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A DICHOTOMY FOR GROUPOID C*-ALGEBRAS
TIMOTHY RAINONE AND AIDAN SIMS

ABSTRACT. We study the finite versus infinite nature of C*-algebras arising from étale
groupoids. For an ample groupoid G, we relate infiniteness of the reduced C*-algebra
C;(G) to notions of paradoxicality of a K-theoretic flavor. We construct a pre-ordered
abelian monoid S(G) which generalizes the type semigroup introduced by Rgrdam and
Sierakowski for totally disconnected discrete transformation groups. This monoid char-
acterizes the finite/infinite nature of the reduced groupoid C*-algebra of G in the sense
that if G is ample, minimal, topologically principal, and S(G) is almost unperforated, we
obtain a dichotomy between the stably finite and the purely infinite for C(G). A type
semigroup for totally disconnected topological graphs is also introduced and we prove a
similar dichotomy for these graph C*-algebras as well.

1. INTRODUCTION

The groupoid C*-algebra construction has been a very fruitful and unifying notion in
the theory of operator algebras since Renault’s pioneering monograph [40]. Groupoid C*-
algebras include all group C*-algebras, all crossed products of commutative C*-algebras
by actions and partial actions of groups, inverse-semigroup C*-algebras, AF algebras, and
the various Cuntz—Krieger constructions. Even in the seemingly restrictive case of ample
groupoids it is known that every Kirchberg algebra that satisfies the Universal Coefficient
Theorem is Morita equivalent to the C*-algebra associated to a Hausdorff ample groupoid
(see [45]). Groupoids and associated operator algebras have also been used by Connes and
others as models for noncommutative topological spaces.

In this piece we study, for a large class of étale groupoids, notions of finiteness, in-
finiteness, and proper infiniteness, the latter expressed in terms of paradoxical decom-
positions. Tarski’s alternative theorem establishes, for discrete groups, the dichotomy
between amenability and paradoxicality. This divide carries over to geometric operator
algebras. For example, Rgrdam and Sierakowski showed [44] that if a discrete group I
acts on itself by left-translation, the Roe algebra C'(SI') x I is properly infinite if and
only if I" is paradoxical, which is equivalent to the non-amenability of I' [44]. In the W*-
setting, we know that all projections in a II; factor are finite and that the ordering of
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Murray-von-Neumann subequivalence is determined by a unique faithful normal tracial
state. By contrast, type III factors admit no traces since all non-zero projections therein
are properly infinite. The analogous dichotomy fails for C*-algebras in general as shown
by Rgrdam’s construction [42] of a unital, simple, separable and nuclear algebra which is
neither stably finite or purely infinite (the C*-algebraic analog of type III). It is still not
known whether the stably finite/purely infinite dichotomy holds for C*-algebras generated
by projections. Here we give a partial answer to this question for C*-algebras associated
to ample groupoids.

The motivation for such a dichotomy comes from Elliott’s program of classification of
simple, separable, nuclear C*-algebras by K-theoretic invariants. In the stably finite case
the Elliott program has seen stunning advances in recent years [14, [I8], 43 [48] 50]. In the
purely infinite setting, complete classification was achieved in the groundbreaking results of
Kirchberg [25] and Phillips [34]: all Kirchberg algebras (unital, simple, separable, nuclear,
and purely infinite) satisfying the Universal Coefficient Theorem (UCT) are classified by
their K-theory. For this reason C*-theorists have sought to determine when various C*-
constructions yield purely infinite simple algebras. For instance, strong and local boundary
actions or certain filling properties displayed in dynamical systems give rise to purely
infinite crossed products [2, 23, 29, [46]. For groupoids, there is a locally contracting
property, introduced by Anantharaman-Delaroche [I] that guaranteed pure infiniteness of
the associated C*-algebra. This has recently been used, for example, to obtain sufficient
conditions for pure infiniteness of topological-graph C*-algebras [30].

The notion of paradoxicality, which undergirds Tarki’s theorem [49], is paramount in
distinguishing the finite from the infinite. This notion was cast in a C*-algebraic framework
by Kerr and Nowak [24], Rgrdam and Sierakowski [44], and by the first author in [37].
The authors of [44] built a type semigroup S(X,I") from an action of a discrete group on
a compact zero-dimensional space and subsequently tied pure infiniteness of the resulting
reduced crossed product to the absence of states on this semigroup.They prove that if
a countable, discrete, and exact group I' acts continuously and freely on the Cantor set
X, and the pre-ordered semigroup S(X,T") is almost unperforated, then the following are
equivalent: (i) The reduced crossed product C(X) x I' is purely infinite; (ii) C'(X) x) T
is traceless; and (iii) S(X,I') is purely infinite (that is 20 < 6 for every 0 € S(X,I")).
Inspired by their work, the first author extended these results to noncommutative C*-
dynamical systems (A,T") by constructing an analogous noncommutative type semigroup
S(A,T) [37]. In this paper, we generalise this work in a different direction, to the setting of
ample groupoids. That is, we associate to every ample groupoid G a pre-ordered abelian
monoid S(G), constructed as an appropriate quotient of the additive monoid of compactly
supported locally constant integer valued functions on the unit space. We prove that this
monoid is an invariant for equivalence of groupoids, and also that it is isomorphic to the
type semigroup S(X,I') when G is the transformation groupoid G = X x I'.

Our main theorems explore the relationship between the nature of the type semigroup
S(G) of a groupoid G and the structure of its reduced C*-algebra C}(G). For instance,
when G is ample and minimal, Theorem characterizes stable finiteness of C}(G) by
means of the non-paradoxical nature of S(G) and also by a coboundary condition. In
the amenable case we recover quasidiagonality. That a certain coboundary condition is
equivalent to stable finiteness is reminiscent of the work of Pimsner [35] and Brown [10]
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and also appears in noncommutative C*-systems [12, 36, [39]. In Theorem we establish
that, again for minimal groupoids with totally disconnected unit space, if every element
of S(G) is properly infinite (260 < 6 for all # in S(G)), then C*(G) is purely infinite;
moreover these conditions are equivalent and coincide with tracelessness provided that
S(G) is almost unperforated. We then are able to deduce a stably finite/purely infinite
dichotomy for a large class of ample groupoids (see Theorem . When G is amenable
we obtain a quasidiagonal/purely infinite dichotomy. This is the case for infinite-path
groupoids that are constructed from topological graphs (see Corollary .

As we were preparing the final version of this article, the article [5] was posted on the
arXiv. In Sections 4 and 5 of that paper, Bonicke and Li have independently obtained a
overlapping results, albeit for groupoids with compact unit spaces. Throughout, we have
included, where relevant, remarks discussing the relationships between our results and
theirs.

The paper is organized as follows. We begin in Section [2] by reviewing the relevant
concepts, definitions, and basic results surrounding the theory of groupoids and their
algebras. In Section [3] we study notions of paradoxicality displayed in ample groupoids.
We construct infinite reduced groupoid C*-algebras and show that stable finiteness is a
natural obstruction to paradoxical behavior. Section [4] deals with minimal groupoids,
and provides a K-theoretic description of minimality for ample groupoids. In Section
we associate to every ample groupoid G a type semigroup S(G) and show that it reflects
any paradoxical phenomena present in the groupoid. We show that both isomorphism and
equivalence of ample groupoids preserves the type semigroup. In Section[6] we establish our
characterization (Theorem of stable finiteness for the reduced C*-algebras of minimal
ample groupoids with compact unit space, and extend this to non-compact unit spaces
using the invariance of the type semigroup under groupoid equivalence. In Section [7] we
explore the purely infinite situation. We first pin down a necessary algebraic condition
on G for pure infiniteness of C}(G), and thereafter establish that if an ample groupoid
G is minimal, topologically principal and has an almost unperforated type semigroup,
then the purely infinite nature of its type semigroup characterizes tracelessness as well as
pure infiniteness of the C*-algebra (Theorem . We consequently obtain a dichotomy
between the stably finite and the purely infinite for those C*-algebras. As an application
we recover the result that principal n-filling groupoids admit purely infinite algebras.
Section [§] is divided up into three subsections. First we establish a type semigroup for
zero-dimensional topological graphs and obtain a dichotomy between the purely infinite
and the quasidiagonal for their associated C*-algebras. Next, we reconcile our definition
of the type semigroup S(G) with previous constructions for C*-dynamical systems and for
higher-rank graphs. As an application we show that the type semigroup of a dynamical
system is invariant under topological orbit equivalence.

The first author would like to express his gratitude to Jack Spielberg for his many sug-
gestions and careful comments. A word of thanks to Christopher Schafhauser for mean-
ingful discussions and answered inquiries. The second author thanks Adam Sierakowski
for many helpful conversations.
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2. PRELIMINARIES AND NOTATION

In this section we provide a brief introduction to the theory of groupoids, topological
groupoids, and their reduced C*-algebras. We shall be mainly interested in the étale case.
Experts are welcome to move ahead to the next section. There are a variety of good
resources on the subject, for example Patterson’s book [33], or the work of Reneault [40].

2.1. Groupoids. A groupoid is a non-empty set G satisfying the following;:

G1. There is a distinguished subset G(®) C G, called the unit space. Elements of G(©)
are called units.
G2. There are maps 7, s : G — GO satistying r(u) = s(u) = u for all u € G(©). These
maps are called the range and source maps respectively.
G3. Setting G® = {(a, B) | o, B € G, s(a) = 7(B)}, there is a ‘law of composition’
m:G? — @G, m(a, B) = af

that satisfies
(i) r(aB) = r(a), s(af) = s(B), for all (o, B) € G,
(ii) If (o, 8) and (B,7) belong to G?), then (a, 87) and (a3,7) also are in G()
and (af)y = a(Bv).
(iii) For every a € G, r(a)a = o = as(a) (note that (r(«),«) and (a, s(a)) are in
G®).
G4. For every a € G there is an ‘inverse’ a~! € G (necessarily unique) such that
(1) and (a1, @) are in G® and such that aa™! = r(a), o ta = s(a).
It follows from definitions that r(a~!) = s(a), s(a™!) = 7(a), and that the map ¢(a) = ™!
is an involutive bijection of G.
The following notation is common in the groupoid literature. If A, B C G, then

AB = {af | aeA,,BeB,r(B):s(a)}:m<(AxB)ﬂG(2)>.

Some special cases arise frequently; for instance, if E C G and U € G(© then
EU ={af |acE,peUs(a)=rB)}={ap |ac E,fcUs(a)=_73}
={as(a) |a€ E,s(a) c U} ={a|ac E,s(a) cU} = ENns Y (U),
and in this context we will write
Ug :=r(EU) = {r(a) | a € E,s(a) e U} C G,
As a special case, if u is a unit in G, then
Gy, =Gu={aeG|s(a)=u}, G =uG={aecCG|r(a)=u}, G, :=G,NG".

The idsotropy subgroupoid is defined by Iso(G) := |J,cq0 G-
A map ¢ : G — H between groupoids is a homomorphism of groupoids if

(@, ) € G® = (p(a), () € H? and  p(ap) = p(a)p(B).

It is not difficult to show that such a homomorphism satisfies

QD(G(O))QH(O)7 porg=TrHowYy, YOSg=SHOoy, @YolLg =LHOY.
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If ¢ is bijective, then the inverse map ¢! : H — G is easily seen to be a groupoid

homomorphism, and such a ¢ defines a groupoid isomorphism. If ¢ is an isomorphism,
then o(G©) = H©O),

We are mainly interested in groupoids that admit a topology. A topological groupoid
is a groupoid G with a topology for which G?) C G x G is closed (automatic when G is
Hausdorff), m : G® — @ is continuous, and ¢ : G — G is continuous. It follows that the
range and source maps are again continuous, and if G is Hausdorff, it follows that GO is
closed. An isomorphism of topological groupoids is an isomorphism of groupoids that is
also a homeomorphism.

A topological groupoid G is called minimal if r(G,) = G for every unit u € G(°), and
is said to be topologically principal or effective if Iso(G)° = G0,

A topological groupoid G is called étale if the maps r,s : G — G are local homeomor-
phisms. In this setting every a € G has an open neighborhood E C G for which r(E), s(E)
are open subsets of G, and r|g : E — r(E), s|g : E — s(E) are homeomorphisms. Such a
set E is called an open bisection. One shows that the unit space G(9) of an étale groupoid
is open and closed in G. If G is a locally compact Hausdorff groupoid, then G is étale
if and only if there is a basis for the topology on G consisting of open bisections with
compact closure. A topological groupoid is called ample if G has a basis of compact open
bisections (so every ample groupoid is in particular étale). If G is locally compact, Haus-
dorff, and étale, then G is ample if and only if G(¥) is totally disconnected (see Proposition
4.1 in [15]).

When G is étale we will denote by B the collection of open bisections, and write C C B
for the subcollection of all compact open bisections. It can be shown that both B and C
are closed under inversion, multiplication, and taking intersections. Note that any open
(compact open) U C G belongs to B (C). The following facts will surface regularly
throughout our work. If F/ is an open bisection in G, then using the fact that » and s are
injective on E, we get E~'E = s(F) and EE~! = r(E). Moreover, if E and F are disjoint
open bisections in G, then E'F NGO =@ = EF1 NGO, This holds because for any
a,B € G, a8 e GO implies that & = . Finally we note that if E,U belong to B (C)
with U € G, then EU = (s|g)~'(U) and Ug = r(EU) also belong to B (C), because
s|g is a homeomorphism and 7 is an open map.

