δ1 − 1, then we have g(−∞) > 0 and Φ(−∞) = ∞. If 0 < δ1 < 1,

then g(−∞) = (1 − δ1 − λ)/θ. Therefore if 0 < λ < 1 − δ1, then we have g(−∞) > 0 and

Φ(−∞) =∞. Hence for δ1 > 0 and δ1 6= 1 we have conditions on λ > 0 such that Φ(−∞) =∞.

If
∫∞
−∞ ϕ10(s)[φ2,0(s) + φ3,0(s)]Φ(s) ds is finite, then φ(±∞) = 0; otherwise if it is infinite, then

we apply L’Hôpital’s Rule to obtain

lim
z→−∞

φ1,0(z) =
δ1
θ

lim
z→−∞

ϕ10(z)[φ2,0(z) + φ3,0(z)]Φ(z)

−g(z)Φ(z)
= 0.
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Thus, if 0 < δ1 < 1 and 0 < λ < min {β2, δ3β3, 1− δ1} or if δ1 > 1 and 0 < λ <

min {β2, δ3β3, δ1 − 1}, then (φ1,0, φ2,0, φ3,0)(±∞) = 0 as required. This implies that the fast

TW solution is stable. Note that we can not make any conclusions about the stability of the fast

TW solution when δ1 = 1 as the above argument breaks down.

2.3.3 Statement of results for fast waves

The results of this section can be summarised as follows:

If the speed θ = O(1) as η2 → 0+, then we obtain the following leading-order asymptotic

approximations for (ϕ1, ϕ2, ϕ3)(z):

ϕ1(z; η2) '
θΦ0(z)∫∞

z Φ0(s) ds
,

ϕ2(z; η2) '
1

2

(
1− tanh

β2z

2θ

)
and

ϕ3(z; η2) '
1

4

β3
%1 − %2

[∫ ∞
z

e%1(z−s)sech2β2s

2θ
ds+

∫ z

−∞
e%2(z−s)sech2β2s

2θ
ds

]
,

where

%1 =
−θ +

√
θ2 + 4δ3β3
2

, %2 =
−θ −

√
θ2 + 4δ3β3
2

and

Φ0(z) = e−
∫ z
0 [1−δ1ϕ20(s)−δ1ϕ30(s)]/θ ds.

A linear stability analysis showed that these solutions are linearly stable for δ1 6= 1, with no

conclusion able to be made about the stability in the case δ1 = 1.

2.4 Slow travelling waves

In this section we consider slow TWs. By this we mean that their wave speed is such that

θ = θ0η
α
2 (θ0, α > 0) (2.4.1)

where θ0 = O(1) as η2 → 0+. We remark that if no other parameter assumptions are made our

first-order asymptotic solution for ϕ3 becomes trivial, i.e. ϕ3 ' 0. In order to obtain a significant
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matched asymptotic solution, we require the assumption that β3 is large. This assumption corre-

sponds physically to a high rate of acid production which would suggest a very high dependence on

the process of glycolysis for energy production. The validity of this assumption is also confirmed

when finding numerical solutions to (2.2.4)–(2.2.6) as in order to obtain a solution for ϕ3 that is

not “small”, a value of β3 must be used that is sufficiently large (e.g. see Figures 2.4c and 2.4d).

Our assumption can also be seen to be plausible by using estimated parameter values (as stated in

[63]) for the dimensional parameters that constitute β3 to show that it is typically large. Hence we

let

β3 = β30η
−γ
2 (β30, γ > 0) (2.4.2)

where β30 = O(1) as η2 → 0+. As in [63], our analysis will utilise matched asymptotic expansions

such as those found in [16].

Substituting (2.4.1) and (2.4.2) into (2.2.8)–(2.2.10) we obtain the system of equations

0 = θ0η
α
2ϕ
′
1 + ϕ1(1− ϕ1)− δ1ϕ1(ϕ2 + ϕ3), (2.4.3)

0 = η2[(1− ϕ1)ϕ
′′
2 − ϕ′1ϕ′2] + θ0η

α
2ϕ
′
2 + β2ϕ2(1− ϕ2), (2.4.4)

0 = ηγ2ϕ
′′
3 + θ0η

α+γ
2 ϕ′3 + β30[ϕ2(1− ϕ2)− δ3ϕ3], (2.4.5)

with the BCs given by (2.2.11). Introducing the stretched inner variable ξ = z/ηα2 into (2.4.3)–

(2.4.5), and letting

(ϕ1, ϕ2, ϕ3)(z; η2) = (ψ1, ψ2, ψ3)(ξ; η2),

we have the equivalent system

0 = θ0ψ̇1 + ψ1(1− ψ1)− δ1ψ1(ψ2 + ψ3), (2.4.6)

0 = η1−2α2 [(1− ψ1)ψ̈2 − ψ̇1ψ̇2] + θ0ψ̇2 + β2ψ2(1− ψ2), (2.4.7)

0 = ηγ−2α2 ψ̈3 + θ0η
γ
2 ψ̇3 + β30[ψ2(1− ψ2)− δ3ψ3], (2.4.8)

where ˙( ) denotes differentiation with respect to ξ.

The outer and inner solutions are defined by

(ϕ1out, ϕ2out, ϕ3out)(z) = (ϕ1, ϕ2, ϕ3)(z; 0)
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and

(ϕ1in, ϕ2in, ϕ3in)(ξ) = (ψ1, ψ2, ψ3)(ξ; 0),

respectively. We require that the outer and inner solutions satisfy the matching conditions

(ϕ1in, ϕ2in, ϕ3in)(±∞) = (ϕ1out, ϕ2out, ϕ3out)(0±).

2.4.1 Outer solutions

The outer solution ϕ2out is found by taking η2 → 0+ in (2.4.4) and hence is governed by the

algebraic equation

β2ϕ2out (1− ϕ2out) = 0

where ϕ2out(−∞) = 1 and ϕ2out(∞) = 0. We can see that a function that satisfies these condi-

tions is

ϕ2out(z) =


1 if z < 0,

0 if z > 0.

(2.4.9)

Note that the discontinuity at z = 0 is not an issue as this is the outer solution only and we will

find an inner solution valid for a small region about the point z = 0.

We find the governing equation for the outer solution ϕ3out by taking η2 → 0+ in (2.4.5) to

give us the algebraic equation

β30[ϕ2out(1− ϕ2out)− δ3ϕ3out] = 0

subject to ϕ3out(−∞) = 0 and ϕ3out(∞) = 0. Using (2.4.9) gives

ϕ3out(z) = 0 (z 6= 0). (2.4.10)

Finally, consider (2.4.3) and take η2 → 0+ to obtain

ϕ1out(1− ϕ1out)− δ1ϕ1out(ϕ2out + ϕ3out) = 0, (2.4.11)

where ϕ1out(−∞) = 1 − δ1 and ϕ1out(∞) = 1 for 0 < δ1 < 1, while ϕ1out(−∞) = 0 and

ϕ1out(∞) = 1 for δ1 ≥ 1. Using (2.4.9) and (2.4.10), we solve (2.4.11) and obtain for 0 < δ1 < 1
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that

ϕ1out(z) =


1− δ1 if z < 0,

1 if z > 0,

(2.4.12a)

while for δ1 ≥ 1 we have

ϕ1out(z) =


0 if z < 0,

1 if z > 0.

(2.4.12b)

2.4.2 Inner solutions

We proceed to the inner solutions by letting η2 → 0+ in (2.4.6)–(2.4.8). Now, if α > 1/2 in (2.4.7)

we have

(1− ϕ1in)ϕ̈2in − ϕ̇1inϕ̇2in = 0,

which cannot satisfy the corresponding boundary conditions. Furthermore, if α = 1/2 in (2.4.7)

and take η2 → 0+ we obtain an equation for ϕ2in given by

(1− ϕ1in) ϕ̈2in − ϕ̇1inϕ̇2in + θ0ϕ̇2in + β2ϕ2in (1− ϕ2in) = 0.

However due to the fact that this equation is part of a coupled system of equations that cannot be

solved easily, the asymptotic analysis cannot be completed for this case. Note also that if γ < 2α

and we take η2 → 0+ in (2.4.8) we have ϕ̈3in = 0 and only the trivial solution can satisfy the

boundary conditions. With these restrictions in mind we will therefore assume from this point

onwards that

0 < α < 1/2, γ ≥ 2α.

Taking η2 → 0+ in (2.4.7) yields an equation equivalent to (2.3.2); hence the inner solution

for the tumour tissue is given by

ϕ2in(ξ) =
1

2

(
1− tanh

β2ξ

2θ0

)
. (2.4.13)

It is clear that ϕ2in satisfies

ϕ2in(−∞) = 1 = ϕ2out(0−), ϕ2in(∞) = 0 = ϕ2out(0+).

For the H+ ion concentration we need to consider two cases: γ > 2α and γ = 2α.
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Suppose first that γ > 2α and take η2 → 0+ in (2.4.8). Then the governing equation for ϕ3in

is

β30[δ3ϕ3in − ϕ2in (1− ϕ2in)] = 0.

Solving this algebraic equation gives

ϕ3in(ξ) =
1

δ3
ϕ2in(ξ) [1− ϕ2in(ξ)] ,

which simplifies to

ϕ3in(ξ) =
1

4δ3
sech2β2ξ

2θ0
(2.4.14)

from (2.4.13) and (2.3.4).

In the case γ = 2α, when we take η2 → 0+, (2.4.8) becomes

ϕ̈3in + β30[ϕ2in(1− ϕ2in)− δ3ϕ3in] = 0,

which can be rewritten as

ϕ̈3in − δ3β30ϕ3in = −β30ϕ2in(1− ϕ2in) = −β30
4

sech2β2ξ

2θ0
(2.4.15)

using (2.3.4). We solve this equation subject to

ϕ3in(−∞) = ϕ3out(0−) = 0, ϕ3in(∞) = ϕ3out(0+) = 0.

Applying Lemma 2.A.1 in Appendix 2.A to (2.4.15) yields

ϕ3in(ξ) =
1

8

√
β30
δ3

[∫ ∞
ξ

e
√
δ3β30(ξ−s)sech2β2s

2θ0
ds+

∫ ξ

−∞
e−
√
δ3β30(ξ−s)sech2β2s

2θ0
ds

]
.

Lastly, we find the inner solution for the normal tissue. We consider (2.4.6) and take η2 → 0+

to obtain

θ0ϕ̇1in + ϕ1in (1− ϕ1in)− δ1ϕ1in (ϕ2in + ϕ3in) = 0,

where

ϕ1in(−∞) = ϕ1out(0−), ϕ1in(∞) = ϕ1out(0+).

Then using (2.4.12a) ((2.4.12b), respectively) for 0 < δ1 < 1 (δ1 ≥ 1, respectively) we obtain
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limits for ϕ1in at ±∞ such that the governing equation for ϕ1in is in the same form as (2.3.1).

Therefore a similar application of Lemma 2.A.3 gives

ϕ1in(ξ) =
θ0Φ(ξ)∫∞
ξ Φ(s) ds

,

where

Φ(z) = e−
∫ z
0 [1−δ1ϕ2in(s)−δ1ϕ3in(s)]/θ0 ds.

2.4.3 Uniform approximations

Given that we have obtained our outer and inner solutions, we can look for uniform approximations

for ϕ1, ϕ2 and ϕ3. This is the result of the following proposition:

Proposition 2.4.1. Suppose that

θ = θ0η
α
2 , β3 = β30η

−γ
2

where θ0, β30 = O(1) as η2 → 0+ and

0 < α < 1/2, γ ≥ 2α.

Define

φ(z; η2) =
1

θ0

∫ z

0

[
δ1ϕ2in

(
s

ηα2

)
+ δ1ϕ3in

(
s

ηα2

)
− 1

]
ds. (2.4.16)

Then uniform approximations for ϕ1, ϕ2 and ϕ3 are respectively given by

ϕ1(z; η2) '
θ0η

α
2 eφ(z;η2)/η

α
2∫∞

z eφ(s;η2)/η
α
2 ds

, (2.4.17)

ϕ2(z; η2) '
1

2

(
1− tanh

β2z

2θ0ηα2

)
(2.4.18)

and

ϕ3(z; η2) '



1

4δ3
sech2 β2z

2θ0ηα2
if γ > 2α,

1

8

√
β30
δ3

[∫ ∞
z/ηα2

e
√
δ3β30(z/ηα2−s)sech2β2s

2θ0
ds

+

∫ z/ηα2

−∞
e−
√
δ3β30(z/ηα2−s)sech2β2s

2θ0
ds

] if γ = 2α.

(2.4.19)
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Proof. Uniform approximations for ϕ1, ϕ2 and ϕ3 are obtained by adding the corresponding outer

and inner solutions and then subtracting the common values in the overlap region. For the tumour

tissue we have

ϕ2c =


ϕ2in(−∞) = ϕ2out(0−) = 1 if z < 0,

ϕ2in(∞) = ϕ2out(0+) = 0 if z > 0,

while for the H+ ion concentration it is

ϕ3c =


ϕ3in(−∞) = ϕ3out(0−) = 0 if z < 0,

ϕ3in(∞) = ϕ3out(0+) = 0 if z > 0.

For the normal tissue the common value when 0 < δ1 < 1 is

ϕ1c =


ϕ1in(−∞) = ϕ1out(0−) = 1− δ1 if z < 0,

ϕ1in(∞) = ϕ1out(0+) = 1 if z > 0,

while for δ1 ≥ 1 it is

ϕ1c =


ϕ1in(−∞) = ϕ1out(0−) = 0 if z < 0,

ϕ1in(∞) = ϕ1out(0+) = 1 if z > 0.

Therefore a uniform approximation for the tumour tissue is given by

ϕ2(z; η2) ' ϕ2out(z) + ϕ2in

(
z

ηα2

)
− ϕ2c =

1

2

(
1− tanh

β2z

2θ0ηα2

)
.

A uniform approximation for the H+ ion concentration when γ > 2α is

ϕ3(z; η2) ' ϕ3out(z) + ϕ3in

(
z

ηα2

)
− ϕ3c =

1

4δ3
sech2 β2z

2θ0ηα2
,

while for γ = 2α it is

ϕ3(z; η2) 'ϕ3out(z) + ϕ3in

(
z

ηα2

)
− ϕ3c

=
1

8

√
β30
δ3

[∫ ∞
z/ηα2

e
√
δ3β30(z/ηα2−s)sech2β2s

2θ0
ds+

∫ z/ηα2

−∞
e−
√
δ3β30(z/ηα2−s)sech2β2s

2θ0
ds

]
.
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For the normal tissue a uniform approximation is given by

ϕ1(z; η2) ' ϕ1out(z) + ϕ1in

(
z

ηα2

)
− ϕ1c =

θ0Φ(z/ηα2 )∫∞
z/ηα2

Φ(s) ds
,

where

Φ(z) = e−
∫ z
0 [1−δ1ϕ2in(s)−δ1ϕ3in(s)]/θ0 ds.

By an appropriate substitution for s we obtain

∫ ∞
z/ηα2

Φ(s) ds =
1

ηα2

∫ ∞
z

Φ

(
s

ηα2

)
ds.

Similarly, if we define

φ(z; η2) =
1

θ0

∫ z

0

[
δ1ϕ2in

(
s

ηα2

)
+ δ1ϕ3in

(
s

ηα2

)
− 1

]
ds,

then

Φ

(
z

ηα2

)
= eφ(z;η2)/η

α
2 .

Hence

ϕ1(z; η2) '
θ0η

α
2 eφ(z;η2)/η

α
2∫∞

z eφ(s;η2)/η
α
2 ds

.

Plots of the slow TW solutions for particular parameter values are displayed in Figures 2.2a

and 2.2b. In Section 2.5 these solutions will be compared to corresponding numerical solutions of

the PDE model (2.2.4)–(2.2.6).

2.4.4 An estimate for the interstitial gap

Here we wish to estimate the width of the interstitial gap. To do so we need to approximate the

following generalised Laplace integral appearing in the uniform approximation for ϕ1:

∫ ∞
z

eφ(s;η2)/η
α
2 ds, (2.4.20)

where φ is given by (2.4.16). The next lemma provides information about the behaviour of ϕ3in

that will be utilised for the approximation of the generalised Laplace integral.
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(a) (δ1, β2, β3, η2, δ3, θ) = (10, 1, 1000, 4 ×
10−5, 0.1, 0.0140)
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(b) (δ1, β2, β3, η2, δ3, θ) = (20, 0.5, 100, 4 ×
10−5, 0.05, 0.0116)

Figure 2.2: Asymptotic approximations given by (2.4.16)–(2.4.19) in the case (γ = 2α)

Lemma 2.4.2. Define

ϕ3in(ξ) =



1

4δ3
sech2β2ξ

2θ0
if γ > 2α,

1

8

√
β30
δ3

[∫ ∞
ξ

e
√
δ3β30(ξ−s)sech2β2s

2θ0
ds

+

∫ ξ

−∞
e−
√
δ3β30(ξ−s)sech2β2s

2θ0
ds

] if γ = 2α.

(2.4.21)

Then ϕ̇3in(ξ) > 0 for ξ < 0 and ϕ̇3in(ξ) < 0 for ξ > 0. Thus ϕ3in has a unique global maximum

at ξ = 0.

Proof. The case when γ > 2α is trivial. Suppose that γ = 2α. Since (2.4.21) is an even function,

it has a turning point at ξ = 0 (i.e. ϕ̇3in(0) = 0). We see that

ϕ̇3in(ξ) =
β30
8

[∫ ∞
ξ

e
√
δ3β30(ξ−s)sech2β2s

2θ0
ds−

∫ ξ

−∞
e−
√
δ3β30(ξ−s)sech2β2s

2θ0
ds

]
. (2.4.22)

We can view (2.4.21) and (2.4.22) as a linear system with the improper integrals as the unknowns.

Solving this system gives

ϕ̇3in(ξ) = −
√
δ3β30ϕ3in(ξ) +

β30
4

∫ ∞
ξ

e
√
δ3β30(ξ−s)sech2β2s

2θ0
ds,
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To proceed further, we shall use Lemma 2.A.4 in Appendix 2.A. If we let

F (ξ,W ) = −
√
δ3β30W +

β30
4

∫ ∞
ξ

e
√
δ3β30(ξ−s)sech2β2s

2θ0
ds

with J = [0,∞), then

D1F (ξ,W ) =
β30
4

[
−sech2β2ξ

2θ0
+
√
δ3β30

∫ ∞
ξ

e
√
δ3β30(ξ−s)sech2β2s

2θ0
ds

]
.

For 0 ≤ ξ < s, sech2 is strictly decreasing; hence

∫ ∞
ξ

e
√
δ3β30(ξ−s)sech2β2s

2θ0
ds <

∫ ∞
ξ

e
√
δ3β30(ξ−s)sech2β2ξ

2θ0
ds

=
1√
δ3β30

sech2β2ξ

2θ0
.

This shows thatD1F (ξ,W ) < 0 for all (ξ,W ) ∈ J ×R. From Lemma 2.A.4 (with ξ0 = ξ∗ = 0)

we deduce that ϕ̇3in(ξ) < 0 for all ξ > 0.

On the other hand, sinceϕ3in(ξ) is even, we therefore know that ϕ̇3in(ξ) is odd. As ϕ̇3in(ξ) < 0

for ξ > 0, the fact that ϕ̇3in(ξ) is odd implies ϕ̇3in(ξ) > 0 for ξ < 0.

We now show that for certain values of δ1, the function φ defined in (2.4.16) achieves a unique

maximum.

Lemma 2.4.3. Let φ be defined by (2.4.16). If δ1 ≥ 2, then there exists a unique maximum of φ

attained at a value z+ > 0. Here, z+ is the unique positive solution of

δ1ϕ2in

(
z+
ηα2

)
+ δ1ϕ3in

(
z+
ηα2

)
− 1 = 0. (2.4.23)

Proof. Suppose that δ1 ≥ 2. First we claim that φ′(z; η2) > 0 for z ≤ 0. Consider

θ0φ
′(z; η2) = δ1ϕ2in

(
z

ηα2

)
+ δ1ϕ3in

(
z

ηα2

)
− 1 > δ1ϕ2in

(
z

ηα2

)
− 1

as ϕ3in(ξ) > 0 for all ξ ∈ R. Note that ϕ̇2in(ξ) < 0 for all ξ ∈ R, therefore for z ≤ 0

ϕ2in

(
z

ηα2

)
≥ ϕ2in(0) =

1

2
.
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Hence

θ0φ
′(z; η2) >

δ1
2
− 1 ≥ 0,

proving that φ′(z; η2) > 0 for z ≤ 0.

Next we claim that φ has a unique turning point at some z+ > 0. Define

G(z) = δ1ϕ2in

(
z

ηα2

)
+ δ1ϕ3in

(
z

ηα2

)
− 1 (z ≥ 0).

We see that

G(0) =
δ1
2

+ δ1ϕ3in(0)− 1 > 0

and

G(∞) = lim
z→∞

G(z) = −1.

Therefore there existsM > 0 such that |G(z) + 1| < 1/2 for all z ≥M , i.e.

−3

2
< G(z) < −1

2
(z ≥M).

HenceG(M) < −1/2 < 0 andG(0) > 0. By Bolzano’s Theorem there exists a value z+ ∈ (0,M)

such that

G(z+) = δ1ϕ2in

(
z+
ηα2

)
+ δ1ϕ3in

(
z+
ηα2

)
− 1 = 0

(i.e. φ′(z+; η2) = G(z+)/θ0 = 0). To prove that this point is unique we consider

G′(z) =
δ1
ηα2

[
ϕ̇2in

(
z

ηα2

)
+ ϕ̇3in

(
z

ηα2

)]
.

We note that ϕ̇2in(z/ηα2 ) < 0 and ϕ̇3in(z/ηα2 ) < 0 for z > 0 by Lemma 2.4.2. Hence G′(z) < 0

for all z > 0, i.e. G(z) is strictly decreasing for all z > 0. Therefore there can exist only one zero

of the function G on (0,∞), and this occurs at z = z+. Note that this implies that G(z) > 0 for

all 0 ≤ z < z+ and G(z) < 0 for all z > z+ (i.e. φ′(z; η2) = G(z)/θ0 > 0 for all 0 ≤ z < z+

and φ′(z; η2) = G(z)/θ0 < 0 for all z > z+).

Finally, we claim that φ has a unique maximum at z+. We showed that φ′(z; η2) > 0 for z ≤ 0

and φ′(z; η2) > 0 for all 0 ≤ z < z+, thus φ′(z; η2) > 0 for all z < z+. Also, we showed that

φ′(z+) < 0 for all z > z+. Therefore φ(z; η2) has a unique global maximum at z = z+.

We can apply Lemma 2.A.5 in Appendix 2.A to approximate (2.4.20) for δ1 ≥ 2. Note that
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(2.4.16) implies

|φ(z; η2)| ≤
δ1 + δ1ϕ3in(0) + 1

θ0
|z|

for all z. Thus φ remains bounded as η2 → 0+.

We first consider (2.4.20) for z > z+. For z+ < z ≤ s < ∞ (i.e. s > z+) we have by

Lemma 2.4.3 that φ′(s; η2) < 0 for all z ≤ s < ∞. Hence by Lemma 2.A.5 (i) we have for

(2.4.20) that ∫ ∞
z

eφ(s;η2)/η
α
2 ds ' −η

α
2 eφ(z;η2)/η

α
2

φ′(z; η2)
.

Therefore (2.4.17) gives

ϕ1(z; η2) ' − θ0φ′(z; η2)

= 1− δ1ϕ2in

(
z

ηα2

)
− δ1ϕ3in

(
z

ηα2

) (2.4.24)

for z > z+.

Nowwe consider (2.4.20) for z < z+. We note fromLemma 2.4.3 thatφ has a uniquemaximum

at z+, where z < z+ <∞. Hence from Lemma 2.A.5 (iii) we obtain

∫ ∞
z

eφ(s;η2)/η
α
2 ds '

√
2πη

α/2
2 eφ(z+;η2)/ηα2√
−φ′′(z+; η2)

.

Therefore (2.4.17) gives

ϕ1(z; η2) '
θ0√
2π
η
α/2
2

√
−φ′′(z+; η2)e

[φ(z;η2)−φ(z+;η2)]/ηα2 (2.4.25)

for z < z+. Then combining (2.4.24) and (2.4.25) we have

ϕ1(z; η2) '


1− δ1ϕ2in

(
z

ηα2

)
− δ1ϕ3in

(
z

ηα2

)
if z > z+,

θ0√
2π
η
α/2
2

√
−φ′′(z+; η2)e

[φ(z;η2)−φ(z+;η2)]/ηα2 if z < z+.

We claim that the interstitial gap is approximately given by (0, z+). Mathematically, we char-

acterise this gap as a region where ϕ1(z; η2) +ϕ2(z; η2)� 1 for all z ∈ (0, z+) and η2 small. Fix
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z ∈ (0, z+). Then from (2.4.18) we see that

lim
η2→0+

ϕ2(z; η2) = 0.

Since 0 < z < z+, and φ is bounded as η2 → 0+ and strictly increasing on (0, z+), it follows that

φ(z; η2) < φ(z+; η2) and so

lim
η2→0+

e[φ(z;η2)−φ(z+;η2)]/ηα2 = 0.

Consider

φ′′(z+; η2) =
δ1
θ0ηα2

[
ϕ̇2in

(
z+
ηα2

)
+ ϕ̇3in

(
z+
ηα2

)]
.

Then

η
α/2
2

√
−φ′′(z+; η2) =

√
δ1
θ0

√
−ϕ̇2in

(
z+
ηα2

)
− ϕ̇3in

(
z+
ηα2

)
.

We have

|ϕ̇2in (ξ)| =
∣∣∣∣− β2

4θ0
sech2β2ξ

2θ0

∣∣∣∣ ≤ β2
4θ0

,

so that ϕ̇2in(z+/η
α
2 ) remains bounded as η2 → 0+. When γ > 2α

|ϕ̇3in(ξ)| =
∣∣∣∣− β2

4δ3θ0
sech2β2ξ

2θ0
tanh

β2ξ

2θ0

∣∣∣∣ ≤ β2
4δ3θ0

,

while for γ = 2α we have

|ϕ̇3in(ξ)| =
∣∣∣∣β308

[∫ ∞
ξ

e
√
δ3β30(ξ−s)sech2β2s

2θ0
ds−

∫ ξ

−∞
e−
√
δ3β30(ξ−s)sech2β2s

2θ0
ds

]∣∣∣∣
≤ β30

8

[∫ ∞
ξ

e
√
δ3β30(ξ−s) ds+

∫ ξ

−∞
e−
√
δ3β30(ξ−s) ds

]
=

1

4

√
β30
δ3
.

In either case ϕ̇3in(z+/η
α
2 ) remains bounded as η2 → 0+. Hence we deduce from (2.4.25) that

lim
η2→0+

ϕ1(z; η2) = 0,

thus proving the claim that the interstitial gap can be approximated by (0, z+) with width z+.

When γ > 2α, we can actually find z+ explicitly. Indeed, using (2.4.13) and (2.4.14) in
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(2.4.23), we obtain

tanh2 β2z+
2θ0ηα2

+ 2δ3 tanh
β2z+
2θ0ηα2

+ 4δ3

(
1

δ1
− 1

2

)
− 1 = 0.

This is a quadratic equation in tanh and whose roots are

tanh
β2z+
2θ0ηα2

= −δ3 ±
√
δ23 − 2δ3(2− δ1)/δ1 + 1.

Note that the discriminant is always positive since δ1 ≥ 2. Taking the positive root since z+ > 0

gives

z+ =
2θ0η

α
2

β2
tanh−1

(
−δ3 +

√
δ23 − 2δ3(2− δ1)/δ1 + 1

)
.

Differentiating with respect to the parameters yields

∂z+
∂δ1

> 0,
∂z+
∂β2

< 0,
∂z+
∂η2

> 0,
∂z+
∂δ3

< 0

for δ1 ≥ 2. When γ = 2α, it is not possible to solve for z+ explicitly but differentiating (2.4.23)

implicitly with respect to the parameters δ1, β2, η2 and δ3 gives the same relations as for γ > 2α

(see 2.B for details).

2.4.5 Statement of results for slow waves

The results of this section can therefore be summarised as follows:

If we assume that θ = θ0η
α
2 and β3 = β30η

−γ
2 where θ0, β30 = O(1) as η2 → 0+ and

0 < α < 1/2, γ ≥ 2α,

then we obtain the following uniform approximations for (ϕ1, ϕ2, ϕ3)(z):

ϕ2(z; η2) '
1

2

(
1− tanh

β2z

2θ0ηα2

)
,

ϕ1(z; η2) '
θ0η

α
2 eφ(z;η2)/η

α
2∫∞

z eφ(s;η2)/η
α
2 ds

,
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and

ϕ3(z; η2) '



1

4δ3
sech2 β2z

2θ0ηα2
if γ > 2α,

1

8

√
β30
δ3

[∫ ∞
z/ηα2

e
√
δ3β30(z/ηα2−s)sech2β2s

2θ0
ds

+

∫ z/ηα2

−∞
e−
√
δ3β30(z/ηα2−s)sech2β2s

2θ0
ds

] if γ = 2α.

Here,

φ(z; η2) =
1

θ0

∫ z

0

[
δ1ϕ2in

(
s

ηα2

)
+ δ1ϕ3in

(
s

ηα2

)
− 1

]
ds,

where

ϕ2in(ξ) =
1

2

(
1− tanh

β2ξ

2θ0

)
and

ϕ3in(ξ) =



1

4δ3
sech2β2ξ

2θ0
if γ > 2α,

1

8

√
β30
δ3

[∫ ∞
ξ

e
√
δ3β30(ξ−s)sech2β2s

2θ0
ds

+

∫ ξ

−∞
e−
√
δ3β30(ξ−s)sech2β2s

2θ0
ds

] if γ = 2α.

If δ1 ≥ 2 then we obtain an estimate for the size of the interstitial gap, z+ > 0, given by the

solution to the following implicit equation

δ1ϕ2in

(
z+
ηα2

)
+ δ1ϕ3in

(
z+
ηα2

)
− 1 = 0.

In the case γ > 2α we obtain the explicit formula

z+ =
2θ0η

α
2

β2
tanh−1

(
−δ3 +

√
δ23 − 2δ3(2− δ1)/δ1 + 1

)
.

Differentiating z+ with respect to the parameters yields

∂z+
∂δ1

> 0,
∂z+
∂β2

< 0,
∂z+
∂η2

> 0,
∂z+
∂δ3

< 0.

2.5 Numerical results

We performed a numerical simulation of our model to obtain an idea of important variables and

terms affecting the development of the model and also to confirm the validity of the asymptotic ap-
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proximations. We solved the system of partial differential equations (2.2.4)–(2.2.6), for a large time

domain, by applying a forward finite-difference scheme. Due to boundary conditions at infinity we

made the assumption that for values of x at a large enough distance from where the cell densities

and acid concentration perform a rapid change, our solution will remain approximately constant

for a very large period of time. Without loss of generality we make this rapid change occur initially

about x = 0. Hence under this assumption the gradients of u1, u2 and u3, at x far enough from

x = 0, will be zero, and as such we applied a homogeneous Neumann boundary condition at large

values x = −L1 and x = L2, where L1, L2 � 1. The initial conditions are given by piecewise

linear functions as shown in Figure 2.3. The initial conditions show that the tumour population is

at carrying capacity and then decreases to zero within the domain, whereas the normal tissue is

initially present at a low density in the tumour region and then increases to carrying capacity in the

tumour vacant region. The acid concentration is initially zero. Examples of the solutions obtained

for different parameter values can be seen in Figures 2.4a–2.4e. Note that for each of these figures

there is a given speed. This speed was not used in the calculation of these solutions, rather the speed

has been obtained via a parameter estimation technique that determines a value for θ by matching

the data obtained from solving the system of partial differential equations (2.2.4)–(2.2.6) at the final

timestep to the ordinary differential equation (2.2.8). The technique used is an integration-based

estimation technique outlined in Chapter 5 (see 2.C for further details). As a result we were able to

plot the asymptotic approximations, given by Figures 2.2a and 2.2b, respectively, for the parameter

values used to obtain the numerical solutions displayed in Figures 2.4a and 2.4b, respectively.

−1 −0.5 0 0.5 1

0

0.2

0.4

0.6
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1

z
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Figure 2.3: Initial conditions for numerical simulations

We observe from Figures 2.4c, and 2.4d that for small values of β3 we attain solutions of the
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H+ ions that represent low concentrations at any point thus giving justification to the assumption

made in the analysis of the slow TWs that β3 must be large. In Figure 2.4b we have an example

of an interstitial gap predicted by the numerical modelling for certain parameter values. The ana-

lytical analysis of our estimate for the gap, in Section 2.4, suggests that along with the parameter

assumptions η2 � 1 and β3 � 1 that if δ1 is sufficiently large (i.e. δ1 ≥ 2) and β2 and δ3 are

sufficiently small then the numerical solutions should display an interstitial gap.

In Figures 2.5a and 2.5b we compare the solutions in Figures 2.2a and 2.2b to Figures 2.4a and

2.4b, respectively, and note that the asymptotic approximations produced in the case γ = 2α are in

excellent agreement with the numerically obtained solutions. In order to compare the solutions, a

value was selected from the front of the numerical solution forϕ2 andmatched to the position where

the asymptotic solution for ϕ2 obtains that value. The asymptotic solution was then subtracted

from the numerical solution to obtain the error. The maximum difference obtained between the

numerical and asymptotic solutions for these parameter values are O(10−3)–O(10−2). When we

consider the value used for η2 = 4×10−5 to produce these solutions, we note the errors areO(ηα2 )

for 0 < α < 1/2 with α ≈ 1/2. This is in the range of the expected error as the asymptotic

approximation consists of the O(1) terms and we have truncated the O(ηα2 ) terms. There is also

the possibility of small numerical errors in both the asymptotic and numerical solutions that have

contributed to the errors depicted. However the consistency of the numerical solutions and size of

the errors suggest this is not a significant influence. We note that in the case γ > 2α the asymptotic

solutions produced did not provide a good fit to the numerical solutions for the parameter values

considered. This would suggest that the values for β3 used in the numerical simulations were not

sufficiently large so that this would provide a good approximation. However when larger values of

β3 were used, the numerical simulations were unstable and hence we were unable to confirm this

hypothesis.

2.6 Discussion and concluding remarks

In this chapter we proposed a RD model for the process of acid-mediated tumour growth that is an

altered version of the model originally proposed by Gatenby and Gawlinski [71]. While the models

appear similar, their dynamics and solutions are significantly different. The model proposed by

Gatenby andGawlinski [71] postulates that an excess ofH+ ions is produced by the tumour cells due

to aerobic glycolysis. The excess of H+ ions is concentrated at the tumour-normal tissue interface.
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(a) (δ1, β2, β3, δ3, θ) = (10, 1, 1000, 0.1, 0.0140)
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(b) (δ1, β2, β3, δ3, θ) =
(20, 0.5, 100, 0.05, 0.0116)
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(c) (δ1, β2, β3, δ3, θ) = (20, 1, 1, 0.1, 0.0088)
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(d) (δ1, β2, β3, δ3, θ) = (0.5, 2, 5, 0.1, 0.0043)
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Figure 2.4: Numerical approximations of (2.2.4)–(2.2.6) with η2 = 4× 10−5: In (c) and (d) a low
value of β3 is used resulting in production of low levels of acid that diffuses over a wide region.
Consequently, normal cell destruction is primarily due to competition at the tumour-host interface,
resulting in a sharp change in the normal cell density when the tumour cell density undergoes a
steep change. In (c), δ1 is large and as a result of the low acid concentration over a wide region,
normal cell destruction decreases gradually in the tumour vacant region.



CHAPTER 2. AMTI WITH NONLINEAR ACID PRODUCTION TERM 56

−1 0 1 2

0

0.2

0.4

0.6

0.8

1

z

Numerical

ϕ1
ϕ2
ϕ3

−1 0 1 2

0

0.2

0.4

0.6

0.8

1

z

Asymptotic

ϕ1
ϕ2
ϕ3

−1 0 1 2

−0.1

0

0.1

z

Error

ϕ1
ϕ2
ϕ3

(a) (δ1, β2, β3, δ3, θ) = (10, 1, 1000, 0.1, 0.0140)

−1 0 1 2

0

0.2

0.4

0.6

0.8

1

z

Numerical

ϕ1
ϕ2
ϕ3

−1 0 1 2

0

0.2

0.4

0.6

0.8

1

z

Asymptotic

ϕ1
ϕ2
ϕ3

−1 0 1 2

−0.1

0

0.1

z

Error

ϕ1
ϕ2
ϕ3

(b) (δ1, β2, β3, δ3, θ) = (20, 0.5, 100, 0.05, 0.0116)

Figure 2.5: Comparison of numerical and asymptotic (γ = 2α) solutions of (2.2.4)–(2.2.6) with
η2 = 4×10−5: In (b) and (a) the top and centre figures represent the numerical and asymptotic (γ =
2α) approximations, respectively. The bottom figures display the difference between the numerical
and asymptotic solutions (i.e., numerical minus asymptotic). In (a) the absolute maximum errors
for each solution are E1 = 0.0187, E2 = 0.0178, E3 = 0.0196. In (b) the maximum absolute
errors for each solution are E1 = 0.0122, E2 = 0.0137, E3 = 0.0050.
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This creates a region of lowered pH ahead of the advancing tumour. Moreover, for certain parameter

values, healthy tissue could be destroyed prior to the arrival of malignant cells. This would result

in the formation of an interstitial gap, where the concentrations of tumour and normal tissue are

close to zero. The most noticeable difference between the proposed model and that of Gatenby and

Gawlinski’s is that concentration ofH+ ions is in the form of a pulse and not a front. This difference

is due to the hypothesis that the production ofH+ ions is considered to be proportional to the tumour

cell density until the latter reaches a threshold, after which the production rate decreases as the

tumour cell density reaches its saturation level. This creates a localised region of acid production

and concentration. As a consequence of this hypothesis we find that a high production rate of

H+ ions is required, which would indicate a high dependence on glycolysis. We note the results

in [77] suggest this highly localised acid production, characterised by the formation of a pulse,

may not represent the best model for the acid profile. However, in contrast to the results originally

obtained by Gatenby and Gawlinski [71], which suggest an almost spatially homogeneous acid

concentration in the tumour region, the results of [77] show a more spatially heterogeneous acid

concentration often with greater concentrations of acid near the tumour front. This suggests that

the best possible model for acid production lies somewhere in between that originally proposed by

Gatenby and Gawlinski and that proposed here. Our conducted analysis was unable to lead to an

analytical estimate of the wave speed. Hence a potential analytical estimation of the speed of the

TWs and effect of parameters in the system on the speed would enlighten us further to the effects

of the localised acid production hypothesis and allow us to better compare our model with Gatenby

and Gawlinski’s original model [71] and that proposed by McGillen et al. [140]. This analysis of

the speed and the factors that cause it to change would provide predictions that potentially could

be tested experimentally assuming the relevant predictions and factors affecting them are able to

be observed and quantified. We note that our investigation puts a greater importance on population

competition than that proposed by Gatenby and Gawlinski [71] and we find that our hypothesis

requires competition whereas Gatenby and Gawlinski’s does not. Competition is a requirement in

this model as without it the tumour will not be able to achieve an invasive state solely from acid-

mediation and rather only the coexistence behaviour would be observed. Furthermore, comparing

the model presented here to that proposed by McGillen et al. [140] in which the model permits

conditions on the system such that the tumour population does not invade but is cleared from the

system, our model only considers invasion as in [71].

