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Abstract: We characterize spatial dispersion in longitudinally invariant
drawn metamaterials with a magnetic response at terahertz frequencies,
whereby a change in the angle of the incident field produces a shift in
the resonant frequency. We present a simple analytical model to predict
this shift. We also demonstrate that the spatial dispersion is eliminated by
breaking the longitudinal invariance using laser ablation. The experimental
results are in agreement with numerical simulations.
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1.

Introduction

Electromagnetic metamaterials attract much attention, because they provide the opportunity to
access optical properties not found in nature, typically via structural arrangements of resonant
metal-dielectric components on the sub-wavelength scale [1, 2]. A wide range of metamaterial devices with novel properties have so far been demonstrated, including electromagnetic
cloaks [3], lenses that beat the diffraction limit [4], negative [5] or large [6] refractive index
materials, perfect absorbers [7], nonlinear optical mirrors [8], as well as nonlinear [9] and chiral [10] metamaterials.
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The fabrication of 3-dimensional metamaterials, especially at terahertz, infrared, and optical frequencies, remains challenging [11, 12]; lithographic or direct-laser writing [13] techniques are versatile, but produce at best centimeter-sized samples with few metamaterial layers; self-assembly of metallic clusters allows for large-volume metamaterial production, but
only for limited geometries. To overcome such limitations, a number of techniques for massproducing large-area flexible metamaterials have emerged [14], including inkjet [15] and laser
printing [16] techniques, which however are limited to 2-dimensional samples.
Inspired by the procedure for producing optical fibers and photonic-crystal fibers [17, 18],
fiber drawing has recently emerged as a simple means of inexpensively fabricating large quantities of 3-dimensional metamaterials [19–21]. A macroscopic (centimeter-sized) dielectric preform, containing metallic structures with features of the order of 1 mm, is assembled, then
heated in a furnace while being stretched down into fiber form. During this process, the dielectric softens and the metal melts, such that the cross-section of the preform is preserved during
stretching, and the original structure is scaled down by many orders of magnitude. This process
has so far enabled the production of continuous metal wire arrays down to the micrometer [19]
and nanometer [22] scale (tailoring of effective permittivity), as well as longitudinally invariant
subwavelength magnetic resonators on the microscale [21] (tailoring of effective permeability).
It is well known however, that for longitudinally invariant metamaterials (e.g. infinite metal
wires), the electromagnetic response becomes non-local, as charge transport along the fibers
occurs on length scales comparable to or greater than the wavelength of electromagnetic radiation. In contrast, a local electromagnetic response implies that the displacement of charge
occurs only in the point where the field is applied [23]. This is clearly not the case for longitudinally invariant metamaterials, because as soon as the wave vector of the incoming field has a
non-zero component along the wires, there is a spatial variation of the fields and currents along
the wires, on a scale that, regardless of the wavelength, is inevitably smaller than the infinitely
long wires. The relevant electromagnetic tensor thus becomes non-local, i.e. the response at
a given point depends on the response at another point, which is equivalent to the electric response tensor being spatially dispersive [23]. In longitudinally invariant metamaterials (e.g. infinite metal wires) this effect is therefore important even in the very large wavelength limit [24].
The homogenized permittivity and permeability tensors ε (and μ , as we discuss below) then
become functions of both frequency and wave-vector k, and in particular of propagation direction. In the context of drawn magnetic resonators, this could for example manifest as a shift in
the resonance frequency for different angles of incidence. Whilst intrinsically spatially dispersive metamaterials can offer tremendous opportunities in applications such as sub-wavelength
resolution [25], spatial dispersion is not always desirable. Particularly, spatial dispersion is unwanted when homogenous media with an angle-independent response are required, such as for
cloaks [3] or perfect lenses [26].
Spatial dispersion has been well-understood in the context of electric responses of wire arrays [24], but to our knowledge has not yet been considered in longitudinally invariant resonators. For example, whereas the magnetic response of electrically connected and disconnected resonators in the mid-infrared was recently studied in some detail [27], there is no
mention of the angle-dependence of such resonances. Spatially dispersive magnetic metamaterials have however been considered in the context of effective parameter retrieval of fishnet
structures [28]. It has also been demonstrated that arrays of electrically disconnected split-ring
resonators may exhibit spatial dispersion when their effective magnetic permeability is nearzero [29]. Experiments on spatial dispersion in resonator arrays showed shifts in resonance
which were attributed to electric dipole coupling effects [30]. Our recent study on the properties of magnetic resonators in fiber form only considered fields at normal incidence [20].
In this paper, we experimentally and numerically characterize the resonant transmittance
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properties of longitudinally invariant metamaterial fiber resonators as a function of incident
angle, observing a significant shift in resonant frequency. We also provide a simple analytical
theory that accounts for the observed spatial dispersion. Additionally, we extend our previous fabrication procedure, using laser-ablation to break the longitudinal invariance, effectively
producing 3-dimensional patterned arrays of on-fiber resonators. We find that for such 3D (patterned) arrays, the resonance does not shift as a function of angle, in contrast to the longitudinally invariant (unpatterned) samples. Our results are in agreement with 3-dimensional finite
element simulations.
2.
2.1.

