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COMPLEX ORTHOGONAL SPREADING SEQUENCES
USING MUTUALLY ORTHOGONAL COMPLEMENTARY SETS

Ying Zhao, Jennifer Seberry’, Beata J. Wysocki, and Tadeusz A.WysocKi

Abstract: This paper presents a new family of complex spreading sequences designed using mutually orthogo-
nal(MO) complementary sets. Based on the technique described in this paper, the correlation properties of sets
of sequences are compared to well-known Walsh-Hadamard sequence sets. Further improvement of correlation
gualities can be achieved by employing a diagonal modification method. We also present simulation results of an
asynchronous multiuser CDMA system using the modified sequences.

1 Introduction

Orthogonal sequences are of a great practical interest for the current and future direct sequence(DS) code-division
multiple-access(CDMA) systems where the orthogonality principle can be used for channels separation, e.g. [1].
However, most of the known sets of orthogonal spreading sequences possess very poor aperiodic cross-correlation
characteristics, i.e. when there is any misalignment between the sequences correspondliagtd dsers, the
cross-correlation between such misaligned sequences is usually quite high, resulting in significant multi-access
interference(MAI) problems where it is impossible to guarantee sequence alignment due, for exantfaectat di
propagation delays. The issue of misalignment dueftemint propagation delays can be mitigated by the use of

the so called sequences with zero (or low) correlation zones [2], but this approach usually requires a significant in-
crease in the spreading ratio and the sets of such sequences are rather small for the given sequence length. Another
possible solution to this problem can be use of orthogonal polyphase spreading sequences, like those proposed
in [4], which for some values of their parameters can exhibit a reasonable compromise between autocorrelation
and cross-correlation functions. Polyphase spreading sequences are ittt i implement as this require

an analog phase modulator. In the paper we introduce quadri-phase orthogonal spreading sequences derived from
mutually orthogonal (MO) complementary sets [3] and modified using a diagonal modification method proposed

in [5] to achieve good aperiodic cross-correlation characteristics.

2 Construction technique using MO complementary sets of sequences

In this section, we briefly introduce complex MO complementary sequences. For a general background reading,
we refer the reader to [3].

Let A; be a complex sequence. Lgk s denote the aperiodic autocorrelation function of the sequépneand

wana (K) be thekth element in the sequengg, 5. Sequences/, 1 <i < M) are complementary if and only if they

have zero aperiodic autocorrelation, except for the zero shift:

M
D uan(=0, k%0 (1)

i=1

Let ya denote the cross correlation function of the complex sequefscdd, 1 < i < M. Letyag (K) denote
thekth element in the sequenggg and let &,1 < i < M) be a complementary set of sequences. The set of
sequencedH)) is said to be a mate of the s&] if

1. the length ofp; is equal to the length d8, for 1 <i < M,

2. the setB)) is also complementary, and

3. S uas(K) =0, VK
A collection of complementary sets of sequences is said tadtteally orthogonaif any two in this collection are
mates to each other. The construction of bipolar MO complementary set of more than two sequences are described
in [3]. Here, we focus on synthesizing larger complex MO complementary sets.
Let A denote the reverse and conjugate of the sequénead A denote the negation of the sequerce For
brevity, we denote sequence element 1+hyl by -, i by i and -i by j for complex sequences. A larger number of
MO sets of sequences with bigger size can be generated by the following theorems [3].
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Theorem 2.1 LetA,1 < i < M be a complementary set consisting of an even number of sequences of the same
length. Ther Ay, =Aq, Ag, —As, . . ., Aw, —Aw_1, } is one of its mates.

AgA | -A®A
-A®A| AcA
® denotes interleaving. Then, the columns of B are also MO complementary sets. The interleaving of two sequences
X ={Xy, Xo,...} andy = {Y1,¥2,...} is defined aX ® Y = {xq, Y1, X2, Y2, . . .}.

