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Abstract: For every prime power ¢ = 7 mod 16, we obtain the (g; a, b, ¢, d)—partitions of GF(q), with odd
integers a, b, ¢, d, a = +1 mod 8 such that ¢ = a® + 2(b? + ¢ + d?) and d? = b® + 2ac + 2bd. Hence
for each value of g the construction of SDS becomes equivalent to building a (¢; a, b, ¢, d)—partition.
The latter is much easier than the former. We give a new construction for an infinite family of regular
Hadamard matrices of order 4¢® by 16th power cyclotomic classes.
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1 Introduction

An Hadamard matrix H of order v is a v X v ma-
trix with entries +1, such that HHT = vI where
I is the identity matrix. An Hadamard matrix is
called regular if all its rows contain the same num-
ber of entries 1. It is well known that if a regular
Hadamard matrix of order v exists, v must be a
complete square.

Williamson type Hadamard matrices of or-
der 4¢®> with ¢ = 1 mod 4 prime power were
firstly constructed in [6], then a family of regular
Hadamard matrices of order 4¢ for ¢ = 3 mod 8
prime power was obtained in [7]. In 1998, Q. Xi-
ang [12] gave a nice simple construction for these
cases. Then the authors in [8] and [9] obtained
more general constructions by using special par-
titions of GF'(q). The only open case for the con-
struction of regular Hadamard matrices of order
4¢? with g prime power is that for ¢ = 7 mod 8.
[3] and [11] separately obtained many new results
for regular Hadamard matrices of order 4¢? for
g = 7 mod 16. The mathematical idea of [3] is
profound and has greatly inspired us to do this
research.

Let G be an Abelian group of order v. We de-
note the group operation by multiplication. Sub-
sets Dy, ---, D, of G are called r—{v;| Dy |,---,]|
D, |;\} supplementary difference sets (SDS) if

*The research supported by the ARC (No. LX0560185)
was done during a visit of the third author at the University
of Wollongong.

for every nonidentity element g in G, there are
exactly A elements (d, dl) in Dy x Dy, or Dy X Do,
.-, or D, x D, such that gd = d.

It is convenient to use the group ring Z|[G]
of the group G over the ring Z of rational inte-
gers with the addition and multiplication. a1g1 +
i 4 QyGy, @i € Z, g € G, 1 = 1,---,0.
(3Cgal9)g) + (X,0b(9)9) = X,4(alg) + blg))y-
(3, a(9)9) (X5 bR) = S4( g alg)b(R) .

For any subset A of G, we define an element
> gca 9 € Z[G], and by abusing the notation we
will denote it by A. Let A, B C G. We de-
fine ABC-1) = Y acapen ab™! € Z[G] and denote
AA=AACD, A(A,B) = ABGD + BAGD,

With this convention Di, Dj, ---, D, being
r—A{v;| D1 |,---,| Dy |; A} SDS are equivalent to

i=1 AD; = (Zj=1 | Di | —A) + AG.

If r = 1, the single SDS becomes a difference
set (DS) in the usual sense. When | Dy |=--- =|
D, |=k, we denote r — {v; | D1 |,---,| Dy |; A} by
r—{v;k; A}

In this paper we assume p is an odd prime,
r >0, and

g=p" =16m+7=a>+20> + 2 +d*) (1)

with a, b, c and d odd integers and a = +1 mod 8.

The paper is organized as follows. In Sec-
tion 2 we represent ¢ as the sum of | f;(s) |?,
where f;(s) = ai, + @iy s + aips? + -+ + a4y, 2™,
i=0,---,7, are polynomials of (2m + 1)—th root
of unity ¢ including ¢ = 1, such that Refy(s) =0,



f1(s) real, | fi(s) [*=| fo—i(s) *, i = 2,3,4. In
Section 3 we partition the group GF(q) into 16
subsets with certain desirable properties, i.e., we
get a (q;a,b,c,d)—partition of GF(q) which is
a powerful instrument for constructing SDS. Fi-
nally, for ¢ < 1000, we list the values of a, b, ¢
and d obtained in the (g; a,b,c,d)—partitions as
an appendix.
Before we process further, we list the nota-
tions that will be used throughout this paper.
q: a power of an odd prime p as in (1);

GF(q): the Galois field with g elements;
GF(q)*: the multiplicative group of GF(q);