Unpatterned metamaterial fibers
Fabrication and measurements

Magnetic metamaterials at terahertz frequencies are commonly assembled from subwavelength metallic split ring resonators (SRRs), composed of a planar open conductive loops
possessing an inductance L and a capacitance C, where the magnetic response is strongly varying near the LC resonance [31]. Previously, we presented a fabrication strategy for producing
on-fiber slotted resonators, which are SRRs that are invariant along the longitudinal axis [20].
The fabrication procedure for such samples is presented in Ref. [20], and is illustrated schematically in Fig. 1(a)-1(e): a 2 × 2 cm2 square preform of Zeonex polymer [32], chosen for its low
absorption properties at terahertz frequencies, is drawn to fiber with 100 μ m width, spooled
onto a cylinder, and loaded onto a DC magnetron sputtering deposition system, where a ∼
250 nm silver coating is applied on three sides to form square U-shaped resonators. Note that
the metal thickness is larger than the skin depth of silver between 0.1−1 THz, to ensure a strong

Fig. 1. Schematic of the fabrication procedure. (a) A Zeonex preform is fed through a
furnace and drawn, (b) sputtered with silver on three sides and (c) spooled into an array.
(d) Each side of the array forms a longitudinally invariant U-shaped resonator. (e) Optical
microscope image of the 100 μ m square fiber array (top view).
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Fig. 2. (a) Schematic of the transmittance experiment under TM polarization (electric field
directed perpendicular to the fibers) for different incident angles. (b) Experimental and
numerical spectral transmittance for different angles of incidence.