Theorem 2.2 Let A be a matrix whose columns are MO complementary set® £qt , Where

Theorem 2.3 Let(A11, Ao1, ..., Amt, ), (Aa2, Aoz, . .., An2), - . ., (Axk, Acks - - - » Avik) bek mutually orthogonal com-

Aun A A
A21 Azz A2k . .

plementary sets of sequences. het ) ) . |, and ax, denote a matrix obtained from by
Avi  Amz Awk

a permutation of the columns af. LetH be at x s orthogonal complex orthogonal matrix. Definé =
hii(am)  hi(an) his(amy)

hai(am2)  hao(am) has(am2) . o . . o
: : : , where hj;(any) is a matrix with entries obtained by multiplying all se-

hu(am)  he(am) hs(Am)
guences imm by hjj. Then the columns af are MO complementary sets of sequences.

Example 2.1 In this example, we show the construction of bigger MO complementary sets using Theorem 2.3.

+ + ] | | ] + + All A12
— — | def . . .
Leta=| * + '} ' ~ | A A2 | Note thata is a 4x 2 matrix of sequences. The first
jor o+ o+ + + 0] Asr As
N - = 0] A Ag
+ o+ j i i)+
columnofa,| T T | 1| andthe second columnaf | | ! 7 , are both complementary because

—_—— 4

i+ o+ - i
VgAY aoio W agAa T W ALAL = {0,0,0,16,0,0,0} andzp ArsAaz T W Porhor + W Agshgy T WAAL = {0,0,0,16,0,0,0}.
A is MO complementary sequences sets since the sum of cross correlation is zero for the two colunargdh
meansC(Z) = l///.\uA12 + l//A21A22 + ‘J/A31A32 + ‘//A41A42 = {0, 0,0,0,0,0, 0}
]+ 4+ + + ]
i + o+ i .
j . Theorem 2.3 gives
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where the sum of cross correlation functions of the firstkthatolumns ofr’ is zero, i.e C® = yp g, +¥B, B, +

.+ UByey = 1{0,0,0,0,0,0,0}, k=234
The MO complementary sets of sequences have applications in multicarrier CDMA communication systems for
minimizing MAI on a nonfading channel [6]. The following example shows that how we construct a quadri-phase
orthogonal spreading sequences with length 32 by using MO complementary sets.

Example 2.2 Starting from a set of complex complementary sequéfgeA,, As, A} of length 4, letA; = [+ +
j I] A = [+ +i j] Az = Al, Ay = Az andB; = A, B, = —A1, B3 = Ay, By = —A;. The foIIowmg steps

A B
1): constructingAByyg = 22 22 , columns ofABy,g are MO complementary sets according to theorem 2.1,
3 3
Ay By
2): let ABsgm; denote a matrix obtained froABs.g by permutation of the two columns @&Bsg, since
+ i ABys i % AByxg
+ J AB4><8 J * AB4><8
|

H = is an orthogonal matrix, theAB;ex16 = is mutually orthogo-

—AByygmy i AByygmy
- —AByemy | * ABgyemy
nal from Theorem 2.3. AlsdABygx16 iS an orthogonal matrix which satisfieeBmxlfykABl6X16 = 16144, here



()" denotes conjugate transpose.

. £ _ ABigas i * ABisaas
3)' fma”y’ ABs2caz = ( ABigas | * ABiexis )
generate quadri-phase MO complementary A&s.3,. Longer orthogonal sequences can be obtained by repeat-

ing step 3.

The matrixABsa.3, defines the set of 32-chip spreading sequences which are characterized by the following cor-
relation parameterCrmax = 0.9325 Amax = 05590 Rcc = 0.7269 Rac = 2.0938. The above parameters,

used for measuring “good” signatures for CDMA systems, were introduced by Oppermann and Vucetic in [4].
Rcc denotes the average mean-square value of cross-correlation for all sequences in the set. Hrailcaly,

be used for comparison of the autocorrelation properties of the set on the same basis as their cross-correlation
properties. It is desirable to have bdi8ac and Rac as low as possible, as the highRgc value results in
stronger MAI, and an increase & c impedes synchronization. However, decreasingRke value causes an
increase oR:c, and vice versa. We also need to consider the maximum value of peaks in both aperiodic cross-
correlation functions over the whole set and in the aperiodic autocorrelation functions, denGtegd asd Amax
respectively. For the comparison, the corresponding values for the Walsh-Hadamard sequences of length 32 are:
Crax = 0.9688 Amax = 09688 Rcc = 0.7873 Rac = 6.5938. The new 32-chip sequences from Example 2.2
have lower values dRac andRcc resulting in less MAI and better synchronization properties.