S: the set of all nonzero squares of GF(q);
N: the set of all nonsquares of GF(q);

J: a primitive element of GF(q)*;

E;: 2(g + 1)th power cyclotomic class;

Cj: 16th power cyclotomic class;

Recall that the absolute trace T'ry» of an

element ¢ € GF(q") is defined as Trey(g) =
Tn— lng € GF( )

For the detailed discussion of absolute and rel-
ative trace maps of finite fields we refer the reader
to the textbooks such as [1], [2] and [4]. The char-
acters of the group GF(q"™) are given by the fol-
lowing (see [5]). Let £ be a fixed primitive pth root
of unity, , 8 € GF(q¢"), define a group homor-
phism X, : GF(q") — C*, xa(B) = ¢ (@P),
where C* is the multiplicative group of nonzero
complex numbers. These group homorphisms
can be easily extended to ring homorphisms from
Z|GF(¢™)] to C. In order to show A = B in
Z[GF(q")] by using the Fourier inversion formula,
we need only to verify x,(A) = xo(B) for every
a € GF(q").

2 A representation of ¢ by spe-
cial polynomials

Let 7 be a non-square element of GF(gq). Then
the polynomial P(w) = w? — r is irreducible in
GF(q), and the polynomials aw + b mod P(w),
a,b € GF(q), form a finite field GF(¢?). In what
follows we will employ this concrete representa-
tion of GF(q?). If g is a generator of the cyclic
group of nonzero elements of GF(q?), then g47! =
¢ is a generator of the cyclic group of nonzero ele-
ments of GF(q). For arbitrary h € GF(q?) define

tr(h) = h+ h? (2)

(indeed, tr(h) = Trep/q(h)), so that tr(h) €
GF(q). It follows from this definition that

tr(gF) = gt (g7") (3)

for an arbitrary integer k.

Suppose ¢ = 7 mod 8. For h € GF(¢?), h # 0,
let ind(h) be the least non-negative integer ¢ such
that g = h. Let B denote a primitive 16th root
of unity. Then

ind(h)
p(h)={§ 7 )

defines an 16th power character p of GF(g¢?). For
a € GF(q), a # 0, put & = a. By (4) we have
p(a) = Blt1i. Consequently p(a) = (—1)7 if ¢ =
7 mod 16 and p(a) = 1 if ¢ = 15 mod 16. In the
case ¢ = 7 mod 16, p(a) reduces to the Legendre
symbol in GF(q) defined by p(a) = 1, —1 or 0
according to a is a nonzero square, a non-square
or 0 in GF(g). In the following we will assume
that ¢ = 7 mod 16 and take r = —1 (since —1 is
a non-square element in GF'(q)). Accordingly we
obtain from (3) that

p(tr(g")pltr(g™")) = (D), tr(d*) £0. (5)

For a fixed n € GF(¢?) put n = cw+d, c,d €
GF(q). Thenn € GF(q) if c=0and n ¢ GF(q)
if ¢ # 0. We require the formula

Zﬂ (tr(€))p(tr(n)) = { g’(d)q(q - z;g:

where the summation is over all ¢ € GF(g?).
Put £ = aw + b, a,b € GF(q). By (2) we have
tr(¢) = 2b and tr(n€) = 2(bd — ac). Therefore
e p(tr(€)p(tr(ng)) = Sy p(20) X, p(2(bd—ac)),
and (6) follows at once.

For 7 # 0 we may put n = g* (0 <t < ¢*>—2),
sothat c =0ifg+1|tand c # 0ifg+1 ft. Ifc =0,
put t = j(g+1) and then p(d) = (—1)7. The sum
in (6) now becomes EZ:O? p(tr(gF))p(tr(ghtt)) =
Y2 q,j; J18 p(tr(g*))p(tr(g" ). The double
sum on the right has the value 0 if ¢+ 1 ft. Since
p(tr(gktat1)) = —p(tr(g¥)), the value of the inner
sum is the same for each h. For h = 0 we get, in
particular,

Zptr

where, in the first case, t = j(q + 1).

