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Abstract. We show that if G is a finite Abelian group and the block size is 3, then the necessary
conditions for the existence of a (v, 3, λ;G) GBRD are sufficient. These necessary conditions
include the usual necessary conditions for the existence of the associated (v, 3, λ) BIBD plus
λ ≡ 0 (mod |G|), plus some extra conditions when |G| is even, namely that the number of
blocks be divisible by 4 and, if v = 3 and the Sylow 2-subgroup of G is cyclic, then also λ ≡ 0
(mod 2|G|).

Key words. Generalized Bhaskar Rao design, Cyclic group divisible designs.

1. Introduction

Our aim in this article is to show that the necessary conditions for a Generalized Bhaskar
Rao Design with block size 3 over any finite Abelian group are sufficient.

A Generalized Bhaskar Rao Designs over the group G is formed from a balanced
incomplete block design. To form the (v, k, λ; G) GBRD we take the incidence matrix of a
(v, k, λ) BIBD and replace the non-zero elements by elements from the group G. Suppose
we replace the incidence of the point a (resp. b) in the i-th block by the group element ai

(resp. bi). Then the replacement must be done in such a way that the list aib
−1
i (where i

runs through all blocks with both a and b present) contains every element of G exactly
λ/|G| times.

Theorem 1. Let G be a finite Abelian group. The necessary conditions for the existence
of a (v, 3, λ; G) GBRD for v > 3 are:

λ ≡ 0 (mod |G|) (1)

λ(v − 1) ≡ 0 (mod 2) (2)

λv(v − 1) ≡

{

0 (mod 6) if |G| ≡ 1 (mod 2)
0 (mod 24) if |G| ≡ 0 (mod 2).

(3)
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When v = 3, we always have the restriction (1), but if the Sylow 2-subgroup of G is
non-trivial and cyclic, then for a (3, 3, λ; G) GBRD we also require:

λ ≡ 0 (mod 2|G|). (4)

The object of this article is to establish Theorem 2.

Theorem 2. Let G be a finite Abelian group. The necessary conditions for the existence
of a (v, 3, λ; G) GBRD given in Theorem 1 are sufficient.

The necessary conditions (discussed in the next section) are known to be sufficient
for a (v, 3, λ; G) GBRD over a number of groups. The classic case G = Z2 was solved
by Seberry [24]. The elementary Abelian groups not divisible by 6 were solved by Lam
and Seberry [19] and the remaining elementary Abelian groups by Seberry [25]. Palmer
and Seberry [22] solved the non-Abelian groups D3, D4, D6 and Q4 as well as the (non-
elementary) Abelian Z2×Z4. Combe, Palmer and Unger [9] have solved A4, the alternating
group of order 12, and Abel, Combe and Palmer [2] have since solved the remaining
groups of order 12. Abel, Combe and Palmer [3] have also solved the existence problem
for arbitrary dihedral groups. Some (non-elementary) Abelian groups have been studied:
Z4 was solved, apart from two open exceptions, by de Launey, Sarvate and Seberry [11],
and Z8 was solved by Seberry [26]. Shen’s labelled designs (e.g., [28]) are also GBRDs
over the cyclic groups presented in a less compact notation.

There is a close link between (v, k, λ) GBRDs and group divisible designs, specifi-
cally (k, λ/|G|) GDDs of type |G|v. (For a definition of standard designs such as BIBDs,
GDDs, TDs and PBDs, see e.g., [5].) This was one of the early motivations for study-
ing GBRDs [24,27,29]. In fact if we replace each signed element in the GBRD incidence
matrix by the corresponding right-regular |G| by |G| permutation matrix and each zero
incidence by a |G| by |G| matrix of zeros, then we get the incidence matrix of a (k, λ/|G|)
GDD of type |G|v.

Working with this GDD form, the necessary conditions for the existence of a (v, 3, n; Zn)
GBRD were shown to be sufficient by Jiang [18] for n a multiple of 6, and for the other
ns by Gallant, Jiang and Ling [14]. However, Jiang’s solution takes a fair amount of work
to translate into a design and Gallant et al. do not give explicit solutions in all cases,
giving instead a heuristic algorithm with which they state they quickly found appropriate
solutions in every case but one, for which case they give two solutions, an invalid one [14,
pp. 102] and a valid one as a part of [14, Lemma 2.5].

We discuss the necessary conditions in Section 2. In Sections 3 and 4 we give our
composition methods, and in Section 6 we give some incomplete arrays (or holey difference
matrices (HDMs for short)) which we use there to solve the v = 3 case. The remaining
sections deal mostly with small numbers of invariants of various Sylow subgroups and, in
the final Section 10, we establish the sufficiency of the necessary conditions for the general
case. Our main asymptotic construction is Theorem 18, which reduces the problem to the
construction of a small number of designs for any given abelian group. Here we can rely
on mostly known PBD and BIBD results (in Theorem 19 we do establish a new PBD
basis result for K = {4, 9, 12}). However, we do have to provide the small designs, as well
as some improved composition methods to solve the problem. A few designs are given in
the main text, but most of the component designs we need are given in the Appendix.
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2. The Necessary Conditions

In this section we discuss the necessary conditions. The necessary conditions for the
existence of a (v, k, λ; G) GBRD must obviously include the necessary conditions for the
existence of a (v, k, λ) BIBD and that λ/|G| be integral, i.e., the necessary conditions for
the existence of a (v, k, λ; G) GBRD include:

λ ≡ 0 (mod |G|) (5)

λ(v − 1) ≡ 0 (mod (k − 1)) (6)

λv(v − 1) ≡ 0 (mod (k(k − 1))). (7)

Now, when k = 3, Conditions (6) with (7) are known to be sufficient for the existence
of a (v, k, λ) BIBD [17]. However, there are some extra restrictions on GBRDs for some
groups, especially when v = k.

Theorem 3. (Drake [13, Theorem 1.10]) Let G be a finite group of even order with
a cyclic Sylow 2-subgroup, and let k ≥ 3. If λ/|G| is odd, then there is no (k, k, λ; G)
GBRD.

The following result is also well-known, but usually phrased in terms of difference
matrices using a different notation (e.g., [5, Lemma VIII.3.1]).

Theorem 4. If λ < k, then there is no (k, k, λ; G) GBRD.