magnetic resonance [20, 33]. This fiber is then re-spooled to produce a single flat metamaterial
fiber array, supported in a frame of area 3 × 3 cm2 .
We experimentally characterized the transmittance of our samples using terahertz timedomain spectroscopy [34]. The transmission of electromagnetic field pulses was measured in
the time domain for the array of resonators. The spectral amplitude of the transmitted field in
the range 0.2 − 1 THz was then calculated through a Fourier transform. The transmittance was
obtained by dividing the intensity (field magnitude squared) of the transmission through the
sample by that of a reference scan without the sample.
We measured the transmittance for our samples under TM polarization (electric field perpendicular to the fibers) for different angles of incidence θ , which is the angle of the k-vector
with respect to the y propagation axis, as shown in the schematic of Fig. 2(a). In practice, the
sample was rotated around the x-axis by an angle θ with respect to the z axis. The results are
shown in Fig. 2(b). Dips in transmission are associated with a strong magnetic resonance and
thus strong variations in the effective magnetic response [20]. We observe that the resonant
frequency increases as the angle increases, a consequence of spatial dispersion.
In the case of metamaterials made from longitudinally invariant SRRs, the effect of the
inductive-capacitive resonance at normal incidence can be interpreted as a strongly frequency
dependent effective magnetic permeability [31, 35] around the resonant frequency, which can
in particular yield negative retrieved effective permeability near the resonance [20]. A shift in
the observed resonant frequency under different illumination angles indicates the effective permittivity is angle dependent, or in other words μ depends on k at a given frequency and is
thus spatially dispersive. However, when taking into account spatial dispersion, the distinction
between electric and magnetic responses becomes arbitrary, and defining both a k-dependent
permittivity and permeability is, in fact, redundant [36]. Instead, the entire electromagnetic
response can be described by a spatially dispersive permittivity tensor and unity magnetic permeability, by defining the magnetization to be zero. Magnetic effects are then seen as higher
order multipole moments of a k-dependent polarization field. While using such a re-definition
avoids redundancy in the use of permittivity and permeability, it creates a disconnect with the
spatially non-dispersive case. Alternative descriptions are equally valid [36]; in particular, by
redefining the magnetization, both k-dependent permittivity and permeability can be used, although the separation is not unique and depends on the definition of the magnetisation. In the
spatially dispersive case, there is thus some difficulty to unambiguously define - and identify - a
magnetic response. Here, we circumvent this problem of definition by identifying the magnetic
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response through the LC-resonance of the SRR resonators. The LC resonance is accompanied
by what is unambiguously identified as a magnetic response. If the resonant frequency changes
with k, then so does the magnetic response - whether the magnetic response is expressed in
terms of a k-dependent permittivity or permeability tensors. This spatial dispersion of the magnetic response is due to the (non-local) induced charge transport along the metal, on a scale
larger than the wavelength, and is a characteristic property of infinitely long structures. Other
sub-wavelength magnetically responsive longitudinally invariant metamaterials, for example
composed of “Swiss roll” metamaterials [35], would present the same effect.
To understand this phenomenon, we first model our fiber arrays using a full 3-dimensional
finite element method [37], and obtain transmittance from scattering matrix parameters; we
simulated a 100 μ m square Zeonex fiber, coated by 1 μ m of silver on three sides, included in a
300 μ m-wide unit cell with Floquet boundary conditions to account for periodicity and changes
in the incident angle. The silver film thickness of 1 μ m, rather than 250 nm, was chosen to
reduce computational cost, with little impact on results as both thicknesses are above the skin
depth. We verified the validity of this approximation through selected simulations with 250 nm
thickness (not shown). The simulation results, presented in Fig. 2(b), are in good agreement
with experiment. The experimental resonances appear to be broader and weaker, especially at
larger angles, which could be due to slight divergence in our beam (i.e. the beam is not perfectly
collimated); this implies that, for a given θ , the electromagnetic field actually is incident over a
(narrow) range of angles around θ , each corresponding to slightly different resonant frequency,
thus broadening the transmission dip.
2.2.

Theory and interpretation

The shift in resonance with increasing incident angle θ for the longitudinally invariant resonator
case can be explained from Maxwell’s equations and the geometrical invariance along the fibers.
We assume for now that a single longitudinally invariant metallic resonator is embedded in a
uniform dielectric with refractive index n everywhere outside the metal. The transmission dip is
due to the coupling between an incoming plane wave of angular frequency ω and the resonant
mode of the longitudinally invariant resonator with effective index neff and propagation constant
β = neff ω /c, which occurs when their phases are matched along z,
nω
sin(θ ),
(1)
c
where θ is the angle of incidence [see Fig. 2(a)], and c is the speed of light in vacuum. Due to
the translational invariance of the structure along z, the electric field distribution of the resonant
mode Em (x, y) is a solution to the Helmholtz equation [38]

β=

∇t2 Em + γ Em = 0.
Here

∇t2

is the transverse Laplacian operator, and we have defined

 2 2
n ω
2
.
γ=
−
β
c2

(2)

(3)