For convenience we shall henceforth assume that all topological groupoids are locally
compact, second countable, and Hausdorff.

The theory of topological groupoids offers a unification of several constructions. One
motivating special case is that of a topological dynamical system. A transformation group
is a pair (X,T') where X is a locally compact Hausdorff space, I' is a locally compact
Hausdorff group, and I' ~ X acts continuously by homeomorphisms. Endowed with the
product topology, G = I' x X becomes a locally compact Hausdorff groupoid where the
unit space GO := {(e,z) | * € X} = X can be identified with X, and for ¢,# € T,
z,y € X, s(t,x) =z, r(t,x) = t.x, and m((t',y), (t,z)) = (t't,x) provided t.z = y. This
groupoid is often called the transformation groupoid and is denoted by G = X x I'. If "
is discrete then X x I' is étale, and if, moreover, X is totally disconnected then X x I' is
ample. In the étale setting one can show that X x I is minimal if and only if the action
I' ~ X is minimal (X admits no non-trivial I-invariant closed subspaces), and X x I' is
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topologically principal if and only if the action I' ~ X is topologically free (every point in
X has nowhere-dense stabilizer). In this dynamical setting I'" naturally acts on functions
defined on X through the formula t.f(x) = f(t~'.z), where f : X — C is any function.
Generalizing this to the groupoid setting we arrive at the following definition.

Definition 2.1. Let G be an étale groupoid and E an open bisection. If f: G© — C is
a function, define Ef : GO — C by

f(s(a)) if Ja € E with r(a) = u,
0 otherwise.

1t {

Note that Ef is well defined because r|g : E — GO is injective. We list a few facts
that will surface periodically in our work below. We are always assuming that G is étale.
The first easily follows from definitions.

Fact 2.2. If E is an open bisection, f,g: G — C functions, and z € C, then
E(zf+g9)=z2Ef+ Eg.

Fact 2.3. If E C G is an open bisection and U C GO, then Ely = 1. gvy = 1ug.

Proof. Definitions imply Ug = r(EU) = {r(a) | « € E,s(a) € U}, so

Ty (1) = 1 if Ja € E with s(a) € U, r(a) =u,
UeA 700 otherwise.

whereas
By (u) = 1y(s(a)) if Ja G.E with r(a) = u,
0 otherwise.
)1 if Ja € E with s(a) € U, r(a) = u,
~ 10 otherwise.
Thus 1y, (u) = Ely(u) for every u € GO). O

Fact 2.4. If f : GO — C is continuous and E is a clopen bisection, then Ef : GO — C
18 continuous.

Proof. Let u, (un)n € GO with (up), — u. Suppose first that there is an a € F with
r(a) = u. Then u € r(E) which is open, so u, belongs to r(FE) for large enough n. Say
r(ap) = up, for some «,, € E. Now r|g is a homeomorphism, so (a;,), — « which implies
(s(ap))n — s(a). Therefore

(Ef(un)), = (f(s(an))), — f(s(a)) = Ef(u).

Next suppose that u ¢ r(E), which means that Ff(u) = 0. Then u € G\ 7(E) which
is again open, so that u,, ¢ r(E) for all large n. In this case E f(u,) = 0 for all large n. O
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2.2. The reduced C*-algebra C}(G). We briefly describe the construction of the re-
duced C*-algebra of a locally compact, Hausdorff, étale groupoid G. Fix such a G and
consider the complex linear space C.(G) of compactly supported complex-valued functions
on G. Convolution and involution defined by

Fog(n) =Y fl@gB), y€@

af=y
frle)=fla™h), aeG
give C.(G) the structure of a complex *-algebra. Is is important to note that there is a

natural inclusion C,(G(?)) < C,(G) of -algebras. Also, if E and F are compact open
bisections, then the characteristic functions 1, 1r € C.(G) and

]l*E = ]lE—l and ]lE']lF :]lEF-

The *-algebra C,(G) is then represented on Hilbert spaces as follows: for a unit u € G(¥)
define

mu: Co(G) = B((G)) as mu(H)()() = f-€0) = Y fl@)E(B).
af=y
It is verified that 7, is a representation of the x-algebra C.(G), and that the direct sum
T i = @Pueqo Ty is faithful. It follows that ||f[|, := ||7(f)| is a C*-norm on C,.(G) and
we may define the reduced C*-algebra of the groupoid G as

@) =)'

The inclusion C.(G(®)) < C*(G) has a partial ‘inverse’, namely the conditional ex-
pectation. More precisely, the restriction map Co(G) — Co(G®), f — f|aw extends
continuously to a faithful conditional expectation E : C¥(G) — Co(G©).

Given a discrete transformation group (X, I'), the C*-algebra obtained from the resulting
transformation groupoid X x I is a familiar construction; the reduced C*-crossed product.
In fact,

CH{X xT)=ChX) %, T.

2.3. K-theory and traces. Recall that if X is the Cantor set, Ko(C(X)) is order
isomorphic to C(X,Z) via the dimension map dim : Ko(C(X)) — C(X,Z) given by
dim([plo)(z) = Tr(p(x)), where p is a projection over the matrices of C(X); M, (C(X)) =
C(X;M,), and Tr denotes the standard (non-normalized) trace on M,. It is clear that
under this isomorphism dim([1g]p) = 1 where E C X is a compact open subset.

If G is an étale groupoid with unit space G(©) homeomorphic to a Cantor set, the
inclusion ¢ : C(G®)) < C*(G) induces a positive group homomorphism

Ko(2) : Ko(C(G”)) — Ko(C(@))

that satisfies Ko(¢)([1s(z)lo) = Ko(¢)([1,(g)lo) for any compact open bisection E. This
holds because the projections ¢(14pg)) and ¢(1,(g)) are Murray-von-Neumann equivalent

in CX(G). Indeed, 1 € C.(G) C Ci(G) and
Il =1galp =1gap=1yp),

]lE]lzgl =1glg-1=1gg-1 = ]lr(E)'



8 T. RAINONE AND A. SIMS

The following elementary fact will be useful. Let A and B be C*-algebras with B
stably finite, and suppose ¢ : A — B is an embedding. The induced map on K-theory
Ko(A) — Ko(B) is faithful. For if p is a projection in M, (A) for some n, then

Ko(@)([plo) = 0= [¢(p)lo =0 = ¢(p) =0 = p =0,
where the second implication follows from the fact that B is stably finite.

Traces and tracial weights on C}(G) are obtained via invariant measures on the unit
space. We briefly describe these.

Definition 2.5. Let G be an étale groupoid. A Borel measure p on G is said to be
G-invariant (or simply invariant) if, pu(s(E)) = p(r(E)) for every open bisection E.

If G is étale with compact unit space G, and w1 is an invariant Borel probability
measure on G(9), then we obtain a tracial state 7, on C(G) by composing the expectation
E: Ci(G) — C(G©) with integration against p; I, : C(G©) = C, f v Jow fdp:

1, :=1,0E:C}(G) — C, Tu(a) = / E(a)dp.
G(0)

Since the expectation is faithful, the above trace 7, is faithful provided the measure y has
full support.

If the unit space G is not necessarily compact, then an invariant measure p on G©)
produces a lower-semicontinuous (tracial) weight I, : Co(G®)+ — [0,00], f Jow fdu,
which induces a lower-semicontinuous tracial weight I, o E : CX(G)T — [0, o]

3. PARADOXICAL GROUPOIDS

We begin by studying notions of paradoxicality and paradoxical decompositions in ample
groupoids which give rise to infinite reduced groupoid C*-algebras. Recall that a projection
p in a C*-algebra A is infinite if there is a partial isometry v € A with v*v = p and vv* < p,
that is, p is Murray-von Neumann equivalent to a proper subprojection of itself. A C*-
algebra A is infinite if it admits an infinite projection.

Definition 3.1. Let G be an ample groupoid, and suppose A € GO is a non-empty
compact open subset of the unit space. We say that A is paradozical if there are compact
open bisections Fi, ..., Ey, in C satisfying

(1) 14 < Z]IS(Ei)7 and Z]IT(E'L) <1y.
=1 =1

We will say that G is paradozical if there is some paradoxical A C G(©.

A remark is in order. The notation f < g, for functions f,g € C.(G(®), means that
f<gand f#g.

Proposition 3.2. Let G be an ample groupoid. If G is paradozical, then the reduced
groupoid C*-algebra C:(G) is infinite.

Proof. Suppose the compact open § # A C GO is paradoxical. Let Fi,...E, be the
compact open bisections that satisfy The inequality >, 1,g;) < 14 implies that
r(E;) Nr(E;j) = 0 for i # j. It follows that the E; are also pairwise disjoint. Moreover,
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since 14 < 37" Igp,) we know that A C [J;; s(E;). There are compact open subsets
Ai, ..., A, C A that satisfy A; C s(E;) and | | ; A; = A. This is seen by inductively
defining

n—1
Ay = ANs(Ey), Ay:= (ANs(E))\ A1,..., A, = (ANs(Ey)) \ (U A,»> :
i=1
Now let F; := (s|g,)"'(A;) C E; for i = 1,...,n. Note that the F; are again disjoint
compact open bisections and that s(F;) = A;. Observe
oy = {07 Bl ace Fiufi € Byra) = s(a™) = (@)} = {207 =4 T2
0 if i # j.
F) ifi=j
FF = {ap™ o€ Bp e Fs@)=r(8™) =s(@) =17 120
J ] if i # j.
Therefore if we set v := ;" | 1, in Cc(G) C Ci(G) we obtain
vt = (Z?:l ]1F¢> (Z?:l ]le> = ZZj:l ]l}’i]le
= Z?,jzl ILFZ.’IFJ- = Z?:l HS(Fi) = Z?=1 La, =1a.

whereas
vt = (zz;l ]lFi) (Z?ﬂ ]le) =Yijm Upp = Zim ) < iy beey < la
The projection 14 is therefore infinite whence C}(G) is infinite. O

Parodoxicality carries the connotation of ‘duplication of sets’, so we revisit the ideas
explored in [24] and [37] and define, in the groupoid setting, a notion of paradoxical
decomposition with a covering multiplicity.

Definition 3.3. Let G be an ample groupoid and suppose A C G is a non-empty
compact open subset of the unit space. With k > [ > 0 positive integers, we say that A is

(k,1)-paradozxical if there are compact open bisections F, ..., F, in C satisfying
n n

(2) Kla <) Aypy, and Y gy <lla
i=1 i=1

We call A properly paradoxical if it is (2, 1)-paradoxical.

If A fails to be (k,l)-paradoxical for all integers £ > [ > 0 then we say that A is
completely non-paradozical.

If every nonempty compact open A C G(©) is completely non-paradoxical we say that
G is completely non-paradoxical.

Remark 3.4. A related definition of paradoxicality appears as [5, Definition 4.4]; our
definitions is slightly more flexible in that we do not require that the sets s(E;) in
cover A, and we do not insist on any orthogonality amongst the sets r(E;). It is clear
that if G is (E, k,[)-paradoxical in the sense of Bonicke and Li for some E, k, [, then it is
(k,l)-paradoxical in our sense.



10 T. RAINONE AND A. SIMS

It is not surprising that stable finiteness is an obstruction to paradoxicality. The fol-
lowing result is related to [5, Proposition 4.8, modulo the difference in our definitions of
paradoxicality.

Proposition 3.5. Let G be an ample groupoid. If C:(G) is stably finite then G is com-
pletely non-paradozical.

Proof. Suppose A € G is compact open and also (k,[)-paradoxical. Let E1,...E, € C
be the compact open bisections that satisfy [2, Moreover, let ¢ : C(G)) < C*(G) denote
the canonical inclusion. Since C!(G) is stably finite, the induced map on K-theory

Ko(1) : Ko(C(G™)) = C(GY,Z) — Ko(CH(G))
is faithful (see section . We compute

FKo(1)(1a) = Ko()(k.a) < Ko(t (le ):ZKo(L)(ﬂsE )

=3 Ko()(Ly(z) (Z () ) < Ko(0)(I1a) = IKo(0) (1La).
i=1

Writing z = Ko(¢)(14) we get that (I — k)x belongs to Ko(CH(G))T N — (Ko(CHG))T),
which is trivial by stable finiteness. Thus (I — k)x = 0. Again using the fact that C}(G)
is stably finite we get © = 0, and so 14 = 0 since Ko(¢) is faithful. This contradicts the
assumption that A is non-empty. O

One of the principal goals of this paper is to characterize stably finite C*-algebras that
arise from étale groupoids. In this vein we aim to establish a converse to Proposition
What is needed is a technique to pass from complete non-paradoxicality of a groupoid
G to constructing faithful tracial states on C}(G). We will achieve this in the minimal
setting (Theorem . The next section is devoted to expressing the notion of minimality
in a K-theoretic framework which will best suit this purpose and enable us to construct
faithful traces.