There is one further condition known for G = Z2, which in the case of k = 3 reduces
to:

b ≡ 0 (mod 4) (8)

where b is the number of blocks in the GBRD. The extension to general k is given in [24].
The restriction has applicability to other groups however.

Theorem 5. (Gibbons and Mathon [15, Theorem 2]) Let N be a normal subgroup
of G, and suppose a (v, k, λ; G) GBRD exists. Then a (v, k, λ; G/N) GBRD exists.

As examples of how Theorem 5 extends Condition (8), consider n odd, and the normal
subgroup Zn in Z2n. (Similar observations hold, e.g., for Zn in the dihedral group Dn of
order 2n with n odd.) The group Z2n/Zn amounts to the group Z2 with the elements
labelled as “odd” or “even”. In a (v, 3, λ; Z2n/Zn) GBRD, for any pair of points we need
the number of mixed parity signings to be equal to the number of same parity pairings, but
a block can only contribute either 3 same parity, or 1 same and 2 mixed parity pairings.
Consequently, in the design each block of the former (3 same) type must be balanced by
3 of the latter, hence the restriction that b ≡ 0 (mod 4) must apply here too.

So when might Condition (8) be a restriction? The number of blocks in a (v, 3, λ) BIBD

is λ
(

v
2

)

/3, and clearly we will assume G has even order, so λ is even by Condition (5). If

λ ≡ 0 (mod 4), then Condition (8) will be satisfied, so it is only an additional restriction
if |G| ≡ 2 (mod 4) and λ ≡ 2 (mod 4) and v ≡ 2, 3 (mod 4).

The necessary conditions were summarized earlier in Theorem 1.
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3. Some Structural Results

The structure of finite Abelian groups is known (see e.g., [23, Theorem 4.2.6]).

Theorem 6. (Frobenius-Stickleberger) An Abelian group, G, is finite if and only if
it is a direct product of finitely many cyclic groups with prime power orders. (We will call
these cyclic groups the invariants of G.)

Remark 7. Normally, the invariants of G are considered to be the orders of the cyclic
factor groups, rather than the cyclic factor groups themselves (see, e.g., [16, Section 3.3]),
but our terminology should cause little confusion.

Remark 8. It will occasionally be convenient to characterize the trivial single element
subgroup as Z1.

Remark 9. If gcd(m, n) = 1, then the group Zmn is isomorphic to the group Zm ×Zn. The
invertible mapping (x) 7→ (x (mod m), x (mod n)) relates the elements of the isomorphs.
We will find it convenient in some examples to use the group Zmn.

Often a GDD of type gv will be given as a difference family over some group of order
gv. When this factors as the direct product of a group G of order g and a group V of
order v and the groups of the GDD are the sets G × {x} for x ∈ V , then there is no
difficulty in converting this difference family into the (v, k, λ; G) GBRD form.

The next two examples use Bose’s affine relative difference set over Zq2
−1 [6]. These

GDDs correspond to the punctured AG(2, q), and can be formed by taking the discrete
logarithm in GF(q2) of (1+ax) for a ∈ GF (q). Note that GF(q2) is the extension field over
GF(q). Here, the logarithms are taken with respect to a root x of x2 = yx + y in GF(16)
where y is a root of the primitive polynomial y2 = y + 1 in GF(4), and x2 = y4x + y5 in
GF(81) where y is a root of the primitive polynomial y2 = y + 1 in GF(9).

Example 10. A (4, 1) GDD of type 35 over Z15 is given by the difference set (0, 12, 8, 14).
The mapping given in Remark 9 gives the corresponding (5, 4, 3; Z3) GBRD form as
(00, 20, 32, 42) which is developed over Z5, with the subscripts (i.e., the signings) fixed.

Table 1. The signed incidence matrix of a (10, 9, 8;Z8) GBRD

0 5 7 5 5 6 1 0 4
0 5 7 5 5 6 1 0 4

3 0 5 7 5 5 6 1 0
7 3 0 5 7 5 5 6 1
0 7 3 0 5 7 5 5 6
5 0 7 3 0 5 7 5 5
4 5 0 7 3 0 5 7 5
4 4 5 0 7 3 0 5 7
6 4 4 5 0 7 3 0 5
4 6 4 4 5 0 7 3 0
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Example 11. A (9, 1) GDD of type 810 is given by the difference set

(0, 49, 47, 73, 46, 55, 68, 4, 32)

which is developed over Z80. The groups are points with the same residue modulo 10. In
order to convert this GDD to a (10, 9, 8; Z8) GBRD, we take the first 10 translates of the
difference set, generating 90 points in sets of 9, and for each point, say x, we convert to
a signed point ya by the rule y = x (mod 10) and a = bx/10c. We give this design as a
signed incidence matrix in Table 1.

This translation method also works for the difference set in Example 10, but the GBRD
generated, although isomorphic, does not have such a nice representation as the one we
gave in Example 10.

In some respects, this construction can be regarded as an inversion of the construction
we use in Theorem 16.

In Section 1 we noted that (v, k, λ; G) GBRDs can be converted into (k, λ/|G|) GDDs of
type |G|v. We now need an intermediate level conversion: specifically, of a (v, k, λ; G×H)
GBRD into a (k, λ/|G|) GDD of type |G|v that is signed over H.

Theorem 12. If a (v, k, λ; G × H) GBRD exists, then there exists a (k, λ/|G|) GDD
of type |G|v that is signed over H. We will denote this resultant design as a (k, µ; H)
GBRGDD of type |G|v, where µ = λ/|G|.

Proof. In the signed incidence matrix of the GBRD, replace every instance of an element
signed by (g, h) by the |G| by |G| permutation matrix representation of g, and sign every
non-zero element with h, and replace every zero entry in the incidence matrix by a |G|
by |G| matrix of zeros.

4. Methods

In this section we will present several product theorems which form the basis for our
recursive approach to the existence problem.

Our first product theorem is a slightly improved version of [19, Theorem 2.1].

Theorem 13. If there exists a (v, k, λ; G) GBRD, a TD(k, u), a (u + w, k, µ; G) GBRD,
and a (u + w, k, µ; G) GBRD missing a (w, k, µ; G) GBRD subdesign, then a (uv +
w, k, µλ; G) GBRD exists.