We undertook an analytical and preliminary numerical analysis of the proposed model (2.2.1)–
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(2.2.3). We showed that this model is compatible with various types of fast and slow TW solutions.

The biological significance and interpretation of the fast TW solutions is unclear and would seem to

represent a purely mathematical feature due to the fact that fast speeds are biologically unrealistic.

We note the slow solution is dependent on two introduced parametersα and γ, such that the uniform

approximation is obtained for 0 < α < 1/2 and γ ≥ 2α. This restriction on the parameters has

been visualised in Figure 2.6 in which we can see the blue region represents the area for which we

found asymptotic solutions in the α–γ plane. The white region in the positive cone represents a

region in which our analysis did not give a uniform solution.

α1/2

γ

1

γ = 2α

Figure 2.6: Region of uniform solutions for the slow TWs in the α–γ plane

We also characterised conditions under which an interstitial gap, that is, a region almost devoid

of tumour and normal cells, exists and have given an implicit formula for calculating an approxi-

mation of the gap width. This formula can be made explicit when γ > 2α. Our results point to the

existence of a gap when δ1 ≥ 2 with the estimate for its width being the value z+ given by solving

(2.4.23). This condition is consistent with the prediction made by Gatenby and Gawlinski [71] and

Fasano et al. [63] that an interstitial gap can only be achieved by a sufficiently aggressive tumour.

We further found that this estimate for the gap would increase with respect to the parameters δ1

and η2 and decreases with respect to the parameters β2 and δ3. Specifically, the prediction that

the gap increases with respect δ1 implies that the greater the destructive influence of the tumour,

the greater the size of interstitial gap as is predicted in Fasano et al. [63]. The increase in z+ with

respect to η2 suggests that as the cell motility decreases, so too does the size of the interstitial gap.

The prediction that the gap decreases with respect to β2 suggests that if the production of tumour

cells is faster than the normal cells, then the interstitial gap should be decreased and if the tumour

cell production rate decreases or the normal cell production rate increases the converse would be

true. We see that z+ decreasing with respect to δ3 predicts that if the uptake of acid increases then

the size of the interstitial gap should decrease and if the uptake decreases the converse would be
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true. This analysis suggests that an examination, either mathematically or experimentally, of the

distribution and density of blood vessels in the tumour region and the resulting effect that these

have on acid-mediated growth would be valuable. This would represent a challenging exercise due

to other system dynamics that would change as a result of changed blood vessel distribution such

as nutrient dynamics. This model predicts an influence on the interstitial gap from a greater num-

ber of the parameters within this model than of that described in Fasano et al. [63]. However, as is

noted in [63, 140], from the experimental results in [71] the size of interstitial gaps observed are the

size of a few cells in width, which when we consider rescaled in terms of our non-dimensionalised

spatial variable is of O(10−3)–O(10−2). Hence observed gap sizes are small in comparison to the

scale that our continuum model considers. We note that very aggressive tumours produce wider

interstitial gaps and mildly aggressive tumours produce gaps in the observable range and as such

this may indicate that there is a small upper bound on the level of aggressiveness which is bio-

logically realistic or that usefulness of the prediction of an interstitial gap from this model may be

more qualitative rather than quantitative. Alternatively, the sizes of gaps that are experimentally

observable may be outside the range of sensitivity for which our model is viable and rather the

formation of a gap in our model may represent a mathematical consequence of the model rather

than a biological one. This issue of making predictions at the cellular scale is a common problem

with continuum models, such as those for spheroid growth (e.g. [85, 188]), that utilise scales much

larger than that of individual tumour cells however often predict small proliferating rims on the

scale of a few cells in width.

The linear stability of the fast TWs was shown to hold when δ1 6= 1 for all strictly positive

parameter values. A mathematical analysis of the linear stability of the slow TWs is more involved

due to the use of matched asymptotic solutions in order to obtain our approximations. However

from numerical simulations conducted we would expect these solutions to be linearly stable. We

note also the excellent fit of these asymptotic solutions obtained in the case γ = 2α to the data

obtained from solving the system (2.2.4)–(2.2.6) numerically. The case where γ = 2α implies that

the acid production is small enough in relation to the speed of the wave that acid diffusion is still an

important factor in the system’s dynamics. The case in which γ > 2α suggests that acid diffusion

becomes less significant and hence is not a factor in determining the leading order approximation.

The model herein presented is a first attempt at considering nonlinear acid-production mech-

anisms. A possible extension could be carried out within the framework proposed in McGillen

et al. [140], with the inclusion of strong competition between normal and tumour tissue, as well as
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potential negative acid effect on tumour progression. We also note that the model we have proposed

has the potential to be extended to include further growth promoting and inhibiting mechanisms

such as haptotaxis and an immunotherapeutic response. This analysis could illuminate how to im-

prove or develop treatment strategies for acid-mediated tumour growth. It could also guide future

experimental analyses and research into the mechanisms behind acid-mediated tumour growth. An

analysis in higher dimensional geometries remains to be conducted as well as a rigorous proof of

existence. However both the asymptotic and numerical analysis conducted in this chapter suggests

the existence of a stable and unique class of solutions.

2.A Auxillary results

Lemma 2.A.1. Consider the equation

W ′′ + θW ′ − κW = f(z), (2.A.1)

where θ ≥ 0, κ > 0 and f is a bounded piecewise continuous function. Let

W (z) =
1

%2 − %1
[I1(z) + I2(z)] , (2.A.2)

where

%1 =
−θ +

√
θ2 + 4κ

2
> 0, %2 =

−θ −
√
θ2 + 4κ

2
< 0 (2.A.3)

and

I1(z) =

∫ ∞
z

e%1(z−s)f(s) ds, I2(z) =

∫ z

−∞
e%2(z−s)f(s) ds. (2.A.4)

Then (2.A.2)–(2.A.4) solves (2.A.1). Moreover, should f possess bounded limits at infinity, i.e. if

f(±∞) = limz→±∞ f(z) both exist, then
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I1(∞) =
f(∞)

%1
,

I1(−∞) =


0 if

∫ ∞
−∞

e−%1sf(s) ds is finite,

f(−∞)

%1
if
∫ ∞
−∞

e−%1sf(s) ds is infinite,

I2(∞) =


0 if

∫ ∞
−∞

e−%2sf(s) ds is finite,

−f(∞)

%2
if
∫ ∞
−∞

e−%2sf(s) ds is infinite,

I2(−∞) = − f(−∞)

%2
.

Proof. See [63] for a proof.

Lemma 2.A.2. For a continuous function g with bounded limits at infinity, let

Φ(z) = e−
∫ z
0 g(s) ds.

Then the following statements hold:

(i) If g(∞) > 0, then Φ(∞) = 0;

(ii) If g(∞) < 0, then Φ(∞) =∞;

(iii) If g(−∞) > 0, then Φ(−∞) =∞;

(iv) If g(−∞) < 0, then Φ(−∞) = 0.

Proof. See [63] for a proof.

Lemma 2.A.3. Let (ϕ1, ϕ2, ϕ3) = (ϕ1, ϕ2, ϕ3)(z; η2) denote a solution to (2.2.8)–(2.2.11), if any.

Then the problem (2.2.8)–(2.2.11) is equivalent to the following:

0 = η2[(1−ϕ1)ϕ
′′
2 −ϕ′1ϕ′2] + θϕ′2 +β2ϕ2(1−ϕ2), ϕ2(−∞; η2) = 1, ϕ2(∞; η2) = 0, (2.A.5)

where

ϕ2(z; η2) =
θΦ(z; η2)∫∞

z Φ(s; η2) ds
, Φ(z; η2) = e−

∫ z
0 [1−δ1ϕ2(s;η2)−δ1ϕ3(s;η2)]/θ ds, (2.A.6)
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ϕ3(z; η2) =
β3

%1 − %2

{∫ ∞
z

e%1(z−s)ϕ2(s; η2)[1− ϕ2(s; η2)] ds

+

∫ z

−∞
e%2(z−s)ϕ2(s; η2)[1− ϕ2(s; η2)] ds

} (2.A.7a)

and

%1 =
−θ +

√
θ2 + 4δ3β3
2

> 0, %2 =
−θ −

√
θ2 + 4δ3β3
2

< 0. (2.A.7b)

Proof. Equation (2.A.5) is the same as (2.2.9) with corresponding boundary conditions for ϕ2. We

can apply Lemma 2.A.1 to (2.2.10) where κ = δ3β3 and f(s) = −β3ϕ2(s; η2)[1 − ϕ2(s; η2)] to

obtain (2.A.7). Since f(±∞) = −β3ϕ2(±∞; η2)[1 − ϕ2(±∞; η2)] = 0 we see that I1(±∞) =

I2(±∞) = 0 from Lemma 2.A.1. Therefore ϕ3(±∞; η2) = 0 and the corresponding BCs in

(2.2.11) hold. Equation (2.2.8) is a Bernoulli-type equation and can be solved explicitly to formally

give (2.A.6).

Let

g(s) =
1− δ1ϕ2(s; η2)− δ1ϕ3(s; η2)

θ
.

Then g(∞) = 1/θ and therefore Φ(∞; η2) = 0 by Lemma 2.A.2. Using L’Hôpital’s Rule in

(2.A.6) verifies that ϕ1(∞; η2) = 1. Similarly, g(−∞) = (1− δ1)/θ.

When δ1 > 1 we have g(−∞) < 0; hence Φ(−∞; η2) = 0 by Lemma 2.A.2. Since 0 <∫∞
−∞Φ(s; η2) ds ≤ ∞ we infer from (2.A.6) that ϕ1(−∞; η2) = 0. In the case 0 < δ1 < 1

we have g(−∞) > 0, and so Φ(−∞; η2) = ∞. Applying L’Hôpital’s Rule to (2.A.6) gives

ϕ1(−∞; η2) = 1− δ1. When δ1 = 1 we note that g(−∞) = 0, so that 0 < Φ(−∞; η2) ≤ ∞ and

as a result
∫∞
−∞Φ(s; η2) ds =∞. So if Φ(−∞; η2) is finite, then it follows that ϕ1(−∞; η2) = 0.

However if Φ(−∞; η2) is infinite, then L’Hôpital’s Rule in (2.A.6) again givesϕ1(∞; η2) = 0.

Lemma 2.A.4. Let J = [z0,∞) and assume thatW solves an equation of the form

W ′(z) = F (z,W (z)),

where F ∈ C1(J ×W (J)). Suppose that

D1F (z, p) < 0

for all (z, p) ∈ J ×W (J).
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(i) IfW ′(z∗) = 0 for some z∗ ∈ J , thenW ′(z) > 0 for all z ∈ [z0, z
∗) andW ′(z) < 0 for all

z ∈ (z∗,∞);

(ii) IfW ′(z0) < 0, thenW ′(z) < 0 for all z > z0.

Proof. We see that

W ′′(z) = D1F (z,W (z)) +D2F (z,W (z))W ′(z).

Therefore at any point z ∈ J whereW ′(z) = 0 we have

W ′′(z) = D1F (z,W (z)) < 0,

i.e. W would have a local maximum at z. Now suppose thatW ′(z∗) = 0 for some z∗ ∈ J . It then

follows thatW has a local maximum at z∗.

(i) Suppose that there exists z1 ∈ (z∗,∞) such thatW ′(z1) ≥ 0. IfW ′(z1) = 0, thenW will

also have a local maximum at z1. Since there are two local maxima at z∗ and z1 there must exist a

local minimum at some z2 ∈ (z∗, z1). This implies thatW ′(z2) = 0, which would mean thatW

will have a local maximum at z2, a contradiction. On the other hand, suppose that W ′(z1) > 0.

Since W has a local maximum at z∗ we can find ε1 > 0 small enough (e.g. ε1 < z1 − z∗) such

that W ′(z) < 0 for all z ∈ (z∗, z∗ + ε1). In particular, W ′(z∗ + ε1/2) < 0. Over the interval

[z∗ + ε1/2, z1] we therefore haveW ′(z∗ + ε1/2)W ′(z1) < 0. By Bolzano’s Theorem there exists

z3 ∈ (z∗+ε1/2, z1) such thatW ′(z3) = 0. But this brings us back to case abovewhenW ′(z1) = 0.

ThereforeW ′(z) < 0 for all z ∈ (z∗,∞). An almost identical argument can be given to show that

W ′(z) > 0 for all z ∈ [z0, z
∗).

(ii) Suppose that there exists z4 ∈ (z0,∞) such that W ′(z4) ≥ 0. If W ′(z4) = 0, then W

has a local maximum at z4. Then there exists ε2 > 0 small enough (e.g. ε2 < z4 − z0) such

that W ′(z) > 0 for all z ∈ (z4 − ε2, z4). In particular, W ′(z4 − ε2/2) > 0. Hence, over the

interval [z0, z4 − ε2/2], we haveW ′(z0)W ′(z4 − ε2/2) < 0. By Bolzano’s Theorem there exists

z5 ∈ (z0, z4− ε2/2) such thatW ′(z5) = 0. This implies thatW has a local maximum at z5; hence

W ′(z5) = 0. Since we have two local maxima at z4 and z5, there must exist a local minimum of

W at some z6 ∈ (z4, z5). Necessarily it follows that W ′(z6) = 0. But we saw that this implies

that W has a local maximum at z6, a contradiction. On the other hand, if W ′(z4) > 0, then

W ′(z0)W
′(z4) < 0 and Bolzano’s Theorem again implies that there exists z7 ∈ (z0, z4) such that
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W ′(z7) = 0. But this brings us back to case above whenW ′(z4) = 0. Therefore ifW ′(z0) < 0,

thenW ′(z) < 0 for all z > z0.

Lemma 2.A.5. Let φ(·; ε) be a continuous function, −∞ ≤ sL < sR ≤ ∞ and α > 0. Consider

the integral

I(ε) =

∫ sR

sL

eφ(s;ε)/ε
α

ds

as ε→ 0+. If φ(·; d) is bounded as ε→ 0+, then the following statements hold:

(i) If φ′(s; ε) < 0 for sL ≤ s < sR, then

I(ε) ' −ε
αeφ(sL;ε)/ε

α

φ′(sL; ε)
;

(ii) If φ′(s; ε) > 0 for sL < s ≤ sR, then

I(ε) ' εαeφ(sR;ε)/ε
α

φ′(sR; ε)
;

(iii) Suppose that φ has a unique maximum at some sL < s∗ < sR. Then

I(ε) '
√

2πεα/2eφ(s
∗;ε)/εα√

−φ′′(s∗; ε)
.

Proof. Weuse Laplace’smethod to approximate integrals containing a large parameter [16, pp. 266–

267]. Note that a small adjustment of the proof provided in [16] needs to be made due to the

dependence of φ on ε.

2.B Properties of interstitial gap estimate

We wish to show that for z+ obtained from solving (2.4.23) in the case γ = 2α, we have that

differentiating with respect to the parameters yields

∂z+
∂δ1

> 0,
∂z+
∂β2

< 0,
∂z+
∂η2

> 0,
∂z+
∂δ3

< 0

for δ1 ≥ 2.

Suppose that δ1 ≥ 2, then from Lemma 2.4.3 we know that z+ > 0. We determine the

derivatives of z+ with respect to the parameters by differentiating (2.4.23) implicitly. We first



65 2.B. PROPERTIES OF INTERSTITIAL GAP ESTIMATE

consider the derivative with respect to δ1, noting that ϕ2in(ξ) and ϕ3in(ξ) do not depend on δ1;

differentiating (2.4.23) with respect to δ1 gives,

ϕ2in

(
z+
ηα2

)
+ ϕ2in

(
z+
ηα2

)
+
δ1
ηα2

∂z+
∂δ1

[
ϕ̇2in

(
z+
ηα2

)
+ ϕ̇3in

(
z+
ηα2

)]
= 0.

Rearranging this gives

∂z+
∂δ1

= −η
α
2

δ1

ϕ2in (z+/η
α
2 ) + ϕ2in (z+/η

α
2 )

ϕ̇2in (z+/ηα2 ) + ϕ̇3in (z+/ηα2 )
.

We know that ϕ2in(ξ), ϕ3in(ξ) > 0 and ϕ̇2in(ξ), ϕ̇3in(ξ) < 0 for all ξ > 0 and that z+ > 0,

therefore we can conclude
∂z+
∂δ1

> 0

for δ1 ≥ 2.

We consider the derivative of z+ with respect to β2, noting that ϕ2in(ξ) and ϕ3in(ξ) depend on

β2: Differentiating (2.4.23) with respect to β2 gives,

δ1
∂

∂β2
(ϕ2in + ϕ3in)

∣∣∣∣
z+/ηα2

+
δ1
ηα2

∂z+
∂β2

[
ϕ̇2in

(
z+
ηα2

)
+ ϕ̇3in

(
z+
ηα2

)]
= 0.

Rearranging this gives

∂z+
∂β2

= −ηα2

∂
∂β2

(ϕ2in + ϕ3in)
∣∣∣
z+/ηα2

ϕ̇2in(z+/ηα2 ) + ϕ̇3in(z+/ηα2 )
.

We see that
∂ϕ2in

∂β2
= − ξ

2θ0
sech2β2ξ

2θ0

which is less than zero for all ξ > 0. We also have

∂ϕ3in

∂β2
= − 1

8θ0

√
β30
δ3

[∫ ∞
ξ

e
√
δ3β30(ξ−s)s tanh

β2s

2θ0
sech2β2s

2θ0
ds

+

∫ ξ

−∞
e−
√
δ3β30(ξ−s)s tanh

β2s

2θ0
sech2β2s

2θ0
ds

]
.

We note that

s 7→ s tanh
β2s

2θ0
sech2β2s

2θ0
,
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is a positive even function and this implies

∂ϕ3in

∂β2
< 0 for all ξ ∈ R.

Since z+ > 0, we conclude for δ1 ≥ 2 that

∂z+
∂β2

< 0.

We consider the derivative of z+ with respect to η2, noting that ϕ2in(ξ) and ϕ3in(ξ) do not

depend on η2: Differentiating (2.4.23) with respect to η2 gives,

δ1

[
1

ηα2

∂z+
∂η2
− αz+

η1+α2

] [
ϕ̇2in

(
z+
ηα2

)
+ ϕ̇3in

(
z+
ηα2

)]
= 0.

Since ϕ̇2in(ξ), ϕ̇3in(ξ) < 0 for ξ > 0 and z+ > 0 we have that

∂z+
∂η2

=
α

η2
z+,

and hence for δ1 ≥ 2

∂z+
∂η2

> 0.

We consider the derivative of z+ with respect to δ3, noting that ϕ2in(ξ) does not depend on δ3

where as ϕ3in(ξ) does: Differentiating (2.4.23) with respect to δ3 gives,

δ1
∂ϕ3in

∂δ3

∣∣∣∣
z+/ηα2

+
δ1
ηα2

∂z+
∂δ3

[
ϕ̇2in

(
z+
ηα2

)
+ ϕ̇3in

(
z+
ηα2

)]
= 0.

Rearranging this gives

∂z+
∂δ3

= −ηα2

∂ϕ3in
∂δ3

∣∣∣
z+/ηα2

ϕ̇2in(z+/ηα2 ) + ϕ̇3in(z+/ηα2 )
.

We see that

∂ϕ3in

∂δ3
= − 1

16δ3

√
β30
δ3

[∫ ∞
ξ

e
√
δ3β30(ξ−s)sech2β2s

2θ0
ds+

∫ ξ

−∞
e−
√
δ3β30(ξ−s)sech2β2s

2θ0
ds

]
− 1

16

β30
δ3

[∫ ∞
ξ

e
√
δ3β30(ξ−s)(s− ξ)sech2β2s

2θ0
ds

+

∫ ξ

−∞
e−
√
δ3β30(ξ−s)(ξ − s)sech2β2s

2θ0
ds

]
.
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Since for all ξ ∈ R, we have (s− ξ) > 0 for s > ξ and (ξ − s) > 0 for s < ξ, we then have

∂ϕ3in

∂δ3

∣∣∣∣
z+/ηα2

< 0

for all ξ ∈ R and hence we conclude for δ1 ≥ 2 that

∂z+
∂δ3

< 0.

2.C Speed estimation

We outline the details of the parameter estimation technique used to estimate the speed of the TWs

from the numerically generated solutions in Section 2.5. Following the procedure outlined in Chap-

ter 5, we consider equation (2.2.8) to obtain our estimate for θ. We assume that (ϕ1, ϕ2, ϕ3)(z)

are observed over some interval I ⊂ R and we consider a weight function φ : I → R where φ

and φ′ exist and are integrable. We note that (2.2.8) was chosen since it is first order and hence

makes the application of this method slightly simpler (if we were to choose (2.2.9) or (2.2.10) to

estimate θ we would require estimates for the relevant derivatives of (ϕ1, ϕ2, ϕ3) at the endpoints

of the interval or, alternatively, in the case of (2.2.10) we would require φ be zero at the endpoints

of the interval I). Multiply (2.2.8) by the weight function φ(z) and integrate over the interval I

using integration by parts to obtain

[
φ(z)ϕ1(z)|I −

∫
I
φ′(z)ϕ1(z) dz

]
θ +

∫
I
φ(z)ϕ1(z)[1− ϕ1(z)− δ1ϕ2(z)− δ1ϕ3(z)] dz = 0.

(2.C.1)

Since we are estimating just one parameter we choose φ(z) = 1 for simplicity. Therefore rearrang-

ing (2.C.1), we obtain

θ = −
∫
I ϕ1(z)[1− ϕ1(z)− δ1ϕ2(z)− δ1ϕ3(z)] dz

ϕ1(z)|I
. (2.C.2)

If we have observed data for ϕ1, ϕ2, ϕ3 on some interval I , then we can then estimate the value

for θ by evaluating the integrals contained in (2.C.2) numerically. Since our solutions for (2.2.4)–

(2.2.6) are TWs, the profile of the solutions are therefore time invariant. Hence we can use the

values obtained from solving this system numerically (with a sufficiently large time domain) as our

observed values for ϕ1, ϕ2, ϕ3 and the domain of our numerical solution as our interval I .





Chapter 3

Acid-mediated tumour invasion with

chemotherapy intervention: spatially

homogeneous populations

3.1 Introduction

This chapter considers the acid-mediation hypothesis with the added interaction of a tumour

treatment protocol. As explained in Chapter 1, the acid-mediation hypothesis is the assump-

tion that tumour invasion is facilitated by acidification of the region around the tumour-host inter-

face caused by the Warburg effect [202]. This acidification creates an inhospitable environment

and results in the destruction of the normal-tissue ahead of the acid resistant tumour thus enabling

the tumour to invade into the vacant region. This hypothesis was first examined by Gatenby and

Gawlinski [71] with a system of RD equations that considers the interaction between the tumour,

normal tissue and acid. This chapter examines the acid-mediation hypothesis with the inclusion of

population competition as considered in [140] and also the effect of tumour treatment from a cyto-

toxic agent such as used for chemotherapy. This will be considered here in a spatially homogeneous

environment to gain an understanding of the reaction dynamics that could predict behaviour of an

arguably more realistic spatially heterogeneous setting. The spatially heterogeneous setting will be

considered in the following chapter, where a system of RD equations similar to those considered

in [71, 72, 140] will be utilised.

The effect of chemotherapy treatment has yet to be considered in a model that utilises the acid-

mediation hypothesis. We wish to present a model that addresses this unexamined question of the

69
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interaction of the low extracellular pH of the tumour microenvironment and a cytotoxic tumour

treatment. There are however many models that consider chemotherapy and the corresponding ef-

fect on the growth of solid tumours. Continuum models have been used in which the dynamics of

total cell populations and average chemotherapy drug concentration are considered by employing

the use of ODEs, some examples include [30, 49, 50]. There are recent models that consider the

addition of an immune response in a tumour cell and chemotherapy model [47, 49] encouraged by

experimental results suggesting an important impact of the host immune response on the effective-

ness of a chemotherapy treatment. Gatenby and Gillies [73] note that highly acidic tumours have

been shown to be resistent to anthracyclines as a result of greater phenotypic diversity [64] which

is enabled by mutagenic/clastogenic effects of acidosis. The effects of normal cell populations in

a model that considers chemotherapy have largely been neglected. Hence it is an aim of this anal-

ysis is to determine whether the presence of normal cells can alter the perceived effectiveness of

chemotherapy.

This chapter is organised in the following manner. Section 3.2 describes the assumptions made

by the model and provides the formulation of the mathematical model being considered. In Sec-

tion 3.3 the results are presented of a steady-state analysis for the model when treatment charac-

terised by a constant infusion of the chemotherapy drug is considered. The analysis of the model

considering regularly scheduled treatments occurring in cycles is presented in Section 3.4. A dis-

cussion of the results of the analysis of the model considering treatment cycles is given in Sec-

tion 3.5. Concluding remarks have been provided in Section 3.6. Additional results and some of

the more laborious calculations required for Sections 3.3 and 3.4 have been provided in Appen-

dices 3.A–3.C.

3.2 Model formulation

The basic assumptions taken into account to develop the model are

(i) Both normal and tumour cells are governed by logistic growth in the absence of any kind of

intervention [48, 49, 71];

(ii) A population competition relationship exists between the normal and tumour cells [140];

(iii) The tumour tissue produces H+ ions as a result of aerobic glycolysis [71, 140] at a rate pro-

portional to a function of the tumour cell density;



71 3.2. MODEL FORMULATION

(iv) The normal tissue interacts with the excess H+ ions, leading to a death rate proportional to

the concentration of H+ ions [71, 140];

(v) The excess H+ ions are produced at a rate proportional to the tumour cell density and an

uptake term is included to take account of mechanisms for increasing pH [71];

(vi) The chemotherapy drug is infused at a rate given by a function of time. A term is included

for removal of drug from the system by metabolic processes [30, 49];

(vii) The tumour tissue interacts with the chemotherapy drug leading to destruction of tumour

tissue at a rate proportional to the concentration of drug [30, 49];

(viii) The chemotherapy drug concentration is decreased as a result of interaction with the tumour

tissue [30].

Let the populations at time s (in s) be denoted by:

• N1(s), normal cell density (in cells cm−3),

• N2(s), tumour cell density (in cells cm−3),

• L(s), excess H+ ion concentration (in M),

• C(s), chemotherapy drug concentration (in M).

Consider the following model

dN1

ds
= r1N1

(
1− N1

K1
− α1

N2

K2

)
︸ ︷︷ ︸

logistic growth with cellular competition

− d1LN1︸ ︷︷ ︸
normal cell

death by acid

, (3.2.1)

dN2

ds
= r2N2

(
1− N2

K2
− α2

N1

K1

)
︸ ︷︷ ︸

logistic growth with cellular competition

− d2CN2︸ ︷︷ ︸
tumour death

by drug

, (3.2.2)

dL

ds
= r3f(N2)︸ ︷︷ ︸

acid production

− m3L︸︷︷︸
acid uptake

, (3.2.3)

dC

ds
= rI(s)︸ ︷︷ ︸

drug infusion

− m4C︸ ︷︷ ︸
drug decomposition

− d4CN2︸ ︷︷ ︸
drug-tumour

interaction removal

. (3.2.4)

The conventions used here are that the subscript for each parameter corresponds to the relevant

equation; r represents growth rate; K represents carrying capacity; α represents population com-

petition strength; d represents rate of decrease due to interaction; m represents decrease through
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system mechanisms. The parameters used in the model, their interpretation and potential val-

ues/range of values have been provided in Table 3.1. Note that we have assumed the use of a

stage-specific drug that targets rapidly dividing cells, as discussed in Section 1.2.5, which will pri-

marily target tumour cells. Since normal cell division is a well regulated process [90] we have

assumed that the chemotherapeutic effect on the normal tissue can be approximated by reducing

the normal tissue’s competitive effect and resistance to the presence of acid.

Table 3.1: Table of parameters and estimated values for (3.2.1)–(3.2.4)

Parameter Units Description Value Source

r1 s−1 normal cell growth rate O(10−6) [49, 71]
r2 s−1 tumour cell growth rate O(10−6) [49, 71]
r3 M cm3 s−1cells−1 H+ ion production rate 2.2× 10−17 [133]
d1 M−1 s−1 fractional normal cell kill by

H+ ions
O(1) [71]

d2 M−1 s−1 fractional tumor cell kill by
chemotherapy

9.3× 10−6 [50]

d4 cells−1 s−1 fractional chemotherapy re-
moval by tumour interaction

10−13–10−12 estimated

m3 s−1 H+ ion removal rate O(10−4) [71]
m4 s−1 chemotherapy removal rate O(10−5) [49, 104]
K1 cells cm−3 normal cell carrying capacity 5× 107 [195]
K2 cells cm−3 tumour cell carrying capac-

ity
5× 107 [195]

α1 none fractional normal cell death
due to tumour cell

O(1) chosen freely

α2 none fractional tumour cell death
due to normal cell

O(1) chosen freely

A question arises: What dowe choose for f(N2) and rI(s)? In themodel considered byGatenby

and Gawlinski [71] and McGillen et al. [140] it was assumed that acid was produced as a linear

function of the tumour cell density, i.e. f(N2) = N2. In the model considered in Chapter 2 a non-

linear acid production term was used as a result of the hypothesis that when the tumour cell density

was small, acid was produced at a rate proportional to the tumour cell density until a tumour cell

saturation was reached at which point acid production would decrease to zero. With this in mind,

the function f(N2) = N2(1−N2/K2) was used. For simplicity we wish to use the acid production

term considered in [71] and [140], as such we have f(N2) = N2. However the term utilised in

Chapter 2 or some other nonlinear production term could still be utilised in this or further models.

As for rI(s), we will choose appropriate functions to represent various treatment protocols.

Hence the most obvious, and perhaps most realistic, choice would be to chose a function that

is periodic, i.e. rI(s) = rI(s + P ), where P represents the length of the treatment cycle, or



73 3.2. MODEL FORMULATION

period, as this would represent a treatment that occurs in repeated cycles such as taking pills or

an intravenous administration made in regularly scheduled doses. However to enable a greater

potential for analysis we can choose rI(s) to be constant which would represent a constant infusion

of chemotherapy drug, i.e. via a device such as an intravenous pump. No matter the choice of rI(s)

we will naturally require it to meet the conditions that rI(s) ≥ 0 for all s ≥ 0 and that rI(s) is

bounded almost everywhere. These represent natural limitations on a treatment since a negative

infusion rate would represent removal of drug from the system and an unbounded infusion rate

would represent an infinite amount of drug to be infused.

In the case of administration by pills the use of periodic Dirac delta functions (i.e. δ(s)) can

be used to approximate this method of delivery: Let P be the length of the treatment cycle and N

being the total number of treatment cycles, then

rI(s) = r4

N−1∑
n=0

δ(s− nP ). (3.2.5)

In the case of intravenous infusion occurring in periodic cycles we can approximate this method of

delivery with periodic uses of a boxcar function: Let P denote the cycle period and s0 denote the

infusion time, then

rI(s) = r4

N−1∑
n=0

[H(s− nP )−H(s− nP − s0)], (3.2.6)

where r4 represents the constant rate of intravenous infusion and H(s) is the Heaviside function.

Considering the function rI(s) with period P we let

r̄ =
1

P

∫ P

0
rI(s) ds

and then utilise the value r̄ to non-dimensionalise the equations given by (3.2.1)–(3.2.4). We

remark that this choice of parameter to non-dimensionalise the model enables us to effectively

compare the model when utilising different infusion functions. This is because under this non-

dimensionalisation the constant infusion rate is equal to the average infusion rate in the periodic

case and this will imply that the same amount of drug is infused per cycle no matter the infusion

function used. Hence we can compare the models that use the same non-dimensional parameter

values.
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Make the following substitutions

u1 =
N1

K1
, u2 =

N2

K2
, u3 =

m3

r3K2
L, u4 =

m4

r̄
C, t = r1s,

with

β2 =
r2
r1
, β3 =

m3

r1
, β4 =

m4

r1
, δ1 =

r3K2d1
r1m3

, δ2 =
d2r̄

r2m4
, δ4 =

d4K2

m4

and

i(t) =
rI(t/r1)

r̄
, ρ = r1P.

We then obtain the following system of non-dimensionalised equations

u′ =



u′1

u′2

u′3

u′4


=



u1(1− u1 − α1u2 − δ1u3)

β2u2(1− u2 − α2u1 − δ2u4)

β3(u2 − u3)

β4[i(t)− u4 − δ4u4u2]


=: F(t,u), (3.2.7)

where ( )′ denotes differentiation with respect to t. Note that

ī =
1

ρ

∫ ρ

0
i(t) dt = 1

and thus the average rate of infusion over each treatment cycle has been normalised to be equal to

one. Moreover, under this non-dimensionalisation, the functions (3.2.5) and (3.2.6) become

i(t) = ρ
N−1∑
n=0

δ(t− nρ)

and

i(t) =
ρ

τ

N−1∑
n=0

[H(t− nρ)−H(t− nρ− τ)]; τ = r1s0, (3.2.8)

respectively.

A summary of potential non-dimensional parameter values/range of values and interpretation

of their meaning has been provided in Table 3.2. Note that the primary control parameter is δ2

since an increase in the amount of drug infused will cause δ2 to increase.
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Table 3.2: Table of non-dimensionalised parameters for (3.2.7)

Parameter Interpretation Value/Range

α1 fractional normal death due to tumour competition O(1)
α2 fractional tumour death due to normal competition O(1)
δ1 tumour aggressiveness O(1)
δ2 chemotherapy aggressiveness O(10−1)–O(1)
δ4 fractional removal due to interaction strength O(10−1)–O(1)
β2 relative tumour growth rate 1.0
β3 relative H+ ion production rate O(102)
β4 relative chemotherapy rate of increase O(10)

Note we define R+ := [0,∞) and the convention is used that if u,v ∈ Rn, then u ≤ (<)v

implies that uj ≤ (<)vj for all j ∈ {1, . . . , n}. Moreover, if c ∈ R, then u ≥ (>)c implies that

uj ≥ (>)c for all j ∈ {1, . . . , n}.

Theorem 3.2.1. Let i ∈ C(R+, [0, iM ]), where iM ∈ R and iM > 0. If u(0) ∈ R4
+, then (3.2.7)

has a unique solution u that satisfies u(t) ∈ R4
+ for all t ∈ R+.

Proof. We utilise Theorem 3.A.7 that requires the existence of an invariant set, as given by Def-

inition 3.A.3 in Appendix 3.A. Clearly, F ∈ C(R+ × S,R4) and F′u ∈ C(R+ × S,R42), where

S is any compact set in R4. This implies that F is Lipschitz continuous with respect to u in any

compact set S ⊂ R4, that is, there exists a constant L > 0 such that for any u1,u2 ∈ S ⊂ R4 and

t ∈ R+, the following inequality holds:

‖F(t,u1)− F(t,u2)‖ ≤ L‖u1 − u2‖. (3.2.9)

The Cauchy–Schwarz inequality and (3.2.9) are now used to show that the one-sided Lipschitz

condition in Theorem 3.A.7 in Appendix 3.A is satisfied on any compact set S ⊂ R4. For any

u1,u2 ∈ S ⊂ R4 and t ∈ R+,

〈u1 − u2,F(t,u1)− F(t,u2)〉 ≤ ‖u1 − u2‖‖F(t,u1)− F(t,u2)‖ ≤ L‖u1 − u2‖2.

An invariant set, as given by Definition 3.A.3 in Appendix 3.A, is now constructed in R4
+. A set

S ⊂ R4 will be invariant with respect to (3.2.7) if

〈n(u),F(t,u)〉 ≤ 0 for all t ∈ R+, u ∈ ∂S,
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where n(u) is the outer normal to S at u. This invariance condition tells us that if u(0) ∈ S,

then the whole path of the solution u(t) will remain in S. Let S = E1 × E2 × E3 × E4, where

E1 = [0,max {1, u1(0)}], E2 = [0,max {1, u2(0)}], E3 = [0,max {1, u2(0), u3(0)}] and E4 =

[0,max {iM , u4(0)}]. Clearly, S ⊂ R4
+, u(0) ∈ S and S is compact. Hence F will satisfy the

one-sided Lipschitz condition on S. The boundary of S (i.e. ∂S) can be written as the union

of eight simple sets that have a simple outer normal. Let ∂Si1 = {u ∈ S : ui = inf Ei} and

∂Si2 = {u ∈ S : ui = supEi} for i = 1, 2, 3, 4, then ∂S =
⋃4
i=1 ∂Si1 ∪ ∂Si2. Furthermore,

each ∂Sij for i = 1, 2, 3, 4, j = 1, 2, has outer normal nij = (−1)jei, where ei for i = 1, 2, 3, 4

are the standard basis vectors in R4. Then, it is straightforward to show that

〈nij ,F(t,u)〉 = (−1)jFi(t,u) ≤ 0, for t ∈ R+, u ∈ ∂Sij , i = 1, 2, 3, 4, j = 1, 2.

