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Ne
essary and SuÆ
ient Conditions for Three andFour Variable Orthogonal Designs in Order 36S. Georgiou�, C. Koukouvinosy, M. Mitrouliz, and Jennifer SeberryxDedi
ated to Professor Sumiyasu YamamotoAbstra
tWe use a new algorithm to �nd new sets of sequen
es with entries from f0;�a;�b;�
;� dg, on the 
ommuting variables a; b; 
; d, with zero auto
orrelation fun
tion.Then we use these sequen
es to 
onstru
t a series of new three and four variable or-thogonal designs in order 36. We show that the ne
essary 
onditions plus (s1; s2; s3; s4)not equal to1 2 8 161 2 8 251 4 4 25 1 8 8 161 9 13 132 2 9 16 2 2 13 132 3 4 24 2 6 7 212 8 9 9 3 6 8 163 8 10 15 4 8 8 98 8 9 9are suÆ
ient for the existen
e of an OD(36; s1; s2; s3; s4) 
onstru
ted using four 
ir
ulantmatri
es in the Goethals-Seidel array. Of the 154 theoreti
ally possible 
ases 133 areknown.We also show that the ne
essary 
onditions plus (s1; s2; s3) 6= (2; 8; 25); (6; 7; 21),(8; 9; 17) or (9; 13; 13) are suÆ
ient for the existen
e of an OD(36; s1; s2; s3) 
onstru
tedusing four 
ir
ulant matri
es in the Goethals-Seidel array. Of the 433 theoreti
allypossible 
ases 429 are known.Further, we show that the ne
essary 
onditions are suÆ
ient for the existen
e of anOD(36; s1; s2; 36 � s1 � s2) in ea
h of the 54 theoreti
ally possible 
ases. Further, ofthe 27 theoreti
ally possible OD(36; s1; s2; s3; 36� s1� s2 � s3), 23 are known to exist,and four, (1; 2; 8; 25), (1; 9; 13; 13), (2; 6; 7; 21) and (3; 8; 10; 15), 
annot be 
onstru
tedusing four 
ir
ulant matri
es.By suitably repla
ing the variables by �1 these lead to more than 200 potentiallyinequivalent Hadamard matri
es of order 36. By 
onsidering the 12 OD(36; 1; s1; 35�s1)and suitably repla
ing the variables by �1 we obtain 48 potentially inequivalent skew-Hadamard matri
es of order 36.A summary with all known results in order 36 is presented in the Tables.AMS Subje
t Classi�
ation: Primary 62K05, 62K15, Se
ondary 05B15Key words and phrases: Orthogonal design, auto
orrelation, 
ir
ulant matrix, algorithm,
onstru
tion.�Department of Mathemati
s, University of Athens, Panepistemiopolis 15784, Athens, Gree
eyDepartment of Mathemati
s, National Te
hni
al University of Athens, Zografou 15773, Athens, Gree
ezDepartment of Mathemati
s, University of Athens, Panepistemiopolis 15784, Athens, Gree
exS
hool of IT and Computer S
ien
e, University of Wollongong, Wollongong, NSW, 2522, Australia.
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1 Introdu
tionAn orthogonal design of order n and type (s1; s2; : : : ; su) (si > 0), denotedOD(n; s1; s2; : : : ; su), on the 
ommuting variables x1; x2; : : : ; xu, is an n� n matrix A withentries from f0;�x1;�x2; : : : ;�xug su
h thatAAT = ( uXi=1 six2i )InAlternatively, the rows of A are formally orthogonal and ea
h row has pre
isely si entriesof the type �xi. In [1℄, where this was �rst de�ned, it was mentioned thatATA = ( uXi=1 six2i )Inand so our alternative des
ription of A applies equally well to the 
olumns of A. It was alsoshown in [1℄ that u � �(n), where �(n) (Radon's fun
tion) is de�ned by �(n) = 8
 + 2d,when n = 2ab, b odd, a = 4
+ d, 0 � d < 4.A weighing matrix W = W (n; k) is a square matrix with entries 0;�1 having k non-zero entries per row and 
olumn and inner produ
t of distin
t rows zero. Hen
e W satis�esWW T = kIn, and W is equivalent to an orthogonal design OD(n; k). The number k is
alled the weight of W . If k = n, that is, all the entries of W are �1 and WW T = nIn,then W is 
alled an Hadamard matrix of order n. In this 
ase n = 1; 2 or n � 0(mod 4).Given the sequen
e A = fa1; a2; : : : ; ang of length n the non-periodi
 auto
orrelationfun
tion NA(s) is de�ned asNA(s) = n�sXi=1 aiai+s; s = 0; 1; : : : ; n� 1; (1)If A(z) = a1 + a2z + : : :+ anzn�1 is the asso
iated polynomial of the sequen
e A, thenA(z)A(z�1) = nXi=1 nXj=1aiajzi�j = NA(0) + n�1Xs=1NA(s)(zs + z�s); z 6= 0: (2)Given A as above of length n the periodi
 auto
orrelation fun
tion PA(s) is de�ned, redu
ingi+ s modulo n, as PA(s) = nXi=1 aiai+s; s = 0; 1; : : : ; n� 1: (3)A 4n � 4n matrix obtained by using four 
ir
ulant matri
es, A, B, C, D of order n,whi
h satisfy AAT +BBT + CCT +DDT = fIn;where R be the ba
k diagonal matrix, in the following array, 
alled the Goethals- Seidelarray, GS = 0BBB� A BR CR DR�BR A DTR �CTR�CR �DTR A BTR�DR CTR �BTR A 1CCCAis said to be of Goethals-Seidel type.The following theorem whi
h uses four 
ir
ulant matri
es in the Goethals-Seidel arrayis very useful in our 
onstru
tion for orthogonal designs.2



Theorem 1 [2, Theorem 4.49℄ Suppose there exist four 
ir
ulant matri
es A, B, C, D oforder n satisfying AAT +BBT + CCT +DDT = fIn:then these may be used in the Goethals-Seidel array to obtain a W (4n; f) when A, B, C, Dare (0; 1;�1) matri
es, and an orthogonal design, OD(4n; s1; s2; : : : ; su), on x1; x2; : : : ; xu,when A, B, C, D have entries from f0;�x1; : : : ;�xug and f =Puj=1(sjx2j). 2Corollary 1 If there are four sequen
es A, B, C, D, of length n, with entries fromf0;�x1;�x2;�x3;�x4g, with zero periodi
 or non-periodi
 auto
orrelation fun
tion, thenthese sequen
es 
an be used as the �rst rows of 
ir
ulant matri
es whi
h 
an be used inthe Goethals-Seidel array to form an OD(4n; s1; s2; s3; s4). If there are sequen
es of lengthn with zero non-periodi
 auto
orrelation fun
tion, then there are sequen
es with zero non-periodi
 auto
orrelation and the same list of weights as the sequen
es of length n, but oflength n+m for all m � 0. 2This method for 
onstru
ting orthogonal designs was used in [3, 4, 5, 6, 7℄. Furthermore,in [6℄ a 
omplete study for two variable orthogonal designs in order 36 was given, and somenew four variable orthogonal designs of the same order were 
onstru
ted. More results onthree and four variable orthogonal designs in order 36 were re
ently presented in [3, 4℄.2 Number of Possible n�tuplesWe note the following lemma whi
h has not previously been published but whi
h is usefulin determining the size of programs to sear
h for orthogonal designs. The result is obtainedby simple 
ounting.Lemma 1 Let n = 4m be the order of an orthogonal design. Then the number of 
ases(k-tuples, k = 2; 3; 4) whi
h must be studied to determine whether all orthogonal designsexist is(i) 14n2 when 2�tuples are 
onsidered;(ii) N , when 3-tuples are 
onsidered, where(a) N = n72 (2n2 + 3n� 6) if 14n � 0(mod 3);(b) N = (n+2)72 (2n2 � n� 4) if 14n � 1(mod 3);(
) N = (n�2)72 (2n2 + 7n+ 8) if 14n � 2(mod 3).(iii) N , when 4�tuples are 
onsidered, where(a�) N = 1576 (n4 + 6n3 � 2n2 � 24n) if 14n � 0(mod 3);(b�) N = 1576 (n4 + 6n3 � 2n2 � 24n+ 64) if 14n � 1(mod 3);(
�) N = 1576 (n4 + 6n3 � 2n2 � 24n+ 64) if 14n � 2(mod 3).
3