Proof. We start with the design on v points, and give all points a weight of u in a variant of
Wilson’s Fundamental Construction where the signing of the (v, k, λ) GBRD is inherited
by the newly generated points, then use the TD as the ingredient design to get a signed
GDD of type uv. We adjoin w new points, then fill v−1 of the groups using the incomplete
(u + w, k, µ; G) GBRD, aligning the missing subdesign on the adjoined points. Finally,
we use the complete (u + w, k, µ; G) GBRD to fill in the last group plus the adjoined
points.

Remark 14. Every (u + w, k, µ; G) GBRD is missing a (w, k, µ; G) GBRD subdesign if
w = 0 or 1: these trivial subdesigns contain no blocks.

The following is an obvious generalization of theorems given by Gibbons and Mathon [15,
Theorem 1] and Lam and Seberry [19, Theorem 3.3].
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Theorem 15. If there exists a (v, K, λ; G) GBRD and a (k, j, µ; H) GBRD exists for each
k ∈ K, then a (v, j, µλ; G × H) GBRD exists.

Proof. When G and H are just the trivial group Z1 = {0}, then this theorem just amounts
to the standard “breaking the blocks” construction, where we take the i-th block of the
set BG, say Bi = (b1, b2, . . . , bk), and form the (k, j, µ) PBD on these k points, and finally
juxtapose all these designs for our resultant design. So now we just have to deal with the
signing. Suppose a point of Bi receives a signing of g, and in the `-th block of the design
breaking it, that point receives a signing of h, then the signing we now assign to that
point is f = g × h.

Lam and Seberry [19, Theorem 3.1] give a construction which allows us to combine a
(k, k, n; Zn) GBRD and a (k, k, m; Zm) GBRD into a (k, k, mn; Zmn) GBRD. We give a
generalization of this construction, which is a special case of a broader generalization of
Palmer’s [21, Theorem 2.1].

Theorem 16. Let G = Zn1
×Zn2

× · · · ×Znt
and H = Zm1

×Zm2
× · · · ×Zmt

. Note that
we will allow the possibilities that one or more ni = 1, and similarly one or more mi = 1.
If there exists a (v, K, λ; G) GBRD and a (k, j, µ; H) GBRD exists for each k ∈ K, then
a (v, j, µλ; F ) GBRD exists, where F = Zm1n1

× Zm2n2
× · · · × Zmtnt

.

Proof. When G, H and F are just the trivial group Z1 = {0}, then this theorem just
amounts to the standard “breaking the blocks” construction, where we take the i-th
block of the set BG, say Bi = (b1, b2, . . . , bk), and form the (k, j, µ) PBD on these k points,
and finally juxtapose all these designs for our resultant design. So now we just have to
deal with the signing. Suppose a point of Bi receives a signing of g1 × g2 × · · ·× gt, and in
the `-th block of the design breaking it, that point receives a signing of h1 ×h2 × · · ·×ht,
then the signing we now assign to that point is f1 ×f2 ×· · ·×ft, where fi = gi +nihi.

Remark 17. If G = Zn × Z1 and H = Z1 × Zm, so F = Zn × Zm in Theorem 16, then
Theorem 16 reduces to Theorem 15.

One of our main tools will be the following special case of Theorem 15, obtained by
setting G (in Theorem 15) to be the trivial group.

Theorem 18. If there exists a (v, K, λ) PBD and, for each k ∈ K, a (k, j, µ; G) GBRD
exists, then a (v, j, µλ; G) GBRD exists.

Application of Theorem 18 to the hypothesized PBD means we only have to deal with
the vs in some basis set for any group. We summarize these for λ = |G| in Table 2. (The
PBD basis sets in Table 2 can mostly be found in [4], updated by [20]. There is one new
PBD result, given in Theorem 19.)

Theorem 19. A (v, {4, 9, 12}, 1) PBD exists when v ≡ 0, 1, 4, 9 (mod 12) with the defi-
nite exception of v ∈ {21, 24}.

Proof. A (v, {4, 9}, 1) PBD exists if v ≡ 0, 1, 4, 9 (mod 12) and v 6∈ {12, 21, 24, 48},
except possibly when v ∈ {60, 69, 84, 93, 96, 192} by a result of Mullin et al. [20].
Brouwer et al. [8] showed a 4-GDD of type 12n is known for all n ≥ 4, so our result for the
multiples of 12 follows by filling these GDDs. For v = 69 and 93, we truncate to size three
the largest group of a 5-GDD of type 46 or 4781 (where the latter is formed by completing
a 4-RGDD), then give all points a weight of three in Wilson’s fundamental construction
(a 4-GDD of type 35 and a TD(4, 3) provide the ingredients), and finally fill the groups
of the resulting 4-GDD.
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Table 2. Necessary conditions for λ = |G|

|G| mod 12 Sylow 2-s.g. v condition PBD basis

1, 5, 7, 11 Trivial 1, 3 (mod 6) 3
2, 10 Cyclic 0, 1, 4, 9 (mod 12) 4, 9, 12, 21, 24
3, 9 Trivial 1 (mod 2) 3, 5
4, 8 Cyclic 0, 1 (mod 3), v > 3 4, 6, 7, 9, 10, 12, 15, 18, 19, 24, 27
4, 8 Non-cyclic 0, 1 (mod 3) 3, 4, 6
6 Cyclic 0, 1 (mod 4) 4, 5, 8, 9, 12
0 Cyclic v > 3 4–12, 14, 15, 18, 19, 23
0 Non-cyclic v ≥ 3 3, 4, 5, 6, 8

5. Odd Invariants

In this section we will look at G = Zg with g odd. There is a well-known general con-
struction available.

Lemma 20. A (3, 3, t; Zt) GBRD exists for any odd t ≥ 1.

Proof. The design on I3 is given by (00, 1i, 22i) where i = 0, 1, . . . , t − 1.

Theorem 21. If v ≡ 1, 3 (mod 6) and |G| is odd, then a (v, 3, |G|; G) GBRD exists.

Proof. We may start with a (v, 3, 1) BIBD, and apply Theorem 15 for each invariant, Gi,
where the (3, 3, |Gi|; Gi) GBRD is given by Lemma 20, and where G = G1 × · · · × Gt is
the decomposition of G as a product of cyclic groups.

5.1. One Invariant Divisible by Three

In this subsection we will look at G = Zg with g being a power of 3.