Hence the set S is invariant and F satisfies the one-sided Lipschitz condition on S. Therefore by

Theorem 3.A.7 in Appendix 3.A, there exists a unique solution for all time to (3.2.7) with initial

condition u(0) ∈ S ⊂ R4
+, where the path of the solution remains in S.

Note by a similar argument to the above proof, solutions u(t) of (3.2.7) are invariant on the

sets Γ1 = {0} ×R3 and Γ2 = R× {0} ×R2. Hence if there exists t1 ∈ R+ such that u1(t1) = 0,

then u1(t) = 0 for all t ∈ [t1,∞), similarly if there exists t2 ∈ R+ such that u2(t2) = 0, then

u2(t) = 0 for all t ∈ [t2,∞).

3.3 Constant infusion of chemotherapy drug

If we consider (3.2.7) with constant infusion (i.e. i(t) = 1), we obtain the system of equations

u′ =



u′1

u′2

u′3

u′4


=



u1(1− u1 − α1u2 − δ1u3)

β2u2(1− u2 − α2u1 − δ2u4)

β3(u2 − u3)

β4(1− u4 − δ4u4u2)


. (3.3.1)

3.3.1 Steady-state analysis

The natural method for analysis of a system of first-order nonlinear autonomous ODEs is through

the use of a SS analysis to determine the long-term behaviour of the system. A summary of the

results of the SS analysis and stability analysis for system (3.3.1) is presented below. For full details
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of the analysis see Lemma 3.C.1 in Appendix 3.C.

System (3.3.1) has SS solutions:

SS1. u∗ = (0, 0, 0, 1);

SS2. u∗ = (1, 0, 0, 1);

SS3. u∗ = (0, û2, û2, [1 + δ4û2]
−1), where û2 solves

δ4û
2
2 + (1− δ4)û2 + δ2 − 1 = 0;

SS4. u∗ = (1− (α1 + δ1)ũ2, ũ2, ũ2, [1 + δ4ũ2]
−1), where ũ2 solves

δ4[1− α2(α1 + δ1)]ũ
2
2 + [1− α2(α1 + δ1) + δ4(α2 − 1)]ũ2 + δ2 + α2 − 1 = 0.

However note that the zero population SS (i.e. SS1) is unconditionally unstable and as a result

the solution should always tend towards containing a population of either normal-tissue or tumour-

tissue. We see that the tumour free SS (i.e. SS2) is stable provided α2 + δ2 > 1. Therefore

assuming there is a tumour population, we at the least require this condition to remove the tumour

from the system. This condition corresponds to a sufficiently strong treatment in combination with

a sufficiently strong population competition provided by the normal-tissue. This state represents

the desired state of existence for the system from the point of view of the patient. Hence it is an

aim to discover how the system can be altered to make SS2 the most likely long term solution.

It can be seen from Lemma 3.C.1(iii) in Appendix 3.C that the normal-tissue free SS (i.e. SS3)

is stable provided certain parameter conditions are met: these being if

δ2 <
(α1 + δ1 + δ4)(α1 + δ1 − 1)

(α1 + δ1)2
,

or if
(α1 + δ1 + δ4)(α1 + δ1 − 1)

(α1 + δ1)2
≤ δ2 <

(1 + δ4)
2

4δ4
and

1

δ4
<
α1 + δ1 − 2

α1 + δ1
.

This state corresponds to an invasive tumour population in which all normal-tissue in the region

is destroyed and replaced by the advancing tumour. Note that from the stability conditions, for the

normal-tissue free population to be stable it is a necessary condition that α1+δ1 > 1, otherwise the

SSwill be unconditionally unstable. This means that the tumour needs to provide sufficiently strong
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population competition and destructive influence of the acid to potentially be stable. Furthermore,

the destructive influence of the treatment (δ2) needs to be sufficiently small or, alternatively, the

removal of chemotherapy drug from interaction with tumour cells (δ4) needs to be sufficiently large

to ensure that SS2 is stable. We remark that if δ2 > (1 + δ4)
2/4δ4, then the normal-tissue free

state does not exist (i.e. û2 /∈ R). Hence this condition represents a scenario in which the tumour

will be completely removed from the system by the treatment alone. As δ2 directly relates to the

strength of the treatment dose, to obtain a value of δ2 that will ensure the removal of the tumour by

treatment alone may present safety and health concerns for the patient [53, 164]. However from the

stability conditions, should the tumour-tissue population competition, the destructive influence of

the acid or the removal of drug by interaction with the tumour be decreased, then this could enable

the tumour to be removed without using a dangerous treatment dose. As noted in [60, 73] the use

of an acid buffer to decrease the acidity could be a potential method to increase the efficacy of the

treatment without further increasing doses of strong cytotoxic drugs.

The normal-tissue free state can be stable when the tumour-tissue free state is either unstable

or stable. In the case the normal-tissue free state is stable when the tumour-tissue free state is

unstable, the long term behaviour would be for the tumour to establish a fixed population that

cannot be eradicated by the current treatment protocol. This would suggest that the normal-tissue

and chemotherapy treatment would be weak in relation to the tumour-tissue and would potentially

correspond to a very aggressive tumour. In the case that both the tumour-tissue free state and the

normal-tissue free state are stable, the question of whether the treatment will be effective or the

tumour population will successfully invade is dependent on the initial conditions. Therefore the

suggestion is that the effectiveness of the treatment will be determined by the size of the initial

tumour population. This is consistent with the decreased probability of a cure associated with

larger and more established tumour cell populations [164].

The coexistence of tumour- and normal-tissue SS (i.e. SS4) is stable and exists for a compli-

cated, yet still calculable, set of parameter conditions given in Lemma 3.C.1(iv) in Appendix 3.C.

These parameter conditions suggest that in order for the coexistence state to exist, the system re-

quires unaggressive tumour- and normal-tissue in combination with a weak treatment response.

That is, there needs to be very low population competition, tumour aggressiveness and destructive

influence of the chemotherapy treatment. As in [71], this suggests that the SS would represent a

benign state of existence. The coexistence SS can potentially change to either the tumour-tissue

free SS or the normal-tissue free SS provided a sufficient change occurs in the parameters. Should
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the tumour aggressiveness or the tumour-tissue population competition increase, then the tumour

would transition to the invasive state, where the normal-tissue free state is stable. Similarly, should

the normal-tissue population competition or the destructive influence of the treatment increase,

then the tumour will be eradicated from the system.

3.3.2 A reduced model with constant infusion

If we consider the situation originally examined in [30] we have the system of equations

x′ =

x′1
x′2

 =

β2x1(1− x1 − δ2x2)
β4(1− x2 − δ4x1x2)

 , (3.3.2)

where x1 represents non-dimensionalised tumour cell density, x2 represents non-dimensionalised

drug concentration and the parameters are as given in (3.3.1). If α2 = 0 in (3.3.1), then the reduced

system (3.3.2) provides the governing dynamics for the tumour-tissue density and cytotoxic drug

concentration. Analysing this system we can obtain the conditions under which it is sufficient to

obtain tumour clearance from the system by chemotherapy drug without the assistance of popula-

tion competition. The results for this model are considered in [30], however we provide them here

in the current parameters for the convenience of the reader and easy reference for further results in

this chapter. Moreover, the details of the relevant SS analysis is provided in Appendix 3.C. As in

[30], see that this system has the SS solutions:

RS1. x∗ = (0, 1);

RS2. x∗ =
(
û2, [1 + δ4û2]

−1), where δ4û22 + (1− δ4)û2 + δ2 − 1 = 0.

Note that these are the same values for the tumour density and drug concentration obtained for SS2

and SS3, respectively. Hence we have that this quadratic equation has the solutions

û2± =
δ4 − 1±

√
(1− δ4)2 + 4δ4(1− δ2)

2δ4
,

where û2± ∈ R if and only if δ2 ≤ (1 + δ4)
2/4δ4.

As is shown by Byrne [30], RS1 is stable for δ2 > 1, and RS2 is stable if

δ2 < 1, or if 1 ≤ δ2 <
(1 + δ4)

2

4δ4
and δ4 > 1.
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Note that the SS x∗ = (û2−, 1/(1 + δ4û2−)) is unconditionally unstable. In the case 1 < δ2 <

(1 + δ4)
2/4δ4 and δ4 > 1 this SS is positive and represents a point on which the separatrix lies.

Furthermore, it can be shown that if δ2 ≥ 1 and δ4 < 1, or if δ2 > (1 + δ4)
2/4δ4, that

the long term behaviour of the model will be for the tumour to be eradicated from the system,

since not only is RS2 unstable but also biologically meaningless. Moreover, note that under this

parameter condition in the case of the full system (3.3.1) we similarly get that the tumour-tissue

free SS (i.e. SS2) is the only stable solution and as a result the tumour will be eradicated from

the system. We remark that in the case of the parameter condition δ2 > (1 + δ4)
2/4δ4, RS2 does

not exist as û2 /∈ R. This would suggest that if this condition is satisfied, then the chemotherapy

treatment alone will be sufficient to eradicate the tumour without the assistance of the normal cell

population to weaken the tumour cells through competition. We can see that under these conditions

that the tumour will always be eradicated since should the population of normal cells be zero, the

governing dynamics of the system will reduce to that given by (3.3.2). Therefore this indicates

that there is a sufficient scenario under which a tumour will be cleared from the system regardless

of the interactions between normal and tumour-tissue. Whilst this observation is an ideal aim to

achieve, it is not always feasible or possible due to the fact that this may require doses which would

potentially kill the host or require the interaction between the treatment and tumour-tissue to be

sufficiently weighted in favour of the treatment.

In the case δ2 < 1 we have a situation in which the tumour free solution is unstable and hence

this would suggest that the tumour is not able to be removed from the system by chemotherapy.

However if we are considering the system given by (3.3.1), provided a condition on population

competition is satisfied (i.e. α2 + δ2 > 1), the tumour free solution will become stable. Further-

more, should tumour aggressiveness and competition be sufficiently small (see Lemma 3.C.1(i))

we will have that the normal-tissue free SS will become unstable. Therefore under these condi-

tions we will have that the tumour will be eradicated from the system by the combined strength of

population competition and chemotherapy treatment.

3.4 Periodic infusion of chemotherapy drug

In Section 3.2 we stated that a more realistic function for the infusion of drug is a periodic function

such as considered in [49, 50]. Hence assume that i(t + ρ) = i(t) ≥ 0 for all t ∈ R+. Some

preliminary numerical simulations of (3.2.7) were run, with i(t) given by (3.2.8), using the ode15s
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command in MATLAB with parameter values consistent with Table 3.2. The values ρ = 2.8 (P

approximately 1 week), τ = 1.2 (s0 approximately 3 days) and total time T = 40 (approximately

3-4 months) were used with initial values u(0) = (0.9, 0.1, 0.1, 0). In these simulations three

different behaviours occurred: the eradication of the tumour from the system; the “invasion” of

the tumour and subsequent destruction of the normal-tissue; the coexistence of the tumour and

normal-tissue. Examples of these behaviours are displayed in Figures 3.1–3.3, respectively.

0 5 10 15 20 25 30 35 40

0

0.5

1

1.5

2

t

normal tumour acid drug conc.

Figure 3.1: Simulation of (3.2.7) for α1 = 1, α2 = 0.5, β2 = 1, β3 = 70, β4 = 20, δ1 = 12.5,
δ2 = 1.1, δ4 = 0.6
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Figure 3.2: Simulation of (3.2.7) for α1 = 1, α2 = 0.5, β2 = 1, β3 = 70, β4 = 20, δ1 = 12.5,
δ2 = 0.1, δ4 = 1

Notice in each of these figures that the solutions evolve towards stable ρ-periodic solutions (i.e.
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Figure 3.3: Simulation of (3.2.7) forα1 = 0.25, α2 = 0.25, β2 = 1, β3 = 70, β4 = 20, δ1 = 0.25,
δ2 = 0.25, δ4 = 1

u(t) = u(t + ρ)). Therefore to analyse this model we look for time-periodic solutions to (3.2.7)

with period ρ (i.e. u(t + ρ) = u(t) for all t ∈ R+) and analyse the stability of these solutions to

determine the long term behaviour of the system. This is analogous to a steady-state analysis or

limit-cycle analysis for an autonomous system of equations.

A reduced version of system (3.2.7) is considered first that corresponds to when the solu-

tion for u1 ≡ 0. The system considered will be analogous to the reduced system considered

in Section 3.3.2. Moreover, the reduced system corresponds to that originally proposed in [30].

Byrne [30] however did not analyse the system in this form, but rather made the simplifying as-

sumption that the drug concentration was equivalent to the infusion function which was given by

(3.2.8). This reduced the system to a single explicitly solvable Bernoulli equation. Here we present

a more thorough analysis of this model for general ρ-periodic functions i ∈ C(R+).

3.4.1 Existence, uniqueness and stability of the periodic solution of a reduced sys-

tem

Consider the system

x′ =

x′1
x′2

 =

 β2x1(1− x1 − δ2x2)

β4[i(t)− x2 − δ4x1x2]

 =: G(t,x). (3.4.1)

The results of Lemma 3.B.3 in Appendix 3.B show that periodic solutions can exist for sys-
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tem (3.4.1) only if δ2 < 1, or only if 1 ≤ δ2 < (1 + δ4)
2/4δ4 and δ4 > 1. Hence this guides the

region of parameter values for which we look for ρ-periodic solutions to exist for (3.4.1).

Existence

Suppose that δ2 < 1 and consider the systems

¯
x′ =

¯
x′1

¯
x′2

 =

β2¯x1(1− ¯
x1 − δ2

¯
x2)

β4[i(t)−
¯
x2]

 =:
¯
G(t,

¯
x) (3.4.2)

and

x̄′ =

x̄′1
x̄′2

 =

 β2x̄1(1− x̄1)

β4[i(t)− x̄2 − δ4x̄1x̄2]

 =: Ḡ(t, x̄). (3.4.3)

Consider (3.4.1), (3.4.2) and (3.4.3) with a given initial condition η = (η1, η2) ∈ R2
+. Fol-

lowing the proof of the existence and uniqueness theorem for the full system (3.2.7), it can be

shown that a unique solution exists for (3.4.1), (3.4.2) and (3.4.3) that are invariant on the region

[0,max{1, η1}]×[0,max{iM , η2}]. Thus ifx(0),
¯
x(0), x̄(0) ∈ [0, 1]×R+, thenx(t),

¯
x(t), x̄(t) ∈

[0, 1]× R+ for all t ∈ R+.

Note that the solutions for (3.4.2) and (3.4.3) are given by

¯
x(t) =

v(t;β2(1− δ2
¯
x2), β2)

w(t;β4i, β4)


and

x̄(t) =

 v(t;β2, β2)

w(t;β4i, β4(1 + δ4x̄1))

 ,
where w and v are as in Lemmata 3.B.1 and 3.B.2 in Appendix 3.B, respectively.

Let D = [0, 1] × R+ andM = diag(1,−1) = M−1; assume that x(0),
¯
x(0), x̄(0) ∈ D and

M
¯
x(0) ≤Mx(0) ≤M x̄(0). We claim that

M
¯
x(t) ≤Mx(t) ≤M x̄(t) for all t ∈ R+. (3.4.4)

It is clear that G′x, ¯
G′x, Ḡ

′
x ∈ C(R+×R2,R22), hence G,

¯
G, Ḡ each satisfy a local Lipschitz

condition on any Ω ⊂ R+ × R4. It can easily be seen thatM
¯
G(t,η) ≤ MG(t,η) ≤ MḠ(t,η)

for all (t,η) ∈ R+ × D. Letting E = [0, 1] × (−∞, 0], we see that the Jacobian matrices
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[MG(t,Mη)]′η and [MḠ(t,Mη)]′η are essentially positive (see Remark 3.A.2) onR+×E, mean-

ingMG(t,Mη) andMḠ(t,Mη) are quasimonotone increasing (seeDefinition 3.A.1) onR+×E.

Hence by Corollary 3.A.9 the claim is proved true.

S

•

η = u(0;η)

•
ϕ(η) = u(ρ;η)

u(t;η)

Figure 3.4: Diagram showing solutions u initially in S ⊂ R3 will be in S at time ρ

After having established the time-dependent bounds (3.4.4) on the solution of (3.4.1), we are

ready to prove the actual existence of a ρ-periodic solution to (3.4.1). Define the rectangle

R = {η ∈ R2
+ : M

¯
x(0) ≤Mη ≤M x̄(0)}.

Let η = x(0) ∈ R. Denote by x(·;η) the solution of (3.4.1) with initial condition η ∈ R. Define

a map ϕ : R→ R2
+ by

ϕ(η) := x(ρ;η)

for every η ∈ R. We wish to apply Brouwer’s Fixed Point Theorem to ensure the existence of a

fixed point of ϕ, i.e. we want to show that there is some initial condition η0 ∈ R for which

ϕ(η0) = x(ρ;η0) = η0.

For this particular initial condition, x(ρ) = x(0). This idea is illustrated in Figure 3.4 for u ∈ R3.

Then a result from [62] will enable us to conclude that x(t) = x(t+ ρ) for all t ∈ R+.

From continuous dependence on initial conditions it is clear that ϕ is continuous on R. Using
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Lemmata 3.B.1 and 3.B.2 in Appendix 3.B, if we pick

¯
x(0) =

v(0;β2(1− δ2
¯
x2), β2)

w(0;β4i, β4)

 =

 1−e−
∫ ρ
0 g(s′) ds′

β2
∫ ρ
0 e−

∫ ρ
s g(s

′) ds′ ds

β4
eβ4ρ−1

∫ ρ
0 eβ4si(s) ds

 ,
where g(s) = β2[1 − δ2

¯
x2(s)], then

¯
x(t + ρ) =

¯
x(t) > 0 for all t ≥ 0. This is true provided∫ ρ

0 g(s) ds > 0. From Lemma 3.B.1, we see that

∫ ρ

0 ¯
x2(s) ds =

∫ ρ

0
i(s) ds = ρ.

Recalling that δ2 < 1, we obtain

δ2

∫ ρ

0 ¯
x2(s) ds < ρ, or

∫ ρ

0
g(s) ds =

∫ ρ

0
β2[1− δ2

¯
x2(s)] ds > 0.

Similarly, from Lemmata 3.B.1 and 3.B.2, if we choose

x̄(0) =

 v(0;β2, β2)

w(0;β4i, β4(1 + δ4x̄1))

 =

 1

β4
e(1+δ4)β4ρ−1

∫ ρ
0 e(1+δ4)β4si(s) ds

 ,
then x̄(t+ρ) = x̄(t) > 0 for all t ≥ 0. Furthermore, as β4 < β4[1+δ4x̄1(t)] and β2[1−δ2

¯
x2(t)] <

β2 for t ∈ R+ we have from Lemmata 3.B.1 and 3.B.2 thatM
¯
x(t) ≤M x̄(t) for all t ∈ R+. With

the above choices for
¯
x(0) and x̄(0) we have that R ⊂ int(R2

+) and

M
¯
x(0) = M

¯
x(ρ) ≤Mx(ρ;η) ≤M x̄(ρ) = M x̄(0),

that is, ϕ(η) ∈ R, which implies that ϕ(R) ⊂ R. By Brouwer’s Fixed Point Theorem there is

some initial condition η0 ∈ R ⊂ int(R2
+) for which

ϕ(η0) = x(ρ;η0) = η0.

For this particular initial condition, x(ρ) = x(0). Then from [62, Lemma 2.2.1] we have

x(t+ ρ) = x(t) > 0 for all t ∈ R+,

thus showing the existence of a strictly positive ρ-periodic solution to (3.4.1).
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Now we prove the uniqueness of the solution constructed above.

Uniqueness

Note that if u(t) ≥ 0 and v(t) ≥ 0 are solutions to (3.4.1) and u(t0) = v(t0) at some t0 ∈ R+,

then u(t) = v(t) for all t ∈ R+ by uniqueness.

Now, let u(t),v(t) > 0 be ρ-periodic solutions of (3.4.1). It will be shown that u1(t) = v1(t)

for all t ∈ R+ if and only if u2(t) = v2(t) for all t ∈ R+. If u1(t) = v1(t) for all t ∈ R+, then

from (3.4.1) and periodicity it can be seen that

0 =

∫ ρ

0
[u1(s)− v1(s)] ds+ δ2

∫ ρ

0
[u2(s)− v2(s)] ds = δ2

∫ ρ

0
[u2(s)− v2(s)] ds.

Hence by the Mean Value Theorem there exists t0 ∈ (0, ρ) such that u2(t0) − v2(t0) = 0 (i.e.

u2(t0) = v2(t0)) and since u1(t) = v1(t) for all t ∈ R+ it follows that u(t0) = v(t0) which

implies u(t) = v(t) for all t ∈ R+, i.e. u2(t) = v2(t) for all t ∈ R+. It can be shown similarly

that if u2(t) = v2(t) for all t ∈ R+, then u1(t) = v1(t) for all t ∈ R+.

Let u(t) ≥ 0 and v(t) ≥ 0 be distinct ρ-periodic solutions of (3.4.1). It will now be shown

that u1(t) ≤ (≥)v1(t) for all t ∈ R+ and there exists t1 ∈ [0, ρ) such that u1(t1) < (>)v1(t1).

Since u(t) and v(t) are ρ-periodic it is sufficient to show u1(t) ≤ (≥)v1(t) for all t ∈ [0, ρ).

Assume that there exists t2 ∈ [0, ρ) such that u1(t2) = v1(t2), then asu(t) and v(t) are distinct

we must have u2(t2) 6= v2(t2). Assume u2(t2) > (<)u2(t2), then lettingM = diag(1,−1) we

haveMv(t2) ≥ (≤)Mu(t2), which shows by Theorem 3.A.8 in Appendix 3.A thatMv(t) ≥ (≤

)Mu(t) for all t ∈ [t2,∞) (i.e. u1(t) ≤ (≥)v1(t) and u2(t) ≥ (≤)v2(t) for all t ∈ [t2,∞)), and

by periodicity of u(t) and v(t) this must hold for all t ∈ R+. Furthermore since u1(t) = v1(t) for

t ∈ R+ implies u(t) and v(t) are not distinct there must exist t1 ∈ [0, ρ) such that u1(t1) < (>

)v1(t1). Now if u1(t) 6= v1(t) for any t ∈ [0, ρ), then as a consequence of the continuity of u(t)

and v(t) and the Intermediate Value Theorem u1(t) < (>)v1(t) for all t ∈ R+.

Assume that u(t) > 0 and v(t) > 0 are distinct ρ-periodic solutions to (3.4.1), then as shown

previously this implies without loss of generality that u1(t) ≤ v1(t) for all t ∈ R+ and there exists

t1 ∈ [0, ρ) such that u1(t1) < v1(t1). From Lemma 3.B.3 in Appendix 3.B, u1(t) is given by the

implicit form

u1(t) =
δ4 − 1 +

√
(1 + δ4)2 + 4δ4[f(t)− δ2i(t)]

2δ4
, f(t) =

d

dt
V (u(t)) (3.4.5)
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and v1(t) is given by the implicit form

v1(t) =
δ4 − 1 +

√
(1 + δ4)2 + 4δ4[g(t)− δ2i(t)]

2δ4
, g(t) =

d

dt
V (v(t)), (3.4.6)

noting that f and g must be continuous by the continuity of u > 0 and v > 0. Since u1(t) ≤ v1(t)

for all t ∈ R+ and there exists t1 ∈ [0, ρ) such that u1(t1) < v1(t1), then (3.4.5) and (3.4.6)

implies f(t) ≤ g(t) for all t ∈ R+ and f(t1) < g(t1). By continuity this implies

∫ ρ

0
[g(s)− f(s)] ds > 0.

However by the periodicity of u(t) and v(t)

∫ ρ

0
[g(s)− f(s)] ds = 0,

which is a contradiction, hence u1(t) and v1(t) cannot be distinct (i.e. u1(t) = v1(t)) which

implies that u2(t) and v2(t) are not distinct (i.e. u2(t) = v2(t)).

We have therefore proved the following theorem:

Theorem 3.4.1. Suppose that 0 < δ2 < 1. Then (3.4.1) has a unique solution x that satisfies

x(t+ ρ) = x(t) > 0 for all t ∈ R+.

Stability

Here we prove the stability of the strictly positive ρ-periodic solution of (3.4.1) by utilising [62,

Theorem 4.2.1]. We summarise the required results of [62] below.

Let

u′ = F(t,u), (3.4.7)

where F ∈ C(R × X,Rn), F′u ∈ C(R × X,Rn2
), X is an open connected subset of Rn and

F(t, ·) = F(t + ρ, ·). Let u : R → X be a non-constant ρ-periodic solution to (3.4.7). Then

making the coordinate transformation z = u− p(t) we have

z′ = F(t, z + p(t))− F(t,p(t)) = F′u(t,p(t))z + o(|z|).
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Hence the linearisation of (3.4.7) at p(t) is given by

y′ = F′u(t,p(t))y. (3.4.8)

If Φ(t) represents the fundamental matrix solution of (3.4.8), then the “characteristic multipliers”

of (3.4.8) are given by the eigenvalues of Φ(ρ).

From [62, Theorem 4.2.1], if all the characteristic multipliers of system (3.4.8) are in modulus

less than 1 (i.e. the spectral radius of Φ(ρ) is less than 1), then p is a uniformly asymptotically

stable solution of (3.4.7); if (3.4.8) has at least one characteristic multiplier with modulus greater

than 1 (i.e. the spectral radius of Φ(ρ) is greater than 1), then p is unstable.

Consider (3.4.1), which when linearised about a strictly positive ρ-periodic solution x produces

the system

dz

dt
=

β2[1− 2x1(t)− δ2x2(t)] −β2δ2x1(t)

−β4δ4x2(t) −β4[1 + δ4x1(t)]

 z =: A(t)z. (3.4.9)

The fundamental matrix Φ(t) of this system satisfies

dΦ

dt
= A(t)Φ, Φ(0) = I.

Let P be a 2 × 2 invertible, differentiable matrix function such that P (t + ρ) = P (t) for all

t ∈ R+. If we let y(t) = P (t)z(t), then y satisfies

dy

dt
= [P ′(t) + P (t)A(t)]P−1(t)y =: B(t)y. (3.4.10)

The fundamental matrix Ψ(t) of this system satisfies

dΨ

dt
= B(t)Ψ, Ψ(0) = I,

where I is the identity matrix. It can easily be shown that P (t)Φ(t)P−1(0) is a fundamental

matrix solution of (3.4.10), that is, Ψ(t) = P (t)Φ(t)P−1(0). Since P (t + ρ) = P (t), it is clear

that Ψ(ρ) = P (ρ)Φ(ρ)P−1(ρ) (i.e. Ψ(ρ) is similar to Φ(ρ)), hence Ψ(ρ) and Φ(ρ) have the same

eigenvalues. This demonstrates the requirement for P to be ρ-periodic.
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We let

P (t) =

p11(t) 0

0 p22(t)


for some ρ-periodic functions p11 and p22 to be determined, which implies

B =

p′11p11
+ a11

p11a12
p22

p22a21
p11

p′22
p22

+ a22

 .
We want p11(t)p22(t) < 0 so that b12(t) > 0 and b21(t) > 0 (i.e. B is essentially positive). Since

B(t) is essentially positive for all t ∈ R+, the same argument as that used in [62, p. 190] shows

that each entry of Ψ(t) is positive for t ∈ [0, ρ]. In particular, each entry of Ψ(ρ) is positive. Let

λ1, λ2 denote the eigenvalues of Ψ(ρ), that is, the characteristic multipliers of (3.4.10).

By Perron’s Theorem, Ψ(ρ) has a unique largest positive eigenvalue λ2, say, with a correspond-

ing eigenvector v = [v1 v2]
T having strictly positive components such that |λ1| < λ2. Hence for

x to be stable, we need to show that λ2 < 1.

Let y(t) = Ψ(t)v, where v is such that Ψ(ρ)v = λ2v. Then y satisfies dy/dt = B(t)y. If

y(t) = [y1(t) y2(t)]
T, it follows that y(t) > 0 for all t ∈ [0, ρ]. Suppose that for the moment

that we can find a ρ-periodic function ξ(t) = [ξ1(t) ξ2(t)]
T such that

〈ξ(0),y(0)〉 > 0 and
∫ ρ

0

d

dt
〈ξ(t),y(t)〉 dt < 0.

Then 〈ξ(ρ),y(ρ)〉 < 〈ξ(0),y(0)〉; however y(ρ) = Ψ(ρ)v = λ2v, so that 〈ξ(0), λ2v〉 <

〈ξ(0),v〉 and this would show that λ2 < 1. We now proceed to find the desired function ξ(t).

We have

〈ξ,y〉′ =
〈
ξ′,y

〉
+
〈
ξ,y′

〉
=
〈
ξ′,y

〉
+ 〈ξ, By〉

=
〈
ξ′,y

〉
+
〈
BTξ,y

〉
=
〈
ξ′ +BTξ,y

〉
=

[
ξ′1 +

(
p′11
p11

+ a11

)
ξ1 +

p22a21
p11

ξ2

]
y1

+

[
ξ′2 +

p11a12
p22

ξ1 +

(
p′22
p22

+ a22

)
ξ2

]
y2.

Take

p11(t) =
1

x1(t)
, p22(t) = −β2δ2, ξ1(t) = β4[1 + δ4x1(t)], ξ2(t) = 1
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for example, which are all ρ-periodic and p11(t)p22(t) < 0 for all t ∈ R+. We also note that

〈ξ(0),y(0)〉 > 0. This makes the coefficient of y2 equal to zero, so that

〈ξ,y〉′ = β2β4x1(δ4 − 1− 2δ4x1)y1

after some algebra.

Suppose that δ2 < 1. Then from Lemma 3.B.3 in Appendix 3.B

x1(t) =
(δ4 − 1) +

√
(δ4 − 1)2 + 4δ4[1− δ2i(t) + h(t)]

2δ4
, where h(t) =

d

dt
V (x(t)),

which implies that

δ4 − 1− 2δ4x1(t) = −
√

(1− δ4)2 + 4δ4[1− δ2i(t) + h(t)] ≤ 0.

Moreover, from the periodicity of x it can be seen that (1/ρ)
∫ ρ
0 [δ2i(s)− h(s)] ds = δ2. Thus

from the Mean Value Theorem there exists t∗ ∈ (0, ρ) such that

(1− δ4)2 + 4δ4[1− δ2i(t∗) + h(t∗)] = (1− δ4)2 + 4δ4(1− δ2).

Since δ2 < 1, it follows that (1− δ4)2 + 4δ4(1− δ2) > 0 and then by continuity, there exists ε > 0

such that

(1− δ4)2 + 4δ4[1− δ2i(t) + h(t)] > 0 for all t ∈ (t∗ − ε, t∗ + ε).

This yields, by the strict positivity of x and y,

∫ t∗+ε

t∗−ε
x1(t)[δ4 − 1− 2δ4x1(t)]y1(t) dt < 0.
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Thus,

∫ ρ

0

d

dt
〈ξ(t),y(t)〉 dt =

∫ ρ

0
β2β4x1(t)[δ4 − 1− 2δ4x1(t)]y1(t) dt

=

∫ t∗−ε

0
β2β4x1(t)[δ4 − 1− 2δ4x1(t)]y1(t) dt

+

∫ t∗+ε

t∗−ε
β2β4x1(t)[δ4 − 1− 2δ4x1(t)]y1(t) dt

+

∫ ρ

t∗+ε
β2β4x1(t)[δ4 − 1− 2δ4x1(t)]y1(t) dt

< 0.

The above argument then shows that if δ2 < 1 and a strictly positive ρ-periodic solution exists

to (3.4.1), then |λ1| < λ2 < 1 (i.e. x is asymptotically stable). Therefore the unique ρ-periodic

solution of (3.4.1) found in Section 3.4.1 is asymptotically stable.

Remark 3.4.2. As a result of Lemma 3.B.3 any strictly positive ρ-periodic solution x to (3.4.1)

must satisfy the implicit form

x1(t) =
(δ4 − 1)±

√
(δ4 + 1)2 − 4δ4[δ2i(t)− h(t)]

2δ4
, where h(t) =

d

dt
V (x(t)). (3.4.11)

By a similar argument to the above it can be concluded that if δ2 < 1 or if 1 ≤ δ2 < (1 + δ4)
2/4δ4

and δ4 > 1 and a strictly positive ρ-periodic solution exists for (3.4.1) that satisfies the “plus” case

of (3.4.11), then |λ1| < λ2 < 1 (i.e. x is asymptotically stable). Similarly, it can be concluded that

if a strictly positive ρ-periodic solution exists for (3.4.1) that satisfies the “minus” case of (3.4.11),

then λ2 > 1 (i.e. x is unstable).

3.4.2 Existence of co-existence periodic solution

The existence of a strictly positive ρ-periodic solution to the full system (3.2.7) will be shown in

this section.

Note that (3.2.7) is invariant on R4
+. Consider the systems

¯
u′ =


¯
u′1

¯
u′2

¯
u′3

¯
u′4


=


¯
u1(1−

¯
u1 − α1

¯
u2 − δ1

¯
u3)

β2
¯
u2(1−

¯
u2 − δ2

¯
u4)

β3(
¯
u2 −

¯
u3)

β4[i(t)−
¯
u4 − δ4

¯
u4

¯
u2]


=:

¯
F(t,

¯
u), (3.4.12)
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and

ū′ =



ū′1

ū′2

ū′3

ū′4


=



ū1(1− ū1 − α1ū2)

β2ū2(1− ū2 − α2ū1 − δ2ū4)

β3(ū2 − ū3)

β4[i(t)− ū4]


=: F̄(t, ū). (3.4.13)

Similarly to (3.2.7) the solutions to (3.4.12) and (3.4.13) can be shown to be unique and invariant

on R4
+.

We now wish to establish the existence of strictly positive ρ-periodic solutions to (3.4.12) and

(3.4.13). First consider (3.4.12) and let
¯
u(t) denote a solution, where

¯
u(0) ∈ R4

+. From the

analysis of the normal-tissue free system, if δ2 < 1 there is a unique strictly positive ρ-periodic

solution to
¯
u′2 =

¯
F2(t,

¯
u) and

¯
u′4 =

¯
F4(t,

¯
u). Then from Lemma 3.B.1 there exists a unique ρ-

periodic solution to
¯
u′3 =

¯
F3(t,

¯
u), where

¯
u3(t) = w(t;β3

¯
u2, β3) with initial condition given by

(3.B.3). Using these ρ-periodic solutions and Lemma 3.B.2 if
∫ ρ
0 [1− α1

¯
u2(s)− δ1

¯
u3(s)] ds > 0,

there exists a unique strictly positive ρ-periodic solution to
¯
u′1 =

¯
F1(t,

¯
u), where

¯
u1(t) = v(t; 1−

α1
¯
u2 − δ1

¯
u3, 1) with initial condition given by (3.B.6). Consider

∫ ρ

0
[1− α1

¯
u2(s)− δ1

¯
u3(s)] ds =

∫ ρ

0
[1− (α1 + δ1)

¯
u2(s)] ds ≥ 1− (α1 + δ1)û2+

from Lemmata 3.B.1 and 3.B.3 in Appendix 3.B. Hence if δ2 < 1 and 1− (α1 + δ1)û2+ > 0, then

there exists a unique strictly positive ρ-periodic solution to (3.4.12).

Now consider system (3.4.13) and let ū(t) denote a solution, where ū(0) ∈ R4
+. From the

analysis of the normal-tissue free problem it is known that there exists a unique strictly positive

ρ-periodic solution to ū′4 = F̄4(t, ū). Then from [94, Prop. 36.1 and 36.3] there exists a unique

strictly positive ρ-periodic solution to ū′1 = F̄1(t, ū) and ū′2 = F̄2(t, ū) if

1 < (>)α1
1

ρ

∫ ρ

0
[1− δ2ū4(s)] ds = α1(1− δ2)

and
1

ρ

∫ ρ

0
[1− δ2ū4(s)] ds = 1− δ2 < (>)α2.

Noting ū2(t) > 0 for all t ∈ R+, we have from Lemma 3.B.1 that ū′3 = F̄3(t, ū) has a unique

strictly positive ρ-periodic solution given by ū3(t) = w(t;β3ū2, β3) with initial condition given
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by (3.B.3).

Assume that the parameter conditions

δ2 < 1, 1− (α1 + δ1)û2+ > 0, 1 < (>)α1(1− δ2) and 1− δ2 < (>)α2 (3.4.14)

are satisfied, then there exists unique strictly positive ρ-periodic solutions to (3.4.12) and (3.4.13)

denoted by
¯
u(t) and ū(t), respectively. Letting M = diag(1,−1,−1, 1) = M−1, we wish to

show thatM
¯
u(t) ≤ M ū(t) for all t ∈ R+. It was shown in the analysis of the normal-tissue free

ρ-periodic solution that
¯
u4(t) ≤ ū4(t) for all t ∈ R+. Consider the ρ-periodic solutions

¯
u2(t) and

ū2(t) that satisfy

¯
u′2 = β2

¯
u2[1−

¯
u4(t)−

¯
u2] and ū′2 = β2ū2[1− α2ū1(t)− δ2ū4(t)− ū2].

Note that 1− δ2ū4(t)− α2ū1(t) < 1− δ2
¯
u4(t) for all t ∈ R+ and by Lemma 3.B.2 it must hold

that
∫ ρ
0 [1− δ2ū4(s)− α2ū1(s)] ds > 0 and moreover,

¯
u2(t) ≥ ū2(t) for all t ∈ R+. Considering

the evolution of
¯
u3(t)− ū3(t) it then follows directly from Lemma 3.B.1 that

¯
u3(t) ≥ ū3(t) for all

t ∈ R+.

Consider
¯
u1(t) and ū1(t) which satisfy

¯
u′1 =

¯
u1[1− α1

¯
u2(t)− δ1

¯
u3(t)−

¯
u1] and ū′1 = ū1[1− α1ū2(t)− ū1].

Note that
∫ ρ
0 [1− α1

¯
u2(s)− δ1

¯
u3(s)] ds > 0 and that 1 − α1

¯
u2(t) − δ1

¯
u3(t) < 1 − α1ū2(t) for

all t ∈ R+. Then from Lemma 3.B.2,
¯
u1(t) ≤ ū1(t) for all t ∈ R+. Hence it has been shown that

M
¯
u(t) ≤M ū(t) for all t ∈ R+.

