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ABSTRACT

This thesis proposes an explicit methodology for optimising the cost of the
preliminary design layout of framed Reinforced Concrete (RC) buildings. The design
of the column layout for RC buildings was studied first, followed by the optimum
location of columns for the RC structures. The next step was to optimise the layout
including the location of the columns and the rectilinear shapes for the plan layout
and the rectilinear shapes proposed for the RC buildings.
In order to formulate such a methodology a model was developed to represent the
mathematical relationship between the costs of concrete, longitudinal steel, shear
steel, and formwork, and the number and size of the spans and the shape of the plan.
Such a model illustrates how variations in the layout affects the cost elements, and
how each cost element varies when the layout changes.
A unique mathematical relationship between the design layout and cost elements was
formulated for structural systems such as continuous beams, plane frames, 3D
frames, flat plates and beam-slab floor systems, in order to study different responses
towards variations in the layout. This is a novel approach that can easily be used to
optimise the design of various types of large RC structures and also account for
constraints imposed by the design standards.
This approach makes use of cross sectional effects such as the positive and negative
bending moments, and the shear and axial forces along the structural members for
each structural system to derive a novel cost function as an alternative to traditional
cost functions for optimising the layout of RC structures where design variables are
used. These novel functions can be used to optimise the cost and layout of RC
i

structures, because they are represented in a new space that takes the cost elements
and layout design variables into account.
A combined approach was adapted to deal with a new structural optimisation
problem, so an automated technique for optimising the preliminary layout of framed
buildings with rectilinear patterns is presented. This method supports all types of
rectilinear buildings (also known as orthogonal or iso-oriented) plans, including
rectangular frames where the number and size of the spans and the shape of the plan
can be variables. To that end, the knapsack problem was used as a basic applied
combinatorial optimisation problem.
Ant Colony Optimization (ACO), as a robust metaheuristic, was used to solve the
combinatorial optimisation arising from the structural optimisation problem.
Numerical examples for each structural system are presented to demonstrate the
robustness and practicality of the methodology and algorithms.
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1 Introduction

1.1 Background of the study
The structural design process may be divided into four stages: formulating the
functional requirements, conceptual design, optimisation, and detailing. An iterative
procedure is often required for each stage before the final solution is achieved; a
process that is usually carried out without considering the relative costs of concrete,
steel, formwork, or other relevant costs. In an optimal design the structural behaviour,
design loads and geometrical constraints are specified and then the cost or the
objective function is defined. The aim of this computational effort is to determine the
geometry to achieve the desired behaviour at the lowest possible cost. It is important
to be familiar with the concepts explained in this section in order to understand the
nuances of this research.
In designing buildings, achieving a planned layout is one of the primary objectives
because the preliminary layout of a structure impacts on the entire design process and,
the total costs, although preliminary design layouts of buildings are often performed
based only on the architectural requirements. In the preliminary design phase the
architects may have the liberty to choose from a number of different layout plans that
meet the architectural requirements, in which case there is a need for a criterion or
1

criteria that helps the designer choose the most economic one. In order to select the
most economical plan among the various layouts that satisfy the architectural
requirements, one needs to first establish the reciprocal effects of cost factors and
layout variables. That is, achieving an economical layout plan requires a simultaneous
consideration of both cost and layout elements. Combining a robust optimisation
algorithm with a proper structural analysis, and a design method that incorporates the
relevant costs will lead to a powerful system for optimising structural design. In such a
comprehensive process, selecting an appropriate preliminary geometric design layout
of structures is important because it influences all the subsequent stages of the design
procedure.
In fact, for this new methodology to be widely applicable the traditional cost design
space must be shifted to a new one in order to establish a comprehensive approach that
represents the cost factors and layout design variables. The traditional cost variables
used for more than four decades to optimise the cost of structures are best suited for
structures with a predefined layout design but are impractical for optimising the cost
of multi-member structures. By shifting to a new design space the cost functions
proposed as a part of this methodology simplifies optimising the cost of the layout
design of reinforced concrete structures, and is applicable for a multi-variable
optimisation of reinforced concrete structures such as the cost and layout optimisation
problem.
Preliminary (conceptual) design is the earliest phase of the design process and
commences with a set of initial concepts. Designers at this early stage must understand
the many factors affecting the project being designed, such as

its efficiency,

construction costs, operating costs, the quality and comfort of the built project, and the
potential for generating revenue. Significant complexity comes from the need to
2

determine the relative benefits of all of these various quantities and qualities (Rush
1986). The decision for the geometric layout design of a structure, say the column
layout of a building, is made in the preliminary phase, but such a decision affects the
whole design process and relevant costs. In order to optimise the cost in a layout
design problem, the designer may face various variables during this process. The
process of simultaneously optimising two or more conflicting objectives subject to
certain constraints is called multi-criteria or multi-objective optimisation.
This thesis is about defining the problem of t optimising the cost of the design layout
of framed Reinforced Concrete (RC) structures and seeking a methodology for
considering the cost components in the preliminary layout optimisation process.

1.2 Structural optimisation
Optimal structural design is becoming increasingly significant due to limited material
resources, and its environmental impact and technological competition, all of which
demand high performance, light weight and more importantly, low life-cycle-cost
structures. The design of a safe and economical structure is one of the main concerns
of structural engineers. Economy in design can be achieved through an optimisation
procedure by aiming to find the most efficient structure that will satisfy the chosen
criteria. Combining an optimisation procedure with structural modelling, and analysis
and design methods, and then augmenting them with the cost of systems and materials
in a unique process will lead to the development of a powerful optimisation system.
The increasing demand on engineers to lower production costs to withstand global
competition has prompted them to look for rigorous methods of decision making, such
3

as optimisation methods, to design and produce products and systems both
economically and efficiently. Optimisation techniques, having reached a degree of
maturity in recent years, are being used in a wide spectrum of industries, including
aerospace, automotive, chemical, electrical, construction, and manufacturing industries
(Rao 2009a). With rapidly advancing computer technology, computers are becoming
more powerful, and correspondingly, the size and complexity of problems that can be
solved using optimisation techniques is increasing. Optimisation methods, coupled
with the modern tools of computer aided design, are also being used to enhance the
creative process of preliminary (conceptual) and detailed design of engineering
systems.
Contemporary structural optimisation has its roots in the 1960s with Lucien Schmidt‘s
seminal paper. While the 1960s and 1970s were characterised by difficulties in solving
even small optimisation problems (forgetting for the moment the optimal criteria
methods), the 1990s were characterised by discussions regarding the use of
mathematical programming methods for solving large systems (Spillers and MacBain
2009).
Since the 1960s a significant amount of research has been published in the area of
structural optimisation, with the vast majority of these papers dealing with minimising
the weight of a structure. While the weight of a structure constitutes a significant part
of the cost, a minimum weight design is not necessarily the minimum cost of a design.
Only a small fraction of the papers published on structural optimisation deal with the
cost optimisation problem, most of them deal with structural elements such as beams,
although some journal papers have been published on the cost optimisation of realistic
three-dimensional structures. As such, there is a need to perform research on the cost
optimisation of realistic three-dimensional structures, especially large structures with
4

hundreds of members where optimisation can result in substantial savings. The results
of such research efforts will be of great value to practicing engineers.
This section gives an overview of the related literature, focusing mainly on the cost
optimisation of structures, layout optimisation, and the methods used in structural
optimisation to show that this thesis is an original work albeit closely related to other
research fields.
Over the past decades, considerable progress has been achieved in the optimum design
of structures via mathematical programming methods such as the Lagrangian
multipliers method, convex programming, linear programming, and sequential
unconstrained minimisation techniques and evolutionary algorithms.
Unlike steel structures where optimization is the problem of minimising weight, the
optimisation of reinforced concrete structures must be formulated as a cost
minimisation problem because different materials are involved. Only a small fraction
of the hundreds of papers published on the optimisation of steel structures deals with
optimising costs

(Adeli & Sarma 2006); while minimising the weight does not

necessarily lead to the minimum cost and in reality, a minimum weight design may not
be a minimum cost design. Apart from the cost of materials, many other factors
influence the total construction cost of a structure.
Up to the late 1990s, few research studies had reported on the optimisation of the
overall cost of a three-dimensional steel structure subject to the constraints of
commonly used design standards. While for the structural optimisation methodology
in general and the cost optimisation approach in particular, to be embraced by the
structural engineering community, the focus of future research should be on large

5

structures subjected to the actual constraints of commonly used design codes rather
than single members subjected to non-realistic constraints (Burns 2002).
The computerised analysis of structures via models that discretise the structure into a
large number of pieces known as finite elements, has become prevalent in the 1960s,
numerical optimisation based on finite element models was started in the early 1960s
by L. Schmit and his students. Significant research studies on the practical optimum
design of structures based on cost minimisation goes back to the early 1970s (Adeli &
Sarma 2006), years that were characterised by applications for civil engineering truss
structures where the design variables were cross sectional areas of the elements. Later
these variables were generalised to cross sectional dimensions of beams and
thicknesses of plates. This class of design variables, the so called sizing variables, are
distinct in that optimisation can be carried out with only superficial changes in the
finite element model (Floudas & Pardalos 2009).
Historically there has been a tension between proponents of classical optimisation
methods who claimed that the users of optimality criteria methods were lacking in
theory, and the users of heuristic schemes such as optimality criteria methods who at
the same time claimed that the classical methods were incapable of solving real (large)
structures. In view of the tools now available to the engineer, these arguments can
diminish in importance although the optimality criteria methods still have enormous
physical appeal (Spillers & MacBain 2009).
In the structural design problem the overall design is usually carried out first, using a
coarse analysis and optimisation models to determine the overall distribution of
material and possible shape and topology, followed by the detailed design of different
parts of the structure. In principle, there ought to be feedback from the second stage to
6

the first, but the iterations implied by such feedback are often impractical for cost and
time reasons. Unfortunately, there is still no completely satisfactory method to
undertake such two-stage design in a rigorous and computationally efficient way
(Floudas & Pardalos 2009).
While most structural optimisation problems are formulated as continuous problems,
there is also a great deal of interest in discrete design variables, and these fall into two
categories: those that appear as continuous in the analysis but are available for actual
implementation in limited sets, and those that appear as discrete in the analysis. An
example of the first category are civil engineering applications of the cross sectional
shapes and dimensions of beams, which are readily available only in standardised sets,
and using other shapes increases the cost substantially. An example of the second
category is the choices of material and topology (Nagendra & Jestin 1996).
Toakley (1968) recognised the need for discrete variable structural optimisation, but
since continuous variable optimisation algorithms had not been fully developed at that
time, the emphasis shifted to the development of algorithms for such problems. There
were very few papers on discrete variable structural optimisation at that time. Liebman
et al. (1981) transformed the discrete variable optimisation problem to a sequence of
unconstrained problems that were solved using an integer discrete gradient algorithm.
Hua (1983) developed a special enumeration algorithm for the discrete variable
optimisation of trusses with stress and displacement constraints. Vanderplaats and
Thanedar (1991) and Thanedar and Vanderplaats (1994) classify the discrete variable
structural optimisation methods into three categories: branch and bound,
approximation, and ad hoc methods (Burns 2002).

7

More recently, research into structural optimisation has focused on changing the shape
(geometry) and topology of the structural configuration because geometrical changes
require a redefinition of the finite element mesh. Topological changes, which consist
of adding or removing parts as well as creating holes, pose even more difficult
challenges in converting the structural design into a manageable optimisation problem
(Beckers & Fleury 1997).

1.2.1

Theoretical background

Optimisation is the act of obtaining the best result under given circumstances. In the
design, construction and maintenance of any engineering system, engineers must make
many technological and managerial decisions at several stages, with the ultimate goal
being either to minimise the effort required or maximise the desired benefit.
A structure in mechanics is defined as any assemblage of materials, which is intended
to sustain loads. Optimisation means making things the best. Thus, structural
optimization is ―the subject of making an assemblage of materials sustain loads in the
best way‖ (Christensen & Klarbring 2009). Structural optimisation problems can be
deceptively simple to formulate, and can be written as:
Min f(x) subject to g(x) ≤ 0

(1-1)

in which x represents the set of the variables, f(x) is the objective function and g(x) is
the set of constraints. The types of structural optimisation can be classified into sizing,
shape, and topology optimisation. Sizing (cross-sectional) optimisation is finding the
optimal cross sectional properties of members in a truss or a frame structure, or the
optimal thickness of a plate structure. It has the goal of maximising the performance of
a structure in terms of its weight and overall stiffness or strength, while satisfying its
8

equilibrium condition and e design constraints. The design variables are the cross
sectional parameters of its members. In sizing optimisation, the design domain is fixed
during this process, whereas in shape optimisation, the objective is to find the optimal
shape of the design domain, which maximises its performance. The shape of the
design domain is not fixed; it is a design variable, which means that in shape
optimisation, only the boundaries of the design domain are changed not the topology
of the domain. The topology optimisation of continuum structures means determining
the optimal number and locations of the components within the continuum design
domain. In topology optimisation, both the topology and shape of a structure are the
design variables (Liang 2005). Topology optimisation problems, when the design
variables are the layout properties of the structures such as the length of spans in a
bridge, are usually called layout optimisation in the literature (Kirsh 1981).

1.2.2

The topology and geometric layout optimisation of structures

In the computer aided conceptual design of structural systems, it is often necessary to
find the general geometric layout of the system that most naturally and efficiently
supports the expected design loads. Such a design is sometimes done by optimising the
overall layout of the structural system as well as the topology of the structural
elements. Layout optimisation is probably the most difficult class of problems in
structural optimisation, but also a very important one, because it results in much
higher material savings than cross sectional optimisation (Rozvany 1992). The
literature of geometric layout and topological optimisation are vast, and their topics
are diverse. A critical review of established methods of structural topology
optimisation was carried out by Rozvany (2009).

9

Conceptual (preliminary) design is the earliest phase of the design process and
designers must understand the many factors affecting the project, including efficiency,
construction costs, operation costs, quality, and comfort of the built project, and the
potential for generating revenue. Significant complexity comes from the need to
determine the relative benefits of all of these various quantities and qualities (Rush
1986). The paper by Dorn et al. (1964) is usually cited as the first work of this kind. A
major step in preliminary design is topology or the layout design of the structure.
Johnson (1990) emphasised the importance of including life cycle costs early in the
conceptual design process due to their effect on the total cost of an aircraft program.
Menn (1991) discussed the importance of developing the optimal concepts of
structural systems, span lengths and cross sections using not only fundamental
knowledge but also experience and an awareness of visual form and creative fantasy,
and then illustrated how the optimal conceptual designs for two bridges were
developed.
Reddy et al. (1993) discussed the use of informal methods in the optimisation of
concrete structures at the conceptual design stage, such as heuristics based on the
designers‘ expertise, and derived cost functions for estimating the optimum sizes of
members. Cagan and Mitchell (1993) presented a shape-annealing approach to the
creative design of structures, and discussed how shape grammars and the simulated
annealing stochastic optimisation technique can be used to model structural
engineering problems during the conceptual design phase. Yoshimura and Nose
(1994) presented a methodology for generating the conceptual designs of structural
shapes and the functional elements of machine systems, starting from initial conditions
and without any preconceived information.
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Chinowsky and Reinschmidt (1995) presented a computer-based tool for integrated
design that connects the conceptual design stage with the final design stage using
qualitative geometric reasoning. Maute and Ramm (1995) presented an adaptive
topology optimisation procedure for continuum structures that is suitable for the
conceptual and preliminary stages of design. Moore and Miles (1996) discussed a
method for improving cost accounting during conceptual design where computerbased tools allows designers to rapidly explore many options to a high level of detail,
including their cost implications.
Grierson (1997) developed a computer-based tool where a genetic algorithm was used
in tandem with a neural network to create a computer-automated procedure for
conceptual building design. Bos (1998) presented a methodology for the conceptual
design of aircraft using a genetic algorithm in combination with a gradient-based
optimisation technique. Rafiq et al. (1998) reviewed the possibility of using artificial
neural networks to model some of the conceptual stages of the design process, and
illustrated their ideas for the design of continuous reinforced concrete flanged beams.
Park and Grierson (1999) presented a computer-based conceptual design procedure for
generating Pareto-optimal structural layouts of buildings using a multi-criteria genetic
algorithm for the two conflicting criteria of minimising project costs and maximising
the flexibility of floor space usage. Grierson (1999) used a multi-criteria genetic
algorithm and artificial neural networks in conjunction with Pareto optimisation theory
for the conceptual design of medium-rise office buildings (Burns 2002).
Muc and Gurba (2001) described the concept of using a Genetic Algorithm in the
layout optimisation of composite structures. Wang et al. (2002) described a
methodology for optimising the weight and cost of composite structures. Hadi (2003)
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employed a Neural Network (NN) method to deal with the cost optimisation of RC
beams. Recently, using new heuristics, some different methods were used by
Nimtawat and Nanakron (2009; 2010), Zho and Zhang (2010) and Shaw et al (2008)
for the layout optimisation of structures. Zou et al. (2007) described a multi-objective
lifetime cost optimisation approach for topologically predefined reinforced concrete
frames. Liu and Qiao (2011) presented a technique for optimising the topology of
structures with different tensile and compressive properties in the layout design of
bridges.
Recently, using new heuristics, some methods were used by Zhu and Zhang (2009 &
2010), Nimtawat and Nanakron (2010), and Shaw et al. (2010), for the layout
optimisation of structures, but without considering the cost components. Shaw et al.
(2008) developed a method of determining column layouts for orthogonal buildings
using the sweep line algorithm coupled to an adjacency graph. In most of the studies
mentioned on the layout optimisation of structures, the cost components were not
considered.
A number of methods have been developed as general methods for the layout
optimisation of structures (Rozvany 1992; 2009). In the literature, the topology or
layout optimisation methods rarely consider the cost factors, so the objective function
was optimised regardless of the cost parameters involved, and therefore the topology
optimisation methods mainly result in a sub-optimal solution. The size of a continuum
structure has a significant effect on the weight and structural performance of the final
design. It has been recognized that topology optimisation can significantly improve the
cost of a structure when compared with sizing and shape optimisation, but it should be
noted that the global optimum could only be achieved using the integrated topology,
shape, and sizing optimisation methods.
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Kaveh and Abadi (2010) proposed a harmony search algorithm for the cost
optimisation of composite floors, but none of the above studies considered the cost
elements involved in the topology optimisation problem.
There are a limited number of studies in the field of the cost optimisation of flat plate
or flat slab buildings. Sahab et al. (2005a) considered the cost and topological
optimisation of flat slab buildings using a three level optimisation approach. In this
study, finding the optimum number of equal spans together with minimising the cost
was considered for flat slab buildings. Sahab et al. (2005b) also presented a hybrid
genetic algorithm for the design optimisation of reinforced concrete flat slab buildings.
In the literature, in most published studies in structural topology (or layout)
optimisation, the process was carried out based on the minimising the weight of
structures, which may not necessarily lead to global optima. The small number of
papers on optimising the topology and cost of RC structures was mainly due to the
complexity of such a formulation for large structures, and the difficulties in defining
the cost function and determining the cost parameters. Most published cost
optimisation studies confined themselves to optimising structures with predefined
shapes and layouts (Soh and Yang 1996; Rong et al. 2000; Jog 2002; Kang et al. 2006;
Achtziger and Kočvara 2007; Abachizadeh and Tahani 2009; Yoon 2010; Barbarosie
and Toader 2010a; 2010b). In fact, these studies rarely get involved in the primary
shape design of the building and optimising the layout of structures, which means the
impact of the building layout on the cost has effectively not been considered. This is
mainly because in the classic topology optimisation of structures which is widely used
for the optimal layout design of structures, mostly deals with minimising the weight
rather than the cost of structures (Reddy et al. 1993). Although many studies have
been published on the cost or topology optimisation of RC structures, the reciprocal
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effects of cost and preliminary layout of structures have not adequately been taken into
consideration. While the cost optimisation of structures with predefined shapes may
lead to sub-optimal results because they do not necessarily have an optimum starting
point, optimising the layout of structures without considering all the cost factors may
not lead to globally optimal results either.
The reason why the reciprocal effects of the shape and cost elements have not been
considered adequately is mainly because most objective functions typically used in a
cost optimisation process make use of cross sectional variables and the relative prices
which are indeterminate when the layout planning of structures is being considered.
Using design variables and relevant cost functions in the preliminary geometric layout
design leads to a complex formulation for large RC structures (Burns 2002), so the
traditional cost optimisation approach must be replaced with methods that are easily
applicable to optimising the layout of large structures.
Let Ai and Li denote the cross sectional area and length of the ith member. The number
of members in the initial ground structure is denoted by m. Only the inequality
constraints g j ≤ 0 (j=1, 2,…, n) are considered. The structural topology optimisation
problem for minimising the volume of the total structural

is written in the form of

non-linear programming as

Minimise: 𝑉 =

𝑚
𝑖=1 𝐴𝑖 𝐿𝑖

subject to: g(x)≤ 0, ( j =1, 2,…, n)

Ai ≥ 0 , (i =1, 2, ,m)
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(1-2)

(1-3)

.

In a realistic topology (or layout) optimal design of structures, in addition to all the
constraints imposed by standards, the stiffness and displacement constraints must be
satisfied as two behavioural constraints.
In finite element analysis the static behaviour of a structure is represented by the
following equilibrium equation:

[K]{u} = {P}

(1-4)

where [K] is the global stiffness matrix, {u} is the nodal displacement vector and {P}
is the nodal load vector. It is often required that the maximum displacement of a
structure or displacement at a specific location should be within a prescribed limit. If a
limit is imposed on the jth displacement component uj, the displacement constraint
may be given in the form

│uj│≤ uj*

(1-5)

where uj* is the prescribed limit for │uj│. Any changes in the shape (say layout) of the
structure directly affects Eqs. (1-3) and (1-4). That is, the main effect of changing the
layout on structural optimisation is in the stiffness and displacement constraints. For
example, any variation in the number or lengths of members, or the location of nodes,
causes new constraint conditions.
It is thought that the topology optimisation of frames involves challenging
mathematical issues. Collaboration of researchers in mechanical engineering, civil
engineering, computer science and applied mathematics is needed for further
development and improvement of these structural optimisation methods (Burns 2002).
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1.2.3

Optimisation techniques and terminology

A global optimisation algorithm can generally be divided into two basic classes:
deterministic and probabilistic algorithms. Deterministic algorithms are often used if a
clear relationship between the characteristics of the possible solutions and their utility
for a given problem exists. Then, the search space can be explored using a divide and
conquer scheme, for example. If the relationship between a solution candidate and its
―fitness‖ are not very obvious or too complicated, or the dimensionality of the search
space is very high, it becomes harder to solve a problem deterministically, and trying it
would possibly result in an exhaustive enumeration of the search space, which is not
feasible even for relatively small problems. This is when probabilistic algorithms
come into play (Rao 2009). Heuristics used in global optimisation are functions that
help decide which one of a set of possible solutions should to be examined next. On
one hand, deterministic algorithms usually employ heuristics in order to define the
processing order of the solution candidates, while probabilistic methods may only
consider those elements of the search space in further computations selected by the
heuristic.
A Global optimisation algorithm should use measures that prevent convergence to
local optima and increase the probability of finding a global optimum. The techniques
for non-linear, linear, geometric, quadratic or integer programming can be used to
solve a particular class of problems that are indicated by the name of the technique.
Most of these methods are numerical techniques wherein an approximate solution is
sought by proceeding in an iterative manner by starting from an initial solution.
Modern optimisation methods, also called non-traditional optimisation methods, have
recently emerged as powerful and popular methods for solving complex engineering
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optimisation problems. Rao (2009) provides a rough taxonomy of global optimisation
methods.
Saka (2003) reviewed the algorithms developed in recent years for the optimum design
of structures that can be a modelled assemblage of line elements, and introduced a
formulation of the general structural optimisation problem based on linear-elastic
behaviour. Saka (2003) also presented structural optimisation techniques based on
mathematical programming and an optimality criteria approach, including recent
techniques developed by imitating the design methods that exist in the nature such as
genetic algorithms, simulated annealing, and evolutionary structural optimisation
methods.

1.3 Research objectives and Scope
This thesis develops an automated optimisation methodology for the preliminary
layout design of framed buildings by considering the costs involved. The optimum
column layout design for RC buildings was studied first and the optimum location of
columns for RC structures was investigated. The layout was then optimised, including
the locations of the columns and then the rectilinear shapes for the plan layout were
studied and then optimised and proposed for RC buildings. For this purpose, concrete
buildings with various systems were studied under static and dynamic loading
systems. The following RC structural systems are studied: Continuous Beams, Plane
Frames, 3D Frames with Rectangular Plan, Rectangular Flat Plate Floor Systems,
Beam-Slab Floor systems and Rectilinear Buildings.
Only rectilinear building layouts (including rectangular layouts and linear shapes such
as continuous beams) were studied. Buildings with say curved or triangular shapes,
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and other structural systems such as steel or composit, and under earthquake loading,
are beyond the scope of this thesis.
In order to achieve this objective the following sub-objectives were pursued:
1.

To determine the relationship between cost components and layout variables:

In order to select the most economical plan between the various layouts that satisfy the
architectural requirements, the reciprocal effects between the cost factors and layout
variables must be determined simultaneously. This answers the first question which is
―how are the cost components affected by layout?‖ From here it must be determined
how the final cost will be affected when the column layout changes. For example if the
length of a concrete beam in a frame changes how much variation will occur in the
quantity of steel and concrete required?
Therefore, the mathematical relationship between the cost components and the
structural design variables, based on the chosen design space, must be determined for
the whole structural system. That is, how do variations in the design variables affect
each cost component and what are the relationships between the variation of each
variable, and the variation of each cost element in a particular structural system? For
this purpose this research takes advantage of the relationships in the Australian
standards and relevant textbooks.
2.

To determine the cost effects of the Layout design on different RC structural

systems: The effects of changes in the layout design on cost may vary in different
structural systems. For example, a particular change in the column layouts of a beamcolumn frame building might lead to a different cost variation compared to a building
with a flat plat floor system. Therefore, the second question is how different systems
respond to variations in the structural layout. In this thesis, different reinforced
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concrete systems, including continuous beams, frames, flat plate, and beam slab floor
systems, were studied in order to answer this question
3.

To determine the cost effects of Layout design under different loading systems:

The third objective was to investigate how the layout affected the cost under different
loading systems. That is, when the cost of components for different structural systems
was investigated the effect that the layout had on the costs was considered under
various loading systems. The aim was to

determine whether or not the loading

systems and the type of loading had considerable marked effect on the optimum
layout design
4.

To determine how different layout patterns affected the cost and find the

optimum layout: The final objective was to investigate different patterns within the
layout design. For instance, rectilinear (orthogonal) layout patterns were investigated
and how different designs affected the cost was considered. The aim being to come up
with an economically optimised pattern for the conditions considered in sub-objectives
two and three.
In order to achieve a methodology for the optimum conceptual design of RC structures
the four inter-connected sub-objectives mentioned above were dealt with in order, for
each structural system. This means that the effect that the layout designs had on the
cost of components, and consequently the total cost, was considered for different
regular structural systems and under different loading systems. This process was then
repeated for different patterns; this process can also be used in parallel for different
structural systems and under different loadings. The methodology taken in order to
achieve these objectives is discussed in Section 1.4: Research Methodology.

19

1.4 Research methodology
This section outlines the major parts of the approach and contains the work carried out
to address the research objectives. A comprehensive approach was taken due to the
vast expanse of conditions, which are dealt with in the research objectives.
Depending on the nature of the optimisation problem, achieving an optimum solution
can be accelerated when shifting from one design space to another by changing design
variables such as the dimensions. In fact, if an inappropriate design space is chosen, in
an iterative procedure to solve an optimisation problem, each step includes dealing
with the structural analysis and structural design variables simultaneously. In cases
such as these, unless alternative design variables are selected for the cost function, the
optimisation procedure might become too unwieldy. It is therefore imperative that a
suitable space and consequently the variables are chosen as the first step because the
rest of the solution can be performed more easily.
In the new space, after an optimisation problem has been formulated correctly, the
main task is to find the optimal solutions by using the right mathematical techniques.
Then, based on the mathematical relationship between the cost components and the
design variables, a new objective function was proposed for each class of structures.
These newly proposed objective functions have the potential of being easily employed
in optimising the layout for similar problems. To form a structural optimisation and
make it applicable for practical applications in Australia, all the constraints were
formulated based on the Australian standards and building codes.
The structural optimisation problems arising from the preliminary layout design of the
RC structures were dealt with as combinatorial optimisation problems. This means that
by discretising the search space, the problem of optimising a preliminary layout design
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was modelled and dealt with like a combinatorial optimisation problem. To that end
the shortest path and knapsack problems are two combinatorial optimisation problems
that were used to describe the behaviour of the discrete problem. Each kind of layout
optimisation problem discussed in the following chapters was treated as a certain
variation of a knapsack problem. This approach is applicable for optimising the layout
of buildings with rectilinear plans where the number and size of spans and the
rectilinear shape of the plan can be variables. This is in fact a general approach that
can be applied for optimising the layout of every building with a rectilinear (including
rectangular) layout.
To solve the structural optimisations formulated in the previous step, many
optimisation methods and algorithms can be used. Because Ant Colony Optimization
(ACO) is a powerful and robust evolutionary algorithm, particularly in optimising
layouts, the algorithms used to solve the problems will be ACO algorithms. The
advantages of ACO algorithms and why they have been selected as the optimisation
algorithm will be discussed in subsequent chapters.
The proposed methods and algorithms were evaluated with realistic numerical
examples and then compared with the non-optimised solutions to test their capability
and robustness. Based on the results obtained from the numerical examples and the
previous related works, this study investigated how effective the proposed methods are
and how much costs will be saved by optimising the layout of preliminary designs.
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1.5 Chapter Outline
This thesis is about defining the problem of optimising the cost of the layout design of
framed Reinforced Concrete (RC) structures and seeking for a methodology that can
incorporate the cost components in a preliminary layout optimisation process.
Chapter 2 introduces the basis of structural cost optimisation and multi-objectives such
as a cost and layout optimisation. Chapter 3 presents a brief overview of combinatorial
optimisation and some applied combinatorial problems, the randomised search
techniques, meta-heuristics and Ant Colony Optimization (ACO) algorithms in
particular. It discusses how to deal with a preliminary layout design as a combinatorial
optimisation problem. Chapter 4 discusses the application of the proposed
methodology for multi-span RC beams under static and dynamic loadings. In Chapter
5, the methodology is applied to plane frames under wind loading, and Chapter 6
contains the research applications and outcomes for RC frames of a rectangular plan
under static loads. In Chapters 7 and 8, the method for optimising the layout of RC
buildings with flat slabs and beam slab floor systems is applied, respectively. In
Chapter 9, the preliminary layout design of RC buildings with a rectilinear shape as
the general form is optimised. In every case, and in every chapter, numerical examples
are included to show the robustness and applicability of the methodology.
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2 Optimising the Cost of Reinforced Concerete Structures

2.1 Introduction
In the design of framed buildings, achieving an economical design is the main
objective. The preliminary layout design of a frame has an impact on the entire design
process and consequently, the total costs of the building. In order to select the most
economical plan among various layouts that satisfies the architectural requirements,
one needs to be aware of the reciprocal effects of the cost factors and layout variables.
This means that to achieve an economical layout plan, particularly in reinforced
concrete structures, a simultaneous consideration of the cost and layout variables are
required.
In this chapter, the cost optimisation of structures with an emphasis on RC structures
is briefly presented, including a general formulation for such optimisation problems, a
literature review on the cost and optimum layout design of RC structures, and a brief
introduction to multi-objective optimisation.
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2.2 Optimising the Cost of Structures
The cost of a structure generally includes the cost of materials, transportation,
fabrication, welding and maintenance costs, and repair and insurance costs, all of
which can be presented by the weighted sum of a number of properties. The effect of
these factors on the optimal cost can be imposed on the weighted coefficients of the
cost function. The general cost function can be expressed in the following form:

𝐶𝑜𝑠𝑡 =

𝑛
𝑖=1 𝐶𝑖

(2-1)

where n is the number of cost factors involved for the cost optimisation problem, and
Ci denotes the ith cost factor, say the cost of material. Each cost factor Ci can be
presented by the production of the corresponding unit cost and the quantity of the
associated term, say the production of the unit cost of a kind of material and the
quantity of material. As a cost function for optimising the cost of structures, Eq. (2-1)
can be written in the following form:

Cost = Cc +Cs +Cp +Cf +Csv +Ct +Cfib

(2-2)

in which Cc ,Cs ,Cp ,Cf ,Csv and Cfib are the total costs of concrete, reinforcing steel,
pre-stressing steel, formwork, shear steel, lateral ties in columns and the fibre in
concrete, respectively. All the above-mentioned cost factors might include the cost of
material, fabrication (or placement), transportation, substructure (or foundation),
cladding, and erection. Depending on the structure, some or all of the terms might be
involved in the cost optimisation process.
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Optimising the cost of RC structures been developed using a variety of methods.
However, one limiting feature of existing methods is that representation is limited to
structures with predefined shapes. A review of past work done in the optimal design of
RC structures shows that a large fraction of the early works were mostly confined to
optimising the cost of individual members (Sarma and Adeli 1998).
A number of studies have been published on either optimising the cost or layout of RC
structures. Balling and Yao (1997) and Zou et al. (2007) considered the optimisation
of RC frames. Shaw et al. (2008) developed a method for column layouts for
orthogonal buildings. Nimtawat and Nanakron (2009; 2010) proposed a method based
genetic algorithms for designing the layout of the beam–slab layouts of rectilinear
floors, but without considering the cost elements. Zhu and Zhang (2010) presented a
new method for designing the layout of structures. Sahab et al. (2005a; 2005b)
considered the cost and topological optimisation of flat slab buildings, while a
significant number of studies on optimising the cost of RC beams and columns (Sarma
and Adeli 1998) have already been published.
Most of these published papers deal with minimising the weight of a structure, and
while its weight constitutes a significant part of the cost, minimising the cost is the
final objective for making optimum use of the resources available. With composite
structures, the optimisation problem must be formulated as a cost minimisation
problem because different materials are involved.
An early attempt to optimise the cost of steel girders was presented by Razani and
Goble (1966). A great number of works exist on optimising the cost of reinforced
concrete (RC) structures but most were confined to optimising the cost of single RC
members. One early attempt at optimising the design of reinforced concrete structures
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was done by Goble and Lapay (1971). A comprehensive literature review on the cost
optimisation of structures was carried out by Adeli and Sarma (2006).
Sahab et al. (2005) considered the cost and topological optimisation of flat slab
buildings using a three level approach to optimization. In this study, finding the
optimum number of equal spans together with minimising the cost was considered for
flat slab buildings. Sahab et al. (2006) also presented a hybrid genetic algorithm for
optimising the design of reinforced concrete flat slab buildings. In a recent study the
effects of the number of spans on the cost was considered. Paya et al. (2008) described
a methodology to design RC building frames based on a multi-objective simulated
annealing algorithm applied to four objective functions, namely, the economic cost,
the constructability, the environmental impact and the overall safety of RC framed
structures.
It is realistic to minimise the weight or cost of a structure subject to geometrical and
performance based constraints that include stress, displacement, mean compliance,
frequency and buckling load, because these constraints are usually prescribed in the
design codes of practice (Rozvany et al. 1995). Some structural optimisation methods
use the behavioural quantity such as compliance as the objective function and a
somewhat arbitrarily chosen material volume as the constraint to search for optimal
configurations. Optimisation methods based on such a formulation may not yield
minimum cost designs (Liang 2005). Even so, as mentioned in Chapter 1, the
reciprocal effects of cost and topology of large RC structures have not been adequately
considered. Optimising the cost of structures with predefined shapes may lead to suboptimal results because they suffer from not necessarily having an optimum starting
point, and optimising the layout of structures without considering all the cost factors
may not lead to globally optimal results either.
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2.3 Multi-Objective Optimisation of Structures
Multi-criteria optimisation offers a formal approach for designers to treat this decision
making process in a systematic way. The multi-criteria design optimisation problem
may be stated as follows:

Minimise: f(x) = [f1(x), f2(x), …,fQ(x)] T

(2-3)

Subject to: f(x) =g(x)≤ 0 , h(x)=0

(2-4)

where x =[x1, x2 …. xn] T is the vector of n design variables, f(x) is the vector of
i=1,2,…,Q objective criteria functions fi(x) that are to be minimised for the design, and
g(x) ≤ 0 and h(x)=0 define the sets of inequality and equality constraints governing the
design.
The multi-criteria optimal design problem posed by Eqs. (2-3) can be solved using
either ‗preferential‘ or ‗non-preferential‘ optimisation. Preferential optimisation makes
use of explicit information about the relative importance of the different objective
criteria and considers a single objective function formed by weighting the different
criteria consistent with the relative preference accorded them. That is, Eq.(2-3) is
replaced by the single objective function:

Minimise: f(x) = w1 * f1(x) + w2 * f2(x) +…+ wQ * fQ(x)

(2-5)

where w1 , w2 ,…, wQ are the relative weights assigned to the i=1,2,…,Q different
objective criteria. One difficulty here is that it is not always possible to assess the
relative weightings of the different objective criteria because this approach only
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identifies a single design solution to the optimisation problem posed by Eqs. (2-3)and
(2-4) for any given set of weights. As it is generally desirable to identify more than
one candidate for conceptual design during the early stages of the design process, this
requires that the design optimisation problem be solved multiple times for different
sets of relative weights wi for the i=1,2,…,Q objective criteria. That said, providing the
objective and constraint functions are differentiable, the optimisation problem posed
by Eqs. (2-3) and (2-4) can generally be solved using a gradient-based mathematical
programming search algorithm.
The non-preferential method is often referred to as Pareto optimisation, and it
considers the multiple objective criteria without preference, and finds solutions that
are ‗equal-rank optimal‘ in the sense that each solution is not dominated by any other
solution for the problem for all objective criteria. That is, a design x0 is Pareto optimal
for the problem defined by Eqs. (2-3) if there exists no other design x satisfying Eq.
(2-4) for which fi(x) ≤ fi(x0) for i=1,2,…,Q with fi(x) < fi(x0) for at least one objective
criterion. An advantage of this approach is that it identifies multiple non-dominated
solutions as candidates for conceptual designs, albeit the number is often quite large. It
is then the task of the design team to choose one or more of these equal rank solutions
for further detailed consideration at the preliminary and final design stages. A
difficulty of this approach is that the optimisation problem posed by Eq. (2-5) involves
the minimisation of multiple independent objective criteria and is often difficult, if not
impossible to solve using procedure based mathematical programming search
algorithms that rely on gradient information for a solution. On the other hand, the
problem is readily solved using adaptive search techniques based on self-learning
solution methodologies that do not rely on gradient information, (Khajehpour &
Grierson 1999).
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One approach to finding the solution is to find the Pareto-optimal set, or at least a
good approximation of it. Pareto optimality is an economics concept invented by
Vilfredo Pareto (1848-1923) that finds applications in engineering. In a Pareto
improvement, at least one objective is achieved without sacrificing any other
objective. A solution is Pareto optimal when no further Pareto improvements can be
made. A Pareto-optimal set is a set of Pareto optimal solutions.
Having established a Pareto-optimal set, the ultimate solution may be selected
according to the personal intuition of the decision maker. The alternative approach is
to formally assign weights or priorities to each objective before solving the problem so
that the multi-objective optimisation problem is transformed into a single-objective
problem (as the various objectives are combined into one through their weighted sum).

2.4 Optimising the Cost and Layout
In the design of framed structures, achieving an economical layout is one of the
primary objectives. Mostly, the layout design of buildings are offered based on the
architectural requirements, without paying enough attention to the cost components
and the economic effects that a layout design might have on the total cost of a
building. Some small modifications in the layout plan of a building may lead to a
significant cost saving. The primary layout design of a structure influences the entire
design process and consequently, the total cost. In the phase of preliminary design, one
might have a free hand to choose some different layout plans that meet the
architectural requirements, in which case there is a need for a criterion that can help
the designer choose the most economic one. In order to select the most economical
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plan among various layouts, one needs to be aware of the reciprocal effects of cost
factors and layout variables. That is, achieving an economical layout plan requires
simultaneous consideration of the cost and layout variables.
In the design of civil engineering structures, the engineer needs to design the exact
topology (or layout) of a structure for a given design space, including the support and
loading conditions. In the absence of an efficient topology design tool, the selection of
topology in current design practice usually involves a process of trial and error based
on the designer‘s intuition and experience. The automation of the design process and
optimal structural design was motivated by considerations of limited material
resources, technological competition, and environmental issues. Layout optimisation
forms an important part of the performance based design process. Preliminary layout
optimisation of structures has recently attracted considerable attention in the field of
structural optimisation because it has the potential to become an automated design tool
for practicing civil engineers (Liang 2005).
Over the past decades, optimising the cost of framed structures has been developed
using a variety of methods, although one limiting feature of existing methods is that
the representation is limited to either single structures or structures with predefined
shapes. That is, the effect of preliminary layout design on costs has not been studied
adequately enough. While optimising the cost of structures with predefined shapes
may lead to sub-optimal results because they do not necessarily have an optimum
starting point, and optimising the layout of structures without considering all cost
factors involved may not lead to globally optimal results either.
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Although a number of studies published were on either optimising the cost or layout of
RC structures, the reciprocal effects of cost and the preliminary layout of structures
have not adequately been taken into consideration.
In practice, the preliminary layout design phase is usually carried out based on the
architectural requirements, without considering any relative profit and loss. Moreover,
these detailed design and optimisation phases only deals with a predefined layout plan,
while its effects on the profit and loss of the relative costs say, are usually omitted
due to the variety of parameters involved in determining the preliminary layout design.
As a result, the problem that challenges the designers in the preliminary layout design
phase is how to represent the column layouts efficiently.
An ideal system for the preliminary layout design of buildings is one, which results in
an economic design and fully considers every aspect of the process, including the
imposed constraints. To achieve such an ideal system will require major advances in
multi-objective decision making and thus a practical preliminary layout design, must
consider the achieved profit as well satisfy the architectural constraints.
Another obstacle in the way of optimising the cost of preliminary layout design is the
architects‘ constraints and the need to convince them to make changes so that an
optimum column layout can be accommodated in the proposed architectural plan. In
most cases engineers must follow the architectural plan, and architects always place
the columns in their desired locations by hiding them at the intersections of walls,
regardless of whether or not these are their optimum locations. An obstacle such as
this can be discussed from two perspectives; first architects usually have a free hand to
choose different layout plans that meet their architectural requirements, indeed in most
instances they do not stick to one single layout plan, they try many conceptual designs
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before selecting one as the final plan. On the other hand, selecting optimum layouts
from the Pareto-Optimal set gives the architects a free hand in choosing a design
which is closer to one of their conceptual designs in hand. This way the most
economic conceptual design will be selected, and such multi-objective structural
optimisation technique provides a useful tool for engineers and architects who are
interested in exploring structurally efficient forms and shapes during the conceptual
design stage of a project. Secondly, minor changes in the plan layout such as the
location of walls and columns are quite acceptable for architects in order to meet the
engineering requirements. The outcomes of this methodology shows that even minor
changes in the column layout can have a considerable effect on the costs. Therefore,
instead of a globally optimum column layout, a local optimum column layout can be
selected that meets the architects‘ requirements.
To sum up, in most published studies the cost optimisation functions deal only with
cross sectional variables, whereas in the layout design of structures the cross sectional
variables are functions of the design action effects which are not determinate and vary
as the shape changes. Therefore, in an iterative procedure to solve an optimisation
problem, each step includes dealing with the structural analysis and structural design
variables, although in cases such as these, unless alternative design variables are
selected for the cost function, the optimisation procedure might be too unwieldy. This
situation holds as long as parameters such as the cross sectional variables are obtained
mainly from implicit functions of structural analysis outputs based on the suggested
relationships and constraints in the design standards. Alternatively the design
standards do not provide the exact values for these cross sectional parameters and they
are not obtained from an explicit mathematical procedure. In a layout optimisation
problem, in addition to the classic cross sectional variables, the layout of a structure
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would be variables of the problem. If the reciprocal relationships between the cross
sectional design factors and the effects of the design action are determined, the cost
can be represented as a function of the design action effects. In the design process,
having the design action effects in critical sections, all the cross sectional parameters
and the total cost can be calculated. To put it simply, using structural analysis outputs,
say the internal actions of a member, as design variables has advantages over using
structural design outcomes such as the cross sectional characteristics of a beam.
Firstly, the design action effects of each section can easily be obtained from structural
analysis, and in an iterative mathematical procedure, re-analysing a structure is
considerably less time consuming and more precise than re-designing the structure.
Moreover, using action effects, the cost function will be considered in a section rather
than a member because it enables the designer to select a number of sections for each
member and control the cost in the whole structure, and there it is not necessity to
conduct the optimisation process over the entire member.

2.5 Summary
Most published works concerning the cost optimisation of structures may be divided
into three groups. The first group deals with the minimising the weight of structures.
These studies try to minimise the cost by minimising the weight of structures. Most of
the works in topology and optimising the shape of structures belong to this group.
Although some recent studies deal with the optimisation of large structures, they rarely
consider the cost elements, and are mainly confined to minimising the weight of
structures. In practice, a minimum weight design may not lead to a minimum cost
design. Ideally, the optimisation problem should be considered in terms of all the cost
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elements such as materials, fabrication, erection, maintenance and disassembling the
structure at the end of its life cycle.
The second group mainly considers the cost elements for single structures or structural
members. A large number of earlier published works on the cost optimisation of
structures belong to this group. They mostly study an isolated member such as a beam
or column by considering the cost elements involved. Due to the complexity of the
formulation and the type of variables chosen for the optimisation problem, these
methods were not quite practical in the optimal design of large structures.
The third group deals with the life cycle maintenance and time-cost optimisation of
structures. These works hardly ever consider the design process and mostly are about
the long-term construction, management, maintenance and environmental effects on
total costs.
Therefore, the effect of the preliminary layout design on the total cost of RC structures
has not been considered adequately in the literature. However, for a comprehensive
optimisation procedure to be used in practice, it must consider the cost elements
involved in layout design. This study tries to propose a performance based method for
optimising the cost of the layout design of framed buildings that can meet both
conditions, by considering the cost factors and realistic design constraints based on
design codes, and being easily applicable for structures with a large number of
members. Such a method could then be easily applied for the layout optimisation of
RC structures.
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3 Combinatorial Optimisation Techniques

3.1 Introduction
Combinatorial optimisation is a topic that consists of finding an optimal object from a
finite set of objects. Combinatorial analysis is the mathematical study of the
arrangement, grouping, ordering or selection of discrete objects that are usually finite
in number. Real life problems such as the shortest paths, knapsacks, and assignment
problems are some instances that can convey the concept of combinatorial problems.
Combinatorial optimisation is one of the youngest and most active areas of discrete
mathematics, and is probably its driving force today. It became a subject in its own
right about 50 years ago. Combinatorial optimisation has its roots in combinatorics,
operations research, and theoretical computer science.
Combinatorial optimisation problems arise everywhere, certainly in all areas of
technology and industrial management, and in fact, one of the main motivations is that
thousands of real life problems can be formulated as abstract combinatorial
optimisation problems.
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In many of the optimum design cases, we look for a set of design variables selected
from a given list that assure the optimum of objective function together with satisfying
the constraints. That is, optimum design consists of selecting the best combination of a
finite number of structural elements and available parameters. Such a combinatorial
nature, from a mathematical point of view, gives the optimum design procedure a
discrete nature. Progress in modern metaheuristics along with rapidly advancing
computer technology enables designers to deal with the problems of large sizes.