Lemma 22. If v ≡ 1 (mod 2), then a (v, 3, 3; Z3) GBRD exists.

Proof. Let K = {3, 5}. It suffices to establish the existence of a (v, 3, 3; Z3) GBRD for
v ∈ K, since for other vs a (v, K, 1) PBD exists by Table 2, so then we can use Theorem 18
for our result. We have given (v, 3, 3; Z3) GBRDs for v = 3 and 5 in Lemma 20 and
Example 50.

Theorem 23. If v ≡ 1 (mod 2), then a (v, 3, 3t; Z3t) GBRD exists if t is a power of 3.

Proof. Take the (v, 3, 3; Z3) GBRD given by Lemma 22 and the (3, 3, t; Zt) GBRD given
by Lemma 20. We may then apply Theorem 16 to these to get our result.

6. The case v=3 and Holey Difference Matrices

Now we have dealt with v = 3 for an odd invariant, and we know just one even invariant is
impossible. We will now look at the case where G consists of two or three even invariants,
and then extend to the general case. Difference matrices and HDMs are used to accomplish
this, but we will also find other uses for some of the HDMs we construct here. Holey quasi-
difference matrices are normally defined in more generality than we need. For example,
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in Abel et al.’s terminology (see [1]), all the HDMs we consider are (|G|, |H|, 0, 1, 0; k)
HQDMs, where H is a normal subgroup of G, and the holes which partition G are given
by the cosets of H. We will refer to our HQDMs as (G, H; k) HDMs. They satisfy the
property that for any two distinct rows i and j, the products dit ∗ d−1

jt yield every element
of G once, except that the elements of H do not occur. A (G, H; k) HDM has size k by
|G| − |H|.

Theorem 24. A (3, 3, 4st; Z2s × Z2t) GBRD exists when 1 ≤ s ≤ t are both powers of
two.

Proof. If 4 ≤ s ≤ t, we may form a direct product of the (Z2s, Z2; 3) HDM and the
(Z2t, Z2; 3) HDM given in Example 41. Suppose these arrays are (0, i, f(i))T and (0, j, f(j))T .
Then ((0, 0), (i, j), (f(i), f(j)))T is the product which we form for all possible pairs of i
with j. We next adjoin the (Z2 × Z2t, Z2 × Z2; 3) HDM given in Example 43, with the
normal subgroup being 〈0, s〉 × 〈0, t〉, then adjoin the (Z2s × Z2, Z2 × Z2; 3) HDM given
in Example 43, with the normal subgroup again being 〈0, s〉 × 〈0, t〉. Finally, we adjoin a
DM on the normal Z2 × Z2 subgroup.

If s = 1 and t ≥ 4, (Z2 × Z2t, Z2 × Z2; 3) HDM given in Example 43, with the normal
subgroup being 〈0, s〉 × 〈0, t〉, then adjoin the DM on the normal Z2 × Z2 subgroup.

If s = 1 and t ≤ 2, the design is given in Example 39.
If s = 2 and t ≥ s, then we may take the product of a (3, 3, 4; Z2 × Z2) GBRD and a

(3, 3, 4; Z2 × Zt) GBRD design using Theorem 16.

Theorem 25. A (3, 3, 8rst; Z2r × Z2s × Z2t) GBRD exists when 1 ≤ r ≤ s ≤ t are all
powers of two.

Proof. If t ≥ 2, we can take the product of a (3, 3, 4r; Z2r × Z2 × Z1) GBRD and a
(3, 3, 2st; Z1 × Zt × Z2s) GBRD design using Theorem 16.

If t = 1, then r = s = 1 and the design is given in Example 39.

Theorem 26. If the Sylow 2-subgroup is either trivial or non-cyclic, then a (3, 3, |G|; G)
GBRD exists.

Proof. This follows using the (3, 3, |Gi|; Gi) GBRDs given by Lemma 20 and Theorems 24
and 25 and repeated application of Theorem 15 to form a (3, 3, |G|; G) GBRD with G =
G1 × · · · × Gt.

There are two particular designs we need to highlight.

Corollary 27. If t ≥ 1 is a power of 2, then a (3, 3, |G|; G) GBRD exists for G = Z2 ×
Z2 × Z2t and for G = Z3 × Z2 × Z2t.

7. A Cyclic Sylow 2-Subgroup

In this section we will look at G = Zg with g being a power of 2. There is no (3, 3, |G|; G)
GBRD for this class, and the case Z2 is rather different from the larger cyclic groups
because of the restriction that the number of blocks must be a multiple of 4. There are a
couple of general constructions available.

Lemma 28. If t ≥ 1 is a power of two, then a (12, 3, 2t; Z2t) GBRD exists, and an
(18, 3, 2t; Z4t) GBRD exists.
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Proof. By Corollary 27, we have a (3, 3, 2t|H|; H × Z2t) GBRD where H = Z2 × Z2 or
H = Z2 × Z3, so by Theorem 12, a (3, 2t; Z2t) GBRGDD of type |H|3 exists for |H| = 4
and 6. We may then fill the groups by adjoining three (|H|, 3, 2t; Z2t) GBRDs (given in
Examples 48 or 51) defined on the three groups for our GBRD.

7.1. The Case Z2

Theorem 29. (Seberry [24]) If v ≡ 0, 1, 4, 9 (mod 12), then a (v, 3, 2; Z2) GBRD ex-
ists.

Proof. Let K = {4, 9, 12, 21, 24}. It will suffice to establish the existence of a (v, 3, |G|; G)
GBRD for v ∈ K, since for other vs a (v, K, 1) PBD exists by Theorem 19, so then we
can use Theorem 18 for our result.

We have given (v, 3, 2; Z2) GBRDs for v = 4, 9, 12 and 21 in Examples 48, 53, Lemma 28
and Example 58 (noting for v = 9 and 21 that the missing subdesign on 4 points exists).
For v = 24 we may use Theorem 13, noting that 24 = 4 · (9 − 4) + 4.

7.2. The Case Z4s

Theorem 30. Let t ≥ 2 be a power of 2 and v ≡ 0, 1 (mod 3). If v > 3, then a
(v, 3, 2t; Z2t) GBRD exists.