Assume that u(0),
¯
u(0), ū(0) ∈ R+ andM

¯
u(0) ≤Mu(0) ≤M ū(0). We claim that

M
¯
u(t) ≤Mu(t) ≤M ū(t) for all t ∈ R+. (3.4.15)

It is clear that F′u, ¯
F′u, F̄

′
u ∈ C(R+ × R4,R42), hence F,

¯
F, F̄ each satisfy a local Lipschitz

condition on any D ⊂ R+ × R4. It can easily be seen thatM
¯
F(t,η) ≤ MF(t,η) ≤ M F̄(t,η)

for all (t,η) ∈ R1+4
+ . Letting E = R+ × (−∞, 0]2 × R+, we can see that the Jacobian matrices

[MF(t,Mη)]′η and [M F̄(t,Mη)]′η are essentially positive onR+×E, meaningMF(t,Mη) and

M F̄(t,Mη) are quasimonotone increasing on R+ × E. Hence by Corollary 3.A.9 the claim is
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proved true.

Theorem 3.4.3. If (3.4.14) is satisfied, then there exists a strictly positive ρ-periodic solution to

(3.2.7).

Proof. Under the given parameter restrictions there exist strictly positive ρ-periodic solutions to

(3.4.12) and (3.4.13). Let
¯
u(t) and ū(t) denote the strictly positive ρ-periodic solutions for systems

(3.4.12) and (3.4.13), respectively. Note that it was shown M
¯
u(t) ≤ M ū(t) for all t ∈ R+.

Construct the box

R = {η ∈ R4
+ : M

¯
u(0) ≤Mη ≤M ū(0)} ⊂ int(R4

+)

and define the solution of (3.2.7) with initial condition η ∈ R as u(t;η), i.e. u(0;η) = η. Define

the map ϕ : R→ R4
+ by

ϕ(η) = u(ρ,η) for η ∈ R.

Note from continuous dependence on initial conditions that ϕ is clearly continuous. If η ∈ R, then

from (3.4.15) it is clear that

M
¯
u(t) ≤Mu(t;η) ≤M ū(t) for all t ∈ R+. (3.4.16)

Then from the periodicity of
¯
u(t) and ū(t) it follows that

M
¯
u(0) = M

¯
u(ρ) ≤Mu(ρ;η) ≤M ū(ρ) = M ū(0),

that is, u(ρ;η) ∈ R which implies ϕ(R) ⊂ R. Hence by Brouwer’s Fixed Point Theorem there

exists η0 ∈ R such that η0 = ϕ(η0), i.e. u(0;η0) = u(ρ;η0). Therefore by [62, Lemma 2.2.1]

for initial condition u(0) = η0 the solution u(t) must be ρ-periodic and from (3.4.16) that solution

must be strictly positive.

3.4.3 Special periodic solutions of the full system

We now classify all the special periodic solutions to system (3.2.7) and determine the stability of

each solution. With a slight abuse of notation, the special periodic solutions are of the form:

PS1. (0, 0, 0, u4(t));

PS2. (u1(t), 0, 0, u4(t));
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PS3. (0, u2(t), u3(t), u4(t));

PS4. (u1(t), u2(t), u3(t), u4(t)).

Here, uj(t+ ρ) = uj(t) > 0 for all t ≥ 0 and j = 1, 2, 3, 4.

PS1

For PS1 we see that u4 satisfies the ODE

du4
dt

= β4[i(t)− u4].

From Lemma 3.B.1 we deduce that this has the ρ-periodic solution u4(t) = w(t;β4i, β4) for all

t ∈ R+ with initial condition given by (3.B.3).

PS2

For PS2 we see that u1 and u2 satisfy the system of equations

du1
dt

= u1(1− u1),
du4
dt

= β4[i(t)− u4].

Since the equation for u1 is autonomous, the only nontrivial periodic solution is u1(t) = 1 for

all t ∈ R+. Again from Lemma 3.B.1 we conclude that the u4 equation has ρ-periodic solu-

tion u4(t) = w(t;β4i, β4) for all t ∈ R+ with initial condition given by (3.B.3).

PS3

For PS3 the system of ODEs is

du2
dt

= β2u2(1− u2 − δ2u4),
du3
dt

= β3(u2 − u3),
du4
dt

= β4[i(t)− u4 − δ4u2u4].

It suffices to consider the reduced system (3.4.1) since from Lemma 3.B.1 in Appendix 3.B if

u2 is positive and ρ-periodic, then a positive ρ-periodic solution of the u3 equation is u3(t) =

w(t;β3u2, β3) for all t ∈ R+ with initial condition given by (3.B.3). From Theorem 3.4.1 we

know that there exists a unique strictly positive ρ-periodic solution (u2, u4) to (3.4.1) if δ2 < 1.
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PS4

For PS4 the system of ODEs is

du1
dt

= u1(1− u1 − α1u2 − δ1u3),
du2
dt

= β2u2(1− u2 − α2u1 − δ2u4),
du3
dt

= β3(u2 − u3),
du4
dt

= β4[i(t)− u4 − δ4u2u4].

From Theorem 3.4.3 it is known there exists a strictly positive ρ-periodic solution to this system if

δ2 < 1, 1− (α1 + δ1)û2+ > 0, 1 < (>)α1(1− δ2) and 1− δ2 < (>)α2.

3.4.4 Stability of special periodic solutions to the full system

We begin by determining the stability of PS1. Recall that PS1 is (0, 0, 0, u4(t)), where u4(t) =

w(t;β4i, β4). Linearising (3.2.7) about PS1, we obtain

dy

dt
=



1 0 0 0

0 β2[1− δ2u4(t)] 0 0

0 β3 −β3 0

0 −β4δ4u4(t) 0 −β4


y.

This has a fundamental matrix Φ(t) = (φij(t))1≤i,j≤4 given by

Φ(t) =



et 0 0 0

0 eβ2
∫ t
0 [1−δ2u4(s)] ds 0

0 β3
∫ t
0 e−β3(t−s)φ22(s) ds e−β3t 0

0 −β4δ4
∫ t
0 e−β4(t−s)u4(s)φ22(s) ds 0 e−β4t


.

Since this matrix is lower triangular, the characteristic multipliers (i.e. the eigenvalues of Φ(ρ))

are

eρ, eβ2
∫ ρ
0 [1−δ2u4(s)] ds, e−β3ρ, e−β4ρ.

As |eρ| > 1, we conclude that PS1 is unstable.

Next we consider the stability of PS2, given by (1, 0, 0, u4(t)), where u4(t) = w(t;β4i, β4).



97 3.4. PERIODIC INFUSION OF CHEMOTHERAPY DRUG

Linearising (3.2.7) about PS2 gives

dy

dt
=



−1 −α1 −δ1 0

0 β2[1− α2 − δ2u4(t)] 0 0

0 β3 −β3 0

0 −β4δ4u4(t) 0 −β4


y.

With a slight abuse of notation, a fundamental matrix Φ(t) = (φij(t))1≤i,j≤4 is

Φ(t) =



e−t −
∫ t
0 e−(t−s)[α1φ22(s) + δ1φ32(s)] ds −δ1

∫ t
0 e−(t−s)e−β3sds 0

0 eβ2
∫ t
0 [1−α2−δ2u4(s)] ds 0 0

0 β3
∫ t
0 e−β3(t−s)φ22(s) ds e−β3t 0

0 −β4δ4
∫ t
0 e−β4(t−s)u4(s)φ22(s) ds 0 e−β4t


.

The characteristic multipliers are then

e−ρ, eβ2
∫ ρ
0 [1−α2−δ2u4(s)] ds, e−β3ρ, e−β4ρ.

Thus the stability properties of PS2 will depend on the sign of
∫ ρ
0 [1−α2− δ2u4(s)] ds. Note that

the ODE for u4 in PS2 is
du4
dt

= β4[i(t)− u4(t)].

Integrating from 0 to ρ gives

∫ ρ

0
u4(s) ds =

∫ ρ

0
i(s) ds = ρ,

so that ∫ ρ

0
[1− α2 − δ2u4(s)] ds = (1− α2)ρ− δ2ρ = ρ(1− α2 − δ2).

Therefore if α2 + δ2 > 1, then PS2 is stable. On the other hand, if α2 + δ2 < 1, then PS2 is

unstable.

Finally, we look at the stability of PS3. Recall that PS3 is of the form (0, u2(t), u3(t), u4(t)),

where (u2(t), u4(t)) is a periodic solution of (3.4.1) and u3(t) = w(t;β3u2, β3). Linearising

(3.2.7) about PS3 gives
dy

dt
= A(t)y, (3.4.17)
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where

A(t) =



1− α1u2(t)− δ1u3(t) 0 0 0

−α2β2u2(t) β2[1− 2u2(t)− δ2u4(t)] 0 −β2δ2u2(t)

0 β3 −β3 0

0 −β4δ4u4(t) 0 −β4[1 + δ4u2(t)]


.

Let Θ(t) = (θij(t))1≤i,j≤3 be the fundamental matrix that satisfies Θ′ = C(t)Θ′; Θ(0) = I ,

where C(t) = (aij(t))2≤i,j≤4. Define

γ(t) = Θ(t)

∫ t

0
Θ−1(s)ζ(s) ds, where ζ(t) =

[
a21(t)e

∫ t
0 a11(s) ds 0 0

]T
.

Furthermore, let Ψ(t) = (ψij(t))1≤i,j≤2 be a fundamental matrix solution of (3.4.9), then the

fundamental matrix solution of (3.4.17) is

Φ(t) =



e
∫ t
0 [1−α1q2(s)−δ1q3(s)] ds 0 0 0

γ1(t) ψ11(t) 0 ψ12(t)

γ2(t) β3e
β3t
∫ t
0 ψ11(t)e

β3s ds e−β3t β3e
β3t
∫ t
0 ψ12(t)e

β3s ds

γ3(t) ψ21(t) 0 ψ22(t)


.

The characteristic multipliers are then e
∫ ρ
0 [1−α1u2(s)−δ1u3(s)] ds, e−β3ρ and the eigenvalues of

Ψ(ρ) which were shown in Section 3.4.1 to have modulus less that 1 if δ2 < 1. It is clear that

|e−β3ρ| < 1, hence it is required that

|e
∫ ρ
0 [1−α1u2(s)−δ1u3(s)] ds| < (>)1 ⇐⇒

∫ ρ

0
[1− α1u2(s)− δ1u3(s)] ds < (>)0

for the solution PS3 to be stable (unstable). From Lemmata 3.B.1 and 3.B.3

∫ ρ

0
[1− α1u2(s)− δ1u3(s)] ds =

∫ ρ

0
[1− (α1 + δ1)u2(s)] ds ≥ ρ[1− (α1 + δ1)û2+],

therefore if 1− (α1 + δ1)û2+ > 0, then the solution is unstable. Now, from (3.4.1) it can be shown

that
1

ρ

∫ ρ

0
u2(s) ds = 1− δ2

1

ρ

∫ ρ

0
u4(s) ds.

Furthermore, by the periodicity of u4 and the positivity of u2 and u4, it can be obtained from (3.4.1)
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that
1

ρ

∫ ρ

0
u4(s) ds = 1− 1

ρ

∫ ρ

0
u2(s)u4(s) ds < 1

and as a result we can conclude

1

ρ

∫ ρ

0
1− α1u2(s)− δ1u3(s) ds = 1− (α1 + δ1)

1

ρ

∫ ρ

0
u2(t) ds

= 1− (α1 + δ1)

(
1− δ2

1

ρ

∫ ρ

0
u4(t) ds

)
< 1− (α1 + δ1)(1− δ2) < 0

if δ2 < (α1+δ1−1)/(α1+δ1). Noting that (α1+δ1−1)/(α1+δ1) < 1, it can then be concluded

that if δ2 < (α1 + δ1 − 1)/(α1 + δ1), then PS3 is a stable.

3.5 Discussion

It is first noted that the results obtained for the model proposed by Byrne [30], corresponding to

system (3.4.1), have been further extended, that is, an examination of the behaviour of the model

when i(t) is an arbitrary continuous time-periodic function has been presented. In the analysis

conducted by Byrne [30], i was given by (3.2.8) and it was assumed that x2 ≡ i, as a result (3.4.1)

reduced to a single Bernoulli equation that could be readily solved. Here, no assumptions were

made about x2, rather the model was considered for all i ∈ C(R+, [0, iM ]), where i(t) = i(t+ ρ)

for some ρ > 0 and all t ∈ R+. It was found that there exist ρ-periodic solutions to (3.4.1) that

were stable for different parameter values. The trivial tumour-tissue free solution (i.e. x1 ≡ 0)

was found to exist for all parameter values and was found to be asymptotically stable for δ2 > 1

and unstable for δ2 < 1. This is the same result observed for the analogous SS (i.e. RS1) of the

model using the constant infusion function. Hence this suggests that using a different method of

drug delivery will not change the conditions in which the tumour can be removed from the system,

rather it is only required that the same total amount of drug is delivered over each treatment period.

For system (3.4.1) a ρ-periodic solution of the form x(t) = [x1(t) x2(t)]
T > 0 was found to

exist for δ2 < 1. Furthermore, this solution was shown to be asymptotically stable if δ2 < 1. It

is also noted that if δ2 > (1 + δ4)
2/4δ4, then no ρ-periodic solution of this form can exist, as is

the case for the analogous SS of the constant infusion model (i.e. RS2). It was also shown that if

1 ≤ δ2 ≤ (1 + δ4)
2/4δ4 and δ4 < 1, then no biologically meaningful ρ-periodic solution of this

form could exist. Once again, this condition is the same as for the analogous SS of the constant
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infusion model.

Considering the trivial periodic solution given by PS1, this solution, as in the constant infu-

sion model, is unconditionally unstable and as a result this suggests that the model should always

contain normal tissue or tumour tissue. This behaviour is to be expected and is consistent with

cell models. The less trivial state PS2, that represents the tumour-free state, is shown to be stable

when α2 + δ2 > 1 (similarly, unstable if α2 + δ2 < 1). Note that this is the condition for stabil-

ity of the analogous SS in the constant infusion case (i.e. SS2). Whilst it should naturally follow

that the periodic stability conditions should imply when the SSs of the constant infusion model are

stable (respectively, unstable), it should be noted that these conditions are independent of i(t) and

are identical for all non-negative continuous periodic functions. Hence these conditions suggest

that for the normal tissue to remain within the system, at the least, there needs to be sufficiently

strong population competition and treatment strength. Should there not be significant competition

provided by the normal tissue or large enough treatment strength cannot be obtained, for example,

if the required dose to do so is unsafe, then this state will be unstable and this would provide the

ideal conditions for tumour invasion. Hence if the competition that is provided by the normal tis-

sue is able to be increased, then this would enable the tumour-free solution to become stable and

improve the potential efficacy of the treatment. It is clear from this result alone that population

competition has a potentially important role to play in treating tumour invasion. Furthermore, if

a treatment somehow indirectly weakens the effective competition that normal-tissue can provide

without lowering the tumour-tissue competition a proportional amount, then this can actually be

harmful to the potential efficacy of the treatment. In a case like this, the assessment would need to

be made of whether the relative benefit gained in fighting the tumour with the specific treatment

outweighs the loss incurred from the damaged competition that the normal tissue provides.

The normal-tissue free periodic solution (i.e. PS3)was shown to exist if δ2 < 1 and furthermore

could not exist if δ2 > (1 + δ4)
2/4δ4, or if 1 ≤ δ2 < (1 + δ4)

2/4δ4 and δ4 ≤ 1. Hence these

represent the parameter conditions in which it can be assured that an invasive tumour will not exist.

In this state, the concentration of chemotherapy drug is lower than the tumour-free state, as would

be expected due to the model assumption that interaction with the tumour causes some portion of

the drug to decay. From the stability analysis in Section 3.4.4, it can be seen that the normal-tissue

free periodic solution is unstable if

1− (α1 + δ1)û2+ > 0.
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Hence there is a sufficiently large treatment strength that needs to be obtained in order prevent this

invasive normal-tissue free state from being able to invade. Furthermore, from this condition it

can be concluded that should α1 + δ1 ≤ 1, then the state is unstable. Therefore if the combined

strength of the tumour-tissue competition and the destructive influence of the acid is low, then the

tumour will not be invasive. This is consistent with the results obtained for the constant infusion

model considered in Section 3.3 and for the spatially heterogeneous model considered byMcGillen

et al. [140]. This further demonstrates the potential importance of the acid-mediation hypothesis,

in that, should a tumour provide low population competition, then invasion may still be achieved

provided a sufficiently strong destructive influence of the acid. This once again is consistent with

the results of the model proposed by McGillen et al. [140].

It was shown in Section 3.4.4 that if δ2 < (α1 + δ1 − 1)/(α1 + δ1), then the normal-tissue

free solution (i.e. PS3) is asymptotically stable. Hence for sufficiently small treatment strength and

sufficiently large tumour population competition and tumour aggressiveness, the invasive tumour

state will be stable. It should be noted that the normal-tissue free solution could still be stable for

larger values of δ2, however the conducted analysis was unable to confirm stability for values of δ2

outside of this set of values. If the normal-tissue population competition is sufficiently low, then

the invasive tumour state will be the only stable solution. This will result in the tumour successfully

invading and the treatment being unsuccessful. If however the normal-tissue population competi-

tion is sufficiently strong, i.e. if α2 + δ2 > 1, then the tumour-tissue free solution will be stable

and hence the system will be bistable. Should this be the case, the size of the initial tumour will

alter the efficacy of the treatment protocol which, as expected, is consistent with the results of the

constant infusion model and the decreased likelihood of a cure associated with more established

tumours [164]. From this it can be seen that the population competition, that is, the relative in-

teraction between different cell types, can have a significant impact on the efficacy of the tumour

treatment.

It was shown that a strictly positive ρ-periodic coexistence solution exists for (3.2.7) (i.e. PS4).

Moreover, numerical simulations, using (3.2.8) for i, suggest that this solution is stable for partic-

ular parameter values. It is noted that this state exists and moreover, is stable, when the tumour

aggressiveness, tumour-tissue population competition, normal-tissue population competition and

destructive influence of the chemotherapy is low (i.e. δ1, α1, α2, δ2 are “small”). This is consistent

with the results obtained for the constant infusion model. Should any of these parameters increase,

the properties of the model change dramatically. If the tumour aggressiveness increases, then the
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tumour would become invasive as the normal-tissue free periodic solution would become stable

while the tumour-tissue free solution would remain unstable. Conversely, should the destructive

influence of the chemotherapy be increased, by way of increased drug infusion (say), the coex-

istence state would become unstable and the tumour-free periodic solution would become stable

resulting in the tumour being removed from the system.

3.6 Concluding remarks

A model for the acid-mediation hypothesis in the presence of a chemotherapy treatment has been

proposed and considered. The proposed model is a simple ODE model that is comprised of the

normal tissue, tumour tissue, acid concentration and chemotherapy drug concentration in a spatially

homogeneous setting. The model was based on the model proposed by McGillen et al. [140] in

combination with that proposed by Byrne [30] and has been considered to obtain an understanding

of the reaction dynamics governing the system and to provide insights required before considering

this in a spatially heterogeneous setting. The model was considered mathematically for different

treatment methods using both numerical and analytical techniques.

The model has been considered with constant drug infusion which produced an autonomous

system that was studied using a SS analysis. The model was also considered assuming the use of

treatment occurring in cycles, which was characterised by time-periodic infusion functions. This

resulted in a non-autonomous system that could be examined using an analysis of time-periodic

solutions. The results from each analysis draw similar, if not the same, conclusions about the effect

of competition, the treatment strength and the destructive influence of acid on the overall system

dynamics. This suggests that the method of drug delivery is not a significant factor when trying to

treat a tumour, rather it is the average rate of delivery which is the important factor. Hence much

more focus can be placed on ensuring the safest method of delivery is used. Moreover, from a

modelling standpoint this suggests, at least in a spatially homogeneous model, that the choice of

infusion function is not as influential to the overall behaviour of the system as may be intuitively

thought. This however only relates to the long term behaviour of the system, whereas the short term

dynamics may still vary largely based on the choice of infusion function. Furthermore, this does

not consider the potential dynamics that could be displayed in a spatially heterogeneous setting in

which spatial variation and associated mechanisms must be considered.

Since the model considered in this chapter assumes spatially homogeneous populations, that is,
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well-mixed populations, there are natural limitations to the conclusions that can be drawn from this

analysis. However analysis conducted of this spatially homogeneous model provides insights into

the potential long-term behaviour of a spatially heterogeneous version of this model, particularly

in the situations of monostable solutions for the system. Hence analysis of a model that considers

a spatially heterogeneous setting will be considered in the following chapter to further understand

the dynamics of the acid-mediation hypothesis with chemotherapy intervention. We also note that

the model considered here has assumed a small effect of chemotherapy on normal tissue and as

such reduces the applicability of the results presented within this Chapter. Hence an extension of

this model that removes this assumption can potentially be considered in further work to increase

the usefulness of the model.

3.A Auxiliary definitions and results

We include for the convenience of the reader a collection of definitions and results required for this

analysis of model considered in this chapter.

Definition 3.A.1 (Quasimonotonicity, see [201, §10, XII]). The function F : D ⊂ Rn+1 → Rn is

said to be quasimonotone increasing on D if for i = 1, . . . , n,

u ≤ v, ui = vi, (t,u), (t,v) ∈ D =⇒ Fi(t,u) ≤ Fi(t,v).

Remark 3.A.2. A matrix C = (cij) is said to be “essentially positive” if cij ≥ 0 for all i 6= j. A

function F : D ⊂ Rn+1 → Rn is quasimonotone increasing on a set D ⊂ Rn+1 if the Jacobian

matrix F′u(t,u) is essentially positive for all (t,u) ∈ D.

Definition 3.A.3 (Invariant Sets in Rn, see [201, §10, XV]). A set D ⊂ Rn is said to be invariant

with respect to the system u′ = F(t,u) if for any solution u, u(t0) ∈ D implies u(t) ∈ D for

t > t0 (as long as the solution exists).

Definition 3.A.4 (Tangent Condition, see [201, §10, XV]). Let D ⊂ Rn and F : E ⊃ J ×D →

Rn, where J ⊂ R is an interval. The tangent condition is given by

〈n(u),F(t,u)〉 ≤ 0, for t ∈ J, u ∈ ∂D,

where n(u) is the outer normal to D at u.



CHAPTER 3. AMTI WITH CHEMOTHERAPY INTERVENTION: I 104

Definition 3.A.5 (Local Lipschitz Condition, see [201, §6, IV]). Let J ⊂ R, D ⊂ Rn and E =

J ×D. Then the function F : E → Rn is said to satisfy a local Lipschitz condition with respect

to u in E if for every (t0,u0) ∈ E there exists a neighbourhood U = U(t0,u0) and an L =

L(t0,u0) < ∞ such that for all (t,u1), (t,u2) ∈ U ∩ E the function F satisfies the Lipschitz

condition

‖F(t,u1)− F(t,u2)‖ ≤ L‖u1 − u2‖.

Remark 3.A.6. If D is open and if F ∈ C(E,Rn) has continuous derivative F′u(t,u) in E, then

F satisfies a local Lipschitz condition with respect to u in E.

Theorem 3.A.7 (Invariance Theorem, see [201, §10, XVI]). LetD ⊂ Rn be closed, F : [t0,∞)×

D → Rn bounded and continuous and consider the system u′ = F(t,u). Suppose that F satisfies

the tangent condition (see Definition 3.A.4) and the one-sided Lipschitz condition on D, that is

〈u1 − u2,F(t,u1)− F(t,u2)〉 ≤ L‖u1 − u2‖2 for all t ∈ [t0,∞), u1,u2 ∈ D.

Then for any u(t0) ∈ D a unique solution u(t) exists for all t ∈ [t0,∞) which is invariant on D.

Theorem 3.A.8 (Comparison Theorem, see [201, §10, Comparison Theorem]). Let D ⊂ Rn and

J = [t0, t0 + a]; assume that F : J × D → Rn is quasimonotone increasing and that F(t,u)

satisfies a local Lipschitz condition with respect to u in J × D. Suppose that u′ = F(t,u) and

v′ ≤ F(t,v), if u(t) and v(t) are differentiable on J and v(t0) ≤ u(t0), then v(t) ≤ u(t) for all

t ∈ J .

As a consequence of Theorem 3.A.8 we have the following corollary.

Corollary 3.A.9. LetD ⊂ Rn, J = [t0, t0+a] andF : J×D → Rn; assume thatF(t,u) satisfies

a local Lipschitz condition with respect to u on J ×D and that u satisfies u′ = F (t,u). Suppose

that there exists an invertible n× n matrixM such thatMv′ ≤MF(t,v) andMF(t,M−1η) is

quasimonotone increasing on J × {η ∈ Rn : M−1η ∈ D}. If u(t) and v(t) are differentiable on

J andMv(t0) ≤Mu(t0), thenMv(t) ≤Mu(t) for all t ∈ J .

Proof. It is well known that for any linear operator T : Ω ⊂ Rn → Rn there exists a constant

c ∈ R such that ‖Tx‖ ≤ c‖x‖ for all x ∈ Ω [201, p. 58]. Hence there exists c ∈ R such

that ‖MF(t,u1) −MF(t,u2)‖ = ‖M(F(t,u1) − F(t,u2))‖ ≤ c‖F(t,u1) − F(t,u2)‖ for all
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(t,u1), (t,u2) ∈ J ×D. Then as F(t,u) satisfies a local Lipschitz condition on J ×D it easily

follows that so too doesMF(t,u).

Let ū(t) = Mu(t) and v̄(t) = Mv(t), then we have ū′ = MF(t,M−1ū) and v̄′ ≤

MF(t,M−1v̄) on J × E, where E = {η ∈ Rn : M−1η ∈ D}. NoteMF(t,M−1ū) is quasi-

monotone increasing on J × E and if u(t) and v(t) are differentiable on J , so too are ū(t) and

v̄(t). Therefore by Theorem 3.A.8 if v̄(t0) ≤ ū(t0), then v̄(t) ≤ ū(t) for all t ∈ J , that is, if

Mv(t0) ≤Mu(t0), thenMv(t) ≤Mu(t) for all t ∈ J .

3.B Results for specific ODEs and corresponding periodic solutions

Lemma 3.B.1. Consider the equation

dw

dt
= f(t)− g(t)w, (3.B.1)

where f, g ∈ C(R+) are ρ-periodic. Suppose that

∫ ρ

0
g(s) ds 6= 0, f(t) ≥ (>)0 for all t ∈ R+.

Then the following statements hold:

(i) The function

w(t; f, g) = w(0)e−
∫ t
0 g(s) ds +

∫ t

0
e−

∫ t
s g(s

′) ds′f(s) ds (3.B.2)

is the unique solution of (3.B.1) for any initial condition w(0) ∈ R. Note that w(t; f, g) > 0

for all t ≥ 0 if and only if w(0) > 0.

(ii) If

w(0) =

∫ ρ
0 e−

∫ ρ
s g(s

′) ds′f(s) ds

1− e−
∫ ρ
0 g(s) ds

, (3.B.3)

then (3.B.2) is the unique ρ-periodic solution, where

∫ ρ

0
g(t)w(t) dt =

∫ ρ

0
f(t) dt.

Moreover, w(0) ≥ (>)0 if and only if
∫ ρ
0 g(s) ds > 0.

(iii) Suppose that g1(t) ≥ g2(t) for all t ∈ R+ and
∫ ρ
0 g2(s) ds > 0. Ifw(t; f, g1) andw(t; f, g2)

have initial conditions given by (3.B.3), then w(t; f, g1) ≤ w(t; f, g2) for all t ∈ R+.
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Proof. (i) The unique solutionw = w(·; f, g) of the linear ODE (3.B.1) for any initial condition

is given by (3.B.2). Since f(t) ≥ 0 for all t ∈ R+ it is straightforward to see thatw(t; f, g) >

0 for all t ≥ 0 if and only if w(0) > 0.

(ii) If the initial condition is given by (3.B.3), thenw(ρ) = w(0). Furthermore, the ρ-periodicity

of f and g implies that

w′(t) = f(t)− g(t)w(t), w′(t+ ρ) = f(t)− g(t)w(t+ ρ) for all t ≥ 0.

Then w̄(t) = w(t+ ρ)− w(t) satisfies the initial value problem

dw̄

dt
= −g(t)w̄, w̄(0) = 0.

Hence w̄ ≡ 0 andw(t+ρ) = w(t) for all t ≥ 0. Since f(t) ≥ (>)0 for all t ∈ R+ it is clear

that ifw(0) is given by (3.B.3), thenw(0) ≥ (>)0 if and only if
∫ ρ
0 g(s) ds > 0. To show that

the solution for (3.B.3) is the unique ρ-periodic solution we consider two distinct ρ-periodic

solutions for (3.B.1) denoted by w1(t) and w2(t). Due to uniqueness to initial conditions

w1(t) 6= w2(t) for all t ∈ R+, so without loss of generality we assume w1(t) > w2(t) for

all t ∈ R+. Then ε(t) = w1(t) − w2(t) = w1(t + ρ) − w2(t + ρ) = ε(t + ρ) > 0 for all

t ∈ R+ satisfies

dε

dt
= −g(t)ε =⇒ 0 =

∫ ρ

0

1

ε(s)

dε

ds
ds = −

∫ ρ

0
g(s) ds,

which is a contradiction. Therefore the ρ-periodic solution for initial condition (3.B.3) must

be unique.

(iii) Suppose that g1(t) ≥ g2(t) for all t ∈ R+ and
∫ ρ
0 g2(s) ds > 0, then

∫ ρ
0 g1(s) ds ≥∫ ρ

0 g2(s) ds > 0. If w(t; f, g1) and w(t; f, g2) have initial conditions given by (3.B.3), then

w(t; f, g1) andw(t; f, g2) are unique ρ-periodic solutions andw(t; f, g1), w(t; f, g2) ≥ 0 for

all t ∈ R+. Let ε(t) = w(t; f, g2)−w(t; f, g1) = w(t+ρ; f, g2)−w(t+ρ; f, g1) = ε(t+ρ)

which satisfies

ε′ = [g1(t)− g2(t)]w(t; f, g2)− g1(t)ε.

Now [g1(t) − g2(t)]w(t; f, g2) ≥ 0 for all t ∈ R+, hence by the previous results the ρ-

periodic solution ε(t) ≥ 0 for all t ∈ R+, i.e. w(t; f, g1) ≤ w(t; f, g2) for all t ∈ R+.
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Lemma 3.B.2. Consider the equation

dv

dt
= g(t)v − f(t)v2, (3.B.4)

where f, g ∈ C(R+) are ρ-periodic. Suppose that

∫ ρ

0
g(s) ds 6= 0, f(t) > 0 for all t ∈ R+.

Then the following statements hold:

(i) The function

v(t; f, g) =

[
v(0)−1e−

∫ t
0 g(s) ds +

∫ t

0
e−

∫ t
s g(s

′) ds′f(s) ds

]−1
(3.B.5)

is the unique solution of (3.B.4) for any initial condition v(0) > 0. Note that v(t; f ; g) > 0

for all t ∈ R+ if and only if v(0) > 0.

(ii) If
∫ ρ
0 g(s) ds > 0 and

v(0) =
1− e−

∫ ρ
0 g(s

′) ds′∫ ρ
0 e−

∫ ρ
s g(s

′) ds′f(s) ds
, (3.B.6)

then (3.B.5) is a unique strictly positive ρ-periodic solution. Moreover, v(0) > 0 if and only

if
∫ ρ
0 g(s) ds > 0.

(iii) Suppose that g1(t) ≥ g2(t) for all t ∈ R+ and
∫ ρ
0 g2(s) ds > 0. If v(t; f, g1) and v(t; f, g2)

have initial conditions given by (3.B.6), then v(t; f, g1) ≥ v(t; f, g2) for all t ∈ R+.

Proof. (i) Set v = v(·; f, g) in the Bernoulli equation (3.B.4) to v(t) = u(t)−1. Then u satisfies

the linear ODE
du

dt
= f(t)− g(t)u,

whose solution for any initial condition is

u(t) = u(0)e−
∫ t
0 g(s) ds +

∫ t

0
e−

∫ t
s g(s

′) ds′f(s) ds.

Hence (3.B.5) follows.
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(ii) Since f(t) > 0 for all t ∈ R+ it is clear that if v(0) is given by (3.B.6), then v(0) > 0 if and

only if
∫ ρ
0 g(s) ds > 0. If

∫ ρ
0 g(s) ds > 0 and the initial condition is given by (3.B.6), then

u(ρ) = u(0) > 0 and a similar analysis as in the proof of Lemma 3.B.1 shows that v is a

unique strictly positive ρ-periodic solution.

(iii) Suppose that g1(t) ≥ g2(t) for all t ∈ R+ and
∫ ρ
0 g2(s) ds > 0. If the initial conditions for

v(t; f, g1) and v(t; f, g2) are given by (3.B.6), then Lemma 3.B.1(iii) shows that u(t; f, g1) ≤

u(t; f, g2) for all t ∈ R+, which implies v(t; f, g1) ≥ v(t; f, g2) for all t ∈ R+.

Lemma 3.B.3. Suppose that there exists a solution x(t) = [x1(t) x2(t)]
T > 0 for all t ∈ R+ to

system (3.4.1), then it follows that

δ4x1(t)
2 + (1− δ4)x1(t) + δ1i(t)− 1 =

d

dt
V (x(t)),

where V (x) = −(δ4/β2)x1 + (δ2/β4)x2 − (1/β2) lnx1. Moreover, it is a necessary condition

that

δ2i(t)− d
dtV (x(t)) ≤ (1 + δ4)

2

4δ4
.

If the solution is ρ-periodic, then

(i) The solution exists only if δ2 < 1 or only if 1 ≤ δ2 ≤ (1 + δ4)
2/4δ4 and δ4 > 1. Moreover,

0 ≤ 1

ρ

∫ ρ

0
x1(s) ds ≤ û2+.

(ii) If δ2 < 1, then

x1(t) =
δ4 − 1 +

√
(δ4 + 1)2 − 4δ4[δ2i(t)− h(t)]

2δ4
,

where h(t) = d
dtV (x(t)).

Proof. We wish to find a function V = V (x) such that

d

dt
V (x(t)) = A(t)x1(t)

2 +B(t)x1(t) + C(t),

where A, B and C are appropriate ρ-periodic functions. Note the right-hand side is independent
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of x2. By considering (3.4.1), we can try the ansatz

V (x) = ax1 + bx2 + c log x1,

where a, b and c are constants. Then

d

dt
V (x(t)) =

[
a+

c

x1(t)

]
x′1(t) + bx′2(t)

= − aβ2x1(t)2 + (a− c)β2x1(t) + cβ2 + bβ4i(t)

− (aβ2δ2 + bβ4δ4)x1(t)x2(t)− (cβ2δ2 + bβ4)x2(t).

To eliminate the terms involving x2, we set

a = − δ4
β2
, b =

δ2
β4
, c = − 1

β2
.

This gives
d

dt
V (x(t)) = δ4x1(t)

2 + (1− δ4)x1(t) + δ2i(t)− 1, (3.B.7)

i.e. A(t) = δ4, B(t) = 1− δ4 and C(t) = δ2i(t)− 1. Rewriting (3.B.7), we obtain

x1(t) =
(δ4 − 1)±

√
(δ4 − 1)2 + 4δ4[1− δ2i(t) + h(t)]

2δ4

=
(δ4 − 1)±

√
(δ4 + 1)2 − 4δ4[δ2i(t)− h(t)]

2δ4
,

where h(t) = d
dtV (u2(t), u4(t)). If x1(t) > 0 for all t ∈ R+, a necessary condition is that

δ2i(t)− h(t) ≤ (δ4 + 1)2

4δ4
. (3.B.8)

Suppose that the solution x(t) > 0 is ρ-periodic:

(i) Integrating both sides of (3.B.8) with respect to t from 0 to ρ and using the periodicity of x,

we have

(δ4 + 1)2

4δ4
≥ 1

ρ

∫ ρ

0
[δ2i(t)− h(t)] dt = δ2.
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Moreover, by the Mean Value Theorem, there exists t∗ ∈ (0, ρ) such that

1

ρ

∫ ρ

0
[δ2i(t)− h(t)] dt = δ2i(t

∗)− h(t∗).

We therefore deduce that

x1(t
∗) =

(δ4 − 1)±
√

(δ4 + 1)2 − 4δ4δ2
2δ4

,

which has at least one strictly positive value if and only if δ2 < 1, or if 1 ≤ δ2 ≤ (1+δ4)
2/4δ4

and δ4 > 1, hence if these parameter conditions are not satisfied, then it is not possible for

x1(t) > 0 for all t ∈ R+.

Moreover, the Cauchy-Schwarz inequality gives

1

ρ

∫ ρ

0

√
(δ4 + 1)2 − 4δ4[δ2i(s)− h(s)] ds

≤
[

1

ρ

∫ ρ

0
{(δ4 + 1)2 − 4δ4[δ2i(s)− h(s)]} ds

]1/2
=
√

(δ4 + 1)2 − 4δ4δ2.

Hence

0 ≤ 1

ρ

∫ ρ

0
x1(s) ds ≤ max

{
1

ρ

∫ ρ

0

(δ4 − 1)±
√

(δ4 + 1)2 − 4δ4[δ2i(s)− h(s)]

2δ4
ds

}

≤ û2+

(ii) If δ2 < 1, we further deduce that

(δ4 − 1)2 + 4δ4[1− δ2i(t∗) + h(t∗)] > (δ4 − 1)2

and as a result

x1(t) =
(δ4 − 1) +

√
(δ4 − 1)2 + 4δ4[1− δ2i(t) + h(t)]

2δ4
,

otherwise x1 can become negative at t∗.
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3.C Details of steady-state analysis

Lemma 3.C.1. The system of equations given by (3.3.1) has the following SS solutions and respec-

tive linear stability conditions:

SS1. u∗ = (0, 0, 0, 1) is unconditionally unstable.

SS2. u∗ = (1, 0, 0, 1) is stable if and only if α2 + δ2 > 1.