3.2 Combinatorial Optimisation Problems
An instance of a general combinatorial optimisation problem Π is a triple (S, f, Ω), in
which S is the set of candidate solutions, f is the objective function that assigns an
objective function value f(s) to each candidate solution s∈ S, and Ω is a set of
constraints. A feasible solution is one that belongs to the set Ŝ  S of candidate
solutions and satisfies the constraints Ω. The goal is to find the globally minimum
feasible solution among feasible solutions s*∈ Ŝ. It should be noted that an instance of
a combinatorial optimisation problem is not specified explicitly by enumerating all the
candidate solutions, that is the set S, and the corresponding cost values, but is rather
represented in a more concise mathematical form.
In practice a large number of feasible options are examined during the conceptual
design process. For example it is estimated that for a typical commercial building of
20 stories, even if one only considers the architectural and structural aspects, there are
approximately 170 million possible design options (Khajehpour and Grierson 2003).
Considering other aspects of the design, the number of options would quickly rise to
over a billion (Shaw et al. 2008). Therefore, a major barrier to an automated
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conceptual optimisation of structures is the large size problem resulting from the vast
number of design variables and constraints. When it comes to choosing an appropriate
design among a huge number of possible options and dimensions, the result will be a
large combinatorial optimisation problem.
Combinatorial optimisation is a field that has been studied extensively by many
researchers, and because of its potential for application in real world problems it has
prospered over the last few decades. A survey on multi-objective combinatorial
optimization problems (Ulungu and Teghem 1994) exists, and there is a bibliography
on the Internet that contains an abstract collection (Martins 1996).
By its nature, multi-objective combinatorial optimisation deals with discrete, noncontinuous problems, although the objectives are usually linear functions. An essential
consequence of this fact when trying to determine the set of all efficient solutions (or
non-dominated vectors in objective space) is, that it is not sufficient to aggregate the
objectives through weighted sums (Ehrgott and Gandibleux 2000).
It has long been known that for multi-objective linear programming problems, the set
of efficient solutions is exactly the set of solutions that can be obtained by solving
Linear Programming. However, the discrete structure of the Multi-Objective
Combinatorial Optimisation (MOCO) problem makes this result invalid. Thus, there
usually exist efficient solutions, which are not optimal for any weighted sum of the
objectives. This is true even in cases where the constraint matrix is totally uni-modular
(Ehrgott and Gandibleux 2000).
The method involved in the process could be exact or approximation methods. Many
of the exact methods essentially combine the multiple objectives into one single
objective. The most popular, and the one used first, is the weighted sum scalarisation
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(Jungnickel 2004). A second well known exact approach in multi-criteria optimisation
is the compromise solution method (Yu et al. 1985), where one tries to minimise the
distance to an ideal point.
The last two decades were highlighted by the development and improvement of
approximate solution methods, usually called heuristics and metaheuristics. A
heuristic is a technique that seeks good (i.e. near-optimal) solutions at a reasonable
computational cost, without being able to guarantee either feasibility or optimality.
Often heuristics are problem-specific, so that a method that works for one problem
cannot be used to solve a different one. In contrast, metaheuristics are powerful
techniques generally applicable to a large number of problems. A metaheuristic refers
to an iterative master strategy that guides and modifies the operations of subordinate
heuristics by combining intelligently different concepts for exploring and exploiting
the search space (Dorigo and Stützle 2004).
A metaheuristic may manipulate a single solution or a collection of solutions at each
iteration. Metaheuristics include, but are not limited to, constraint logic programming,
genetic algorithms, evolutionary methods, neural networks, simulated annealing, Tabu
search, non-monotonic search strategies, greedy randomised adaptive search, ant
colony systems, variable neighborhood search, scatter search, and their hybrids. A
comprehensive list of 1380 references on the theory and application of metaheuristics
is presented in (Osman and Laporte 1996).
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3.3 Graph theory: Basic Terminology
Graph theory can be said to have its beginning in 1736 when EULER considered the
(general case of the) Königsberg bridge problem: Is there a walking route that crosses
each of the seven bridges of Königsberg exactly once? It took 200 years before the
first book on graph theory was written. This was done by KÖNIG in 1936 (Jungnickel
2004). Since then graph theory has developed into an extensive and popular branch of
mathematics, which has been applied to many problems in mathematics, computer
science, and other scientific and not-so-scientific areas. During the last few decades,
combinatorial optimisation and graph theory have, as the whole field of combinatorics
in general, experienced a particularly fast development.
A graph consists of number of vertices and edges, where an edge is an association
between two vertices. With respect to the network, a vertex is a node and an edge is a
link between two nodes. Two vertices are said to be adjacent to each other if an edge
exists between them. Two edges are said to be adjacent to each other if one of the end
vertex of the edges are the same. If each edge of a graph is associated with some
specific value (weight), it is said to be a weighted graph. The number of edges
associated with the vertex is called the degree of any vertex.
A graph G (N,E) consists of a set of nodes N and a set of edges E, with a relation of
incidence that associates each edge with a pair of nodes as its ends. As shown in Fig.
3-1, a path P of graph G is a finite sequence whose terms are alternately nodes and
edges, in which no edge or node appears more than once. A cycle C is a path for which
the starting node and the ending node are the same; i.e. a cycle is a closed path. The
length of a path (or cycle) L is taken as the number of its edges.

39

Figure 3-1 A path and a cycle on directed graphs

3.4 Shortest Path Problems
In the graph theory, as shown in Fig. 3-1, the shortest path problem is the problem of
finding a path from a specified node called the source to a second specified node
called the destination (or target), such that the sum of the weights (or lengths) of its
constituent edges is minimised. It is relevant to a wide variety of real world
applications, such as in telephone routing, material distribution, salesperson routing,
investment strategies, and personnel scheduling. The shortest path problem is an NPhard combinatorial optimisation problem, which means that it is believed that they
cannot be solved to optimality within polynomially bounded computation time. To
practically solve large instances, one often has to use heuristics that returns nearoptimal solutions in a relatively short time (Lawler 2001; Korte and Vygen 2012).
Consider a weighted undirected graph G (N, E). Let 𝑛 = 𝑁 and 𝑚 = 𝐸 . Each edge
eij ∈ E is assigned a cost (or length) of cij. If cij has multiple criteria, the problem is
called a multi-objective shortest path problem. In this case the edge eij has associated
values 𝑐𝑖𝑗𝑘 , in which k ∈ {1, 2,…, r} for each criterion k=1, 2, …, r. Obviously, for
undirected graphs 𝑐𝑖𝑗𝑘 = 𝑐𝑗𝑖𝑘 . The adjacency set A(i) for node i is the set of all edges
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incident from i, that is A(i)={(i,j)ǀ(i,j)∈E}. The integer programming formulation for
the multi-objective shortest path problem from Node s to Node t can be given as
follows (Reinhardt and Pisinger 2011):

𝑐𝑖𝑗1 𝑒𝑖𝑗 ,

𝑚𝑖𝑛 𝑓 =
𝑖,𝑗 ∈𝑉

 𝑒𝑖𝑗 ∈ 𝐸 ∶

𝑒𝑖𝑗 =

𝑐𝑖𝑗2 𝑒𝑖𝑗 , … ,
𝑖,𝑗 ∈𝑉

1
0

𝑐𝑖𝑗𝑟 𝑒𝑖𝑗

𝑖𝑓 𝐸𝑑𝑔𝑒 𝑒𝑖𝑗 𝑖𝑠 𝑐𝑜𝑠𝑒𝑛
𝑖𝑓 𝐸𝑑𝑔𝑒 𝑒𝑖𝑗 𝑖𝑠 𝑛𝑜𝑡 𝑐𝑜𝑠𝑒𝑛

 𝑖 ∈ 𝑁 − 𝑠, 𝑡 :

𝑒𝑖𝑗 −

 𝑖, 𝑗 ∈ 𝑁:

(3-3)
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𝑒𝑠𝑖 −

𝑒𝑗𝑠 = 1
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𝑗

𝑖

 𝑖, 𝑗 ∈ 𝑁:

(3-1)

𝑖,𝑗 ∈𝑉

𝑗

Equation (3-1) represents the objective and Eq. (3-2) defines the binary variable 𝒆𝒊𝒋 .
Equations (3-3) through (3-5) are the constraints.
Equation (3-3), as an ordinary flow conservation constraint, states that for all nodes
except for the source and target points, the edges leaving them are equal to the edges
entering them. Equations (3-4) and (3-5) state that the difference between the number
of edges leaving the source and target points and the number of edges entering them,
respectively, is one. In other words, the edges are not on a cycle. In a generalised form
of the problem, called the all-pairs shortest path problem, the shortest paths from every
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possible source to every possible target are determined in order to form the shortest
path matrix that gives the shortest path between every pair of vertices.
The multi-objective shortest path problem consists in finding in a network with vector
weights on the edges optimal paths. Most published papers usually consider the
problem with specified starting and ending node, or from a given starting node to all
other nodes. The shortest path problem belongs to the most widely studied multiobjective problems (Martins 1996). Most problems in this category are NP -complete.

3.4.1

Shortest Path Problem for Column Layout Design

Consider a reinforced concrete frame with N spans. The aim is to find the optimum
column layout locations of the RC frame which leads to the optimum spans of the
frame, as shown in Fig. 3-2, in a way that optimizes the relevant costs. The height of
stories, that is column lengths, is considered determinate and constant.
In order to deal with the column layout design as a combinatorial optimisation
problem, as the first step, the domain needs to be discretised. As such the directed
graph is defined assuming that span lengths are bounded in [Lmin Lmax] in either
direction (Lmin and Lmax can get different values for each span) with intervals
(accuracy) equal to ε. That is, each Li rests in the set of {Lmin , Lmin + ε, Lmin + 2ε ,…,
Lmax - ε , Lmax}. Obviously, the smaller ε is, the more accurate the results will be and
the more running time the algorithm needs. As shown in Fig. 3-2, a directed graph is
defined, which is used as the construction graph for ACO algorithm, to demonstrate
the column layout of the 2D RC frame. The members of the graph denote spans. In
order for the graph to stand for the structure layout, the total number of spans and the
number of nodes need to be N and (N+1) respectively. Hence, the construction graph
is defined as a graph with N nodes and ((Lmax -Lmin)/ ε *N) edges. Each pair of nodes
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are connected with (Lmax - Lmin)/ ε edges, i.e. there are (Lmax - Lmin)/ ε feasible solution
(length) for each span. It should be noted that, as stated in the definition of constraints
and shown in Fig. 3-2, Lmax and Lmin might be specified differently for each span. In
this case, the number of choices for ants on each node might differ from the other
ones. Each edge represents a potential length for the corresponding span. Each path
starting from node one end finishing at node N+1 represents a solution for the layout
problem and consequently the cost of the path is equal to the cost of the solution.
Therefore, the path with minimum cost is the optimum solution for the problem. Now
the problem of preliminary design problem can be treated as a shortest path problem.

Figure 3-2. Directed graph model for 2D frames

For a 3D reinforced concrete frame with Nx and Ny spans in the x and y directions
respectively, two directed graph must be defined for each direction, because the aim is
to find the optimum column layout locations of the RC frame which leads to the
optimum spans of the frame in both the x and y directions, as shown in Fig. 6-9, in a
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way that optimises the relevant costs. In this case, the height of stories, that is, the
column lengths, is considered determinate and constant too.
In order to deal with the column layout design as a combinatorial optimisation
problem, as the first step, the domain needs to be discretised. As such the directed
graph is defined assuming that the span lengths are bounded in [Lmin Lmax] in either
direction (Lmin and Lmax might be different between the x and y direction and for each
span) with intervals (accuracy) equal to ε. That is, each Li rests in the set of {Lmin , Lmin
+ ε, Lmin + 2ε ,…, Lmax - ε , Lmax}. Obviously, the smaller ε is, the more accurate the
results will be and the more running time the algorithm needs. As shown in Fig. 3-3,
an L-shape graph is defined as the construction graph to demonstrate the plan of the
3D frame in x-y plane. The members on the horizontal and vertical wings of the graph
denote spans in the x and y directions respectively.

Figure 3-3. Directed graph model for 3D frames
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In order for the graph to stand for the structure layout, the total number of spans and
the number of nodes need to be Nx+Ny and (Nx+Ny+1) respectively, in which Nx and
Ny are the total number of spans in the x and y directions respectively. Hence, the
construction graph is defined as a graph with Nx+Ny+1 nodes and ((Lmax -Lmin)/ ε
*Nx)+((Lmax - Lmin)/ ε *Ny) edges. Each pair of nodes are connected with (Lmax - Lmin)/ ε
edges, i.e. there are (Lmax - Lmin)/ ε feasible solution for each span. It should be pointed
out that, as stated in the definition of constraints and shown in Fig. 3-3, Lmax and Lmin
might be specified differently for each span. In this case, the number of choices for
ants on each node might differ from the other ones. Therefore, the paths with
minimum cost, for each direction, are the optimum solution for the problem.

3.5 Knapsack Problems
Knapsacks are basic problems in combinatorial optimisation, and applications arise
whenever we want to select an optimum subset of bounded weight from a set of
elements each of which has a weight and a profit. There are a number of items
available, each consumes a known amount of the resource and contributes a known
benefit. Items must be selected in a way that maximises the total benefit without
exceeding the given amount of the resource. Knapsack problems have been intensively
studied in the past few decades (Kellerer et al. 2004), because of immediate
applications in industry and management. Furthermore, knapsack problems arise in
many practical situations and frequently occur by relaxing the various integerprogramming problems. A variety of complex optimisation problems can be solved
through a series of knapsack-type problems (Martello and Toth 1990).
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The knapsack problem is one of the fundamental NP-complete combinatorial
optimisation problems. The knapsack problem (KP) and its multi-dimensional version
(MKP) are basic problems in combinatorial optimisation. Comprehensive surveys
have been carried out on multi-objective multi-dimensional knapsack problems and
Quadratic knapsack problems by Lust et al. (2012) and Pisinger (2007).
There are several problems from the family of knapsack problems that are considered
in this thesis. In all variants of the problem it is assumed that there are some items with
a given profit and weight, which are packed in one or more knapsack of a limited
capacity. Knapsack problems are NP-hard, which means that it is strongly believed
that they cannot be solved to optimality within polynomially bounded computation
time. To practically solve large instances, one often has to use heuristics that returns
near-optimal solutions in a relatively short time.
Given a set of items i∈ I={1,2,…,n} with associated a vector of weights ri and a profit
bi, the knapsack problem is the problem of selecting a subset of items from I in such a
way that they fit into a knapsack of limited capacity a, and maximise the sum of
profits of the chosen items. Let yi be a variable associated with item i, which is 1 if i is
added to the knapsack and 0 otherwise. The general knapsack problem can be
formulated as

n

𝑚𝑎𝑥 𝑓 =

𝑏𝑖 𝑦𝑖

(3-6)

i=1

n

𝑟𝑖 𝑦𝑖 ≤ 𝑎
i=1
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(3-7)

𝑦𝑖 =

1
0

𝑖𝑓 𝐼𝑡𝑒𝑚 𝑖 𝑖𝑠 𝑐𝑜𝑠𝑒𝑛
𝑖𝑓 𝐼𝑡𝑒𝑚 𝑖 𝑖𝑠 𝑛𝑜𝑡 𝑐𝑜𝑠𝑒𝑛

(3-8)

In knapsack problems, it is typically assumed that the profits and weights are positive.
Multiple knapsack problems, also known as multidimensional knapsack problems,
extend the single Knapsack by considering multiple resource constraints. Given a set
of n items and a set of m knapsacks with limited capacity of aj each (𝑚 ≤ 𝑛), the
multiple knapsack problem is the problem of selecting m disjoint subset of items so
that the total profit of the selected items is a maximum. Formally

m

n

𝑚𝑎𝑥 𝑓 =
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(3-9)
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𝑖𝑓 𝐼𝑡𝑒𝑚 𝑖 𝑖𝑠 𝑐𝑜𝑠𝑒𝑛
𝑖𝑓 𝐼𝑡𝑒𝑚 𝑖 𝑖𝑠 𝑛𝑜𝑡 𝑐𝑜𝑠𝑒𝑛

(3-11)

where bij and rij respectively indicate the profit and the weight of item i when selected
for knapsack j.
If the items are sub-divided into k classes that are denoted Ni, and exactly one item
must be selected from each class, the problem is a multiple-choice knapsack problem.
Therefore, it is equivalent to the multiple knapsack problems, plus the following
constraint.
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𝑦𝑖𝑗 = 1

1≤𝑖≤𝑘

(3-12)

𝑖∈𝑁𝑖

If there are no upper bounds on the number of times an item i may be selected that is
called the Unbounded Knapsack Problem. If, in addition to the constraints on weights,
there are other constraints such as a volume limit (where the volume and weight of
each item are not related), the problem is called a multi-constraint knapsack problem.

3.5.1

Knapsack Problems for Plan Layout Design

In order to describe the column layouts of buildings of orthogonal floor plan, it is
practical to divide the floor plan by rectangular areas that are represented by four
columns on each corner, as shown in Fig.3-4. Consequently, a column layout can be
described as an arrangement of rectangular areas that completely fill the entire floor
area. In other words, a rectilinear column layout can be created by sub-dividing the
entire floor area into several rectangular areas with no non-rectangular gaps.

Figure 3-4. Representing the building's layout plan by an arrangement of rectangles
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Assume that it is desired to design a building of rectilinear floor plan of required area
A, by filling the floor by rectangular subareas. Different arrangements of any set of
rectangular sub-areas that provide the total area of A, and satisfy the geometric
constraints are feasible solutions. Each feasible solution represents both a column
layout design and a rectilinear pattern for floor plan. Therefore, selecting the optimum
set of rectangles and optimum arrangement of them among the sets of feasible
solutions results in an optimum layout design. The objective is to have a pattern for a
floor plan that includes the columns layout design, which provides the maximum
profit for the preliminary design phase.

Figure 3-5. A framed building of rectilinear layout plan

Consider a fixed enclosing rectangle that represents the boundaries of the floor plan as
shown in Fig. 3-4 and Fig. 3-5. The length and width of the rectangle Lx and Ly, are the
maximum allowable dimensions of the plan in the x and y directions, respectively (it is
assumed that 𝐿𝑦 ≥ 𝐿𝑥 ). The aim is to find a rectilinear floor pattern of total required
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area A, and the corresponding column layout with maximum profit, inside the
enclosing rectangle.
A rectilinear pattern is formed of a number of rectangular subareas. Assume that there
is a set of rectangles of various lengths and widths, which meet the geometric
requirements, such as maximum and minimum spans lengths. These rectangles
represent the relative location of four columns on their corners and the floor (or slab)
surrounded by them. Rectangles are used to form a rectilinear shape of area A. The
problem changes to select a set of rectangles of total area A and an appropriate
arrangement of them that maximise the profit (objective function) and meet the
constraints. The constraints are as follows:
The rectangles were placed onto the floor plan with their four sides parallel to the x
and y-axis. That is, each edge of a rectangle is parallel to an edge of the enclosing
rectangle.
There is no overlapping for any two rectangles.
To have all the columns on a grid pattern, the edges shared by any two adjacent
rectangles have the same length. This condition prevents the layout plan from having
columns that are off centre and places all the columns on a grid pattern as shown if
Fig. 3-4.
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Figure 3-6. Levels and spans in the layout plan

Now, consider a building of rectilinear plan as shown in Fig. 3-5. The plan is formed
of a rectilinear shape inside the enclosing rectangle which is formed of M spans of
lengths lxi (𝒊 ∈{1,2,…,M}) in the x direction and N spans of lengths lyj (𝒋 ∈{1,2,…,N})
in the y directions (M and N are unknowns). Each span lxi (or lyj) represents one
dimension of the rectangles lays between the levels i (or j) and i+1 (or j+1). The
number of rectangles between the levels i and i+1 is assumed to be Kxi, and the
number of rectangles between the levels j and j+1 is assumed to be Kyi. For example,
in Fig. 3-5, Kx1=2, Kx2=6 and Ky2=7. Therefore, the total number of rectangles that
form the rectilinear shape is

𝑀
𝑖=1 𝐾𝑥𝑖

or

𝑁
𝑗 =1 𝐾𝑦𝑗 .

The total area of the rectilinear

shape therefore can be obtained by Eq. (3.13).

𝑁 𝐾𝑦𝑗

𝑀 𝐾𝑥𝑖

𝐴𝑡 =

𝑙𝑥𝑖 𝑙𝑦𝑗 =
𝑖=1 𝑗 =1

𝑙𝑦𝑗 𝑙𝑥𝑖
𝑗 =1 𝑖=1
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(3-13)

Due to the architectural or other geometric or constructional constraints, each span is
bonded between a maximum and a minimum length, which means, 𝑙𝑖𝑚𝑖𝑛 ≤ 𝑙𝑖 ≤ 𝑙𝑖𝑚𝑎𝑥 .
It is often the case that design variables such as spans length are chosen within discrete
values that varied by a certain size ε called accuracy. Each span length rests in the set
of {𝑙𝑖𝑚𝑖𝑛 , 𝑙𝑖𝑚𝑖𝑛 + ε, 𝑙𝑖𝑚𝑖𝑛 + 2ε ,…, 𝑙𝑖𝑚𝑎𝑥 - ε , 𝑙𝑖𝑚𝑎𝑥 }, which is a set of (𝑙𝑖𝑚𝑖𝑛 - 𝑙𝑖𝑚𝑎𝑥 )/ ε
members. Also, the maximum and minimum possible number of spans are 𝑁𝑆𝑥 𝑚𝑎𝑥 =
𝐿𝑥 /𝑙𝑥𝑖𝑚𝑖𝑛

and𝑁𝑆𝑥 𝑚𝑖𝑛 = 𝐿𝑥 /𝑙𝑥𝑖𝑚𝑎𝑥

in the x direction, and

𝑁𝑆𝑦𝑚𝑎𝑥 = 𝐿𝑦 /𝑙𝑦𝑗 𝑚𝑖𝑛

and 𝑁𝑆𝑦 𝑚𝑖𝑛 = 𝐿𝑦 /𝑙𝑦𝑗 𝑚𝑎𝑥 in the y direction, respectively.
Every two intersecting spans, in the x and y directions, can potentially identify a
rectangle that can be used to form a rectilinear shape. The discretisation results in a set
of rectangles, whose edges are the spans, and are feasible sub-areas that can make the
plan. Feasible sub-areas may differ from level to level (span to span) due to the
different constraints on the lengths of the spans. Any set of such rectangles that have
the total area of A is a feasible solution for forming an optimum rectilinear shape.
Now, back to the knapsack problem, given 𝑚 = 𝑁𝑆𝑦𝑚𝑎𝑥 knapsacks with limited
capacity of aj= Lx for maximum 𝑁𝑆𝑥 𝑚𝑎𝑥 items each, the problem of layout
optimisation of frames changes to selecting m disjoint subset of rectangles so that the
total profit is maximum, as Fig. 3-6 shows. In other words, the longer side of the
enclosing rectangle (Ly) is divided into 𝑚 = 𝑁𝑆𝑦𝑚𝑎𝑥 segments; each is treated as a
knapsack with a limited capacity. Each rectangle is treated as an item that is selected
from the set of rectangles whose dimensions meet the related geometric constraints.
Since the number of similar rectangles selected for each knapsack is not bounded, and
constraints on both weights (lengths) and numbers are applied, the problem is treated
as the unbounded multi-constraint multiple knapsack problem. The reason why the
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maximum possible number of spans for the longest edge is assumed to be the number
of knapsacks is that it leads to the lower number of feasible solutions and consequently
lower computation time, compared to the shortest edge.

Figure 3-7. The multiple knapsack model for layout optimization

Using the above mentioned method, the problem of optimum layout optimisation of
framed building turns to an unbounded multi-constraint multiple knapsack problem.
The procedure for modelling the layout optimisation problem on the knapsack
problem can be summarised as follows:
The boundaries of the layout plan are defined by an enclosed rectangle with the
lengths and width of Ly and Lx respectively (Ly ≥ Lx).
Having the minimum and maximum allowable length spans, the maximum possible
number of spans for each direction is determined.
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Defining a desirable accuracy, a set of rectangles is formed by discretising the domain
for each span. This set contains the rectangles of all allowable dimensions that
represent the set of items. The sets can be independently formed for each span due to
the different limitations on lengths.
The number of knapsacks m is set to the maximum number of spans in the longest
edge of the enclosing rectangle.
As a bi-constraint problem, two constraints are set for the knapsacks capacity. The
first one is the constraint on the weight (length), which is set to the width of the
enclosing rectangle. The second one is the constraint on the number of items, which is
set to the maximum number of spans in the shortest edge of the enclosing rectangle.
The profit can be defined as the inverse of cost and/or the inverse of the lateral
displacement, or any other objectives depending on the problem.
By defining the objective and having a set of items, a set of knapsacks and their
capacity, the layout optimisation of rectilinear frames can be formulated by Eqs. (3-9)
through (3-11).
There are some limitations when selecting a rectangle from the set. In order to have all
the columns on level i, in a row and not to have off-centre columns, when the first
rectangle (item) is chosen for knapsack i, all the following rectangles must have the
same width. In other words, selecting the first rectangle for each span is equivalent to
specifying a length to the span, and all the following rectangles are selected from a
subset of rectangles that are identical in width. Such a constraint makes the problem
similar to multiple-choice knapsack problem. That is, rectangles can be sub-divided
into some classes such that rectangles with identical length are put in the same class.
Then, exactly one rectangle must be selected from each class for a particular knapsack.
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When defining the knapsacks for each row in the y direction, it should be noted that
each item in each knapsack is corresponding to a rectangle in the plan. In other words,
the Item i in the Knapsack j is corresponding to the Rectangle ij, which is surrounded
by the Level i and i+1 in the x direction and Level j and j+1 in the y direction.
Therefore, if a rectangle of area rij is selected for the vacant as the Item ij (Item i in the
Knapsack j) it consumes one of the total vacant capacities of the knapsack j and a
weight of rij from the total weight capacity aij. While if no rectangle is selected for the
Item ij it means that that subarea is void. In this case the void area consumes one of
the total vacant capacities of the Knapsack j and a weight of zero from the total weight
capacity.
In order to reach practical outcomes, for example to prevent the plan being split into
two or more unconnected parts, or in case of preferences for some particular shapes,
additional constraints can be imposed on the capacity of each knapsack or the location
of voids. In the following some common special cases are considered.
Depending on the desired geometric layout design, three widespread special cases
were considered to simplify the application of the method. Each case can be treated as
a certain type of knapsack problem. It should be noted that the general case mentioned
above can cover the entire following cases by adding some constraints to the problem.
Nevertheless, based on the authors experience and the instances already solved,
employing the classification bellow for some special cases, and employing their own
specified methods of solution makes it easier to deal with the corresponding layout
optimisation problem.
Case 1: A rectangular layout pattern where the number of spans in each direction is
fixed and the aim is to determine the lengths of the spans: Consider a building with a
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rectangular plan as shown in Fig. 3-8. There are M and N spans in the x and y
directions respectively (M and N are known). The aim is to determine the lengths of
the spans for each direction. This problem can be treated as a single knapsack problem
as follows:

Figure 3-8. The knapsack model for special case 1

In this case the enclosing rectangle and the layout plan are the same, so having the
minimum and maximum allowable length spans along with the desirable accuracy, a
set of rectangles is formed by discretising the lengths of the spans. This set contains
the rectangles of all allowable dimensions and represents the set of items. If the
limitations on the spans are different from span to span, then different sets of items
must be set.
The enclosing rectangle with M spans in the x direction and N spans in the y directions
(assume 𝑁 ≥ 𝑀) is divided into two areas, as shown in Fig 3-8. The first area is an
enclosing square of M×M spans and the second area is an enclosing rectangle of
(𝑁 − 𝑀) × 𝑀 spans. One knapsack of capacity a=N was defined such that it contains
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M rectangles on the diagonal of the first area plus the (N-M) rectangles on the edge of
the second rectangle, as shown in Fig. 6-5.
Defining the objective, just like that mentioned for the general case, and having a set
of items and one knapsack of capacity N, the problem of layout optimisation of
rectilinear frames can be formulated by Eqs. (3-9) through (3-11), as a single knapsack
problem.
Having the optimum set of rectangles that maximises the profits of the knapsack, the
optimum spans in the x and y direction can be determined.
Case 2: A rectangular layout pattern where the lengths of the spans in each direction
are identical, and the aim is to determine the number of spans: A building of rectangle
plan with M and N identical spans in the x and y directions is considered, as shown in
Fig. 3-9. The aim is to determine the number of spans for each direction. This problem
can be treated as a multiple choice single knapsack problem as follows:

Figure 3-9. The knapsack model for special case 2
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The enclosing rectangle and the layout plan are the same. The maximum and
minimum number of spans for each direction is governed by the minimum and
maximum allowable length spans. That is, the set of allowable rectangular dimensions
is obtained by dividing the length of the enclosing rectangle by the modular values,
which result in spans within the allowable range. This set contains the rectangles of all
allowable dimensions whose lengths and width represent the possible identical length
spans in the x and y direction.
One knapsack of capacity a=1 was defined such that the dimensions of the rectangle in
the knapsack determine the lengths of the spans in both directions.
By defining the objective and having the set of items, and one knapsack the problem
of a layout optimisation of rectilinear frames can be formulated like Eqs. (3-9) through
(3-11), plus the constraint presented by Eq. (3-12), as a multiple choice single
knapsack problem.
Having the rectangle that maximises the profits of the knapsack, the optimum number
of spans in the x and y direction can be determined.
It should be noted that this case, as the simplest one, can be dealt with like an
assignment problem as well (Rosen and Michaels 2000), as instead of weight only the
number of items is considered.
Case 3: A rectangular layout pattern where the aim is to determine both the number
and lengths of the spans: This case is a general case for a layout optimisation of
buildings with a rectangular plan. Consider a building with a rectangular plan as
shown in Fig. 3-10. The aim is to determine the number and lengths of span for each
direction. This problem can be treated as a single knapsack problem as follows:
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Figure 3-10. The knapsack model for special case 3

For rectangular patterns, the enclosing rectangle and the layout plan are the same, so
having the minimum and maximum allowable length spans along with the desirable
accuracy, a set of rectangles is formed by discretising the domain spans. This set, as
the set of items, contains the rectangles of all allowable dimensions, whose lengths
and widths represent the span lengths in the y and x direction, respectively.
Two knapsack of capacities a1=M-1 and a2=N-1 were defined such that the first one
contains the M-1 rectangles on the x axis and the second one contains the N-1
rectangles on the y axis. The lengths of rectangles in the first knapsack represents the
lengths of spans 2 through M in the x direction, and their width represents the length of
span 1 in the y direction. While the lengths of rectangles in the second knapsack
represent the lengths of spans 2 through N in the y direction, and their width represents
the length of span 1 in the x direction.
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By defining the objective and having the set of items and two knapsacks, the problem
of a layout optimisation of rectangular frames can be formulated by Eqs. (6-9) through
(6-11), as a multiple knapsack (bi-knapsack) problem.
Having the optimum set of rectangles that maximises the profits of the knapsack, the
optimum spans in the x and y direction can be determined.
Just like the general case, the only constraint in this case, in order not to have the
columns off centre, was that when the first rectangle was selected for each knapsack,
the following knapsacks must have the same width, which gives the problem a
multiple-choice nature.
In all cases, in addition to the aforementioned constraints, in case of some other
architectural or structural preferences such as some special plan shapes or symmetric
plans (for example as a result of minimising the eccentricity of the mass centre for
lateral loads), the constraints can easily be added to the rectangles' selection criteria.

3.6 Randomised Search Heuristics and Methaheuristics
Randomised search heuristics have been widely applied to complex engineering
problems as well as those from combinatorial optimization. Randomised search
heuristics are general-purpose algorithms, which often yield good solutions for
problems whose structure is not known very well. Evolutionary algorithms (EAs)
belonging to this class of algorithms have become quite popular since the ‘60s of the
last century. Their main advantage is their fast application to different problem
domains. Using an appropriate encoding for a given problem and some standard
variation operators together with a fitness function for the considered problems, one
can often come up with good solutions for the problem. Evolutionary algorithms have
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been widely applied to complex engineering problems as well as problems from
combinatorial optimisation. In the case of a complex engineering problem the structure
of the problem is often not known which means that the quality of a certain parameter
setting can only be evaluated by experiments or simulations.
A randomised search heuristic is a problem-independent algorithm to solve problems
from a considered search space, although it might have modules that are adjusted to
the considered problem or are combined with problem-dependent algorithms.
Independence from the considered problem distinguishes randomised search heuristics
from problem dependent algorithms developed and analysed in the classical algorithm
community (Neumann 2006). In contrast to the classical approach to algorithms where
one designs an algorithm with the view to prove the bounds on the runtime and/or
approximation quality in mind, randomised search heuristics are general-purpose
algorithms.
In the case of combinatorial optimisation, much is often known about the structure of a
given problem and the function to be optimised. Nevertheless it is often difficult to
obtain good solutions for such problems, especially if the problem is new and there are
not enough resources (such as time, knowledge, money) to design specific algorithms
for the given problem. In this case, the application of randomized search heuristics
often yields satisfying results (Neumann 2006). We take a closer look at Ant Colony
Optimisation as a bio-inspired randomised search heuristic Section 3.7.
Metaheuristic algorithms use a certain trade-off of randomisation and local search.
Randomisation provides a good way to move away from local search to a search on
the global scale, and therefore almost all metaheuristic algorithms tend to be suitable
for global optimisation. It is a way by trial and error to produce acceptable solutions to
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a complex problem in a reasonably practical time. The complexity of the problem of
interest makes it impossible to search every possible solution or combination, the aim
is to find a good feasible solution in an acceptable time scale. There is no guarantee
that the best solutions can be found, and we do not even know whether an algorithm
will work and why if it does work. The idea is to have an efficient but practical
algorithm that will work most the time and is able to produce good quality solutions.
Modern metaheuristic algorithms such as the ant colony optimisation and harmony
search start to demonstrate their power in dealing with tough optimisation problems
and even NP-hard problems (Yang 2010).
It is quite apparent that large numbers of combinations are possible for designing a
frame depending upon the total number of practical solutions available. In recent
years novel and innovative search techniques have developed that make use of ideas
taken from nature and do not suffer the discrepancies of mathematical programming
based optimum design methods. Comprehensive reviews on stochastic search
techniques based on natural phenomena have been carried out by Saka (2007), and
Saka and Dogan (2012). The basic idea behind these techniques is to simulate natural
phenomena such as survival of the fittest, immune system, swarm intelligence, etc.,
into a numerical algorithm. These methods are non-traditional stochastic search and
optimisation methods that are very suitable, and powerful at obtaining solutions for
combinatorial optimisation problems. They do not require the derivatives of the
objective function and constraints and they use probabilistic transition rules, not
deterministic rules (Saka 2007).
Metaheuristic is a class of stochastic methods, although the recent trend tends to name
all stochastic algorithms with randomisation and local search as metaheuristic. An
important class of metaheuristics are ones inspired by nature, including genetic
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algorithms (GA), particle swarm optimisation (PSO), simulated annealing (SA), ant
colony optimisation (ACO), bee algorithms (BA), harmony search (HS), firefly
algorithms (FA), photo synthetic algorithm (PA), enzyme algorithm (EA), and Tabu
search. The 1960s and 1970s were the two most important decades for the
development of evolutionary algorithms, although the search to find computationally
more efficient metaheuristic algorithms has gained pace since 2000. A brief history of
metaheuristic has been presented in (Yang 2010).
To find an optimal solution to an optimisation problem is often a very challenging
task, and one that depends on the choice and correct use of the right algorithm. The
choice of an algorithm may depend on the type of problem, the algorithms available,
computational resources and time constraints. For large scale, non-linear, global
optimisation problems, there is often no agreed guideline for the choice of algorithm
and in many cases, there is no efficient algorithm. For hard optimisation problems,
especially for non-deterministic polynomial-time hard, or NP-hard optimisation
problems, there is no efficient algorithm at all (Gandomi et al. 2013).
Various algorithms may be used for solving optimisation problems, although
conventional or classic algorithms are mostly deterministic. For instance, the simplex
method in linear programming is deterministic. Some other deterministic optimisation
algorithms such as the Newton-Raphson algorithm use gradient information and are
called gradient-based algorithms. Non-gradient-based, or gradient-free/derivative-free,
algorithms only use the function values; they do not use any derivative.
Heuristic and metaheuristic are the main types of the stochastic algorithms. The
difference between Heuristic and metaheuristic algorithms is negligible. Heuristic
means ‗to find‘ or ‗to discover by trial and error‘. Quality solutions to a tough
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optimisation problem can be found in a reasonable amount of time, but there is no
guarantee that optimal solutions can be reached, indeed it

is hoped

that these

algorithms work most of the time, but not necessarily all the time. This is good when
good solutions which are easily reachable are needed, and not necessarily the best
solutions (Gandomi et al. 2013).
Metaheuristic optimisation algorithms are often inspired from nature. According to the
source of inspiration for metaheuristic algorithms, they can be classified into different
categories. The main category is algorithms inspired by biology, which generally use
biological evolution and/or the collective behaviour of animals. Science is another
source of inspiration for metaheuristics. These algorithms are usually inspired by
physics and chemistry. Moreover, algorithms inspired by art have been successful for
global optimisation. They were generally inspired by the behaviour of artists who
created artistic objects (such as musicians and architects). Socially inspired algorithms
are defined as another source of inspiration where the algorithm simulates social
behaviour to solve optimisation problems.
Two main approaches appear in heuristics and metaheuristics. The first is based on the
principle of search directions, while the second approach takes advantage of
information carried by the population of solutions, using the notion of domination.
The methods of local search in objective space, starting from an initial solution,
approximates a part of the non-dominated frontier corresponding to a given search
direction λ. A local aggregation mechanism of the objectives, often based on a
weighted sum, produces the effect of focusing the search on a part of the nondominated frontier. This principle was repeated for several search directions to
approximate the complete non-dominated frontier. At any time, the search mechanism
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uses only one solution and iteration tries to attract the solution generated towards E
along the direction λ. The efficiency of theses adaptations depends strongly on the
definition of λ. Contrary to the first approach, where only one individual is attracted
towards a non-dominated frontier, in methods based on population, all the population
contributes to the evolutionary process towards the non-dominated frontier. By
maintaining a population of solutions, such a method can search for many efficient
solutions in parallel via self-adaptation and cooperation. This characteristic makes
population based methods very attractive for solving multi-objective problems
(Ehrgott and Gandibleux 2000).
Although there are different sources of inspiration for the metaheuristic optimisation
algorithms, they do have similarities in their structures and therefore they can be
classified into Evolutionary Algorithms and Swarm Algorithms. Evolutionary
algorithms such as the Genetic Algorithm and Harmony Search generally use an
iterative procedure based on a biological evolutionary progress to solve optimisation
problems, while Harmony Search Algorithms such as particle swarm optimisation and
Ant Colony Optimisation, use the collective behaviour of animals such as birds,
insects or fish.
Over the last three decades, many mathematical programming methods were
developed for solving optimisation problems (Gallagher and Zienkiewicz, 1973;
Hillier and Lieberman, 1990), but no single method has been found to be entirely
efficient and robust for the wide range of engineering optimisation problems (Rajeev
and Krishnamoorthy, 1992). Most design applications in civil engineering involve
selecting values for a set of design variables that best describe the behaviour and
performance of the particular problem while satisfying the requirements and
specifications imposed by codes of practice. Mathematically these design variables are
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discrete for most practical design problems, but most mathematical optimisation
applications are suited and developed for continuous design variables. In discrete
optimisation problems, searching for the global or a local optimal solution is a difficult
task. A few mathematical methods have been developed to solve problems in discrete
optimisation; they include complete enumeration techniques, integer programming,
branch and bound algorithms, and dynamic programming. All these methods use
mathematical programming techniques (Burns 2002).
Methods like Genetic Algorithms, Genetic Programming, Particle swarm optimisation,
Hill Climbing, Simulated Annealing, Ant colony optimisation and many other
Evolutionary Algorithms have been used for structural optimisation and a large
amount of publications have been presented in this regards. Togan and Daloglu (2006)
discussed the adaptive approach in genetic algorithms for 3D trusses. Iuspa and
Ruocco (2008) presented a topological optimal design of isotropic/orthotropic thin
structures performed via genetic algorithms. Hasancebi (2008) investigated the
computational performance of adaptive evolution strategies in large scale structural
optimisation. Rahami and Kaveh (2008) used a genetic algorithm and proposed a force
method for optimising the sizing, geometry, and topology of trusses. Kaveh and
Hassani (2008) used Ant colony optimisation to optimise a structural topology. Park et
al. (2008) suggested new approaches to reduce the number of fitness function
evaluations in genetic algorithms applied to a multi-disciplinary optimisation of
composite laminates. Kaveh and Azar (2008) presented an Ant Colony method for the
design of space trusses. Kaveh and Talatahari (2009) used the Particle swarm
optimiser, ant colony strategy, and a hybridised harmony search scheme to optimise
truss structures.
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Hasançebi et al. (2009) evaluated the performance of genetic algorithms, simulated
annealing, evolution strategies, particle swarm optimiser, Tabu search, ant colony
optimisation and harmony search as the seven most used techniques in the optimum
design of pin jointed structures.
Kaveh and Abadi (2009) proposed a method optimising the cost of a composite floor
system using an improved harmony search algorithm. Nimtawat and Nanakorn (2010)
proposed a new genetic algorithm for a beam–slab layout design of rectilinear floors.
Kaveh and Talatahari (2010) proposed an improved ant colony optimisation for the
design of steel frames.
Lamberti and Pappalettere (2011) reviewed the meta-heuristic algorithms that are
currently most used in the weight optimisation problems of skeletal structures, and
presented alternative formulations recently developed in the literature to improve the
convergence of meta-heuristic algorithms in the design optimisation of skeletal
structures. They also discussed the suitability of each optimisation algorithm for
problems including discrete variables as well as its ability to find the global optimum
for large scale problems.

3.7 Ant Colony Optimisation
An amazing behavioural pattern displayed by certain species of ants is the ability to
find what scientists call the shortest path. Such an ability has inspired computer
scientists to develop algorithms to solve optimisation problems. Biologists have shown
experimentally that this is possible by exploiting communication based only on
pheromones, an odorous chemical substance that ants may deposit and smell. Ant
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colony optimisation (ACO) is a method developed by Dorigo and his associates in
1990's based on the cooperative behavior of real ant colonies to find the shortest path
from their nest to a food source (Dorigo et al. 2006; Rao 2009a).
The Ant Colony Optimisation (ACO) method can be categorised as a stochastic
method. Stochastic methods, although generally more computationally expensive
compared to standard deterministic ones, are better at dealing with problems having
irregular objective functions and constraints and a large number of local minima. The
ACO method, which was formulated to deal with discrete combinatorial optimisation
problems, was inspired by the behavior of colonies of ants when they try to get to
food. This method is one of the random methods for combinatorial optimisation
problems that move towards the final solution of the problem by adding the modified
solution in each step. Through this process, the resulting structure will evolve towards
its optimal solution. Strictly speaking, one cannot guarantee that such an evolutionary
procedure would always produce the best solution but such a technique provides a
useful tool for engineers and architects who are interested in exploring structurally
efficient forms and shapes during the conceptual design stage of a project.
Ant Colony Optimisation is a non-traditional metaheuristic based on the metaphor of
ants seeking food. In order to do so, an ant will leave the anthill and begin to wander
in a random direction. While the little insect paces around, it lays a trail of pheromone
so that after finding some food, it can track its way back, and while doing so it
distributes another layer of pheromone on the path. An ant that senses the pheromone
will follow its trail with a certain probability. Each ant that finds food will excrete
some pheromone onto the path. Over time, the density of pheromone on the path will
increase and more and more ants will follow it to the food and back. Fundamentally,
the higher the density of pheromone the more likely will an ant stay on a trail.
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However, pheromones vaporise after some time, so if all the food is collected they will
not be renewed and the path will eventually disappear. Now, the ants will head to
new, random locations (Dorigo and Stützle 2004).

Figure 3-11. The Procedure ACO Algorithm

The reason why stochastic discrete heuristics like ACO have been widely applied to
complex engineering problems is that such algorithms are characterised by their
adaptability to a large range of problems and do not require sensitivity in formation,
thus they can be applied to a wide range of discrete problems. Their main advantage is
a fast application to different problem domains. In the case of a complex engineering
problem such as the preliminary layout design, where a large number of feasible
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options must be examined during the design process, the structure of the problem is
often not known.
Regardless of the number and types of objectives, the size of the problem and the
number of variables in layout optimisation problems, one can use stochastic heuristics
such as ACO, to search for the optimum in a large search space. Such methods can
also provide designers with multiple global solutions instead of an absolute global
solution. Such ability gives the designer the opportunity to have a set of near global
optimum solutions that can be used for different situations where the other ones might
not be valid or suitable. This is why a rather large number of stochastic metaheuristics
is applied for solving a variety of layout design based problems of large sizes (Kaveh
and Shojaee 2007; Kaveh et al. 2008; Kaveh and Sharafi 2008a; b; 2009; Kaveh and
Talatahari 2010).
ACO algorithms have shown to be very successful at obtaining good solutions,
especially for a variety of NP-hard optimisation problems such as knapsack problems
(Dorigo and Stützle 2004; Dorigo 2006; Dorigo et al. 2008). These methods have the
power to sample and find areas of good performance in the highly complex, multidimensional search spaces that typically occur in conceptual design. However, the
effectiveness and convergence to optimal values seem to be the realistic causes of the
broad application of such metaheuristics, rather than the theorem that supports the
methods.
As a non-traditional optimisation tool, the first ACO algorithm was the Ant System
(AS), developed by Dorigo et al. in 1991 (Dorigo and Stützle 2004), which has
successfully been applied to many combinatorial optimisation problems. Various types
of ant-based algorithms have found vast implementations in civil engineering and
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structural optimisation (Christodoulou 2010; Lee 2012; Sharafi et al. 2012c). . Camp
et al. (2005) proposed an Ant based algorithm for the design of steel frames. Kaveh et
al. (2008) presented an ACO algorithm for structural topology optimisation. Kaveh
and Sharafi (2008a; b; 2009) applied ACO for some graph theory based problems in
structural optimisation.
The two main phases of AS algorithms constitute the ants‘ solution construction and
the pheromone update. In AS a good heuristic to initialise the pheromone trails is to
set them to a value slightly higher than the expected amount of pheromone deposited
by the ants in one iteration. A rough estimate of the value can be obtained by setting
(i, j )  ij   0  m / C nn , where m is the number of ants, and Cnn is the length or cost

of a tour generated by the nearest neighbor heuristic. The reason for this choice is that
if the initial pheromone values are too low, then the search will be quickly biased by
the first tour generated by the ants, which in general leads to an exploration of inferior
zones of search space. On the other hand, if the initial pheromone values are too high,
then many iterations will be lost waiting until the pheromone evaporates enough
pheromone values, so that pheromone added by ants can start to bias the search.
After defining the construction graph and the constraints, and defining the magnitudes
of the pheromone trails and heuristic information for the problem, the ants start
making the trails. In AS, artificial ants concurrently build a tour. Initially, ants are put
on randomly chosen nodes. At each construction step, Ant k applies a probabilistic
action choice rule known as the random proportional rule, to decide which node to
visit next. In particular, the probability that the Ant k currently on Node i chooses to
go to Node j is
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This relationship forms the basis of the AS algorithm and shows that if Ant k is
positioned on Node i, it will move to the next Node j with the probability of pijk . In
this relationship  ij is the pheromone trail and  ij is a heuristic value depending on the
problem conditions. Here  and β are two parameters which determine the relative
influence of the pheromone trail and the heuristic information. N ik is the feasible
neighborhood of the Ant k when being on Node i, that is, the set of nodes that Ant k is
allowed to choose as its next destination. The probabilistic choice of the next node
then works analogously to the roulette wheel selection procedure of evolutionary
computation. The quantity of pheromone trail and heuristic value on the edges
determines the size of the slice on a circular roulette wheel. Obviously, the higher
pheromone or higher heuristic value on the edges increases the possibility of selecting
the corresponding node (Dorigo 2006).
After all the ants have constructed their tours, the pheromone trails are updated. This
update is done by first, lowering the pheromone value on all arcs by a constant factor
 (pheromone evaporation), and then adding pheromone on the edges that the ants
have crossed (pheromone depositing). If m ants are used for constructing the solution,
then pheromone updating is implemented by

τ ij  (1  ρ)τij (i,j)  A
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(3.15)

m

τ ij  τ ij   Δτ ijk , (i,j)  A
k 1

(3.16)

k
where Δτ ij is the pheromone added to  ij by ant k, and defined as follows:

1 / C k if edge (i,j ) belongs to T k
Δτ = 
otherwise
 0
k
ij

(3.17)

The value of Ck can be taken as the cost of the best trail or the best iteration, and Tk is
the set of suitable solutions, depending on the conditions of the problem (Dorigo
Stuzle 2004).
An improvement over AS is rank-based version of AS (ASrank), proposed by
Bullnheimer et al. (1997). In ASrank each ant deposits an amount of pheromone that
decreases with its rank. Ants are sorted by increasing their solution costs. The quantity
of the pheromone that an ant deposits, is weighted according to the rank r of the ant. In
each iteration only the w-1 best-ranked ants are allowed to deposit pheromone,
Bullnheimer et al. (1997). The best iteration gives the strongest feedback, with weight
w and the r-th best ant of the current iteration, contributes to pheromone updating with
the value  ijr  1 / C r multiplied by a weight given by w=max{0, w-r}. Thus, the
pheromone update rule is:
w1

 ij   ij   ( w  r ) ijr  w ijbs
r 1

(3.18)

In the above relationship,  ijbs  1/ C bs is the inverse of the cost of the best selected
iteration. It can be seen that the difference between ASrank and AS lies in the method
for updating the pheromone.
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The main applications of ACO are for discrete problems, although there are some
modified ACO algorithms than can be applicable for continous forms. This method is
largely being used for solving complicated combinatorial optimisation problems. Due
to the probabilistic nature of such methods, convergence to the global maxima is not
guaranteed.