Assuming the metal is a perfect electric conductor, so that E = 0 at the metal, a mode is given
by a solution to Eq. (2) satisfying E = 0 at the resonator boundary. This is true independently
of ω and β , so that if a field distribution Em satisfies Eq. (2) and the boundary conditions set
by the resonator for a given value of γ , this field distribution will define a resonant mode for
all combinations of ω and β yielding the same value of γ through Eq. (3). The same resonant
mode thus exists for all combinations of ω and β leaving γ unchanged. A resonance at normal
incidence at frequency ω0 corresponds to the coupling to a mode with β = 0, and thus γ =
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Fig. 3. Schematic of longitudinally invariant square resonators with (a) air everywhere, (b)
Zeonex everywhere, (c) Zeonex inside the resonator, air outside the resonator. Note that (a)
includes the relevant parameters: the wave-vector k forms an angle θ with respect to the
normal of the longitudinal z axis of the resonators as shown, and phase-matches along z
with the propagation constant β of the resonant mode. Only the magnetic field H is shown
for clarity.

n2 ω02 /c2 . The same resonance will exist for other values of β and ω having the same value
of γ through Eq. (3), to which waves with an incident angle θ given by Eq. (1) can couple.
Combining Eq. (1) and Eq. (3) then yields the frequency of the resonant mode as a function of
incident angle:

ω0
ω (θ ) = 
.
1 − sin2 θ

(4)

To verify this theory, we calculated the transmittance under TM polarization as a function
of angle for the square U-shaped resonators via the 3D finite-element model described in Section 2.1, but with either a refractive index of air (nair = 1) or Zeonex (nznx = 1.52) everywhere
outside the metal, as shown in the schematics of Figs. 3(a)-3(b). We take the resonant frequency
to be at the minimum of the resonant transmission dip, and tabulate how the resonance varies
as a function of incident angle. Due to the computationally intensive nature of 3-dimensional
finite element simulations, only the resonant frequency at normal incidence was calculated with
a precision of 0.001 THz, whereas for all other angles the precision is 0.01 THz. The results are

Table 1. Theoretical and numerical resonance frequencies as a function of angle for different uniform dielectric refractive index values. For the theory columns, the value of ω0 is
taken from simulations at normal incidence.

Incident angle θ
0◦
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30◦
40◦
50◦
60◦
70◦
80◦
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Fig. 4. (a) Calculated frequency-dependent effective index for structures in a uniform dielectric and for our fabricated structures. (b) Color density plot for the fields of the resonant
mode, neff = 1.001 at 0.65THz.

shown in Table 1, and show excellent agreement with Eq. (4).
The refractive index distribution for our fabricated resonators, however, is non-uniform;
Zeonex is in the center and air is in the surroundings, as shown in Fig. 3(c), requiring us to
extend this analysis. Let us now consider the modes of the longitudinally invariant resonators
as a function of frequency in terms of effective index neff , in the two limiting cases where the
metal is embedded uniformly in air and uniformly in Zeonex. In this case, once the resonant
frequency at normal incidence is known, one can obtain the resonant frequency as a function
of angle θ via Eq. (4) (as already done in Table 1), and the corresponding effective index via
Eq. (1). Figure 4(a) shows neff as a function of frequency for these two cases (blue and red data
for air and Zeonex, respectively) obtained from the theory and 3D numerical results shown in
Table 1.
On the same plot, we include the calculated frequency-dependent effective index of the fabricated structures. In this case, the data for neff < 1 (green diamonds) is obtained from the 3D
simulations of Fig. 2(b) in combination with Eq. (1). For neff > 1 (black diamonds) the resonant
modes cannot be excited from sideways incidence in free space; in this case the effective index is obtained by numerically solving for the propagation constant as a function of frequency
using a finite element 2D eigenvalue solver [37] for a single resonator, from which the resonant mode can be identified. Figure 4(b) shows a close-up color density plot of the electric
and magnetic field components at resonance with neff = 1.001 at 0.65 THz, circled in black in
Fig. 4(a). Note that for the case where the effective index of the resonant structure is smaller
than the background, the 2D eigenvalue method is not suitable due to coupling between the
radiative resonant modes and free-space modes, thus rendering the unequivocal identification
of the resonant mode difficult. However for neff > 1 a unique resonant bound mode is found
in each case, independently of the simulation boundary, provided the boundary is large enough
that the fields decay there. Both approaches coincide as neff → 1.
The green/black curves in Fig. 4(a) suggest that the effective index of our fabricated structures behaves like that of a resonator included in a uniform background with a refractive index
ñ that lies between air and Zeonex, i.e. 1 < ñ < 1.52. Re-writing Eq. (3) as