4. MINIMAL GROUPOIDS

Recall that a C*-dynamical system (A,T", @) is said to be minimal if A admits no non-
trivial T-invariant ideals. If A = Cy(X), where X is a locally compact space, and « is
induced by a continuous action I' ~ X, then « is minimal if and only if X admits no
non-trivial I'-invariant closed subsets. It is not difficult to show that the action is minimal
if and only if the orbit Orb(x) := {t.zz | t € T'} of every x € X is dense in X. Analogously,
an étale groupoid G is said to be minimal if the orbit r(G,) of every unit u is dense in
the unit space; that is (G,,) = G for every u € G(©).

If (X,T) is a discrete transformation group with X compact, it is not difficult to show
(see Proposition 3.1 in [3§]) that the action is minimal if and only if the following holds:
for every non-empty open set U C X, there are group elements t¢1,...,t, € I' such that
X =Uj_t;.U. The following result is similar, where group elements are replaced by open
bisections.
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Recall from section that if F is an open bisection in G and U € G is open, then
both
EU={a|acE,s(a) €U}, and Ug=r(EU)={r(a) | a€ E,s(a) e U}

are also open.

Proposition 4.1. Let G be an étale groupoid with compact unit space G, The following
are equivalent

(i) G is minimal.

(ii) For every mon-empty open U C GO there are open bisections E,...,Ey such
that
n
U ve =c.
j=1

Proof. (i) = (ii): Let U € G(© be open. For each finite collection of open bisections
E={E,...,Ey,} C B we set
Us= | Us.
Eeg

We claim that Jo Us = G©) where the union runs over all finite collections £ of open
bisections. Suppose the claim is false, then there is a unit u € G\ UgUg. Since r(G,,) is
dense and UgUg is open we know that 7(G,) N (UgUg) # 0. Let o € G, with r(a) € Ur
for some finite collection F C B. So there exists F' € F with r(«) € Ep. This means that
there is a B € F with s(3) € U and r(a) = 7(8). Now set v = a~14. It follows that

s(7)=s(B) €U, and r(y)=r(a!)=s(a)=u.

Now let E be an open bisection containing a~'. Then H = EF is an open bisection

containing ~y, and u € Uy since v € H and r(y) = u with s(y) € U. This contradicts the
fact that u ¢ UgUg. The claim is thus proved.
Compactness of G implies that G(©) = U;-Ilegj where the &; are finite collections of

open bisections. Let £ = szlgj, which is again a finite collection. Therefore,

GO =Ue = | Ug.

Ee&
(ii) = (i): Let u € GO, we want to show that r(G,) = G, If not, set U = GO\r(G,,),
a non-empty open set in G(9). By our assumption there are open bisections Fi, ..., E,

such that
U Ue, =c.
j=1

Let i be such that v € Ug,. Then there is an « in E; with s(o) € U and r(«) = w. This
implies that a~! € G, since s(a™!) = r(a) = u. However,
r(Gu) 2 7r(Gy) 3 r(a ) =s(a) €U
— .

which contradicts the fact that U Nr(G,)
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We now turn our attention to the ample case. Let G be an étale groupoid with compact
and totally disconnected unit space GO, If f : G — Z is a continuous integer-valued
function, its range is a finite subset of Z and we can therefore express f as a finite sum

z
f=> mly,
k=1

where my, € Z and the Uy, are closed and open subsets of G(O. If E is a compact open
bisection in G, then combining Facts and [2.4] we get

! !
Ef=FE (Z mk]lUk> = ka]lr(EUk)
k=1 k=1

which is again a continuous integer-valued function on G(©).

Proposition 4.2. Let G be an ample groupoid with compact unit space GO The following
are equivalent.

(i) G is minimal.

(ii) For every non-empty clopen U C GO there are clopen bisections E1, . .., Ey, such
that
n
_ (0
U, =c.
j=1
(iii) For every non-zero f € C(G),Z)*, there are clopen bisections Ey, ..., E, such
that
n
Y Eif>1g0.
j=1

Proof. (i) = (ii): This direction follows the same lines as Proposition [{.1]except we choose
compact open (as opposed to merely open) bisections every time.

(i3) = (i): If u € GO and r(G,) # GO, we choose U C G\ r(G,), a non-empty
close and open subset (this is possible because these form a base for the topology of G(©).
The rest of the proof is identical to that of Proposition

(ii) = (it1): If f € C(G©,Z)T is non-zero, we may write f = 22:1 my 1y, where
the my, are strictly positive integers and Uy € G are closed and open and non-empty.
Setting U = Uy, there are compact open bisections F1, ..., E, with

U, =c.
j=1
Note that

I !
E;f =E; (Z 'mk]lUk> = kallr(EjUk) > mil,gu0) 2 1rg;u)-
k=1 k=1

Therefore

n n n
Lo = ]luyleEj < Z]IUE]- = Z]IT(EJ'U) = ZEJf
j=1 j=1 =1
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(iii) = (i1): Let O # U C G(© be closed and open, and set f = 1;;. By our assumption
there are compact open bisections FEj, ..., E, € C with Z?Zl E;f > 150). Then

n n n n
low <D Bif =3 Eily =3 Lymu) =) vy,
j=1 j=1 j=1 j=1

which shows that G(© C U}"‘ZlU E;- O

Proposition part (iii) will be instrumental in constructing faithful traces on com-
pletely non-paradoxical groupoid C*-algebras in the following section.

5. THE TYPE SEMIGROUP OF AN AMPLE GROUPOID

Given a transformation group (X,I') where I' is discrete and X is the Cantor set,
Regrdam and Sierakowski [44] construct a type semigroup S(X,I") that witnesses the pure
infiniteness of the reduced C*-crossed product C(X) x I'. This construction is much
in the spirit of the classical type semigroup for arbitrary actions studied in [49]. Given
a (not necessarily commutative) C*-dynamical system (A,T",«) with A stably finite and
Ko(A) admitting the Riesz refinement property, the first author constructs in [37] a type
semigroup S(A,T") that distinguishes stable finitness versus pure infiniteness of the reduced
crossed product A x, I'. In this section we construct the analogue in the setting of ample
groupoids. We restrict our attention to ample groupoids so that the unit space GO ig
totally disconnected. It then follows that the set of compactly-supported, integer-valued,
continuous functions on the unit space C.(G ), Z) is a dimension group with positive cone
C.(GO),7Z)*. We will show in Sectionthat our type semigroup S(G) for a transformation
groupoid coincides with Rgrdam and Sierakowski’s semigroup S(X,T").

Definition 5.1. Let G be an ample groupoid. Define a relation on C.(G(®), Z)T as follows:
for f,g € C.(G©),Z)*, set f ~g g if there are compact open bisections Fy,...,E, € C
with

(3) f= Z]ls(Eiﬁ and g = Z]lr(Ei)‘
=1 =1

Proposition 5.2. Let G be an ample groupoid. Then the relation on C’C(G(O),Z)+ de-
scribed in Definition [5.1] is an equivalence relation.

Proof. Reflexivity is clear because compact open subsets of G(©) are bisections, and sym-
metry is clear because if E is a compact open bisection, then so is E~1.
To prove transitivity, we suppose that f ~ g ~ h via

(4) F= Lumy 9= Lumy 9= Lary, h=) Lum,
i=1 i=1 j=1 j=1

where the F; and F}; are compact open bisections.

Claim 5.3. In the equations |4, we may assume that m = n and that r(E;) = s(F;) for
i=1,...,m.



14 T. RAINONE AND A. SIMS

By applying the refinement property to the two expressions for g we can find compact
open subsets {Z; ;};; of G(*) satisfying

n m
Log) = Z 1z Lsry) = Z 1z.;
j=1 i=1

for every i and j. Note that | [J_; Z;; = r(E;) and | L) Z; ; = s(F}). For each pair (i, )
consider the compact open bisections

G@j = Ez N Tﬁl(ZZ',j) - Ei, and Hi,j = Fj N Sil(ZZ'J‘) - Fj.
We then have E; = |_|;-l:1 G,j and Fj = | || H; j. Thus

f= Z Lyg) = Z LG, 9= Z L g = Z LG )
i=1 i i=1 ij
n n
g = Z ]lS(F]') = Z ]lS(Hi’j)’ h’ = Z]IT(FJ) = Z ]]'T(Hi’j)‘
7=1 2, 7=1 1,7

Note that r(G; ;) = Z; ; = s(H; ;). This proves the Claim.
Now look at the compact open bisections B; = F;E;, for 1 < i < m. Note that
s(B;) = s(E;) and r(B;) = r(F;). We end up with f ~ h since

f= Z Lyg) = Z Ly, h= Z L. r) = Z LBy
=1 i=1 =1

i=1
and this finishes the proof.
O

We can now make the following definition.

Definition 5.4. Let G be an ample groupoid. We define the type semigroup of G as
S(G) == C(GW), 7)) ~g, and write [f]g for the equivalence class with representative
feC.(GO z)t.

Remark 5.5. Our definition of the type semigroup of G is related to the definition given
by Bénicke and Li in [5, Definition 5.3], though our definition is somewhat more algebraic
and does not involve amplifying and passing to levels of G(?) xN. The apparent discrepancy
can be resolved using Proposition below: Write R := N x N regarded as a discrete
principal groupoid, and let G denote the groupoid G x R. Identifying RO with N
in the obvious way, it is straightforward to see that the type semigroup of G as defined
in [B, Definition 5.3] is precisely the type semigroup of KG as defined by Definition
Proposition [5.7] shows that the type semigroups, in the sense of our definition, of KG and
of G coincide, so we see that our definition of the type semigroup of G agrees with [5]
Definition 5.3] up to canonical isomorphism.

We can define addition of classes simply by [f]a+[g]a := [f+9]q for f,gin C.(GO),Z)F.
It is routine to check that this operation is well defined; indeed if f ~g f’ and g ~¢ ¢’ via

F=2 Ywy = Lmy 9= L), 9= L
i=1 i=1 j=1 j=1
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then

[fle +ldle = [f +9lc = {Z Ly, + Zﬂs(Fj)]G = [an(&) + ZHT(FJ-)L

=1 j=1 i=1 j=1
=[f"+dle=1fc+d]e-

We make a few elementary observations about S(G) for such an ample G. Firstly, S(G)
is not only a semigroup but an abelian monoid as [0]g is clearly the neutral additive
element. Impose the algebraic ordering on S(G), that is, set [f]g < [g]¢ if there is an
h e C.(G©),Z)* with [f]g + [h]e = [g]g. This gives S(G) the structure of a pre-ordered
abelian monoid. Note that if f, g € C.(G(),Z)* with f < g (in the ordering of C.(G(), Z))
then [flg < 9]¢ in S(G). To see this, f < g implies g — f := h € C.(G¥,Z)*, so
l9lc = [f+hle = [flg +[h]a which gives [f]a < [g]g. Next, we observe that if [f]¢ = [0]¢,
for some f in C.(G(®,Z)*, then in fact f = 0 in C.(G(),Z). Indeed, if f = > Ly,
and ), 1,(g,y = 0 for some compact open bisections Ei, ..., E, € C , then r(E;) = 0 for
every ¢ which implies F; = () and s(E;) = () for all . All together, there is a surjective,
order preserving, faithful, monoid homomorphism

m: C(GY, Z)" — S(G) given by w(f) = [fla-

In the remainder of this section we show that the type semigroup of an ample groupoid
is an invariant for groupoid equivalence in the sense that equivalent groupoids have iso-
morphic type semigroups. This will also enable us to extend our characterization of
stable finiteness for reduced C*-algebras of minimal ample groupoids from the situation
of groupoids with compact unit space to the general case.

We first show that the type semigroup is an isomorphism invariant.

Proposition 5.6. Let ¢ : G — H be an isomorphism of ample groupoids. The induced
map @ : Co(HO), Z)F — C.(GO), Z)* given by B(f) = fop|aw drops to an isomorphism
of monoids ¢ : S(H) — S(G).

Proof. This is clear: If f ~ g in C.(H©®),Z)* with f = ilymy and g = 377 1, py,
then ©(f) ~ »(g) with D(f) = >, Lyo-1(m)) and P(g9) = >2; Ly p-1(5,))- So $(f) drops
to a homomorphism ¢ : S(H) — S(G), and ¢~! drops to an inverse for ¢. O

To see that equivalent ample groupoids have isomorphic type semigroups, we will appeal
to the groupoid analogue [11] of the Brown-Green—Rieffel theorem [9]. We first need to
know that the type semigroup is invariant under stabilization of groupoids.

Recall from Remark that R is the discrete groupoid Nx N and R is identified with
N. The stabilization of a groupoid G is the product KG := G xR with its natural groupoid
structure. Note that KG(©) = G x RO, If G is ample, one notes that E x {(i,j)} € KG
is a compact open bisection if and only if £ C G is a compact open bisection. Moreover,
a brief compactness argument shows that every compact open bisection F' C KG can be
written as a disjoint union F' = |_|§:1 Ey x{(ix, jr)} where E} are compact open bisections
in G and (ig, jx) € R. Likewise, any compact open A C KGO can be written as a disjoint
union A = |_|£{:1 Ay, x {(ig, i)} where the Ay are compact open subsets of G(©) and i), € N.



16 T. RAINONE AND A. SIMS

We will write 1, ;) for the point-mass functions in C.(R). Given functions f € C.(G)
and g € C.(R), we denote by f X g : G x R — C the function defined by sending
(o, (m,n)) — f(a)g((m,n)), where o € G, (m,n) € R. Note that the association (f, g) —
f x g is a well-defined bilinear map C.(G) x C.(R) — C.(KG). Also,if AC Gand BCR
are compact open, then 14 x Ig = laxp.