3 New AlgorithmThe algorithm previously used to �nd OD's via four sequen
es of length n � 10 wasprohibitively slow for length 11. Hen
e we tried a new algorithm, whi
h depended onthe previous algorithm, to �nd �rst a W (4n; k) (or OD(4n; s1; s2) or OD(4n; s1; s2; s3))made with four sequen
es of length n with PAF = 0 or NPAF = 0. In the new algorithmMATLAB was used to set up a series of equations to be solved for ea
h individual k (or(s1; s2) or (s1; s2; s3) ) and then all solutions to these equations were found.Example 1 We illustrate the algorithm by the following example. We start with thefollowing four sequen
es of length 9 and type (5; 9) with NPAF = 0.b 0 �b 0 0 0 0 0 0b a �b 0 0 0 0 0 0b a 0 a �b 0 0 0 0b a b �a b 0 0 0 0We now �ll ea
h of the positions whi
h are presented by 0 by one of the 22 variablesx1; x2; : : : ; x22. Thus we have the sequen
esb x1 �b x2 x3 x4 x5 x6 x7b a �b x8 x9 x10 x11 x12 x13b a x14 a �b x15 x16 x17 x18b a b �a b x19 x20 x21 x22We now use MATLAB to expand the �rst rows to make four 
ir
ulant 9�9 matri
es with rowinner produ
t zero. This 
orresponds to forming four sequen
es with PAF = 0. Thus weset up a series of equations, that when solved, yield, among others, the following solutions:x1 x2 x3 x4 x5 x6 x7 x8 x9 x10 x11 x12 x130 �1 0 0 0 0 �1 �1 �1 0 �1 1 00 �1 �1 �1 0 �1 1 0 �1 0 1 �1 �10 �1 �1 �1 �1 �1 1 1 �1 0 0 1 �1x14 x15 x16 x17 x18 x19 x20 x21 x220 1 1 �1 0 0 0 0 00 1 0 1 �1 0 �1 0 10 1 0 0 �1 1 �1 �1 1The �rst solution leads to the following new three variable orthogonal design in order 36.(5; 9; 9)b 0 �b �
 0 0 0 0 �
b a �b �
 �
 0 �
 
 0b a 0 a �b 
 
 �
 0b a b �a b 0 0 0 0The se
ond solution gives the following (5; 9; 14) orthogonal design in order 36.(5; 9; 14)b 0 �b �
 �
 �
 0 �
 
b a �b 0 �
 0 
 �
 �
b a 0 a �b 
 0 
 �
b a b �a b 0 �
 0 
4



The third solution gives the following (5; 9; 16) orthogonal design in order 36.(5; 9; 16)b 0 �b �
 �
 �
 �
 �
 
b a �b 
 �
 0 0 
 �
b a 0 a �b 
 0 0 �
b a b �a b 
 �
 �
 
4 New Orthogonal DesignsIn this se
tion we give new sequen
es with entries from f0;�a;�b;�
;�dg, on the 
om-muting variables a; b; 
; d, and zero auto
orrelation fun
tion. These sequen
es are used to
onstru
t some new orthogonal designs.Theorem 2 There are OD(36; s1; s2; s3; 36� s1� s2� s3) 
onstru
ted using four 
ir
ulantmatri
es in the Goethals-Seidel array for the following 4�tuples1; 1; 2; 321; 1; 9; 251; 1; 17; 171; 2; 6; 271; 2; 11; 22 1; 3; 8; 241; 5; 5; 251; 8; 9; 182; 2; 16; 162; 3; 6; 25 2; 6; 12; 162; 8; 8; 182; 8; 13; 133; 3; 3; 273; 3; 6; 24 3; 3; 15; 153; 6; 9; 184; 8; 8; 165; 5; 8; 18 5; 5; 13; 136; 6; 12; 128; 8; 10; 109; 9; 9; 9Proof. We use the sequen
es found by Koukouvinos [3℄ and given in the Appendi
es A andB, whi
h have zero non-periodi
 and periodi
 auto
orrelation fun
tion respe
tively, as the�rst rows of the 
orresponding 
ir
ulant matri
es in the Goethals-Seidel array to obtain therequired orthogonal designs. 2Theorem 3 There are 4-NPAF (s1; s2; s3; s4) of length 9 for the following (new) 4-tuples(1; 2; 3; 24) (1; 4; 5; 20) (3; 3; 6; 24)Proof. We use the sequen
es given in the Appendix A, whi
h have zero non-periodi
auto
orrelation fun
tion. 2Remark 1 The existen
e of 4-NPAF (1; 2; 3; 24) gives the existen
e of 4-NPAF (3; 27)whi
h improves the result, given in [6℄ for length 9. 2Remark 2 An exhaustive sear
h shows that there are no 4-NPAF (3; 3; 27),4-NPAF (3; 3; 3; 27), 4-NPAF (6; 7; 21), or 4-NPAF (2; 6; 7; 21) sequen
es of length 9. 2Using the results of Koukouvinos [3℄ and further sear
hes we haveRemark 3 An exhaustive sear
h shows that if the orthogonal designs OD(36; 1; 2; 8; 16),OD(36; 1; 2; 8; 25), OD(36; 1; 4; 4; 25), OD(36; 1; 8; 8; 16), OD(36; 2; 2; 9; 16),OD(36; 2; 2; 13; 13), OD(36; 2; 3; 4; 24), OD(36; 2; 8; 9; 9), OD(36; 6; 7; 21), OD(36; 2; 6; 7; 21),OD(36; 3; 6; 8; 16), OD(36; 3; 8; 10; 15), OD(36; 4; 8; 8; 9), OD(36; 8; 8; 9; 9), OD(36; 8; 9; 17),OD(36; 9; 13; 13), and OD(36; 1; 9; 13; 13), exist, then they 
annot be 
onstru
ted using four
ir
ulant matri
es in the Goethals-Seidel array. 2Remark 4 We have found the following new 4-NPAF (s1; s2; s3; s4) sequen
es of length 8.5



(2; 2; 8; 18) d 
 0 
 �d d b �dd 
 0 
 �d �d �b dd 
 d �
 d d a �dd 
 d �
 d �d �a d(2; 8; 10; 10) 
 a �
 b d 0 �d b
 a �
 �b �d 0 d �b
 d 
 b d �
 d �b
 d 
 �b �d 
 �d b(4; 6; 8; 12) a d 0 �d a b d �
a d 0 �d a �b �d 
a d 
 d �a b �d 
a d 
 d �a �b d �
whi
h improves the results, given in [6℄ for length 9. 2Koukouvinos [3℄ has found many OD(36; s1; s2; s3) but in this paper we give the re-mainder that were not yet known. Many of the results des
ribed in the next theorem arenew.Theorem 4 There are OD(36; s1; s2; s3) 
onstru
ted using four 
ir
ulant matri
es in theGoethals-Seidel array for 3-tuples indi
ated as in Table 1.Proof. We use the sequen
es given in the Appendi
es A and B, whi
h have zero non-periodi
and periodi
 auto
orrelation fun
tion respe
tively, as the �rst rows of the 
orresponding
ir
ulant matri
es in the Goethals-Seidel array to obtain the required orthogonal designs.2Theorem 5 There are 4-NPAF (s1; s2; s3), of length 9, for the following (new) 3-tuples(1; 2; 24)(1; 2; 27)(1; 3; 24)(1; 3; 26) (1; 5; 24)(2; 3; 24)(2; 3; 25)(3; 3; 24) (3; 3; 30)(3; 6; 17)(3; 6; 24)(3; 6; 27) (3; 9; 24)(4; 5; 20)(4; 5; 25)(5; 5; 18) (5; 7; 18)(6; 6; 12)(6; 12; 12) (6; 6; 24)(6; 12; 16)(8; 8; 13)Proof. We use the sequen
es (1; 2; 3; 24), (3; 3; 6; 24), (3; 6; 17), (1; 4; 5; 20), (4; 5; 25),(5; 5; 18), (5; 7; 18), (6; 6; 12; 12), (6; 12; 16), and (8; 8; 13), given in Appendix A, whi
h havezero non-periodi
 auto
orrelation fun
tion. (
f. the results of [4℄). 2Theorem 6 The ne
essary 
onditions are suÆ
ient for the existen
e of the following 23OD(36; s1; s2; s3; 36 � s1 � s2 � s3).(1; 1; 2; 32)(1; 1; 9; 25)(1; 1; 17; 17)(1; 2; 6; 27)(1; 2; 11; 22) (1; 3; 8; 24)(1; 5; 5; 25)(1; 8; 9; 18)(2; 2; 16; 16)(2; 3; 6; 25) (2; 6; 12; 16)(2; 8; 8; 18)(2; 8; 13; 13)(3; 3; 3; 27)(3; 3; 6; 24) (3; 3; 15; 15)(3; 6; 9; 18)(4; 8; 8; 16)(5; 5; 8; 18) (5; 5; 13; 13)(6; 6; 12; 12)(8; 8; 10; 10)(9; 9; 9; 9)A further four, (1; 2; 8; 25), (1; 9; 13; 13), (2; 6; 7; 21) and (3; 8; 10; 15), 
annot be 
on-stru
ted using four 
ir
ulant matri
es. 6