0, qg+1ft,



Theorem 1 Suppose q is a prime power =
7 mod 16 and n = (¢ +1)/8. Let g be a prim-
itive element of GF(q?). Put

9* = apw + Br, ax, Br € GF(q), (8)
and define
a = p(or), by = p(Br)- 9)

Then the sums

f21( )
f2z+1( )

satisfy the identity

7
Y 1o P=q (11)
i=0

for each nth root of unity < including ¢ = 1. Mor-
ever, the following relations hold:

Z] 0 a'z—|—16]§ >

3 TA i=0,1,2,3 (10)
—0 % AR

a0:0,
bo =1,

ai6; = —Q16(n—1i)» 1<i<n. (12)
bi6i = bi6(n—i)s -
Proof. Since g is a primitive element of GF(q?)
the integer k = (¢+1)/2 = 4n is the only value of
k in the interval 0 < k < ¢ for which tr(g*) = 0.
Put ¢** = Aw, A € GF(q). The numbers ay, by in
(9) satisfy the relations

bitan = —p(N)ax, (13)
bit8n = —by, (14)
bi+16n = by (15)

—aiiw+Piei =
16n(8i—1)+16(n—i) _ 52(8i—1)(a16(n7i)w+

Moreover, from (8) it follows that
(9% =g
Bis(n—i)), 0 < i < n. '

Hence a5 = —(52(81_1)0’16@—1'), Biei =
52(8i_1);616(n7i)5 0<i<n.

Consequently, (12) is valid.

Note that the periodicity property (15) im-
plies

n—1 n—1
Z b16i+t = Z b16i—|—s, t = s mod 16. (16)
1=0 1=0

If we replace b’s by a’s, then (15) and (16) would
also be true.

Denote the sum in (7) by F(t). The assump-
tion ¢ = 7 mod 16 implies that ¢t = 0 is the only

value of ¢ in the interval 0 < ¢t < n for which 16¢
is divisible by g + 1. Thus it follows from (7) that

g, t=0,
{O, 1<t <n. (17)

On the other hand from (13), (14) and (17)

we have F(16t) = Y331 (a16i+kQ16i+k-+16t +
b16i+kbi6i+k+16t). Applying the finite Parseval re-

: -1~ 1 -1 j j
lation: Z?:o CiCi+t = n ?:0 | ©(¢?) |2 ¢%t,
0 <t < n, where Citt is the conjugate of c;4

F(16t) Z brbr+16t =

k=0

and ¢(¢) = Y774 ¢i¢?, we now obtain
3 n—-1
> (a16i+ka16itk+16¢ + bi6itkD16i1k+16t)
k=0 i=0
nfl 7
= Z o) P ¢ (18)
™20 k=0
Combining (17) and (18) we get
17= 17
F(16t) = Z > () 12 ¢ (19)
™ =0 k=0

The inverted form of (19) is given by 7_, |
fe(¢?) P = Siog F(168)¢ 7, j = 0,1+ ,n — 1.
By (17) we have F'(0) = g and F(16t) = 0 for
1 <t < n, hence the last sum reduces to ¢. This
completes the proof of the theorem. O

From (12) we know that R.fo({) = 0 and
f1(¢) is real.

Lemma 1 Under the assumption as in Theorem
1

| fZ(C) |2:| f9—z(C) |2’ 1= 273,47 (20)
for each nth root of unity ¢ including ¢ = 1.

Proof 2 =

Since | f2(¢)
0 (= i 0 ) at6it1016i1416t) 4 | fr(Q) 2 =
o () bisitabisita+iet) ¢ For the proof

of| fg(C) [2=| £7(¢) |?, it is sufficient to show that

n—1 n—1

Z A16i+1A16(i+t)+1 = Z b16i+3b16(i+t)+37 (21)
i=0 i=0

0 <t < n. Let g** = gy gw + Bigitk, Where
g is a generator of GF(g?). Then

—16i+kW + Bisitk = M6gitqhw + Bi6gitqk- (22)



