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The small signal response and thermal noise spectra in miniband superlattice are investigated. The
properties of hot electron differential mobility, velocity fluctuation, and noise temperature are
determined around a stationary condition. The field and frequency dependent drift velocity, electron
energy, effective mass, and electron temperature are obtained. At low frequencies, noise temperature
increases rapidly with the electric field. Our calculated noise temperatures for miniband superlattice
are in good agreement with the experimental results, with the sample thickness estimated to be
around 4 m. © 2009 American Institute of Physics. 关DOI: 10.1063/1.3065523兴
I. INTRODUCTION

Electron transport in semiconductor superlattices can reveal important information on quantum effects, nonlinear effects, and the role of various scatterings. Since the seminal
work of Esaki and Tsu,1 many interesting dynamical behaviors have been observed and analyzed in biased semiconductor superlattices. These behaviors include negative differential velocity 共NDV兲,2,3 nonlinear effects,4,5 formation of
electrical field domain,6 self-sustained current oscillation,7–9
and chaos.10 Recently, nonlinear dynamics involving electron
transport in semiconductor superlattice driven by an intense
terahertz electromagnetic irradiation has been a central focus
of theoretical and experimental studies.11–18 Keay et al.13 observed the photon-assisted tunneling and oscillatory dependence of the photon induced currents on terahertz electric
field. It was reported that current through a biased GaAs/
AlAs superlattice is reduced when exposed to an intense
terahertz field.14 Moreover, terahertz emission15 and possible
terahertz gain16 can be achieved in miniband superlattices.
The recent development in terahertz quantum cascade lasers
is based on the nonlinear transport and electron-phonon interaction in superlattices19–21 These studies are motivated by
the promising properties offered by superlattices for terahertz
optoelectronic device applications.
Despite the rapid progress in fundamental sciences of
superlattices and its application in telecommunications and
optoelectronics, some key issues regarding dynamical electron transport in miniband superlattices remain unsolved.
One of the unsolved problems is the small signal response
and electronic noise. It was observed that the noise temperature in superlattices grows exponentially with the field amplitude in the low frequency regime.22 To date the mechanism of this unusually large noise spectrum is still poorly
understood. The understanding of this problem is crucial to
developing devices operating in terahertz frequency. As a
stochastic signal superimposed to the output signal of the
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device, electronic noise should be reduced because of the
limitation on device sensitivity. From the knowledge of electronic noise, we can extensively understand the microscopic
feature of electron transport related to scattering processes in
superlattices. The detailed knowledge of differential mobility, velocity fluctuation, and noise temperature in terahertz
frequency range is of fundamental importance in understanding electron transport in nanostructures and the performances
of devices based on miniband superlattices. Because the
noise temperature contains information on the microscopic
properties 共such as scattering process兲 of nanostructures, it
can also be used as a sensitive diagnostic tool to detect impurities, defects, and interface states.23 The frequency dependent electrical properties can also provide useful information
to improve the performance and reliability of devices based
on miniband superlattice.
The purpose of this work is to present an understanding
on the small signal response of miniband superlattices. The
kinetic coefficients, such as the differential mobility, the velocity fluctuation, and the noise temperature in terahertz frequency regime, are calculated under various dc biases. We
shall show that the rapid increase of the noise temperature
with the field amplitude has the origin of scattering-mediated
electron mobility and is due to the interplay of slow decrease
in velocity fluctuation and rapid decreasing of mobility
around the NDV regime.
II. ELECTRON TRANSPORT IN SUPERLATTICES

Let us consider a n-doped semiconductor superlattice
with spatially homogeneous miniband in a stationary condition under the influence of an electric field E along the
growth direction 共i.e., z axis兲. The electrons in the superlattice can travel freely in the x-y plane but are subject to a
periodic potential in the z direction. We assume that only the
transverse ground state and the longitudinal lowest miniband
need to be taken into account. Thus we have a quasi-onedimensional system with the energy dispersion described by
a one-dimensional wave vector kz. Within the tight-binding
approximation, the electron state in the superlattice miniband
is
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共kz兲 =