SS3. u∗ = (0, û2±, û2±, [1 + δ4û2±]−1), where û2± =
[
δ4 − 1±

√
(1 + δ4)2 − 4δ2δ4

]
/2δ4.

The SS corresponding to û2− is unconditionally unstable and the SS corresponding to û2+

will be stable if and only if

δ2 <
(α1 + δ1 + δ4)(α1 + δ1 − 1)

(α1 + δ1)2
,

or if

(α1 + δ1 + δ4)(α1 + δ1 − 1)

(α1 + δ1)2
≤ δ2 <

(1 + δ4)
2

4δ4
and

1

δ4
<
α1 + δ1 − 2

α1 + δ1
.

SS4. u∗ = (1− [α1 + δ1]ũ2±, ũ2±, ũ2±, [1 + δ4ũ2±]−1), where

ũ2± =
−(1− α2(α1 + δ1))− δ4(α2 − 1)

2δ4(1− α2(α1 + δ1))

±
√

[1− α2(α1 + δ1)− δ4(α2 − 1)]2 − 4δ2δ4(1− α2(α1 + δ1))

2δ4(1− α2(α1 + δ1))
.

The SS corresponding to ũ2− has no biologically meaningful values for which it is stable.

The SS corresponding to ũ2+ is stable if and only if

0 < (α1 + δ1)ũ2+ < 1, 0 < δ2 <
[1− α2(α1 + δ1)− δ4(α2 − 1)]2

4δ4[1− α2(α1 + δ1)]

and

c1c2c3 > c23c0 + c21,
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where

c3 = 1− (α1 + δ1)ũ2 + β3 + β2ũ2 + β4(1 + δ4ũ2),

c2 =β3[β2ũ2 + β4(1 + δ4ũ2)] + [1− (α1 + δ1)ũ2][β3 + β4(1 + δ4ũ2) + β2ũ2(1− α2α1)]

+
β2β4ũ2

1 + δ4ũ2
[(1 + δ4ũ2)

2 − δ2δ4],

c1 = [1− (α1 + δ1)ũ2]

[
β2β4ũ2

1 + δ4ũ2
[(1 + δ4ũ2)

2(1− α2α1)− δ2δ4] + β3β4(1 + δ4ũ2)

]
+ β2β3ũ2[1− (α1 + δ1)ũ2][1− α2(α1 + δ1)] +

β2β3β4ũ2
1 + δ4ũ2

[(1 + δ4ũ2)
2 − δ2δ4],

c0 =
β2β3β4ũ2
1 + δ4ũ2

[1− (α1 + δ1)ũ2]
[
(1 + δ4ũ2)

2(1− α2(α1 + δ1))− δ2δ4
]
.

Proof. Weconsider the system of equations given by (3.3.1), set the derivatives to zero (i.e. u′ = 0)

and solve for u1, u2, u3, u4 to obtain the SS solutions. We obtain the solutions

(0, 0, 0, 1), (1, 0, 0, 1),

(
0, û2, û2,

1

1 + δ4û2

)
,

(
1− (α1 + δ1)ũ2, ũ2, ũ2,

1

1 + δ4ũ2

)
,

where û2 solves

δ4û
2
2 + (1− δ4)û2 + δ2 − 1 = 0 (3.C.1)

and ũ2 solves

δ4[1− α2(α1 + δ1)]ũ
2
2 + [1− α2(α1 + δ1) + δ4(α2 − 1)]ũ2 + δ2 + α2 − 1 = 0. (3.C.2)

We wish to determine the stability of these solutions by performing a linear stability analysis.

Consider the following vector:

F(u) =



u1(1− u1 − α1u2 − δ1u3)

β2u2(1− u2 − α2u1 − δ2u4)

β3(u2 − u3)

β4(1− u4 − δ4u4u2)


.
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The Jacobian matrix of F is then given by

F′u(u) =



1− 2u1 − α1u2 − δ1u3 −α1u1 −δ1u1 0

−β2α2u2 β2(1− 2u2 − α2u1 − δ2u4) 0 −β2δ2u2
0 β3 −β3 0

0 −β4δ4u4 0 −β4(1 + δ4u2)


.

SS1. Now if we consider the SS solution (0, 0, 0, 1) we have the Jacobian matrix

F′u(0, 0, 0, 1) =



1 0 0 0

0 β2(1− δ2) 0 0

0 β3 −β3 0

0 −β4δ4 0 −β4


which has eigenvalues λ = 1, β2(1 − δ2),−β3,−β4. Hence we can see this is unstable for

all parameter values as λ = 1 > 0.

SS2. The SS (1, 0, 0, 1) has Jacobian matrix

F′u(1, 0, 0, 1) =



−1 −α1 −δ1 0

0 β2(1− α2 − δ2) 0 0

0 β3 −β3 0

0 −β4δ4 0 −β4


with eigenvalues λ = −1, β2(1−α2−δ2),−β3,−β4. Therefore we can see that all Re(λ) <

0 if and only if α2 + δ2 > 1. Hence we have that (1, 0, 0, 1) is linearly stable if α2 + δ2 > 1.

SS3. We consider the SS solution u∗ = (0, û2, û2, [1 + δ4û2]
−1) noting from F(u) = 0 we have

1− u2 − α2u1 − δ2u4 = 0. Hence we have the Jacobian matrix

F′u(u∗) =



1− (α1 + δ1)û2 0 0 0

−β2α2û2 −β2û2 0 −β2δ2û2
0 β3 −β3 0

0 −β4δ4(1 + δ4û2)
−1 0 −β4(1 + δ4û2)


with eigenvalues that satisfy λ = 1− (α1 + δ1)û2,−β3 and λ2 + [β2û2 +β4(1 + δ4û2)]λ+

β2β4û2[(1+δ4û2)
2−δ4δ2]/(1+δ4û2) = 0. Therefore using the Routh–Hurwitz conditions
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[145, pp. 507–509], we have Re(λ) < 0 if 1 − (α1 + δ1)û2 < 0, δ4δ2 < (1 + δ4û2)
2 and

û2 > 0. Note that if 1 − (α1 + δ1)û2 < 0, then it follows that û2 > 0. Since û2 satisfies

(3.C.1), we have that δ2 = 1− δ4û22 + (δ4 − 1)û2 and as a result

(1 + δ4û2)
2 − δ4δ2 = (1 + δ4û2)(2δ4û2 + 1− δ4).

Therefore if 2δ4û2 + 1− δ4 > 0, then it follows that δ4δ2 < (1 + δ4û2)
2. Consider (3.C.1),

solving for û2 we obtain

û2± =
δ4 − 1±

√
(1− δ4)2 + 4δ4(1− δ2)

2δ4
=
δ4 − 1±

√
(1 + δ4)2 − 4δ4δ2
2δ4

and note that û2± ∈ R if and only if δ2 ≤ (1 + δ4)
2/4δ4. Therefore

2δ4û2± + 1− δ4 = ±
√

(1 + δ4)2 − 4δ4δ2

and as a result we can see that if δ2 < (1 + δ4)
2/4δ4, then 2δ4û2+ + 1 − δ4 > 0 and

2δ4û2−+ 1− δ4 < 0. Hence SS3 with û2− will be unstable for all parameter values and we

only require that 1− (α1 + δ1)û2+ < 0 for SS3 with û2+ to be linearly stable. Consider

(α1 + δ1)û2+ − 1

=
(α1 + δ1)(δ4 − 1)− 2δ4 + (α1 + δ1)

√
(1− δ4)2 + 4δ4(1− δ2)

2δ4

=
(α1 + δ1)(δ4 − 1)− 2δ4

2δ4

+

√
[(α1 + δ1)(δ4 − 1)− 2δ4]2 + 4δ4[(α1 + δ1 + δ4)(α1 + δ1 − 1)− δ2(α1 + δ1)2]

2δ4

Hence we can see that if

δ2 <
(α1 + δ1 + δ4)(α1 + δ1 − 1)

(α1 + δ1)2
,

then 1− (α1 + δ1)û2+ < 0 and as a result SS3 with û2+ is stable. If

(α1 + δ1 + δ4)(α1 + δ1 − 1)

(α1 + δ1)2
≤ δ2 <

(1 + δ4)
2

4δ4
and

1

δ4
<
α1 + δ1 − 2

α1 + δ1
,
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then 1− (α1 + δ1)û2+ < 0 and as a result SS3 with û2+ is linearly stable.

SS4. We consider the SS solution u∗ = (1 − (α1 + δ1)ũ2, ũ2, ũ2, [1 + δ4ũ2]
−1) noting from

F(u) = 0 we have 1− u2 − α2u1 − δ2u4 = 0 and 1− u1 − α1u2 − δ1u3 = 0. Hence we

have the Jacobian matrix

F′u(u∗) =



(α1 + δ1)ũ2 − 1 α1[(α1 + δ1)ũ2 − 1] δ1[(α1 + δ1)ũ2 − 1] 0

−β2α2ũ2 −β2ũ2 0 −β2δ2ũ2
0 β3 −β3 0

0 −β4δ4(1 + δ4ũ2)
−1 0 −β4(1 + δ4ũ2)


that has a characteristic equation

λ4 + c3λ
3 + c2λ

2 + c1λ+ c0 = 0,

where

c3 = 1− (α1 + δ1)ũ2 + β3 + β2ũ2 + β4(1 + δ4ũ2),

c2 =β3[β2ũ2 + β4(1 + δ4ũ2)] + [1− (α1 + δ1)ũ2][β3 + β4(1 + δ4ũ2) + β2ũ2(1− α2α1)]

+
β2β4ũ2

1 + δ4ũ2
[(1 + δ4ũ2)

2 − δ2δ4],

c1 = [1− (α1 + δ1)ũ2]

[
β2β4ũ2

1 + δ4ũ2
[(1 + δ4ũ2)

2(1− α2α1)− δ2δ4] + β3β4(1 + δ4ũ2)

]
+ β2β3ũ2[1− (α1 + δ1)ũ2][1− α2(α1 + δ1)] +

β2β3β4ũ2
1 + δ4ũ2

[(1 + δ4ũ2)
2 − δ2δ4],

c0 =
β2β3β4ũ2
1 + δ4ũ2

[1− (α1 + δ1)ũ2]
[
(1 + δ4ũ2)

2(1− α2(α1 + δ1))− δ2δ4
]

From the Routh–Hurwitz conditions [145, pp. 507–509], c0, c1, c2, c3 > 0 and c1c2c3 >

c23c0+c21 if and only if Re(λ) < 0. Hence we require c0, c1, c2, c3 > 0 and c1c2c3 > c23c0+c21

for ũ2 to be linearly stable. Note that if

ũ2 > 0, 1− (α1 + δ1)ũ2 > 0 and 0 < δ2δ4 < (1 + δ4ũ2)
2(1− α2(α1 + δ1)),
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then c0 > 0. Note that

(1 + δ4ũ2)
2(1− α2(α1 + δ1)) < (1 + δ4ũ2)

2(1− α2α1) < (1 + δ4ũ2)
2,

therefore these conditions will imply that c0, c1, c2, c3 > 0. Since ũ2 satisfies (3.C.2) we

have

−δ2 = (1 + δ4ũ2)[(1− α2(α1 + δ1))ũ2 + α2 − 1].

Hence we can show that

(1+δ4ũ2)
2(1−α2(α1+δ1))−δ2δ4 = (1+δ4ũ2)[(1−α2(α1+δ1))(2δ4ũ2+1)+δ4(α2−1)],

(3.C.3)

and as a result

c0 = β2β3β4ũ2 [1− (α1 + δ1)ũ2] [(1− α2(α1 + δ1))(2δ4ũ2 + 1) + δ4(α2 − 1)] .

(3.C.4)

Now consider (3.C.2) and solve for ũ2 to obtain

ũ2± =
−(1− α2(α1 + δ1))− δ4(α2 − 1)

2δ4(1− α2(α1 + δ1))

±
√

[1− α2(α1 + δ1) + δ4(α2 − 1)]2 − 4δ4(1− α2(α1 + δ1))(δ2 + α2 − 1)

2δ4(1− α2(α1 + δ1))

=
−(1− α2(α1 + δ1))− δ4(α2 − 1)

2δ4(1− α2(α1 + δ1))

±
√

[1− α2(α1 + δ1)− δ4(α2 − 1)]2 − 4δ2δ4(1− α2(α1 + δ1))

2δ4(1− α2(α1 + δ1))
,

(3.C.5)

and note that ũ2± ∈ R if and only if

0 < δ2 ≤
[1− α2(α1 + δ1)− δ4(α2 − 1)]2

4δ4[1− α2(α1 + δ1)]
or 1− α2(α1 + δ1) < 0.

Using (3.C.5), we have

(1− α2(α1 + δ1))(2δ4ũ2± + 1) + δ4(α2 − 1)

= ±
√

[(1− α2(α1 + δ1))− δ4(α2 − 1)]2 − 4δ2δ4(1− α2(α1 + δ1))

(3.C.6)

and therefore when ũ2± ∈ R we have that (3.C.6) will be positive for ũ2+ and negative
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for ũ2−. We first note from (3.C.6) and (3.C.3) that we require either ũ2− < 0 or ũ1− =

1−[α1+δ1]ũ2− < 0 so that c0 > 0. Hence we can conclude that there will be no biologically

meaningful values of SS4 with ũ2− that are stable. If 1 − α2(α1 + δ1) < 0, we can see

that (3.C.3) is negative: noting that (3.C.6) will be positive for ũ2+ in this case then (3.C.3)

implies that 1+δ4ũ2+ < 0. Hencewe can conclude that ũ2+ < 0 and as a result, from (3.C.4)

we have that c0 < 0 if 1−α2(α1 + δ1) < 0 for ũ2+. Therefore if 1−α2(α1 + δ1) < 0, then

SS4 with ũ2+ is unstable. If 1−α2(α1+δ1) > 0 and ũ2+ < 0, then we can see from (3.C.6)

that (3.C.4) will be negative for ũ2+ and hence SS4 with ũ2+ will be unstable. Therefore we

can see that for SS4 with ũ2+ to be stable it is necessary that

ũ2+ > 0, 1− (α1 + δ1)ũ2+ > 0 and 0 < δ2 <
[1− α2(α1 + δ1)− δ4(α2 − 1)]2

4δ4[1− α2(α1 + δ1)]
.

Lemma 3.C.2. The system of equations given by (3.3.2) has the following SS solutions and respec-

tive linear stability conditions:

RS1. x∗ = (0, 1) is stable if and only if δ2 > 1.

RS2. x∗ = (û2±, [1 + δ4û2±]−1) where û2± =
[
δ4 − 1±

√
(1 + δ4)2 − 4δ2δ4

]
/2δ4. The SS

corresponding to û2− is unconditionally unstable and the SS corresponding to û2+ will be

stable if and only if

δ2 < 1 or 1 ≤ δ2 <
(1 + δ4)

2

4δ4
and δ4 > 1.

Proof. We consider the system of equations given by (3.3.2), set the derivatives to zero (i.e. x′ = 0)

and solve for x1 and x2 to obtain the SS solutions. We obtain the solutions

(0, 1) and
(
û2,

1

1 + δ4û2

)
,

where û2 solves

δ4û
2
2 + (1− δ4)û2 + δ2 − 1 = 0.

We wish to determine the stability of these solutions by performing a linear stability analysis.
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Consider the following vector:

G(x) =

β2x1(1− x1 − δ2x2)
β4(1− x2 − δ4x1x2)

 .
The Jacobian matrix of G is then given by

G′x(x) =

β2(1− 2x1 − δ2x2) −β2δ2x1
−β4δ4x2 −β4(1 + δ4x2)


RS1. Now if we consider the SS solution x∗ = (0, 1) we have the Jacobian matrix

G′x(0, 1) =

β2(1− δ2) 0

−β4δ4 −β4


with eigenvalues λ = β2(1− δ2),−β4 which we can see implies x∗ = (0, 1) will be stable

if and only if δ2 > 1.

RS2. We consider the SS solution x∗ = (û2, [1 + δ4û2]
−1) noting from G(x) = 0 we have

1− x1 − δ2x2 = 0. Hence we have the Jacobian matrix

G′x(x∗) =

 −β2û2 −β2δ2û2
−β4δ4(1 + δ4û2)

−1 −β4(1 + δ4û2)


with characteristic equation given by

λ2 + [β2û2 + β4(1 + δ4û2)]λ+
β2β4û2

1 + δ4û2
[(1 + δ4û2)

2 − δ4δ2] = 0.

We note that this is the same quadratic obtained for SS3. Following the proof considered in

Lemma 3.C.1 for SS3 we require

c1 = β2û2 + β4(1 + δ4û2) > 0 and c0 =
β2β4û2

1 + δ4û2
[(1 + δ4û2)

2 − δ4δ2] > 0.

In the proof for Lemma 3.C.1 for SS3 we saw that in the case of û2− that c0 ≤ 0 for all

parameter values, hence RS2 with û2− is unconditionally unstable. Moreover it was required

that δ2 < (1 + δ4)
2/4δ4 for c0 > 0 in the û2+ case. Note that if û2+ > 0 then it follows
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that c1 > 0. Examining the solution for û2+ as in Lemma 3.C.1 we see that for û2+ ∈ R

we require δ2 ≤ (1 + δ4)
2/4δ4. Then we see that for û2+ > 0 and δ2 < (1 + δ4)

2/4δ4 (i.e.

(û2+, [1 + δ4û2+]−1) is a stable SS) we require

δ2 < 1 or 1 ≤ δ2 <
(1 + δ4)

2

4δ4
and δ4 > 1.





Chapter 4

Acid-mediated tumour invasion with

chemotherapy intervention: spatially

heterogeneous populations

4.1 Introduction

This chapter seeks to extend themodel proposed in Chapter 3, that considers the acid-mediation

hypothesis with the added interaction of a tumour treatment protocol, to a spatially heteroge-

neous setting. The model considered in Chapter 3, which examined the acid-mediation hypothesis

with chemotherapy by the use of a system of ODEs, is primarily based on the models proposed

in [71, 76] combined with the model given in [30]. We wish to consider a spatially heterogeneous

model that extends this simpler spatially homogeneous model due to two key reasons, the first of

which being the unrealistic nature of the assumption underpinning a spatially homogeneous model.

The use of a spatially homogeneous model assumes that the populations considered are well mixed

and hence have no significant spatial variations. However we are proposing to consider tumour and

normal tissue populations and, in a reductionist view, tumours form as insular masses surrounded

by normal cells [89, 90]. Hence the assumption that these populations are well mixed is not re-

alistic. The second important consideration in using a spatially heterogeneous model is the extra

insight that can be gained about the key processes governing the dynamic behaviour of the sys-

tem, an example of this being the acid-mediation hypothesis. Should the model considered in [71]

have been modelled in a spatially homogeneous setting with no influence of spatial variances, then

due to the governing dynamics of the production of H+ ions, one would determine very similar

121
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behaviour between a model that considers acid-mediation and one that considers purely popula-

tion competition. One could conclude that the additional tumour aggressiveness associated with

the acid concentration as being attributed to the tumour population having more dominant popu-

lation competition dynamics. However in the spatio-temporal model as considered by McGillen

et al. [140] this confusion could not so easily be made with behaviours such as the development of

an interstitial gap only being possible with inclusion of the acid-mediation hypothesis. Whilst we

still acknowledge that much insight can be gained from the spatially homogeneous model, much

of which can be used to predict behaviour in a spatially heterogenous setting, we feel that to truly

determine the behaviour of the system and the important components that govern it, the model must

be considered in a spatio-temporal setting.

Similarly to Chapter 3, this chapter seeks to determine the conditions in our model when the

treatment is effective/ineffective and whether the presence of normal cells can alter the perceived

effectiveness of chemotherapy. Moreover, an aim of this chapter is to determine how treatment

affects the strength of the acid-mediated invasion and if a treatment can slow, stop or reverse the

invasion of a tumour.

This chapter is organised as follows. In Section 4.2 we discuss the formulation of our model and

provide details of a corresponding non-dimensionalisation. In Section 4.3 we examine the model

numerically and present some analytical and heuristic analysis of the results. Section 4.4 presents

the arguments for the determination of asymptotic approximations to the solutions of a special case

of the model. A discussion of results and some concluding remarks are presented in Section 4.5.

4.2 Model formulation

Here, the basic assumptions used to develop the model in Chapter 3 are recalled along with addi-

tional assumptions required due to the spatially heterogeneous populations.

(i) Both normal and tumour cells are governed by logistic growth in the absence of any kind of

intervention [48, 49, 71];

(ii) Normal cells and tumour cells undergo cell diffusion. Furthermore, the diffusion coefficients

may be dependent on the other respective cell density [71];

(iii) There is a population competition relationship between the normal and tumour tissues [140];
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(iv) The tumour tissue produces H+ ions as a result of aerobic glycolysis [71, 140] at a rate pro-

portional to the tumour cell density;

(v) The normal tissue interacts with the excess H+ ions, leading to a death rate proportional to

the H+ ion concentration [71, 140];

(vi) Excess H+ ions diffuse chemically with a constant diffusion rate and are produced at a rate

proportional to the tumour cell density. Moreover, an uptake term is included to take account

of mechanisms for increasing pH [71];

(vii) The chemotherapy drug is infused equally across the system at a rate given by a function of

time. A term is included for removal of drug from the system by metabolic processes [30, 49]

and the drug is assumed to diffuse chemically with a constant rate of diffusion;

(viii) The tumour tissue interacts with the chemotherapy drug leading to destruction of tumour

tissue at a rate proportional to the concentration of drug [30, 49];

(ix) The chemotherapy drug concentration is decreased as a result of interaction with the tumour

tissue [30].

Let the populations at time s (in s) and position y (in cm) be denoted by:

• N1(y, s), normal cell density (in cells cm−3);

• N2(y, s), tumour cell density (in cells cm−3);

• L(y, s), excess H+ ion concentration (in M);

• C(y, s), chemotherapy drug concentration (in M).



CHAPTER 4. AMTI WITH CHEMOTHERAPY INTERVENTION: II 124

Consider the following model

∂N1

∂s
= ∇ · [D1(N2)∇N1]︸ ︷︷ ︸

cell movement

+ r1N1

(
1− N1

K1
− α1

N2

K2

)
︸ ︷︷ ︸

logistic growth with cellular competition

− d1LN1︸ ︷︷ ︸
normal cell death by

acid

, (4.2.1)

∂N2

∂s
= ∇ · [D2(N1)∇N2]︸ ︷︷ ︸

cell movement

+ r2N2

(
1− N2

K2
− α2

N1

K1

)
︸ ︷︷ ︸

logistic growth with cellular competition

− d2CN2︸ ︷︷ ︸
tumour death by

drug

, (4.2.2)

∂L

∂s
= D3∇2L︸ ︷︷ ︸

acid diffusion

+ r3N2︸ ︷︷ ︸
acid production

− m3L︸︷︷︸
acid uptake

, (4.2.3)

∂C

∂s
= D4∇2C︸ ︷︷ ︸

drug diffusion

+ rI(s)︸ ︷︷ ︸
drug infusion

− m4C︸ ︷︷ ︸
drug decomposition

− d4N2C︸ ︷︷ ︸
drug-tumour

interaction removal

. (4.2.4)

We have used the convention of the subscripts for each parameter corresponding to the relevant

equation: r represents growth rate; K represents carrying capacity; α represents population com-

petition strength; d represents rate of decrease due to interaction; D is diffusion coefficient; m

represents decrease through system mechanisms. A question then arises: What do we choose for

D1(N2), D2(N1) and rI(s)? In the models considered in [71, 140] and Chapter 2 the following

diffusion coefficients were used

D1(N2) = 0, D2(N1) = D

(
1− N1

K1

)
; D > 0.

These were chosen since it was assumed that the normal cells were well regulated and hence the

motility would be negligible. Furthermore, it was assumed that the presence of normal cells inhib-

ited the motility of the tumour cells, hence these terms achieved this effect. It was seen in [63, 140]

that for a sufficiently aggressive tumour the coefficientD2(N1) could be approximated by the con-

stant D. In the models examined in [70, 76], that consider tumour-host competition interactions,

constant diffusion coefficients were used (i.e. with an abuse of notation we let D1(N2) = D1

and D2(N1) = D2). Whilst this has not proven to be the most effective mechanism of modelling

cellular movement, we note it is still unclear what governs cellular motility and as such a complete

model for cellular motion remains elusive. With this in mind and noting that cellular movement

is small in comparison to other dynamics associated with this model, we will consider constant

diffusion coefficients

D1(N2) = D1 and D2(N1) = D2
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in order to approximate and account for any cellular movement that is present. We also note that

to model cellular motion effectively the inclusion of chemical signalling to cause chemotaxis and

interactions with the extracellular matrix would need to be considered, which would further com-

plicate the model and take us beyond the aims of our analysis. The inclusion of a more robust

model for cellular movement represents a potential extension to this model, however the currently

proposed system will still be able to provide insight into the dynamics of these interacting popula-

tions.

As in Chapter 3, the most natural choice of functions to use for rI are ones that are periodic

with respect to time as these correspond to treatments that occur in repeated cycles. Alternatively,

to enable a higher level of analysis, rI can be chosen to be constant. Potential infusion functions

and corresponding treatment techniques include periodic uses of a weighted Dirac delta function

to represent treatment with pills:

rI(s) = r4

N−1∑
n=0

δ(s− nP ), (4.2.5)

where P is the length of the treatment cycle and N is the number of treatment cycles. Periodic

uses of a weighted boxcar function to represent intravenous infusion of cytotoxic drug occurring

in repeated cycles:

rI(s) = r4

N−1∑
n=0

[H(s− nP )−H(s− nP − s0)], (4.2.6)

where P is the length of the treatment cycle, s0 is the infusion time, N is the number of treatment

cycles and H(s) is the Heaviside function.

For simplicity we will consider the system given by (4.2.1)–(4.2.4) in only one spatial dimen-

sion, i.e. y = y ∈ R. Considering the function rI(s) with period P we let

r̄ =
1

P

∫ P

0
rI(s) ds

and then r̄ is used to non-dimensionalise the equations given by (4.2.1)–(4.2.4). Make the following

substitutions

u1 =
N1

K1
, u2 =

N2

K2
, u3 =

m3

r3K2
L, u4 =

m4

r̄
C, x =

√
r1
D3

y, t = r1s,
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with

β2 =
r2
r1
, β3 =

m3

r1
, β4 =

m4

r1
, η1 =

D1

D3
, η2 =

D2

D3
,

η4 =
D4

D3
, δ1 =

r3K2d1
r1m3

, δ2 =
d2r̄

r2m4
, δ4 =

d4K2

m4

and

i(t) =
rI(t/r1)

r̄
, ρ = r1P.

We then obtain the following system of non-dimensionalised equations

∂u1
∂t

= η1
∂2u1
∂x2

+ u1(1− u1 − α1u2 − δ1u3), (4.2.7)

∂u2
∂t

= η2
∂2u2
∂x2

+ β2u2(1− u2 − α2u1 − δ2u4), (4.2.8)

∂u3
∂t

=
∂2u3
∂x2

+ β3(u2 − u3), (4.2.9)

∂u4
∂t

= η4
∂2u4
∂x2

+ β4[i(t)− u4 − δ4u4u2]. (4.2.10)

We point out that

ī =
1

ρ

∫ ρ

0
i(t) dt = 1

and thus we now have that the average rate of infusion over each treatment cycle has been nor-

malised to be equal to one. As is noted in Chapter 3, if different infusion functions are used

this non-dimensionalisation enables us to effectively compare these models when the same non-

dimensionalised parameter values are used as this assumes that the same amount of drug is infused

over each treatment cycle.

Note that the parameters η1 and η2 are typically small, i.e. 0 < η1, η2 � 1. This is the case as

η1 = D1/D3 and η2 = D2/D3 and since we expect chemical diffusion to be much faster than the

cellular motility, i.e. D1, D2 � D3, the assumption follows.

We remark that under this non-dimensionalisation the functions (4.2.5) and (4.2.6) become

i(t) = ρ
N−1∑
n=0

δ(t− nρ)

and

i(t) =
ρ

τ

N−1∑
n=0

[H(t− nρ)−H(t− nρ− τ)]; τ = r1s0, (4.2.11)

respectively.
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We have presented a summary of potential non-dimensional parameter values/range of values

and included an interpretation of their meaning in Table 4.2 found in Appendix 4.B. Note the

primary parameter that can be controlled is δ2 since an increase in the amount of drug infused will

cause δ2 to increase.

In order to examine the model (4.2.7)–(4.2.10) we require the results of the analysis of the

corresponding spatially homogeneous model that was considered in Chapter 3. As such, some

important results about the spatially homogeneous model will be summarised here. Consider the

homogeneous system

du

dt
=

d

dt



u1

u2

u3

u4


=



u1(1− u1 − α1u2 − δ1u3)

β2u2(1− u2 − α2u1 − δ2u4)

β3(u2 − u3)

β4[i(t)− u4 − δ4u4u2]


=: F(t,u). (4.2.12)

If constant infusion is used, that is, the function i ≡ 1, then (4.2.12) has the following SS solutions:

SS1. u∗ = (0, 0, 0, 1);

SS2. u∗ = (1, 0, 0, 1);

SS3. u∗ = (0, û2, û2, [1 + δ4û2]
−1), where

û2 =
1− δ4 ±

√
(1 + δ)2 − 4δ2δ4
2δ4

.

SS4. u∗ = (1− (α1 + δ1)ũ2, ũ2, ũ2, [1 + δ4ũ2]
−1), where

ũ2 =
−(1− α2(α1 + δ1))− δ4(α2 − 1)

2δ4(1− α2(α1 + δ1))

±
√

[1− α2(α1 + δ1)− δ4(α2 − 1)]2 − 4δ2δ4(1− α2(α1 + δ1))

2δ4(1− α2(α1 + δ1))
.

From this point onwards, we let û2 be given by the “plus” case only, as the “minus” case was shown

in Chapter 3 to be unconditionally unstable. If a continuous positive periodic infusion function is

used, that is, i(t) = i(t + ρ) ≥ 0 for all t ∈ [0,∞), then (4.2.12) has periodic solutions (i.e.

u(t) = u(t+ ρ) for all t ∈ [0,∞)) of the form:

PS1. (0, 0, 0, u4(t));

PS2. (1, 0, 0, u4(t));
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PS3. (0, u2(t), u3(t), u4(t));

PS4. (u1(t), u2(t), u3(t), u4(t)).

Here, uj(t+ρ) = uj(t) > 0 for all t ≥ 0 and j = 1, 2, 3, 4. We will refer to the results of Chapter 3

throughout this chapter when more specific results concerning system (4.2.12) are required.

4.3 Numerical simulations

Performing numerical simulations of (4.2.7)–(4.2.10) can give insights into the expected dynamics

to be obtained from the system. We consider the system with both constant infusion (i.e. i(t) = 1)

and a periodic infusion function (i.e. i(t) = i(t+ρ)). We perform these simulations using a forward

centred finite difference scheme, as is explained in [4]. Since we do not have defined boundary

conditions (BCs) we will choose to have homogeneous Neumann BCs at the values x = −2 and

x = 2. The initial conditions are given by step functions as shown in Figure 4.1. The initial

conditions show that the tumour population is close to carrying capacity and then decreases to zero

at the pointx = 0, whereas the normal tissue is initially present at a low density in the tumour region

and then increases to carrying capacity in the tumour vacant region. The acid and chemotherapy

drug concentrations are initially set to zero. Note that these initial conditions will be used for the

simulations of (4.2.7)–(4.2.10) for both constant and periodic infusion.

4.3.1 Constant infusion

The case of constant infusion corresponds to using the non-dimensional infusion function i(t) = 1

in the system of equations given by (4.2.7)–(4.2.10). In this case the dynamics associated to the

spatially homogeneous version of the model with constant infusion considered in Chapter 3 can be

used to predict potential behaviour of (4.2.7)–(4.2.10) given knowledge of the initial conditions.

For example, should we apply the model (4.2.7)–(4.2.10) with δ2 > 1 and δ4 < 1, or δ2 >

(1 + δ4)
2/4δ4, then the analysis of the spatially homogeneous model predicts that the tumour will

be eradicated from the system provided the treatment is applied for a sufficiently large period of

time.

It is expected that for certain parameters TW solutions will exist: in the simplest case, a TW

solution is a function of the form u(x, t) = ϕ(x − θt). These waves have a fixed profile that

propagate along the real line with constant speed θ, where the sign of θ determines the direction

the wave travels. Moreover, TWs connect SSs of the corresponding spatially homogeneous system.
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Figure 4.1: Initial conditions used for the numerical solutions

As such, knowledge of the properties of these SSs allows us to predict the direction in which the

respective waves will travel and enables potential estimation and bounds on the speed at which

these waves can propagate. Travelling waves for the system (4.2.7)–(4.2.10) with i(t) = 1 can

be represented mathematically as solutions (u1, u2, u3, u4)(x, t) = (ϕ1, ϕ2, ϕ3, ϕ4)(z), where

z = x− θt; the functions ϕ1, ϕ2, ϕ3 and ϕ4 satisfy

η1ϕ
′′
1 + θϕ′1 + ϕ1(1− ϕ1 − α1ϕ2 − δ1ϕ3) = 0, (4.3.1)

η2ϕ
′′
2 + θϕ′2 + β2ϕ2(1− ϕ2 − α2ϕ1 − δ2ϕ4) = 0, (4.3.2)

ϕ′′3 + θϕ′3 + β3(ϕ2 − ϕ3) = 0, (4.3.3)

η4ϕ
′′
4 + θϕ′4 + β4(1− ϕ4 − δ4ϕ2ϕ4) = 0, (4.3.4)

where ( )′ denotes differentiation with respect to z and the boundary conditions at z = ±∞ are

distinct and given by the steady-states SS1–SS4.

Travellingwave solutions are expected since they are commonly observed solutions for reaction-

diffusion systems. Furthermore, system (4.2.1)–(4.2.4) is based on the model considered in [140],

which exhibits TW solutions. Due to the form of the initial conditions, should TW solutions occur
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then it will be apparent that the model is not sensitive to initial conditions.

Tumour clearance

From the results of Chapter 3 it can be concluded that it is possible for the tumour to be removed

from the system by the reaction dynamics alone. That is, provided a sufficiently strong treatment

protocol is used, then only the tumour free SS (i.e. SS2) is stable and furthermore, the normal-

tissue free SS (i.e. SS3) will not be biologically meaningful, that is, if 1 < δ2 ≤ (1+ δ4)
2/4δ4 and

δ4 < 1, or if δ2 > (1 + δ4)
2/4δ4. Hence the tumour population will be removed from the system

purely as a result of treatment. See Figure 4.2 for an example of the solution obtained in the case

δ2 > (1 + δ4)
2/4δ4. As predicted, given a sufficiently large treatment period, we have that the

tumour population is removed from the system.
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(a) Contour plot of u1 for T = 40
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(b) Contour plot of u2 for T = 40

Figure 4.2: Contour plots u1 and u2 from simulations of (4.2.7)–(4.2.10) with parameters α1 = 1,
α2 = 0.5, β2 = 1, β3 = 70, β4 = 20, δ1 = 12.5, δ2 = 1.1, δ4 = 0.6

Note that given certain parameter conditions when SS2 is stable it is possible to witness a

“splitting” behaviour from the solutions of (4.2.7)–(4.2.10). By splitting behaviour it is meant that

two sets of fronts appear to emerge that travel at different speeds, respectively, in the same direction.

In this case we see that the fronts associated to the tumour, acid and drug concentration (i.e. u2,

u3 and u4, respectively) are travelling at a faster speed away from the normal tissue (u1) such that

the waves appear to split from one another. This behaviour can be observed when SS3 exists and

is unstable, or when SS2 and SS3 are both stable, as is the case displayed in Figure 4.3.

We now wish to show by a heuristic argument that we at least require the parameter conditions
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1 ≤ δ2 < (1 + δ4)
2/4δ4 and δ4 > 1 and the speed of the receding tumour front to be greater than

θr = 2
√
η1 for the splitting behaviour to occur. Intuitively, the long term behaviour of this model

when splitting behaviour occurs is that the tumour population and normal tissue population will

no longer interact with each other directly since the population of one will be small (i.e. ' 0) in

any region predominantly occupied by the other population. As such we should have that (4.2.7)–

(4.2.10) will reduce to a situation inwhich the normal cells are governed by the Fisher-KPP equation

and the model originally proposed by Byrne [30] with the inclusion of diffusion terms such that

we have the normal tissue decouples from the tumour and acid equations. Assuming that β3 is

sufficiently large to enable efficient removal of excess acid from the body such that acid only appears

in minute concentrations in the regions occupied primarily by normal tissue, this would lead to the

system being governed by the equations.

∂u1
∂t

= η1
∂2u1
∂x2

+ u1(1− u1), (4.3.5)

∂u2
∂t

= η2
∂2u2
∂x2

+ β2u2(1− u2 − δ2u4), (4.3.6)

∂u3
∂t

=
∂2u3
∂x2

+ β3(u2 − u3), (4.3.7)

∂u4
∂t

= η4
∂2u4
∂x2

+ β4(1− u4 − δ4u4u2). (4.3.8)

We note that in this system the presence of the acid has no effect on the evolution of the tumour

or normal tissue. As such we can ignore (4.3.7) which results in considering only (4.3.5), (4.3.6)

and (4.3.8) noting that we have (4.3.5) decoupled from (4.3.6) and (4.3.8). Note (4.3.5) is simply

the Fisher-KPP equation which from [66, 112] has a known TW solution of the form u1(x, t) =

ϕ1(z + θt), where θ ≥ 2
√
η1, connecting the points ϕ1(−∞) = 0 and ϕ1(∞) = 1. Hence we

can see that this equation suggests that the normal population will advance into the tumour region

with a minimum speed of θ = 2
√
η1. This also suggests that in order to guarantee that the splitting

behaviour is obtained, the speed of the retracting tumour front (θr) needs to at least be greater than

the minimal speed of the normal tissue front (i.e. θr > 2
√
η1).

When considering the system given by (4.3.6) and (4.3.8), note that if δ2 > 1 and δ4 < 1, or if

δ2 > (1 + δ4)
2/4δ4 then there exists only one biologically meaningful SS for this system: namely

(u∗2, u
∗
4) = (0, 1), hence we cannot have a front form that connects two distinct SSs of the system.