Proposition 5.7. Let G be an ample Hausdorff groupoid.

(i) For anyn € N and f € C'C(G(O),Z)Jr, we have
[f xLoolce =f X Lnnlce in S(KG).

(ii) There is an isomorphism of monoids ¢ : S(G) — S(KG) satisfying
e([fle) = If x Loolke, fe€C(GO,Z) .

Proof. Let n € N and f € C.(G©,Z)*. We can write f as a finite sum f = >opmila,
with my € ZT and A, € G are compact open subsets. We then see that

[ X L0 = <ka]1Ak> X 10,00 = ka Ta, X 1)) ka]lAkx{(OO)}
= kaﬂ (Apx{(n,0)} ka]lr(AkX{(nO = ka]lAkx{(n,n)} = XL,
Kk

which proves (i).

The map C.(G(),Z)* — S(KG) which sends f — [f x 1(g0)]ic is clearly well-defined
and additive. If f ~g g in C.(G,Z)", then there exist compact open bisections E, ..., E,
in G such that f =>"" 1, and g = Y 1,(p,). Hence

[ x Lo = <Z]1 >><11(0,0):Z]15(Ei X L) = Z]l (E;)x{(0,0)}

n

=Y Lymx {00} Z]l (E:x{0,0}) = 9 % L(0,0)-
i=1 =1

There is, therefore, a well-defined monoid homomorphism ¢ : S(G) — S(KG) satisfying
the description in (ii).

To see that ¢ is surjective, fix h € C.(KG®),Z)T and write h = 3", my1 4, for a finite
list of positive integers m; and compact open subsets A, C KGO, By our discussion
before the statement of the Proposition we may assume that each Ay = By x {(ix,ix)}
with By € G compact and open. Setting f = > pmilp, in CC(G(O),Z)+ we get

[hlka =

(i)
kaﬂka{(z‘km}] = ka[ﬂBk X L] = ka[]lBk X Lo,0)]
k k k

=Y mup([lp,]) = <ka 15,] ) = ¢([fla)-
k
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We show that ¢ is injective by constructing a left inverse. The map p : C.(KG?), Z)t —

C.(GV),Z)* given by
= Z h(u,n), wue€ GO

is clearly well-defined and additive. Now if F' = E x {(7,7)} is a compact open bisection
in KG, we see that for all u € GO

“):Z]ls(F)(%n Z]l E)x{(4.4)} ,n)
= Z(]ls(E) X i) (u,n) = 1yg (u),

whence p(1,p)) = 4. Similarly, p(1,(r)) = 1,(g). Given any compact open bisection
F C KG, we can write F' = |_|,€K:1 Fy, with Fy, = Ey x {(ix, jr)}, and we get

(Ls(r)) (Z]l Fk) Zp Z]l B0~ > Loy
k
=2 p(lemy) = P(Z ﬂr(&)) = p(L(r))-
k

k
Since p is additive we conclude that if h ~ g in C.(KG©®),Z)* then p(h) ~ p(g) in
C.(G®,7Z)*. Thus p descends to a monoid homomorphism j : S(KG) — S(G) given by
p([hlca) = [p(h)]a- It is quite clear that p(f x 1)) = f, so p is the desired inverse of
p. O

Corollary 5.8. Let G and H be ample groupoids with o-compact unit spaces. If G and
H are groupoid equivalent, then S(G) = S(H).

Proof. We know that S(G) = S(KG) and S(H) = S(KH) by Proposition Since G
and H are equivalent, [T, Theorem 2.1] shows that KG = KH, so the result follows from
Proposition [5.6 O

6. STABLY FINITE GROUPOID C*-ALGEBRAS

This section is concerned with characterizing stably finite C*-algebras that arise from
ample groupoids by the non-paradoxical nature of its type semigroup and by a K-theoretic
coboundary property analogous to that seen in the work of N. Brown [I0]. Our unified
statements (Theorem and Corollary are the main results of this section and include,
as promised, a converse to Proposition

We first look at how the type semigroup S(G) of an ample groupoid G reflects the
notion of paradoxicality introduced in Definition

Lemma 6.1. Let G be an ample groupoid, and let A C GO pe q non-empty compact open
subset. Writing 0 = [La]g in S(G), A is (k,l)-paradozical if and only if k6 <16 in S(G).

Proof. Suppose A is (k,l)-paradoxical and that F1, ..., E, € C satisfy |3l Then

kO = k[l 4]lg = [klalg < [i 15@-)] [Zn ()
G

i=1

l]lA]G = l[ﬂA]G =10.
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Conversely, suppose kf < 16. Then there is an f € C(G®),Z)* such that

(k14 + flg = [klalc + [flc = k[Lalc + [fle = 1 a]lc = [14]c-

This means that there are compact open bisections Ff1, ..., F, with
n n

k]lA—i-f:Z]lS(Ei), and Z]IT(Ei) =1[14.
i=1 i=1

It follows that A is (k,l)-paradoxical since k14 < k14 + f and so [2|is satisfied. O

Before moving forward we recall some terminology for pre-ordered abelian monoids
(S,+). For positive integers k > | > 0, we say that a nonzero element 6 € S is (k,[)-
paradozical provided that k6 < 10. If § # 0 fails to be (k,l)-paradoxical for all pairs
of integers k > [ > 0, call 6 completely non-paradozical. Note that 6 is completely
non-paradoxical if and only if (n + 1) ¢« nf for all n € N. If every nonzero element
in S is completely non-paradoxical we say that S is completely non-paradoxical. The
above lemma basically states that in its setting, an subset A C G is completely non-
paradoxical precisely when [1 4] is completely non-paradoxical in the pre-ordered abelian
monoid S(G), and G is completely non-paradoxical if and only if S(G) is completely
non-paradoxical. A state on S is a map v : S — [0,00] which is additive, respects the
pre-ordering <, and satisfies ¥(0) = 0. If a state assumes a value other than 0 or oo, it
said to be non-trivial.

The following result is a main ingredient in the proof of Tarski’s theorem. It is a Hahn-
Banach type extension result and is essential in establishing a converse to Proposition 3.5
A proof can be found in [49].

Theorem 6.2. Let (S,+) be an abelian monoid equipped with the algebraic ordering, and
let 0 be an element of S. Then the following are equivalent:

(i) (n+1)0 £ nb for all n € N, that is 6 is completely non-paradozical.
(ii) There is a non-trivial state v : S — [0, 00] with v() = 1.

For the next lemma we need the notion of an invariant state. If G is an étale, ample
groupoid, we will call a state 3 : C.(G(),Z) — R invariant if B(lyg)) = B(1,(g)) for any
compact open bisection F.

Lemma 6.3. Let G be an ample groupoid with compact unit space GO, Consider the
following properties.

(i) For every non-empty closed and open U C GO there is a faithful invariant positive
group homomorphism S : C(G),Z) — R with B(1y) = 1.
(i) There is a faithful invariant state B on the dimension group

(C(G9,2),C(GY,2)" 1 40).

(iii) G is completely non-paradozical.

The implications (i) = (i) = (ii7) always hold. If G is minimal then (iii) = (i) whence
all conditions are equivalent.



A DICHOTOMY FOR GROUPOID C*-ALGEBRAS 19

Proof. (i) = (i4): Simply take U = G(©),
(ii) = (ii7): Suppose a compact open subset A C G(©) is (k, I)-paradoxical for a pair of
positive integers k > [ > 0. There are then Fy,..., E, € C with

k]lAgZ sy, and ZnT(E <I1y4.

Applying 5 one gets

EB(14) = B(kly) < ﬁ<2n:113 ) Zn:ﬁ(llswj)) = ZH:B(L(E]-)) ﬁ(iﬂw)

< Bl1a) = 16(14).

If A is non-empty then 14 # 0 and since § is faithful we may divide by 5(14) > 0 to yield
k < I, which is contradictory. Therefore A = () and G is completely non-paradoxical.

Assuming G is minimal we prove (iii) = (i). Let U € G be a non-empty compact
open set, and consider § = [1y]g in S(G). Since G is completely non-paradoxical 6 is
completely non-paradoxical and therefore Theorem provides a non-trivial state v :
S(G) — [0,00] with v(0) = 1. Composing this state with the quotient mapping 7 :
C(G®,7Z)* — (@) yields

Bi=wvr:C(GY, Z)" — [0, 0],

an additive, order-preserving map with (0) = 0 and S(1y) = 1. By construction [ is
invariant; indeed if F is a compact open bisection in G then

B(lyg)) = vr(lyr)) = v([lymle) = (L p)lc) = vr(ly k) = B(L. (&)

We claim that g is in fact finite. Since G is minimal, there are compact open bisections
FEy, ..., E, with

n n
D DRI Se R
j=1 j=1

Note that for a compact open bisection £ € C we have s(EU) C U and so 1,gy) < 1p.
Using this fact and applying 3 to the above inequality gives

B(lgw) < 5(2 ]lr(EjU)) = Zﬂ(ﬂr(EjU)) = Zﬂ(ﬂs(EjU) Z (Iy) =n < oo,
st =1 j=1 j=1

where we have used the invariance and order-preserving properties of 5. If f € C (G(O) V)T,
write f = Zszl my 1 a,, where my, € 77T and the A, are closed and open subsets of GO,
Since 14, < 150 we have

K K
=5<ka11Ak> kaﬁ 1a,) < B1gw) Y m
k=1 k=1

which is finite.
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Now we show that A is faithful. Suppose that A € G is a non-empty closed and
open subset with 5(14) = 0. Again we use minimality to find compact open bisections
FEn, ..., B, satisfying

n n
oo <D Bila=3 lus,a)
j=1 i=1

Applying 8 and using its properties we get

1=p(1y) < B(lgo) < ﬂ(Z L(@A)) = Bl a) =Y Byg,4)

j=1 j=1 j=1
n
<) B(1a)=0
j=1

which is absurd. Therefore 3(14) > 0 for every non-empty closed and open A € G(©),
Now suppose f € C(G(),Z)* is non-zero. We may write f = Zszl my1 4, where each
A;, € GO is non-empty, closed and open, and every my, is a strictly positive integer. Since
B(14,) > 0 for every k, it easily follows that 5(f) > 0 as well.

To complete the proof we need only extend S to all of C(G(O),Z); but this is easily
done by expressing f € C(G(O),Z) as the difference of its positive and negative parts
f=ft—f, ft,f~ € C(GY,z)" and applying § additively. a

With lemma [6.3] at our disposal we can characterize stably finite C*-algebras that arise
from ample groupoids. Before we delve into the details, it is natural to tie stable finiteness
with the idea of a coboundary subgroup.

Definition 6.4. Let G be an ample groupoid and let C denote the family of all com-
pact open bisections in G. We define the coboundary subgroup of G as the subgroup of
C.(G),Z) generated by differences Lyg) — 1y (m), E €C, that is

Hg = <]ls(E) — ]lr(E) | E e C>
We say that G satisfies the coboundary condition if Hg N Co(G®),Z)* = {0}.
Here is the main result of this section.

Theorem 6.5. Let G be an ample groupoid with compact unit space GO, Consider the
following properties.
(i) The C*-algebra C;(G) admits a faithful tracial state.

(ii) The C*-algebra C;(G) is stably finite.

(iii) G satisfies the coboundary condition.

(iv) G is completely non-paradozxical.

The implications (i) = (i) = (i4i) = (iv) always hold. If G is minimal, then (iv) = (7)
and all properties are equivalent.

If G is minimal and amenable, then properties (i) through (iv) are all equivalent to

(v) The C*-algebra C:(G) is quasidiagonal.
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Proof. (i) = (ii): Any unital C*-algebra that admits a faithful tracial state is stably finite.
(i3) = (iii): Applying the Ko-functor to the canonical inclusion ¢ : C(G(®) — C*(Q)
gives a positive group homomorphism

Ko(1) : C(GV),7) =2 Ko(C(G?)) — Ko(CHQ)).

The fact that C(G) is stably finite ensures that Ko(¢) is faithful (see section [2.3), that is,
its kernel contains no non-zero positive elements. However, we know that Ko(:)(14g)) =
Ko(¢)(1,(g)) for every compact open bisection E (once more see section , therefore
Hg C ker(Ko(¢)). Tt now follows that Hg N C(G©,7Z)+ = {0}.

(7i1) = (iv): Assume, by way of contradiction, that G is not completely non-paradoxical
so that we can find a non-empty closed and open A C G, positive integers k > 1 > 0
and compact open bisections Ff, ..., E, € C satisfying

k]lA < Z]ls(Ei)’ and Z]IT(Ez) < l]lA.
=1

=1
Then
0<(k—Dla=kla—14<Y Lypy— > Lmy = (Lymy — Losy)
=1 =1 =1

which certainly belongs to Hg N C(G®,Z)T, a contradiction. Thus G is completely non-
paradoxical.

Assuming G is minimal and completely non-paradoxical we prove (iv) = (i). By
Lemma there is an invariant faithful state § : C(G(»,Z) — R. Composing with
the isomorphism of dimension groups dim : Ko(C(G(?)) = C(G©),Z) gives us a state on
the Kg-group

3 := Bodim: Ko(C(G?) —R.