⌬
关1 − cos共kzd兲兴,
2

共1兲

where ⌬ is the width of the lowest miniband and d is the
superlattice period.
Under a uniform electric field E applied parallel to the z
axis, the electrons are accelerated by the field and scattered
by disorders and phonons, leading to an overall drift motion
and heating of the electron system. The macroscopic average
state of the electron system can be described by the momentum and energy balance equations in the form3,24
dd eE
=
− 共he兲d ,
dt mzⴱ

共2兲

dhe
= eEd − 共he兲共he − he0兲.
dt

共3兲

Here, d is the average drift velocity of electrons along the z
axis, he is the average electron energy, mzⴱ is the electron’s
average effective mass along the z axis, and 共he兲 and 共he兲
are energy dependent momentum and energy relaxation frequencies, respectively. he0 is the thermal equilibrium energy.
The transport state of the electron system is described by
the center-of-mass momentum pd and the relative electron
temperature Te, while the ensemble-averaged quantities d,
he, and mzⴱ are functions of pd and Te, i.e.,

冉 冊
冉 冊
冉 冊册

p dd
⌬d
d =
␣1共Te兲sin
,
2ប
ប
1
mzⴱ

=

he =

共4兲

p dd
⌬d2
,
2 ␣1共Te兲cos
2ប
ប

冋

p dd
⌬
1 − ␣1共Te兲cos
2
ប

共5兲

,

共6兲

where ␣1共T兲 = 具cos共kzd兲典. The average is over the Brillouin
zone in the superlattice direction at the lattice temperature T.
From Eqs. 共5兲 and 共6兲 the ensemble-averaged effective mass
of electron is given as mzⴱ = M 0 / 共1 − 2he / ⌬兲 with M 0
= 2ប2 / ⌬d2.
For a given superlattice structure where electrons are in
a steady state under a uniform electric field, the average drift
velocity d, average electron energy he, and electron effective
mass mzⴱ can be obtained by solving the balance equations 共2兲
and 共3兲 with dd / dt = 0 and dhe / dt = 0, respectively. The electron temperature Te and center-of-mass momentum pd can be
calculated from Eqs. 共4兲 and 共5兲.
␦E共t兲
When
a
weak
time-dependent
field
= ␦E exp共i2t兲 is superimposed to the dc electric field E,
the electron differential mobility can be calculated according
to the linear response theory

共兲 = e

冕

⬁

␣x共t兲exp共− i2t兲dt,

共7兲

0

where ␣x共t兲 is the linear response function of the average
electron velocity to an arbitrary variation in time of the electric field.

The response function can be calculated using the balance equation approach under stationary and homogenous
conditions.25 The spectral density of velocity fluctuation is
written in the form
Svv共兲 = 4

冕

⬁

Cvv共t兲cos共2t兲dt,

共8兲

0

with Cvv共t兲 as the correlation function of drift velocity fluctuations. In linear response theory, correlation function
Cvv共t兲 is determined by the eigenvalues of the response matrix, the variance of velocity fluctuations 具␦2典, and the covariance of velocity-energy fluctuations 具␦␦he典.
III. NOISE TEMPERATURE SPECTRUM IN MINIBAND
SUPERLATTICES

The frequency dependent electron noise of superlattice
originates from velocity fluctuation of electrons during their
motion across the superlattice miniband. The fluctuation is
caused by the interaction of electron with phonons and impurities, which have a stochastic character both in time and
space.26 The electron noise can be experimentally measured
in high frequency range based on the frequency dependent
noise temperature Tn共兲. Theoretically, noise temperature
Tn共兲 is defined by a generalized Nyquist relation
T n共  兲 =