As such, from Chapter 3, we require that δ4 > 1 and 1 ≤ δ2 < (1 + δ4)
2/4δ4, or δ2 < 1 in order

to have multiple SSs for the system, thus permitting fronts to form. Should we have that δ2 < 1
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then we will have that (u∗2, u
∗
4) = (0, 1) will be unstable and the SS (u∗2, u

∗
4) = (û2, [1 + δ4û2]

−1)

will be stable. Therefore this will imply that a wave will propagate in which the tumour free state

will be invaded by the tumour, i.e. (u2, u4)(x, t) = (ϕ2, ϕ4)(z) where z = x − θt, θ > 0,

(ϕ2, ϕ4)(−∞) = (û2, [1 + δ2û2]
−1) and (ϕ2, ϕ4)(∞) = (0, 1).

Now since we are considering (4.3.6) and (4.3.8) with the splitting behaviour in mind we re-

quire that our wave is one in which the tumour free state replaces the state with non-zero tumour

population. Hence we require that δ2 > 1 such that the tumour free state is stable. Therefore it

would appear that the splitting behaviour should only occur in conditions under which the system

(4.3.6) and (4.3.8) is bistable as when (û2, [1+δ4û2]
−1) is unstable it is biologically unmeaningful.

When considering the implications of this on the full system given by (4.2.7)–(4.2.10), we have that

it can be bistable or have a stable tumour-tissue free state connecting the unstable normal-tissue

free state.
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(a) Contour plot of u1 for T = 40
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(b) Contour plot of u2 for T = 40

Figure 4.3: Contour plots u1 and u2 from simulations of (4.2.7)–(4.2.10) with parameters α1 = 1,
α2 = 0.5, β2 = 1, β3 = 70, β4 = 20, δ1 = 12.5, δ2 = 3, δ4 = 11

Note that in addition to the complete tumour clearance and splitting wave behaviour, traditional

TW solutions in which the tumour recedes are also observed. We see from Figure 4.4 that a TW

forms in which the normal tissue invades the tumour tissue. Note that this typically occurs at a

slow rate and hence the assessment may be made that the treatment is not sufficiently effective. As

such, an alternative treatment method or stronger dose may be used to try remove the tumour more

effectively. Insights for potential parameter values for which this can occur will be obtained in the

asymptotic analysis to be conducted in Section 4.4.2.
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(a) Contour plot of u1 for T = 40
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(b) Contour plot of u2 for T = 40

Figure 4.4: Contour plots u1 and u2 from simulations of (4.2.7)–(4.2.10) with parameters α1 = 1,
α2 = 3, β2 = 1, β3 = 70, β4 = 20, δ1 = 5, δ2 = 1.25, δ4 = 3.5

Tumour invasion

Figure 4.5 displays a TW solution where SS3 is invading SS2. We can identify the TW by the

constant front width and constant rate of progression of the solutions along the x-axis. This par-

ticular wave can occur under two sets of conditions: when the system is bistable with SS2 and

SS3 both being stable; or when SS3 is stable and SS2 is unstable. In the latter case we know from

Chapter 3 that we must have α2 + δ2 < 1. Furthermore, in this case we are able to obtain the

class of speeds under which these waves can form. Since we have that a TW will propagate we

then make the substitution (u1, u2, u3, u4)(x, t) = (ϕ1, ϕ2, ϕ3, ϕ4)(z) where z = x − θt, θ > 0,

(ϕ1, ϕ2, ϕ3, ϕ4)(−∞) = (0, û2, û2, [1 + δ4û2]
−1) and (ϕ1, ϕ2, ϕ3, ϕ4)(∞) = (1, 0, 0, 1). Then

linearising about the leading edge of the wave (i.e. (ϕ1, ϕ2, ϕ3, ϕ4) = (1, 0, 0, 1)) as in [146] we

decouple the equation for the tumour from the system to give

η2ϕ
′′
2 + θϕ′2 + β2(1− α2 − δ2)ϕ2 = 0,

which has solutions

ϕ2(z) ∝ exp

(
−θ ±

√
θ2 − 4β2η2(1− α2 − δ2)

2η2
z

)
.

Since we require that ϕ2(z) → 0 as z → ∞ with ϕ2(z) > 0 then we cannot have solutions

oscillate, otherwise ϕ2(z) < 0 for some z. Hence in order to have a TW exist we require that
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the wave speed satisfies θ ≥ 2
√
β2η2(1− α2 − δ2). Therefore we can see that when the tumour

free state is unstable, the tumour will invade with a speed of invasion necessarily greater than the

minimal value θm = 2
√
β2η2(1− α2 − δ2). It will be seen in Section 4.4 from an estimate for

the minimal speed, obtained from an asymptotic analysis, that the minimal speed obtained from

this linearisation technique does not necessarily reflect the speed of invasion of the solution to the

system. However the minimal speed θm does still provide a lower bound on the speeds for which

this type of invasive wave will exist. Furthermore, it will be seen that the estimates obtained for

the speed from the asymptotic analysis are greater than θm as required.

Considering the situation in which we have invasion in the bistable system is more complicated

and does not lend itself to the same techniques for estimating the speed of the wave as in the case

of a stable state advancing into an unstable state. As has already been noted, the bistable system

admits varying behaviour with splitting wave fronts, receding waves and invading waves all being

observed. The bistable case will be further analysed in Section 4.4 when (4.3.1)–(4.3.4) is analysed

using asymptotic techniques.
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(a) Contour plot of u1 for T = 40
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Figure 4.5: Contour plots u1 and u2 from simulations of (4.2.7)–(4.2.10) with parameters α1 = 1,
α2 = 0.5, β2 = 1, β3 = 70, β4 = 20, δ1 = 12.5, δ2 = 0.1, δ4 = 1

Co-existence is the behaviour in which the tumour and normal tissue populations occupy the

same space in a stable equilibrium, an example of this behaviour can been seen in Figure 4.6.

Gatenby and Gawlinski [71] categorised this state as benign tumour growth. This behaviour still

allows the tumour to invade, in a sense, as the tumour will continue to increase its total cell popula-

tion and the front will move further out from its initial position. This behaviour will always occur
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in the co-existence state as this requires the tumour free state to be unstable. Due to this fact we

find that the co-existence state will invade into the tumour free state with speed necessarily greater

than or equal to θm = 2
√
β2η2(1− α2 − δ2) by the same argument that we considered for the

invasive tumour state considered previously. However we note that for the co-existence behaviour

to be observed we require that the normal-tissue free state also be unstable, hence this does not

represent an aggressively invading tumour and would not necessarily represent a state in which

strong treatment would be required to remove this tumour.

Whilst this state may represent benign behaviour, as suggested in [71], the tumour cells will still

remain in the system and be able to undergo further phenotypic mutation that will enable the cells

to achieve an invasive state. We do however concede that this model does not explicitly consider

an immune response that the body has for tumour cells such as with cytotoxic T lymphocytes and

natural killer cells [49, 114, 136], which may be able to clear these non-aggressive tumour cells

from the body as suggested by [49].
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(a) Contour plot of u1 for T = 40
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(b) Contour plot of u2 for T = 40

Figure 4.6: Contour plots u1 and u2 from simulations of (4.2.7)–(4.2.10) with parameters α1 =
0.25, α2 = 0.25, β2 = 1, β3 = 70, β4 = 20, δ1 = 0.25, δ2 = 0.25, δ4 = 1

4.3.2 Periodic infusion

The use of periodic infusion corresponds, mathematically, to using a non-dimensionalised infusion

function of the form i(t) = i(t+ρ) ≥ 0 in the system (4.2.7)–(4.2.10). To obtain an understanding

of how this model behaves when periodic infusion is utilised, numerical simulations will be run

of (4.2.7)–(4.2.10) with the infusion function given by the periodic function (4.2.11), where we
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let ρ = 2.8 (P approximately 1 week) and τ = 1.2 (s0 approximately 3 days). We remark that

the dynamics of the spatially homogeneous version of the model with periodic infusion function

considered in Chapter 3 can be used to predict potential behaviour of (4.2.7)–(4.2.10); this will be

discussed further in the following sections.

It is expected that for particular parameter conditions, time-periodic travelling wave (TPTW)

solutions will exist. A TPTW is a fixed surface that can be parameterised above a cylinder: the sur-

face propagates in the direction of the real line with constant speed θ, where the sign of θ determines

the direction the wave travels. Moreover, TPTWs connect periodic solutions of the corresponding

spatially homogeneous system. Hence knowledge of the periodic solutions to the spatially homoge-

neous system enable us to predict the direction in which the respective waves will travel and make

predictions about the speed of propagation. Mathematically, TPTWs correspond to the existence

of solutions of the form (u1, u2, u3, u4)(x, t) = (ϕ1, ϕ2, ϕ3, ϕ4)(x−θt, t) = (ϕ1, ϕ2, ϕ3, ϕ4)(x−

θt, t+ρ) to the system (4.2.7)–(4.2.10). Hence if we let (u1, u2, u3, u4)(x, t) = (ϕ1, ϕ2, ϕ3, ϕ4)(z, t),

where z = x− θt, system (4.2.7)–(4.2.10) becomes

∂ϕ1

∂t
= η1

∂2ϕ1

∂z2
+ θ

∂ϕ1

∂z
+ ϕ1(1− ϕ1 − α1ϕ2 − δ1ϕ3), (4.3.9)

∂ϕ2

∂t
= η2

∂2ϕ2

∂z2
+ θ

∂ϕ1

∂z
+ β2ϕ2(1− ϕ2 − α2ϕ1 − δ2ϕ4), (4.3.10)

∂ϕ3

∂t
=
∂2ϕ3

∂z2
+ θ

∂ϕ1

∂z
+ β3(ϕ2 − ϕ3), (4.3.11)

∂ϕ4

∂t
= η4

∂2ϕ4

∂z2
+ θ

∂ϕ1

∂z
+ β4(i(t)− ϕ4 − δ4ϕ4ϕ2), (4.3.12)

with “initial” conditions

(ϕ1, ϕ2, ϕ3, ϕ4)(z, 0) = (ϕ1, ϕ2, ϕ3, ϕ4)(z, ρ)

and BCs given by the periodic solutions PS1–PS4.

Time-periodic TWs are expected to form due to the existence and stability of periodic solutions

of the spatially homogeneous system that was considered in Chapter 3. Furthermore, TPTWs are

expected since this system is similar to the well-known Lotka–Volterra reaction-diffusion equations

with time-periodic coefficients for which the existence of TPTWs has been shown [10, 212].
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Tumour clearance

If i ∈ C(R+, [0, iM ]), where iM > 0, then from the results of Chapter 3 it can be concluded that

it is possible to remove the tumour from the system by the reaction dynamics alone. Provided a

sufficiently strong treatment protocol (i.e. if 1 ≤ δ2 ≤ (1 + δ4)
2/4δ4 and δ4 < 1, or if δ2 >

(1 + δ4)
2/4δ4), only the tumour-free periodic solution (i.e. PS2) is stable and furthermore, no

other biologically meaningful solutions exist. Hence the tumour will be removed from the system

by the treatment alone. See Figure 4.7 for an example of this behaviour.
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(a) Contour plot of u1 for T = 40
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(b) Contour plot of u2 for T = 40

Figure 4.7: Contour plots u1 and u2 from simulations of (4.2.7)–(4.2.10) with periodic infusion
and parameters α1 = 1, α2 = 0.5, β2 = 1, β3 = 70, β4 = 20, δ1 = 12.5, δ2 = 1.1, δ4 = 0.6

Similarly to the constant infusion case, it is possible to witness a splitting behaviour, as dis-

played in Figure 4.8, from the solutions of (4.2.7)–(4.2.10) when a periodic infusion function is

used. This behaviour is characterised by two sets of surfaces, which are TPTW-like, where each set

of surfaces travel at different speeds causing the surfaces to “split” apart over time. In addition to

the increasing distances between the surfaces, we note that oscillations in the normal tissue density

gradually decrease and disappear whilst the oscillations in the tumour tissue density remain. This

indicates the interaction between the populations gradually decreases further signalling splitting

behaviour is occurring. This behaviour is only possible when the boundary at z = ∞ is given

by stable PS2 and the boundary at z = −∞ is given by PS3, which can be stable or unstable.

This will reduce the long-term behaviour of the normal tissue to being governed by a Fisher–KPP

equation and suggests that the added effect of chemical diffusion will make the treatment strong

enough to remove the tumour from the system without the assistance from any other anti-tumour
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mechanisms.
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(a) Contour plot of u1 for T = 40
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(b) Contour plot of u2 for T = 40

Figure 4.8: Contour plots u1 and u2 from simulations of (4.2.7)–(4.2.10) with periodic infusion
and parameters α1 = 1, α2 = 0.5, β2 = 1, β3 = 70, β4 = 20, δ1 = 12.5, δ2 = 3, δ4 = 11

As in the constant infusion case, in addition to the tumour clearance and splitting wave be-

haviour, TPTW solutions in which the tumour recedes are also observed. In Figure 4.9 we see that

a TPTW forms that connects PS2 at z = ∞ to PS3 at z = −∞, where the wave travels in the

direction of PS3. Note that the speed of propagation is very slow and this suggests that the com-

bination of treatment and normal-tissue competition is only marginally stronger than the tumour

defences. In this scenario, in practice, the assessment may be made to increase the treatment dose

or to utilise an alternative treatment as a means of treating the tumour more effectively.

We remark that under the infusion function (4.2.11), the treatments are marginally more effec-

tive in fighting the tumour than in the corresponding constant infusion examples. This can be seen

by faster clearance of the tumour from the system and slightly faster wave speeds of the receding

tumour for certain parameter values than in the constant infusion case.

Tumour invasion

It can be seen in Figure 4.10 that TPTWs form in which PS3 invades PS2, that is, the tumour is

invading the normal tissue. This can occur when the system is bistable, that is, both PS2 and PS3

are stable, or when the system is monostable, where only PS3 is stable. In the latter case it is

possible to obtain a class of speeds under which TPTWs can form.

Linearise (4.3.9)–(4.3.12) about the periodic solution PS2 by considering the evolution of
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(a) Contour plot of u1 for T = 40
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Figure 4.9: Contour plots u1 and u2 from simulations of (4.2.7)–(4.2.10) with periodic infusion
and parameters α1 = 1, α2 = 3, β2 = 1, β3 = 70, β4 = 20, δ1 = 5, δ2 = 1.25, δ4 = 3.5

v(z, t) = (v1, v2, v3, v4)(z, t) = (ϕ1, ϕ2, ϕ3, ϕ4)(z, t) − (u1, u2, u3, u4)(t) for large z which

gives

∂v

∂t
= diag(η1, η2, 1, η4)

∂2v

∂z2
+ θ

∂v

∂z
+ F′u(t,u(t))v, v(∞, t) = 0, v(z, 0) = v0(z).

In this system we have that v2 is decoupled from the other variables and is governed by

∂v2
∂t

= η2
∂2v2
∂z2

+ θ
∂v2
∂z

+ β2[1− α2 − δ2u4(t)]v2, v2(∞, t) = 0, v2(z, 0) = v2,0(z).

From Lemma 4.A.1 this has the solution

v2(z, t) =
1

2
√
πη2t

∫ ∞
−∞

v2,0(y) exp

(
−(z − y)2

4η2t
− θ(z − y)

2η2
− θ2t

4η2
+

∫ t

0
f(s) ds

)
dy

=
1

2
√
πη2t

exp

(∫ t

0
f(s) ds− θ2t

4η2

)∫ ∞
−∞

v2,0(y) exp

(
−(z − y)2

4η2t
− θ(z − y)

2η2

)
dy,

where f(s) = β2[1− α2 − δ2u4(s)].

Let G(t) = exp
(∫ t

0 f(s) ds− θ2t
4η2

)
, then for v2(∞, t) = 0 to be satisfied for all t ∈ R+ we
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(a) Contour plot of u1 for T = 40
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Figure 4.10: Contour plots u1 and u2 from simulations of (4.2.7)–(4.2.10) with periodic infusion
and parameters α1 = 1, α2 = 0.5, β2 = 1, β3 = 70, β4 = 20, δ1 = 12.5, δ2 = 0.1, δ4 = 1

require that G is bounded. Consider

G(t+ ρ) = exp

(∫ t+ρ

0
f(s) ds− θ2(t+ ρ)

4η2

)
= exp

(∫ t

0
f(s) ds− θ2t

4η2
+

{∫ t+ρ

t
f(s) ds− θ2ρ

4η2

})
=G(t)G(ρ),

by the periodicity of the continuous function f . Hence it easily follows thatG(t) is bounded if and

only if G(ρ) ≤ 1, that is, if and only if |θ| ≥ 2
√
η2f̄ , where

f̄ =
1

ρ

∫ ρ

0
β2[1− α2 − δ2u4(s)] ds = β2(1− α2 − δ2),

by Lemma 3.B.1 in Chapter 3. Moreover, since we have a TPTW that is travelling forward we

require θ > 0, hence for TPTWs to exist that connects a wave moving from stable PS3 at z = −∞

towards unstable PS2 at z = ∞, then we require θ ≥ 2
√
η2β2(1− α2 − δ2). Note this gives

the same minimum speed of invasion for the tumour tissue as was determined in the system with

constant infusion when a front connected stable SS3 at z = −∞ to unstable SS2 at z =∞.

As in the case of the constant infusion, the bistable system presents a far more challenging

scenario and does not permit the same speed estimation techniques to be utilised. We remark that

similar overall qualitative behaviour of the bistable systems in the constant infusion and periodic
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infusion cases was observed. Splitting waves, receding tumour waves and invading tumour waves

were observed in both the constant infusion and periodic infusion cases. We remark that splitting

and receding behaviour could be observed with slightly smaller values for the parameters α2 and

δ2 in the periodic infusion case than in the constant infusion case. Similarly, the same is true for

marginally larger values of α1 and δ1 in the periodic infusion case than in the constant infusion

case. This indicates that periodic infusion may be a slightly more effective method for tumour

removal than constant infusion.

A TPTW exists in which the coexistence periodic solution PS4 at z = −∞ advances towards

the unstable tumour free periodic solution PS2 at z = ∞. See Figure 4.11 for an example of a

TPTW that connects PS4 to PS2. As PS2 is unstable for TPTWs of this form, the analysis of the

speed of the wave connecting stable PS3 to unstable PS2 can be used. Hence TPTWs that connects

a wave moving from stable PS4 at z = −∞ towards unstable PS2 at z = −∞ are compatible

for the speeds θ ≥ 2
√
η2β2(1− α2 − δ2). Note that from the work in Chapter 3 we required low

population competition, tumour aggressiveness and treatment strength (i.e. α1, α2, δ1, δ2 � 1)

in order for the periodic solution PS4 to exist and be stable. Hence this system has the capacity

to become either an aggressively invading tumour or one in which the tumour recedes by either

increasing α1 and δ1, or by increasing α2 and δ2, respectively. Furthermore, should an alternative

treatment be used, or the treatment dose be increased, then it may be possible to remove the tumour.
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Figure 4.11: Contour plots u1 and u2 from simulations of (4.2.7)–(4.2.10) with periodic infusion
and parameters α1 = 0.25, α2 = 0.25, β2 = 1, β3 = 70, β4 = 20, δ1 = 0.25, δ2 = 0.25, δ4 = 1
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4.4 Asymptotic analysis

In this section we present the arguments required for an asymptotic analysis of the constant infusion

model (4.3.1)-(4.3.4).

4.4.1 Analysis for invading tumour

For the convenience of the reader we have provided a summary of results at the end of this section.

We note in the non-dimensional equations (4.2.7)–(4.2.10) that we have small parameters in

the form of 0 < η1, η2 � 1. We remark that for the TW formed in the case of the stable normal-

tissue free state invading into the unstable tumour-tissue free state the minimal speed of existence,

obtained in Section 4.3.1, is θ = O(η
1/2
1 ), where θ is the speed parameter used in the substitution

z = x− θt. As noted in [146] for typical initial conditions we expect a TW will form that travels

close to or at the minimal wave speed. Hence as in [63, 140] and Chapter 2 we will assume that

the speed θ is slow and utilise the theory of matched asymptotic expansions [16, pp. 335–350]

in order to obtain an approximation for the solutions to this system of equations connecting the

boundary conditions SS3 at z = −∞ to SS2 at z = ∞. This technique assumes that there are

“outer” regions in which the solution’s derivatives undergo small variations and “inner” regions in

which the solution’s derivatives vary largely. It is noted that θ = O(η
1/2
1 ) and furthermore, from

Table 4.2 in Appendix 4.B, typically η1 = O(η2), hence we make the substitution ε = η
1/2
2 and

assume

η1 = η10ε
2 and θ = θ0ε (4.4.1)

where θ0, η10 > 0 and θ0, η10 = O(1) as ε→ 0+. Substituting (4.4.1) and

(u1, u2, u3, u4)(x, t; ε) = (ϕ1, ϕ2, ϕ3, ϕ4)(z; ε),

where z = x− θt, into (4.2.7)–(4.2.10) we obtain:

η10ε
2ϕ′′1 + θ0εϕ

′
1 + ϕ1(1− ϕ1 − α1ϕ2 − δ1ϕ3) = 0, (4.4.2)

ε2ϕ′′2 + θ0εϕ
′
2 + β2ϕ2(1− ϕ2 − α2ϕ1 − δ2ϕ4) = 0, (4.4.3)

ϕ′′3 + θ0εϕ
′
3 + β3(ϕ2 − ϕ3) = 0, (4.4.4)

η4ϕ
′′
4 + θ0εϕ

′
4 + β4(1− ϕ4 − δ4ϕ4ϕ2) = 0, (4.4.5)
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with BCs

(ϕ1, ϕ2, ϕ3, ϕ4)(−∞) = (0, û2, û2, [1 + δ4û2]
−1)

and

(ϕ1, ϕ2, ϕ3, ϕ4)(∞) = (1, 0, 0, 1),

where ( )′ represents differentiation with respect to z. We note that from Chapter 3 the BC at

z = −∞ is stable if and only if

δ2 <
(α1 + δ1 + δ4)(α1 + δ1 − 1)

(α1 + δ1)2
,

or if
(α1 + δ1 + δ4)(α1 + δ1 − 1)

(α1 + δ1)2
≤ δ2 <

(1 + δ4)
2

4δ4
and

1

δ4
<
α1 + δ1 − 2

α1 + δ1
.

Moreover, the BC at z =∞ is stable if and only if

α2 + δ2 > 1.

Uniform approximation for the drug concentration

From the theory of matched asymptotic expansions, we look for outer solutions, in which the solu-

tions undergo gradual changes, and inner solutions, in which the solutions undergo steep changes.

We define the outer solution by

(ϕ1out, ϕ2out, ϕ3out, ϕ4out)(z) = (ϕ1, ϕ2, ϕ3, ϕ4)(z; 0).

Hence letting ε→ 0+ in (4.4.2)–(4.4.5) gives

ϕ1out(1− ϕ1out − α1ϕ2out − δ1ϕ3out) = 0, (4.4.6)

β2ϕ2out(1− ϕ2out − α2ϕ1out − δ2ϕ4out) = 0, (4.4.7)

ϕ′′3out + β3(ϕ2out − ϕ3out) = 0, (4.4.8)

η4ϕ
′′
4out + β4(1− ϕ4out − δ4ϕ4outϕ2out) = 0, (4.4.9)

where

(ϕ1out, ϕ2out, ϕ3out, ϕ4out)(−∞) = (0, û2, û2, [1 + δ4û2]
−1)
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and

(ϕ1out, ϕ2out, ϕ3out, ϕ4out)(∞) = (1, 0, 0, 1).

Set z = 0 to be the region in which ϕ2 undergoes a sudden change and introduce the stretched

inner variable ξ = z/ε into (4.4.2)–(4.4.5) to consider the change in this region. Let the inner

solution be denoted by

(ϕ1in, ϕ2in, ϕ3in, ϕ4in)(ξ) = lim
ε→0+

(ϕ1, ϕ2, ϕ3, ϕ4)(εξ; ε).

Hence making the substitution ξ = z/ε into (4.4.2)–(4.4.5) and letting ε→ 0+ we obtain

η10ϕ̈1in + θ0ϕ̇1in + ϕ1in(1− ϕ1in − α1ϕ2in − δ1ϕ3in) = 0,

ϕ̈2in + θ0ϕ̇2in + β2ϕ2in(1− ϕ2in − α2ϕ1in − δ2ϕ4in) = 0,

ϕ̈3in = 0, (4.4.10)

ϕ̈4in = 0 (4.4.11)

where ˙( ) denotes differentiation with respect to ξ. The boundary conditions for the inner solutions

are obtained from the matching conditions

(ϕ1out, ϕ2out, ϕ3out, ϕ4out)(0±) = (ϕ1in, ϕ2in, ϕ3in, ϕ4in)(±∞). (4.4.12)

First considering the outer region governed by (4.4.6)–(4.4.9), we have that ϕ1out(z) = 0 for

z < 0 satisfies (4.4.6). If we also have that 1− δ2ϕ4out(z) > 0 for z < 0 then

ϕ2out(z) =


1− δ2ϕ4out(z) if z < 0,

0 if z > 0,

(4.4.13)

will satisfy (4.4.7). Then (4.4.9) becomes

0 = η4ϕ
′′
4out + β4


1− (1 + δ4)ϕ4out + δ2δ4ϕ

2
4out if z < 0,

1− ϕ4out if z > 0,

where ϕ4out(−∞) = [1 + δ4û2]
−1 and ϕ4out(∞) = 1. For convenience of notation we define

û4 := [1 + δ4û2]
−1 and furthermore, we note that û2 = 1− δ2û4.
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Before solving this we note that ϕ̈4in = 0, hence to satisfy bounded BCs at ξ = ±∞ we must

have that ϕ4in(ξ) = B1 a constant. Then from the matching conditions (4.4.12) we have that

ϕ4in(±∞) = B1 = ϕ4out(0±) (4.4.14)

and as a result we can can see that we require ϕ4out(z) to be continuous at z = 0. We also set the

derivatives of ϕ4out(z) to be continuous at z = 0, i.e. ϕ′4out(0−) = ϕ′4out(0+), to determine the

remaining constant of integration.

The calculations have been omitted, however (4.4.9) can be solved for z < 0 by making the

substitution ϕ4 = û4 + f and then solving for f by a simple reduction of order technique and for

z > 0 (4.4.9) is simply a second order linear ODE. Given this and the continuity conditions we

have a solution that satisfies (4.4.9) is

ϕ4out(z) =


û4 +

3c2
2δ2δ4

sech2
(c3

2
[z − z0]

)
if z < 0,

1 +

[
û4 − 1 +

3c2
2δ2δ4

sech2
(c3

2
z0

)]
exp

(
−
√
β4
η4
z

)
if z > 0.

(4.4.15)

where c2 =
√

(1 + δ4)2 − 4δ2δ4, c3 =
√
c2β4/η4 and z0 satisfies

[
tanh2

(c3
2
z0

)
− 1
] [√

c2 tanh
(c3

2
z0

)
+ 1
]

+
2δ2δ4(1− û4)

3c2
= 0. (4.4.16)

We know a priori that c2 exists (i.e. (1 + δ4)
2 − 4δ2δ4 ≥ 0) as this is the condition for exis-

tence of the normal-tissue free SS (i.e. SS3). The uniform approximation is obtained by adding

the corresponding outer and inner solutions and subtracting the common value in the overlap re-

gion [16]. Now given that we found ϕ4in(ξ) = ϕ4out(0±) we have that the common value ϕ4c is

ϕ4c = ϕ4out(0±) = ϕ4in(ξ). Therefore

ϕ4(z; ε) 'ϕ4out(z) + ϕ4in(z/ε)− ϕ4c

=


û4 +

3c2
2δ2δ4

sech2
(c3

2
[z − z0]

)
if z < 0,

1 +

[
û4 − 1 +

3c2
2δ2δ4

sech2
(c3

2
z0

)]
exp

(
−
√
β4
η4
z

)
if z > 0.

(4.4.17)

If we require the solution for the drug concentration to be bound between the boundary values,

which we note is demonstrated in the numerical solutions, then we require û4 < ϕ4(z) < 1
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and as a result the further condition z0 > 0. We note that the condition z0 > 0 is equivalent

to requiring that 0 < tanh (c3z0/2) < 1. Moreover, as (4.4.16) is cubic in tanh (c3z0/2), we

can see that z0 > 0 is only possible if the cubic equation f(x) = (x2 − 1)(
√
c2x + 1) + c4,

where c4 = 2δ2δ4(1 − û4)/3c2 > 0, has a root in the interval (0, 1). Note that f(1) = c4 > 0

and that f(0) = c4 − 1, where it is straightforward to show that for δ2 “small” enough we have

c4 − 1 < 0. Hence by the Intermediate Value Theorem, for δ2 small there exists x∗ ∈ (0, 1) such

that f(x∗) = 0, which implies that for δ2 small there exists z0 > 0. Therefore we know there exists

parameter values for which z0 > 0 is realisable.

Uniform approximation for the H+ ion concentration

We now wish to obtain the uniform approximation of ϕ3. Consider (4.4.8) for the outer solution of

ϕ3. We note that we can solve this using [63, Lemma 2.1] to obtain

ϕ3out(z) =

√
β3
2

[∫ ∞
z

e
√
β3(z−s)ϕ2out(s) ds+

∫ z

−∞
e−
√
β3(z−s)ϕ2out(s) ds

]

and then using (4.4.13) for ϕ2out in this equation gives the outer solution

ϕ3out(z) =



û2 −
û2
2

e
√
β3z − 3c2

√
β3

4δ4

[∫ 0

z
e
√
β3(z−s)sech2

(c3
2

[s− z0]
)

ds

+

∫ z

−∞
e−
√
β3(z−s)sech2

(c3
2

[s− z0]
)

ds

] if z < 0,

[
û2
2
− 3c2

√
β3

4δ4

∫ 0

−∞
e
√
β3ssech2

(c3
2

[s− z0]
)

ds

]
e−
√
β3z if z > 0.

(4.4.18)

We note that ϕ3out(0+) = ϕ3out(0−) and consider the inner solution for ϕ3. We see from (4.4.10)

that ϕ3in is governed by ϕ̈3in = 0, hence for a bounded solution to satisfy BCs at ξ = ±∞ we

requireϕ3in(ξ) = B2 a constant. Therefore from thematching conditionsϕ3out(0±) = ϕ3in(±∞)

we have that

ϕ3in(ξ) = ϕ3out(0±). (4.4.19)
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We obtain the common value in the overlap region ϕ3c where ϕ3c = ϕ3out(0±) = ϕ3in(ξ). There-

fore the uniform approximation for ϕ3 is,

ϕ3(z; ε) 'ϕ3out(z) + ϕ3in(z/ε)− ϕ3c,

=



û2 −
û2
2

e
√
β3z − 3c2

√
β3

4δ4

[∫ 0

z
e
√
β3(z−s)sech2

(c3
2

[s− z0]
)

ds

+

∫ z

−∞
e−
√
β3(z−s)sech2

(c3
2

[s− z0]
)

ds

] if z < 0,

[
û2
2
− 3c2

√
β3

4δ4

∫ 0

−∞
e
√
β3ssech2

(c3
2

[s− z0]
)

ds

]
e−
√
β3z if z > 0.

(4.4.20)

Uniform approximation for the tumour and normal tissue cell density for low tumour aggres-

siveness

We now wish to determine the uniform approximation of the tumour and normal tissue cell den-

sities. Consider the case in which both the tumour and normal tissue undergo a sudden and steep

change in the same location. It will be seen that this approximation corresponds to “low tumour

aggressiveness”, that is, normal cell populations are still able to exist in a small region occupied by

the tumour cells. We have already determined the outer solution for ϕ2 given by (4.4.13). Using

this and (4.4.6), provided 1− δ1ϕ3out(z) > 0 for z > 0, we obtain the outer solution for ϕ1 given

by

ϕ1out(z) =


0 if z < 0,

1− δ1ϕ3out(z) if z > 0.

Note we require that 1 − δ1ϕ3out(z) > 0 for z > 0 and 1 − δ2ϕ4out(z) > 0 for z < 0. Since we

have that ϕ3out is decreasing for z > 0, then 1 − δ1ϕ3out(z) > 0 for z > 0 if 1 − δ1ϕ3c > 0.

Moreover, since z0 > 0 we have that ϕ4out is increasing for z < 0, then 1 − δ2ϕ4out(z) > 0 for

z < 0 if 1 − δ2ϕ4c > 0. Hence the conditions 1 − δ1ϕ3c > 0 and 1 − δ2ϕ4c > 0 need to be

met for this solution to be valid. We have determined the inner solutions for ϕ4 and ϕ3 given by

ϕ4in(ξ) = ϕ4c and ϕ3in(ξ) = ϕ3c, respectively. The governing equations for ϕ1in and ϕ2in become

η10ϕ̈1in + θ0ϕ̇1in + ϕ1in(1− δ1ϕ3c − ϕ1in − α1ϕ2in) = 0, (4.4.21)

ϕ̈2in + θ0ϕ̇2in + β2ϕ2in(1− δ2ϕ4c − ϕ2in − α2ϕ1in) = 0, (4.4.22)
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with BCs

(ϕ1in, ϕ2in)(−∞) = (0, 1− δ2ϕ4c) and (ϕ1in, ϕ2in)(∞) = (1− δ1ϕ3c, 0) (4.4.23)

which are determined by the matching conditions (4.4.12). Therefore this represents a traditional

competition-diffusion system as considered in [99, 102, 106, 107, 145, 179, 214] among others.

From the results in [99, 107], if 1−δ1ϕ3c−α1(1−δ2ϕ4c) < 0 and 1−δ2ϕ4c−α2(1−δ1ϕ3c) > 0,

then there exists a class of monotone TW solutions to (4.4.21)–(4.4.23) for speeds of invasion

θ0 ≥ 2
√
β2[1− δ2ϕ4c − α2(1− δ1ϕ3c)]. If 1 − δ1ϕ3c − α1(1 − δ2ϕ4c) < 0 and 1 − δ2ϕ4c −

α2(1 − δ1ϕ3c) < 0 then from the results in [106], we have that there exists a class of monotone

TW solutions for (4.4.21)–(4.4.23) with minimal speed θ0 = θm(α1, α2, β2, β3, β4, δ1, δ2, δ4, η4),

where −2
√
η10(1− δ1ϕ3c) < θm < 2

√
β2(1− δ2ϕ4c). We note that our asymptotic approxima-

tion assumes that θ0 > 0 hence we cannot have solutions with a negative speed. Therefore we can

only say that θ0 > 0 with certainty when we have 1− δ2ϕ4c − α2(1− δ1ϕ3c) > 0.

We now obtain our uniform approximation for ϕ1 and ϕ2. The common values in the overlap

regions for the normal and tumour tissue are given by ϕ1c and ϕ2c, respectively. The obtained

values are:

ϕ1c =


ϕ1in(−∞) = ϕ1out(0−) = 0 if z < 0,

ϕ1in(∞) = ϕ1out(0+) = 1− δ1ϕ3c if z > 0

and

ϕ2c =


ϕ2in(−∞) = ϕ2out(0−) = 1− δ2ϕ4c if z < 0,

ϕ2in(∞) = ϕ2out(0+) = 0 if z > 0.

Therefore the uniform approximation for ϕ1 and ϕ2 in the case 1− δ1ϕ3c > 0, 1− δ2ϕ4c > 0

and 1− δ1ϕ3c − α1(1− δ2ϕ4c) < 0 are

ϕ1(z; ε) 'ϕ1out(z) + ϕ1in(z/ε)− ϕ1c,

=φ1(z/ε; θ0)

+ δ1


0 if z < 0,[
û2
2
− 3c2

√
β3

4δ4

∫ 0

−∞
e
√
β3ssech2

(c3
2

[s− z0]
)

ds

](
1− e−

√
β3z
)

if z > 0
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and

ϕ2(z; ε) 'ϕ2out(z) + ϕ2in(z/ε)− ϕ2c,

=φ2(z/ε; θ0) +
3c2
2δ4


sech2

(c3
2
z0

)
− sech2

(c3
2

[z − z0]
)

if z < 0,

0 if z > 0,

where (ϕ1in, ϕ2in)(ξ) = (φ1, φ2)(ξ; θ0) solves (4.4.21)–(4.4.23). Furthermore, if 1 − δ2ϕ4c −

α2(1− δ1ϕ3c) > 0, then the inner solutions have speed θ0 ≥ 2
√
β2[1− δ2ϕ4c − α2(1− δ1ϕ3c)],

hence from (4.4.1) our uniform solutionswill have speed θ ≥ 2
√
η2β2[1− δ2ϕ4c − α2(1− δ1ϕ3c)].

Uniform approximation for the tumour and normal tissue cell density for high tumour ag-

gressiveness

This section will consider “high tumour aggressiveness” in which the normal tissue is destroyed

ahead of the invading tumour front such that normal and tumour tissue to do not occupy the same

space in significant quantities.

Consider (4.4.21) and (4.4.22) when 1 − δ2ϕ4c > 0 and 1 − δ1ϕ3c < 0. Note that 1 −

δ1ϕ3out(0) = 1 − δ1ϕ3c < 0 and 1 − δ1ϕ3out(∞) = 1. It is then straightforward to show by

a combination of continuity, the Intermediate Value Theorem and the monotonicity of ϕ3out that

1 − δ1ϕ3out(z) < 0 for all z ∈ (0, z∗) and 1 − δ1ϕ3out(z) > 0 for all z > z∗, where z∗ > 0 is

such that 1−δ1ϕ3out(z
∗) = 0. Hence to avoid negativity we have that the outer solution satisfying

(4.4.6) becomes

ϕ1out(z) =


0 if z < z+,

1− δ1ϕ3out(z) if z > z+,

where z+ ≥ z∗ is a value to be determined. With this in mind the inner solutions for ϕ1 and ϕ2

governed by (4.4.21) and (4.4.22) will have BCs

(ϕ1in, ϕ2in)(−∞) = (0, 1− δ2ϕ4c) and (ϕ1in, ϕ2in)(∞) = (0, 0), (4.4.24)

which are determined by the matching conditions (4.4.12). We note that the boundary conditions

for ϕ1in are now the same, i.e. ϕ1in(±∞) = 0, and as a result ϕ1in must form a pulse. Consider

the following lemma:

Lemma 4.4.1. Let (ϕ1in, ϕ2in)(ξ) for ξ ∈ R be solutions of (4.4.21) and (4.4.22)withϕ1in(±∞) =
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0, ϕ2in(±∞) ∈ R and 1− δ1ϕ3c < 0. If we require that ϕ1in, ϕ2in ≥ 0 then this implies ϕ1in ≡ 0.