As C(GO) is a commutative AF algebra, states on Ko(C(G(?)) arise from traces ([,
[19]), so let 7 be the tracial state on C(G(®) such that Ko(r) = . Moreover, 7 is
simply integration against a regular, Borel, probability measure 1 on G(). All together,
if AC GO is closed and open we get

p(A) = [ Aada = (1) = Ko(r)([Lalo) = B[8al0) = B o dimn({1alo) = B(L).

The G-invariance of u now follows from the invariance of 3, indeed, if F is a compact open
bisection, then

1(s(E)) = B(lym)) = B(Ly(p)) = p(r(E)).

We also claim that 7 is faithful. To see this we note that the measure p has full support.
For if u(U) = 0 for a non-empty open subset U C G we can find a non-empty closed
and open A C U with p(A) = 0. It then follows that 5(1 4) = 0 which contradicts the fact
that § is faithful. Thus no such U exists and so p has full support whence 7 is faithful.

Finally, composing 7 with the faithful conditional expectation E : C*(G) — C(G©) gives
a faithful tracial state T o E : C(G) — C as desired.
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For an amenable G, we have that C:(G) is separable, nuclear, and satisfies the UCT.
If, moreover, C(G) admits a faithful trace, then [48, Theorem A] and the subsequent
remarks ensure that C(G) is quasidiagonal. O

Using Proposition we can extend the key statement of Theorem to the situation
of groupoids with non-compact unit space.

Corollary 6.6. Let G be a minimal, ample groupoid. The following are equivalent:

(i) Ci(G) admits a faithful semifinite trace T such that 0 < 7(1lg) < oo for every
compact open K C GO);
(ii) C;(G) is stably finite;
(iii) G satisfies the coboundary condition; and
(iv) G is completely non-paradozical.

If G is also amenable, then properties (i) through (iv) are all equivalent to
(v) The C*-algebra C:(G) is quasidiagonal.

Proof. If C}(G) admits a nontrivial faithful semifinite trace as in (i) then it is stably finite
because the collection {1 | K € G(°) compact open } forms an approximate identity for
CH(Q).

Fix a compact open set K C G(©) andset H := KGK = {y € G : (), s(y) € K}. Since
G is minimal, we have G(©) = {r(y) : s(y) € K}. Hence GK is a G-H equivalence. This
gives LG = KH by [11, Theorem 2.1]. Also C}(G) and C}(H) are stably isomorphic, and
we deduce that C(G) is stably finite if and only if C;(H) is. By the proof of Proposition[5.7]
we see that G satisfies the coboundary condition if and only its stabilization KG does.
Using that G and H are stably isomorphic we learn that G satisfies the coboundary
condition if and only if H does which in turn occurs if and only if C}(H) is stably finite
by Theorem Thus C}(G) is stably finite if and only if G satisfies the coboundary
condition.

Moreover, if C}(G) is stably finite, then so is C}(H), so there is a faithful trace 7 on
Ci(H). From this we obtain a faithful semifinite trace 7 on C}(KH) satisfying 7(f) =
2 onen Tl g w(nnyy) for f € Ce(KH). Since KG = KH, the map 7 induces a semifinite
trace on C}(KG) which is nonzero and finite on the indicator function of any compact
open set of units. This semifinite trace then restricts to a faithful semifinite trace on the
corner C(G) of C:(KG).

By Proposition if C*(G) is stably finite, then G is completely non-paradoxical.
Conversely, if G is completely non-paradoxical, then since compact open bisections of H
are compact open bisections of GG, we see that H is completely non-paradoxical, and then
(iv) = (ii) of Theorem [6.5|shows that C(H) is stably finite. We saw above that C}(G)
is stably isomorphic to C}(G), so we deduce that C;(G) is stably finite.

If G is amenable and C}(G) is stably finite, then C}(H) is unital, separable, nuclear,
has a faithful trace and satisfies the UCT. Qasidiagonality of C}(H) again follows from
the main result in [48]. Since C}(G) and C;(H) are stably isomorphic we conclude that
C;(GQ) is quasidiagonal too. O

Thus stable finiteness for C*-algebras arising from minimal, ample groupoids G is char-
acterized by the ‘non-infinite’ nature of the type semigroup G. More precisely, if we call
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an element 6 € S(G) infinite provided (n + 1)0 < n# for some n € N, then Theorem
says that C!(G) is stably finite provided that S(G) contains no infinite elements. In the
next section we shall look at the diametrically opposite setting where every element in
S(G) is not only infinite, but ‘properly infinite’.

7. PURELY INFINITE GROUPOID C*-ALGEBRAS

We now wish to characterize purely infinite reduced groupoid C*-algebras by the ‘prop-
erly infinite’ nature of the corresponding type semigroup constructed above. This coincides
in spirit with the work of Rgrdam and Sierakowski in [44] and of the first author in [37].

Recall that a projection p in a C*-algebra A is properly infinite if there are two sub-
projections ¢, < p with ¢r = 0 and ¢ ~ p ~ r. A unital C*-algebra A is properly
infinite if its unit 14 is properly infinite. Purely infinite C*-algebras were introduced by
J. Cuntz in [I3]; an algebra A is called purely infinite if every hereditary C*-subalgebra
of A contains a properly infinite projection. It was a longstanding open question whether
all unital, separable, simple, and nuclear C*-algebra satisfied the stably finite/ purely in-
finite dichotomy until M. Rgrdam answered this query negatively in [42]. He constructed
a unital, simple, nuclear, and separable C*-algebra D containing a finite projection p and
an infinite projection g. It follows that A = ¢Dgq is unital, separable, nuclear, simple, and
properly infinite, but not purely infinite. It seems natural to ask if there is a smaller class
of algebras for which a stably finite/purely infinite dichotomy holds. Theorem below
gives a partial answer in this direction.

We first present a necessary condition for a groupoid C*-algebra to be purely infinite.

Proposition 7.1. Let G be an étale groupoid. If CH(G) is purely infinite, then for any
non-empty compact open U C GO, there is an open bisection E € B with EN GO = ()
such that

r(EU)NU # 0.

In particular, for every non-empty compact open U C GO there is an « ¢ GO with
r(a),s(a) € U.

Proof. Since C}(G) is purely infinite the projection p = 1y is properly infinite (Theorem
4.16 in [26]). So there are z,y € C(G) that satisfy

rrr=p=y'y, xz* Lyy", xz*,yy" <p.

The x-algebra C.(G) is norm-dense in C}(G), so we may find sequences (an)n, (bn), in
C.(G) converging to = and y respectively. We now compress by setting x,, := pa,p and
Yn := pb,p and note the following:

(xn)n — x since x, = pa,p — prp = pra‘r = xr'r = 1,
(Yn)n —> y by a similar argument,
() xp)n —> p since x)x, — x'x = P,
similarly (v yn)n — p, and

(5 Yn)n —> 0 since x)y, — ™y = 2" zz*yy*y = 0.
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Moreover, the x, cannot be normal for all large n. To see why, suppose x; z, = x,z;, for
n large, then we would have

p=p*= (lim :c;';a:n> p= (lim :cna::;) p=axz*p = xz*
n n

which contradicts the fact that p is infinite. By passing to a subsequence we may assume
that all the x,, are non-normal.

Since G is étale we can write z,, = ZkK:’ll fnk such that, for a fixed n, the f, , € C.(G)
are non-zero and supported on distinct open bisections, say E,, x, with E,q1 C G and
E, kN GO =@ for 2 < k < K,,. Since pr,p = x, we get

K. K,
o= fok =Y 1vfukly.
k=1 k=1

If 1yfurly = 0 for k = 2,...,K,, then z, = 1y f,11y is normal, contradicting our
assumption. Therefore, there is an open bisection, say E, with £ N GO = ¢, and a
non-zero f € C.(G) supported in E such that 1y f1y # 0. But

0 # supp(ly fly) CUEU ={a | a € E,s(a),r(a) € U}.
It now follows that »(EU) NU # §. O

As alluded to above, it is the properly infinite nature of the type semigroup S(G) that
will generate properly infinite projections in C}(G). This is seen in Lemma below. For
this reason we introduce some terminology. An element # in a pre-ordered abelian group
S is said to properly infinite if 20 < 6, that is, if it is (2, 1)-paradoxical, or equivalently
it is (k, 1)-paradoxical for any k > 2. If every member of S is properly infinite then S is
said to be purely infinite. A pre-ordered monoid S is said to be almost unperforated if,
whenever ,n € S, and n,m € N are such that nf < mn and n > m, then 6 <.

Lemma 7.2. Let G be an ample groupoid, and suppose A C GO s a compact open subset.
Let 6 = [La]g denote the class of 14 in S(G). The following are equivalent.

(i) There are mutually disjoint compact open bisections
Fi,....Fy,Hy,... H,€C
satisfying the following: writing x =% ;" | 1 andy = > | 1, in CL(G),
2rr=14, yy=1a, zz*"+yy" <14

(ii) A is (k,1)-paradozical for some k > 2.
(#ii) 0 is properly infinite in S(QG).

Proof. (i) = (i7): By assumption we have

n * n
Iy=a'z= <Z]1Fi> (ZﬂFJ =D iy =) 1palp =) Lpp.
i=1 i=1 ij ij i

Applying the conditional expectation E on both sides we get

n
1a=E(la) = E<Z ﬂFi—le) =D E(lpip) =D Tpipnco =Y lur)
,J ,J ,J =1



A DICHOTOMY FOR GROUPOID C*-ALGEBRAS 25

where we have used the fact that the F; are mutually disjoint to ensure that for ¢ # j,
F'F;nGO =0, and F;'F; = s(F;). By a similar calculation we also have

n
Iy= Z Ls(my)-
i=1

Moreover, applying the conditional expectation to
n n * n n *
ey = (1n) (L) + (Stw) (L in)
i=1 i=1 i=1 i=1
=2 i+ 2 g
/[:7.7.

i=ij

gives

14 =E(l4) 2 E(Z ]lFiFfl + Z ]lH’iHj1> - Z]lFiFflﬁG(O) + Z ]lHinl”G(m
i,j i,j 2

n n n n =
=D e+ Lyp=> Lumy+ > L.
=1 =1 =1 =1

Again here we use disjointness so that EFj_1 NGO = ¢ = IL‘Hj_1 NGO for i # 4. All
together,

n n n n
204 =3 Loy + ) Logmys and > gy + 3 Loy < 1a
=1 =1 =1 =1

which says that 14 is (2, 1)-paradoxical.
(73) = (i): We may suppose that k = 2 since 21 4 < k1 4. There are, therefore, compact
open bisections F1, ..., E, in G with

n n
200 <Y 1yp), and D Iyp) <la
i=1 i=1
This condition implies that the r(E;) are mutually disjoint and therefore the bisections E;
are themselves mutually disjoint.
The inequality 214 < > | 14, implies that by partitioning copies of A, we can find
compact open sets {A;; | 1 <i<n,1 < j <2} such that

|i| A = A, |i| Aio=A, Aj1UA2Cs(E;) Vie{l,...,n}.
i=1 i=1
Now for each i =1,...,n set
Fi = (s|p) " (A1) and  H;:=(s|g,) " (Ai2).
Note the following;:
F, CE;, s(F)=A, i#j=rF)nr(F;) =0,
H; CE;, s(H;)=A4i2 i#j=rF)nr(F;)=0.
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Moreover, F; N H; = () for every 4, and since the F; are disjoint, it follows that the compact
open bisections Fi,..., Fy,, Hy,..., H, are mutually disjoint.
Using these facts and writing z and y as in the statement of the lemma we get

n * n n n
o — <Z]1FZ> (Z]IFZ> = Z]lFlej = Z]IS(F'L) = Z]lAi,l =14,
=1 =1 i,J i=1 i=1

n * n n n
Yy = <Z]1H) (ZﬂH) = Z]IH;1H], = Z]]'S(Hi) = Z]lAm =1y,
=1 =1 2 i=1 i=1

where we use the fact that F, 'F; = () = H; 'H; = () for i # j since these have disjoint
ranges. Now using the fact that s(F;) N s(F;) = 0 = s(H;) N s(H;) for i # j, and that E;
are compact open bisections we get

zxt + yy* = Z]lFiF]'_l + Z]lHiHj_l = Z]IT(Fz‘) + Z]IT(Hi)
ij i i=1 i=1
= Z(ﬂr(m) + 1)) < Z]lr(Ei) < 1y,
i=1 i=1
thus (7) holds.
The equivalence (i) < (iii) follows directly from Lemma O

We now come to the main result of this section. We use the constructed type semi-
group S(G) to characterize purely infinite and traceless C*-algebras that arise from ample
groupoids. Recall from [27] that a C*-algebra A is said to be traceless if it admits no
non-zero lower semi-continuous (possibly unbounded) 2-quasitrace defined on an algebraic
ideal of A. The following theorem is in the spirit of Theorem 5.4 of [44] and Theorem 5.6
of [37].

Theorem 7.3. Let G be an ample groupoid which is minimal and topologically principal.
Consider the following properties:
(i) The semigroup S(G) is purely infinite.
(i) Every non-empty compact open A C GO s properly paradozical.
(iii) The C*-algebra C;:(G) is purely infinite.
(iv) The C*-algebra C;(G) is traceless.
(v) The semigroup S(G) admits no non-trivial state.
The following implications always hold: (i) < (ii) = (iii) = (iv) = (v). If the semigroup
S(G) is almost unperforated then (v) = (i) and all properties are equivalent.