Proof. Let K = {4, 6, 7, 9, 10, 12, 15, 18, 19, 24, 27}. It suffices to establish the existence of
a (v, 3, |G|; G) GBRD for v ∈ K, since for other vs a (v, K, 1) PBD exists by Table 2, so
then we can use Theorem 18 for our result.

For v = 4 and v = 6 the GBRD is given by Examples 48 and 51. For v = 7 we can take
the (7, 4, 2; Z2) GBRD given in Example 44 and use Theorem 16 to break the blocks with
the (4, 3, t; Zt) GBRD given by Example 48. For v = 9 with 2t = 4, the GBRD is given
in Example 54. For the larger groups with v = 9 we can use a construction of Bowler et
al. [7, Lemma 2.3], so for v = 9 with t ≥ 4, we take a (9, 3, 1) BIBD and replace every
block by the (Z2t, Z2; 3) HDM given in Example 42, and finally adjoin the blocks of a
(9, 3, 2; Z2) GBRD formed on the missing subdesign. For v = 10 with 2t = 4, the GBRD
is given in Example 55. For v = 10 with 2t = 8s ≥ 8, we can take the (10, 9, 8; Z8) GBRD
given in Example 11, and use the (9, 3, s; Zs) GBRD (constructed just above if s ≥ 4, or
in Theorem 29 if s = 2 or else is given by a constantly signed BIBD if s = 1) and thence
our design follows by breaking the blocks via Theorem 16. For v = 12 or 18, the GBRDs
are given by Lemma 28. For v = 15 or 27, let s = 4 if 2t is a power of 4 and s = 8
otherwise. A (v, 3, s; Zs) GBRD is given in Examples 56, 57, 59 and 60. For 2t > 4s, we
take the (Z2t, Zt/2; 3) HDM given in Example 42. By repeatedly augmenting this array
with similar arrays defined on the normal subgroup, we eventually arrive at a (Z2t, Zs; 3)
HDM. We now take a (v, 3, 1) BIBD and replace every block by this augmented HDM
defined on the points of that block, and then adjoin the blocks of a (v, 3, s; Zs) GBRD
formed on the normal subgroup. Finally, for v = 19 and 24, we can apply Theorem 13,
noting that 19 = 6 · (4 − 1) + 1 and 24 = 6 · 4.

8. Multiples of Six with a Cyclic Sylow 2-Subgroup

In this section we will consider groups of the form G = Z3 × Z2t where t ≥ 1 is a power
of 2.
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Theorem 31. Let G = Z3 ×Z2t where t ≥ 1 is a power of 2. If v ≡ 0, 1 (mod 4), then a
(v, 3, 6t; G) GBRD exists.

Proof. Let K = {4, 5, 8, 9, 12}. It will suffice to establish the existence of a (v, 3, |G|; G)
GBRD for v ∈ K, since for other vs a (v, K, 1) PBD exists by Table 2, so then we can
use Theorem 18 for our result.

A (v, 4, 3; Z3) is given for v = 8, 9 and 12 in Example 45, and for v = 5 in Example 10.
We may use the (4, 3, 2t; Z2t) GBRD of Example 48 with these designs in the direct
product construction of Theorem 15 to give (v, 3, 6t; Z3 × Z2t) GBRDs for these vs. For
v = 4, we may use the (3, 3, 3s; Z3) GBRD of Lemma 20 with the (4, 3, 2t; Z2t) GBRD of
Example 48 in the direct product construction of Theorem 15 to give a (4, 3, 6t; Z3 ×Z2t)
GBRD.

8.1. Multiples of Twelve

Theorem 32. Let G = Z3 ×Z2t where t ≥ 2 is a power of 2. If v ≥ 4, then a (v, 3, 6t; G)
GBRD exists.

Proof. Let K = {4, 5, 6, 7, 8, 9, 10, 11, 12, 14, 15, 18, 19, 23}. It suffices to establish the ex-
istence of a (v, 3, |G|; G) GBRD for v ∈ K, since for other vs a (v, K, 1) PBD exists by
Table 2, so then we can use Theorem 18 for our result.

If v ≡ 0, 1 (mod 3) and v > 3, then a (v, 3, 2t; Z2t) GBRD exists by Theorem 30.
Using Theorem 15, we may form the direct product of this GBRD with a (v, 3, 3; Z3)
GBRD given by Lemma 20. If v ≡ 0, 1 (mod 4), then a (v, 3, 2t; Z2t) GBRD exists by
Theorem 31. We may use the (v, 4, 6; Z3 × Z2) GBRDs with v = 11, 14 and 23 given in
Examples 46 and 47 and the (4, 3, t; Zt) GBRD of Example 48 in Theorem 16 to give a
(v, 3, 6t; Z3 × Z2t) GBRD for these vs.

9. Non-cyclic Sylow 2-Subgroups

We have already discussed v = 3 in Section 6.

Lemma 33. Let |G| ≥ 4 be a power of 2. A (4, 3, |G|; G) GBRD exists if G is non-cyclic.

Proof. Since a (4, 3, 2t; Z2t) GBRD exists for any t ≥ 1, if G has of more than 2 invariants
of even order, then we can use Theorem 15 to form the direct product of the (4, 3, 2t; Z2t)
GBRD and a (3, 3, |H|; H) GBRD where G = Z2t×H, so we only need consider the case of
2 invariants of even order, say G = Z2t×Z2s with t ≥ s ≥ 1. Now we may use Theorem 15
to combine a (4, 3, t; Zt) GBRD, which we will treat as a (4, 3, t; Zt × Z1) GBRD with a
(3, 3, 2s; Z2×Z2s) GBRD. This fails if t = 1, but then the needed (4, 3, 4; Z2×Z2) GBRD
exists by Example 49.

Lemma 34. Let |G| ≥ 4 be a power of 2. A (6, 3, |G|; G) GBRD exists if G is non-cyclic.