 2 2
ñ ω
2
,
(5)
γ=
−
β
c2
and following our previous reasoning, we obtain the wavelength dependence of the resonance
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Fig. 5. Measured resonant angle, compared to the simulation, for the longitudinally invariant samples. The change in resonant frequency with respect to incident angle is well
predicted by the heuristic theory.

frequency as a function of incident angle, using the phase matching condition of Eq. (1) with
air outside the resonators:

ω0
ω (θ ) = 
.
1 − sin2 θ /ñ2

(6)

In principle, the value of ñ can be obtained from perturbation theory: to obtain ñ one can
consider the resonant mode of the fabricated structures (air outside the resonators, Zeonex
inside the resonators) to be a perturbation to the uniform background case (air everywhere,
noting that the same result is obtained starting from Zeonex everywhere); this is presented in
detail in the Appendix. While this method gives an explicit formula for ñ and justifies Eq. (6),
the procedure fails in our particular configuration. The perturbations are not weak, in that the
refractive index difference between air and Zeonex is strong in regions where the field intensities are large [Fig. 4(b)], since the Zeonex/air boundary is in the immediate vicinity of the
resonator. Additionally, the fraction of power inside the resonator is frequency dependent, so
that no unique value of ñ can be defined to first order [see Eq. (11) in the Appendix], and a
higher order perturbation would need to be used. Instead, we note that Eq. (6) only has two parameters: the resonance at normal incidence, which we calculate from a simple 2D simulation
(ω0 = 2π × 0.43 THz at θ = 0◦ ), and the value of ñ, which can be obtained from the resonant
frequency at cutoff (neff = 1 at ω  = 2π × 0.65 THz at θ = 90◦ ):

1
= 1.33.
(7)
ñ =
1 − ω02 /ω 2
The green curve in Fig. 4 shows the effective index obtained using this heuristic approach,
and shows excellent overlap with the calculated data points.
Finally, we compare the measured angle-dependent resonant frequency [see Fig. 2(b)] of the
fiber resonators with the numerical and theoretical results presented so far; all results are shown
in Fig. 5, and are in good agreement.
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Fig. 6. (a) Schematic of the laser-ablation procedure, resulting in 3-dimensional (patterned)
resonators from longitudinally invariant (unpatterned) resonators. (b) Optical microscope
image of the patterned and unpatterned fibers. (c) The transmittance was measured for both
i) the unpatterned and ii) the patterned region of the sample, for TE polarization (electric
field directed along the fibers). (d) Experimentally measured and simulated transmittance.

3.

Patterned metamaterial fibers: fabrication and characterization

In order to suppress the spatial dispersion, we used laser ablation to periodically remove
∼ 20 μ m portions of the metal coating on the three sides, thus breaking the longitudinal invariance, as shown in the schematic of Fig. 6(a). We obtained arrays of 3-dimensional resonators
with a width of 10 μ m, patterned across a 5 × 5 mm2 portion of the array. All features are thus
much smaller than the resonant wavelength at every angle of incidence. A top-view optical microscope image of the resulting patterned and unpatterned portion of the samples is shown in
Fig. 6(b).
To ensure that the patterning procedure was successful, we first measured the transmittance
under TE polarization (electric field directed along the fibers). Appropriate lenses allowed to
focus the field down to a spot size of approximately 1 mm, allowing us to selectively measure the transmitted field either through the unpatterned or the patterned portion of the sample
[Fig. 6(c)]. The results are shown in Fig. 6(d). Note that for the unpatterned portion of the sample, the array behaves like a high-pass filter due to the electric currents induced in the metal
by the electric field, which is typical of sub-wavelength metallic gratings [1, 19, 20]. In contrast, the electric field is transmitted in the patterned portion of the sample, confirming that our
fibers have been ablated on three sides, and that the resonators are electrically disconnected
from each other. The transmission curves are in agreement with the finite element calculations
(dashed lines), the details of which were presented in Section 2.
We characterized the transmittance under TM polarization for different illumination angles θ
with respect to the y propagation axis [Fig. 7(a)]. The results are shown in Fig. 7(b). In this
case, the resonant frequency remains unchanged as the angle increases, in agreement with other
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Fig. 7. (a) Schematic of the transmittance experiment under TM polarization (electric field
directed perpendicular to the patterned fibers) for different incident angles. (b) Experimental and numerical spectral transmittance for different angles of incidence. Note that in this
case the fiber is ∼ 110 μ m wide.

