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N° 260 - PROBLEMES COMBINATOIRES ET THEORIE DES GRAPHES 

SOME ASYMPTOTIC RESULTS FOR ORTHOGONAL DESIGNS IT 

Peter EADES 

Department of Mathematics, SGS, Australian National University 

Jennifer Seberry WALLIS 

Department of Mathematics, lAS, Australian National University 

Resume. - Une « configuration orthogonale» d'ordre n et de type (u l , U2, ... , us) (ui > 0) sur 
les variables Xl' X2, .•. , Xs qui commutent est une matrice carn~e A d'ordre n dont les elt~ments appar­
tiennent a l'ensemble {O, ± Xl' ... , ± x s } et telle que 

s 

AA t = I (U i xt) In . 
i= 1 

Dans un article recent [1] Peter Eades a montre que pour de nombreux types, il existe des configu­
rations orthogonales d'ordre n pourvu que n so it assez grand. Dans cet article nous considerons 
les 4-uples (u b U 2 , U 3 , u4 ) tels que Ul + U 2 + U 3 + U 4 ~ 28 et nous etablissons des minorants 
pour l'existence de configurations orthogonales du type ci-dessus. 

Abstract. - In a recent manuscript « Some asymptotic results for orthogonal designs» Peter 
Eades showed that for many types of orthogonal designs existence is established once the order 
is large enough. This paper examines 4-tuples (st. S2, S3, S4) where Sl + S2 + S3 + S4 ~ 28 and 
establishes lower bounds for the existence of orthogonal designs of that type. 

Introduction. - An orthogonal design of order n designs which supercede those of Geramita, Gera­
mita and Wallis [4]. In addition Getamita and Ver­
ner [5] and P. J. Robinson [9] have found strong 
combinatorial theorems. We quote those relevant 
to this paper. 

and type (Ub Uz, ... , us) (Ui > 0) on the commuting 
variables Xb X2, ... , Xs is an n x n matrix A with 
entries from {O, ± Xl' ... , ± xs} such that 

s 

AAt = L (ui xi-)!n' 
i= 1 

Alternatively, the rows of A are formally orthogonal 
and each row has precisely Ui entries of the type ± Xi' 

In [4], where this was first defined and many exam­
ples and properties of such designs were investi­
gated, it is mentioned that 

s 

At A = L (Ui xi") In 
i= 1 

and so the alternative description of A applies equally 
well to the columns of A. It is also shown in [4] that 
s :::;; p(n), where pen) (Radon's function) is defined 
by 

pen) = 8 c + 2d 
when 
n = 2a

• b , b odd , a = 4 c + d, 0 :::;; d < 4 . 

D. Shapiro and W. Wolfe have found powerful 
algebraic non-existence theorems for orthogonal 

Theorem 1 (Wolfe). - Let n == (mod 8) and 
(a j , a)p be the Hilbert Norm residue symbol. There 
exists an orthogonal design in order n and type 

4 

(i) (a 1, a2, a3 , a4 ) only if n ai is a square and 
i= 1 

at every prime p ; 

(ii) (a1, a2, a3 ) only if 

(- 1, a1 a2 a3 )p n (ai' aj)p = 1 
l.:f:i<j.:f: 3 

at every prime p ; 

(iii) (a 1, a2) only if a1 a2 is the sum of three squares. 

See Hall [8] for details of how to evaluate (ai' aj)p' 

Theorem 2 (Geramita-Verner). - Ifn == 0 (mod 4) 
then there exists an orthogonal design in order nand 
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s 

of type (u1, ... , us) where L Ui = n - 1 if and only 
i= 1 

if there exists an orthogonal design in order nand 
type (1, U1' ... , us). 

The following results will be used in the proof 
of our main theorem. 

Theorem 3 (Geramita-Wallis). - If there exists 
an orthogonal design of type (s, t) in order n there 
exists an orthogonal design of type (s, s, t, t) in order 
2n. 

Theorem 4 [11]. - If there exists an orthogonal 
design of type (u 1, u2, ... , us) in order n there exists 
orthogonal designs of type 

(i) (e 1 Ub e2 U2, ... , es us) where ei = 1 or 2, 

(ii) (Ub u1, fu 2, ... , fus) where f = 1 or 2, in order 
2n. 

Theorem 5 (Robinson). - All 4-tuples (a, b, c, d) 

with 0 ~ a + b + c + d ~ 32 are the types of ortho­
gonal designs in order 32. 

Theorem 6 [3]. - All 4-tuples (a, b, c, d) with 
o ~ a + b + c + d ~ 16 are the types of orthogonal 
designs in order 16. 

Lemma 7 [3, 7]. - All 4-tuples (a, b, c, d) which 
are not excluded by Wolfe's necessary conditions or 
the Geramita- Verner theorem are 

(i) the types of orthogonal designs in order 12. when 
a + b + c + d ~ 12; 

(ii) the types of orthogonal designs in order 20 when 
a + b + c + d ~ 20 except possibly for (1,3,6,8), 
(1,4,4,9) and (2, 2, 5, 5) which are undecided. 