Proof. Since a (6, 3, 2t; Z2t) GBRD exists for any t ≥ 2, if G consists of 3 or more invariants
of even order, then we can use Theorem 15 to form the direct product of the (6, 3, 2t; Z2t)
GBRD and a (3, 3, |H|; H) GBRD where G = Z2t×H, unless all the invariants are of order
2, i.e., G = EA(|G|), but this case is constructed by starting with a (6, 3, 4; Z2×Z2) GBRD
and then forming the direct product (using Theorem 15) with a (3, 3, |G|/4; EA(|G|/4))
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GBRD which will only fail if |G|/4 = 2, but in Example 52 we give a direct construction
of a (6, 3, 8; EA(8)) GBRD. So now we only need consider the case of 2 invariants of even
order, say G = Z2t × Z2s with t ≥ s ≥ 1. Now we may use Theorem 15 to combine a
(6, 3, t; Zt) GBRD, which we will treat as a (6, 3, t; Zt×Z1) GBRD with a (3, 3, 2s; Z2×Z2s)
GBRD. This fails if t ≤ 2, so we need to construct (6, 3, |G|; G) GBRDs with G = Z2×Z2,
G = Z2×Z4 and G = Z4×Z4. Now the first two of these GBRDs were given in Example 52.
A (6, 3, 16; Z4 × Z4) GBRD may be constructed from a (6, 3, 4; Z2 × Z2) GBRD and a
(3, 3, 4; Z2 × Z2) GBRD using Theorem 16.

Theorem 35. Let |G| = 2t where t ≥ 2 is a power of 2 and the Sylow 2-subgroup of G is
non-cyclic. If v ≡ 0, 1 (mod 3), then a (v, 3, 2t; G) GBRD exists.

Proof. Let K = {3, 4, 6}. It suffices to establish the existence of a (v, 3, G; G) GBRD for
v ∈ K, since for other vs a (v, K, 1) PBD exists by Table 2, so then we can use Theorem 18
for our result.

If v = 3, 4 or 6, then a (v, 3, 2t; G) GBRD exists by Theorem 26, Lemmas 33 and 34.

Theorem 36. Let |G| = 3t where t ≥ 4 is a power of 2 and the Sylow 2-subgroup of G is
non-cyclic. If v ≥ 3, then a (v, 3, 3t; G) GBRD exists.

Proof. Let K = {3, 4, 5, 6, 8} and G = Z3 × H. It suffices to establish the existence of a
(v, 3, G; G) GBRD for v ∈ K, since for other vs a (v, K, 1) PBD exists by Table 2, so then
we can use Theorem 18 for our result.

If v = 3, 4 or 6, then a (v, 3, t; H) GBRD exists by Theorem 35. Using Theorem 15, we
may form the direct product of this GBRD with a (3, 3, 3; Z3) GBRD given by Lemma 20.
If v = 5 or 8, then a (v, 4, 3; Z3) GBRD exists by Examples 10 and 45. Using Theorem 15,
we may form the direct product of this GBRD with a (4, 3, |H|; H) GBRD given by
Lemma 33.

10. Sufficiency

We will divide our proof of sufficiency of the necessary conditions (namely (1), (2), (3)
and (4)) into the cases λ = |G| and λ > |G|.

Theorem 37. The necessary conditions for the existence of a (v, 3, λ; G) GBRD are suf-
ficient when λ = |G|.

Proof. We start with a (v, 3, |H|; H) GBRD for some normal subgroup H ⊂ G.
Suppose |G| is not divisible by 3. If |G| is also not divisible by 2, we start with a

(v, 3, 1) BIBD, noting that if we sign every element in every block with 0, this can be
considered as a (v, 3, 1; Z1) GBRD where Z1 is the trivial group. If |G| is also divisible by
2, our starting design depends on the number of even invariants. If there is only one, and
it is Z2, then we start with the (v, 3, 2; Z2) GBRD given by Theorem 29, and if it is Z4t

for some t ≥ 1, then we start with the (v, 3, 4t; Z4t) GBRD given by Theorem 30. If there
are two or more, then we start with the (v, 3, H; H) GBRD given by Theorem 35, where
H is the direct product of all the even invariants. Using Theorem 15 with this initial
GBRD, we may successively form the direct products with the (3, 3, n; Zn) GBRD given
by Lemma 20 for each odd invariant in G/H.

Now suppose |G| is divisible by 3. If |G| is also not divisible by 2, we start with a
(v, 3, 3; Z3) GBRD given by Theorem 23. If |G| is also divisible by 2, our starting design
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depends on the number of even invariants. If there is only one, and it is Z2, then we start
with the (v, 3, 6; Z3 × Z2) GBRD given by Theorem 31, and if it is Z4t for some t ≥ 1,
then we start with the (v, 3, 12t; Z3 × Z4t) GBRD given by Theorem 32. If there are two
or more, then we start with the (v, 3, 3F ; Z3 × F ) GBRD given by Theorem 36, where
F is the direct product of all the even invariants. Now consider some fixed invariant
that is divisible by 3. If this invariant has order 3s with s ≥ 3, then we may apply
Theorem 16 using the (v, 3, s; Zs) GBRD given by Lemma 20 with our starting GBRD,
to give a (v, 3, 3s|F |; Z3s × F ) GBRD. So we take H = Z3s × F as our starting GBRD,
then using Theorem 15 and this GBRD, we may successively form the direct products
with the (3, 3, n; Zn) GBRD given by Lemma 20 for each odd invariant in G/H.

Having shown the necessary conditions for the existence of a (v, 3, |G|; G) GBRD are
sufficient for all finite Abelian groups G, we can exploit Theorem 5 to solve many of the
cases where λ > |G|.

Theorem 38. If G is finite Abelian, then the necessary conditions for the existence of a
(v, 3, λ; G) GBRD are sufficient.

Proof. We know from Theorem 37 that the necessary conditions are sufficient for the
existence of a (v, 3, λ; G) GBRD if λ = |G|, so we now need to consider λ = n|G| with
n > 1.

If λ 6≡ 2 (mod 4), then the necessary conditions for a (v, 3, λ) BIBD coincide with
those for a (v, 3, n|G|; EA(n) × G) GBRD for v > 3, so we may take this GBRD and
contract it using Theorem 5 to obtain a (v, 3, n|G|; G) GBRD for v > 3. If v = 3 and
λ 6≡ 2 (mod 4), this construction also works except in the case that λ is odd and G has
a cyclic Sylow 2-subgroup, when no (3, 3, n|G|; G) GBRD exists by Theorem 3.

If λ ≡ 2 (mod 4) and n is odd, the necessary conditions for a (v, 3, n|G|; G) GBRD
coincide with those for a (v, 3, n|G|; EA(n) × G) GBRD for v > 3, so we may take this
latter GBRD and contract it using Theorem 5 to obtain a (v, 3, n|G|; G) GBRD.