By (22) it follows that

n—1 n—1

D G6i1016(i+1)11 = Y G16i+8n—1016(i+t)+8n—1-(23)
=0 1=0

If n = 1 mod 4, the last sum of (23) becomes

1 -1

>ico a16i-1816(i4+t)—-1 — Yico bi6i+3b16(i11)+3 as

required. If n = 3 mod 4, the last sum

of (23) is equal to Y77 Q16i+7016(i+6)+7 =

Z?:_()l bi6i+3b16(i+1)+3, again as required. Simi-

larly, we can prove that 2?2—01 b16i+1b16(i41)+1
-1 —1

= 2210 016i+3016(i+1)+3y 210 G16i+2016(i+1)+2 =

Z?:_Ol b16i+2b16(i+t)+27 0 <t < n. The lemma is

proved. O

Corollary 1 Suppose q is a prime power =
7 mod 16. Then

(i) there are 5 polynomials fo(C), f1(¢),

f2(€), f3(C), fa(C) of ¢, defined as in
(8)-(10), satisfying the identity

| Q) P+ 1A P+ (I F2(0) P +
| f3(O) P + 1 £1(0) ") = (24)

for each nth root of unity ¢ including ( =
1. Moreover, Rc.fo(¢) = 0 and fi(C) is
real.

(ii) there are 4 odd integers a, b, ¢ and d
with a = £1 mod 8 such that
> +2(0° + 2+ d?*) =g¢ (25)
Proof. By Theorem 1 and Lemma 1 (i) is trivial.
Since fo(1) = 0 and n is odd, we know that a =
f1(1), b= fa(1), ¢ = f3(1), d = f4(1) are all odd
and (25) holds. Because ¢ = 7 mod 16, so that

a = £1 mod 8. This completes the proof of (ii).
a

3 A partition of GF(q)

Let g be a generator of GF(¢?). Put E; =

{g2la+Di+i . j = 0’...’91;231}’ i=0,---,2q+ 1.

It is easy to see that Ej {62k . Kk =
-3

0,...,@} = 8, By = {0%t E =

0,---, 43y = N.
For any i, 1 <i < 2(¢g+ 1), # q+ 1, write
¢ =aw+ B, a,f € GF(q), then a # 0 and E; =

By = {(ad?,a71p(ad?)) : k=0, 3}
So we can represent E; by {(n,rn) : n € S} or
{(n,mm) : n € N} according to « € S or @« € N.
For convenience, we denote Fy = (0,5), Eqr1 =
(0,N) and {(n,rn) : n € S} = (5,7S5), {(n,rn) :
n € N} = (N,rN). The partition given in the
following theorem is useful for constructing SDS.

Theorem 2 Suppose ¢ = 7 mod 16 is a prime

power. There are 16 subsets X1, ---, Xig of
GF(q) such that
X=X |= T, (26)
{l X3 |=| X16 |, | Xa |=| X5 |}
_la=7) (+b) (¢-7)  (1-b)
=t 5 b 27)
{I X5 |=| Xa3 |, | X6 |=] X14 [}
_la=7) (+¢ (-7 (—=¢
=Tt 16 5 b (28)
{I X7 |=| X12 |, | Xa |=] X11 [}
_la=7) (+d) (¢-7) (-4
=1 6 2 16 2 b (29)
{1 %o 1, X1 p= (020 029 =D, (-gy
X1 +- X16—GF() (31)
vV =MU (32)

for some odd integers a, b, ¢ and d with a =
+1 mod 8 satisfying (1), where V. = (X3N +
X258, XS + XoN, -+, Xi5N + X165, X155 +

X16N)T, U= (Xl, T ,XlG)T and M =
el e3 e3 el €5 o ely elg ely ef5  elg
ez €1 eq e3 €6 ttt €11 €14 €13 €16 €15
€15 €16 €2 el eq s+ €10 €12 €11 €14 €13
€16 €15 €1 €2 €3 s+ €10 €11 €12 €13 €14
€14 €13 €16 €15 €1 trroes €9 €10 €11 e12
€13 €14 €15 €16 €2 teooer €10 €9 e12 €11
e11 €12 €13 €14 €15 " ep es e €10 €9
€12 €11 €14 €13 €16 €6 er €8 €9 €10
€10 €9 e12 €11 e1q eq es €6 er es
e9 €10 €11 e12 €13 e3 €6 es eg e7
e eg €9 elp €11 e1 eq e3 €6 es
es e €10 €9 e12 €2 e3 eq es €6
€6 es es er €10 el5 el €2 e3 eq
es €6 er eg €9 €16 €2 el eq e3
e3 €q es €6 er €14 €15 el €2 el
eq €3 €6 €5 es ttt €13 e1g €15 €1 ez

where e; denotes | X; | and e] denotes | X; | —1,
i=1,---,16.