Theorem 8. - Suppose (S1' S2' S3' S4) satisfies 
Wolfe's necessary conditions for the existence of 
orthogonal designs in order n == 4 (mod 8). Then 

(i) if S1 + S2 + S3 + S4 ~ 12 there is an orthogonal 
design of type (S1' S2' S3' S4) and order 4t for all 
t ;:?! 3 ; 

(ii) if S1 + S2 + S3 + S4 ~ 16, there is an ortho­
gonal design of type (S1, S2' S3, S4) and order 4t for 
all t ;:?! 4 with the possible exception of (2, 2, 5, 5) 
which exists in order 4t, t ;:?! 4, t i= 5 ; 

(iii) if16 < S1 + S2 + S3 + S4 ~ 28 the table gives 
the smallest known N such that (S1> S2, S3, S4) is the 
type of an orthogonal design which exists for all4t ~ N. 

Proof - Theorem 6, lemma 7 and table 1 of [3] 
give (i) and (ii) immediately except for (1, 1, 4, 9) 
and (1, 2, 2, 9). Both these exist in 16, 20, 24 and 28 
(Theorem 6, Lemma 7 [2] and [11]) so we have the 
results of (i) and (ii). 

Now (1, 1, 1, 16) does not exist in order 20 and 
(1, 3, 6, 8) and (1, 4, 4, 9) are not known in order 20. 
All other (s 1, S 2, S3' S4) with 

16 < S1 + S2 + S3 + S4 ~ 20 

exist. The existence of (1, 8), (4, 5) and (5, 5)in order 12, 
(1, 1, 2, 4, 9) in order 24 (from [3]) and the results 
of[ll] give all these(sb S2, S3, s4)in24except(l, 3, 6, 8) 
and (2, 3, 6, 9). The existence of (1, 2, 3, 6) in 4n, 
n ~ 3 gives (1, 2, 3, 6, 6) and hence (1, 3, 6, 8) in 8n, 
n ~ 3. These results plus those in table 1 of [3] give 
the result immediately except for (1,1,1,16), (1, 2,8,9), 
(1, 3, 6, 8), (1, 4, 4, 9), (1, 5, 5, 9), (2, 2, 4, 9) and 
(2, 3, 6, 9) : and of these all except the last two exist 
in 28 from [2]. A (1, 1, 1, 16) and a (1,4,4, 9) exist in 

TABLE 

N is the order such that the indicated design exists in every order 41 ~ Iv 

12 < Sl + Sz + S3 + S4 .;; 16 16 < Sl + Sz + S3 + S4 .;; 20 20 < Sl + Sz + S3 + S4 .;; 24 24 < Sl + S2 + S3 + S4 .;; 28 

N N N N 
(1, 1,4,9) 16 (1, 1, 1, 16) 24 (1, 1, 2, 18) 48 (1, 1, 1,25) 104 
(1,2, 2, 9) 16 (1, 1, 8, 8) 20 (1, 1,4, 16) 24 (1, 1, 5, 20) 144 
(1, 2, 4, 8) 16 (1, 1, 9, 9) 20 (1, 1, 10, 10) 40 (1, 1, 8, 18) 56 
(1,4,4,4) 16 (1,2,8,9) 40 (1,2,2,16) 48 (1, 1, 9, 16) 312 
(1, 4, 5, 5) 16 (1, 3, 6, 8) 48 (1, 2, 6, 12) 24 (1, 1, 13, 13) 48 
(2,2,2,8) 16 (1,4,4,9) 48 (1, 4, 8, 8) 32 (1,2, 4, 18) 80 
(2,2,5, 5) 24 (1, 5, 5,9) 40 (1,4,9,9) 72 (1, 3, 6, 18) 1736 
(2,3,4,6) 16 (2,2,4,9) 40 (2, 2, 2, 18) 48 (1, 4, 4, 16) 40 
(4,4,4,4) 16 (2,2,8,8) 20 (2, 2, 4, 16) 24 (1, 4, 10, 10) 40 

(2,3,6,9) 80 (2,2,9,9) 24 (1, 8, 8, 9) 80 
(2,4,4,8) 20 (2, 2, 10, 10) 24 (1, 9, 9, 9) 80 
(2, 5, 5, 8) 20 (2,4, 6, 12) 24 (2, 4, 4, 18) 80 
(3, 3,6,6) 20 (2,4,8,9) 160 (2,8,8,8) 28 
(4, 4, 5, 5) 20 (3, 3, 3, 12) 48 (2,8,9,9) 80 
(5, 5, 5, 5) 20 (3,4,6,8) 56 (3,6,8,9) 952 

(4,4,4,9) 112 (4,4,4, 16) 28 
(4, 4, 8, 8) 24 (4,4,9,9) 48 
(4,5, 5, 9) 168 (4, 4, 10, 10) 28 
(6, 6, 6, 6) 24 (5, 5, 8, 8) 32 

(5,5,9,9) 80 
(7,7,7, 7) 28 
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40 as a (1, 1, 16) and a (1, 4, 9) exist in 20 from [7]. 
The (1, 2, 3, 6) in 4n, n ;;:: 3 (from [3]) gives (I, 2, 3, 
3, 6, 6) and hence (2, 3, 6, 9) in 16n, n ;;:: 3. These 
together with the existence of (1, I, I, 16) in 4n, 
n (odd) ;;:: 7 and the results in 32 give the results 
of the table. 

