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A list of balanced incomplete block designs for r < 30

Abstract

A balanced incomplete block design consists of a set of v elements arranged into b k-element subsets
called blocks such that each element occurs r times and each pair of elements appears in lambda distinct
blocks. The numbers v,b,r.k,lambda are called the parameters of the design. A necessary condition that a
design exist is that the parameters be integers satisfying:

(1) vr=bk
(2) r(k-1) = lambda (v-1)
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A List of (v,b,r,k,A) Designs for r £ 30

Jane W. Di Paola, Jennifer Seberry Wallis, and W.D. Wallis

Florida Atlantic University and
University of New Castle, NSW,

A balanced incomplete block design consists of a set of
v elements arranged into b k-element subsets called blocks
such that each element cccurs r times and each pair of elements
appears in )\ distinct blocks. The numbers v,b,r,k, A are
called the parameters of the design. A necessary condifion
that a design exist is that the parameters be initegers satis-

fying:
(1) YT = bk
{2) r(k-1) = A (v-1)

An interest in these struciures as actual experimental
designs prompted the earliest tabulation of known designs in
1943 by Fisher and Yates whose tables showed all designs
with r = 10 known up to 1943, More than ten replications
(r = 10) was thought to be impracticable since the applica-
tion of the analysis of wvariance to the experimental data
had to be done by hand and desk calculator. Blanks were left
if it was unknown whether a design existed with a given set
of parameters satisfying (1) and (2). In the original Fisher-
Yates tablea 12 blanks were left and of these only two are un-
decided today. These are (v,b,r,k,)\) = (46, 69, 9, &, 1)
and (51, 85, 10, 6, 1). 1In 1961, C,R. Rac[4] extended the
tables to designs with 11 2 r = 15 and in 1962, D.A. Sproit{s)
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published a list with 16 < r = 20. Many block designs

come from difference sets. A 1ist of difference seis was
compiled by Takeuchi [6] in 1962, A listing of block
designs classified by v and k appears in the paper by
Collens [1}. Another family listing of designs for v

from 21 to 30 is an unpublished work of B, Gardiner to
which the authors had access. The most widely known list-
ing of block designs with r = 15 appears in M. Hall's

book [ 3]. This list is a reworking of the FPisher-Yates

and Rao tables with the addition of designs given by finite
geometries over finite fields, Hall's table lists 116
parameter sets of which 26 are desigpnated "soluticn unknown."
Since 1967, % of these 26 have been constructed.

The present 1list grew out of the work of Jemnifer
Seberry Wallis and W,D, Wallis on Hadamard matrices. From
a normalized Hadamard matrix of order 4t we may construct a
balanced incomplete block design with parameters v=b=4t-1,
r=k=2%t-1, A=t-1 and conversely, given such a design we can
congtruct a normalized Hadaward matrix. Whenever a balanced
incomplete block design (v,v,k,k,A) exists then the

(1) derived design (kx, v-1, k-1, X, } -1) exists, as does

(1i) residual design (v-k, v-1, k, k=X, A ).

A residual design is obtained from a éymmetric design
(i.e., v=b, r=k) by deleting all elements in one block. If
A=1 or 2, a design having the parameters of a residual design
is a residual design. This is not true for } 2 3, If a
symmetric design with A=1 or 2 does not exist, say by the
Bruck, Chowla, Ryser Theorem, (see Hall{3] for details) then
no design exists with the parameters of the corresponding
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residual design.

The list which follows gives the status of balanced
incomplete block designs (v,b,r,k,>»} for r € 30, and for
6 € k € 4v by reference to a valid construction if a design
with the given parameters has been shown to exist. Deszigns
with X< 6 are omitted since they are all known to exist
except for (15, 21, 7, 5, 2) which in non-existent, If a
design exists with (v,b,r,k,)l,multiples, that is,designs
with parameters (v,tb,tr, k, t)), have been omitted. However,
parameters which are multiples of designs which are unkmown
or non-existent are listed, A code for interpreting the
notation under the heading "comment" precedes the table as
does the listing of constructions given by (i) in the table.
Other more general references appear at the end of the paper,
Ko attempt has been made to trace the earilest source of
any known block design.