Proof. First noting that we have ϕ1in(±∞) = 0, ϕ2in(±∞) ∈ R, take the limit of (4.4.21) as

ξ → ±∞ to obtain

lim
ξ→±∞

[η10ϕ̈1in(ξ) + θ0ϕ̇1in(ξ)] = 0

and then using the result discussed in [116, 189] we have that ϕ̈1in(±∞) = ϕ̇1in(±∞) = 0. Now

integrate (4.4.21) over R to obtain

0 =

∫ ∞
−∞

ϕ1in(s)[δ1ϕ3c − 1 + ϕ1in(s) + α1ϕ2in(s)] ds. (4.4.25)

Since we require ϕ1in, ϕ2in ≥ 0 then ϕ1in(s)[δ1ϕ3c − 1 + ϕ1in(s) + α1ϕ2in(s)] ≥ 0 for all s ∈ R

and as such (4.4.25) is satisfied if and only if ϕ1in ≡ 0.

Aswe require nonnegativity of our inner solutionsϕ1in andϕ2in thenwe can apply Lemma 4.4.1

to (4.4.21) and (4.4.22) with BCs (4.4.24) to obtain that ϕ1in(ξ) = 0. Therefore we have that

(4.4.22) reduces to

ϕ̈2in + θ0ϕ̇2in + β2ϕ2in(1− δ2ϕ4c − ϕ2in) = 0, (4.4.26)

which is simply the Fisher–KPP equation [66, 112]which has a known solutionϕ2in(ξ) = φF (ξ; θ0)

for speed θ0 ≥ 2
√
β2(1− δ2ϕ4c). We can now obtain the uniform approximation for ϕ2 by adding

the inner and outer solutions and subtracting the common value in the overlap region. The value

in the overlap region ϕ2c is given by

ϕ2c =


ϕ2in(−∞) = ϕ2out(0−) = 1− δ2ϕ4c if z < 0,

ϕ2in(∞) = ϕ2out(0+) = 0 if z > 0.

Hence we have the uniform approximation

ϕ2(z; ε) 'ϕ2in(z/ε) + ϕ2out(z)− ϕ2c

=φF (z/ε; θ0) +
3c2
2δ4


sech2

(c3
2
z0

)
− sech2

(c3
2

[z − z0]
)

if z < 0,

0 if z > 0,

where φF (ξ; θ0) is the solution to the Fisher–KPP equation with BCs φF (−∞) = 1 − δ2ϕ4c and

φF (∞) = 0 for speed θ0. Since we have 1 − δ2ϕ4c > 0 then from (4.4.1) our uniform solutions

will have speed θ ≥ 2
√
η2β2(1− δ2ϕ4c).



151 4.4. ASYMPTOTIC ANALYSIS

Consider the behaviour of the solution around the point z+ > 0 where z+ is to be determined.

We define z+ as the point at which ϕ1out(z) transitions from ϕ1out(z) = 0 to ϕ1out(z) = 1 −

δ1ϕ3out(z). We note that at z+ we require 1 − δ1ϕ3out(z+) ≥ 0 to avoid negativity and since

1−δ1ϕ3out(z) is increasing for z > 0we have that z+ ≥ z∗ where z∗ is such that 1−δ1ϕ3out(z
∗) =

0. We determine z+ by introducing the stretched variable ζ = (z − z+)/ε into (4.4.2)–(4.4.5) and

taking the limit as ε → 0+ to consider the inner behaviour of ϕ1 about the point z+. We then

obtain the system of equations

η10ϕ̈1+ + θ0ϕ̇1+ + ϕ1+(1− ϕ1+ − α1ϕ2+ − δ1ϕ3+) = 0, (4.4.27)

ϕ̈2+ + θ0ϕ̇2+ + β2ϕ2+(1− ϕ2+ − α2ϕ1+ − δ2ϕ4+) = 0,

ϕ̈3+ = 0, (4.4.28)

ϕ̈4+ = 0, (4.4.29)

where ˙( ) denotes differentiation with respect to ζ and

(ϕ1+, ϕ2+, ϕ3+, ϕ4+)(ζ) = lim
ε→0+

(ϕ1, ϕ, ϕ3, ϕ4)(εζ; ε).

We obtain the BCs for this system from the matching conditions

(ϕ1out, ϕ2out, ϕ3out, ϕ4out)(z+±) = (ϕ1+, ϕ2+, ϕ3+, ϕ4+)(±∞),

which gives

(ϕ1+, ϕ2+, ϕ3+, ϕ4+)(−∞) = (0, 0, ϕ∗3, ϕ
∗
4)

and

(ϕ1+, ϕ2+, ϕ3+, ϕ4+)(∞) = (1− δ1ϕ∗3, 0, ϕ∗3, ϕ∗4),

where ϕ∗3 = ϕ3out(z+) and ϕ∗4 = ϕ4out(z+). Using these BCs with (4.4.28) and (4.4.29) implies

that we require ϕ3+(ζ) = ϕ∗3 and ϕ4+(ζ) = ϕ∗4. Furthermore, since z+ is ahead of the advancing

wave front ofϕ2 in a region inwhich the outer solution forϕ2 is zerowe require for themonotonicity

of the system that ϕ2+(ζ) = 0. Hence we have that (4.4.27) reduces to

η10ϕ̈1+ + θ0ϕ̇1+ + ϕ1+(1− δ1ϕ∗3 − ϕ1+) = 0, (4.4.30)
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with BCs ϕ1+(−∞) = 0 and ϕ1+(∞) = 1 − δ1ϕ∗3 where 1 − δ1ϕ∗3 ≥ 0. Consider (4.4.30) for

1− δ1ϕ∗3 > 0 and note that this is simply the Fisher-KPP equation. Note that we have θ0 > 0 and

using a similar argument to the one used in the proof of Lemma 4.4.1 we have ϕ̇1+(±∞) = 0.

Now multiply (4.4.30) by ϕ̇1+ and integrate over R to obtain

θ0

∫ ∞
−∞

ϕ̇1+(s)2 ds = −
∫ ∞
−∞

ϕ1+(s)[1− δ1ϕ∗3 − ϕ1+(s)]ϕ̇1+(s) ds.

then letting µ = ϕ1+(s) in the integral on the left handside and rearranging to make θ0 the subject

we obtain

θ0 = −
∫ 1−δ1ϕ∗3
0 µ(1− δ1ϕ∗3 − µ) dµ∫∞

−∞ ϕ̇1+(s)2 ds
= −1

6

(1− δ1ϕ∗3)3∫∞
−∞ ϕ̇1+(s)2 ds

< 0

which is a contradiction. Hence we require 1− δ1ϕ∗3 = 0 which corresponds to z+ = z∗ and also

reduces (4.4.30) to

η10ϕ̈1+ + θ0ϕ̇1+ − ϕ2
1+ = 0.

Requiring ϕ1+ ≥ 0 allows us to show by a similar argument used for the proof of Lemma 4.4.1

that ϕ1+(ζ) = 0. We have that the common value in the overlap region given by ϕ1c is ϕ1c =

ϕ1out(z
∗±) = ϕ1+(±∞) = 0. Hence we have our uniform approximation for ϕ1 is

ϕ1(z; ε) 'ϕ1out(z) + ϕ1+([z − z∗]/ε)− ϕ1c

=


0 if z < z∗,

1− δ1
[
û2
2
− 3c2

√
β3

4δ4

∫ 0

−∞
e
√
β3ssech2

(c3
2

[s− z0]
)

ds

]
e−
√
β3z if z > z∗,

where z∗ is such that 1−δ1ϕ3out(z
∗) = 0. Note that we do not consider the uniform approximations

for ϕ2, ϕ3 and ϕ4 using the solutions obtained for the region around z∗ as the solutions will remain

unchanged, and similarly we do not need to consider the uniform approximation for ϕ1 using the

solution obtained in the region around z = 0. Note the similarity of the asymptotic approximation

for the normal tissue concentration to the solution obtained in [140] for an aggressive tumour. The

model proposed in [140] does not consider normal tissue diffusion or the effect of a treatment and

obtained their approximation by a different method.
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Figure 4.12: Asymptotic, Numerical and Error approximation of (4.2.7)–(4.2.10) with parameters
α1 = 1, α2 = 0.5, β2 = 1, β3 = 70, β4 = 20, δ1 = 12.5, δ2 = 0.1, δ4 = 1, θ = 0.0122: The
top and centre figures display the asymptotic and numerical solutions, respectively. The bottom
figure displays the difference between the numerical and asymptotic solutions (i.e., numerical mi-
nus asymptotic). The maximum absolute errors for each solution are E1 = 0.2116, E2 = 0.0246,
E3 = 0.0086, E4 = 0.0033
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We remark that the value z∗ can be calculated by solving 1 − δ1ϕ3out(z
∗) = 0 for z∗ > 0

which gives

z∗ =
1√
β3

ln δ1

[
û2
2
− 3c2

√
β3

4δ4

∫ 0

−∞
e
√
β3ssech2

(c3
2

[s− z0]
)

ds

]
=

1√
β3

ln δ1ϕ3c.

See an example of the asymptotic solution obtain in the case of high tumour aggressiveness in

Figure 4.12, where the parameter values used are those utilised in the example displayed in Fig-

ure 4.5 and the speed is obtained from the minimal speed for (4.4.26). In Figure 4.12 a comparison

of the asymptotic and corresponding numerical solution has been provided. In order to compare

the solutions, a value was selected from the front of the numerical solution for ϕ4 and matched to

the position where the asymptotic solution for ϕ4 obtains that value. The asymptotic solution was

then subtracted from the numerical solution to obtain the error. It can be seen that there is excel-

lent agreement between the asymptotic and numerical solutions for ϕ2, ϕ3 and ϕ4 with the errors

being of O(η
1/2
2 ) as is expected since the truncated terms in the asymptotic solution are O(η

1/2
2 ).

However we note that the maximum absolute error for the solution to ϕ1, located at the point z∗, is

an order of magnitude greater than the expected error. This significant error is contained to a small

region about z∗ which suggests that the particular method used to obtain the solution may need to

be refined to capture a steep change that occurs about this point. Outside of this small interval, the

asymptotic solution for ϕ1 is in excellent agreement with the numerical solution.

Statement of results for invading waves

The results of Section 4.4.1 can be summarised as follows:

Proposition 4.4.2. Let c2 =
√

(1 + δ4)2 − 4δ2δ4, c3 =
√
c2β4/η4 and let z0 > 0 satisfy

[
tanh2

(c3
2
z0

)
− 1
] [√

c2 tanh
(c3

2
z0

)
+ 1
]

+
2δ2δ4(1− û4)

3c2
= 0.

Furthermore, let

ϕ3c =
û2
2
− 3c2

√
β3

4δ4

∫ 0

−∞
e
√
β3ssech2

(c3
2

[s− z0]
)

ds

and

ϕ4c = û4 +
3c2

2δ2δ4
sech2

(c3
2
z0

)
.
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Suppose θ = θ0η
1/2
2 and η1 = η10η2, where θ0, η10 > 0 and that

1− δ1ϕ3c − α1(1− δ2ϕ4c) < 0, 1− δ2ϕ4c > 0.

Let

ϕ3(z; η2) '



û2 −
û2
2

e
√
β3z − 3c2

√
β3

4δ4

[∫ 0

z
e
√
β3(z−s)sech2

(c3
2

[s− z0]
)

ds

+

∫ z

−∞
e−
√
β3(z−s)sech2

(c3
2

[s− z0]
)

ds

] if z < 0,

[
û2
2
− 3c2

√
β3

4δ4

∫ 0

−∞
e
√
β3ssech2

(c3
2

[s− z0]
)

ds

]
e−
√
β3z if z > 0.

(4.4.31)

and

ϕ4(z; η2) '


û4 +

3c2
2δ2δ4

sech2
(c3

2
[z − z0]

)
if z < 0,

1 +

[
û4 − 1 +

3c2
2δ2δ4

sech2
(c3

2
z0

)]
exp

(
−
√
β4
η4
z

)
if z > 0.

(4.4.32)

For 1− δ1ϕ3c > 0 let

ϕ1(z; η2) 'φ1(z/η1/22 ; θ0)

+ δ1


0 if z < 0,[
û2
2
− 3c2

√
β3

4δ4

∫ 0

−∞
e
√
β3ssech2

(c3
2

[s− z0]
)

ds

](
1− e−

√
β3z
)

if z > 0

(4.4.33)

and

ϕ2(z; η2) ' φ2(z/η1/22 ; θ0) +
3c2
2δ4


sech2

(c3
2
z0

)
− sech2

(c3
2

[z − z0]
)

if z < 0,

0 if z > 0,

(4.4.34)

where (φ1, φ2)(ξ; θ0) solves the competition-diffusion system given by (4.4.21)–(4.4.23) and if 1−

δ2ϕ4c − α2(1− δ1ϕ3c) > 0, then θ0 ≥ 2
√
β2[1− δ2ϕ4c − α2(1− δ1ϕ3c)].
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For 1− δ1ϕ3c < 0 let

ϕ1(z; η2) '


0 if z < z∗,

1− δ1
[
û2
2
− 3c2

√
β3

4δ4

∫ 0

−∞
e
√
β3ssech2

(c3
2

[s− z0]
)

ds

]
e−
√
β3z if z > z∗,

(4.4.35)

where z∗ = β
−1/2
3 ln (δ1ϕ3c) and

ϕ2(z; η2) ' φF (z/η
1/2
2 ; θ0) +

3c2
2δ4


sech2

(c3
2
z0

)
− sech2

(c3
2

[z − z0]
)

if z < 0,

0 if z > 0,

(4.4.36)

where φF is the solution to the Fisher-KPP equation (4.4.26) with θ0 ≥ 2
√
β2[1− δ2ϕ4c]. Then

(4.4.31)–(4.4.36) are asymptotic approximations compatible with solutions of (4.4.2)–(4.4.5).

Discussed in [63, 71, 140] is the existence of an interstitial gap, which can be defined as an

interval I , if any, where ϕ1(z; η2) + ϕ2(z; η2) � 1 for all z ∈ I . If we consider the case when

1 − δ1ϕ3c < 0 then from (4.4.36) we can see for small η2 we have for z & 0 that ϕ2(z; η2) � 1

and for z < z∗ that ϕ1(z; η2) � 1. Hence we see that I ∼ (0, z∗) so the width of the interstitial

gap is approximately

z∗ =
1√
β3

ln (δ1ϕ3c); 1− δ1ϕ3c < 0.

Consider the estimates of the minimal speed of invasion obtained from the asymptotic anal-

ysis, that is, θ ≥ 2
√
η2β2[1− δ2ϕ4c − α2(1− δ1ϕ3c)] for low tumour aggressiveness and θ ≥

2
√
η2β2[1− δ2ϕ4c] for high tumour aggressiveness. Note that both these speeds are greater than

the minimal speed, i.e. θm = 2
√
β2η2(1− α2 − δ2), obtained from the linearisation technique

used in Section 4.3.1. However, when comparing the asymptotic estimates to the results in [76, 140]

for the minimal speed of invasion, for a sufficiently aggressive tumour, we see that the presence of

chemotherapy whilst not stopping the invasion of the tumour does decrease the minimal speed and

slow the tumour progression as would be expected.

4.4.2 Analysis for receding tumour

For the convenience of the reader a summary of the following results have been provided at the

end of the section. Note that if SS2 is stable, SS3 is unstable and assuming a TW solution exists,

then the minimum speed for existence of a TW is θ = 2
√
η1(1− [α1 + δ1]û2), which suggests

that θ = O(η
1/2
1 ). It was noted in Section 4.4.1 that 0 < η1, η2 � 1, hence we wish to perform
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an analysis in which we assume that η1 = ε2, θ = θ0ε where θ0 < 0 and θ0 = O(1) as ε → 0+.

The analysis of receding tumour waves is complicated by the development of splitting fronts for

parameters conditions which largely remain uncertain. This splitting behaviour does not meet the

requirements of a traditional TW, however through the asymptotic analysis of the receding TW we

wish to gain an insight into when this splitting behaviour may occur. As noted for the previous

section we have that typically η2 = O(η1), hence we wish to assume that η2 = η20ε
2 where

η20 > 0 and η20 = O(1) as ε→ 0+. Therefore, as previously, we let z = x− θt, and make these

substitutions in (4.2.7)–(4.2.10), with

(u1, u2, u3, u4)(x, t; ε) = (ϕ1, ϕ2, ϕ3, ϕ4)(z; ε),

to obtain

ε2ϕ′′1 + θ0εϕ
′
1 + ϕ1(1− ϕ1 − α1ϕ2 − δ1ϕ3) = 0, (4.4.37)

η20ε
2ϕ′′2 + θ0εϕ

′
2 + β2ϕ2(1− ϕ2 − α2ϕ1 − δ2ϕ4) = 0, (4.4.38)

ϕ′′3 + θ0εϕ
′
3 + β3(ϕ2 − ϕ3) = 0, (4.4.39)

η4ϕ
′′
4 + θ0εϕ

′
4 + β4(1− ϕ4 − δ4ϕ4ϕ2) = 0, (4.4.40)

with BCs

(ϕ1, ϕ2, ϕ3, ϕ4)(−∞) = (0, û2, û2, [1 + δ4û2]
−1)

and

(ϕ1, ϕ2, ϕ3, ϕ4)(∞) = (1, 0, 0, 1),

where ( )′ represents differentiation with respect to z. We once again use the theory of matched

asymptotic expansions to obtain approximate solutions.

Uniform approximation for the drug concentration and H+ ion concentration

We define the outer solution by

(ϕ1out, ϕ2out, ϕ3out, ϕ4out)(z) = (ϕ1, ϕ2, ϕ3, ϕ4)(z; 0).
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Hence letting ε→ 0+ in (4.4.37)–(4.4.40) gives

ϕ1out(1− ϕ1out − α1ϕ2out − δ1ϕ3out) = 0,

β2ϕ2out(1− ϕ2out − α2ϕ1out − δ2ϕ4out) = 0, (4.4.41)

ϕ′′3out + β3(ϕ2out − ϕ3out) = 0,

η4ϕ
′′
4out + β4(1− ϕ4out − δ4ϕ4outϕ2out) = 0,

where

(ϕ1out, ϕ2out, ϕ3out, ϕ4out)(−∞) = (0, û2, û2, [1 + δ4û2]
−1)

and

(ϕ1out, ϕ2out, ϕ3out, ϕ4out)(−∞) = (1, 0, 0, 1).

We set z = 0 to be the region in which ϕ1 and ϕ2 undergo a sudden change and introduce the

stretched inner variable ξ = z/ε into (4.4.37)–(4.4.40) to consider the change in this region. We

let the inner solution be denoted by

(ϕ1in, ϕ2in, ϕ3in, ϕ4in)(ξ) = lim
ε→0+

(ϕ1, ϕ2, ϕ3, ϕ4)(εξ; ε).

Hence making the substitution ξ = z/ε into (4.4.37)–(4.4.40) and letting ε→ 0+ we obtain

ϕ̈1in + θ0ϕ̇1in + ϕ1in(1− ϕ1in − α1ϕ2in − δ1ϕ3in) = 0, (4.4.42)

η20ϕ̈2in + θ0ϕ̇2in + β2ϕ2in(1− ϕ2in − α2ϕ1in − δ2ϕ4in) = 0, (4.4.43)

ϕ̈3in = 0,

ϕ̈4in = 0,

where ˙( ) denotes differentiation with respect to ξ. The boundary conditions for the inner solutions

are obtained from the matching conditions

(ϕ1out, ϕ2out, ϕ3out, ϕ4out)(0±) = (ϕ1in, ϕ2in, ϕ3in, ϕ4in)(±∞). (4.4.44)

Consider ϕ2out(z) = 0 for z > 0 which we can see satisfies (4.4.41) and moreover, assuming
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that 1− δ1ϕ3out(z) > 0 for z > 0, then the solution

ϕ1out(z) =


0 if z < 0,

1− δ1ϕ3out(z) if z > 0,

satisfies (4.4.42). Furthermore, assuming that 1− δ2ϕ4out(z) > 0 for z < 0, then

ϕ2out(z) =


1− δ2ϕ4out(z) if z < 0,

0 if z > 0,

(4.4.45)

satisfies (4.4.41). Using (4.4.45) we note that the equations governing ϕ3out, ϕ4out, ϕ3in, and ϕ4in

are the same as those considered in the asymptotic analysis for the invading tumour, i.e. (4.4.8),

(4.4.9), (4.4.10) and (4.4.11), respectively. Hence the outer and inner solutions for ϕ3 and ϕ4 will

be the same as obtained in the invading case, i.e. (4.4.18) and (4.4.15) for the outer solutions

and (4.4.19) and (4.4.14) for the inner solutions, respectively. It then follows that the uniform

approximations for ϕ3(z; ε) and ϕ4(z; ε) will be given by (4.4.20) and (4.4.17), respectively.

Uniform approximation for the tumour and normal tissue cell density

Noting that we have ϕ3in(ξ) = ϕ3out(0±) = ϕ3c and ϕ4in(ξ) = ϕ4out(0±) = ϕ4c, then (4.4.42)

and (4.4.43) become

ϕ̈1in + θ0ϕ̇1in + ϕ1in(1− δ1ϕ3c − ϕ1in − α1ϕ2in) = 0, (4.4.46)

η20ϕ̈2in + θ0ϕ̇2in + β2ϕ2in(1− δ2ϕ4c − ϕ2in − α2ϕ1in) = 0, (4.4.47)

with BCs

(ϕ1in, ϕ2in)(−∞) = (0, 1− δ2ϕ4c) and (ϕ1in, ϕ2in)(∞) = (1− δ1ϕ3c, 0), (4.4.48)

which have been determined by the matching conditions (4.4.44). By our assumptions we re-

quire that 1 − δ2ϕ4c > 0 and 1 − δ1ϕ3c > 0. This is a traditional competition-diffusion system

and from the results in [99, 107], if 1 − δ1ϕ3c − α1(1 − δ2ϕ4c) > 0 and 1 − δ2ϕ4c − α2(1 −

δ1ϕ3c) < 0, then a class of TWs exist in which θ0 ≤ −2
√

1− δ1ϕ3c − α1(1− δ2ϕ4c). If how-



CHAPTER 4. AMTI WITH CHEMOTHERAPY INTERVENTION: II 160

ever 1 − δ1ϕ3c − α1(1 − δ2ϕ4c) < 0 and 1 − δ2ϕ4c − α2(1 − δ1ϕ3c) < 0, then from the

results in [106] there exists a class of monotone TWs for (4.4.46)–(4.4.48) with minimal speed

θm = θm(α1, α2, β2, β3, β4, δ1, δ2, δ4, η4), where −2
√

1− δ1ϕ3c < θm < 2
√
η20β2(1− δ2ϕ4c).

As we have assumed that θ0 < 0, we can only say that θ0 < 0 with certainty in the case 1−δ1ϕ3c−

α1(1−δ2ϕ4c) > 0. We do not exclude the possibility of a negative speed should this condition not

be met, however we cannot make a definitive statement about the sign of the speed. We can now

obtain the common values in the overlap region for ϕ1 and ϕ2 denoted by ϕ1c and ϕ2c, respectively.

We obtain the values

ϕ1c =


ϕ1in(−∞) = ϕ1out(0−) = 0 if z < 0,

ϕ1in(∞) = ϕ1out(0+) = 1− δ1ϕ3c if z > 0

and

ϕ2c =


ϕ2in(−∞) = ϕ2out(0−) = 1− δ2ϕ4c if z < 0,

ϕ2in(∞) = ϕ2out(0+) = 0 if z > 0.

Therefore the uniform approximation for ϕ1 and ϕ2 in the case 0 < 1−δ2ϕ4c < α2(1−δ1ϕ3c)

are

ϕ1(z; ε) 'ϕ1out(z) + ϕ1in(z/ε)− ϕ1c,

=ψ1(z/ε; θ0)

+ δ1


0 if z < 0,[
û2
2
− 3c2

√
β3

4δ4

∫ 0

−∞
e
√
β3ssech2

(c3
2

[s− z0]
)

ds

](
1− e−

√
β3z
)

if z > 0

and

ϕ2(z; ε) 'ϕ2out(z) + ϕ2in(z/ε)− ϕ2c,

=ψ2(z/ε; θ0)

+
3c2
2δ4


sech2

(c3
2
z0

)
− sech2

(c3
2

[z − z0]
)

if z < 0,

0 if z > 0,

where (ϕ1in, ϕ2in)(ξ) = (ψ1, ψ2)(ξ; θ0) solve (4.4.46)–(4.4.48). Furthermore, if 1 − δ1ϕ3c −
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α1(1−δ2ϕ4c) > 0, then the inner solutions have speed θ0 ≤ −2
√
β2[1− δ1ϕ3c − α1(1− δ2ϕ4c)]

and as θ = θ0η
1/2
1 our uniform solutionswill have speed θ ≤ −2

√
η1[1− δ1ϕ3c − α1(1− δ2ϕ4c)].

For this analysis we made the assumption that 1 − δ2ϕ4out(z) > 0 for z < 0. Without this

assumption we would require the use of the outer solution for ϕ2 of ϕ2out(z) = 0 for z > z∗,

where z∗ < 0, which would result in a similar analysis to that used for the invading tumour in the

case of high tumour aggressiveness. This outer solution and the resulting uniform approximation

that follows would suggest the existence of an interstitial gap in the case that the wave is receding.

We note that we have only observed this behaviour when we see the splitting wave, hence this

approximation would seem to be no longer valid since a traditional TW would not exist for the

system. Hence we predict that if the splitting wave behaviour occurs then 1 − δ2ϕ4c < 0 or

ϕ4c /∈ R. If we consider the example of the splitting wave in Figure 4.3 we find that z0 does not

satisfy the condition z0 > 0, hence ϕ4c does not exist (i.e. ϕ4c /∈ R). Hence we say that this

provides a condition for when the chemotherapy treatment would be able to remove the tumour

without natural competition created by the host.

Statement of results for receding waves

The results of Section 4.4.2 can be summarised as follows:

Proposition 4.4.3. Let c2, c3, z0, ϕ3c and ϕ4c be as in Proposition 4.4.2. Suppose 0 < 1−δ2ϕ4c <

α2(1− δ1ϕ3c), θ = θ0η
1/2
1 and η2 = η20η1 where θ0 < 0 and η20 > 0. Let

ϕ1(z; η1) 'ψ1(z/η
1/2
1 ; θ0)

+ δ1


0 if z < 0,[
û2
2
− 3c2

√
β3

4δ4

∫ 0

−∞
e
√
β3ssech2

(c3
2

[s− z0]
)

ds

](
1− e−

√
β3z
)

if z > 0,

(4.4.49)

ϕ2(z; η1) ' ψ2(z/η
1/2
1 ; θ0) +

3c2
2δ4


sech2

(c3
2
z0

)
− sech2

(c3
2

[z − z0]
)

if z < 0,

0 if z > 0,

(4.4.50)
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where (ψ1, ψ2)(ξ; θ0) solve (4.4.46)–(4.4.48),

ϕ3(z; η1) '



û2 −
û2
2

e
√
β3z − 3c2

√
β3

4δ4

[∫ 0

z
e
√
β3(z−s)sech2

(c3
2

[s− z0]
)

ds

+

∫ z

−∞
e−
√
β3(z−s)sech2

(c3
2

[s− z0]
)

ds

] if z < 0,

[
û2
2
− 3c2

√
β3

4δ4

∫ 0

−∞
e
√
β3ssech2

(c3
2

[s− z0]
)

ds

]
e−
√
β3z if z > 0,

(4.4.51)

and

ϕ4(z; η1) '


û4 +

3c2
2δ2δ4

sech2
(c3

2
[z − z0]

)
if z < 0,

1 +

[
û4 − 1 +

3c2
2δ2δ4

sech2
(c3

2
z0

)]
exp

(
−
√
β4
η4
z

)
if z > 0.

(4.4.52)

If 1 − δ1ϕ3c − α1(1 − δ2ϕ4c) > 0 then θ0 ≤ −2
√

1− δ1ϕ3c − α1(1− δ2ϕ4c). Then (4.4.49)–

(4.4.52) are asymptotic approximations compatible with solutions of (4.4.37)–(4.4.40).

Discussed in Section 4.3.1 is the formation of splitting waves which are TW-like solutions with

fronts that travel at different speeds. From the asymptotic analysis of the receding wave we predict

that if splitting behaviour occurs, then 1− δ2ϕ4c < 0 or ϕ4c /∈ R. The splitting behaviour can be

interpreted as a situation in which chemotherapy is strong enough to destroy the tumour population

without the assistance of population competition, hence we say that 1 − δ2ϕ4c < 0 represents a

condition for which treatment will be strong enough to destroy the tumour.

4.5 Discussion and concluding remarks

In this chapter we considered a RD model for acid-mediated invasion that includes the effects of

treatment with a cytotoxic chemotherapy drug. The model is an extension of that proposed in

Chapter 3 and was developed to add to the quantitative and qualitative results obtained for the orig-

inal model. Chapter 3 considered the dynamics of a model of spatially homogeneous populations,

whereas the model presented in this chapter assumes a spatially heterogeneous distribution of cell

populations. The model has been considered using both numerical and analytical techniques.

As in Chapter 3, the effects of both constant infusion and periodic infusion have been exam-

ined. Constant infusion resulted in an autonomous system that was examined using techniques

for TW solutions and periodic infusion resulted in a model with time-periodic terms that can be

analysed using techniques for TPTW solutions. In both cases, interesting behaviour such as split-
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ting waves was exhibited and indicated an important influence of the chemical diffusion properties

of the chemotherapy drug in removing what would otherwise be a stable tumour population. For

highly aggressive tumours in which the acid has a strong destructive effect, the chemotherapy was

effective in slowing, often reversing, the tumour’s invasion, overcoming the evolutionary advantage

the tumour gained over the normal tissue. The destructive influence of the acid could only facilitate

invasion when the treatment strength was low or when the treatment required the assistance of nor-

mal tissue population competition in order to be effective. In the latter case, provided a sufficiently

destructive tumour, the acid would destroy normal cells ahead of the tumour removing the cellular

competition which enabled the treatment to be effective.

Comparisons can be drawn between the results obtained here and those obtained by Fasano

et al. [63]. This chapter and [63] considered a RD model for the acid mediation hypothesis for

which asymptotic approximations were obtained. Important distinctions between the models are

that here constant diffusion terms and terms for population competition have been utilised, whereas

in [63] a nonlinear diffusion term is used for the tumour motility and population competition is as-

sumed to be negligible. As was noted in the Introduction, the dynamics of the nonlinear diffusion

term tends to that of the constant diffusion terms used in this chapter when an aggressive tumour

is considered. Moreover, the aggressive tumour creates a region almost devoid of cells that sepa-

rates the tumour and normal cell populations, thus removing the effects of population competition

from the model. Hence we can only effectively compare the results obtained from these models

for aggressively invading tumours. In the model considered in this chapter, provided the parameter

conditions of Proposition 4.4.2 are met, an aggressively invading tumour occurs under the param-

eter condition 1− δ1ϕ3c < 0; under this condition the tumour invades with a minimal wave speed

of θ = 2
√
η2β2(1− δ2ϕ4c). In [63] an aggressively invading tumour occurs for smaller values of

δ1 and also invades at faster speeds. Moreover, for an aggressively invading tumour, as previously

mentioned, there exists an interstitial gap between the tumour and normal cell populations. The

interstitial gap is estimated to have width z∗ = β
−1/2
3 ln (δ1ϕ3c), which is less than the estimate

for the gap width obtained in [63]. From the comparison of the speed and gap width, it can be

seen that even when the chemotherapy is unable to remove the tumour, the speed of invasion will

be slowed and the overall destructive influence of the acid will implicitly be decreased due to a

reduced capacity to produce acid by preventing tumour cells from reaching carrying capacity. As

is noted in Section 2.6, due to the size of the spatial scale of our model in comparison to that of

experimentally observed interstitial gaps, the extent to which this prediction of the gap width is
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quantitatively useful is limited as the errors in the estimate are likely to be in the order of the size

of a realistic gap width. Hence this estimate may be of more use qualitatively to determine the

effect of different mechanisms in the model that govern the level of interaction between the normal

and tumour tissue, that is, the conditions that predict an interstitial gap imply the conditions in

which there is little to no direct interaction between the normal and tumour cell populations.

If we compare the results obtained from the ODE model examined in Chapter 3 to those ob-

tained for the PDE model considered here, it can be seen that many of the insights that the PDE

model provided were able to be gained from the ODEmodel alone. The ODEmodel had the capac-

ity to predict very general aspects of the tumour behaviour such as if a tumour would invade or if

a tumour would be eradicated from the system given particular model parameters. The ODE how-

ever was not able to answer questions about the speed of invasion or the speed at which the tumour

would recede. In the cases in which the model is bistable, the ability to make definitive predictions

about the long-term behaviour is made more difficult in the ODEmodel. From the PDE model, not

only were predictions able to be made about the speed of invasion and recession, but behaviours

such as the development of an interstitial gap are observed and predictions about the size of the gap

and the parameter conditions in which the gap would develop were able to be made. Behaviours

such as splitting waves occurred in the PDE model, which gave greater insights into when drugs

are sufficient to remove tumours without the assistance of other population competition.

Finally, we remark that in the article of Gatenby and Gillies [73] they note that tumour acidity

has been associated to decreased effectiveness of anthracyclines as a result of greater phenotypic

diversity [64] which is enabled by the mutagenic/clastogenic effects of an acidic environment. We

concede that this has not been explicitly demonstrated in our model. This is likely due to the

fact that our model does not consider a mutagenic process and as such an extension to the model

would need to be made to examine this observed behaviour. One possible extension could be for

the term δ2u2u4 in (4.2.8) to be made a function which decreases proportionally to concentration

of acid and the length of time the tumour cells have been exposed to that acid to account for the

mutagenic/clastogenic effects.
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4.A Auxiliary results

Lemma 4.A.1. Consider the initial value problem

∂u

∂τ
= d

∂2u

∂z2
+ θ

∂u

∂z
+ f(τ)u+ g(z, τ), u(z, 0) = u0(z); −∞ < z <∞, (4.A.1)

where d, θ > 0, f ∈ C(R) and g ∈ C(R2). Let

u(z, τ) =

∫ ∞
−∞

u0(y)Φ(z − y, τ, 0) dy +

∫ τ

0

∫ ∞
−∞

g(y, s)Φ(z − y, τ, s) dyds, (4.A.2)

where

Φ(z, τ, s) =
1

2
√
dπ(τ − s)

exp

[
−(z + θ[τ − s])2

4d(τ − s) +

∫ τ

s
f(s′) ds′

]
. (4.A.3)

Then (4.A.2) and (4.A.3) solves (4.A.1).

Proof. Let x = z + θτ and

u(z, τ) = exp

[∫ τ

0
f(s′) ds′

]
w(x, τ),

then (4.A.1) reduces to

∂w

∂τ
= d

∂2w

∂x2
+ exp

[
−
∫ τ

0
f(s′) ds′

]
g(x− θτ, τ); w(x, 0) = u0(x).

The solution for this system is then given by [167, 1.1.2-1]. It is then straightforward to show that

u is given by (4.A.2).

4.B Tables of parameter values

Table 4.1 provides the meaning and potential values of the parameters contained in (4.2.1)–(4.2.3).

Table 4.2 provides non-dimensional parameters contained in (4.2.7)–(4.2.10) with an interpretation

of their meaning and potential values/range of values.
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Table 4.1: Table of parameters and estimated values

Parameter Units Description Value Source

r1 s−1 normal cell growth
rate

O(10−6) [49, 71]

r2 s−1 tumour cell growth
rate

O(10−6) [49, 71]

r3 M cm3 s−1cells−1 H+ ion production
rate

2.2× 10−17 [133]

d1 M−1 s−1 fractional normal
cell kill by H+ ions

O(1) [71]

d2 M−1 s−1 fractional tumor cell
kill by chemotherapy

9.3× 10−6 [50]

d4 cells−1 s−1 fractional
chemotherapy
removal by tumour
interaction

O(10−13)–O(10−12) estimated

m3 s−1 H+ ion removal rate O(10−4) [71]
m4 s−1 chemotherapy

removal rate
O(10−5) [49, 104]

K1 cells cm−3 normal cell carrying
capacity

5× 107 [195]

K2 cells cm−3 tumour cell carrying
capacity

5× 107 [195]

D1 cm2 s−1 normal cell diffusion
coefficient

O(10−10) O(D2)

D2 cm2 s−1 tumour cell diffusion
coefficient

2× 10−10 [45]

D3 cm2 s−1 H+ ion diffusion co-
efficient

5× 10−6 [123]

D4 cm2 s−1 chemotherapy diffu-
sion coefficient

5× 10−6 estimated

α1 none fractional normal
cell death due to
tumour cell

O(1) chosen freely

α2 none fractional tumour
cell death due to
normal cell

O(1) chosen freely
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Table 4.2: Table of non-dimensionalised parameters

Parameter Interpretation Value/Range

α1 fractional normal death due to tumour competition O(1)
α2 fractional tumour death due to normal competition O(1)
η1 relative normal-H+ ion diffusion rate 4× 10−5

η2 relative tumour-H+ ion diffusion rate O(10−5)
η4 relative chemotherapy-H+ ion diffusion rate O(1)
δ1 tumour aggressiveness O(1)
δ2 chemotherapy aggressiveness O(10−1)–O(1)
δ4 fractional removal due to interaction strength O(10−1)–O(1)
β2 relative tumour growth rate 1.0
β3 relative H+ ion production rate O(102)
β4 relative chemotherapy rate of increase O(10)





Chapter 5

Integration-based parameter estimation

5.1 Introduction

The application of ODEs to modelling the physical world is extensive and widely studied in

many fields including physics, engineering and bioinformatics. Using these models to pre-

dict the behaviour of important state variables given particular parameter values has been exten-

sively studied. The inverse problem of predicting the parameter values that appear in an ODE based

on observed data has been studied considerably less and traditionally only a fewmethods have been

used, many of which approach the problem via a LS fit method (see for example [8, 11, 93, 121]

and the references therein). As discussed in Chapter 1, these methods generate a distance function

between the system solution and the observed data which is then minimised with respect to the sys-

tem parameters. If the ODE system can be solved analytically, the distance function is often highly

nonlinear making it computationally expensive to find a global minimum [59]. Alternatively, when

the model can only be solved numerically, an iterative scheme is used in which a trajectory is found

by solving the ODE system for different parameters and comparing the LS distances. This method

can be very inefficient and is not guaranteed to return the global minimum, hence much of the focus

is on creating stable and efficient algorithms to optimise this approach [59, 172].