For 20 < Sl + Sz + S3 + S4 ~ 24 table 2 of [3] 
plus the (1, 2, 8) in 12 giving a (1, 1, 4, 16) in 24 gives 
the result immediately for those with N = 24. 

From [2] (1, 1, 2, 18), (1, 1, 10, 10), (1, 2, 2, 16), 
(2, 2, 2, 18) and (3, 3, 3, 12) exist in 28. From [11], 
the results in order 32 and the existence of appropriate 
results in order 20 we have these designs existing 
in 24, 32 and 40. Hence N = 48. Table 3 of [3] shows 
(1, I, 10, 10) exists in 4n, n ;;:: 10 so N = 40 for this 
4-tuple. 

Table 3 of [3] shows (1, 4, 8, 8) exists in 4n, n ;;:: 8 
so N = 32 for this 4-tuple. 

Now (1, 4, 9, 9) exists in 24 [11],32,40 (since (1,4,9) 
exists in 20 from [7]), and 52 since there exists a 
circulant W(13, 9) and a (1, 4) made. of two circulant 
matrices in 26. This gives N = 72. 

[11] gives a (2, 4, 8, 9) in 24, it exists in 32 and the 
(1, 2, 8, 9) in 20 gives it in 40 and 7 x 20 (this latter 
by replacing the first variable by a circulant W(7,4) 
and the other variables by the identity matrix of 
order 7). Hence N = 160. 

Similarly a (4,4,4,9) exists in 7 x 12 and a (4,5, 5, 9) 
exists in 7 x 20. Clearly (1, 4, 4, 4, 4, 4, 4, 4) and 
(1, 1, 1, 1,4,4,4,4) exist in 56 by replacing some of the 
variables of the (1,1,1,1,1,1,1,1) design in 8 by the 
circulant W(7,4). Hence (4, 4, 4, 9) and (4, 5, 5, 9) 
exist in 56. (4, 4, 9) and (4, 5, 9) exist in 20 [7] and 24 [11] 

so (4,4,4, 9) and (4, 5, 5, 9) exist in 40 and 48. They 
both exist in 32. Hence N = 112 for (4, 4, 4, 9) and 
N = 168 for (4, 5, 5, 9). 

(2, 3, 4, 6) exists in 4n, n ;;:: 4 (see [3]) so (2, 3,4, 6, 6) 
and (3, 4, 6, 8) exists in 8n, n ;;:: 4. [2] gives (3, 4, 6, 8) 
in 28 and so N = 56. 

Table 2 of [3] gives the result immediately for 
(2, 8, 8, 8), (4, 4, 4, 16), (4, 4, 10, 10) and (7, 7, 7, 7). 
Table 3 of [3] gives the result for (5,5,8,8), (1, 4, 4,16) 
and (1, 4, 10, 10). 

From above (1, 2, 4, 18), (1, 8, 8, 9), (1, 9, 9, 9), 
(2, 4, 4, 18), (2, 8, 9, 9), (4, 4, 9, 9) and (5, 5, 9, 9) 
exist in 32 and 52. From results in 20 [7], 24 [11] and 
28 [2] they all exist in 40, 48 and 56. Hence N = 80. 
From table 3 of [3] (l, 1, 13, 13) exists in 4n, n ;;:: 14 ; 
it is constructed above for order 52. (1, 13) exists 
in 24 so (1, 1, 13, 13) exists in 48 and we have N = 48. 

(1, 1, 1, 25) exists in 28 ([2]), 32, and 48 (since 
(1, 1, 1, 1, 12) exists in 24). Hence N = 104. 

(1, 1, 5, 20), (1, 1, 8, 18) and (1, 1, 9, 16) exist in 32, 
40 (from above and the existence of (1, 4, 9) in 20 
which gives (1, 1, 8, 18) in 40), and 48 from results 
in 24 from [11]. Now (1, 1, 8, 18) exists in 28 (see [2]) 
so N = 56 for this 4-tuple. The (1, 1, 5, 5) in 12 gives 
a (1, 1, 5, 20) in 7 x 12 so N = 144. Now (1, 1, 1, 9) 
exists in 12 so (1, 1, 9, 16) exists in 21 x 12 and 
N = 132. 

(1, 3, p, 18) exists in 16n, n ;;:: 2 because (1, 2, 3, 6) 
in 4n, n ;;:: 3 (see [3]) gives (1, 2, 3, 6, 12) in 16n, n ;;:: 3 
and (1, 3, 6, 18) also exists in 32. The (1, 2, 3, 6) in 12 
means a (1, 3, 6, 18) exists in 12 x 13. Hence 
N = 1 736. 
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