3.7.1

ACO for Multi-objective Optimisation

A general ACO algorithm consists of three stages, as shown in Fig. 3-11. In the first
stage the evaluation functions, pheromone trails and data were initialised. In the
second stage, ants start constructing the solution using the random proportional rule.
The third stage is to evaluate the solutions and update the pheromone trails according
to their fitness values to help the succeeding ants select a better path. The second and
third stages cycle until all ants have finished constructing their solutions and the
termination criterion is met.
A multi-colony ACO algorithm (Iredi et al. 2001) is used for multi-objective
optimisation problems. There is an independent family of ants for each objective
function, and the ants within each family search for optimal solutions to their assigned
objective function. This search is carried out using a cooperation mechanism, where
any information updated by an ant becomes available for all the other ants within the
same family. Solutions proposed by a family are also transmitted to ants belonging to
the other families, and the recipient ants then modify them to suit their respective
objective functions. When all the families have participated in constructing a solution,
non-dominated solutions receive pheromone for the next iteration (Coello et al. 2007;
Dorigo et al. 2008). This enables several members of the Pareto optimal set to be
found in a single run instead of a series of runs, which is the case for some of the
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conventional stochastic processes. The computational results suggest that a multicolony approach leads to improved performance when compared to using a single
colony with single heuristic information (Dorigo et al. 2006).

Figure 3-12. The Algorithmic Skeleton for Multi-objective ACO

For a multi-objective problem with Q objectives, multiple pheromone information is
defined for each objective and weights are used to aggregate them into a single value
for each family. Each Edge j in a solution Sq for the objective function fq has its own
pheromone matrix 𝜏𝑆𝑗 𝑞 and heuristic information matrix 𝜂𝑆𝑗 𝑞 that describes the
desirability of choosing Edge j. Given the construction graph, pheromone and heuristic
information matrices, the probability with which the Ant k chooses Edge j to its partial
solutions is:

𝑘
𝑝𝑆𝑗

[
=
𝑙∈𝑁𝑆𝑘

𝑄
𝑞
𝜆𝑞 𝛼
𝑞=1(𝜏𝑆𝑞𝑗 ) ] . [

[

𝑄
𝑞
𝜆𝑞 𝛽
𝑞=1(𝜂𝑆𝑞𝑗 ) ]

𝑄
𝑞
𝜆𝑞 𝛼
𝑞=1(𝜏𝑆𝑞𝑗 ) ] . [

𝑄
𝑞
𝜆𝑞 𝛽
𝑞=1(𝜂𝑆𝑞𝑗 ) ]

(3-19)

where 𝑁𝑆𝑘 is the feasible neighborhood of Ant k, given the current state vector S ={S1,
S2, …, SQ}; 𝛼 and β are two parameters determining the relative influence of the
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pheromone trail and the heuristic information, and 𝜆𝑞 is the value that weighs the
relative importance of the qth objective function. Thus, the qth objective is not
considered when 𝜆𝑞 = 0 and it is the only one considered when 𝜆𝑞 = 1 .
In a multiple ACO algorithm the set of weight vectors that each colony applies in
order to aggregate its multiple pheromone information represents a region in objective
space where the colony focuses its search. For the bi-objective case, as represented by
Eq. (3-20), a single value 𝝀 is enough to define each weight vector {1−𝝀, 𝝀}, as Q = 2.
In this case Eq. (3-20) can be used in lieu of Eq. (3-19) because it shows the
probability with which the Ant k located on Node i to choose Node j.

𝑝𝑖𝑗𝑘 =

[ (𝜏𝑖𝑗1 )(1−𝜆) (𝜏𝑖𝑗2 )𝜆 ]𝛼 . [ (𝜂𝑖𝑗1 )(1−𝜆) (𝜂𝑖𝑗2 )𝜆 ]𝛽
𝑙∈𝑁𝑖𝑘

[ (𝜏𝑖𝑗1 )(1−𝜆) (𝜏𝑖𝑗2 )𝜆 ]𝛼 . [ (𝜂𝑖𝑗1 )(1−𝜆) (𝜂𝑖𝑗2 )𝜆 ]𝛽

(3-20)

In multi-objective problems, as in single objective ones, the iteration-best or best-sofar strategy can be used for pheromone updates by taking the best solutions from a
candidate set, including all the solutions found in the current iteration, or since the
start of the algorithm. In this case the straightforward criterion is the Pareto optimality
and thus the best solutions for the candidate set are those that are non-dominated, or in
other words, those solutions that belong to the Pareto set. As each objective defines the
solution components in a different way, the selected solutions update each pheromone
matrix differently because each solution component has its own meaning for every
pheromone matrix (Iredi et al. 2001). In this strategy only the best solutions with
respect to each objective are selected to update the pheromone information. Then, each
pheromone matrix, associated with each objective, is updated by the solution with the
best objective value for the corresponding objective. Therefore, the minimum number
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of ants allowed to update the pheromone information in a colony is equal to the
number of objectives. Since an ant cannot update the pheromone information of more
than one colony, each pheromone matrix focuses on one objective, thus the
aggregation of all of them by means of a weight vector regulates the relative
importance of each objective.
In the pheromone updating stage of multi-objective ACO, some special care must be
taken to guarantee an acceptable convergence. For pheromone depositing, the only
restriction is that the cost of the total solution cannot be used for this purpose because
the values of different objective functions are not comparable and the amount of
deposited pheromone must be ensured to be independent for each family, otherwise
some objectives are considered implicitly more important than the others. With regard
to the pheromone evaporation procedure, any method can be used although efficient
techniques would of course be preferred (Iredi et al. 2001; Dorigo 2006; Dorigo et al.
2008).

3.8 Summary
In the many optimum design cases, we looked for a set of design variables selected
from a given list, which assured the optimum of objective function together with the
satisfaction of constraints. That is, the optimum design consists of selecting the best
combination of a finite number of structural elements and available parameters. Such a
combinatorial nature, from the mathematical point of view, gives the optimum design
procedure a discrete nature. Progress in modern metaheuristics, along with rapidly
advancing computer technology, enables designers to deal with the problems of large
sizes. Combinatorial optimisation problems arise everywhere and certainly in all areas
of technology and industrial management. In proposals for their solution, most
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combinatorial optimisation problems can be formulated naturally in terms of graphs
and (integer) linear programs. Over the last few decades combinatorial optimisation
and graph theory have experienced a particularly fast development, as has the whole
field of combinatorics in general.
The shortest path and Knapsack problems are two combinatorial problems on which a
large number of real life optimization problems can be formulated. There are hundreds
of applications in applied mathematics, engineering and management for these two
problems. The shortest path and Knapsack problems are both NP hard problems that
are being widely dealt with by randomised search metaheuristics in the literature.
In order to describe the column layouts of buildings with an orthogonal floor plan, it is
practical to divide the floor plan by rectangular areas that are represented by four
columns at each corner such that a rectilinear pattern is formed by a number of
rectangular sub-areas. Each rectangle is treated as an item selected from the set of
rectangles whose dimensions meet the related geometric constraints. Assuming there
is a set of rectangles of various lengths and widths, which meet the geometric
requirements, such as the maximum and minimum length spans. These rectangles
represent the relative location of four columns on their corners and the floor (or slab)
surrounded by them. Rectangles are used to form a rectilinear shape of area A. The
problem changes to select a set of rectangles of total area A and an appropriate
arrangement of them that maximises the profit (objective function) and meets the
constraints.
Therefore, the problem of optimising the layout of a framed building turns to
unbounded multi-constraint multiple knapsack problems. Profit can be defined as the
inverse of cost and/or the inverse of lateral displacement, or any other objectives
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depending on the problem. Depending on the desired geometric layout, some special
cases can be considered to simplify the application of the method, but each case can be
treated as a certain type of knapsack problem.
For the problem of the column layout design of frames with rectangular shapes, the
problem can be treated as a shortest path problem by discretising the search space and
forming a directed graph that represents the construction graph in the ACO algorithm
as well. Calculating the relevant cost for each feasible solution, the path with the
minimum cost, or shortest path, is the solution for the column layout problem.
Metaheuristics can be an efficient way of producing acceptable solutions to a complex
problem by trial and error in a reasonably practical time. The complexity of the
problem makes it impossible to search every possible solution or combination, so the
aim is to find a good feasible solution in an acceptable timescale.
Ant Colony Optimisation is a non-traditional random search metaheuristic based on
the metaphor of ants seeking food. In order to do so, an ant will leave the anthill and
begin to wander in a random direction. ACO has been widely used for solutions to a
variety of combinatorial optimisations.
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4 Optimum Column Layout Design for Continuous Beams

4.1

Introduction

This chapter presents a computer aided design method for conceptual geometric layout
optimisation of multi-span reinforced concrete (RC) beams for any type of static or
dynamic response. A key feature of the chapter is the development of a new cost
optimisation method for geometric layout problems that take both cost parameters and
dynamic responses into account to achieve an optimum design along with acceptable
dynamic performance of reinforced concrete (RC) beams. This method takes
advantage of a new optimisation formulation that simplifies the preliminary layout
design computations. First, a new objective function is proposed and formulated as an
alternative to traditional cost functions for reinforced concrete beams. The ability to be
easily used in layout optimisation problems gives the new cost function a distinct
advantage over its alternatives because the problem is then modelled on the shortest
path problem. Using the proposed cost function, an Ant Colony Optimization (ACO)
based algorithm was proposed to determine the optimal lengths of multi-span beams in
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order to minimise their cost. Examples are included to illustrate the performance of the
new methodology.
In the next section a preliminary geometric design method is presented to determine
the optimum spans of a vibrating continuous beam for controlling dynamic response,
while a given set of design conditions, including the cost of the material and the
loading and support conditions, are given. That is, the optimisation problem was
formulated that considers the cost elements and the dynamic responses. For this
purpose a methodology that links the cross sectional action of the RC beam to the cost
parameters (Sharafi et al. 2012c) was used, and then, based on the proposed objective
function and relevant constraints, an Ant Colony Optimization (ACO) algorithm was
presented to solve the proposed optimisation problem. In order to verify the suitability
of this methodology and illustrate the performance of the algorithm, solved examples
are presented.

4.2 Optimum Design for Static Loading
When designing concrete structures the designer is faced with four classes of design
variables. The first class is material design variables such as the type of concrete to be
used, the second class is topological design variables such as the number of spans in a
frame, and the third class is geometric layout variables such as the length of spans in a
continuous beam; and finally, cross section design variables such as the dimensions of
a concrete section (Kirsh 1981). On most occasions in the optimisation process, the
designer is not free to set the pre-assigned parameters and design variables, and the
existing circumstances may dictate to the designer what to do. Nevertheless, by
exploiting experience one may shift from one set of variables to another that causes a
new definition for the objective function (cost function in this case). Moreover, any
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changes in choosing the design variables may lead to changes in constraints and even
vary their nature from design variables to behavioural ones, and vice versa. In other
words, depending on the nature of the optimisation problem, the process of achieving
an optimum feasible solution may be much quicker by shifting from one design space
to another, and by changing the design variables into space dimensions.
Selecting the cost function can be considered the most important decision in the entire
optimal design process, and therefore it is essential to introduce a cost function that
represents the most influential cost components and more importantly, one that is
applicable for a variety of similar optimisation problems. Furthermore, it must be
capable of matching the explicit constraints of structures, which are often given by
formulae in design codes.
A cost function generally includes the cost of materials, transportation, fabrication and
even maintenance costs, in addition to repair and insurance costs, which can be
presented by a weighted sum of a number of properties. The effect of these factors in
the optimal cost can be imposed on the weighted coefficients of the cost function. In
concrete structures at least three different cost items should be considered in
optimisation: the cost of concrete, steel, and the formwork. So, the general cost
function for a reinforced concrete beam can be expressed in the following form:
C =Cc+Cs+Cf

(4-1)

where C, Cc ,Cs and Cf are the total cost, cost of concrete, cost of steel, and cost of the
formwork, respectively. Obviously, for pre-stressed and fibred concrete sections the
relevant costs for these two items are added to the total cost. Considering the unit costs
per parameter and the fact that the unit costs of longitudinal reinforcement steel
usually differs from shear steel; Eq. (7-1) can be written as
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C =cc Ac + csl Asl + csv Asv + cf Pf

(4-2)

Where cc, csl, csv and cf are the unit costs of concrete, longitudinal steel, shear steel and
formwork respectively and Ac, Asl, Asv and Pf are their corresponding quantities. In unit
costs all the relevant costs, such as material, labour, transportation, fabrication and
maintenace etc. can be taken into account. In most published optimisation studies
(Adeli and Sarma 2006), the costs are calculated for a member such as a beam, and
coefficients and quantities are presented based on members or the unit length of each
member in Eq. (4-2). If such a classic cost function for a beam optimisation problem is
used, some or all of the parameters Ac, Asl, Asv and Pf are considered the design
variables. Then, based on explicit constraints, which are presented in codes and/or
implicit behavior constraints of the problem, the optimum values of the design
variables will be found using optimisation techniques. In other words, most existing
cost optimisation functions only deal with cross sectional variables.
In the case of a multi-objective optimisation of structures, including a combination of
material, geometrical layout, topological, and cross sectional design variables, using
the currently available formulation leads to a significant number of design variables
and constraints because each of the stated conditions might require a complicated trial
and error procedure. In fact, the design variables of this kind, even in the traditional
methods of design, require sound engineering judgment to be chosen, and it can be
extremely time consuming to determine the solution for each section of each member.
Therefore, unless alternative design variables are selected for the cost function, a
multi-objective optimisation procedure might be too unwieldy in these cases.
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In the problem of the preliminary layout optimisation of multi-span RC beams,
parameters such as the cross sectional area, perimeter of the concrete section or the
area of reinforcement steel, are not truly suitable as design variables because they were
not obtained from an explicit mathematical procedure. These parameters are mainly
calculated using suggested relationships in design codes which do not uniquely
provide the exact values for these parameters. Furthermore, the first step in
determining these parameters is to complete the structural analysis procedure and then
use the structural analysis outputs such as forces and moments together with the
design code requirements to determine the cross sectional characteristics of the
concrete beam. In such a case, each step of the layout optimisation, as in an iterative
procedure, includes both analysis and design processes, and besides the classic cross
sectional variables, the layout of a structure and consequently the outputs of structural
analysis would be variables of the problem. Therefore, designers must repeat the
design procedure to achieve the optimal cross sectional variables that are usually
functions of other analytical outputs.
Consider Eq. (4-3) as a potential alternative cost function to Eq. (4-2) in an arbitrary
beam cross section.

C =c1𝑀𝑢++ c2 𝑀𝑢−+ c3 Vu

(4-3)

where 𝑀𝑢+ and 𝑀𝑢− are the positive and negative bending moment capacities and Vu
is the shear capacity of the section. If an appropriate set of {c1, c2, c3} could be found
such that Eq. (4-3) represents the cost of the section, the design variables would shift
from Ac, Asl, Asv and Pf to 𝑀𝑢+, 𝑀𝑢− and Vu. In fact, due to the relationship between the
capacity factors of the section and structural analysis outputs in the design codes the
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aim of using cost functions such as Eq. (4-3) is to use structural analysis outputs
instead of structural design factors.
Using structural analysis outputs as design variables, say the internal action effects of
a beam, has some advantages over using structural design outcomes such as the cross
sectional characteristics of a beam. Firstly, the design action effects of each section
can be easily obtained from structural analysis and in an iterative mathematical
procedure, re-analysing a structure is considerably less time consuming and more
precise than re-designing the structure. If Eq. (4-2) is used to find the optimum layout
of a large structure with respect to the cost elements, the optimisation tool needs to
deal with structural analysis and structural design in each step in order to move
towards an optimum solution. Besides, in the process of obtaining Ac, Asl, Asv and Pf, in
the first step, one needs to have access to the relevant 𝑀𝑢+, 𝑀𝑢− and Vu. Therefore,
using 𝑀𝑢+, 𝑀𝑢− and Vu as optimisation variables seems to be a shortcut in finding the
optimum cost in the layout optimisation of multi-span beams.
Moreover, in Eq. (4-3) the cost function is considered in a section rather than a
member. Such ability is an advantage because it enables the designer to select a
number of sections for each member and control the cost in the entire structure, so
there is no necessity to conduct the optimisation process over the entire member. Since
the cross sectional characteristics of a member, say a RC beam, such as Ac, Asl, Asv and
Pf varies along the member, in order to come up with an accurate cost function for a
member, one needs to have a clear idea about the probable distribution of bending
moments and shear forces. Such a requirement makes the formulation extremely
complicated and sometimes impractical for some multi-objective problems.
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The rest of this chapter describes how to find an appropriate set of coefficients that
make Eq. (4-3) a viable alternative to Eq. (4-2) for optimising the layout of reinforced
concrete continuous beams. Using the proposed cost function, a method to find the
optimum lengths of spans in a multi-span beam in order to minimise the cost is
formulated.

4.2.1

Mathematical formulation

In formulating the cost optimisation of a beam and the relevant constraints, the
Australian design standard for reinforced concrete structures, AS-3600 (2009) was
used since it is based on limit states design method of concrete structures. The
evaluation of the area of steel reinforcement and the area of concrete section are based
on the strength limit states of the section that can occur in either concrete or steel.
Consider an arbitrary section of a rectangular reinforced concrete beam, as shown in
Fig. 4-1. The dimensions of the section are b and h, the areas of tension and
compression reinforcement steel are Ast, Asc respectively, and the area of shear
reinforcement steel in a unit length of beam is Asv/s, where Asv is the area of shear
shear reinforcement (stirrups), and s is the spacing of the stirrups along the member.
The capacity or the ultimate strength of the section in negative and positive flexure
and shear are 𝑀𝑢−, 𝑀𝑢+ and Vu respectively, which can be obtained from Eq. (4-4)
through Eq. (4-6) in a balanced section in which both tension and compression steel
yield.

𝑀𝑢− ≅ Asc fyl d(1- 0.5γku)

(4-4)

𝑀𝑢+ ≅ Asc fyl d(1- 0.5γku) + (Ast -Asc) fyl (d - a/2)
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(4-5)

Vu ≅ fyv d Asv /s + β bd ( f'c)(1/2)

(4-6)

where fyl and fyv are the yield strength of the longitudinal reinforcement steel and the
shear reinforcement steel respectively, f'c is the characteristic compressive cylinder
strength of concrete at 28 days, and β is a coefficient based on the standard.
Parameters ku and γ are the neutral axis parameter and the ratio of the depth of the
assumed rectangular compressive stress block to kud. Other parameters are shown in
Fig. 4-1.

Figure 4-1. An arbitrary section of a rectangular RC beam

In order to shift from Eq. (4-2) to Eq. (4-3) and come up with the set of {c1, c2, c3}, the
first step is to determine how variations of Ac, Asl, Asv and Pf affect 𝑀𝑢+, 𝑀𝑢− and Vu
and vice versa. That is, the reciprocal relationships between these two sets of variables
must be identified to find out how increasing or decreasing the amount of each cross
sectional parameter influences the capacity of the sectional strength, and how one
should change the cross sectional parameters in order to vary these capacities.
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As stated above, given the unit costs cc, csl, csv and cf , the cost function can be defined
using Eq. (4-2) for each section. If any of the cross sectional parameters Ac, Asl, Asv or
Pf changes, the cost function varies in a section as follows

ΔC =cc ΔAc + csl ΔAsl + csv ΔAsv + cf ΔPf

(4-7)

On the other hand, using Eq. (4-3) variations in section capacities would change the
cost function as follows:

ΔC = c1Δ𝑀𝑢++ c2 Δ𝑀𝑢−+ c3 ΔVu

(4-8)

Eqs. (4-7) and (4-8) show the contribution of each factor to cost changes and
sensitivity of the cost to each term. For example, changing a unit of Ac causes a change
of cc units in cost. Therefore, if the effect of variations of Ac, Asl, Asv and Pf on
variations of 𝑀𝑢+, 𝑀𝑢− and Vu are determined, the contribution of each section capacity
to cost changes, that is the set of {c1, c2, c3}, can be found out.
In order to simplify the calculations, two assumptions were made. First, since we
intended the section to remain in a balanced condition, any changes for compression
steel were considered equal to those of tension steel.

ΔAst =ΔAsc = ΔAsl

(4-9)

This means, in case of the layout optimisation of multi-span beams where the aim is to
find the optimum length spans, any variations in the quantities of steel s for
compression and tension in a balanced section can be considered equal in each step of
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an iterative process. Such an assumption causes a section to remain in a balanced
condition in every step and results in a balanced section at the end of the optimisation
procedure. The second assumption is that the depth of the compressive region of
concrete, the parameter a, is not affected very much by variations of the section width
b. The width of a beam section is generally constrained by a number of factors
including architectural constraints, standards limitations, and the limitations of
columns and joints. All these constraints cause the width of the section to have a minor
variation during the optimisation process. This does not mean that any variation in the
width is ignored, but in practice, such a variation is so limited that it has a negligible
effect on the depth of the compressive region.
Considering the afore mentioned assumptions and using Eqs. (4-4) through (4-7), if As
varies:

𝛥𝑀𝑢−
𝛥𝐴𝑠𝑙
𝛥𝑀𝑢+
𝛥𝐴𝑠𝑙
𝛥𝑉𝑢
𝛥𝐴𝑠𝑙

≅ 𝑓𝑦𝑙 𝑑(1 − 0.5𝛾𝑘𝑢 ) → 𝛥𝐴𝑠𝑙 ≅ [𝑓𝑦𝑙 𝑑(1 − 0.5𝛾𝑘𝑢 )]−1 𝛥𝑀𝑢− = 𝐾1 𝛥𝑀𝑢−
≅ 𝑓𝑦𝑙 𝑑 1 − 0.5𝛾𝑘𝑢 → 𝛥𝐴𝑠𝑙 ≅ 𝑓𝑦𝑙 1 − 0.5𝛾𝑘𝑢

−1

𝛥𝑀𝑢+ = 𝐾1 𝛥𝑀𝑢+ (4-10)

≅ 0 → 𝛥𝑉𝑢 𝑎𝑛𝑑 𝛥𝐴𝑠𝑙 𝑎𝑟𝑒 𝑖𝑛𝑑𝑖𝑝𝑒𝑛𝑑𝑎𝑛𝑡 𝑜𝑓 𝑒𝑎𝑐 𝑜𝑡𝑒𝑟

If Av varies, the variation of the section capacity will be as follow:

𝛥𝑀𝑢− 𝑎𝑛𝑑
𝛥𝑀𝑢+ 𝑎𝑛𝑑
𝛥𝑉𝑢
(

𝛥𝐴 𝑠𝑣
)
𝑠

𝛥𝐴𝑠𝑣
𝑠
𝛥𝐴𝑠𝑣
𝑠

𝑎𝑟𝑒 𝑖𝑛𝑑𝑖𝑝𝑒𝑛𝑑𝑎𝑛𝑡 𝑜𝑓 𝑒𝑎𝑐 𝑜𝑡𝑒𝑟
𝑎𝑟𝑒 𝑖𝑛𝑑𝑖𝑝𝑒𝑛𝑑𝑎𝑛𝑡 𝑜𝑓 𝑒𝑎𝑐 𝑜𝑡𝑒𝑟

≅ 𝑓𝑦𝑣 𝑑 →

𝛥𝐴𝑠𝑣
𝑠

≅ (𝑓𝑦𝑣 𝑑)−1 𝛥𝑉𝑢 = 𝐾2 𝛥𝑉𝑢

If the area of section, i.e. bd varies:
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(4-11)

ΔAc = Δ(bd) =b Δd + d Δb + Δb Δd

(4-12)

𝑀𝑢− is not a function of b and based on the second assumption we made, the
dependence of M+u on changes of b is neglected. Moreover, the first term of Vu is not
dependent on b as well. So, the variations of the section capacities due to variation of
section area are as follows:

𝑏

𝛥𝑀𝑢

𝑏

∆𝐴𝑐

𝛥𝑀𝑢−

≅

𝛥(𝑏𝑑)
𝛥𝑀+
𝑢

𝛥(𝑏𝑑)

𝑓𝑦𝑙 𝐴𝑠𝑐

≅

𝛥𝑉𝑢
𝛥(𝑏𝑑)

𝑏

≅

𝑏𝑠

+ 𝛽(𝑓′ 𝑐 )

1/2

𝛥𝑀𝑢

≅𝑏

𝛥 𝑏𝑑

𝑓𝑦𝑙

(𝐴𝑠𝑡 − 0.5𝛾𝑘𝑢 𝐴𝑠𝑐 ) → 𝛥 𝑏𝑑 ≅
𝑓𝑦𝑣 𝐴𝑠𝑣

𝑏

𝛥𝑀𝑢

1 − 0.5𝛾𝑘𝑢 → 𝛥 𝑏𝑑 ≅

𝑏
𝑓𝑦𝑙

𝑏

=

−1

𝐴𝑠𝑐

1 − 0.5𝛾𝑘𝑢

𝑏
𝑓𝑦𝑙
𝑏

→ 𝛥(𝑏𝑑) ≅ [

(4-13)

𝛥𝑑

−
𝛥𝑀−
𝑢 = 𝐾3 𝛥𝑀𝑢
−1

(𝐴𝑠𝑡 − 0.5𝛾𝑘𝑢 𝐴𝑠𝑐 )

𝑓𝑦𝑣 𝐴𝑠𝑣
𝑏𝑠

+ 𝛽(𝑓′ 𝑐 )

1/2

+
𝛥𝑀+
𝑢 = 𝐾4 𝛥𝑀𝑢

(4-14)

−1

]

𝛥𝑉𝑢 = 𝐾5 𝛥𝑉𝑢

The variation of the perimeter of a rectangular section, which determines the variation
of the formwork, affects the section capacity as follows:

𝛥𝑃𝑓 = ∆𝑏 + 2∆𝑑

𝛥𝑀𝑢−
∆𝑏+2∆𝑑
𝛥𝑀𝑢+
∆𝑏+2∆𝑑
𝛥𝑉𝑢
∆𝑏+2∆𝑑

≅ 0.5𝑓𝑦𝑙 𝐴𝑠𝑐 1 − 0.5𝛾𝑘𝑢

(4-15)

→ 𝛥𝑃𝑓 ≅ 2 𝑓𝑦𝑙 𝐴𝑠𝑐 1 − 0.5𝛾𝑘𝑢

−1

≅ 0.5𝑓𝑦𝑙 (𝐴𝑠𝑡 − 0.5𝛾𝑘𝑢 𝐴𝑠𝑐 ) → 𝛥𝑃𝑓 ≅ 2 𝑓𝑦𝑙 (𝐴𝑠𝑡 − 0.5𝛾𝑘𝑢 𝐴𝑠𝑐 )
≅ 𝑓 𝑦𝑙 𝐴 𝑠𝑣
𝑠

2
+ 𝛽𝑏 (𝑓 ′ 𝑐 )1/2

+

1
𝛽𝑑 (𝑓 ′ 𝑐 )1/2

→ 𝛥𝑃𝑓 ≅

2
1
𝑓 𝑦𝑣 𝐴 𝑠𝑣
+ 𝛽𝑏 𝑓 ′ 𝑐 2
𝑠

+

𝛥𝑀𝑢− = 𝐾6 𝛥𝑀𝑢−
−1

𝛥𝑀𝑢+ = 𝐾7 𝛥𝑀𝑢+

1
1

𝛽𝑑 𝑓 ′ 𝑐 2

(4-16)

𝛥𝑉𝑢 = 𝐾8 𝛥𝑉𝑢

Multiplying both sides of Eqs. (4-10) by csl /2, Eqs. (4-11) by csv , Eqs. (4-14) by cc /3
and Eqs. (4-16) by cf /3, and adding them up will result in:
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𝑐𝑐 𝛥𝐴 𝑐 +𝑐 𝑠𝑙 𝛥𝐴 𝑠𝑙 +𝑐𝑠𝑣 𝛥𝐴 𝑠𝑣 +𝑐 𝑓 𝛥𝑃𝑓 =
+
+

1
1
1
𝑐
𝐾
+
𝑐
𝐾
+
𝑐 𝐾
𝑐
4
𝑠𝑙
1
3
2
3 𝑓 7
1
1
1
𝑐 𝐾 + 𝑐 𝐾 + 𝑐 𝐾
3 𝑐 3 2 𝑠𝑙 1 3 𝑓 6
1
1
𝑐 𝐾 + 𝑐𝑠𝑣 𝐾2 + 𝑐 𝑓 𝐾8
3 𝑐 5
3

𝛥𝑀𝑢+
𝛥𝑀𝑢−

(4-17)

𝛥𝑉𝑢

Comparing Eq. (4-17) with Eqs. (4-8) and (4-9) results in:

1

1

1

1

1

1

𝑐1 = 3 𝑐𝑐 𝐾4 + 2 𝑐𝑠𝑙 𝐾1 + 3 𝑐𝑓 𝐾7
𝑐2 = 3 𝑐𝑐 𝐾3 + 2 𝑐𝑠𝑙 𝐾1 + 3 𝑐𝑓 𝐾6
1

(4-18)

1

𝑐3 = 3 𝑐𝑐 𝐾5 + 𝑐𝑠𝑣 𝐾2 + 3 𝑐𝑓 𝐾8

The coefficients c1, c2 and c3 determine how the parameters 𝑀𝑢−, 𝑀𝑢+ and Vu contribute
to the cost function. Now, in order to re-analyse a rectangular beam to achieve the
optimum criteria, one can use Eq. (4-3) in lieu of Eq. (4-2).

4.2.2

Optimisation Problem formulation

Consider a multi-span RC beam with N spans and a total constant length of L subject
to an arbitrary dynamic loading system f(x), as shown in Fig. 4-2. The aim is to redesign the layout by determining the optimum length spans.

Figure 4-2. A multi-span rectangular RC beam under arbitrary static loading
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For this purpose the cost will be the sum of the cost functions of all sections selected
in the structure.

𝐶𝑡 =

𝑁𝑆
𝑖=1 𝐶𝑖

=

𝑁𝑆
+
𝑖=1(𝑐1𝑖 𝑀𝑢𝑖

_
+ 𝑐2𝑖 𝑀𝑢𝑖
+ 𝑐3𝑖 𝑉𝑢𝑖 )

(4-19)

where Ct is the total cost of the structure and NS is the number of selected sections to
control the cost.
The strength constraints on each selected section i in the structure under a load case
may be written as

+

+
∅𝑓 𝑀𝑢𝑖
≥ 𝑀𝑖 ∗

−

−
∅𝑓 𝑀𝑢𝑖
≥ 𝑀𝑖 ∗
∅𝑠 𝑉𝑢𝑖 ≥ 𝑉𝑖 ∗

+

for i={1,2,…NS}

(4-20)

−

where 𝑀𝑖 ∗ , 𝑀𝑖 ∗ and 𝑉𝑖 ∗ are positive and negative flexure and shear action effects
of section i. ∅𝑓 and ∅𝑠 are the strength reduction factors in flexure and shear
respectively. The serviceability requirements limit the maximum deflection umax on the
entire member to Δmax under the serviceability load case. So for all sections:

umax i ≤ Δmax i

for i={1,2,…NS}

(4-21)

Other constraints for durability, fire resistance, minimum cover and minimum flexural
strength, can be easily added to the problem as well, based on the relevant design
codes.
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Now consider a multi-span RC beam with N spans and a total constant length of L,
under the arbitrary loading system f(x), as shown in Figure 4.2. The aim is to re-design
the beam to determine the optimum length spans in order to minimise the cost.
According to Eqs. (4-19) and (4-20), the total cost is a function of the effects of the
beams' action s under the loading system, which in turn are functions of the span
lengths in a structural analysis. The general formulation of the problem is:

+
−
min 𝐶𝑜𝑠𝑡(𝑙1 , 𝑙2 , … , 𝑙𝑁 ) = 𝑁𝑆
𝑖=1(𝑐1𝑖 𝑀𝑢𝑖 + 𝑐2𝑖 𝑀𝑢𝑖 + 𝑐3𝑖 𝑉𝑢𝑖 )
𝑙1 , 𝑙2 , … , 𝑙𝑁
−−−−−−−−−−−−−−−−−−
𝐾 𝑈 = 𝐹

𝑓𝑜𝑟 𝑖 = {1,2, … 𝑁𝑆}

+

∗
∅𝑓 𝑀+
𝑢 ≥ 𝑀

(4-22)

−

∗
∅𝑓 {𝑀−
𝑢 } ≥ {𝑀 }

𝑠. 𝑡

∅𝑠 𝑉𝑢

≥ 𝑉∗

𝑢𝑚𝑎𝑥 ≤ 𝛥𝑚𝑎𝑥
{𝑙𝑚𝑖𝑛 } ≤ {𝑙𝑖 } ≤ {𝑙𝑚𝑎𝑥 }
𝑜𝑡𝑒𝑟 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠 𝑏𝑎𝑠𝑒𝑑 𝑜𝑛 𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑𝑠

where the first constraint is the behavioural constraint of the structural optimisation
+

−

problem determining the relationship between design action effect 𝑀∗ , {𝑀∗ } and
−

{𝑉 ∗ }, and span lengths based on a general formulation of the displacement method
where [K] is the global stiffness matrix of the structure, {U} is the displacement
vector, and {F} is the externally load vector obtained from f(x). By using the EulerBernoulli beam element for a finite element analysis of structures, the dimensions of
the above vectors will be 2N, where N is the number of spans. The dimension of the
+
−
other variable constraint vectors, say {𝑀𝑢𝑖
}, {𝑀𝑢𝑖
}, is NS because the other constraints

and cost function will be evaluated in NS critical sections. Furthermore, the length of
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each span can be constrained between lmin and lmax in order to satisfy architectural
considerations.
There are several ways to deal with the above cost optimisation problem, so in the next
section an Ant colony algorithm is proposed to solve the problem.

4.2.3

ACO Algorithm

The algorithm developed in this chapter attempted to find the optimal lengths of spans
for a multi-span beam to minimise the cost function using an ACO approach. The aim
was to find a set of integers as the lengths of spans to minimise the cost function. In
other words, the algorithm deals with the discrete form of the problem so the first step
will be discretising the domain. For this purpose, a graph named construction graph
was defined.

Figure 4-3. Constructing a graph for the Ant algorithm

Although in theory the size of the RC members and their dimensions in building
structures are continuous, in the design process, we usually deal with the dimensions
as discrete sizes. The dimensions of concrete sections were usually varied by a certain
size, e.g. 25 mm or 50 mm a step, which makes the section dimensions discrete. The
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amount of reinforcement was also determined by the number of bars in a RC section.
Therefore, one can define the optimisation problem of RC sections as a discrete
optimisation problem rather than a continuous one.
In order to discretise the domain of answers, assume that the span lengths are bounded
in [lmin, lmax] with intervals (accuracy) equal to ε, then each li rests in the set of {lmin ,
lmin + ε, lmin + 2ε ,…, lmax - ε , lmax}. Obviously, the smaller ε is chosen, the more
accurate results will be obtained and the more running time the algorithm needs. The
number of spans (beam elements) and the number of nodes in the continuous beam is
N and N+1respectively so the construction graph was defined as a graph with N+1
nodes and (lmax - lmin)/ ε *N edges, as shown in Fig 4-3. Each pair of nodes were
connected with (lmax - lmin)/ ε edges, i.e. there are (lmax - lmin)/ ε choices for each Ant on
each node to select another one, for making its trail (solution). It should be pointed out
that, as stated in the definition of constraints and shown in Figure 3, lmax and lmin might
be specified differently for each span, say li max and li min. In this case, the number of
choices for ants on each node might differ from the other ones. Now that the
construction graph is prepared, Ants can start their solution process in three phases
(Kaveh and Sharafi 2008, 2009). The algorithm flowchart is shown in Fig. 4.4
1- The phase of initial data processing and preliminary calculation; In this phase the
primary values are given and the calculations start and data are entered. Artificial Ants
were located on the first and last nodes of the construction graph, i.e. Nodes 1 and
N+1, to construct their solution. The lengths of paths are introduced and parameters

 ,  ,  and the termination criteria are defined and initial pheromone and heuristic
matrix are organised. Each value (i,j) of pheromone matrix and heuristic matrix shows
the tendency of the Ant located on Node i of the construction graph to choose the edge
j to move towards the next node. Since there are as many as (lmax - lmin)/ ε edges that
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connect every two successive nodes, the dimension of these two matrices will be
N*(lmax - lmin)/ ε.

Figure 4-4. The ACO Flowchart
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For organising the heuristic matrix and initial pheromone matrix, we can make use of
our structural analysis experience. Because the type of supports and other boundary
conditions and constraints, plus any loads, can affect the length of spans, the entries of
heuristic matrix and initial pheromone matrix might be organised based on such
parameters. Technically, the arrays of the heuristic matrix are specified according to
the designers' preferences. In this case for example, if there are any preferences for
certain length spans due to say architectural constraints, higher values that correspond
to those lengths are assigned to the heuristic arrays. Since the heuristic matrix does
not change during the optimisation process, such an assignment will cause the desired
lengths to be more likely to be chosen by ants for the corresponding spans. Then by
choosing appropriate values for α and β the degree of influence of the heuristic values
in comparison with the pheromone trail is determined. Moreover, in order to save
time, some criteria like the symmetry of the beam are considered when the heuristic
matrix is formed. Using such a heuristic matrix or defining the initial pheromone
matrix using the above mentioned structural rules helps the algorithm to converge
sooner. Thus, each value (i,j) of the chosen information matrix obtained by
multiplying the corresponding arrays of heuristic matrix by those of the pheromone
matrix, shows the tendency or desirability of the Ant located on Node i of construction
graph to choose Edge j to move toward Node i+1.
2. The phase of the construction of solution: This phase consists of two segments that
form the basis of the heuristic. In the first segment of this phase, Ants located on the
starting nodes of construction graph, whether Node 1 or Node N+1, begin to construct
their solutions using the random proportional rule of Eq. (3-14).
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This relationship forms the basis of the AS algorithm and shows that if Ant k is
positioned on Node i, it will move to the next Node j with the probability of ρijk. In this
relationship, τij is the magnitude of pheromone on the trails and ηij is the heuristic
value. α and β are two parameters which determine the relative influence of the
pheromone trail and the heuristic information. Nik is the feasible neighborhood of Ant
k when being at Node i, that is, the set of nodes that Ant k is allowed to choose as its
next destination and hasdecided on, depending on the problem at hand.
In this method the feasible neighborhood N ik is defined as the edges between Nodes i
and i+1, when the Ant is located at Node i in either route. Then, the Ant leaves its
source Node i  {1,2,…,N+1} on the construction graph to its destination node on the
connecting Edges j  {1, 2, …, (lmax - lmin)/ ε }, using the random proportional rule,
which is similar to the random roulette wheel rule and quite randomly based on Eq. (314). The probability of Edge j being chosen by Ant on Node i is proportional to the
entry (i, j) of the choice information matrix. The bigger the entry (i,j) of the choice
matrix is, the more probable is Node j to be chosen by Ant i. The Ants continue
constructing their solution and move from one node to another, until they arrive at
Node N+1 which is the end of their trail. The constraint for Ants is that the sum of all
spans must be equal to L. Therefore, two groups of Ants are located on both ends of
the graph, so that every edge has the same overall probability of being chosen by the
Ants.
After the segment of random choice, the values of N lengths and thereby the new
geometrical layout for the beam is obtained. Through structural analytical methods,
and using the behaviour constraints, the effects of the design actions in the identified
sections are determined, and the required strengths for each section are calculated.
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Based on the strength of the sections, the cost function or the cost of this solution is
obtained.
3. The phase of Updating: This phase consists of updating information and statistics,
and then updating pheromone trails. Using the information obtained in the phase of
constructing the solution, the trail presenting the best cost, up to this stage, is selected
as the best iteration so far, and after which the pheromone trails of the construction
graph are updated. For this reason Ants are allowed to deposit pheromone on the edges
associated with the best iteration so far. The process of updating the pheromone
consists of two segments; the first segment corresponds to pheromone evaporation
according to Eq. (3-15) which is done by first lowering its value on all arcs by a
constant factor ρ (pheromone evaporation):
In this segment the parameter  depends on the number of steps defined for the
termination criteria and the initial pheromone and heuristic values. The second
segment is depositing pheromone according to Eq. (3.16), where Δτijk is the
pheromone added to τij by Ant k, and defined according to Eq. (3.17).
The value of Ck is taken as the cost of the best trail or the best iteration and Tk is the set
of suitable solutions. For depositing pheromone the pheromone values on the edges
associated with the best iteration up to now increase, and the Ant deposits an amount
of pheromone equal to 1/cost on the edges of the construction graph associated with
the best iteration so far, and where cost is the value of the cost function obtained from
best iteration.
The above procedure continues until the termination criterion has been satisfied, and
then the optimum spans will be the best solution so far. As seen, in each step a simple
structural analysis is required to calculate the beam actions. By making use of various
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finite element methods, such a calculation takes a small fraction of a second for each
beam. Using Eq. (4-2) as the objective function would be significantly more time
consuming than using Eq. (4-3). Due to the variation of lengths in each step,
estimating the design variables in each step would be encumbered considerably, apart
from the fact that in each step, the algorithm would iteratively need to deal with the
design formulas. Eq. (4-3) makes the optimisation process more tangible and readily
usable in optimising the cost of large structures.

4.2.4

Numerical Examples

Two examples were presented to demonstrate the efficiency of the proposed
methodology. All the computations were performed on P9700 @2.80 GHz computer
running MATLAB R2009b. In order to ensure that the solution obtained from ACO is
global or near global optimum, several runs were made in parallel. Since each run is
fully independent of the others, the program can be run in parallel so that the total
execution time will be practically the same as that required for a single run. At the end,
a typical convergence history is illustrated for each algorithm using the proposed ACO
algorithm for the examples.
Example 1: consider a three-span beam with its geometrical details, and its live and
dead loads, as shown in Fig. 4-4. The beam supports a 120 mm thick slab inside a
residential building. The material properties and relative cost factors are: f'c=25 MPa,
fyl= fyv =400 MPa, cc=1, csl= csv =66, cf=0.42. The ratio of effective span to the
maximum total deflection should not be less than 250. The aim is to find the optimum
l1, l2, and l3, to minimise the costs.
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Figure 4-5. Example 1: Three-span beam with uniformly distributed loads

A similar problem given l1 = 7000 mm, l2 =5000 mm, and l3 =4000 mm, was solved
by Kanagasunda and Karihaloo (1991). This design was used as the initial design to
start the optimisation process for the spans. It should be added that every initial design
based on the preliminary judgment of the designer and/or using approximate charts or
formulas, which meets the design code requirements, can be used as the initial design
and as the starting point of the optimisation process. According to their solution for the
seven sections selected from A to G, based on AS3600 (2009), and considering the
above mentioned costs, the primary cost of the structure based on Eq. (4-2) equals
4648 units
It should be noted that the number of selected sections depends entirely on the number
of critical or control ones, and one may choose more sections to achieve much
accurate results. Using Eqs. (4-10), (4-11), (4-14) and (4-16) the values of K1 to K8,
and using Eq. (4-18) the values of c1, c2 and c3 for sections A to G are obtained.
Having the necessary coefficients, the cost function can be defined, based on Eq. (419).
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The Ant algorithm attempts to find the optimum spans using Eq. (4-19) as its objective
function and observing other relevant constraints. After 60 iterations, which was
defined as a termination criterion, and at CPU time of 12.86 seconds, the optimum
lengths l1 = 4740 mm, l2 =5980 mm, and l3 =5280 mm resulted in a total cost of 3817
units based on Eq. (4-2). That means the recent layout with the span lengths obtained,
suggest a cost saving of around 18% compared to the initial layout. Fig. 4-5 shows a
typical convergence history of the proposed ACO algorithm for example1.

Figure 4-6. Typical convergence history for the presented ACO algorithm for Example 1

Example 2: A five span continuous beam with a total length of 25000 mm is
considered, as shown in Fig. 4-6. The material properties and relative cost factors are:
f'c=25 MPa, fyl=500 MPa, fyv =250 MPa, cc=1, csl=75, csv =64, cf=0.45. The aim is to
find the optimum l1, to l5, to minimise the cost. The eleven sections A to K were
taken as the control sections.
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Figure 4-7. Example 2 - A five span beam and selected sections to control the cost

The preliminary design of the beam comprised five equal spans, which results in a
total cost of 5949 units. Using the proposed Ant algorithm, after 120 iterations, and at
CPU time of 17.83 seconds, the optimum lengths of l1 = 3450 mm, l2 =4600 mm, l3
=5400 mm, l4 =4400 mm and l5 =5350 mm resulted in a total cost of 5220 units. Fig.
4-7 shows a typical convergence history of the proposed ACO algorithm for the
example.

Figure 4-8. Typical convergence history for the presented ACO algorithm for Example 2
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4.3 Optimum Design for Dynamic Loading
Structures optimised to a particular load system may not be optimised when subjected
to another load system, so various load cases must be considered when formulating
the optimisation problem. In fact, in a comprehensive computer aided structural
optimisation process, selecting an appropriate preliminary geometric layout design of
structures is very important because it influences all the subsequent stages of the
design procedure. The aim of this computational effort is to determine the preliminary
geometry so that the desired behaviour is achieved at the lowest possible cost. It
focuses on minimising the structural cost subject to constraints on eigen-frequencies,
modal shapes, and the static and dynamic equilibrium.
Improving the vibration characteristics of a structure by changing the structural
topology has long been a subject that has attracted the minds of engineers. One of the
first applications of the layout or topology optimisation methods for the design of
machines and structures subjected to dynamic loads was in eigenvalue optimisation for
free vibrations. One method for optimising the overall stiffness of a structure without
reference to any specific loading is to maximise a linear combination of the first N
vibrational eigenvalues (Pedersen 2000).
When optimising the cost and geometric layout and/or topology of complex structures
under dynamic conditions, a lot of variables that would result in a large computation
time must be considered. As a result, most of the cost optimisation methods developed
for multi-member structures are confined to structures with predefined shapes, and
may not always be applicable to the topological design of large scale problems due to
difficulties in computational cost and convergence properties.
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In a classical geometric layout optimisation problem, a general goal is to minimise the
structural weight while satisfying the requirements of structural performance and its
related constraints. Therefore, the layout optimisation problem of a continuous beam
under dynamic response constraints can be stated as follows:

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒

𝑊 𝐴𝑒 , 𝐿𝑒 =

𝑚
𝑒=1

│𝛿𝑖 │ ≤ 𝛿𝑎 ,
𝑠. 𝑡.

𝜌𝐴𝑒 𝐿𝑒
𝑖 = 1, 2, … , 𝑛

│𝜎𝑒 │ ≤ 𝜎𝑎 ,
𝑒 = 1, 2, … , 𝑚
𝜔𝑁 ∈ 𝑎𝑙𝑙𝑜𝑤𝑎𝑏𝑙𝑒 𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑖𝑒𝑠
𝐴𝑚𝑖𝑛 ≤ 𝐴𝑒 ≤ 𝐴𝑚𝑎𝑥
𝐿𝑚𝑖𝑛 ≤ 𝐿𝑒 ≤ 𝐿𝑚𝑎𝑥
𝑀 𝑢 𝑥, 𝑡 + 𝐶 𝑢 𝑥, 𝑡 + 𝐾 𝑢 𝑥, 𝑡 = −𝐹 𝑥, 𝑡

(4-23)

where W represents the total weight of the structure, 𝝆, m, n are the density, number of
members, and the number of control sections respectively. Ae is the cross-sectional
area and le is the length of eth element. 𝜹𝒂 , 𝝈𝒂 and 𝝎𝑵 denote the allowable
displacement, allowable stress, and the fundamental natural frequency (eigenvalue) of
the structure respectively. [M], [C], [K], {u(x,t)} and {F(x,t)} are the system inertia or
mass matrix, damping matrix, stiffness matrix, vector of displacements and force
vector respectively. The design variables of the Eq. (4-23) are the crosssection and the
lengths of the beams. Displacements, stresses, and the natural frequencies, as the
responses of the structure, form the state variables. In fact, according to Eq. (4-23), in
such a classic formulation for optimising the layout of a vibrant system, the first three
constraints, as behavioural constraints, act on the state variables, while the fourth and
fifth constraints, as design constraints, act on the design variables. Mostly, the
constraints on natural frequencies are taken into account when the free vibration of the
structure is studied. The last constraint is an equilibrium one, which is common in
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almost all dynamic optimisation problems of this kind. In the case of eigenfrequency
optimisation the objective function is swapped with the frequency constraints.
The optimisation formulation presented by Eq. (4-23) for a structure under dynamic
conditions, leads to a layout design that optimises the weight of the structure. For
reinforced concrete structures, such a formulation might not reach an optimum design
because different materials are involved in the structure. Furthermore, at preliminary
stages of design, say the topology and layout optimisation of RC structures, it may
seem unnecessary to present a realistic and robust definition of the lifecycle cost.
Therefore, in this case, the initial cost represented by the volume of the structural
material is used for the objective function of optimisation problems. For optimising
the cost of general reinforced concrete structures, a basic objective function can be
represented by Eq. (4-24).