There are more recently proposed parameter estimation methods. One such method utilises a

hierarchical Bayesian approach to estimate dynamic parameters [9, 100, 169]. Liang andWu [122]

proposed a local kernel smoothing-based approach to estimate constant parameters. Cubic spline

interpolation in conjunction with a LS procedure has been used to estimate dynamic parame-

ters [171]. A spline-based smoothing approach has also been considered in [172] to estimate con-

stant parameters. A method based on integrator theory has been considered in [160] in which a

169
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condition is imposed on the ODE to ensure convergence to the true parameter values.

We remark that the ability to estimate parameters accurately and efficiently is very important

for tumour modelling as the future behaviour and treatment of a tumour is determined by various

parameter values. For example, if we consider the models examined in Chapters 2, 3 and 4 we

can see that these models all require knowledge of the values of parameters such as the population

carrying capacity, growth rate and population competition values. We also note the ability to effec-

tively estimate parameters is useful for the analysis of RD equations in which TW solutions arise.

Travelling wave solutions transform the governing system of PDEs into a system of ODEs with

an introduced parameter, a parameter that needs to be determined. Using a parameter estimation

technique and the solution obtained from solving the PDE system, with a sufficiently large time

domain, the introduced parameter can be estimated, as was performed in Chapter 2.

This chapter will propose an integration-based method that transforms an ODE to an algebraic

system of equations for which we solve for the unknown parameters in our ODE. The method

will be computationally unintensive, can be extended to systems of differential equations and the

number of parameters that can be estimated is not restricted. The method will be demonstrated by

simulating data, with and without noise, from a number of biological models described by ODEs

and then estimating the parameters via the proposed technique.

This chapter is organised as follows. In Section 5.2 we will outline this procedure in more

detail. Section 5.3 will contain applications of this method to some well-studied problems in which

simulated data will be used, with and without noise, to demonstrate the viability of the proposed

method. We will make some concluding remarks and discuss potential further analysis for this

method in Section 5.4.

5.2 Method

The method we propose considers an ODE with m unknown parameters and then multiplies the

system by a given weight function that contains a controllable parameter β, that we will call an

“equation-generating parameter”. The system is then integrated over a finite interval, in what can

be thought of as being analogous to a finite Laplace transform, to remove the derivatives contained

within the equation. This integration over an interval can also be thought of as taking a weighted

average of each term in the system. We will then substitutem values of our controllable parameter

β, for example β1, . . . , βm, into our transformed equation to then give us a set of m distinct al-
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gebraic equations in the parameters that will have terms which can be approximated by numerical

integration using observed data for the values of the state variable.

To simplify the description of the method we consider an ODE of the form

dx

dt
= f(x, t;θ), x(0) = x0, (5.2.1)

where x : R → R, f : Rm+2 → R, θ ∈ Rm, x0 ∈ R and we wish to estimate θ. Assume

that the dependent variable x is observed over a time interval I and consider a weight function

φ : I × R → R such that φ and φ̇ are integrable, where ˙( ) represents the derivative with respect

to time.

Multiplying (5.2.1) by φ(t;β) and integrating over I , we obtain an equation of the form

φ(t;β)x(t)|I −
∫
I
φ̇(t;β)x(t) dt =

∫
I
φ(t;β)f(x(t), t;θ) dt. (5.2.2)

We define kβ := φ(t;β)x(t)|I −
∫
I φ̇(t;β)x(t) dt and Fβ(θ) :=

∫
I φ(t;β)f(x(t), t;θ) dt for

some constant kβ and function Fβ , so that (5.2.2) can be represented as kβ = Fβ(θ). Since we

havem unknown parameters, we then substitutem distinct values of β, say β1, . . . , βm, in to (5.2.2)

to generate a system of equations given by


kβ1
...

kβm

 =


Fβ1(θ)

...

Fβm(θ)

 . (5.2.3)

Thus we have reformulated the problem of parameter estimation as a problem of finding a root of

an algebraic system of nonlinear equations.

A special case of (5.2.1) is when f is of the form

f(x, t;θ) = θ1g1(x, t) + · · ·+ θmgm(x, t) + g0(x, t), (5.2.4)

where gi : R2 → R and θ = (θ1, . . . , θm). This case is where the parameters appear linearly

in the equation so that (5.2.3) becomes a linear system of algebraic equations. This imposes a

restriction on the weight function φ such that the resulting coefficient matrix of θ in (5.2.3) is

invertible. Assuming relevant data can be observed, this method can be applied to systems of

ODEs by applying it to each equation with unknown parameters that appears within the system.
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5.3 Applications

In order to demonstrate the viability of our method as an alternative technique, we will apply it

to some well-known models, for some of which alternative parameter estimation techniques have

been applied, for example [122].

5.3.1 Bernoulli’s smallpox model

In his seminal paper [19], Bernoulli proposed a model to determine the prevalence of immune

and susceptible individuals, of a certain age, to smallpox and as a result, calculate the gain in

life expectancy if this infectious disease were eliminated at birth as a potential cause of death. A

review of this paper has been conducted recently in [54]. Importantly, in Bernoulli’s paper an

estimate was made about certain parameters in his model based on observed data. It is unclear as

to how Bernoulli estimated these values, however this gives us a model in which we can test the

effectiveness of our method.

The model proposed by Bernoulli for determining the proportion of susceptible individuals x

of a population at age a, was given by

dx

da
= −λ(a)x(a) [1− c(a)x(a)] (5.3.1)

where λ(a) is the force of infection and determines the rate at which susceptibles are infected and

c(a) is the case fatality rate, which determines the proportion of people that die as a result of the

infection. This model has an initial condition of x(0) = 1 as it is assumed that all newborns will

not be immune to the disease.

According to [20] and [54], when the assumption was made that the parameters in this model

were constants, say λ(a) = λ and c(a) = c, Bernoulli was able to calculate parameter values based

on data collected by Edmond Halley, which can be found in [20]. Bernoulli estimated that the force

of infection was λ = 0.125 and the case fatality rate was c = 0.125.

Under the assumption that the parameters in (5.3.1) are constant, we have

dx

da
= −λx(a) + λcx(a)2, (5.3.2)

and by letting α = λc and identifying t with a, we have an equation in the form of (5.2.4) and

hence we can apply our method to (5.3.2). The data in [20] are of observations made of people
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from ages 0 to 24, therefore we will numerically integrate over the interval I = [0, 24]. We choose

the weight function to be φ(a;β) = e−βa, where a is in years. We chose this type of function

since, as mentioned in the introduction, we can think of our method as being analogous to applying

a finite Laplace transform to an ODE. However it should be noted that we are not limited to this

choice of weight function and theoretically the method will work with any choice of φ as long as

system (5.2.3) is solvable.

The method yields, with β = β1, β2, the system e−β1ax(a)
∣∣24
0

+ β1
∫ 24
0 e−β1ax(a) da

e−β2ax(a)
∣∣24
0

+ β2
∫ 24
0 e−β2ax(a) da

 =

 − ∫ 24
0 e−β1ax(a) da

∫ 24
0 e−β1ax(a)2 da

−
∫ 24
0 e−β2ax(a) da

∫ 24
0 e−β2ax(a)2 da


 λ

α

 .
(5.3.3)

The analysis for the appropriate choice of β1 and β2 still needs to be conducted, so values were

chosen that do not alter the data set by a large amount as to create a potential bias towards particular

sections of the data and not to create any numerical errors as a result of having one equation a large

factor greater than the other. Hence we let β1 = 0 and β2 = 0.2 since the choice of β1 = 0

will leave the data unchanged and β2 = 0.2 is relatively small. Using MATLAB, we calculate

the integrals given in (5.3.3) numerically by interpolating the data by a cubic spline method, then

integrate and thus calculate the predicted values for λ and α, and as a result c. With these values

we obtain that λ = 0.1250 and c = 0.1263 to four significant figures. Hence we have obtained

values close to those predicted by Bernoulli in 1766. Note that (5.3.2) can be solved analytically,

so as a result the LS method can be used to calculate the parameter values. When this method was

used, the parameter values found were λ = 0.1250 and c = 0.1257 and it can be seen that the

values obtained via the analytical LS method and the proposed method are very close.

As can been seen in Figure 5.1, these parameter values represent an approximation that gener-

ates a solution with a strong fit to the data.

5.3.2 HIV dynamic model

Modelling the dynamics of HIV is an important and significant area of study. Models initially

considered described the dynamics of the HIV virus and immune cell response. A review of these

models has been considered in [149, 161, 194]. A HIV dynamic model [122, 211] in which alter-
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Figure 5.1: Comparison of data observed by Halley with solution to Bernoulli’s model with esti-
mated parameters λ = 0.1250 and c = 0.1263 for the prevalence of susceptibles from ages 0 to
24

native parameter estimation techniques were applied, is given by

dTu
dt

= λ− ρTu − η(t)TuV, (5.3.4)

dTi
dt

= η(t)TuV − δTi, (5.3.5)

dV

dt
= NδTi − cV, (5.3.6)

where Tu is the concentration of uninfected CD4+ T cells; Ti is the concentration of infected CD4+

T cells; V is the concentration of plasma virus (viral load); λ is the rate at which new CD4+ T cells

are generated; ρ is the death rate of uninfected CD4+ T cells; η(t) is the infection rate of CD4+ T

cells; δ is the death rate of infected cells; c is the clearance rate of free virions;N is the number of

virions produced from each infected cell.

As is stated in [122], only the total CD4+ T-cell count T (t) = Tu(t) + Ti(t) and the plasma

viral load V (t) can be measured. Therefore equations (5.3.4)–(5.3.6) are transformed such that we

have an equation for T (t) and V (t) given by

V ′(t) + cV (t) = α0T
′(t) + α1T (t) + α2, (5.3.7)
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where

α0 =
Nδ

ρ− δ , α1 = ρα0, α2 = −λα0.

See [122] for the full working.

We now have (5.3.7) in which the parameters appear linearly and hence we can apply our

parameter estimation technique. As is done in [122], we generate data by solving the system of

equations (5.3.4)–(5.3.6) with a particular set of parameters and then apply the technique to (5.3.7)

to see if we reobtain those parameters, both with and without noise added to the generated data.

We also make the same assumption made in [122] that values of δ and c can be obtained from the

literature [162, 163, 209, 210]. We generate data by solving (5.3.4)–(5.3.6), with initial values of

(Tu(0), Ti(0), V (0)) =
(
600, 30, 105

)
, parameter values of

(λ, ρ,N, δ, c) = (36, 0.108, 103, 0.5, 3), (5.3.8)

and dynamic parameter given by η(t) = 9× 10−5
[
0.9− cos(π10−3t)

]
, over the interval of time

[0, 20] (cf. [122]). Once this data is generated, we add Tu and Ti together to recreate the conditions

in a clinical study and then apply the proposed technique to (5.3.7). Once againwewill letφ(t;β) =

e−βt and as we are finding the value of three different parameters, we will need to use three distinct

values of β which will be β = 0, 0.2, 0.4. These values were chosen as they are small and will not

skew the observed data by large amounts.

Absence of noise

We solve (5.3.4)–(5.3.6) with time-steps 0.1, 0.2 and 0.4, such that we have 201, 101 and 51 obser-

vations, respectively, over the time period [0, 20]. In the absence of noise, when we apply our tech-

nique, we obtain parameter values of (λ0.1, ρ0.1, N0.1) = (36.00, 0.1080, 1000), (λ0.2, ρ0.2, N0.2) =

(35.94, 0.1077, 1000) and (λ0.4, ρ0.4, N0.4) = (35.00, 0.1029, 996.8), respectively. By comparing

these values with (5.3.8) we can see that without noise there are small errors in the cases with fewer

observations which can be accounted for by a less accurate approximation for our integrals as a re-

sult of using larger time-steps.
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In the presence of noise

To simulate the effect of applying this technique to real data, we will follow the method used in

[122] in which noise is added to the numerically generated solution. The noise will be normally

distributed with different variances. We will then run this simulation several times, recording the

average and the standard deviation (SD) of the parameter values given back. We can then compare

our results with those obtained in [122]. We will therefore have data at various points in time ti of

the form

T̂i = T (ti) + εT,i, V̂i = V (ti) + εV,i,

where εT,i and εV,i are normally distributed with mean zero and variances of σ2T = 20, 30, 40 and

σ2V = 100, 150, 200, respectively. Applying this with data generated by using time-steps of 0.1, 0.2

and 0.4, we run the simulations 500 times and then calculate the averages and standard deviations

of the parameter estimates produced. The results are summarised in Tables 5.1–5.3 for the time-

steps 0.1, 0.2 and 0.4, respectively. We can see that the mean of the estimates obtained in the

simulations are very close to the actual parameter values (5.3.8) and that the standard deviations are

relatively small. In the presence of a small amount of noise we obtain very accurate approximations

for the parameter values for the model (5.3.4)–(5.3.6). When our results are compared to those

obtained in [122] by applying the PsLS and SIMEX methods to this model, we can see that this

method has obtained more accurate mean approximations for all three parameters and much lower

standard deviations for the estimates of λ and ρ and similar standard deviations for the estimates

of N . For example, the mean and standard deviation of estimates obtained for the time-step 0.2

and σT = 40 and σV = 200 in [122] were (λ, ρ,N) = (31.1[2.26], 0.090[.22], 935.6[41.9]) and

(λ, ρ,N) = (30.8[9.44], 0.114[.72], 938.1[66.1]) for the PsLS and SIMEX methods, respectively.

Here, the values in square brackets represent the standard deviations. When we compare this to

the relevant data in Table 5.2, we can see a much higher level of accuracy has been obtained by the

proposed method. If we look at Table 5.3, in which we have used time-steps of 0.4, we can see that

we are obtaining results that are as good if not better than those obtained by the methods used in

[122] when the time-step is 0.1.
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Table 5.1: Means and standard deviations of estimated parameters values from 500 simulations of
the HIV model with noise for time-step 0.1

Mean Standard Deviation

σ2T σ2V λ ρ N λ ρ N

20 100 36.01 0.1081 1001.0 0.864 0.00492 16.79
150 35.94 0.1076 999.4 0.814 0.00474 16.49
200 36.00 0.1082 1001.8 0.853 0.00476 16.80

30 100 35.95 0.1078 1000.6 1.075 0.00593 20.07
150 35.97 0.1078 1000.6 1.047 0.00619 21.61
200 36.05 0.1081 999.8 1.021 0.00588 19.78

40 100 35.95 0.1077 1000.2 1.293 0.00719 24.11
150 36.01 0.1082 1001.9 1.224 0.00699 23.36
200 36.04 0.1085 1002.9 1.175 0.00687 24.61

Table 5.2: Means and standard deviations of estimated parameters values from 500 simulations of
the HIV model with noise for time-step 0.2

Mean Standard Deviation

σ2T σ2V λ ρ N λ ρ N

20 100 35.87 0.1072 999.2 1.171 0.00656 18.77
150 35.89 0.1074 999.8 1.147 0.00637 17.56
200 35.99 0.1080 1000.9 1.225 0.00670 17.78

30 100 35.97 0.1079 1000.9 1.553 0.00845 22.31
150 35.90 0.1074 999.7 1.489 0.00827 22.70
200 35.94 0.1078 1001.4 1.425 0.00783 23.10

40 100 35.96 0.1077 1001.2 1.720 0.00931 26.47
150 35.97 0.1080 1001.8 1.765 0.00966 26.78
200 35.88 0.1072 999.4 1.756 0.00963 26.70

5.3.3 Tumour cell and chemotherapy drug interaction model

As noted in Chapter 1, many authors have looked at the growth of tumours by modelling them

with ODEs [13, 30] that contain important parameters that need to be determined. Recall the

model proposed by Byrne [30], which was used in the development of the models considered in

Chapters 3 and 4, that looks at the dynamics of solid tumour cell and chemotherapy drug interaction

given by

dN

dt
= kN

(
1− N

θ

)
− µAN, (5.3.9)

dA

dt
= a(t)− λA− γAN, (5.3.10)
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Table 5.3: Means and standard deviations of estimated parameters values from 500 simulations of
the HIV model with noise for time-step 0.4

Mean Standard Deviation

σ2T σ2V λ ρ N λ ρ N

20 100 35.02 0.1031 997.6 1.735 0.00929 20.92
150 34.94 0.1027 997.1 1.724 0.00917 20.21
200 35.08 0.1034 998.1 1.675 0.00907 20.15

30 100 34.90 0.1027 998.9 2.026 0.01087 24.77
150 35.03 0.1033 998.8 2.114 0.01142 24.21
200 35.00 0.1030 998.1 2.266 0.01197 26.03

40 100 34.95 0.1023 995.7 2.437 0.01312 29.28
150 35.08 0.1033 997.9 2.441 0.01314 29.67
200 35.01 0.1029 997.6 2.300 0.01273 29.88

with

N(0) = N0 and A(0) = A0. (5.3.11)

In this,N(t) is the number of tumour cells at time t,A(t) is the average concentration of chemother-

apeutic drug within the tumour at time t, k is the cell proliferation rate, θ represents the carrying

capacity of the cell population, µ denotes the rate at which the drug kills the tumour cells, λ rep-

resents the drug’s decay rate, γ is the rate at which the drug becomes ineffective as a result of

a cell kill and a(t) is the drug delivery rate to the tumour. The dynamic parameter a(t) can be

used to represent various drug infusion protocols. However for simplicity we will let it represent

continuous drug infusion, that is a(t) = a∞ for all t, where a∞ is a positive constant.

Absence of noise

We can see that (5.3.9)–(5.3.11) is a system in which the parameters appear linearly. Hence we can

apply our method to this system to estimate the parameters. Since both the number (N ) of tumour

cells and the average concentration (A) of chemotherapeutic drug can be estimated [142, 215], we

do not need to alter the state variables as was done for the HIV model (5.3.4)–(5.3.6). To test the

effectiveness of our estimation technique on the model (5.3.9)–(5.3.11), we simulate data from a

numerical solution to the system of ODEs with a particular set of parameter values and we assume

that a∞ is known. To estimate the parameters k, θ and µ, we use our technique on (5.3.9) and then
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to estimate λ and γ, we need to apply the technique to (5.3.10). We let

(k, θ, µ, a∞, λ, γ) = (0.8, 1, 1.1, 0.8, 1.2, 0.6), (5.3.12)

and use initial values of N(0) = 1 and A(0) = 0.1. We generate sets of values for N and A over

a time period of [0, 10] using time-steps of 0.1, 0.2 and 0.4 to generate sample sizes of 101, 51

and 26, respectively. For both equations we let φ(t;β) = e−βt and take β = 0, 0.4, 0.8 for (5.3.9)

and β = 0, 0.4 for (5.3.10). These values were chosen as they are small and will not skew the

observed data by large amounts. Using the generated data, we obtain estimates for our parame-

ters of (k0.1, θ0.1, µ0.1, λ0.1, γ0.1) = (0.800, 1.00, 1.10, 1.20, 0.600), (k0.2, θ0.2, µ0.2, λ0.2, γ0.2) =

(0.800, 1.00, 1.10, 1.20, 0.600) and (k0.4, θ0.4, µ0.4, λ0.4, γ0.4) = (0.787, 0.993, 1.08, 1.20, 0.602)

for the data generated with time-steps 0.1, 0.2 and 0.4, respectively. When we compare this with

(5.3.12), we can see that the accuracy of the estimation is reduced in the cases with fewer data

values as a result of less accurate approximations of the integrals.

In the presence of noise

To test the effectiveness of this model in a clinical situation we will add noise to the data sets

generated by solving the system numerically and then estimate our parameters as was done for

the HIV model. In the case of the HIV model, noise was added that was normally distributed

so that we could compare our results with that of those obtained in [122]. Noise that is normally

distributed has the capability of producing large outliers from the data set that would not necessarily

be considered for estimation of the parameters. We therefore add noise that is uniformly distributed,

say U(−σN , σN ) and U(−σA, σA) for the sets of data produced for N and A, respectively. We

will use the sets of data generated previously by using time-steps of 0.1, 0.2 and 0.4 and run 500

simulations with noise added with σN and σA taking each of the values 0.02 and 0.04, and take the

average and standard deviation of the estimates produced for each parameter. The results of this

are summarised in Tables 5.4–5.6.

We define the error measures mean absolute error (MAE) and mean absolute value (MAV) as

MAE =
1

n

n∑
i=1

|x(ti)− yi|
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and

MAV =
1

n

n∑
i=1

|ai|,

where x(ti) is the predicted value at ti, yi is the observed value at ti and ai is the i-th element of

an arbitrary set of n values. For each simulation we also use the parameters estimated to solve the

system of equations given by (5.3.9)–(5.3.11) and then calculate the MAE between the solution

generated with the estimated parameters and the simulated data with noise and we take the average

and standard deviation of the MAEs obtained from the 500 simulations. We also calculate the

MAV of the noise added to the original solution in each simulation and then take the average and

standard deviation of the MAV from the 500 simulations as a basis for comparison. Since the noise

is uniformly distributed the expected MAV of the noise generated forN and A is σN/2 and σA/2,

respectively. This data is summarised in Tables 5.7–5.9.

Table 5.4: Means and standard deviations of estimated parameter values from 500 simulations of
the tumour cell and chemotherapy drug interaction model with noise for time-step 0.1

Mean Standard Deviation

σN σA k θ µ λ γ k θ µ λ γ

0.02 0.02 0.801 0.992 1.10 1.20 0.600 0.164 0.072 0.213 0.0144 0.0335
0.04 0.810 0.995 1.11 1.20 0.601 0.176 0.078 0.232 0.0319 0.0743

0.04 0.02 0.791 0.959 1.09 1.20 0.600 0.310 0.156 0.403 0.0162 0.0381
0.04 0.816 0.965 1.12 1.20 0.608 0.320 0.163 0.415 0.0307 0.0727

Table 5.5: Means and standard deviations of estimated parameter values from 500 simulations of
the tumour cell and chemotherapy drug interaction model with noise for time-step 0.2

Mean Standard Deviation

σN σA k θ µ λ γ k θ µ λ γ

0.02 0.02 0.803 0.991 1.10 1.20 0.602 0.182 0.082 0.241 0.0212 0.0515
0.04 0.817 0.993 1.12 1.20 0.597 0.229 0.103 0.308 0.0426 0.1031

0.04 0.02 0.796 0.943 1.10 1.20 0.600 0.360 0.226 0.477 0.0209 0.0506
0.04 0.826 0.959 1.14 1.20 0.603 0.375 0.205 0.497 0.0394 0.0947

We can see from the data contained in Tables 5.7–5.9 that the averages produced are close

to the actual parameter values (5.3.12), with the error increasing as the number of observations

decreases. However for some of the parameters, the respective standard deviations are large relative

to the parameter value, which suggest there is significant probability of obtaining values that can

have significant relative errors to the actual parameter values. However if we look at the MAEs of
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Figure 5.2: Comparison of simulated data with noise, model solution and model solution with
estimated parameters given by (k0.2, θ0.2, µ0.2, λ0.2, γ0.2) = (1.12, 1.15, 1.57, 1.23, 0.527)
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Table 5.6: Means and standard deviations of estimated parameter values from 500 simulations of
the tumour cell and chemotherapy drug interaction model with noise for time-step 0.4

Mean Standard Deviation

σN σA k θ µ λ γ k θ µ λ γ

0.02 0.02 0.797 0.981 1.10 1.20 0.596 0.219 0.110 0.295 0.0288 0.0710
0.04 0.817 0.984 1.12 1.20 0.601 0.276 0.131 0.380 0.0540 0.1351

0.04 0.02 0.815 0.898 1.12 1.20 0.601 0.401 1.127 0.543 0.0296 0.0740
0.04 0.806 0.917 1.11 1.20 0.610 0.459 0.301 0.622 0.0557 0.1354

Table 5.7: Means and standard deviations of MAE of simulated data and solution obtained with
estimated parameters and MAV of noise from simulated data for time-step 0.1

MAE MAV SD of MAE SD of MAV

σN σA N A εN εA N A εN εA

0.02 0.02 0.0102 0.0099 0.0099 0.0099 0.00073 0.00058 0.00057 0.00057
0.04 0.0102 0.0197 0.0099 0.0199 0.00080 0.00117 0.00058 0.00058

0.04 0.02 0.0202 0.0099 0.0198 0.0099 0.00144 0.00058 0.00111 0.00111
0.04 0.0203 0.0197 0.0198 0.0198 0.00146 0.00111 0.00113 0.00113

the solutions generated by using the estimated parameters, we can see that these values are close

to the MAVs of the noise and this suggests that the approximated solutions fit the data on average

as well as the solution used to generate the noisy data, which one would assume would be close

to the solution of best fit. We can see that if we plot the solution of the ODEs with the estimated

parameter values with significant relative errors, we find that the solutions produced still fits the

data well. An example of this is shown in Figure 5.2, in which we can see there is a 40% error in the

value of k and a 43% error in the estimated value of µ, however the solution still represents a good

fit to the data. This shows that due to the fact this system has a large number of parameters to be

estimated, there is a greater set of values of the parameters that will generate solutions for the ODE

that will represent a good fit to the observed data. This suggests that for certain systems our method

will not always be appropriate. However our method could potentially be used in conjunction with

an alternative method that requires an initial estimate of the parameters values to work, such as the

numerical LS method [93], in order to save computation time by producing a set of values that are

close to the values that generate the solution of best fit.
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Table 5.8: Means and standard deviations of MAE of simulated data and solution obtained with
estimated parameters and MAV of noise from simulated data for time-step 0.2

MAE MAV SD of MAE SD of MAV

σN σA N A εN εA N A εN εA

0.02 0.02 0.0098 0.0097 0.0097 0.0098 0.00095 0.00079 0.00080 0.00080
0.04 0.0101 0.0193 0.0098 0.0196 0.00104 0.00167 0.00078 0.00078

0.04 0.02 0.0197 0.0097 0.0196 0.0097 0.00192 0.00085 0.00163 0.00163
0.04 0.0198 0.0193 0.0197 0.0196 0.00189 0.00168 0.00157 0.00157

Table 5.9: Means and standard deviations of MAE of simulated data and solution obtained with
estimated parameters and MAV of noise from simulated data for time-step 0.4

MAE MAV SD of MAE SD of MAV

σN σA N A εN εA N A εN εA

0.02 0.02 0.0092 0.0092 0.0096 0.0096 0.00129 0.00114 0.00109 0.00109
0.04 0.0096 0.0184 0.0096 0.0192 0.00144 0.00239 0.00109 0.00109

0.04 0.02 0.0183 0.0093 0.0193 0.0096 0.00259 0.00114 0.00234 0.00234
0.04 0.0186 0.0186 0.0192 0.0192 0.00250 0.00227 0.00222 0.00222

5.4 Discussion and concluding remarks

Wehave presented amethod for finding unknown parameters in systems of ODEs, that is integration

based. Three model systems have been chosen to demonstrate the validity of this method. We have

seen that this method is relatively simple and therefore requires very little computational time. We

have noted that this method could be used to obtain an estimate close to the parameter values,

where that estimate can then be used for the starting point of a numerical LS procedure to find

the parameters that generate the LS best fit to the data. Further work that can be conducted is

a review of the class of problems for which this method is appropriate as we have seen that for

certain systems, in the presence of noise, this method can become unreliable. A procedure for how

to choose appropriate weight functions and equation generating parameters for a particular system

is needed. Analysis is needed to determine if certain weight functions are more appropriate for

particular sets of data and whether or not certain weight functions can be used to give more weight

to sections of the data that is available. An analysis of the errors that are to be expected from this

method needs to be conducted to determine the suitability of this method for particular systems of

ODEs and the errors that can be expected as a result of non-uniform data.





Chapter 6

Conclusions

This thesis has been primarily concerned with the study of tumour invasion, with particular fo-

cus on the effect of the tumour metabolism (i.e. theWarburg effect) on invasion, through the

use of mathematical modelling and associated techniques. In Chapter 1 it was noted that tumours

have many complex interacting biological mechanisms to ensure cell survival, enhance prolifera-

tion and facilitate invasion. These mechanisms include rapid cellular reproduction through pro-

liferative signalling, disrupting negative feedback loops designed to suppress signalling, evading

senescence and apoptosis, preventing telomere shortening, inducing angiogenesis, metastasising

and altering the normal cellular metabolism, to name a few. Due to this vast array of interacting

mechanisms the challenge of modelling tumour growth mathematically can seem intractable and

as though it would require far more sophisticated techniques than those that are currently available.

However many models have provided excellent predictions and insights despite their relative sim-

plicity. It was with this in mind that we proposed and subsequently examined simple models for

the acid-mediation hypothesis.

In Chapter 2 amodel was proposed for the acid-mediation hypothesis that was an altered version

of that originally proposed by Gatenby and Gawlinski [71]. The model considered the additional

hypothesis thatH+ ions are produced at a rate proportional to the tumour cell density until the latter

reaches a threshold, after which the production rate decreases as the tumour tissue attains its car-

rying capacity. This hypothesis was designed to reflect the spatially heterogeneous concentration

of acid commonly observed in tumours [92, 117]. Furthermore, the model required the inclusion

of tumour population competition, whereas the model in [71] did not. The model considered was a

system of RD equations that examined the interaction between normal cells, tumour cells and acid.

A numerical and asymptotic analysis was performed that indicated the existence of TW solutions.

185
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The solutions for the tumour and normal densities presented as fronts and the acid concentration

presented as a pulse with the primary acid concentration occurring in the region of the tumour host

interface, consistent with experimental results observed in [51, 92, 133]. The analysis of this model

indicates the requirement for a large production rate of H+ ions for significant concentrations of

acid to occur. This indicates that for tumours to become acidic the cells must be highly reliant on

aerobic glycolysis for energy production.

The asymptotic analysis of the model considered in Chapter 2 predicted the existence of an

interstitial gap for highly aggressive tumours, consistent with the results in [63, 71]. Similarly to

the analysis in [63], an estimate was obtained for the size of the interstitial gap. This gap was found

to be dependent on more system parameters than the estimate obtained in [63]. Moreover, the

estimate was found to be monotone with respect to the tumour aggressiveness, the relative strength

of the pH uptake, the relative tumour-H+ ion diffusion rate and the relative tumour growth rate.

The model considered in Chapter 2 has the potential to be generalised further, similarly to

the model of McGillen et al. [140]. A rigorous proof of existence of solutions still remains to be

conducted. The model has the potential to be considered in higher dimensional geometries and to

include additional dynamics such as the processes of chemotaxis and haptotaxis. A further possible

extension is to consider the effect of an intervention such as an immune response or a cytotoxic

treatment.

Chapter 3 considered a model for the acid-mediation hypothesis with chemotherapy interven-

tion based on the work of Byrne [30], Gatenby and Gawlinski [71] and McGillen et al. [140].

The model produced was a simple system of ODEs that examined the interaction of tumour tis-

sue, normal tissue, H+ ions and a cytotoxic drug, where the infusion of the drug was considered

as a function of time. The model was investigated for constant infusion and periodic infusion of

chemotherapy drugs. This resulted in an autonomous and time-periodic system, respectively, being

examined. Accordingly, a SS analysis was conducted for the constant infusion case and periodic

solutions were investigated for the time-periodic system. From each of these analyses, similar, if

not the same, overall long term behaviour was found for the constant and periodic infusion models.

It was shown that there exists zero population solutions (i.e. SS1 and PS1) which are uncondition-

ally unstable, indicating there should always exist a nonzero cellular population. Tumour-tissue

free solutions (i.e. SS2 and PS2) were shown to exist that were stable for sufficiently strong nor-

mal tissue population competition and chemotherapy aggressiveness. Normal-tissue free solutions

(i.e. SS3 and PS3) were shown to exist and be stable given sufficiently strong tumour population
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competition and tumour aggressive and sufficiently low chemotherapy aggressiveness. Moreover,

it was shown that there exists a critical value of the chemotherapy aggressiveness after which the

normal-tissue free solution could not exist. The existence of a coexistence state, that is, a state in

which tumour and normal tissue exist in equilibrium, was confirmed, where the state was stable

given sufficiently low population competition, tumour aggressiveness and chemotherapy aggres-

siveness. We also note that the analysis conducted in Chapter 3 further completed the analysis of

the model proposed by Byrne [30]. When considering periodic infusion of a chemotherapy drug,

the analysis in [30] assumed that the concentration of drug was equal to the periodic infusion func-

tion given by a specific function. In the analysis of our model this assumption was removed and

was considered for all positive continuous periodic functions of time.

The work of Chapter 4 extended the model examined in Chapter 3 by considering the effect of

spatial variations in the population densities. This resulted in the formulation of a system of RD

equations to model the acid-mediation hypothesis with chemotherapy intervention. This model

was analysed using numerical and analytical techniques for both constant and periodic infusion

functions. This analysis demonstrated the behaviours of tumour clearance and “splitting waves”

and indicated the existence of TW and TPTW solutions, for particular parameter values, for con-

stant and periodic infusion, respectively. The tumour clearance behaviour demonstrated that the

tumour could be removed from the system by the reaction dynamics alone, provided sufficiently

strong treatment was administered. The splitting behaviour indicated an important influence of the

chemical diffusion properties of the cytotoxic drug in removing what would otherwise be a stable

tumour population. It was shown that chemotherapy slowed, often reversed, the invasion of tumour

populations. It was determined that acid only facilitated invasion for low destructive influence of

chemotherapy or when the chemotherapy required population competition to be effective. In the

latter case, the acid would facilitate invasion by destroying normal tissue, removing competition.

Asymptotic approximations were obtained utilising the theory of matched asymptotic expan-

sions. The asymptotic approximations allowed predictions to be made about when the tumour

would be invading or receding. Similarly to [63, 140] and Chapter 2 this analysis predicted the

existence of an interstitial gap for particular parameter values and also provided an estimate for the

gap width. However it is noted that this estimate and that obtained in Chapter 2 may have more

qualitative rather than quantitative value. We note that the analysis predicts that the gap width is

decreased by the use of chemotherapy. The asymptotic analysis also provided estimates in terms

of the parameter values for minimal speed of invasion of the tumour population, which as noted
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above, decreases as a result of the chemotherapy intervention.

The model presented in Chapter 4 has the potential for further analysis with the inclusion of

processes such as chemotaxis and haptotaxis. The mutagenic/clastogenic effects of an acidic en-

vironment and the resulting effect that this has on chemoresistance also remains to be considered.

Furthermore, a rigorous proof of existence of solutions remains to be conducted.

A simple method for the estimation of constant parameters appearing in a class of systems

of ODEs was considered in Chapter 5. The method utilised a weight function which contains a

controllable parameter, termed the “equation-generating parameter”, that was multiplied through

the ODE being considered. The ODE was then integrated over a period of observation to create

an algebraic expression in terms of the parameters. The equation-generating parameter was then

used to generate a system of equations for which the unknown parameters could be solved. Utilis-

ing observations of the state variables and numerical integration techniques, parameter estimations

were able to be made. The method that was proposed is computationally efficient and simple to

implement. The parameter estimation technique was demonstrated by applying it to Bernoulli’s

smallpox model [19], a HIV dynamic model [122, 211] and Byrne’s chemotherapy model [30].

The technique was shown to provide good estimates for the parameter values. We note that this

procedure was used to good effect in Chapter 2 to estimate the speed of invasion of the tumour

tissue. This represents a highly useful application of this technique relevant to the use of RD equa-

tions for mathematical modelling. As with many parameter estimation techniques, the proposed

method does not guarantee excellent estimate of the parameters, however due to the computational

efficiency of the method, this technique can be used to provide a good initial guess of the parame-

ters for a numerical LS procedure. The parameter estimation technique still requires an appropriate

error analysis, an analysis to indicate the suitability of the method for different systems of ODEs

and an examination of the weight functions that are most suitable to use to ensure the greatest

accuracy of results.

Overall, this thesis has presented new models for the examination of acid-mediated tumour in-

vasion, provided a guide for how these and similar models can be examined by a combination of

numerical, analytical and asymptotic techniques and presented a simple technique to the estimate

parameters contained in these models, and others, from observations of the states variables. More-

over, it has been displayed that simple ODE and RD systems can provide valuable insights about the

underlying mechanisms of tumour invasion and provide predictions about how these mechanisms

affect invasion.



List of Symbols

∈ Element of

⊂ Subset of⋃
The union of sets

' Asymptotically equal to

� A lot less than

� A lot larger than

∝ Proportional to

O(·) Big-O notation, order of magnitude

o(·) Little-o notation

◦(�) ◦ or �, where ◦ and � are binary relations (e.g. =, <,>

,≥,≤). Should multiple uses occur in the same argument,

the first terms corresponds to the first term in subsequent

uses

N The natural numbers

R The real numbers

R+ The positive real numbers, i.e. [0,∞)

(·, ·) An open interval

[·, ·] A closed interval

S×R The cartesian product of the sets S and R

∂S The boundary of the set S

int(S) The interior of the set S

Sn The set of ordered n-tuples with entries in S

Sn
2 The set of n× n matrices with entries in S
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Cn(S) The class of n times continuously differentiable functions

defined on the set S

Cn(S,R) The class of n times continuously differentiable functions

defined on the set S with range in R
d
dx Derivative with respect to the variable x
∂
∂x Partial derivative with respect to the variable x

∇ Euclidean vector differential operator

F′u Derivative of the vector valued function F with respect to

the argument u

〈·, ·〉 The scalar product

‖ · ‖ The euclidean norm

AT The transpose of matrix A

diag(s) A diagonal matrix with diagonal entries given by the re-

spective entries of the n-tuple s
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