Proof. We use the sequen
es (s1; s2; s3; 36 � s1 � s2 � s3) given in the Appendi
es A andB, whi
h have zero non-periodi
 and periodi
 auto
orrelation fun
tion respe
tively, as the�rst rows of the 
orresponding 
ir
ulant matri
es in the Goethals-Seidel array to obtain therequired orthogonal designs. 2Theorem 7 The ne
essary 
onditions are suÆ
ient for the existen
e of an OD(36; s1; s2;36� s1 � s2) 
onstru
ted using four 
ir
ulant matri
es in ea
h of the following 54 
ases:(1; 1; 34)(1; 2; 33)(1; 3; 32)(1; 5; 30)(1; 6; 29)(1; 8; 27)(1; 9; 26)(1; 10; 25)(1; 11; 24)
(1; 13; 22)(1; 14; 21)(1; 17; 18)(2; 2; 32)(2; 3; 31)(2; 6; 28)(2; 7; 27)(2; 8; 26)(2; 9; 25)

(2; 11; 23)(2; 12; 22)(2; 13; 21)(2; 16; 18)(2; 17; 17)(3; 3; 30)(3; 6; 27)(3; 8; 25)(3; 9; 24)
(3; 10; 23)(3; 11; 22)(3; 15; 18)(4; 8; 24)(4; 16; 16)(5; 5; 26)(5; 6; 25)(5; 8; 23)(5; 13; 18)