𝐶𝑜𝑠𝑡 =

𝑚
𝑒=1 𝑐𝑐 𝐴𝑐𝑒 + 𝑐𝑠𝑙 𝐴𝑠𝑙 𝑒 + 𝑐𝑠𝑣 𝐴𝑠𝑣𝑒 + 𝑐𝑓 𝑃𝑓𝑒

(4-24)

where cc, csl, csv and cf are the unit costs of concrete, longitudinal steel, shear steel, and
formwork, respectively and Ac, Asl, Asv and Pf are their corresponding quantities.
In design optimisation, design variables are the quantities that are modified by the
optimiser during the search for an improved design. To optimise the cost of a layout of
a concrete structure under dynamic conditions, Eq. (8-1) needs to be formulated such
that it includes the above mentioned cost components, and to achieve such a
formulation, revisions to the

design and/or state variables which result in new

objective functions and set of constraints are needed.
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Figure 4-9. A multi-span rectangular RC beam

For the topology or layout optimisation of large RC structures, where the shape,
number, or lengths of structural members are not predefined, using Eq. (4-24) leads to
a significant number of design variables and constraints. Moreover, to determine the
cross sectional parameters of say Ac, Asl, Asv and Pf, each step of the cost optimisation
for the layout of a structure includes both the analysis and design processes. In this
case, besides the classic cross sectional variables, the layout characteristics of a
structure, say the lengths of spans in a multi-span structure, would be variables of the
problem and the designer must repeat the design procedure to achieve the optimal
cross-sectional variables that are usually functions of other layout variables.
As shown in the last section where the internal actions of a member, such as the design
variables instead of the cross sectional properties, represented the cost as a function of
the design action based on Australian Standards for concrete structures, AS3600
(2009). Therefore, having the effects of the design action in critical sections, all the
cross sectional parameters the total cost based on Eq. (4-24) can be calculated as
shown in Eq. (4-25).
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𝛥𝐶𝑜𝑠𝑡 = 𝑐1 𝛥𝑀𝑢+𝑖 + 𝑐2 𝛥𝑀𝑢−𝑖 + 𝑐3 𝛥𝑉𝑢 𝑖
1

1

2

1

1

2

c1 = 3 cc K 4 + 2 csl K1 + 3 cf K 7
c2 = 3 cc K 3 + 2 csl K1 + 3 cf K 6
1

2

c3 = 3 cc K 5 + csv K 2 + 3 cf K 8
K1 = (fyl d(1 − 0.5γk u ))−1
−1

K 2 = fyv d
K 3 = fyl
K 4 = fyl
K 5 = fyl

A sc
b

∆Vu

(1 − 0.5γk u )

A st
A st

−1

1 − 0.5γk u

b

K 6 = 2 fyl Asc (1 − 0.5γk u )
K 7 = 2 fyl Ast (1 − 0.5γk u )
K 8 = [f yv A sv
s

2
+ βb

1
f′ c 2

+

(4-25)

−1

1 − 0.5γk u

b

−1

−1
−1

1
1

βd f ′ c 2

]

where fyl is the yield strength of the longitudinal reinforcement steel, fyv is the yield
strength of the shear reinforcement steel, f'c is the characteristic compressive cylinder
strength of concrete at 28 days, and β is a coefficient based on the AS3600 (2009) to
represent the effects of the arching, size, and axial forces on the shear capacity of the
beam section. Other parameters are shown in Fig. 1. Eq. (4-25) denotes how the cost
variation in an iterative procedure can be presented by a weighted sum of the
variations of action effects. Such a formulation for the cost function can easily be used
in topology and optimising the geometric layout of RC structures (Sharafi et al.
2012c).

4.3.1

Mathematical Formulation

Consider a typical continuous beam as an assembly of M uniform Euler-Bernoulli
beam segments that are connected in series at the M-1 nodes, as shown in Fig. 4-22.
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For the kth beam segment, Sk, which is bounded by Nodes k-1 and k, the transverse
displacement is governed by Eq. (4-26).

𝜕2

𝜕4

𝜕

𝜌𝑘 𝜕𝑡 2 𝑢𝑘 𝑥, 𝑡 + 𝐸𝐼𝑘 𝜕𝑥 4 𝑢𝑘 𝑥, 𝑡 + 𝑑𝑣 𝜕𝑡 𝑢𝑘 𝑥, 𝑡 = −𝐹 𝑥, 𝑡 ∶ 𝑓𝑜𝑟 0 ≤ 𝑥 ≤ 𝐿𝑘

(4-26)

where 𝜌𝑘 and 𝐸𝐼𝑘 are the linear density and bending stiffness of the segment
respectively, dv is viscous damping coefficient, and F(x, t) is the external force. The
transverse displacement u(x, t) of each beam is approximated by a p-term modal
series:

𝑢𝑘 𝑥, 𝑡 ≈

𝑝
𝑗 =1 𝜑𝑘 𝑗

𝑥 𝑞𝑘 𝑗 𝑡 = 𝜑𝑘 𝑥

𝑇

{𝑞𝑘 𝑡 }

(4-27)

[𝑞𝑘 𝑡 ] is the unknown generalised coordinates' vector, and [𝜑𝑘 𝑗 ] is the eigenfunctions
matrix of the segment of beam. After imposing nodal constraints and boundary
conditions as shown in Eq. (4-27), then define an eigenvalue problem for the
continuous beam because the solutions characterise the vibration of the beam in
specific patterns or modes. Such a formulation forms the equilibrium constraints of the
above mentioned structural optimisation. The use of such a superposition method
caused the equilibrium equations to be transformed into a form where the step-by-step
solution was cheaper than the traditional methods. Having the transverse
displacements means that the bending moments and shearing forces can be determined
along the sections of the beam using Eq. (4-28).
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𝜕2

𝑀 𝑥, 𝑡 = 𝐸𝐼 𝜕𝑥 2 𝑢(𝑥, 𝑡)
𝜕3

(4-28)

𝑉 𝑥, 𝑡 = 𝐸𝐼 𝜕𝑥 3 𝑢(𝑥, 𝑡)

The effectiveness of the method depends on the number of modes that must be
considered. If only a few modes need to be considered then the superposition
procedure of the mode can be quite effective for optimising the layout. Although the
computational cost is reduced by using only a few modes for expansion, in terms of
analysing the sensitivity of the structures, sometimes higher modes are needed to
accurately express the sensitivity coefficients of the lower eigenmodes (Choi and Kim
2005). In the case of free vibration analysis, natural vibration is a way to describe the
behaviour of the structure. In this case the structure vibrates based on the
characteristics of its material property and geometric shape. In this chapter, for a free
vibration analysis of multi-span beams, it was assumed that all eigenvalues and
eigenvectors were simple and not repeated. When the repeated eigenvalues are due to
symmetry in the structure, then the techniques developed by Kosaka and Swan (1999)
to reduce symmetry can regularise the problem.

4.3.2

Optimisation Problem Formulation

Consider a multi-span RC beam with M spans and a total constant length of L, that is
subjected to an arbitrary dynamic loading system F(x,t) as shown in Fig. 4-8. The aim
is to re-design the layout by determining the optimum length spans. The matrix
differential equations for determining the dynamic responses of the beam can be
solved using an iterative method of approximating the solution, such as the RungKutta method (Lin and Trethewey 1990; Sinha et al. 1993).
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Now, in order to re-analyse the rectangular RC beam to achieve its optimum criteria,
the cost can be considered as the sum of cost functions of all selected sections in the
structure, which in turn are the functions of the action effects on the sections, as shown
in Eq. (4-19), where C is the total cost of the structure and NS is the number of
sections selected to control the cost. These sections can be selected according to their
importance or effectiveness, that is, at least three crucial sections along the beam were
used to design a RC beam: two ends and one in the middle. Depending on the loading
system, constraints, and boundary conditions, a larger number of cross sections might
be taken into account.
The strength on each section i in the structure that is under a load case may be written
+

−

as Eq. (4-20), where 𝑀𝑖 ∗ , 𝑀𝑖 ∗ and

𝑉𝑖 ∗ are positive and negative flexure and the

shear action of Section i, and ∅𝒇 and ∅𝒔 are the strength reduction factors in flexure
and shear respectively. The serviceability requirements limit the maximum deflection
umax on the entire member to Δmax under the serviceability load case. So for all
sections:

│𝛿𝑖 │ ≤ 𝛿𝑢

for i={1,2,…NS}

(4-29)

Other constraints for durability, fire resistance, minimum cover, and minimum flexural
strength, can be easily added to the problem as well, based on the relevant design
codes.
Now, the general formulation for optimising the geometric layout problem can be
presented as:
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𝐌𝐢𝐧𝐢𝐦𝐢𝐬𝐞 𝑪𝒐𝒔𝒕(𝒍𝟏 , 𝒍𝟐 , … , 𝒍𝑵 ) =
{𝜹} ≤ 𝜹𝒖

𝑵𝑺
+
𝒊=𝟏(𝒄𝟏𝒊 𝑴𝒖𝒊

−
+ 𝒄𝟐𝒊 𝑴𝒖𝒊
+ 𝒄𝟑𝒊 𝑽𝒖𝒊 )

𝒇𝒐𝒓 𝒂𝒍𝒍 𝒄𝒐𝒏𝒕𝒓𝒐𝒍 𝒔𝒆𝒄𝒕𝒊𝒐𝒏𝒔

∗+

𝒔. 𝒕

∅𝒇 𝑴+
𝒇𝒐𝒓 𝒂𝒍𝒍 𝒄𝒐𝒏𝒕𝒓𝒐𝒍 𝒔𝒆𝒄𝒕𝒊𝒐𝒏𝒔
𝒖 ≥ 𝑴
−
∗−
∅𝒇 {𝑴𝒖 } ≥ {𝑴 }
𝒇𝒐𝒓 𝒂𝒍𝒍 𝒄𝒐𝒏𝒕𝒓𝒐𝒍 𝒔𝒆𝒄𝒕𝒊𝒐𝒏𝒔
∗
∅ 𝒔 𝑽𝒖 ≥ 𝑽
𝒇𝒐𝒓 𝒂𝒍𝒍 𝒄𝒐𝒏𝒕𝒓𝒐𝒍 𝒔𝒆𝒄𝒕𝒊𝒐𝒏𝒔
𝝎𝑵 ∈ 𝒂𝒍𝒍𝒐𝒘𝒂𝒃𝒍𝒆 𝒇𝒓𝒆𝒒𝒖𝒆𝒏𝒄𝒊𝒆𝒔
𝑳𝒆 𝒎𝒊𝒏 ≤ 𝑳𝒆 ≤ 𝑳𝒆 𝒎𝒂𝒙
𝒆 = 𝟏, 𝟐, … , 𝑴
𝑴 𝒖 𝒙, 𝒕 + 𝑪 𝒖 𝒙, 𝒕 + 𝑲 𝒖 𝒙, 𝒕 = −𝑭 𝒙, 𝒕
𝒐𝒕𝒉𝒆𝒓 𝒄𝒐𝒏𝒔𝒕𝒓𝒂𝒊𝒏𝒕𝒔 𝒃𝒂𝒔𝒆𝒅 𝒐𝒏 𝒔𝒕𝒂𝒏𝒅𝒂𝒓𝒅𝒔

(4-30)

Compared to Eq. (8-23), in Eq. (8-30) the lengths of the spans are the only design
variables, and the cross sectional effects of selected sections are state variables. That
is, the behavioural constraints are imposed on the bending moments, shear forces, and
displacements of the control sections rather than the entire structure. Moreover,
removing the characteristics of the designed section, such as its area or reinforcement
details from the design variables, helps the iterative optimisation procedure not to deal
with the design parameters.
By using the Euler-Bernoulli beam element for the finite element analysis of
structures, the dimensions of the behavioural constraint vectors shown above will be
2N, where N is the number of spans. The dimension of other variable constraint
+
−
vectors, say {𝑀𝑢𝑖
}, {𝑀𝑢𝑖
}, is NS. In practice one does not solve the behavioural

constraint equation for every mode of the eigenvalue problem, because only the first
10 modes are usually considered in determining the dynamic response of a structure
(Bendsøe and Sigmund 2003b). In symmetric structures where there are techniques
that simply determine the natural frequencies (Chen and Feng 2012), one can use a
higher number of modes for an iterative optimisation procedure due to the simplicity
of the computations. Furthermore, the lengths of the spans or the nodal coordinates of
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the multi-span beam were considered as design variables, so the optimal solutions may
be found by using appropriate methods of mathematical programming. In this process
the side constraints are usually given for the nodal coordinates to prevent the existence
of short or long members needed to satisfy architectural considerations. Therefore, the
length of each span can be constrained between Lmin and Lmax.

4.3.3

ACO Algorithm

The present ACO algorithm for optimising the geometric layout of multi-span beams
is described in a pseudo-code, as shown in Fig. 4-9. The basis of the algorithm is
similar to the one presented in Section 4.2.3, but with some minor differences. The
procedure comprises three main phases: initialising data, constructing an ant solution,
and updating the pheromone.
The construction graph for the algorithm was formed as a multi-layered graph, as
shown in Fig. 3-11, where the number of layers equals the number of design variables,
that is the lengths of the spans, and the number of nodes in a particular layer equals the
number of discrete probable values permitted for the corresponding design variable.
Thus each node on the graph is associated with a permissible discrete value of a design
variable. For discretising the domain and forming a construction graph, the graph with
M layers was constructed. Knowing that the length of each span was bounded
in [𝐿𝑒 𝑚𝑎𝑥 , 𝐿𝑒 𝑚𝑖𝑛 ], the permissible values for each span length, which are represented
by the nodes on the graph, can be discretized with intervals (accuracy) equal to ε. That
is, each Le rests in the set of {Lmin , Lmin + ε, Lmin + 2ε ,…, Lmax - ε , Lmax}. Each
member of this set corresponds to a node on the graph. That is, the number of nodes
for each layer is ( 𝐿𝑒 𝑚𝑎𝑥 − 𝐿𝑒 𝑚𝑖𝑛 )/𝜀. Obviously, the smaller ε is, the more accurate
the results will be and the more running time the algorithm needs.
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The heuristic values are specified according to the designers' preferences. As an
example in this case, if there are any preferences for certain length spans due to
architectural constraints say, higher values are assigned to the heuristic arrays that
correspondto those length spans. Such an assignment means that it will be more likely
that the desired will be chosen by ants for the corresponding spans. Then by choosing
appropriate values for α and β the degree of influence of the heuristic values compared
to the pheromone trail was determined. Moreover, in order to save time, criteria such
as the symmetry of the beam were considered when the heuristic matrix was formed.
Using such a heuristic matrix or defining the initial pheromone matrix using the above
mentioned structural rules helps the algorithm to converge sooner.
The initial magnitude of pheromone on the construction graph must be set. A good
heuristic that would initialise the pheromone trails is to set them to a value slightly
higher than the amount of pheromone that the ants are expected to deposit in one
iteration. A rough estimate of the value can be obtained by setting, ∀ 𝑖, 𝑗 𝜏𝑖𝑗 = 𝜏0 =
𝑁/𝐶 𝑛𝑛 where N is the number of ants, and Cnn is the cost of a tour generated by the
nearest neighbouring heuristic (Kaveh and Sharafi 2008a; b; 2009). As boundary
conditions and constraints, plus any loads can affect the length of spans, the entries of
the heuristic matrix and initial pheromone matrix might be organised based on such
parameters. Thus, each value (i,j) of the choice information matrix, which was
obtained by multiplying the corresponding arrays of heuristic matrix by those of
pheromone matrix, showed the tendency or desirability of the ant located on Node i of
the construction graph to choose Edge j and move towards Node i+1.
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Figure 4-10. Construction Graph for the ACO Algorithm

Now, N artificial ants that are located on the home node construct their solution by
selecting only one node in each layer, in accordance with the random proportional rule
given by Eq. (3-14). Each value (i,j) of pheromone matrix and heuristic matrix shows
the tendency of the ant located on Node i of a layer to choose the Node j on the next
layer as the next node. In each iteration, there are as many as (Lmax - Lmin)/ ε possible
options (nodes) that can be selected.
This relationship forms the basis of the Ant System (Ant System) algorithm and shows
that if Ant k is positioned on Node i, it will move to the next Node j with the
probability of pijk. In this relationship τij is the magnitude of pheromone on the trails
and ηij is the heuristic value. α and β are two parameters which determine the relative
influence of the pheromone trail and the heuristic information. Nik is the feasible
neighborhood of Ant k when being at Node i, that is, the set of edges that Ant k is
allowed to choose as its next destination, and is decided depending on the problem in
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hand. The nodes selected along the path that were visited by an ant represent a
candidate solution.
Using the information obtained in the phase of constructing the solution, the trail that
presented the best cost up to this stage was selected as the best iteration so far. Then
pheromone trails of the construction graph were then updated by first lowering the
pheromone value on all arcs (pheromone evaporation), and then adding pheromone on
the edges the ants have crossed (pheromone depositing). Pheromone evaporation is
done by lowering the pheromone value on all edges by a constant factor ρ according to
Eq. (3-15). Then, once the path is complete, the ant deposits some pheromone on the
path based on the rule given by Eq. (3-16), where Δτijk is the pheromone added to τij by
Ant k, and defined as eq. (3.17). As such, in each iteration, all the ants ard in parallel
and start from the home node and end at the destination node by randomly selecting a
node in each layer. The optimisation process is terminated if no better solution is
found in a pre-specified number of successive iterations.

4.3.4

Numerical Examples

In order to evaluate the effects of the geometric layout on cost, and to demonstrate the
robustness of the proposed approach, a general multi-span beam under different
loading conditions was examined. The optimum geometric layout of the beam was
designed under two loading system; first a static Uniformly Distributed Load (UDL),
and second a moving point load along the beam. The results were then compared with
those obtained from an eigenvalue optimisation method which was presented by
Achtziger and Kočvara 2007. Since the eigenvalue optimisation method did

not

necessarily optimise the costs, this method is only considered as a benchmark and a
starting point for the algorithm. That is, optimise the topology first using the
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eigenvalue optimisation method, and the cost is determined. Then, the topology design
obtained from the present method was compared with that obtained from the
eigenvalue optimisation method, in terms of cost, to determine the cost saving.
In order to ensure that the solution obtained was global or near global optimum, many
runs were made in parallel. Since each run is fully independent of the others, the
program can be run in parallel so that the total execution time will be practically the
same as that required for a single run. All computations were performed on P9700
@2.80 GHz computer running MATLAB R2009b.

Figure 4-11. Numerical Example: An M-Span Continuous RC Beam

Example 1: Consider a multi-span continuous RC beam with a total length of L, as
shown in Fig. 4-10. The material properties and relative cost factors are: f'c=25 MPa,
fyl=500 MPa, fyv =250 MPa, cc=1, csl=75, csv =64, cf=0.45. The aim is to determine the
optimum ratios of the spans from L1 /L to o LM /L, under a number of different loading
systems to minimise the cost. The methodology was examined for the different
number of spans (M∈{3,4,…,10}). For each single beam, three control sections (Ci1
trough Ci3) were selected, which leads to 3M control sections for each problem. In
practice the number of control sections depends completely on the number of critical
ones, and depending on the loading system, one may choose more sections to increase
the accuracy of the results.
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Figure 4-12. A multi-span beam and the coresponding construction graph the algorithm

The boundary conditions and support constraints were set based on the fact that all the
supports act like perfect hinges. An average viscous damping ratio of ξ=0.03 was
considered for the whole structure (Adams and Askenazi 1999), and to approximate
the solution of the matrix differential equations, the Runge-Kutta algorithm was used.
Every initial design based on the preliminary judgment of the designer and/or using
approximate charts or formulas, and which meet the requirements of the design code,
can be used as the initial design and as the starting point for the optimisation process.
For this problem the case of designing for a maximum fundamental eigenvalue for free
vibration was considered as an initial design and as a benchmark with which to
compare the results. For this purpose the layout of the beam was optimised in order to
maximise the fundamental eigenfrequency for all cases and where the results were
considered to be the starting point for the optimisation problem. The results showed
that for such a continuous beam, the case of maximum fundamental eigenfrequency
lead to identical spans for all cases. That is, the continuous beams where all the spans
are identical have the maximum fundamental eigenfrequency among the other possible
layout designs. Having the initial design and using Eq. (4-25), the values of K1 to K8,
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and then the values of c1, c2 and c3 for Sections A to O were obtained, and now that the
necessary coefficients are available, the cost function can be defined.
Two different loading systems were considered and the optimum layout designs were
obtained for each one independently. The first one was a uniformly distributed static
load and the second case was a point wise load of 100 kN moving along the beam at a
speed of 2 m/sec from x=0 to x=L. As mentioned above,

the designs

for all

caseswhere all the spans were equal to L/M, the corresponding costs were considered
as the initial design and the starting point for the algorithm.
For the initial design of the layout with the maximum eigenvalue, the ratios of the
spans which resulted in the maximum fundamental eigenvalue was taken. For case one
and the static loading the equilibrium constraint in Eq. (4-25) turned to the static
condition [K]{u(x)}={Fst}. In this example the behavioural constraint on natural
frequency was not required for either static or dynamic loading. In the second case the
dynamic load was formulated as:

F(x,t)= -δ(x-vt)P

(4-31)

Where δ is a Dirac delta function, v is the constant speed of the load motion, which in
this case is 2 m/s, and P is the weight of the moving object which is 100 kN.
In the construction graph phase the span lengths, as the problem domain, were
discretised and a number of possible lengths were considered for each span. For this
purpose the maximum and minimum possible span lengths and the problem accuracy
(ε) were defined, and a construction graph produced (see Fig. 4-9), after which ants
were located on the starting and ending nodes to make their trails in parallel. The
reason why two groups of ants

were used was to give all the spans the same
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probability of being selected as the optimum lengths. Then, based on the random
proportional rule given by Eq. (3-14), and the pheromone update given by Eqs. (3-15)
through (8-17), ants find the optimum length spans. In each iteration the beam must be
re-analysed according to the new span lengths to determine the costs and the best
iteration so far. In the ACO algorithm proposed for this instance, 10 parallel runs were
made to achieve the optimum solution. The solution continues until the termination
criterion is reached. The termination criterion for this problem was defined as the
number of iterations, when the quality of the solution only improved by less than
0.02% after ten consecutive iterations. The optimum ratios of the spans and the cost
saving achieved compared to the initial design for each case, are shown in Table 4-1.
Table 4-1 shows that the proposed methodology provides cost savings of between 4
and 7 per cent compared to the benchmark designs. The benchmark designs were
carried out based only on the eigenvalue optimisation method and without considering
the cost elements. Such an achievement was obtained by optimising the preliminary
layout design of multi-span beams based on the cost elements involved, which
prevents the final cost optimisation procedure from reaching a sub-optimal solution.
Using other cost optimisation methods without considering the effect of the cost
elements on the preliminary layout design, or using other layout optimisation methods
without considering the cost elements would result in a sub-optimal solution. In the
methodology being proposed the preliminary layout design was optimised such that
the cost optimisation procedure starts from an optimal point, and is more likely to get
to a global optimisation compared to other methods.

Table 4-1. Results for Different Number of Spans
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Loading System 1: Static UDL
Optimum Spans Ratios
S1

S2

S3

S4

S5

S6

S7

S8

S9

S10

Cost Saving
Compared
to the
Benchmark

M=3

0.31

0.38

0.31

-

-

-

-

-

-

-

6.83%

M=4

0.23

0.27

0.27

0.23

-

-

-

-

-

-

5.53%

M=5

0.18

0.22

0.20

0.22

0.18

-

-

-

-

-

6.05%

M=6

0.15

0.18

0.17

0.17

0.18

0.15

-

-

-

-

7.15%

M=7

0.12

0.16

0.15

0.14

0.15

0.16

0.12

-

-

-

6.98%

M=8

0.11

0.14

0.12

0.13

0.13

0.12

0.14

0.11

-

-

5.45%

M=9

0.09

0.13

0.11

0.12

0.10

0.12

0.11

0.13

0.09

-

4.01%

M=10

0.08

0.11

0.11

0.10

0.10

0.10

0.10

0.11

0.11

0.08

5.52%

Number
of spans

Loading System 2 : Point wise Moving Load
Optimum Spans Ratios
S1

S2

S3

S4

S5

S6

S7

S8

S9

S10

Cost Saving
Compared
to the
Benchmark

M=3

0.34

0.32

0.34

-

-

-

-

-

-

-

6.18%

M=4

0.26

0.24

0.24

0.26

-

-

-

-

-

-

6.53%

M=5

0.22

0.19

0.18

0.19

0.22

-

-

-

-

-

4.57%

M=6

0.18

0.16

0.16

0.16

0.16

0.18

-

-

-

-

6.18%

M=7

0.16

0.14

0.14

0.12

0.14

0.14

0.16

-

-

-

4.77%

M=8

0.14

0.12

0.12

0.12

0.12

0.12

0.12

0.14

-

-

5.55%

M=9

0.12

0.12

0.11

0.10

0.10

0.10

0.11

0.12

0.12

-

5.86%

M=10

0.12

0.10

0.10

0.09

0.09

0.09

0.09

0.10

0.10

0.12

4.36%

Number
of spans

Example 2: A five span continuous beam with a total length of 25000 mm was
considered, as shown in Fig. 4-12. The material properties and relative cost factors are:
f'c=25 MPa, fyl=500 MPa, fyv =250 MPa, cc=1, csl=75, csv =64, cf=0.45. The beam
is under a uniformly distributed impulse load of 20 kN/m. The aim was to find the
optimum l1 to l5, to minimise the cost. The eleven sections A to K, were taken as the
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control sections. The number of sections selected depends completely on the number
of critical or control ones, and more sections may be chosen to achieve more accurate
results.

Figure 4-13. Example: a five span beam and selected sections to control the cost

The preliminary design of the beam comprised five equal spans, which resulted in a
total cost of 6967 units. It should be added that every initial design based on the
preliminary judgment of the designer and/or using approximate charts or formulae
which meet the design code requirements, can be used as the initial design and as the
starting point of the optimisation process. The values of K1 to K8, and then the values
of c1, c2, and c3 for sections A to K were obtained. Having the necessary coefficients,
the cost function can be defined based on Eq. (4-30).
The Ant algorithm attempts to find the optimum length spans using Eq. (4-30) as its
objective function and by observing other relevant constraints. Using the proposed Ant
algorithm, after 125 iterations and at a CPU time of 31.59 seconds, the optimum
lengths of l1 = 4800 mm, l2 =4100 mm, l3 =6900 mm, l4 =4200 mm and l5 =5000
mm were obtained, resulting in a total cost of 5833 units, based on Eq. (4-23), which
equals a 16.2% cost saving. The interesting point here is if an equivalent static load
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was used in lieu of the impulse load, the optimum span lengths of 4000, 5900, 5200,
5900, 4000 at the cost of 5648 would be obtained. This shows that the dynamic
analysis resulted in a further 3.2 % cost. Fig. 4-13 shows a typical convergence history
for the ACO algorithm for this example.

Figure 4-14. Typical convergence history for the presented ACO algorithm

4.4 Summary
The main objective of this chapter was to propose an appropriate model to optimise
the cost of RC beams layout design under static and dynamic loading. This model
considered the effects of the layout design on total cost and suggested a method for
optimising the layout design of multi-span beams. Using action effects instead of the
cross sectional properties of structures, the proposed model simplifies the process of
optimising the cost and layout of multi-span beams, and is therefore applicable to
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various topology optimisation problems of RC beams when the cost elements are
considered. The algorithm proposed for solving the layout optimisation problem is an
Ant System based algorithm which can easily be used to optimise span lengths, and
can also work with different cost functions to optimise the layout of multi-span beams.
The examples used showed that using the new cost optimisation function with the
proposed algorithm provided acceptable results, and can be easily be used to optimally
design the preliminary layout of RC continuous beams.
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5 Optimum Column Layout Design of Plane Frames under
Wind Loading

5.1 Introduction
This chapter presents a heuristic approach for optimising the layout design of twodimensional reinforced concrete frames in order to optimise their total cost and control
them under wind loadings. The aim was to find the optimum column layout for plane
frames under wind loadings while considering the cost elements involved. A heuristic
methodology was developed to achieve a new design space and an objective function
for optimising the cost and layout. The proposed method can make use of the action
effects of the structure as alternative design variables in place of the commonly used
cross sectional ones. Such a feature gives this method the ability to be used in large
and realistic structural optimisation problems and also helps

the optimisation

algorithms take less time in an iterative optimisation process. An Ant System based
algorithm was then proposed to solve the optimisation problem presented, which also
includes examples to illustrate the robustness of the methodology.
As noted in previous chapters, one of the most important phases in the optimal design
process is the selection of the cost function, which is generally a function of the design
125

variables. Depending on the nature of the optimisation problem, the process of
achieving an optimum feasible solution might be much quicker, shifting from one
design space to another by changing the design variables to become space dimensions.
That is, shifting from one set of design variables to another creates a new definition for
the objective function and may lead to changes in constraints and even vary their
nature from design variables to behavioural ones, and vice versa. A cost function
generally includes the cost of materials, transportation, fabrication, and even
maintenance costs, in addition to repair and insurance costs, which can be presented
by the weighted sum of a number of properties. The effect of these factors in the
optimal cost can be imposed on the weighted coefficients of the cost function. In
concrete structures, at least three different cost items should be considered in
optimisation: the cost of the concrete, steel, and the formwork. So, the general cost
function for a plane reinforced concrete frame consisting of beams and columns can be
expressed in the following form:

𝐶

𝑏

= 𝑐𝑐 𝐴𝑐

(𝑏)

(𝑏)

(5 − 1.1)

𝐶

𝑐

= 𝑐𝑐 𝐴𝑐𝑐 + 𝑐𝑠𝑙 𝐴𝑠𝑙𝑐 + 𝑐𝑠𝑣 𝐴𝑠𝑣𝑐 + 𝑐𝑓 𝑃𝑓 𝑐

5 − 1.2

𝐶=

𝑁𝑏
1

𝐶

𝑏

+ 𝑐𝑠𝑙 𝐴𝑠𝑙 + 𝑐𝑠𝑣 𝐴𝑠𝑣𝑏 + 𝑐𝑓 𝑃𝑓 𝑏

+

𝑁𝑐
1

𝐶

𝑐

(5-1)

(5 − 1.3)

Where cc, csl, csv and cf are the unit costs of concrete, longitudinal steel, shear steel and
formwork respectively, and Ac, Asl, Asv and Pf are their corresponding quantities. The
superscript (c) stands for the parameters of the columns, the superscript (b) stands for
for beams, and Nc and Nb are the number of columns and beams in the frame
respectively.
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In Chapter 2 it was stated that in most published studies the cost optimisation
functions only deal with cross sectional variables which mainly suits structures with a
small number of members and a predefined geometric layout. In fact, in the layout
design of structures, the cross sectional variables are functions of design action effects
which are not determinate and vary as the shape changes. Therefore, in an iterative
procedure to solve an optimisation problem, each step includes dealing with both the
structural analysis and structural design variables. In cases such as these, unless
alternative design variables are selected for the cost function, the optimisation
procedure might be too unwieldy.
As discussed in Section 4, while parameters like the cross sectional variables are
mainly obtained from implicit functions of structural analysis outputs based on the
relationships and constraints suggested in the design standards, design standards do
not provide the exact values for these cross-sectional parameters and they are not
obtained from an explicit mathematical procedure. That is, in a layout optimisation
problem that considers the cost elements apart from the classic cross sectional
variables, the layout of a structure and consequently the outputs of structural analysis
would be the variables of the problem. If the reciprocal relationships between the cross
sectional design factors and the design action effects are determined, the cost function
can be presented by a function of the design action effects. In the design process the
design action effects for the critical sections of members are determined and then the
cross sectional variables for each section are calculated. Cross sectional parameters
along the structural members are obtained from their value in critical sections and are
based on the relationships in the design standards. In fact by having the design action
effects in critical sections, all the cross sectional parameters and the total cost based on
Eq. (5-1) can be calculated. To put it simply, using the structural analysis outputs of
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say the internal actions of a member as design variables, has some advantages over
using structural design outcomes such as the cross sectional characteristics of a beam.
Firstly, the design action effects of each section can easily be obtained from a
structural analysis, and re-analysing a structure in an iterative mathematical procedure
is considerably less time consuming and more precise than re-designing the structure.
Moreover, by using action effects the cost function will be considered in a section
rather than a member. this enables the designer to select a number of sections for each
member and control the cost in the whole structure, so there is no need to conduct an
optimisation process over the entire member.
Therefore the aim of this chapter was to explore the relationship between the variation
of action effects of RC members with variations of the cross sectional parameters in
plane frames, and determine how these two types of variables affect each other. Then,
based on these relationships, a new cost function was obtained which is a function of
the action effects rather than the cross sectional parameters.
In order to formulate the structural optimisation problem this study made use of the
relationships in the Australian standards for concrete structures (AS3600-2009) and
Structural design actions for wind (AS/NZS1170.2-2011), which is based on the
limited state design method for concrete structures. Frames consist of two groups of
structural elements: beams and columns; both of which have key roles in the total cost
of a frame.

5.2 Mathematical formulation
To design a beam means takinig three action effects into consideration: the positive
bending moment, the negative bending moment, and the shear forces. Let us consider
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an arbitrary section of a rectangular reinforced concrete beam, as shown in Fig. 4.1.
The dimensions of the section are b and h(b), the areas of tension and compression
(𝑏)

(𝑏)

reinforcement are 𝐴𝑠𝑡 , 𝐴𝑠𝑐 and the area of shear reinforcement in a unit length of
(𝑏)

beam is 𝐴𝑠𝑣 /𝑠.
Now, consider Eq. (4-3) as a potential alternative cost function to Eq. (5-1.1) in an
arbitrary RC beam section.
The capacity or the ultimate strength of the section in negative and positive flexure
− (𝑏)

and shear for section i are 𝑀𝑢 𝑖

+ (𝑏)

, 𝑀𝑢 𝑖

(𝑏)

and 𝑉𝑢 𝑖

respectively, which can be

obtained from Eq. (5-2) through Eq. (5-4) in a balanced section in which both tension
and compression steel yield.

+ (𝑏)

𝑀𝑢

≅ 𝐴𝑠𝑐𝑏 𝑓𝑦𝑙 𝑑(𝑏) − 𝑑𝑐 (𝑏) + (𝐴𝑠𝑡𝑏 − 𝐴𝑠𝑐𝑏 )𝑓𝑦𝑙 𝑑 (𝑏) − 𝑎/2

− (𝑏)

𝑀𝑢

≅ 𝐴𝑠𝑐𝑏 𝑓𝑦𝑙 (𝑑(𝑏) − 𝑑𝑐 (𝑏) )

𝑑𝑐 (𝑏) = 0.5𝛾𝑘𝑢 𝑑

𝑉𝑢

(𝑏)

𝑏

≅

𝑓𝑦𝑣 𝑑𝐴 𝑠𝑣
𝑠

𝑏

+ 𝛽𝑏𝑑 (𝑏) (𝑓𝑐′ )0.5

(5-2)

(5-3)

(5-4)

where fyl is the yield strength of the longitudinal reinforcement, fyv is the yield strength
of the shear reinforcement, f'c is the characteristic compressive cylinder strength of
concrete at 28 days, 𝑑𝑐 (𝑏) is the distance from the extreme compression fibre of the
concrete to the compressive force. The coefficients 𝛾 and 𝑘𝑢 were calculated based on
the characteristic strength of the concrete and reinforcing steel, β is a coefficient based
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on the standard, and s is the centre-to-centre spacing of shear reinforcement. Other
parameters are shown in Fig. 4-1.
Design standards impose some upper and lower bounds for the amount of longitudinal
and shear reinforcement, and consequently the value of the bearing capacities that
must be considered. In this chapter the doubly reinforced condition, as an inclusive
case, was considered. In case of singular reinforcement the current methodology
(𝑏)

could easily be used by considering 𝐴𝑠𝑐 =0.
In order to shift from Eq. (5-2.1) to Eq. (5-2.3) and come up with the set of {c1, c2, c3},
the first step was to determine how the cross sectional variations of 𝐴𝑐𝑏 , 𝐴𝑠𝑙𝑏 , 𝐴𝑠𝑣𝑏 and
+ (𝑏)

𝑃𝑓 𝑏 would affect the section bearing capacities 𝑀𝑢

− (𝑏)

, 𝑀𝑢

(𝑏)

and 𝑉𝑢 , and vice

versa. That is, the reciprocal relationships between these two sets of variables must be
determined in order to find out how varying the amount of each cross sectional
parameter influences the section bearing capacities, and how to change the cross
sectional parameters to vary the section capacities. Given the unit costs cc, csl, csv and
cf, the cost function can be defined using Eq. (5-2.1) for each section of a beam. The
parameters 𝐴𝑐𝑏 , 𝐴𝑠𝑙𝑏 , 𝐴𝑠𝑣𝑏 and 𝑃𝑓 𝑏 are obtained from the sum of the cross sectional
variables for all beams. If any of the cross sectional parameters change, the cost
function varies as follows

𝛥𝐶

𝑏

(𝑏)

= 𝑐𝑐 𝛥𝐴𝑐

(𝑏)

+ 𝑐𝑠𝑙 𝛥𝐴𝑠𝑙 + 𝑐𝑠𝑣 𝛥𝐴𝑠𝑣𝑏 + 𝑐𝑓 𝛥𝑃𝑓 𝑏

(5-5)

On the other hand, using Eq. (6-6) variations in the section capacities would change
the cost function as follows:
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𝛥𝐶

𝑏

= 𝑐1 𝛥𝑀𝑢+𝑖

𝑏

+ 𝑐2 𝛥𝑀𝑢−𝑖

𝑏

+ 𝑐3 𝛥𝑉𝑢 𝑖𝑏

(5-6)

Eqs. (5-5) and (5-6) show the contribution of each factor to the cost changes and the
sensitivity of the cost to each term. For example, changing a unit of 𝐴𝑐𝑏 causes a
change of cc units in cost. Therefore, if the effect of variations of 𝐴𝑐𝑏 , 𝐴𝑠𝑙𝑏 , 𝐴𝑠𝑣𝑏 and
+ (𝑏)

𝑃𝑓 𝑏 on the variations of 𝑀𝑢

− (𝑏)

, 𝑀𝑢

(𝑏)

and 𝑉𝑢 are determined, the contribution of

each section capacity to cost changes, that is the set of {c1, c2, c3}, can be determined.
To simplify the calculations, two assumptions were made. First, since we intend the
section to remain in a balanced condition, any changes in the amount of compression
steel reinforcement were considered to equal those of tension steel reinforcement.

Δ𝐴𝑠𝑡𝑏 = Δ𝐴𝑠𝑐𝑏 = Δ𝐴𝑠𝑙𝑏

(5-7)

The second assumption was that the depth of the compressive region of concrete, the
variable a, was not significantly affected by variations of the section width b. The
width of a beam section is generally constrained by a number of factors including
architectural constraints, standards limitations, and the limitations of columns and
joints. All these constraints caused the width of the section to have a minor variation
during the optimisation process. This does not mean that the variation of width was
ignored, but in practice such a variation is so limited that it has a negligible effect on
the depth of the compressive region. Moreover, since the cover to steel reinforcement
was considered to be constant, variations in the section height equal the variations of
d(b).
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(𝑏)

Any changes in the longitudinal steel 𝐴𝑠𝑙 results in changes in the capacities of a
beam section as follows:

− 𝑏

𝛥𝑀𝑢

+ 𝑏

𝛥𝑀𝑢

𝑏

𝛥𝐴 𝑠𝑙

(𝑏 )
∆𝑉𝑢
𝑏
𝛥𝐴 𝑠𝑙

𝑏

𝑏

(1 − 0.5𝛾𝑘𝑢 ))−1 𝛥𝑀𝑢

𝑏

𝑏

(1 − 0.5𝛾𝑘𝑢 ))−1 𝛥𝑀𝑢

≅ 𝑓𝑦𝑙 𝑑 (𝑏) − 𝑑𝑐 (𝑏) → 𝛥𝐴𝑠𝑙 = (𝑓𝑦𝑙 𝑑

𝑏

𝛥𝐴 𝑠𝑙

≅ 𝑓𝑦𝑙 𝑑(𝑏) − 𝑑𝑐 (𝑏) → 𝛥𝐴𝑠𝑙 = (𝑓𝑦𝑙 𝑑
(𝑏)

≅ 0 → ∆𝑉𝑢

− 𝑏

= 𝐾1 𝛥𝑀𝑢

− 𝑏

+ 𝑏

= 𝐾1 𝛥𝑀𝑢

+ 𝑏

(5-8)

𝑎𝑛𝑑 𝛥𝐴𝑠𝑙 𝑎𝑟𝑒 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑜𝑓 𝑒𝑎𝑐 𝑜𝑡𝑒𝑟

(𝑏)

If 𝐴𝑠𝑣 /𝑠 changes the variation of the beams bearing capacities are

𝛥𝑀𝑢−
𝛥𝑀𝑢+
(𝑏 )
∆𝑉𝑢
𝑏
𝛥𝐴 𝑠𝑣
𝑠

𝑏
𝑏

𝑏

𝑎𝑛𝑑
𝑎𝑛𝑑

𝛥𝐴 𝑠𝑣
𝑠
𝑏
𝛥𝐴 𝑠𝑣

𝑠

≅ 𝑓𝑦𝑣 𝑑 →

𝑎𝑟𝑒 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑜𝑓 𝑒𝑎𝑐 𝑜𝑡𝑒𝑟
𝑎𝑟𝑒 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑜𝑓 𝑒𝑎𝑐 𝑜𝑡𝑒𝑟
𝑏
𝛥𝐴𝑠𝑣

(𝑏)

≅ (𝑓𝑦𝑣 𝑑)−1 ∆𝑉𝑢

𝑠

(5-9)
(𝑏)

= 𝐾2 ∆𝑉𝑢

(𝑏)

If the effective area of the beam section ∆𝐴𝑐 , i.e. bd varies:

(𝒃)

∆𝑨𝒄 = Δ(bd) =b Δd + d Δb + Δb Δd = b Δd

𝛥𝑀𝑢−

𝑏

𝛥𝑀𝑢+

𝑏

(5-10)

is not a function of b, and based on the second assumption, the dependence of
(𝑏)

on the changes of b is neglected. Moreover, the first term of 𝑉𝑢

is not

dependent on b as well. So, the variations of the section capacities due to variation of
cross-section area are

𝑏

𝛥𝑀𝑢

𝑏

∆𝐴𝑐

𝑏

=

𝛥𝑀𝑢

𝛥 𝑏𝑑

𝑏

𝛥𝑀𝑢

≅𝑏

𝛥𝑑

132

(5-11)

(𝑏)

− 𝑏

𝛥𝑀𝑢

𝛥(𝑏𝑑 (𝑏) )

≅

𝑓 𝑦𝑙 𝐴𝑠𝑐
𝑏

(𝑏)

+ 𝑏

𝛥𝑀𝑢

𝛥(𝑏𝑑 (𝑏) )

≅

(𝑏)
∆𝑉𝑢
𝛥(𝑏𝑑 (𝑏) )

𝑓 𝑦𝑙 𝐴𝑠𝑡
𝑏

≅

𝐴𝑠𝑐

(𝑏)

𝐴𝑠𝑡

(𝑏)

(1 − 0.5𝛾𝑘𝑢 ) → ∆𝐴𝑐 = 𝛥 𝑏𝑑 (𝑏) ≅ 𝑓𝑦𝑙

(𝑏)
𝑓𝑦𝑣 𝐴𝑠𝑣

𝑏𝑠

(𝑏)

+ 𝛽(𝑓 ′ 𝑐 )1/2 → ∆𝐴𝑐 = 𝛥(𝑏𝑑

𝑏

) ≅

−1

(𝑏)

(1 − 0.5𝛾𝑘𝑢 ) → ∆𝐴𝑐 = 𝛥 𝑏𝑑 (𝑏) ≅ 𝑓𝑦𝑙

𝑏

(1 − 0.5𝛾𝑘𝑢 )
−1

(𝑏)

𝑏

𝑏
𝑓𝑦𝑣 𝐴𝑠𝑣

𝑏𝑠

(1 − 0.5𝛾𝑘𝑢 )
+ 𝛽 𝑓′ 𝑐

0.5

−1

𝛥𝑀𝑢−

𝑏

= 𝐾3 𝛥𝑀𝑢−

𝑏

𝛥𝑀𝑢+

𝑏

= 𝐾4 𝛥𝑀𝑢+

𝑏

(5-12)

∆𝑉𝑢 𝑏 = 𝐾5 ∆𝑉𝑢 𝑏

The variation of the perimeter of a rectangular beam section, which determines the
variation of the beam formwork, affects the section capacity as follows:
(𝑏)

∆𝑃𝑓 = ∆𝑏 + 2∆𝑑

− 𝑏

𝛥𝑀𝑢
∆𝑏+2∆𝑑 𝑏

(𝑏)

+ 𝑏

𝛥𝑀𝑢
∆𝑏+2∆𝑑 𝑏
(𝑏)
∆𝑉𝑢

∆𝑏+2∆𝑑 𝑏

(𝑏)

≅ 𝑓𝑦𝑙 𝐴𝑠𝑐 → ∆𝑃𝑓
(𝑏)

(𝑏)

≅ 𝑓𝑦𝑙 𝐴𝑠𝑡 → ∆𝑃𝑓
≅

1
(𝑏)
𝑓 𝑦𝑙 𝐴 𝑠𝑣
𝑠

= ∆𝑏 + 2∆𝑑
= ∆𝑏 + 2∆𝑑

+

+ 𝛽𝑏 (𝑓 ′ 𝑐 )1/2

1
𝛽𝑑 (𝑓 ′ 𝑐 )1/2

→

𝑏
𝑏

𝑏

(5-13)

(𝑏)

≅ 2 𝑓𝑦𝑙 𝐴𝑠𝑐 (1 − 0.5𝛾𝑘𝑢 )
(𝑏)

≅ 2 𝑓𝑦𝑙 𝐴𝑠𝑡 (1 − 0.5𝛾𝑘𝑢 )

(𝑏)
∆𝑃𝑓

= ∆𝑏 + 2∆𝑑

𝑏

≅[

−1
−1

𝛥𝑀𝑢− = 𝐾6 𝛥𝑀𝑢−
𝛥𝑀𝑢+ = 𝐾7 𝛥𝑀𝑢+
2

(𝑏)
𝑓 𝑦𝑣 𝐴 𝑠𝑣
+ 𝛽𝑏 (𝑓 ′ 𝑐 )1/2
𝑠

+

(5-14)
1

𝛽𝑑 (𝑓 ′ 𝑐 )1/2

] 𝛥𝑉𝑢 = 𝐾8 𝛥𝑉𝑢

Now that the reciprocal relationships between the variations of cross sectional
variables and strength capacity parameters of a beam section are obtained, multiplying
both sides of Eqs. (5-8) by csl /2, Eqs. (5-9) by csv , Eqs. (5-10) by cc /3 and Eqs. (5-14)
by cf /3 and then adding them up results in:

𝑐𝑐 𝛥𝐴𝑐

𝑏

𝑏

𝑏

+𝑐 𝑠𝑙 𝛥𝐴𝑠𝑙 +𝑐𝑠𝑣 𝐴𝑠𝑣 +𝑐 𝑓 𝛥𝑃𝑓

𝑏

=
+
+

1
1
2
𝑐 𝐾 + 𝑐 𝐾 + 𝑐 𝐾
3 𝑐 4 2 𝑠𝑙 1 3 𝑓 7
1
1
2
𝑐 𝐾 + 𝑐 𝐾 + 𝑐 𝐾
3 𝑐 3 2 𝑠𝑙 1 3 𝑓 6
1
2
𝑐 𝐾 + 𝑐𝑠𝑣 𝐾2 + 𝑐 𝑓 𝐾8
3 𝑐 5
3

+ 𝑏

𝛥𝑀𝑢

− 𝑏

𝛥𝑀𝑢
𝛥𝑉𝑢

(5-15)

𝑏

Comparing Eq. (5-15) with Eqs. (5-5) and results in Eq. (5-16). The set of {c1, c2, c3}
in Eqs. (5-1) and (5-6) can be presented with regard to the set of predefined cost
coefficients {cc, csl, csv, cf} in Eq. (5-16), which is quite similar to Eq. (4-18) for
continous beams.
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1

1

2

1

1

2

𝑐1 = 3 𝑐𝑐 𝐾4 + 2 𝑐𝑠𝑙 𝐾1 + 3 𝑐𝑓 𝐾7
𝑐2 = 3 𝑐𝑐 𝐾3 + 2 𝑐𝑠𝑙 𝐾1 + 3 𝑐𝑓 𝐾6
1

(5-16)

2

𝑐3 = 3 𝑐𝑐 𝐾5 + 𝑐𝑠𝑣 𝐾2 + 3 𝑐𝑓 𝐾8

The coefficients c1, c2 and c3 determine how the variations of bearing capacities
+ (𝑏)

𝑀𝑢 𝑖

− (𝑏)

, 𝑀𝑢 𝑖

(𝑏)

and 𝑉𝑢 𝑖

contribute to the variation of cost function. K1 to K8 were

calculated based on the equations presented in the Appendix.
An arbitrary section of a square reinforced concrete column, as shown in Fig. 5-1, was
considered. The dimensions of the section are h(c), the area of the longitudinal
(𝑐)

reinforcement is 𝐴𝑠𝑙 and the area of shear reinforcement in a unit length of column
(𝑐)

is 𝐴𝑠𝑣 /𝑠.