Proof. (i) = (ii): Let A € G be compact and open. Since we are assuming that
0 := [1 4] is properly infinite, we have 20 < #. Lemma now says that A is (2,1)-
paradoxical whence properly paradoxical.

(i1) = (i): Let = [f]g be a non-zero element in S(G). We may write f = >, 14,
where A, € G© are nonempty compact open subsets. Setting 6, = [1 A.la, again
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Lemma implies that 26) < ), for each k. The quotient map is additive so ), 0, = 6.
It easily follows that 6 is properly paradoxical since

29:229k2229k§29k:9.
k k k

(73) = (¢i7): Since G is minimal and topologically principal, by the main result in [7]
it suffices to check that every non-empty compact open set A C G(© defines a properly
infinite projection 14 in C!(G). By our assumption every such A is (2, 1)-paradoxical,
and Lemma [7.2) implies that 14 is properly infinite.

(791) = (iv): Purely infinite algebras are always traceless [27].

(tv) = (v): Suppose v : S(G) — [0, 0] is a non-trivial state, so that 0 < v([1y]g) < co
for some non-empty compact open subset U C GO, Composing with the quotient map
7 : Co(GO),Z)t — S(G) we get an order preserving monoid homomorphism § = v o7 :
C.(GO 7))+ = [0,00] with 0 < B(1y) < co. If Cy denotes the algebra of all of all compact
open subsets of G then the map

pro = Co — [0,00]  po(A) = B(14)

defines a pre-measure in the sense of [16] (page 30) satisfying po(U) € (0,00), and
wo(r(E)) = po(s(E)) for every compact open bisection E. The o-algebra generated
by Cp is the Borel o-algebra B, so po extends to an invariant Borel measure u.
As in the last paragraph of section [2] we obtain a lower-semicontinuous tracial weight
Ty = I, 0E : Ci(G)" — [0,00] with 7(1y) = u(U) € (0,00). By standard techniques
we restrict (and extend) 7, to a linear, unbounded, lower-semicontinuous trace 7, defined
on the algebraic ideal generated by the domain D := {a € C:(G)" | 74(a) < oo}. Since
Tu(1y) < oo, the element 1y belongs to D and so 7,(1y) = 7,(1y) > 0, whence 7, is
non-zero. This contradicts the assumption that C}(G) is traceless.

Now we assume that S(G) is almost unperforated and prove (v) = (i). Let 6 be a
non-zero element in S(G). If 6 is completely non-paradoxical then by Theorem S(G)
admits a non-trivial state. So, assuming (v), we must have (k + 1)0 < k6 for some k € N.
Thus

(k+2)0=(k+1)04+60<kb+0=(k+1)0 <k6.
Repeating we obtain (k+1)26 < kf. Since S(G) is almost unperforated we may conclude
that 20 < 0, hence 0 is properly infinite. O

As promised, we combine Theorem Corollary and Theorem to obtain the
long-desired dichotomy.

Theorem 7.4. Let G be a minimal, ample, and topologically principal groupoid with an
almost unperforated type semigroup S(G).
(i) The C*-algebra C:(G) is simple and is either purely infinite or stably finite.
(ii) If G is also amenable, then C:(G) is simple and is either purely infinite or qua-
stdiagonal.
Remark 7.5. Since, by Remark our type semigroup coincides with that of Bonicke
and Li [5, Definition 5.3], our Theorems (7.3 and [7.4|recover [5, Theorem 5.11], and extend

it to groupoids with non-compact unit spaces. In particular, our Theorem extends [5,
Corollary 5.13] to groupoids with not-necessarily-compact unit spaces.
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Due to the deep classification achievements of Kirchberg [25] and Phillips [34], several
authors have sought to express dynamical conditions for systems (A,T") that yield purely
infinite crossed products A x, I'. For example, a continuous action I' ~ X of a discrete
group on a locally compact Hausdorff space is called a local boundary action if for every
non-empty open U C X there is an open V C U and t € T such that t.V & V. Laca
and Spielberg showed in [29] that if ' ~ X is a topologically free local boundary action
the reduced crossed product Cp(X) %, I' is purely infinite and simple. Jolissaint and
Robertson [20] generalized this notion to noncommutative C*-systems (A,I") by defining
a property called n-filling. When A = C(X) (X compact and infinite) this filling property
is equivalent to a weak version of hyperbolicity expressed as follows: for every collection
Ui, ..., U, € X of nonempty open sets we can find group elements ¢1,...,t, in I" such that
Ui, t;.U; = X. This n-filling property naturally generalizes to groupoids as expressed
by Suzuki [47], who proved that n-filling topologically principal groupoids have purely
infinite reduced C*-algebras. Here we demonstrate how this n-filling property lends itself
naturally to our notions of paradoxicality explored in this section, and in the process we
recover Suzuki’s results.

The following definition looks slightly different from that given by Suzuki in [47, Defi-
nition 3.2], but we show below that they are equivalent in Remark

Definition 7.6. Let G be an ample groupoid with compact unit space, and let n € N. We
say that G has the n-filling property if for every collection Uy, ..., U, € G© of non-empty
open sets we can find compact open bisections Ff1, ..., F, such that

r(EU;) = GO,

-

=1

Proposition 7.7. Let G be an ample groupoid whose unit space G0 is compact and has
no isolated points. If G is n-filling, then G is minimal and every non-empty compact open
A C GO s properly paradozical.

If, moreover, G is topologically principal, then C:(G) is purely infinite.

Proof. Minimality is clear by Proposition Suppose A C GO is a non-empty compact
open subset. Since G(© is totally disconnected without isolated points we can find 2n
disjoint clopen sets Uj,...,Us, C A. By the filling property we can find compact open
bisections Ff1, ..., Fo, such that

n 2n
U T’(EjUj) = G(O), and U T’(EjUj) = G(O)
j=1 j=n+1

Consider the compact open bisections F; = (E;U;)~! for j = 1,...,2n. We note that

j=n+1

2n 2n
> Ly =D Lmuy 2 Lyr ruy) T oy 2 Lo + o) = 21g0).
j=1 Jj=1

Since r(Fj) = s(E;U;) C U; for all j, and these are disjoint, we have

2n 2n
D Ly < ly = Lz y, <14,
j=1 j=1
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thus A is properly paradoxical.
The final assertion follows from Theorem [7.3l O

It would be reasonable to suspect that this notion of filling is related to the locally
contracting property of C. Anantharaman-Delaroche found in [1J.

Remark 7.8. To see how that our Proposition [7.7] recovers the pure-infiniteness state-
ment in [47, Proposition 3.9], we show that our notion of n-filling is equivalent to Suzuki’s
notion of n-filling. Suzuki defines G to be n-filling if for every nonempty open W there
are open bisections Fy, ..., E, such that |J,7(E;W) = GO (see [47, Definition 3.2]).
If G is n-filling in our sense, then it is also n-filling in Suzuki’s sense: given W, ap-
ply our definition with Uy = Uy, = --- = U, = W. The argument for the converse
is essentially that of [20]. If G is n-filling in Suzuki’s sense, then Proposition (or
[47, Proposition 3.9] and [6l Proposition 5.7]) shows that G is minimal. So we can find
7,2 € UiGUz and then a compact open bisection Fio C UiGUs containing ;2. We
then repeat this argument with U; replaced by T(FLQ) and Us replaced by Us to find a
compact open bisection F 3 € r(Fy 2)GUs. Iteratively, we obtain compact open bisections
i C©Nj<i7(F1,;)GU;. Apply Suzuki’s n-filling property with W = (i_; r(£1;) to obtain
compact open bisections F} with |J, 7(F/W) = G(*). Now putting E; = F/F};, we obtain
U, r(E:U;) = U, r(Fjr(F)) 2 U, r(EW) = GO,

8. GRAPHS AND DYNAMICAL SYSTEMS

The C*-algebras that arise from groupoids form an extensive class. In this last section
of our work we study three prominent cases; topological graphs, transformation groups,
and higher-rank graphs.

Topological graphs were defined and studied by Katsura in [2I]. Confining our focus to
the zero-dimensional case, we show (see Definition that a regular totally disconnected
graph E admits a natural semigroup S(F) which agrees with the groupoid type semigroup
S(GE) (Proposition [8.4), where G is the infinite-path groupoid as defined by Yeend [51].
As topological graph C*-algebras are nuclear and satisfy the UCT, we obtain Corollary 8.5}
a quasidiagonal /purely infinite dichotomy result.

Given a discrete dynamical system I' ~ X, one can form the transformation groupoid
X xT'. The reduced groupoid C*-algebra C*(X x I') is isomorphic to the reduced crossed
product algebra Cy(X) %, I'. When X is compact and zero-dimensional, we would ex-
pect our type semigroup S(X x I') to coincide with the type semigroup S(X,T") of the
system I' ~ X as defined and studied in [44], 37]. We indeed establish this assertion in
Proposition We then apply our results to the theory of rigidity of dynamical systems
and show that the type semigroup of a Cantor system is a continuous orbit-equivalence
invariant.

Finally, if A is a row-finite k-graph with no sources, its C*-algebra is Morita equivalent
to a crossed product of an AF algebra by Z*. The type semigroup S(A) of this action can
be computed directly in terms of the adjacency matrices of the k-graph [32]. Since k-graph
C*-algebras can also be modeled as the C*-algebras of ample groupoids, it is natural to
compare the semigroup S(A) with the type semigroup of the associated groupoid. We
prove in Proposition that the two are isomorphic.
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8.1. Zero-dimensional topological graphs. Recall from [21] that a topological graph
is a quadruple E = (E°, E',r, s) where E° and E! are locally compact Hausdorff spaces,
r: E' — E° (the range map) is continuous, and s : E! — E° (the source map) is a local
homeomorphism. For any n = 1,...,00 we have the path spaces

E"={(\iz | M€ B s) =r(p)} S [ B EF = | B
k=1 S0

endowed with the obvious topologies. For any n € N the range and source maps can be
naturally extended (with the same properties— is continuous and s is a local homeomor-
phism) to r, s : E™ — E°. Moreover, the range map extends to infinite paths r : E* — E°
via ()72, = 7(A1). A subset U C E™ for which s|y : U — s(U) is a homeomorphism is
called an s-section. Note that for any n € N and vertex v € E?, s~!(v) C E™ is discrete.

A topological graph F is said to be totally disconnected if E° is totally disconnected. For
the remainder of this section we restrict our attention to totally disconnected topological
graphs whose range map is proper and surjective. In this setting the infinite path space
E° is also totally disconnected. Here is a brief justification. For n € N and U C E", we
have the cylinder sets

Z(U) = {/\€E°° | A=aB,acU,pBec E” s(a) :r(ﬁ)} C E™.

If U C E™ is compact and open, one verifies that Z(U) is compact open too, and a routine
argument shows that the collection

{Z(U) | U C E™ is a compact open s-section for some n > 0}

forms a basis for the topology on E°°. Omne can also show that every compact open
A C E* can be written as a finite disjoint union A = U;Z(A;) where the A; C EP¢ are
compact open s-sections. These facts will prove useful in our work below.

The topological-graph C*-algebra C*(E) is defined to be the Cuntz-Pimsner algebra
of a C*-correspondence constructed from the topological graph E. However, it can also
be realized as the reduced C*-algebra of a Deaconu-Reneault infinite-path groupoid Gg.
We briefly recall the construction of Gg. Recall from Sections 2.3 and 2.4 of [4I] that
a boundary path of E is either an infinite path or else a finite path A € E* such that
s(A\)E! is empty or has no compact neighborhood in E'. Since r : E* — EY is proper and
surjective by hypothesis, we deduce that the boundary-path space of E is precisely E°°.
The groupoid Gg is defined as follows. The underlying set is

Gp = {(ax | = 8], 8X) | o, B € B, A € B, s(a) = 5(8) = r(A)} CE® xZLxE>,

endowed with the subspace topology. The unit space is G(EO) = {(\,0,\) : A € E*}
identified with £°°. The range and source maps are defined via

rs:Gp—GY  run)=p,  spnv) =,
while the law of composition and inverse operation are given by

(,m,v)(v,m, ) = (u,m+n,)), and (g, n,v)"t = (v, —n, p).
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The topology on G g has basic compact open bisections
2.7 i= { (@ lal = 186N | a € U5 € Vixe BX.r(0) = ) = (3) .

where U C E™, V C E™ are compact open s-sections for some m,n € N. Note that
in this context r(Z(U,V)) = Z(U) and s(Z(U,V)) = Z(V). Yeend proves in [51] that
C*(F) = C*(Gp).

We now define a semigroup S(F) associated to a totally disconnected topological graph
E. Again, we are restricting our attention to totally disconnected topological graphs
whose whose range map is proper and surjective. If K C E° is compact and v € E°, then
r~1(K) N s 1(v) is the intersection of a compact set and a discrete set, and is therefore
finite. For any f € C.(E?) and any integer n > 0 we define ©"(f) : E° — Z by

(5) O"(f)v) = Y flr(N).