(6; 6; 24)(6; 7; 23)(6; 9; 21)(6; 12; 18)(6; 14; 16)(6; 15; 15)(7; 8; 21)(8; 8; 20)(8; 9; 19)
(8; 10; 18)(8; 12; 16)(8; 13; 15)(9; 9; 18)(9; 13; 14)(10; 10; 16)(10; 11; 15)(10; 13; 13)(12; 12; 12):Proof. We use the sequen
es (s1; s2; 36�s1�s2) and (s1; s2; s3; 36�s1�s2�s3) given in theAppendi
es A and B, whi
h have zero non-periodi
 and periodi
 auto
orrelation fun
tionrespe
tively, as the �rst rows of the 
orresponding 
ir
ulant matri
es in the Goethals-Seidelarray to obtain the required orthogonal designs.The sequen
es for (1; 1; 34), (1; 6; 29), (2; 2; 32), (2; 7; 27) and (2; 17; 17) were given in[6℄. 2Lemma 2 Repla
ing the variables of the known OD(36; s1; s2; s3; 36� s1 � s2 � s3),OD(36; s1; s2; 36�s1�s2) and OD(36; s1; 36�s1) by �1 leads to more than 200 potentiallyinequivalent Hadamard matri
es of order 36.Theorem 8 There are OD(36; s1; 36� s1), 
onstru
ted using 4-NPAF sequen
es to obtainfour 
ir
ulant matri
es for use in the Goethals-Seidel array, for the following 2�tuples1; 352; 34 3; 334; 32 5; 316; 30 7; 298; 28 9; 2710; 26 11; 2512; 24 13; 2314; 22 15; 2116; 20 17; 1918; 18:No 
ases are unde
ided.Lemma 3 Repla
ing the variables of the known OD(36; 1; s1; 35� s1) by �1 gives at least48 potentially inequivalent skew-Hadamard matri
es of order 36.Remark 5 An exhaustive sear
h shows that there are no 4-NPAF (s1; s2) sequen
es oflength 9 for (s1; s2) = (3; 31); (5; 30); (6; 29); (8; 27); or (13; 22). 25 SummaryIn this se
tion we summarize all known results for three and four variable designs in order36. The existen
e of designs 
onstru
ted using four 
ir
ulant matri
es in the Goethals-Seidelarray is 
ompletely resolved.
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Remark 6 There are 1347 possible 3-tuples. Table 1 lists the 433 3-tuples whi
h may
orrespond to designs in order 36: 914 
ases 
orrespond to 3-tuples eliminated by numbertheory. The design is known to be able to be 
onstru
ted using four 
ir
ulant matri
es inthe Goethals-Seidel array for 429 
ases. For 4 
ases, if designs exist for the 
orresponding3-tuple, they 
annot be 
onstru
ted using 
ir
ulant matri
es (Y). P indi
ates that 4-PAFsequen
es with length 9 exist; n indi
ates 4-NPAF sequen
es with length n exist. 2s1; s2; s3 n s1; s2; s3 n s1; s2; s3 n s1; s2; s3 n s1; s2; s3 n(1,1,1) 1 (1,1,2) 1 (1,1,4) 2 (1,1,5) 3 (1,1,8) 3(1,1,9) 7 (1,1,10) 3 (1,1,13) 5 (1,1,16) 7 (1,1,17) 7(1,1,18) 6 (1,1,20) 6 (1,1,25) 9 (1,1,26) P (1,1,29) P(1,1,32) 9 (1,1,34) P (1,2,2) 2 (1,2,3) 2 (1,2,4) 2(1,2,6) 3 (1,2,8) 3 (1,2,9) 3 (1,2,11) 5 (1,2,12) 5(1,2,16) 7 (1,2,17) 5 (1,2,18) 6 (1,2,19) 6 (1,2,22) 7(1,2,24) 9 (1,2,25) 9 (1,2,27) 9 (1,2,32) P (1,2,33) 9(1,3,6) 3 (1,3,8) 3 (1,3,14) 6 (1,3,18) 6 (1,3,24) 7(1,3,26) 9 (1,3,32) 9 (1,4,4) 5 (1,4,5) 5 (1,4,8) 5(1,4,9) 5 (1,4,10) 5 (1,4,13) 7 (1,4,16) 7 (1,4,17) 7(1,4,18) 7 (1,4,20) 7 (1,4,25) 9 (1,4,26) P (1,4,29) 9(1,5,5) 3 (1,5,6) 3 (1,5,9) 5 (1,5,14) 5 (1,5,16) 7(1,5,20) 9 (1,5,21) P (1,5,24) 9 (1,5,25) P (1,5,30) P(1,6,8) 5 (1,6,11) 5 (1,6,12) 7 (1,6,14) 7 (1,6,18) 7(1,6,20) 9 (1,6,21) 7 (1,6,27) P (1,6,29) P (1,8,8) 7(1,8,9) 5 (1,8,11) 5 (1,8,12) 7 (1,8,16) 7 (1,8,17) 9(1,8,18) 9 (1,8,19) P (1,8,22) P (1,8,24) P (1,8,25) P(1,8,27) P (1,9,9) 7 (1,9,10) 5 (1,9,13) 9 (1,9,16) 7(1,9,17) P (1,9,18) 7 (1,9,20) 9 (1,9,25) P (1,9,26) 9(1,10,10) 7 (1,10,11) 7 (1,10,14) P (1,10,16) P (1,10,19) 9(1,10,25) P (1,11,18) P (1,11,22) P (1,11,24) P (1,12,14) P(1,12,18) P (1,13,13) 9 (1,13,14) P (1,13,16) P (1,13,17) P(1,13,22) P (1,14,19) P (1,14,21) P (1,16,16) 9 (1,16,17) 9(1,17,17) P (1,17,18) 9 (2,2,2) 2 (2,2,4) 2 (2,2,5) 3(2,2,8) 3 (2,2,9) 5 (2,2,10) 5 (2,2,13) 5 (2,2,16) 7(2,2,17) 7 (2,2,18) 6 (2,2,20) 7 (2,2,25) P (2,2,26) 9(2,2,29) P (2,2,32) 9 (2,3,4) 3 (2,3,6) 3 (2,3,7) 3(2,3,9) 5 (2,3,10) 7 (2,3,15) 7 (2,3,16) 7 (2,3,22) P(2,3,24) 9 (2,3,25) 9 (2,3,28) 9 (2,3,31) P (2,4,4) 3(2,4,6) 3 (2,4,8) 5 (2,4,9) 5 (2,4,11) 5 (2,4,12) 7(2,4,16) 7 (2,4,17) 7 (2,4,18) 7 (2,4,19) 7 (2,4,22) 9(2,4,24) 9 (2,4,25) P (2,4,27) P (2,5,5) 3 (2,5,7) 5(2,5,8) 5 (2,5,13) 6 (2,5,18) 7 (2,5,20) P (2,5,22) P(2,5,23) P (2,6,7) 5 (2,6,9) 5 (2,6,12) 6 (2,6,13) 7(2,6,16) 7 (2,6,19) P (2,6,21) P (2,6,25) P (2,6,27) P(2,6,28) P (2,7,10) 7 (2,7,12) 7 (2,7,13) 7 (2,7,19) P(2,7,20) P (2,7,21) P (2,7,24) P (2,7,27) P (2,8,8) 5(2,8,9) 5 (2,8,10) 5 (2,8,13) 7 (2,8,16) 7 (2,8,17) P(2,8,18) 7 (2,8,20) 9 (2,8,25) Y (2,8,26) 9 (2,9,9) 5(2,9,11) 6 (2,9,12) 7 (2,9,16) P (2,9,17) P (2,9,18) P(2,9,19) P (2,9,22) P (2,9,25) P (2,10,10) 6 (2,10,12) 6(2,10,15) 9 (2,10,18) 9 (2,11,16) P (2,11,22) P (2,11,23) P(2,12,15) 9 (2,12,16) 9 (2,12,22) P (2,13,13) P (2,13,15) 9(2,13,18) P (2,13,21) P (2,16,16) 9 (2,16,18) 9 (2,17,17) PTable 1: The existen
e of OD(36; s1; s2; s3).
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s1; s2; s3 n s1; s2; s3 n s1; s2; s3 n s1; s2; s3 n s1; s2; s3 n(3,3,3) 3 (3,3,6) 3 (3,3,12) 7 (3,3,15) 7 (3,3,24) 9(3,3,27) P (3,3,30) 9 (3,4,6) 5 (3,4,8) 5 (3,4,14) 7(3,4,18) 7 (3,4,24) P (3,4,26) P (3,6,6) 5 (3,6,8) 5(3,6,9) 5 (3,6,11) 5 (3,6,12) 7 (3,6,16) 7 (3,6,17) 9(3,6,18) 7 (3,6,19) 7 (3,6,22) P (3,6,24) 9 (3,6,25) P(3,6,27) 9 (3,7,8) 6 (3,7,11) 7 (3,7,15) P (3,7,18) 7(3,7,23) P (3,8,9) 7 (3,8,10) 7 (3,8,15) 7 (3,8,16) P(3,8,22) P (3,8,24) P (3,8,25) P (3,9,14) 7 (3,9,18) P(3,9,24) 9 (3,10,15) 9 (3,10,17) 9 (3,10,18) P (3,10,23) P(3,11,19) P (3,11,22) P (3,12,12) P (3,12,15) 9 (3,14,16) P(3,15,15) P (3,15,18) P (4,4,4) 3 (4,4,5) 5 (4,4,8) 7(4,4,9) 5 (4,4,10) 5 (4,4,13) 7 (4,4,16) 7 (4,4,17) 7(4,4,18) 9 (4,4,20) 7 (4,4,25) P (4,4,26) 9 (4,5,5) 5(4,5,6) 5 (4,5,9) 5 (4,5,14) 7 (4,5,16) 7 (4,5,20) 9(4,5,21) 9 (4,5,24) P (4,5,25) 9 (4,6,8) 5 (4,6,11) 7(4,6,12) 7 (4,6,14) 7 (4,6,18) 7 (4,6,20) 8 (4,6,21) P(4,8,8) 7 (4,8,9) 7 (4,8,11) 7 (4,8,12) 7 (4,8,16) 7(4,8,17) 9 (4,8,18) 8 (4,8,19) P (4,8,22) 9 (4,8,24) P(4,9,9) 6 (4,9,10) 7 (4,9,13) 9 (4,9,16) P (4,9,17) P(4,9,18) P (4,9,20) P (4,10,10) 7 (4,10,11) P (4,10,14) 7(4,10,16) 9 (4,10,19) P (4,11,18) P (4,12,14) 8 (4,12,18) 9(4,13,13) P (4,13,14) P (4,13,16) P (4,13,17) P (4,16,16) 9(5,5,5) 7 (5,5,8) 7 (5,5,9) 5 (5,5,10) 5 (5,5,13) 7(5,5,16) 7 (5,5,17) P (5,5,18) 9 (5,5,20) 9 (5,5,25) P(5,5,26) P (5,6,9) 7 (5,6,16) P (5,6,25) P (5,7,8) 7(5,7,18) 9 (5,7,22) P (5,8,8) 7 (5,8,13) 7 (5,8,18) P(5,8,20) P (5,8,23) P (5,9,9) P (5,9,14) P (5,9,16) P(5,9,20) P (5,10,10) 7 (5,10,15) 9 (5,13,13) P (5,13,18) P(6,6,6) 7 (6,6,12) 7 (6,6,15) P (6,6,24) 9 (6,7,8) P(6,7,18) P (6,7,21) Y (6,7,23) P (6,8,9) 7 (6,8,12) 7(6,8,13) P (6,8,16) 8 (6,8,19) P (6,9,11) P (6,9,12) P(6,9,14) P (6,9,18) P (6,9,21) P (6,11,12) P (6,11,16) P(6,12,12) 8 (6,12,16) 9 (6,12,18) 9 (6,14,16) P (6,15,15) P(7,7,7) 7 (7,7,14) 7 (7,8,10) P (7,8,12) P (7,8,13) 7(7,8,19) P (7,8,21) P (7,11,12) P (7,12,15) P (8,8,8) 7(8,8,9) 7 (8,8,10) 7 (8,8,13) 9 (8,8,16) 9 (8,8,17) P(8,8,18) 9 (8,8,20) P (8,9,9) 7 (8,9,11) P (8,9,12) P(8,9,16) P (8,9,17) Y (8,9,18) P (8,9,19) P (8,10,10) 7(8,10,12) 8 (8,10,15) P (8,10,18) 9 (8,12,16) P (8,13,13) P(8,13,15) P (9,9,9) 9 (9,9,10) P (9,9,13) P (9,9,16) P(9,9,18) 9 (9,10,10) P (9,10,11) P (9,10,14) P (9,13,13) Y(9,13,14) P (10,10,10) 9 (10,10,13) P (10,10,16) P (10,11,15) 9(10,13,13) P (11,11,11) P (12,12,12) 9Table 1(Cont): The existen
e of OD(36; s1; s2; s3).
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Remark 7 There are 3396 possible 4-tuples. 3242 4-tuples do not satisy the ne
essarynumber theoreti
 