Figure 5-1. Cross-sectional parameters for a column

Now, consider Eq. (9-19) as a potential alternative cost functions to Eq. (5-1.2) in an
arbitrary RC column section.

𝐶𝑖

𝑐

(𝑐)

(𝑐)

(𝑐)

= 𝑐4 𝑁𝑢 𝑖 + 𝑐5 𝑀𝑢 𝑖 + 𝑐6 𝑉𝑢 𝑖
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(5-17)

(𝑐)

(𝑐)

(𝑐)

where 𝑁𝑢 𝑖 , 𝑀𝑢 𝑖 and 𝑉𝑢 𝑖

are the axial load-carrying capacity, bending moment

capacity, and the shear capacity of the ith column section respectively. If an
appropriate set of {c4, c5, c6} could be found in such a way that Eq. (5-17) represents
(𝑐)

(𝑐)

the cost of the section, the design variables would then shift from 𝐴𝑐 , 𝐴𝑠𝑙 , 𝐴𝑠𝑣𝑐 and
(𝑐)

(𝑐)

(𝑐)

𝑃𝑓 𝑐 to 𝑁𝑢 , 𝑀𝑢 and 𝑉𝑢 .
The capacity or the ultimate strength of the section in axial compression, flexure, and
shear for a column section can be obtained from Eq. (5-18) to Eq. (5-20).

(𝑐)

𝑁𝑢

(𝑐)

𝑀𝑢

≅ 0.85𝛾𝑘𝑢 𝑓𝑐′ (𝑐) 𝑑

(𝑐)

𝑐

+ 𝐸𝑠

= 𝑁𝑢 𝑒 ≅ 0.85𝛾𝑘𝑢 𝑓𝑐′ (𝑐) 𝑑

𝑉𝑢

(𝑏)

𝑐

≅

𝑓𝑦𝑣 𝑑 (𝑐) 𝐴𝑠𝑣
𝑠

𝑐

𝑛
𝑖

(𝑐)

𝐴𝑠𝑙 𝑖 𝜀𝑖

𝑒𝑐 + 𝐸𝑠

𝑛
𝑖

(5-18)

(𝑐)

𝐴𝑠𝑙 𝑖 𝜀𝑖 𝑒𝑖

2

+ 𝛽(𝑐) (𝑓𝑐′ )0.5

(5-19)

(5-20)

(𝑐)

where Es is the modulus of elasticity of reinforcement, 𝐴𝑠𝑙 𝑖 and 𝒆𝒊 are respectively the
cross sectional area of reinforcement and the distance from the extreme compression
fibre

for each bar, n is the number of bars in a column, 𝜺𝒊 is the strain in

reinforcement. The parameters e and 𝒆𝒄 are the eccentricity of the axial force from the
centroidal axis and the distance from the extreme compression fibre for compressive
force in the concrete of the cross section, respectively. Other parameters are shown in
Fig. 5-1. Obviously, if the column section is subjected to a bi-axial bending moment or
shearing forces, the bending moment and shear force are considered for both axes.
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In order to shift from Eq. (5-1.2) to Eq. (5-17) and come up with the set of {c4, c5, c6},
the

reciprocal

relationships

between

the

cross

sectional

(𝑐)

parameters,
(𝑐)

𝐴𝑐𝑐 , 𝐴𝑠𝑙𝑐 , 𝐴𝑠𝑣𝑐 , 𝑃𝑓 𝑐 , and axial force capacity 𝑁𝑢 , bending moment capacity 𝑀𝑢 and
shear force capacity 𝑉𝑢 𝑐 , should be determined the same as for the beams in the
previous section.
Given the unit costs cc, csl, csv and cf , the cost function can be defined using Eq. (52.2) for the entire column. The parameters 𝐴𝑐𝑐 , 𝐴𝑠𝑙𝑐 , 𝐴𝑠𝑣𝑐 and 𝑃𝑓 𝑐 were obtained from
the sum of the cross sectional variables for all columns. If any of cross sectional
parameters changes, the cost function varies as follows:

𝛥𝐶

𝑐

(𝑐)

= 𝑐𝑐 𝛥𝐴𝑐

(𝑐)

+ 𝑐𝑠𝑙 𝛥𝐴𝑠𝑙 + 𝑐𝑠𝑣 𝛥𝐴𝑠𝑣𝑐 + 𝑐𝑓 𝛥𝑃𝑓 𝑐

(5-21)

On the other hand, using Eq. (5-17) variations in section capacities would change the
cost function as follows:

𝛥𝐶

𝑐

(𝑐)

(𝑐)

(𝑐)

= 𝑐4 𝛥𝑁𝑢 + 𝑐5 𝛥𝑀𝑢 + 𝑐6 𝛥𝑉𝑢

(5-22)

Eqs. (5-21) and (5-22) show the contribution of each factor to the cost changes and
sensitivity of the cost to each term. Therefore, if the effect of variations of
(𝑐)

(𝑐)

(𝑐)

𝐴𝑐𝑐 , 𝐴𝑠𝑙𝑐 , 𝐴𝑠𝑣𝑐 and 𝑃𝑓 𝑐 on the variations of 𝑁𝑢 , 𝑀𝑢 and 𝑉𝑢 are determined, the
contribution of each section capacity to cost changes, that is the set of {c4, c5, c6}, can
be found.
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In order to simplify the calculations, some assumptions are made. The first one is that
any changes in cross-sectional area of longitudinal reinforcement bars are the same for
all bars in a column. That is, in each column for all the bars in that column:

(𝑐)

(𝑐)

Δ𝐴𝑠𝑙 𝑖 = Δ𝐴𝑠𝑙 𝑗

(5-23)

According to Eq. (5-23), in order to simplify the mathematical formulation and
determine the relationship between the variations of cross sectional parameters and
bearing capacities, the changes in all the column bars are considered to be the same.
The second assumption is that if the section of the column is not square, any changes
in the length of the cross section of columns is equal to changes in the width. When
changing the dimensions of the columns in such a way, the second degree variations
were neglected. Besides, since the cover to steel reinforcement is considered to be
constant, the variations of section dimensions are equal to the variations of d(c). These
above mentioned assumptions are defined in Eqs. (5-24) and (5-25).

(𝑐)

(𝑐)

𝛥1 = 𝛥2 = 𝛥(𝑐) = 𝛥𝑑 (𝑐)

(𝑐)

2

𝛥𝐴𝑐 = 𝛥((𝑐) ) = 2(𝑐) 𝛥(𝑐)

(𝑐)

(5-24)

(5-25)

Any changes in the longitudinal steel 𝐴𝑠𝑙 resulted in changes in the capacities of a
column section as follows:
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𝛥𝑁𝑢

𝑐

𝑐
𝛥𝐴𝑠𝑙

𝛥𝑀𝑢

𝑐

≅ 𝐸𝑠

𝑛
𝑖 𝜀𝑖

≅ 𝐸𝑠

𝑛
𝑖 𝜀𝑖 𝑒𝑖

→ 𝛥𝐴𝑠𝑙

𝐶

𝑐
𝛥𝐴𝑠𝑙
(𝑐)
∆𝑉𝑢
𝑐
𝛥𝐴𝑠𝑙

−1
𝑛
𝑖 𝜀𝑖 )

= (𝐸𝑠
𝑐

→ 𝛥𝐴𝑠𝑙

𝛥𝑁𝑢 𝑐 = 𝐾9 𝛥𝑁𝑢 𝑐

−1
𝑛
𝑖 𝜀𝑖 𝑒𝑖 )

= (𝐸𝑠

𝛥𝑀𝑢 𝑐 = 𝐾10 𝛥𝑀𝑢 𝑐

(5-26)

𝑐

≅ 0 → ∆𝑉(𝑐)
𝑢 𝑎𝑛𝑑 𝛥𝐴𝑠𝑙 𝑎𝑟𝑒 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑜𝑓 𝑒𝑎𝑐 𝑜𝑡𝑒𝑟

(𝑐)

With respect to 𝐴𝑠𝑣 /𝑠, the variations of the column capacities are

𝛥𝑁𝑢
𝛥𝑀𝑢
(𝑐)
∆𝑉𝑢
𝑐
𝛥𝐴 𝑠𝑣
𝑠

𝑐
𝑐

𝑐

𝑎𝑛𝑑
𝑎𝑛𝑑

𝛥𝐴 𝑠𝑣
𝑠
𝑐
𝛥𝐴 𝑠𝑣

𝑠

𝑎𝑟𝑒 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑜𝑓 𝑒𝑎𝑐 𝑜𝑡𝑒𝑟
𝑎𝑟𝑒 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑜𝑓 𝑒𝑎𝑐 𝑜𝑡𝑒𝑟

≅ 𝑓𝑦𝑣 𝑑(𝑐) →

𝑐

𝛥𝐴𝑠𝑣
𝑠

(𝑏)
(𝑓𝑦𝑣 𝑑 (𝑐) )−1 ∆𝑉𝑢

≅

=

(5-27)

(𝑏)
𝐾11 ∆𝑉𝑢

If the cross sectional area of the column varies:

𝛥𝑁𝑢

𝑐

(𝑐)

≅ 0.85𝛾𝑘𝑢 𝑓 ′ 𝑐 → ∆𝐴𝑐 ≅ (0.85𝛾𝑘𝑢 𝑓 ′ 𝑐 )−1 𝛥𝑁𝑢

(𝑐)

∆𝐴 𝑐

𝛥𝑀𝑢

𝑐

𝑐

= 𝐾12 𝛥𝑁𝑢

(𝑐)

(𝑐)
∆𝐴 𝑐
(𝑐)
∆𝑉𝑢
(𝑐)
∆𝐴 𝑐

≅ 0.85𝛾𝑘𝑢 𝑓 ′ 𝑐 𝑒𝑐 → ∆𝐴𝑐 ≅ (0.85𝛾𝑘𝑢 𝑓 ′ 𝑐 𝑒𝑐 )−1 𝛥𝑀𝑢
≅

𝑐
𝑓𝑦𝑣 𝐴 𝑠𝑣

(𝑏)

+ 𝛽(𝑓𝑐′ )0.5 → ∆𝐴𝑐

2𝑠

𝑐

𝑐
𝑓𝑦𝑣 𝐴 𝑠𝑣

= 𝛥((𝑐) 𝑑 (𝑐) ) ≅ (

2𝑠

𝑐

= 𝐾13 𝛥𝑀𝑢

𝑐

(5-28)

+ 𝛽(𝑓𝑐′ )0.5 )−1 ∆𝑉𝑢

𝑐

= 𝐾14 ∆𝑉𝑢

𝑐

The variation of the perimeter of a square column section, which determines the
variation of the column formwork, affects the section capacity as follows:

𝛥𝑁𝑢

𝑐

(𝑐)
∆𝑃𝑓
𝑐
𝛥𝑀𝑢
(𝑐)
∆𝑃𝑓



≅ 0.85𝛾𝑘𝑢 𝑓 ′ 𝑐



𝑐

(𝑐)

∆𝑉𝑢

(𝑐)
∆𝑃𝑓

𝑐

≅ 0.85𝛾𝑘𝑢 𝑓 ′ 𝑐

≅

𝑓𝑦𝑣 𝐴 𝑠𝑣
4𝑠

1

2
𝑐

2

(𝑐)

≅ (0.85𝛾𝑘𝑢 𝑓 ′ 𝑐

→ ∆𝑃𝑓

(𝑏)

𝑒𝑐 → ∆𝑃𝑓

𝑐

2

(𝑐)

𝑐

𝑓𝑦𝑣 𝐴 𝑠𝑣

≅(

4𝑠

)−1 𝛥𝑁𝑢


≅ (0.85𝛾𝑘𝑢 𝑓 ′ 𝑐

+ 𝛽(𝑐) (𝑓𝑐′ )0.5 → ∆𝑃𝑓
2



𝑐

2
1

𝑐

= 𝐾15 𝛥𝑁𝑢

𝑒𝑐 )−1 𝛥𝑀𝑢

𝑐

= 𝐾16 𝛥𝑀𝑢

+ 𝛽(𝑐) (𝑓𝑐′ )0.5 )−1 𝛥𝑉𝑢
2

138

𝑐

𝑐

𝑐

= 𝐾17 𝛥𝑉𝑢

(5-29)
𝑐

The reciprocal relationships between the variations of cross sectional variables and
those of the strength capacity variables of a column section were obtained by
multiplying both sides of Eqs. (5-26) by csl /2, Eqs. (5-27) by csv , Eqs. (5-28) by cc /3
and Eqs. (5-29) by cf /3 then adding them up :

𝑐

𝑐

𝑐

𝑐𝑐 𝛥𝐴𝑐 +𝑐 𝑠𝑙 𝛥𝐴𝑠𝑙 +𝑐𝑠𝑣 𝐴𝑠𝑣 +𝑐 𝑓 𝛥𝑃𝑓

𝑐

=
+
+

1
1
1
𝑐
𝑐 𝐾 + 𝑐 𝐾 + 𝑐 𝐾
𝛥𝑁𝑢
3 𝑐 12 2 𝑠𝑙 9 3 𝑓 15
1
1
2
𝑐
𝑐 𝐾 + 𝑐 𝐾 + 𝑐 𝐾
𝛥𝑀𝑢
3 𝑐 13 2 𝑠𝑙 10 3 𝑓 16
1
2
𝑐
𝑐 𝐾 + 𝑐𝑠𝑣 𝐾11 + 𝑐 𝑓 𝐾17 𝛥𝑉𝑢
3 𝑐 14
3

(5-30)

Comparing Eq. (5-30) with Eqs. (5-21) and (5-22) results in Eq. (5-31).
According to the calculations presented in the Appendix, the set of {c4, c5, c6} in Eqs.
(5-17) and (4-22) can be presented with regard to the set of predefined cost
coefficients {cc, csl, csv, cf} in Eq. (5-31).

1

1

1

1

1

𝑐4 = 3 𝑐𝑐 𝐾12 + 2 𝑐𝑠𝑙 𝐾9 + 3 𝑐𝑓 𝐾15
2

𝑐5 = 3 𝑐𝑐 𝐾13 + 2 𝑐𝑠𝑙 𝐾10 + 3 𝑐𝑓 𝐾16
1

(5-31)

2

𝑐6 = 3 𝑐𝑐 𝐾14 + 𝑐𝑠𝑣 𝐾11 + 3 𝑐𝑓 𝐾17

(𝑐)

The coefficients c4, c5 and c6 determine how the variations of bearing capacities 𝑁𝑢 𝑖 ,
(𝑐)

(𝑐)

𝑀𝑢 𝑖 and 𝑉𝑢 𝑖 contribute to the variation of cost function.

5.3 Optimisation Problem formulation
By describing the coefficients in order to re-analyse a frame and achieve the optimum
criteria, one can use Eqs. (5-6) and (5-21) in lieu of Eq. (5-1).
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For this purpose the cost will be the sum of the cost functions of all sections selected
in the structure. By using the summation of Eqs. (5-6) and (5-21) as an alternative cost
function to Eq. (5-1), the design variables can be shifted from cross sectional variables
to action effect ones.
For a plane RC frame under an arbitrary loading system f(x) to be optimally designed,
and to optimise the cost and layout, the general formulation for the structural
optimisation problem can be written as follows:

𝑚𝑖𝑛
𝐶𝑜𝑠𝑡(𝑙1 , 𝑙2 , … , 𝑙𝑁𝑆𝑃 ) = 𝑁𝐵𝑆
𝐶𝑖 𝑏 + 𝑁𝐶𝑆
𝐶𝑖
1
1
𝑙1 , 𝑙2 , … , 𝑙𝑁𝑆𝑃
−−−−−−−−−−−−−−−−−−
+(𝑏)

≥ 𝑀∗

−(𝑏)

} ≥ {𝑀∗

+(𝑏 )

∅ 𝑀𝑢

∅{𝑀𝑢

∅ 𝑉𝑢 𝑏
𝑠. 𝑡

−(𝑏 )

(𝑐)

≥ 𝑁∗

+(𝑐)

≥ 𝑀∗

∅ 𝑁𝑢

}

𝑏

≥ 𝑉∗

∅ 𝑀𝑢

𝑐

(𝑐)

(𝑐)

(5-32)

(𝑐)

(𝑐)

∅{𝑉𝑢 } ≥ {𝑉 ∗ }
𝑢𝑚𝑎𝑥 ≤ 𝛥𝑚𝑎𝑥 ∶ 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑚𝑒𝑚𝑏𝑒𝑟𝑠
{𝑙𝑚𝑖𝑛 } ≤ {𝑙𝑖 } ≤ 𝑙𝑚𝑎𝑥 ∶ 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑠𝑝𝑎𝑛𝑠
𝑜𝑡𝑒𝑟 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠 𝑏𝑎𝑠𝑒𝑑 𝑜𝑛 𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑𝑠

where NBS and NCS are the total number of control beams and columns sections in
the structure respectively, 𝐶𝑖

𝑏

and 𝐶𝑖

𝑐

were obtained from Eqs. (5-6) and (5-21) and

lmin and lmax are the maximum and minimum length of each span which might be
applied to satisfy architectural considerations, and NSP is the total number of spans in
the x and y directions. 𝑁𝑖 ∗ , 𝑀𝑖 ∗ and 𝑉𝑖 ∗ are the axial force, flexure, and shear action
effects of section i, either in columns or beams, and ∅ is the strength reduction factors.
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The serviceability requirements limit the maximum deflection umax on the entire
member to Δmax under the serviceability load case. Other constraints for durability,
fire resistance, minimum cover, and minimum flexural strength, can easily be added to
the problem as well, based on the relevant design codes.
There are several ways of dealing with the above cost optimisation problem. Although
the problem of finding the layout of a frame is a continuous optimisation problem, it
can be dealt with as a discreet problem by discretising the domain. In fact in the
design process we usually deal with the dimensions as discrete sizes, and in practical
problems it is often the case that design variables must be chosen within a discrete
manufacturer's inventory. The dimensions of concrete sections are usually varied by a
certain size, e.g. 25 mm or 50 mm a step, which makes the dimensions of a section
discrete. Therefore, one can define the optimisation problem of RC sections as a
discrete optimisation problem rather than a continuous one. In the next section, an Ant
Colony Algorithm is proposed as a discrete optimization tool to solve the problem.

5.4 ACO algorithm
Two main phases of the Ant System algorithm are the ants‘ solution construction and
the pheromone update. After defining the construction graph and the necessary
constraints, and specifying the magnitudes of the pheromone trails and heuristic
information for the problem, the ants start making the trails. Initially, the ants are put
on chosen nodes of the graph. At each construction step, Ant k applies a probabilistic
action choice rule, known as the random-proportional rule, to decide which node to
visit next. If an ant is positioned on a node it will move to the next node with a
probability that is proportional to the amount of pheromone in the trails. That is, the
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probabilistic choice of the next node then works analogous to the roulette wheel
selection procedure of evolutionary computation. The quantity of pheromone trail and
heuristic value on the edges determines the size of the slice on a circular roulette
wheel. Obviously, the higher the pheromone or the higher the heuristic value on the
edges will increase the probability of selecting the corresponding node. After all the
ants have constructed their tours, the pheromone trails are updated. This act is done by
first lowering the pheromone value on all arcs by a constant factor (pheromone
evaporation), and then adding pheromone on the edges the ants have crossed
(pheromone depositing).
The aim of the ACO algorithm developed in this chapter was to find the optimum
layout or columns locations of a plane RC frame, which leads to finding the optimum
spans lengths of the frame, as shown in Fig. 5-2, in a way that optimises the relevant
costs. The heights of stories (columns heights) are considered to be determinate and
unchanging.
As a first step the domain must be discretised. As such aconstruction graph was
defined by assuming that that span lengths were bounded in [Lmin Lmax], with intervals
(accuracy) equal to ε. That is, each Li rests in the set of {Lmin , Lmin + ε, Lmin + 2ε ,…,
Lmax - ε , Lmax}. Obviously, the smaller ε is chosen, the more accurate will the results
be, and the more running time the algorithm needs. As shown in Fig. 5.2, a
construction graph was defined to demonstrate the possible span lengths of the 2D
frame. In order for the construction graph to stand for the layout of the structure, the
total number of spans and the number of nodes must be N and N+1 respectively,
where N is the total number of spans. Hence, the construction graph was defined as a
graph with N+1 nodes and ((Lmax -Lmin)/ ε *N) edges. Each pair of nodes are connected
with (Lmax - Lmin)/ ε edges, i.e. there are (Lmax - Lmin)/ ε choices for each ant on each
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node to select another one, for making its trail (solution). It should be pointed out that
as stated in the definition of constraints, and shown in Fig. 10-3, Lmax and Lmin might
be specified differently for each span. In this case, the number of choices for ants on
each node might differ from the other ones. Now that the construction graph is
prepared, ants can start their solution process in the following phases.
In the first phase two groups of artificial ants were located on the first and last nodes
of the construction graph, i.e. Nodes 1 and N+1, to construct their solution. Since there
are as many as (Lmax - Lmin)/ ε edges that connect every two successive nodes, the
dimension of these two matrices will be N*(Lmax - Lmin)/ ε.

Figure 5-2. The construction graph for a plane frame

To organise the heuristic matrix and initial pheromone matrix, previous experience
with structural analysis can be used. Because the boundary conditions, constraints,
and any loads can affect the length of spans, the entries of heuristic matrix and initial
pheromone matrix might be organised based on such parameters. Moreover, in order
to save time, some criteria like the symmetry of the plan were considered when the
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heuristic matrix was defined. In this case the entries of heuristic matrix relating to
preferred choices might receive higher numbers relative to the entries of the other
ones. Using such a heuristic matrix, or defining the initial pheromone matrix using the
above mentioned structural rules helps the algorithm to converge sooner. Thus, each
value (i,j) of choice information matrix, which was obtained by multiplying the
corresponding arrays of heuristic matrix by those of pheromone matrix, showed the
tendency or desirability of the ant located on Node i of the construction graph to
choose Edge j to move towards Node i+1.
The next phase consists of two segments that form the basis of the heuristic. In the
first segment of this phase, and using the random proportional rule, ants located on the
starting nodes of the construction graph, whether Node 1 or Node N+1, began to
construct their solutions. That is, two groups of ants were located on the graph, one at
Node 1 and one at Node N+1. In this method the feasible neighborhood was defined as
the edges between Nodes i and i+1, when the ant is located at Node i in either route,
that is, from Node N+1 to Node 1. The ant leaves its source Node i  {1,2,…,N+1} on
the construction graph to its destination node on the connecting Edges j  {1, 2, …,
(Lmax - Lmin)/ ε }, using the random proportional rule, which is similar to the random
roulette wheel rule and is quite random. The probability of Edge j being chosen by an
ant on Node i is proportional to the entry (i, j) of the choice information matrix. The
bigger the entry (i,j) of the choice matrix is, the more probable Node j will be chosen
by Ant i. The ants continue constructing their solution and move from a node to the
next until they arrive at Node N+1 as the end of their trail. The constraint for ants is
that the sum of all spans must be equal to L. Therefore, two groups of ants were
located on both ends of the graph so that every edge had the same overall probability
of being chosen by the ants. Now the values of N lengths and thereby the new
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geometrical layout for the column layout was obtained. Through the structural analysis
method for frames, and using the behavioural constraints, design actions effects in the
sections identified were determined, and by using other constraints the required
strength capacities for each section were calculated. Based on the strength capacity of
sections, the cost function or the cost of this solution was obtained.
The last phase consisted of updating the information and statistics and then updating
the pheromone trails. Using the information obtained in the phase of constructing the
solution, the trail presenting the best cost up to this stage, was selected as the best
iteration so far. Then the pheromone trails of the construction graph were updated. For
this reason the ants were allowed to deposit pheromone on the edges associated with
the best so-far iteration and the quality of the solutions in each step. The process of
updating pheromone consists of two segments; the first segment corresponds to
pheromone evaporation where the evaporation parameter depends on the number of
steps defined for termination criteria, and initial pheromone and heuristic values; while
the second segment is depositing pheromone where the pheromone values on the
edges associated with the best iteration up to now increased and the ant deposited an
amount of pheromone equal to 1/cost on the edges of the construction graph associated
with the best so-far iteration and the cost of each solution.
The above procedure continues until the termination criterion has been satisfied,a nd
then the optimum layout will be the best-so-far solution for spans. In each step, a basic
structural analysis was required to calculate the section actions. By making use of a
structural analysis approach, say the finite element method or simplified methods
based on the design standards, such a calculation takes a small amount of time for each
section. Using Eq. (5-1) as the objective function would be significantly more time
consuming than using Eqs. (5-6) and (5-21). Due to the variation of lengths in each
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step, estimating the design variables in each step would be considerably encumbered,
apart from which, in each step the algorithm would iteratively need to deal with the
design formulas. Eqs. (5-6) and (5-21) make the optimisation process much tangible
and greatly usable in optimising the layout of large structures.

5.5 Numerical example
To demonstrate the robustness of the proposed approach, a realistic example is
presented. All computations were performed on a P9700 @2.80 GHz computer
running MATLAB R2009b. In order to ensure that the solution obtained from ACO
was global or near global optimum, many runs were made in parallel. Since each run
is fully independent of the others, the program can be run in parallel so that the total
execution time will be practically the same as required for a single run.
Example: The column layout of a five-span eight-storey East-West oriented reinforced
concrete frame of a building located in Wollongong on a 20 m hill, as shown in Fig. 53, was optimised. The building is 24.0 m high (each story 3.0 m high). The live load
and the total dead load are 5.0 and 4.0 kN/m2 respectively. The live load is 5.0 kN/m2
and the dead load, excluding the self weight of concrete, is 2.5 kN/m2. The dynamic
effect of the wind loading was modelled by two windward and leeward impulse loads,
as shown in Fig. 5-3.
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Figure 5-3. Numerical Example: An eight story building

The average unit price for concrete is assumed to be 55 units/m3, and 3900 units/m3
for steel. The average unit price for formwork is 20 units/m2. Other design parameters
used in this example are the characteristic tensile strength of reinforcement fy = 460
N/mm2, the characteristic strength of concrete f'c = 35 N/mm2, and the cover of steel
bars c=25 mm.
The permissible length spans were defined within the bounds of Lmax = 9.0 m and Lmin
= 5.0 m. Because a primary design for the proposed ACO algorithm was considered,
the span lengths L1 = L2 = L3 = L4 = L5 =7.5 m were used. It should be added that
every initial design based on the preliminary judgment of the designer and/or using
approximate charts or formulae which meet the design standard requirements, can be
used as the initial design and as the starting point of the optimisation process. Based
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on the above mentioned primary design, the primary cost of the structure based on Eq.
(5-1) is equal to 55971 units.
For this example, three control sections were selected for every member. Using the
above obtained equations, the values of K1 to K18 and consequently the values of c1 to
c6 for all selected columns and beams sections was obtained. Having the necessary
coefficients, the optimisation problem can be formulated based on Eq. (5-32). The
Ant algorithm attempted to find the optimum spans based on the objective function
and by observing other relevant constraints. After 130 iterations, which was defined as
a termination criterion, and at a CPU time of 41.27 seconds, the optimum lengths of L1
= 5600 mm, L2 = 7100 mm, L3 = 7900, L4 = 8400 mm and L5 = 8500 mm were
obtained. Having determined the optimum lengths, the sections were designed based
on AS3600 (2009) and resulted ing in a total cost of 52058 units (6.99% cost saving).
Fig. 5-4 shows a typical convergence history of the proposed ACO algorithm for the
example. If the impulse load caused by wind is removed the optimum length spans of
7100, 7800, 7700, 7800, 7100 at a cost of 50113 would be obtained due to the static
vertical loading system. This shows that the wind loads resulted in a further 3.5 %
cost. Fig. 10-5 shows a typical convergence history for the ACO algorithm for this
example.
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Figure 5-4. Typical convergence history for the presented ACO algorithm

5.6 Summary
This chapter aimed to propose a new layout optimisation model to be used to optimise
the cost of plane reinforced concrete frames under wind loading. The cost function
proposed in this chapter simplified the process of optimising the cost of plane
reinforced concrete frames and is applicable to the multi-variable optimisation of RC
structures; say the cost and layout optimisation problem. The algorithm proposed to
solve the cost optimisation problem is an Ant System based algorithm, which can
easily be used to optimise the span lengths and column locations, and is also capable
of working with different cost functions and loading systems. The examples presented
show that the proposed algorithm using the new cost optimisation function provides
satisfactory results.
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6 Optimum Layout Design of RC Buildings with
Rectangular Plan

6.1

Introduction

This chapter presents the application of the methodology for optimising the cost of the
preliminary layout design of three-dimensional reinforced concrete (RC) frames with a
rectangular plan under static loads. This approach can easily be used for the optimal
layout design of a realistic and large RC structure that accounts for constraints
imposed by design standards. This approach considers modelling, structural analysis,
the design of concrete members, and discrete optimization, together with data on the
cost of systems and materials. The methodology consists of first, using the cross
sectional action effects as design variables where a heuristic cost function is presented
as an alternative to traditional cost functions for optimising the layout of RC
structures. Using the presented cost function, a structural optimisation problem is
formulated for a column layout design of 3D RC frames having a rectangular plan.
Then, an Ant System (AS) algorithm, a discrete method, was proposed to solve the
cost optimisation problem. Two comparative design examples are included to
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demonstrate the performance of the new methodology and the excellent convergence
of the Ant Colony Optimization (ACO) algorithm.
In Chapters 4 and 5, it was noted that the process of achieving an optimum solution
can be much quicker by shifting from one design space to another and by changing the
design variables as the space dimensions. That is, shifting from one set of design
variables to another causes a new definition for the objective function and may lead to
changes in constraints and even vary their nature from design variables to behavioural
ones and vice versa.
In RC frames, at least three different cost factors should be considered in optimisation:
costs of concrete, steel reinforcement, and the formwork. The effects of these factors
on the optimal cost can be imposed on the weighted coefficients of the cost function,
so the general cost function for a reinforced concrete member can be expressed by Eq.
(4.2).
Using structural analytical outputs as design variables, say the internal actions of a
member, has some advantages over using structural design outcomes such as the cross
sectional variables of a beam. Firstly, the design action effects of each section can
easily be obtained from structural analysis and re-analysing a structure in an iterative
mathematical procedure is considerably less time consuming and more precise than
re-designing the structure. Secondly, the cost function using action effects will be
considered in a section rather than a member because it enables the designer to select
a number of sections for each member and control the cost in the whole structure, so
there is no need to optimise the entire member.
The present work explores the relationships between the variations of the action
effects of RC members with variations of the cross sectional parameters to establish
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how these two variables affect each other. Based on the established relationship, a new
cost function which is a function of the action effects rather than the cross sectional
parameters has been defined. In order to make the structural optimisation formulation
practical and impose actual constraints, the formulation is based on the Australian
standards for RC structures (AS3600 2009).
In a 3D frame consisting of beams and columns the cost function can be written as Eq.
(5.1), where the superscript (c) stands for the column parameters and the superscript
(b) for beams, and where Nc and Nb are the number of columns and beams in the frame
respectively. In most published studies, the cost optimisation functions only deal with
cross sectional variables, whereas in the layout design of structures the cross sectional
variables are functions of the design action effects which are not determinate and vary
as the shape changes. Therefore, in an iterative procedure to solve an optimisation
problem, each step includes dealing with the structural analysis and structural design
variables. In such cases, unless alternative design variables are selected for the cost
function, the optimisation procedure might be too unwieldy. This situation holds as
long as parameters such as the cross sectional variables are obtained primarily from
implicit functions of structural analysis outputs based on the suggested relationships
and constraints in the design standards. On the other hand, design standards do not
uniquely provide the exact values for these cross sectional parameters and neithe are
they obtained from an explicit mathematical procedure.
As mentioned previously, in a layout optimisation problem, in addition to the classic
cross sectional variables, the layout of a structure would be variables of the problem. If
the reciprocal relationships between the cross sectional design factors and the design
action effects are determined, the cost can be represented as a function of the design
action effects. In the design process, having the design action effects in critical
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sections such as all the crosssectional parameters, means that the total cost can be
calculated. Put simply, using the structural analysis outputs as design variables, such
as the internal actions of a member, has advantages over using structural design
outcomes such as the cross sectional characteristics of a beam. Firstly, the design
action effects of each section can easily be obtained from structural analysis, and in an
iterative mathematical procedure, re-analysing a structure is considerably less time
consuming and more precise than re-designing the structure. Moreover, by using
action effects the cost function will be considered in a section rather than a member,
which enables the designer to select a number of sections for each member and
control the cost in the whole structure, so there is no need to optimise the entire
member.
Therefore the aim of this chapter was to explore the relationship between the
variations of the action effects of RC members with the variations of the cross
sectional parameters to determine how these variables affect each other. Then, based
on such relationships, a new cost function that is a function of the action effects rather
than the cross sectional parameters was derived. In order to formulate the structural
optimisation problem, this study makes use of the requirements specified in the
Australian standard for concrete structures AS3600 (2009), which is based on the
limited state design method of concrete structures. A formulation for frames was
conducted separately on two groups of structural elements, namely beams and
columns.
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6.2 Mathematical formulation
To design a beam, three action effects must be considered; the positive bending
moment, the negative bending moment, and the shear forces. If an arbitrary section of
a rectangular reinforced concrete beam, as shown in Fig. 10-1, is considered, the
dimensions of the section are b and h(b), the areas of tension and compression
(𝑏)

(𝑏)

reinforcement steel are 𝐴𝑠𝑡 , 𝐴𝑠𝑐 and the area of shear reinforcement steel in a unit
(𝑏)

length of beam is 𝐴𝑠𝑣 /𝑠.
Consider Eq. (5-6) as a potential alternative cost functions to Eq. (5-1.1) in an
arbitrary RC beam section.

The capacity or the ultimate strength of the section in
− (𝑏)

negative and positive flexure and shear for section i are 𝑀𝑢 𝑖

+ (𝑏)

, 𝑀𝑢 𝑖

(𝑏)

and 𝑉𝑢 𝑖

respectively.
As mentoned in Capter 5, in order to shift from Eq. (5-1) and come up with the set of
{c1, c2, c3}, the first step is to determine how variations of 𝐴𝑐𝑏 , 𝐴𝑠𝑙𝑏 , 𝐴𝑠𝑣𝑏 and
+ (𝑏)

𝑃𝑓 𝑏 affect 𝑀𝑢

− (𝑏)

, 𝑀𝑢

(𝑏)

and 𝑉𝑢 , and vice versa. That is, the reciprocal relationships

between these two sets of variables must be identified to determine how increasing or
decreasing the amount of each cross sectional feature influences the section strength
capacities and how one should change the cross sectional parameters to vary the
section capacities. Given the unit costs cc, csl, csv and cf , the cost function can be
defined using Eq. (5-1.1) for each section of a beam. The parameters 𝐴𝑐𝑏 , 𝐴𝑠𝑙𝑏 , 𝐴𝑠𝑣𝑏
and 𝑃𝑓 𝑏 were obtained from the sum of the cross sectional variables for all beams. If
any of the cross sectional parameters change the cost function varies, as shown in Eq.
(5.5). Eqs. (5-5) shows the contribution of each factor to the cost changes and the
sensitivity of cost to each term. For example, changing a unit of 𝐴𝑐𝑏 caused a change
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of cc units in cost. Therefore, if the effect of variations of 𝐴𝑐𝑏 , 𝐴𝑠𝑙𝑏 , 𝐴𝑠𝑣𝑏 and 𝑃𝑓 𝑏 on
+ (𝑏)

the variations of 𝑀𝑢

− (𝑏)

, 𝑀𝑢

(𝑏)

and 𝑉𝑢 are determined, the contribution of each

section capacity to cost changes, that is the set of {c1, c2, c3}, can be found out.
According to the calculations presented in Chapters 4 and 5, and the relevant
relationships and clauses in AS3600-2009, the set of {c1, c2, c3} can be presented with
regard to the set of predefined cost coefficients {cc, csl, csv, cf} in Eq. (5-5).

1

1

2

1

1

2

𝑐1 = 3 𝑐𝑐 𝐾4 + 2 𝑐𝑠𝑙 𝐾1 + 3 𝑐𝑓 𝐾7
𝑐2 = 3 𝑐𝑐 𝐾3 + 2 𝑐𝑠𝑙 𝐾1 + 3 𝑐𝑓 𝐾6
1

2

𝑐3 = 3 𝑐𝑐 𝐾5 + 𝑐𝑠𝑣 𝐾2 + 3 𝑐𝑓 𝐾8
−−−−−−−−−−−−−−
𝐾1 = (𝑓𝑦𝑙 𝑑 𝑏 (1 − 0.5𝛾𝑘𝑢 ))−1
−1

𝐾2 = 𝑓𝑦𝑣 𝑑

∆𝑉𝑢 𝑏
−1

(𝑏)

𝐾3 = 𝑓𝑦𝑙
𝐾4 = 𝑓𝑦𝑙

𝐴 𝑠𝑐
𝑏

(1 − 0.5𝛾𝑘𝑢 )
1 − 0.5𝛾𝑘𝑢

𝑏

−1

𝑏

𝐾5 = 𝑓𝑦𝑙

𝐴 𝑠𝑡

1 − 0.5𝛾𝑘𝑢

𝑏

(𝑏)

𝐾6 = 2 𝑓𝑦𝑙 𝐴𝑠𝑐 (1 − 0.5𝛾𝑘𝑢 )
(𝑏)

𝐾7 = 2 𝑓𝑦𝑙 𝐴𝑠𝑡 (1 − 0.5𝛾𝑘𝑢 )
2

𝐾8 = [

𝑏
𝑓 𝑦𝑣 𝐴 𝑠𝑣
𝑠

(6-1)

−1

𝑏
𝐴 𝑠𝑡

+ 𝛽𝑏 𝑓 ′ 𝑐

1
2

+

−1
−1

1
1

]

𝛽𝑑 𝑓 ′ 𝑐 2

where fyl is the yield strength of the longitudinal reinforcement, fyv is the yield strength
of the shear reinforcement, f'c is the characteristic compressive cylinder strength of
concrete at 28 days, the coefficients 𝛾 and 𝑘𝑢 are calculated based on the characteristic
strength of the concrete and reinforcing steel, β is a coefficient based on the standard,
and s is the centre-to-centre spacing of shear reinforcement. Other parameters are
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shown in Fig. 4-1. The coefficients c1, c2 and c3 determine how variations of the
+ (𝑏)

bearing capacities 𝑀𝑢 𝑖

− (𝑏)

, 𝑀𝑢 𝑖

(𝑏)

and 𝑉𝑢 𝑖 contribute to the variation of cost function.

K1 to K8 were calculated based on the equations presented in the Appendix.
Now consider an arbitrary section of a square reinforced concrete column, as shown in
Fig. 5-1. The dimensions of the section are h(c), the areas longitudinal reinforcement
(𝑐)

(𝑐)

steel is 𝐴𝑠𝑙 and the area of shear reinforcement steel in a unit length of beam is 𝐴𝑠𝑣 /
𝑠.
Now consider Eq. (5-17) as a potential alternative cost functions to Eq. (5-1.2) in an
arbitrary RC column section,
(𝑐)

(𝑐)

(𝑐)

where 𝑁𝑢 𝑖 , 𝑀𝑢 𝑖 and 𝑉𝑢 𝑖

are the axial load-carrying capacity, bending moment

capacities, and the shear capacity of the ith column section respectively. If an
appropriate set of {c4, c5, c6} could be found, in such a way that Eq. (5-17) represents
(𝑐)

(𝑐)

the cost of the section, the design variables would shift from 𝐴𝑐 , 𝐴𝑠𝑙 , 𝐴𝑠𝑣𝑐 and
(𝑐)

(𝑐)

𝑃𝑓 𝑐 to 𝑁𝑢 , 𝑀𝑢

(𝑐)

and 𝑉𝑢 . If any of the cross sectional parameters change, the cost

function varies based on Eq. (5-21). On the other hand, using Eq. (5-22) variations in
section capacities would change the cost function and design variables.
These equations show the contribution of each factor to cost changes and the
sensitivity of the cost to each term. Therefore, if the effect of variations of
+ (𝑐)

𝐴𝑐𝑐 , 𝐴𝑠𝑙𝑐 , 𝐴𝑠𝑣𝑐 and 𝑃𝑓 𝑐 on the variations of 𝑀𝑢

− (𝑐)

, 𝑀𝑢

(𝑐)

and 𝑉𝑢 are determined, the

contribution of each section capacity to cost changes, that is the set of {c1, c2, c3}, can
be found.
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According to the calculations presented in the Appendix, and the relevant relationships
and clauses in AS3600-2009, the set of {c4, c5, c6} can be presented with regard to the
set of predefined cost coefficients {cc, csl, csv, cf}.

1

1

1

1

1

𝑐4 = 3 𝑐𝑐 𝐾12 + 2 𝑐𝑠𝑙 𝐾9 + 3 𝑐𝑓 𝐾15
2

𝑐5 = 3 𝑐𝑐 𝐾13 + 2 𝑐𝑠𝑙 𝐾10 + 3 𝑐𝑓 𝐾16
1

2

𝑐6 = 3 𝑐𝑐 𝐾14 + 𝑐𝑠𝑣 𝐾11 + 3 𝑐𝑓 𝐾17
−−−−−−−−−−−−−
𝐾9 = (𝐸𝑠 𝑛𝑖 𝜀𝑖 )−1
𝐾10 = (𝐸𝑠 𝑛𝑖 𝜀𝑖 𝑒𝑖 )−1
𝐾11 = (𝑓𝑦𝑣 𝑑 (𝑐) )−1
𝐾12 = (0.85𝛾𝑘𝑢 𝑓 ′ 𝑐 )−1

(6-2)

𝐾13 = (0.85𝛾𝑘𝑢 𝑓 ′ 𝑐 𝑒𝑐 )−1
𝑐

𝐾14 = (

𝑓𝑦𝑣 𝐴𝑠𝑣
2𝑠

+ 𝛽(𝑓𝑐′ )0.5 )−1

𝐾15 = (0.85𝛾𝑘𝑢 𝑓 ′ 𝑐
𝐾16 =

 𝑐

2
𝑐

(0.85𝛾𝑘𝑢 𝑓 ′ 𝑐 2
𝑐

𝐾17 = (

𝑓𝑦𝑣 𝐴𝑠𝑣
4𝑠

)−1
𝑒𝑐 )−1

1

+ 2 𝛽(𝑐) (𝑓𝑐′ )0.5 )−1

(𝑐)

where Es is the modulus of elasticity of reinforcement, 𝐴𝑠𝑙 𝑖 and 𝑒𝑖 are respectively the
cross sectional area of reinforcement and the distance from the extreme compression
fibre for each bar, n is the number of bars in a column, and 𝜺𝒊 is the strain in
reinforcement. The parameters e and 𝒆𝒄 are the eccentricity of the axial force from the
centroidal axis and the distance from the extreme compression fibre for compressive
force in the cross section of the concrete, respectively. Other parameters are shown in
Fig. 10-2. Obviously, if the column section is subject to a bi-axial bending moment or
shearing forces bending moment, then the shear force are considered for both axes.
(𝑐)

(𝑐)

The coefficients c4, c5, and c6 determine how the parameter 𝑁𝑢 𝑖 , 𝑀𝑢 𝑖
contribute to the cost function.
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(𝑐)

and 𝑉𝑢 𝑖

6.3 Optimisation Problem formulation
By having the relevant coefficients to optimise a frame, the action effects can be used
in lieu of the cross sectional design variables. In this case, the cost is the sum of the
cost functions of all the sections selected in the structure based on Eqs. (6-1) and (6-2).
Using these functions as alternative cost functions to Eq. (5-1), the design variables
can be shifted from cross sectional variables to action effect ones. For the structural
optimisation problem, the strength constraints on each selected section i under a load
case, whether for the beams or the columns, may be stated by Eq. (4-20), where 𝑁𝑖 ∗ ,
𝑀𝑖 ∗ and 𝑉𝑖 ∗ are the axial force, the flexure and shear action effects of section i, either
in columns or beams, and ∅ is the strength reduction factor. The serviceability
requirements limit the maximum deflection umax on the entire member to Δmax under
the serviceability load case, as stated by eq. (4-21).
Other constraints for durability, fire resistance, minimum cover and minimum flexural
strength, can easily be added to the problem based on relevant design codes.
For a 3D RC frame under an arbitrary loading system f to be optimally designed for
cost and layout, the general formulation for the structural optimisation problem can be
written as follows:

min
𝐶𝑜𝑠𝑡(𝑙1 , 𝑙2 , … , 𝑙𝑁𝑆𝑃 ) = 𝑁𝐵𝑆
𝐶𝑖 𝑏 + 𝑁𝐶𝑆
𝐶𝑖 𝑐
1
1
𝑙1 , 𝑙2 , … , 𝑙𝑁𝑆𝑃
−−−−−−−−−−−−−−−−−−
𝑠𝑡𝑟𝑒𝑛𝑔𝑡 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠 𝑏𝑎𝑠𝑒𝑑 𝑜𝑛 𝐸𝑞. 4 − 20
𝑠𝑒𝑟𝑣𝑖𝑐𝑒𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑚𝑒𝑛𝑡𝑠 𝑏𝑎𝑠𝑒𝑑 𝑜𝑛 𝐸𝑞. (4 − 21)
𝑠. 𝑡
{𝑙𝑚𝑖𝑛 } ≤ {𝑙𝑖 } ≤ 𝑙𝑚𝑎𝑥 ∶ 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑠𝑝𝑎𝑛𝑠
𝑜𝑡𝑒𝑟 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠 𝑏𝑎𝑠𝑒𝑑 𝑜𝑛 𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑𝑠
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(6-3)

where NBS and NCS are the total number of control beams and column sections in the
structure respectively, 𝐶𝑖

𝑏

and 𝐶𝑖

𝑐

are obtained from Eqs. (6-1), and (6-2) and lmin

and lmax are the maximum and minimum lengths of each span which might be applied
in order to satisfy architectural considerations, and NSP is the total number of spans in
the x and y directions.
There are several ways to deal with the above cost optimisation problem. Although
optimising the layout of a frame is a continuous problem it can be dealt with as a
discrete problem by discretising the domain. In fact, in the design process we usually
deal with the dimensions as discrete sizes, but in practical problems design variables
must that are within a discrete manufacturer's inventory must often be chosen. The
dimensions of concrete sections are usually varied by a certain size, e.g. 25 mm or 50
mm a step, which makes the section dimensions discrete. Therefore, one can define the
optimisation problem of RC sections as a discrete optimisation problem rather than a
continuous one. In the next section an Ant Colony Algorithm has been proposed as a
discrete optimisation tool to solve the problem.

