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A COMPUTER LISTING OF HRDAMARD MATRICES

Jennifer Seberry

Applied Mathematics Department,
University cf Sydney,
K.S5.W., 2006

ABSTRACT.

A computer has been used to list all known Hadamard matrices of
order less than 40,000. If an Hadamard matrix is not known of order

4g (q o0d4d) then the smallest t &0 that there is an Hadamard matrix-

t
cof order 2 q is given.
Hadamard matrices are not yet known for orders 268, 412, 428.
INTRODUCTION.

an Hadamard matrix of order n has every entry +1 or -1 and

its distinct row vectors are orthogonal.

Thaese were discussed by Sylvester [16] in 1867 and Hadamard {B]

conjectured in 1823 that they exist for orders 1, 2 and 4t, for
every natural number t, Hadamard proved that any ¢omplex n X n
matrix A = {aij) with entries in the unit disc satisfies
n n
et M2 < 1 ¥ |a..|2
i=1 j=1 3

and Hadamard matrices satisfy the egquality of this ineguality.
In 1933 Paley [10] produced a list showing that Hadamard matrices

of orders 92, 116, 156, 172, 184 and 188 where the only unsolved

cagses of ocrder < 200,

The existence of the matrix of order 172 was settled by

Williamson [27] in 1944.

This list induced L.D. Baumert, 5.W. Golombk and Marshall Hall Jx
te use sophisticated and exciting computer technigues with
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Williamson's method to find the Hadamard matrices of ocrders 92 and
184 (in 1962 [2]), 116 (in 1966 [1]) anda 156 ({in 1965 [31).

The case for 188 has been settled by R.J. Turyn using a tech-
nique ¢f Goethals and Seidel [7] which generalized that of Williamson.

These results, and those of E. Spence, J. Cooper, J.5. Wallis and

A.L. Whiteman have largely given Hadamard matrices of "low" order.

Four matrices W W W W 0of order w with entries +1 or

1’ 2’ 3f 4
-1 which satisfy
w.W,T = w,wW T i, 3¢ {1, 2, 3, 4},

i3 i

4
T

I OW.W. = 4wI_ .,
. ii w
i=m]

are called Williamson matrices.

A& square matrix 2 of order n with entries from the set of

commuting variables {0, ixl, ixz, e txs} will be called an

orthogonal design of order n and type (ul' u cees us) if =x

2!
oceurs  u, times in each row and columpn of A and if the rows of

A are formally orthogonal,

Then we can express the highly important result of Baumert and

Hall (1965 [3]) as

BAUMERT~HALL THEOREM. If there i8 an orthogonal design of order a4t
and type (t, t, t, t) and Williamson matrices of order w, then
there exiete an Hadamard matriz of order awt,

Orthogonal designs, introduced by Geramita, Geramita and Wallis

[6], were used by Wallis [22] to prove

THEOREM. Let q be any odd natural number. Then there exists an
integer t = [2 1og2(q—3)] such that there exists an Hadamard matriz

of order zsq For every natural number = = t.
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193 2 ees 3

107 28 _ %07 3
568 & geg 12
311 14
21z z 613 3 913 2
515 4
917 2
219 3 449 4 519 32 719 4 913 2
. 721 4
223 3% 523 % 623 3 P23 R 82T 3
127 3
624 13
233 4 722 18 932 10
335 6
527 5 727 6
239 4 TI9 16 539 8
541 6
442 € 642 2
445 3
347 15 647 18 47 &
249 3 743 11 949 3
151 2 25¢ € 754 3
€52 18 852 3 953 14
655 % _ 855 2
: €57 z 757 5 E57 4
52 4 659 17 859 3 359 3
163 3 463 3 762 3 863 4
: 865 3 965 2
&7 5 167 4 247 2
269 @ 6659 3
s74 3 _ 374 &
373 7 573 2 773 2
179 8 . 479 12 579 2 gPs 2 9?75 1
sei1 3 7eL 3
zez 3 g83 3
93 3
487 5 7e? S
789 2
191 132 491 15 951 3

59% 8 AR% I

1f an odd aunber g Adoes not appear in the ligt it means that there is an Hadamard
matrix of order 4g . Whan g appears in the list the pumher t nezt to g

N . t .
indicates there !s an Hadanard matrix of ordexr 2 q and no smaller power of 2.
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q t q t q t q t q t 1 t q € g t q t q t
1201 14
118z 17¢ 130 = i7ez 3 1993 =
12865 3
1567 - 3 1987 418
1ies 19 155 = 195 3
1241 = 1411 3
. 1243 16 1543 = 1742 4 1343 12
1145 4 1315 X 1945 32
1917 € 1349 12 1619 4 1719 3
. 1924 3
1123 7 1222 & 1422 3 17323 3 1823 4
1227 2 1327 T L1427 15 152" 9
1529 4
1821 & 1231 3 1638 5 182+ 15
1123 4 1433 & 1633 3 AT733 14
1335 32
1427 6 1237 3
18:9 3 1439 12 16329 2
1241 2 13244 F L1441 2 1841 2
i@4z =3 1242 X 1543 2 1943 €
1743 3
1847 2 1447 13 1747 S 1E47 &
1349 3 1249 4
igs1 = 1351 2 1451t 6 17?5t 4 1951 =
1733 11
1255 3
1157 3 1259 & 1557 23 1957 4
igsa 2 JE55 4 1358 3 1559 4
1gel 4
igsd = 1662 11 1963 4
1165 3 1465 %
1z67 4 1367 19 1687 19
1169 3 1469 2 1862 3 1963 9
1474 12 41571 18 i&FL = 1871 20
1273 & 4373 49 1472 2 1973 4
167F 3
£177 35 AS?7 3
iare 3 - 1279 32 1579 5 1675 2 igFe 3 1979 4
1281 3 i7elr 3 i2c1i 4
izgz 4z 1482 3 1583 B 1783 7 1882 ¢
. 1=E5 2 193 3
1087 18 1487 & 1387 I 1487 t2 1787 4 1987 16
1589 2 1689 3 1882 4
1291 3 1491 3
1123 4 1453 4 le33 7 1793 4 1893 € 1993 15
1795 5
1Z97 4
1199 = iz82 = 1423 1& 1£2% 2 1299 3
if an odd pumber q does not appear in the list it meaps there is an Hadamard
nmatrix of ordex 49 . When g appears lp the list the numbar t next to g
indicates th2re is an Hadamard matrix of order th and no zmaller power of 2.



278
This result can be used to prove

THEOREM. Let 4q be any odd natural number. Then there exist an
integer +t auch that there exiets a aymmetric Hadamard matriz with

. 2g 2
aonatant diggonal of ovrder 2 fq for every natural number s 2z t.

THE LIST.

As mentioned previously Paley [10] constructed a list of orders
%< 200 for which Hadamard matrices were known in 1933. Various other
lists appeared (see, for example, Florek [5], Raghavarae [12],
walilis [22]).

The g¢urrent listing, which is awvallable for g < 10,000 although
we only give g < 2,000 in this note, has no entry after g if an
Hadamard matrix of order 4q is known. If no Hadamard matrix of order

4q 1is known then the smallest t such that an Hadamard matrix of

t .
order 2 g 18 kpown is given, We note that Wallis' theorem gives an
upper beound on t and often Hadamard matrices are known for smaller

powers of 2 (but greater than 2) than that theorem indicates.

The computer tape on which these results are stored in order to
be easily updated also has an indication of whether a skew-Hadamard

matrix is known.
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