So now we must consider the case that n ≡ 2 (mod 4) and |G| is odd. If |G| ≡ 1, 5
(mod 6), we can take a (v, 3, n) BIBD and a (3, 3, |G|; G) GBRD and apply Theorem 15 for
our solution. So now we only need to consider |G| ≡ 3 (mod 6), with n ≡ 2 (mod 4), and
we can simply juxtapose n/2 copies of a (v, 3, 2|G|; G) GBRD. It only remains to exhibit
this (v, 3, 2|G|; G) GBRD. For v = 3 or 5, we can take two copies of the (v, 3, |G|; G)
GBRD; for v = 4 or 6, we can take a (v, 3, 2) BIBD and a (3, 3, |G|; G) GBRD and apply
Theorem 15 for the (v, 3, 2|G|; G) GBRD and for v = 8, we can take a (v, 3, 2|G|; Z2 ×G)
GBRD and apply Theorem 5. Now we can use these GBRDs in Theorem 18 to break the
blocks of the (v, {3, 4, 5, 6, 8}, 1) PBD given by Table 2.
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Appendix. Some Small Designs

Difference Matrices

Note that a (k, k, λ; G) GBRD can be obtained from the signed incidence matrix of a
(k + 1, k + 1, λ; G) GBRD by deleting any row (i.e., point). Also the signed incidence
matrix of a (k, k, λ; G) GBRD is often known as a (|G|, k, λ/|G|; G) difference matrix.

Example 39. A (4, 4, 4; Z2 × Z2) GBRD on I4 is given as a difference matrix.

00 00 00 00
00 01 10 11
00 10 11 01
00 11 01 10

A (4, 4, 8; Z2 × Z4) GBRD on I4 is given as a difference matrix.

00 00 00 00 00 00 00 00
00 01 02 03 10 11 12 13
00 03 13 12 11 10 02 01
00 12 03 11 13 01 10 02

A (4, 4, 8; Z2 × Z2 × Z2) GBRD on I4 is given as a difference matrix.

000 000 000 000 000 000 000 000
000 001 010 100 011 110 111 101
000 010 100 011 110 111 101 001
000 100 011 110 111 101 001 010

Example 40. A (Z8, Z2; 4) HDM.
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0 0 0 0 0 0
1 2 3 5 6 7
6 3 2 7 1 5
7 1 5 6 3 2

Some more general holey difference matrices were given in [7].

Example 41. (Bowler et al. [7]) Let t ≥ 2. A (Z4t, Z2; 3) HDM in the form (0, i, f(i))T

(with i 6∈ {0, 2t}).

f(i) =































4t − i − 1 for 0 < i < t
t − 1 for i = t
4t − i for t < i < 3t with i 6= 2t
4t − i − 3 for 3t ≤ i < 4t with i − t even
4t − i + 1 for 3t < i < 4t with i − t odd

The smallest example is with t = 2 (and we cannot add another row here).

0 0 0 0 0 0
1 2 3 5 6 7
6 1 5 3 7 2

A direct generalization of Example 40 is given in the next example.

Example 42. For t ≡ 2, 4 (mod 6), an example of a (Z4t, Zt; 3) HDM in the form (0, i, f(i))T

(with i 6∈ {0, t, 2t, 3t}) is given as a holey quasi-difference matrix of the form (0, i, f(i))T .

f(i) =











4t − 2i for 0 < i < 2t with i odd
6t − i for 2t < i < 4t with i odd
2t − i/2 for 0 < i < 4t with i ≡ 2 (mod 4)

We can also expand Example 41.

Example 43. A (Z2 × Z4t, Z2 × Z2; 3) HDM: we will use f(i) as defined in Example 41,
and take i = 1, 2, . . . , 2t − 1.

(0, 0) (0, 0) (0, 0) (0, 0)
(0, i) (0, i + 2t) (1, i) (1, i + 2t)

(0, f(i)) (1, f(i)) (0, f(i + 2t)) (1, f(i + 2t))

Block Size 4

Example 44. A (7, 4, 2; Z2) GBRD on Z7 is given by

(00, 11, 21, 41).

Example 45. (de Launey and Seberry [12]) An (8, 4, 3; Z3) GBRD on Z7 ∪ {∞} is
given by

(∞0, 00, 11, 32), (00, 10, 22, 50).

A (9, 4, 3; Z3) GBRD on Z3 × Z3 is given by

(000, 010, 100, 111), (000, 012, 121, 220).
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A (12, 4, 3; Z3) GBRD on Z11 ∪ {∞} is given by

(∞0, 00, 11, 32), (00, 10, 30, 71), (00, 12, 40, 62).

Example 46. (de Launey and Seberry [12]) A (14, 4, 6; Z6) GBRD on Z13 ∪ {∞} is
given by

(00, 10, 22, 60), (00, 13, 55, 85), (00, 15, 35, 62), (00, 23, 63, 82),
(∞0, 00, 11, 32), (∞0, 03, 34, 125), (00, 24, 52, 93).

Example 47. (Brouwer et al. [8]) Let v ≡ 3 mod 4 be a prime power with v > 3. A
(v, 4, 6; Z6) GBRD may be constructed on the point set GF (v). Let x be a primitive
generator, and let α be chosen so that x2α − 1 is not a square; (exactly one of α = 1 or
α = q − 2 will work since x2 − 1 = −x2(x−2 − 1).) Our base blocks are:

(00, x
α+2i
3 , x2i

2 ,−x2i
2 ) for i = 0, 1, . . . , (q − 3)/2.

Block Size 3

Example 48. (Gallant et al. [14, pp. 101]) A (4, 3, 2t; Z2t) GBRD for any t ≥ 1. The
design on I4 is given by

(00, 1i, 22i), (00, 1t+i, 3t−i), (00, 22i+1, 3t+i+1), (10, 2t+i, 32i+1),

where i = 0, 1, . . . , t − 1.

Example 49. A (4, 3, 4; Z2 × Z2) GBRD.

00 00 00 00 00 00
01 11 00 10 10 00
11 00 01 10 11 00

01 00 10 11 01 00

Example 50. A (5, 3, 3; Z3) GBRD on Z5 is given by

(00, 11, 41), (00, 21, 31).