6.4 ACO algorithm
The aim of the ACO algorithm developed in this chapter was to find the optimum
column layout locations of a 3D RC frame with a rectangular plan, which leads to the
optimum spans of the frame in both the x and y directions, as shown in Fig. 6-1, in a
way that optimises the relevant costs. The height of stories, that is column lengths, was
considered to be determinate and constant. The Ant System (AS), as the first ACO
algorithm, has been applied successfully to many combinatorial optimisation problems
over the past decade, indeed many of the present Ant Colony Optimisation (ACO)
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algorithms are the extensions of the Ant System (AS) algorithm. Two main phases of
the AS algorithm are the construction of the ants‘ solution and the pheromone update.
As a first step the domain must be discretised. As such the construction graph was
defined by assuming that the span lengths are bounded in [Lmin Lmax] in either direction
(Lmin and Lmax might be different between the x and y direction) with intervals
(accuracy) equal to ε. That is, each Li rests in the set of {Lmin , Lmin + ε, Lmin + 2ε ,…,
Lmax - ε , Lmax}. Obviously, the smaller ε is, the more accurate the results will be and
the more running time the algorithm needs. As shown in Fig. 9-3, an L-shape graph
was defined as the construction graph to demonstrate the plan of the 3D frame in the
x-y plane. The members on the horizontal and vertical wings of the graph denote spans
in the x and y directions respectively. In order for the construction graph to stand for
the structural layout, the total number of spans and the number of nodes need to be
Nx+Ny and (Nx+Ny+1) respectively, and where Nx and Ny are the total number of spans
in the x and y directions respectively. Hence, the construction graph is defined as a
graph with Nx+Ny+1 nodes and ((Lmax -Lmin)/ ε *Nx)+((Lmax - Lmin)/ ε *Ny) edges. Each
pair of nodes are connected with (Lmax - Lmin)/ ε edges, i.e. there are (Lmax - Lmin)/ ε
choices for each ant on each node to select another one for making its trail (solution).
It should be pointed out that as stated in the definition of constraints, and shown in
Fig. 9-3, Lmax and Lmin might be specified differently for each span, but in this case the
number of choices for ants on each node might differ from the other ones. Now that
the construction graph has been prepared the ants can start their solution process in
the following phases (Kaveh and Sharafi 2008a).
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Figure 6-1. The Construction graph for the ACO algorithm

On the construction graph the initial magnitude of pheromone must be set. In AS a
good heuristic to initialise the pheromone trails is to set them to a value slightly higher
than the expected amount of pheromone deposited by the ants in one iteration. A
rough estimate of the value can be obtained by setting (i, j )  ij   0  m / C nn , where
m is the number of ants, and Cnn is the cost of a tour generated by the nearest
neighbour heuristic (Kaveh and Sharafi 2008b).
Now, two groups of artificial ants are located on the first and last nodes of both wings
of the construction graph, i.e. Nodes 1 and Nx+1on the horizontal wing and Nodes 1
and Ny+1 on the vertical wing to construct their solution. The lengths of the paths are
introduced and then the relevant parameters and termination criteria are defined. Each
value (i,j) of the pheromone matrix and heuristic matrix shows the tendency of the ant
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located on Node i of the construction graph to choose Edge j to move towards the next
node. Since there are as many as (Lmax - Lmin)/ ε edges that connect every two
successive nodes, the dimension of these two matrices will be (Ny+Nx)*(Lmax - Lmin)/ ε.
To organise the heuristic matrix and initial pheromone matrix, we can make use of our
experience with structural analysis; as as the boundary conditions, constraints, and
any loads can affect the length of the spans, the entries of the heuristic matrix and
initial pheromone matrix might be organised based on such parameters. Moreover, in
order to save time, some criteria like the symmetry of the plan were considered when
the heuristic matrix was defined. In this case the entries of heuristic matrix relating to
the preferred choices might receive higher numbers relative to the entries of the other
ones. Using such a heuristic matrix or defining the initial pheromone matrix using the
above mentioned structural rules helps the algorithm converge sooner. Thus each
value (i,j) of choice information matrix, which is obtained by multiplying

the

corresponding arrays of heuristic matrix by those of the pheromone matrix, shows the
tendency or desirability of the ant located on Node i of the construction graph to
choose Edge j to move towards Node i+1.
The next phase consists of two segments that form the basis of the heuristic. In the
first segment of this phase, ants located on the starting nodes of the construction graph,
whether Node 1 or Node N+1 (N stands for Nx on the horizontal wing and for Ny on
the vertical one) on either wing, start to construct their solutions. At each construction
step, Ant k applies a probabilistic action choice rule based on Eq. (3-14), known as the
random-proportional rule, to decide which edge to visit next.
That is, the ant leaves its source Node i  {1,2,…,N+1} on the construction graph and
proceeds to destination node on the connecting Edges j  {1, 2, …, (Lmax - Lmin)/ ε },
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using the random proportional rule, which is similar to the random roulette wheel rule.
The probability of Edge j being chosen by an ant on Node i is proportional to the entry
(i, j) of the choice information matrix. This relationship forms the basis of the AS
algorithm and shows that if Ant k is positioned on Node i, it will move to the next
Node j with the probability of ρijk. In this relationship, τij is the magnitude of
pheromone on the trails and ηij is the heuristic value. α and β are two parameters which
determine the relative influence of the pheromone trail and the heuristic information.
Nik is the feasible neighborhood of Ant k when at Node i, that is, the set of edges that
Ant k is allowed to choose as its next destination, and is decided depending on the
problem at hand. The probabilistic choice of the next edge then works analogously to
the roulette wheel selection procedure of evolutionary computation. The quantity of
pheromone trail and heuristic value on the edges determines the size of the slice on a
circular roulette wheel. Obviously, the higher the pheromone or higher heuristic value
on the edges increases the possibility of selecting the corresponding node. The ants
continue constructing their solution and move from one node to another until they
reach Node N+1 on both wings as the end of their trail. The constraint for ants on the
horizontal wing is that the sum of all spans must be equal to Lx, and for those on the
vertical wing, Ly. Therefore, two groups of ants are located on the ends of both wings
of the graph, so that every edge has the same overall probability of being chosen by
the ants.
After the segment of random choice, the values of Nx+Ny lengths and thereby the new
geometrical layout for the x-y plane was obtained. Based on the accuracy required for
the calculations, a number of control sections are set for each member (for example,
one at each member end and one at midspan) (Kaveh and Sharafi 2009). Through the
structural analysis method for frames, and using the behavioural constraints, the
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design action effects in the identified control sections were determined and using other
constraints, the bearing capacities required for each control section were calculated.
Based on the bearing capacity of the control sections, the cost function or the cost of
this solution was obtained.
The last phase consists of updating the information and statistics, and then updating
the pheromone trails using the information obtained in the phase of constructing the
solution. The trail presenting the best cost, up to this stage, was selected as the best
iteration so far, and then the pheromone trails of the construction graph were updated.
This was done by first lowering the pheromone value on all the arcs (pheromone
evaporation), and then adding pheromone onto the edges the ants have crossed
(pheromone depositing). Pheromone evaporation is done by lowering the pheromone
value on all edges by a constant factor ρ according to Eq. (3-15). In this segment the
parameter  depends on the number of steps defined for the termination criteria and
the initial pheromone and heuristic values. Depositing pheromone is then done by
increasing the pheromone value on all the edges. For this purpose, ants are allowed to
deposit pheromone on the edges associated with the best iteration so far, and the
quality of the solutions in each step according to Eq. (3.16) and (3.17).The value of Ck
was taken as the cost of the best trail or the best iteration and Tk was the set of suitable
solutions. For depositing pheromone, the pheromone values on the edges associated
with the best iteration up to now increased and the Ant deposited an amount of
pheromone equal to 1/cost on the edges of the construction graph associated with the
best iteration so far; where cost is the value of cost function obtained from best
iteration.
This procedure continues until the termination criterion has been satisfied, and then
the optimum layout will be the best-so-far solution for spans. In each step, a basic
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structural analysis was needed to calculate the section actions. By making use of a
structural analysis approach, say the finite element method or the simplified methods
based on design standards, such a calculation takes a small amount of time for each
section. Using Eq. (5-1) as the objective function would be significantly more timeconsuming than using Eqs. (6-1) and (6-2), but when Eq. (5-1) was used, due to the
variation of lengths in each step, the estimation of design variables in each step was
considerably encumbered, apart from the fact that in each step the algorithm needed
to iteratively deal with the design formulas. Eqs. (6-1) and (6-2) make the optimisation
process more practicable when optimising the layout of large structures.

6.5 Numerical examples
Two examples were presented to demonstrate the robustness of the proposed
approach. All the computations were performed on P9700 @2.80 GHz computer
running MATLAB R2009b. In order to ensure that the solution was global or near
global optimum, many runs were made in parallel. Since each run was fully
independent of the others, the program can be run in parallel so that the total execution
time will be practically the same as required for a single run.
Example 1: The column layout of a four storey reinforced concrete frame building,
each 2.90 m high, and with a plan as shown in Fig. 6-2(a) was further optimised in the
present work. The live load was 5.0 kN/m2 and the dead load, excluding the selfweight of the concrete, was 2.5 kN/m2. The average unit price for concrete was
assumed to be 55 units/m3, and 3900 units/m3 for reinforcing steel. The average unit
price for formwork was 20 units/m2. Other design parameters used in this example are
the characteristic tensile strength of steel reinforcement fy = 460 N/mm2, the
165

characteristic strength of concrete f'c = 35 N/mm2, and the cover of steel bars c=25
mm. The permissible spans were defined within the bounds of Lmax = 7.5 m and Lmin =
3.5 m. As a primary design for the proposed ACO algorithm, the spans considered are
Lx1 = Lx2 = Lx3 = Lx4 = 5.0 m and Ly1 = Ly2 = Ly3 = Ly4 = Ly5 = 5.0 m. It should be added
that every initial design based on the preliminary judgment of the designer and/or
using approximate charts or formulae which meet the design standard requirements
can be used as the initial design and as the starting point of the optimisation process.
Based on the primary design, the cost of the frame structure computed using Eq. (5-1)
was 26512 units.
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Figure 6-2. Plane view of the primary design of the 3D frames

For this example, three control sections were selected for every member. Using the
above equations the values of K1 to K18, and consequently the values of c1 to c6 for all
selected columns and beams sections were obtained. Having the necessary
coefficients, the optimisation problem can be formulated based on Eq. (6-3).
The Ant algorithm attempted to find the optimum spans based on the objective
function and relevant constraints. After 105 iterations, and at a CPU time of 33.8
seconds, the optimum lengths of Lx1 = 4700 mm, Lx2 = 5300 mm, Lx3 = 5300 mm and
Lx4 = 4700 mm in the x direction, and Ly1 = 5800 mm, Ly2 = 6400 mm and Ly3 = 5800
mm in the y direction were obtained. Having determined the optimum lengths, the
sections were designed based on AS3600 (2009) resulting in a total cost of 25239
units.
The present methodology thus provided

a further cost saving of 4.8% over the

previously optimised design of Sahab et al. (2005b). It should be noted that in Sahab's
work, the optimisation process was first carried out for a predefined shape and then the
optimum number of equal spans was obtained by using a genetic algorithm.

Example 2: Consider the plan of a three storey building as shown in Fig. 6-2(b). This
example was dealt with in a report on the comparative costs of concrete framed
buildings (Goodchild 1993) that were recommended as a benchmark for future studies.
A conventional design of this example was carried out and optimised by a team of
professional structural engineers. The total length and width of the building was 37.5
m and the heights of the storeys was 3.95 m. The live load on the intermediate floors
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was 5.0 kN/m2 and on the roof 1.5 kN/m2. The dead loads were the self-weight and an
imposed dead load of 1.5 kN/m2. The average unit price for concrete was assumed to
be 53.5 units/m3, and 3120 units/m3 for reinforcing steel. The average unit price for
formwork was 18.5 units/m2. The permissible spans were defined within the bounds of
Lmax = 8.5 m and Lmin = 5 m. Goodchild (1993) suggested a cost of 95833 units for Lx1
= Lx2 = Lx3 = Lx4 = Lx5 = 7.5 m and Ly1 = Ly2 = Ly3 = Ly4 = Ly5 = 7.5 m, based on
BS8110 (1997). For this example, three control sections were selected for every
member.
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Figure 6-3. Typical convergence history for the ACO algorithm

By considering the above design as the primary design for the proposed ACO
algorithm, the Ant algorithm attempted to find the optimum spans based on the
objective function and by observing other relevant constraints. After 120 iterations,
and at a CPU time of 49.3 seconds, the optimum lengths of Lx1 = Ly1 = 7200 mm, Lx2 =
Ly2 = 7800 mm, Lx3 = Ly3 = 7700 mm, Lx4 = Ly4 = 7800 mm and Lx5 = Ly5 = 7200 mm
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were obtained. Having determined the optimum lengths the sections were designed
based on AS3600 (2009) and this resulted in a total cost of 92568 units.
For both examples, the termination criterion for the ACO algorithms was defined as
the number of iterations when the improvement in the solution quality was less than
0.02% after ten consecutive iterations. Figs. 6-3(a) and 6-3(b) show typical
convergence histories of the proposed ACO algorithm for the examples.

6.6 Summary
This chapter presents a layout optimisation model for optimising the cost of a column
layout design of 3D reinforced concrete frames with a rectangular plan. The proposed
approach simplifies the optimisation process when the topology optimisation problem
considered the cost elements involved. The algorithm proposed for solving the cost
optimisation problem was an Ant System based algorithm that can easily be used to
optimise the span lengths and column locations and is also capable of working with
different cost functions. The examples presented show that the proposed algorithm
using the new cost optimisation function provided satisfactory results.
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7 Optimum Layout Design of Rectangular Flat Plate Floor
Systems

7.1

Introduction

Flat plates are reinforced concrete floors resting directly onto columns without the use
of intermediary and drop panels, as shown in Fig. 7-1. These floors are conventionally
called flat slabs if they have drop panels around the column. The absence of beams
makes flat plate systems one of the most economical floor systems in terms of
construction, especially for medium and high rise buildings. They provide flexibility
for partition locations, they allow for easy fixing and passing services, simplified
formwork and architectural finishing, provid better fire resistance, less risk of concrete
spalling, and more importantly, greater vertical clearance for a given storey height.
These are the advantages of flat plate floor systems over other slab systems(Goodchild
1997; Fanella and Association 2000; Ashworth 2004; Goodchild et al. 2009).
A new preliminary layout optimisation methodology was proposed to optimise the
cost of buildings with a flat plate floor system. For this purpose, a heuristic cost
function is presented as an alternative to traditional objective functions. The
methodology and the new cost function have the potential of being easy to use when
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optimising the layout of large flat plate structures. Making use of the proposed cost
function, a new Ant Colony Optimization (ACO) based algorithm is proposed to
figure out the optimal column layout design for buildings with flat plate floors in order
to minimise the cost. Examples are included to demonstrate the effectiveness of the
new methodology and excellent convergence of the ACO algorithm.
As mentioned in previous chapters, the selection of the cost function can be considered
the most important decision in the entire optimal design process. Therefore, it is
essential to introduce a cost function that represents the most influential cost
components and more importantly, is applicable to a variety of similar optimisation
problems. Furthermore, it must be capable of matching the explicit constraints of
structures, which are often given by formulae in design standards.

Figure 7-1. A typical flat plate floor system

In most former studies on the cost optimisation of concrete structures, the general cost
function typically includes at least three different cost items that should be considered:
the costs of concrete, steel, and the formwork. So, the general cost function for a
reinforced concrete slab can be expressed as in Eq. (4.1), where C, Cc ,Cs and Cf are
the total cost, cost of concrete, cost of steel, and the cost of the formwork,
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respectively. Obviously, for pre-stressed and fibred concrete sections the relevant costs
for these two items are added to the total cost.
By considering the unit costs per parameter, Eq. (4-1) can be written like Eq.(4-2),
where cc, cs, and cf are the unit costs of concrete, longitudinal steel, and the formwork
respectively, and Ac, As, and Pf are their corresponding quantities. The effects of the
cost of materials, transportation, fabrication, and even maintenance, in addition to the
cost of repairs and insurance, can be presented by such a weighted sum. The effect of
these factors on the optimal cost can be imposed on the weighted coefficients of the
cost function. In a building with a flat plate system that mainly consists of columns
and slabs, the cost can be written as follows:

(𝑠)

(𝑠)

𝐶

𝑠

= 𝑐𝑐 𝐴𝑐

+ 𝑐𝑠𝑙 𝐴𝑠 + 𝑐𝑓 𝑃𝑓 𝑏

(7 − 1.1)

𝐶

𝑐

= 𝑐𝑐 𝐴𝑐𝑐 + 𝑐𝑠𝑙 𝐴𝑠𝑙𝑐 + 𝑐𝑠𝑣 𝐴𝑠𝑣𝑐 + 𝑐𝑓 𝑃𝑓 𝑐

7 − 1.2

𝐶=

𝑁𝑠
𝑠
1 𝐶

+

𝑁𝑐
1

𝐶

𝑐

(7-1)

(7 − 1.3)

where the superscript (c) stands for the column parameters and the superscript (s) for
slabs, and Nc and Ns are the number of columns and slabs in the building respectively.
In most published optimisation studies in the field of flat slab floors which make use
of such a classic cost function for a RC structural optimisation problem, some or all of
the above mentioned parameters are considered to be the design variables. Then, based
on the explicit constraints presented in standards and/or implicit behavioural
constraints of the problem, the optimum values of the design variables will be found
using optimisation techniques. In other words, most current cost optimisation
functions deal only with cross sectional variables.
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In case of topology or the layout optimisation of large structures where the shape or
the number or lengths of structural members are not predefined, using a formulation
that is currently available leads to a significant number of design variables and
constraints.
Furthermore, in order to determine the cross sectional parameters, the first step is to
complete the structural analysis procedure, and then use the structural analysis outputs
such as forces and bending moments together with the design standard requirements,
to determine the cross sectional characteristics of the concrete section. To put it
simply, using such an optimisation formulation means that each step of the cost
optimisation for the layout design of a structure includes both analysis and design
processes. In this case, besides the classic cross sectional variables, the layout
characteristics of a structure such as the lengths of spans in a multi-span structure,
would be variables of the problem, so the designer must repeat the design procedure to
achieve the optimal cross sectional variables that are usually functions of other layout
variables. That is why most published structural topology optimisation works focus on
minimising the weight rather than the cost of structures.
As was performed in sections 4 to 6, if the reciprocal relationships between the cross
sectional design factors and the design action effects are determined, the cost can be
represented as a function of the design action effects. In the design process the design
action effects are determined for the critical sections of members and then the cross
sectional variables are calculated for each section. Cross sectional parameters along
the structural members are obtained from the critical sections based on the
requirements of the design standards. In fact, having the design action effects in
critical sections means that all the cross sectional parameters and the total cost based
on Eq. (4-2) can be calculated. To put it simply, using structural analysis outputs of
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theinternal actions of a member as design variables for example, has advantages over
using structural design outcomes such as the cross sectional characteristics of a beam.
Firstly, the design action effects of each section can easily be obtained from structural
analysis, and in an iterative mathematical procedure, re-analysing a structure is
considerably less time consuming and more precise than re-designing the structure.
Moreover, by using action effects the cost function will be considered in a section
rather than a member. This enables the designer to select a number of sections for each
member and to control the cost in the whole structure, so there is no need to optimise
the entire member.
Therefore, the aim of this section is to explore the relationship between the variations
of action effects of RC members in flat slab floors with the variations of the cross
sectional parameters and determine how these two types of variables affect each other.
Then, based on such relationships, a new cost function is derived that is a function of
the action effects rather than the cross sectional parameters.

7.2 Mathematical formulation
In order to formulate the structural optimisation problem for flat plate floors, this study
made use of the requirements specified in the Australian standard for concrete
structures (AS3600 2009), which is based on the limited state design method of
concrete structures. The frames consist of two groups of structural elements: beams
and columns; which have key roles in the total cost of a frame.
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Figure 7-2. Equivalent frame strips for flat plates

There are several methods for analysing flat plates, of which the equivalent frame
method is one that is used most by several standards such as AS-3600 (2009) and
ACI-318 (2008) for rectangular form buildings. In this method the building is divided
into vertical planes in the x and y directions, as shown in Fig. 7-2. Each floor, is then
divided into longitudinal and transverse strips that are treated as equivalent beams. In
this way, the three-dimensional problem is reduced to a two-dimensional plane frame
problem. The analysis comprises two main steps. First, the total moments in the design
strips are calculated and then how these moments are distributed across the width of
design strips for both x and y direction is estimated. The length and width of strips, the
moment distribution coefficients, and the limitations of using this method are specified
in the standards.
The design bending moment of each section of strips in either the x or y direction is
obtained from Eq. (7-2).
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1

𝑀𝑜𝑥 ≅ 8 𝛽𝐹𝑑 𝐿𝑡𝑥 𝐿2𝑜𝑦
𝑀𝑜𝑦 ≅

1
8

𝛽𝐹𝑑 𝐿𝑡𝑦 𝐿2𝑜𝑥

(7-2)

where Lt and Lo are the widths of the strips and effective span lengths in the x and y
directions respectively, and 𝛽 is a coefficient that indicates the distribution of design
strip moments in the longitudinal and transverse directions based on the location of
each slab on the floor plan and the position of the section on the strip. The parameter
Fd is the factored design load per unit that is the sum of the dead loads and live loads.
Therefore, Fd might be defined as a function of the depth of the slab. The designed
reinforcement of a strip section is required to resist the above bending moments.
In the equivalent frame method the only parameters which are required to design a flat
plate are the distributed bending moments in the x and y directions over the floor.
Therefore, if a function identifies the relationship between the distributed bending
moment and the cost for an arbitrary section, a new cost function with new variables
will be achieved.
Consider Eqs. (7-3) as potential alternative cost functions to Eq. (7-1.1) in an arbitrary
slab cross-section.

𝐶𝑖

𝑠

(𝑠)

= 𝑐1 𝑀𝑢 𝑖

(7-3)

(𝑠)

where 𝑀𝑢 𝑖 is the bending moment capacity of the ith slab section of the flat plate in
the x or y direction. If an appropriate c1 was found such that Eq. (7-3) represented the
corresponding cost of the sections, the design variables would shift from Ac, As and Pf
to Mu. In fact, due to the relationship between the capacity factors of the section and
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structural analysis outputs in design standards, the aim of using cost functions such as
Eq. (7-3) is to use structural analysis outputs instead of structural design factors.
In the equivalent frame method, each strip was divided into a number of sub-strips in
order to receive the distributed moments, and each sub-strip was considered to be an
equivalent beam. As shown in Fig. 7-2, the dimensions of the section of each sub-strip
are Lts and D, and the cross sectional area of reinforcement for such a section is As.
The capacity or the ultimate strengths of the section in flexure in either direction is Mu
, which can be obtained from Eq. (7-4).

(𝑠)

(𝑠)

𝑀𝑢 𝑖 ≅ 𝐴𝑠𝑖 𝑓𝑦 (𝐷 − 𝑐 − 𝑑𝑐 )
𝑑𝑐 = 0.5𝛾𝑘𝑢 (𝐷 − 𝑐)

(7-4)

where fy is the characteristic strength of the longitudinal reinforcing steel, and 𝑑𝑐 is the
distance from the extreme compression fibre of the concrete to the compressive force
in either direction. The coefficients 𝛾 and 𝑘𝑢 are calculated based on the characteristic
strength of the concrete and reinforcing steel, and c is the cover to the reinforcement
steel (Warner 1998).
In order to shift from Eq. (7-1-a) to Eq. (7-3) and come up with the set of {ci}, the first
step is to determine how variations of Ac, As and Pf affect Mu and vice versa. That is,
the reciprocal relationships between these two sets of variables must be identified; and
how increasing or decreasing the amount of each cross sectional feature influences the
section strength capacity, and how one should change the cross sectional parameters to
vary the section capacity and consequently the floor capacity should be determined.
In optimising the layout of the floor, the term for the cost of formwork can be removed
from the calculation process because the total area of the slabs is constant, and the
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floor layout and span lengths has no effect on the final amount of formwork.
Therefore, the terms Pf and cf can be removed from Eq. (7-1.1). Now, given that the
unit costs cc and cs are the relative unit prices for area of a section, the cost function
can be defined using Eq. (7-1.1) for each section. If any of the cross sectional
parameters Ac or Asl changes, the corresponding cost over the cross section varies as
follows

𝛥𝐶𝑖

𝑠

(𝑠)

(𝑠)

= 𝑐𝑐 𝛥𝐴𝑐 𝑖 + 𝑐𝑠 𝛥𝐴𝑠𝑖

(7-5)

On the other hand, using Eq. (7-3) variations in the section capacities would change
the cost function as follows:

𝛥𝐶𝑖

𝑠

(𝑠)

= 𝑐1 𝛥𝑀𝑢 𝑖

(7-6)

Eqs. (7-5) and (7-6) show the contribution of each factor to cost changes and the
sensitivity of the cost to each term. For example, changing a unit of Ac, causes a
change of cc units in cost, and therefore if the effect of the variations of Ac and As on
the variations of Mu are determined, the contribution of the section capacity to cost
changes, that is the coefficient c1, can be determined.
There are two variables in Eq. (7-5); steel reinforcement area As and section depth D.
If As in a section varies:

(𝑠)
𝑖
(𝑠)
𝛥𝐴𝑠
𝑖

𝛥𝑀𝑢

(𝑠)

(𝑠)

(𝑠)

≅ 𝑓𝑦 (𝐷 − 𝑐 − 𝑑𝑐 ) → 𝛥𝐴𝑠𝑖 ≅ [𝑓𝑦 (𝐷 − 𝑐 − 𝑑𝑐 ) ]−1 𝛥𝑀𝑢 𝑖 = 𝐾1 𝛥𝑀𝑢 𝑖
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(7-7)

If D varies, then section area Ac varies as follows:

(𝑠)

𝛥𝐴𝑐 𝑖 ≅ Lts ΔD

(7-8)

The variation of the section capacity can be written as

(𝑠)
𝑖
(𝑠)
𝛥𝐴 𝑐
𝑖

𝛥𝑀𝑢

=

(𝑠)
𝑖

𝛥𝑀𝑢

𝐿𝑡𝑠 𝛥𝐷

≅

(𝑠)
𝑖

𝑓𝑦 𝐴 𝑠
𝐿𝑡𝑠

(𝑠)
𝑖

𝑓𝑦 𝐴 𝑠

(𝑠)

(1 − 0.5𝛾𝑘𝑢 ) → 𝛥𝐴𝑐𝑖 ≅ [

𝐿𝑡𝑠

(𝑠)

(𝑠)

(1 − 0.5𝛾𝑘𝑢 )]−1 𝛥𝑀𝑢 𝑖 = 𝐾2 𝛥𝑀𝑢 𝑖

(7-9)

Multiplying both sides of Eq. (7-7) by cs and Eq. (7-9) by cc, and adding them up will
result in:

(𝑠)

(𝑠)

𝑐𝑐 𝛥𝐴𝑐 𝑖 + 𝑐𝑠 𝐴𝑠𝑖 =

(𝑠)

𝑐𝑠 𝐾1 + 𝑐𝑐 𝐾2 𝛥𝑀𝑢 𝑖

(7-10)

Comparing Eq. (7-10) with Eq. (7-9) results in:

c1 = 𝑐𝑠 𝐾1 + 𝑐𝑐 𝐾2

(7-11)

The coefficient c1 determines how the parameter Mu contributes to the cost function.
Now, in order to re-analyse the flat plate to achieve the optimum criteria, one can use
Eq. (7.3) in lieu of Eq. (7-1.1).
Now, consider an arbitrary section of a square reinforced concrete column as shown in
Fig. 5.1. The dimensions of the section are h(c), the areas longitudinal reinforcement
(𝑐)

steel is 𝐴𝑠𝑙 and the area of shear reinforcement steel in a unit length of column
(𝑐)

is 𝐴𝑠𝑣 /𝑠.
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Now, consider Eq. (7-12) as a potential alternative cost functions to Eq. (7-1.2) in an
arbitrary RC column section.

𝐶𝑖

(𝑐)

(𝑐)

(𝑐)

where 𝑁𝑢 𝑖 , 𝑀𝑢 𝑖 and 𝑉𝑢 𝑖

𝑐

(𝑐)

(𝑐)

(𝑐)

= 𝑐2 𝑁𝑢 𝑖 + 𝑐3 𝑀𝑢 𝑖 + 𝑐4 𝑉𝑢 𝑖

(7-12)

are the axial load carrying capacity, bending moment

capacities, and the shear capacity of the ith column section respectively. If an
appropriate set of {c2, c3, c4} could be found, in such a way that Eq. (7-13) represents
(𝑐)

(𝑐)

the cost of the section, the design variables would shift from 𝐴𝑐 , 𝐴𝑠𝑙 , 𝐴𝑠𝑣𝑐 and
(𝑐)

(𝑐)

(𝑐)

𝑃𝑓 𝑐 to 𝑁𝑢 , 𝑀𝑢 and 𝑉𝑢 .
The capacity or the ultimate strength of the section in axial compression, flexure, and
shear for a column section can be obtained from Eq. (7-13) through Eq. (7-15).

(𝑐)

𝑁𝑢

(𝑐)

𝑀𝑢

≅ 0.85𝛾𝑘𝑢 𝑓𝑐′ (𝑐) 𝑑

(𝑐)

𝑐

+ 𝐸𝑠

= 𝑁𝑢 𝑒 ≅ 0.85𝛾𝑘𝑢 𝑓𝑐′ (𝑐) 𝑑

𝑉𝑢

(𝑏)

𝑐

≅

𝑓𝑦𝑣 𝑑 (𝑐) 𝐴𝑠𝑣
𝑠

𝑐

𝑛
𝑖

(𝑐)

𝐴𝑠𝑙 𝑖 𝜀𝑖

𝑒𝑐 + 𝐸𝑠

2

+ 𝛽(𝑐) (𝑓𝑐′ )0.5

𝑛
𝑖

(7-13)

(𝑐)

𝐴𝑠𝑙 𝑖 𝜀𝑖 𝑒𝑖

(7-14)

(7-15)

(𝑐)

where Es is the modulus of elasticity of reinforcement, 𝐴𝑠𝑙 𝑖 and 𝑒𝑖 are respectively the
cross sectional area of reinforcement and the distance from the extreme compression
fibre for each bar, n is the number of bars in a column, and 𝜀𝑖 is the strain in
reinforcement. The parameters e and 𝑒𝑐 are the eccentricity of the axial force from the
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centroidal axis and the distance from the extreme compression fibre for compressive
force in the concrete of the cross section, respectively. Other parameters are shown in
Fig. 5.1. Obviously, if the column section is subject to a bi-axial bending moment or
(𝑐)

shearing forces, then 𝑀𝑢 and 𝑉𝑢

𝑐

are considered for both axes.

In order to shift from Eq. (7-1.2) to Eq. (7-12) and come up with the set of {c2, c3, c4},
the

reciprocal

relationships

between

the

cross
+ (𝑐)

𝐴𝑐𝑐 , 𝐴𝑠𝑙𝑐 , 𝐴𝑠𝑣𝑐 , 𝑃𝑓 𝑐 , and the action effects 𝑀𝑢

sectional

− (𝑐)

, 𝑀𝑢

parameters

and 𝑉𝑢 𝑐 , should be

determined.
Given the unit costs cc, csl, csv and cf , the cost function can be defined using Eq. (71.2) for the entire column. The parameters 𝐴𝑐𝑐 , 𝐴𝑠𝑙𝑐 , 𝐴𝑠𝑣𝑐 and 𝑃𝑓 𝑐 were obtained from
the sum of the cross sectional variables for all columns. If any of cross sectional
parameters change, then the cost function varies as follows:

𝛥𝐶

𝑐

(𝑐)

= 𝑐𝑐 𝛥𝐴𝑐

(𝑐)

+ 𝑐𝑠𝑙 𝛥𝐴𝑠𝑙 + 𝑐𝑠𝑣 𝛥𝐴𝑠𝑣𝑐 + 𝑐𝑓 𝛥𝑃𝑓 𝑐

(7-16)

On the other hand, using Eq. (7-12) variations in section capacities would change the
cost function as follows:

𝛥𝐶

𝑐

(𝑐)

(𝑐)

(𝑐)

= 𝑐2 𝛥𝑁𝑢 + 𝑐3 𝛥𝑀𝑢 + 𝑐4 𝛥𝑉𝑢

(7-17)

Eqs. (7-16) and (7-17) show the contribution of each factor to cost changes and the
sensitivity of the cost to each term. Therefore, if the effect of variations of
+ (𝑐)

𝐴𝑐𝑐 , 𝐴𝑠𝑙𝑐 , 𝐴𝑠𝑣𝑐 and 𝑃𝑓 𝑐 on the variations of 𝑀𝑢
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− (𝑐)

, 𝑀𝑢

(𝑐)

and 𝑉𝑢 are determined, the

contribution of each section capacity to cost changes, that is the set of {c2, c3, c4}, can
be found.
Sharafi et al. (2012b) established the set of {c2, c3, c4} based on the Australian
Standard for concrete structures (AS3600 2009), as shown in Eq. (7-18).

1

1

1

3
1

2
1

3
2

𝑐2 = 𝑐𝑐 𝐾6 + 𝑐𝑠𝑙 𝐾3 + 𝑐𝑓 𝐾9
𝑐3 = 3 𝑐𝑐 𝐾7 + 2 𝑐𝑠𝑙 𝐾4 + 3 𝑐𝑓 𝐾10
1

2

𝑐4 = 3 𝑐𝑐 𝐾8 + 𝑐𝑠𝑣 𝐾5 + 3 𝑐𝑓 𝐾11
𝐾3 = (𝐸𝑠 𝑛𝑖 𝜀𝑖 )−1
𝐾4 = (𝐸𝑠 𝑛𝑖 𝜀𝑖 𝑒𝑖 )−1
𝐾5 = (𝑓𝑦𝑣 𝑑 (𝑐) )−1
𝐾6 = (0.85𝛾𝑘𝑢 𝑓 ′ 𝑐 )−1
′

𝐾7 = (0.85𝛾𝑘𝑢 𝑓 𝑐 𝑒𝑐 )
𝑐

𝐾8 = (

𝑓𝑦𝑣 𝐴𝑠𝑣
2𝑠

+ 𝛽(𝑓𝑐′ )0.5 )−1

𝐾9 = (0.85𝛾𝑘𝑢 𝑓 ′ 𝑐
𝐾10 = (0.85𝛾𝑘𝑢 𝑓 ′ 𝑐
𝑐

𝐾11 = (

𝑓𝑦𝑣 𝐴 𝑠𝑣
4𝑠

(7-18)

−1

 𝑐
2

 𝑐
2

)−1
𝑒𝑐 )−1

1

+ 2 𝛽(𝑐) (𝑓𝑐′ )0.5 )−1

(𝑐)

The coefficients c2, c3 and c4 determine how the variations of bearing capacities 𝑁𝑢 𝑖 ,
(𝑐)

(𝑐)

𝑀𝑢 𝑖 and 𝑉𝑢 𝑖 contribute to the variation of cost function.

7.3 Optimization Problem formulation
Consider a multi-span RC flat plate building with Nx and Ny spans and total lengths of
Lx and Ly in the x and y directions under the arbitrary loading system f(x). The aim is to
re-design the building to determine the optimum length spans in each direction in
order to minimise the cost. By determining c1, c2, c3 and c4, and using Eq. (3.c), the
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cost will be the sum of the cost functions of all the selected sections for slabs and
columns in the entire structure. In this case the cost is the sum of the cost functions of
all the sections selected in the structure based on Eqs. (7-3) and (7-11).
Using the summation of Eqs. (7-3) and (7-12) as an alternative cost function to Eq. (71.3), the design variables can be shifted from cross sectional variables to action effect
ones. Now, based on Eq. (7-3) and Eq. (7-12), the total cost is a function of the action
effects of the sections, which in turn are functions of the span lengths.
For the structural optimisation problem, the strength constraints on each selected
section i, whether for the slabs or the columns, under a load case may be written as Eq.
(4-20)
where 𝑁𝑖 ∗ , 𝑀𝑖 ∗ and

𝑉𝑖 ∗ are the axial force, the flexure and shear action effects of

section i, either in columns or slabs (in this methodology the axial and shear forces and
relevant effects were not considered for slabs), and ∅ is the strength reduction factor.
The serviceability requirements limited the maximum deflection umax on the entire
member to Δmax under the serviceability load case.
Other constraints for durability, fire resistance, minimum cover, and minimum flexural
strength can e easily be added to the problem based on relevant design codes.
In the equivalent frame method, if the number of spans in the x and y directions is
respectively NX and NY, the number of control sections for the multi-span flat plate is
(3*NY+1)(3*NX) for the x direction and (3*NY+1)(3*NX) for the y direction. Therefore
the total number of control sections for the entire floor is

NS= (3*NY+1)(3*NX) +(3*NY+1)(3*NX)
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(7-19)

For columns, one can select as much number of control sections as it takes according
to the desired accuracy. The results obtained from solved numerical instances show
that selecting three or four sections in a typical column is enough to achieve
acceptable results.
Based on AS-3600 (2009), the deflection calculations in slabs can be avoided if the
effective depth is in accordance with the rules for the allowable span/depth ratio. So
based on this rule, the depth constraints on the whole area and all sections of the floor
under a load case may be written as:

𝐿𝑛
𝐷

≤ 55[

𝐿𝑛 /𝐿′𝑛 1/3
]
𝑤 𝐾𝑝

(7-20)

where Ln and L'n are the longer and shorter clear spans of the slabs, w is the service
load, including the self weight, and Kp is a coefficient to distinguish between interior
and exterior panels.
For a building with flat plate floor systems under an arbitrary loading system to be
optimally designed for layout, the general formulation for the structural optimisation
problem can be written as follows:
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min
𝐶𝑜𝑠𝑡(𝑙1 , 𝑙2 , … , 𝑙𝑁𝑆𝑃 ) = 𝑁𝑂𝑆
𝐶𝑖 𝑠 + 𝑁𝑂𝐶
𝐶𝑖
1
1
𝑙1 , 𝑙2 , … , 𝑙𝑁𝑆𝑃
−−−−−−−−−−−−−−−−−−
+(𝑠)

𝑐

+(𝑠)

∅ 𝑀𝑢
≥ 𝑀∗
… … … … … … … … … ….
(𝑐)
(𝑐)
∅ 𝑁𝑢 ≥ 𝑁 ∗
𝑠. 𝑡

∅

+(𝑐)
𝑀𝑢

≥ 𝑀

(𝑐)

(7-21)

∗(𝑐)

(𝑐)

∅{𝑉𝑢 } ≥ {𝑉 ∗ }
𝑢𝑚𝑎𝑥 ≤ 𝛥𝑚𝑎𝑥 ∶ 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑚𝑒𝑚𝑏𝑒𝑟𝑠
{𝑙𝑚𝑖𝑛 } ≤ {𝑙𝑖 } ≤ 𝑙𝑚𝑎𝑥 ∶ 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑠𝑝𝑎𝑛𝑠
𝑜𝑡𝑒𝑟 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠 𝑏𝑎𝑠𝑒𝑑 𝑜𝑛 𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑𝑠

where NOS and NOC are the total number of control slabs and columns sections in the
structure respectively, 𝐶𝑖

𝑠

and 𝐶𝑖

𝑐

was obtained from Eqs. (7-3) and (7-12) and lmin

and lmax are the maximum and minimum lengths of each span which might be applied
in order to satisfy architectural considerations, and NSP is the total number of spans in
the x and y directions (which in this case is Nx+Ny).
There are several ways to deal with the above cost optimisation problem. Although
optimising the layout of a frame is a continuous problem, it can be dealt with as a
discrete problem by discretising the domain. In fact in the design process we usually
deal with the dimensions as discrete sizes, and in practical problems, it is often the
case that design variables must be chosen within a discrete manufacturer's inventory.
For example, the dimensions of concrete sections usually vary by a certain size, e.g.
25 mm or 50 mm a step, which makes the section dimensions discrete. Therefore, one
can define the optimisation problem of layout design of RC frames as a discrete
optimisation problem rather than a continuous one. In the next section an Ant Colony
Algorithm, as a discrete optimization tool, is proposed to solve the problem.
186

7.4 ACO algorithm
The algorithm attempts to find the optimal lengths of spans using an ACO approach,
to minimise the cost function of a multi-span flat plate building. The basis of the
algorith is similar to the one discussed in Chapter 6. The aim is to find a set of integers
as the lengths of spans in both the x and y directions to minimise the cost function. In
other words the algorithm deals with the discrete form of the problem and the first step
will be discretising the domain. For this purpose, a graph called construction graph
was defined.
To discretise the domain of answers, just as was performed in Chapter 6, assume that
the span lengths are bounded in [Lmin, Lmax] in either direction [Lmin and Lmax might be
different for the x and y direction] with intervals (accuracy) equal to ε, then each Li
rests in the set of {Lmin , Lmin + ε, Lmin + 2ε ,…, Lmax - ε , Lmax}. Obviously, the smaller
ε is chosen, the more accurate results will be obtained and the more running time the
algorithm needs. As shown in Fig. 6.1, an L-shape graph was defined as the
construction graph where the members on the horizontal and vertical wings of the
graph denote spans in the x and y directions respectively. In order for the construction
graph to stand for the multi-span flat plate, the total number of spans and the number
of nodes must be Nx+Ny and (Nx+Ny+1) respectively; hence the construction graph
was defined as a graph with Nx+Ny+1 nodes and ((Lmax -Lmin)/ ε *Nx)+((Lmax - Lmin)/ ε
*Ny) edges. Each pair of nodes are connected with (Lmax - Lmin)/ ε edges, i.e. there are
(Lmax - Lmin)/ ε choices for each Ant on each node to select another one for making its
trail (solution). It should be pointed out that as stated in the definition of constraints,
and shown in Fig. 7-4, Lmax and Lmin might be specified differently for each span, say
Limax and Limin. In this case the number of choices for Ants on each node might differ
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from the other ones. Now that the construction graph has been prepared the Ants can
start their solution process in three phases (Kaveh and Sharafi 2008b).
1- The phase of initial data processing and preliminary calculation: In this phase the
primary values are given and the calculations start and data are entered. Two groups of
artificial Ants are located on the first and last nodes of both wings of the construction
graph, i.e. Nodes 1 and N+1on the vertical and horizontal wings, to construct their
solution. The lengths of the paths are introduced and the parameters  ,  ,  and the
termination criteria are defined, and the initial pheromone and heuristic matrix are
organised. Each value (i,j) of the pheromone matrix and heuristic matrix shows the
tendency of the Ant located on Node i of the construction graph to choose the edge j to
move towards the next node. Since there are as many as (Lmax - Lmin)/ ε edges that
connect every two successive nodes, the dimension of these two matrices will be
(Ny+Nx)*(Lmax - Lmin)/ ε.
To organise the heuristic matrix and initial pheromone matrix (Dorigo and Stützle
2004), we can make use of our experience with structural analysis. Because the
boundary conditions, constraints, and any loads can affect the length of the spans, the
entries of heuristic matrix and initial pheromone matrix might be organised based on
such parameters. Moreover, in order to save time, criteria such as the symmetry of the
plan was considered when the heuristic matrix was defined. In this case the entries of
heuristic matrix relating to preferred choices might receive higher numbers relative to
the entries of the other ones. Using such a heuristic matrix or defining the initial
pheromone matrix using the above mentioned structural rules helps the algorithm
converge sooner. Thus, each value (i,j) of the choice information matrix obtained by
multiplying the corresponding arrays of heuristic matrix by those of the pheromone
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matrix, shows the tendency or desirability of the Ant located on Node i of the
construction graph to choose Edge j and move towards Node i+1.
2. The phase of constructing the solution: This phase consists of two segments that
form the basis of the heuristic. In the first segment of this phase, using the random
proportional rule of Eq. (3-14), ants located on the starting nodes of the construction
graph, whether Node 1 or Node N+1 on either wing, start to construct their solutions.
That is, two groups of Ants are located on the vertical wing, one at Node 1 and one at
Node Ny+1, and two groups on the horizontal wing do the same at Nodes 1 and Ny+1.
In this method, the feasible neighborhood N ik is defined as the edges between Nodes i
and i+1, when the Ant is located at Node i in either routs, that is, from Node N+1 to
Node 1 or in reverse on either wing.
The Ant leaves its source Node i  {1,2,…,N+1} on the construction graph to its
destination node on the connecting Edges j  {1, 2, …, (Lmax - Lmin)/ ε }, using the
random proportional rule, which is similar to the random roulette wheel rule and quite
randomly based on Eq. (3-14). The probability of Edge j being chosen by Ant on Node
i is proportional to the entry (i, j) of the choice information matrix. The bigger the
entry (i,j) the choice matrix is, the more probable Node j is to be chosen by Ant i. The
Ants continue constructing their solution and move from one node to another until
they arrive at Node N+1 on both wings as the end of their trail. The constraint for Ants
on the horizontal wing is that the sum of all spans must be equal to Lx, and Ly for those
on the vertical wing. Therefore, two groups of Ants are located on both ends of both
wings of the graph, so that every edge has the same overall probability of being chosen
by the Ants.
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After the segment of random choice, the values of Nx+Ny lengths and thereby the new
geometrical layout for the floor was obtained. Through the aforementioned equivalent
frame, the structural analysis method for flat plates, and using the behavioural
constraints, the design actions effects in the identified sections were determined and
by using other constraints the required strength capacities for each section were
calculated. Based on the strength capacity of the sections, the cost function or the cost
of this solution was obtained.
3. The phase of Updating: This phase consists of updating information and statistics,
and then updating the pheromone trails. Using the information obtained in the phase of
constructing the solution, the trail presenting the best cost up to this stage, was
selected as the best iteration so far. Then the pheromone trails of the construction
graph were updated. This is why the Ants were allowed to deposit pheromone on the
edges associated with the best so-far iteration. The process of updating the pheromone
updating consists of two segments. The first segment corresponds to pheromone
evaporation according to Eq. (3-15). In this segment the parameter  depends on the
number of steps defined for the termination criteria and the initial pheromone and
heuristic values. The second segment is depositing pheromone according to Eqs. (316) and (3-17). For depositing pheromone, the pheromone values on the edges
associated with the best iteration up to now increased and the Ant deposited an amount
of pheromone equal to 1/cost on the edges of the construction graph associated with
the best iteration so far, and where cost is the value of the cost function obtained from
the best iteration.
The above procedure continues until the termination criterion is satisfied, and then the
optimum spans will be the best solution so far. In each step, a basic structural analysis
is required to calculate the section actions. By making use of a structural analysis
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approach such as the finite element method, such a calculation takes a small amount of
time for each section. Using Eq. (5.1) as the objective function would be significantly
more time consuming than using Eqs. (7-3) and (7-12). Due to the variation of lengths
in each step, estimating the design variables in each step would be considerably
encumbered, apart from the fact that in each step the algorithm would iteratively need
to deal with the design formulas. Eqs. (7-3) and (7-12) make the optimisation process
much tangible and greatly usable in optimising the cost of large structures.

7.5 Numerical examples
In order to demonstrate the efficiency of the approach proposed for flat plate systems,
two comparative examples were presented. These instances were chosen from a study
on the cost optimisation of flat slabs (Sahab et al. 2005a). The second example was
dealt with in a report on comparative costs of concrete and steel framed buildings
(Goodchild 1993) as well. All the computations were performed on P9700 @2.80 GHz
computer running MATLAB R2009b. In order to ensure that the solution obtained
from ACO was global or near global optimum, many runs were made in parallel. Since
each run is fully independent of the others, the program can be run in parallel so that
the total execution time will be practically the same as that required for a single run.

Example 1: A one storey RC flat plate building with a plan similar to that shown in
Fig. 7-3 with the characteristics of Lx = 20 m, Ly = 18 m, Nx = 4 and Ny = 3 was
considered. The live load and the total dead load were 5.0 and 2.5 kN/m2 respectively.
The average unit price for concrete was assumed to be 55 units/m3, and 3900 units/m3
for steel. The average unit price for formwork was 20 units/m2. Other design
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parameters used in this example were the characteristic tensile strength of
reinforcement fy = 460 N/mm2, the characteristic strength of concrete f'c = 35 N/mm2,
and the cover of steel bars c=25 mm. The permissible span lengths were defined
within the bounds of Lmax = 8 m and Lmin = 3.5 m.
This problem was optimised for Lx1 = Lx2 = Lx3 = Lx4 = 5.0 m and Ly1 = Ly2 = Ly3 = 6.0
m, by Sahab et al. (Sahab et al. 2005a) based on BS8110(1997). This solution is
considered to be the primary design for the proposed ACO algorithm. It should be
added that every initial design based on the preliminary judgment of the designer
and/or using approximate charts or formulae which meet the design standard
requirements, can be used as the initial design and as the starting point of optimisation
process. Based on the above mentioned primary design, the primary cost of the
structure based on Eq. (5.1) is equal to 13828 units.