onditions for the existen
e of 4�variable designs. So for the 154 
aseswhi
h satisfy the number theoreti
 ne
essary 
onditions for the existen
e of 4�variabledesigns, 7 are ex
luded, in order 36 but not ne
essarily in higher orders by the Geramita-Verner theorem : (1; 5; 9; 20), (1; 9; 9; 16), (2; 5; 8; 20), (2; 8; 9; 16), (5; 5; 5; 20), (5; 5; 9; 16)and (6; 8; 9; 12); 133 are known to exist; the following 14 
annot exist by a 
onstru
tionusing four 
ir
ulant matri
es.1 2 8 161 2 8 251 4 4 25 1 8 8 161 9 13 132 2 9 16 2 2 13 132 3 4 24 2 6 7 212 8 9 9 3 6 8 163 8 10 15 4 8 8 98 8 9 9There are no unresolved 
ases. 2Remark 8 Table 2 shows that there are no unresolved 
ases with regard to the existen
e ofOD(36; s1; s2; s3; s4) 
onstru
ted using four 
ir
ulant matri
es in the Goethals-Seidel array.2A
knowledgement The authors would like to thank the referees for their 
areful readingof this paper whi
h have 
onsiderably improved the exposition.Referen
es[1℄ A.V.Geramita, J.M.Geramita, and J.Seberry Wallis, Orthogonal designs, Linear andMultilinear Algebra, 3, (1976), 281-306.[2℄ A.V.Geramita, and J.Seberry, Orthogonal designs: Quadrati
 forms and Hadamardmatri
es, Mar
el Dekker, New York-Basel, 1979.[3℄ C.Koukouvinos, Some new three and four variable orthogonal designs in order 36, J.Statisti
al Planning and Inferen
e, 73 (1998), 21-27.[4℄ C.Koukouvinos, Some new orthogonal designs of order 36, Utilitas Math., 51, (1997),65-71.[5℄ C.Koukouvinos, M.Mitrouli, J.Seberry, and P.Karabelas, On suÆ
ient 
onditions forsome orthogonal designs and sequen
es with zero auto
orrelation fun
tion, Australas.J. Combin., 13, (1996) 197-216.[6℄ C. Koukouvinos, N. Platis, and J. Seberry, Ne
essary and suÆ
ient 
onditions for sometwo variable orthogonal designs in order 36, Congressus Numerantium, 114, (1996),129-140. Presented at Twenty Fifth Manitoba Conferen
e on Numeri
al Mathemati
s,Winnipeg, Manitoba, 29 Sept - 2 O
t, 1995.[7℄ C.Koukouvinos, and J. Seberry, New orthogonal designs and sequen
es with two andthree variables in order 28, Ars Combinatoria, (to appear).
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(Y) indi
ates that, if the designs exist, they 
annot be 
onstru
ted using 
ir
ulant matri
es.P indi
ates that there are 4-PAF sequen
es of length 9:* indi
ates that there are 4-PAF sequen
es for every odd length � 7:n indi
ates that there are 4-NPAF sequen
es giving the design for every length � n:4 -tuple wt ref n1 1 1 1 4 [GS℄ 11 1 1 4 7 [GS℄ 31 1 1 9 12 [GS℄ 51 1 1 16 19 [GS℄ �; P1 1 1 25 28 [6℄ P1 1 2 2 6 [GS℄ 21 1 2 8 12 [GS℄ 31 1 2 18 22 [2℄ 61 1 2 32 36 [6℄ P1 1 4 4 10 [GS℄ 31 1 4 9 15 [2℄ 51 1 4 16 22 [GS℄ 71 1 4 25 31 [6℄ P1 1 5 5 12 [GS℄ 31 1 5 20 27 [6℄ P1 1 8 8 18 [GS℄ 51 1 8 18 28 [3℄ P1 1 9 9 20 [GS℄ 51 1 9 16 27 AppB P1 1 9 25 36 [6℄ P1 1 13 13 28 [GS℄ �; 14; P1 1 10 10 22 [2℄ 61 1 16 16 34 [6℄ 91 1 17 17 36 [6℄ P1 2 2 4 9 [GS℄ 31 2 2 9 14 [GS℄ 51 2 2 16 21 [2℄ 71 2 2 25 30 [6℄ P1 2 3 6 12 [GS℄ 31 2 3 24 30 AppA 91 2 4 8 15 [GS℄ 51 2 4 18 25 [2℄ 71 2 6 12 21 [GS℄ 71 2 6 27 36 [6℄ P1 2 8 9 20 [2℄ 51 2 8 16 27 Y1 2 8 25 36 Y1 2 9 18 30 AppB P1 2 11 22 36 [3℄ P1 3 6 8 18 [2℄ 61 3 6 18 28 [2℄ 71 3 8 24 36 [6℄ P1 4 4 4 13 [GS℄ 51 4 4 9 18 [3℄ 91 4 4 16 25 [2℄ 71 4 4 25 34 Y1 4 5 5 15 [GS℄ 51 4 5 20 30 AppA 91 4 8 8 21 [GS℄ 6

4 -tuple wt ref n1 4 8 18 31 AppB P1 4 9 9 23 AppB P1 4 9 16 30 AppB P1 4 10 10 25 AppB 10; P1 4 13 13 31 AppB 14; P1 5 5 9 20 [2℄ 51 5 5 16 27 AppB P1 5 5 25 36 [3℄ P1 6 8 12 27 AppB P1 8 8 9 26 AppB P1 8 8 16 33 Y1 8 9 18 36 AppB P1 9 9 9 28 AppB P1 9 10 10 30 AppB P1 9 13 13 36 Y2 2 2 2 8 [GS℄ 22 2 2 8 14 [GS℄ 52 2 2 18 24 [2℄ 72 2 4 4 12 [GS℄ 52 2 4 9 17 [2℄ 52 2 4 16 24 [GS℄ 62 2 4 25 33 [6℄ P2 2 5 5 14 [GS℄ 62 2 5 20 29 AppB 18; P2 2 8 8 20 [GS℄ 52 2 8 18 30 Rem4 82 2 9 9 22 [GS℄ 62 2 9 16 29 Y2 2 10 10 24 [GS℄ 62 2 13 13 30 14; Y2 2 16 16 36 [6℄ 92 3 4 6 15 [GS℄ 52 3 4 24 33 Y2 3 6 9 20 [2℄ 52 3 6 16 27 AppB P2 3 6 25 36 [3℄ P2 3 10 15 30 AppA 92 4 4 8 18 [GS℄ 52 4 4 18 28 [6℄ 92 4 6 12 24 [GS℄ 62 4 8 9 23 [2℄ 72 4 8 16 30 [6℄ 92 4 9 18 33 AppB P2 5 5 8 20 [GS℄ 52 5 5 18 30 AppB P2 6 7 21 36 Y2 6 9 12 29 AppB P2 6 12 16 36 AppB 10; P2 8 8 8 26 [GS℄ 7

4 -tuple wt ref n2 8 8 18 36 AppB P2 8 9 9 28 Y2 8 10 10 30 Rem4 82 8 13 13 36 AppB 14; P3 3 3 3 12 [GS℄ 33 3 3 12 21 [5℄ 63 3 3 27 36 AppB P; 163 3 6 6 18 [GS℄ 53 3 6 24 36 AppA 93 3 12 12 30 AppB P; 123 3 15 15 36 AppB P3 4 6 8 21 AppB P3 4 6 18 31 AppB P3 6 6 12 27 AppB P; 123 6 8 9 26 AppB P3 6 8 16 33 Y3 6 9 18 36 AppB 12; P3 8 10 15 36 Y4 4 4 4 16 [GS℄ 44 4 5 5 18 [GS℄ 54 4 4 9 21 AppB P4 4 4 16 28 [GS℄ 74 4 5 20 33 P; 184 4 8 8 24 [GS℄ 64 4 8 18 34 [6℄ 94 4 9 9 26 AppB P4 4 9 16 33 AppB P4 4 10 10 28 [GS℄ 74 4 13 13 34 AppB P; 144 5 5 9 23 AppA 94 5 5 16 30 AppB P4 6 8 12 30 [3℄ 84 8 8 9 29 Y4 8 8 16 36 AppB P; 104 9 9 9 31 AppB P4 9 10 10 33 AppB P5 5 5 5 20 [GS℄ 55 5 8 8 26 [GS℄ 75 5 8 18 36 AppB P5 5 9 9 28 AppB P5 5 10 10 30 [6℄ 95 5 13 13 36 AppB P; 146 6 6 6 24 [GS℄ 66 6 12 12 36 [3℄ 97 7 7 7 28 [GS℄ 78 8 8 8 32 [GS℄ 88 8 9 9 34 Y8 8 10 10 36 AppB 10; P9 9 9 9 36 [6℄ 9Table 2: The existen
e of OD(36; s1; s2; s3; s4).
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Appendix A: Order 36 (Sequen
es with zero non-periodi
 auto
orrelation fun
tion)Design(1; 1; 25)(1; 2; 3; 24)(1; 2; 25)(1; 2; 33)(1; 3; 32)(1; 4; 5; 20)(1; 6; 20)(1; 8; 17)(1; 8; 18)(1; 9; 13)(1; 9; 26)
A1b �b 0 �a 0 b �b 0 0
 