Example 51. (Bowler et al. [7, Theorem 2.6]) A (6, 3, 2t; Z2t) GBRD for any even
t ≥ 2. The design on I6 is given by

(00, 1i, 42i), (10, 2i, 52i), (2i, 32i, 00),
(32i+1, 4t+i, 10), (4i+1, 52t−i−1, 20), (10, 2t+i, 32i),

(30, 4t+i, 52t−i−1), (5t−i−1, 00, 1t+i), (00, 2t+i, 42i+1),
(00, 32i+1, 5t+i),

where i = 0, 1, . . . , t − 1.

Example 52. A (6, 3, 4; Z2 × Z2) GBRD on Z5 ∪ {∞}.

(∞00, 000, 101), (∞00, 010, 211), (000, 100, 410), (000, 200, 311).

A (6, 3, 8; Z2 × Z2 × Z2) GBRD on Z5 ∪ {∞}.

(∞000, 0000, 1010), (∞000, 0100, 2110), (0000, 1001, 4111), (0000, 2000, 3011),
(∞000, 0001, 1101), (∞000, 0011, 2111), (0000, 1000, 4101), (0000, 2001, 3111).

A (6, 3, 8; Z2 × Z4) GBRD on Z5 ∪ {∞}.
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(∞00, 000, 101), (∞00, 010, 212), (000, 111, 400), (000, 200, 310),
(∞00, 011, 113), (∞00, 003, 202), (000, 113, 412), (000, 212, 311).

Example 53. A (9, 3, 2n; Z2n) GBRD missing a (4, 3, 2n; Z2n) GBRD subdesign on the first
4 points for any odd n ≥ 1. Consider the following signed incidence matrix.

e e e e e
e e e e e

e e e e e
e e e e e

x s x s x s x s
y s y s x s x s

y s y s y s t x
t x t x t y y t

y t t y y t y t

Now take e = 0 and x = i for i = 0, 1, . . . , n − 1, y = 2i for i = 0, 1, . . . , (n − 1)/2 with
y = 2i − n for i = (n + 1)/2, . . . , n − 1 if n > 1. Finally take s = n + x and t = n + y.

Example 54. A (9, 3, 4; Z4) GBRD over Z9 is given by

(00, 11, 33), (00, 12, 31), (00, 13, 51), (00, 21, 53).

Finally we adjoin the blocks of a (9, 3, 1) BIBD signed uniformly with 0.

Example 55. (Gallant et al. [14]) A (10, 3, 4; Z4) GBRD given as a (4, 1) GDD of type
410 over Z40. This GDD can be converted into the GBRD using the process described in
Example 11.

(0, 1, 9), (0, 2, 16), (0, 3, 18), (0, 4, 11), (0, 5, 17), (0, 6, 19).

Example 56. A (15, 3, 4; Z4) GBRD over Z15 is given by

(00, 11, 62), (00, 12, 73), (00, 13, 42), (00, 21, 52),
(00, 22, 63), (00, 23, 72), (00, 32, 71).

Finally we adjoin the blocks of a (15, 3, 1) BIBD signed uniformly with 0.

Example 57. Our (15, 3, 8; Z8) GBRD is actually formed on the points (I2 × Z7) ∪ {∞},
but we present it on the points Z14 ∪ {∞} where the development is with the order 7
automorphism x 7→ x + 2.

(20, 30, 40), (20, 31, 80), (20, 32, 82), (20, 41, 112),
(30, 41, 60), (20, 90, 102), (20, 50, 70), (20, 51, 72),
(20, 52, 71), (20, 53, 75), (20, 54, 77), (20, 55, 73),
(20, 57, 74), (20, 56, 101), (20, 76, 131), (30, 54, 110),
(20, 92, 132), (30, 71, 133), (30, 61, 102), (20, 60, 104),
(20, 62, 125), (30, 74, 131), (20, 85, 122), (20, 67, 133),
(20, 33, 46), (20, 34, 43), (20, 35, 42), (20, 37, 45),
(20, 36, 134), (20, 93, 136), (20, 97, 135), (20, 95, 14),
(∞0, 23, 47), (∞0, 20, 113), (∞0, 21, 110), (∞0, 31, 92),
(∞0, 54, 106), (∞0, 76, 122), (∞0, 17, 75), (∞0, 24, 85).

Example 58. A (21, 3, 2; Z2) GBRD missing a (4, 3, 2; Z2) GBRD subdesign (on the 4 let-
ters) with a point set of Z17 ∪ {A, B, C, D} is given by
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(A0, 00, 21), (B0, 00, 61), (C0, 00, 71), (D0, 00, 81),
(00, 10, 30), (00, 11, 50), (00, 31, 80), (00, 40, 100).

Example 59. For a (27, 3, 4; Z4) GBRD, let x be a root of x3 = x2 +2 in GF (27). Generate
13 base blocks be repeatedly multiplying (00, 11, (x

2 + 2x + 2)3) by x2. Note that 1 = x0,
x2 + 2x + 2 = x4 and x2 + 2x + 1 = x10. Develop these blocks over GF (27), then adjoin
the blocks of a (27, 3, 1) BIBD uniformly signed with 0.

Example 60. A (27, 3, 8; Z8) GBRD on Z17 ∪ {∞t : t = 1, . . . , 10} missing a (10, 3, 8; Z8)
GBRD subdesign on the infinite points.

The base blocks are (03, i0, (17−i)0) for i = 1, 2, . . . , 8, plus 5 sets of the form (0a, (4j+
1)b), (0c, (4j + 2)d), (0e, (4j + 3)f) and (0g, (4j + 4)h) for j = 0, 1. Each of the last 5 sets
for j = 0 and the 5 sets for j = 1 form a signed parallel class (so we can augment these 10
sets with an infinite element of arbitrary, but fixed, signing) provided we make suitable
choices for a, b, . . . , h. We can make the same 5 choices for j = 0 and j = 1; the 5 choices
we make are:

(a, b; c, d; e, f ; g, h) = (0, 1; 2, 3; 4, 5; 6, 7), (1, 0; 3, 2; 5, 4; 7, 6),
(0, 2; 1, 3; 4, 6; 5, 7), (2, 0; 3, 1; 6, 4; 7, 5) and (0, 4; 1, 5; 2, 6; 3, 7).