3 Sequence modification method

Further improvement to the values of correlation parameters of the sequence sets based on MO complementary
sets, can be obtained using the method proposed in [5]. The method is based on the fact that an orthogoHal matrix
must satisfy the conditioRlH" = NI, wherel is theN x N identity matrix and )" denotes conjugate transpose.

The maodification is achieved by taking another orthogdwat N matrix Dy, and the new set of sequences is
constructed a%/y = HDy which is also orthogonal. It has been shown that the correlation properties of the
modified sequences defined W can be significantly diierent to those of the original sequences [5].

In [7], a simple class of orthogonal matrices of any order is introduced as diagonal matrices. To preserve the
normalization of the sequences, the elements of the diagonal nig{rikeing in general complex numbers, must

of the form:

)

The most commonly used types of spreading sequences are bipolar sequences and quadri-phase sequences. In the
first case, the values @f,, m = 1,2, ...N, are limited to{0, 7}, and the phase cfiicients¢r, can take values from

the set{0, 0.5z, 7, 1.5} in the second case.

To find the best possible modifying matriXy, we have to do an exhaustive search of all possible quadri-phase
diagonal matrices of lengtH satisfying (2), and choose the one with which the modified spreading sequences give

the best correlation performance.

- 0 form=n
mn exfigm) form=n mn=1,..,N

Example 3.1 In this example we show the results of minimizi@gax for the 32-chip sequences set constructed in
Example 2.2. After 60000 trials, the lowest valueGyfax has been achieved by using modifying matBix with
the following quadri-phase symbols on the diagonalj i + jijj —i+ —i—jjjj + — —ilii +jji —+].

The modified sequences have the following correlation paramefas: = 0.3494 Anax = 02965 Rec =

0.9718 Rac = 0.8750. The results show that a significant improvement in autocorrelation characteristics has
been achieved at the expense of slightly degrading in the cross-correlation properties. In Figure 1, we present the
plot of the peak magnitudes for the cross-correlation functions between any pair of the modified sequence set, and
the peaks in the autocorrelation functions for all the modified sequences, represented as solid line and dotted line,
respectively.

4 System simulation results

To assess performance of the derived sequence set when used in an asynchronous CDMA system, we simulated
a multiuser asynchronous system with 32 users distinguished by sequences constructed in Example 3.1. For sim-
plicity, we used a BPSK modulation and no additional spreading or error-control coding. The users were fully
asynchronous with misalignments between them taking random values fr81j [€hips. The phases of active

users’ modulators were also assumed random fra2n0 Users were assumed to transmit packets of 1024 bytes.
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The misalignments of users’ sequences and phases of their modulators were kept constant for the duration of each
packet. At the end of each transmitted packet, new constellations of interferers were randomly chosen as well
as sequence misalignments and modulator phases. The process was repeated for each of the 32 channels being
considered as a channel of interest for 2000 of packets, and an average bit error rate (BER) was then calculated
over all 32x 2000 results. The number of simultaneously active users was increased from 2 to 13. The channel
was assumed to be an additive white Gaussian (AWGN) channel with the SNR set to 20 dB to ensure that MAI
was the main source of errors. The implemented receiver was a simple correlative receiver. The resulting average
BER vs. the number of active users is plotted in Figure 2. For a comparison, we present there the corresponding
results for the Walsh-Hadamard sequences. It is clear that the system utilizing sequences developed in Example
3.1 performs significantly better, in particular for low number of active users.

5 conclusion

In the paper, we proposed use of the quadri-phase orthogonal spreading sequences derived from mutually orthog-
onal (MO) complementary sets and modified using a diagonal modification method to achieve good aperiodic
cross-correlation characteristics. The sequences designed that way can exhibit a reasonable compromise between
autocorrelation and cross-correlation characteristics, and as shown through the simulations lead to good perfor-
mance when used in an asynchronous multiuser CDMA system. Further research should examine the system
performance in a more realistic multipath environment, with or without RAKE receivers.
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