The authors wish to thank the many persons, who from
attendance at several combinatorics conferences, knew of the
existence of the Wallis!' 1listing of block designs and urged
its publication,

Boca Raton, Florida
May 14, 1973,
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Codes to interpret comments in the following lists;

Code:

77 unlnewn
NEl non-existent by BCR theorem
NE2 non-existent as residual of a NE1 with & = 1 or 2.

Code for existent designs: in every case, the reference is te a
correct design

BE'"number™ "number" from Hall's list.

F'number"” "number” from Fisher and Yates 6th edition.
T"number" "number" from Takeuchi's list.

R'"number" "number" from Rao's list.

s from Sprott's list.

R:"number" residual of Ynumber" in this list which exists.
D:"number" derived from "mumber" in this list which exists.
{"number") see "number"” in list below

PG exists as a projective geometry.

WsW a (4t-1, 4t-1, 2u-1, 2t-1, t-1) design is equivalent

to an Hadamard matrix of order 4t which can be found
in Appendix A of Wallis, Street and Wallis

Other Codes:

Yeode''® although this design either does not exist or is
unknown, a multiple is given in Cardiner's List.

?7?7R:"number" unknown; a residual of "number' of this list.

?27D:"numbexr" unknown; a derived design of "number' of this list.

?2?M:"number" unknown; a multiple of a design which is either
wmknown or does not exist.
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{1)

(2)

(3)

(%)

(5}

(€)

(7)

(8)

(%

(10)

(11)

The constructions indicated by (i)} are given below:

M. Hall Jr., R. Lane, and D. Wales, DBesigns derived from permutation
groups, J. Comwbinatorial Th. Ser A. 8 (1970), 12-22,

Michael Aschbacher, On collineation groups of symmetric block designs,
J. Combinatorial Theory, 3(1971), 272-281.

R.G., Stanton and D.G. Gryte, A family of BIBD's, Combinatorial Structures
and their Applications, Gordon and Breach, N.Y. 1970, 411-412,

E. Seiden, A method of contruction of resolvable BIBD, Sankhiz 254
(1963), 393-394, :

A. Sillito, An extension property of class of balanced imcomplete
block designs, Biometrika 44, 278-279.

W.H. Clatworthy and R.J. Lewyckyj, Comments on Takeuchi's table of
difference sets generating balanced incomplete biock designs Review of
Int., Stat. Inst. 36 (1968), 12-18

B. Gardiner, (v, k) Family listing of BIBD's for w = 21 to 30,
unpublished.

8.5. Shrikhande, On a_two-parameter family of balanced incomplete
block desings, Sankhva 24A (1962), 3.-40,

D.A. Sprott, A note on balanced incomplete block designs, Caned.

J. Math. 6 (1954), 341-346.

K. Takeuchi, A table of difference sets generating balanced incomplete
block designs, Review of Int, Stat. Inst. 30 (1962), 361-366.

D.A. Sprott, Some series of balanced incomplete block designs, Sankhva, 17
{1956}, 185-192.

(12) M. Hall, Jr, [3]1, p. 141, Type B.

(13) Richard M. Wilson, Construction of symmetric designs,

{to appear}
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e v b r k A COMMEET ¥ v b r k x COMMEXNT

%01 116 145 30 24 & 2?27 Lo7 36 436 30 30 2 #MF1
402 145 174 30 25 5 K:409 408 291 291 30 30 3 7?7
403 261 230 30 27 3 27R:u408 509 175 175 30 3¢ 5 {10)
Hou 406 435 30 28 2 ANEZ 4310 1u6 146 30 30 6 NE1
405 g41 B70 30 29 1 R:408 411 88 88 30 30 10 NE1
406 871 871 30 30 1 PG
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