 
 �b 0 �a �
 
 �
b b �b 0 �a 0 b �b �ba �b b b b b b �b bb b b b a �b �b b bb 0 b �a �d a �b 0 �bb 0 b 0 �a 0 �b 0 �bb 0 b �a �b a b 0 ba 0 b 
 �b 0 �a 0 0b �a 0 0 0 a b 0 0a �b a b �b b �b �b �b
A2; A3b b �b 
 b �b �b 0 0b b 0 �b �b �b b �b b
 
 �
 �b 0 a �
 
 

 
 
 0 b 0 
 �
 
b b b 0 b 0 b �b bb �b �b 0 b 0 �
 b �ba b �b �b �b �b �b b �bb b �b �b �b b b �b bb b �b b �a b �b b bb b �b b a b �b �b �bb �b �b �a 0 �a �b b bb 0 b �
 �
 
 b 0 bb �b �b 
 �
 �
 �b b bb 0 b 0 
 0 b 0 bb 0 b �a 
 a �b 0 �bb 0 0 a b a b 0 �ba b 0 b �b b b b �aa b b 0 �b �b a �b 0b �a b 0 b 0 �b a bb a 
 �a �b 0 0 0 0b �b b b �b �a a a ab a b �a a �b b b b
A4b b 0 b 0 b b b �b
 
 �
 0 d 0 
 �
 �
b b 
 0 �b 0 �b �b bb �b b b 
 �b �b b �bb b �b b 
 �b b �b �bb �b �b �
 0 �
 b �b �bb �b �b 
 0 
 b �b �bb 0 0 �a b �a �b 0 ba b �b b b �b 0 0 ab a 0 a b 0 �b a �bb b b �b 
 b �b �b �b
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Appendix A(
ont): Order 36 (Sequen
es with zero non-periodi
 auto
orrelation fun
tion)Design(1; 10; 19)(1; 13; 13)(1; 17; 18)(2; 3; 10; 15)(2; 12; 15)(2; 29)(3; 3; 6; 24)(3; 6; 17)(3; 27)(3; 27)(3; 27)
A1b a 0 a �
 �a 0 �a �bb �a �b a b a b a bb a �b b �b �b a a ab d �b 0 �b 
 0 0 aa �b 0 b a b �b �
 bb 0 b 0 a �b �b b �bd �d �d a �
 b �d �d d
 b 
 0 a b �
 0 �
b 0 a �b �b b �b b bb 0 b 0 a b �b b ba �b b b b 0 b 0 0
A2; A3b 0 b 0 b 0 �b a ba �b a �b a b a 0 �aa �b �b 0 a 0 b �b aa �b 0 0 �
 0 0 b �ab �a b �a a a b a bb a �b �b b b �a a �ab d �b 0 b �
 0 0 �aa a b �b �
 �b �b a �aa �b 0 b a b b 
 �ba �b �a 0 a �b a 0 0b 0 �b 0 a b b �b �bb �b b �b b b b b bd �d d a 
 �b �d �d �dd d d �
 a 
 d �d da �b 
 �b 
 b 0 0 0b 
 0 0 0 �a 0 
 0b b �b 0 a b �b �b �bb b �b b �b 0 �a 0 �bb 0 0 0 �a �b b b bb b 0 b �a b �b �b �ba �b �b b �b 0 �b 0 0b �b b b a b �b �b �b
A4a a a �a �a a a �a ab �a 0 a 0 a 0 �a �bb a b �a 
 a �b �a �ba a b �b b b b �a aa �b a �b �a �b �a 0 0b �b �b b 0 �b b b bd �d �d �
 �b �
 d d �d
 
 
 �
 �
 
 
 �
 
b b b 0 b 0 �b b bb b �b �b b b �b b �bb b b �b �b b b �b b
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Appendix A(
ont): Order 36 (Sequen
es with zero non-periodi
 auto
orrelation fun
tion)Design(4; 5; 5; 9)(4; 5; 25)(4; 8; 17)(4; 9; 13)(5; 5; 18)(5; 7; 18)(5; 22)(6; 6; 12; 12)(6; 12; 16)(7; 20)(7; 27)
A1d 0 �
 0 0 0 d 0 

 b 0 a �
 a 
 �b �
b �
 b 0 �b 0 b 
 bb 0 0 �
 b 0 a 
 �aa b �a 0 �b �b �b 0 �bb �b �a 
 a �b 0 �b �bb b 0 �a 0 �a 0 b �b
 d a 
 d b �
 �d aa 
 b �
 b b 
 �a 
a 0 0 �b 0 0 a �b 0a b �b �b �b b �b �b a
A2; A3a 0 0 
 a �
 �b 0 0d �b 0 �a 
 �b �d 0 �

 b 0 a �
 �a �
 b 

 
 
 �
 b �
 �
 
 �
b 
 b 0 0 0 �b 
 �bb a 0 a b �a �b a bb �b b b b �a 0 a 0b 0 0 �
 �a 0 �b �
 a
 b �
 0 b �b b 0 bb �b �b b 0 
 0 
 ab b b 
 
 �
 0 �b bb �b �a 
 �b 
 0 b 0b 0 b �a a a b 0 bb 0 b b 0 �b �b b �b
 �d b 
 �d �a �
 d b
 d a �
 d �a 
 d �aa 
 b �
 b �b �
 a �
a 
 0 
 �b b 
 �b �
a b b a b 0 �a b 0b b 0 a �b 0 �b �b ba �b b b a b b b �ab a �b 0 �b b b b �b
A4b �
 �a �
 �b 0 a �
 0
 �
 
 
 
 �
 
 
 
b a �b a �b a 0 �a �ba �b a b a b 0 �b 0
 �a 0 �a 0 b b �b �bb a �b a 
 b 0 �b 0b �b 0 b �b �b �b 0 b
 �d b 
 d �b 
 �d �ba 
 0 
 �b �b �
 b 
b b �b �b a b �b b �bb �b b �b �b 0 �b �a b
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Appendix A(
ont): Order 36 (Sequen
es with zero non-periodi
 auto
orrelation fun
tion)Design(7; 29)(8; 8; 13)(8; 10; 18)(10; 11; 15)
A1a b �b �b �b b �b �b aa a �a a b b b �b 0b �a 
 �b 
 �b �
 a bb �
 �b b �
 �
 �
 �a 

A2; A3a b b �b a b b b �ab b a b �b �b b �b ba �a �a �a b �b b b 0
 0 �
 
 �
 0 0 
 

 a �b �b �
 �b �b �a �

 a b �b �b b �b a 
b �
 �b �b 
 �
 
 a �
a a b �b �
 �b �b a �a
A4b �b b b b �b a �b �b
 
 �
 
 
 