q—1

Proof. Put C; = {¢'%/+*: j=0,---, — 1}
i =0,---,15, where g is a generator of GF( 2.
It is clear that C; = U "o Ei6j+i, © = 0,+++,15.
Particularly, Cy and Cg = ¢97'Cy can be wrltten
in the forms

Co=(0,5)U{(S,rS),re X1} U{(N,rN),r € X},

Cs = (0.N) U{(N,rN),r € X1} U{(S,rS),r € Xo} 3%

for some X7, Xo C GF(q). Obviously,

-7
|X1|+|X2|=2m=%. (34)



For any 4, 1 < i < 2m, write ¢'® = aw+ € E1g,
a, B € GF(q). Then « # 0. For k = 0, from (22)
we know that —aw + f = ¢'%% ¢ E16(2m+1—i)-
Hence a(—a) € N and a8 + (—a)~!f =

Therefore r = o '8 € X; if and only if —r €
X34, 1 = 1,2. These facts, together with (34),
show that | X1 |=| Xo |[= Y and 0EX; U Xo.
Nowset E={—r~1: re (X;NN)U(XsNnS)},
F={0}u{-rt: re(XinS)uX2nN)}
and take {Xg,Xl()} = {E F} Since {04,012} =

(q+1) 3(q+1)
{972 Co,g Co} and {E(q+1),E3(q+1)} =

{(5,0), (N,0)}, 50 {C4,C12} = {Uyex, (5,78) U

UTEXlo(N TN) U'I‘EXQ (N TN) U U'I‘EXlO (S TS)}
Without loss of generality, we can write

Cy ={(S,7S),7 € Xg} U{(N,rN,r € X190}, (35)
012 = {(N’ TN)’T € XQ} U {(S,TS,T € XlO},

Clearly, | Xg | + | X190 |= 2m + 1 = L1 Simi-
larly to (35) we can write

C; = {(S,TS),T € X2i+1} U {(N,rN),r € XQH_Q},

Ci+8 = {(N,'I‘N),T‘ € X2i+1} ] {(S,TS),'I‘ € X2i+2}, (36)
i =1,---,7, for some X3, ---, X156 C GF(q).
Obviously,
+1
| Xoit1 | + | Xoiyo |= (4 )a i=1,---,7.(37)

Let h —glﬁj“ =aw+f, a B € GF(q), 0 <
g<( )1<7,<3 Then o # 0 and h € C;.
Now hq = —aw+ p. If i =1, by (22) we know
that h? € C7. Since the transformation: h — hY
is one to one on GF(q?), it follows that | X3 |=|
X16 | and ‘ X4 |:| X15 | If; = 2, by (22) we have
h? € C14, hence | X5 ‘:l X3 | and ‘ Xe |:| X4 |
If i = 3, then h? € Cs, therefore | X7 |=| X2 |
and ‘ Xg ‘:| X11 |

From Theorem 1, Lemma 1 and Corollary 1 it
follows that -5 (| Xai—1 | — | Xai [)? = 2 1]
Xoin | = | Xoi )2+ (| Xo | — | X0 |)? =
Write

| Xo | —| X0 |=a, | X3| = | X4 |=0,
| X5 | — | X6 |=¢, | X7 |- | Xs|=4d

(38)

Then a, b, ¢ and d are odd and a = £1 mod 8.
Thus (27)—(30) will follow from (37) and (38).

Since {(S,78), r € US_; Xo;i_1} U {(N,rN),
r € UL, Xoi} = UM Eig U(UZ) U™ Eiejra),
it follows that | U8, X; |= ¢, i.e., X1 + -+ X16 =
GF(q).

Now we are going to prove (32).

Forany h = aw+ S # 0, o, 8 € GF(q), it is
clear that {hCy,---,hC15} = {Cp,---,Ci5}.