Figure 7-3. A typical flat plate system plan for Example 1 and 2
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The total number of control slabs sections is NOS = 237 sections, which is is 120 in the
x direction and 117 in the y direction. The total number of columns sections is NOC=
60 (3 for every columns). Using Eqs. (7-7) and (7-9) the values of K1 and K2, and
using Eq. (7-11) values of c1 for each slab section, and then the values of K3 through
K11 , and values of c2 through c11 for each column section were obtained. Having the
necessary coefficients, the cost function can be defined. The solutions must meet the
requirements stated in Clause 7.4.1 of AS3600 (Standards-Association-of-Australia
2009) as the constraints of the problem.
After 80 iterations, which was defined as a termination criterion, and at CPU time of
8.19 seconds, the optimum lengths of Lx1 = 4900 mm, Lx2 = 5100 mm, Lx3 = 5100 mm
and Lx4 = 4900 mm in the x direction, and Ly1 = 5150 mm, Ly2 = 7700 mm and Ly3 =
5150 mm in the y direction were obtained. Having determined the optimum lengths,
the sections were designed based on AS3600 (Standards-Association-of-Australia
2009) and resulted in a total cost of 12402 units (10.3% cost saving). It should be
noted that if an optimisation method of design was use to replace the first line of
Eq.(7-14) with Eq.(5.1) as an objective function and some modifications in
constraints, instead of using the conventional method in the last step, a further 3.5%
cost saving might be achieved (Goodchild 1997). Fig. 7-4 shows a typical convergence
history using the proposed ACO algorithm for the example.

193

Figure 7-4. Typical convergence history for the ACO algorithm for Example 1

Example 2: This design example was chosen from a report on the comparative costs of
concrete and steel framed office buildings (Goodchild 1993; Sahab et al. 2005a) that
was recommended as a benchmark for future studies. The conventional design of this
example was carried out by a team of professional engineers. The building has three
identical storeys, each of which is 3.95 m high. The total length and width of the
building was 37.5 m and the number of spans was Nx = Ny =7 in either direction. The
dead load and live load was 1.5 kN/m2 and 5 kN/m2 respectively. The average unit
price for concrete, reinforcement and formwork were respectively assumed to be 53.5
units/m3, 3120 units/m3 and 18.5units/m2. Other design parameters are fy = 460
N/mm2, f'c = 35 N/mm2, and the c = 25 mm. This example was chosen from a report
on the comparative costs of framed office buildings that was optimised in terms of the
number of equal spans, and the cost by Sahab et al. (Sahab et al. 2005a) resulted in a
total cost of 52816 units.
By using the ACO algorithm and meeting the requirements stated in Clause 7.4.1 of
AS3600 (Standards-Association-of-Australia 2009) as the constraints of the problem,
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and after 120 iterations and at CPU time of 25.81 seconds, the following results were
obtained. The optimum lengths are Lx1 = Lx7 = 5050 mm, Lx2 = Lx6 = 5100 mm, Lx3 =
Lx5 = 5150 mm and Lx4 = 6900 mm. Due to the symmetry of the plan, the lengths of
spans in the y direction are the same as the ones in the x direction. The spans resulted
in a total cost of 46950 units (11.1% cost saving). Fig. 7-5 shows a typical
convergence history using the proposed ACO algorithm for the example.

Figure 7-5. Typical convergence history for the ACO algorithm for Example

7.6 Summary
The main objective of this chapter was to propose a new cost optimisation model that
can be used for the column-grid layout design of multi-span flat plate buildings. The
cost function proposed in this chapter simplifies the process of optimising the cost and
layout of multi-span flat plans and can easily be used in the topology optimisation of
RC structures. The algorithm proposed for solving the optimisation problem is an Ant
System based algorithm which can easily be used to optimise the lengths of spans and
can also work with different cost functions. The examples presented showed that when
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the proposed algorithm was used

the new cost optimisation function provided

satisfactory results.
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8 Optimum Layout Design for RC Beam-Slab Floor systems

8.1

Introduction

Among the various types of floor systems used in buildings, beam–slab floors (Fig. 81) are quite versatile because they can be used effectively in virtually all types of
buildings. Beam-slab floors are considered to be economical systems for long spans
and high loads (Goodchild et al. 2009). Optimising the layout of the floors is of key
importance for the design and usability of many buildings, because in the preliminary
design of a building with a beam–slab system, determining the length of spans will
affect the location of the columns and consequently, the global layout of the building.
Moreover, concrete floors, including beams and slabs, absorb a large amounts of
money and materials in a building, and therefore optimising the cost of the floors may
have a significant impact on the total cost of the buildings.
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Figure 8-1. A typical Beam-Slab floor system

A new layout optimisation methodology is proposed to optimise the cost of reinforced
concrete buildings with beam-slab floor systems. A new cost function is presented as
an alternative to traditional objective functions. The methodology and new cost
function have the potential of being easy to use in optimising the layout of reinforced
concrete structures. Using this alternative cost function, an Ant Colony Optimisation
(ACO) algorithm was formulated to determine the optimal column layout for buildings
in order to minimise the cost. Examples are included to demonstrate the effectiveness
of the new methodology and the excellent convergence of the ACO algorithm. The
outcome, in a comprehensive optimisation design process of reinforced concrete
beam-slab floor systems, can be considered as an optimum starting point.
In the preliminary geometric layout design of buildings, the lengths of spans as
geometric layout variables, may be determined based on architectural requirements
and constraints only. In this case, selecting the optimum among possible layouts can
result in a substantial cost saving because the primary layout design will influence the
entire design process. Therefore, an optimisation procedure for this phase of design
that takes the related cost elements into account, along with a cost optimisation
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method in the phase of detailed design, can lead to a comprehensive optimal design
procedure.
In concrete structures, at least three different cost items should be considered: the costs
of concrete, steel, and the formwork. In most previous studies the general cost function
for RC slabs is expressed in the following form (Adeli and Sarma 2006)

C =cc Ac + csl Asl + csv Asv + cf Pf

(8-1)

where cc, csl, csv and cf are respectively the unit costs for concrete, longitudinal steel,
shear steel, and formwork, and Ac, Asl, Asv and Pf are their corresponding quantities.
Equation (8-1) represents a cost function that only deals with the cross sectional
variables that are mainly appropriate for structures with a small number of members
and a predefined geometric layout. In fact, in the layout design of structures, the cross
sectional variables are functions of the design action effects that are indeterminate and
vary as the layout changes. Therefore, in an iterative procedure for solving an
optimisation problem, each step includes dealing with the structural analysis and the
structural design variables. In such cases, unless alternative design variables are
selected for the cost function, the optimisation procedure might be too unwieldy. Since
cross sectional variables are obtained from implicit functions of structural analysis
outputs based on the relationships and constraints in the design standards which do not
uniquely provide the exact values for these cross sectional parameters, they are not
obtained from an explicit mathematical procedure.
If the reciprocal relationships between the cross sectional design variables and the
design action effects are established, the cost function can be represented by a function
of the design action effects. In the design of a structural member, the design action
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effects are only determined for the critical sections of the member, and the cross
sectional variables are calculated for each critical section. In other words, knowing the
design action effects in critical sections, all the cross sectional variables and the total
cost as defined by Eq. (8-1) can be calculated.
Using structural analytical outputs such as the internal actions of a member as the
design variables has some advantages over using structural design outcomes such as
the cross sectional variables of a beam. Firstly, the design action effects of each
section can be easily obtained from structural analysis, and in an iterative
mathematical procedure, re-analysing a structure is considerably less time consuming
and more precise than re-designing the structure. Secondly, by using action effects the
cost function will be considered in a section rather than a member because it enables
the designer to select a number of sections for each member and control the cost in the
whole structure, so there is no need to optimise the entire member.
The present work finds the relationships between the variations of action effects of RC
members with the variations of the cross sectional parameters, and determines how
these two types of variables affect each other. A new cost function is then defined such
that it is a function of the action effects rather than the cross sectional parameters. This
formulation was carried out based on the Australian standards for RC structures
(AS3600 2009).

8.2 Mathematical formulation
In the present formulation of optimising the column layout design of RC buildings,
three types of structural members were considered: slabs, columns, and beams.
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Consider a beam-slab floor with Nx and Ny spans in the x and y directions, respectively.
The floor is divided by NS = NSx + NSy critical sections: NSx sections in the x direction
and NSy ones in the y direction, as shown in Fig. 8-2. The critical sections were mainly
selected near the supports and mid-spans. Each section contains Nb beam sections and
Ns slab sections. The total cost of the floor can be represented by the sum of the
individual costs of the critical sections. Now if the relationship between the cross
sectional parameters and the design action effects are established, the cost function can
be defined in terms of the action effects.

Figure 8-2. Spans and Control Sections in the x and y directions of slabs

Based on the simplified design method for slabs in the Australian Standard for
concrete structures (AS3600 2009), the only action effect that must be considered is
the bending moment in strips spanning in the x and y direction. These strips can be
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formed by taking the control sections along the slabs in both directions, and the
moment distribution along the strips edges is determined accordingly.
Consider Eq. (8-2) as a potential alternative cost function to Eq. (8-1) in a slab

(𝑠)

𝐶𝑖

= 𝑐1 𝑀𝑢𝑠𝑖

(8-2)

where 𝑪(𝒔) is the cost of each slab section and 𝑀𝑢𝑠𝑖 is the bending moment capacity of
slab at a critical section i and 𝒄𝟏 is a coefficient. For the entire slab floor including Ns
sections, any variations in the section capacities would change the total cost of the
sections as follows:

𝛥𝐶

𝑠

(𝑠)
𝑁𝑠
1 𝛥𝐶𝑖

=

=

(𝑠)
𝑁𝑠
1 𝑐1 𝛥𝑀𝑢 𝑖

(8-3)

Alternatively, according to Eq. (8-1) and if any of the cross sectional parameters
change, the cost function of the slabs vary as follows:

𝛥𝐶

𝑠

(𝑠)

= 𝑐𝑐 𝛥𝐴𝑐

(𝑠)

+ 𝑐𝑠𝑙 𝛥𝐴𝑠𝑙

(8-4)

In a layout optimisation of slab floors, the shear reinforcement and the formwork costs
can be removed from the calculation process because slabs are not considered to be
reinforced for shear, and the total area of slabs is constant, while floor layout and span
lengths have no effect on the final amount of formwork.
In order to shift from Eq. (8-1) to Eq. (8-2) and come up with the weighted coefficient
(𝑠)

c1 the first step is to determine how the variations of Ac and Asl affect 𝑀𝑢 and vice
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versa. That is, we need to how varying the amount of each cross sectional parameter
influences the section strength capacities.
For slabs, both the positive and negative bending moment capacities were obtained
(𝑠)

from the ultimate strengths of the section in flexure 𝑀𝑢 , which can be calculated
from Eq. (8-5) (Loo and Chowdhury 2010).

(𝑠)

𝑀𝑢 ≅ 𝐴𝑠 𝑠 𝑓𝑦𝑙 (𝐷
𝑑𝑐 (𝑠) = 0.5𝛾𝑘𝑢 (𝐷

𝑠
𝑠

− 𝑐 (𝑠) − 𝑑𝑐 (𝑠) )

(8-5)

− 𝑐 (𝑠) )

where 𝐷(𝑆) is the thickness of the slab. Other parameters are defined in Fig. 8-2.
The variation of bending moment capacity of the slabs with respect to 𝐴𝑠 𝑠 is as
follows:

(𝑠)

𝛥𝑀𝑢
𝛥𝐴 𝑠

𝑠

≅ 𝑓𝑦𝑙 𝐷 (𝑆) − 𝑐 (𝑠) − 𝑑𝑐 (𝑠) → 𝛥𝐴𝑠

𝑠

(𝑠)

(𝑠)

= (𝑓𝑦𝑙 𝐷(𝑆) − 𝑐 (𝑠) (1 − 0.5𝛾𝑘𝑢 ))−1 𝛥𝑀𝑢 = 𝐾1 𝛥𝑀𝑢

(8-6)

The only parameter that affects the variation of the volume of concrete in slabs is the
thickness of the slab. That is

Δ𝐴𝑐 𝑠 ≅ Ls Δ𝐷(𝑆)

(8-7)

where Ls is the width of the slab. Any changes in the thickness of a slab results in a
variation in its bending moment capacity, as follows:

(𝑠)

𝛥𝑀𝑢
𝛥𝐴 𝑐

𝑠

(𝑠)

≅

𝛥𝑀𝑢

𝐿𝑠 𝛥𝐷 (𝑆)

≅

𝑓𝑦 𝐴 𝑠
𝐿𝑠

𝑠

(1 − 0.5𝛾𝑘𝑢 ) → 𝛥 𝐴𝑐

𝑠

𝑓𝑦 𝐴 𝑠

≅ [
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𝐿𝑠

(𝑠)

(𝑠)

(1 − 0.5𝛾𝑘𝑢 )]−1 𝛥𝑀𝑢 = 𝐾2 𝛥𝑀𝑢

(8-8)

Multiplying both sides of Eq. (8-8) by cc and comparing it with Eqs. (8-3) and (8-4)
results in:

𝑐1 = 𝑐𝑠𝑙 𝐾1 + 𝑐𝑐 𝐾2

(8-9)

(𝑠)

The coefficient c1 determines how the parameter 𝑀𝑢 𝑖 contributes to the cost of the
slab's function, as shown in Eq. (8-2).

Figure 8-3. A General Beam Cross-Section and the Related Parameters

For a beam to be designed, three action effects are taken into account: the positive
bending moment, the negative bending moment, and the shear forces. For an arbitrary
section of a rectangular RC beam shown in Fig. 8-3, the dimensions of the section are
(𝑏)

(𝑏)

b and h(b), the areas of tension and compression reinforcement steel are 𝐴𝑠𝑡 and 𝐴𝑠𝑐 ,
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(𝑏)

and the area of shear reinforcement steel in a unit length of beam is 𝐴𝑠𝑣 /𝑠. The
capacity or the ultimate strength of the section in negative and positive flexure and
− (𝑏)

+ (𝑏)

shear for Section i are 𝑀𝑢 𝑖

(𝑏)

, 𝑀𝑢 𝑖

and 𝑉𝑢 𝑖

respectively.

Consider Eq. (8-10) as a potential alternative cost function to Eq. (8-1) in the ith RC
beam section.

𝐶𝑖

𝑏

= 𝑐2 𝑀𝑢+𝑖

𝑏

+ 𝑐3 𝑀𝑢−𝑖

𝑏

+ 𝑐4 𝑉𝑢 𝑖𝑏

(8-10)

The variations in section capacities would change the cost function as follows:

𝛥𝐶

𝑏

=

𝑁𝑏
1

𝛥𝐶𝑖

𝑏

=

𝑁𝑏
1 (𝑐2

𝛥𝑀𝑢+𝑖

𝑏

+ 𝑐3 𝛥𝑀𝑢−𝑖

𝑏

+ 𝑐4 𝛥𝑉𝑢 𝑖𝑏 ) (8-11)

where Nb is the number of control sections in the beams. On the other hand, using Eq.
(8-1), if any of cross sectional parameters change, the cost function varies as follows:

𝛥𝐶

𝑏

(𝑏)

= 𝑐𝑐 𝛥𝐴𝑐

(𝑏)

+ 𝑐𝑠𝑙 𝛥𝐴𝑠𝑙 + 𝑐𝑠𝑣 𝛥𝐴𝑠𝑣𝑏 + 𝑐𝑓 𝛥𝑃𝑓 𝑏

(8-12)

Equations (8-11) and (8-12) show the contribution of each factor to cost changes and
the sensitivity of the cost to each term. For example, changing a unit of 𝐴𝑐𝑏 causes a
change of cc units in cost. Therefore, if the effects of variations of 𝐴𝑐𝑏 , 𝐴𝑠𝑙𝑏 , 𝐴𝑠𝑣𝑏 and
+ (𝑏)

𝑃𝑓 𝑏 on the variations of 𝑀𝑢

− (𝑏)

, 𝑀𝑢

(𝑏)

and 𝑉𝑢 are established, the contribution of

each section capacity to cost changes, that is the set of {c2, c3, c4} in Eq. (8-10), can be
determined. Sharafi et al. (2012c) established the set of {c2, c3, c4} based on the
Australian Standard for concrete structures (AS3600 2009), as shown in Eq. (8-13)
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1

1

2

1

1

2

𝑐2 = 3 𝑐𝑐 𝐾6 + 2 𝑐𝑠𝑙 𝐾3 + 3 𝑐𝑓 𝐾9
𝑐3 = 3 𝑐𝑐 𝐾5 + 2 𝑐𝑠𝑙 𝐾3 + 3 𝑐𝑓 𝐾8
1

2

𝑐4 = 3 𝑐𝑐 𝐾7 + 𝑐𝑠𝑣 𝐾4 + 3 𝑐𝑓 𝐾10
−−−−−−−−−−−−−−
𝐾3 = (𝑓𝑦𝑙 𝑑 𝑏 (1 − 0.5𝛾𝑘𝑢 ))−1
𝐾4 = 𝑓𝑦𝑣 𝑑

−1

∆𝑉𝑢 𝑏
−1

(𝑏)

𝐾5 = 𝑓𝑦𝑙
𝐾6 = 𝑓𝑦𝑙

𝐴 𝑠𝑐
𝑏

𝑏
𝐴 𝑠𝑡

𝑏

(1 − 0.5𝛾𝑘𝑢 )
1 − 0.5𝛾𝑘𝑢
−1

𝑏

𝐾7 = 𝑓𝑦𝑙

𝐴 𝑠𝑡
𝑏

1 − 0.5𝛾𝑘𝑢
(𝑏)

𝐾8 = 2 𝑓𝑦𝑙 𝐴𝑠𝑐 (1 − 0.5𝛾𝑘𝑢 )
(𝑏)

𝐾9 = 2 𝑓𝑦𝑙 𝐴𝑠𝑡 (1 − 0.5𝛾𝑘𝑢 )
2

𝐾10 = [

𝑏
𝑓 𝑦𝑣 𝐴 𝑠𝑣
𝑠

(8-13)

−1

+ 𝛽𝑏 𝑓 ′ 𝑐

1
2

−1
−1

1

+

1

]

𝛽𝑑 𝑓 ′ 𝑐 2

where fyl is the yield strength of the longitudinal reinforcement, fyv is the yield strength
of the shear reinforcement, f'c is the characteristic compressive cylinder strength of
concrete at 28 days, 𝑑𝑐 (𝑏) is the distance from the extreme compression fibre of the
concrete to the compressive force. The coefficients 𝛾 and 𝑘𝑢 were calculated based on
the characteristic strength of the concrete and reinforcing steel, β is a coefficient based
on the standard, and s is the centre to centre spacing of shear reinforcement. Other
parameters are defined in Fig. 8-3.
+ (𝑏)

The coefficients c2, c3 and c4 determine how the variations of 𝑀𝑢 𝑖

− (𝑏)

, 𝑀𝑢 𝑖

(𝑏)

and 𝑉𝑢 𝑖

contribute to the variation of cost function for a beam.
For an arbitrary section of a square RC column, as shown in Fig. 8-4, the dimensions
(𝑐)

of the section are h(c), the area of the longitudinal reinforcement is 𝐴𝑠𝑙 and the area of
(𝑐)

shear reinforcement in a unit length of column is 𝐴𝑠𝑣 /𝑠.
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Consider Eq. (8-14) as a potential alternative cost function to Eq. (8-1) in an arbitrary
RC column section.

𝐶𝑖

(𝑐)

(𝑐)

(𝑐)

where 𝑁𝑢 𝑖 , 𝑀𝑢 𝑖 and 𝑉𝑢 𝑖

(𝑐)

𝑐

(𝑐)

(𝑐)

= 𝑐5 𝑁𝑢 𝑖 + 𝑐6 𝑀𝑢 𝑖 + 𝑐7 𝑉𝑢 𝑖

(8-14)

are the axial load-carrying capacity, bending moment

capacity and the shear capacity of the ith column section respectively. The variations
in section capacities would change the cost function as follows

𝛥𝐶

𝑐

=

𝑁𝑐
1

𝛥𝐶𝑖

𝑐

=

𝑁𝑐
1 (𝑐5

𝛥𝑁𝑢 𝑖𝑐 + 𝑐6 𝛥𝑀𝑢 𝑖𝑐 + 𝑐7 𝛥𝑉𝑢 𝑖𝑐 )

(8-15)

where Nc is the number of control sections of the columns. On the other hand, using
Eq. (8-1), if any of the cross sectional parameters change the cost function varies as
follows:

𝛥𝐶

𝑐

(𝑐)

= 𝑐𝑐 𝛥𝐴𝑐

(𝑐)

+ 𝑐𝑠𝑙 𝛥𝐴𝑠𝑙 + 𝑐𝑠𝑣 𝛥𝐴𝑠𝑣𝑐 + 𝑐𝑓 𝛥𝑃𝑓 𝑐

Figure 8-4. A General Column Cross-section and the Related Parameters
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(8-16)

Eqs. (8-15) and (8-16) show the contribution of each factor to the cost changes and
sensitivity of the cost to each term. If the effect of variations of 𝐴𝑐𝑐 , 𝐴𝑠𝑙𝑐 , 𝐴𝑠𝑣𝑐 and
(𝑐)

(𝑐)

(𝑐)

𝑃𝑓 𝑐 on the variations of 𝑁𝑢 , 𝑀𝑢 and 𝑉𝑢 are established, the contribution of each
section capacity to cost changes, that is the set of {c5, c6, c7}, can be found. Sharafi et
al. (2012c) established the set of {c5, c6, c7} based on the Australian Standard for
concrete structures (AS3600 2009), as shown in Eq. (8-17).

1

1

1

1

1

2

𝑐5 = 3 𝑐𝑐 𝐾14 + 2 𝑐𝑠𝑙 𝐾11 + 3 𝑐𝑓 𝐾17
𝑐6 = 3 𝑐𝑐 𝐾15 + 2 𝑐𝑠𝑙 𝐾12 + 3 𝑐𝑓 𝐾18
1

2

𝑐7 = 3 𝑐𝑐 𝐾16 + 𝑐𝑠𝑣 𝐾13 + 3 𝑐𝑓 𝐾19
𝐾11 = (𝐸𝑠 𝑛𝑖 𝜀𝑖 )−1
𝐾12 = (𝐸𝑠 𝑛𝑖 𝜀𝑖 𝑒𝑖 )−1
𝐾13 = (𝑓𝑦𝑣 𝑑(𝑐) )−1
𝐾14 = (0.85𝛾𝑘𝑢 𝑓 ′ 𝑐 )−1
′

𝐾15 = (0.85𝛾𝑘𝑢 𝑓 𝑐 𝑒𝑐 )
𝑐

𝐾16 = (

𝑓𝑦𝑣 𝐴𝑠𝑣
2𝑠

+ 𝛽(𝑓𝑐′ )0.5 )−1

𝐾17 = (0.85𝛾𝑘𝑢 𝑓 ′ 𝑐
𝐾18 = (0.85𝛾𝑘𝑢 𝑓 ′ 𝑐
𝑐

𝐾19 = (

𝑓𝑦𝑣 𝐴 𝑠𝑣
4𝑠

(8-17)

−1

 𝑐

 𝑐
2

2

)−1

𝑒𝑐 )−1

1

+ 2 𝛽(𝑐) (𝑓𝑐′ )0.5 )−1

(𝑐)

The coefficients c5, c6 and c7 determine how the variations of bearing capacities 𝑁𝑢 𝑖 ,
(𝑐)

(𝑐)

𝑀𝑢 𝑖 and 𝑉𝑢 𝑖 contribute to the variation of cost function.
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8.3 Optimisation Problem formulation
Consider a multi-span RC building with Nx and Ny spans and total lengths of Lx and Ly
in the x and y directions, and under an arbitrary loading system f(x). The aim is to redesign the preliminary column layout to determine the optimum length spans in each
direction in order to minimise the cost. The final cost will be a function of two sets of
variables. According to Eqs. (8-9), (8-13) and (8-17), the total cost is a function of the
sections' action effects under the loading system, which in turn are functions of the
span lengths that can be represented as follows

𝐶=

(𝑠)
𝑁𝑠
1 𝑐1 𝛥𝑀𝑢 𝑖

+

Nb
1

c2 ΔMu+i

b

+ c3 ΔMu−i

b

+ c4 ΔVu bi

+

Nc
1 (c5

ΔNu ic + c6 ΔMu ic + c7 ΔVu ci )

(8-18)

By having the relevant coefficients one can use Eq. (8-18) instead of Eq. (8-1). In this
case the cost is the sum of the cost functions of all the sections selected in the structure
based on Eq. (8-18). Using this function as alternative cost functions to Eq. (8-1), the
design variables can be shifted from cross sectional variables to action effects. For the
structural optimisation problem, the strength constraints on each selected Section i,
whether for the beams or the columns, under a load case may be written as

∅ 𝑁𝑢 𝑖
∅𝑀𝑢 𝑖
∅ 𝑉𝑢𝑖
𝑈𝑚𝑎𝑥 𝑖

where 𝑁𝑖 ∗ , 𝑀𝑖 ∗ and

≥ 𝑁𝑖 ∗
≥ 𝑀𝑖 ∗
≥ 𝑉𝑖 ∗
𝛥𝑚𝑎𝑥 𝑖

(8-19)

𝑉𝑖 ∗ are the axial force, the flexure and shear action effects of

Section i, either in columns, beams or slabs, and ∅ is the strength reduction factor,
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Δmax is the maximum deflection limitation umax on the entire member under the
serviceability load case.
For a reinforced concrete building with Nx spans in the x direction and Ny spans in the
y directions, under an arbitrary loading system f to be optimally designed for a
preliminary geometric layout, the general formulation for the structural optimisation
problem can be written as follows:

𝑁

𝑠. 𝑡

𝑁

𝑁

min
𝐶𝑜𝑠𝑡 𝑙1 , 𝑙2 , … , 𝑙𝑁𝑆𝑃 = 1 𝑏 𝐶𝑖 𝑏 + 1 𝑐 𝐶𝑖 𝑐 + 1 𝑠 𝐶𝑖 𝑠
𝑙1 , 𝑙2 , … , 𝑙𝑁𝑆𝑃
−−−−−−−−−−−−−−−−−−
𝑠𝑡𝑟𝑒𝑛𝑔𝑡 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠 𝑎𝑛𝑑 𝑠𝑒𝑟𝑣𝑖𝑐𝑒𝑎𝑏𝑖𝑙𝑖𝑡𝑦 𝑟𝑒𝑞𝑢𝑖𝑟𝑒𝑚𝑒𝑛𝑡𝑠 𝑏𝑎𝑠𝑒𝑑 𝑜𝑛 𝐸𝑞𝑠. 4 − 20 & 21
𝐴𝑟𝑐𝑖𝑡𝑒𝑐𝑡𝑢𝑟𝑎𝑙 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠 𝑙𝑖𝑘𝑒 {𝑙𝑚𝑖𝑛 } ≤ {𝑙𝑖 } ≤ 𝑙𝑚𝑎𝑥 ∶ 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑠𝑝𝑎𝑛𝑠
𝑜𝑡𝑒𝑟 𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠 𝑏𝑎𝑠𝑒𝑑 𝑜𝑛 𝑑𝑒𝑠𝑖𝑔𝑛𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑𝑠

(8-20)

As a structural optimisation problem, Eq. (8-20) can be dealt with by using various
methods of optimisation. The nature of optimising the geometric layout of structures is
a continuous problem, but it can be dealt with as a discrete problem by discretising the
domain. In fact, in the design process we usually deal with the dimensions as discrete
sizes, and it is often the case that design variables must be chosen within a
manufacturer‘s discrete inventory. The number and size of the reinforcing bars and
the dimensions of the concrete sections are usually treated discretely because in
practice these parameters are rounded to the nearest whole inch (or 10 millimeters), or
the existing manufacturing products cause the optimisation problem to be treated as a
discrete problem. Therefore, one can define the optimisation problem of RC sections
as a discrete optimisation problem rather than a continuous one. In the following
section an Ant Colony Algorithm, as a discrete optimisation tool, is proposed to solve
the problem.
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In traditional cost optimisation of RC structures where Eq. (8-1) is used as the
objective function, the design variables are the cross section and the lengths of the
members. Displacements and stresses, as the response of the structure, form the state
variables. Therefore, the constraints stated by Eq. (8-19) are state constraints which act
on state variables. Using the objective function stated in Eq. (8-20) as an alternative
function, causes the stated variables of the traditional method to change to design
variables, and consequently all the state constraints change to design constraints. The
only design variable which is common in both methods is the lengths of the spans.
Using the alternative objective function has no effect on behavioural constraints
because they are mainly governed by structural analysis principles. However, the
behavioural constraints are imposed on the sections' bending moments, shear forces,
and displacement of the control sections rather than the entire structure. Moreover,
removing the designed section variables such as the area of the sections or the
reinforcement details from the design variables, helps the iterative optimisation
procedure not deal with the design parameters.

8.4 ACO algorithm
As mentioned in detail in previous chapters, there are various types of ACO
algorithms with a variety of implementations. Most of the present Ant Colony
Optimisation (ACO) algorithms, such as MMAS, are direct successors to the Ant
System (AS) algorithm. The main phases of the AS algorithm are the Ants‘ solution
construction and pheromone update. MMAS introduces some main modifications with
respect to AS. First, it strongly exploits the best solution found because only the
iteration-best ant or the best-so-far ant is allowed to deposit pheromone because such a
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strategy may result in a stagnation where all the ants follow the same solution due to
the excessive growth of pheromone trails on arcs of a good, although sub-optimal tour.
To counteract this effect, a second modification was introduced by MMAS that limits
the possible range of pheromone trail values to the interval [τmin, τmax]. Moreover, the
pheromone trails were initialised to the upper pheromone trail limit, which, together
with a small pheromone evaporation rate, increased the exploration of solutions at the
start of the search. Finally, in MMAS, the pheromone trails were reinitialised each
time the system approached stagnation or when no improved solution was generated
for a certain number of consecutive iterations.
MMAS achieved a strongly improved performance compared to AS and to other
improved versions of AS, for a wide range of combinatorial optimisation problems.
One feature that MMAS has in common with other improved AS algorithms is that the
best solutions found during the search were strongly exploited to direct the ants‘
search. MMAS related this feature to recent results of the analysis of search space
characteristics for combinatorial optimisation problems. Earlier research has shown
that a strong correlation exists between the quality of the solution and the distance to a
global optimum for the TSP, and for some other problems (Dorigo and Stützle 2004).
MMAS can provide an effective guidance mechanism to direct the search towards the
best solutions, and yet exploiting the best solutions is not the only remedy for
achieving very high performing ACO algorithms. To avoid premature convergence,
the exploitation of the best solutions must be combined with effective mechanisms for
performing a search space exploration. MMAS explicitly addresses this aspect, which
is possibly the main reason why it is currently one of the best performing ACO
algorithms (Stutzle and Hoos 1997).
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One of the main ideas introduced by MMAS, limited utilisation of the pheromone trail
to prevent premature convergence, can also be applied in a different way, and can be
interpreted as a hybrid between MMAS and action choice rule: while constructing a
solution the ants in action make the best possible choice, as indicated by the
pheromone trail and heuristic information, with a fixed probability p and with a
probability 1−p they make a probabilistic choice shown in Eq. (8-21). With high
parameter values of p and the fact that only the best iteration or the best global
solution was chosen to update the trail, a very strong exploitation of the search history
resulted. When combining the action choice rule with tight pheromone trail limits, a
very promising performance was obtained (Stutzle and Hoos 1997).
The present ACO algorithm for optimising the column layout of RC buildings is an
MMAS algorithm which is described in a flowchart, as shown in Fig. 4-4. The
flowchart comprises three phases: initialising data, constructing an ant solution, and
updating the pheromone. The aim is to determine a set of integers as the span lengths
in boththe x and y directions to minimise the cost function. The algorithm deals with
the discrete form of the problem. The domain must be discretised by forming a
construction graph as a multi-layered graph, as shown in Fig. 4-10, where the number
of layers represents the number of design variables, which are the span lengths in the
x and y directions, and the number of nodes in a particular layer represents the number
of discrete probable values permitted for the corresponding design variable. Thus each
node on the graph is associated with an allowable discrete value of a design variable,
which results in a graph with Nx+Ny layers. Knowing that each span length is bounded
in [𝐿𝑒 𝑚𝑎𝑥 , 𝐿𝑒 𝑚𝑖𝑛 ], the permissible values for each span length, which are represented
by the nodes on the graph, can be discretised with intervals (accuracy) equal to ε. That
is, each Le rests in the set of {Lmin , Lmin + ε, Lmin + 2ε ,…, Lmax - ε , Lmax}. Each
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member of this set corresponds to a node on the graph, so the number of nodes for
each layer is ( 𝐿𝑒 𝑚𝑎𝑥 − 𝐿𝑒 𝑚𝑖𝑛 )/𝜀. The smaller ε is, the more accurate the results will
be and the more running time the algorithm needs.
In the phase of initial design, some parameters need to be assigned values. The
heuristic values are specified according to the designers' preferences. In the present
case, if there are any preferences for certain span due to say architectural constraints,
higher values are assigned to the heuristic arrays corresponding to those spans. Such
an assignment will cause the desired lengths to be more likely to be chosen by ants for
the corresponding spans. By choosing appropriate values for α and β the degree of
influence of the heuristic values relative to the pheromone trail is set. In order to save
time, some criteria such as the symmetry of the plan were considered when the
heuristic matrix was formed. Using such a heuristic matrix or defining the initial
pheromone matrix using the above mentioned structural rules helped the algorithm
converge sooner.
The initial magnitude of pheromone on the construction graph in MMAS was
initialized to the upper pheromone trail limit, which is a value slightly higher than the
expected amount of pheromone deposited by the ants in one iteration. A rough
estimate of the value can be obtained by setting ∀ 𝑖, 𝑗 𝜏𝑖𝑗 = 𝜏0 = 𝑁𝐴 /𝐶 𝑛𝑛 where NA is
the number of ants, and Cnn is the cost of a tour generated by the nearest neighbor
heuristic (Kaveh and Sharafi 2008a; b; 2009). Since boundary conditions, constraints,
and loading condition, can affect the span lengths, while the entries of heuristic matrix
and initial pheromone matrix might be organised to consider such parameters
according to the designer's experience. Each value (i,j) of choice information matrix,
which is obtained by multiplying the corresponding arrays of heuristic matrix by
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those of the pheromone matrix, showed the tendency or desirability of the ant located
on Node i of the construction graph to choose Edge j to move towards Node i+1.
N ants located on the home node constructed their solution by selecting only one node
in each layer in accordance with the random proportional rule (also known as action
choice rule) given by Eq. (8-21).

  

  ij  ij 



pijk     il  il 
k
 lNi
0

if j  N ik

(8-21)

if j  N ik

In each iteration there were as many as (Lmax - Lmin)/ ε possible options (nodes) to be
selected. This relationship formed the basis of the Ant System (Ant System) algorithm
and showed that if Ant k is positioned on Node i, it will move to the next Node j with
the probability of pijk. In this relationship τij is the magnitude of pheromone on the
trails and ηij is the heuristic value. The parameters α and β determined the relative
influence of the pheromone trail and the heuristic information respectively. Nik is the
feasible neighborhood of Ant k when being at Node i, that is, the set of edges that Ant
k was allowed to choose as its next destination, and was decided depending on the
problem condition. The nodes selected along the path visited by an ant represent a
candidate solution.
After all the ants had

constructed a solution the pheromones were updated by

applying evaporation (lowering the pheromone value on all edges) by a constant factor
ρ according to Eq. (8-22), followed by the deposit of new pheromone (adding
pheromone on selected edges) according to Eq. (8-23).
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τ ij  (1  ρ)τij (i,j)  A

(8-22)

τ ij  τ ij  Δτ ijbest , (i,j)  A

(8-23)

where Δτijbest is 1/Cbest . The ant which was allowed to add pheromone may be either
the best-so-far, in which case Δτijbest is 1/Cbs, or the best iteration, in which case Δτijbest
is 1/Cib, where Cib is the length of the best iteration tour.
The pheromone deposit increased the probability that other ants would follow the
same path. That is, by letting ants deposit a higher amount of pheromone on short
paths, the ants‘ path searching was more quickly biased toward the best solutions.
Pheromone evaporation can be seen as an exploration mechanism that avoids quick
convergence of all the ants toward a sub-optimal path. In fact, the decrease in
pheromone intensity favours the exploration of different paths during the whole search
process. Making pheromone update a function of the generated solution quality can
help in directing future ants more strongly towards better solutions.
In general, both the best iteration and the best-so-far update rules are alternatively
used in MMAS. Obviously, the choice of the relative frequency with which the two
pheromone update rules are applied has an influence on how greedy the search is. In
MMAS, the lower and upper limits τmin and τmax on the possible pheromone values on
all edges are imposed in order to avoid a search stagnation. MMAS uses 1/Cbs to
define τmax: each time a new best-so-far tour is found the value of τmax is updated. The
lower pheromone trail limitis set to τmin= τmax /a where a is a parameter (Stutzle and
Hoos 1997).
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In each iteration, all the ants in parallel start from the home node and end at the
destination node by randomly selecting a node in each layer. The optimisation process
is terminated if no better solution is found in a pre-specified number of successive
iterations. The above procedure continues until the termination criterion is satisfied,
and then the optimum spans will be given by the best-so-far solution.
MMAS is one of the most studied ACO algorithms and has been extended in many
ways. In one of these extensions the pheromone update rule occasionally uses the best
tour found since the most recent initialisation of the pheromone trails instead of the
best-so-far tour. Experimental results indicate that for small instances it may be best to
use only the best iteration

pheromone updates, while for large ones the best

performance is obtained by giving an increasingly stronger emphasis to the best-so-far
tour. This can be achieved by gradually increasing the frequency with which the bestso-far tour is chosen for the trail update (Stutzle and Hoos 1997).
In each step a basic structural analysis is required to calculate the section action
effects. By making use of a structural analysis approach such as the finite element
method or simplified methods based on the design standards, such a calculation takes a
small amount of time for each section. Using Eq. (8-1) as the objective function would
be significantly more time consuming than using Eq. (8-18). Due to the variation of
lengths in each step the estimation of design variables in each step would be
considerably encumbered, apart from the fact that in each step the algorithm would y
need to iteratively deal with the design formulas. Eq. (8-18) makes the optimisation
process much more tangible and easier to use when optimising the layout of large
structures.
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8.5 Numerical examples
In order to demonstrate the efficiency of the proposed approach, two comparative
examples are presented. The results obtained from the algorithm were compared with
those in a report on the comparative costs of concrete framed buildings (Goodchild
1997). All the computations were performed on a P9700 @2.80 GHz computer
running MATLAB R2009b. In order to ensure that the solution obtained from ACO
was global or near global optimum, many runs were made in parallel. Since each run
is fully independent of the others, the program can be run in parallel so that the total
execution time will be practically the same as that required for a single run. To prevent
the algorithm from stagnation, in both examples the termination criterion for the ACO
algorithms was defined as the number of iterations when the quality of the solution
after 10 sequential iterations improved by less than 0.02 percent.
Example 1: A four storey RC building with a plan as shown in Fig. 8-6 was optimised.
The live load on intermediate floors was 5.0 kN/m2 and 1.5 kN/m2 on the roof. The
dead loads are the self-weight and an imposed dead load of 1.5 kN/m2. The average
unit price for concrete was assumed to be 54 units/m3, and 3140 units/m3 for
reinforcing steel. The average unit price for formwork was 19 units/m2. The
characteristic strength of the main reinforcement fy was 460 N/mm2, the characteristic
strength of the shear reinforcement fyv was 250 N/mm2, the characteristic strength of
concrete f'c was 35 N/mm2, the top and bottom covers of steel bars are 20 and 25 mm
for slabs, respectively, and the cover of bars in columns was 40 mm.
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Figure 8-5. Example 1: A four storey RC building

This example was analysed in a report on the comparative costs of concrete framed
buildings (Goodchild et al. 2009) that was recommended as a benchmark for future
studies. The conventional design of this example was carried out and optimised by a
team of professional structural engineers. The total length and width of the building
was 20 m and 18 m respectively, and each story was 2.95 m high. The permissible
spans are defined within the bounds of Lmax = 8.5 m and Lmin = 5 m. Goodchild (2009)
suggested the cost of 239575 units for Lx1 = Lx2 = Lx3 = Lx4 = 5.0 m and Ly1 = Ly2 = Ly3
= 6.0 m.
Three control sections were selected for every member. The values of K1 to K19, and
consequently the values of c1 to c7 for all selected slabs, columns and beam sections
were obtained. Having the necessary coefficients, the optimisation problem can be
formulated based on Eq. (20). Now, by considering the above design as a primary
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design for the proposed ACO algorithm, the Ant algorithm searched for the optimum
spans based on the objective function and by observing other relevant constraints.
Computations were performed on a P9700 @2.80 GHz computer running MATLAB
R2009b.The termination criterion for the ACO algorithms was defined as the number
of iterations when the improvement in the quality of the solution was less than 0.02%
after ten consecutive iterations. After 110 iterations, and at a CPU time of 56.6
seconds, the optimum span lengths of Lx1 = 4550 mm, Lx2 = 5450 mm, Lx3 = 5450 mm
and Lx4 = 4550 mm in the x direction, and Ly1 = 5850 mm, Ly2 = 6300 mm and Ly3 =
5850 mm in the y direction weree obtained, resulting in a total cost of 217534 units,
which equals a 9.2% cost saving compared to the initial design.

Example 2: Consider a multi-span beam-slab floor system with the plan as shown in
Fig. 7-3, with the characteristics of Lx = 20 m, Ly = 25 m, Nx = 4 and Ny = 5 being
considered. The live load and the total dead load were 5.0 and 4.0 kN/m2 respectively.
The floor was supported by beams in two orthogonal directions. The average unit price
for concrete was assumed to be 55 units/m3, and 3900 units/m3 for steel. The average
unit price for formwork was 20 units/m2. Other design parameters used in this example
are the characteristic tensile strength of reinforcement fy = 460 N/mm2, the
characteristic strength of concrete f'c = 35 N/mm2, and the cover of steel bars c=25
mm. The permissible span lengths were defined within the bounds of Lmax = 8 m and
Lmin = 3.5 m.
This problem was optimally designed for Lx1 = Lx2 = Lx3 = Lx4 = 5.0 m and Ly1 = Ly2 =
Ly3 = Ly4 = Ly5 = 5.0 m, by Goodchild (1993) based on BS8110 (1997). Since the
results for the instances presented comply with the AS 3600 (2009) Standard as well,
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this solution was considered to be the primary design for the proposed ACO algorithm.
It should be added that every initial design based on the preliminary judgment of the
designer and/or using approximate charts or formulae which meet the requirements of
the design standard can be used as the initial design, and as the starting point for the
optimisation process. Based on the above mentioned primary design, the primary cost
of the structure based on Eq. (8-1) equalled 26751 units.
For this example Ns = 27 control sections were selected for the entire floor, that is, 3
sections for each span. Using Eqs. (8-11) to (8-20) the values of K1 to K10, and using
Eq. (8-22), the values of c1, c2, c3 and c4 were obtained for all sections. By having the
necessary coefficients, the optimisation problem can be formulated based on Eq. (825).
The ACO algorithm attempted to find the optimum spans based on the objective
function and by observing other relevant constraints. In this case no architectural
preferences were considered for the span lengths. In the construction graph phase, the
span lengths are the problem domain and so they were discretised, while for each span
a number of possible lengths were considered. For this purpose the maximum and the
minimum possible span lengths were set as 8.0 and 3.0 metres respectively, and the
problem accuracy (ε) was defined as 0.1 metres to produce the construction graph (see
Fig. 8-6). Ants were then located on the starting and ending nodes to make their trails
in parallel, and then, based on the random proportional rule given by Eq. (8-26) and
the pheromone update given by Eqs. (8-27) to (8-29), the ants found the optimum
length spans. In each iteration the beam needs to be re-analysed according to the new
span lengths to determine the new parameters and the best iteration so far. In the
proposed ACO algorithm for this instance, 10 parallel runs were made to achieve the
optimum solution. The solution continued until the termination criterion was reached.
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The termination criterion for this problem was defined as the number of iterations
when the improvement in the quality of the solution was less than 0.02% after ten
consecutive iterations.
After 100 iterations as a termination criterion, and at CPU time of 26.76 seconds, the
optimum lengths of Lx1 = 4300 mm, Lx2 = 5400 mm, Lx3 = 5600 mm, Lx4 = 5400 mm
and Lx5 = 4300 mm in the x direction, and Ly1 = 4400 mm, Ly2 = 5600 mm, Ly3 = 5600
mm and Ly4 = 4400 mm in the y direction were obtained. Having determined the
optimum lengths the sections were designed based on AS3600 (2009) resulting in a
total cost of 24823 units (7.2% cost saving).

Example 3: A multi-span beam-slab floor system with the plan shown in Fig. 8-6 was
considered. It had characteristics of Lx = 24 m, Ly = 28.8 m, Nx = 5 and Ny = 6. The live
load, the total dead load, the average unit price for concrete, steel and framework and
other parameters are the same as Example 2. The permissible span lengths were
defined within the bounds of Lmax = 8 m and Lmin = 3.5 m. Goodchild (1993) suggested
a cost of 35139 units for Lx1 = Lx2 = Lx3 = Lx4 = 4.8 m and Ly1 = Ly2 = Ly3 = Ly4 = Ly5 =
4.8 m, on BS8110 (1997). For this example Ns = 33 control sections were selected for
the entire floor, which is 3 sections for each span.
By considering the above design as a primary design for the proposed ACO algorithm,
the ACO algorithm attempted to find the optimum spans based on the objective
function and by observing other relevant constraints. The constraints and architectural
preferences were set the same as Example 2. After 80 iterations, which was defined as
a termination criterion, and at CPU time of 35.22 seconds, the optimum lengths of Lx1
= 4400 mm, Lx2 = 5400 mm, Lx3 = 4400 mm, Lx4 = 5400 mm and Lx5 = 4400 mm in the
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x direction, and Ly1 = 4800 mm, Ly2 = 5300 mm, Ly3 = 4300 mm, Ly4 = 4300 mm, Ly5 =
5300 mm and Ly6 = 4800 mm in the y direction were obtained. Having determined the
optimum lengths the sections were designed based on AS3600 (2009), and resulted in
a total cost of 32301 units (8.1% cost saving).
Such an achievement in cost saving was obtained by optimising the preliminary layout
design based on the cost elements involved, which prevented

the final cost

optimisation procedure from reaching a sub-optimal solution. Using other cost
optimisation methods without considering the effect of the cost elements on the
preliminary layout design, or using other layout optimisation methods without
considering the cost elements, would result in a sub-optimal solution. In the
methodology proposed, the preliminary layout design was optimised such that the
cost optimisation procedure began from an optimal point and was more likely to get to
a global optimisation than other methods.
Typical convergence history diagrams of the algorithm for the above examples are
shown in Fig. 8-7
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Figure 8-6. Convergence history for the ACO algorithm.