 0 0 �
b a �
 �b b b �
 a �ba a b �b b b b �a a
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Appendix B: Order 36 (Sequen
es with zero periodi
 auto
orrelation fun
tion)Design(1; 1; 1; 16)(1; 1; 9; 16)(1; 1; 13; 13)(1; 2; 9; 18)(1; 2; 11; 22)(1; 4; 8; 18)(1; 4; 9; 9)(1; 4; 9; 16)(1; 4; 10; 10)(1; 4; 13; 13)(1; 5; 5; 16)
A1;a 0 0 0 0 0 0 0 0a �d �a �d �d 0 �d 0 0a �a �b �b �b �a �a 0 0
 a �
 �d d 0 0 �d da �d �d �d d �d d d db a 0 �b �d b 0 �a �ba 0 �a 0 �d �d 0 �d 0b 0 �b �
 �
 �
 �
 �
 
b 0 a �d �a 0 �b 0 0a a �
 b b �b b b 
a 0 �b �b d b b 0 �a
A2; A3b 0 �d �d d �d d d 0d d �
 �d �d 0 d �d 0a b �a �d 0 �d d 0 da 0 
 0 �a d d �d �db �b a a a �b �b 0 0a �b b d �b b �a 0 0
 
 
 �d �d 0 0 d d
 �
 b 0 �d �d �d d �db 
 d �d �
 d d 
 db �
 �d 
 �d 
 �
 �
 �da b �a 
 �b �b 0 b 
a 0 a �
 b b 0 b 
a b �a 0 d 0 0 �d 0a 
 0 
 �a �d 0 d 0b d �b 
 �
 0 0 
 �
b a 0 a �b 
 0 0 �
a �b �b 0 0 �a �a �b 0a �
 �b a 
 a b �b 0a a �a a a 0 �b �b 0a �b 0 �b b 0 b �a da 0 b �b b �b 0 
 
a a �
 b �b �b b 0 0
A4d 0 d 0 d 0 d 0 0a �d a d a �d d 0 0a �a �b 0 0 b a �a �

 �
 �b 0 �d �d d �d �d
 �d 
 d �d �d 
 d �da b �b a �b �b �b b �ba 
 a �
 a �d d 0 0b a b �a b 
 �
 �
 
a �a 
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 0 b 0a �a �
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Appendix B(
ont): Order 36 (Sequen
es with zero periodi
 auto
orrelation fun
tion)Design(1; 5; 5; 25)(1; 6; 8; 12)(1; 8; 8; 9)(1; 8; 9; 18)(1; 9; 9; 9)(1; 9; 10; 10)(1; 14; 19)(1; 14; 21)(2; 2; 5; 20)(2; 3; 6; 16)(2; 3; 6; 25)
A1;a �d �d �d d �d d d db 
 a �
 �b 0 0 0 0a �d 0 0 �
 
 0 0 db 
 a �b �d b �a �
 �ba �a b �b 
 0 
 
 0a a a �b b 0 0 �
 
a �
 �b 
 �b b �
 b 
a �
 �
 �
 
 �
 
 
 
a �a a �
 a a a �
 
b a �d 
 d 0 0 0 0a �d b d �d d �d 
 d
A2; A3b b �d d 
 �d d �d db �d d d �
 �
 �d �d dd �
 b �
 �b �d d 0 db 0 �d �d b �
 d 0 �db �b �
 �
 �d �b �b 0 db �b d 0 �b �b 
 
 �da 
 �a b 
 
 �b 
 �
a b a b b 
 �b b �
a �
 d 
 �a 0 b �b 0a a 0 �b a b 
 �
 0a �a �
 b 0 �b �
 �b �
a �a �b �b 0 �
 �b 
 
b b �
 
 
 �
 
 b 0b �
 
 b 
 �
 �
 �
 �
b 
 b �
 b �
 
 �
 �
b �b �b �b �b b b �b �
a a �a �
 �
 �a �a �a 0a �a �a b a �d 0 0 0d a �b �
 �d d �d 0 0d 
 0 
 �b 0 �d �d da �d �b d �d d �d �
 db �d �d �d �
 �
 d d d
A4d d d 
 �
 d d b �bb d b �d d 
 d 0 0
 �
 d 0 d 0 0 0 da b �b b a �b �b �b �ba 0 �
 �a �b �b �b 0 
d �a 
 �b 0 0 b �
 a
 b b �b �b b 
 
 0
 
 �
 
 
 b 
 b �ba �a a �b �a �d 0 0 0d �
 �d 
 �d �d �d 0 �dd d d �d d d d 
 �
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Appendix B(
ont): Order 36 (Sequen
es with zero periodi
 auto
orrelation fun
tion)Design(2; 4; 9; 18)(2; 5; 5; 18)(2; 6; 9; 12)(2; 6; 12; 16)(2; 7; 19)(2; 7; 21)(2; 7; 24)(2; 8; 8; 18)(2; 8; 13; 13)(2; 8; 17)(2; 9; 17)
A1a �a b �b d �b �b �b 0a d �a �b �b �b b �b 0a �a b 0 0 b d 
 0a a �
 a �b b �b �b 
a 0 �b b �
 
 
 b 0a 0 
 0 �b b b 
 0a 
 �
 
 �b b b 
 0b b 
 �b b 
 �b �b da a �d b b �b b b db a �b b 0 b 0 0 0a �b b �
 0 
 
 
 0
A2; A3a �a �b �b �d �b b �b 0a �b 
 b b 
 �b �a 0b �b b b b 
 d �
 0a b �b 
 b 
 �b 0 0a �b �a b �
 d �b �b 0a �b b 
 
 �b �a �b 0a �b �d b �b b b b 
a b �b �b �b �
 �a �a �da 0 0 �b �
 
 �
 0 0b b �
 �
 
 �
 
 
 

 �
 �a 
 
 b 
 �
 0b �
 b 
 �
 �
 �
 
 �
a �
 �
 �
 
 �
 �b 
 0
 
 b �
 b 
 �
 �
 0a b �
 b �b �
 �b �a da b �b a b 
 b b �
a a �a a a �d �b �b da �b d �b b d b �a 
b a �b �b 0 �b 0 0 0
 �
 
 
 
 
 �
 
 0a b �b �b �
 0 b �
 0b 
 b b �
 0 
 �
 0
A4b �a �a �a �b 
 b �b �
b �a b �a �b �b 
 0 0a b a a �b �
 
 0 0a �a �b a �a 
 �a �b 
b �
 �
 �
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 �
 �
 0b �
 �
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 �
 
 �
 �
 �
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 �
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 �a b �a b �a 
a �a d �a �b �
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 �
 �
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Appendix B(
ont): Order 36 (Sequen
es with zero periodi
 auto
orrelation fun
tion)Design(2; 11; 16)(3; 3; 12; 12)(3; 3; 3; 27)(3; 3; 15; 15)(3; 4; 6; 8)(3; 4; 6; 18)(3; 4; 26)(3; 6; 6; 12)(3; 6; 8; 9)(3; 6; 9; 18)(3; 6; 22)
A1;a b �
 0 �
 
 0 
 0a a b �a a �d d �d �da b �
 �d �d �d d d da b 
 
 �
 �
 �
 b �da 
 0 
 �d 0 0 d 0a �
 �b �d b b d �b �
a �
 
 �b 
 
 b 
 
a �d b �d �d �
 d 0 0a �b �d 0 a �
 0 b 0a �a �a �a d 
 �a b �
a b b �
 �
 
 
 �
 

A2; A3a �b �b 0 b �b 0 b 0b 
 b �
 �
 
 �
 b 
a a 
 a �a �d d d d
 �a a 0 �b �d 0 �d 0a �b d �d d d d �d da �d 
 �d �d d d �d �da �b 
 �
 
 
 
 �
 
a �
 �b �b �b b b �
 d
 �a �d 0 b �d 0 �b 0a �d 0 �
 0 0 0 �d 0a b b 0 b �b 0 b 
a �b b 0 �b �b 0 �b 

 
 �a �
 
 �
 
 
 0
 
 �a �
 �
 
 �
 
 0a d �
 �d d �b d 0 0a 0 �b �d 
 b d 
 0a �b 0 0 b a 
 d 0a �b 0 0 �b �a �
 �b 
a �b �a a �a �a �a �a �da 
 