AeE™

Note that the sum runs over all A\ € 7~ !(supp(f)) N s~!(v) which is a finite set. The
support of ©"(f) is compactly supported since supp(©™(f)) C s(r~!(supp(f))) which is
compact. We therefore have an operator ©" : C,.(E?,Z) — C.(E°,Z) which is a positive
group homomorphism and satisfies ©"7™ = @™ o ©™. Observe that if E is a discrete
directed graph, then ©" is just multiplication by the transpose (A%)! of the nth power of
the adjacency matrix of E.

It is useful to see how ©" operates on characteristic functions. To that end, suppose U C
E¥ is a compact open subset. As discussed above, s : E® — EY is a local homeomorphism,
so E™ has a basis of compact open s-sections. Since r : E® — E° is proper, UE™ is
compact, and it follows that there are finitely many mutually disjoint compact open s-
sections U; C E™ such that

k
UE":={\€ E" |r(\) eU} =] |U;.
J

One checks that O"(1y) = Ej-;:l ]ls(Uj)-

Definition 8.1. Let E be a totally disconnected topological graph whose range map is
proper and surjective.
(i) We define a relation ~ on C.(E?, Z)T as follows: f ~ g if there exist p,q € N such
that ©P(f) = ©4(g).
(ii) Define the relation ~ on C.(E°,Z)* by f ~ g if there exist finitely many pairs
(fi,9)71 in Ce(E®,Z)T x C.(E°, Z)* satisfying

n n
fNZfi7 nggi and f; ~g; for each i.
i=1 i=1
Lemma 8.2. Let E be a totally disconnected topological graph whose range map is proper
and surjective. The relations ~ and = are equivalence relations. If f ~ g then there
exist finitely many compact open sets U; C E°, and natural numbers p,q and q; such that

Or(f) =>_,0%1y,) and ©%(g) = >, 1y,.
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Proof. 1t is clear that both ~ and = are symmetric and reflexive. To see that ~ is
transitive, if f ~ g ~ h, say ©™(f) = 0"(g) and ©P(g) = ©O%(h), then O"1P(f) =
O"tP(g) = ©"14(h), giving f ~ h.

To see that ~ is transitive, we first prove the final statement of the lemma. If f ~ ¢
there are finitely many pairs (fi, g:)i=1 € Ce(E°,Z)* x C.(E?,Z)T, and natural numbers
a,b,c,d,p;,r; in N satisfying

=0’ Zfz ©°(g @d(Zgi), and OPi(f;) =0©"(g;) for each i.
Set P :=max; p; and p:=a+d+ P. Then
@p(f) — @P+d <®b( Z f1)> Z @P pz+b+d(@pz Z @P pz+n+b+d(g )
So putting g; :== P — p; + i, ¢ = b+ c and h; = ©°F4(g;) for each i, we have
O7(1) = S0 (h) and 67(g) = '(O°(1) =€ (0L 0) ) = St
Now writing each h; = Z;”:’l 1y,, we obtain
= Z Z (H)qi(]lUi) and @q(g) = Z Z ﬂUm
i j<my iojs<my

so reindexing gives the final statement of the lemma.

Now suppose that f ~ g ~ h. By the preceding paragraph, we can choose finitely
many characteristic functions gi,...,gy and hy,...,hx of compact open subsets of EY,
and natural numbers p, g, a,b,q; and a; such that OP(f) = . 0%(g;), ©9(g) = >, 9i,

©°(h) = 3=; 0% (h;) and ©%(g) = 3_; hy.
We therefore have 37, ©%(g;) = ©%T(g) = >_, ©(h;). So replacing each g; by ©%(g;),
p by p+a, ¢ by ¢+ a, each h; by ©%(h;) and b by b+ ¢, we obtain

Z@ql g), ©%h)= Z@“J(h ), and Zgi = Zhj.
J i J

Applying the refinement property to the equality ), g; = Zj h; we get characteristic
functions {k; ;}; ; satisfying

gi = Zki,j7 h; = Zk‘u
j i

for every ¢ and j. Consequently

= 0%(g) =Y O%ki;),  O°h) =) O%(h;) = O%(ki;).
7 %]

J 1,

Now for every pair (i,j) we have ©%(k; j) ~ ©% (k; ;), so by definition f ~ h.
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Definition 8.3. Let E be a totally disconnected topological graph whose range map is
proper and surjective. We define the type semigroup of E as

(6) S(E) = C.(E°,Z)" |~
and write [f]g for the equivalence class with representative f € C.(EY,Z)*.

Since the relation = clearly respects addition in C.(E°, Z)", we see that S(F) is indeed
an abelian monoid under the operation [f]g + [g]g = [f + g]g. As usual we give S(FE) the
algebraic ordering.

Our next goal is to prove that this S(E) coincides with the semigroup S(Gg) constructed
from the ample groupoid G associated to E.

Proposition 8.4. Let E be a totally disconnected topological graph whose range map is
proper and surjective. There is an isomorphism of monoids 7 : S(E) — S(Gg) such that
((lvle) = Mzw)lep for every compact open U C EO.

Proof. Sincer : E* — EY is proper and surjective, the map 7 : C,.(E°, Z)* — C’C(ng]), 7)*
defined by 7(f) = f or is a well-defined, injective monoid homomorphism. One immedi-
ately observes that 7(1y) =1y or = 1 z(v for every compact open U C EO.

To see that 7 descends to 7 : S(E) — S(GEg), we must show that if f ~ g, then
7(f) ~ap 7(g). We first show that 7(f) ~g, 7(0"(f)) for any f € C.(E®,Z)* and n € N.
Since O™ and 7T are additive, and ~¢, respects addition, it suffices to consider f = 1 for
a compact open subset U C EY. We write UE™ = |_|k U; where the U; C E™ are compact

open s-sections. For each j, let F; denote the open bisection F} := Z(U],S(U )) € Gg.
We then have

k k
(0" (1y)) = ?<Zﬂs(Uj)> =D (L) = D Lzswy)
=1 '

j=1 j=1
k k k
= ym) ~ee ) Ly = D Lzwy) = Lz, = Law) = 7(1v)
j=1 j=1 j=1

Since ~q,, is an equivalence relation on C’C(G%]), 7)*, we deduce that if f ~ gin C.(E?,Z)T
then 7(f) ~g, 7(g9). Now suppose that f ~ g € C.(E° Z)T, then there exist finitely many
pairs (f;,g:), in C.(E°, Z)" x C.(E°, Z)* satisfying

f~ Zn:fi, g~ zn:gi and f; ~g; for each i.
Then
) ~ap T (Zfz) = Z (fi) ~ap Z%(gi) = %<Zgz‘> ~ap T(9)
So 7 induces a homomorphism 7 : S(E) — S(GE) satisfying 7([ly]r) = [Lz)]c

To show surjectivity, it suffices to verify that [1a]g, is in the image of 7 for any
compact open A C E*°. Since any such A can be written as a finite disjoint union
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A = U;Z(Bj) where the B; C EPi are compact open s-sections, we need only show that
such [Z(B)|g, € im(7) for such an s-section B. To that end

Lz)lar = LrzBsB)lcs = Mszps)les = Lzsaylar = T([Lys)lE),
so 7 is indeed surjective.

Lastly we show that 7 is injective. Suppose f,g € C.(E°,Z)" and that 7(f) ~a, 7(g).
We need to show that f ~ g. Choose compact open bisections U; C Gg such that

= Ly and 7(g) =Y Ly,

By definition of the topology on Gg, we can decompose each U; as U; = |_|;”:1 Z(V;, W;)
where V; C EPi, W; C E% are compact open s-sections for some p;,q; € N, and s(V;) =
s(Wj). By relabeling, we can assume that each U; is equal to such a Z(V;, W;). By taking
p = max; p;, covering each s(V;)EP~Pi with mutually disjoint compact open s-sections
{Yi; : 7 < m;} and then replacing each Z(V;, W;) with {Z(V}Y; ;, W;Yi;) : j < m;}, we
can moreover assume that the p; are all equal.

Since 7(f)(Az) = f(r(N) = 7(f)(Ny) whenever A\, \' € EP satisfy r(\) = r(\), we see
that for each A € supp(f)EP, we have [{i : A € V;}| = f(z). It follows that 7(14y;)) =
> i Lzsvy)) = T(OP(f)). We have s(V;) = s(W;) for all i, and so Y ; 1 z(sw,)) = T(OF(f))
as well. Each 1;(sw,)) = T(Lsuw;,)), so it suffices to show that g ~ >, 1,w,). So, putting
q = max; g;, it suffices to show that g ~ 3, @174 (14y,)).

By covering each s(W;)E9"% by mutually disjoint compact open s-sections Y;;, we
can write >, 7(©7 % (Lyw,))) = >_; j Lsw,v;;)- Now the compact open bisections B; j =

Z(W;Y;j,s(Y; ;) satisfy 7~'<EZ @q_qi(ﬂs(wi))) = E” ]ls(Bm-) and 7(g) = Z” ﬂr(Bi,j)'
Since each W;Y; ; € E9, the argument of the preceding paragraph shows that

%(Z 96’_%(18%))) =D Ly = 7(0%(9))-
7 .5

Since 7 is injective, it follows that ©%(g) = >, ©97% (1 yy,)), and so g = >, O % (L)
as required.

We arrive at the following dichotomy result for zero-dimensional graphs.
Corollary 8.5. Let E be a totally disconmected topological graph whose range map is
proper and surjective. If C*(E) is simple and the semigroup S(E) of is almost
unperforated, then C*(E) is either purely infinite or quasidiagonal.

Proof. Since C*(Gg) = C*(FE) is simple, [6l, Theorem 5.1] shows that Gg is minimal and
topologically principal. Proposition shows that S(Gg) is almost unperforated. The
result now follows from Theorem [7.4l O

We finish with an alternative description of the type semigroup of a regular topological
graph in the spirit of a coboundary monoid. Given a totally disconnected topological
graph E with proper and surjective range map, the ordered abelian group C.(E*°,Z) can
be realized as an inductive limit as follows. There are proper surjective maps

P BT B A Mg = AL A, and w0 B —— BT (V) a1 A A
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which induce injective positive group homomorphisms

pn: Co(E™Z) — Co(E"™.Z), and  poon : Co(E",Z) — C.(E>,Z)
given by pn(f) = f o pp, and peon(f) = fom, for f € C.(E™,Z). Note that if V C E™ is
compact and open, then p,(1y) = ]lp;l(v) and poon(ly) = Lz(y). It is routine to check
that the inductive limit gives

lim (Co(B™,2), p) = (Co( B, Z), pooin) -

We will write C,, C E™ for the collection of all compact open s-sections in E™. Note
that Cy consists of all the compact open subsets of E°. We define the coboundary monoid
of E to be the free abelian monoid with generators {ay : U € Cy} subject to the relations

ayLy = ay + ayy for disjoint U, U’ € Cy, and
ay = Y ;ayy,) for any finite cover UE' = |, Vi by mutually disjoint V; € C;.

That is, Mg is the quotient of NCy by the smallest congruence containing the above two
relations. The first of these relations simply says that disjoint unions in EY correspond
to addition in M. The second relation is akin to a coboundary condition, and is related
to the equivalence relation ~ in that we already saw that if UE! = L], Vi is a finite cover
of UE! by mutually disjoint V; € C1, then the operator © := ©! : C.(E°,Z) — C.(E°,Z)
of (B) satisfies ©(1y) = 3L, Tyv;)-

Proposition 8.6. Let E be a totally disconnected topological graph whose range map is
proper and surjective. Then the type semigroup S(E) is isomorphic to Mp.

Proof. U = |_|j Uj, with U; € Cp, then

Lzw)ler = Mzwupler = Muzw)les = [Zj ]lZ(Uj)}GE = illzwylce-
Also, if U € Cp with UE" = | |, V;, V; € E' compact open s-sections, then
[Lzw)ler = Mzwwles = Muzlas
B {Ziﬂz(m]cE - [Zi]lZ(s(Vi))]GE =2 illzsviples

Hence there is a well-defined monoid homomorphism ¥ : Mg — S(Gg) such that ¥(ay) =
[]lZ(U)]GE for all U € Cy.