8.6 Summary
The objective of this chapter was to propose a new cost optimisation model for the
column layout design of RC buildings with a beam-slab floor system. Using the cross
sectional action effects in critical sections as design variables in lieu of cross sectional
design parameters was the distinct advantage of the present method. The cost function
presented in this chapter simplified optimising the cost and layout, and can easily be
used to optimise the topology of RC structures. The proposed cost function can act
more efficiently in an iterative optimisation procedure than its traditional counterpart
because it takes advantage of structural analysis variables instead of design variables.
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The proposed algorithm for solving the optimisation problem is an MMAS algorithm
which can easily be used to optimise the span lengths, and is quite capable of working
with different cost functions. The examples presented show that the proposed
algorithm using the new cost optimisation function provided satisfactory results.
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9 Optimum Layout Design of Rectilinear RC Buildings

9.1

Introduction

In practice, a large number of feasible options are examined during the conceptual
design process; for example, it has been estimated that for a typical commercial
building of 20 stories, if only the architectural and structural aspects are considered
there are approximately 170 million possible design options (Khajehpour and Grierson
2003), but if other aspects of the design are also considered the number of options
would quickly rise to over a billion (Shaw et al. 2008). Therefore, a major barrier to an
automated conceptual optimisation of structures is the large size resulting from the
vast number of design variables and constraints. When it comes to choosing an
appropriate design among a huge number of possible options and dimensions, the
result will be a large combinatorial optimisation problem. Optimisation, on the other
hand can be applied to clearly defined mathematical problems and smooth search
spaces. A typical conceptual design space mainly lacks such features, at least for some
of the objectives because some objectives and constraints are often changed during the
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design process, which makes an automated preliminary layout optimisation even more
complicated.
In the many optimum design cases, we looked for a set of design variables that were
selected from a given list, and which assure optimum of objective functions together
with a satisfaction of constraints. That is, an optimum design consists of selecting the
best combination of a finite number of structural elements and available parameters.
Such a combinatorial nature, from the mathematical point of view, gives the optimum
design procedure a discrete nature. Progress in modern metaheuristics, along with
rapidly advancing computer technology, enables designers to deal with the problems
of large sizes. Consequently, design systems to help designers with conceptual design
have, over the last decade, been developed using heuristic methods (Soibelman and
Peña-Mora 2000; Sahab et al. 2005a; 2005b; Shaw et al. 2008; Nimtawat and
Nanakorn 2009; 2010).
In this chapter an automated technique is presented for the preliminary layout
optimisation of framed buildings with rectilinear patterns. The method supports all the
buildings of rectilinear (also known as orthogonal or iso-oriented) plans where the
number and size of the spans, plus the shape of the plan can be variables. It means that
this method as a general comprehensive methodology covers all the cases mentioned
in previous chapters. To that end, we took advantage of the knapsack problem as a
basic applied combinatorial optimisation problem.
The objective was to find layouts of maximum profit for frames with a rectilinear
pattern that also satisfy the imposed geometric constraints. The method was presented
in a general form and was not confined to optimisation under a certain type of action
effect and/or geometrical constraints. This gives the methodology the ability of being
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formulated for various objective functions and constraints, and different structural
systems.
In previous chapters a methodology was proposed to deal with the cost optimisation
problem of preliminary layout design of reinforced concrete frame buildings. We
considered the costs of concrete, longitudinal steel, shear steel and formwork, along
with the other geometric requirements. In the method, the objective function was a
function of the cross sectional action effects, as design variables. Such an objective
function simplifies the optimisation process when the topology optimisation problem
considers the cost elements involved. Some restrictive assumptions were made in the
proposed approach, such as: the building has a rectangular floor plan and the number
of spans in both directions were parallel to the axes of fixed Cartesian coordinates.
In order to solve the optimisation problems arising from the new methodology, the
problems were modelled on the shortest path problems to build a construction graph
that was used for the corresponding ACO algorithms. In fact, so far the shortest path
problem have been used to deal with the optimisation problems arising from the
preliminary layout design of various RC structures, and which have been discussed in
previous chapters. Combinatorial optimisation, arising in various applications in
engineering and management, is one of the most active fields in the interface of
computer science, applied mathematics and engineering. A main motivation for using
combinatorial optimisation methods in engineering and management is that thousands
of real life problems can be formulated as combinatorial optimisation problems.
Furthermore, many of the strongest and most frequently used algorithms in
combinatorial optimisation are historically based on the connection between geometry
and optimisation. This gives such methods the ability of being used to solve
geometrical and topology related optimisation problems due to its ease of formulation
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(Rosen and Michaels 2000; Lawler 2001; Korte and Vygen 2012).

The unified

method presented in this chapter, takes advantages of an applied combinatorial
optimisation problem, namely the knapsack problem.
This chapter presents a combinatorial optimisation approach for the preliminary layout
optimisation of framed reinforced concrete buildings of rectilinear patterns. The new
method, as a general form, supports buildings of orthogonal shapes, including the
rectangular plans. Moreover, the number and size of spans in both directions that are
parallel to the axes of Cartesian coordinates can be variables. The aim of the present
chapter is to propose a unified automated technique for preliminary layout design, by
making use of some basic combinatorial optimisation problems. The objective of this
method is to find layouts of maximum profit for frames of rectilinear shapes that also
satisfy the imposed dimensional, strength, and serviceability constraints. The term
profit, depending on the problem's objective function, can be interpreted as the
minimum cost, minimum lateral displacement, maximum energy saving or any other
objective. The method is presented in a general form and is not confined to
optimisation under a certain type of action effect and/or geometrical constraints.

9.2 Statement of the problem
As mentioned in Chapter 3, there are several problems from the family of knapsack
problems that are considered in this chapter. In all variants of the problem it is
assumed there are some items with a given profit and weight, which are packed in one
or more knapsack of a limited capacity.
In order to describe the column layouts of buildings with an orthogonal floor plan, it is
practical to divide the floor plan into rectangular areas that are represented by four
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columns on each corner, as shown in Fig. 3-4. Consequently, a column layout can be
described as an arrangement of rectangular areas that completely fill the entire floor
area. In other words, a rectilinear column layout can be created by sub-dividing the
entire floor area into several rectangular areas with no non-rectangular gaps. Assume
that it is desired to design a building with a rectilinear floor plan of required area A, by
filling the floor with rectangular sub-areas. Different arrangements of any set of
rectangular sub-areas that provide the total area of A, and also satisfy the geometric
constraints, are feasible solutions. Each feasible solution represents both a column
layout design and a rectilinear pattern for the floor plan. Therefore, selecting the
optimum set of rectangles and optimum arrangement of them among the sets of
feasible solutions results in an optimum layout design. The objective is a pattern for a
floor plan that includes the columns layout design, and which provides the maximum
profit for the preliminary design phase.
The problem can be stated as follows: As shown in Fig. 3-3, consider a multi-story
framed building that corresponds

to the rectilinear floor plan of Fig. 3.2. Any

variation in the building's column layout will lead to a variation in members' cross
sectional design, and consequently a variation in cost (or any other profit that has been
defined as the objective). The question is: what is the optimum rectilinear column
layout pattern which results in the maximum profit? As mentioned before, the profit
can be defined as minimum cost and/or minimum displacements (when designing
buildings for severe lateral loading conditions such as wind or earthquake) or
maximum energy efficiency (when the shape of the building affects the sunny and
shady sides) or any other objective(s) or combination of them.
Using the method explained in Chapter 3, the problem of optimising the layout of
framed building turns to an unbounded multi-constraint multiple knapsack problem.
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The procedure for modelling the layout optimisation problem on the knapsack
problem can be summarised as follows:
The boundaries of the layout plan are defined by an enclosing rectangle with the
lengths and width of Ly and Lx respectively (Ly ≥ Lx).
Having the maximum and minimum allowable span lengths, the maximum possible
number of spans for each direction is determined. To define a desirable accuracy, a set
of rectangles is formed by discretising the domain for each span. This set contains the
rectangles of all the allowable dimensions that represent the set of items. The sets can
be independently formed for each span due to different limitations on the lengths.
The number of knapsacks m is set to the maximum number of spans in the longest
edge of the enclosing rectangle.
As a bi-constraint problem, two constraints are set for the knapsack‘s capacity. The
first one is the constraint on the weight (length), which is set to the width of the
enclosing rectangle. The second one is the constraint on the number of items, which is
set to the maximum number of spans in the shortest edge of the enclosing rectangle.
The profit can be defined as the inverse of cost and/or the inverse of the lateral
displacement, or any other objectives depending on the problem.
By defining the objective and having a set of items, and a set of knapsacks and their
capacity, optimising the layout of rectilinear frames can be formulated by Eqs. (3-6) to
(3-8).
There are some limitations when selecting a rectangle from the set. In order to have all
the columns on level i in a row and not have any columns off centre, when the first
rectangle (item) is chosen for knapsack i, all the following rectangles must have the
same width. In other words, selecting the first rectangle for each span is equivalent to
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specifying a length to the span, and all the following rectangles are selected from a
subset of rectangles that are identical in width. Such constraint makes the problem
similar to a multiple-choice knapsack problem. That is, rectangles can be sub-divided
into some classes such that rectangles with an identical length are put in the same
class. Then, exactly one rectangle must be selected from each class for a particular
knapsack.
When defining the knapsacks for each row in the y direction, it should be noted that
each item in each knapsack is corresponding to a rectangle in the plan. In other words
the Item i in Knapsack j corresponds to the Rectangle ij, which is surrounded by
Level i and i+1 in the x direction, and Level j and j+1 in the y direction. Therefore, if a
rectangle with an area rij is selected for the vacant as Item ij (Item i in the Knapsack j),
it consumes one of the total vacant capacities of the knapsack j and a weight of rij from
the total weight capacity aij. If no rectangle is selected for Item ij it means that the subarea is void, in which case the void area consumes one of the total vacant capacities of
the Knapsack j and a weight of zero from the total weight capacity.
As explained in Chapter 3, in order to reach practical outcomes such as preventing the
plan from being split into two or more unconnected parts, or in case of preferences,
for some particular shapes, additional constraints can be imposed on the capacity of
each knapsack or the location of voids. In the following some common special cases
are considered.

9.3 Optimisation Problem Formulation
There is not a single layout design solution that has a general optimal performance
with respect to all requirements because the objective criteria are often conflicting, and
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designers must evaluate different competing criteria to achieve a good compromise
design. That is, the selection of a suitable layout design involves making informed
subjective compromises between conflicting objective criteria.
The objective(s) of the knapsack problem that resulted from the layout optimisation
problem, can be considered as a combination of some architectural, structural, and
environmental objectives such as minimising the disconnected areas, minimising
costs, and lateral movement (for regions at the risk of strong winds or earthquakea),
optimising the sunny or shady areas and surfaces (for environmentally friendly
designs), or any other objectives. Therefore, it is sometimes necessary to deal with a
multi-objective form of the knapsack problem.
A multi-objective optimisation problem f = (f1,f2,…,fQ) is a problem of finding a vector
of decision variables that satisfies the constraints and optimises the vector function f
whose elements f1 to fQ represent the Q number of objective functions, and which
usually conflict with each other. For example, in the knapsack problem, as a result of
layout optimisation, the profit f can be defined as a vector of inverse of cost and
inverse of lateral movement. For the layout optimisation problem the capacity of
knapsack(s) is not related to the number of objectives. Therefore, Eqs. (3-6), (3-7), (38), (3-10) and (3-12) remain unchanged for multi-objective optimisation problems.
The objective functions for multi-objective multiple knapsack problems can be
formulated as follows:

𝑚

𝑛

𝑚𝑎𝑥 𝑓 = (
𝑗 =1 𝑖=1

𝑚

𝑛
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(9-1)

𝑞

where 𝑏𝑖𝑗 is the profit of Item i when selected for Knapsack j with respect to the
Objective q.
Now, the problem of optimising the layout of buildings with a rectilinear pattern is a
multi-objective multiple knapsack problem. There are some meta-heuristics such as
evolutionary algorithms for multiple knapsack problems (Kellerer et al. 2004; Soylu
and Köksalan 2009). In a companion paper (Sharafi et al. 2013b), an ant colony
algorithm was used to solve the multi-objective multiple knapsack problem for
optimising the layout of buildings with rectilinear floors, while their application for
reinforced concrete structures was discussed previously.

9.3.1

Formulation for Cost

Consider a multi-storey framed building with a rectilinear floor plan as shown in Fig.
14-1. The RC building is formed of a set of beams, columns, and slabs, and all the
stories have the same floor plan. Any variation in the plan layout will lead to a
variation in the cross sectional design of the members and a consequent variation in
cost and regularity, which is defined as the profit. The question is: what is the
optimum rectilinear layout pattern which results in the maximum profit?
If cc, csl, csv and cf are the unit costs of concrete, longitudinal steel, shear steel and
formwork respectively, and the capacity or the ultimate strength of each section in
− (𝑏)

negative and positive flexure and shear for section i are 𝑀𝑢 𝑖
respectively, the variation of cost for ith beams section 𝛥𝐶
(9-2) (Sharafi et al. 2012c).
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where fyl is the yield strength of the longitudinal reinforcement, fyv is the yield strength
of the shear reinforcement, f'c is the characteristic compressive cylinder strength of
concrete at 28 days, 𝑑𝑐 (𝑏) is the distance from the extreme compression fibre of the
concrete to the compressive force. The coefficients 𝛾 and 𝑘𝑢 are calculated based on
the characteristic strength of the concrete and reinforcing steel, β is a coefficient based
on the Australian standard for concrete structures (AS3600 2009), and s is the centreto-centre spacing of shear reinforcement.
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Figure 9-1. A multi-storey building with a rectilinear frame

(𝑐)

(𝑐)

(𝑐)

For the columns, if 𝑁𝑢 𝑖 , 𝑀𝑢 𝑖 and 𝑉𝑢 𝑖 are the axial load-carrying capacity, bending
moment capacity, and the shear capacity of the ith column section respectively, the
variation of cost for the columns section 𝛥𝐶

𝑐

can be presented by Eq. (9-3) (Sharafi

et al. 2012c).
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236

1
1
𝑐𝑐 𝐾12 + 𝑐𝑠𝑙 𝐾9 + 𝑐𝑓 𝐾
15
3
2
3
1
1
2
𝑐5 = 𝑐𝑐 𝐾13 + 𝑐𝑠𝑙 𝐾10 + 𝑐𝑓 𝐾
16
3
2
3
1
2
𝑐6 = 𝑐𝑐 𝐾14 + 𝑐𝑠𝑣 𝐾11 + 𝑐𝑓 𝐾
17
3
3
−−−−−−−−−−−−−−
𝑐4 =

1

−1

𝑛

𝐾9 = (𝐸𝑠

𝜀𝑖 )
𝑖
𝑛

𝐾10 = (𝐸𝑠

−1

𝜀𝑖 𝑒𝑖 )
𝑖

𝐾11 = (𝑓𝑦𝑣 𝑑(𝑐) )

−1

(9-3)
−1

𝐾12 = (0.85𝛾𝑘𝑢 𝑓′ 𝑐 )

−1

𝐾13 = (0.85𝛾𝑘𝑢 𝑓′ 𝑐 𝑒𝑐 )
𝐾14

𝑓𝑦𝑣 𝐴 𝑐
0.5
𝑠𝑣
=(
+ 𝛽(𝑓′𝑐 ) )
2𝑠
′

𝐾15 = (0.85𝛾𝑘𝑢 𝑓 𝑐
′

𝐾16 = (0.85𝛾𝑘𝑢 𝑓 𝑐
𝐾17

−1

𝑐



2


−1

)
−1

𝑐

2

𝑓𝑦𝑣 𝐴 𝑐
1
𝑠𝑣
=(
+ 𝛽
4𝑠
2

𝑒𝑐 )
−1
0.5
𝑐
(𝑓′𝑐 ) )

(𝑐)

where Es is the the modulus of elasticity of reinforcement, 𝐴𝑠𝑙 𝑖 and 𝑒𝑖 are respectively
the cross sectional area of reinforcement and the distance from the extreme
compression fibre for each bar, n is the number of bars in a column, 𝜀𝑖 is the strain in
reinforcement. The parameters e and 𝑒𝑐 are the eccentricity of the axial force from the
centroidal axis and the distance from the extreme compression fibre for compressive
force in the concrete of the cross section, respectively.
Also the formulation for Slabs was done in the same way. If 𝑀𝑢𝑠𝑖 is the bending
moment capacity of the slab at an arbitrary Section i, the variation of cost for the slab
section 𝛥𝐶

𝑠

can be presented by Eq. (9-4) (Sharafi et al. 2013a).
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If the total number of control sections for beams, columns, and slabs are NBS, NCS
and NSS respectively, the total cost for each beam, column, or slab will be the sum of
costs for all the critical cross sections as follows
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Now, in order to analyse the layouts of buildings with rectilinear floor plan, we can
divide the floor plan by rectangular areas that are represented by columns on each
corner, surrounding beams and one slab (if the rectangular area is void, no slab is
considered), as shown in Fig.9-1. Therefore, the layout can be described as an
arrangement of rectangular areas that completely fill the entire floor area. Each
rectangle can be represented by a set of columns, beams and slabs. Consequently, the
cost of each rectangle is the sum of costs for its own components. For example if two
rectangles are adjacent, they share half the cost of beams and columns they have in
common; or when a column is common between four rectangles, they share a quarter
of its cost and so on.
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9.3.2

Formulation for Plan Regularity

In rather tall buildings with large weight-to-base size ratios, the horizontal movement
of the floors under lateral loads is considerable. Buildings with simple geometry in
plan perform well during strong lateral loads. In an elastic analysis of structures, an
important criterion for building regularity in plan is the approximate symmetry of
lateral stiffness and mass with respect to two orthogonal horizontal axes. The lack of
regularity in the plan is often measured in terms of the static eccentricity between the
centre of mass (CM) of a floor and the centre of rigidity (CR) of a story. For a single
storey, where the centre of lateral rigidity is independent of the loading pattern, it may
be established in approximation from the moments of inertia of the cross sections of
the vertical elements, neglecting the effect of beams, as:

𝑋𝐶𝑅 =

𝑋𝐸 𝐼𝑦
𝐸 𝐼𝑦

𝑌𝐶𝑅 =

𝑌𝐸 𝐼𝑥
𝐸 𝐼𝑥

(9-6)

where X and Y are the coordinates of the element, and EIx and EIy denote the section
rigidities for bending within a vertical plane parallel to horizontal directions x or y,
respectively. Equation (9-6) may also be used to determine the centre of lateral rigidity
in multi-storey buildings provided that the structural system consists of a uniform
distribution of lateral loads on the height, and all the stories share similar patterns
(Fardis 2009). Therefore, in a rectilinear floor plan every single rectangle's share in
determining the centre of rigidity in the x and y direction is proportional to the sum of
XEIy's and YEIx's for the columns that form the rectangle. The share of each column in
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the rectangle's centre of rigidity is the same as was mentioned for their share in the
cost.
For a single story of the building shown in Fig. 9-1, the centre of mass can be obtained
by Eq. (9-7).

𝑋𝐶𝑀 =

𝑋𝑀
𝑀

𝑌𝐶𝑀 =

𝑌𝑀
𝑀

(9-7)

where M is the mass for each element. In a rectilinear floor plan every single
rectangle's share in determining the centre of mass is proportional to the sum of XM's
and YM's for the beams, columns, and slabs that form the rectangle. The share of each
beam, column or slab in each rectangle's centre of mass is the same as that mentioned
for their share in the cost.
In order to achieve a maximum regularity, the eccentricity between the centre of mass
and the center of rigidity must be minimised. That is, the objective can be define as

min 𝑓 =

( 𝑋𝐶𝑀 − 𝑋𝐶𝑅 )2 + ( 𝑌𝐶𝑀 − 𝑌𝐶𝑅 )2

Although it does not represent the exact share of each rectangle in the total cost with
respect to the regularity, it provides a good approximate measure of indicating how
effective a rectangle is in the irregularity of the floor plan.

9.3.3

Combinatorial Optimisation Formulation

In this chapter the aim was it to propose a preliminary design for building of
rectilinear floor plan of required area A, by filling the floor with rectangular sub-areas.
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(9-8)

The objective was a pattern for a floor plan that included the columns layout design
which provided the minimum cost and maximum plan regularity, defined as the
maximum profit for the preliminary design phase.
Consider a fixed enclosing rectangle that represents the boundaries of the floor plan as
shown in Fig. 9-1. The length and width of the rectangle Lx and Ly, are the maximum
allowable dimensions of the plan in the x and y directions, respectively (assume 𝐿𝑦 ≥
𝐿𝑥 ). The objective is to find a rectilinear floor pattern of total required area A, and the
corresponding column layout with maximum profit, inside the enclosing rectangle. For
the plan, as shown in Fig. 9-1, the rectilinear area formed inside the enclosing
rectangle is formed of M spans of lengths lxi (𝑖 ∈{1,2,…,M}) in the x direction and N
spans of lengths lyj (𝑗 ∈{1,2,…,N}) in the y directions (M and N are unknowns).
If each span is bonded between a maximum and a minimum length, 𝑙𝑖𝑚𝑖𝑛 ≤ 𝑙𝑖 ≤ 𝑙𝑖𝑚𝑎𝑥
and considering the accuracy ε, each span length rests in the set of {𝑙𝑖𝑚𝑖𝑛 , 𝑙𝑖𝑚𝑖𝑛 + ε,
𝑙𝑖𝑚𝑖𝑛 + 2ε ,…, 𝑙𝑖𝑚𝑎𝑥 - ε , 𝑙𝑖𝑚𝑎𝑥 }, which is a set of (𝑙𝑖𝑚𝑎𝑥 - 𝑙𝑖𝑚𝑖𝑛 )/ ε members. Also, the
maximum and minimum possible number of spans are 𝑁𝑆𝑚𝑎𝑥 = 𝐿/𝑙𝑚𝑖𝑛 and𝑁𝑆𝑚𝑖𝑛 =
𝐿/𝑙𝑚𝑎𝑥 in each direction. Now, with respect to the knapsack problem, given 𝑚 =
𝑁𝑆𝑦𝑚𝑎𝑥 knapsacks on the y axis with limited capacity (length) of Lx and maximum
𝑁𝑆𝑥 𝑚𝑎𝑥 items each, the problem of optimising the layout of frames changes to
selecting m disjointed sub-set of rectangles so that the total profit is maximum.
Considering that the dimensions xij and yij, correspond to Cost Cij and the area rij =
xij*yij for the Rectangle ij (the rectangle which is defined by the Span i in the x
direction and span j in the y direction), the problem of a preliminary layout
optimisation of the rectilinear RC frames can be formulated as a knapsack problem as
follows:
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m

n

𝑚𝑎𝑥 𝑓 =
j=1 i=1
n
i=1 𝑙𝑥 𝑖 𝑧𝑖𝑗

≤ 𝐿𝑥
𝑚

𝑧𝑖𝑗
𝐶𝑖𝑗

𝑗 ∈ {1,2, … , 𝑚}

(9-9)

(9-10)

n

𝑟𝑖𝑗 𝑧𝑖𝑗 ≤ A

(9-11)

𝑗 =1 i=1

𝑧𝑖𝑗 =

1
0

∀ 𝑖, 𝑗:

𝑖𝑓 𝑟𝑒𝑐𝑡𝑎𝑛𝑔𝑙𝑒 𝑖 𝑖𝑠 𝑐𝑜𝑠𝑒𝑛 𝑓𝑜𝑟 𝑠𝑝𝑎𝑛 𝑗
𝑖𝑓 𝑟𝑒𝑐𝑡𝑎𝑛𝑔𝑙𝑒 𝑖 𝑖𝑠 𝑛𝑜𝑡 𝑐𝑜𝑠𝑒𝑛 𝑓𝑜𝑟 𝑠𝑝𝑎𝑛 𝑗
𝑦𝑖𝑗 = 𝑦(𝑖+1)𝑗

&

𝑥𝑖𝑗 = 𝑥𝑖(𝑗 +1)

(9-12)

(9-13)

Equation (9-9) is the objective function which aims to maximise the profit of the
layout design, and Equation (9-10), as a constraint, guarantees that the lengths do not
exceed the maximum permitted length in the x direction. As another constraint on the
total areas, Eq. (9-11) must be imposed onto the problem. Equation (9-12) is the basis
of the integer programming for the combinatorial problem, while Equation (9-13)
guaranties not to have off-centre columns, and all the columns in a level are in a row.
In case of other priorities, additional constraints can be added to the above mentioned
constraints. For example, if it is desired to have symmetry in the plan layout or in case
of a preference for any particular shape for the plan layout, or to avoid eccentricity
between the centre of mass and the centre of rigidity (to avoid torsion and comply with
the some design standards), or any other priorities over the design, there could be
constraints on the dimensions of the rectangles, the size of knapsacks, or the order of
knapsacks, in order to satisfy the constraints. In case of single or double symmetric
plans, half or a quarter of the plan can respectively be modelled by the knapsack
problem. Another optional constraint that can be imposed onto the problem is for not
letting the building be split into two or more separate parts. For this purpose, no
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knapsack is allowed to be adjacent to an empty knapsack, except for the two ends (the
first and last ones).

9.4 Multi-Objective Problem
Generally there is no single layout design solution that has an optimal performance
with respect to all requirements because the objective criteria are often conflicting, and
designers must evaluate different competing criteria to achieve a good compromise
design. That is, the selection of a suitable layout design involves making informed
subjective compromises between conflicting objective criteria.
The objective(s) of the knapsack problem, resulted from the layout optimisation
problem, can be considered as a combination of some architectural, structural, and
environmental objectives such as minimising the disconnected areas, minimising costs
and lateral movement (for regions at the risk of strong wind or earthquake), while
optimising the sunny or shady areas and surfaces (for environmentally friendly
designs), or any other objectives. Therefore, it is sometimes necessary to deal with a
multi-objective form of the knapsack problem.
A multi-objective optimisation problem f = (f1,f2,…,fQ) is a problem of finding a vector
of decision variables that satisfies the constraints and optimises the vector function f
whose elements f1 through fQ represent the Q number of objective functions, which are
usually in conflict with each other. For example, in the knapsack problem resulting
from optimising the layout, the profit f can be defined as a vector of the inverse of cost
and the inverse of lateral movement. For a layout optimisation problem, the capacity
of knapsack(s) is not related to the number of objectives. Therefore, the objective

243

functions for multi-objective multiple knapsack problems can be formulated as
follows:

𝑚

𝑛

𝑚

𝑛

𝑏𝑖𝑗1 𝑦𝑖𝑗 ,

𝑚𝑎𝑥 𝑓 = (
𝑗 =1 𝑖=1

𝑚

𝑛

𝑏𝑖𝑗𝑄 𝑦𝑖𝑗 )

𝑏𝑖𝑗2 𝑦𝑖𝑗 , … ,
𝑗 =1 𝑖=1

(9-14)

𝑗 =1 𝑖=1

𝑞

in which 𝑏𝑖𝑗 is the profit of Item i when selected for Knapsack j with respect to the
Objective q.
Now, the problem of optimising the layout of buildings with a rectilinear pattern is a
multi-objective multiple knapsack problem. There are some meta-heuristics such as
evolutionary algorithms for multiple knapsack problems (Kellerer et al. 2004; Soylu
and Köksalan 2009). In the companion paper (Sharafi et al. 2013b), an ant colony
algorithm was used to solve the multi-objective multiple knapsack problem for
optimising the layout of buildings with rectilinear floors and their application for
reinforced concrete structures was discussed previously.
A multi-objective optimisation problem is the problem of finding a vector of decision
variables which satisfies the constraints and optimises the vector function whose
elements represent some objective functions, which are usually in conflict with each
other.
In the phase of preliminary design, objectives such as costs, the rigidity of buildings
under lateral loads, plan regularity, and many others, might be considered along with
the architectural requirements. Depending on the instance, one or a number of these
objectives might be taken into consideration. As mentioned above, in this chapter two
objectives were considered to formulate the multi-objective optimisation problem: cost
and plan regularity. It should be noted that for specific instances where the minimum
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required regularity, such as the maximum allowable eccentricity between the centre of
mass and rigidity, is already predetermined, plan regularity is considered to be a state
variable and the maximum allowable eccentricity is considered to be a behavioural
constraint. In these cases the problem is reduced to a single objective problem.
In case of a multi-objective problem, for the optimisation problem formulated by Eqs.
(9-9) to (9-13), all the constraints remain valid because they are are independent of
the objectives and are imposed on the design (or state) variables. Therefore, in a multiobjective case the only changes imposed are on the objective function, and therefore
for the bi-objective problem of a preliminary layout design consisting of cost and plan
regularity, the objective function can be presented as follows:

𝑚

𝑚𝑎𝑥 𝑓 = (

𝑛

𝑚

𝑧𝑖𝑗

(1)
𝑗 =1 𝑖=1 𝐶𝑟𝑒𝑐𝑡

𝑛

,

𝑧𝑖𝑗
(2)

𝑗 =1 𝑖=1

𝐶𝑟𝑒𝑐𝑡

)

(9-15)

9.5 ACO Algorithm
As stated in detail in Section 3, a general ACO algorithm consists of three stages. In
the first stage, the evaluation functions, pheromone trails and data are initialised. In the
second stage, ants begin to construct the solution using the random proportional rule.
The third stage is to evaluate the solutions and update the pheromone trails according
to their fitness values to help the succeeding ants select a better path. The second and
third stages cycle until all the ants have finished constructing their solutions and the
termination criterion has been met. A multi-colony ACO algorithm was used for
multi-objective optimisation problems. There was an independent family of ants for
each objective function, and the ants within each family searched for optimal solutions
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to their assigned objective function. This search was carried out using a cooperation
mechanism where any information updated by an ant becomes available for all the
other ants within the same family. Solutions proposed by a family were also
transmitted to ants belonging to the other families, and the recipient ants then modified
them to suit their respective objective functions. When all the families had participated
in constructing a solution, the non-dominated solutions received pheromone for the
next iteration. This enabled finding several members of the Pareto optimal set to run in
a single instead of a series of runs, which is the case for some of the conventional
stochastic processes. The computational results suggested that the multi-colony
approach lead to an improved performance compared to a single colony with single
heuristic information.
For a bi-objective problem, pheromone information was defined for each objective
and weights were used to aggregate them into a single value for each family. Each
Edge j in a solution Sq, q∈{1,2}, for the objective function fq had its own pheromone
matrix 𝜏𝑆𝑗 𝑞 and heuristic information matrix 𝜂𝑆𝑗 𝑞 that described the desirability of
choosing Edge j. Given the construction graph, pheromone, and heuristic information
matrices, the probability with which Ant k chose Edge j to its partial solutions is
stated by Eq. (3-20) where 𝑁𝑖𝑘 is the feasible neighborhood of Ant k, given the current
state vector S ={S1, S2}; 𝛼 and β are two parameters determining the relative influence
of the pheromone trail and the heuristic information, and 𝜆 is the value that weighs the
relative importance of the second objective function ( therefore 1−𝜆 is the importance
of the first objective). Thus, the second objective was not considered when 𝜆 = 0 and
it was the only one considered when 𝜆𝑞 = 1 .
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In the multiple ACO algorithms the set of weight vectors that each colony applied in
order to aggregate its multiple pheromone information represents a region in the
objective space on which the colony focussed the search. In multi-objective problems,
as in single objective ones, the iteration-best or best-so-far strategy can be used to
update the pheromone by taking the best solutions from a candidate set, including all
solutions found in the current iteration, or since the start of the algorithm. In this case
the straight forward criterion was the Pareto optimality and thus the best solutions of
the candidate set weree those that were non-dominated, or in other words, those
solutions that belong to the Pareto set. As each objective defines the solution
components in a different way, the selected solutions update each pheromone matrix
differently because each solution component has its own meaning for every
pheromone matrix. In this strategy, only the best solutions with respect to each
objective were selected to update the pheromone information. Then, each pheromone
matrix, associated with each objective, was updated by the solution with the best
objective value for the corresponding objective. Therefore, the minimum number of
ants allowed to update the pheromone information in a colony is equal to the number
of objectives. Since an ant cannot update the pheromone information of more than one
colony, each pheromone matrix focuses on one objective, thus the aggregation of all of
them by means of a weight vector regulates the relative importance of each objective.
In the pheromone updating stage of the bi-objective ACO, some special care must be
taken to guarantee an acceptable convergence. When depositing pheromone the only
restriction is that the total solution cost cannot be used for this purpose because the
values of different objective functions are not comparable, and the amount of
pheromone deposited must be independent for each family, otherwise some objectives
are implicitly considered more important than others. With regards to the procedure
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for evaporating pheromone, any method can be used although efficient techniques are
preferred
The general form of the geometric layout optimisation problem for RC rectilinear
buildings that were represented by a bi-objective knapsack problem can be dealt with
using ACO algorithms. The bi-objective ACO algorithm proposed for this problem is
a Max-Min Ant System (MMAS) algorithm (Stutzle and Hoos 1997), performed in the
following steps:
Stage 1- Initialise Data: In this stage, and before starting the iterative part of the
algorithm, the required data is initialised as follows:
Read instance: The mechanical properties of the materials involved and their relative
costs, building information such as its maximum dimensions, the area required, the
maximum and minimum span lengths, and the accuracy needed, must be defined.
Having the required information the number of knap knapsacks m and the their
capacity can be determined.
Build a construction graph: A construction graph is formed of m sub-graphs, where
each represents a knapsack. The profit of adding items (rectangles) is associated with a
sub-graph rather than edges or nodes. In other words, each sub-graph determines the
profit of a rectangle. Fig. 9-2 shows how this graph is formed. Each rectangle is
represented by a sub-graph which is formed from three layers: first, a set representing
the width (ly), second by a set representing the length (lx), and the third layers that
determines if the selected rectangle of width ly and length lx is a void or a filled
rectangle. The entire construction graph is formed from m sub-graphs where each one
represents a knapsack. In order to satisfy Eq. (9-13) and avoid the off-centre columns,
the Sub-graphs 2 to m, which represent Knapsacks 2 to m, can be simplified. To that
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end, since all the rectangles zij with the same j have identical lengths, it is only
necessary for Knapsacks 2 to m to determine their widths in each iteration. Therefore,
Sub-graphs 2 to m can be reduced to one set of layers one and three, as shown in Fig.
9-3.
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Figure 9-2. The construction Sub-Graph for the First knapsack
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Represent ants: The number of families is equal to the number of objectives, i.e. two
families for the bi-objective problem. The number of ants per family must be set in
accordance with the termination criterion such that the exploration and exploitation
processes are balanced. In this algorithm, the number of ants for each family is set to
be as many as the production of the number of knapsacks and capacities, i.e. the total
number of vacancies.

Figure 9-3. The construction Sub-Graph for the Knapsack 2 through m

Set heuristic information: If there is a preference for some special plan shapes or the
location of voids in the plan, the arrays of the heuristic matrix corresponding to those
edges or constraints receive higher values that give them a higher probability of being
chosen. If there is no preference or constraint, the heuristic matrices for each objective
can be defined as [𝜂𝑖𝑗 𝑞 ] = [1/𝐶𝑖𝑗 ]. Generally speaking, the heuristic information,
should intuitively prefer rectangles which have a high profit and low resource
requirements, i.e. area.
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Set parameters: Parameters such as α, β and 𝜆, which determine the relative influence
of the pheromone trail, the heuristic information, and the relative importance of each
objective function, are determined. The evaporation rate ρ ∈ (0, 1] is defined for all
colonies. In this algorithm, the parameters α, β and ρ are considered constant for all
objectives. For MMAS, useful hints for defining efficient values for α, β and ρ can be
found in (Dorigo 2006).
Initialize pheromone trails: MMAS limits the possible range of pheromone trail
values to the interval [τqmin, τqmax]. Also, the pheromone trails are initialised to the
upper pheromone trail limit, which, together with a small rate of pheromone
evaporation, increases the exploration of tours at the start of the search (Dorigo and
Stützle 2004). As a good estimation, the lower level is set to be τqmin= τqmax /a, where a
is a parameter that can be calculated based on the quality of solutions (Stutzle and
Hoos 1997).
Stage 2- Construct Ants Solutions: The stage of constructing a solution continues
iteratively until the termination criterion has been met. There is no general termination
criterion applicable for all ACO algorithms. Depending on the optimisation problem,
some criteria such as the maximum CPU time, the maximum number of solutions
generated, the percentage deviation from a lower/upper bound from the optimum, and
the maximum number of iterations without an improvement in the quality of the
solution, or a combination of them, can be set as the termination criterion. This stage
of the algorithm is performed as follows:
Empty ant's memory: All the edges and nodes of the graph are marked as unselected.
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Place ants on initial positions: For the bi-objective knapsack problem, two ants are
allocated to each node: one ant belongs to the cost minimisation family and the other
to the plan regularity maximisation family.
Construct solutions: Ants start constructing their solutions independently using Eq. (319). To construct trails for each problem the ants must comply with the corresponding
constraints. In this phase the constraints imposed, such as geometrical constraints on
selecting rectangles to avoid off-centre columns, as given by Eq. (9-13), restrict the
ants' solutions. The solution construction must also consider the knapsack constraints
given by Eq. (9-11). This can only be done during the process of constructing a
solution by allowing ants to add only those components that, when added to their
current partial solution, do not violate any knapsack or the total area required. Each
ant iteratively adds rectangles in a probabilistic way that is biased by pheromone trails
and heuristic information, but as long as the selected rectangles meet the constraints,
each item can be added as many times as required. An ant's solution construction ends
if no item can be added anymore without violating any of the constraints.
Save solutions information: The costs for all solution are explored, and the best-so-far
and iteration-best solution solutions for each family are determined.
Stage 3- Update Pheromone Trails :The bi-objective knapsack problem has a
particularity in that the pheromone trails are only associated with rectangles and refer
to the desirability of adding the rectangle to the current vacant position in a knapsack.
An iterative pheromone update continues until the termination criterion has been met.
This stage is performed in two steps as follows:
Pheromone evaporation: The pheromone evaporation on all edges and for all
objectives is implemented by:
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𝑞

𝑞

𝜏𝑖𝑗 ← (1 − 𝜌)𝜏𝑖𝑗

(9-16)

Pheromone deposit: The pheromone evaporation is followed by the deposit of new
pheromone on all edges and for all objectives as follows:

𝑞

𝑞

𝑞 .𝑏𝑒𝑠𝑡

𝜏𝑖𝑗 ← 𝜏𝑖𝑗 + 𝛥𝜏𝑖𝑗

(9-17)

where 𝜏𝑖𝑗𝑞.𝑏𝑒𝑠𝑡 = 1/ 𝐶 𝑞.𝑏𝑒𝑠𝑡 , and 𝐶 𝑞.𝑏𝑒𝑠𝑡 is the cost of the best-so-far or iteration-best
solution for the objective q. Both best-so-far and iteration-best ants are allowed to
deposit pheromone, but only for their own pheromone matrix and independently from
the other families. The experimental results indicate that for small instances it may be
best to use only iteration-best pheromone updates, while for large ones with several
hundreds of nodes the best performance is obtained by giving an increasingly stronger
emphasis to the best-so-far tour

9.6 Numerical Example
An eight storey East-West oriented reinforced concrete frame of a building located in
Wollongong, as shown in Fig. 9-4, was considered. The aim was to determine an
optimum rectilinear plan layout for the building under wind loading. The total required
area was around 3200 m2 ±2% equivalent to 400 m2 ±2% for each story. The
dimensions of the rectangular building envelope, which is oriented in the principal
directions x and y, were d Lx= 24 m and Ly= 30 m. The permissible spans were defined
within the bounds of lmax=6.0 m and lmax=3.0 m respectively. The building was 24.0 m
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high (each story was 3.0 m high). The live load was 5.0 kN/m2 and the dead load,
excluding the self-weight of concrete, was 2.5 kN/m2.
The average unit price for concrete was assumed to be 55 units/m 3, and 3900 units/m3
for reinforcing steel. The average unit price for the formwork was 20 units/m2. The
other design parameters used in this example were the characteristic tensile strength of
steel reinforcement fy=460 N/mm2, the characteristic strength of concrete f'c=35
N/mm2, and the cover of the steel bars 25 mm.
The effect of wind loading was modelled by two distributed windward and leeward
impulse loads as shown in Fig. 9-4.

Figure 9-4. Numerical Example

By considering the building envelope dimensions and the limitations on the span
lengths, 10 knapsacks of capacity 8 each, were formed to represent the problem
(m=10, n=8). Accuracy of ε=.02 m, results in 16 possible options for rectangles
dimensions, which is equivalent to a set of 256 items (rectangles). Therefore the
problem of optimum rectilinear shape of the building layout turns to a multiple
knapsack problem of selecting eight rectangles from the set of items for each of 10
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knapsacks such that the total area of the rectangles does not exceed 400 m2 ±2% and
the profit is a maximum.
As a primary design for a proposed ACO algorithm, a rectangular layout of 4 identical
spans in each direction was defined. The initial solution and the knapsacks
corresponding to the problem and the primary solution are displayed in Fig 9-5. It
should be added that every initial design based on the preliminary judgment of the
designer and/or using approximate charts or formulae which meet the design standard
requirements, can be used as the initial design and as the starting point of optimisation
process. Based on the above mentioned primary design, the primary cost of the
structure was equal to 976991 units.

Figure 9-5. Numerical Example: Initial plan design and the corresponding Knapsacks

To determine the costs in this example, three control sections were selected for every
member: two ends and one in the middle. Determining benefits related to costs and
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plan regularity from Eqs. (9-1) to (9-7), the optimisation problem can be formulated
based on Eqs. (9-10) to (9-14). The Ant algorithm attempted to find the optimum
spans based on the objective function and by observing other relevant constraints. The
parameters applied to the ACO algorithm are shown in Table 9-1.

Table 9-1. Parameters for ACO Algorithm

Number
of ants

α

Β

𝜆

ρ

τ1min

τ1max

τ2min

τ2max

2 * 80

2

5

0.5

0.005

4.3

9.7

1.2

4.8

After 297 iterations, three optimum rectilinear shapes, as the three best members of the
Pareto optimal set, were selected. The selected shapes and corresponding costs are
displayed in Fig 9-6. The termination criterion for the ACO algorithms was defined as
the number of iterations, when the improvement in the solution quality was less than
0.02% after 10 consecutive iterations.

Figure 9-6. Numerical Example: Schematic results for 𝜆=0.5

As mentioned above, the parameter 𝜆 determines the influence of each objective on the
final result. By considering 𝜆=0.5, it was assumed that both cost and plan
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regularity are of the same importance. If the values of 𝜆 increased the solutions
tended towards symmetrical shapes, as in this case the plan regularity was
assumed to be of higher importance. Figure 9-7 shows some Pareto optimal
shapes that were obtained by assuming 𝜆=0.8. In the same manner, lower values
of 𝜆 leads to the more economic shapes which are not necessarily symmetric.
Figure 9-8 displays some Pareto optimal shapes, obtained by assuming 𝜆=0.2.

Figure 9-7. Numerical Example: Schematic results for 𝜆=0.8

Figure 9-8. Numerical Example: Schematic results for 𝜆=0.2

9.7 Summary
In a comprehensive structural optimisation procedure, the influence of conceptual
design on the objectives must be considered in parallel to the architectural
requirements because any optimisation in the face of detailed design without
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considering the effect of the conceptual design will not lead to a globally optimum
result. Over the last few decades, combinatorial optimisation has experienced a fast
development because a lot of problems in combinatorial optimisation arose directly
from everyday practice in engineering and management. In This chapter, an automated
combinatorial technique was presented for a preliminary layout optimisation of framed
buildings with rectilinear patterns. The method supports all the buildings with
rectilinear shapes where the number and size of spans and the shape of the plan can be
considered as variables. To that end, the knapsack problem as a basic applied
combinatorial optimisation problem was used.
The objective was to find layouts of maximum profit for frames with a rectilinear
pattern that also satisfied the dimensional constraints imposed. The term profit is a
general term that can be referred to any objective such as cost minimisation, optimum
serviceability, energy efficiency, or any other objectives and/or a combination of them
in the phase of preliminary design. To that end, some variations of knapsack problems
were considered and a geometric layout optimisation of rectilinear framed buildings of
different conditions were treated as a suitable knapsack problem. The method was
presented in a general form and was not confined to optimisation under a certain type
of action effect and/or geometrical constraints.
Then, by applying the combinatorics approach, a bi-objective ACO algorithm was
proposed for a preliminary layout optimisation. The method was applied to the
conceptual design of RC buildings to achieve an optimum plan layout of rectilinear
shape for RC frames. The objectives were minimum cost and maximum plan
regularity (minimum eccentricity between the floor centre of mass and the storey
centre of lateral stiffness). The numerical example demonstrates the robustness of the
approach and shows that the methodology, with the help of the proposed ACO
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algorithm, can easily be carried out to simplify the computer-aided preliminary layout
design of RC frames
.
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10 Conclusion

The phase of preliminary layout design, is usually carried out based on the
architectural requirements. While a practical preliminary layout design, must satisfy
the architectural constraints, it must also consider the profit achieved. This thesis
developed a methodology that helps the designer to select the most economic and
profitable layout designs among the possible ones that in parallel satisfy the
architectural constraints.
A challenging issue at the beginning stage of this thesis was, in automated layout
optimisation problems, it is quite difficult to efficiently represent the layout of the
structure so that it could account for all the relevant objectives and costs. Multiple
objectives that were considered for a structure, such as cost and plan regularity, in the
preliminary design phase could make it too difficult to achieve a global optimum, if
the problem was dealt with in the traditional space. The reason is, optimisation can be
applied to clearly defined mathematical problems and smooth search spaces. Yet, the
conceptual design of RC structures usually lacks such features, at least for some of the
objectives because some objectives and constraints are often changed during the
design process. On the other hand, variables arising from multiple objectives such as
the cost variables, in combination with layout variables for a large structure, could
make the optimisation problem quite complicated.

261

Therefore in this thesis, to overcome this issue, a new design space was suggested, in
which there is no need to deal with the structural design variables, such as the crosssectional properties of members. The methodology used in this thesis shifts the
traditional design space to a new one where variables were obtained from structural
analysis rather than the traditional structural design parameters. That is, the variables
of the proposed optimisation method are the structural action effects, which were
rather easily obtained from a structural analytical procedure that obviated the need to
use structural design variables in automated layout design process. It causes in a rather
large structural layout optimisation problem because iterative algorithms only deal
with structural analysis and save a considerable amount of time.
The relationship between the variations of action effects of RC members with the
variations of the cross sectional parameters was explored first, and then it was
determined how these two types of variables affects each other. The proposed
equations (4-25), (6-1), (6-2), (7,18), (8-13) and (8-17) show these relationships. Then,
based on such relationships, new cost functions were derived for different RC
structural systems that are functions of action effects rather than cross sectional
parameters. Multi-span beams, plane frames, 3D frames, flat slab floors and beam-slab
floor systems under static and dynamic loading were studied in this thesis. In order to
formulate the structural optimisation problems, this thesis made use of the
requirements specified in the Australian standard for concrete structures AS3600
(2009), which is based on the limited state design method for concrete structures.
Formulations for RC structures were conducted on the above-mentioned RC structural
systems and loading systems separately. Equations (4-22), (4-23), (4-30), (5-32), (6-3),
(7-21), (8-20) and (9-9) through (9-15) show the plan layout optimization problems in
the new space.
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Another obstacle in the way of optimising the cost of preliminary layout design was
architectural constraints, and having to convince architects to make changes so that the
optimum column layout can be accommodated in the proposed architectural plan. In
fact, in most cases engineers must follow the architectural plan. Architects intend to
locate the columns in their desired locations, say by hiding them at the intersections of
walls, regardless of whether or not they are in their optimum locations.
Such an obstacle was addressed as follows. In practice, architects usually have some
discretion in choosing layout plans that meet their architectural requirements. In an
automated design procedure, they often try many conceptual designs and then select
one of them as the final plan. On the other hand, if architects selected layouts from the
Pareto-Optimal set, proposed by the combinatorial approach in this thesis, it would
allow them to choose a design which is close their conceptual design and allow an
economical conceptual design to be selected. On the other hand, such multi-objective
structural optimisation technique provides a useful tool for engineers and architects
who are interested in exploring structurally efficient forms and shapes during the
conceptual design stage of a project. This thesis, have addressed the problem by
proposing a set of optimum solution rather than an absolute global solution, which
might limit the architects. Moreover, minor changes in the plan layout, say the location
of walls and columns, in order to meet engineering requirements, are usually quite
acceptable to architects. The outcomes of the methodology developed in this thesis
show that even minor changes in the column layout can have a considerable effect on
costs. Therefore, in such cases, instead of a globally optimum column layout, a local
optimum column layout can be selected that meets the architects‘ requirements. This
thesis presents some mathematical relations showing how these changes affect the
cost. It can simplify the architectural decision making to select a near global design.
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In fact the outcome of the thesis can be considered as criterion which can help the
designer to choose the most economic option. In order to select the most economical
plan among various layouts that satisfies architectural requirements, one needs to take
advantages of the reciprocal effects of cost factors and layout variables, suggested in
this study, which simultaneously considers the cost and layout.
To solve the structural optimization arising from the layout optimization of RC
structures, a large number of feasible options were examined during the conceptual
design process. When it comes to choosing an appropriate design among a huge
number of possible options and dimensions, the result is a large combinatorial
optimisation problem. Ant Colony Optimisation (ACO) has proved to provide strong
stochastic algorithms to deal with large combinatorial optimisations. In this thesis,
ACO algorithms were used to solve the combinatorial optimisation problems arising
from the layout optimisations problem. ACO algorithms have two advantages, positive
feedback that leads to a rapid discovery of good solutions, and distributed computation
that avoids premature convergence. When optimising the layout of RC structures,
taking advantage of heuristic information (heuristic matrix), ACO gives us the
opportunity to take many architectural or other priorities into account during this
process. That is, any desired plan layout and shape can be considered to be a priority
by defining appropriate heuristic information for the algorithm. The results of solved
numerical examples, as provided in this thesis, demonstrate that ACO is a suitable
method for such problems.
The outcomes of solved numerical examples show that using the methodology can
save up to 16 per cent in cost (depending on the instance), compared to designs which
have not been optimised for layout. This is a considerable cost saving that can bring a
significant improvement to the first step of a comprehensive design procedure. Indeed
264

the fact that all the architectural requirements and desired shapes and layouts can be
considered in this method, the value of the methodology proposed in this study
becomes very clear.
In future, such a methodology can be used for to optimise the shape and topology of
RC or the composite structures of various shapes. There is excellent potential for
further research in this field in respect to working on innovative shapes and form
finding for RC or composite structures, rather than being confined to rectangular or
rectilinear shapes, as well as considering other objectives such as energy saving and
maintenance.
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