eSvv共兲
,
4kB Re关共兲兴

共9兲

where kB is the Boltzmann constant and Re关共兲兴 is the real
part of the electron differential mobility. From the definition,
the noise temperature should be always positive and depends
on the spectral density of velocity fluctuation and real part of
differential mobility. Actually, the real part of differential
mobility can be negative in a certain frequency range when
the electric field is in the NDV region. This leads to the
failure of the definition of noise temperature. The analysis of
the noise temperature in the condition of negative differential
mobility in bulk materials can be found in Ref. 26.
The procedure of calculating the noise temperature is as
follows. First, we solve balance equations to obtain the electric filed dependence of average electron velocity d, average
energy he, electron effective mass mzⴱ, and electron temperature Te for miniband superlattice. Second, the response function and correlation function are determined using these stationary state parameters. When calculating the momentum
and energy relaxation rates v and , electron scattering by
charged impurities, acoustic phonons, and optical phonons
has been included.24 By making use of these results, we
solved Eqs. 共2兲 and 共3兲 to obtain the stationary state quantities. In our calculation, the superlattice period is d = 15 nm
and the electron density is n = 1.07⫻ 1018 cm−3.
In Fig. 1 we show the calculated average electron velocity d, average energy he, effective mass of electrons mzⴱ, and
electron temperature Te as functions of electric field E for the
superlattice with miniband width ⌬ = 70 meV at lattice temperatures of T = 4.2, 77, and 300 K, respectively. The average
drift velocity d exhibits a peak velocity  p at a critical electric field Ec. This is a characteristic of hot electron on superlattices. This hot electron characteristic is more pronounced
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FIG. 1. 共Color online兲 Field dependent average electron drift velocity d,
electron temperature Te − T, average electron energy he, and inverse effective
mass me / mzⴱ for hot electrons in miniband superlattice with ⌬ = 70 meV at
lattice temperatures of T = 4.2, 77, and 300 K, respectively.

at low lattice temperatures than at high temperatures. With
the increase of electric field, d enters the NDV regime. The
peak of drift velocity shifts to a high electric field region
with the increase of lattice temperature. The origin of NDV
in superlattice is the Bragg reflection of Bloch electron in the
boundary of Brillouin zone. This mechanism is different
from that of bulk materials, such as GaN and InN, where the
NDV is mainly caused by intervalley transfer of electrons to
upper valleys as the electric field increases.27 The behavior
of electron temperature Te at different lattice temperatures is
also presented in Fig. 1共a兲. The electron average energy he
and inverse effective mass mzⴱ are depicted in Fig. 1共b兲. The
average electron energy he increases almost linearly in the
low electric field regime. When the electric field is above 7
kV/cm, he saturate toward ⌬ / 2, which is due to the significant increase in the electron temperature with increasing
electric field.
The spectra of the real part of the hot electron differential mobility Re关共兲兴 are shown in Fig. 2共a兲 under different
electric fields. For the cases of E = 0.08 and 0.4 kV/cm, the
spectra of Re关共兲兴 exhibit a Lorentzian shape. For the other
cases the spectra of Re关共兲兴 exhibit a plateau in low frequency region from 0.01 to 0.2 THz depending on the electric field, a peak at the intermediate frequencies about
0.2– 3 THz, and a decay in the high frequency region above
3 THz. The spectra of Re关共兲兴 decrease in the low frequency range with the increase of electric fields, which are
due to the reduction in ␣x共t兲 with an increase in electric field
in the region t ⬍ 0.3 ps and the appearance of negative tails.
When the electric field is above the critical field Ec and NDV
shows up in the d − E relation, the values of Re关共兲兴 are
reduced to negative in the low frequency region.
The spectral density of the velocity fluctuations Svv共兲 is
reported in Fig. 2共b兲 for a superlattice with miniband width

FIG. 2. 共Color online兲 共a兲 The real part of the differential mobility Re关共兲兴
for hot electron in miniband superlattice and 共b兲 the spectral density of
velocity fluctuation. The electric fields are E = 0.08, 0.4, 1.0, 1.6, 2.1, and 3.0
kV/cm, respectively.