oblique-incidence transmittance studies in split-ring resonators [39, 40], but in contrast to our
previous measurement for unpatterned resonators. Note that there is a slight difference in the
resonant frequency for this portion of the sample compared to simulation; in this particular
array, the square fiber is ∼ 110 μ m wide (inset), which leads to a decrease in LC resonance at
0.41 THz. In the numerical modeling, we have kept a square fiber with a 100 μ m width, and the
resonance at 0.43 THz is the same as for the unpatterned case. Though there is a difference in
the resonance depth, possibly due to the edge imperfections and roughness induced by the laser
ablation, both simulation and experiment clearly demonstrate that 3D patterning successfully
suppresses spatial dispersion.
4.

Conclusion

In conclusion, we characterized the transmittance at oblique incidence of longitudinally invariant metamaterial fiber arrays, produced by coating square fibers with metal. We found a strong
dependence of resonant frequency on the incident angle due to spatial dispersion. We showed
that a simple model based on the longitudinal invariance and the Helmholtz equation predicts
the shift in resonance as a function of angle for the unpatterned samples, fitting both experimental and numerical data well. To eliminate spatial dispersion, we produced 3-dimensionally
patterned U-shaped resonators via laser ablation, breaking their longitudinal invariance and resulting in an angle-independent resonant response. Having identified the longitudinal invariance
as the cause of the spatial dispersion, we have thus demonstrated that it can be overcome by
patterning the longitudinally-invariant fiber resonators, which will play a key role in the design
of fiber-based metamaterial devices.
Appendix
If E(x, y) and H(x, y) are the electric and magnetic field mode profiles with effective index neff
of a structure with a refractive index distribution n(x, y), and E(x, y) and H(x, y) are the field
mode profiles with effective index n̄eff of a structure with refractive index distribution n̄(x, y),
the difference in propagation constants at a given frequency is given by [38]


δ n = neff − n̄eff =



Z0

(C) 2012 OSA

∗

(n2 − n̄2 )E · E dA

A∞


A∞

∗

∗

E × H + E × H · ẑ dA

,

(8)
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where Z0 is the impedance of free space, and the integral is performed over the entire domain
area A∞ . We consider the actual structure (with modal fields E and H and effective index n̄eff )
to be a perturbation of the metallic resonator embedded in air only (with modal fields E and H
and effective index nair
eff ). The effective index n̄eff of the perturbed structure, to first order (E = E
and H = H) is then


n̄eff = nair
eff +

A∞



2Z0

n̄(x, y)2 − 1 |E|2 dA
A∞

ℜe (E × H∗ ) · ẑ dA

,

(9)

where n̄(x, y) is the refractive index distribution of the full structure, i.e. nznx = 1.52 on the
inside of the metallic resonator, and nair = 1 outside. A hypothetical structure with constant
refractive index ñ inside and out of the resonator, considered as a perturbation of the resonator
embedded in air only, would have to first order


neff

A∞



= nair
eff +
2Z0

Equating the two expressions for

A∞

ñ2 − 1 |E|2 dA
ℜe (E × H∗ ) · ẑ dA

.

(10)

neff

and n̄eff we obtain an expression that ñ must satisfy

ñ = 1 + (n2znx − 1) f ,
(11)

where f is the fraction of power inside the resonator.
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