To see that ¥ is an isomorphism, we construct an inverse. For each n € N define ¢, :
C.(E™, Z)" — Mg as follows. Given f in C.(E",Z)*, write f as a finite sum f = >, 1y,
where the U; are compact open s-sections, and put (bn(zZ ]lUZ.) => asu;)- A refinement
argument shows that ¢, is well-defined. We claim that ¢,,+1 0 p, = ¢, for every n > 0.
To see this, consider any compact open subset V C E". We may write s(V)E! = | |, V;
for finitely many mutually disjoint V; € C;. We then have s(p,'(V)) = |, s(V;). By the
defining relations of Mg we obtain

Gny10 pn(]lv) = ¢n+1(]lp;1(v)) = as(pgl(v)) = Z As(v;) = As(V) = ¢n(]1V)'

The universal property of the inductive limit C.(E*,Z)t = li%m(Cc(E”,Z)*,pn) now
yields a homomorphism ¢ : C.(E>,Z)* — Mg satisfying ¢ o peon = én.
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Now we show that ¢ drops to S(Gg). For this, fix f,g € C.(E*,Z)" with f ~g, g.
Fix finitely many compact open bisections U; in Gg with
f=>ilwy, and g=> 1,
As above we may assume that U; = Z(V;, W;), where V;,W; C E™ are compact open
s-sections, and s(W;) = s(V;). Then
=>4 1w, = > Lzw, = > i Poon(Lw;), and
g = Zz ]lr(Ui) = ZZ ]lZ(V;-) = Zz POO,n(]lVi)'
Therefore
O(f) = 22 9(poon(Lw;)) = 22 dn(lw,) = X2 asw;), and
P(g9) = 22 9(Poon(Lv;)) = 22 On(Lv;) = 225 asviy,
so ¢(f) = &(g). Thus ¢ drops to a morphism @ : S(Gg) — Mg.
If U C EY is compact and open, then
Qo U(U) = 2([lzw)lar) = o(1zw)) = ¢ © pco(lv) = ¢o(lv) = asw) = av-
Finally, if V' C E™ is any compact open s-section, then
Vo ®([zv)lay) =Yoo pen(ly)
= Vo ¢n(ly) = ¥(asvy) = [Mzvylas = Lz0nlce-
Thus ¢ and ¥ are mutually inverse. U

Remark 8.7. If F is a countable row-finite discrete graph, then it is readily seen that
Mg coincides with the abelian monoid with presentation

<U €EY |v=3 0=y 5(€)>

as studied in [3]. The authors of [3] show that the Murray-von Neumann semigroup
V(C*(FE)) is naturally isomorphic to Mg and these are unperforated. It remains an inter-
esting question whether Mg is always almost unperforated for zero-dimensional topological
graphs; an affirmative answer would shed considerable light on the quasidiagonal/purely
infinite divide for topological graph C*-algebras.

8.2. Dynamical systems and continuous orbit equivalence. We now work to rec-
oncile the type semigroup of certain transformation groupoids with previous constructions
appearing in the literature, and subsequently apply our results to the theory of continuous
orbit equivalence.

Proposition 8.8. Let I' ~ X be an action of a discrete group on a compact and totally
disconnected space X, and let G = I" x X denote the resulting ample transformation
groupoid. Then S(G) and S(X,T") (as constructed in [44]) are isomorphic as preordered
abelian monoids.

Proof. Proposition 4.4 in [37] shows that S(X,T') = S(C(X),T"), so it suffices to show that
S(G) = S(C(X),T). In what follows we may, and will, identify the spaces G(*) and X.
We thus consider the identity mapping C(G®,Z)* — C(X,Z)* and prove that f ~g g
if and only if f ~, g (in the sense of definition 4.1 of [37]) where f,g € C(X,Z)* and
a: '~ C(X) is the induced action.
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Let E C G be a compact open bisection. Writing np : G — I' and wx : G — X for the
canonical projections, we set Ex = nx(E) = s(E) C X and Er = np(F). Note that for
each x € Ex there is a unique ¢, in Er such that (¢,,z) € E. For t € Er, let

Ex(t)={z € Ex | t, =t} = s(Enap'({t})).
Clearly Ex(t) is compact and open and since E = | |;.p (EN 71 ({t}) and s is bijective
on £ we can see that | |, p. Ex(t) = Ex. By compactness there are finitely many ¢; € Er,
1 <7 < m such that
m
| | Ex(t;) = Ex = s(E).
By construction it also follows that

| |t Ex(t;) = r(E).
=1

Setting F; = Ex(t;) for j =1,...,m we get

ZnE, and 1, Z]lt]

Now suppose f,g € C (G(O),Z)Jr with f ~g g. Then there are compact open bisections
FEy, ..., E, with

f= Zﬂs(Ei), and g = Z]lr(Ei)-
=1

i=1
By our work above, for each ¢ = 1,...,n we can find an m;, group elements ¢; 1,...,%; m,,
and compact open subsets E; 1, ..., E; p, C s(£;) with

m; m;
]ls(El) = Z ]lEi,j and ]1 Z
j=1 j=1

It then follows that f ~, g because

n m; n o m;
f= E :§ :]lEi,j and g = § :§ :ﬂti,jEi,j'
i=1 j=1 i=1 j=1

Conversely, suppose f,g € C(X,Z)* with f ~, g. Then there are compact open
subsets Ai,..., A, C X and group elements t1,...,t, € I such that f = ;" 14, and
g =y i1 1y 4, Simply set E; = {t;} x A;, which are clearly compact open bisections in
G. Then s(E;) = A; and r(E;) = t;.E;

n n n n
f= Z Ly, = Z Lyg), and g= Z Ly, = Z L, ()
=1 i=1 =1 =1

which means f ~¢g g. O
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We recall the notion of continuous orbit equivalence studied by Giordano, Putnam, and
Skau in [17], and by X. Li in [31].

Let (X,T') and (Y, A) be discrete transformation groups and write X xI" and Y x A for
the resulting étale transformation groupoids. The actions I' ~ X and A ~ Y are said to
be continuous orbit equivalent (COE) if there are

(i) a homeomorphism ¢ : X — Y (with inverse ¢ : ¥ — X)),
(ii) continuous maps a:I'x X — A,andb: AxY —» T
such that forallz € X, tel',yeY, s A

p(t.x) =at,z)p(x), and P(s.y) = b(s,y)Y(y).
X. Li proves the following rigidity property for free systems.

Theorem 8.9 ([31]). Let (X,T') and (Y, A) be topologically free dynamical systems. The
following are equivalent.
(i) (X,T') and (Y,A) are continuous orbit equivalent.

(i) The transformation groupoids X x I' and 'Y x A are topologically isomorphic.
(iii) There is a C*-isomorphism ® : Co(X) xT' — Cop(Y) x A with ®(Cy(X)) = Cp(Y).

The proof of (i) = (i7) relies on topological freeness. Indeed, following the notation in
the definition above of COE the maps

X xI =Y xA, (t,z)— (a(t,z), p(z))
VXA =Xl (s,y) = (0(s,9),9(y))

are easily seen to be topological groupoid homomorphisms. Topological freeness guarantees
that these maps are mutual inverses.

From this result and our work above we can show that the type semigroup is a continuous
orbit equivalence invariant under the assumption of freeness. Recall that for a Cantor
system (X, T"), we write S(X,T") for the type semigroup as defined in [44].

Theorem 8.10. Let X and Y be totally disconnected spaces and suppose I' ~ X and
A Y are topologically free dynamical systems. If (X,T") and (Y, A) are continuous orbit
equivalent then S(X,T') = S(Y,A) as abelian monoids.

Proof. Theorem says that X x ' 2 Y x A are topologically isomorphic groupoids.
Since the underlying spaces are totally disconnected these groupoids are ample. Now
apply Proposition to get S(X xT') =2 S(Y x A). Finally, appealing to Proposition
gives us the desired result. O

8.3. Higher-rank graphs. We end our paper by reconciling our type semigroup with the
semigroup of a k-graph constructed in [32]. Given a row-finite k-graph A with no sources,
the associated semigroup S(A) is defined [32, Definition 3.5] as follows. For n € N¥, we
write A7 for the A x A® integer matrix with entries A% (v,w) = [vA™w|. The semigroup
S(A) is defined to be the quotient of NA? by the equivalence relation ~ defined as follows:
we first write = ~ y if there exist p, ¢ € N* such that (A})'z = (A%)'y; and then z = y if
there exist finitely many pairs (z;, ;) in NA? such that

inwx, Zyiwy and x; ~ y; for all i.
i i
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In [32, Lemma 3.7] the semigroup S(A) is related to the type semigroup of an associated
C*-dynamical system: each twisted C*-algebra C*(A,c) of A is realised, up to stable
isomorphism, as a crossed product of an AF algebra, and [32, Lemma 3.7] shows that the
type semigroup for this dynamical system is isomorphic to S(A).

Kumjian and Pask [28] showed that every k-graph has an associated infinite-path
groupoid G such that C*(A) = C*(Gp). Here we prove that S(A) agrees with the type
semigroup S(Gp) of the infinite-path groupoid G of A.

We need to briefly recall the notion of a k-graph and the definition of G. The following
is all taken from [28]. A k-graph is a countable category A endowed with a map d : A — NF
that carries composition to addition and has the property, called the factorisation property
that composition restricts to a bijection from {(u,v) : d(u) = m,d(v) = n,s(u) = r(v)}
to d~1(m+mn). Tt follows that d—*(0) is precisely the collection of identity morphisms. We
write A := d~'(n) for n € N*, so that r, s can be regarded as maps from A to A°. We say
that A is row-finite with no sources if vA” is finite and nonempty for every n € N¥ and
v e A

An infinite path in a k-graph A is a map z : {(m,n) € N¥ x N¥ : m < n} — A such that
x(m,n)x(n,p) is defined and equal to x(m,p) whenever m < n < p. The space A>° of all
such infinite paths is a totally disconnected locally compact space under the topology with
basic compact open sets Z(\) := {z : 2(0,d(\)) = A} indexed by A € A. Given z € A
and n € N¥ we write 0" (x) € A for the element such that o™ (x)(p, q) = x(n + p,n + q).
The maps o™ constitute an action of N¥ on A® by local homeomorphisms. The groupoid
G is the set

G = {(z,p—q,y) 1 2,y € A®,p,q € N* oP(z) = 0(y)},

with composable pairs Gf) = {((z,m,y), (w,n,z)) : y = w}, composition given by
(z,m,y)(y,n,2) = (r,m + n, z) and inverses (z,m,y)~" = (y,—m,x). The unit space

is GX)) = {(z,0,z) : © € A*®}, and we identify it with A>® without further comment.
Under the topology generated by the sets Z(u,v) := {(z,d(p) — d(v),y) : z(0,d(p)) =
w and z(0,d(v)) = v} indexed by pairs pu,v € A with s(u) = s(v), the groupoid G, is an
ample, amenable groupoid, and the sets Z(u, ) are compact open bisections.

Proposition 8.11. Let A be a row-finite k-graph with no sources, and let Gp be the
associated k-graph groupoid. Then there is an isomorphism 7 : S(A) = S(Gp) such that
T([6y]) = []IZ('U)] for all v e AY.

Proof. There is a homomorphism 7 : NA? — C.(Gx,Z) that carries d, to 1 Z(v) for all v.
For v € A® and p € N¥, we have
Zw) = | ] 2= | r@®s0)
AEVAP AEVAP
Hence

F(60) =Tzmy = Y Lyzos0)
AEVAP

~ Y Lzosoy = D Lzeon = D F0sx) = F((AR)'6,).

AEVAP AEVAP AEVAP
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A simple calculation then shows that if 2 ~ y in NAY then 7(z) ~ 7(y) in C.(Ga,Z), and
so 7 descends to a homomorphism from S(A) to S(Gy). To see that this 7 is surjective,
it suffices to show that its range contains [1 ] for every compact open K C G} = A.
To see this, fix such a compact open K. Since the cylinder sets {Z()) : A € A} are a base
for the topology on A, for each x € K we can find A\, such that x € Z(\,;) C K. By
compactness, we there is a finite ' C A such that K = (Jycp Z(\). Let p =\ cpd(N).
Then each Z(A) = [,esar-dn Z(Aa). Let F:={\a: )€ Facs\)A?"?N}. Then
K =U,cr Z(n). Since the sets {Z(p) : p € AP} are mutually disjoint, we conclude that
K =|],e¢ Z(p). Hence

k] = [Z L(Z(u,s(u)))] = [Z ﬂs(Z(m,s(u))] = T(Z 58(#))'
peF HEF peF

To see that K is injective, we show that if 7(x) ~ 7(y), then x ~ y. Since 7(z) ~ 7(y),
then we can find compact open bisections E; such that »_ x(v)lzu) = >; Lyg,) and
> w ¥ (W) gy = > 1k, Recall that the map ¢ : (z,m,y) — m is a continuous Zk-
valued cocycle on Gy and so the sets {c¢~!(p) : p € Z*} are mutually disjoint clopen sets.
So by replacing each E; with the finitely many nonempty intersections E;Nec~!(p) of which
it is comprised, we can assume that each E; C ¢~!(p;) for some i. Now an argument very
similar to the preceding paragraph shows that we can express each F; as a finite disjoint
union E; =, ,)ep, Z(1, V), so we may assume that each Ej has the form Z(p;, v;). By
taking p = sup; d(u;) and writing each Z(pi, vi) = |; Lyes(u)ar-a0o Z(pic, vicr), we can
further assume that each d(y;) = p. So the sets r(Z(u;,v;)) and 7(Z(pj,v;)) are either
equal or disjoint for all pairs 4,j. Now for each v € A? such that z(v) # 0 and each
A € vAP, we must have |{i : pu; = A}| = z(v). We deduce that Y, 85,y = (A})'z ~ =.

Now let ¢ =/, d(v;). For each i, we have

~ —d(vi) _
55(111-) ~ (A?\ )t5s(ui) - Z 53(1/2-04)'

Thus
(Ai)tl' ~ Z Z (58(,/1.0) = Z.
i ags(v) AU
As above, we have » ;> 170, = 7(y), and since each d(v;a) = ¢ the sets Z(v;)
are mutually disjoint. So for each w € A with y(w) # 0 and each n € wAY, we have
{(i,) : via = n}| = y(w). Hence
2= (ADy =y

Since = is transitive, we conclude that = ~ y. So T is injective. ([
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