Note that (o, 8) (e, 8) = (aw + B)(d' w+ )
= (a,B’ +B8d, B8 - aa’), we have

hCo = (aS,8S)U{((ar +B)S,(Br —a)S), r € X1}
U{({ar + B)N, (Br — @)N), r € X2}, 9
hCs = (aN,BN)U{((ar +B)N,(Br —a)N), r € X1}

U{((Oﬂ“ + /B)Sa (,37' - a)S)a re X2}a

For any 79 € X, we can choose «, 3 € GF(q)

such that « € S and o™ ! = —1rg € X5. In
(39) the term (aS,B8S) = (S,—r0S) € Cs. It
follows that hCy = Cg and hCs = Cjy. Then
in (39) the term ((arg + 8)S,(Bro — @)S) =
(0,—(1 + r2)S) should be equal to (0,N), i.e.,
l—l—rgESfor any 79 € X1 U Xo. Now

hCo = (0,N)U(S,—roS)U{(S,—r~

where R, = ((X1 — 7‘0) N S) U ((X2 — 7”()) N N),
Ry = ((X1 — ’f‘()) N N) U ((X2 — 7‘0) N S)

Comparing expression (40) with the second
expression of (33), it follws that

| R | =
| Ry | =

| Xo[-1=[X1 -1,  (41)
| X1 =] Xz |, (42)

(41) and (42) mean that the coefficients of ry in
X1N+XQS and X18—I— X2N are | X1 | —1 and
| X5 | respectively.

Similarly, for ryp € X3, we can choose a suit-
able h; such that h;C; = Ci1g and h;Cirg = Cj,
i=1,---,7.

Comparing the expression of h;C; with that of
Ciys, 1t =1,---,7, it follows that the coefficientsof
ro in XgN + X4 S, X3S+ XyN, -+, Xi5N + X165
and X15S+X16N are | X15 |, | X16 |, sy | X3 |,
| X4 | respectively.

Repeating the procedure for Xs, ---, Xig
analogously, one can get (32). The theorem is
proved. O

We call the partition satisfying (26)—(32) a
(¢; a, b, c,d)—partition of GF(q).

For any subset A C GF(q), 8,7 € GF(q), we
write BAP +r = {faP +r: a € A} and as well
as in Z[GF(q)]-

Theorem 3 Suppose W = {X1,---, X6} is a
(¢; a,b,c,d)—partition of GF(q), B,7 € GF(q)
and B # 0. If W = {Xy,---, X1} is obtained
from W wunder the following transformations:

YA+ 72 +770)S, 7€ R1}
U{(N, 77_1(1 +r(2] +rro)N), 7 € Ra} (40)



(G) Xi=X;+r,i=1,---,16,

(i) Xi=XP, i=1,---,16,

(i) X; =pBX;,i=1,---,16 for B€ S,

(iv) X;=pXs, Xp = X1, and X; = BX;,
1=3,---,16 for € N,

then W is also a (q;a,b, c,d)—partition of GF(q).

The proof of the Theorem 3 is trivial.

Corollary 2

Let {X1,---,X16} be a (q;a,b,c,d)—partition
of GF(q) and ay, by be given in (8), (9)
for a fived generator g of GF(q?). Then

('L) | X2i—|—1 | - | X2i+2 |: 2261 A165+1, 1= 1a273a4-;

(i6) | Xo | — | X10 |= € X7 bie;
where ¢ = 1 or —1 according to 0 € Xg or
0 e Xqp.

Appendix A.

Table of parameters a, b, ¢, d in the
(¢; a,b,c,d)—partition of GF(q) for ¢ < 1000.

q g a b ¢ d
7 2| -1 1 1 1
23 2 1 3| -1 -1
71 8| -7 1 -1] -3
103 2| -7 5 1] -1
151 9| -1 5 7| -1
167 2] -1 3 7 5
199 13 ] -1 3 9 3
263 2 9| 9| -1 3
311 4 7| -1 7 9
343 |0+ 1 71 11 1] -5
359 1] -9 3| -7 -9
439 9 7| -5 11-13
487 3| -1| -5| -7]-13
503 6|-17| -9 -1 5
599 11 | -23 3| -1| -5
631 5 1 5 -17 1
647 2| -91-15 7
727 2|-25] -5 1] -5
743 2| 17|-13| -7| -3
823 3| -7 -9 9 -15
839 4| 17| -7| -1]|-15
887 2 7 9| -7| 17
919 6| 17| 15| -9 3
967 2|-17|-13 | -7| 11
983 2| 7| -3|-17| 13

* § is a generator of GF(343) and satisfies 63 =
8 + 5. Regular Hadamard matrices of order 4.7%
have been constructed by [10] for all » > 1.
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