 �a �
 
 �d d 
b �a 
 �
 �
 �
 �
 0 0
 �a �
 b 
 
 
 0 0
A4b �
 �
 �
 �b 
 �
 �
 0
 �a �a 0 b �d 0 d 0b 
 d �d d d d �d db �b b b b �b b 
 db d 
 b �
 0 0 �d 0b d b �b d �b 
 0 �

 �
 �b 
 
 �b �
 �
 0b d �
 b d 
 0 0 0a �
 d �b �a 0 b 0 �
a �
 �a a �a �d �d 
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 �
 
 �
 
 �
 019



Appendix B(
ont): Order 36 (Sequen
es with zero periodi
 auto
orrelation fun
tion)Design(3; 7; 15)(3; 7; 23)(3; 8; 22)(3; 10; 18)(3; 10; 23)(3; 11; 19)(3; 14; 16)(4; 4; 4; 9)(4; 4; 5; 20)(4; 4; 9; 16)(4; 4; 13; 13)
A1;a 0 0 b �
 b 0 0 0a b 
 �
 �
 
 b �
 0a b b �
 
 
 �
 �
 0a b b �
 �
 
 
 �
 
a b 
 b �
 
 �
 �
 �
a b �
 
 �
 �
 �
 
 �
a b b �
 b 
 
 �
 0a a �d �
 
 0 0 0 db �b d �
 �
 �d b �b 0
 d 
 �b 
 �d 
 0 ba a �
 b b �b b b 

A2; A3
 
 a 
 �
 �b �b b 0a �
 
 �
 �b 
 
 �
 �
b a �b 
 �b �
 
 
 
a �b �
 �
 
 �
 
 �
 0a �b �
 
 �
 �
 �b 
 0a �
 �b b �
 
 
 
 

 �
 �a b �
 �
 �
 0 0
 �
 a �
 �b �
 �
 0 0a �
 
 �b 
 
 
 �
 
b �a �
 �
 
 
 
 �
 

 �b b �a 
 b �
 �
 0
 
 
 a 
 �
 �
 
 0b �a b 
 
 �
 
 �
 �
a b �b �b �
 �b b 
 0b �
 b 
 0 0 0 0 0b 0 �b �
 0 �
 �
 0 0b �b �d b �b �d �b b 0b b a �
 
 a b b �a
 d 
 �b �
 d �
 0 b
 a �
 0 �
 a 
 �b ba a �a a a �d �b �b da �b �d �b b �d b �a 0
A4b 
 
 0 0 
 0 0 0
 �b 
 �
 �
 �
 �
 �
 0
 
 �b 
 �
 
 b 
 0b �b b �
 �b 
 b b 0
 
 b b b �b 
 b �bb b b �b �b b 
 b 0
 �b 
 b b �b 
 
 0a �a �d 0 �
 0 0 
 �db b a �b �b 0 �b �b a
 a �
 �b 
 �a �
 �b �ba �a 
 �a �b 0 b a 
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Appendix B(
ont): Order 36 (Sequen
es with zero periodi
 auto
orrelation fun
tion)Design(4; 5; 5; 16)(4; 8; 8; 16)(4; 9; 9; 9)(4; 9; 10; 10)(5; 5; 8; 18)(5; 5; 9; 9)(5; 5; 13; 13)(5; 7; 22)(5; 9; 14)(5; 9; 20)(6; 7; 23)

 �
 �b �a �b 
 �
 0 0a a b �b �
 b b �d da d �b �a b 
 0 
 �db d 
 �b d d �
 d �da �b �b �a b �b d �b dd �a 0 0 
 a b d �ba b a �a 
 �d �a �b 

 �a �b a 
 �
 0 �
 �
b 0 �b �
 �
 �
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b 
 a b �a �b 
 �b 
a a �b 
 �
 
 �
 
 


A2; A3
 
 �a b �a �
 �
 d �d
 
 �a 0 a 
 
 0 0a d a b �b 
 �b �b �da �a b �b 
 b b �d �da �b b 0 0 �d �a �d �da �b 
 a �
 �d a b da �b �b �a �b b �a �b 0a �a �b a 0 d a a �db �b �b �
 �b �d 
 �b �da b b 
 �b d 
 �b �da �
 �a b d 0 0 �b �
a �a a a a d 0 �d 0a a �b �
 a �b �b b 
a �b 
 d �b b �a b d
 �a �b �a �
 �
 
 0 

 b b �b 
 
 
 �
 
b a �b 0 �
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 �
 �
b a 0 a �b 
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 �
b 
 �b �
 �b b 0 b �bb b b �
 a b �b 
 ba �a b 
 �b �a �b 
 
a �
 
 b �
 
 
 �
 �

A4
 �
 b 0 �b �
 
 d da �d �a b �b �
 �b �b �da �b �b �a �b 0 0 d �da �b �d �a 
 d 0 b 
b �a b �b �a �b �d 
 d
 0 b �b b b b �
 0a �a �a �b d �a �b �b �d
 �b a �b �
 
 
 
 �
b a b �a b 0 �
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 b b �a 0 �a b �
 �bb �
 �
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Appendix B(
ont): Order 36 (Sequen
es with zero periodi
 auto
orrelation fun
tion)Design(6; 8; 19)(6; 11; 16)(6; 15; 15)(7; 8; 10)(7; 8; 19)(7; 8; 21)(7; 11; 12)(7; 12; 15)(8; 8; 10; 10)(8; 8; 17)(8; 9; 11)
A1;b �
 0 b b b a 
 �aa �a �b 
 �b �b �b �
 0a a 
 �
 �b b �b �
 �
a a �a �
 
 0 
 
 0a �b �b �b 
 �a �
 �b �
a a �
 
 
 
 �
 
 
a 
 a �a b b 0 �a 0a b a 0 b �b �
 
 
a a �d d �b b b �
 �
b �a �b b �a b �a 0 aa �b �
 b a 0 
 0 

A2; A3b b �b b 
 �a �b 
 a
 b �b �b �a �b b �a 0a �b b b �b �b b 0 
a �a b �
 �a �a �b a �
b a �a b b �
 a 
 
a �
 
 �b 
 
 
 �
 
a 0 a �
 
 0 �
 �
 0b a �b b 0 b 0 0 
b �a a b �
 �b b �b �
b �b a a b b �b 0 �
b �a a b b �b a �
 �

 a 
 �b �
 �b �
 �
 �
a b �
 0 �b 0 b b �
a �a 
 0 b 
 b �a �
b a b a �b �b �
 b �
a b �a �b b �a b �a �
a a b �b b d 
 �d 
a �a a �b �b �d �
 �d 
b a �b �b �a �b �a 0 �a
 �
 
 
 
 
 �
 
 0a �b a b 0 �
 0 
 �
a �b �
 �b �a �b 
 0 0
A4b �b �b �
 b �a b �a 0a a �b �
 �b b a b 0b b �b �b �b �b b �b 
b a �b �b 0 �b 
 0 0a �b �b �b b a b 0 
a b �
 �
 
 �
 
 �b �
a a a b 
 �b b �b 0a �b 0 �a �a a �b �b �
a �a �a �d �d b b 
 �

 �
 �
 
 
 
 
 �
 �
a �b �a �
 �
 b 0 0 �
22



Appendix B(
ont): Order 36 (Sequen
es with zero periodi
 auto
orrelation fun
tion)Design(8; 10; 15)(9; 9; 13)(9; 9; 16)(9; 13; 14)(11; 11; 11)
A1;
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 b �b 0 �b �b 
b �b 
 
 �
 �b �
 �b 0a b a �b a �
 
 �
 
a a �b �
 �b 
 
 �
 
a �a �b �b 
 �
 �b �
 0
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 �
 
 b �b 
 b b 
a 
 �a a 0 a �
 �
 ba �a �b b b b 0 b 0a b �
 �b a �a �a �
 �
b �b a 0 �a 
 
 �
 �
b �b �a 0 a 
 
 
 
a b a �
 b b �b �b 
a �a a a b �a b �
 �
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 �b �a �a 
 
 
a �a �b b b �a b �b 0
A4a 0 �a �a �
 �a b 
 �
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 b 0 a 0a b b b �a �
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b �b 
 �
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 �b �
 �b �
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 0 �b a �
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