of ⌬ = 70 meV. The spectral density has a Lorentzian shape
in low electric fields due to the simple exponential behavior
of correlation function. The decrease in initial values and the
appearance of negative tails as well as oscillating behavior in
Cvv共t兲 with the increase of electric field lead to the decrease
in Svv共兲 at low frequency range. As follows from the comparison of Figs. 2共a兲 and 2共b兲, the frequency dependent correlation function Svv共兲 exhibits a rather similar behavior to
Re关共兲兴. It is worth noting that Svv共兲 is always positive in
contrary to the spectrum of Re关共兲兴, which is negative at
low frequencies when biased in the NDV region.
The results of noise temperature Tn共兲 for electrons in
superlattice are shown in Fig. 3 with T = 300 K and ⌬
= 70 meV. In the region below the critical field Ec 共i.e., E
= 0.08, 0.4, 1.0, and 1.6 kV/cm兲, Re关共兲兴 and Tn共兲 are both
positive in the whole frequency range. For these electric
fields, the spectra of Tn共兲 exhibit two plateaus in the low
and high frequency regions, respectively. The noise temperature spectrum shows a transition from low frequency plateau
to high frequency plateau. For electric fields above the critical field Ec 共i.e., E = 2.1 and 3.0 kV/cm兲, in the low frequency
region Re关共兲兴 becomes negative leading to the negative
value of Tn共兲 共this region is shown in the inset of Fig. 3兲.
This feature can be interpreted as the possibility for the devices based on miniband superlattice to become an active
element under suitable conditions. The decrease of noise
temperature with frequency is mainly due to the rapid decrease of velocity fluctuation at high frequencies. Below the
critical field Ec, as the electric field increases, the noise tem-
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calculation is around 0.5 kV/cm. The required sample thickness for achieving a quantitative agreement between the calculated and measured spectra can be estimated as follows:
t = 共0.2 V兲 / 共500 V / cm兲 = 4 m. The thickness of the superlattice region in Ref. 22 is 1 m. The thickness of the contact layers is unknown. Our analysis indicates that the contact layer thickness is around 1 – 2 m.
IV. CONCLUSIONS

FIG. 3. 共Color online兲 Noise temperature spectra of hot electrons in miniband superlattice with ⌬ = 70 meV and T = 300 K. The electric fields are
E = 0.08, 0.4, 1.0, 1.6, 2.1, and 3.0 kV/cm, respectively. The inset shows the
noise temperature spectra at high fields.

perature increases in the whole frequency range. This also
implies the presence of hot electrons in superlattice miniband.
The low frequency noise temperature spectrum as a
function of electric field is presented in Fig. 4. It is observed
that with the increase of electric field, the noise temperature
increases rapidly. The inset in Fig. 4 is the experimental results of voltage dependent noise temperature for hot electron
in miniband superlattice 共reproduced from Ref. 22兲. These
experimental results were measured at 4 GHz by inserting
the superlattice sample into microstrip lines and microwave
connectors. This frequency falls in the region of the first
plateau of the noise temperature shown in Fig. 3. It can be
seen that the calculated noise temperatures are in good agreement with that of the experimental results. To make a quantitative comparison between the calculated and measured
spectra, it is necessary to estimate the strength of the electric
field in the sample. The threshold voltage of the experimental
spectra is at 0.2 V, while the threshold electric field from the

FIG. 4. Noise temperature spectrum in low frequency as function of electric
field for superlattice with miniband width ⌬ = 70 meV and lattice temperature T = 300 K. The inset indicates the experimental results of voltage dependent noise temperature of miniband superlattice. The experimental results are reproduced from Ref. 22.

In summary, we have studied the hot electron noise temperature spectrum in miniband superlattice. The quantities
describing hot electron transport in stationary state, such as
the average electron velocity, the average energy, the electron temperature, and the inverse effective mass, have been
determined. The frequency dependence of the differential
mobility and the velocity fluctuation of hot electrons in miniband superlattice are obtained. Based on these results, the
frequency and field intensity dependence of the noise temperature originating from velocity fluctuations of hot electron
moving in the superlattice is determined. Our result agrees
well with the experiment.
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